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Abstract

As the complexity and dimensionality of data continue to increase, it is becoming fun-
damental to develop advanced strategies for statistical inference and to explore their
computational properties (Bishop, 2006)).

This thesis considers Bayesian models, known for their ability to frame prediction and
uncertainty within a coherent probabilistic framework. However, achieving accurate esti-
mates of posterior quantities within these models generally requires innovative techniques
to accommodate the challenges of modern data analysis. We aim at developing algorithms
for exact and approximate posterior estimation exhibiting linear computational cost in
the number of parameters, for asymptotic settings where both the numbers of parameters
and observations grow to infinity. Such performances are substantially unattainable for
state of the art gradient based sampling methods, and are achieved only leveraging the
hidden probabilistic structure of the models under consideration.

The first and second chapters of this document focus on couplings, a relatively sim-
ple probabilistic construction whose potential for unbiased estimation has been recently
spotlighted thanks to the work of (Glynn and Rhee| 2014; Jacob et al., 2020). After a
brief review on couplings and their applications for unbiased sampling and estimation in
Chapter [1| we present in Chapter [2| theoretical results bounding the computational effort
required by the coupling construction of |Jacob et al. (2020) for certain Gibbs samplers,
proving its scalability in a wide range of applications, spanning from crossed random
effect to sparse graphical models. Unbiased estimation via couplings therefore presents
a promising way to enhance the precision and accuracy of statistical inference, offering
insights beyond traditional estimation approaches.

Turning to Chapter [3, we cover topics related to variational inference. Variational

inference has captured significant attention in the past decades: essentially, it translates



the probabilistic problem of finding the posterior distribution as an optimization task
(Blei et al., 2017). This chapter not only presents its theoretical foundations but also
explores practical implementation and provides results on scalability of the mean field
variational approximation for certain large scale hierarchical models. More in detail,
assuming the data is randomly generated from a specific distribution, we characterize
the rate at which the iterates produced by the coordinate ascent variational inference
(CAVI) algorithm converge to a variational minimizer for large scale hierarchical models,
proving dimension-free convergence under warm start assumptions. Our work builds
upon (Ascolani and Zanella), 2024), highlighting the effectiveness of CAVI in efficiently
approximating posterior quantities for models where Gibbs sampling has proved to be
effective, given the inherent similarities between these coordinate-wise schemes (Tan and
Nott|, 2014)).

Chapter {4] contains some recent advances developed during my visiting period at
Warwick University with professor Gareth Roberts. Specifically, we study some properties
of Catalytic couplings (Breyer and Roberts|, [2001), a coupling procedure well suited for
settings where only unnormalized distributions are available and able to couple multiple
chains at once.

In summary, this dissertation aims at presenting efficient methods in the realm of
Bayesian posterior estimation for models with sparse dependencies, such as hierarchical
and crossed models, leveraging their probabilistic structure to obtain linear cost estimates.
By investigating coupling methods and variational inference, we aim at helping bridge
the gap between state-of-the-art statistical procedures and the understanding of their

computational properties.
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Chapter 1

Couplings for Monte Carlo Markov
Chains

This chapter addresses existing research on couplings, which will be essential for the
developments discussed in Chapter 2l We begin with formal definitions of couplings of
distributions and of transition kernels in Section[I.1.1] Subsequently, in Sections[I.1.2]and
[I.1.3] we explore various algorithms for sampling from maximal and optimally contractive
couplings, respectively. Maximal couplings aim to maximize the probability that draws
from two coupled distributions will be equal, while optimally contractive couplings, on the
other hand, focus on minimizing the expected square distance between coupled processes
over time. The combination of the two is especially useful in applied contexts, as later
explained.

In Section [1.2] we focus on previous seminal contributions that motivate our work in
Chapter 2 This includes a discussion of the “coupling from the past” method for exact
simulation, as introduced by Propp and Wilson| (1996]). This method leverages coupling
to generate samples from the exact stationary distribution of a Markov chain by running
chains backwards in time until they coalesce in one point. We also present the innovative
“couplings for unbiased estimation” approach developed by |Jacob et al. (2020), which
employs coupling techniques to produce unbiased estimates in Monte Carlo simulations.
Both of these applications require the precise meeting of coupled chains, attainable only
through careful coupling constructions. We will focus on those constructions involving

both maximal and optimally contractive couplings, as explained in Section [I.2.5 aiming
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at procedures requiring small number of iterations for exact meeting of the chains.
These applications underscore the significance of couplings in probabilistic sampling
and estimation, demonstrating their broad utility in both theoretical and practical con-
texts. By providing a comprehensive review of existing works and methodologies, this
chapter sets the stage for the advanced developments presented in the subsequent chap-

ters.

1.1 Introduction to couplings

1.1.1 Definitions and Notation

In the following, vectors are denoted in bold, matrices in capital letters and univariate
quantities in standard lowercase. We denote the space of probability measures over a
space X by P(X). Densities are denoted by p(+), probabilities as Pr(-) in opposition to
transition kernels P. Other conventions and notational details will be introduced later
in the thesis whenever needed.

Let X be a Polish space and P(X) the space of probability measures over X, then

Definition 1. A coupling of two probability distributions P,Q € P(X), is a joint distri-

bution on X x X whose first and second marginals are, respectively, P and Q).

The class of all possible couplings of P and @ is denoted as ['(P, Q). In the following

we will consider mainly probability measures P, () admitting density with respect to the

dQ

2z » and we will denote the space

Lebesgue measure £ on RY, respectively p = % and g =
of couplings as I'(p, ¢) for notational convenience. With a slight abuse of notation we use
['(p,q) to denote both the collection of distributions and that of random variables, i.e.
we also write (X,Y) € I'(p, ¢) for random vectors (X,Y) such that X ~ p,Y ~ g.
Given X,Y distributed as p,q, it holds T'(p,q) # 0 since trivially the independent
coupling, i.e. a joint distribution with p and ¢ as independent components, belongs to the
set. In particular, given that two marginal distributions don’t specify uniquely the joint,
infinitely many different couplings can be devised for the marginals P and (). As a simple

example consider X ~ Bern(p) and Y ~ Bern(q), for 0 < p,q < 1. The independent

coupling amounts to sampling X and Y independently, but it is also possible to sample



u ~ U(0,1) and set (X,Y) = (L{u<p}, l{ucq}), Where I indicates the indicator function.

In general it holds

Lemma 1 (Coupling Lemma, (Thorisson, 2000; Lindvall, 1992))). Given X, Y random

variables defined on X distributed according to p and q respectively, it holds

sup |Pr(X € A) —Pr(Y € A)| = [lp— qllw < Pr(X £ V),
AeB(RY)

where ||p — q||w denotes the total variation distance and B(R?) the Borel o-algebra.

Notably, the left hand side depends only on properties of the marginals, while the right
concerns a relation between X and Y. A coupling of (X,Y) € I'(p, ¢) maximizing the
probability of equality is termed mazimal and we will denote the collection of maximal
couplings as I',.:(p,q) C I'(p,q). We report in Section a brief recap on famous
algorithms for sampling from v € I';,4.(p, q). By definition, for every v € Ty, (P, @), it
holds

Pr X=Y)=1-p—qlw
x| ) lp = alls

We also denote by (p® q) € P(X x ) the product measure defined as (p® q)(A x B) =
p(A)g(B) for all AC X and B C ).

We also introduce the notion of Wasserstein-2 optimal coupling: a coupling (X,Y) €
I (p,q) minimizing E[[|X — Y||?] among all couplings of p and ¢ is called W5-optimal,
and we will denote the family of such optimal couplings as 'y, (p, ¢). Such a family will
be central in Chapter 2 for the development of the two step strategy of Algorithm [B}
aiming at coupled chains with small meeting times, the W5 optimal couplings produce
draws with minimal expected square distance, hence they generally contract the chains
and allow for faster coalescence, i.e. chains with same values. Note that for all univariate
distributions, it is known that the monotone map coupling, which consists of using same
random number for inverse cdf method, is Wy-optimal (Santambrogio| (2015))] See
Section for further details on sampling.

In the following, we will often consider couplings of Markov chains. For the purpose

we introduce here the notions of Markov transition kernels and couplings of them.

! Actually not only for the euclidean cost, i.e. c(z,y) = ||z — y||, but also for every cost function of the
form c(z,y) = h(x — y) with h convex, see e.g. Theorem 2.9 in |Santambrogio| (2015]).
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Definition 2. Let (X, F) be a measurable space. A Markov transition kernel P is a map

P: (X, F)—10,1] s.t.
o For every fivzed Ay € F the map x — P(x, Ag) is F-measurable.
o For every fized xo € X the map A — P(xq, A) is a probability measure on X .
From the above definition we are ready to define couplings of kernels.

Definition 3. Given a transition kernel P on X, a coupling of P with itself, denoted by
P[P] (or simply P), is a kernel on X x X such that

P[P|((z,y),:) e I'(P(x,-), P(y,-)) for every (z,y) € X x X.

The space of couplings of P with itself will be denoted as I'[P]. Analogously, we write
P[P] € Tyae| P if P((%,¥),") € Thmae(P(x,-), P(y,-)) for every x,y € X. Using the same
notational conventions, we say that P is a Wh-optimal coupling of a Markov kernel P
(with itself), and write P[P] € Ty, [P], if P((x,¥),") € I'm,(P(x,-), P(y,-)) for every
x,y € X.

1.1.2 Sampling from maximal couplings

We briefly review algorithms for sampling from maximal couplings of two distributions
p,q € P(X), with X = R% Provided p and ¢ admit densities, there always exists an algo-
rithm with maximal meeting probability, referred to as maximal rejection (Algorithm ;
for further references see (Thorisson|, |2000, Sec. 4.5 of Chap 1) or the «-coupling in |John-
son| (1998)). However, in the case of spherically symmetric distributions (e.g. multivariate
Gaussian with the same covariance matrix), an alternative approach called maximal re-
flection coupling (see Algorithm [2{or [Eberle et al.| (2019); Bou-Rabee et al. (2020)) allows
for sampling with a deterministic cost and yet allowing for a good contraction of the

square distance between the resulting draws (see e.g. Lemma [6)).

Maximal rejection coupling. Algorithm [I reports the pseudo code for implementing
a maximal rejection coupling of p,q. The computational cost of Algorithm [1] depends

on the number of iterations required to accept the proposed sample. Only one sample is

10



Algorithm 1: Maximal rejection coupling of p, ¢ € P(R?)

Input: densities p, gq;

sample X ~ p

sample W ~ U(0, 1)

if Wp(X) < ¢(X) then

L set Y =X

else
sample Y* ~ ¢ and W* ~ U(0, 1)
while W*q(Y*) < p(Y™*) do

| sample Y* ~ ¢ and W* ~ U(0,1)

set Y=Y"

Output: (X,Y).

required if X is accepted as value for Y, and this happens with probability Pr(p(X) W <
¢(X)) =1—|lp—ql|lrv. If instead X is rejected, the number of trials before acceptance
follows a Geometric variable with parameter Pr(qg(Y*) W* > p(Y™)), the latter being

equal to ||p — q||7v. The resulting expected number of iterations is

L—|lp—qllzv +llp = qllov(1/llp — qllzv + 1) = 2.

The variance of the expected number of iterations is equal to W, which tends
to infinity as ||[p — q||rv approaches zero. Gerber and Lee proposed accepting the first
draw with a lower probability, thereby avoiding the problem of infinite variance, but at

the cost of losing maximality (see the discussion in [Jacob et al.| (2020))).

Maximal reflection coupling. Algorithm [2| reports an implementation of maximal

reflection coupling for Gaussian distributions with same covariance matrix. Note that,

Algorithm 2: Maximal reflection coupling of N(&,3) and N(v,X)
Input: means xz, v, variance X ;
set z =Y "12(¢ —v), e =1z/||z|
sample X ~ Ny(0,1;), W ~ U(0, 1)
if W <exp{—3iz'(2X +z)} then
L set Y =X +z

else
| Y =X —2(e"X)e
X =%2X +¢

Y = ©2Y 4+ v Output: (X,Y).

11



differently from Algorithm [I, in Algorithm [2] no rejection mechanism is required and
the algorithm’s runtime is deterministic. Furthermore, in high-dimensional cases, this
procedure shows favourable behaviours: in addition to being maximal, the algorithm
contracts the distance between chains with a good rate. Thus, when applicable, it is

generally preferred to Algorithm

1.1.3 Sampling from Ws-optimal couplings

For all univariate distributions, it is known that the monotone map coupling (i.e. using
same random number for inverse cdf method) is optimal for every cost function of the
form c¢(z,y) = h(z —y) with h convex (Santambrogio, 2015, Thm.2.9), and hence is
Wy-optimal. For p, ¢ univariate distributions, let F,(-) and F,(-) denote their cumulative
density function (cdf). We define the inverse cdf as

E N u) == inf{t : F,(t) > u},

p teR

and F qfl accordingly. It is then possible to sample from the W5 optimal coupling as in

Algorithm 3]

Algorithm 3: monotone transport map for univariate distributions

Input: pseudo inverse F,; ' (-), F; ' (-);
sample U ~ U(0, 1)

set X = F; 1(U)

set Y = F,'(U)

Output: (X,Y).

No universal optimality result exists for general multivariate distributions, but a natu-
ral extension of the monotone map above, called common random number (crn) coupling,
is indeed optimal for multivariate Gaussians whose covariance matrices commute (Dow-
son and Landau, [1982; Olkin and Pukelsheim, [1982)), as stated below. While the following

result is known, we report a proof for self-containedness.

Lemma 2 (Optimality of ¢rn coupling for Gaussian distributions). Let p = N(&, %)

12



and ¢ = N(v,¥s) be d-dimensional Gaussian, with ¥1%e = Y93, Define

¢ S, FGT
":=N : : (1.1)
v GFT 22

where FFT =Y, GGT =X,. Then T* € 'y, (p, q), i.e. T'* is the Wy-optimal coupling of

p and q.

Proof of Lemma |9 Let (X,Y)~T* IfZ ~ N(0,1,), we have X 4 E+FZ,Y 4 v+GZ,
where FF' = ¥, and GGT = ¥, and 2 denotes equality in distribution. Denote the

(i, 7)-th entry of F and G as f;; and g;;, respectively. It holds
p 2
E[|X - Y|*] = E[||§ —v + (F - G)Z|]%] ZE ( i — i)+ > (fiy — 9i5) )
j=1

:2(&_’4)2"’21[3 (_ (fis — 9ij) ) +22(€i_’4 (Z fij — 9i5)E ])

J=1

Since E[Z;] = 0, E[Z;Z;] = 0 for i # j and Z7 ~ x(1), then

E[IX —Y|*] = 1§ - vI|* + E[lI(F — G)ZI|’]

=€ - V||2 + Z | fij — QZJ =€ - ’/H2 + || F — GH?%:

where || - || denotes the Frobenius norm of matrices. The latter expression exactly
equals the minimizer of the optimal transport problem in the Gaussian case, whenever

the variance covariance matrices commute (Givens and Shortt} 1984). [

Thus, in order to obtain draws from I'* in Lemma [2] one can simply sample Z ~
N(04,1,) and then set

X=p+F7Z,
(1.2)

Y =v + GZ.

We will refer to (1.2)) as ¢rn coupling. Recall also that the Ws-optimal map is unique
(Brenier;, [1991)).

13



1.2 Historical overview

The current section is devoted to a brief overview on the different applications of couplings
in the context of MCMC. We start in Section by reviewing a technique allowing for
exact sampling from a target distribution, trailblazer of the subsequent literature on the
field. We then move to Section for exact estimation with randomly truncated sum
and Section for the recent work of Jacob et al.| (2020)), that will later be used in
Chapter [2| for the development of our theory.

1.2.1 Exact simulation

With the appearance of |Propp and Wilson| (1996)’s pioneering paper, an exciting prospect
for Markov Chain Monte Carlo was unveiled: to simulate exactly from the target dis-
tribution leveraging existing Markov kernels to drive the simulations. The approach is
based on the “Coupling from the past” algorithm (CFTP), i.e. a procedure that, instead
of running the Markov chains forward up to convergence, runs coupled chains from one
undefined point in the past up to the present. The distance into the past that one needs
to go is determined during the running of the algorithm itself (see details below). In
the following we briefly describe the approach of the original formulation, developed for
Markov chains on finite state space or admitting a natural partial ordering.

The building block of the CFTP is the backward simulation, that is a method to run
chains from iteration —M in the past until time 0 in such a way that they have the same
distribution as standard M steps forward chains, but the last draw can be interpreted as
the outcome of an infinitely long chain in the past. Start by considering a Markov chain
(X*)_ten on a finite state space S = {1, ...,n}, evolving according to a m-invariant kernel
P. For simplicity of exposition, write the kernel as a deterministic function f(n,u) of the
starting point n and a random quantity u, i.e. f is such that Pr(f(n,-) € A) = P(n, A)
for A C S. Let u = (...,u_o,u_1) be an infinite sequence of those random quantities.
Starting from time 0, one simulates the evolution of the chain from time —1 to time
0: since obviously the value of the chain at 0 is determined by the previous iteration,

one should run the chains for all possible values and keep track of their evolution, i.e.
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store f(n,u_1)Vn € S. Similarly, it should be done for all times ¢t with —M <t < —1.
Define Fy2(n,u) = f(f(...(f(n, ), tys1)y oy Uty—2), Uy—1), Where t; < to. The output
of the fixed time simulations will be |S| trajectories, associating every starting point
n to F%,,;(n,u), namely the endpoint of the M-step trajectory starting at —M in the
past. If there was nothing more, the above procedure simply run M steps of the Markov
kernels with same distribution as the M steps forward simulation. The main novelty is
the observation that, if somehow it is possible to make F°,,(-,u) almost surely constant
(namely all the trajectories pointing at the same point), then the output can be seen as
a result of a stationary chain run starting from infinite time in the past, and hence as

draws directly from 7 (see Theorems 1 and 2 in |Propp and Wilson| (1996)).

Algorithm 4: Exact sampling

Input: function f(-,u), state space S;
Set t = 0;

Sample u;

Set FY(n,u) =n, Vn € S;

while F?(n, u) not constant do

t=1t—1;
L Fto(n7 U) = E&l(f(na ut)? u)a
Output: one sample F?(n,u) from 7.

The algorithm can be extended to an infinite but partially ordered state space S
admitting lower and upper elements, i.e. 30,1 € S sit. 0 < 2z < 1Vz € S. Suppose
furthermore that the transition kernel satisfies the monotonicity property, i.e. if z <y
then f(z,u) < f(y,u) almost surely. Note that if u_g,...,u_y for some T have the
property that F°.(0,u) = F°:(1,u) = y, then by the monotonicity property it must
hold F°,(z,u) = yVx € S. Hence there is no need to consider all trajectories starting in
all |S| possible states; but two will be sufficient. See Propp and Wilson| (1996) for further
details on implementations and applications.

Following the original paper, subsequent works have alleviated many of the initial
restrictive assumptions (Wilson, 2000; Murdoch|, 2000; [Breyer and Roberts, 2002). De-
spite the powerful ideas and exciting prospects introduced by |Propp and Wilson (1996)),
couplings for general chains can typically be constructed only for Markov chains that are

m-irreducible (Glynn and Rhee) 2014, Section 2) and require huge amount of computations
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or significant structure within the Markov chain itself.

1.2.2 Unbiased estimation via random truncation

Although stochastic simulation from the posterior distribution exploiting CF'TP is gener-
ally not feasible as made clear in the previous section, it turns out to be very commonly
feasible and practical to obtain unbiased estimates for the expectation of any arbitrary
functional of the distribution of interest (Glynn and Rhee| 2014; |Agapiou et al., 2018)
enjoying, besides unbiasedness, central limit theorems type results relating the goodness
of the estimator to the computational cost, see below. Such unbiased estimators
were originally developed for two main settings: the simulation of stochastic differential
equations (SDEs) (Rhee and Glynn| 2015|) and the study of ergodic Markov chains target-
ing unknown posterior distributions. Suppose we are interested in simulating an unbiased
estimator of the expectation of a real valued random variable X (or a function f(X)),
whose simulation cost is prohibitively high. Direct Monte Carlo simulation is infeasible
and hence one must resort to approximations X; of X (later we will suppose that the
computational cost for generating each X; is increasing in ¢) for ¢ > 0. Assume that the

approximations X; satisfy E[X;| — E[X] as ¢ grows to infinity, and let

N A
Z:=y — 1.
Zz:;) Pr(N >1)’ (1.3)
where (A;);>1 is a sequence of random variables for which E[A;] :== X; — X;_; and
E> [[Ak]] < oo, (1.4)
k=0

and N is an integer valued random variable independent of X; for every i and s.t. Pr(N >

i) > 0. Then Z is unbiased (Glynn, 1983), indeed

Bl =E | PrA(;&V;) _ i}E[Ai] _ E[X].

Clearly, in order for the estimator to be of practical use, one need its variance as well

as its expected cost to be finite. Let ¢; be the expected incremental effort required to
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calculate X;, then the expected work required to generate a value for Z is

E[cost] = Zt] =Y t; Pr(N > 1), (1.5)
i=0
and Rhee (2013) showed
= Bi
Z) = —_— 1.
var(Z) ;PT(NZZ'Y (1.6)

with 3; = O(E[(X — X;)?]). From and it is apparent that particular care must
be used in order to carefully tune the rate at which P(N > i) goes to zero as i increases,
since a too slow decay will result in infinite expected cost, while a too fast one will give
high variance. A sufficient condition for obtaining finite variance unbiased estimators is

contained in Proposition [I}

Proposition 1 (Proposition 6, Rhee (2013))). Let {A;}i>0 and N as in and (L.4).

Assume that
[ A]2]] Al
2 (NS Pr(N > 1) =0

i<l
where |A;]| = E[A2]2. Then X, = X"y A; — X = 20 A; in L2 Let a = E[X] and
suppose that for all i, A; is a copy of A; such that (Ai)izl are mutually independent.

Then Z = >N P = is an unbiased estimator of o with finite second moment

S

— Pr(N >1i)’

where v; = var(A;) + (a — E[X;-1])* — (o — E[X}])?.

Note that it is fundamental for Proposition |1 that the (Ai)izl are mutually indepen-
dent, hence, if the (X;);>1 are successive draws of a Markov chain, one must compute each
A; from an independent run of the whole chain up to iteration i. Under the assumptions

of finite variance and cost, a central limit theorem applies

(NI

cz(&(c) — E[X]) — /E[costlvar(Z)N(0, 1), (1.7)

where &(c) is the Monte Carlo estimator produced from independent replicates of Z that

can be generated in ¢ units of computer time, matching the optimal Monte Carlo rate.
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In the context of SDEs, the whole procedure described before is directly applicable
to many popular discretization schemes, provided that the E[(X — X;)?] converges quick
enough, (see (|1.6))), with the notable exception of the Euler Maruyama (Bally and Talay;,
1996). As for MCMC, the obvious choice of A; = f(X;) — f(X;_1), fails to satisfy the £2
convergence condition, hence the key is to find a purposely designed coupling between X;
and X;_; that forces A; to go to zero sufficiently fast. |(Glynn and Rhee| (2014)) proposed for
uniformly recurrent, contractive and Harris Markov chains an appropriate coupling able
to turn the convergence in distribution of the forward chain into the £? convergence of the
backward process, and then apply the methodology above. See (Glynn and Rhee| (2014)
and Agapiou et al.| (2018)(Section 1.3) for a practical implementation of the method.
Agapiou et al. (2018) extended the construction of |Glynn and Rhee (2014)); Rhee and
Glynn/ (2015)), to cover the case that only a simulatable contracting coupling between runs
of the chain started at different states is available, provided this coupling drives the two
chains towards each other quickly enough in expectations. In particular their extension

can also be applied without representing the chains through iterated random functions.

1.2.3 Unbiased estimation via coalescence

We now present the renowned work of Jacob et al. (2020)), in a sense building upon the

literature of Section [1.2.1]and [1.2.2] We are interested in approximating expectations of

the form

E,[h] = /X h(0)7(d6),

where m € P(X) is the target probability measure and h : X — R a measurable function.
Following the work of |Glynn and Rhee (2014)) and [Jacob et al.| (2020), we consider unbi-
ased estimators of E,[h] based on a coupled pair of Markov chains that marginally evolve
according to a common 7-invariant transition kernel P. Let (X', Y");5o be a Markov

chain on X x X with coupled kernel P[P], such that:

(A1) X° marginally starts from a distribution moP and Y° ~ 7, for my a distribu-
tion on X, both evolve according to a transition kernel P and are such that
limy_, 4 oo E[R(X")] = lim;_, 4 oo E[R(Y")] = 7(h). Furthermore, there exist constants
n >0 and D < +o0 such that E[|hA(X")[*"] < D for all t > 0.
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(A2) The two chains must meet after finite time, i.e. if we define T'= min{t > 0 | X' =
Y'} it must hold Pr(T < o) = 1, and in particular Pr(T > n) < Kn~" for some
constants 0 < K < oo and x > 2(2p~! + 1), where n as in (A1) (Middleton et al.
2020).

(A3) After meeting the two chains stay together, i.e. X' =Y’ for all t > T.

Note that the initial distribution is taken to be (X%, Y?) ~ (moP) ® 7y for some g,
meaning that we initialize X' ~ 75 and Y° ~ mp, with X! and Y° independent, and
XXt~ P(XTE ).
Under assumptions (A1)-(A2)-(A3) above, the random variable
T-1
Hy (XD iz, (Y1) = b (XF) + 3 (h(X") = h(Y")) k>0, (1.8)
t=k+1
is an unbiased estimator of E,[h]|. Note that H,(X,Y) =h (Xk) if k+1 > T —1. Taking
the average of H;(X,Y) for [ € {k,...,m}, where k is a burn-in value and m a maximum

number of iterations, leads to the unbiased estimator

m

1
Hk-m(X,Y) — T-’-l ZH[(X,Y)

m— I—k

1 m =1 I —k
= Y X in |1, ——— | (h(X") — h(Y" 0<k
T )+ 3 i (1S ) () < A(YY) 0k,

which coincides with the usual MCMC ergodic average estimate plus a bias correction
term. Standard guidelines in Jacob et al.| (2020) suggest to choose k as a large quantile of
the meeting time T" and m as a multiple of k£, hence for the method to be most practical,
the meeting time should occur as early as possible.

Under some regularity assumptions, Jacob et al.| (2020) proved that:

Cs,300; Cs,30;
m—k+1 (m—Fk+1)

’UCLT[Hk;m(X, Y)] S MSE]C;m + 2\/ MSEkm

where M S E}.,, is the mean square error of the standard MCMC estimator using draws
from iterations k& up to m. Therefore, the variance of the estimator is bounded by the

mean square error of an MCMC estimator, plus an additive term that vanish geometrically
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in k£ and polynomially in m — k. The estimator in ([1.8) and in has been later
generalized with a generic lag L in [Vanetti and Doucet| (2020]), showing that increasing
L can actually lead to significant variance reduction. Standard guidelines in [Jacob et al.
(2020) suggest to choose k as a large quantile of the meeting time 7" and m as a multiple
of k. Hence, for the method to be most practical, the meeting time should occur as early

as possible.

1.2.4 Couplings for convergence diagnostics

L-lag couplings can be used to generate computable, non-asymptotic upper bound esti-
mates for the total variation or the Wasserstein distance of general Markov chains to their
target, without involving model-specific or intractable quantities (Biswas et al., |2019).
The method is based on coupled chains (X', Y");>; as in Section with the sole
difference that (X');>; is started at X * instead of X~*. The method applies to inte-
gral probability metric, i.e. distances between probabilities that can be written through

differences of expectations, i.e.

Definition 1 (Integral probability metric). Let H be a class of real valued functions on
a measurable space X. For all probability measures P,Q € P(X), the corresponding IPM
is defined as:

dn (P, Q) i= sup [Exp[A(X)] = Ex~o[R(X)]].

Note that the total variation distance can be obtained as IPM with H := {h :
sup,cx |h(z)| < 0.5}, and also the 1-Wasserstein distance can be obtained with H :=
{h:|h(z) — h(y)| < d(x,y), Vz,y € X} (1-Lipschitz functions). Define 7, := P'my (the
marginal distribution of one chain at iteration ¢) and let 7 be target distribution as be-
fore. If it holds that sup,cy |h(z) — h(y)| < My(z,y)Vz,y € X (e.g. My = 1 for tv),
then

Theorem 1 (Biswas et al.| (2019)). For an IPM with function set H and upper bound
My, let (X', Y')i>1 be Markov chains satisfying (A1)-(A2)-(A3) of Section then
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for every L > 0 and any t > 0:

[r=L=t]
dy(m,m) <E| Y My(XHU-DE yHG-DEy 1

=1
where [-] denotes the ceiling function. Informally, recalling that d, is a distance (and

triangular inequality holds), the proof comes directly from the inequalities

+oo +00
dy (7, m) < ZdH(Wt+jL,7Tt+(j_1)L) < ZE {MH (XtJer)YH(jI)L))} ‘
j=1

=1

For the total variation case

dry(m,m) <E

T—-L—t
e (T4

The method is fairly general, requiring only the ability to generate coupled Markov
chains that can meet exactly after a random but finite number of iterations and in prin-
ciple can be applied to any chain. The tightness of the bound directly depends on the
meeting times of the chosen coupling procedure, and hence it becomes even more impor-
tant to have efficient couplings algorithms yielding small meeting times. A tighter bound
was later obtained in (Craiu and Meng| (2022) minimizing a class of bounds of dpy (7, 7)

over the choice of control variates, finding

dry(me,m) < 3 min | Pr(max (o, FL_LL_tD < j), Pr(max (o, FL_LL_tD > )

Jjz1

for & ~ Bern(0.5). The bound provided by the coupled chains can be used to obtain
guidance on the choice of burn in, compare different MCMC algorithms targeting same

distribution and measure mixing times of approximate and exact MCMC methods.

1.2.5 Two-step couplings

Aiming at fast coalescent chains, in this work we consider coupled kernels P that follows a

two-step strategy: w whenever the chains are “far away” we employ a contractive coupling
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P¢ whose aim is to bring the chains closer to each other (see e.g. Section ; when the
chains are “close enough” we employ a maximal coupling P™ (see e.g. Algorithm [1| or
Algorithm 2] in the supplement), which maximizes the probability of the chains being
exactly equal at the next step. The resulting kernel P takes the form

_ PeP|((x,y)," if d(x,
BIPI((x.y). ) [Pl((x,¥),) (x,y) > ¢ (1.9

PmP)((x,y),) ifd(x,y) <e,
where d(x,y) is a measure of distance between x and y, such as d(x,y) = ||P(x,) —
P(y, )|lrv or d(x,y) = ||x — y||, and ¢ is a threshold parameter. Algorithm |5 provides a

pseudo-code implementing this strategy.

Algorithm 5: Two-step coupling algorithm

Input: initial distribution m,, kernels P, P¢, P™
sample X ' ~ 7y, Y° ~ 1y and X" ~ P(X™',.) while X' # Y' do
if d(X',Y')>e then
[ (XY ~ PIPI((X, YY), )
else )
[ (XY ~ PRP((X YY), )
L t+—1t+1
Output: trajectory (X', Y')seq0,..13

Two-step couplings have been previously used in the literature, see e.g. |Roberts and
Rosenthal (2002); Alexandros and Roberts| (2005); Bou-Rabee et al.| (2020)); Biswas et al.
(2019). The motivation behind this construction is that one-step couplings, which aim
for exact chain meeting at each step, are generally suboptimal in terms of meeting times
(Griffeath|, [1975). The intuitive reason is that high meeting probability and effective
contraction are typically separate qualities in couplings: when a maximal coupling fails,
preserving marginals might imply sampling distant points in X', thus reducing meeting
probability in subsequent steps. Algorithm [5| avoids the previous issue by using P¢ and
P™ in order to, respectively, achieve optimal contraction rates and maximal meeting
probabilities. In Section of Chapter 2 we show how to design P¢ and P™ in the
context of Blocked Gibbs samplers for distributions with high degree of independence.
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Chapter 2

Linear-cost unbiased posterior
estimates for crossed effects and

matrix factorization models

In this chapter we present a methodology for the design of unbiased MCMC procedures
of blocked Gibbs samplers (BGS) with linear computational cost in the number of data
points under modern asymptotic regimes, building upon the coupling estimators intro-
duced by |Jacob et al. (2020)). A significant portion of the work presented in this chapter
culminated in the publication of Ceriani and Zanella| (2024). Specifically, in this chap-
ter we analyze BGS couplings for Gaussian targets by providing explicit bounds on the
expected number of iterations needed for coalescence, showing that practical two-step
coupling BGS schemes achieve coupling times that match relaxation times up to a log-
arithmic factor. We further address implementation aspects of couplings of BGS with
conditionally independent blocks and provide a novel BGS scheme for probabilistic ma-
trix factorization. To illustrate the practical relevance of our methodology, we apply it to
crossed random effect and probabilistic matrix factorization models, furnishing unbiased
estimates for unknown quantities at a computational cost linearly proportional to the

number of data points, notably matching cost of state-of-the-art procedures.
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2.1 Introduction

In recent years, unbiased Markov Chain Monte Carlo via couplings (UMCMC) has
emerged as a promising framework to remove bias from MCMC estimates, thus poten-
tially allowing for early stopping, simplifying the convergence diagnostic process and
facilitating parallelization (Glynn and Rhee, 2014; Jacob et al., 2020). In UMCMC,
coupled chains are run for a random number of iterations (at least up to coalescence)
and their values are combined to produce unbiased estimates. A natural question that
arises is whether this class of estimates incurs a greater computational cost than conven-
tional MCMC based on simple ergodic averages and to quantify this potential difference.
Framing the question differently, one may ask whether it is possible to devise UMCMC
methods with computational cost matching top performing MCMCs, while enjoying the
above mentioned benefits.

On a different line of research, various works showed how carefully designed blocked
Gibbs Samplers (BGSs), i.e. Gibbs sampling schemes that update entire blocks of coor-
dinates jointly, can achieve state-of-the-art performances for sampling from the posterior
distributions of various challenging high-dimensional Bayesian models, such as non-nested
models with crossed dependencies (Papaspiliopoulos et al., 2019} 2023). In particular,
BGSs achieve linear computational costs in the number of parameters and observations
in asymptotic regimes where both diverge to infinity.

In this work, we seek to combine these two lines of research, aiming to design UMCMC
BGS methods with linear computational cost in the aforementioned high-dimensional
regimes. Specifically, we provide a theoretical contribution, i.e. the analysis of BGS
couplings for Gaussian targets via explicit bounds on the expected number of iterations,
showing that practical two-step BGS coupling schemes achieve coupling times that match
relaxation times up to a logarithmic factor; and some methodological ones, discussing
implementation aspects of couplings of BGS with conditionally independent blocks and
developing a novel BGS scheme for probabilistic matrix factorization which empirically
reduces the MCMC complexity to linear for those models. To illustrate the practical
relevance of our methodology, we apply it to crossed random effect models (Gelman,

2005; Baayen et al., [2008), a commonly used class of additive models that connect a re-
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sponse variable to categorical predictors, and to probabilistic matrix factorization (PMF)
models (Salakhutdinov and Mnih, 2008; Miller and Carter, 2020)), which can be seen as
dimensionality reduction models based on low-rank representations.

The remaining part of the section is organized as follows: after briefly presenting the
objectives of the work and the three running examples that motivate our research in
Section [2.2] we review how to exploit couplings to obtain unbiased estimates in Section
[2.3] The main theoretical results are presented in Section 2.4} we provide bounds on the
expected number of iterations needed for coalescence of coupled chains and specialize it
for different classes of Markov chains. We apply the methodology and the theoretical
results to Gaussian crossed random effect models in Section generalized linear mixed
models (GLMMs) with crossed effects in Section and to PMF models in Section
2.8 Section discusses some methodological aspects related to couplings of BGS with
conditionally independent blocks. The code to reproduce the simulations reported in this

work can be found at https://github.com/paocloceriani/couplings_bgs.

2.2 Motivation and objectives

Many high-dimensional Bayesian models with a high degree of conditional independence
are well-suited for BGSs. For these classes of models, BGSs often achieve state-of-the-art
performance and in particular, unlike most available sampling schemes, result in a total
computational cost scaling linearly in the number of observations and parameters. In this
thesis we will consider the following three models as running examples motivating the
methodology and theory developed later. Despite their relatively simple formulations,
these models are computationally challenging to estimate: correlated errors lead to ex-
pensive GLS estimates and strong posterior dependence induced by observations results

in slow mixing of standard MCMCs.

Model 1 (Gaussian crossed random effects). Cross-classified data, where each observa-
tion can be simultaneously classified according to two or more variables, are commonly
found in the modern scientific literature, with applications in various domains includ-
ing health and social sciences (Gelman, |2005; Baayen et al., 2008). More in detail, a

univariate response variable y is assumed to depend additively on the unknown effects of
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 https://github.com/paoloceriani/couplings_bgs

K categorical variables, termed factors, each one with I different possible values, called
levels, for k =1, ..., K. The effect of the i-th level of the k-th factor is described by a ran-
dom variable agk), object of inference. Let a®) = (agk), e a(llz)) denote the I-dimensional
vector of effects of the k-th factor, for k = 1,...K; y = (yo))_,, a = (@®)K | and
T = (1), the vectors of all data, effects and precisions respectively. Furthermore let
ix[n] denote the level of the k-th factor associated to the n-th observation (see e.g. Sec-
tion 1.1 and Chapter 11 of Gelman and Hill (2000) for more details on this notation). In
this thests, for clarity of exposition, we will consider the intercept-only version, although
the concepts discussed extend to more general versions with covariates as well as random

slopes (Gao and Owen, 2016, |Papaspiliopoulos et al., |2025). The model with its standard

prior can then be written as

K
yn’,u,a,TONN(M"‘ZCLEI]:[)n],TOl) nzl,...,N,
k=1
a7 ~ N(0,7") i=1, 0l k=1, K, 2.1)
p(7i) o< 7,7 fork=0,.. K,
p(p) o< 1,

where p is a random intercept. In (2.1)), p(-) denotes the density of the random variable
inside the brackets and N(u,0?) denotes a Gaussian distribution with mean u and vari-
ance a%. We will often consider the model with K = 2 factors, where one can think of y,

as the rating that user i1[n| gave to film is[n].

Model 2 (GLMMs with crossed effects). Generalized linear mized models (GLMMs) ex-
tend the framework of linear mized models to accommodate non-Gaussian response vari-
ables by incorporating a link function, but still retaining the same dependence structure.
They are a powerful tool widely used in many academic fields, such as political science,
biology and medicine; see e.g. (Wood, 2017, Ch.3) and |Jiang and Nguyen (2021). FEz-
tending Model[1] to allow for general response gives

K
. k
Llgalis2) = Llgnlm) with 1o =+ 3 alfly forn =1, (22)
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where L(+) denotes the law of the random variable within brackets. Different choices of

the conditional distribution L(y,|n,) lead to different models, e.g. L(yn|nn) = N1, 70 1)

is equivalent to Model or L(yn|n) = Bern(p) with p = 7= leads to a logit model for
binary data. In Section|2.7 we will consider the case L(y,|u,a) = Lapl(n,,1/v/2), where

Lapl(u,b) denotes the univariate Laplace distribution with mean p and scale b.

Model 3 (Probabilistic matrix factorization). Low rank matriz approzimation meth-
ods provide one of the simplest and most effective approaches to collaborative filtering
(Salakhutdinov and Mnih, |2008; |Miller and Carter, 2020), i.e. forecasting of users’ in-
terests exploiting other users’ preferences. As for Models [1] and [q with K = 2, one can
think of observation vy, as representing the rating that user iln| gives to film j[n]. De-
noting by u; and v; respectively the d-dimensional latent user-specific and film-specific
factors for I =1,..,Iy and j = 1,.... I, and by u = (w;)/L; € R1*?, v = (v;)2, € RI2x4

their collections, the model can be formulated as

yn’ﬂ? u, v>TONN(pu;En]Uj[n}aT(;1) n = 1,...,N,
u;, v; ~ N(0,14) i=1,...0, j=1,.15, (2.3)
70 ~ Gammal(c, d), pTE ~ Gamma(a,b),

where Gamma(a,b) denotes a Gamma random variable with shape parameter a and scale
parameter b, 1, denotes the d-dimensional identity matriz and p indicates a positive
quantity acting as scaling factor for the random effects. PMF models can be seen as a
multiplicative extension of the models in (2.1) and , and are usually more compu-
tationally challenging to estimate (due to invariances with respect to rotations, a lower

degree of linearity, etc).

All the models above feature a small number of high-dimensional blocks whose con-
ditional distributions are relatively easy to manage, while the joint distribution is com-
putationally much harder to deal with. This is a common structure arising in Bayesian
modelling scenarios (Gelman, [2005), and we expect the discussion below on couplings of
BGS to be generally relevant to Bayesian models with sparse conditional independent

structure where BGS perform well.
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2.2.1 Asymptotic regimes of interest and computational cost

Models [1], 2] and [3] naturally lead to situations where both the number of observations
N and parameters p = O(X&_, I;) are large. We use the notation (7},),en = O(f(n)) if
there exist constants ¢, C' € R with 0 < ¢ < C' < oo such that cf(n) < T, < Cf(n) for all
n. In the following we will talk about asymptotic regimes in terms of N — oo, implicitly

assuming that p is a function of NV that is also diverging as N — oc.

Also, the above models are commonly used in sparse settings, where a small fraction
of the possible combinations of effects are observed, i.e. N < [[f_, I;. For example,
when K = 2 one often has 1 < p < N < I X I (see (Gao and Owenl (2016]) for further
discussion). Using the analogy of films and ratings for recommender systems, the above
means assuming that the number of ratings, users and films is large, but only a small
fraction of the film is rated by each user. Depending on the degree of sparsity in the

observation design, one could have either p = O(N) or p/N — 0 as N — oc.

We consider the task of performing posterior inference for the above models using
MCMC methods. We are interested in quantifying the computational effort needed for
the posterior estimation (both in the MCMC and UMCMC context) as N — oco. In
the (UYMCMC context, the total cost is defined as the product between the cost per
iteration and the expected number of iterations for the convergence (coalescence) of the
chains. As discussed below, recent works suggest that BGS can achieve state-of-the-art
performances of O(N) posterior estimation cost. Our main objective is to assess whether
UMCMC methods with the same cost can be devised for this problem, as well as to

provide some guidance on how to do so.

Models with crossed dependencies are computationally harder than classical Bayesian
hierarchical models with nested structures. For example, even in the Gaussian case (i.e.
Model [1)), evaluating the marginal likelihood once (e.g. computing L£(y | 7, 1) for a given
7 and p) requires the inversion of a O(XK_, I;,)-dimensional matrix. Despite the matrix
being sparse, the crossed dependence structure leads to a dense Cholesky factor (Pandolfi
et al., 2024}, Sec.3), and more generally prevents the use of efficient sparse linear algebra
tools available for, e.g., nested or spatial hierarchical model, leading to a computational

cost of at least O(N?®/2) for each evaluation (Gao and Owen, 2016; Perry, 2017; Pa-
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paspiliopoulos et al| |2023; Menictas et al} [2023). The situation is obviously worse in the
non-Gaussian case, where analogous computation involve general O(ZkK:1 Ii,)-dimensional
integrals. On the other hand, the above models lend themselves naturally to block updat-
ing schemes, such as BGSs in the sampling context or block coordinate ascent (aka back-
fitting) for maximum a posteriori (MAP) or generalized least square (GLS) computations.
For example, given the conditional independence structure of Model [T} the posterior con-
ditional distribution of a*) factorizes as £L(a®|u,a™, 7, y) = ®filﬁ(a§k)|,u, al=h 1 y),
where ® denotes the product of independent distributions. Thus a BGS with components

%) and 7, which we will call vanilla BGS, can be trivially implemented at

w,a . al
O(N) cost per iteration for Model [I] However, such vanilla version can mix slowly. In
particular, Gao and Owen (2016|) showed that for Model |I| with K = 2 factors, known
variances and full observation designs, the vanilla BGS requires O(\/N ) to converge, lead-
ing to a prohibitive O(N2) total cost. This follows from the fact that observed values
create strong a posteriori dependence between unknown factors. [Papaspiliopoulos et al.
(2019) proposed a collapsed Gibbs Sampler (see Algorithm [6] below) which preserves the
O(N) cost per iteration and converges in O(1) iterations under appropriate assumptions,
see also (Papaspiliopoulos et al., [2023] Thm.2). Similar techniques have been employed
to develop a back-fitting algorithm to perform GLS estimation for an analogue of Model
with O(NV) cost in (Ghosh et al. (2022). A first question of interest that we consider
is whether the same computational efficiency can be extended to the UMCMC context,
which we answer positively in Section [2.5] The extension to the UMCMC case allows
one to stop MCMC runs after few (e.g. around 10, see Section iterations while still
obtaining unbiased estimates, getting closer to what one could do in the GLS case (where
backfitting is often reported to converge in few iteration, see e.g. the discussion in [(Ghosh

et al. (2022, Section 7) about comparison between the cost of Bayesian and frequentist

computations for those models).
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2.3 Background on couplings for estimation and blocked
Gibbs samplers

We now provide some background material on UMCMC and BGSs. Specifically, Section
introduces BGS kernels and the corresponding notation, Section provides an
introduction to mixing and relaxation times, while Section characterizes Gaussian

Gibbs samplers and their relaxation times.

2.3.1 Blocked Gibbs Sampler kernels

We now formally define BGS kernels. Let x = (xp),...,Xk)) ~ 7, with 7 € P(X)
and X = AX] X --- x Xk partitioned in K blocks of dimension I for k = 1,..., K, i.e.
Xy € X C R+, We indicate by X(—k) = (x(j))#k the whole vector except the k-th block
and by 7 (x(k) |x(,k)) the so-called full conditional distribution of the k-th block. Various
BGS variants can be derived depending on the chosen updating order. For example, the
(deterministic-scan) forward version of BGS iteratively samples from 7 (x(k)|x(_k)) for
k = 1,...,K at each iteration. The resulting kernel, which we denote as P¥), can be

written as the following composition of K kernels

PE) = py... P, (2.4)

Py(x, dx") = m(dx(g)[% (1)) 0x_,, (dX(_)) k=1,....K, xe€ X. (2.5)

Other natural updating orders include the backward order, as well as the forward-

backward or random-scan versions.

2.3.2 Mixing time and Relaxation time

Mixing time and relaxation time are closely related quantities, both providing interesting
insights on convergence properties of Markov chains, see e.g. (Levin and Peres| 2017,
Section 12). Informally, the mixing time measures the time required by a Markov chain
for the distance to the stationary distribution to be small in some chosen sense. More

in detail, given a discrete time Markov chain (X");>; with state space X and transition
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kernel P, starting distribution p and target distribution 7, for u, 7 € P(X), the mixing

time (with respect to the total variation distance) is defined as
Trniz(g, 1) = min{t € N: |uP" — 7|l7v < e}.

Generally, whenever X is finite or bounded, the mixing time for a fixed € can be defined

as the supremum over all possible initializations.

We introduce now some preliminary quantities needed for the relaxation time. Let f, g
be functions, i.e. f,g: X — R, we define the inner product (f,g), := [+ f(z)g(z)n(dx)
and the induced norm || f[|z = \/(f, f) . Furthermore let £*(7) = {f : X = R, || f[|x <
oo} and Li(m) C L3(7) sit. f € LA(7) < [y f(x)7(dz) = 0. The kernel P can act
both on functions and on probability measures. Specifically for 1 € P(X) we denote by
uP(dy) = [y P(z,dy) w(dz) the probability measure resulting from the application of P
on u and for f a function we denote by Pf(z) = [y f(y) P(x,dy), the expected value of
f under the measure P(x,dy). We say P is m-invariant for 7 € P if P = m. In this case

it holds that

1A = [ (Ps)p atdn) = [ ([ 1) Pla,dy) n(a)

< [ | £2) Ple,dy) w(da) = /X 1) [, Ple,dy)m(de)
= [ PPy = 1712,

so that P is a bounded linear operator. We say that P is m-reversible if 7(dz)P(z, dy) =
m(dy)P(y,dx)Vz,y € X. It follows the spectrum is real and bounded, so that o(P) C
[—1,1], where o(P) = {f : X = R s.t. P — fI is not invertible}. Furthermore we have
that P is self-adjoint i.e.

(Pf,g)= // P(x,dy) n(dzx)
_//f P(dv,y)w(dy) = (f,Pg) Vf,g€ L(m).
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Note that, if we restrict ourself to the space L£Z(7) then we can define

max .__ <f7Pf> min .__ <f7pf>
MR MU=

and

A = max(]Ag] [AF).

Let AbsGap(P) = 1 — \. For u < 7, denote its Radon-Nikodym derivative as j—g and

consider the Chi-square distance between distributions defined as X?(u, 7) := H% — 1|,

then one can prove

Lemma 3. Let p,m € P(X) with p < 7w, and P a m-invariant kernel. For all t > 1 it
holds that
X2(uP', ) < (1 — AbsGap(P))" X*(u, 7).

Proof. From the definitions in (2.6) and |Andrieu et al.| (2022, Equation (5)) we have
1P follz = (fo. P* fo) < M foll7. (2.7)

Setting f, = Z—’; — 1, so that fy € L&(7), by (2.7) we get

IPalz =P (1) 1= | (Pt () <x>)2w<d:c>
-/ (/X Pi{a,dy (fh‘j<y>—1))2w<daz>: / (/X Pi(ady (fh‘;<y>))2w<dx>—1.

Furthermore by m-reversibility it holds % uPt = Ptill—‘;, hence substituing above one gets

2
d 2
1P foll7 =/ (/ P'(dx,y) (;(ﬂ)) w(dr) — 1= ((uP' 7)),
X X e
Combining the above with (2.6 we get

XA(uPt ) = || P foll < (1 — AbsGap(P)) X*(u, ).
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The relaxation time is defined as

1
1 — AbsGap(P)

Trel =

In view of the result of Lemma (3| and the definition of T,.;, note that if one wants Chi

square distance less than a fixed e threshold, he should run the chains for

t§1+<ln<xg<w>/€>>.

ln(Trel)

An explicit connection to the mixing time derive from the known property of total vari-
ation and Chi square distance. While total variation distance is always bounded in the
interval [0, 1], the Chi-square distance assumes values in [0, +o0c]. By Cauchy—Schwarz

inequality, the Chi-square distance gives an upper bound for the total variation distance,

namely (Khare and Zhou, [2009a), Section 2.1)

X2(p,v),

N | —

[ — vy <

and hence

Tmix(g’ﬂ) <1+ <IH(X2(M’7T)/452)> .

ln(TTel)

Another interesting asymptotic characterization is reported in the lemma below.

Lemma 4 (Rosenthal (2003)). Let P be the kernel of a reversible Markov chain, then

1
sup lim : log (||,uPt — 7THTv) = log(AbsGap(P)).

PEL, ]| m <00t

2.3.3 Gaussian Gibbs Sampler kernels

Gaussian Gibbs Sampler kernels enjoy an equivalent representation as autoregressive
chains that allows for neater convergence results. Let (X')>; be a Markov chain on
X with transition kernel P and target distribution 7 divided in K blocks of dimension
I, ..., Ik respectively, as in Section [2.3.1] Furthermore let 7 be a d = I + ... + I dimen-
sional Gaussian N(u,Y). In this case, (X");>; can equivalently be seen as a Gaussian

auto-regression process. We formally state it as a lemma below, where we also provide
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an expression for the associated relaxation time, which will be useful later.

Lemma 5. Let 1 = N(u,X%) and P be a BGS kernel with updating order given by
(k1,...,ks) € {1,..., K} for some s € N, i.e. P = Py, --- Py, with Py defined in ({2.5)).
Then, one has

P(x,-) = N (Bz+b,Y~ BEB'), (2.8)

where B a matriz depending on the updating order (ky, ..., ks) and on the target precision
matriz Q@ = X', and b = (I — B)u. Furthermore the relaxation time of P is given by
Tret = 1/(1 — p(B)), where p(B) denotes the largest modulus eigenvalue of B.

Lemma [5| is a well-known result, whose proof we omit, see e.g. [Roberts and Sahu

(1997, Lemma 1). Recall that for 7 above it holds

7'('( ‘X k) (ZA E,DX() + ak,Q(kl,k)) k= 1, ...,K, (29)
J#k

where A = 1,4 —dz'ag(Q(’l}l), . Q(};K))Q and a; = Q(’ i1 Qi jym)- Then, given every
updating order (ky, ..., k) € {1, ..., K'}* without repetitions, the (n + 1)-th iteration of a
Gibbs update has the form

1 n —1
Xl = ZA(khkﬁX(kj) Fag + Q) Lrn)
=2

S
Xy = Al k) X (i) + 2 Aoty Xliy) + ks + Qs 1) Zia)
=3

Xy = ZAks o), + Qi Zik)-

Then, solving the recursion it is possible to write explicitly the matrix B and the vector
b, see e.g. the proof of Remark [4] for a three-blocks BGS. Lemma 1 of Roberts and Sahu
(1997) provides an explicit expression of B in the forward updating case, corresponding

tos= K, k; =i for all i and P = P*) namely
B=(1,—L)'U, (2.10)
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where U and L are respectively upper and lower triangular matrices such that U+ L = A,
for A as in (2.9). Consider Model [l| with fixed variances. In this case it is possible to
explicitly compute B for many updating orders, see e.g. the proof of Proposition 3 in
Papaspiliopoulos et al.| (2019) or of Proposition 2 in the Appendix of Papaspiliopoulos

et al| (2023). With the same notation of Section , let ngf’l) denote the number of

observations with level ¢ on the k-th factor and level j on the [-th factor, i.e. ngf’l) =
SN T(ig[n] = DI [n] = j), let ngk) =3 ng?’l), i.e. the number of observation with level
1 of factor k, fore=1,..., I, j=1,...and k,l =1, ..., K. Let C be the co-occurance
(kD) (k) _ (k)

i, Gy =mn; " and

matrix organized in blocks according to the factors, with C’i(f’l) =n ; ;

C’Z-(k’k) = 0 for ¢ # j. Furthermore assume that for each k we have ngk) = N/I,. With
the priors in (2.1]), the posterior distribution of the random vector (u,a™, ..., a®)) is
Gaussian with precision matrix of the form

QY = N, ng’k) = Ton(k) fore=1,.., I, k=1,..., K,

)

QWM = 71y, + rC*H, QW = 0" for k0 =1,..., K,k #1

On the other hand, for the collapsed algorithm (Algorithm @, the posterior precision
matrix is the one obtained by marginalizing out, i.e. collapsing, the global mean p, hence

leading to a posterior matrix of the form

.

QSZZ?) = Telr, + TpCHR) — %n(k) (n(k)> for k=1,..., K,
T

QUi = 7C*) — In® (n) for byl =1, K, k#L.

where n*) = (ngk), e n([lz)) It is then possible to exploit (2.10]) to get the expressions of
B for both plain vanilla and collapsed schemes and compute their spectral radii, or resort

to characterizations as those in Lemma 1 and Lemma 2 of Papaspiliopoulos et al.| (2019).
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2.4 Bounds for couplings of Gaussian Gibbs Sam-

plers

In this section we provide bounds on the meeting times of BGS coupled via Algorithm
when the target distribution is Gaussian. As discussed later in Section 2.4.2] we seek to
obtain UMCMC schemes whose coupling times 7" are of the same order of (or not much

greater than) the relaxation times of the original kernel P.

Algorithmic details 1. For all the theoretical results of this section, we consider Algo-
rithm E’] with P™[P] being the maximal reflection coupling reported in Algorithm @ in the
supplement, P¢[P] being the common random numbers (crn) coupling reported in Lemma

14 and (2.65) in the supplement, and d(z,y) = |P(z,-) — P(y,")|lrv. We defer more

discussion on general specifications and implementations of Algorithm[3 to Section [2.6]

2.4.1 Bound for reversible chains

Our first bound applies to m-reversible BGS kernels, i.e. one where the updating order

satisfies (kq,...,ks) = (ks,...,k1). A classical example is the forward-backward kernel,

defined as
PFB) — P, ...Py_1PxPyx_1---P. (2.11)

Algorithmically, PU"®) performs updates from 7(x) | x(—x)) sequentially for k = 1,2,..., K—
1,K,K —1,...,2,1. If P is a m-reversible BGS kernel, it holds BT = BY, with B as
in Lemma [5| (see e.g. Proposition 4.27 of Khare and Zhou| (2009b)). This allows for
neater theoretical results. In Section 2.4.4] we extend the result to non-reversible Gibbs
samplers, such as those generated by the forward kernel P*) in (2.4)), where the result

requires additional technical assumptions.

Theorem 2 (Bound for reversible chains). Let m = N(u,X) and (X', Yo be a Markov

chain marginally evolving with m-invariant BGS kernel and coupled via Algorithm [5 with
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Algorithmic specification . Then T := min{t >0 : X' = Y'} satisfies

1

E[T|IX Y] <dt — o

1
-5 In(1 — A\pin(B)?) + Co + C. |, (2.12)

where Apin denotes the minimum norm of the eigenvalues, B is as in (2.8), Cy =
In(|[L=Y(X° — Y°)||) with L such that LLT =%, and C. < 6erf='(c) —In(erf='(¢)), for

er f=1 the inverse error function and er f(z) = % JEe ™ dt.

Remark 1. Both the distribution of T and the bound in (2.12)) are invariant under block
diagonal linear transformations that preserve the K -partite block structure of (2, ..., T(k))-

See Section [2.12.1] in the Supplement for a more detailed statement and proof.

Remark 2. We report in Figure the behaviour of C. and its bound for e € (0,1).
As wisible in Figure the bound degenerates to infinity for ¢ close to 0 and 1. On

— C_eps

107 bound C_eps

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
eps

Figure 2.1: C. and its bound for £ € (0,1).

the one hand, as € goes to 0, the two chains must be brought closer and closer before
attempting coalescence, hence the meeting times and our bound increase to infinity. On
the other hand, as € approaches 1, the coupling strateqy resembles the “one step coupling”,
i.e. coalescence is attempted no matter the distance between chains, but the bounding
technique of Theorem |4 cannot be applied since the bound for the second part of T in
becomes too lose. A promising approach is generalizing the results presented in

Section E of the appendiz of |Douc et al. (2024)) for univariate autoregressive processes.
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For the proof of Theorem [2| we exploited the following bound for the expected squared
distance between Gaussian distributions coupled via reflection maximal coupling which

can be of independent interest.

Lemma 6. Let p = N(&,%) and ¢ = N(v,X) be d-dimensional Gaussians, and (X, Y) €
Conaz(ps q) coupled via mazximal reflection coupling (see e.g. Algorithm @) If |=712(€ —
v)||? <1, then for every A € R4 it holds

2 |AE —v)|I? 2
B A = V)PIX # Y] < 15550 — (12+8\/;).

Note that, for fixed ¥ and A, the bound in Lemma [f] scales as O(||€ — v[|~?) as

1€ — v|| = 0, which can be easily checked to be the correct rate for d = 1.

2.4.2 Connection to relaxation times

Combining Theorem [2| with Lemma [5|leads to the following result.

Corollary 1. Under the same assumptions of Theorem[d, we have
1
E[T|X°, Y] <4+ Thu 3 In(Tyq) + Co + C- |, (2.13)

where Ty = 1/(1 — p(BYB))).

Proof of Corollary[1. The result follows from ([2.12)), noting that ﬁ(x) < ﬁ, —In(1 —
z?) < In(1/(1 — x)) for z € (0,1) and the latter is monotonically increasing in z, hence
allowing to substitute Ay, (BYP)) with the quantity p(BYP)), greater by definition.

Then since Ty = 1/(1 — p(BYP))) by Lemma [5| we get the result. O

Corollary [1] provides interesting insights and implications. In particular, interpret-
ing T,.; as the number of iterations required for X’ to converge, it suggests that in this
context UMCMC provides unbiased estimates with an average number of iterations (and
an overall computational cost) that is comparable to the minimal number of iterations
required by standard MCMC to converge (up to a logarithmic factor). Also, from an

high-dimensional asymptotics perspective, it also implies that whenever the relaxation
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time of BGS is bounded as the number of data point and parameter grows (see e.g. Sec-
tion , then also the meeting time is bounded in expectation, meaning that UMCMC
does not increase the overall complexity (while allowing for e.g. early stopping and par-
allelization). On the other hand, implies that whenever the meeting times of the
two-step strategy diverges for a chosen BGS scheme, also the respective 7)., diverges.
One could interpret Corollary (1] as a best-case result for UMCMC. The underlying
assumption would be that obtaining coupling times that are of smaller order than T,
is typically unfeasible. While we are not aware of rigorous results in this direction (i.e.
showing that E[T"] cannot be much smaller 7,; under appropriate conditions), this seems
reasonable to assume given that, for example, T..; provides lower bounds on total variation
mixing times (Levin and Peres| |2017, Section 12) and that the quantiles of 7" can be used
to derive non-asymptotic upper bounds on those (see e.g. equation (4) in (Biswas et al.,
2019)). While interesting, we leave a more detailed and rigorous exploration of lower

bounds to E[T] to future works.

2.4.3 Bound for two-block Gibbs samplers

We now consider the two-block case. In this context, it is possible to find a block-diagonal
transformation, in the spirit of Remark |1} which allows for a direct extension of the bound

in Theorem [2] also to the non-reversible kernel P(*).

Theorem 3. Let m = N(u, %), K = 2 and (Xt, Yt) . be a Markov chain marginally

t>
evolving with P | coupled via Algorithm E’i] with Algorithmic specification . Then

E[T|X° Y] <5+ T [Co+C.], (2.14)

where T = 1/(1 — p(BY)), BE) as in @2.8)), and (T, Cy, C.) as in Theorem @

Note that in contrast to Corollary [I} the bound has the same order of magnitude of

T,¢; without additional logarithmic terms.

2.4.4 Bound non-reversible case Gibbs samplers
We have the following result for the case of BGS with general updating order.
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Theorem 4. Let 71 = N(p,Y) and (X', Y');>0 be a Markov chain evolving with kernel
P as in (2.8)), coupled via Algom'thm@ with Algorithmic specification . For any 6 > 0,
it holds that

E[T|X°, Y] < 4+ 3max <nj;, (14 6)Tre [—; In(1 = Amin(NNT)) + Co + cD , (2.15)
with Ty = 1/(1 — p(B)), N = L™'BL, (T, Cy,C:, L) as in Theorem[d, and

11— p(N

The bound in features the additional term nj. The reason for it is that, due
to the non-reversibility of P, N is generally not symmetric. Thus |[N"||= — p(N) from
above (Gelfand, 1941), but in general | N™|w % p(N) for finite n. In order to make the
result in fully informative, like the ones in the reversible and two-block cases, one
would need to provide an explicit bound on nj for the given matrix N under consideration.
In all our numerical experiments we observed nj to be smaller than the second term and
never the leading term of the bound, and we expect it to be well-behaved in our contexts
of interest. On the other hand, we are not aware of general tight bounds for n} and we

thus left it as an explicit term in the bound.

Remark 3. Since the focus of this section is primarily to provide explicit and sharp
bounds on E[T] for Gaussian BGS schemes, we did not specifically address issues re-
lated to the reqularity assumptions necessary for the validity and finite variance of the
unbiased estimator. However, we expect that the proofs of this section can be extended
quite naturally to control higher moments of T, e.g. proving E[T*] < +oo for k > 1. In
view of Theorem 2.1 in|Atchadé and Jacol| (2024), this would imply finite variance of the

unbiased estimator.
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2.5 Application to Gaussian crossed random effect

models

In this section we combine the findings of Section [2.4] with existing results on Model [I}
We highlight that all the theoretical results we will derive hold under the assumption of
fixed 7 in (2.1)) of Model |1} We first describe in Section state-of-the-art marginal
algorithms for Model [I} then present in Section the resulting bound for meeting
times if a two-step coupling is implemented and finally report numerical simulations in

Section

2.5.1 Collapsed Gibbs sampler for Model

Despite the favourable cost per iteration of the vanilla Gibbs sampler for Model (1] pre-
sented in Section there are many settings of interest where its mixing is provably
poor, often leading to a super linear overall computational cost. [Papaspiliopoulos et al.
(2019) noted that integrating out the global mean p while updating the remaining regres-
sion parameters in K blocks, leads to a much more efficient (i.e faster mixing) updating
scheme, while preserving the same O(N) cost per iteration of vanilla BGS. The resulting
algorithm is called collapsed Gibbs sampler (Papaspiliopoulos et al., 2019) and reported
in Algorithm @ at every iteration we first sample from £(u|a™", 7,y) and then itera-
tively update the factor effect block from L(a®|u,a™" 7, y), repeating the procedure
for k = 1,.., K. The exact form of the full conditionals is reported in Section of

the supplement.

Algorithm 6: One iteration of the collapsed Gibbs sampler for Model

for k= 1,....K do
draw p ~ L(u|a(_k), T,y)
for i=1,...,1; do
t draw al(-k) ~ £(G§k)’a(—k)>ﬂv T,y)

draw 75, ~ E(Tk\a, H, 7'—1m)’>
draw 79 ~ E(To|a, K, T—O,Y)
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2.5.2 Bound on meeting times under random design assump-

tions

For Model |1| with K = 2 factors, balanced level designs (i.e. the same number of ob-
servations is observed for every level of each factor) and fixed 7, Papaspiliopoulos et al.
(2019) show that the relaxation time of the collapsed algorithm, denoted by T, is upper
bounded by T, < CT,,;, where C' =1+ m is constant with respect to N and
p, and T,,, is the relaxation time of the auxiliary two-block Gibbs sampler on the dis-
crete space {1,...,[1} x {1,..., I} with invariant distribution Pr ((4, 7)) = n;;/N, where
ni; = SN 1(iy[n] = i)I(iz[n] = j) denotes the number of observations of level i of fac-
tor 1 and j of factor 2. Under random design assumptions, the quantity 7,,, can be
bounded using random graph theory results, as done in [Papaspiliopoulos et al.| (2023)).
In particular, for N multiple of d; and ds, denote by D(N, dy, ds) the collection of all the
possible observation patterns with exactly N observations, I; = N/dy, I = N/dy and
binary balanced levels (i.e. there must be exactly d; and dy observations for each level of

factor 1 and 2 respectively and n;; € {0,1} for all i = 1,....,J; and j = 1,...15). Then,

supposing uniformly at random designs among D(n, dy, ds) with dy, ds > 4, one has

2
1+ -
\/min{dl, dg} -2

Taux S ,Y’

asymptotically almost surely as N — +o0, for every v > 0. The result follows from
relating T}, to the spectrum of a random bipartite bi-regular graph, and then applying
an extension of the Friedman’s second largest eigenvalue theorem to bipartite graphs
developed in [Brito et al| (2018). Combining the above with Theorem [3] we obtain the

following bound for the expected meeting times.

Corollary 2. Let (X', Y');>0 be as in Theorem@ where P is the collapsed Gibbs kernel
(Algorithm [6]) and let # = N(p,X) be the posterior distribution of Model []] with K = 2
factors, fived T and design (ni;):; picked uniformly at random from D(n,dy,ds). Then

T0 ) 2
- 1+
mln{ﬁ, TQ} \/min{d1, d2} -2

+7|[Co+C]| =1,

Pr | E[T|X° Y] <5+ <1 +
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as N — +oo, with (T,C.,Cy) as in Theorem@ and the probability is with respect to the

randomness of the design.

Interestingly, Corollary [2| provides an upper bound on the average coupling time that
remains bounded as N (and p) diverge. In the next section we explore numerically the

tightness of the bound, and its robustness to the specific assumptions used to derive it.

2.5.3 Numerics

We compare the bounds of Theorems [2] [3] and [4] with the average meeting times of simu-

lated coupled chains for both the vanilla and collapsed Gibbs samplers of Sections

and [2.5.1], for synthetic and real data in Section [2.5.3| and [2.5.3] respectively. Although

the bounds are valid only for Gaussian chains (hence for Model |I| with fixed 7), we com-
pare them with the average meeting times of coupled chains with known (i.e. fixed) as
well as unknown (i.e. assigning to it a prior and including it into the Bayesian model) 7
yielding similar behaviours. The results support the intuition that, for the models under
consideration, the convergence properties of the known and unknown variances case are
very similar and thus the bounds are reasonably predictive also of the behaviour in the

practically-used unknown variance case.

Algorithmic details 2. We implement the two-step coupling procedure of Algorithm [j
for both the vanilla and the collapsed Gibbs sampler of Algorithm [6, with the standard
Priors in . More precisely, we use the block-wise coupling reported (2.16|) and m
(see Section |2.0 for further details), with maximal reflection coupling of Algorithm @ as
Praz| Py whenever implementable (e.g. Gaussian with same variance), or Algorithm I
otherwise; Py,[P;] is the crn coupling of Lemma @ The distance in Algorithm @ is set
to d(X', Y') = || X' — Y'|| and the threshold parameter ¢ = O((K I)71).

Remark 4. The bounds of Theorems [3, [3, [4 are derived for strategies implementing
Praz[P] and Py, [P, respectively mazimal reflection and Wy optimal couplings of the
kernel P in (2.8)). For ease of implementation, in this section we run simulations with
successive composition of Ppaz[Pi] and Py, |Pylfor k = 1,..., K as in and -,

hence obtaining in principle worse performing couplings. We highlight that for Gaussian
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distributions (2.17)) is actually equivalent to the Wy optimal and Pp,q.,[P] is implementable
with a computational cost of the same order of (2.16)). A detailed proof of the equivalence
of the costs is deferred to Section of the supplement.

Simulated data

We simulate data according to Model [T} with o =7 = ...=7, =1, 1 = ... =g =1
for fixed I, and different number of factors K. Observations are generated according to

two different asymptotic regimes, with completely missing at random designs.

Asymptotic regime 1. Fach combination of factor levels is either observed once or
(s,l) iid
ig "

L...,Ig,j=1,....0y and s #1 € {1,..., K}, where ngj’l) =N 1(is[n] = )I(i[n] = j)

not with probability p = 0.1 independently from the rest, i.e. n Bern(p) for i =
denotes the number of observations of level i of factor s and j of factor . In this regime,

one has I = O(NYK).

Asymptotic regime 2. Same as Regime 1 but with p = 10/I5=1. This regime induces
more sparsity, e.g. one has [ = O(N).

We plot the average of the meeting times as a function of the total number of param-
eters of the model, i.e. 1 + KT plus the number of scale parameters if any. Figure [2.2]
reports results for the collapsed Gibbs sampler coupled with Algorithmic specification
, for K =2, I, = I, = I € {50,100,250,500,1000} levels, fixed and free variances.
The bound of Theorem [3] for the two blocks collapsed Gibbs sampler with fixed variances
(using the true generating values) is also reported. The left and right panel corresponds,
respectively, to Regime [I]and Regime [2] The results yield remarkably low meeting times
and highlight a close resemblance of the meeting time behaviour with that of the bound.
As a comparison, we report in Figure [2.3] the results for the vanilla algorithm on the same
model. As expected, the provably higher relaxation time of the vanilla Gibbs scheme re-
sults in an higher bound and, more importantly, higher on average meeting times of the
coupled chains.

In Figure 2.4] we report the average meeting times for K = 3 (left) and K = 4 (right)
factors, only for Regime [2| and the bound of Theorem [l For these models the relaxation

time is not computable explicitly even under the usual simplifying assumptions (fixed
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Figure 2.2: Estimated meeting times and bounds for K = 2, Iy, = I, = [ €
{50,100,250,500,1000}, 7o = 71 = 72 = 1 for Algorithm [6] Left: Regime [I} right:
Regime [2]
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Figure 2.3: Estimated meeting times and bounds for K = 2, I, = [, = [ €
{50, 100, 250, 500, 1000}, 70 = 7, = 7> = 1, for plain vanilla algorithm. Left: Regime
[} right: Regime 2}

variances and balanced levels or cells), see e.g. [Papaspiliopoulos et al| (2019). Thus

proving scalability of the meeting times (or lack thereof), in light of Theorem , provide

interesting insights on the mixing properties of the single chains themselves.
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Figure 2.4: Estimated mean number of iterations and bounds for K = 3 (left), K =4
(right), I = ... = Iy = I € {50,100, 250,500,1000}, 7 = 1 for k € {0,1,2,3,4}. Regime
2} Algorithm [6]
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One-step vs two-step couplings

In Figure we report the estimated distribution of meeting times for the collapsed
Gibbs scheme with Algorithmic specification [2 when traditional or two-step coupling
is implemented on a synthetic dataset with K = 3 factors and Regime [2] As can be

K:3 regime:2
steps
40 p
I one
30 B two

Meeting time
N
[e=)

=
(e}

L

0
151 301 751 1501 3001
Parameters number
Figure 2.5: Estimated distribution of meeting times for K = 3, [, = ... = I3 =1 €

{50, 100,250, 500, 1000}, 7, = 1 for k € {0, 1,2, 3} one vs two-step. Regime [2| Algorithm

6l

seen from the above, the distribution of meeting times for the two-step strategy is more
concentrated on smaller values with considerably lighter tails, thus supporting the choice
of a two-step coupling. On the other hand, we see that, in our context, using one- versus
two- step coupling is less influential than, for example, in the one of (Biswas et al., 2022,

Fig.3).

Real data example

We now consider a real dataset, containing university lecture evaluations by students at
ETH Zurich. The dataset is freely available from the R package lme4 (Bates et al.,
2015) under the name “InstEval”. Each observation includes a score ranging from 1 to
5, assigned to a lecture, along with 6 factors that may potentially impact the score,
including the identity of the student giving the rating or department that offers the
course. Following the notation in (2.1)), we have N = 73421, K = 6 and (I4,...,Is) =
(2972,1128,4,6,2,14). We implement the two-step coupling with Algorithmic specifica-
tion[2 We compute the estimated meeting times for different numbers and combinations

of factors for Model [1] with fixed variances (estimated via standard MCMC and plugged
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in the coupling procedure). We numerically computed the bound for each combination

using the MCMC variance estimates. The results of the experiment are shown in Table

2.1

Algorithm | Factor number | mean #iter | bound for fixed 7
collapsed [1,2] 10.1 15
collapsed [1,6] 9.3 17
vanilla [1,2] 50.7 73
vanilla [1,6] 127.6 69

Table 2.1: Average meeting times for InstEval Dataset

The fact that for the vanilla scheme the bound is smaller than the estimated meeting
time is not undermining the validity of our theory: as highlighted in Remark 4] of Section
, the bound is derived for strategies coupling directly the kernel P of ([2.8)), while for

ease of implementation we used (2.16) and (2.17). Furthermore, the bound holds for
d(x,y) = ||P(x,-) — P(y,-)||[rv while we used d(x,y) = ||x — y]|.

2.6 Coupling strategies for blocked Gibbs samplers

The current section discusses alternative coupling strategies for BGSs with high degrees of
conditional independence, providing some justification to the ones employed in Sections
and [2.5.3] Specifically, Section focuses on aspects related to the general structure
of Gibbs samplers, namely the necessity to couple successively composed kernels, while

Section focuses on those related to the updates of conditionally independent blocks.

2.6.1 BGS and compositions of couplings

In order to implement Algorithm [5, we need to specify P°¢[P] and P™[P], where P is
a BGS kernel. Since P is defined as a composition of kernels, i.e. P = Py, --- Py, with
se€Nand (ki,...,ks) € {1,..., K}* as in Lemma 5] a natural strategy is to sequentially

compose maximal or optimally contractive couplings of Py, for « = 1,...,s. We denote
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the resulting coupling kernels as

Pm*((X7Y)a') = Pmaac[Pks]"'Pmax[Pk1] ((X7Y)a') ‘v’x,ye X, (216)

P((x,y).) = P[P P [ P] (%,), ) Vx,y € &, (2.17)

where Pros[Pri] € Tmaz|Pi) and Py, [Py] € Tw,[P] for all k = 1,..., K. By construction,
both P™((x,y), ) and P*((x,y), ) belong to T'[P]. In all implementations of Algorithm
, we employ P™[P] = P™ and P°[P] = P®. The appeal of P™ and P is that, in
order to implement them, one needs to work only with the individual full conditionals
involved in the original BGS scheme, which are often available in closed form, while the
joint distribution P(x,-) might be harder to work with. Note that these strategies are not
guaranteed to be optimal since in general one has P™* ¢ TI',,,..[P] and P** ¢ I'y,[P]. For
example, in the case P = P P coincides with the so-called Knothe-Rosenblatt map
(Rosenblatt), [1952; Knothe, [1957) of PUY)(x,-) and P*)(y, ), which is in general different
from the optimal transport one (Santambrogio, 2015, Section 2.3). Nonetheless, we still
observe very fast contraction of P°* in our numerics, which might be partly explained by

the fact that in the Gaussian case one indeed has P°* € 'y, [P], as shown below.

Lemma 7 (Optimality of composition of W5 couplings for Gaussians). Let m = N(u, X)
and P as in [2.17), with s = K and (ki ..., kg) being a permutation of (1,...,K).
Then for all integers n > 1 it holds (PC*)n € L'y, [P"].

The proof of Lemma [7] builds upon well known results about contractive couplings
of Gaussian distributions. Firstly we exploit the fact that the optimal transport map
between Gaussian distributions whose variance covariance matrices commute is the crn
coupling (see Lemma [2 in Section and [Dowson and Landau (1982); Olkin and
Pukelsheim| (1982))). Then, given the autoregressive form of Gaussian Gibbs samplers
of Lemma [5] it is possible to write explicitly the W5 optimal coupling for such kernel
(see in the supplement). Lastly, it is left to prove that such coupling is indeed

equivalent to P°*.
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2.6.2 Couplings of conditionally independent blocks

We now discuss how to implement P,,q.[P:] and Py, [Py] in cases where the associated

full conditional factorizes as

™ (X(k)|X(,k)) = ®£§17T (IL‘(]{)AX(,]C)) , (2.18)

for x(x; denoting the i-th component of the vector x), i.e. X@) = (T(k)1; - T(k),1, ), and
I is large.

By , independently sampling from the univariate distributions 7 (x(k),i\x(_k)) is
equivalent to sampling directly from the entire block 7 (x(k)]x(_k)). The same intuition
extends to Wy optimal couplings but not to maximal ones. In particular, one has that
the product of independent Ws-optimal couplings of 7 (x(k%i]x(,k)) fori=1,..., 1 is
Ws-optimal for 7 (X(k)|X(_k)) while the same is not true for maximal ones. In particular,
when p and ¢ are two product measures, one has the following well-known facts, which

we collect in a lemma whose proof we omit for brevity.

Lemma 8. Let p,qg € P(X] X -+ X Xy) with p = ®f:1pi and q = ®§l:1 g;. Then
wi € Twy,(pi,q) for all i = 1,...,d implies (% ;) € Tw,(p,q). On the contrary,
i € Uonax (i, i) for alli =1,...,d does not imply (%, 11;) € Uimax(p, q) in general. In

particular, one has

d
Z,_Hllindprmax(ph QZ) 2 Prmam (pu Q> 2 H Prmam (pm Q’L) ) (219)
he i=1
where we use the notation Pry..(p,q) =1 — ||p — q|l7v, and all the inequalities can be

strict.

Lemma |8 implies that, under (2.18]), we can simply take a contractive coupling
Py, [P] which factorizes across coordinates. On the contrary, joint maximal couplings
of 7 (x(k)|x(_k)) do not factorize across coordinates under . The lower bound
Priaz (s @) > Ty Proas(pi, @) in implies that setting ||p;, ¢;l|lrv = O(d™') en-
sures Pry,q.(p, ¢) is bounded away from 0. Lemma@ quantifies the tightness of such lower

bound for d-dimensional Gaussian distributions with same variance covariance matrix.
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We consider the regime where d goes to infinity and the distance between each rescaled
mean decreases with d, which is arguably descriptive of what happens when using the

two-step algorithm (Algorithm [5) of Section in high dimensions.

Lemma 9. Consider p = N(u,diag(o)) and ¢ = N(v,diag(e)), d-dimensional Gaussian

distribution with o = (03, ...,03) such that “ = ¢;d=*,i =1, ...,d, with 0 < inf; [¢;| <

k3

sup, |¢;| < 400 and a > 0, then:

a—1 a2
d _
Ve XD (‘f/%d Q(XH) forO<a<j

Prmax(pa Q) = ~ as d — o,
1- L\/c%d_wr% fora >3
d
11 Pries(pi, ;) < exp(—d'~*é,) as d — oo,
i=1
¢ e ¢ Ci . . T
where ¢q := %, Cq = Zd";\/%‘ and we write f(x) < g(z) whenever lim,_, « % =1

It follows that both probabilities go to zero for 0 < a < 0.5 as d — 400, while
for 0.5 < a < 1 only Pry,..(p,q) goes to 1. For a > 1, both probabilities converge to
1 (although with different regimes). In Figure we report the ratio of the blocked
and the component-wise meeting probabilities, i.e. Pryq. (D, ¢)/ (1%, Prmaz(pi; i), for a
d-dimensional Gaussian distribution with independent components, where ¢; = 1 for all

1 and different values of «, along with a dotted line representing the value 1. Figure [2.6

105,
alpha=0.25
alpha=0.75
o 103 alpha=1.25
T
(a4
101_

0 20 40 60 80 100
Figure 2.6: Ratio of blocked and component-wise meeting probability for d-dimensional
Gaussian, different o values. Dimension on z-axis, logarithmic scale on y-axis.

shows that for a > 1, the blocked maximal coupling has meeting probabilities comparable

to that of the independent counterpart.
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2.7 High-dimensional GLMMs with crossed effects

We now consider applications to Model 2] First, Section reviews state-of-the-art
samplers and their computational cost for this class of models, and briefly discusses our
coupling strategy, which requires to extend some of the methodologies of Section to
the case of Metropolis-within-Gibbs algorithms. Then Section reports experimental

results on simulated data.

2.7.1 Algorithms for Model

Similarly to what seen for Model [I] in Section also for Model [2] the vanilla Gibbs
procedure, i.e. the one updating from the full conditionals j,a®, ..., a7, suffers from
slow mixing because of the posterior correlation among the unknown random effects.
Given the impossibility of analytically integrating out the global mean, [Papaspiliopoulos
et al.| (2023) propose to perform at each iteration a £ (,u, a®ly, T, a(*k)>—invariant update
using local centering within each block, hence updating a new pair of variables (u, &™),
where £ := p+a® . For the re-parametrized model it holds that £(u|a=®, €®) 7 y) =
L(p|€™)) and that the £*) are conditionally independent, although their full conditional
might not be available in closed form. In such cases one can replace exact Gibbs updates
of €% with more general invariant Markov updates. The resulting scheme is described

in Algorithm [7]

Algorithm 7: One iteration of Metropolis-within-Gibbs sampler with local cen-
tering for Model
for k= 1,...,K do
reparametrize (p,a®) — (u, £F))
draw u from L£(p|€X)
for i=1,...,I; do
L update {i(k) with a E(é’z(k)|u, a~® 7 y)-invariant Markov kernel
reparametrize (i, €®) — (u,a®)
draw 7 from L(7%|p, a,y)

For Gaussian targets and fixed 7, Corollary 1 in |Papaspiliopoulos et al. (2023) shows
that
Tog <Tie <Teyg+C, (2.20)
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where T, and Tj. denote the relaxation times of Algorithms @ and Algorithm m, respec-
tively, and C is a constant depending only on 7. The previous inequality allows to
directly extend the results developed in Section [2.5.2] for the collapsed Gibbs scheme to
the local centering version in Algorithm [} Although the inequality holds only for Gaus-
sian targets, numerical results in Papaspiliopoulos et al.| (2023) show that also in the non
conjugate case, where sampling of fi(k) is done through Metropolis-Hastings updates, the

convergence speed remains bounded as N and the number of parameters increase.

Remark 5 (Couplings of Metropolis-Hastings). Analogously to (2.18), L(€®|p,a=®) 7. y)
factorizes as T[%, ,C(fi(k)m,a*(k),r,y). The difference is that E(fzgk)m,a*(k),‘r,y) are
not available in closed form and thus we update each fi(k) with a MH step in Algorithm
(1 Similarly to Section [2.6.9, leveraging conditional independence in the coupling of the
MH kernels allows to have meeting times that grow at most logarithmically with I, see
Section in the supplement for details. In the MH case, however, there is additional
flexibility (Wang et al., |2021), such as deciding how to couple both the proposal and ac-
ceptance steps as well as which of those to factorize. In Section[2.10 in the supplement,
we discuss these aspects in some detail, suggesting to use a fully factorized strategy both
on the proposal and acceptance. Also, due to the computational difficulty of efficiently
implementing Wy-optimal couplings of MH, we avoid the two step strategy of Algorithm
[3 and rather use a one-step approach for those updates, see again Section in the

supplement.

2.7.2 Numerical results

We apply the methodology discussed above to Model 2Jand compare its performances with
state-of-the-art black-box sampling algorithms such as the No-U-Turn-Sampler (NUTS)
(Hoffman and Gelman, 2014) implemented in the popular software STAN (Carpenter
et al., 2017). Note that the latter approach does not specifically use the structure of
Model [2] and thus might be expected to be sub-optimal for that reason.

We simulate data from Model 2| with K = 2 factors, for Laplace response L(y,|u,a) =

i2 [n]

Metropolis-within-Gibbs (MwG) scheme of Algorithm [7] with Random Walk Metropolis

Lapl(u+a§11€n] +a'? ,1)and 3 = 7 = 1, for Regimeof Section |2.5.3 We implement the
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(RWM) updates. As for the coupling, in light of the results of Section in the supple-
ment, we implement Algorithm 9] with Gaussian proposals Q(x, dx’) coupled via maximal
independent coupling (Algorithm , and paired acceptance. We report below the graph
of the resulting average of the meeting times for different numbers of RWM steps within

each iteration (S = 1,3). It can be noted from Figure that the average of the meeting

Average meeting times

(5]
Y
o0 —— MwG,S=1
=] —
= 20 MwG, S=3
(5}
=
0— ‘ | |
201 401 1001 2001

Parameters number

Figure 2.7: Estimated mean meeting times for K = 2, I} = I, = I € {100, 200, 500, 1000},
71 = 75 = 1,b = 1 with Laplace response. Algorithm [7] with different number of Metropo-
lis steps S.

times remains almost constant as the number of parameters grows. Furthermore, the
higher the number of Metropolis steps S within each iteration, the smaller the meeting
time. Intuitively, as S grows, the conditional updates get closer to exact Gibbs updates
and the resulting chain converges faster, leading to smaller meeting times. To put into
context the performances of our estimation procedure, we illustrate in Figure the
convergence speed of the STAN implementation (Carpenter et all [2017) of NUTS with
the default setting, for estimating the same model. Specifically, we report the average
number of gradient evaluations per Effective Sample Size (ESS), considering the mini-
mum ESS across parameters. As Figure and Figure show, the O(1) scaling of
the meeting times of the MwG sampler with local centering as N and p diverge results
in a O(1) number of full likelihood evaluations per unbiased estimate, while a black-box

method such as NUTS requires a number of gradient evaluations growing with p.
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Average complexity for Laplace GLMMs
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Figure 2.8: Average number of gradient evaluations divided by ESS (minimum across
parameters) for NUTS, for K =2, [} = I, = I € {50,100, 250,500, 1000}, 7 = 75 = 1,
b =1 with Laplace response.

2.8 Probabilistic matrix factorization

Finally, we consider Model [3] A well-known feature of such model is that, for fixed u, the
model reduces to a standard linear regression with coefficients v, and viceversa for fixed
v. On the contrary, the likelihood is not analytically tractable if u and v vary jointly.
As mentioned in Section [2.2] this structure naturally lends itself to conditional updating
schemes, such as BGS for sampling or block coordinate ascent (usually called alternating
least squares whenever applied to Model [3) for optimization. However, the vanilla BGS
scheme, which updates u, v, p, 7 from their full conditionals at every iteration, often
results in slow mixing of the chain, for reasons analogous to the ones discussed for Models
and [2| in previous sections (see also numerics in Figure . We thus propose a “local
centering” version of BGS for Model |3| where we reparametrise the random effects using
p, i.e. at each iteration we update (p,u), with u := pu, and then (p,v), for v := pv
analogously. Algorithm 8| provides high-level pseudo-code for one iteration of the resulting

scheme, while Algorithm [10|in the supplement provides full implementation details.

Algorithm 8: One iteration of BGS with local centering for Model
for (r,s) € {(u,v),(v,u)} do
reparametrize (p,r) — (p, ), with 7 := pr
draw p ~ L(p|7, s,70,¥)
draw r ~ L(7|p, s,70,y)
reparametrize (p,7) — (p,r)

draw To ~ L(TO|p7 u,v, y)
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Regarding the UMCMC version of Algorithm 8], since the high-dimensional full condi-
tionals involved are multivariate Gaussian, we can implement the same coupling strategy
as for Model [T}, namely Algorithmic specification[2] In particular, joint maximal couplings
for the high-dimensional updates of 7 can be implemented efficiently. Below we provide
numerical illustrations of the performances of the UMCMC version of Algorithm [8] and

vanilla BGS. As discussed in more details in Remark [7, we restrict ourselves to the case

d=1.

Remark 6 (Related literature on Bayesian factor models). Model @ s closely related to
Bayesian factor analysis. With the same notation as in (2.3)), a factor model (Gorsuch,

2014) can be written as
yn|,u7 F7 Aa T~ N(ﬂz[n] + Aj[n},:Fi[n]a 7_0_1)7 (221)

for p € R, F = (F;)IL, being the collection of unknown factors, F; € RY, and A € R2%¢
the factor loading matrix, with d being the latent dimension. Indeed, factor models exhibit
the same structure of Model[3, and BGS schemes are also widely used in that context
(Conti et al., |201/); | Papastamoulis and Ntzoufras, 2022), even if there the focus is usually
on the full design case (where all the combinations users/films are observed) and on

regimes where Iy < I; and I; grows.

Remark 7 (Issues related to rotational invariance). A well-known issue of Model[3 is the
invariance with respect to joint rotations of u and v. This creates multimodality in the
posterior, thus inducing slow convergence and lack of posterior interpretability. Many ad
hoc methodologies have been developed to deal with such issue, including constraining a
priori the matriz of factor loadings or post-processing (Conti et al., |2014); |Papastamoulis
and Ntzoufras, 2022). Although of interest, these issues and techniques are somehow
orthogonal to our focus here, and thus we restrict to the case d = 1 for simplicity and

leave further exploration to future work.
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2.8.1 Numerical results

We simulate data coming from Model 3| for different asymptotic regimes and parameter
specifications. We consider I = I, = I € {100,200, 500, 1000} levels and data coming
from Regime [[]and 2| In Figure 2.9 we report the average meeting times for both vanilla
BGS (PV in the legend) and Algorithm [§] (Local Centering) with Algorithmic specification

as discussed above. As expected, the slow mixing of vanilla BGS results in exploding

v 1%]
(] (]
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oo Local Centering o0
= =
b 100 < —— PV
E E 50 —— Local Centering
g 50 &
= =
s | : —
< — <<
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Number of parameters Number of parameters

Figure 2.9: Estimated mean meeting times for Probabilistic Matrix Factorization model.
I, =1, =1 € {100, 20,500, 1000}. Left: Regime right: Regime

meeting times of the coupled chains, which are not reported for I greater than 500 for
visual convenience. Remarkably, as few as 10 iterations are on average sufficient for the
coupled chains evolving according to Algorithm [8] to meet even in the high-dimensional

cases.

2.9 Discussion

Building on the recent advancements presented in |Jacob et al.| (2020) and |[Papaspiliopou-
los et al. (2019, 2023), we propose a UMCMC procedure specifically tailored for high-
dimensional BGS with high degree of conditional independence. In the Gaussian case,
we show the resulting expected meeting times are bounded by a quantity that depends
on the relaxation time of the individual chains, multiplied by its logarithm. In several
applications, this results in procedures that require as few as a dozen iterations to obtain
unbiased estimates for complex models with over 10,000 parameters, thus enhancing the
appeal of efficient and cost-effective parallelization.

Interestingly, unlike many sampling algorithms (such as gradient-based ones), no
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adaptation of tuning parameters is required for BGS. This couples particularly well with
the UMCMC framework: specifically, it avoids the need for potentially long prelimi-
nary runs or adaptation phases, thus genuinely allowing for parallelizable short runs and
"early stopping" in case of fast mixing chains, see also Biswas et al.| (2022) for analogous
examples.

We conclude by mentioning some possible directions for future research. First, while
challenging, it would be valuable to extend the theoretical results of Section [2.4] beyond
the Gaussian case. A possible approach would be to leverage the recent results on BGS
for log-concave distributions in [Ascolani et al. (2024). More generally, it is relevant to
assess which coupling methodologies lead to meeting times that are of the same order of
mixing or relaxation times of the original chain, similarly to Theorems 2] 3] and [4l As
discussed in Remark [3] we expect the results in Section to extend relatively directly
to control higher moments of 7', thus implying finite variance of the unbiased estimator
(Atchadé and Jacob, 2024, Thm.2.1). Also, it would be interesting to derive lower bounds
for the average meeting times of coupled chains explicitly depending on the convergence
properties of the original chain, in order to make the arguments of Section [2.4.2] rigorous.
Finally, on a different line of research, an interesting direction could be to provide a
broader analysis and development of local centering schemes for probabilistic matrix

factorization (PMF).
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Annex

2.10 Couplings for Metropolis-Hastings algorithms

for product targets

In this section we discuss procedures for efficient coupling of Metropolis-Hastings (MH)
kernels for targets with independent components. The motivation for such a construction
stems from Algorithm [7] applied to Model [2] where each iteration consists of updating
K blocks of (conditionally) independent coordinates, since each £L(£®|u,a=®) 1, y) fac-
torizes in [[*, L'(@(k)\u, a~® 7. y) for k = 1,..., K, whose distribution might be known
only up to constants. Exploiting such independence in the coupling construction, one can
derive coupling strategies whose meeting times grows logarithmically with I, see below.
Previous works on couplings for MH kernels include [Johnson! (1998)), where the author
first proposed to use maximal couplings on proposal distributions for Random Walk
Metropolis, Wang et al.| (2021), where among other things the authors suggest employing
a maximal reflection coupling on Gaussian proposals and paired acceptance, and [Papp
and Sherlock (2022), where the authors focus on asymptotically optimally contractive

couplings.

Consider a target distribution v on X = R’* with independent components, i.e. v =

®filui. The general Metropolis kernel targeting v has the form
B (x,dx") = Qu(x, dx)ay (%, ) + dx(dx")ry(x), (2.22)

where Qy(x, dx’) denotes the proposal distribution on X = R, a;(x,x’) is the Metropolis

acceptance ratio, i.e. ap(x,x') = 1A ':,((}:)) gzgx}f;, and 7p(x) = 1 — [y Qp(x, dx')ap(x, dx').

The standard way to sample from PM# in ([2.22)) is sampling a proposal x’ from Qy(x, -),

compute ay(x,x’) and accept if U ~ U(0, 1) is smaller than the acceptance ratio. Given
the known independence structure of the target, however, it is possible to propose and
accept /reject each component individually, leading to much higher acceptance rates and

better dimensionality scaling. The resulting kernel, which is a product of univariate MH
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kernels, can be written as

P (x,dx') = @k, PM (a;, da)) = 1%, (Qy (i, da)ag(wi, 2)) + 0, (da)rp(1s))
(2.23)

where Q(z;, dz!}) is a proposal kernel on R, as(z;, #}) = 1A~ (( )) S;Ex @) and analogously

ri(z) =1 — [p Qp(xi, dx})as(x;, dx}). Note that (2.22) proposes and accept jointly all the
components at once, while (2.23) does it component-wise. The coupling strategy can
exploit such independence in two different ways, namely factorizing both the proposal

and acceptance step or only the acceptance step.

Differently from models with conjugate full-conditional distributions (such as e.g.
Models |1 I and (3 ' (optimally) contractive couplings for MH kernels are difficult to im-
plement, requiring numerical integration, and in our simulations they did not provide
significant enough decrease in distance within subsequent steps to justify their use. Sim-
ilarly, simple crn couplings of the MH kernels, i.e. using same random number for the
proposal distributions (amounting at implementing the W5 optimal coupling on the pro-
posals whenever Gaussians) and acceptance steps, were also not effective in contracting
efficiently the chains (specifically they typically soon reach a plateau distance not small
enough to provide high chances of coalescence). For the above reasons, when using MH
steps to update from high-dimensional and conditionally independent blocks, we avoid
the two step strategy of Algorithm [5] and instead concentrate on one-step, maximal-only

strategies.

Following guidelines in Wang et al. (2021)), we consider kernels with synchronous

acceptance, i.e. using same uniform for accept-reject in the x and y chain. For a, ay,

and 7y as in (2.22)) and (2.23)), we define

x,x') -1 is T

iy — ab( ) I c Rzlk, iy = (lf(l‘ xr ) c RQ’
CLb(Y: y/) : 1Ik af(yzvy;)

A, — Oy (dX)ry(x) R A, = Op, (df)r s (z;) R
Oy (dy")ri(y) Oy, (dyi)rs(ys)

where 1;, denotes the vector of ones of length [;. Below we illustrate numerically the
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performances of the following list of possible coupled kernels:

1. Blocked reflection: ]5;,77" i= Praa[@Qs] © @y + Ay, where P, [@Qp] is Algorithm 2| and

® denotes the Hadamard product, i.e. component-wise product.
2. Blocked maximal: Z5b7m i= Ppaa|[@Qs) © @y + Ay, where Pp..[Qp] is Algorithm .

3. Blocked factorized reflection: ]—T’bf’r = ®Z-Iil (Pmax[Qb] W © ay + Af), where, if (x,y) ~
Praz[@), the symbol Ppq. (@) 1) indicates the vector (x;,;), and Praa[@s) is Algo-
rithm [21

4. Blocked factorized mazimal: ﬁbf,m = ®fi1 (Pmax[Qb] 0 © ay + Af>, where P4z Q]
is Algorithm [I}

5. Fully factorized reflection: f_’ff’r = ®f§1 (me Qs ©®ayr + Af), where P, [Q) is
Algorithm [2]

6. Fully factorized mazximal: Pff,m = ®fi1 (Pmm[Qf] ®ay+ Af>, where P, [Qs) is
Algorithm [I}

We report in Algorithm @ the pseudo-code for one iteration of either be,'r; be,m; Pf fr OF
Pjf.m, depending on the specification of P[Q)].

Algorithm 9: Coupling strategy for MH with independent target

Input: (X', Y"), target v, proposal @, desired coupling P;
sample (X', Y') ~ P[Q]((X*,Y"),:) fori=1,...,I; do
sample U ~ U(0,1) if U < Zg;)) 8E§t§€; then

| set X! = X]
else

| set X[t = X!

. v(Y)) QY] Y})
if U S I/(Y;)W then

L set Y;t+1 — Y;l
else

et Vi =y
t=t+1
Output: (X't Y").

We provide a numerical illustration where v is taken to be a product of indepen-

dent Laplace distributions, i.e. v = ®%, Lapl(0,1/+/2). Consider (X', Y");>o coupled
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chains marginally evolving via the kernels 1 to 6 above with Q,(x,-) = N(x,v/2I;) or
Q(zi,dv;) = N(x;,v/2), where step-size are chosen following the guidance in Roberts
et al.| (1997)) for univariate Metropolis steps. We plot in Figure the average meeting

times for coupled chains with different strategies, as the target dimension d grows. As

300
i S e blocked reflection
,." ,' —— blocked/fact reflection
,_l 'l ----- fully fact reflection
200 ” ————— blocked maximal

il —— blocked/fact maximal
----- fully fact maximal

=
o
(=)

Average meeting times

20 40 60 80 100
dimension

Figure 2.10: Average meeting times for different dimensions, Laplace target.

one might expect, Figure shows that the strategies yielding smaller meeting times
are those leveraging the independence structure of the target, proposing and accepting
the components independently. Blocked strategies instead generally perform worse, with
the sole exception of block/fact reflection, due to the intrinsic contraction properties of
Algorithm [2|

To better illustrate the phenomenon, Figure plots the proportion of components
that did not meet for the same chains as in Figure 2.10} for d = {3,100}.

Dimension 3 Dimension 100
«»n 1.00 «» 1.00
Q 5]
- -
2 2
= 0.75 = 0.75
— —
S S
> 0.50 > 0.50
g —— blocked/fact reflection g —— blocked/fact reflection
E 0.25 blocked/fact maximal g 0.25 blocked/fact maximal
= — fully fact maximal = — fully fact maximal
o fully fact reflection o fully fact reflection
= 0.00 ! = 0.00 Y
0 50 100 150 200 0 50 100 150 200
iteration iteration

Figure 2.11: Estimated percentage of non coalesced components for blocked /component-
wise proposals and component-wise acceptance; d = 3, 100.

The above examples suggest that, in case of conditionally independent blocks, fully-

factorized couplings of the MH updates are preferable. This is coherent with the consider-
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ation that, in the fully-factorized case, the overall meeting time, which coincides with the
one of the slowest component that coalesces, is simply the supremum of d independent
random variables, hence typically growing logarithmically as the dimensionality grows

(or at least sub-linearly, see |Correa and Romero| (2021))).

2.11 Algorithmic implementation details

In this section, we report the explicit expressions for the full-conditional distributions

required to implement the proposed algorithms for Models [1] and

2.11.1 Full conditionals for Model

Under (2.1, the conditional distributions required to implement Algorithm [f] are

0, (k1)
1 Dotk 2 G M 1
—k i (k) | ~(k) I#k £ % i
L(plat™ 7y)=N = > s 7 — (k) : ’ * |
255 j Tk 25 5

(k) Lo () (k1)
k)| (— n; 7o _(k Dol£k0 2oje A5 My 1
E(az( )’a( k)>ﬂ>7-ay) =N (k) (yz( )~ B z ](k) ’ ! ) » (k) )
n;, To+ Tk n, n, 'To + Tk

I —1 9
L(te|la, p, 7% y) = Gamma , ,
i ) 2T ()
where ngk) = Zﬁle I(ig[n] = 1), sg-k) = ngk)To/(Tk + ngk)ﬂ)), ng-]f’l) = Zﬁle I(ig[n] =
JI(iy[n] = i) denotes the number of observations of level j of factor & and i of fac-
tor [ and finally gj@ = Y piign)=i Yn/ {1 * ix[n] = i}| is the average of all observations with
level i on factor k. See also (Papaspiliopoulos et al| 2019, Eq. 4 and Prop. 2) for similar

expressions.
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2.11.2 Local centering algorithm for Model

Under ([2.3)), the conditional distributions required to implement Algorithm |8 are

E(ui’V7 P, TO?Y) = N(“’ui’ Ql;il)’

L(Vj|u7:07 TO7Y) = N(MVj? Q;J1)>

Where l"l’um l—‘l’Vj) Qui - (q’l‘s)iszl and QV]' —

¢ =1+ 7-0:02 Z sz'[n],m

n:i[n]=t

2
4rs = TopP Z Ujn],rVj[n],s»

niin]=i

1

P, = Qu [ 700 D Vimn |+

n:in]=1t
and

E(p’zlﬁ, v, T0,y) = Gamma

E(p’Qlu, v, T0,y) = Gamma

‘C(7—0|ua v, 0, Y) = Gamma

_ 1 _
ﬁ(“i‘vv P, 70, y) = ;N(l’l‘uw Qu})’

_ 1 3
‘C(Vj|u’ P To, Y) = ;N(“vm Qv]'l)a
(prsqu’s:l are given by

P = 1+ 10p* Z u?[n]m forr=1,...,d,

n:j[n]=j

Prs = TOp2 Z UWUi[n],rWiln],s> for r,s=1,.., da

n:j[n]=j

1

Hv; = Q;] Top Z Win)Yn |

n:j[n]=j

For the vanilla scheme with improper prior p(p) o 1, then

Zfl\/v:l u;lin] V] [n] yTL 1

We report in Algorithm [10] a more detailed pseudo-code for implementing the local cen-
tering approach described in Algorithm [§]

S (Wl V)2 70 0 (W Viin)

50, +oo> . (2.24)
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Algorithm 10: One iteration of BGS with local centering for Model

u=p-u

p= (Gamma (a +4h (,1) + 3y, 1
for i=1,...,1; do
L i~ N (pa,, Qa))
ﬁ/p

/—\b

Gamma a—l—db (24-2{2:1 :
for i=1,. [2 do
t vi~ N <lL\7“ Q;Til)
v=v/p
—pugrmvimD? |
10 ~ Gamma <c+ 2, (31 + YN W) )

2.12 Proofs

2.12.1 Proofs of the results in Section |2.4.1

Proof of Theorem

The proof of Theorem [2| builds upon Lemma (10| and Lemma [11], whose statements and

proofs are deferred after the end of the former.

Proof of Theorem[3 In the following, we will state the results assuming that X°, Y are
fixed, or equivalently conditioning on their values, omitting the explicit conditioning in
the notation for brevity.

Define (D');>¢ as
D= || L(XTHXY) — (YY) ||l v t >0, (2.25)
Denote by (tx)r>1 as the sequence of times at which D' < ¢, i.e.
ty ;== min{t > t;_, : D' < ¢} k>1, (2.26)
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with ¢y := —1 by convention. Note that by the form of Algorithm [F the ¢;’s are exactly
the iterations at which a maximal coupling is implemented. Also, let A be a binary

variable indicating whether the maximal coupling attempt at ¢ is successful, i.e.

1 if th-i-l — Ytk-i-l
Ay = k> 1. (2.27)

0 otherwise

By faithfulness, A; = 1 implies that X" = Y’, for all ¢t > t;, and by convention A = 1
for all &’ > k. Note also that from (2.26) and (2.27)), one has

E[l - Ak|th, Ytk, Ak—l == 0] == PI‘(Ak = 0|th, Ytk, Ak—l == 0) == Dtk. (228)

Thus, T can be written as
+oo
T=ti+14> (1— Ap)(terr — t)- (2.29)

k=1

We bound E[T'] using the form of (2.29). In particular, by Lemma [10} we have
th+1 Sfl(HL_I(XO_YO)”?gaB)’ (230)

for f, defined therein. Note that, conditionally on (X°,Y?), the bound is deterministic:
provided the chains evolve via crn coupling from iteration 1 up to 1, D' is a deterministic

function of the starting points (X°, Y°) and matrices B, N, L (see (2.35) and (2.36) for

further details).

Considering the third addend in (2.29)), by the definitions of D, (t)k>1, (Ak)k>1 and
the form of Algorithm [f] it follows that {A; = 0} implies {A; = 0} for ¢ < k, then,
exploiting the equality in (2.28]), we get

Pr(A; = 0|X"%  Y') = Pr(A; =0, ..., A1 = 0, A, = 0| X", Y')
=Pr(A; =0,...,Ap_1 = 0|X"*  Y"*)Pr(A, = 0|X"* Y A, =0) (2.31)

< gh1ipte k>1
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where the last inequality follows from the fact that Pr(A4; = 0|X"%, Y%) < ¢ for all
j =1,... k given that, by the form of Algorithm [5 coalescence is attempted only if it has

probability greater than €. Combining the last equality with the Monotone Convergence

Theorem and Lemma [10| we can rewrite the third term of (2.29)) as

+0o0 “+oo
E | D21 Ap) (ke = ta)| = 3B [E[(L = A (tir — 1) X, Y*]]

k=1 k=1
+oo

= > B [Pr(Ag = 0]X", Y5 )E[(tg1 — 1) X", Y, Ay = 0]]
k=1
400

< YR [DRE[(trar — )X, Y™, Ap = 0] (2.32)

k=1

By Lemma [T1], we have
D' E[tk+1 - tk’Ak = 07th7Ytk] < f2<‘€7B)7

for f, defined therein. Note that the inequality above holds almost surely, i.e. with
probability one. Crucially, the bound does not depend on the exact distance between the

chains at time t;, but only on . Substituting in (2.32)) we obtain

“+oo

B350 — At = )| < hleB) 31 = e B) (=)

k=1

It then follows
E[T] < 1+ fl(HL_l(XO - YO)Ha g, B) + (1 - €>_1f2(€7 B)
After explicit computations

%0 YOV - a1 - A2 (B — n(2/Fer -1
- qmﬂmQMM<X YO)) = 5 (1 = X5 (B)) — n(2v2er £ (e))

LI (1 +1In(12 + 8y/2/m)erf 7 (e) /v/7 + \/5(\/%@)‘1» '

+

1—¢

It is possible to further simplify the bound provided € < 0.5, thus getting the expression
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in Theorem , where we set Cy := In(||L7(X° — Y%)||) and

C. = —In(erf~4(e)2v2)+2In(1248/2/m)er f L (e)+V2(v/me) ™t < —In(erf~1(e))+6erf~(e).

O
Lemma 10. Under the assumptions of Theorem [ we have
ti+1< ALTHX = Y)|.e B),
with
ey [ =30 =X (B) —ers 2D
r.e,B) = r ,00), € 1.
' —In(p(B))
Proof of Lemma[10. Recall that given p = N(u, %) and ¢ = N(v, ), it holds
—u)TYy-1 —v
lp—dllry =erf (\/(“ ) - (b )) . (2.33)

From (2.33)) above, the autoregressive form of Gaussian chain in ({2.8]) and the equation
of the ¢rn coupling in ([1.2)), for all t < ¢; we have

(2.34)

D' —erf (\/(Xt —Y))TBT(Y — §EBT)—1B(Xt — Yt)) |

We are interested in sufficient conditions for having D; < e. Set N := L7'BL, with
LLT =%, and also

d':=L'BX'-Y")=L"'B"(X"-Y" (2.35)

_ LletJrlLLfl(XO o YO> — NtJrlLfl(XO - YO>,

where the first equality follows since the draws are paired via c¢rn coupling up to iteration
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t (see Algorithmic specification [I)). Then (2.34) becomes

D' = erf (\/(dt)T(ld - NNT)ldt) | (2.36)

8

where we used (X — BYB")™t = (LL" — BLL'B")™* = L=T(1 = NNT)"'L~L. Given
7 reversibility of P, one has ¥BT = BY (Khare and Zhou, 2009b, Proposition 4.27),

implying N = N'. Hence by properties of the spectral radius and symmetric matrices

(d)'(1=NNT)a <[ d)Pp(la = NNT)™!
— ||Nt+1L—1(XO - YO)HQP(ld . NNT)—I
Tt N3 (2.37)
p(lg— NNT)
p<N)2(t+1)
1= Auin(NNT)’

< X" - YO)

< LT =Y

where for A € R™" we denote by ||All2 = supy_4o xern HIIIL::\(\[Q the induced 2 norm. Com-

bining (2.36)) and ([2.37)), a sufficient condition for D, < ¢ is to have

—1/~0 oy PNV)PEHD —1/.4)2
L7 X = YO P N (VAT <8 (erf'(e) " (2.38)
Note that this also implies that
Jd? < 8 (erf 1) (1~ Aan(VNT)). (2.39)

Again by 7-reversibility of P, since N = N, one has M\nin(NNT) = X\pin(N)? = \pin(B)?
and also p(B) = p(N). Substituting into (2.38)) and solving for ¢t we get the result. [

Lemma 11. Under the assumptions of Theorem [ we have
Dtk E[thrl - tklAk = 0, th, Ytk] S fg(e’f, B) a.s.,

where
In(12 + 8y/2/7)er f~1(e)//T + 2v/2(\/me)
e 5= “Tu(o(B) '
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Proof of Lemma[11. The proof of Lemma 1] relies on two different parts. In the first we
bound the expected square distance between X* ™ and Y®* ™! conditionally on A; = 0,
and this is achieved controlling the first and second moments of truncated Gaussians (see
Lemma |§| in the main body of the Chapter). Then we bound the product of the former
(possibly growing to +oo as € goes to zero) times the total variation distance between

the chains themselves.

We start by noting that the result of Lemma can be extended for every t,—t,_1 with

k > 2, since the arguments rely only on the form of Algorithm |5/ and on the expression

in (2.33). It follows that
Eltk — tel Ap = 0, X% Y] S E[fi(||L7H (X5 = Y|, e, B)| Ay = 0, X", Y],

Thus one can write

DHE [tkﬂ — ] Ay = o,th,Yﬂ
< DUE [fi(|L7H X = Y| e, B)|Ag = 0, X%, Y| (2.40)
< D' f, (IE LXK — Y| Ay = 0, X", Y™ e, B) ,

where the last inequality follows from Jensen applied to fi(-, &, B), and in particular to

the logarithmic function in its expression. Define 2% := \/ (d*)T(1 — NNT)-1d", with
d’ as in (2.35]). Since at iteration t; we implement maximal reflection coupling, we can

apply Lemma [6] on the argument of fi, provided that 2z, <1, thus getting

L7'B(X™ —Y™)|? 2
B L+ — e, — o] < LB )| (12+8 \[ )
s

()

Hence substituting the bound in the expression of f; in (2.40)), one gets

D*E|(tp1 — )| Ap = 0, X" Y]
1

Dt 1 - , §
= “In(p(B)) (2111(”0l %) = 5 (1 = Ain(B)) = In(2v2er f (5))> (2.41)

Dtx

< SShOE) (—21n(ztk) +In(12+8 2/7r)) (2.42)
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< ) |

_ (124 8y/2/m)er ! (¢)/ V7 + V2(v/7e) !
- ~In(p(B)) ’

~4In(z,) + In(12 + 8 WWQ (2.43)

(2.44)

where from to we used the condition in and subsequent simplifications,
and from (2.42) to (2.43) we instead used that, by construction and (2.34), one has
Dl = er f(z* /4/8). Finally it holds erf(z) < %x and —In(z)x < 1/e for > 0, and so
2t < 2¢/2erf71(e) by (2:35). O

Proof of Lemma@

In order to prove Lemma [6] we use an instrumental lemma, namely Lemma [12] In
the following, we denote TG(u, 0% a,b) a truncated Gaussian with mean parameter pu,

variance parameter o2, and constrained between a and b.

Lemma 12. Let 0 € (0,00) and a € R and X ~ TG(0,0% a,+00). It holds that

2 2
E[X] < max(0, o) "‘U\/», EX? <o+ + \/>040
m m

Proof of Lemma[I3. For T ~ TG(u,0?; o, +00), we know

E[T] = ¢ "o Za )#) (2.45)
TS d o)) ¢ ()
]E[T ] =0"4+o0 1_(I)<0‘0“)+'u +2N0’1(I)(0‘J/‘)7 (246)

where ¢(-), ®(-) denote respectively the density and the cumulative functions of the stan-

dard normal distribution. We divide the proof in the cases o < 0 and a > 0.

Consider av < 0. Denote by ¢, ,2., the normalizing constant ¢, ,2., =

Since X ~ TG(0,0% a,+o0) and a < 0, we have

22

—+o00 20 “+o0o 202
E[X] = / g < / e

«a Co o2 CO o2
Multiplying and dividing by ¢g 42,0 and recalling that for Y ~ T'G(0,0%;0,400) one has
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E[Y] = \/ga from ([2.45]), then

2

—z
too  e202 Co.02 2
0,04;0
/ x der < =22 Z0.
0 €0,02;a Co,020 ¥ T

Furthermore since 2220 — 0,020 < 1, it follows that

0.02:a 0 —-t=
o fae 202d$+co’02;0

E[X] < \/Za. (2.47)

Consider now o > 0. We prove

E[X] <o+ \/Ea — E[Y], (2.48)

with Y ~ TG(a, 0% a, +00). We exploit stochastic ordering: if there exists a coupling
between X ~ TG(0,0% a,+00) and Y ~ TG(«, 0% a, +00) such that Pr(X <Y) = 1,
then the desired result follows. Given that the Gaussian distribution belongs to the
exponential family, it has monotone likelihood ratio in its canonical statistics, that is x,

hence implying stochastic ordering.

For the second moment, by (2.46) and the bound just found in (2.47)) and (2.48), we

get
2 2 2, 2. |2
E[X?] = 0" + adE]Y] < 0 + a” + |/ —ao,
m

for Y ~ TG(0,1; 2, +00). O

Proof of Lemma[f. We first prove the bound for d = 1 and then generalize. The explicit
form of Algorithm [2] will be exploited repeatedly throughout the proof.

Suppose X ~ N(&,0%),Y ~ N(v,0?) where, without loss of generality, £ > v, and
define 2 := &% > 0, W ~ U(0,1), X ~ N(0,1) as in Algorithm . Coalescence is not

reached only whenever W > S(S)((;)Z ) or equivalently
x> 20
2 z
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z 9

Then it holds X|VV,X #Y ~TN (0, ;-5 — In(W) +oo). Furthermore, whenever coa-

lescence is not reached we have X = 0. X + pand Y = —0X + v, then, for a >0

Ela* (X = Y)W, X #Y] = ®E[(20X + & —v)?|W, X #Y]
= a’0’E[(2X + 2)?|W, X £ Y]
= a’0® [4E[X?|W, X # Y]+ 2> + 42E[X|W, X # Y]] .

Therefore, one can apply the bounds of Lemma [12|to get bounds for the squared distance

among the two distributions.

We now extend for the multivariate case, leading to the result. Again denote by
z = E*%(S —v), X ~ Ny(0,15), W ~ U(0,1) and e := oy s in the formulation of
Algorithm [2l. Whenever coupling is not reached it holds that

[l

z' X > — — In(W).

It is possible to find an orthonormal matrix R, i.e. a rotation matrix, such that the first
coordinate of X := RX becomes z and has squared norm exactly z'X. It then follows
from orthonormality and symmetry of X that X ~ N4(0,14). Whenever coupling is
not reached, only the first coordinate X, = 27X is constrained to be greater or equal
than —@ — In(W), independently on the other coordinates, i.e. z' X|X # Y, W ~
TN(0,1; —@ —In(W)). For this coordinate, the bounds in Lemma |12 still hold, giving

2
1n(W)> +1/-, (2.49)

™

l=)1*

2

E[z'X|X # Y, W] < max (O, -

Iz1*

- ln(W))2 +42 (—”ZH2 - ln(W)> . (2.50)

E[(z" X)) X #Y, W] <1+ (— - 5

Then, leveraging the expression of X — Y|X # Y and e, we get

E[JAX ~ Y)IFIX £ Y, W] = E[J A - v+ 20" X)She)PX £ Y, W]

~E X £Y,W

%))

A€ —v) <1+

2
el
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= |A(€ —v)|*E [1 + (z'X)* + ||Z4H2zTX|X £Y, W]

4 e 4
I (1 + W) ﬁ 1 W”) e

4
+ max (O, -2 — e ln(W)>

4
|z

<A -v)I*|2+

(In(W) +1/v2r)

(2.51)

By law of iterated expectations, one has
E[IAX - Y)[2IX # Y] = E [E[J AX - Y)[2X £ Y, W] . (2.52)

Hence we compute

4 e 2 ||z 4 _pz?
i ( 2 ““")) il A

Knowing E[ln(W)] = —1, E[ln*(W)] = 2, plugging [2.51)) in (2.52), one gets

EJAX - Y) 21X # Y] = Ey [E[JAX - Y)[2IX # Y, W]]
4
Ja]

< A€ —v)|? (2+ (3+ z/w)+H;‘”2(e“§'2—1+1/\/%)>.

Given that ||z|]| < 1 by hypothesis, then

12+ 8,/2
E[JAX - Y)[*X # Y] < [[A¢ —v)|? (W) :

[l

Proof of the claim in Remark

Let x ~ m = N(u, ) divided in K blocks as in Section [2.3.1} Consider D € R%*? block-
diagonal matrix with same blocking structure and denote by xp := Dx and by mp the

transformed random variable and the induced distribution respectively. We now show
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that both the distribution of the meeting time induced by Algorithm [5|and the bound in
(2.12) will not change.

From well known Gaussian properties, it follows 7p = N(Du, DXD"), furthermore
simple calculations point that Bp = DBD™! and Lp = DL. Let (Xt, Yt)tzl as in
Theoremand (X%, Y"1 the chain targeting 7p starting at (X%, YY) := (DX°, DY?).
It follows that || £(X"™|X") — LYY ||y = [|L(XEFHXE) — L(YSHYS) ||y for all
t > 1, hence the equal behaviour of Algorithm

2.12.2 Proofs of Theorem

The proof of Theorem [3| builds upon two results presented in Lemma and Lemma
below. In this section, under the assumption of Theorem [3, we will always assume
PF) = PP, and BY) as in Lemma 5| accordingly. Let also L be the block triangular
matrix such that LLT = 3.

Lemma 13. Under the assumption of Theorem@ for NF) .= [L=*BU) L it holds
Amin (NE(NENT) = 0.

Proof of Lemma[13. Leveraging the results in Remark [I} we find a suitable block di-
agonal linear transformation D of the chain and compute for the transformed chain
Amin(N ,gF) (N ,%F))T) (using the same notation as in Remark, then, since N ng) =Ly Bj(jF) Lp=
L'D'DBFID'DL = L7'BE L = N we get the result. Consider D = diag(Q.1), Q2.2))?-

It follows that the precision matrix of 7p is

1 | M
Qp = : (2.53)
MT |1

1 _1
where M = Q) 1721)Q(1’2)Q(2’22). By Lemma , one gets

0| —M

B —
0| MM
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If LpL), = ¥p (with ¥p full rank), then it follows Lp "Lp~' = Qp. Suppose now

A0
Ly = , (2.54)
B|C
for A, B, C' matrices of suitable dimensions, one has
ATA+B™B=1
B'C=M (2.55)
C'C=1.
And therefore, solving for N éF)
|- AAT | —ABT
Ny
0 ‘ 0
From which A (Ng“(zvgw) — Amin(NNT) = 0, 0

Lemma 14. Let B and BB be respectively the auto-regressive matrices induced by

PE) of @4) and PP of RI1) for 7 = N(w, %), with K = 2 blocks. Let N¥) =
L'BUIL agnd NFB) = [-1BEB)[, For all t > 1 one has

(B(F)>t _ Az(B(FB))tfl’

with Ay as in (2.58). If furthermore

1 | M
Q= : (2.56)
MT |1
it holds
t t—1 t—1 -1
(N |l < p((B(FB)) ) =p(BM)  =p(MTM)
where || - ||o is the induced 2-norm.
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Proof. For a two block Gaussian it holds E[x)|x(;] = Aix() +ag) for i # j € {1,2}.
So

0 A e (0] Ao

B —
0] Anr, 0 Ana

(2.57)

Note that from the above p (B(F)) = p(As1A12) =p (B(FB)). One can rewrite (2.57)) as
B(F) = A2A1 and B(FB) = AlAQAl for

1 10 0] A
A = , Ay = ) (2.58)
A | 0 0] 1

Simple algebra shows that A2 = A;, A2 = A, and (B)! = Ay(BFB))!=1, Furthermore:
(NN = LY BYNYL = L' AL LL Y (BYP)Y L = Ay(NEB)L (2.59)

where we defined Ay := L' A,L. By symmetry of N¥5) and submultiplicativity of the

matrix norm, it follows:
I(NE) o = [[Ao(NEP) =y < [ A [lap(NEP) L,

If furthermore @Q has the form in (2.56)), then one has Ajy = M, Ayy = —MT. Let L~ be

such that
AlO
L' = , (2.60)
B|C
It follows
L o

Ay =L 1AL =
(B M)A |0

I

and from (2.55) it is easy to see that B = C~T M = C'M and so || Ay||» = 1. Plugging the
result in (2.59) gives

I (N(F))t o < p ((N(FB))t—l) _, (MTM>t_1‘
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Proof of Theorem[3 The result follows from an adaptation of Lemma[I0]and Lemma
to the case of K = 2 blocks, combined with Lemma[I3]and Lemma[I4] above. Specifically
by Lemma [13] and Lemma [14] we have

IVE)* )

(N(F) )2(t—1) )
1= Apmin (NO(NE)T)

And then the sufficient condition in ([2.38]) becomes
J27H X" = YOV )2 < 8 (erf (o)

Since then p(NBF) = p(BFB)) = p(BI)), it leads to

(|7 (X" = YO)|) — In(2v2erf'(c))

i “In(p(BE))

Hence one can rewrite the formula for f; of Lemma [10] as

In(r) — In(er f~1()2v/2) ‘

e B) =1\ = (o))

The final formula is then obtained by plugging the above in the proof of Lemma [11] for
fo 0

2.12.3 Proof of Theorem

Proof of Theorem [} With the same reasoning as in Theorem [2] one can show that
T <1+ A(IL7HX=Y),& B,0) + (1 — )" fale, B,9),

where

(149)

fi(r,e, B,d) = max (ng, {ln(m — (1 - p(iVinT();)— In(erf~(£)2v/2)

I
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and

7 In(12 + 8y/2/m)erf~(e)/v/7 +V2(/me) ™!
fa(e, B,d) = max | nj, (12 + /m) f_;(;/)\/_—i_\/_(\/_)

(1+9)

Then combining the results with the same reasoning as in the proof of Theorem [2| gives

the result.

The form of f; comes from a generalization of f; in Lemma Given ([2.34), a

sufficient condition for D! < ¢ is
[d°)* < 8(1 = Ain(NNT)) (erf ' (2))?,

where as before N = L7'BL (no longer symmetric) and d* = L'B(X' — Y'). By

properties of matrix norm one has
[d"]* = [NILTHXE = YO)P < INHEILTHXE = Y.

The definition of n} implies that for all ¢ > nj:

1— N ¢ 1_ B t B
IVl < e LA N R A
1+4 1+0

Hence if ¢ is bigger than nj we have

1-p(B)

ld'|f* < eI LN XE — YO

Imposing the former to be smaller than 8(1 — A\, (NN ))(erf~1(g))? and solving for
t + 1 leads to the result.

As for f,, the result follows from substituting f; with f; in the proof of Lemma m
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2.12.4 Proof of the claim in Remark

Proof of the claim in Remark[] Consider a general d-dimensional Gaussian 7 = N (u, Q')
divided in K blocks of dimensions Iy, ..., I, for d = Y, I;. For m above it holds

J#k

(X (k)| X (k) (ZAk])x —l—aZ,Q(;’k)) , (2.61)

where A = 1; — diag(Q(’lh),...,Q(};K))Q and a; = Q@,l@') >5-1 Qij)k()- Lemma (7] of
Section shows the equivalence between Py, [P] and P of ([2-17). As for the maximal
coupling, note that the leading term in the computational cost of Algorithm [2]is the cost of
the Cholesky decomposition of Q necessary for computing z, known to be O(d?). It follows
that implementing naively P,...[P] has a cost of O((X Ix)?), while implementing P of
O(max(I3,...,I3)) (for fixed K), since composition of K successive maximal reflection
couplings. We show it is possible to implement Pmax[P] at the same cost. In the following
we consider the case of K = 3 blocks and forward kernel, although the procedure can
be extended straightforwardly to other specifications. A sweep of the Gibbs kernel P of
(2.4) can be written as

_1
thl = A(172)Xt2 + A(173)X€3) +a; + Q(121 Zl

XH —A21)X +A(23X )+32+Q22

mH

_ 1
:A(2,1)A(1,2)X 2)+(A( )A13)+A2 )X ‘I‘Agl Q( Z1—|—Q 2 ZQ+C2
_1
(3+)1 A(SI)X +A32 )+a3+Q )
= (A(371)A(1,2) + A AenAa: ) X(z) + (A 31)A13) + As2)AenAns) + A(3,2)A(2,3)) Xig+

1 1
+ (A(3,1) + A(3,2)A(2,1)> Qul : 121+ A2 Q 2L + Q(gg Z3 + c3,

Xt

(2.62)

where Z1,Z5, Z3 are Gaussian of dimensions I, I, I3 respectively and co, c3 vectors de-

pending solely on A, p and Y. That is
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X! X!, Qi 1 J 0 7.

Xi |[=B| Xy |+ AenQu Q) 0 Zy |+

X{3) X(s) (Asy + AsAey) Q(ﬁ) A(sz)%i) Q(},i) Z;
(2.63)

for B the same of Lemma [f] Since by Lemma [5] we have

t+1
X

X! | = BX'+ (S — BEB')2Z +b, (2.64)

t+1
X3)

then equating (2.63)) and (2.64)), it must hold

_1
Q 1) 0 0
_1 _1 T\41

Implementing Algorithm [2| for iteration of teh chains (X', Y");>;, one has z = (¥ —
BYBT)"2 B(X' —Y"), hence computing z is actually equivalent to solving the triangular

system

(2 — BB )2z = B(X' —Y?).

Starting from the first coordinate, it can be proved the solution is

1
Z(1) = Q(21,1) (A(L?)(sz) - YE2)) + A(173) (st) - Yl(t3)>) .

Then
1 _1
2(2) = Q) <A<2,1>A<1,2>(Xf2> = Yig) + (Aendas + Aey) Xy — Yig) - A(Z’”Q“i)m)
1
= Q(22,2)A(273)(X7E3) B Y€3))’
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and lastly
Z(3) =0.

From the above it follows that the computational cost of solving for (z1, zo, z3) is exactly

O(max(I3, I3, I3)). =

2.12.5 Proof of Lemma

Proof of Lemma[]. We first show that the distribution induced by P of is the
same as the one induced by Py, [P] of Lemma We then extend the result for the
composition of n kernels.

Given any updating order (ki,...,kx), let o be the permutation of (1,..., K), such
that (ki,...,kx) = (0(1),...,0(K)). Define A = 1, — dz’ag(Q(_lfl),...,Q(};K))Q, A* the
matrix whose blocks are Af; ;y = Ak, and also B* = (I — L*)~'U*, for U* and L*

upper and lower decomposition of A*, i.e. U*+ L* = A*. Lastly define the matrix B as

B((Zi),kj) = B{; ;- From Lemma 2l and Lemma 5/ of Section [2.2.1} the Ws-optimal coupling
of P is
_ Bx 1+ p) 1 1
Pw,[P)((x,y),") =N : @ (B =BORB)T) |, (265)
B@y + b 11

where b(?) = (I — B))p. Tt follows from Lemma [2/and (2.61]) that Py,[P:] is
P, [Pi] (x,5), (dx, dy)) = 2[V)(dXw), dY 1))y ) (AX(-k)> Y (—))s (2.66)
with

_ Ky + A (x — ) 11 _
v[v](dxpy, dy ) = N ; ® Q(kl,k)
Ky + A (y — 1) 11

Given that Py,[P;] € T[P] for all k = 1,..., K, it directly follows from the definition
of couplings that E[P®*] = E[Py,[P]], and also the diagonal elements of the variance
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covariance matrix of P and Py, [P] must be equal. As for the covariances, if (dx, dy) ~

P*((x,y),"), for s = 1,..., K we have

ks—1 K
dy o — Eldy ] = dy o — by — D Al (@Y gy — k) — Y Al (Y) — Br)
=1 I=ks+1
=F.Z,
ks—1 K
= dx(s) — ) — Y Alan(dxey — piy) — D Afan (X)) — Be)
=1 I=ks+1

= dx(y — Eldx(y)],

where F such that F,F, = (Q7 )54, Zs ~ N(0y,,17,). Forevery 1 <r < s < K, it

follows

cov (dx('r)a dy(s)) =E [(dX(r) - E[dx(r)])(dy(s) - E[dy(s)])—r}
=E [(dX(T) — E[dX(T)])(dX(s) — E[dX(S)])T}
= cov (dx(r), dx(s))
— _ Rlo) (oNT
= (- BO%(BY) )(m) :

hence the result for n = 1.

We now prove the result for n > 2. Given P® = Py, [P] as proved above and lever-
aging the equivalent formulation in (2.8) along with properties of Gaussian distribution,

it follows that iterating n times P(x,-) is the same as

P (x,-) 4N (B“))'x + (nz:l(B(a))j) b, (5(3(0))j) (E _ (B(”))Z(B(”))T> (S(B(a))j)

=0
Suppose that (dx’,dy’) ~ (]5% [P])n ((x,y),"), then

Ellx' —y'|I*] = [(B®)"x — (B)"y||* = Wa (P"(x, ), P"(y,")) -
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2.12.6 Proof of Lemma@

Proof of Lemma[9 By (2.33), and the definition of ¢4, it holds

Ip = qllrv = erf (édd‘“+5) : (2.67)

If a > %, as d — 400, Taylor expanding the erf function around 0 gives
Prias(p,d) = 1 Ip — allry = 1~ “okd=+ (2.68)
Tmaz\D, = 1= - =l—-—7 . .
2 P —d4qllrv N
If instead 0 < o < %, the argument of the er f function goes to +00. We exploit Gaussian

tail bounds to characterize the behaviour. Recall indeed that
erf(z) = 2®(v2z) — 1,

Proa(p,q) =1 —erf <Edd°‘+§> =2 (1 - P (ﬁd‘”ééd)) ,

where ®(-) indicates the standard Gaussian cumulative. Furthermore for x going to
infinity, it holds 1 — ®(z) =< @, where ¢ denotes the density function of the standard

Gaussian, it follows
1 .
d*"z _ ﬁd—mﬂ

On the other hand, considering the product of independent maximal couplings, the

argument of each erf function goes to 0 as d — +o0o and hence we exploit the same

expansion as in (2.68]), getting

i=1 =1

d
~ ) c;
where ¢é; = %\7% l. O
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Chapter 3

Dimension-free convergence of
coordinate-ascent variational
inference algorithms for large

hierarchical models

Chapter [3]is devoted to the study of the computational cost associated to the estimation
of variational approximations for large scale Bayesian model. We will focus on Mean
Field Variational Inference (MF-VI), a popular alternative to MCMC for approximating
posterior distribution in complex models. The associated optimization task of finding
the KL-optimal distribution within the family of fully factorized distributions is often
performed via the Coordinate Ascent VI algorithm (CAVI). Despite its popularity, there
are still few quantitative results on the convergence properties of the algorithm itself.
We investigate how the speed of convergence of CAVI is affected by the dimensionality
of the latent space for two-level hierarchical models (also called global-local models). In
particular, we obtain dimension-free convergence results under random data generating
assumptions in asymptotic settings where both the number of data and parameters grows,
with minimal assumptions on the model. Such results are substantiated by extensive

simulations on synthetic and real datasets.

After a brief review on the main contributions on the theoretical properties of VI in

93



Section 3.1} we provide basic knowledge on variational methods in Section [3.2] focusing on
the Mean Field family and CAVI algorithm in Section and Section respectively.
The bulk of our contributions are contained in Section [3.3], presenting our ongoing research

on the scalability of CAVI for large scale hierarchical models.

3.1 Introduction

Variational inference (Bishop, [2006; Jordan et al. |1999) emerged in last decades as a
promising alternative framework for posterior estimation in the Bayesian setting with
large scale models. In the Bayesian context, it seeks to approximate difficult to compute
posterior densities with the closest approximating density belonging to a pre-defined fam-
ily (Blei et al.,|2017)). Shifting the problem from stochastic approximation to deterministic
optimization, variational methods benefit from the advances in stochastic and distributed
optimization (Kingma and Ba) [2014; Kushner and Yin, 2003)). Differently from standard
MCMC, that under mild regularity assumptions are guaranteed to converge to the invari-
ant distribution (Meyn et al., 2009; Roberts and Rosenthal, |2004; Roberts and Smith,
1994), VI has been studied less rigorously than MCMC, and its statistical properties are
less well understood.

Seminal contributions were mainly focusing on investigating large sample properties
of the variational optimizer for fixed dimensional target. Specifically, the majority of the
works developed in the past decade were model specific results valid for a single variational
family: their approach was to consider the VI posterior means as point estimates and
show they enjoy the usual frequentist asymptotics (Hall et al., 2011; |Celisse et al., |2012;
Bickel et al., [2012). Recently, [Yang et al| (2020) produced variational inequalities for
a new class of variational approximations, termed a-VB, implying that point estimates
constructed from the a-VB procedure converge at an optimal rate to the true parameter
in a wide range of problems (i.e. the same rate as those constructed from the actual
posterior).

Among different possible approximation families, the mean field (MF) family is one
of the most widely used. Originating from statistical physics for physical models of fer-

romagnetism (Parisi, |1988; Kadanoff, 2009)), it became soon popular as approximating
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family due to its computational advantages. For this variational family, Wang and Blei
(2019a)) established the consistency and asymptotic normality of the VB posterior (i.e.
the minimizer of the KL with the posterior, among the MF variational family), assuming
data are generated from the model with a true parameter, and in particular they showed
that the VB posterior converges to the Kullback-Leibler (KL) minimizer of a normal
distribution, centred at the truth and that the corresponding variational expectation of
the parameter is consistent and asymptotically normal. The result has been later gen-
eralized to the misspecified setting in Wang and Blei| (2019b)), where the authors proved
that the VB posterior is asymptotically normal and centers at the value that minimizes
the Kullback-Leibler (KL) divergence to the true data-generating distribution and more-
over that the VB posterior mean centers at the same value and is also asymptotically
normal. Ray and Szabd| (2022) considered the case of high dimensional linear regression
with sparse priors and provided for this model oracle inequalities for the mean-field VB
approximation, implying that it converges to the sparse truth at the optimal rate and

gives optimal prediction of the response vector.

In many contexts the MF minimizer is computed using the Coordinate Ascent Vari-
ational Inference (CAVI) algorithm (Bishop, 2006), a coordinate wise algorithm well
suited for distributions belonging to the exponential family (Barndorff-Nielsen, 2014).
A first specific study of the induced asymptotic properties has been done in [Zhang and
Gao| (2020): they considered the mean field method for community detection under the
stochastic block model and showed that an iterative batch CAVTI algorithm shows lin-
ear convergence rate and converges to the minimax rate within log n iterations. More
recently Bhattacharya et al. (2023), focusing on the two-block case, analysed the con-
vergence of CAVI providing general conditions for certifying global or local exponential
convergence. From a more mathematical standpoint, under (strong) log concavity of the
approximating density, |Jiang et al.| (2024) proved the convergence of a restricted family
of distributions, while under the same assumptions Arnese and Lacker| (2024)); Lavenant
and Zanella| (2024) proved the convergence of CAVI respectively for the deterministic and
random scan version, and provided conditions for linear and exponential convergence of

the approximating densities.

Along a different line of research, the exceptional work of |Ascolani and Zanella, (2024))
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proved the dimension free convergence of the Gibbs sampling for a broad class of hier-
archical models with growing number of parameter and observations under random data
generating assumptions. Leveraging the known connection between Gibbs samplers and
CAVI algorithm for MF-VI, in this Chapter we compute explicit convergence rate for
the CAVI algorithm and prove dimension free convergence of the CAVI iterates to the
CAVI solution for the same class of models, under random data generating assumptions.
Our results suggest a strong agreement with the existing literature on convergence of
other coordinate-wise methods on the same class of models, specifically with the work
of |Liu| (1994) on the Bayesian Fraction of missing information for Gibbs samplers and
Meng and Rubin| (1994) on the Fraction of missing information for the study of Expec-
tation Maximization algorithms Dempster et al.| (1977)), with the notable difference that
our asymptotic characterization allows for explicit expression of the limiting convergence

rate.

Consequently, CAVT offers an efficient and accurate means of approximating posterior

distributions for this vast class of models.

3.2 Variational Inference

Consider x = (x1, ..., X,) a set of observations and let z = (21, ...,z4) be the correspon-
dent latent variables. A Bayesian model specifies a prior distribution p(z), a conditional

likelihood p(x|z), and then compute the posterior

p(z|x) o< p(x|z)p(z). (3.1)

Whenever the latter is not available in closed form, variational inference comes at hand:

once chosen a family of approximating distributions Q, it suffices to find ¢*(z) s.t.

q"(2) = argmingzceo d (¢(2)|p(z|x)) , (3.2)
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where d is some notion of distance between distributions. The most popular choice in

practice is the “backward” Kullback-Leibler divergence, defined as

p(z[x)

KLl = | log( (2) ) (2. (33)

K L(q||p) basically measures the discrepancy between the approximating and the true
log densities. Other valid choices include the “forward” K L(pl||q), used in the context
of expectation propagation (Vehtari et al., 2020), the Renyi or a-divergences R, (p||q)
(Minkaj, 2005; |Li and Turner, [2016), which interpolate between forward and backward
KL when « € (0,1), and score-based (or Fisher) divergences (Cai et al., [2024)), which

measure the discrepancy between V log(p) and V log(q).

Variational inference hence turns a probabilistic problem (the determination of the
posterior distribution) into an optimization one. The most popular techniques are the
mean field approximation (Bishop, 2006, Chapter 10.1) and stochastic variational infer-
ence (Hoffman et al.; 2013). For the effects of different divergence choices on uncertainty

quantification, we refer the reader to [Margossian et al. (2024).

In practice, instead of minimizing the KL, most methods maximize a tightly related
quantity, namely the evidence lower bound (ELBO). Given a model as in (3.1]), the ELBO

is defined as

ELBO(q) := / ¢(z)In (p(z’x)> dz. (3.4)
q(z)

Differently from the KL, the expression in only depends explicitly on the approx-
imating density and quantities specified by the model itself. Furthermore it is directly
linked to the expression of the KL in (3.3): the log marginal probability of can be

decomposed as

o) = [ pata)dz = [ (252 ) ataris

p(z

= ELBO(q) + K L(q||p).

Given that the log likelihood depends only on the observed data and not affected by g,
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minimizing the KL divergence is exactly equivalent to maximizing the ELBO, that only

depends on computable quantities.

3.2.1 Mean Field Approximation

In Mean Field Variational Inference (MF-VT) (Bishop), 2006; Blei et al., 2017) the choice of
the approximating family Q is the one of completely factorized distributions. Specifically,

suppose z € Xy X ... X Xj, with X; C R% and °!_, d; = d, then define

Qur =1{q: q(z) =1 ® ... ® qa(2) : q(z) < p(z|z) and KL(q|[p) < oo} . (3.5)

Note that in the present variational formulation no further assumptions are made about
the distributions, in particular, no restrictions on the functional forms of the single factors

are assumed.

Even with the restrictions on Q, the optimization problem is not easy to solve in
general: the objective function is convex, but we seek to minimize over the space of
factorized distribution, that is not convex since a mixture of product distributions is not
a product distribution in general. It follows that multiple local minima (Wainwright and
Jordan|, 2008, Section 5.4) might exist. In order to solve the optimization problem, one
usually resorts to iterative methods such as coordinate ascent (descent), i.e. maximizing
(minimizing) the objective function along one coordinate, keeping all the others fixed, and
iterate along all axes. The procedure is called “Coordinate Ascent Variational Inference”
(CAVI), and can be implemented sequentially on all coordinates in a predetermined or
random order. Either way, it is guaranteed to converge to a local optimum under mild
regularity assumptions, since intuitively each update step in CAVI is designed to increase
the ELBO in (3.4)) which is bounded from above, hence the procedure must land sooner
or later in an optimum. The main appeal of CAVI is that the coordinate updates are
explicit, indeed it is easy to show that each update has the form reported in Proposition

2

Proposition 2. Given a model as in (3.1) and the variational family Q of (3.5)), fix
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(¢} )ji, the KL minimizer for the i-th coordinate

q; (z) = argmingepx) KL (q;“(zz') HqJ‘(Zj)||P(Z|93)) 7
i#i

satisfies

6 (2) x expE. vy, [log (p(z|25, )], (3.6)
where the expectation in (3.6)) is with respect to all components except the i-th.

However note that since the denominator of the conditional does not directly depend

on z;, one can also write

g; (z:) x exp B, _, [log (p(z,%))].

We report in Algorithm |11} a general implementation of the scheme.

Algorithm 11: CAVI algorithm for general densities

Input: densities p(z|x) and (¢;)%;;
while not converged do
L fori=1,...1 do

t update ¢/(z;) x expE,_, {log (p(zi]z,i,x))};

Output: approximating densities (¢;)%;

Proposition [2| and highlight a direct connection with Gibbs sampling: both
methods involve full conditionals, but while the latter actually requires sampling from
them, CAVI at each iteration only retains the form of the full conditional and optimize
on it. It is then reasonable to expect that CAVI approach leads to tractable solutions

when the Gibbs does and with similar convergence properties, as we later show in Section

3.3l

3.2.2 CAVI for Exponential family

The CAVT algorithm of Section becomes even more amenable when approximating
distributions with full conditionals belonging to the exponential family, that is p(z;|z_;, x)

belongs to the exponential family for all i. To set notation, let z € R? be a random vector,
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we say it belongs to the exponential family (in its canonical form) if its density function

can be written as

f(2) = h(z) eXp{Z:l ns - Ts(z) = A()},

where h : R? — R is a non negative function, n € R is the canonical parameter of the
family, T = (T1,...,Ts) for T; : R — R i = 1,....S is called sufficient statistics and
A :R% — R is the log normalizer. Recall, by standard properties of exponential family

(Barndorff-Nielsen|, (1978} [Diaconis and Ylvisaker, [1979), it holds

E[T(z)] = VyA(n), var (T(z)) = H (A(n)) , (3.7)

2
where H;;(A(n)) = 87;;_9(,)%14(17).
Suppose that given a probabilistic model, each full conditional p(z;|z_;,x) belongs to
the exponential family. It holds that the updates of the CAVI algorithm preserve the
form of the conditional and hence result in an even more appealing parametric update.

Indeed for S =1 (i.e. single parameter exponential family), one has

L(zi|z_;) = h(z;) exp{nT'(z;) — A(n)},

where 1 = n(z_;), since the canonical parameter will depend on the conditioning variables.

Then by Proposition [2}

qi(2:) o< exp{Eqy_; []T(z:) — A(E,_,[n])}, (3.8)

i.e. the variational distribution for z; is the full conditional with updated parameter
being equal to the expectation, with respect to the variational distribution, of all the

other variables. We report the resulting updating scheme in Algorithm [12]

Algorithm 12: CAVI algorithm for exponential family distribution
Input: n;
for t=1,...,T do
for i=1,...,I do
L | update ni =By, [0il;

Output: updated n.
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3.3 Dimension-free convergence of CAVI for large hi-

erarchical models

Consider models where the observed data y,.; are divided in J groups of dimension
M, each one characterized by local variables 6; € R?.j =1, ..., J whose behaviour is

governed by an hyperprior 9 € R%. In symbols

Vim0 S f(10;)  m=1,.,Mj=1,..1]
0,1 S p(-ly) =1, (3.9)
17/J Np()(')7

for f,p,po respectively some likelihood, local and global prior. Models as in (3.9) are
workhorse of Bayesian Statistics and are commonly employed in many applied contexts
(Gelman and Hill, 2006; Gelman et al., 2024)). We consider variational approximations

of the posterior density belonging to the mean field family Qysr of (3.5), that becomes
Qur ={q:q(1,0) = q(v) [[ 4;(6))}, (3.10)
J

for @ = (64, ...,0;). We are interested in studying how the speed of convergence of the
CAVTI algorithm of Section to the CAVI minimizer is affected by the number of data
and parameter J going to infinity for models of (3.9, under random data generating

assumptions, that is, supposing that there exists a distribution P s.t. y; s p.

Review of the main contributions We first give quantitative results on the rate
at which the variational means provided by the algorithm at iteration ¢ converge to
their limits for sufficiently large J. Given the recursive form of the CAVI updates in
, the former amounts to studying an O(J)-dimensional recursion. Leveraging a
dimension reduction trick similar to that of |Ascolani and Zanella (2024)), we show that
the former characterization is sufficient to directly bound the KL divergence between
the CAVI iterates and the optimizer as the number of data and parameters grow to

infinity. The rest of the section is divided as follows: Section [3.3.1] contains notational

101



choices to facilitate the exposition of the subsequent results, Section is devoted to
the analysis of a simple conjugate model that already retains all the properties we will
later investigate, while in Section [3.3.3] we briefly review some of the results in [Ascolani
and Zanella (2024)) relevant for our work. We then report our novel results for univariate
hyperprior in Section both for Gaussian priors and more general ones. We finally
extend the results to multivariate priors in Section [3.3.5 where some results need further

investigations. Proofs are deferred to Appendix [3.5

3.3.1 Notation

For models as in with J latent variables and the variational family in (3.10]), we
denote by ¢'(0,1) = ¢' (1) j 1 ¢5(0;) the variational distribution at iteration ¢ of Al-
gorithm where the factorization follows by the definition of Qy;r. The variational
optimizer, defined as the distribution to which CAVI converges to (under mild regularity
assumption it always exists) will be denoted as ¢5(68,%) = ¢*(¥) [1]_, ¢;(6;). Often we
will denote £, (-) the variational law of the variable within brackets and E,[-] expectations
with respect to it. For models with J groups, we denote by A;(t) = E,[t¢] the mean value
of ¢*(¢), and write equivalently gx,«)(¥) = ¢'(v) and qAJ »(0;) = ¢j(0;), highlighting
the dependence to the global parameter (see Section m 2| for further details). The mean

parameter of the CAVI solution is instead denoted as A%. Lastly, we write

KLy(t) = ( qu )Na; (@ 'tb))- (3.11)

The statements of the following sections will be derived supposing that there exists
either a true measure P with density p s.t. y; % P not necessarily belonging to the model
in , i.e. the misspecified setting, or that there exists a true global parameter ¥* and
a true probability measure Gy« s.t. y; i Gy~ with density

919" = [ F(¥16,)p(8,1w")d0 (3.12)

In either case, we denote the “true” marginal mean by pup = Ep[y,] and the “true”

marginal variance covariance matrix as X% = Ep[(y; — pp)(y; — pp) '] for y; 8 p.
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3.3.2 Illustrative example for univariate hyperprior

We report below explicit results for a conjugate model for which the computations admit
closed form solutions, but already exhibit the properties that will be central afterwards.
Consider a hierarchical model as in , where f,p,po are supposed to be Gaussian.
In this particular case it is possible to explicitly characterize for every fixed J the ap-
proximating distribution at each iteration of the algorithm, the CAVI solution, the speed
of convergence and also the limiting behaviour as J grows to infinity. Nonetheless this
simplified setting provides useful insights for the proof techniques we will develop later.

The model can be written as

yjmw]‘ifi\(’iN(ej,To_l) m:]_,...,szl,...,J,
9j|M7 1 lfl\(} N(:UJ77—1_1) j = 17 e Ju (313)

o~ N(MOa T(i]l)’

where 7y, 71, o, Tog- are supposed to be fixed. Note that each full conditional belongs to
the exponential family, and the results in Section [3.2.2]can be applied. Let (s, 61./]y1.)
be the posterior distribution of the model in . We are interested in studying the rate
of convergence of K'L;(t), as in , showing exponential convergence as J grows. In
particular we first study the convergence of the variational parameter and then compose

the result to bound the KL divergence. Set

Ao(t) = [ da' () 05(t) = [ 0 dg}(8;) for j=1,....

where \; will be called global variational parameter in contrast with the local ¢;’s. Ini-
tialize A;(0), then sequentially update the ¢;’s. Exploiting the formula in Proposition ,

it follows

mmy T

¢ (6;) =N ( A (), (mo + 71)1> j=1,...J, (3.14)

mTy + T1 J mTy + T1

Tooko + 71 > ¢5(t + 1)
T00 + JTl

¢ (p) =N ( , (100 + Jﬁ)1> : (3.15)

103



where y; == (3,, Yjm)/m. Combining (3.14]) and (3.15]), it is possible to write a recursion

solely in term of the global variation parameter \;, indeed

/\J(t + 1) =4gJ ()‘J(t)7YI:J)

Tooto J7 2.5 Yj
= + +1iAs(t) |,
T00+J71 (T00+J71)(mT0+T1) <m7-0 J n J( )>

(3.16)

where g; : R x R™/ — R is a function depending explicitly on J, the variational

parameter A and the observed data y,.;. The form of (3.16) will be central for the theory

on recursions later developed in Section [3.3.4] and [3.3.5] Define

JTl T
T00 + JT1> (mTo + 7'1).

Peavi = O\G1(N, ¥1,5) = ( (3.17)

Then, since

Pcavi <1 VJ Z ]-7

by the Banach fixed point theorem there exists a unique fixed point A% for (3.16|) to which

the iterations converge, satisfying

AT] - gJ()‘j}a yl:J)'

Solving the equation leads to

mty + 11 mtomJ (3 95)/J
Tooto +
mTo(Too+JTl)+TooTl m7’0+7'1

Ay =

— pp = A" P> _q.s.,

where the limiting result is obtained applying the strong law of large numbers on the y’s,

>, Ui

J

meaning — wp. Furthermore (3.16)) allows to characterise the speed of convergence

to the fixed point. Note indeed that

== P10 N DY
=25 =TT 24T

k=0

= ((Too + JT;];I;TO + 7_1)> (As(0) =A%) < /)t(AJ(O) ),

(As(0) = A7)
(3.18)
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T1
T1+mTo’

where p = independently of J. The equation above certifies an exponential
convergence of the global parameter to the fixed point. We now turn to the study of the

convergence of the KL divergence. Recall that KL (N(ul, o) ||N (2, ag)) =1ln (f) —

7+01+(#1 p2)?

, then substituting with the expressions in (3.14]) and (3.15), we obtain

KL(t) = KL (q'(n)llq" (s )+§:KL(%(ﬁMﬂ%D

Too + JT o7 3\
:%()\J ZE )

Jj=1

Too +J11 JT .
(m21+2jux>Aﬁ

+J J
< (M ) O - o

where the last inequality is obtained by leveraging (3.18]). From the above, supposing

Yj id P, two claims are possible.

Proposition 3.3.1. Consider the model in (3.13)), and define ¢, and ¢ as in Section

3.3.1 Suppose 3P s.t. y; % P, then under warm start assumptions, i.e. |A;(0) — \| <
75, Ve >0, AT (e) s.t

. T(E) *
Jl_lgloo KL(q; " llqy) <e

If instead |\ ;(0) — N5| < ¢, Ve > 0, T (e, J) s.t

lim K L(g;“"lg7) <

J—~+00

and T(e,J) = O(log(J)).

Note that the above statement is completely deterministic since the rate of convergence
does not depend on the observations. In the following sections instead the results will
be under P> or Gspof) probability, that is the one generated by an infinite sequence of
yiri\c}Poryirif}GW,asin .

To illustrate the phenomenon, we report below the average number of iterations
needed for convergence of CAVI on the model in (3.13), under both warm and cold
start. For this model, the CAVI solutions and the expression of the KL divergence are

available in closed form and we considered the algorithm as converged when the KL was

105



smaller than a chosen threshold. In the following section, we generalize the results to fam-

Mean iteration for ], cold start Mean iteration for J, warm start

10.0 10.0
7.5 ) 7.5
2 ° Tz
.9 ‘. -9
=< 5.0 ° 5 5.0
o ° o
25 257 ° ° 0 °
0.0 0.0
100 1000 10000 100000 1000000 100 1000 10000 100000 1000000

J J

Figure 3.1: Iterations to convergence for hierarchical Gaussian as the number of latent
varibles J grows, cold and warm start, log scale on the x axis.

ily of distributions for which it is prohibitively difficult to solve the fixed point equation
in (3.16]) and derive the inherent properties.

Remark 8 (Connection to alternative coordinate wise schemes). For the model in (3.13])
with fixed variances, Ascolani and Zanella| (2024)) characterized the convergence behaviour

of a deterministic scan Gibbs samplers as J grows to infinity.

Lemma 15 (Ascolani and Zanella (2024)) Section 4.3). Under random data generating

assumptions, the convergence of the Gibbs algorithm for J large enough is characterized
by

Bloar (T(0))|1", ;) |
var (E[T(6;)|p*, y5]) + Elvar(T(6;)|1*, ;)]

T1
mTo+711 "

Pgibbs =

In our notation, the result yields pgips = The previous expression coincides
exactly with the convergence speed peq.; of . This does not come as a surprise: Tan
and Nott (2014) proved, exploiting the autoregressive formulation of Gaussian Gibbs
sampler in Roberts and Sahul (1997)), that for Gaussian targets CAVI and Gibbs sampler
converge at the same rate. For more general hierarchical models, the convergence of Gibbs

sampler is characterized by the maximal fraction of missing information , quantified as

the extra variation caused by missing 6 (Liu| (1994))

g = var (E[h(p)|[Y1.7,01.5]| Y1) _inf var (E[h(61:5)[ Y10, p]|Y1:s)
var(h(w)|Y1.7) h var(h(0y.5)|Y1.7) '

._..
>
—

The result of |Ascolani and Zanella| (2024)) notably avoid the computation of an infimum

over a set of test functions, but states that the infimum is attained exactly at the suffi-
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cient statistic of 7'(¢;). Considering instead the EM algorithm, (Meng and Rubin), 1994;
Dempster et al., [1977) showed that the “local” rate of convergence is governed by the
largest eigenvalue of the matrix of fractions of missing information due to incomplete
data, namely

T1

- Icom * _1]miss DK R
gl (n") (n") pp—

where the last approximate equality is obtained for J large enough. Sahu and Roberts
(1999) showed indeed that the approximate rate of convergence of the Gibbs sampler by

Gaussian approximation is equal to that of the corresponding EM-type algorithm.

3.3.3 Review on dimension-free mixing times of Gibbs sampler

Our approach for the analysis on CAVI on hierarchical models builds on the exceptional
findings of |Ascolani and Zanella| (2024)): although the theory we develop is in nature
different from the one presented in the aforementioned work, the results we expect to
achieve are similar.

The paper deals with application of Gibbs samplers to hierarchical models as those
reported in of the following section, and in particular shows dimension-free conver-
gence results under mild assumptions on the likelihood function as the number of groups
goes to infinity. Central point of the theory is that studying the properties of the Gibbs
sampler as the number of parameters goes to infinity is equivalent to study the proper-
ties of the Gibbs scheme targeting the limiting distribution. Obviously, the latter has
dimension that goes to infinity, but for hierarchical models with p(-|¢)) belonging to the
exponential family, it is equivalent to study the Gibbs sampler on the fixed dimensional
target 7;(dT,dy) := L(dT,d|Y1.s), where T is a set of sufficient statistics T = T(6),
whose dimensionality does not depend on J, such that £(dy|0,Y1.;) = L(d|T(0),Y1.;)
(Lemma 4.1 Section 4.1). Usually the target distribution 7 is not available in closed form,
and the corresponding two-block Gibbs sampler P/ cannot be implemented directly, but
is possible to characterise the asymptotic distributions of the involved full conditionals
(that we will later exploit in our proofs), namely £(T|¢,Y1.;) and L(¢|T,Y.;), and
the mixing properties of the related Gibbs. In particular, Proposition 4.5 shows that

a suitable rescaling of (T,1) converges to a multivariate Gaussian distribution in total
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variation distance. The proof combines a BvM for ¢ with a less standard Central Limit

Theorem for T conditional on ¢ (Lemma 4.4).

3.3.4 Theoretical results for univariate hyperprior

For model (3.9)) with univariate hyper priors, the iterative equations of CAVI have a form
particularly amenable for the theoretical analysis we have in mind. We start by proving
the theory for the case of Gaussian prior and hyper-prior, and general likelihood. We later

extend the result for prior belonging to exponential family and conjugate hyperprior.

Gaussian prior and hyperprior

In the following we consider the estimation of a Bayesian model of the form

y; | 0; 7 fy|6)) j=1.../J
0 | n S NEO ) G=1,....J (3.19)

p~ N | o, 05).

The CAVI recursive equations can be written as

As(t+1) —7" Z 5 (v (1) (3.20)

where J,t = 1,2,... and 77 : Y x R — R measurable function for all J. The form
of (3.20]) is inspired by (3.16). We now state the necessary assumptions for deriving our

result.

(A1) there exists a measure P s.t. y, <P

(A2) For every J > 1 there exists a fixed point A% of equation (3.20). Moreover, there

exists A* such that A\ — A* € R P-almost surely as J — oo.

(A3) Let Bf = {\| [N —\*| <€}, for € > 0. Then there exist 6 > 0 and p; < 1 such that

Ep

sup |<9ATJ<.V],A)|] < pJ.
AEB;}
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and suppose that 9p < 1 s.t.
lim p; = p. (3.21)

J—+00

(A4) define pu; = Eplsupg. [OnTs(y;, A)[] < ps by (A3), and suppose:

Eplsup 02T (y; s (1)l - pil'l<b Y
5

Note that assumptions (A1)-(A2) are the natural setting for the kind of analysis we
develop, (A3) is needed to ensure convergence of the algorithm for big J and we will
prove that it holds for models as those in (3.13)), (A4) is instead a technical assumption
required for the application of a strong law of large numbers type result on the T)s of

(3.20). Then we can prove

Lemma 16. Consider equation and assume (A1) — (A4) are satisfied. Thus, there
exists ¢ > 0 such that, if |A\;(0) — X| < ¢, for almost every sequence y = y,.., there exists
J* = J*(y) such that

(As(t+1) = A5 < pHAS(0) = AL,

for every J > J* and t > 1 for p as close as desired to p (as defined in (3.21))).

Lemma [16|above provides insights on the limiting behaviour of CAVI iterates, bound-
ing the distance to the local minimizer. We now exploit this notion to directly study
the behaviour of the KL divergence. Before stating the main theorem we need some
additional assumptions. With the same notation as in Section , let G, denote the
marginal likelihood of the model in (3.19) and denote its density, obtained by integrating

out the group specific parameter 6, as

gy | p) = /Rf(y | O)p(0 | ) d . (3.22)

Suppose
(B1) There exists p* s.t. y; Py G, for G- with density as in (3.12]).

(B2) For every J and y,.;, the A* of (A2) is such that \* = p*. Moreover, there exists a
finite random variable X such that v/J (A — y*) — X in distribution, as J — co.
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(B3) The function E [Hj |y, u} is continuously differentiable with respect to u, for every

y;-

(B4) There exist a neighbourhood W* of A\* and constants C; = C(y;) such that the
functions K L;(A|\%) := KL(q5™(0,)|lq5(6;)) are twice differentiable with respect
to A and 93 KL; (A\|]\%) < C for every A € U*. Moreover %Z}J:l C; < C < oo,

Giﬁo)—almost surely.

Theorem 1. Under (A1)-(A4) and (B1)-(B4), under warm start assumptions, i.e. pro-
vided |A;(0) — \%| < =5, for hierarchical models of (3.19), then Ve > 0, 3T (¢) (indepen-
dent of J) s.t.

Pr (KL(q§(€)]]q}) < 5) — 1 Gfﬁo) —a.s., as J — 400
If instead one supposes cold start, i.e. |A\;(0) — \%| < ¢, Ve >0, IT(e, J) s.t.:

Pr (KL(q§(E’J)\]q}) < 5) —1 G/(ff) — a.s.

where Gfﬁo) is the law of the infite sequence y = yy...-

Theorem [I] characterizes completely the behaviour of CAVI algorithm for certain
large hierarchical models, it also guarantees the convergence to the minimizer in a finite
number of iterations, independent of J under warm starts, or increasing logarithmically
with J for standard initializations. In Section [3.3.4] we present ongoing research on the
generalization of models to incorporate general hyper priors.

The theorem above can actually be extended to the case of misspecified likelihood,

indeed suppose
(B1*) there exists P s.t. y % P and define p1* as the model parameter s.t. p* =
argmin,, K L (PHGu), where G, admits density g(y | 1) as in (3.12)).

Then one can prove

Corollary 3. Under (A1)-(A4) and (B1*)-(B4) for the same setting as in Theorem [1]
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under warm start assumptions, Ve > 0, 3T (¢) (independent of J) s.t.
Pr <KL(q§(5)||q§) < 5> — 1 P _qg.s.
Under cold start, Ve > 0, 3T'(e, J) s.t.:

Pr (KL(q§(E’J)||qj) < 5> —1 P _g.s.

Extension to General likelihood

We consider now an extension of the model in (3.19)), allowing for general univariate

hyperprior, i.e.

yi | 0~ f(y|0;) j=1,...,J,
L(0; | 1) = h(0;) exp{uT(0;) — A(n)} j=1,...,J, (3.23)
p~ p(p).

It is possible to show that the CAVI updates in this case can again be written as a
difference equation on the scalar parameter A;(¢). We defer to later works the proof of
the KL convergence, although it comes from a straightforward generalization of Theorem

I In detail
)\J(t) =4gJ (/\J(t - 1)ay1:J) ) (324)

where g; is a real-valued function depending on random elements y; %S P defined on the
same probability space. We report in Lemma [16[ a proof of the exponential convergence
for such recursion. The result could then be applied to the recursion originated from the
model in , the proof is already available up to a necessary Bernstein-von Mises like
theorem for the variational distribution, we defer such a proof to next works.

Consider the assumptions (A1)-(A2) of Lemma [16] furthermore assume

(C1) The function g;(A,y;.;) is continuously differentiable as a function of A, for every

J and y;.;.

(C2) Let BX = {\:|X— \*| < ¢}, there exists 6 > 0 such that
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(C2.1) There exists a real-valued function h such that 9y ¢g; (A, ¥1.;) — h(X) uniformly

P)_almost surely as J — oo, for every \ € Bj.
(C2.2) There exists a constant p € (0,1) such that h(\) < p for every A\ € Bj.

(C2.3) There exists a constant C' < oo such that 9 g; (A, yy.;) < C for every A € B}

and y,.;.

Proposition 3.3.2. Consider a recursion as in (3.24), then under (Al) — (A2) and
(C1) — (C2), there exists ¢ > 0 such that, if |\;(0) — \%| < ¢, for almost every sequence

Y = Y. there exists J* = J*(y) such that
[As(t+1) = A5 < p"THA0) = AJl,

for every J > J* andt > 1.

3.3.5 Multivariate hyperprior

We now seek to extend the construction of the previous sections to the case of multi-
variate priors. As before, we start with a conjugate model where results are available
in closed form, providing insights of the theory later developed. In particular, from the
example below we derive the necessity to express the prior on the local level as a distri-
bution belonging to the exponential family, written in its canonical form: this allows to
write the CAVI updates as a linear recursion and hence exploit similar theory as that
developed for the univariate recursions. Furthermore, the illustrative example shows the
necessity to develop auxiliary results that allows neat explicit computations, momentarily
used without theoretical justifications, namely the fact that under regularity assumptions
the limiting fixed points are exactly the fixed points of the limiting distributions, and the
limits of the derivative (or spectral radii of the Hessians) are equal to the derivative (Hes-
sians) of the limiting recursion. For the moment, we only characterize the convergence

of the variational parameter.
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Illustrative example

Counsider a model of the form:

Yjm|0; 1rl\(}N(HJ,crr) m=1,.Mj=1,.,J,
iid )
9]’/1/77—02 ~ (u7 T(?) j = 17"'7 J?
/%7'02|M0, Uga g, By ~ NIG(MO, 1/‘7§a 040/27ﬁ0/2)- (3-25)

Let

M) = [pdd ), st i= [, &)= [oPdd (D). (326)

We report the main computations in the Appendix. The limiting recursions are

v e
T M+ My e
* v 1 2 2 2.2 2 2
B v R v (VM (M = 1)o7 + (07 +73) + 2wEos (M — 1)) ;
i M(V*)Q(Jz + M73) vrE*
V =

(Ml/* + f*)Z MV* + f*’

where we derived from (3.46))
Z Zyjm My;n) ] = M*(M — 1)05

Eq[>_(yjm — 11@)*] = M(oy + 75),

m

and exploited the fact that from the first recursion we get

)\* = /JJQ.

Solving the system of fixed point equations for M > 1 we get



or

While for M = 1:

)\*

— *

=0

I
=

AT =1,

2
Y

2
+7—0,

2 2
F+vi=o,+15.

As for the KL divergence, exploiting the factorization of the mean field solution, we

have

KL(q' (75, 07) [T 4 (0r:0)llay (. 75 01.0)) =

J

KL (¢ (1, m)llg5 (1, 73)) + KL (' (0))la3(07)) + KL (565145 (6)))

(3.27)

And taking the limit as J — +o00 it is easy to see that it displays the same rate of

convergence to zero as the slowest between the hyperparameters. In Figure |3.2] we report

the distance in log scale between the variational parameters and the variational minimizer,

left panel: cold start, right panel: warm start.
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Figure 3.2: Iterations to convergence for hierarchical Gaussian models, different data and
parameter number, cold and warm start, M=10.

Note that for the computations above we solved the recursion in (3.48)), whose form

differs from that of the previous sections because of the cross terms in the y,’s. Such a

complication can be avoided expressing the prior for the local parameters in the canonical

form of the corresponding exponential family distribution, as made clear in the following

section.
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Multivariate hyperprior: theory

Consider hierarchical models of the form

v 10,% f(y] 6 j=1,....J
L(0; | 1) = h(6,) exp{u T(0;) — A(W)} j=1,...., (3.28)

L(p[to, no) oc exp{p tong — noA(p)},

for to,ng fixed parameters, p € R? 0; € R¥Vj = 1,...,J. It is possible to show that,
under assumption on the model, the recursive updates induced by the CAVI algorithm

have the form:

At +1) 7" +1 EjjT(y], ), (3.29)

J:1

for A € R? where J,t =1,2,... and T : Y x R? — R? is a measurable function, i.e.

T(Y]aA) - (Tl(yj'7A)7 s 7Td(Yj7A)) :

If Ae R we define with [A],, its (m,n)-entry and with p(A) the spectral radius of

A. Moreover we define the following d x d matrix as
(UN)]mn = E [0, Tuly;, M) (3.30)

with m,n=1,...,d.

We make the following assumptions:

(A1) Y, ~ S P, where P is a probability distribution over Y.

(A2) For every J > 1 there exists a fixed point A% of equation (3.29). Moreover, there

exists A* € R? such that A% — A* P(®)-almost surely as J — oo.

(A3) Let Bf = {X| [[A—A*|| <€}, for € > 0. Then there exist p < 1, M < oo and § > 0
such that

p(B(N) <p and E |sup 62, Tu(Y;, )|

AeB}

< M,

for every m,n, k=1,...,d.
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We need a preliminary result.

Lemma 1. Let A € R¥™? and assume p(A) < p. Then there exists ¢ = ¢(A) > 0 such
that for every B € R with max,, ,, |[Blma| < € it holds that p(A + B) < p.

Then we can prove the following lemma.

Lemma 2. Consider equation (3.29) and assume (A1) — (A3) are satisfied. Thus, there
exists ¢ > 0 such that, if | A(0) —A%|| < ¢, for almost every sequence y = y,.., there exists

J* = JY) such that

IAE+1) = N3] < pHIA) = Ajl,

for every J > J* andt > 1.

3.4 Discussion

As the complexity and availability of data continue to expand, providing a clear under-
standing of the computational properties of algorithms for posterior inference has become
increasingly critical. This need is especially pronounced in contexts such as variational
inference, where direct, reliable uncertainty quantification is often unavailable, and robust
convergence diagnostics are lacking.

In this chapter, we made an initial contribution to the understanding of the conver-
gence properties of the Coordinate Ascent Variational Inference (CAVI) algorithm when
applied to large scale hierarchical models. By leveraging the probabilistic structure of
these models and asymptotic results, we were able to rigorously characterize the speed of
convergence of the CAVI iterates to their solution in terms of the model characteristics.
This characterization was done both for the variational parameters and the Kullback-
Leibler (KL) divergence.

Our findings reveal strong agreements with existing literature on coordinate-wise
schemes, confirming the efficacy of CAVI in various hierarchical settings. The results
underscore the importance of model characteristics in determining the convergence be-
haviour, providing insights that could be valuable for practitioners in selecting and tuning

variational inference algorithms.
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Looking ahead, we are currently developing extensions of our theoretical results to
encompass general global /local models, such as those described in |Hoffman et al.| (2013).
This will involve a more comprehensive analysis of the statistical properties induced by
CAVL

By extending our theoretical framework, we aim to offer a deeper understanding of
the convergence properties and other statistical attributes of CAVI across a wider range

of models.
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3.5 Annex

3.5.1 Proofs of Section [3.3.4

We state the following instrumental lemma:

Lemma 3. Consider a triangular sequence (X1, ..., Xon )iy, 8.t Xpj L Xpi for i # j

n=1-

and let p, = E[X,;]| = for all j. If E[|X,; — pa]*] < bVj,n then:

lim —ZXW fn =0 a.s.

n—-+oo n

Proof. Without loss of generality consider the centered sequence s.t. E[X,;] = 0. It

follows:
E[(X_1 Xns)*]
(\lexmw > ) = Px( rjzlxm s
By independence and since b > E[X);] > E[X7,]* by Jensen:
E[(> Xu)' =D E[X,]+ 6> E[X2]E[X2] < nb+ 6n°b.

=1 j=1 i#j

Substituting in the above

I 13 22 nb + 6n2%b
Pr(|— ) X,:|>¢) < -
nz::l r(|njzz:1 ]’ 8) —nz::l n4€4

]

Proof of Lemma[16. Fix t > 1. By a Taylor expansion and using the definition of \% in
(A2) we have

J
As(t+1) = 7" jZ 7 (yj A (1) = X5
=
agj 1 J " N 1 J 1 . i
-7 jg (3/]7)‘) A+ (A(t) Jz::/ 3,\TJ(Y]',)\J—|—x()\J(t)—)\J))d:c
= () = \) /aATJ Y5 Ny + (A1) = A7) da,

118



for every J > 1. This implies that

(1) = X5 < [As(8) )\’}]—Z/ dr,  (3.31)

Ty (95 A5+ x(Ms(8) = A7)

for every J,t > 1. By assumption (A2), for almost every sequence y = (y, ¥, ...) there
exists J; = Jy(y) such that |\} — A\*| < §/2 for every J > Jf. Choose now c in the

assumptions s.t. ¢ = 4/2, so that we can conclude
IS+ 2(As(0) =A%) — N[ <0, (3.32)

for every z € (0,1) and J > J;{. Choose now € s.t. p+ ¢ < 1. By Lemma , which can
be applied thanks to (A1), (A3), and (A4), we have

lim fZ sup Ny, M) = py < lim I*Z sup 03T (yj, A)| — ps| = 0. (3.33)

From the above it must exist J; = J;(y) such that V.J > J3

B

k.

J €
Z UP |ONT 1 (yj, A)| — sl < 7
]:1

and so

€
— sup |1 (y;, < pj+ =,
53 mp 005 V)l < 0+

Then by (A3)-bis, 3J5 s.t. [p; — p| < 5, so:

1 J
jz up |a)\TJ y]7 )| S p+€7 (334)

j=1*

for all J > max{Js, J;}. If furthermore J > J* = max{J}, J3, J;} by (3.32)

li/l
J 2o

J
z sup [WTy(u N (3.35)

—1 AEB;J

Ty (yj, Ny + 2(A(0) = X)) | d
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Combining (3.33) with (3.34), we obtain

1Lt
: Z/O Ty (43, A5+ 2(A(0) = A7) |de < p + <,
j=1
which implies
[As(1) = A5] < pIA(0) — A3.
for p = p+ e < 1. The rest by induction. O]

Proof of Theorem[1. We begin by showing that for models as in (3.19)) under (B1)-(B4),
Lemma [T6] applies. Setting again

Ao(t) = [ pda'(u), 05(t) = [ 0 dg}(8;) for j=1,....

we get

0. 0
40) o Flilty) exp{As(t) S — 51,
70 7o

0

q"" (1) oc h(p) exp {u <u;)23 +> ¢t + 1)) - ;#273} :

The recursion becomes

2 Jo? it +1
)\J(t+1):JlL;0TO 2 200 szgb]( >a
g + 70 JUO + 70 J
and satisfy the same form as in (3.20]), with 7 (y;, \) = #‘Eﬂgbj()\). We need to show
0 0

that assumption (A3) is satisfied. Given assumptions (B1)-(B3), it follows by the law of

iterated expectations

Ec, [El0;1y;: tlllp=pr = 1, (3.36)

and that

B var(8;ly;, i)
EGH“a)\gbj(A)H - EGH [UW(W]
_ var(0;|p) — UCLT(EGH[GﬂijN])’ <1
var(0;|p) o ’

(3.37)
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therefore there exists a neighborhood Bj. of u* such that for A € Bj., one has

Eg,. [[0x5l] |l < p <1 j=1,..J (3.38)
and hence:
Eq,. [sup |05 (s, V]| = E J% 1036,
.|su , = . |sup ——— ;
G, ng AL g\Y G, B(%JJ03+T(]2 AP
JUS .
Ja§+73p_' P,

and p; — p < 1. By independence assumption of the mean field family we have:
KLy(t) = KL(g\(1)llan, (1) + D K L(g;(0;) 145 (0;))- (3.39)
J

For the first summand, being the full conditionals Gaussian and exploiting the result in

Lemma [16] there exist a J* = J(y;.;) s.t.

o2J + 72 .
KL(g\ (1) llaxs (1) = OT(%O(AJ@) - \5)? (3.40)
2 2
< W0THT5 () (0) = A5, (3.41)
20

for p as in (3.38)). As regards the second summand in (3.39)), note firstly that every term
can be seen as a function of \;(t), indeed, by the recursive updates of Algorithm ,
¢j(t+1) = h(A;(t)) for some (possibly unknown) function h. Hence define:

KLyABIN) = KL (q(0,)143(65))
Under (B3) we can apply Taylor formula to get

KL(q;(60;)l14;(6;) = KL;j (As(t = 1)[|A7)
= KLj (A7[A7) + At = 1) = A0 L (| A7)

xy + (At = 1) = X))22K Ly (A1N) |

with [A = A5 < [A;(t = 1) = A5, It is clear that K Lj (Xy]|A5) = O\K Ly (A[|A5) [x=xs = 0,
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so that
KL (qll4(0;)) = s(t = 1) = X502 K Ly (N|AS)

with |A — A% < |As(t—1) = X\5|. Then, under the event {J A(t—1)=X5)° < p2(t*1)62}’
by (83) we have
KLy (Q§-(9j)||q;(9j)) < 2pP- =L

Y

C.
J
so that with J high enough
J p—
2 KL 06 6))) < 00
Thus

J
Pr (Z KL (g5(0;)llg; (6)) < e/2> >Pr(CJ(\(E—-1)-X\)?<e/2).  (342)

j=1

By combining (3.40]) and (3.42)), we conclude

/N

Pr <KL dh | 4y) < e>

> Pr ({ang(AJ(t —1) =2 <2 n{CT (Mt —1) = A? < e/2}> .

It is possible to choose t such that the right-hand side goes to 1, since by Theorem [16| we
have

Pr(J(As(t) = A5)? < p'c?) > Pr(IAs(t) = 3] < p'[As(0) = A5) = 1,

as J — oo, since [A;(0) — Aj| < —= by assumption.

Proof of Corollary[3 Instead of using the law of iterated expectation and variance, one

can state similar results exploiting information in a neighbourhood of the KL minimizer
and the result follows. Instead of (3.36) and (3.37), from Lemma 17| proved below we

have:
Ep[E[0;]y;, p]l|y=pr = 117,
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and

Ep[|oxg]] = < p < 1.

Since the variational distributions ¢;(#;) has the same distribution of £(0;|y, i) (by CAVI

properties applied to exponential family distributions), then the proof follows. O]

Lemma 17. For the model [3.19, under assumptions (B1*), (B2) and (B3), for every
7 =1,...,J it holds

Ep[E[0;]y;, illlu=pe = 1 Er(|0.E[0;1y;, 1)} pmpr < 1.
Moreover, there exists a neighborhood Bj. of u* and a p such that for u € B;,., one has

Ep[|0,E[0;]y;, wl[]lu=pr < p < 1.

Proof. The proof strongly relies on the formula of the KL divergence and the densities of
(3.19). Given the definition of x* in assumption (B1*) we have u* = argminK L(P||G,,),
hence

OuKL(P||Gy)lp=pr = 0

(3.43)
02 K L(P||Gy) e > 0.

Leveraging the above equations

9,KL(P|G,) =0, /ln p (y)dy = —/% In(g(y[n))p(y)dy

-/ fyw ») p<y>dy——(Ep [E[ﬂg"”]—m)),

where A(p) denotes the log partition function of the prior (in this case, being Gaussian,

2

A(p) = 4%), and we exploited the definition of g(y|u). Substituting with (3.43), one gets

o

EpE[fly, 1] = A'(1")75
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Furthermore note that

var(6;]y;, 1)
0. Ep[0;]y;, 1] = va(7“(]9’|]u) >0,
J

by the formulation of the model. As for the second derivative we get
0LKL(P|G,) = = (Ep[0,Ep[0]y;, )] — A"(1)) = — (Ep[|0,E[0;]y;, pll] — A" (1)) -
Again by (3.43)) we have

aZ2KL(P||Gu)|u:M* >0« EPHauE[QﬂyjaN]mu:u* < AN(H*)T(?

< Ep[|0.E[0;]y;, pll] < 1,

where we used that A”(;) = %. The last statement follows by continuity of Ep[0,E[0;y;, u]]
0
implied by (B3). O

Proof of Lemma[3.3.9. Let z;(t) = A;(t) — A%, with A% as (C1). By formula (3.24) and

definition of A% we can write

ZJ<t> =4J (’ZJ(t - 1) + )‘iklv yl:J) - /\T]
By (C1) we can apply Taylor formula to get

1
2008 = 95 s ¥) = X 2t = 1) [ (1= )00 95 (O + 225t = 1), y,) s
3.44

1
= ZJ(t - 1)/0 (1 - CL’)@)\ gJ (/\*J +m2J(t - 1)7Y1:J) dl‘7

by definition of \%. By assumption (Al) and (A2), for almost every sequence y =
(Y1, Ya, ...) there exists Jf = J{(Y) such that |\ — A\*| < 6/2 for every J > J;. Choose

now c¢ in the assumptions s.t. ¢ = /2, so that we can conclude
N+ xzp(t—1) — N[ <0, (3.45)

for every x € (0,1) and J > J;. Choose € s.t. p+ ¢ < 1. Therefore, taking (3.44) with
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=1, by (C2) we have that 3J5 = J5(y) s.t. VJ > J;

1
| = a)10ngs (5 +22(t = 1,31 | do

1
< [ W=0)onh (5 + 22t = 1).315) + 2l de < (p+e),

P)_almost surely. Notice that limit and integral can be exchanged thanks to (B3.3)

combined with Dominated Convergence Theorem. Therefore for J > max(Jy, J5):
[As(1) = A5 < [As(0) = AJlp,

P()_almost surely, for j = p+e¢. Iterating the argument can be reiterated ¢ times to get

the final result. O]

3.5.2 Proofs and computations of Section |3.3.5

From the formulation of the model in (3.25]), we get 7|, Bo ~ T (an/2, Bo/2), p|7E ~

N(u,7203), and E[u] = po, E[7E] = afSQ. Standard computations on the model show that

2\, ~ N2
(u, 75)|- ~ NIG 604‘;(9] 0) +1+‘78J

M0+032j9j 1+0(2)J Ozo—i-J}
1+o03J = o3 = 2 72

(9_ - “0)2) )

2 2 2 2
To Zm yjm + Ko, 790,
b )
o2+ M7¢ o2+ M7é

9j|-~N<

0,2|' ~ IG <a+MJ 5+ijm<yjm_6j)2> .

2 2
And also

9(y,lp. 15, 02) = N(p, 02 L + 70 H) j=1,..J (3.46)
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where [,,, and H denote respectively the m dimensional identity matrix and matrix of
ones. Using the same notation of Section [3.3.5] we get

vya )y, yimtAs€sa(J) ~
fo + 05 35 ZngiMVJ%] 1+o05J ag+J fo+ 0By

1+02J ez 2 2|

+MJ 1 vy m Yim + Mg ? §ivy
tig?) =T arMs mJJ — Yim >
QJ(UT) G 2 72 B—i_;; MVJ+§J yj + MT/J"‘&J )

¢5((n,73)) = NIG

}: ‘m~+>\J£Ja VJ&J .
L) = N [ ZImYimd =1,..,J
q]( ) ( afj—i-MCNLV] ’aéj—l—]\/[dl/J J T

where a(J) 1= a?i§i2> a(J) = ai§i2 and

5 JEvy 1 1 . (X5 X Yjm)®
1= T+ advy) (1 - J) e, Tt |0 (Z(%: Yim)® = =T ) *

J

J vyya + Aja&y ? vi€s
_ . 3.47
+1+U§J (( al; + Mav, #0> +J(a§J+MVJEL) ( )

The corresponding recursions is

vya Zm Yim+AEra(J)

po + 05 X, € a+Mvya
M(t+1) = ot MG
s(t+1) 1+03J ’
N=— . 3
b+ 1) = s o+ )
1 (3.48)
e R VI

Vi om Yim + As&s A ? §ivg
5+;;(< Mvy+&; _yjm> +MVJ+§J> ’

with 8 as in (3.47).

As for the KL divergence, exploiting the decomposition in (3.27)), we now analyse the

behaviour of the summands.

For the first summand, recall that if p = NIG(uf, A\, @, B,),q = NIG(ud, A\, v, By),
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then

KL(p(p, m)lla(p, 15)) = Ep[K L(p(ul75) la(pul )] + K L(p()]la(75))

= (o) [KL(N (s, 75 / MIN (1, 75/ A)] + K L(IG (e, B) [ 1G(, 5By))

B By — B
Z )2 q\2 In 14 q P
25;;)\( — )+« (Bq>+a A

hence

KL(Q%Mﬂﬂ?)HQ}(M?ﬁ?)) = 1 o +:] (Z Ev(t)[ej] - Ev* [QJ])

2ﬁ0+ﬂJ j
+a0+Jln Bo+ By Oéo-i‘(]ﬁf;—@J
2 Bo + B3 2 Bo+ By

where (37 as 37 but with the optimal parameters. For the second summand, since

KL(N (1, 03)|N (12, 03)) = 31 (3 ) = L+ “H02027 one has
1

20'

e viEs (w > ymatAsgia vy Y, yjmw;é;a) ?
1 —IsL 1 af.+Mav, af+Mav, B ag* +Mav
t o aéj+Mavy J J
K L(q;(6;)|q3(6;)) = iln ey ) + 9 V&
ag+Mavy ag+Mavy

For the third, recalling KL(T ™ (a, 81)||IT " (a, 52)) = alog Z+ a%, hence

\ a+MJ  B+pB;  at+MJIB -
KL(q'(o7)llg5(07)) = ———log -+ S ..
5 + 3 B+ 0
“h A 1 VI D Yim A€ 2 Evy A A _
with 8, = 3 b+ Zj Yom (AM] — yjm> + o=zl Bk and (7 as $; but with

the limiting variances.

Proof of Lemma[g Fix t > 1. By a Taylor expansion and using the definition of A% in
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(A2) we have

At +1) — J+;ZT(y37 (£)) = A5
—j+$jZIT(y )—)\T]‘FAJ(t)()‘(t)_}‘})
= Ay(t) (A(t) = X%),

for every J > 1, where A;(t) € R¥? with
[As Ol = 5 3 /0 T (775 X5+ (A(t) = AY)) da (3.49)
=1

Thus it suffices to prove that for almost every sequence y = y;.., there exists J* = J*(Y)

such that p(A,(t)) < p for every J > J* and ¢t > 1.

Apply Lemma [If with A = W(A*) and fix the corresponding € > 0. By assumption
(A2), for almost every sequence y there exists J; = J{(Y) such that [[A; — A*[| <
min{2, £} for every J > J;. Similarly, choose ¢ < min{Z, 1}, so that for every J > J;

and = € (0,1) we can conclude
A5+ 2(A0) =A%) — X*|| < 0, (3.50)

and

M (NG = N[+ 1IA0) = A5l < (3.51)

l\D\m

Moreover, by the Law of Large Numbers, which can be applied thanks to (A1), and (A3),
there exists J3 = J5(Y') such that

M“

€
ZaA m (352 A7) = [ aa <5 and sup 103 Tu(y;, )| < M, (3.52)

for every J > J5 and for every m,n,k=1,...,d.

Define now J* = max{J;, J;} and fix J > J*. Let n,k =1,...,d. If z € (0,1) again
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by a Taylor expansion we have

00T (5 A5+ 2(A(0) = A7) = 05, Ton (v, A7)

£30 [N = AL+ 2 O(0) = X5)] 2 Ty Aua),
k=1
(3.53)
where Aj(x) is such that |[A;(x) — A*|| < d. Thus, combining (3.49) and (3.53) we have

that
A;(0) = ¥(A") + By,
where
[BJ]mn 3;8An (yj'a)\*) [\IJ()‘*)]
J aom
# T D A 0~ 50] 8, Tl M)

By (3.50]) and by the definition of 6 and A;(z) we have that

‘ /Z X'}k AL+ 2(A(0) = /\Bkﬂa}\k (yja)\J( z))dx

( Z sup |05, Tin (¥, )I) (AT = A%+ [IA0) = AG)
j= 1)\6 5
for every m,n, k. Thus, combining (3.51]) and (3.52)) we obtain
max [Bjlmn <€,
which by definition of e implies p(A;(0)) < p and thus
[AL) = NS0 < plA0) = Sl

for every J > J*. Assume now that

IACE) = A5 < P IA0) = A3, (3.54)

129



for every J > J*. Then it suffices to show that p(A;(t)) < p for every J > J*, with A;(t)
as in (3.49). Notice that (3.50)) and (3.54) imply

AT +2(A(t) = A7) = N[ <,

for every J > J* and = € (0,1). Thus the result follows as above, by definition of J*. [
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Chapter 4

Exact simulation in non-conjugate
models via Catalytic couplings and

Adaptive Rejection samplers

In this last chapter we present a recent work started during the visited period at Warwick
university in collaboration with professor Gareth Roberts. In the following we seek to
provide theoretical insights on Catalytic couplings (Breyer and Roberts, |2001), a coupling
procedure originally developed for CEFTP of Section and novel applications for
Adaptive rejection samplers (Gilks and Wild, [1992), to provide an effective methodology
for sampling of coupled chains for non conjugate models, such as those analyzed in Section

217

4.1 Catalytic couplings

Catalytic couplings are a coupling strategy first introduced in the work of |Breyer and
Roberts (2001)), specifically designed for Markov chains. Although not maximal, the
algorithm is implementable also whenever the marginal distributions are known up to
their normalizing constants and allows in principle to couple more than two chains at
once. In detail, let (X");>; be a Markov chain evolving according to some 7 invariant

kernel P, admitting density p(x,-) ¥x € R%, and also suppose that the kernel update can
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be written as a random function f, i.e.
[ 7x) Pr(f(x) € dy)dx = n(y)dy.

Pr(f(x) € dy) = p(x,y)dy.

Furthermore choose an easy-to-sample proposal distribution ) with density ¢. Then a

sample from the catalytic coupling algorithm is:

Co()(x) = Y if p(x, Y)q(f(x)) > €p(x, f(x))q(Y) (4.1)

f(x) otherwise,

where £ ~ U(0,1) and Y ~ Q. In general terms, the idea is to sample from a modification
of the original transition kernel P, and use the same procedure to other chains in such
a way that they have a positive probability to coalesce at the value Y. The proposed

modification does not affect the marginal distribution, i.e.

Pr(Cy(f)(x) € dy) = p(x,y)dy = Pr(f(x) € dy),

and this follows directly from the form of Cy(f)(x), that can be viewed as a Metropolis
step with target p(x,-) and proposal distribution ¢q. The procedure in requires the
knowledge of p and ¢(-) only up to the normalizing constant and furthermore exhibits a
fixed computational cost, from which it derives the appeal of such method.

For (X,Y) € I'(p, ¢), a naive implementation of the Catalytic coupling is reported in
Algorithm [I3] where p,, g, denote the unnormalized versions of p,q respectively. The

Algorithm 13: Catalytic (independent) coupling of X ~ p, Y ~ ¢

Input: densities p, ¢;

Sample X ~ p

Sample Y ~ ¢

if £ < qu(X)p,(Y) then
L set Y =X

Output: (X,Y).

idea is to use a sample from p as proposed modification for ¢ and accept it with the
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Metropolis rate. It is possible to quantify the loss in coalescence probability between

Algorithm (13| and a maximal coupling, as made clear in Lemma

Lemma 18. Let p,q € P(X), X ~p, Y ~ q, coupled through Algorithm then

2
Pr(X=1Y)> (Tg’ag(p, q)) >1=2[p—qllw,

where Prp,q..(p, q) denotes the probability of coalescence under a mazximal coupling.

Proof. From the form of Algorithm [I3] it follows that

i <1’ e )

=
S

Pr(X =YX)=E

where the expectation is wrt ¢, hence the coupling probability

i <17 Gu(x) Pu(Y)ﬂ p(dx)

Pr(X=Y) = /E Pu(X) qu(y)

B // min (p(x)q(y), ¢(x)p(y)) dy dx
=1-[p®q¢—q@p|w

> (1—[lp — qllw)*.

From the above it follows that implementing catalytic coupling on distributions that

are close in total variation distance results in a nearly maximal coupling.

Algorithm [13|is suboptimal in many ways: using draws from ¢ as Metropolis proposals
might result in low acceptance rates and hence low coupling probabilities. A more tailored
proposal can be used: one could draw Z ~ h for h some carefully chosen distribution,
and then use it as catalyst for both X and Y. Coalescence happens if both accept. A

possible implementation using same random number is presented in Algorithm [I14] Then
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Algorithm 14: Catalytic coupling of X ~ p, Y ~ ¢
Input: densities p, q, h;
Sample Xg ~p, Yo~ q, Z ~h
Sample £ ~ Unif[0, 1]
if ¢ < Zu(X)pu(Z)

w(Z)pu(X)

then

L set X =17
else

| set X =X,
s hy qu
if € < pGed
then

L set Y =127
else

| set Y =Y,

Output: (X,Y).

the acceptance probability becomes

Pr(X = Y|Xo, Yo, Z) = Pr(X = Z,Y = Z|X,, Yo, Z)

_ min (1 h(Xo) p(Z) h(Yy) Q(Z)>
" p(Xo) MZ)" q(Yo) h(Z)

In an ongoing work, we are currently investigating the links between the formulations
Catalytic couplings and the pseudo marginal approach for MCMC simulations (Andrieu
and Roberts, 2009)): the acceptance ratio for Algorithm equals that of a maximal
coupling times an estimate of the normalizing constant, as for general implementations

of marginal algorithms.

4.2 Adaptive Rejection sampling

Adaptive rejection sampling (Gilks and Wild, 1992)) is an efficient method for rejection
sampling from any univariate log-concave probability density function. It requires a
minimal number of evaluations of the density function, leveraging the construction of
upper and lower envelopes used for sampling and compute acceptance probabilities, hence
well suited for situations where the evaluation of the density is computationally expensive.

In brief, let f(x) be the density to sample from, suppose it is known up to normalizing
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constants, i.e. g(x) = cf(x) is known. Let h(z) = Ing(z), and let D be the domain of h,
assumed to be connected. Suppose that h(x) and h'(x) have been evaluated in the points
of Ty := {x1 < ... < zx € R}. The upper rejection envelope on T} is defined as exp ug(z),
where u () is a piecewise linear function formed by the tangents to h(x) in the points

of Ty, namely:

ug(x) = h(z;) + W (z;)(x — ;) for x € [zj_1,2], 1 =1,..., k;
- M) — h(fff‘) - $j+1f//($j+1) +x;l () i1k
W (1) = h(x5)

The resulting proposal distribution is

exp ug(z)

- for v € [z-1,2], 1 =1, ... k.
Jp exp uy,(z')da’ or e €zl

sk ()

The lower hull is formed from the chords between adjacent abscissae in T}, and is used
mainly for computing the rejection probabilities without evaluating each time the expen-

sive density g(z). The sampling procedure is reported in Algorithm [15]

Algorithm 15: Adaptive rejection sampling for univariate log concave density

f
Input: log density h(x), h(x;) and h'(x;) for j =1,.... k;
while not accept do

Sample x ~ Sy, with density si(x)

Sample w ~ U(0,1)

if w < exp{li(z) — ux(z)} then
| accept x

else
Evaluate h(z) and h'(x)
if w <exp{h(xz)— ug(x)} then
| accept x

6utput: sample x ~ f.

Suppose one wants to couple Markov chains where the update of some coordinate
is done via rejection sampling: implementing Algorithm [I| and Algorithm [2| would be
impossible since the transition density is known up to a normalising constant. Leveraging

Catalytic couplings of Section [4.1] is still possible to carry on the coupling procedure.
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4.2.1 Applications to GLMMs with crossed effects

We consider the same setting and models of Section [2.7.2] We coupled chains marginally
evolving according to Algorithm [7} The advances of Section and allow us to
simulate directly from a coupling of the exact full conditionals without the need to resort
to Metropolis within Gibbs schemes. Recent findings of|Ascolani et al.| (2024) showed that
the performances of a generic coordinate wise scheme (measured through the conductance
of the associated operator) differ from the ones of a random scan Gibbs sampler by a
multiplicative factor controlled through the goodness of the conditional update, measured
via the notion of conditional conductance (see Corollary 1, Proposition 1 and 3). Hence
implementing adaptive rejection sampling on the updates of fi(k) fori =1,....I1;k =
1,.., K should result in a speed up of the mixing of the chains and hence, in view of
the results of Theorem [ in smaller meeting times of the chains. We report in Figure
the average meeting time for the same chains of Section and the one obtained
implementing catalytic coupling and adaptive rejection sampling (“ARS & catalytic” in

the legend). Although generally more expensive than a Metropolis within Gibbs with S =

* * O A}% & catalytic
£ 40 MwG, S=3
= — MwgG, S=1
o0
£
D 20
)
= e —e— —— %
0 50 100 250 500 1000

I
Figure 4.1: Estimated mean meeting time for K = 2, I; = I, = {50, 100, 250, 500, 1000},

71 = T2 = 1,b =1 with Laplace response.

1 (as those implented in Chapter , adaptive rejection samplers provide nearly perfect
samples and hence result in the smallest meeting times among the explored options,

substantiating our heuristic that faster mixing chains results in lower meeting times.
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