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Abstract
Recent investigations on the measures of statistical association highlight essential properties such as zero- 
independence (the measure is zero if and only if the random variables are independent), monotonicity under 
information refinement, and max-functionality (the measure of association is maximal if and only if we are 
in the presence of a deterministic (noiseless) dependence). An open question concerns the reasons why 
measures of statistical associations satisfy one or more of those properties but not others. We show that 
convexity plays a central role in all properties. Convexity plus a form of strictness (that we are to define) are 
necessary and sufficient for zero-independence, and convexity and strict convexity on Dirac masses are 
necessary and sufficient for max-functionality. We apply the findings to study the families of measures of 
statistical association based on Csiszár divergences, optimal transport, kernels, as well as Chatterjee’s new 
correlation coefficient. We further discuss the role of convexity in guaranteeing the asymptotic 
unbiasedness of given data estimators, prove a central limit theorem for those estimators under 
independence, and show the rate of convergence under arbitrary dependence. We demonstrate the 
findings with numerical simulations in a multivariate response context.
Keywords: correlation coefficient, convexity, data science, statistical association

1 Introduction
The need to determine the importance of features within large and complex datasets is renewing 
interest in the study of measures of statistical association. The works of Chatterjee (2021), Deb 
et al. (2020), and Wiesel (2022) introduce new indicators that possess properties such as 
zero-independence, max-functionality, and continuity (or monotonicity). These properties have 
been studied early on in the statistical literature (Hotelling, 1936), formulated as postulates in 
the seminal work of Rényi (1959) and revisited in many subsequent works (Mori & Szekely, 
2019). (We introduce them qualitatively below and present them formally in the next section.) 

(i) Zero-independence (Postulate D in Rényi, 1959, revised as Axiom (i) in Mori & Szekely, 
2019) requires that a measure of statistical association between two non-constant random 
variables, say Y and X, is null if and only if they are independent.

(ii) Max-functionality (Postulate E in Rényi, 1959, extended by Axiom (iii) of Mori & Szekely, 
2019) requires that a measure of statistical association is maximal if and only if Y is a deter
ministic function of the sole X, i.e. Y = g(X) for some measurable function g.
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(iii) Continuity requires that, given a sequence of random variables Xn, Yn that converge in law 
to X, Y, respectively, the measure of statistical association of Yn with Xn tends to the meas
ure of statistical association of Y with X. This property is not stated as a postulate in Rényi 
(1959), but as Axiom (iv) in Mori and Szekely (2019).

A further important property concerns monotonic dependence on information, although it does 
not appear in the original postulates:

(iv) Information monotonicity requires that if X refines the information provided by Z (that is, if 
X generates a finer σ-algebra σ(X) ⊃ σ(Z)), then the measure of statistical association of Y with 
X is larger than the corresponding measure of the association of Y with Z.

This property can be seen as a version of the data-processing inequality, which states that if X re
fines the information of Z then the mutual information between Y and Z cannot be higher than the 
mutual information between Y and X (Mézard & Montanari, 2009, Ch. 1).

Furthermore, because the continuity condition (iii) is quite restrictive, it seems of great importance 
to study weaker conditions, such as lower semicontinuity under convergence in law, as follows: 

(iii′) Lower semicontinuity: given a sequence of random variables Xn such that the joint law of 
Y, Xn converges weakly to the joint law of Y, X, the inferior limit of the measure of statistical 
association of Y with Xn is bounded below by the measure of statistical association of Y with X.

Popular measures of statistical association may possess only some of these properties. Pearson’s 
correlation coefficient (Pearson, 1895) and correlation ratio (Pearson, 1905) do not satisfy 
zero-independence. The mutual information (Soofi, 1994), the maximal correlation coefficient 
of Hirschfeld (1935) and Rényi (1959), and the maximal information coefficient of Reshef et al. 
(2011) satisfy zero-independence and are maximal in the case of deterministic dependence. 
However, as Chatterjee (2021) underlines, they can attain their maximum also for a noisy depend
ence. The literature has also proposed measures of statistical association built on kernel functions 
(Barr & Rabitz, 2022; Da Veiga, 2021; Gretton et al., 2005), on copulae (Dette et al., 2013), on 
energy distances with distance-covariance (Székely & Rizzo, 2013; Székely et al., 2007), distance 
correlation (Székely & Rizzo, 2014) (see also Pan et al., 2020; Shen et al., 2020), as well as meas
ures based on the Kolmogorov–Smirnov (Borgonovo et al., 2014), Hellinger (Geenens & de 
Micheaux, 2022), and the Wasserstein metrics (Wiesel, 2022). Whether they possess specific prop
erties has, to date, been established on a case-by-case basis. This prompts the question of which 
geometric attributes render a measure of statistical association compatible with one or more of 
Rényi’s postulates, and, more generally, with the various structural properties introduced thus far.

To address this question, we consider the class of measures defined as expectations of mappings 
between probability distributions. Following Glick (1975), we term these mappings ‘separation 
measurements’ and delve into how their properties relate to Rényi’s postulates. We posit lower 
semicontinuity as a minimal property of the separation measurement.

We then investigate the role of convexity of the separation measurement. We show that convex
ity is, in fact, necessary and sufficient (equivalent) to information monotonicity (iv) (Theorem 2.6). 
In this convex framework, we show that zero-independence is equivalent to a new condition, that 
we call strictness (Theorem 2.9), which corresponds to strict mid-point convexity on particular 
class of measures. Concerning max-functionality, convexity ensures that a measure of statistical 
association is maximal in the case of a deterministic dependence (Theorem 2.10). Together with 
strict convexity on Dirac-δ masses, convexity yields necessary and sufficient condition for max- 
functionality (Theorem 2.12). This finding clarifies why certain measures of statistical association, 
such as mutual information, may attain their maximum value, yet this maximum does not indicate 
deterministic dependence. Furthermore, convexity yields continuity along information refine
ments and lower semicontinuity of the corresponding measure of statistical association 
(Theorems 2.13 and 2.14). We apply these findings to examine the properties of several existing 
measures of association, based on the families of Csiszár divergences, on the theory of optimal 
transport, on kernel separations, as well as on Chatterjee’s new correlation coefficient.
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Shifting our focus to estimation, we begin by examining estimators grounded in a nearest- 
neighbour approach, establishing their asymptotic unbiasedness (Theorem 4.1). We also supply 
insights into convergence rates and derive a central limit theorem (CLT), particularly under inde
pendence (Propositions 4.2 and 4.3). This derivation draws from the proof methodology pre
sented in Deb et al. (2020). Subsequently, we formalize the one-sample binning estimation 
design pioneered by Pearson (1905). Pearson’s design is widely employed in practical applications 
(Strong & Oakley, 2013; Strong et al., 2012). However, a rigorous theoretical framework for 
these estimators has been lacking. We demonstrate that Pearson’s design yields estimators that ap
proach asymptotic unbiasedness for expansive families of measures of statistical association 
(Theorem 4.5). Furthermore, we propose a CLT for Pearson’s estimators under conditions of in
dependence and provide a result detailing the rate of convergence under general distributions 
(Theorem 4.6). To exemplify these findings, we present numerical experiments in the context of 
a multivariate response case study.

2 Geometric properties and statistical association
This section is divided into two parts. In Section 2.1, we define the background, the notation, and 
the family of measures of association, and present the main theoretical results. In Section 2.2, we 
apply the findings to analyse several existing measures of statistical association.

2.1 Separation measurements and properties of measures of statistical 
association
Let X and Y be random variables on (Ω, A, P), with values in Polish spaces X and Y and with laws 
PX ∈ P(X) and PY ∈ P(Y), respectively, where P(X) (resp. P(Y)) is the set of all Borel probability 
measures on X (resp. Y), endowed with the usual weak topology. In the remainder, to avoid trivi
ality, we will assume Y non-constant. We denote by B(X) the Borel σ-algebra of X. If F ⊂ B(X) is a 
countably generated σ-algebra, we recall that a system of regular conditional laws of Y generated 
by (X, F ) is a measure-valued map x 7! PFY |X=x ∈ P(Y) satisfying the following two conditions: 

(a) for every B ∈ B(Y), the map x 7! PFY |X=x(B) ∈ P(Y) is F -measurable; and (b) for every A ∈ 
F and B ∈ B(Y), we have P[X ∈ A, Y ∈ B] = ∫ APFY |X=x(B) PX(dx) . In the remainder, to simplify 

notation, we use PY |X=x instead of PFY |X=x when the σ-algebra is the reference Borel one, and we 
will also use the shorter μ = PX and ν = PY. Since Y is Polish, a conditional law exists and it is 
unique PX-a.e., see, e.g. Schwartz (1973, Section 2). When X = Rd1 , Y = Rd2 , for given measures 
μ = PX, ν = PY , we denote by FX, FY the corresponding cumulative distribution function and by 
fX, fY the probability densities with respect to the Lebesgue measure, whenever PX or PY is abso
lutely continuous. We start defining the notion of separation measurement.

Definition 2.1 A separation measurement is a map ζ : P(Y) × P(Y)→ (−∞, +∞] such 
that for all ν ∈ P(Y) the map ν′ 7! ζ(ν, ν′) is lower semicontinuous and 
it is grounded, i.e.

ζ(ν, ν) = 0 for every ν ∈ P(Y). (1) 

Lower semicontinuity guarantees a minimal regularity also useful to define the integral in the 
definition of the corresponding measure of statistical association, see Definition 2.2. The grounded 
condition in (1) is not restrictive as well: if ζ(ν, ν) ≠ 0, we can always replace ζ with

ζ0(ν, ν′) := ζ(ν, ν′) − ζ(ν, ν), (2) 

obtaining a grounded separation measurement. We next introduce the family of measures of stat
istical association under investigation in this work. The family we are to consider encompasses 
many popular measures of statistical association. However, it does not exhaust the way in which 
measures of statistical association can be constructed. For instance, the construction in Nies et al. 
(2023) falls outside our framework. We offer additional remarks in Section 5.
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Definition 2.2 Given a separation measurement ζ : P(Y) × P(Y)→ (−∞, +∞], we define 
the measure of statistical association of Y with X, subject to F as

ξζ (Y, X | F ) := E ζ(PY, PFY |X)
􏽨 􏽩

= ∫ Xζ(PY, PFY |X=x) PX(dx), (3) 

provided the negative part of ζ(PY, PFY |X=x) is integrable.

If the context is clear, we drop the dependence on F in (3). If ζ does not satisfy (1), the shift (2) 
affects (3) by a constant:

ξζ0 (Y, X | F ) := E ζ0(PY, PFY |X)
􏽨 􏽩

= ξζ (Y, X | F ) − ζ(PY, PY), (4) 

so that, without loss of generality, we can incorporate the grounded condition (1) in Definition 2.1. 
Note that ξζ depends only on the restriction of ζ(ν, ·) on the probability measures of P(Y) with sup
port contained in supp(ν).

Our main structural assumption on ζ is convexity with respect to its second argument.

Definition 2.3 ((Convexity)). We say that a separation measurement ζ is convex (w.r.t. 
the second argument) if for every ν ∈ P(Y) and every ν′, ν′′ ∈ P(Y) with 
support contained in supp(ν)

ζ ν,
1
2

ν′ +
1
2

ν′′
􏼒 􏼓

≤
1
2

ζ(ν, ν′) +
1
2

ζ(ν, ν′′). (5) 

Equivalently, for every ν ∈ P(Y), the map ϑ 7! ζ(ν, ϑ) is convex on the set 
{ν′ ∈ P(Y) : supp(ν′) ⊂ supp(ν)}.

Note that, because ζ(ν, ·) is lower semicontinuous, its convexity ensures that the integral in (3) 
exists, possibly taking the value +∞. We start showing that the above convexity property is intim
ately connected with information monotonicity. The simplest situation is when we receive infor
mation about some random variable Z which is a deterministic, possibly non-injective, function of 
X. Since we lose information passing from X to Z, we could expect that the strength of the stat
istical association of Y with Z is not greater than the one of Y with the non-distorted X.

Definition 2.4 ((Information monotonicity)). We say that ξ satisfies the information 
monotonicity property if for every pair of random variables X and Z 
(with values in Polish spaces X and Z, respectively) such that σ(Z) ⊂ 
σ(X) (i.e. the information on X is finer than on Z) then ξ(Y, X) ≥ ξ(Y, Z).

Recall that σ(X) ⊂ A is the σ algebra generated by the sets X−1(B), B ∈ B(X). Since Z is Polish, by 
the Doob-Dynkin Lemma the condition σ(X) ⊂ σ(Z) is equivalent to the existence of a Borel map 
g : X→ Z such that Z = g(X).

The second claim of the next result shows that information monotonicity is satisfied by ξζ when
ever ζ is convex, according to Definition 2.3.

Theorem 2.5 ((Information monotonicity)). Let ζ be a convex separation measurement. 

1. If F ⊂ B(X) is a given σ-algebra, then ξζ (Y, X) ≥ ξζ (Y, X | F ).
2. If (Z, G) is a measurable space and g : X→ Z is a (μ, F )-measurable 

map with Z := g ◦X, then we have

ξζ (Y, X | F ) ≥ ξζ (Y, Z | G) = ξζ (Y, X | F ′)

where F′ = g−1(G) ⊂ F .
(6) 

3. If the σ-algebra generated by Z coincides with the σ-algebra generated 
by X(in particular if Z = g(X) and g is μ-essentially injective), we have 
ξζ (Y, Z) = ξζ (Y, X).
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The next result shows that, under minimal regularity assumptions, the convexity property 2.3 of 
ζ(ν, ·) is equivalent to the information monotonicity of ξζ . For every ν ∈ P(Y), we denote by Pν(Y) 
the set of probability measures absolutely continuous with respect to ν whose density is bounded:

Pν(Y) := ν′ ∈ P(Y) : ν′ ≤ Cν for some C ≥ 1
􏼈 􏼉

. (7) 

Theorem 2.6 ((Information monotonicity and convexity)). If ξζ (Y, X) satisfies informa
tion monotonicity

ξζ (Y, X) ≥ ξζ (Y, Z) for every Y, X and Z = g(X), g : X→ Z, (8) 

then for every ν ∈ P(Y), the function ν′ 7! ζ(ν, ν′) is convex on the set 
Pν(Y).

If moreover ζ(ν, ·) satisfies the following regularity property:

for every ν′ ∈ P(Y) with supp(ν′) ⊂ supp(ν), there exists a sequence

ν′n ∈ Pν(Y) such that

ν′n → ν′ in P(Y), ζ(ν, ν′n)→ ζ(ν, ν′) as n→∞,

(9) 

then ζ is convex according to Definition 2.3.

Condition (9) is surely satisfied if ζ(ν, ·) is continuous on the set of measures with support con
tained in supp(ν).

We will now investigate the two extreme cases, when ξζ attains its minimum or maximum val
ues. Under convexity, the minimum is related to statistical independence.

Definition 2.7 ((Zero-independence)). We say that a measure of statistical association 
ξ(Y, X) satisfies zero-independence if the following condition holds:

ξ(Y, X) = 0 if and only if Y and X are statistically independent. (10) 

Definition 2.8 ((Strictness)). We say that a convex separation measurement ζ is strict if 
the mid-point convexity inequality (5) is strict when ν = (1/2)ν′ + 
(1/2)ν′′, ν′ ≠ ν′′. Equivalently

1
2

ν′ +
1
2

ν′′ = ν,
1
2

ζ(ν, ν′) +
1
2

ζ(ν, ν′′) = ζ(ν, ν)⇒ ν′ = ν′′. (11) 

Because we assumed ζ convex, it is immediate to verify that (11) and ν′ ≠ ν′′, ν = (1/2)(ν′ + ν′′), 
yield (1/2)ζ(ν, ν′) + (1/2)ζ(ν, ν′′) > ζ(ν, ν) = 0. The simplest situation where a strict separation 
measurement arises is when ζ is nonnegative, ζ(ν, ν′) = 0 occurs if an only if ν = ν′. In this case, 
if ν′ ≠ ν′′, then ν = (1/2)ν′ + (1/2)ν′′ is different from ν′ and ν′′ so that the left-hand side of (5) van
ishes and the right-hand side is strictly positive. The next result shows the interplay between strict
ness as defined in (11), minimality and zero-independence.

Theorem 2.9 ((Minimality and independence)). Let ζ be a convex separation measure
ment and Y ∼ ν ∈ P(Y). 

1. (Nonnegativity and minimality). The measure of statistical association 
ξζ (Y, X) is nonnegative and it takes its minimal value ζ(ν, ν) = 0 when X 
and Y are statistically independent.

2. (Zero-independence).
ξζ satisfies the zero-independence property if and only if ζ is also 

strict.

J R Stat Soc Series B: Statistical Methodology, 2025, Vol. XX, No. XX                                                    5
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssb/advance-article/doi/10.1093/jrsssb/qkaf018/8113876 by guest on 27 June 2025



By Theorem 2.9, convexity guarantees that the minimum of ξζ (Y, X) is attained under inde
pendence. This minimality property becomes a necessary condition when ζ is strict.

Let us now study the maximum value of X 7! ξζ (Y, X), which should be linked to deterministic 
dependence. More precisely, we will be interested in determining whether Y and X are related by a 
Borel measurable mapping g : X→ Y, Y = g(X). If this is the case, fixing X uniquely determines the 
value of Y and we shall say that the dependence of Y on X is deterministic. To clarify, consider the 
case when g : R2 → R, Y = g(X1, X2) with X1 and X2 having joint law PX. Then, Y is a function of 
each Xi (i = 1, 2). However, there is a deterministic dependence only between Y and the random 
vector X = (X1, X2).

We start introducing the (candidate maximum) quantity

Mζ [Y] := ∫ Yζ(PY , δy) dν(y). (12) 

Note that Mζ [Y] is a weighted average of the separations between the law of Y and Dirac-δ masses 
centred at all realizations y of Y in Y. In some instances, we will also write Mζ (ν) for Mζ [Y] when 
the emphasis is on the law ν of Y. By Equation (3), it is

∫ Yζ(PY , δy) dν(y) = ∫ Yζ(PY , PY |Y=y) PY(dy) = E ζ(PY , PY |Y)
􏼂 􏼃

= ξζ (Y, Y). (13) 

That is, our candidate maximum Mζ [Y] equals the value of the measure of statistical association 
when we learn Y itself.

Theorem 2.10 ((Maximality and deterministic dependence)). Suppose that ζ is a convex 
separation measurement. For all random variables X, Y we have ξζ (Y, X) ≤ 
Mζ [Y]. In particular, ξζ (Y, X) is finite if Mζ [Y] < ∞. In this case, if Y = g(X) 
P-a.e. for some Borel map g : X→ Y, then ξζ (Y, X) = Mζ [Y] so that the 
maximum value is attained. Finally, if ζ is also strict then Mζ [Y] > 0, as 
we assumed Y non-constant.

Then, given a convex separation measurement ζ, for every random variable Y satisfying 
0 < Mζ [Y] < +∞, we can introduce the normalized index

ιζ (Y, X) :=
ξζ (Y, X)
Mζ Y[ ]

. (14) 

Note that 0 ≤ ιζ (Y, X) ≤ 1, and it inherits the properties of ξζ (Y, X).
The converse implication in Theorem 2.10 does not hold in general (see the examples in the next 

section). To obtain a necessary and sufficient condition, we need an additional property.

Definition 2.11 We say that a convex separation measurement ζ is strictly convex on 
Dirac-δ masses if for every ν with Mζ (ν) < ∞, there exists a ν-negligible 
set N ⊂ Y such that

ζ ν,
1
2

δy1 +
1
2

δy2

􏼒 􏼓

<
1
2

ζ ν, δy1

( 􏼁
+

1
2

ζ ν, δy2

( 􏼁

for every y1, y2 ∈ supp(ν) \N with y1 ≠ y2.

(15) 

Notice that ζ is surely strictly convex on Dirac δ-masses if for every y1 ≠ y2 in supp(ν) with 
ζ(ν, δyi ) < ∞, we have

ζ ν,
1
2

δy1 +
1
2

δy2

􏼒 􏼓

<
1
2

ζ ν, δy1

( 􏼁
+

1
2

ζ ν, δy2

( 􏼁
. (16) 
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Theorem 2.12 ((Max-functionality)). Let us suppose that ζ is a convex separation meas
urement. ξζ (Y, X) satisfies the max-functionality property, i.e.

ξζ (Y, X) = Mζ [Y] < ∞⇔ there exists a measurable function g

such that Y = g(X), (17) 

if and only if ζ is strictly convex on Dirac masses.

When the dependence between Y and X is deterministic, Theorem 2.12 establishes that 
having perfect information about X makes the measure of statistical association maximal. 
In this case, fixing X makes Y certain and it is desirable that ξζ (Y, X) reaches its maximum val
ue. The next result shows a continuity property with respect to an increasing family of 
σ-algebras in X.

Theorem 2.13 ((Information continuity)). Under the assumptions of Theorem 2.5, let 
(Fn)n∈N be an increasing family of sub-σ-algebras in F with F = 􏽗∞

n=1 F
n. We have

lim
n→∞

ξζ (Y, X | Fn) = ξζ (Y, X | F ). (18) 

The information continuity property in (18) is proven, independently, for kernel-based, 
Wasserstein- and optimal transport-based, and value-of-information based measures of statistical 
association, respectively, in Deb et al. (2020), Wiesel (2022), and Fissler and Pesenti (2023). 
Theorem 2.13 provides a unification of those results showing that continuity holds for measures 
of statistical association whose separation measurement is convex.

It is easy to check that continuity of ξζ w.r.t. convergence in law of a sequence of random var
iables (Yn, Xn) is a demanding condition for measures of association in (3), as such a convergence 
does not typically imply convergence of the conditional laws of Yn w.r.t. Xn, even if ζ is weakly 
continuous. Convexity however is sufficient to recover at least lower semicontinuity.

Theorem 2.14 ((Lower semicontinuity)). Let ζ be a convex separation measurement. 

1. If Xn, X, n ∈ N are random variables such that (Y, Xn) converges in 
law to (Y, X) as n→∞, then lim infn→∞ ξζ (Y, Xn) ≥ ξζ (Y, X).

2. If ζ is also bounded from below, jointly convex, i.e. for 
ν1, ν2, ν′1, ν′2 ∈ P(Y), it is

ζ
1
2

ν1 +
1
2

ν2,
1
2

ν′1 +
1
2

ν′2

􏼒 􏼓

≤
1
2

ζ(ν1, ν′1) +
1
2

ζ(ν2, ν′2), (19) 

and lower semicontinuous in P(Y) × P(Y) and the sequence (Yn, Xn) con
verges in law to (X, Y) as n→∞, then lim infn→∞ ξζ (Yn, Xn) ≥ ξζ (Y, X).

As an immediate corollary of the previous result, we gain a sort of continuity in two extreme 
situations. First, suppose that ζ is a strict convex separation measurement. If (Xn) is a sequence 
such that (Y, Xn) converges in law to (Y, X) as n→∞ and satisfies limn→∞ ξζ (Y, Xn) = 0, then 
ξζ (Y, X) = 0 and X and Y are independent. (Note that ξζ (Y, X) ≥ 0 by Theorem 2.9.) Clearly, if 
Xn and Y are independent for all n, then X and Y are independent. The statement in the first 
item, however, tells us that even if Xn and Y are not statistically independent for all n, but the limit 
of ξ(Y, Xn) is zero, then X and Y are independent. Second, let ζ be a convex separation measure
ment. If Y = g(X) and (Xn) is a sequence converging in law to X, then limn→∞ ξζ (Y, Xn) = 1.

Figure 1 synthesizes the relationships uncovered thus far. The left part refers to the structural 
properties of the separation measurement, and the right part to the corresponding properties of 
the measure of statistical association. Definition 2.1 asks for lower semicontinuity as a minimal 
requirement for the separation measurement ζ to be a sensible mathematical object. With 
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convexity, it ensures that the integral in (3) exists. Convexity suffices to make the measure of stat
istical association nonnegative, minimal when Y and X are independent, maximal when Y is de
termined by X, and lower semicontinuous. Moreover, convexity is intrinsically linked to 
monotonicity (as visualized by the double implication arrow in Figure 1). Convexity and strictness 
are necessary and sufficient for zero-independence. Convexity and strictness on Dirac-δ masses are 
necessary and sufficient for max-functionality. Notably, two distinct forms of convexity charac
terize zero-independence and max-functionality.

2.2 Analysing the measures of statistical association
The results in Section 2.1 provide us with tools to investigate the properties of the measures of stat
istical association in the family of Definition (2.2). While some properties for some indicators have 
been reported in the previous literature, our results allow for a unified view. Table 1 lists the meas
ures of statistical association analysed here and three main properties.

2.2.1 Pearson’s correlation ratio and correlation coefficient
Let Y = R, Y ∼ PY,Y′ ∼ PY′ and let E[Y], E[Y′] denote their respective mean values and let V[Y] 
denote the variance of Y. Then, the quantity

ζPearson(PY, PY′ ) = (E[Y] − E[Y′])2 (20) 

is a separation measurement, where we assume that ζPearson = +∞ if Y or Y′ are not integrable. As 
corresponding measure of statistical association, inserting (20) in (3), we obtain (the numerator of) 
Pearson’s correlation ratio (Pearson, 1905)

ξPearson(Y, X) = E[V{Y} − V{Y |X}] = V[E[Y |X]]. (21) 

Proposition 2.15 ξPearson(Y, X) is null when Y and X are independent, it is nonnegative, it 
satisfies monotonicity, lower semicontinuity, and max-functionality, 
with maximum value equal to V[Y].

Figure 1. From properties of the separation measurement (left) to properties of the measure of statistical 
association (right).
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By max-functionality, we can apply the normalization η2(Y, X) = V[Y]−1ξPearson(Y, X) as ori
ginally proposed by Pearson (1905). With this normalization, in simulation experiments, 
η2(Y, X) coincides with first-order variance-based sensitivity indices (Saltelli & Tarantola, 
2002). However, ξPearson(Y, X) does not satisfy zero-independence. In fact, the separation meas
urement in (20) is strictly convex on Dirac-δ masses, but it is not strict. The strictness condition 
in (11) fails, as 2(E[Y] − (1/2)(E[Y1] + E[Y2]))2 = (E[Y] − E[Y1])2 + (E[Y] − E[Y1])2 only implies 
E[Y1] = E[Y2] and not Y1 ∼ Y2.

Pearson’s correlation ratio was introduced as a generalization of the linear correlation coeffi
cient, ρ(Y, X) (Pearson, 1895). It is well known that ρ(Y, X) neither satisfies zero-independence 
nor max-functionality. In the framework of Definition 2.2, we have

ρ(Y, X) =
E[XE[Y − E[Y] |X]]

������������
V[Y]V[X]

􏽰 , (22) 

which is the expectation of the quantity ζρ(Y, X) = (1/
������������
V[Y]V[X]

􏽰
)XE[Y − E[Y] |X] for which 

convexity cannot be guaranteed (and does not actually satisfy the definition of separation 
measurement).

2.2.2 Csiszár divergences
Consider a convex function J : [0, +∞)→ [0, +∞], finite in (0, + ∞), with J(1) = 0 < J(r) for every 
r ≠ 1. Given two probability measures ν and ν′ with densities f , f ′ with respect a common domin
ating measure ϑ, we define the Csiszár J-divergence of ν with respect to ν′ as ζCsiszar(ν, ν′) := 
∫ Jhom(f , f ′) dϑ with

Jhom(f , f ′) :=
J

f
f ′

􏼒 􏼓

f ′ if f , f ′ ≠ 0, J0 = lim
r↓0

J(r) if f = 0 ≠ f ′,

J′∞ = lim
r↑+∞

J(r)/r if f ≠ 0 = f ′, 0 if f = f ′ = 0.

⎧
⎪⎨

⎪⎩
(23) 

When J has a superlinear growth, as in the case of the Kullback–Leibler divergence, then 
J′∞ = +∞, so that ζCsiszar(ν, ν′) is finite if and only if ν ≪ ν′ is absolutely continuous with respect 
to ν′.

The family of measures of statistical association corresponding to Csiszár divergences is

ξCsiszar(Y, X) = E ζCsiszar(PY, PY |X)
􏼂 􏼃

= ∫∫ Jhom
dPY |X

dPY

􏼒 􏼓

d(PY ⊗ PX). (24) 

Proposition 2.16 The measure of association ξCsiszar(Y, X) is nonnegative, maximal if 
Y = g(X), and satisfies zero-independence, data-processing monoton
icity, and lower semicontinuity.

Table 1. Measures of association studied in this work and three main properties

Association measure Zero-independence Max-functionality Monotonicity

Correlation ratio ✓ ✓
Csiszár divergences ✓ ✓
Chatterjee correlation ✓ ✓ ✓
Optimal transport-based ✓ ✓ ✓
Kernel-based [✓] [✓] [✓]

Note. For kernel-based indices, the results depend on the properties of the kernel (Theorem 2.21).
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This result follows from the convexity of ζCsiszar and the fact that it is strict. However, 
ζCsiszar(ν, ν′) in (23) does not satisfy strict convexity on Dirac-δ masses (see Appendix Remark 
A.2, online supplementary material). The Kullback–Leibler, the total variation, and the (squared) 
Hellinger separation measurements are three notable representatives of the family of Csiszár 
divergences.

If f , f ′ are the densities of ν, ν′ with respect to a common dominating measure ϑ, they are, 
respectively, given by

ζKL(ν, ν′) = ∫ Y log
f (y)
f ′(y)

􏼒 􏼓

f (y)dϑ(y) with JKL(r) = r log r − r + 1, (25) 

ζTV(ν, ν′) =
1
2

∫ Y|f (y) − f ′(y)|dϑ(y) with JTV(r) = |r − 1|, (26) 

and

ζH2
(ν, ν′) = 1 − ∫

������������
f (y) · f ′(y)

􏽰
dϑ(y) with JH2 (r) =

1
2

��
r
√

− 1
( 􏼁2

. (27) 

For the total variation or Hellinger divergences J′∞ < +∞, so that ζCsiszar(ν, ν′) is finite even if ν is 
not absolutely continuous with respect to ν′. The corresponding measures of statistical association 
are the mutual information between Y and X (Soofi, 1994), the δ-importance measure (Borgonovo 
et al., 2014), and the Hellinger correlation (Geenens & de Micheaux, 2022). By Proposition 2.16, 
they all satisfy zero-independence and possess the properties that follow directly by convexity 
(Figure 1). However, because they are not strictly convex on Dirac-δ masses, they cannot satisfy 
max-functionality. This offers an explanation as to why, for instance, the mutual information sat
isfies zero-independence but not max-functionality, as observed by Chatterjee (2021).

Remark 2.17 Let ζ denote the total variation (ζTV) or the Hellinger (ζH2
) separation meas

urements in this remark. These separation measurements yield symmetric 
measure of statistical associations, that is ξζ (Y, X) = ξζ (X, Y). Also, for 
every X and Y absolutely continuous, we have Mζ [Y] = Mζ [X] = 1. 
Because ζ is convex, ξζ (Y, X) is maximal if Y = g(X) (in this case, fixing X 
determines Y), so that ξζ (Y, X) = 1. By symmetry, we also have 
ξζ (X, Y) = 1. However, if g is not injective, fixing Y does not determine 
X. Thus, the measure ξζ (X, Y) is maximal, but the dependence is not 
deterministic.

2.2.3 Chatterjee’s new correlation coefficient
Consider as separation measurement the Cramér-von Mises distance for probability measures in 
Y = R, defined by

CvM(ν, ν′) = ∫ FY(y) − FY′ (y)
( 􏼁2dFY(y), Y ∼ ν, Y′ ∼ ν′. (28) 

Gamboa et al. (2018) discuss the probabilistic sensitivity measure based on (28) defining

ξCvM(Y, X) = E ∫ FY(y) − FY |X(y)
( 􏼁2dFY(y)

􏽨 􏽩
. (29) 

The measure of association ξCvM in (29) coincides with the limit of Chatterjee’s correlation coef
ficient (Chatterjee, 2021) (apart for a normalization factor).

Proposition 2.18 The measure of association ξCvM satisfies zero-independence, monoton
icity, and max-functionality, with maximum MCvM[Y] = 1/6.
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2.2.4 Optimal transport-based separations
We next discuss three measures of statistical association shaped by the theory of optimal transport. 
Given a function k : Y × Y→ [0, +∞) which is continuous and satisfies k(y, y′) = 0 ⇔ y = y′, we 
consider:

(1) the Kantorovich optimal transport separation

OT(ν, ν′) := inf
π∈Π ν,ν′( )

∫ k(y, y′) dπ(y, y′) = inf E k(Y, Y′)
􏼂 􏼃

: Y ∼ ν. Y′ ∼ ν′
􏼈 􏼉

, (30) 

where Π(ν, ν′) denotes the set of all couplings in P(Y × Y) with marginals ν and ν′, respectively;
(2) the entropic optimal transport separation

EKε(ν, ν′) := inf
π∈P(Y×Y)

∫ Y×Yk(y, y′) dπ(y, y′) + εKL(π, ν ⊗ ν′), (31) 

(3) the family of logarithmic entropy-transport separations (Liero et al., 2018)

LET(ν, ν′) := inf
π∈M+(Y×Y)

∫ Y×Yk(y, y′) dπ(y, y′) + KL(π1, ν) + KL(π2, ν′), (32) 

where the infimum is extended to all the finite nonnegative measures π in Y × Y with marginals π1 

and π2, respectively.
With the classical optimal transport separation in (30), we obtain the family of optimal transport- 

based global sensitivity measures ξOT(Y, X) = E[OT(PY, PY |X)] studied in Borgonovo et al. (2024). 
When k(y, y′) = |y − y′|p, we recover the pth power of the p-Wasserstein distance, p ≥ 1, as a separ
ation measurement Wp

p(ν, ν′) = infπ∈Π(ν,ν′) ∫ |y − y′| p dπ(y, y′), and the corresponding functional

ξWp
p (Y, X) = E Wp

p(PY, PY |X)
􏼂 􏼃

, (33) 

which is the numerator of the Wasserstein correlation coefficient of Wiesel (2022).
The entropic separation in (31) is an important regularization of (30) (Peyré & Cuturi, 2019), 

whose corresponding measure of statistical association ξEKε (Y, X) has been introduced and stud
ied in Borgonovo et al. (2024). The logarithmic entropy separation in (32) is another regulariza
tion of (30) which arises from unbalanced optimal transport. When k(y, y′) = |y − y′|2, (31) yields 
the Gaussian Hellinger–Kantorovich metric which metrizes weak convergence. We denote the cor
responding measure of statistical association by ξLET(Y, X).

Proposition 2.19 The measures of statistical association ξOT(Y, X), ξWp
p (Y, X), ξEKε (Y, X), 

and ξLET(Y, X) satisfy zero-independence, monotonicity, and max- 
functionality.

2.2.5 Kernel-based separations
We call kernel a function K(· , ·) on Y × Y which is nonnegative definite and symmetric. We denote 
by HK the reproducing kernel Hilbert space induced by K, endowed with the inner product 〈·, ·〉HK 

and the norm ‖ · ‖HK
. In addition, we require that Y is separable and that K(· , ·) is bounded and 

continuous, so that HK is also separable (Steinwart & Christmann, 2008, Lemma 4.33). In the re
mainder, for every ν ∈ P(Y), we denote by mK(ν) the unique element of HK, defined as

〈f , mK(ν)〉HK
= ∫ f (y) dν(y), (34) 

where the integral w.r.t. ν is well defined as every function f of HK is continuous and bounded 
(Steinwart & Christmann, 2008, Lemma 4.28). For every pair of distributions ν, ν′ ∈ P(Y), we 
call the quantity  

MMD2
K(ν, ν′) = ‖mK(ν) − mK(ν′)‖2HK

, (35) 
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squared maximum mean discrepancy (MMD) between ν and ν′. The function MMD2
K induced by a 

bounded and continuous kernel K is a separation measurement. Following Deb et al. (2020) and 
Barr and Rabitz (2022), we can define the corresponding measures of statistical association as 
follows.

Definition 2.20 We call the quantity:

ξMMD(Y, X) := E[MMD2
K(PY, PY |X)] (36) 

kernel-based measure of statistical association of Y with X.

The properties of ξMMD(Y, X) are determined by the associated kernel. We recall that a kernel K 
is characteristic if mν1 = mν2 yields ν1 = ν2 for every ν1, ν2 ∈ P(Y). We also say that K separates the 
points if

K(y, y1) = K(y, y2) for every y ∈ Y⇒ y1 = y2. (37) 

Theorem 2.21 Let K be a bounded continuous kernel on Y. 

1. MMD2
K is a separation measurement which is jointly convex and lower 

semicontinuous in P(Y) × P(Y).
2. The corresponding quantity MMMD[Y] defined by (12) reads as

MMMD[Y] = ∫ YK(y, y) dν(y) − ∫∫ Y×YK(y, y′) d(ν ⊗ ν)

= E[K(Y, Y)] − E[K(Y, Y′)], (38) 

where Y′ is an independent copy of Y, whereas ξMMD can also be ex
pressed by

ξMMD(Y, X) = ∫ X ∫∫ Y×YK(y, y′)d(νx ⊗ νx)
( 􏼁

dμ(x)

− ∫∫ Y×YK(y, y′)d(ν ⊗ ν). (39) 

3. If K separates points, then MMD2
K is strictly convex on Dirac masses.

4. If K is characteristic, then MMD2
K is a strict separation measurement.

Thus, ξMMD satisfies zero-independence, max-functionality, and infor
mation monotonicity.

Sejdinovic et al. (2013) show the equivalence between kernel-based measures of statistical 
associations and measures based on the energy distance (Székely & Rizzo, 2013). Let 
(Z, ρ) be a negative type metric space.1 Suppose that Z1 ∼ μ1 ∈ P(Z) and Z2 ∼ μ2 ∈ P(Z) 
have finite first-order moment w.r.t. ρ, i.e. E[ρ(Z1, z̅)] < ∞ and E[Z2, z̅] < ∞ for some z̅ ∈ Z. 
The separation measurement ζED

ρ associated with the ρ-energy distance between μ1, μ2 is de
fined by

ζED
ρ (μ1, μ2) = 2E ρ(Z1, Z2)

􏼂 􏼃
− E ρ(Z1, Z′1)

􏼂 􏼃
− E ρ(Z2, Z′2)

􏼂 􏼃
, (40) 

where Z′1 and Z′2 are i.i.d. copies of Z1 and Z2, respectively. For instance, when Z = R and 
ρ(x, y) = |x − y| for x, y ∈ R, ζED(ν, μ) is a version of the Cramér-von Mises distance 
(see Sejdinovic et al., 2013, Székely & Rizzo, 2017, p. 455). Sejdinovic et al. (2013, 

1 A space (Z, ρ) is a negative type metric space if the metric ρ on Z satisfies 
􏽐

i,j αiα jρ(zi, z j) ≤ 0 for any α1, . . . , αn ∈ 
R with 

􏽐
i αi = 0 and z1, . . . , zn ∈ Z.

12                                                                                                                                           Borgonovo et al.
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssb/advance-article/doi/10.1093/jrsssb/qkaf018/8113876 by guest on 27 June 2025



Theorem 22) show that ζED
ρ coincides with 2MMD2

K where ρ is the metric associated with the 

kernel K( · , · ), i.e. ρ(z, z′) = K(z, z) + K(z′, z′) − 2K(z, z′), for z, z′ ∈ Z. Therefore, if ξED
ρ is the 

sensitivity measure associated to the energy distance (40) according to Definition 2.2 and K 
is the kernel associated with ρ, ξED

ρ coincides with ξMMD (36) and it can be simultaneously in
terpreted as an energy-distance-based or a kernel-based measure of association.

3 An application: functional vs. statistical dependence
Achieving a correct interpretation of the dependence between random variables is essential for 
statistical modelling. The task is difficult because the spectrum goes from a complete lack of rela
tionship to a fully deterministic dependence, and pairwise statistical independence does not rule 
out that Y might still be a function of X, as we are to see. Without a claim of exhaustiveness, 
the examples of this section provide a conceptual illustration of the nuances involved and how 
the properties we illustrated help guide the inference.

We consider a random vector in R3, (Y, X1, X2), with Y = g(X1, X2) = X1 ·X2, and let X1 be 
uniformly distributed on [−1, 1] [we write X1 ∼ U(−1, 1)], while X2 is discrete uniformly distrib
uted with support {−1, 1}. We consider the following three cases for the joint probability of 
(X1, X2): 

1. X1 and X2 are statistically independent;

2. X2 is a function of X1 given by X2 =
−1 if |X1| ∈

1
2

, 1
􏼔 􏼕

,

1 if |X1| ∈ 0,
1
2

􏼔 􏼓

;

⎧
⎪⎪⎨

⎪⎪⎩

3. X2 is a function of X1 given by X2 = −sign(X1).

Note that in cases 2 and 3, one removes the statistical independence between X1 and X2.
Case 1. Analytical calculations show the Pearson’s linear correlation coefficient, denoted as 

ϱ(Y, Xi), and correlation ratio η2(Y, Xi) are null for both X1 and X2. However, these values do 
not allow us to conclude that Y does not depend on X1 or on X2, as neither ϱ(Y, Xi) nor 
η2(Y, Xi) satisfies zero-independence. However, it is Y ∼ U(−1, 1), Y |X2 = 1 ∼ U(−1, 1), and 
Y |X2 = −1 ∼ U(−1, 1). Thus, Y and X2 are statistically independent. This explains the null 
values of ϱ(Y, X2) and η2(Y, X2). Moreover, we have ξζ (Y, X2) = 0 for any ξζ (Y, X) satisfying 
zero-independence. Suppose we select a measure of statistical association ξTV(Y, X1) based on 
the separation measurement in (26). We find ξTV(Y, X1) = 1 and ξTV(Y, X2) = 0 by 
zero-independence. As unity is the maximum value for ξTV(Y, Xi), the fact that ξTV(Y, X1) = 
1 may lead us to think that there is a deterministic dependence between Y and X1. 
However, ξTV(Y, X1) does not satisfy max-functionality. Instead, consider using a measure 
of association based on the Wasserstein-2 distance, which is strictly convex on Dirac masses. 
We obtain

ιW
2
2 (Y, X1) =

EX1 W2
2 U(−1, 1), 1

2 δX1 + 1
2 δ−X1

( 􏼁( 􏼁􏼂 􏼃

2V[Y]
=

∫ 1
−1(x2

1 − x1 + 1
3 ) 1

2 dx1

2V[Y]
=

1
4

(41) 

and ιW2
2(Y, X2) = 0. The fact that ιW2

2 (Y, X1) is not maximal indicates that the dependence be
tween Y and X1 is not deterministic. The case discussed here stems from Example 3.7 in 
Handoko (2022). Our analysis provides a solution to the issues raised there. In particular, 
by selecting a measure of statistical association that possesses the max-functionality property, 
we can make the correct inference about this input–output mapping: only X1 concurs in deter
mining the distribution of Y, however the dependence is not deterministic. Regarding X2, we 
have the case of a model response which is statistically independent of it, although Y is a func
tion of X2. This shows us once more that the notions of functional and statistical dependence 
are distinct and they do not imply each other.

J R Stat Soc Series B: Statistical Methodology, 2025, Vol. XX, No. XX                                                  13
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssb/advance-article/doi/10.1093/jrsssb/qkaf018/8113876 by guest on 27 June 2025



Case 2. It is Y ∼ U(−1, 1), Y |X2 = −1 ∼ U([−1, − (1/2))p((1/2), 1]), and Y |X2 = 1 ∼ U 
([ − (1/2), 1/2]). Thus, Y and X2 are statistically dependent. However, we find ϱ(Y, X2) = 
η2(Y, X2) = 0. Using ξTV(Y, Xi) and ιW2

2 (Y, Xi), we find ξTV(Y, X2) = 1/2 and ιW2
2 (Y, X2) = 1/8, 

which correctly signals the statistical dependence between Y and X2. For the association of Y 
with X1, we have ϱ(Y, X1) = −(3/4) and η2(Y, X1) = 1, and we also find ξTV(Y, X1) = 1 and 
ιW2

2 (Y, X1) = 1. This last value indicates that the dependence between Y and X1 is deterministic. 
In fact, fixing X1 fully determines Y in this case, because X2 is itself a deterministic function of X1.

Case 3. We have Y ∼ U([−1, 0]). The mapping turns into Y = −|X1|. We find η2(Y, X1) = 
ξTV(Y, X1) = ιW2

2 (Y, X1) = 1 and η2(Y, X2) = ξTV(Y, X2) = ιW2
2 (Y, X2) = 0. Here, again, condi

tioning on X2 does not change the output distribution. So the pair (Y, X2) is statistically independ
ent, although X2 and Y are both functions of X1. Thus, removing the independence between X1 

and X2 in this example yields a cornucopia of possibilities with subtle differences. Overall, the ex
amples underscore the importance of carefully selecting the measure of statistical association to 
avoid misleading inferences.

4 Convexity and estimation
In most applications, measures of statistical association in (3) need to be computed numerically. 
Realizations of X and Y can be generated by a computer experiment (simulation setup) or collected 
from measurements of natural or social phenomena (data setup). A design that implements (3) dir
ectly rests on a double loop of Monte Carlo simulations and requires a computer model that links 
realizations of X to the corresponding values of Y (simulation setup). It is not applicable in the data 
setup. The numerical cost of this strategy is CBrute Force ≈ nXN2, with a linear dependence on nX, 
the number of input variables or features X, and a quadratic dependence on the sample size N. 
However, the nearest-neighbour method and Pearson’s partitioning allow us to estimate measures 
of association in (3) from an individual sample, with a notable theoretical reduction in computa
tional burden. Sections 4.1 and 4.2 present general results for these two approaches. Section 4.3
performs illustrative numerical experiments for both methods.

4.1 Nearest neighbours
Suppose that (X1, Y1), . . . , (Xn, Yn) are i.i.d. η ∈ P(X × Y) such that X1 ∼ μ ∈ P(X) and 
Y1 ∼ ν ∈ P(Y). Assume that X is endowed with metric ρ. We need to estimate E[ζ(ν, νFx )]. We 
may estimate ν by the empirical distribution of Y1, …, Yn and the expectation w.r.t. μ via the em
pirical average over X1, . . . , Xn. The most challenging part is to estimate the conditional measure 
νx. We approximate νx for x = Xi , where 1 ≤ i ≤ n, by taking the empirical distribution of the sub
set {Yj : Xj is ‘close’ to Xi}. The notion of being close to each other can be formalized as follows (see 
Bhattacharya, 2019; Deb et al., 2020). Let S be a finite subset of X. One says that G is a geometric 
graph functional on X if, for any S, it defines a graph (S, E(G(S))), whose vertex set and edge set are 
S and E(G(S)), respectively.

Next, we let Gn = G(X1, . . . , Xn) denote a graph on the n points X1, . . . , Xn ∈ X. Let ν̂n = 
(1/n)

􏽐n
i=1 δYi be the empirical distribution of Y1, . . . , Yn and ν̂n(Xi; Gn) the empirical distribution 

of {Yj : (i, j) ∈ E(Gn)}, i.e.

ν̂n(Xi; Gn) =
1
di

􏽘

j : (i,j)∈E(Gn)

δYj . (42) 

In Equation (42), (i, j) ∈ E(Gn) if and only if there is an edge i→ j or j→ i in Gn. We call 
di = #{j : (i, j) ∈ E(Gn)} the degree of Xi.

Using (42), an estimate of the separation measure ξζ (Y, X) can be defined as

ξ̂ζ
n :=

1
n

􏽘n

i=1

ζ ν̂n, ν̂n(Xi; Gn)
( 􏼁

. (43) 

We then ask whether ξ̂ζ
n consistently estimates ξζ as n→∞. This question can be addressed under 

the theoretical framework developed in Deb et al. (2020). We state the following three 

14                                                                                                                                           Borgonovo et al.
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssb/advance-article/doi/10.1093/jrsssb/qkaf018/8113876 by guest on 27 June 2025



assumptions (Deb et al., 2020, cf. conditions (A1)–(A3) and Bhattacharya, 2019, cf. conditions 
N1 and N2): 

(A1) Small ball probability: The metric ρ on X is such that ρ(Xi, XN(i)) ⟶P
0 as n→∞, where 

N(i) is uniformly sampled from the indices of the neighbours {j : (i, j) ∈ E(Gn)} of Xi.
(A2) Local graph functional:

(a) There exists sequence of natural numbers rn (which may be unbounded, rn →∞) such 
that almost surely (a.s.) min1≤i≤n di ≥ rn;

(b) Let us denote Gn,i to be the perturbation of the graph Gn where Xi is replaced by an i.i.d. 
element X′i, i.e. Gn,i = G(X1, . . . , X′i, . . . , Xn). There exists a sequence qn > 0, not necessar
ily bounded, such that we have max1≤i≤n max {|E(Gn) \ E(Gn,i)|, |E(Gn,i) \ E(Gn)|} ≤ qn, a.s.;

(c) One choice of qn and rn must satisfy

lim sup
n→∞

qn

rn
≤ C with C > 0. (44) 

(A3) Asymptotic degrees of same order: There is a sequence tn (which may be unbounded) such 
that, a.s., max1≤i≤n di ≤ tn and lim supn→∞ (tn/rn) ≤ D > 0.

Theorem 4.1 Assume that Gn satisfies the assumptions (A1)–(A3). Furthermore, 
suppose that ζ is continuous in the weak topology and convex on Dirac 

masses and ∫ Xζ(ν, νFx )dμ(x) < ∞. Then ξ̂ζ
n ⟶P ξζ (Y, X). Furthermore, if 

∫ Xζ2(ν, νFx )dμ(x) < ∞, then ξ̂ζ
n ⟶a.s. ξζ (Y, X).

In the following result, we provide a sub-Gaussian concentration bound on ξ̂ζ
n in the spirit of 

Deb et al. (2020).

Proposition 4.2 Continuing with the same assumptions as in 4.1 and provided 
supx∈X ζ(ν, νx) ≤ M for some M > 0, there exists C > 0 (independent 
of n and t), such that for any t > 0

P ξ̂ζ
n − E[ξ̂ζ

n]
􏼌
􏼌

􏼌
􏼌 ≥ t

􏼂 􏼃
≤ 2 exp (−Cnt2), (45) 

and consequently, 
��
n
√

(ξ̂ζ
n − E[ξ̂ζ

n]) =OP(1).

This last equality reassures us that the variance of the estimator is bounded. One of the most 
prominent questions about the estimation of association measures is whether there is a CLT under 
independence between Y and X. This is particularly useful for creating a test for independence. We 
can exploit (Deb et al., 2020, Theorem 4.1) to obtain such result.

In the remainder, let Φ(·) denote the cumulative distribution function of the Gaussian distribu
tion. With Gn, (d1, . . . dn), qn, tn, and rn as previously defined, let K be a characteristic kernel. 
Recall that if Y1 ∼ ν and Y2 ∼ μ, then,

ζED(ν, μ) = 2E[K(Y1, Y′1)] + 2E[K(Y2, Y′2)] − 4E[K(Y1, Y2)], (46) 

where Y′1 and Y′2 are independent replicas of Y1 and Y2. From the above expression, the proposed 
estimator of ξED(Y, X) can be written as

ξ̂ED
n :=

4
n(n − 1)

􏽘n

i=1

􏽘

j≠i

K(Yi, Yj) −
4
n

􏽘n

i=1

d−1
i

􏽘

j : (i,j)∈E(Gn)

K(Yi, Yj). (47) 
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Proposition 4.3 Under (A1)–(A3), suppose that E[K2(Y1, Y2)] < ∞. Then, V(
��
n
√

ξ̂ED
n ) = 

O(1). In addition, let θ = (M, D, γ, ϵ) ∈ (0, ∞)3 × [0, 1/3). Let us pay at
tention to graph functionals and measures on X × Y of the type:

J θ : = (G̃, μ̃) : E[K4(Y1, Y2)] ≤ M, lim sup
n→∞

max
1≤i≤n

d̃i

( log n)γ ≤ D

􏼨

w.p.1, r−1
n (qn + tn) ≤ D, nϵVar(Nn) ≥ 1 for all n ≥ M

􏼩

, 

where (d̃1, . . . , d̃n) is the sequence of degrees of G̃n := G̃(X1, . . . , Xn), 

with (Xi, Yi) ∼i.i.d. μ̃, i = 1, . . . , n, and μ̃ = μ̃X ⊗ μ̃Y. For every 
θ ∈ (0, ∞)3 × [0, 1/3), we have

lim
n→∞

sup
(G̃,μ̃)∈J θ

sup
z∈R

P

��
n
√

ξ̂ED
n

S̃n
≤ z

􏼠 􏼡

− Φ(z)

􏼌
􏼌
􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
􏼌
􏼌

= 0 where (48) 

S̃
2
n := ã g̃1 + g̃3 −

2
n − 1

􏼒 􏼓

+ b̃ g̃2 − 2g̃1 − 2g̃3 − 1 +
4

n − 1

􏼒 􏼓

+ c̃ g̃1 + g̃3 − g̃2 +
n − 3
n − 1

􏼒 􏼓

, 

with ã := (1/(n(n − 1))
􏽐

(i,j) distinct K2(Yi, Yj), b̃ := (1/(n(n − 1)(n − 2))) 
􏽐

(i,j,l) distinct K(Yi, Yj)K(Yi, Yl), c̃ := (1/(n(n − 1)(n − 2)(n − 3))) 
􏽐

(i,j,l,m) distinct K(Yi, Yj)K(Yl, Ym), and

g̃1 :=
1
n

􏽘n

i=1

1

d̃i

, g̃2 :=
1
n

􏽘

i,j

TG̃n (i, j)

d̃id̃j

, g̃3 :=
1
n

􏽘

(i,j)∈E(Gn)

1

d̃id̃j

, 

with TG̃n (i, j) :=
􏽐

k 1((i, k) ∈ E(G̃n))1((k, j) ∈ E(G̃n)) counting the num
ber of neighbours shared by Xi and Xj.

Proposition 4.3 shows the 
��
n
√

-consistency of ξ̂ED
n and establishes a CLT for the same under the 

independence between Y and X for a broad family of graph functionals. By Theorem 4.3, the limit
ing distribution of 

��
n
√

ξ̂ED
n /S̃n is standard normal. We can then build a test for

H0 : η = μ ⊗ ν versus H1 : η ≠ μ ⊗ ν. (49) 

Let zα be the upper quantile of the standard Gaussian distribution. If 
��
n
√

ξ̂ED
n ≥ zαS̃n, we reject H0.

By Theorem 4.1, the asymptotic level of this test is α. Many other testing procedures such as the 
ones based on distance-covariance (Székely et al., 2007) and or the Hilbert-Schmidt independence 
criterion (Gretton et al., 2005) lack such a simple limiting distribution theory. Despite some recent 
works on finite sample guarantees of those tests (e.g. Albert et al., 2022), the associated 
permutation-based methods to estimate the rejection threshold make them computationally 
expensive.

4.2 Pearson estimation
To fix ideas, let X be continuous. The intuition of Pearson (1905) is to partition the support of X 
(X), in H classes Xh, h = 1, 2, . . . , H, and replacing the point condition X = x with the class 
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condition X ∈ Xh. A Pearson estimate of ξζ (Y, X) in (3) is then given by  

􏽢ξζ
H(Y, X) =

􏽘H

h=1

ζ(ν̂,􏽢νX∈Xh
)
nh

N
, (50) 

where N is the sample size, 􏽢(·) denotes an empirical estimate, νX∈Xh is the conditional probability of 
Y given that X is in Xh, and nh is the number of realizations of X that fall in class Xh. For the mo
ment assume that the sample size is sufficient to allow for statistically accurate estimates, so that 
we can write ζ(ν̂,􏽢νX∈Xh )ζ(ν, νX∈Xh ). Then, consider a sequence of refining partitions, in which the 
cardinality increases and the next partition is finer than the previous one. Intuitively, as the cardin
ality H increases, the class condition becomes progressively closer to a point condition.

This intuition is at the basis of the estimation of Pearson’s correlation ratio in (21) (Pearson, 
1905). However, the approach has been extended to estimate information value and distribution- 
based indices (Borgonovo et al., 2014; Strong & Oakley, 2013). Nonetheless, we are not aware of 
a unifying result about the asymptotic consistency of the estimates. Theorem 2.13 provides a for
mal basis to obtain such a result.

Consider a sequence of random variables (XN, YN), N ∈ N, defined in some (standard Borel) 
measure space (ΩN, FN, PN) with values in X × Y such that the joint law πN = (XN, YN)♯P

N is 
weakly converging to π = (X, Y)♯P. We will also suppose that a continuous function Υ : Y→
[0, + ∞) is given such that

lim
N→∞

EN[Υ(YN)] = E[Υ(Y)] < ∞. (51) 

A typical example is given by ΩN := {1, 2, . . . , N} with the uniform measure and 
XN(n) := Xn(ω), YN(n) := Yn(ω), n = 1, . . . , N, are obtained by evaluating a sequence 
(Xn, Yn)n∈N of mutually independent random variables sharing the same joint law of (X, Y).

Here, we can distinguish the simpler case when X takes values in a finite set (or, equivalently, F
is finite) from the general one. In the finite case, we will assume that X = {x1, x2, . . . , xH} is a finite 
set, F = 2X, and we consider the quantity

ξζ
N := ξζ (YN, XN). (52) 

In the general case, we introduce a countable collection of measurable partitions given by 
XM = {XM

h }h=1,..., H(M), M ∈ N, which generate a corresponding family of σ-algebras FM = σ(XM) 
satisfying

FM ⊂ FM+1,
􏽟

M∈N

FM = F , μ(∂XM
h ) = 0 for every M ∈ N, 1 ≤ h ≤ H(M). (53) 

We then consider the quantities

ξζ
M,N := ξζ (YN, (XN, FM)). (54) 

Definition 4.4 Let Υ : Y→ [0, ∞) be a continuous function with finite expectation as per 
(51). We say that ζ is Υ-weakly continuous if for every pair of sequences 
(νn)n∈N and (ν′n)n∈N in P(Y) weakly converging to ν and ν′, respectively, 
as n→∞ and additionally satisfying

ν′n ≤ Cνn for a suitable constant C > 0 and for every n ∈ N, (55) 

lim
n→∞

∫ YΥ dνn = ∫ YΥ dν < ∞, (56) 

it holds ζ(νn, ν′n)→ ζ(ν, ν′) as n→∞.
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Theorem 4.5 Suppose that ζ(· , ·) is convex, lower semicontinuous in its second argu
ment, and conditionally continuous according to Definition 4.4. 

1. If X is finite, then limN→∞ ξζ
N = ξζ (Y, X).

2. In the general case, if (53) holds true,

lim
M→∞

lim
N→∞

ξζ
M,N = ξζ (Y, X). (57) 

Theorem 4.5 implies that for N sufficiently large, calculations of ξζ
M,N should approximate the 

true value ξζ (Y, X) from below. Note that in (57), the two limits are nested: We are letting first 
N→∞, and then M→∞. This fact has a practical consequence that we discuss in the next sub
section devoted to numerical experiments.

We provide a CLT for Pearson’s type estimators. More precisely, we show such a result when ζρ 

is a kernel-based distance measure and the corresponding measure of association 􏽢ξζ
Hn

(Y, X) is 

defined via (50). Following (46), we may rewrite 􏽢ξζ
H(Y, X) as

􏽢ξζ
Hn

(Y, X) :=
4

n(n − 1)

􏽘n

i=1

􏽘

j≠i

K(Yi, Yj) −
4
n

􏽘n

i=1

1

d̃i − 1

􏽘

j : Xj∈Xh(i),j≠i

K(Yi, Yj), (58) 

where Xh(i) denotes the class in X to which Xi belongs and d̃i denotes the total number of Xj be
longing to Xh(i). We need the following assumptions on the classes {Xh : 1 ≤ h ≤ Hn} which are 
similar to conditions (A1)–(A3) of the solution: 

(B1) Small ball neighbourhood: Let Ñ(1), . . . , Ñ(n) be a sequence of independent and uniformly 

sampled indices from the class Xh(i), with ρ(Xi, XÑ(i)) ⟶P
0 as n→∞, for all i.

(B2) Populated neighbourhood: Assume that the number of Xj in each class Xh for h ∈ Z[1,Hn] are 
uniformly lower bounded, i.e. there exists a deterministic positive sequence r̃n →∞, such 
that min1≤i≤n d̃i := |{j : Xj ∈ Xh}| ≥ r̃n w.p. 1.

(B3) Asymptotic degrees of same order: the total numbers of Xj in each Xh should be asymptot
ically of the same order, i.e. we have a deterministic sequence ̃tn (bounded or not) such that: 
max1≤i≤n d̃i ≤ t̃n w.p. 1, and lim supn→∞ (t̃n/r̃n) ≤ C, for some real number C > 0.

Theorem 4.6 Let Y be independent of X. Assume that (B1)–(B3) hold and 
E[K2(Y1, Y2)] < ∞. Further assume that d̃i/( log n)γ ≤ D for all i ∈ Z[1,n] 

and for some γ > 0. Then the following result holds for every fixed 
γ ∈ (0, ∞):

lim
n→∞

sup
z∈R

P

��
n
√ 􏽢ξζ

Hn
(Y, X)

Sn
≤ z

􏼠 􏼡

− Φ(z)

􏼌
􏼌
􏼌
􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
􏼌
􏼌
􏼌

= 0, (59) 

where ã, b̃, c̃ are same as in Theorem 4.3 and

S2
n := ã 2 p̃1 −

2
n − 1

􏼒 􏼓

+ b̃ p̃2 − 4 p̃1 − 1 +
4

n − 1

􏼒 􏼓

+ c̃ 2 p̃1 − p̃2 +
n − 3
n − 1

􏼒 􏼓

, 

with p̃1 := (1/n)
􏽐n

i=1 (1/d̃i) and p̃2 := (1/n)
􏽐

i,j (Δ̃(i, j)/d̃id̃j). Here 

Δ̃(i, j) :=
􏽐

k 1(Xi, Xj, Xk ∈ Xh for some h) is the cardinality of the set 
of neighbours shared by Xi and Xj.
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Thus, Proposition 4.3 and Theorem 4.6 show that not only the nearest-neighbour-type esti
mates but also the Pearson-type estimates of ξζ (Y, X) are asymptotically normal when Y and X 
are independent.

4.3 Numerical experiments
In this section, we report the results of numerical experiments aimed at testing several of the 
theoretical aspects discussed in the previous part of the work, as well as the asymptotic unbiased
ness and CLT for Pearson-type estimators. We consider a multivariate output problem, derive ana
lytical results needed to construct the analytical benchmarks, and perform the numerical 
experiments.

We select an optimal transport-based measure of association,

ξW2
2 (Y, Xi) = E ζW2

2 (PY , PY |Xi )
􏼔 􏼕

, (60) 

and a kernel-based one

ξED(Y, Xi) = E[ζED(PY, PY |Xi )]. (61) 

ξW2
2(Y, Xi) is the unnormalized version of ιW

2
2 (Y, Xi) in (41). In ξED(Y, Xi), we use the Euclidean 

norm as a kernel.
To construct the analytical benchmarks, we proceed as follows. For ξW2

2(Y, Xi) we exploit the 
values in Borgonovo et al. (2024), for ξED(Y, Xi) we build them anew. We recall that a random 
variable Z with mean μZ and variance–covariance metric ΣZ is elliptically distributed if its charac
teristic function can be written as FZ(z; μZ, Σ∗Z) = eizTμ∗Z G(zTΣ∗Zz), where G : R+ → R+ is called the 
generator (see Cambanis et al., 1981, Theorem 2 for technical conditions), and μ∗Z and Σ∗Z are the 
distribution parameters. Synthetically, we write Z ∼ EC(μ∗Z, Σ∗Z, G) as in Cambanis et al. (1981). If 
the first moment and second moments are finite, then μZ = μ∗Z and Σ∗Z = ΣZ (see Cambanis et al., 
1981; Landsman & Valdez, 2003).

Proposition 4.7 Let X = (X1, X2, . . . , XnX ) ∼ EC(mX, ΣX, G), with mX = (m1, m2, . . . , 
mnX ), with finite second moment. Given A ∈ RnY×nX and b ∈ RnY , if Y = 
AX + b then ξED(Y, Xi) is given by

ξED(Y,Xi) =
1

cnY

E ∫ +∞
−∞...∫ +∞

−∞
‖FY(t;mY,ΣY)−FY |Xi (t;mY |Xi ,ΣY |Xi )‖

2

‖t‖nY+1 dt
􏼔 􏼕

,

(62) 

where cnY =(π(nY+1)/2)/(Γ((nY +1)/2)), mY =AmT
X +b, ΣY =AΣXAT , 

ΣY |Xi =AΣc
i A

T,

Σc
i =(σi

t,j)t,j=1,2,...,nX
, σi

t,j = σt,j −
σt,i ·σi,j
����σi,i
√ , (63) 

and mYk |Xi =
􏽐nX

j=1 ak,j(mj +(Xi −μi)(σi
i,j/σi

i,i)), for k=1,2, ...,nY .

Once FY(t; mY , ΣY) is specified, Equation (62) can be implemented in a computer algebra system 
(here, Mathcad is used by the authors2) to obtain the corresponding numerical values. To set nu
merical benchmarks, we consider the following parameterization. We let Y ∈ R2 and X ∈ R4, 

2 All subroutines are available at https://github.com/emanueleborgonovo/ConvexityandMeasuresofStatisticalAssociation/tree/ 
main.
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Y = AX, with A = 4 −2 1 0
2 5 −1 0

􏼔 􏼕

with X normally distributed, with mean μX = (1, 1, 1, 1), 

and variance–covariance matrix ΣX =

1 0.5 0.5 0
0.5 1 0.5 0
0.5 0.5 1 0
0 0 0 1

⎛

⎜
⎜
⎝

⎞

⎟
⎟
⎠. Correspondingly, μY = 3 6

􏼂 􏼃

and ΣY = 15 7.5
7.5 33

􏼔 􏼕

. The analytical values of ξED(Y, Xi) and ξW2
2 (Y, Xi) are reported in 

Table 2. The variables X1 and X2 are the most important, X3 is less influential. For X4, we 

have ξED(Y, X4) = ξW2
2(Y, X4) = 0 by zero-independence.

Numerically, we generate a sample of size N from the distribution of X and calculate the correspond

ing values of Y. We then implement the Pearson estimators (50) of ξED(Y, Xi) and ξW2
2 (Y, Xi). Here, 

the partition cardinality H plays a relevant role. We use equipopulated partition sets, so that the subsets 
XM

h contain approximately the same number of realizations of X and link H to the sample size as to 
avoid scarcely populated partition sets that would compromise statistical accuracy.

We begin with experiments that test asymptotic convergence. We increase the sample size from 
N = 100 to N = 215 and select the partition cardinality starting with H = 5 when N = 64 and end
ing with H = 100 when N = 218. Results show that the estimates converge asymptotically to the 
corresponding analytical values and convergence is from below, in accordance with Theorems 
2.13 and 4.5. We visualize results for experiments with fixed sample size and increasing partition 
cardinality. We set N = 215 and let H increase up to H = 100, with the other settings identical to 
the previous experiment.

The two panels in Figure 2 show that the estimates converge to the analytical values from be
low as H increases, again in accordance with Theorems 2.13 and 4.5. In fact, at large sample 
sizes, refining the partition can be interpreted as receiving increasingly precise information on 
Xi and therefore as obtaining an algebra which is getting closer to the algebra generated by 
Xi. We also observe that the estimates are almost insensitive to choices of the partition size 
for values of between 30 and 100. This plateau effect is in line with results in Strong and Oakley 
(2013), who document this effect for the first time. Next, we consider an experiment in which instead 
of receiving information about X1, we receive the distorted information Z2 = g(X1) = sin(X1). 
Analytical values are now out of reach, but numerical calculations show that the values of 

ξED(Y, X1) and ξW2
2 (Y, X1) decrease, respectively, from 3.47 down to 1.69 and from 6.47 down 

to 3.50 (see the last column of Table 2). This result is in accordance with Theorem 2.5.
We then report results for simulations towards testing the central limit result in Theorem 4.6. 

We consider four experiments with sample sizes N = 10,000 and N = 20,000 and partition size 
fixed at H = 32. To test the asymptotic normality of the estimates, we replicate the experiments 
R = 300 times at each sample size generating a new input dataset using a crude Monte Carlo 
generator.

The left graph in Figure 3 displays the histogram of ξ̂ED(Y, X4) over the 400 replicates at 
N = 10, 000. The mean and standard deviation of ξ̂ED(Y, X4) equal 1.20 · 10−4 and 2.30 · 10−3, 
respectively. Thus, the estimated mean is close to zero as per the analytical value. The right graph 
in Figure 3 displays the corresponding probability–probability plot that compares the empirical 
cumulative distribution function of 􏽢ξ ED(Y, X4) against the corresponding theoretical values of a 
normal distribution with zero mean and standard deviation equal to the empirical standard devi
ation. The two dotted lines represent 5% confidence bounds. Because all the estimates are within 
the bounds, the normality test is passed at the 5% level in this experiment.

Table 2. Analytical values of selected measures of association for our numerical implementation

X1 X2 X3 X4 Z = sin (X1), estimated

ξED(Y, Xi) 3.47 3.63 0.27 0 1.69

ξW2
2 (Y, Xi) 6.47 6.52 2.86 0 3.50
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5 Conclusions
Measures of statistical association may or may not possess properties such as zero-independence, 
max-functionality, and monotonicity. We have carried out an investigation at the root of the geo
metric features that make a measure of statistical association possess one or more of these prop
erties. For non-constant random variables Y and X, we have focused on measures of statistical 

Figure 2. Vertical axis: estimates of ξED(Y , Xi ) (left graph) and of ξW2
2 (Y , Xi ) (right graph); circles ° indicate estimates, 

dotted lines indicate analytical values. Horizontal axis: partition size increasing from H = 10 to H = 100. Sample size: 
N = 215.

Figure 3. Histogram of estimates of ξED(Y , X4). N = 10,000, H = 20, and R = 400.
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association based on a separation measurement between the marginal law of Y and the conditional 
laws of Y given X. We have assumed lower semicontinuity as a basic property of the separation 
measurement. We have then seen that convexity plays a special role (see Figure 1), as it ensures 
minimality, nonnegativity, monotonicity, and makes the measure of association maximal when 
Y = g(X). To turn minimality and nonnegativity into zero-independence (i.e. to obtain necessary 
and sufficient conditions), we have shown that the crucial additional property on ζ is strictness. 
Notably, this property is not sufficient to make the measure of statistical association satisfy max- 
functionality. We have seen that max-functionality can be equivalently characterized by strict con
vexity on Dirac-δ masses. This result explains why some well-known indicators are maximal when 
there is a deterministic dependence between Y and X, and also when the dependence is noisy. 
These results have allowed us to analyse the properties of a sample of representative measures 
of statistical association, comprising Csiszár divergences, Chatterjee’s new correlation coefficient, 
optimal transport-based and kernel-based measures of statistical association. Findings show that 
Csiszár divergences possess zero-independence and monotonicity, but do not satisfy max- 
functionality. For kernel-based measures of statistical association, we link their properties to rele
vant features of the corresponding kernels.

We have then focused on two classes of estimators for these measures of statistical association. 
The theoretical premises have allowed us to prove the asymptotic unbiasedness of estimates based 
on nearest neighbours and, for the first time, for Pearson’s 1905 partition design. We have also 
proven CLTs that allow analysts to obtain information about the level at which we can confidently 
screen out a variable as irrelevant when Y and X are independent, and illustrated them via numer
ical experiments.

Our findings apply to measures of statistical association defined as expectations between separ
ation measurements [Equation (3)]. This class does not encompass the entire spectrum of measures 
of association. For instance, Rényi’s maximal correlation coefficient (Rényi, 1959) or the optimal 
transport dependency of Nies et al. (2023) do not belong to this family. In fact, a dependency can 
be constructed as τ(Y, X) = ζ(PYX, PY ⊗ PX).Then, investigating the geometric features of ζ(· , ·) 
that ensure desirable properties to measures of statistical association built on alternative rationales 
and how these features play a role in the different rationales is a future research avenue.
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