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Abstract
We propose a spatial discretization of the fourth-order nonlinear DLSS equation on 
the circle. Our choice of discretization is motivated by a novel gradient flow formu-
lation with respect to a metric that generalizes martingale transport. The discrete dy-
namics inherits this gradient flow structure, and in addition further properties, such 
as an alternative gradient flow formulation in the Wasserstein distance, contractivity 
in the Hellinger distance, and monotonicity of several Lypunov functionals. Our 
main result is the convergence in the limit of vanishing mesh size. The proof relies 
on a discrete version of a nonlinear functional inequality between integral expres-
sions involving second order derivatives.
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1  Introduction and main results

In the article at hand, we devise and analyze a spatial discretization of the Derrida-
Lebowitz-Speer-Spohn (DLSS) equation, also known as quantum drift diffusion 
(QDD) equation,

	 ∂tρ = −∂xx
(
ρ ∂xx log ρ

)
� (1)

with periodic boundary conditions, i.e., on the circle S1 ∼= R/Z. For the relevance of 
(1) in mathematical physics and known analytical results, see Sect. 1.1 below. This 
equation has a variety of remarkable structural properties — among them several 
Lyapunov functionals, contractivity properties, and two different gradient flow struc-
tures, the second of which is described here for the first time; see Sect. 1.2 for details.

For discretization, we approximate ρ by a piecewise constant function with N val-
ues ρκ, κ ∈ [N ] := {1, . . . , N}, with respect to a uniform spatial mesh with cells of 
size δ = 1/N  on S1. Our approximation of (1) is given by

	 ρ̇κ = 1
δ2

(
Fκ+1 − 2Fκ + Fκ−1

)
where Fλ := − 2

δ2
(√

ρλ+1ρλ−1 − ρλ
)
, κ, λ ∈ [N ].� (2)

This is a finite-difference discretization of (1), as can be seen from the expansion

	
Fλ = −2ρλ

δ2

(
exp

(
1
2
(
log ρλ+1 + log ρλ−1 − 2 log ρλ

))
− 1

)
≈ −ρ ∂xx log ρ+O(δ2),� (3)

which also suggests a second order approximation. Thanks to the specific choice of 
the nonlinearity in (2), the discrete solutions share surprisingly many properties with 
the original PDE (1): solutions to (2) remain non-negative and of unit mass if the 
initial datum is so, and we are able to identify discrete counterparts of the two most 
significant Lyapunov functionals, of suitable contraction estimate, and of two gradi-
ent flow structures; see Sect. 4 below.

The main result of this paper concerns convergence (see Theorem A for the precise 
statement):

Result A  Let ρ̄ ∈ P(S1 ) be an initial probability measure on 
S1 . For each N = 2 , 3 , . . ., define a piecewise constant approximation ρ̄N  via 
ρ̄Nκ := 1

N + N−1
N

∫ (κ+1/2)/N
(κ−1/2)/N ρ̄(x) dx , and let (ρN (t))t≥0  be the respective solution 

to (2) with initial datum ρ̄N . Then, as N → ∞, the functions ρN  converge strongly 
along a subsequence in L2 (0 ,T ;L2 (S1 )) to a weak solution (ρ∗(t))t≥0  of (1) with 
initial datum ρ̄.

1.1  DLSS equation—origins and fundamental analytical results

In its one-dimensional version (actually, on the real half-line), equation (1) has first 
appeared in [21, 22] as a macroscopic description of interface fluctuations in the 
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anchored Toom model, see also [10] for a more recent contribution on lower-order 
corrections. The multi-dimensional version of (1) is known from semi-conductor 
physics. More precisely, the combination with linear drift and diffusion,

	
∂tρ = ∆ρ+∇ · (ρ∇V )− ϵ2∇ ·

(
ρ∇

∆√
ρ

√
ρ

)
,� (4)

where the small parameter ϵ is of the order of Planck’s constant ℏ, appears as a quan-
tum-corrected version [3] of the classical drift diffusion equation for charge carrier 
transport in an external or self-consistently coupled potential V; note that the fourth 
order term imposes an additional drift along the gradient of the self-induced Bohm 
potential. A systematic derivation of (4) by the moment method from a quantum 
kinetic model has been performed in [20]. There, (4) appears as local approximation 
of a sophisticated non-local drift-diffusion model, and both the full non-local model 
[62] as well as other higher order local approximations [14, 52] have been analyzed.

The rigorous analysis of (1) started with a proof of local-in-time well-posedness 
for positive classical solutions [9]. Later, existence of global-in-time non-negative 
weak solutions has been obtained in space dimensions d = 1 [42], d ≤ 3 [40], and 
finally for arbitrary d ≥ 1 [30]. More recently, also uniqueness in a class of suitable 
regular solutions [27] and infinite speed of support growth [28] have been shown. 
The self-similar long-time asymptotics towards a Gaussian profile for solutions on 
Rd have been formally derived in [15, 17] and were then rigorously proven in [30], 
see also [50] for a generalization. For solutions on bounded domains, exponential 
convergence to the homogeneous steady state has been shown in [40, 42].

1.2  DLSS equation—structural properties

To begin with, the DLSS equation (1) admits a global weak solution that is non-
negative and mass preserving for any non-negative initial datum of finite entropy 
(see below) [30, 40, 42]. By the scaling properties of (1), there is no loss in restricting 
attention to solutions in the space of probability densities from now on.

Next, solutions to (1) dissipate a variety of Lyapunov functionals. The most essen-
tial ones for the structural considerations are the entropy H and Fisher information 
F , given by

	

H(ρ) :=
{ ∫

S1 ρ(x) (log ρ(x)− 1) dx, ρ ≪ dx
+∞, else, and

F(ρ) :=
{

2
∫
S1
∣∣∂x√ρ

∣∣2 dx, √
ρ ∈ H1(S1)

+∞, else.

� (5)

Actually, H and F  are elements of families of time-monotone power-type functionals

	
Iα(ρ) :=

∫

S1

ρα

α(α− 1)
dx and Jβ(ρ) :=

∫

S1

∣∣∂x
(
ρβ/2

)∣∣2 dx,� (6)
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with parameters α ∈ Iα, β ∈ Iβ  from suitable intervals Iα, Iβ ⊂ R>0, see [39]. 
Specifically, F = J1, and H = limα→1 Iα; for α ↓ 0, the limit of Iα yields a further 
Lyapunov functional

	
L(ρ) := −

∫

S1
log ρ dx,

that is particularly useful for studying positivity of solutions, and has been heavily 
used in the first existence proof [42].

The more sophisticated structural properties of (1) concern its behaviour with 
respect to certain metrics. These are related to different alternative representations 
of (1):

	
∂t
√
ρ = −∂xxxx

√
ρ+

(
∂xx

√
ρ
)2

√
ρ

, � (7)

	
∂tρ = −2∂x

(
ρ ∂x

(
∂xx

√
ρ

√
ρ

))
= ∂x

(
ρ ∂xF ′(ρ)

)
, � (8)

	 ∂tρ = −∂xx
(
ρ ∂xx log ρ

)
= −∂xx

(
ρ ∂xxH′(ρ)

)
, � (9)

where H′(ρ) = log ρ and F ′(ρ) = −2 ∂xx
√
ρ/

√
ρ denote the variational derivatives 

of entropy and Fisher information, respectively. Introduce the Hellinger, the Wasser-
stein and diffusive transport distances, respectively, between probability measures µ0 
and µ1 on S1 by their respective dynamical formulations:

	
H(µ0, µ1)2 := inf

(µs,us)s∈[0,1]

{∫ 1

0

∫

S1
u2
s dµs ds

∣∣∣∣∣ ∂sµs − usµs = 0

}
, � (10)

	
W(µ0, µ1)2 := inf

(µs,vs)s∈[0,1]

{∫ 1

0

∫

S1
v2s dµs ds

∣∣∣∣∣ ∂sµs + ∂x(vsµs) = 0

}
, �(11)

	
D(µ0, µ1)2 := inf

(µs,ws)s∈[0,1]

{∫ 1

0

∫

S1
w2

s dµs ds

∣∣∣∣∣ ∂sµs − ∂xx(wsµs) = 0

}
, �(12)

where the infimum in each case is taken over pairs consisting of an s-dependent prob-
ability measure µs on S1 and a generalized velocity function us, vs or ws, respectively, 
on [0, 1]× S1, satisfying the given reaction, first and second order continuity equa-
tion in distributional sense, respectively. If µ0 = ρ0L and µ1 = ρ1L are absolutely 
continuous, then the dynamical formulation (10) of the Hellinger distance is easily 
seen to be equivalent to the more classical definition H(ρ0, ρ1) = ∥√ρ1 −

√
ρ0∥L2 . 

The dynamical formulation (11) of the Wasserstein distance has been obtained in 
[6]. The definition (12) of the diffusive transport distance is given here for the first 
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time; with the condition w ≥ 0, this becomes a representation of marginal optimal 
transport [35].

With respect to H, the flow of (1) is contractive, i.e.,

	 H(ρ1(t), ρ2(t)) ≤ H(ρ1(s), ρ2(s)) for all 0 ≤ s ≤ t,

for any two solution ρ1, ρ2 to (1). Formally, this is an easy consequence of the third 
representation (7), as has already been observed in [42]. A more rigorous treatment of 
this contractivity, with application to uniqueness can be found in [27]. With respect 
to W and to D, (1) is a metric gradient flow [2], for the respective potentials F  and H 
from (5). Formally, this is seen by matching the dynamical formulations (11) and (12) 
with the representations (8) and (9). The gradient flow formulation with respect to W 
has been made rigorous in [30]. The observation of the gradient flow representation 
with respect to D appears to be novel.

In Sect. 2, we obtain the following:

Result B  The diffusive transport D defined in (12) is a metric D on P(S1 ) and (1) is 
(formally) the metric gradient flow of H with respect to D. Moreover, the solutions 
obtained in Result A are Hölder continuous in time on [0 ,∞) with respect to the dif-
fusive transport distance D.

 As said before, the dynamic formulation of D in ( 12 ) resembles the Benamou-
Brenier formulation of martingale transport introduced in [ 35 ], see also [ 4, 5 ] and 
[ 11, $5.1]. In martingale transport, the diffusive field (ws)s∈[0,1] is assumed to be 
non-negative, and thus possesses a stochastic pathwise formulation [ 29, 66 ] based 
on duality and stochastic control. For our considerations, the bi-directionality of the 
diffusion in ( 12 ) is essential, since ( 1 ) is formally “anti-diffusive” in regions where  
ρ is not log-concave, see Figs.  1 and  2.

Recently, fourth order corrections of gradient flow type to the second order heat 
equation have been suggested in the physics literature [57, 59]. Also these flows use 
metrics similar to D involving second order derivatives, however, with a mobility ρ2 
instead of ρ. Several examples of linear and non-linear second order diffusion equa-
tions that are gradient flows with respect to D—including the linear heat and the qua-
dratic porous medium eqaution—are discussed in [53]. Under suitable hypotheses, 
these flows are even semi-contractive in D.

1.3  DLSS equation—numerical schemes

Various genuinely different approaches to the numerical approximation of (1) have 
been proposed in the literature, with different ways to master the central challenge of 
obtaining non-negative solutions. Essentially all of the available schemes preserve a 
(typically small) selection of the aforementioned structural properties to the discrete 
level, and come with analytical results on convergence and/or large-time asymptotics 
of the discrete solutions.

A first group of schemes [12, 13, 41, 43, 45] is concerned with the analysis of a 
certain semi-discretizations in time; the latter are then typically combined with ad 
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hoc discretizations in space for numerical experiments. The temporal discretizations 
are designed to preserve specific Lyapunov functionals of the type Iα, with α ∈ Iα, 
from (6), including H and L. The discretization in [43] dissipates both H and L, the 
first provides convergence, the second positivity. The discretization in [12] preserves 
the dissipation of I1/2, and additionally the contractivity in the Hellinger distance. 
For the schemes in [13, 45], a parameter can be chosen to select a specific α ∈ Iα 
for Iα to be dissipated; the extension in [41] dissipates Iα for all α ∈ Iα simultane-
ously. In each case, the respective dissipations provide an H2-control on either log ρ, 

Fig. 2  Semi-logarithmic plot of discretized Lyapunov functions H, F , H(·, 1), and L for the initial 
datum from Fig. 1 with m = 16 (left: initial time interval; right: convergence till machine precision with 
asymptotic exponential rate

 

Fig. 1  Logarithmic plot of numerical solution to  (2) started from a discretization of 

ρ̄(x) = Z−1
m,ε

(
ε1/2 +

( 1+cos(2πx)
2

)m)2
 with normalization constant Zm,ε such that ρ̄ ∈ P(S1), 

and parameters ε = 0.001, m = 1, 2, 8, 16 (top left, top right, bottom left, bottom right)
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or some root m
√
ρ, which are the sources for the convergence analysis. In [44], an 

generalization of [43] to multiple dimensions is proposed, where (1) is augmented by 
an additional term for lattice temperature that enforces positivity.

A second group [15, 46, 49] is formed by schemes that are fully discrete, with a 
finite difference discretization in space. [15] directly builds on the PDE (1), while 
[46, 49] starts from the formulation as Wasserstein gradient flow. In each case, it 
is proven that the respective scheme admits non-negative solutions that dissipate a 
certain discretized version of H or F , and, in case of [49], reproduce the long-time 
asymptotics including rates. There is no convergence analysis available.

A third group of schemes [25, 51] is fully Lagrangian. These schemes rely on the 
isometry between the L2-Wasserstein metric and the L2-norm in one space dimen-
sion. They are variational and dissipate a discretized Fisher information F . In [51], 
additi onally a version of H is dissipated, which forms the basis for the convergence 
proof.

About our own discretization (2), we prove in Sect. 4.2 the following properties:

Result C  The discretization (2) shares the following properties with (1): existence of 
non-negative, mass-preserving solutions; dissipation of (discretized versions of) H, 
F  and L; contractivity in the Hellinger distance; gradient flow structure with respect 
to a (discretized) L2 -Wasserstein metric; the gradient flow structure with respect to a 
(discretized) diffusive transport metric; and an additional generalized gradient flow 
structure.

Figure 2 visualizes the decay of the different Lyapunov function. We implemented 
the scheme (2) using an implicit Euler approximation for the time derivative in the 
Julia language [8]. The fixed point problem for the implicit time-stepping is solved 
using a Newton method through the NLSolve-package [56]. In our numerical test, 
we use an adaptive time-stepping algorithm which at the same time resolves the 
busy initial phase of the dynamics and allows to study the long-time asymptotics in 
a single simulation. The adaptation is implemented the follows: the initial time-step 
is δt = δ/100; later, δt halved if more than four Newton iterations are needed, and is 
increased by five percent if less than three Newton iterations are sufficient. The simu-
lation is stopped when the entropy is of the order of the machine precision.

We haven chosen the implicit Euler approximation since this preserves the mono-
tonicity of convex Lyapunov functionals. Specifically here, (discretized versions of) 
the entropy H, the Fisher information F , and the Lyapunov functional L are dissi-
pated; monotonicity of L then further guarantees positivity of the solutions. For the 
same reason, the total mass is preserved, and the time stepping is contractive in the 
Hellinger distance. We remark that the use of a variational implicit time stepping — 
in the spirit of de Giorgi’s minimizing movements and in analogy to the JKO scheme 
[37] for Wasserstein gradient flows—might appear more natural than the implicit 
Euler method. However, a genuinely variational approach will require a more thor-
ough understanding of the underlying metric D, see (12), and an efficient method to 
compute its spatial discretization. We leave this for future research.
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2  Diffusive transport on the continuous torus

In this section, we make the formal structure (12) rigorous along the lines of [24], 
see also [16]. Below (and only here), we distinguish between probability measures 
µ ∈ P(S1) and their Lebesgue densities ρ ∈ L1(S1). Further, denote by M(S1) the 
space of Radon measures on S1. On a pair (µ,m) with µ ∈ P(S1) and m ∈ M(S1), 
we define the action density by

	
a(µ,m) :=




∫

S1

∣∣∣∣
dm
dµ

∣∣∣∣
2

dµ, m ≪ µ;
+∞, else.

� (13)

If µ is absolutely continuous with density function ρ with respect to Lebesgue, and m 
is absolutely continuous with density function w with respect to µ, then

	
a(ρL, w ρL) =

∫

S1
ρw2 dx.� (14)

The functional a is lower semi-continuous with respect to vague convergence— this 
follows in analogy to [24, Lemma 3.9].

Next, we consider parametrized families (µs,ms)s∈[0,1] of pairs µs ∈ P(S1), 
ms ∈ M(S1), measurable with respect to s. Such a family is called a curve if it satis-
fies the second-order continuity equation

	 ∂sµ
s = ∂xxm

s� (15)

in the sense of distributions on S1 × [0, 1]. Moreover, a curve is of finite action, if

	
A
[
(µs,ms)s∈[0,1]

]
:=

∫ 1

0
a(µs,ms) ds < ∞.� (16)

An adaptation of the proof of [2, Lemma 8.1.2] easily shows that for a curve 
(µs,ms)s∈[0,1] of finite action, one may always assume (after modifications on a 
set of zero measure in [0, 1]) that s �→ µs is weakly continuous, and in particular 
has well-defined initial and terminal values µ0 and µ1, respectively. Accordingly, 
for given µ0, µ1 ∈ P(S1), the set CE(µ0, µ1) of curves (µs,ms)s∈[0,1] of finite 
action (16) satisfying (15) that connect µ0 to µ1 is a well-defined object.

In the following, we use the homogeneous Sobolev space Ḣ2(S1) defined by

	
Ḣ2(S1) :=

{
f ∈ H2(S1) :

∫

S1
fdx = 0

}
,

which is a Banach space with respect to the norm ∥f∥Ḣ2(S1) := ∥∂xxf∥L2(S1) thanks 
to the Poincaré inequality on S1. The dual Sobolev space Ḣ−2(S1) carries the norm
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∥ν∥Ḣ−2(S1) := sup

{
|⟨f, ν⟩| : f ∈ Ḣ2(Ω), ∥f∥Ḣ2(S1) ≤ 1

}
.

Since Ḣ2(S1) embeds continuously in the continuous functions C(S1), its dual 
Ḣ−2(S1) contains in particular the Radon measures of zero average on S1. In the 
proof of Lemma 1 below, we use an equivalent formulation of the norm in Ḣ−2(S1) 
on the difference of two probability measures µ0, µ1 ∈ P(S1):

	

∥∥µ1 − µ0∥∥2
Ḣ−2(S1) = inf

{∫

S1
|w|2 dx : ∂xxw = µ1 − µ0 in distributional sense

}
.

Note that the double primitive w is uniquely determined up to a constant on S1. It is 
is easy to see that the infinimum is attained for the one of zero average,

	

∥∥µ1 − µ0∥∥2
Ḣ−2(S1) =

∫

S1
|W |2 dx with ∂xxW = µ1 − µ0 in distributional sense

and
∫

S1
W dx = 0.

�(17)

Lemma 1  (Comparison with Ḣ−2 (S1 )-norm) For any given µ0 , µ1 ∈ P(S1 ), there 
exists a connecting curve (µs,ms)s∈[0 ,1 ] ∈ CE(µ0 , µ1 ) with

	 A
[
(µs,ms)s∈[0,1]

]
≤ 2

(
− log ∥µ1 − µ0∥2

Ḣ−2(S1)
)−1

.� (18)

In particular, any two measures in P(S1 ) can be connected by a curve of action less 
than one.

Proof  We construct a particular connecting curve of finite action for any τ ∈ (0, 1/2) 
as follows. For 0 < s ≤ τ , let µs

τ  be the time-s-solution to the heat equation 
∂sµ

s
τ = ∂xxµ

s
τ  with initial datum µ0

τ = µ0, and for 1− τ ≤ s < 1 let µs
τ  by the time-

s-solution to the time-reversed heat equation ∂sµs
τ = −∂xxµ

s
τ  with terminal datum 

µ1
τ = µ1. For s ∈ (τ, 1− τ), define µs

τ  by linear interpolation,

	
µs
τ :=

(1− τ − s

1− 2τ

)
µτ
τ +

( s− τ

1− 2τ

)
µ1−τ
τ .

By the properties of the heat equation, µs
τ  is absolutely continuous with respect to 

the Lebesgue measure on S1 at each s ∈ (0, 1); denote the corresponding probability 
density by ρsτ . We obtain a positive lower bound on ρsτ  for s ≤ τ  and for s ≥ 1− τ  
using the representation by means of convolution with the periodic heat kernel ks, 
see [58], given by

	
ks(z) := 1√

4πs

∑
ℓ∈Z

e−
(x−ℓ)2

4s ≥ 1√
4πs

exp
(
−dist(x,Z)2

4s

)
≥ 1√

4πs
exp

(
− 1
16s

)
.
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In particular, also using that linear interpolation preserves lower bounds,

	
ρsτ ≥ 1√

4πτ
e−1/16τ fors ∈ [τ, 1− τ ].

The continuity equation ∂sµ
s
τ = ∂xxm

s
τ  is satisfied with ms

τ = µs
τ  and 

ms
τ = −µs

τ , respectively, for s ∈ [0, τ ] and for s ∈ [1− τ, 1]. For s ∈ (τ, 1− τ), we 
choose ms

τ = wτ  independently of s, where wτ = (1− 2τ)−1W , and W is the mean-
zero double primitive of ρ1−τ

τ − ρττ , which exists since ρ1−τ
τ  and ρττ  have the same 

(unit) mass. By definition of the Ḣ−2-norm as in (17), and since the heat flow is non-
expansive on Ḣ−2(S1),

	 ∥W∥2L2(S1) =
∥∥µ1−τ

τ − µτ
τ

∥∥2
Ḣ−2(S1) ≤ H :=

∥∥µ1 − µ0∥∥2
Ḣ−2(S1) .

A double primitive w of µ0 − µ1 is given at any x ∈ [0, 1] =̂ S1 by

	
W (x) :=

∫ x

1/2

∫ y

1/2
d(µ0 − µ1)(z) dy.

Since µ0, µ1 ∈ P(S1), we observe that |W (x)| ≤ |x− 1/2|, hence from (17), we 
conclude that

	
H ≤ ∥W∥2L2(S1) ≤

∫ 1

0
|x− 1/2|2 dx = 1

12
.� (19)

The action can now be estimated as follows:

	

A
[
(µs

τ ,m
s
τ )s∈[0,1]

]
≤

∫ τ

0

∫

S1

(ρsτ )2

ρsτ
dx ds+

∫ 1−τ

τ

w2
τ

ρsτ
dx ds+

∫ 1

1−τ

∫

S1

(ρsτ )2

ρsτ
dx ds

≤
∫ τ

0
1 ds+

√
4πτe1/(16τ)

(1− 2τ)2

∫ 1−τ

τ

∥W∥2L2(S1) ds+
∫ 1

1−τ

1 ds

≤ 2τ +
√
4πτe1/(16τ)

1− 2τ
H.

We can choose τ  as

	
τ := 1

8
(− logH)−1 ∈ (0, 1/16),

so that e1/(16τ) =
√
H , where the bound follows from (19). With that, we obtain
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A
[
(µs

τ ,m
s
τ )s∈[0,1]

]
≤ 1

4(− logH)
+

√
4π/16

√
H

(1− 2/16))

≤ 1
− logH

(
1
4
+

√
π

2
8
7
√
H(− logH)

)
≤ 2(− logH)−1,

where for the last step, we use that H �→
√
H(− logH) is monotone on [0, 1/12] 

(maximum at H = e−2 ≤ 1/12) and hence bounded by 
√

1/12 log 12. The whole 
term in brackets evaluates to 1.17, which gives the claim. □

We can now state the first part of Result B.

Proposition 2  The diffusive transport distanceD, defined between given 
µ0 , µ1 ∈ P(S1 ) by

	
D(µ0, µ1) := inf

(µs,ms)s∈[0,1]∈CE(µ0,µ1)
A
[
(µs,ms)s∈[0,1]

]1/2
,

is a metric on P(S1 ), and turns P(S1 ) into a complete geodesic space metrizing 
weak convergence. Moreover, D has the comparison

	
∥∥µ0 − µ1∥∥2

Ẇ 2,∞(S1)′ ≤ D(µ0, µ1)2 ≤ 2
(
− log ∥µ1 − µ0∥2

Ḣ−2(S1)
)−1

,� (20)

where Ẇ 2 ,∞(S1 )′ denotes the dual norm to Ẇ 2 ,∞(S1 ).

Proof  From Lemma 1 and the fact that a is non-negative, it follows that D is a well-
defined map from pairs of probability measures into the non-negative real numbers.

As an intermediate result, we show that curves (µs,ms)s∈[0,1] of uniformly 
bounded action are uniformly Hölder continuous in the dual of Ẇ 2,∞(S1). Let 
φ ∈ Ẇ 2,∞(S1) be given, then by recalling definition (13) of the action density, we 
can estimate for 0 ≤ t0 < t1 ≤ 1 by the Hölder inequality

	

∫

S1
φ d(µt0 − µt1) =

∫ t1

t0

∫

S1
∂xxφ dms ds =

∫ t1

t0

∂xxφ
dms

dµs
dµs ds

≤ ∥φ∥Ẇ 2,∞(S1)

(∫ t1

t0

∫

S1
dµs dt

)1/2(∫ t1

t0

a(µs,ms) dt
)1/2

≤ ∥φ∥Ẇ 2,∞(S1)A
[
(µs,ms)s∈[0,1]

]1/2
.

�(21)

To prove from here that the infimum is actually a minimum: consider a minimizing 
sequence (µs

n,m
s
n)s∈[0,1] in CE(µ0, µ1). By the n-uniform Hölder continuity of the 

µs
n in the dual of C2(S1), the Arzela-Ascoli theorem guarantees the existence of a 

subsequence converging locally uniformly with respect to s ∈ [0, 1] to a continuous 
limit µs

∗. In particular, (µs
n)s∈[0,1] → (µs

∗)s∈[0,1] vaguely on (0, 1)× S1, and initial 
and terminal value are inherited by µ∗. Further, since the action is uniformly bounded, 
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also the total variation of the (ms
n)s∈[0,1] on (0, 1)× S1 is n-uniformly bounded, and 

for a further subsequence, (ms
n)s∈[0,1] converges vaguely to a limit (ms

∗)s∈[0,1]. The 
continuity equation clearly passes to the limit, hence (µs

∗,m
s
∗)s∈[0,1] ∈ CE(µ0, µ1). 

Finally, by lower semi-continuity of A,

	
D(µ0, µ1)2 ≤ A

[
(µs

∗,m
s
∗)s∈[0,1]

]
≤ lim inf

n→∞
A
[
(µs

n,m
s
n)s∈[0,1]

]
= D(µ0, µ1)2.

Symmetry and triangle inequality follow by abstract arguments easily from the defi-
nition. It remains to verify the axiom that D(µ0, µ1) = 0 implies µ0 = µ1; but this is 
a consequence of the existence of a minimizer above. Indeed, A

[
(µs

∗,m
s
∗)s∈[0,1]

]
= 0 

implies by means of (21) above that µs
∗ is actually independent of t ∈ [0, 1], and in 

particular that µ0 = µ1. In conclusion, we have proven that P(S1) with D is a geo-
desic metric space.

Next, we verify completeness. To begin with, observe that if µn ⇀ µ weakly in 
measures, then also ∥µn − µ∥Ḣ−2(S1) → 0, since Ḣ2(S1) ↪→ C(S1), and so also 
D(µn, µ) → 0 by Lemma 1. Now consider a Cauchy sequence µn with respect to 
D; it suffices to show that µn has a weak limit. Actually, by compactness of S1, it is 
clear that any subsequence of (µn) possesses a weakly convergent sub-subsequence; 
it thus suffices to show that the respective weak limits are actually independent of the 
chosen subsequence. This is done as follows: thanks to estimate (21), we get for any 
n, m and any φ ∈ C2(S1) the bound

	

∣∣∣∣
∫

S1
φ d(µn − µm)

∣∣∣∣ ≤ ∥φ∥C2(S1) D(µ
n, µm)1/2.

We conclude that also 
∫
S1 φ d(µn − µm) → 0 as n,m → ∞ for any φ ∈ C(S1) by 

a density argument: take ∥φε − φ∥C(S1) ≤ ε such that φε ∈ C2(S1). Then, for any 
ε > 0 there is N = N(ε, φ) such that for all n,m ≥ N

	

∣∣∣∣
∫

S1
φ d(µn − µm)

∣∣∣∣ ≤ 2ε+
∣∣∣∣
∫

S1
φε d(µn − µm)

∣∣∣∣ ≤ 2ε+ ∥φε∥C2(S1) D(µ
n, µm)1/2 ≤ 3ε.

This shows the desired uniqueness of the limit µ. Hence D is complete in P(S1). The 
argument further shows that D metrizes the weak convergence of measures.

The upper bound in (20) is a consequence of  (18) in Lemma 1. For the lower 
bound, we take any φ ∈ Ẇ 2,∞(S1) and estimate in analogy to (21) above:

	

∫

S1
φ d(µ0 − µ1) =

∫ 1

0

∫

S1
∂xxφ dms ≤ ∥φ∥Ẇ 2,∞(S1) A

[
(µs,ms)s∈[0,1]

] 1
2 .

The desired estimate follows by taking the sup in φ with norm bounded by 1 and 
infimizing among (µs,ms)s∈[0,1]. □

Lemma 3  If ρ ∈ AC ([0 ,T ], (P(S1 ),D)) with CF := supt∈[0 ,T] F(ρt) < ∞, then 
already ρL ∈ AC ([0 ,T ], (P(S1 ),H)), and
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	 H(ρs, ρt) ≤ CD(ρs, ρt) 1
12 forall0 ≤ s ≤ t ≤ T,

with a modulus C of continuity that is expressible in terms of CF  alone.

Proof  Observe that, for any numbers a, b ≥ 0,

	

∣∣√a−
√
b
∣∣3 =

∣∣√a−
√
b
∣∣(√a−

√
b
)2 ≤

(√
a+

√
b
)(√

a−
√
b
)(√

a−
√
b
)

= (a− b)
(√

a−
√
b
)
.

�(22)

We apply this estimate to a = ρs(x) and b = ρt(x), combined with Jensen’s inequal-
ity and Ḣ1-Ḣ−1-interpolation:

	

H(ρs, ρt)2 ≤
[∫

S1

∣∣√ρs −
√
ρt
∣∣3 dx

] 2
3

=
[∫

S1
(ρs − ρt)

(√
ρs −

√
ρt
)] 2

3

≤
∥∥√ρs −

√
ρt
∥∥ 2

3
Ḣ1 ∥ρs − ρt∥

2
3
Ḣ−1 .

� (23)

Since

	

∥∥√ρs −
√
ρt
∥∥2
Ḣ1 ≤

∫

S1

(
∂x

√
ρs − ∂x

√
ρt
)2 dx ≤ 2

(
F(ρs) + F(ρt)

)
≤ 2CF ,

it is sufficient to bound the distance of ρs to ρt in Ḣ−1(S1) by a certain power of their 
distance in D. In fact, by the comparison estimate (20), it suffices to show that there 
is a constant B such that

	
∥∥µ0 − µ1∥∥

Ḣ−1(S1) ≤ B
∥∥µ0 − µ1∥∥ 1

4
Ẇ 2,∞(S1)′ for any µ0, µ1 ∈ P(S1) .�(24)

To show (24), let for brevity ν = µ0 − µ1 and consider for φ ∈ Ḣ1(S1) a regulariza-
tion φε ∈ Ẇ 2,∞(S1). Then, the triangle and duality inequality give

	

∣∣∣∣
∫

S1
φ dν

∣∣∣∣ ≤
∫

S1
|φ− φε| d |ν|+

∣∣∣∣
∫

S1
φεdν

∣∣∣∣ ≤ 2 ∥φ− φε∥L∞(S1)

+ ∥φε∥Ẇ 2,∞(S1) ∥ν∥Ẇ 2,∞(S1)′ ,
� (25)

where we use that 
∫
d |ν| ≤ 2 as a difference of two probability measures. We 

assume a regularization of the form φε = Kε ∗ φ with non-negative kernels 
Kε ∈ C∞(S1,R≥0) specified below. To estimate the first term on the right-hand side 
of (25), observe that for any x ∈ S1,
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φ(x)− (Kε ∗ φ) (x) =
∫

S1
Kε(x− y) (φ(x)− φ(y)) dy ≤

∫

S1
Kε(x− y)

∫ y

x

∂zφ(z)dz dy

≤ ∥φ∥Ḣ1(S1)

∫

S1
Kε(x− y) |x− y|

1
2
S1 dy.

For regularization, we use the Van-Mises distribution Kε(x) = c−1
ε exp(ε−1 cos(2πx)), 

where cε =
√
2πε+O(ε) for ε ≪ 1. A simple scaling argument provides the estimate

	

∫

S1
Kε(x− y) |x− y|

1
2
S1 dy ≤ B′ε

1
4 ,

with a constant B′ independent of ε ∈ (0, 1). Likewise, we can estimate

	
∥φε∥Ẇ 2,∞(S1) = sup

x∈S1

∣∣∣∣
∫

S1
∂xKε(x− y)∂yφ(y) dy

∣∣∣∣ ≤ ∥Kε∥Ḣ1(S1) ∥φ∥Ḣ1(S1)

and another scaling argument shows that

	 ∥Kε∥Ḣ1(S1) ≤ B′′ε−
3
4 .

In total, we conclude from (25) the estimate

	

∣∣∣∣
∫

S1
φ dν

∣∣∣∣ ≤ B′′′
(
ε

1
4 + ε−

3
4 ∥ν∥Ẇ 2,∞(S1)′

)
∥φ∥Ḣ1(S1) .

Choosing ε = ∥ν∥Ẇ 2,∞(S1)′  and taking the supremum in φ with ∥φ∥Ḣ1(S1) ≤ 1 
yields the desired bound (24). □

2.1  Gradient flows with respect to the diffusive transport distance

For the identification of (1) as gradient flow of H in the novel metric D as stated in 
Result B, we proceed formally. A fully rigorous analysis, including an appropriate 
definition of H’s metric subdifferential, is outside of the scope of this paper.

We adopt the language of “Otto calculus”: consider the manifold M of smooth and 
strictly positive probability densities ρ : S1 → R>0. The tangent space TρM at any 
ρ ∈ M is identified with the smooth functions φ : S1 → R of zero average; the infin-
itesimal motion on M induced by φ is ρ̇ = ∂xx(ρ ∂xxφ). Note that by the assumed 
positivity of ρ, any smooth infinitesimal mass-preserving change ρ̇ : S1 → R of ρ is 
uniquely related to a φ ∈ TρM. The manifold M is now endowed with a Rieman-
nian structure by introducing a scalar product on each TρM:

	
(φ,ψ)ρ :=

∫

S1
ρ ∂xxφ∂xxψ dx.

The relation of this Riemannian structure to the metric D manifests in the following 
relation for the length of φ ∈ TρM:
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∥φ∥2ρ := (φ,φ)ρ =

∫

S1
ρ
(
∂xxφ

)2 dx = a
(
ρL, ∂xxφρL

)
.

By means of Riesz’s representation theorem, the Riemannian structure allows to 
identify any element ξ in the cotangent space T∗

ρM at ρ with an v ∈ TρM such that 
ξ = (v, ·)ρ. In the context at hand, the corresponding linear map K(ρ) : T∗

ρM → TρM 
is called Onsager operator, see e.g. [47]. Here, that operator can be made explicit: the 
sought K(ρ)ξ ∈ TρM is the unique function ψ : S1 → R of vanishing average such 
that

	
ξ[φ] =

∫

S1
ψ φ dx for all φ ∈ TρM.� (26)

By definition, the differential DE(ρ) of a given regular functional E : M → R 
at some ρ ∈ M lies in the respective cotangent space T∗

ρM, and the gradient 
grad E(ρ) ∈ TρM is its Riesz dual with respect to the Riemannian structure. Thus, 
grad E(ρ) = K(ρ)DE , and this is E’s variational derivative with respect to L2(S1) 
in accordance to (26); note that the variational derivative can always be chosen to be 
of zero average.

In summary, the metric gradient grad E(ρ) of the functional E  at ρ is its variational 
derivative, and the induced infinitesimal motion on M by − grad E(ρ) amounts to

	 ∂tρ = −∂xx
(
ρ ∂xx grad E(ρ)

)
.

Solutions to this evolution equation define E’s metric gradient flow with respect to D on 
M. Particularly for E := H from (5) with variational derivative gradH(ρ) = log ρ, 
that gradient flow becomes the DLSS equation (1).

3  Diffusive transport on the discrete torus

The goal of this section is to introduce an analogue of the novel distance D on the 
space of probability densities that are piecewise constant with respect to a given mesh 
on S1.

3.1  Discretization and notation

We consider an equidistant discretization on the torus with N ∈ N intervals of length 
δ = 1/N . The discrete intervals are labelled by κ ∈ [N ] := Z/NZ ∼= {1, 2, . . . , N} 
with Iκ :=

(
(κ− 1/2)δ, (κ+ 1/2)δ

)
⊂ S1 = R/Z being the κth interval on the cir-

cle S1 typically identified with [0, 1) with cyclic boundary; here points x ∈ S1 and 
indices κ ∈ [N ] are always considered as cyclic. Functions f : [N ] → R are inter-
preted as piecewise constant, attaining the constant value fκ := f(κ) on Iκ. The 
integral of f : [N ] → R is thus
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δ
∑

κ
fκ := δ

∑
κ∈[N ]

fκ

and we use the discrete scalar product adapted to the discretization

	 ⟨f, g⟩δ := δ
∑

κ
fκgκ.� (27)

We write f+, f− : [N ] → R for the left/right translates of f : [N ] → R, i.e., (
f±

)
κ
:= fκ±1 for all κ ∈ [N ]. The forward/backward difference quotient operators 

and the discrete Laplacian are defined in the usual way,

	
∂δ
+f := f+ − f

δ
, ∂δ

−f := f − f−
δ

and ∆δf := f+ + f− − 2f
δ2

.

Note that ∆δ = ∂δ
+∂

δ
− = ∂δ

−∂
δ
+. For later reference, note further that ∆δ is a sym-

metric linear map on the space of functions f : [N ] → R with respect to the obvious 
scalar product, i.e.,

	 ⟨∆δf, g⟩δ = δ
∑

κ
∆δ

κfgκ = δ
∑

κ
fκ∆δ

κg = ⟨f,∆δg⟩δ.� (28)

Moreover, ∆δ kernel are the constant function, and ∆δ leaves the subspace of func-
tions of zero average invariant. The corresponding restriction is invertible, and by 
abuse of notation, we shall denote the inverse by (∆δ)−1.

Next, we introduce the set of probability densities on the discrete torus by

	
Pδ :=

{
ρ : [N ] → R

∣∣∣∣ ρκ ≥ 0 for all κ ∈ [N ], δ
∑

κ
ρκ = 1

}
,

as well as the subset of positive probability densities,

	 Pδ
>0 :=

{
ρ ∈ Pδ

∣∣ ρκ > 0 for all κ ∈ [N ]
}
.

On Pδ , we introduce the discretized Hellinger distance for ρ, η ∈ Pδ  by

	
Hδ(ρ, η) :=

(
δ
∑

κ
|√ρκ −√

ηκ|2
)1

2

.� (29)

For later reference, we define the variational derivative of a functional E : Pδ → R at 
ρ∗ ∈ Pδ  as the dual function E ′(ρ∗) with respect to the product (27); more explicitly,

	

(
E ′(ρ)

)
κ
:= ∂E(ρ)

∂ρκ

∣∣∣∣
ρ=ρ∗

.

In particular, for the discrete entropy functional
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	 Hδ(ρ) := δ
∑

κ

(
ρκ(log ρκ − 1) + 1

)
,� (30)

we obtain

	

((
Hδ

)′(ρ∗)
)
κ
= log ρ∗κ.� (31)

Finally, we introduce discrete analogues of the Lp- and H1-norms: for p ∈ [1,∞), let

	

∥v∥Lp
N
:=

(
δ
∑

κ
vpκ

)1/p

and

∥v∥H1
N
:=

(
∥v∥2L2

N
+ δ

∑
κ

(
∂δ
+v)2

)1/2

.

� (32)

We shall further need a discretized homogeneous Ẇ 2,∞-norm,

	
∥φ∥Ẇ 2,∞

N
:= sup

κ∈[N ]

∣∣∆δ
κφ

∣∣ ,

which thanks to the discrete Poincaré inequality from Proposition 24 below is indeed 
a norm on all functions φ : [N ] → R with zero average. Moreover, we define the dual 
norm for f : [N ] → R with average zero by

	
∥f∥(Ẇ 2,∞

N
)′ := sup

φ

{
δ
∑

κ
φκfκ : ∥φ∥Ẇ 2,∞

N
≤ 1

}
.� (33)

3.2  Discrete optimal diffusive connection

This subsection and the next parallel Sect. 2 in the discrete setting. Several of the 
technical details simplify thanks to finiteness of the base space.

First, as a discretized analogue of CE(µ0, µ1), consider the space C of pairs 
(ρs,ws)s∈[0,1] of curves ρ : [0, 1] → Pδ  and w : [0, 1]×[N ] → R, where 
ρκ ∈ H1([0, 1]) and wκ ∈ L2([0, 1]) for each κ ∈ [N ], which are subject to the con-
tinuity equation

	 ρ̇sκ = ∆δ
κw

s for all κ ∈ [N ] and at almost every s ∈ [0, 1].� (34)

We define a notion of convergence for the set of curves C.

Definition 4  (Weak convergence in C) We say that a sequence (ρn,wn) ∈ C converges 
weakly in C towards a limit (ρ∗,w∗) ∈ C if (ρn)κ ⇀ (ρ∗)κ weakly in H1([0, 1]) and 
(wn)κ ⇀ (w∗)κ weakly in L2([0, 1]) for each κ ∈ [N ].

Note that ρs∗ ∈ Pδ , and in particular the conservation of total mass, is part of the defi-
nition. Inheritance of the continuity equation (34) by the limit is automatic. Further 
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note that, thanks to the compact embedding H1([0, 1]) ↪→ C([0, 1]), the curves ρκ 
are actually continuous functions, and weak convergence of (ρn,wn) to (ρ∗,w∗) in 
C implies uniform convergence of (ρn)κ to (ρ∗)κ, for each κ ∈ [N ].

We turn to the discretization of the action functional A. In (14), the pair (ρ,w) is 
evaluated at the same point; in the discrete setting, where the continuity equation (34) 
has a three point stencil, it is natural to consider three point averages of the density ρ.

Definition 5  (Admissible mobility) A non-negative function M : R3
≥0 → [0,+∞) is 

an admissible mobility provided it satisfies the following properties: 

(1)	 M is continuous;
(2)	 M is concave;
(3)	 M(b, a, c) = M(b, c, a) for a, b, c ≥ 0;
(4)	 min{a, b, c} ≤ M(b, a, c) ≤ max{a, b, c} for a, b, c ≥ 0.

Moreover, for ρ ∈ Pδ , we abbreviate Mκ(ρ) := M(ρκ, ρκ−1, ρκ+1). Now, for a pair 
(ρs,ws)s∈[0,1] ∈ C, define its action by

	
Aδ

[
(ρs,ws)s∈[0,1]

]
:= δ

∑
κ∈[N ]

∫ 1

0

[
(ws

κ)2

Mκ(ρs)

]
ds,� (35)

where the square bracket is the quotient’s convex and lower semi-continuous 
relaxation,

	

[
p2

r

]
:=




p2

r if r > 0,
0 if r = 0 and also p = 0,
+∞ if r = 0 but p ̸= 0.

Lemma 6  (Lower semi-continuity of the action) The action functional associated to 
an admissible mobility M is lower semi-continuous with respect to weak convergence 
in C.

Proof  Assume that (ρn,wn) converges to (ρ∗,w∗) weakly in C. Then, by definition, 
we have (more than) weak-∗-convergence in L1([0, 1]) of (ρn)κ to (ρ∗)κ and of 
(wn)κ to (w∗)κ, respectively, for each κ ∈ [N ]. Since M is concave, the map

	
(r−, r0, r+, p) �→

[
p2

M(r0, r−, r+)

]

is convex, and we conclude, see e.g. [1], that

	

∫ 1

0

[
(ws

∗)2κ
Mκ(ρs∗)

]
ds ≤ lim inf

n

∫ 1

0

[
(ws

n)2κ
Mκ(ρsn)

]
ds.
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And since the limit inferior of a sum is an upper bound on the sum of the individual 
limits, this yields the desired estimate

	
Aδ

[
(ρs∗,ws

∗)s∈[0,1]
]
≤ δ

∑
κ
lim inf

n

∫ 1

0

[
(ws

n)2κ
Mκ(ρsn)

]
ds ≤ lim inf

n
Aδ

[
(ρsn,ws

n)s∈[0,1]
]
.

□

For given ρ̂, ρ̌ ∈ Pδ , we denote by C(ρ̂, ρ̌) the subset of C consisting of (ρs,ws)s∈[0,1] 
with ρ0 = ρ̂, ρ1 = ρ̌.

Lemma 7  For an admissible mobility M, every ρ0 , ρ1 ∈ Pδ can be connected by a 
locally Lipschitz curve of finite action (ρs)s∈[0 ,1 ] ∈ C(ρ0 , ρ1 ).

Proof  Since functions in Pδ  are automatically bounded, we can employ a simpler 
construction as in the proof of the analogous result in the continuous setting in 
Lemma 1. The idea is to connect both ρ0 and ρ1 to the uniform density on the respec-
tive time intervals [0, 1/2] and [1/2, 1]. The difficulty to achieve this with finite action 
lies in the singular growth of the action functional as the minimum of the density 
approaches zero. Therefore, we choose the following parametrization:

	
ρs =

{
(1− 4s2)ρ0 + 4s2 for 0 ≤ s ≤ 1

2 ,
(1− 4(1− s)2)ρ1 + 4(1− s)2 for 1

2 ≤ s ≤ 1.

This is clearly a continuous curve in Pδ . For definition of an accompanying function 
(ws)s∈[0,1], recall that ∆δ considered as an endomorphism on the space of functions 
of zero average is invertible, with inverse denoted by (∆δ)−1. Since ρ0, ρ1 ∈ Pδ  
have average one, we may define

	 W 0 := (∆δ)−1(ρ0 − 1), W 1 := (∆δ)−1(ρ1 − 1),

and from here

	
ws =

{
8sW 0 for 0 < s < 1

2 ,
8(1− s)W 1 for 1

2 < s < 1.

We then have that

	 ρ̇s = 8s(1− ρ0) = ∆δws

for 0 < s < 1/2, and analogously for 1/2 < s < 1. The action of the curve 
(ρs,ws)s∈[0,1] is now easily estimated using that ρs ≥ 4s2 and ρs ≥ 4(1− s)2 for 
0 < s < 1/2 and for 1/2 < s < 1, respectively:
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∫ 1

0
δ
∑

κ

(ws
κ)2

Mκ(ρs)
ds ≤

∫ 1/2

0
δ
∑

κ

(
8sW 0

κ

)2
4s2

ds+
∫ 1

1/2
δ
∑

κ

(
8(1− s)W 1

κ

)2
4(1− s)2

ds

≤ 8δ
∑

κ

(
W 0

κ

)2 + 8δ
∑

κ

(
W 1

κ

)
,

which is clearly finite. □

3.3  Discrete diffusive transport distance

We are now in the position to introduce a discrete analogue of the diffusive transport 
distance D. In the following, let an admissible mobility M be fixed.

Proposition 8  The discrete diffusive transport distanceDδ
M, defined between given 

ρ0 , ρ1 ∈ Pδ by

	
Dδ

M(ρ0, ρ1) := inf
(ρs,ws)s∈[0,1]∈C(ρ0,ρ1)

Aδ
[
(ρs,ws)s∈[0,1]

]1/2
,� (36)

is a metric on Pδ , and turns Pδ  into a geodesic space. Moreover, the distance is 
bounded from below by the discrete homogeneous negative Sobolev norm of second 
order, see (33),

	
∥∥ρ0 − ρ1

∥∥
(Ẇ 2,∞

N
)′ ≤

√
3Dδ

M(ρ0, ρ1).� (37)

Proof  We first show (37), which also shows the positivity of the diffusive transport 
distance.

To do so, we let ε > 0 and (ρs,ws)s∈[0,1] ∈ C(ρ0, ρ1) such that

	 Aδ
[
(ρs,ws)s∈[0,1]

]1/2
< Dδ

M(ρ0, ρ1) + ε .

We obtain for any φ ∈ W 2,∞
N  the estimate

	

∣∣∣∣δ
∑

κ
φκ(ρ0κ − ρ1κ)

∣∣∣∣ =
∣∣∣∣δ
∑

κ
φκ∆δ

κw
s ds

∣∣∣∣

≤
(∫ 1

0
δ
∑

κ
Mκ(ρs)

[
∆δ

κφ
]2

ds
)1/2(∫ 1

0
δ
∑

κ

[
(ws

κ)2

Mκ(ρs)

]
ds

)1/2

≤ ∥φ∥Ẇ 2,∞
N

(
δ
∑

κ

∫ 1

0
Mκ(ρs) ds

)1/2 (
Dδ

M(ρ0, ρ1) + ε
)
.

Since, Mκ(ρ) ≤ max(ρκ, ρκ+1, ρκ−1) by (4) from Definition 5 of admissible mobil-
ity, we get δ

∑
κ Mκ(ρ) ≤ 3. Thus, by taking the supremum among all φ ∈ W 2,∞

N  
with norm bounded by 1, we get the estimate (37). In particular, if Dδ

M(ρ0, ρ1) = 0, 
then also ρ0 = ρ1.
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The triangular inequality relies on a standard argument for parametrisation by arc-
length, as e.g. proven in [63, Lemma 1.1.4]. Symmetry is obvious. Thus Dδ

M is a 
metric.

To verify that (Pδ,Dδ
M) is a geodesic space, we need to show that, for each choice of 

ρ0, ρ1 ∈ Pδ , the infimum in (36) is realized by some curve (ρs,ws)s∈[0,1] ∈ C(ρ0, ρ1). 
Since there is at least one curve (ρ̄, w̄) ∈ C(ρ̂, ρ̌) of finite action A < ∞, and since 
the action functional is non-negative, Aδ  has a finite infimum I ∈ [0, A] on C(ρ0, ρ1). 
We need to prove that I is attained.

Let (ρn,wn) a minimizing sequence, with Aδ[(ρn,wn)] ≤ I + 1. Since ρsn ∈ Pδ , 
we have the trivial upper bound (ρsn)κ ≤ 1

δ  and thus Mκ(ρsn) ≤ 1
δ . It then follows 

from

	

∫ 1

0
(ws

κ)2 ds ≤
1
δ

∫ 1

0

[
(ws

n)2κ
Mκ(ρsn)

]
ds ≤ I + 1

δ

that each (wn)κ is n-uniformly bounded in L2([0, 1]). Using a diagonal argument, there 
are a (non-relabeled) subsequence and a limit curve w∗, such that (wn)κ ⇀ (w∗)κ in 
L2([0, 1]) for each κ ∈ [N ]. Now, from the continuity equation ρ̇n = ∆δwn and since 
the boundary values ρ0n = ρ0 are fixed, it follows that each (ρn)κ converges weakly 
in H1([0, 1]) — and thus also strongly in C([0, 1]) — to a limit (ρ∗)κ. By lower semi-
continuity, see Lemma 6 above, (ρ∗,w∗) is the sought minimizer.□

Remark 9  For the two-point space, N = 2, we get that ρκ−1 = ρκ+1 and hence the 
mobility M(b, a, c) becomes a function of two values: θ(b, a) = M(b, a, a). If θ satis-
fies suitable assumptions, as e.g. [48, Assumption 2.2], then Dδ

M coincides with the 
discretized L2-Wasserstein metric that has been introduced independently in [19, 48, 
54], see in particular [48, Section 2]. In addition, for the choice (41) providing (2) as 
the gradient flow of the entropy with respect to Dδ

M, the mobility θ is the logarithmic 
mean, see (42), which has been the mobility of choice in [48] for the gradient flow 
formulation of the discretized linear Fokker-Planck equation.

Another property, which is preserved by the discretization of the metric, is the 
interpolation estimate from Lemma 3.

Lemma 10  If ρδ ∈ AC ([0 ,T ], (Pδ,Dδ
M)), then also ρδ ∈ AC ([0 ,T ], (Pδ,Hδ)), 

with

	 Hδ(ρδ(s), ρδ(t)) ≤ CDδ
M(ρδ(s), ρδ(t)) 1

12 for all 0 ≤ s ≤ t ≤ T,

where C is expressible in terms of CF := supt∈[0 ,T] Fδ(ρδt ) alone, without explicit 
dependence on δ.

Proof  For the sake of simplicity, we omit the superscript δ in the proof. In prepara-
tion, define the primitive R(s, t) of ρ(s)− ρ(t), that is ∂δ

+R(s, t) = ρ(s)− ρ(t). Note 
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that R(s,  t) is well-defined, since the difference has mean zero by conservation of 
mass.

The proof goes along the same lines as for Lemma 3. We begin with the Hölder 
estimate  (23) and apply the elementary inequality (22). In terms of the primitive 
R(s, t), we arrive after a summation by parts and Cauchy-Schwarz at

	

Hδ(ρ(s), ρ(t)) ≤
[
δ
∑

κ

(√
ρ(s)−

√
ρ(t)

)
∂δ
+R(s, t)

]2/3

≤
[
δ
∑

κ

∣∣∣∂δ
−

(√
ρ(s)−

√
ρ(t)

)∣∣∣
2
]1/3 [

δ
∑

κ
R(s, t)2

]1/3
.

�(38)

Note, that 
∣∣∣∂δ

−

(√
ρ(s)−

√
ρ(t)

)∣∣∣
2
≤ 2

∣∣∣∂δ
−
√
ρ(s)

∣∣∣
2
+ 2

∣∣∣∂δ
−
√

ρ(t)
∣∣∣
2
 and so the 

first term on the right-hand side of (38) is bounded in terms of CF . For the second 
term, we establish the discrete analog of inequality (24) from Lemma 3 taking the 
form

	

[
δ
∑

κ
R(s, t)2

]1/2
≤ C ∥ρ(s)− ρ(t)∥

1
4
(W 2,∞

N
)′ ,

� (39)

which with the bound estimate (37) provides the conclusion. For proving (39), we 
rewrite the L2

N -norm of R(s, t) as an H−1-norm in dual formulation,

	

[
δ
∑

κ
R(s, t)2

]1/2
= sup

φ

{
δ
∑

κ
φκ (ρκ(s)− ρκ(t)) : δ

∑
κ

∣∣∂δ
+φ

∣∣2 ≤ 1
}
.

Fix φ : [N ] → R and consider its convolution-type regularization φε
λ = δ

∑
κ K

ε,δ
λ−κφκ 

with the discretized van Mises kernel Kε,δ
κ = c−1

ε,N exp
(
ε−1 cos(2πδκ)

)
, normalized 

by cε,N =
√
2πε+Oε(ε) + oδ(1). Then, can estimate as in (25) by a triangle and 

duality inequality to obtain

	
δ
∑

κ
φκ (ρκ(s)− ρκ(t)) ≤ 2 sup

κ
|φκ − φε

κ|+ ∥φε∥W 2,∞
N

∥ρ(s)− ρ(t)∥(W 2,∞
N

)′ ,

where we have used that ρ(s), ρ(t) ∈ Pδ  have unit mass. By definition of Kε,δ , the 
rest of the scaling arguments in the proof of Lemma 3 for establishing (39) carry over. 
In particular, the constant C in (39) is uniform in δ. □

3.4  Gradient flows with respect to the discrete diffusive transport distance

We close with a formal consideration of gradient flows on the metric space (Pδ,Dδ
M). 

For that, we consider the N-dimensional smooth manifold Pδ
>0 ⊂ Pδ  of strictly posi-

tive densities. A tangent vector at ρ is associated to a function φ : [N ] → R of zero 
average, the corresponding infinitesimal tangential motion on Pδ

>0 being given by 
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ρ̇ = ∆δ(M(ρ)∆δφ). By the properties of the discrete Laplacian, any mass-preserving 
motion ρ̇ possesses a unique such representation.

The metric Dδ
M makes Pδ

>0 a Riemannian manifold in the classsical sense. The 
metric tensor at a given ρ corresponds to the scalar product

	 (φ,ψ)ρ := δ
∑

κ
Mκ(ρ)∆δ

κφ∆δ
κψ.

The differential F ′(ρ) ∈ T∗
ρPδ

>0 of a smooth function F : Pδ
>0 → R can be identi-

fied with the function ξ : [N ] → R consisting of partial derivatives,

	
ξκ = ∂F

∂ρκ
(ρ)− σ,

with σ ∈ R chosen such that ξ has zero average. Accordingly, the gradient ∇F (ρ) 
of F is defined as the unique ψ ∈ TρPδ

>0 with (ψ, ·)ρ = dρF . More explicitly, ψ 
satisfies

	
δ
∑

κ
Mκ(ρ)∆δ

κψ∆δ
κφ = δ

∑
κ

∂F (ρ)
∂ρκ

∆δ
κ(M(ρ)∆δφ)

for all φ : [N ] → R of zero average. This implies that ψ = F ′(ρ). Consequently, F’s 
gradient flow on the Riemannian manifold (Pδ

>0,Dδ
M) is given by

	 ρ̇ = −∆δ
(
M(ρ)∆δF ′(ρ)

)
.� (40)

Note that Dδ
M is a metric on all of Pδ , but the metric tensor degenerates for 

ρ ∈ Pδ \ Pδ
>0, i.e., when ρκ vanishes at some κ ∈ [N ]. Thus, F’s gradient is not 

defined at those ρ, even if F is smooth everywhere on Pδ .

Remark 11  (Interpolation in the spirit of Scharfetter–Gummel [64]) A possible mobil-
ity function for a discrete gradient flow formulation of (1) can be obtained by follow-
ing the construction after Scharfetter–Gummel [64] (see also [36]), who constructed 
a two-point flux interpolation for diffusion equations. This idea became the basis for 
numerous other generalizations, e.g. for equations with nonlinear diffusion [7, 26, 38] 
or aggregation-diffusion equations [34, 65]. For the static quantum drift diffuion [18] 
obtains a finite volume discretization based on a rewriting as a system of two second 
order equations.

In a similar spirit, we can obtain a finite volume discretization by consider-
ing the semi-discrete second-order continuity equation ρ̇ = −∆δj, where the flux 
jκ = j[ρκ−1, ρκ, ρκ+1] shall be a three-point approximation of the DLSS-flux 
ρ∂xx log ρ. Following the idea of Scharfetter–Gummel [64], we ask the flux j to solve 
the second order cell problem

	j = ρ∂xx log ρ on (−δ, δ), with ρ(−δ) = ρκ−1, ρ(0) = ρκ, ρ(δ) = ρκ+1.
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The identity ∂xx log cosx = − cos(x)−2 and the affine invariance of the solu-
tions imply that for arbitrary x0, ω ∈ R the general solution is given by 
ρ(x) = j

2ω cos (
√
ω(x+ x0))

2( understood complex for ω < 0). The parameters 
x0, ω, j must be solved in terms of the boundary values, respectively. Although, the 
procedure leads to an implicit equation, we believe it can provide a very accurate 
numerical finite volume scheme with good structure preserving properties being 
also applicable to the DLSS equation with external potentials or in self-similar vari-
ables. For now, we study the explicit mobility function (41) below, which has already 
surprising structure preserving properties and leave more general ones for future 
investigation.

4  Variational discretization of the DLSS equation

The motivation for our discretization (2) of the DLSS equation is that it is the gradi-
ent flow on the finite-dimensional Riemannian manifold (Pδ,Dδ

M) of a discretized 
entropy functional Hδ  with respect to the discrete diffusive transport metric Dδ

M for 
an appropriate mobility M.

4.1  Mobility function

For the discretization of (1), we use the mobility M : R3
≥0 → R≥0 given by

	
M(r0, r+, r−) :=




√
r+r−−r0

log√
r+r−−log r0

if r0, r+, r− > 0 and r+r− ̸= r20,

r0 if r+r− = r20,
0 if r0 = 0 or r+ = 0 or r− = 0.

�(41)

Notice that M’s definition is independent of the step size δ. Further, M possesses a 
representation as a nested mean of its arguments: recall the definitions of the geomet-
ric and the logarithmic mean,

	
G(a, b) :=

√
ab, Λ(a, b) :=

{
a−b

log a−log b , a ̸= b;
a, a = b,

for a, b > 0.�(42)

Then, we have the identity M(r0, r+, r−) = Λ
(
r0,G(r+, r−)

)
.

Remark 12  The above construction of an admissible mobility out of two mean 
functions is not restricted to the concrete choice of the two-point means G and Λ 
in  (42) but generalizes to other means under suitable concavity and monotonicity 
assumptions.

Lemma 13  M is admissible in the sense of Definition 5. In addition, M is one-homo-
geneous, and is zero if and only if one of its arguments are zero. Moreover,
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	 Λ
(
r0,min{r+, r−}

)
≤ M(r0, r+, r−) ≤ Λ

(
r0,max{r+, r−}

)
.� (43)

Proof  Continuity and one-homogeneity are obvious from the definition (41). It remains 
to verify concavity and inequality (43)—which implies in particular the inequality 
from Definition 5, and also that M(r0, r+, r−) = 0 if and only if r0r+r− = 0.

For the proof of concavity, use that by one-homogeneity

	 r0M(1, σ+, σ−) = M(r0, r0σ+, r0σ−) for r0, σ+, σ− ∈ R≥0.

Defining

	
m(σ+, σ−) := M(1, σ+, σ−) =

√
σ+σ− − 1

log(σ+σ−)
,

we find with r = (r0, r+, r−) ∈ R3
≥0 and σ = (σ+, σ−) ∈ R2

≥0 that

	

∇2
rM(r) = ∇2

r

[
r0m

(
r+
r0

,
r−
r0

)]
= A(r)T∇2

σm
(
r+
r0

,
r−
r0

)
A(r)

with A(r) =
(
− r+

r0
1 0

− r−
r0

0 1

)
.

It follows that M is concave if m is. To verify concavity of m, write

	
m(σ) = f(σ+σ−) with f(z) =

√
z − 1
log z

and notice that

	
∇2

(u,v)m(u, v) = f ′′(uv)
(
v
u

)(
v
u

)T

,

hence m is concave if f is. Concavity of f follows from the representation

	
f(z) =

∫ 1

0
zs/2 ds.

That is, f is an average of the concave functions z �→ zs/2 for 0 ≤ s ≤ 1, and there-
fore concave as well. The comparison (43) follows by monotonicity of the logarith-
mic mean, and since min{r+, r−} ≤ √

r+r− ≤ max{r+, r−}. □
According to Proposition 8, the mobility M defined in (41) gives rise to a discrete 

diffusive transport metric Dδ
M on Pδ . The metric gradient flow (40) with respect to 

Dδ
M for the discrete entropy functional Hδ , see (30), takes the form
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	 ρ̇κ = −∆δ
κ

(
M(ρ)∆δ log ρ

)
, for κ ∈ [N ].� (44)

By our choice of M, this equation agrees with the proposed scheme (2). Using the 
notations introduced in Sect. 3.1, the latter is written in the compact form

	
ρ̇κ = −2∆δ

κ

(√
ρ+ρ− − ρ

δ2

)
for κ ∈ [N ].� (45)

Remark 14  Our particular choice of mobility M is motivated by the following alter-
native representation of (44):

	

d
dt

√
ρκ = −∆δ

κ∆δ√ρ+
(
∆δ

κ
√
ρ
)2

√
ρκ

.� (46)

Equivalence of (44), (45), and (46) for positive solutions is easily checked by direct 
computation. The form (46) is the direct analogue of (7) and facilitates the proof of 
contractivity in the discrete Hellinger distance, see Lemma 17 below.

4.2  Properties of the discretization

Below, we collect the properties stated in Result C that are satisfied by solutions to 
(45), which are then proven in the rest of Sect. 4. First, we establish global well-
posedness of (45) for arbitrary non-negative initial data.

Proposition 15  The flow defined by (45) on Pδ
>0  is global and possesses a unique 

continuous extension to a flow on Pδ .

The proof of Proposition 15 rests on two auxiliary results: global existence follows 
from a dissipation property, and the continuous extension to Pδ  is obtained from 
contractivity in a discretized Hellinger distance (29). The corresponding auxiliary 
results are:

Lemma 16  The heat capacity defined by

	 Lδ(ρ) := −δ
∑

κ
log ρκ.

is non-increasing along positive solutions to (45) and satisfies

	
Lδ(ρ(t)) + 1

2

∫ t

0
δ
∑

κ

∣∣∆δ
κ log ρ(s)

∣∣2 ds ≤ Lδ(ρ(0)) for any t > 0.�(47)

Consequently, for each ρ(0 ) ∈ Pδ
>0 , there is a unique positive solution 

ρ : [0 ,∞) → Pδ
>0  to (45), and that satisfies the a priori bound
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∫ t

0
sup
κ,λ

∣∣log ρδκ(s)− log ρδλ(s)
∣∣2 ds ≤ CPI

2
Lδ(ρδ(0)) ,� (48)

with CPI  the Poincaré constant from Proposition 24.

Lemma 17  For any two positive solutions ρ and η to (45), their distance Hδ(ρ(t), η(t)) 
is non-increasing in time.

By the gradient flow structure, solutions to (45) dissipate the discretized entropy 
Hδ . The rate of dissipation can be quantified, and this will be essential for the con-
vergence proof in Sect. 5.

Lemma 18  Any positive solution to (45) satisfies

	

− d
dt

Hδ(ρ) = 4δ
∑

κ

(√
ρκ+1ρκ−1 − ρκ

δ2

)( log√ρκ+1ρκ−1 − log ρκ
δ2

)

≥ δ
∑

κ

(
∆δ√ρ

)2
.

� (49)

The continuum analog of the inequality has been crucial for proving existence 
to (1), see [30, Eq.(1.82)] and [40, Eq.(1.3)]. Finally, we establish also a relation to 
the gradient flow formulation of (1) in the L2-Wasserstein metric given in [30]. This 
implies en passant that the discretized Fisher information,

	
Fδ(ρ) := 2δ

∑
κ

(√
ρκ+1 −

√
ρκ

δ

)2

,� (50)

is another Lyapunov function for (45). We do not repeat the construction of L2-Was-
serstein distance on Pδ  from [48], but just recall that any symmetric concave function 
Γ : R≥0 × R≥0 → R≥0 gives rise to such a discretized metric.

Lemma 19  Let Wδ be the discretized L2 -Wasserstein distance for Γ(a, b) =
√
ab in 

the sense of [48]. Then the positive solutions to (45) form a gradient flow of Fδ  with 
respect to Wδ, that is

	
ρ̇ = −∂δ

−

(
Γ(ρ) ∂δ

+

(
∂Fδ

∂ρ

))
= 2∂δ

−

(
√
ρρ+ ∂δ

+

(
∆δ√ρ
√
ρ

))
.

A posteriori, we derive some universal bounds on the decay of Hδ  and Fδ .

Lemma 20  Let CLSI  the logarithmic Sobolev constant in (78), which can be chosen 
uniform in δ, then any solution ρδ constructed in Proposition 15 satisfies, for each 
t > 0 ,
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	 Hδ(ρδ(t)) ≤ 4C2
LSIt

−1, � (51)

	 Fδ(ρδ(t)) ≤ 8CLSIt
−1, � (52)

	

∫ ∞

t

δ
∑

κ

(
∆δ

κ

√
ρ(s)

)2 ds ≤ 4C2
LSIt

−1. � (53)

Likewise, for every r > 0 , there exists an explicit constant Cr > 0 , such that any 
solution ρδ constructed in Proposition 15 satisfies

	 Hδ(ρδ(t)) ≤ (Crt)−1/r for all t > 0.� (54)

We conclude this section by pointing out yet another variational structure of our 
discretization.

Remark 21  (Generalized gradient structures) The heuristic derivation from (3) sug-
gests that the scheme (45) has a generalized gradient structure [32, 33, 55, 60]. More 
specifically, we show that the scheme (44) has a gradient structure in continuity equa-
tion format [61, Definition 1.1] with building blocks ([N ], [N ],∆δ,Hδ,Rδ). Hereby, 
the role of the continuity equation on the discretized torus [N] is the discrete second 
order equation (34): ρ̇sκ = ∆δ

κw
s and we identify vertices and edges in the present 

setting.

The diffusive flux w to arrive at (45) can be rewritten as

	
w = − 2

δ2
(√

ρ+ρ− − ρ
)
= − 2

δ2
ρ

[
exp

(
δ2

2
∆δ log ρ

)
− 1

]
.

The last identity can be encoded through the kinetic relation driven by the force 
∆δ(Hδ)′ as

	 w = D2Rδ,∗ (ρ,−∆δ(Hδ)′(ρ)
)

where the dual dissipation potential is given by

	
Rδ,∗(ρ, ξ) := δ

∑
κ
ρκ

2
δ2

[
2
δ2

(
exp

(
−δ2

2
ξκ

)
− 1

)
+ ξκ

]
.

In our setting, we use as pairing between forces and fluxes ⟨ξ,w⟩δ = δ
∑

κ ξκwκ, 
which also formally passes to the limit δ → 0. Therewith, the primal dissipation func-
tional as pri-dual of Rδ,∗ defined by Rδ(ρ,w) = supξ

{
⟨ξ,w⟩δ −Rδ,∗(ρ, ξ)

}
 takes 

the explicit form

	
Rδ(ρ,w) = δ

∑
κ
ρκη

(
1− δ2

2
wκ

ρκ

)
with η(s) = s log s− s+ 1,� (55)
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provided that ρκ ≥ δ2

2 wκ for κ ∈ [N ] and +∞ else. We note that we have the 
expansion

	
ρκη

(
1− δ2

2
wκ

ρκ

)
= w2

κ

2ρκ
+O(δ).

Hence, we formally get that (55) provides a discrete approximation for the continu-
ous action density (13). Indeed, provided that ρδ → ρ and wδ → w in some suitable 
way, we expect that

	
Rδ(ρδ,wδ) → 1

2
a(ρ,w) as δ → 0.

4.3  Proof of Lemma 16

The differential equation (45) has a locally Lipschitz continuous right-hand side, 
so by the Picard-Lindelöf theorem, there exist a time horizon T ∈ R>0 ∪ {+∞} 
and a continuously differentiable curve ρ : [0, T ) → RN

>0 such that ρ is the unique 
solution to the corresponding initial value problem. And moreover, unless T = +∞, 
there exists a sequence tk ↑ T  such that ρ(tk) escapes Pδ

>0, that is ρκ(tk) → 0 or 
ρκ(tk) → ∞ as k → ∞ for some index κ. Finally, by differentiability in time and 
periodicity in κ, it follows that

	
d
dt

δ
∑

κ
ρκ = −2δ

∑
κ
∆δ

(√
ρ+ρ− − ρ0

δ2

)
= 0,

hence δ
∑

κ ρκ(t) = 1 for all t ∈ [0, T ), and consequently ρ(t) ∈ Pδ
>0.

To prove that actually T = +∞, i.e. that ρ is a global solution, it suffices to derive 
a finite upper and a positive lower bound on each component ρκ(t). The bound above 
follows immediately from ρ(t) ∈ Pδ:

	 δρκ(t) ≤ δ
∑

κ′
ρκ′(t) = 1 ⇒ ρκ(t) ≤ N.

The lower bound will follow from monotonicity of Lδ. Indeed, provided that 
Lδ(ρ(t)) ≤ Lδ(ρ(0)), we then may conclude that

	
−δ log ρκ(t) = δ

∑
κ′ ̸=κ

log ρκ′(t) + Lδ(ρ(t)) ≤ 1
e
+ Lδ(ρ(0)),

where we have used that, by Jensen’s inequality, for any ρ ∈ Pδ
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δ
∑
κ′ ̸=κ

log ρκ′ = N − 1
N

(
1

N − 1
∑
κ′ ̸=κ

log ρκ′

)
≤ N − 1

N
log

(
1

N − 1
∑
κ′ ̸=κ

ρκ′

)

≤ N − 1
N

log
(

N

N − 1
δ
∑

κ
ρκ

)
≤ N − 1

N
log N

N − 1
≤ 1

e
.

To prove the desired monotonicity of Lδ(ρ(t)), we compute its time derivative:

	

− d
dt

Lδ(ρ) = δ
∑

κ

ρ̇

ρ
= −2δ

∑
κ

1
ρ
∆δ

(√
ρ+ρ− − ρ

δ2

)
= −2δ

∑
κ

√
ρ+ρ− − ρ

δ2
∆δ

(
1
ρ

)

= −2 δ

δ4

∑
κ

(√
ρ+ρ− − ρ

)( 1
ρ+

+ 1
ρ−

− 2
ρ

)

= 4δ−3
∑

κ

(√
ρ+ρ−
ρ2

− 1
)
+ 2δ−3

∑
κ

(
ρ

ρ+
+ ρ

ρ−
−
√

ρ+
ρ−

−
√

ρ−
ρ+

)
.

�(56)

Above, we have used the symmetry of the discrete Laplacian, see (28). For estimation 
of the first sum in (56) above, we apply Jensen’s inequality for sums with the convex 
exponential function,

	

δ
∑

κ

√
ρ+ρ−
ρ2

= 2
N

∑
κ
exp

(
1
2
(
log√ρ+ + log√ρ− − 2 log√ρ

))

≥ exp
(

1
N

∑
κ

(
log√ρ+ + log√ρ− − 2 log√ρ

))
= exp(0) = 1,

where we have used that the sum in the exponent vanishes, again thanks to periodic-
ity. Consequently, the first sum in (56) is non-negative. Exploiting periodicity once 
again, we can symmetrize the expression in the second sum in (56) as follows:

	
δ
∑

κ

(
ρ

ρ+
+ ρ

ρ−

)
= δ

2
∑

κ

(
ρ

ρ+
+ ρ−

ρ
+ ρ+

ρ
+ ρ

ρ−

)

Consequently,

	

δ
∑

κ

(
ρ

ρ+
+ ρ

ρ−
−
√

ρ+
ρ−

−
√

ρ−
ρ+

)

= δ

2
∑

κ

(
ρ

ρ+
+ ρ−

ρ
+ ρ+

ρ
+ ρ

ρ−
− 2

√
ρ+
ρ

√
ρ

ρ−
− 2

√
ρ−
ρ

√
ρ

ρ+

)

= δ

2
∑

κ

([√
ρ+
ρ

−
√

ρ

ρ−

]2
+
[√

ρ−
ρ

−
√

ρ

ρ+

]2)
≥ 0.

Thus the sum in (56) is non-negative, and so t �→ Lδ(ρ(t)) is monotonically decreas-
ing and satisfies
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Lδ(ρ(t)) +

∫ t

0
δ
∑

κ

1
δ4

([√
ρ+
ρ

−
√

ρ

ρ−

]2
+
[√

ρ−
ρ

−
√

ρ

ρ+

]2)
ds ≤ Lδ(ρ(0)), for any t > 0.

The proof of  (47) is finished by setting u :=
√

ρ+/ρ and v :=
√

ρ−/ρ, once we 
show the elementary inequality

	

(
u− 1

v

)2

+
(
v − 1

u

)2

≥ 2 (log uv)2 , for any uv > 0.� (57)

By expanding the square and regrouping the elements, we get for the right-hand side 
the identity

	

(
u− 1

v

)2

+
(
v − 1

u

)2

=
(u
v
+ v

u

)(
uv − 2 + 1

uv

)
≥ 8

∣∣sinh(log√uv
)∣∣2 ,

where we used the elementary bound a+ 1/a ≥ 2 for any a > 0 in the estimate. By 
recalling, that |sinh x|2 ≥ x2 for any x ∈ R, the proof of (57) is concluded.

To prove the estimate (48), we use Jensens inequality and the Poincaré inequal-
ity (76) from Proposition 24 to estimate

	
∣∣log ρδκ − log ρδλ

∣∣2 ≤
[
δ
∑

κ

∣∣∂δ
+ log ρδ

∣∣]2 ≤ δ
∑

κ

∣∣∂δ
+ log ρδ

∣∣2 ≤ CPIδ
∑

κ

∣∣∆δ
κ log ρδ

∣∣2 ,

finishing the proof of Lemma 16.

4.4  Proof of Lemma 17

Let ρ and η be two positive solutions to (45). To show that Hδ(ρ(t), η(t)) is non-
increasing in time, we prove non-positivity of its time derivative, using the alterna-
tive representation (46) and the symmetry of ∆δ:

	

− 1
2

d
dt

δ
∑
κ

|√ρκ −√
ηκ|2 = −δ

∑
κ

(√
ρκ −√

ηκ
)( d

dt
√
ρκ − d

dt
√
ηκ

)

= δ
∑
κ

(√
ρκ −√

ηκ
)
∆δ

κ∆δ
(√

ρ−√
η
)
− δ

∑
κ

(√
ρκ −√

ηκ
)((

∆δ
κ
√
ρ
)2

√
ρκ

−
(
∆δ

κ
√
η
)2

√
ηκ

)

= δ
∑
κ

(
∆δ

κ

(√
ρ−√

η
))2

− δ
∑
κ

((
∆δ

κ

√
ρ
)2 + (

∆δ
κ

√
η
)2)

+ δ
∑
κ

(√
ηκ
ρκ

(
∆δ

κ

√
ρ
)2 +

√
ρκ
ηκ

(
∆δ

κ

√
η
)2)

= δ
∑
κ

(√
ηκ
ρκ

(
∆δ

κ

√
ρ
)2 − 2∆δ

κ

√
ρ∆δ

κ

√
η +

√
ρκ
ηκ

(
∆δ

κ

√
η
)2)

= δ
∑
κ

(
4

√
ηκ
ρκ

∆δ
κ

√
ρ− 4

√
ρκ
ηκ

∆δ
κ

√
η

)2

.

1 3

1377



D. Matthes et al.

This concludes the proof of Lemma 17.

4.5  Proof of Proposition 15

By Lemma 16, there is a unique solution ρ ∈ C1(R≥0,Pδ
>0) for each initial datum 

ρ0 ∈ Pδ
>0. By classical ODE arguments, the corresponding flow defines a continuous 

semigroup S(·)
+  on Pδ

>0. By the contractivity property from Lemma 17, at each t ≥ 0, 
the map St

+ is a globally 1-Lipschitz with respect to Hδ . Therefore, there is a unique 
1-Lipschitz extension of St

+ to the Hδ-closure of Pδ
>0, which is all of Pδ . It is easily 

checked that the so-defined map S(·) : R≥0 × Pδ → Pδ is continuous and inherits 
the semigroup property from S(·)

+ .

4.6  Proof of Lemma 18

By taking the time derivative of Hδ  along a positive solution to (45), we obtain by 
using the symmetry (28) of ∆δ:

	

− d
dt

Hδ(ρ) = −δ
∑

κ
ρ̇κ log ρκ = 4δ

∑
κ
∆δ

κ

(√
ρ+ρ− − ρ

δ2

)
log√ρκ

= 4δ−1
∑

κ

(√
ρκ+1ρκ−1 − ρκ

)
∆δ

κ log
√
ρκ

= 4δ
∑

κ

√
ρκ+1ρκ−1 − ρκ

δ2
log√ρκ+1ρκ−1 − log ρκ

δ2
.

To prove (49) is thus equivalent to establish the inequality

	

∑
κ

(√
ρκ+1ρκ−1 − ρκ

)(
log√ρκ+1ρκ−1 − log ρκ

)

≥ 1
4
∑

κ

(√
ρκ+1 +

√
ρκ−1 − 2√ρκ

)2 � (58)

for all ρ ∈ Pδ
>0. We change the expression in the sum on the left-hand side by addi-

tion of

	
0 = 1

2
∑

κ

( (√ρκ+1 −
√
ρκ)3√

ρκ+1 +
√
ρκ

+
(√ρκ−1 −

√
ρκ)3√

ρκ−1 +
√
ρκ

)
,

which vanishes because of the periodic boundary conditions. After elementary 
manipulations, (58) becomes

	

∑
κ
ρκ

[(√
ρκ+1

ρκ

√
ρκ−1

ρκ
− 1

)
log

(√
ρκ+1

ρκ

√
ρκ−1

ρκ

)
+

(√
ρκ+1/ρκ − 1

)3
2
(√

ρκ+1/ρκ + 1
) +

(√
ρκ−1/ρκ − 1

)3
2
(√

ρκ−1/ρκ + 1
)
]

≥ 1
4
∑

κ
ρκ

[√
ρκ+1

ρκ
+

√
ρκ−1

ρκ
− 2

]2
.
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Validity of this inequality between sums for all ρ ∈ Pδ
>0 follows from the respective 

inequality between corresponding addends in the sums, that is

	
(uv − 1) log(uv) + 1

2

(
(u− 1)3

u+ 1
+ (v − 1)3

v + 1

)
≥ 1

4
(u+ v − 2)2� (59)

for all real numbers u, v > 0. Since

	
(u− 1)3

u+ 1
= u2 − 4u+ 7− 8

u+ 1
,

and similarly for v in place of u, we have that

	

(u− 1)3

u+ 1
+ (v − 1)3

v + 1
= u2 + v2 − 4u− 4v + 14− 8

u+ 1
− 8

v + 1

= (u+ v − 2)2 − 2uv + 10− 8 u+ v + 2
(u+ 1)(v + 1)

= (u+ v − 2)2 − 2(uv − 1) + 8 uv − 1
uv + u+ v + 1

,

and consequently, (59) is equivalent to

	
(uv − 1)

[
log(uv)− 1 + 4

uv + u+ v + 1

]
+ 1

4
(u+ v − 2)2 ≥ 0.� (60)

Now introduce ρ > 0 and σ ≥ 0 by

	
ρ :=

√
uv, σ :=

√
u

v
+

√
v

u
− 2.

Substitution of uv = ρ2 and u+ v = (σ + 2)ρ in (60) yields the equivalent form

	
(ρ2 − 1)

[
2 log ρ− 1 + 4

(ρ+ 1)2 + σρ

]
+
((

1 + σ

2

)
ρ− 1

)2
≥ 0.� (61)

We prove (61) using a case distinction.
Case 1:ρ ≥

√
e.

In this case, ρ2 − 1 > 0, and since 2 log ρ ≥ 1, inequality (61) follows immediately.
Case 2:0 < ρ ≤ 1.
In this case, ρ2 − 1 < 0. It is sufficient to prove that

	
1− 2 log ρ ≥ 4

(ρ+ 1)2 + σρ
.� (62)

Since σρ ≥ 0, and since

1 3

1379



D. Matthes et al.

	
− log ρ ≥ 1− ρ+ 1

2
(1− ρ)2

on the given range of ρ’s, inequality (62) follows from

	
1 + 2(1− ρ) + (1− ρ)2 ≥

(
2

1 + ρ

)2

.

This last inequality holds since its left-hand side equals (2− ρ)2, and since

	 (2− ρ)(1 + ρ) = 2 + ρ− ρ2 = 2 + ρ(1− ρ) > 2.

Case 3:1 < ρ <
√
e.

Since (ρ+ 1)/2 > 1 and ρ/4 < 1 in the specified range, we can fist split and then 
estimate the quotient in (61) as follows:

	

4
(ρ+ 1)2 + σρ

= 4
(ρ+ 1)2

− 4σρ
(ρ+ 1)2

[
(ρ+ 1)2 + σρ

]

≥
(

2
ρ+ 1

)2

− σ.

Consequently, (61) is implied by

	

(ρ2 − 1)

[
2 log ρ− 1 +

(
2

ρ+ 1

)2
]
+
[
−σ(ρ2 − 1) +

((
1 + σ

2

)
ρ− 1

)2
]

≥ 0.
�(63)

We prove (63) by showing non-negativity of the two expressions in square brackets. 
Concerning the first: by concavity of the logarithm, and since 

√
e < 2, we have for 

all ρ in the specified range that

	
log ρ ≥ 1

2
ρ− 1√
e− 1

≥ 1
2
(ρ− 1).

Therefore, the first square bracket in (63) is non-negative if

	 (ρ− 1)(ρ+ 1)2 − (ρ+ 1)2 + 4 ≥ 0,

which is equivalent to

	 ρ3 − 3ρ+ 2 ≥ 0.
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This is clearly true at ρ = 1, and holds for larger values of ρ since the derivative 
3(ρ2 − 1) of the left-hand side is positive for ρ > 1. Non-negativity of the second 
square bracket in (63) is equivalent to

	

(
σ2

4
+ 1

)
ρ2 − (σ + 2)ρ+ (σ + 1) ≥ 0.

The discriminant of the quadratic polynomial on the left-hand side above is

	
4(σ + 1)

(
σ2

4
+ 1

)
− (σ + 2)2 = σ3 > 0.

which implies non-negativity of the polynomial (even for arbitrary values of ρ).

4.7  Proof of Lemma 19

For a given mobility function Γ(a, b), the gradient flow of a functional Eδ : Pδ
>0 → R 

with respect to the discretized L2-Wasserstein metric in Pδ  is given by

	

ρ̇κ = −∂δ
−

(
Γ(ρ) ∂δ

+

(
∂Eδ

∂ρ

))

= δ−2 (Γ(ρκ+1, ρκ)
[
∂ρκ+1Eδ(ρ)− ∂ρκ

Eδ(ρ)
]
− Γ(ρκ, ρκ−1)

[
∂ρκ

Eδ(ρ)− ∂ρκ−1Eδ(ρ)
])

,

�(64)

see [48] or [49] for more details. For the variational derivative (see also (31) for the 
scaling in δ) of the discretized Fisher information (50), we obtain

	
∂ρλ

Fδ(ρ) = 2δ−2
(
2−

√
ρλ+1 +

√
ρλ−1√

ρλ

)
.

Recalling that Γ(a, b) =
√
ab, we find that

	

Γ(ρκ+1, ρκ)
[
∂ρκ+1Fδ(ρ)− ∂ρκ

Fδ(ρ)
]
= −2δ−2

[(√
ρκ+2ρκ + ρκ

)
−
(√

ρκ+1ρκ−1 + ρκ+1
)]

= −2δ−2
[(√

ρκ+2ρκ − ρκ+1
)
−

(√
ρκ+1ρκ−1 − ρκ

)]
.

The corresponding other term on the right-hand side of (64) is obtained by an index 
shift κ → κ− 1. Using the definition of the discrete Laplacian ∆δ, we observe that 
(64) turns into

	 ρ̇κ = −2δ−2∆δ
κ

(√
ρ+ρ− − ρ

)
,

which is (45). Monotonicity of Fδ  is now an easy consequence of the representation 
(64) of (45). A summation by parts yields that
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− d
dt

Fδ(ρ) = −δ
∑

κ
ρ̇κ ∂ρκ

Fδ(ρ) = δ
∑

κ
Γ(ρκ+1, ρκ)

[
∂ρκ+1Fδ(ρ)− ∂ρκ

Fδ(ρ)
δ

]2
≥ 0.

Lemma 19 has been proven.

4.8  Proof of Lemma 20

Thanks to Proposition 15, it is enough to consider positive solutions by the continuity 
of the discretized functionals. The estimates are a further application of the crucial a 
priori bound (49). In combination with Lemma 22 from the Appendix, we obtain that

	

(
1
2
Fδ(ρδ)

)2

=
(
δ
∑

κ

(
∂δ
+
√
ρδ
)2)2

≤ δ
∑

κ

(√
ρδ
)2

δ
∑

κ

(
∆δ

√
ρδ
)2

≤ − d
dt

Hδ(ρδ).
�(65)

An application of the logarithmic Sobolev inequality (78) with constant CLSI , leads 
to the bound

	
− d
dt

Hδ(ρδ) ≥ Hδ(ρδ)2/(4C2
LSI)

The result (51) is now a consequence from the fact that Hδ  is non-negative, and thus

	
Hδ(ρδ(t)) ≤ 1

Hδ(ρδ(0)) + t/(4C2
LSI)

≤ 4C2
LSI

t
.

Next, integration of (65) with respect to time in combination with the monotonicity 
of Fδ(ρδ) yields for every 0 < τ < t:

	

(t− τ)Fδ(ρδ(t))2 ≤
∫ t

τ

Fδ(ρδ(s))2 ds ≤ 4
(
Hδ(ρδ(τ))−Hδ(ρδ(t))

)

≤ 4Hδ(ρ(τ)).

Choosing in particular τ = t/2, and recalling (51), provides

	 Fδ(ρδ(t))2 ≤ 4(t− t/2)−1Hδ(ρδ(t/2)) ≤ 64C2
LSIt

−2,

which is (52). The last inequality (53) is yet another application of the crucial esti-
mate (49). Simply integrate the relation

	
δ
∑

κ

(
∆δ

κ

√
ρ
δ
)2

≤ − d
ds

Hδ(ρδ(s))

from s = t > 0 to s = T > t and apply (51).
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For the proof of  (54), first note that Hδ(ρδ) = δ
∑

κ ρ
δ
κ log ρδκ, since ρδ ∈ Pδ . 

Next, fix p > 2 and observe that the elementary estimate

	
(
p
2 − 1

)
log z = log zp/2−1 ≤ zp/2−1 − 1 for any z > 0

implies in particular that

	
(
p
2 − 1

)
Hδ(ρδ) ≤ δ

∑
κ
|ρδκ|p/2 − 1 for any ρδ ∈ Pδ.� (66)

Now let p be specifically of the form p = 2 + 2
r+1  with r > 0. The Gagliardo-Niren-

berg Sobolev inequalities in Lemma 23 provide the estimate 
∥∥∥
√
ρδ
∥∥∥
2

H1
N

≥
∥∥∥
√
ρδ
∥∥∥

2
θ

Lp
N

 

with θ = p−2
p ; here we have used that 

∥∥∥
√
ρδ
∥∥∥
L2

N

= 1. Recalling that ∆δ = ∂δ
−∂

δ
+, 

and since ∂δ
+
√

ρδ  has mean zero, the Poincaré inequality from Proposition 24 now 
allows to conclude that

	

−4CPI
d
dt

Hδ(ρδ) ≥ CPIδ
∑

κ

(
∆δ

√
ρδ
)2

≥ δ
∑

κ

∣∣∣∂δ
+
√

ρδ
∣∣∣
2
=

∥∥∥
√

ρδ
∥∥∥
2

H1
N

− 1

≥
∥∥∥
√
ρδ
∥∥∥

2
θ

Lp
N

− 1 =
(
δ
∑

κ
|ρδκ|p/2

) 2
pθ − 1

(66)
≥

((
p
2 − 1

)
Hδ(ρδ) + 1

) 2
pθ − 1 .

Note that 2
pθ = 2

p−2 = r + 1 and p2 − 1 = 1
r+1 . Using that (1 + z)r+1 ≥ 1 + zr+1 

for any z > 0, we obtain the differential inequality

	
− d
dt

Hδ(ρδ) ≥ 1
4CPI

(
1

r+1H
δ(ρδ)

)r+1
.

Or, equivalently,

	
d
dt

Hδ(ρδ)−r ≥ Cr := r

4CPI(r + 1)r+1 ,

which gives via integration in time the bound

	
Hδ(ρδ(t)) ≤

(
Crt+

1
(Hδ(ρδ(0)))r

)−1/r

≤ (Crt)−1/r
.

This is (54)

5  Continuous limit: Proof of Result A

For a precise statement of the convergence result, we introduce the reconstruction 
operator for grid functions (fκ)κ∈[N ] by piecewise constant embedding,
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	 Πδ : RN → L1(S1), Πδfδ(x) = fδ
κ for x ∈

(
(κ− 1/2)δ, (κ+ 1/2)δ

)
.

The adjoint of Π is the averaging operator

 We discretize the initial data and make it positive using the operator

	 Υδ : P(S1) → Pδ with Υδρ = (1 + δ)−1(ρ̂δ + δ
)
.� (67)

With these notations at hand, we can now formulate the main result of this paper.

Theorem A  (Convergence statement) Let an initial datum ρ0 ∈ P(S1 ) be given. For 
each δ > 0 , consider the unique global solution ρδ : [0 ,∞) → Pδ to the differential 
equation (45) with initial datum ρδ(0 ) = Υδ(ρ0 ) defined in (67).

Then there exists a weakly continuous curve ρ : [0 ,∞) → P(S1 ) with ρ(0 ) = ρ0  
such that along a subsequence δ → 0 :

	● Πδρδ(t) → ρ(t) in Ẇ 2,∞(S1) for every t ≥ 0;
	● Πδ

√
ρδ → √

ρ strongly in L2
loc((0,∞);L2(S1));

	● Πδ∆δ
√
ρδ ⇀ ∂xx

√
ρ weakly in L2

loc((0,∞);L2(S1));
	● Πδ∂δ

−
√

ρδ, Πδ∂δ
+
√
ρδ → ∂x

√
ρ strongly in L2

loc((0,∞);L2(S1)).

Moreover, ρ satisfies the following weak formulation of equation (1):

	

∫ ∞

0

∫

S1
∂tφ(t, x)ρ(t, x) dx dt = 2

∫ ∞

0

∫

S1
∂xxφ(t, x)

(√
ρ∂xx

√
ρ− |∂x

√
ρ|2

)
dx dt �(68)

for all φ ∈ C∞
c ((0 ,∞)× S1 ). Finally, if F(ρ0 ) < ∞, then R≥0 � t �→ ρ(t, ·) is 

globally Hölder continuous of degree 1/24 with respect to H.

Proof  The proof is divided into several steps.

Step 0. Fundamental a priori bound. By Lemma 16, there is a solution ρδ to 
our scheme (45) with the given positive initial datum Υδ(ρ0) ∈ Pδ . Recalling the 
entropy production estimate (49), we infer for all sufficiently small δ > 0 and arbi-
trary t > s ≥ 0 that

	

∫ t

s

∫

S1

(
Πδ∆δ

√
ρδ(τ)

)2
dx dτ ≤ Hδ(ρδ(s))−Hδ(ρδ(t)) ≤ Hδ(Υδ(ρ0))

where we have used monotonicity of τ �→ Hδ(ρδ(τ)). If H(ρ0) is finite, then 
Hδ(Υδ(ρ0)) is δ-uniformly bounded,
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Hδ(Υδ(ρ0)) ≤

1
1 + δ

Hδ(ρ̂0δ) +
δ

1 + δ
Hδ(1) ≤ Hδ(ρ̂0δ) ≤ H(ρ0),� (69)

where we have used convexity of Hδ , and the definition of Υδ  in  (67). If instead 
Hδ(ρ0) = +∞, then we use (51) for an s-dependent bound,

	

∫ t

s

∫

S1

(
Πδ∆δ

√
ρδ(τ)

)2
dx dτ ≤ 64C2

LSIs
−1.� (70)

Step 1: Locally uniform Hölder continuity in time. Let t > s ≥ 0 be given, 
and fix some φ ∈ Ẇ 2,∞(S1) with ∥∂xxφ∥∞ ≤ 1. Using summation by parts and 
Hölder’s inequality for sums, we find that

	

∫

S1
φ
(
Πδρδ(t)−Πδρδ(s)

)
dx =

∫ t

s

∫

S1
φΠδρ̇δ(τ)dτ dx =

∫ t

s

δ
∑

κ
φ̂δ
κ ρ̇

δ
κ(τ) dτ

= −
∫ t

s

∑
κ
φ̂δ
κ ∆δ

κ

(
M(τ)∆δ log ρδ(τ)

)
dτ

= −
∫ t

s

δ
∑

κ
∆δ

κφ̂
δMκ(τ)∆δ

κ log ρδ(τ) dτ

≤
(∫ t

s

τ−2/3δ
∑

κ
Mκ(τ)

(
∆δ

κφ̂
δ
)2

dτ
)1/2(∫ t

0
τ2/3δ

∑
κ
Mκ(τ)

(
∆δ

κ log ρδ(τ)
)2

dτ
)1/2

=
(
3(t1/3 − s1/3)∥∂xxφ∥2∞ sup

s<τ<t

[
δ
∑

κ
M(τ)

])1/2 (
−
∫ t

0
τ2/3

d
dτ

H(ρδ(τ))dτ
)1/2

.

Using that δ
∑

κ M ≤ 3δ
∑

κ ρ
δ ≤ 3, see Lemma 13, and that

	

∫ t

0
τ2/3f(τ) dτ = 2

3

∫ t

0

[∫ τ

0
σ−1/3 dσ

]
f(τ) dτ = 2

3

∫ t

0

[∫ t

σ

f(τ) dτ
]
σ−1/3 dσ

for any continuous function f on [0, t], we conclude that

	

∫

S1
φ
(
Πδρδ(t)−Πδρδ(s)

)
dx ≤

√
6(t1/3 − s1/3)

(∫ t

0
σ−1/3H(ρδ(σ))

)1/2

.

Next, we apply (54) from Lemma 20 with r = 3 to obtain

	

∫ t

0
σ−1/3Hδ(ρδ(σ))dσ ≤ Cmax

{
t1/3, t2/3

}
,

and use the elementary inequality a1/3 − b1/3 ≤ (a− b)1/3 for 0 ≤ b ≤ a, to finally 
conclude that

	

∫

S1
φ
(
Πδρδ(t)−Πδρδ(s)

)
dx ≤

√
6Cmax{t1/3, t1/6}(t− s)1/6.
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This shows δ-uniform and local in time Hölder-1/6-continuity of the curves 
t �→ Πδρδ(t) in the dual of Ẇ 2,∞(S1). We conclude by the generalized ArzelÃ 
-Ascoli theorem [2, Theorem 3.3.3] that Πδρδ(t) → ρ(t) in W 2,∞(S1)′, locally uni-
formly with respect to t ≥ 0, with a limit that is Hölder-1/6-continuous.

Step 2. Strong convergence of ρδ in L1
loc((0,∞);L1(S1)). We invoke the 

refined Aubin-Lions-method from [63] to obtain convergence of Πδρδ  to ρ in 
L1
loc((0,∞);L1(S1)). Fix 0 < τ < T . From the key a priori estimate (70) in combi-

nation with Lemma 22 and Hölder’s inequality, we obtain the following time-inte-
grated bound on the total variation of Πδρδ:

	

∫ T

τ

∑
κ

∣∣ρδκ+1 − ρδκ
∣∣ dt =

∫ T

τ

∑
κ

∣∣∣
√
ρδκ+1 +

√
ρδκ

∣∣∣
∣∣∣
√

ρδκ+1 −
√
ρδκ

∣∣∣ dt

≤
(
2
∫ T

τ

δ
∑(

ρδκ+1 + ρδκ
)
dt
)1/2(∫ T

τ

δ
∑∣∣∂δ

+
√
ρδ
∣∣2 dt

)1/2

≤ 2
√
T

(∫ T

τ

δ
∑

ρδ dt
)1/4(∫ T

τ

δ
∑∣∣∆δ

√
ρδ
∣∣2 dt

)1/4

≤ 2T 3/4
√
8CLSI τ

−1/4.

From Step 1, we know that Πδρδ(t) → ρ(t) in W 2,∞(S1)′ uniformly with respect to 
t ∈ [τ, T ]. An application of [63, Theorem 2] yields convergence ρδ(t) → ρ(t) in mea-
sure with respect to t ∈ [τ, T ]. Since further H(Πδρδ(t)) = Hδ(ρδ(t)) ≤ 64C2

LSIτ
−1 

and r �→ r(log r − 1) + 1 is of superlinear growth, the convergence is actually in 
L1([τ, T ]).

As a consequence, also 
√

ρδ → √
ρ in L2

loc((0,∞);L2(S1)).

Step 3. Weak convergence of the second derivative in L2
loc((0,∞);L2(S1)).

By the main a priori estimate (70), there is some ζ ∈ L2
loc((0,∞);L2(S1)) such 

that for any choice of 0 < τ < T < ∞,

	 Πδ∆δ
√
ρδ ⇀ ζ weakly in L2([τ, T ];L2(S1)).

It remains to show that √
ρ ∈ L2

loc((0,∞);H2(S1)) with ∂xx
√
ρ = ζ. Let 

φ ∈ C∞
c ((0,∞)× S1), and observe that

	

∫ ∞

0

∫

S1
φΠδ∆δ

√
ρδ dx dt =

∫ ∞

0
δ
∑

φ̂δ ∆δ
√

ρδ dt

=
∫ ∞

0
δ
∑

∆δφ̂δ
√

ρδ dt =
∫ ∞

0

∫

S1
Πδ∆δφ̂δ Πδ

√
ρδ dx dt.

�(71)

Since φ is smooth and of compact support, the second order spatial difference quo-
tients converge uniformly to ∂xxφ, and consequently,

	 Πδ∆δφ̂δ → ∂xxφ uniformly as δ → 0.

1 3

1386



A structure preserving discretization for the…

Further, 
√
ρδ → √

ρ in L2
loc((0,∞);L2(S1)) by Step 2 above. Passing to the limit 

δ → 0 in (71) yields

	

∫ ∞

0

∫

S1
φ ζ dx dt =

∫ ∞

0

∫

S1
∂xxφ

√
ρ dx dt.

Since φ ∈ C∞
c ((0,∞)× S1) has been arbitrary, ζ has been identified as the weak 

second derivative ∂xx
√
ρ.

Step 4. Strong convergence of the first derivatives in L2
loc((0,∞);L2(S1)).

We show that Πδ∂δ
+
√
ρδ → ∂x

√
ρ in L2((0, T );L2(S1)); the proof for 

Πδ∂δ
−
√
ρδ → ∂x

√
ρ in analogous. The proof goes by interpolation between the 

convergences obtained in Step 2 and Step 3 above. First, observe that for any 
w ∈ L2

loc((0,∞);H2(S1)), one has

	

Πδŵδ → w, Πδ∂δ
+ŵ

δ → ∂xw, and Πδ∆δŵδ → ∂xxw

in L2
loc((0,∞);L2(S1)).

� (72)

Applying this specifically to w := √
ρ, it follows from Step 2 and Step 3, respec-

tively, that

	

Πδ
[√

ρδ − √̂
ρ
δ]

→ 0 strongly in L2
loc((0,∞);L2(S1)),

Πδ∆δ
[√

ρδ − √̂
ρ
δ]

⇀ 0 weakly in L2
loc((0,∞);L2(S1)).

Since weakly convergent sequences are bounded, this implies by means of Lemma 
22 that

	

∥∥∥∥Πδ∂δ
+

[√
ρδ − √̂

ρ
δ]∥∥∥∥

2

L2
≤

∥∥∥∥
√
ρδ − √̂

ρ
δ
∥∥∥∥
L2

∥∥∥∥Πδ∆δ
[√

ρδ − √̂
ρ
δ]∥∥∥∥

L2
→ 0,

which means that

	 Πδ∂δ
+
√
ρδ −Πδ∂δ

+
√̂
ρ
δ
→ 0 strongly in L2

loc((0,∞);L2(S1)).

Recalling (72) again, this yields the desired convergence.
Step 5: Derivation of the weak formulation. Recall that the spatially discrete 

evolution equation (45) is

	
ρ̇δ = −2∆δ

(√
ρδ+ρ

δ
− − ρδ

δ2

)
.

We rewrite the expression inside the second derivative as follows:
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2
(√

ρδ+ρ
δ
− − ρδ

δ2

)
=

(√
ρδ+ +

√
ρδ−

)
∆δ

√
ρδ −

(√
ρδ+ −

√
ρδ

δ

)2

−
(√

ρδ −
√

ρδ−
δ

)2

=
(
2
√
ρδ + δ ∂δ

+
√
ρδ + δ ∂δ

−
√

ρδ
)
∆δ

√
ρδ −

(
∂δ
+
√

ρδ
)2 − (

∂δ
−
√
ρδ
)2 =: f.

By the convergence properties derived in Step 2, Step 3 and Step 4 above, we have

	 Πδf ⇀ 2√ρ ∂xx
√
ρ− 2

(
∂x

√
ρ
)2 in L2

loc((0,∞);L2(S1)).� (73)

To conclude the derivation of (68), let φ ∈ C∞
c ((0,∞)× S1). An integration by 

parts in time yields

	

∫ ∞

0

∫

S1
∂tφΠδρδ dx dt = −

∫ ∞

0

∫

S1
φΠδρ̇δ dx dt

=
∫ ∞

0
δ
∑

φ̂δ,∆δf dt

=
∫ ∞

0
δ
∑

∆δφ̂δ, f dt =
∫ ∞

0

∫

S1
Πδ∆δφ̂δΠδf dx dt.

Now pass to the limit δ → 0 with the first and the last integral expressions. Recalling 
(72) and (73), the weak formulation (68) follows.

Step 6: Hölder continuity inD and in H. If H(ρ0) < ∞, or even F(ρ0) < ∞, 
then the Hölder estimate in Step 1 can be improved using, respectively, the better 
bound (69) or in addition the monotonicity of Fδ  from Lemma 19 in combination 
with the interpolation from Lemma 3.

Assuming H(ρ0) < ∞, we conclude that

	

∫ ∞

0
δ
∑

Mκ(ρδ(τ))
(
∆δ

κ log ρδ(τ)
)2

dτ =
∫ ∞

0

(
− d
dτ

Hδ(ρδ(τ))
)

dτ ≤ Hδ(ρδ(0)) ≤ H(ρ0).

Fix t1 > t0 > 0 and introduce ts = t0 + s(t1 − t0). We wish to estimate 
Dδ

M(ρδ(t0), ρδ(t1)). To that end, consider the auxiliary pair (η,w) ∈ C, given by

	 ηs = ρδ(ts), ws = (t1 − t0)M(ηs)∆δ log ηs for s ∈ [0, 1].

Indeed, the continuity equation (34) follows directly from (45),

	
d
ds

ηs = (t1 − t0)
d
dt

ρδ(ts) = (t1 − t0)∆δ
[
M(ρδ(ts))∆δ log ρδ(ts)

]
= ∆δws.

It thus follows that
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Dδ
M(ρδ(t0), ρδ(t1))2 ≤

∫ 1

0
δ
∑

κ

(ws
κ)2

Mκ(ηs)
ds

= (t1 − t0)
∫ t1

t0

δ
∑

κ
Mκ(ρδ(t))

(
∆δ

κ log ρδ(t)
)2

dt ≤ Hδ(ρ0) (t1 − t0).

In conclusion, we obtain the global Hölder estimate

	 Dδ
M(ρδ(t0), ρδ(t1)) ≤

√
H(ρ0)(t1 − t0)1/2.� (74)

Now assume in addition that F(ρ0) < ∞. We then obtain a δ-uniform estimate on the 
initial discrete Fisher information; first, notice that

	
Fδ(Υδ(ρ0)) =

1
1 + δ

Fδ(ρ̂0δ)

by a scaling argument. Second, we shall prove below that

	 Fδ(ρ̂0δ) ≤ 8F(ρ0).� (75)

Then δ-uniform bound on Fδ(ρδ(0)) is propagated to all later times by monotonicity 
of t �→ Fδ(ρδ(t)), see Lemma 19. The uniform Hölder bound in Hδ  is then a conse-
quence of the uniform Hölder bound (74) in D above and the interpolation Lemma 
10. Since

	 Hδ(ρδ(t0), ρδ(t1)) = H
(
Πδρδ(t0),Πδρδ(t1)

)
,

and Hδ  is weakly lower semi-continuous, the Hölder estimate passes to the limit 
δ → 0.

It remains to prove (75). Note that the function (a, b) �→ (
√
a−

√
b)2 is jointly 

convex, and hence Jensen’s inequality can be applied to conclude

 We conclude the proof of the bound (75) by substituting the bound in the Defini-
tion of Fδ  from (50)

	
Fδ(ρ̂δ) ≤ 4

∑
κ

∫

Iκ∪Iκ+1

∣∣∣∂z
√
ρ(z)

∣∣∣
2
dz ≤ 8F(ρ).

□
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Appendix A: Functional inequalities on the discretized circle

We need a basic interpolation estimate, resembling an interpolation of Ḣ1 with L2 
and Ḣ2 on the discrete level.

Lemma 22  Let N ∈ N and set δ = N−1 . Then any v,w ∈ RN  satisfy the discrete 
interpolation estimate

	
δ
∑

κ
∂δ
+v ∂

δ
+w ≤

(
δ
∑

κ

(
∆δv

)2)1/2(
δ
∑

κ
w2

)1/2

.

Proof  We expand the square and reorder the terms to finally estimate with the Cau-
chy-Schwarz inequality

	

δ
∑

κ

v+ − v

δ

w+ − w

δ
= δ

∑
κ

[
v+ − v

δ2
w+ − v+ − v

δ2
w

]
= δ

∑
κ

[
v − v−
δ2

w − v+ − v

δ2
w

]

= δ
∑

κ

v+ + v− − 2v
δ2

(−w) ≤
(
δ
∑

κ

(
v+ + v− − 2v

δ2

)2)1/2(
δ
∑

κ
w2

)1/2

.

□

Lemma 23  (Discrete Gagliardo-Nirenberg-type inequality) Let N ∈ N, p ≥ 2  and 
set θ = p−2

p . Then any v ∈ RN  satisfies, with the notations from (32),

	 ∥v∥Lp
N
≤ ∥v∥1−θ

L2
N

∥v∥θH1
N
.

Proof  Let v ∈ RN  and m ∈ [N ] such that vm = ∥v∥∞. Denoting v̄ := δ
∑

κ∈[N ] vκ 
and choosing j ∈ [N ] such that |vj − vm| ≥ |v̄ − vm| we infer

	

∥v∥∞ ≤ |v̄|+ |vm − v̄| ≤ |v̄|+ |vm − vj | ≤ δ
∑

κ
|vκ|

+ δ
∑

κ
|∂δ

+v| ≤ ∥v∥H1
N
.

With this we deduce

	
∥v∥Lp

N
=

(
δ
∑

κ
|v|2κ |v|

p−2
κ

)1/p
≤ ∥v∥

2
p

L2
N

∥v∥
p−2
p

L∞
N

≤ ∥v∥
2
p

L2
N

∥v∥
p−2
p

H1
N

.

□

Proposition 24  (Poincaré and logarithmic Sobolev inequality on the discrete torus) 
For any N ≥ 2 ( δ = N−1 ) the discrete Poincaré inequality holds
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δ
∑

κ
f2
κ ≤ CPIδ

∑
κ

∣∣∂δ
+f

∣∣2 with

CPI = δ2

2(1− cos(2πδ))
= 1

4π2 +O(δ2) ≤ 1
16

,
� (76)

for any f : [N ] → R with δ
∑

κ fκ = 0 .
Likewise, the discrete logarithmic Sobolev inequality holds

	
δ
∑

κ
f2
κ log f2

κ ≤ 25
16π2 δ

∑
κ

∣∣∂δ
+f

∣∣2 ,� (77)

for any f : [N ] → R with δ
∑

κ f 2κ = 1 , which equally stated in terms of the discrete 
entropy Hδ  from (30) and discrete Fisher information Fδ  from (50) becomes

	
Hδ(ρδ) ≤ CLSIFδ(ρδ) with CLSI = 25

8π2 � (78)

for any ρδ ∈ Pδ .

Proof  We refer to [23, 31].

The left-hand side in  (76) is by the mean value assumption on f equal to the 
variance with respect to the uniform measure πκ = δ for κ ∈ [N ] defined for any 
g : [N ] → R by

	
Var(g) = 1

2
∑

κ,λ
(gκ − gλ)2 πκπλ = δ

∑
κ

[
gκ − δ

∑
λ
gλ

2
]
= δ

∑
κ
f2
κ ,

where fκ = gκ − δ
∑

λ gλ has average zero.
Similarly, the right-hand side of (76) and (77) are related to the Dirichlet form of 

the symmetric random walk on [N] with jump kernel K(κ, κ± 1) = 1
2  and zero else. 

Indeed, we find

	
D(f, f) = 1

2
∑

κ,λ
(fκ − fλ)2 K(κ, λ)πκ = 1

2
δ
∑

κ
|fκ − fκ+1|2 = δ2

2
δ
∑

κ

∣∣∂δ
+f

∣∣2

introducing a factor of δ
2

2  in comparison to the right-hand sides of (76) and (77).
The spectral gap λ defined by λ = min {D(f, f)/Var(f) : Var(f) ̸= 0} is given 

explicitly by λ = 1− cos 2π
N ∼ 2π2

N2 +O(N−4)( see e.g. [31, (3.7)]). Hence, by the 
scaling of the Dirichlet form noted above, we get the estimate (76).

Likewise, the left-hand side of (77) is the relative entropy of the measure f2π with 
respect the uniform measure on [N] defined by
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Entπ(f2) = δ

∑
κ
f2
κ log f2

κ

δ
∑

λ f
2
λ

= δ
∑

κ
f2
κ log f2

κ ,

provided f2 is normalized such that δ
∑

λ f
2
λ = 1. Then, the logarithmic Sobolev 

constant is defined by α = min
{
D(f, f)/Ent(f2) : Ent(f2) ̸= 0

}
. The result in 

[23, §4.2] implies that α ≥ 8π2/(25N2), which by the scaling of the Dirichlet form 
translates to the claimed result (77). □
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