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Abstract

Objective of this thesis is to propose some novel techniques for Monte Carlo estimation of classes of diffu-
sion and jump diffusion processes for which finite dimensional distributions are unknown. Given a process
Y whose law is not known, we simulate an exact Skeleton at some randomly sampled time points using
the techniques (Exact Algorithm) introduced in Beskos. et al. (2004). The Skeleton (S) decomposes Y’
in a sequence. of bridge processes. Crucially, we are able to determine the conditional law of ¥ given
the Skeleton, or equivalently the law of the bridges. .Knowing the conditional law of the process, we can
simulate the target functional ¢ conditional on S wit:hout resorting to any approximation.

We apply this scheme to two challenging. Monte Carlo problems of relevant interest in mathematical fi-

nance: the barrier problem and the problem of the estimation of the Greeks.






Introduction

-

Objective of this thesis.is to propose some novel techniques for Monte Carlo estimation. of classes of dif-
fusion and jump‘:diﬁ'usion processes for which finite dimensional distributions are unknown. Typically, in
these cases direct Monte Carlo simulation is unfeasible. As a consequence in order to estimate the expected
value of a functional ¢ of the process, it is common practice to discretize the process and run Monte Carlo
simulation on the discretized process. This elearly introduces a bias in Monte Carlo estimation. Such bias
can be reduced only at the cost of a larger computational effort. In comparison the Ezact Monte Carlo
method we propose here is unbiased and efficient. In fact on one hand, our Monte Carlo estimator is free
from discretization bias. On the other hand, this achievement is not subjected to any trade off involving
the computatiorial time,

The general-idea is the following.

Given a process ¥ whose law is not known, we simulate an exact discrete realization called Skeleton at
some randomly sampled time points using the techniques (Exact Algorithm).introduced-in. Beskos et al.
(2004). The Skeleton (S) decomposes Y in a sequence of bridge processes. Crucially, we are able to de-
termine the conditional law of ¥ given the Skeleton; or equivalently the law of the bridges. Knowing the
conditional law of the process, we can simulate the target functional ¢ conditional on & without resorting
to any approximation.

We'apply this scheme to two challenging Monte Carlo problems of relevant. interest in mathematical fi-

nance; the barrier problem and the problem of the estimation of the Greeks.

Part 1 (Chapter 1 to 4) of this Thesis is devoted to the first problem.

Firstly, we consider a one dimensional diffusion process ¥ with unit diffusion coefficient:

[,



dY, = a(Y)dt +dWy;, Yo =1y, )

0<t<T

Our aim is to estimate the following expected value:
v=E¥3(Y)) = E (g(Y7)l{rery + MYT)(ro1) | Yo =) (2)

where T > 0 is a fixed time, 7 is the first exit time of Y from the set H := (a,b) such that y € (a,b), g(*)
and h(-) are two measurable functions.

It 1s worth to menti'oﬁ the fact that in general the barrier problem (2) for a generic diffusion X can be
reformulated as a barrier problém for a unit diffusion coefficient process Y by applying to X a monotone
transformation 7, i.e. Y = n(X).

In finance the problem of the computation of v arises in many context, most notably barrier options’
pricing and credit risk modeling. However analytic computation is possible just for a small set of simple
models (see e.g. Reiner and Rubinstein, 1991, for the Black-Scholes case). On the other hand Monte Carlo
strategies based on discretization methods may perform very poorly (Gobet, 2000).

In Chapter 1 we consider a class Dy of diffusion processes Y (1) defined by a certain set dy of condi-
tions on the drift function o(-) and we make use of the Ezact Algorithm 1 (EA1) of Beskos et al. i(2004)
to generate an exact Skeleton (S;) of the process. The original process is decomposed by the Skeleton in
the product of independent bridge processes. For each bridge we are able to determine its distribution law
and define an algorithm to simulate its crossing probability, both in the single barrier and in the double
barrier case. This allows us to simulate exactly ¢ by conditioning on &;.

More specifically, the conditional law of the process given the Skeleton & is the law of a product' of in-
dependent Brownian bridges whose crossing probability and hitting time’s density have been extensively
investigated in stochastic analysis. Using these results we can simulate exactly the target functional. In

particular in.the one barrier case we apply the well known Bachelier-Levy theory which provides explicit



formula for the crossing probability of a slope boundary for Brownian motion. In the two barriers case we
develop an:original procedure to simulate from the two-sided crossing probability. The procedure makes
use-of Doob’s representation of the crossing probability of the Brownian motion as a telescopic sum.

Simulation studies show that our estimator is:

o unbiased: Euler-based estimators converge to our estimator as the length of the discretization interval

decreases
o cfficient: as the Euler estimator’s. bias decreases, our estimator overtakes it in terms of efficiency.

The method described in Chapter 1 allows us to'construct an unbiased Monte Carlo estimator of v.
Crucially, we don’t need knowledge of the transition densities of the process: this makes our method con-
siderably more é;e_neral than the other unbiased Monﬁe Carlo methods. However restrictions d; we impose
on. Y can be particularly demanding when we deal: with models actually used in practice, for example in

finance. Therefore it seems a priority to extend our method to a wider class of models.

I Chapter 2 wé discuss some ideas which allow to enlarge the class of models to which the Exact Monte
Carlo method can be applied.

We show how to construct the Exact Monte Carlo estimator of (2) for two wider classes (D, and Dj) of
processes. Basically we resort to the scheme set in Chapter 1. However we need to introduce some further
results and:constructions in order to apply the "old” framework to the "new” models.

Specifically, for' D; we have made use of the Ezact Algom'thh 2 (EA2) of Beskos et al. (2004) for the
simulation of the Skeleton. Since the. Skeleton (S3) produced by EA2 has different properties from the
Skeleton produced by EA1, the conditional law of the process given S; is now the law of a product of
independent Bessel bridges. We finally discuss crossing probabilities for Bessel bridges and define an ap-
propriate algorithm to simulate from them in the one barrier and in the two barriers case. .

On the contrary, for D3-processes we just transform the original process Y € Dy into a new process Y eD;
which leaves the expected value v unchanged. Therefor, for Monte Carlo estimation of v, we can apply to

Y the framewosz- introduced in Chapter 1.

In Chapter 3, we extend the methodology introduced in Chapter 1 to jump diffusion models. Jump

Al s e



diffusion processes ha\}e become increasingly popular in financial modeling over the last 20 years. It be-
came widely acknowledged that the standard Black and Scholes (1973) assumption of log-normal stock
diffusion fails in expla.i;ning market behavior. However, dealing with jump diffusion processes, for e>;<a.mple
in pricing derivatives 5or modelihg credit risk, is mathematically much more challenging than the case
of pure diffusions. In.fact, except for very basic applications where closed form solutions are avéizlable,
for most computational problem we have to resort to simulation methods. In particular, for the barrier
problem, closed form expressions for the crossing probabilities exist only under very special assumptions.
However, resorting to ldiscretizaﬁion techniques, we observe that if the jump component is indepenéent of
the diffusion component, jumps’ times and amplitudes are not affected by discretization bias and can be
simulated exactly. In this case the discretization error of Monte Carlo estimators is the same as in the case
of pure diffusions.

I.\'/Iost critical is the ca,:se- when the intensity of the marked point process driving the jump compox?lent is
state dependent. The Fliscretiza.tion error reflects on the simulation of the jumps, resulting in larger bias
of the Monte Carlo estimator.

In Chapter 3 we present a method to construct unbiased Monte Carlo estimator for the barrier preblem
when the underlying process Y is a jump diffusion with state dependent intensity. The method is;abased
on a thinning algorithm for the simulation of the jump component and on the Exact Algorithm for the
simulation of the diffusion component. The algorithm is adaptive: at each jump epoch the parahleters
of the Exact Algorithm are updated according to the amplitude of the jumps. Conversely, the thinning
probability of a candidate jump 'depends on the current state of the process. ,
Compared with Monte Carlo methods based on discretization schemes, our method is exact and efficient.
Furthermore, allowing for state-dependent intensity, it is very general. We point out that, in many ap-
plications, the assumption that the intensity of the jump component is independent on the state of the
process is too restrictive. An exé.mple of these situations in the context of credit risk modeling is discussed

in Chapter 4.

In Chapter 4 we propose a new jump diffusion approach to credit risk modeling. The firm’s value dy-
namics are described by a jump diffusion process. In particular the diffusion component of the firm’s value

process is a geometric Brownian motion while the jump component is driven by a marked point process.



Differently . from; Merton (1976) we let the intensity of uphe jumps’ point process to be state dependent.
More specifically, we suppose that the intensity'A of the jumps’ arrival process and the mean 6 of the
jumps;depend‘ on the current firm’s value. Then, acc;:;rding to the structural approach, the firm defaults
when'its value falls below a given threshold. Using-Monte- Carlo techniques developed in Chapter 3, we
show how to price a 0 coupon defaultable bond under the assumption that the recovery rate is a fraction
of the face value of the bond and depends on the ﬁrn;’s value at' the time of default.

:
The second part of the Thesis (Chapter 5) introduces the-idea of Exact Monte Carlo estimation of the
Greeks.
In mathematical finance; Greeks are the quantities representing the market sensitivities of options or other
derivatives. Loosely speaking, Greeks are the partiall derivatives of option prices with respect to the pa-
rameters of the underlying diffusion process X.
The Greeks are vital tools in.risk management. Each represents a specific measure of risk in owning an
option. Thus a desirable property of a model of a financial market is the ability to compute the Greeks.
Nevertheless closed forms formula for Greeks are very rare. A notable exception is the Black-Sholes case.
In general it is clear that, when there are no closed fc:'.rrns expression for prices we have to resort to Monte
Carlo methods to estimate. both prices and their derivatives. However Monte Carlo simulation for Greeks
is. not.as straightforward as for prices. Prices are genuinely defined as expected values, while Greeks are
derivatives of expected values. Therefore in order to perform Monte Carlo simulation we need to define a
suitable representation of the Greeks in terms of expectations. There are four approaches to'Monte Carlo
estimation of Greeks: the Finite Difference method, the Pathwise method, the Likelihood Ratio method and
the Malliavin method. .
In this Thesis, we adopt a Malliavin approach. We:propose a new method for Monte Carlo evaluation
of Malliavin Greeks. In particular, assuming the Malliavin representation of the Greeks of Fournié et al.
(1999), we show how to simulate an unbiased estimator of delta and rho for a class of diffusion processes
X.
The first ﬁa.rt of Chapter 5 is descriptive.
We present the challenging problem of the computation of the Greeks and illustrate the traditional Monte

Carlo approaches. Discussing the weaknesses of these approaches will lead us to introduce the Malliavin



approach. Malliavin approach relies on the fascinating though complex theory of Malliavin Calculus. It
manages to represent the Greeks as expected values of the weighted payoffs. Over competing methods,
this representation has the advantage to be exact (unlike Finite Difference method) and general (unhke
Pathwise and Likelihood Ratio method). However a major problem is the actual simulation of the Malli-
avin Monte Carlo estimator. |,

The second part of the chapter L,(:ontains our contribution.

We propose a novel method for?! the Monte' Carlo estimation of Malliavin Greeks for the case of 'r;’zo and
delta when the diffusion X belci;ngs to Dy. Firstly, we simulate the Skeleton S;. Then-given the Skeleton
we show how to SImula.te unbxas!ed estimators of the Greeks. This is not trivial as the Malliavin Greeks are
expressed as expected values of. the payofl and a stochastic integral (the Malliavin weight). Smce direct
simulation of a stochastic integral is hardly possible, we have to apply some stochastic calculus to trans-
form the stechastic integral into a simple Riemann integral. We finally construct the unbiased esti#na,tors

applying to the resulting Riemann integrals suitable simulation techniques. ;‘



Part 1

BARRIER PROBLEM

!



Chapter 1

Exact .Monte Carlo Simulation

1.1 Introduction

We consider a diffusion process X described by the following SDE:

0<t<sT

where {W; : 0 <t < T} is a standard Brownian Motion and the drift 4 and the diffusion coefficient o are
presumed: to satisfy the usual conditions that guarantee the existence of a weakly unique global sclution
of (1.1) (e.g. see Chapter 5 of QOksendal, 1998).

In many applications we are interested in the computation of the expected value, say v, of a functional of
X. This problem arises for example in option pricing where, in frictionless markets, the arbitrage price of
derivatives can be expressed as the expected value of the associated payoff, which is usually defined as a
functional of the underlying asset process (1.1). In this chapter we will derive and implement efficient and
unbiased methods for Monte Carlo evaluation of » when analytical expressions for the finite dimensional
distributions of X are not known and the value of the functional depends on barriers (either a single barrier
or double barriers). Generally speaking, let H := (a,b) be an open interval of R such that z € H; we are

interested in the computation of:
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v =E (g(X7) (s <1y + R(X1) o7 | Xo = 2) - (12)

L]

where T > 0 is a fixed time, 7 is the first exit time of X from the set H, g(-) and f(-) are two measurable
functions. ‘ _

In finance the probler;i; of the computation of (1.2) arises in many contexts. An application to credit risk
modeling is extensivel;y discussed in Chapter 4. .
Another relevant application is related to the pricing of barrier options. This is a class of options which
give to the owner a different cashflow (g(Xr),h(X7)) according to whether or not H has beeni exited
between 0 and 7. Under the assumption of completeness of the market, the price of the option at time 0
is the expected value of the discounted payoff given the current price of the asset Xy = z. This leads to
the evaluation of (12) | ‘
Indeed pricing of most{ popular barrier options can be seen as a special case of (1.2). Suppose that }’2 is the

rebate, 7 is the interest rate, K.is the strike price and (X7 — K)* denote the positive part of (Xri— K).
e Single Barrier thion.s, e.g.
1. Down and In European (call):

H = (o,+0c0)
9(XT)

MXr) = Re'T

(XT - K)-t-e—rT

2. Down and Qut European (call) with no rebate:

1 H = (a,+o0)
| g(Xr) = 0
? WXp) = (Xr—K)teT

\ _ i
The definitions above can be modified in an obvious way in order to include Furopean put ((K—X7)*)

and Up and In - Up and Out options (H := (—00,b)). We will also show an extension of (1.2) which
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allows for the presence of a non null rebate in 2‘ this requires to introduce a dependence of g(-) on

the stopping time 7.
¢ Double Barrier Options, e.g.

. 1. Double Barrier European (call) with no rebate:

g(Xr) = 0

WX7) = (Xr—K)fe ™

Analytic computation of (1.2) is possible just for a.small set of simple models. For example, in the Black-
Scholes case, Reiner and Rubinstein {1991) derived explicit formula for the price of one barrier options of
European style. However in general cases we have to approximate (1.2) by Monte Carlo methods.

In principle, when using Monte Carlé sirnulation, many‘traj‘ectories of X are generated and the.value of the
functional is evaluated at each sample path. Averaging over all paths provides then an unbiased estimator
of v which converges to the true value as the number of iterations increases.

When-the transition densities of X are not known a typical practice is to use some kind of discrete
approximation X of the process X. The trajectories o;f X can be simulated’at a discrete set-of times. The
most popular of these methods is the Euler discretization which manages to approximate (1.1) by means

of:

Xia = X—ya + 1(Xg_1ya)A + olXg_1ya )V A Xo =z, (1.3)

where n = T'/A'and ¢ is a standard normal random variable.

Discretization methods introduce a bias into the simulation which tends to 0 as n tends to.co {or equiv-
alently A — 0). To reduce the bias to an acceptable level may then require a strong computational
investment and even more effort can be necessary to verify that the bias is small enough. In particular,
in a Monte Carlo context, the estimator is also affected. by a statistical error and it is not easy to isolate

the effect of the discretization error in order to assess the performance of the estimator as n increases. A
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related problem conc?rns the optimal allocation of the total computational budget between the number
of time steps and the number of simulation trials. Moreover, when dealing with functional involving bar-
riers, the discretization scheme: is subjected to a double source of error: one error arising from the actual
approximation of (1.1) by its discretized counterpart and the other from the use of a discrete exit time
instead of a continuous one. Infact Gobet (2000) proved, under rather general conditions, that in the case
of killed diffusions the Euler scheme converges weakly at a rate of 1 /+/n which is clearly lower than the

usual 1/n which apphes to the case without barriers.

A widely used technique consists in interpolating the discretized process (1.3) into a continuous Euler

scheme by means of Brownian bridges; i.e. for any i =1,2,...,n and for any t € [t;;_1)a,%ia) set -
i ] I

X, = X(z-l)A + p(Xena)(t — (6 — 1)A) + o(X_1ya W — Wi_iya) . (1.4)

The idea here is to produce a realization of tpe process (1.3) generating X A, Xoa, ..., Xua: then for any

two points )E'(i_l) A and Xia sa“mple a [0, 1]-uniformly distributed random variable and compare it with
the crossing probability of the corresponding Brownian bridge.

This method improves the rate of convergence of the discrete Euler scheme since it allows for cont;i_nuous
hitting times: in particular Gobet shows that the weak error is now of order n~!. However we point
out that, when n is la.rge the use of (1.4) for Monte Carlo simulation of v can require the aa.mple of a
considerable number qf unlform random variables for each Monte Carlo iteration. !
As already mentioned ?our method is instead ezect and computationally efficient. In fact on one hand, the
Monte Carlo estimator is free from discretization bias; on the other, this achievement is not subjected to
any trade-off involving the computational time.

In constructing the method we will make use of the Exact Algorithm of Beskos et al. (2004) to generate
an exact Skeleton of the process. The original process is decomposed by the Skeleton in the product of
independent bridge prbcesses. For each bridge we are able to determine its distribution law and de;ine an
algorithm to simulate ;its crossing probability, both in the one barrier and in the two barriers case; This

idea is described in sections 1.3 and 1.4 after some preliminaries in section 1.2. Interesting variants to

this general scheme are also possible; we will explore two of them in section 1.5. In section 1.6 we will



13

show a numerical comparison between our Monte Carlo estimator and the biased Monte Carlo estimators

generated by models (1.3} and (1.4).

1.2 Preliminaries

Let C = C([0,T},R) be the set of the continuous functions from [0, 7] to R and C the usual o—algebra
generated by the cylinder subsets of C. We denote by w = {w; : 0 < s < T} the generic element of C. Let
P denote the probability measure induced by the process X on (C,C) defined by (1.1). Then the following

representation.is' equivalent to (1.2):

v =Ep(¢(w)) | wo = 2) (1.5)

where

b = $(w) = gwr) i, <y + Blor)l(y, <1y (L6)

with 7y defined by

Ty =inf{t >0:w, ¢ H}

For convenience-of notation, in the sequel of this thesis, whenever we consider an expected value involving
a diffusion process with given starting point, we assume that the expectation is conditioned to the starting
point. So that, under this convention, the writing Ep(¢(w)) is equivalent to (1.5).

Now consider the function : R — R

nlu) = /u ;%a—dz

By Ito's lemma, the process Y := {¥; = (X,): 0 < ¢ < T} has SDE:

L
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‘2 Y, = a(Yi)dt +dWs; Yo=n(z) =y, L)

0<t<T

where:

-1 u , \
o= iy 37 )

and n~! denotes the inverse transformation.
For reasons that will become cléar later, we are going to work with the transformed process Y rather than

X. However, denoting Q the probability measure induced by ¥ on (C,C), for the (increasing) monoﬁonicity
of n: :. i

v =Ep($(w)) = Eg (¢(w))

where we define

€ =£w) =9 wrly,, oy (@) + BT W), e (@) (1.8)

!

with n(H) = (n{a), n(b)).

An obvious Monte Carlo, estimator of v is then

! . 1 N U) i
= e (1.9)
p |
where €1, ¢ ¢ are iid samples from Q. In general, given any probability measure, say G, on

(C,C) and any function f : C — R” we will always denote by G 7(-) the distribution function of f 'under
G. |
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To:sample ¢ we propose a method based on conditioning:. first we sample a Skeleton of w ~ QQ using the
Exact Algorithm of Beskos et al. (2004) and then £ conditional on the Skeleton.

A main féature of our proposal is that in both steps there is no need for the introduction of approximations:
the: Skeleton as ﬁell‘ as the target functional are saﬁlpled from their irue probability measure. As a
consequence, unlike the other current methods, the-sample of £ is exact and the resulting Monte Carlo

estimator (1.9) is affected only by the Monte Carlo error {decreasing in N).

1.3 The Exact Algorithm 1 (EA1)

1.3.1 Retrospective Rejection Sampling for Diffusions

Given the transformed process Y = n(X} defined by (1.7}, consider the problem of simulating w € C from

Q.
Let W¥ := {W} : 0 <t < T} be a Brownian Motion started at y:

WY =(W|Wp =y)

and W the probability measure induced on {C, C) by W¥. Girsanov Theorem provides the Radon-Nikodym

derivative of (@ with respect to W:

@ w) = efga(Wz)dw:—% :‘az(wg)dz

Under the assumption that « is- everywhere differentiable (C1) we can eliminate the Ito’s integral after

applying Ito’s Lemma to A(w;), where we define:

Alw) = ] " ol2)dz; vER (1.10)

0
be any anti-derivative of o(-): Simple calculations give:

g% (w) = exp {A(w) - A(y) - %fOT (a2(ut) + a’(wt)) dt} (L.11)
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Since in order to simulate from Q we want to perform a rejection sampling we need to use as proposal a

probability measure Z such that the likelihood ratio %(u) is bounded on C.

To achieve this we wiﬂ use candidate paths w from a process W identical to W¥ except, for the distfibution

of its ending point WT
W = (WY | Wr ~ h) . (1.12)

We call this process Biased Brownian motion. In particular we want i to be proportional to:

(u—p)?
A=, ©weR ;

which is assumed to be:integrable.
To produce a realization w ~ Z at a given collection of time instances is straightforward: it implies

sampling a univariate random variable wr from h and simulate a Brownian bridge from {0,y) to (T,wr)

at the required time instances.

The two measures Z and W are equivalent and their Radon-Nikodym derivative, as a consequence of

Proposition 1 of Beskos et al. (2004), is given by: !

dW MNyr(wr) | awr)
E(w) = Thwr) ox e~ T

where N, 7 represents. the density of a normal random variable with mean y and variance T Then:

w-moFexea{-[ ' (Go2n+ e (@) e}

Assume now that the function (a? + )(-) is bounded below {C2) so that:

' : l 2 !
—oo<k§&glfi{2(a +a)(u)}
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Thus: .

: %(u}) xe o Pit <1 Zaus, (1.13)

where .
2 . !
plu) = awral® (u);—a(u) —k; ueR

.

The following, theorem from Beskos et al. (2004) demonstrates the idea behind the Exact Algorithm.

Theorem 1.1
Let w be any element of C{[0,T],R) and U(w) an upper bound for the mapping t — p(w;), t € [0,T]. If
IT is a homogeneous Poisson process of unit intensity on [0,T) x [0,U (w)] and N = number of points of II

found below the graph {(t, p(w;)); t € [0,T}}, then:

PN =0l =en{- [ pluiar)

Proof:

Conditionally on w, A follows a Poisson distribution with mean fOT o(wy)dt.
O

If it was possible-to simulate the continuous path w ~ Z then the rejection sampling would be straightfor-
ward since the acceptance probability (1.13) can be evaluated simulating a Poisson process of unit intensity
on the rectangle [0,7] x [0;U(w)} and checking if all the points fall above the (-graph. This is obviously
not possible but.a simple observation suggests that we can. successfully exploit retrospectivity inverting the
usual rejection sampling procedure: we can sample before the Poisson process IT and then we can simulate
the Biased Brownian motion path only at those time instances selected by II. In this way we need only

finite information (which we are able to generate by simulation) in order to decide about the acceptance

Mk - 12
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of w~Z.

The main obstacle to.our retrospective sampling is to find or simulate 4/{w) in order to locate the réctangle
for the Poisson process. In fact it is clear that in general it depends on the actual sampled path and it
can’t be fixed a priori as in the spirit of the retrospective approach just described. This consicieration

imposes some further restrictions on the applicability of the algorithm.

1.3.2 The Exact Algoritlhm 1

' i .
Assume that the function ¢ is bounded above (C3) and suppose that I is any upper bound; in this case

i :

‘ Uw)=U
ii

for any w € C so that. the upper bound does not depend on the sampled path and the restrospective idea
! i

1 i

applies fully.

Algorithm 1 Exact Algorithm 1 (EA1)

1. Produce a realization {z;,Z2,...,Zp-1} of the Poisson process :

II on [0, 7] x [0,f], where a:;:= (zi1,2i2), 1 i< M~ 1.

2. Simulate wp ~ h and: then-.the rest of the Skeleton of w

from Z at the times x;1,4=1,...,M — 1L
3. Evaluate N. : ' .
¢ !}
4. If N =0 goto 5, else goto 1.

5. Qutput the currently constructed Skeleton
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Some dlscussmns about the efficiency of this algonthm are given in Beskos et al. (2004).

The output of EA1 is therefore an. exact Skeleton- of W~ @Q; we denote it by
S = {(to, So), (t1, 51)s - -+ (tar, Sae) b (1.14)
i

t
where (ty, So) =1(0,y) and (tpr, Sar) = (T,wr). Then; given: the Skeleton, we can continue to construct

the accepted path w ~ Q according to the proposal. Z which turns out to be a product of independent
Brownian Bridge measures-defined between any two points of the Skeleton (Theorem 1.2).
We now summarize the conditions on the process Y -which allow the simulation by EA1l and define the

class of diffusion: processes 7.

C1 The drift function « is differentiable
C2 The function (e + ' )/2 is bounded from below

C3 The function (o? + a')/2 is bounded from above

1.4 Monte Carlo procedure

1.4.3 The main result

Since the Skeleton itself provides a sample of wp under Q@ (wy = Sar), in order to simulate £ (1.8) all we

need is to sample the indicator function
I=I(w) =1 <13 ()
from Q[( | 51)2?.

Q0| &)=Pr(Yen(H),0<t<T|&j (1.15)

To this scope, the following results are crucial-
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We first state a simple general'lemma that we are going to invoke for the proofs of several results along

this thesis (Theorem 1.2, Theorem 2.2 and Theorem 3.1).
| !

Lemma 1.1

Let w and ® be two r;a.ndom variables.! Let us denote by L,, the law of w and define an event A such that

Pr(A|w,®) %= P(¢),where ¢ = f(0,®). Then L8 = Luca !

Proof: ' i'.

: i i
From Bayes’ Theorem L,¢ 4,6 = PréA,Fl,wf)g;) 2 = Lo

i

a
Let BB(s,z;t,y) := fBBu(s,m;t,y) : 5 < u < t} be the Brownian bridge started from z in s and ending
at y in ¢. For any 1 =:1,2, ..., M, we denote by Y; | S; the process {¥;; t;1 <t <t; | S1}

Theorem 1.2
Assume that Y satisﬁes‘conditljons C1-C3. Let & be the Skeleton of Y produced by EAI. Then the
processes Y1 | S1,Yz | S, .. ,Yars | 8y are independent and, for any i = 1,2,..., M:

Y;| St £ (BB, (ti_1, Si_13ti, Si) 5 tioy <t <t}

Proof:
Let w € C ([0, T]) such that w ~Z. Consider the unit intensity marked Poisson process II on [0, T] x [0,U]:

= (®,V) = {(zi1,2:2);i=1,2,..., M = 1}

We define

YWith *random variable” here we mean generically a random function with values on a measurable space !
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¢ = flw, @) = {(0,00), (Do), { (#6192 Yoz a1 )
and an event A such that

M-1T fP(w-)
Pridlw,®) =[] [1 — __u“f_l_]= P)

i=1

Then, for the Girsanov Theorem, it turns out that Y L | A. Now; by construction. &; := ¢ | A and

applying Lemma 1.1, since w and @ are independent:
Lyis, = Lojae = Lojacs = Lopca

which proves the theorem (by definition of Z}.

O
Corollary 1.1
Under the conditions of Theorem 1.2:
M
@1(0 | Sl) = [[P'J" [BBt(t«;_l, 513, 51) € ?’](H), ti1 <1< ti] (116)
i=1
Proof:
The result. follows immediately from the theorem recalling the definition (1.15) of Q;(- | S1).
a
For simplicity, we introduce the sequence 1, I3, .. ., Ipr of independent Bernoulli random variables, defined,

forany i =1,2,..., M, by:
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" Pr (Ii =-0) = Pr [BBt(ti_l,Si_l;ti,Si) En(H), ti-1 <t <ty ' (1.17)

and the counting ra.n;iom variable N:

|
B N= 12{};1}/{{1.:1;-:0} : (1.18)

where we set min {f} = oo. Th:en the Algorithm 2 returns a sample of £ under Q.
So, when the process Y = n(X) belongs to D we are able to determine the Monte Carlo estinilator Y
applying EA1 providéd that we can simulate events of probabilities (1.17). In the following we distinguish
two cases: the single;barrier case (H := (—o0,b) or H := (a,+00)) and the double-barrier case, (H :=
{a,b)). In fact the sirl'nulation from (1.17) involves different technical difficulties in the two cases. In the
single barrier case We can compute explicitly (1.17) so that the simulation procedure is strajghtfqrward.

The double barrier case is definitely more challenging since probability (1.17) comes as a result of an

infinite series: to simulate from it we propose an algorithm which exploits the specific structure; of the

series.

1.4.2 The single barrier problem (P1)

We consider just the upper barlilier case since, by symmetry, similar results hold for the lower barrier case
(H := (a,+00)). Sosuppose H = (—oc0,b). Let’s define 7 (s, z;t,4) = inf {s Su < t: BB,(s,z;t,y) = A}

under the convention inf {#} = co. Then, for any i =1,2,..., M, (1.17) becomes: i

Prili=0] = Pr[BB(ti_1,Si_1;t:, i) € (—o0,n(b)), timy <t < 3]

= Pr [Toep) (ti1, Sic13ti, Si) > 4]

The computation of this probability is known as the one-sided crossing probability problem for the Brow-

nian bridge and indicates the problem of determining the probability that a Brownian bridge hits a given
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Algorithm 2 Exact Monte Carlo Algorithm

l. Call Algorithm 1 to simulate the Skeleton S).

2. If 3ie{1,..., M} such that S; ¢ n(H), go to 5}

Else go. to 3.
3. Sample A
3:1. Set.i =1,

3.2. Sample [; according to (1.17).
3.3. If I, = 0,set N'=i and goto 4.
34 Ifi=Mset N=o goto 4:
3.5. Else set. i =i+ 1 and goto 3.2.

4. If 1{! =0 goto 6, else goto b5.
5. Save £ = g(n*(Sum)).

6. Save £ = h{n~1(S)).

7. Repeat 1-6 a sufficiently large number N. of times and output & =1/N Ej’il £9).
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barrier. First we give an explicit formula for it and, after that, we briefly outline the argument that leads

to it. For further deta.lls we refer to Lerche (1986).

So, for anyz'=1,2,..?.,M:

‘ - (n(b)— 5-)(11(6) Si-1)\ . :
Prils — 0] = {1 exp (~20OQ=SNIOF0) st (y(t) — ;) (D) - 1_1)>o )

if (n(b) - Si)(n(b) ~ $:-1) <O

We just notice that, given the Skeleton S and the barrier’s value b, these probabilities are known. Thus

the simulation of the indicator variable given the Skeleton is immediate. '
One-sided crossing’ probability for the Brownian Bridge

. 1
Consider the standard Brownian motion W = {W, :u > 0} and define the following stopping time

Tup=If{u>0:W,>xk+pu} Setd=y—zand A=t-s.
1t follows for any 2 € [s,]:

Prr (s, z;t,y) > z]' = Pr[BB,(s,z;t,y) <A, s <u<z
i © = Pr(BB,(0,z;t—s,9) <A\ 0<u<z—s 1(1.20)
U A—u
= PT[E5+ \/ZWﬁ<)\—:c,OSu$z—s] 1
A—z A—-z-46 z— 38 - '
= PriW,< + s, 0<u" < ]
[ YT VA N A—{z-3)

where we have used the usual representation of the Brownian bridge in terms of Brownian motion::

A=
i BBy(0,z;4,y) Lo+ %5 + THWA‘L.,

It is easy to see that for any z € s, ¢]:
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zZ— &

Pr [’T,\ (s,z;t,y) > z] = Pr [Tn‘p > m

(1.21)

= A=z = A=
where k = e and p .7_}.
It turns out that the probability distribution of 7, , is absolutely continuous with respect to the Lebesque
measure on [0, +oc) while it has a singular component at-+o00. The corresponding density on [0, +00) is

given by the Bachelier-Levy formula (for a proof. see e.g. Karatzas and Shreve, 1991, Ch. 2):

_ sl " (putr)
Frp(w) = NN el 50 . u>0.

We denote by IG(u;¢,#) the inverse gaussian density with parameters : > 0 and § > 0:

exp{—M}, ©>0 (1.22)

IG (u;1,8) = 50

2rud

It is easy to verify that when kp < 0, the Bachelier-Levy density corresponds to /G (u, —#/p, x%); on the
contrary when rp, > 0 it can be written as {exp (—2xp)IG (u, K/ p, k%) } Therefore it follows:

Prin(s,z;t,y)>t] = 1-Pri0<,<+o0]=
oo 0 . if <0
—1- f Feplu)du = i (1.23)
0 1—-exp{—2xp} if xp>0

1.4.3 The double barrier problem (P2)

Suppose H = (a,b). Then, for any i = 1,2,..., M, (1.17) becomes:

Pr [I, = 0] = Pr [BBt(t,-_l,Si_l;ti,S,-) € (n(a),n(b)), ti_]_ S t S ti] (124)

As we have already stressed, we can not. easily derivé an explicit expression for this probability. However

S -
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we propose an algorithm to sample I; according to it. Following the same scheme as for the one barrier
case, before we present the algorithm and then we provide a theoretical justification.

For any i = 1,2,... ;M consider the two sequences (ng),—, 5 and ()., o defined in the following

way:

. k
=Y +exp
=2

— 52 36 + (r(by = Si-0)] 36 + (n(8) - S2)}

{ 2k 138 + 8(n(b) — 1) — é(n(b) — 5i-1)] }
texp { =2 116 ~ ((a) — Si-1)] [i6 — (n(a) — 5]}
{~72 158 - 8(n(e) — 8+ (n(a) — Si-1)) } - (1.25)

and

) = gy +exp {_ti_%i—l [k5 + (T](b) - Si—l)] [k(s 4+ (’q(b) — Sr.)]} |
; +exp { — =2 [k6 — (n(a) — Si-1)] (65 — (n(a) - Si)]} (1.26)

with ng = 0 and & = n(b) — n(a)-
The Algorithm 3 then generates a sample of the indicator variables I; (i = 1,2,...,M) in the ‘double

barrier case.

The algorithm is essentially based on these two limits:

n, T Pr(f;=1) i

| e | Pr(l;=1) (127

for k — +0o. A justification of the algorithm together with a formal proof of (1.27) is presented in the
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Algorithm 3 Simulation of the indicator variable I; (P2 CASE)

1. Sample U ~ Unif{0,1}. Set j =1.
2. Evaluate (ﬂj,ﬁj).

If U > n; go to 4

If U <np;go tod.

Else set j =7+ 1 and- go to 2.

3. Output I; = 1.

4. Output I; = 0-.

last part of this section. Before, we give a result on the random variable N representing the number of
times we need to iterate step 2 until a decision is taken. This is clearly the crucial variable affecting the
efficiency of the algorithm.

Let’s denote by M («) the moment generating function of V:

M(a)=E (e“N)

‘Proposition 1.1

There exists ¢ € R such that for any o € (—¢, +¢):
M(a) < oo

Proof:

For the construction of the algorithm, for any 7 =1,2,...:

s . oz



28

Pr(N >'j) = Pr(U € (n;,min{1,7;}) = min{l,7;} —n;

IA
3
=

where, for any i =1,2,..., M, it holds

_—Z:J_—] (162 +6(n(b)~5i) = 8(n(8) ~ Si-1)]

+ o i is-sa)= S} +E(n(a) - Si-1)]

Now: i i

M(o) = E(e*V)= ieu‘*'l)“ (Pr(N > §) — Pr(N > j +1))

=0 ,
o] s o]
< .ZEUH)“PT(N > j)=¢€" Zejo‘Pr(N > 7)
i 3=0 3=0
s o] oo
= e*+¢” Zej“Pr(N >7) < e +e” Zejo‘(ﬁj — 1)
, =1 i=1

M (@) is finite for those values of  for which it converges the infinite series:

> dmi—n;) =
=1

i
:

e g—:’—l[ﬂé’ﬂ(n(b) —5;)—8(n(b)~Si-1)- 4 t,-la]

'MS

W
Il
—

e-r—i—;[éz 8(nla)—S:)+8(nla)— s‘_,)____la]

+
[M]8

[y
i
-

!
i
H

It is now clear that it exlsts a nelghborhood (—e,+¢€) of 0 such that, if o € (—¢, +¢) the two series converge;

that is M (a) is finite i in (—¢ +e)
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O

A main. consequence of the proposition is that N has finite moments of every order; that is, for any
k=1,2,...
E(N*) < o0

Two-sided crossing probability for the Brownian bridge

The problem of determining the fwo-sided crossing probability- for the Brownian bridge is more chal-
lenging than the one-sided problem for which a straightforward application of Girsanov Theorem provides
formula {1.23). In the two barriers case it does not exist a closed-form expression.

This problem lias been extensively studied in literature and many different approaches have been proposed
(e.g. see-Bertoin'and Pitman, 1994). ﬁere we follow the classical approach of Doob (1949) and Anderson
(1960).. For a recent reference, see for example Potzelberger and Wang (2001).

So, let BB(s, z;t,y) be the usual Brownian bridge a1.1d W the standard Brownian motion. Consider two

values Ay and A such that —co < Ay < A2 < oo and z,y € (A, A2). For simplicity, we define:

Al — Y A2 -y
= < 0; = 0
| h=7= P= s
AL— I Az—zx
= < 0; = >0 1.28
M= os = fi=s (1.28)
ar(u) = fu+ an; az(w) = fou+

Now, under the usual convention that inf {#} = oo, we define the following stopping times:
. T(al,dg) =inf {u > 0: W, > ax(u) or W, < a1(u)}
* 70,1 = Tp,2'= 0 and forany i=1,2,...:

Ti1l = inf {u 2 Ti—12 Wu < al(u)}

]

T2 = f{u>7_11: W, > as(u)}
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and the related events:
o A= {7(ai,as) < oo}
o Ay ={n <mg} A2 = {n2<ma}
. {Ai.j}a=1,2;...;j=f,2: Aij =il{'fiu‘ < oo}
Notice the following iﬁlportant E!rela.tionships between these events:

) A=Ay UA; =AU A

i) Ag = |57 (Azii12 — Asin); A = LIES (Agic1 — Azia)

ifi) for any i =1,2,---:  AspNAin = AiapU Ain

where with the symbol L) we denote the disjoint union.

li
Now from (1.20):

Pr{\ < BBy(s,z;t,y) < Ag, s Su< ] =1— Pr(4)

From Theorem 4.1 of Anderson(1960) we can derive the following expressions:

PT(Agj_ilz): = e_l‘.?——a[j(’\z_Al)'l'(’\ﬂ_x)][i(}‘ﬂ—}'l)'F(Aﬂ—y)]

Pr(Agy11)’ = e msbla—d)-Ga=sliGa=r)-(n-v)

Pr(Agja)- = e—t—"’_j;[j(Az—/\l)’+(z\2-«\1)(A2-y)-(f\zw\l)(f\z—m)]
PT(A2;]_) — e—‘—E,%[j()\z—)\l)g—(z\a—~\1)(A1—y)+(A2—A1)(A1—:c)]

As a consequence of i) and ii)

. {1.29)

(1.30)

+ ' _ '
Pr(A) = fe—t%,[j(z\z—f\l)+(r\z—3:)lb()«a—)~1)+(z\z—y)] _ e—r’.%;[j(z\nw\l)2+()\2—)u)(z\:—y)—(z\z—h)(h-x)] -

j=1

t—g

+e*%[li()\2—f\1)—(a\1~$)]U(~\2—)~1)—()\1—y)] _ e—-21[j(Az-M)"‘—(a\z—«\l)(M—y)+(/\z—)~1)(~\1 -z)| -

i
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This formula shows the difficulty with computing cross}ng probabilities in the two barriers case: its compu-
tation requires the solution of an infinite series. This i$ why. we propose an iterative algorithm to simulate
from it. In the following, we give a probabilistic justification of our method.

Define the two sequences of values {n.},_;» and {ﬁk} k=12, Such that:

[(Pr{Azj—1,2) — Pr(Azj2)) + (Pr(Azj—1,1) — Pr{ds;1))]

3
I
]~

=1
_1 + [Pr{Aze—12) + Pr{Azk-1,1)] o (L3Y)

3
E

|
S

with ng = 0.

Noticeithat if we substitute to the probabilities above the corresponding expressions (1.30) we find exactly
the sequences (1:25) and (1.26). where the parameters of the Brownian bridge are defined by the points of
the Skeleton and: the barriers are A\; = n(a) and Ay = 7(b). As a consequence, the following proposition is

equivalent to (1.27).

Proposition 1.2
{nk}iay o, is an increasing sequence-of real numbers converging to Pr(A); {Tig},—y 5  is a decreasing

sequence of real numbers converging to Pr{A).

Proof:
The first part of the proposition follows directly from i) and ii) just by noticing:

Pr(A)y = Pr(A2)+ Pr(A:)

+00 oo

= > (Pr(Asi-11) = Pr(dnn)) + Y (Pr(Asi—12) — Pr(4s2))
=1 i=1
+o0

= Y [(Pr(Agj-12) — Pr(Asj2)) + (Pr(Agj—11) — Pr(Ag;1))]

=1

- - e



32

For the second part, notice that the sequence {7y} can be written in the following way:

o= Pr(Ayz2) +Pr(A11)

Te = Tp_1+ [Pr(Ags-12) + Pr(Ag-11) — Pr(Ayg_1y2) — Pr(dsg-1)1)]
Forany k=1,2,..., let g = .é'f‘(Agk_l‘g N Agk—11). From iii) it foliows that:

g — qe-1 = Pr(Agg—1.2) + Pr(Ask—11) — Pr(Agg-1)2) — PrAzp-1),15 (k=2,3,...
i

1 il
so that we can rewrite the sequence as:

m1 = Pr(Ay2)+ Pr(Ay1) = Pr(AipUAL) + Pr(dip0 A1) = Pr(d) +q

Mk = Tg—1+ (ge — gr—1) = Pr{A) + ¢k

Now, for any k = 1,2,...:

Pr(A) + qx > Pr(A)
and
Pr{A) + qr 2 Pr(A) + g1

which follows immediately from:iii) observing that (Azx—12 N Azk_1,1) 2 (Azk+1,2 N Aoks1,1)-



33

1.5 Some remarks on P1

1.5.1 First passage time problem

We propose an extension of P1 to the case when the function g(-).in (1.6) depends on.the first passage

time. So we consider a function ¢’ defined as
¢ = ¢'(w) = glwr, T )y ey + l‘b(w:r)]l{.n,r <T}¢ (1.32)
with H := (—o0, b). Then our aim is to construct an estimator of:
v =Ep(¢') = Eq(¢')
where £’ is defined by
¢ = g(n ' (wr), Tt W7,y <r} T h(n_l(wr))H{Tn(H}<T}c (1.33)

In the following, for ease of notation, we set Ty = 7.

The interest on this case is motivated by a financial application. In fact suppose we have a Up and Out
call option of the European type: the option expires when it hits an upper barrier. We begin at ¢t = 0 and
fix a time to maturity 7. If there is no hitting in the interval [0, T] the option gives to the holder a payoff
of the European type at T, but if the price hits the barrier it returns a fix positive amount R (rebate) at
the hitting time. The present value of the rebate (and therefore, the final payoff) depends in this case on
the random time 7 which affects the discounted factor. We can easily apply (1.32) to this case:

9(wr,7y) = exp{-r7y} R (1.34)

hwr) = (wp— K)Te™ T

Analogously, formulation (1.32) covers the case of Down-Out option. Notice that in the case of Up-In and
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Down-in options there is no need to sample the hitting times even in the presence of non null rebate: in
fact the option comes to ex1stence after the hitting times and the owner receives either the rebate or the
(European) payoff atifixed tlmF instance T.
In order to construct the Monte Carlo estimator of v, we follow the strategy introduced in section 1 4. We
sample a Skeleton of w ~ Q a.n|d then, conditionally on the Skeleton, the random variable &' is sm_lula.ted.
Now, under the usual assumptfon that ¥ € Dy, EA1 provides the Skeleton S of ¥ and all we nee]d is the
simulation of the e}ut time 7 from its conditional distribution given Si. |
To this end we can make use of (1 19) to simulate the random variable NV (1.18) and then we snnulate the
hitting times given N (and 81)
If N =+o0,w~Q does not hit the barrier n(b) and the realization of £’ will be h(n~'(Sxs)). If J‘\Tf <M,
for the definition of 7 and 1\}, for any z € [tn‘r—p tﬁ].:

!

Qr(z] 81, V) = Qu(z | Si,tg_y <7 <tg)
which is equal, as a cci)nsequence of Theorem 1.2, to
Pr [yt 12 Siyors b Sa) < 2|ty < Tty S b0 Sg) < b | (1.35)
We can simulate 7 fro;:rl (1.35) 1‘n the following way:

-0 (Z5) | (1.36)

where Zy is a random variable ;_with density function fz_ such that, for any i =1,2,..., M:

—y 2 N
16 (u S (1225)7) it (0(6) - S10) = Sec) > 0

falu) = L =S [a0)=-S:\2\
16 (i - A5 (155)) o (10) - S)n(8) - $icr) <0

'(1.37)

and
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(¢ — ti—1) U

19 (u)y =ty + ;. 0<u<oo (1.38)
uy+1

So to produce a realization from (1.35) we sample an inverse gaussian random variable according to (1.37)
apply the transformation (1.38).

Simulating from an inverse gaussian distribution:can be done very efficiently (see e.g. Devroye, 1986)

Algorithm 4 Simulation of the first passage time (P1 CASE)

1. Call Algorithm 1 to simulate the Skeleton .
2. Call Algorithm 2 to simulate N.

If N=oogq to 4.

Else go to 3

3. Sample 7 according to (1.35) and output the result.

4, OQutput 7 =oco.

First passage time of the Brownian bridge

From (1.20), for any z € [s,):

Z— 8

P x: < < : <t = < —_—
rln(s,eit,y) 2| s S s, x5t y) <t = Prirg, SR

IO < Trp < +OO]

It is now clear that it holds:

A a1 A il T
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T/\(s: ZI; t: y) g ! (T,;,p)

where for any u € [0,00) : {(u) = s+ Au/(u +1).
So, in order to simulste Ta, it is sufficient to simulate 7, , and apply the transformation above.

Let denote by fx ,(- | 0 < 74 p < +00) the conditional density corresponding to 7, , with support {0, +co).
Then: ‘

fn.p(u) )
Pr{0 <7 p < +00)

feplu| 0L 7 < 400) =

" where the numerator is the Levy-Bachelier density while the probability in the denominator is given by
(1.23). '

Now the last step follows immelclliately: for any u € [0, +00)

I1G (u,s/p, 52) if kp>0 s

frpul0< 7, < +o0) =
IG (u,—x/p, &2) if kp<0

1.5.2 A Rao Blackwellized Monte Carlo estimator

For the P1 case, it is possible #o define an alternative estimator & characterized by lower variance than
». In particular & is a Rao-Blackwellized version of & (for a general discussion on Rao-Blackwelization see
e.g. Casella and Robert, 1996). -

Notice that, from the properties of conditional expectation: ‘

1 b v =Eg(¢) = Eq (Eg(£ | S1)

Y )
1
| .

So a Monte Carlo estimator alternative to o is:
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TN Eq¢ | 87)

2 (1.39)

=

where Sfl), sz), ... ,S:EN) are’ N independent copies of the Skeleton.
Like D, i is an unbiased estimator of v, for which asymptotically (N — oo) the Law of Large Number and

the Central Limit Theorem hold. However ¥ differs from £ in that, given. NV,

Var (0} <!'Var (D) (1.40)

which is a straightforward consequence of Jensen inequality.

Inequality (1.40) implies that, given N € N, under a quadratic loss function, the estimator ¥ is more
efficient than & and, clearly, in a Monte -Carlo context,; the convergence of & to the trué parameter is faster
and the algorithm performs better.

In order to: construct (1.39)-we have to be able to:simulate the random variable Eg(¢ | &1). When
the process Y is in D;, EA1 provides a procedure to produce S) and the main difficulty is to compute
analytically- the -conditional expectation. Unfortunately this is not always possible: from Theorem 1.2, it
is necessary to determine the expectation of a functional of independent Brownian bridges.

Here -we will give an explicit formula for the conditional expectation in-the P1 case.

Using-the fact that (under Q) wy = Sy, we have:

*

Eg(¢ | S1) = [0~ (Sar)) — g(n (Sar))] Qr(0 | S1) + g(n™" (Sar))
M
= [r(n7 (Sa)) = g(n™ (Sar))] HPﬁ" [I; = 0] + g(n™ " (Sar))
i=1

The Rao-Blackwellized Monte Carlo estimator & then turns out to be:
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T, Egl€ | SP)
N |
T M(S}J'))

N .
- 1 L (s9 s 70) = 15 ‘
j= 1= .

where, for any j = 1, ;?, ..., N, l\/I(S(j)) is the number of points of SIU). _
For P1, given the Skeleton S (j = 1,2,..., M), Pr {19 =0 (i = 1,2,...., M) has been explicitly given
(1.19) so that the conditional lfexpectatlon above is available analytically. For P2 we don’t have these

probabilities in a closed form a.pd therefore the Rao-Blackwellization fails.

We address now the question whether it is possible to define a Rao-Blackwellized Monte Carlo estimator

also for the extension ‘of P1 we have introduced in section 1.5.1.

In this case in order to construct the Rao-Blackwelized Monte Carlo estimator ir, we need to sample the

conditional expectatlon

Eq¢' | S1) = Eq (g (wr), Direry + b wr))irerye | S1)

= Eg (¢(n  (Sum), "irery | S1) + b{n ™ {(Sm))Eqg (Iir<rye | S1)

The first term in the r;ight-hand side can be written as:

M-1
=1 3—1

HPT‘ I = O)P’J" I = 1)/ 1(S‘Lf),t)dQT(t I Sl,ti—l S T S t,;):|

which is equal, from (1.36), to.

i=l

M=1 [i-1 +o0 )
> [H P'r(I =0)Pr(I; =1) /U g(n7(Sar), 19 (w)) fzi(u)du] (1.41)
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where [(}(.) is defined by (1.38), fz,(:) is the inverse gaussian density defined by {1.37) and we set
2=1 Pr(I; = 0) = 1. The second term is given by:

M
IT Priz; = 0)a(n(Sum))
=1

Clearly, the main problem is the computation of the integral in (1.41) for which analytical computation is
mostly unfeasible. Our alternative proposal is to estimate the integral using an unbiased estimator. It is
straightforward that the new estimator of v, say v*, will present grater variance than the Rao Blackwellized
estimator ©.

Concretely, for any 1 =1,2,..., M, let
si(u) = (17" (Sa0), 19 () f2, (w)

and let f; be a .density function with support on [0, +oc) we are able to simulate from. An unbiased

estimator of fo si(u)du is:

. si(X)
bORX)

where X is simulated from f;. The variance of the estimator depends crucially on the ratio »(u) = —E—% S0
that, in order to obtain a good Monte Carlo performance of v*, we have to choose carefully f;. Clearly in
this case it is not possible to ensure that v* is always better than o, as stated in {1.40) for the estimator o.
The easiest avallable way is to choose f; = fz; (1.37) which corresponds to estimate the integral as
E (g(n'(Sa), l(i)(Z ))) by a simple Monte Carlo. However for some g(-) this solution can be very inefficient
and the introduction of different importance sampling weights is necessary.

If we consider the payoff defined in (1.34) for the pricing of the Down-Out Call option with rebate, then
we have for any. i =1,2,..., M
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oo +oo |
] s(wdu = ] o(r (81,19 (w) £ 2, () s
0 ; 0

+00

= R £, (u)du
0

rtoa o f, o imtioi)e (ti=ti-1)Z;
_ / Re T(t|—1+ uf i )le(u)du — Re—rtt‘_lE (e_r i ti+} )
[¢]

i

where R is the rebate and r is the interest rate. Since r is usually very small and h{u) = gt‘—;’f—;‘l—lﬁ is
bounded by 0 and £; — t;_1, therandom variable inside the expectation is very closed to 1 and we expect a
low variance of the Monte Carlo estimator; in this case it seems there is no need of an importance sa:‘.mpling

. . t
correction.

1.6 Numericél Example

To test our a.lgorithm‘we consider the following model:

dY; =sin(V;)dt +dW; Yo=1, (1.42)
0<t<T
It is easy to verify that Y satisﬁi?s conditions C1 — C3 for the Exact Algorithm 1. Let us suppose that we
want to evaluate: '
i , i
v=E (YT]I{1.>T}) (1.43)
where, as usual, 7 = inf {t > 0:Y; ¢ H} with H = (a,b) C R under the assumption that inf {8} = !TOO
This is just a particulé,r case ofithe general barrier problem (1.5). Since we don’t know the law at time

T of the killed diffusion it is clear that the explicit computation of (1.43) is not possible and we have to
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resort to Monte Carlo methods to estimate v.

In this simulation study, we investigate the performzince of the estimator of v produced by the Exact
Monte Carlo. method (hereafter E1). ,

!
In Fig. 1-4 we check, for different choices of the starting point y and the barriers’ values ¢ and b, the
convergence of E1 plotting: the estimated values of v i)ased' on different Monte Carlo sample. sizes {(up to
2 -105). In particular Fig. 1 and Fig. 2.show the Monﬁte Carlo estimates in the one-barrier case. The red
line corresponds to the Blackwellized. version (see sac%ijon 1.5.2) of E1 (black line}). Both figures show a
strong agreement between the two estimators. Fig 3 a;rild 4 show the convergence of E1 in the two barriers

)
case. '
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Figure 1.1: Convergence of Monte Carlo estimator: y =0; 6=3; T =5

Fig. 5 to 8 propose a comparison between E1 and the estimators based on the continuous Euler scheme
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Monie-Carlo estimate
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Figure 1.2: Convergence of Monte Carlo estimator: y = 1.5; b=4.5; T = 5.
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Figure 1.4: Convergence of Monte Carlo estimator: y=2; a =1; b=4.5; T =5.

(E2) and on the-discrete Euler scheme (£3). In particular, given a Monte Carlo sample sufficiently large
(105), for the same sets of parameters of Fig. 1-4, we have computed the estimates of E1 (dotted line)
and-the estimates produced by E2 and E3 for different discretization intervals. Then we have plotted the

values of E2.(cross) and E3 (circle) versus the number of discretization intervals.

As we expected, the values of E2 and E3 converge to-F1 as-the number of discretization interval-increases:
Indeed it was shown by. Gobet (2000) that, for killed diffusions, the weak approximation error of Euler
schemes decreases to 0 as the number of discretization intervals increases. When the Monte Carlo sample
size' is large enough, Monte Carlo error.is'negligible and the estimated values are affected mainly by the
discretization- error. In this: context the:distance between the values of F2 and E3 and the dotted line is
a good representation of the (weak) discretization error affecting the Euler schemes and their convergence
to the dotted line reflects the theoretical convergence:of the corresponding expected values. Furthermore,
according to the conclusions of Gobet, we notice that;the estimates based on the continuous Euler scheme

(£2) show a better convergence than the estimates based on the discrete Euler scheme (E3).

ki
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When we compare the performances of E2 and E3 along the four figures, we observe that both in the
one barrier case (Fig.. 5 and 6) and in the two barriers case (Fig. 7 and 8) Euler-based estimators beha.ve
very poorly when the starting pomt of the process is different from 0 (Fig. 6 and 8). Moreover in these
cases, £2 converges to the E1 value from below while E3 converges from above. The reasons why Euler
schemes show such typical behaﬁviors certainly need to be investigated further both from an empiriica.l and

a theoretical point of view.

In practical applications, there is an interest in the comparison between the computational times of the
Exact Monte Carlo method and :!the Buler-based methods. However such comparison is not stra-ightfcrward
since the Euler schemes are subJected to & trade-off between computational time and dlscretlzatlon €rror:
i.e, as the estimates.of £2 a.nd E3 converge to the dotted line, the time needed to produce them increases.
This is clearly represented in Fig. 5-8 where we have marked with the red color those values of E2 and E3
whose computational t'}ime is gréater than the computational time needed for the estimate of £1. In these
cases our procedure is both morc ac'cura,te and more efficient. However if we consider just the black'points
the estimates produced by E2 a.nd E3 can result strongly biased, in particular when (Fig. 6 and 8) the
starting point y of the process is dlfferent from 0. We notice that, in the comparison with the Euler schemes
the efficiency of our algorithm 4ecreases in the two barriers case (Fig. 7 and 8): this is a consequence of
the fact that in the two ba,rriersj case our algorithm is characterized by greater computational comp-lexity
(see section 1.4.3). However such effect does not seem to affect dramatically the efficiency of our method

: |
in the comparison with the Eulér—based methods .

1.7 Conclusion

| " - |

In this chapter we have developged and implemented a novel Monte Carlo method for the estima{:,ion of
the expected value of -a class oﬁ functionals of diffusion processes. In particular we consider functionals
involving barriers. In these cases the computation (or approximation) of the expected value is typically
challenging. In fact, 1t is comrrion practice to discretize the underlying diffusion and run Monte: Carlo
simulation on the discretized prq'cess. This clearly introduces a bias in Monte Carlo simulation. Such bias

can be reduced only at the costlof a larger computational effort. In comparison, our method is unbiased
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and.efficient.

The method is essentially based on two steps. In the first step we perform the Exact Algorithm to simulate
a Skeleton of the diffusion. In the second step we simulate the target functional conditional on the Skeleton.
Theorem 1.2 provides the conditional law of the diffus‘:ion given the Skeleton. Crucially this is the law of
a product of independent” Brownian bridges whose crgossing probability and- hitting time’s density have
been extensively investigated in stochastic analysis: Using these results we can simulate exactly the target
functional: In. particular in the one-barrier case' we apply the well known Bachelier-Levy theory which
provides explicit. formula for the crossing probability of a slope-boundary for Brownian:motion. In the
two barriers case we develop an original procedure to simulate from the. two-sided crossing probability.
The procedure makes use of Doob’s representation of the crossing probability of the Brownian motion as
a telescopic sum.

The results from the simulation studies confirm our believes. In particular in every case we have considered:

o Euler-based estimators converge to our estimator as the length of the discretization interval decreases

(unbiasedness)
s as the Euler estimator’s bias decreases, our estimator overtakes it in terms of efficiency {efficiency).

The-theory presented in this chapter inspires many further developments and ideas for future research.
One. main objective is to extend the methodology to larger classes of diffusion processes as well as to other
time-continuous processes of large use, like jump-diffusion processes, Levy processes or stochastic volatility
processes. This is the main motivation of the material presented in Chapter 2 and 3.

.Another domain of interest.is to explore the potentialities of our method in financial applications.. An
example of such potentialities is given in Chapter 4 where our method is applied to jump diffusion processes
with state dependent intensity for modeling credit risk. Another natural area of application is the pricing
of barrier and lookback options.

Furthermore, even though the results from our simulation study are fully satisfactory, it is worth to carry
out a more comprehensive numerical simulation. In particular the aspects linked to the efficiency of our
method in comparison with Euler-based methods need to be deepen. "We also mention the fact that a
systematic simulation study can be particularly useful also in the context of stochastic numerical analysis

to address further investigations on the weak convergence of discretization methods.

—
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Chapter 2

Monte Carlo Simulation for Diffusions

with unbounded drift

2.1 Introduction

The method described in Chapter 1 allowed us to construct an unbiased Monte Carlo estimator of v (1.2)
when the process X is a unidimensional diffusion. Crucially, we don't need knowledge of the transition
densities of the process: this makes our method considerably more general than the other unbiased Monte
Carlo methods.. However some restrictions we impose on X can be particﬁlarly demanding when we deal
with- models actually used in practice, for example in finance. Therefore it seems a priority to extend our
method to a wider class of models. In this chapter we discuss some ideas which allow to enlarge the class
In section. (1.3)-we imposed restrictions on the process X by introducing a set of conditions on the drift of

its transformation Y. = n(X):

dY; = a(Y)dt + dWy; Yy =y, ’ (2.1)

0<t<T

We recall these conditions here:

49
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€; The drift functiorij o is diﬂérentiable
Cz The function (a? + &')/2 is bounded below
C3 The function (o® + o')/2 is%‘ bounded above

We will denote by d; this set of_ conditions and D; the corresponding family of processes Y.
In this chapter we focus only on diffusion processes Y of the type (2.1} (i.e. with unit diffusion coefficient)
and consider the problem of the Monte Carlo estimation of:

L

v = E($(Y)) = E (o(Ye)lrory + F¥D)rery) - (22)

where g and f are meésurabl_e real valued functions, T is the first exit time of the process ¥ from a: set H.
The set H will be a generic open interval (a,b} C R such that the first point of the process Yy = y E {a,b).
The goal is to apply our Monte Carlo framework for the estimation of (2.2) to families D of procésses Y
defined by a set of conditions d :such that d; = d (equivalently D; C D). In particular we will try to relax
conditions C2 and C3 since condition C1 is generally satisfied. Since in order to apply our met;hod to
general diffusions X “:*e have to"perform the transformation Y = (X)), it is clear that, relaxing conl‘clitions
on Y, we extend the set of progesses X to which the method can be applied. Moreover the restriction of
the analysis to (2.2) d:t:aes not imply any loss of generality as we can reformulate the barrier problem (1.2)
for general diffusion X in terms of (2.2) (see section 1.2).

We show how to construct the Exact Monte Carlo estimator of (2.2) for these wider classes of processes.
Basically we resort to! the schefne set in Chapter 1.- However we need to introduce some further Jjresults

and constructions in order to apply the "old” framework to the "new” maodels.

2.2 Exact Monte Carlo via Exact Algorithm 2

; |
2.2.1 Preliminaries | ‘,
In this section we present a first method to generalize D;. The method is based on the Ezact Algov?z‘thm 2
(EA2) of Beskos et al. (2004).
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Specifically, we consider a class D5 of diffusion processes Y (2.1) satisfying the following set of assumptions

dp:
C; The drift function « is differentiable
€4 The function (o? + a')/2 is bounded below

C4 For all'u € R, (o + &')/2 is bounded either on (—oo,u) or on (u, +00)

It is clear that di = d so that D; C D;. In particular, allowing lim, ,_oo(e?(u) + o (u))/2 = oo or
lim,, . o0 (6 (u) + o' (u))/2 = 0o, we have weakened condition C3 which is, in practical applications, the
most demanding condition in d;.

In the following we assume that in €} the function (a? +«')/2 is bounded on the intervals {(u, +00)},cgi
analogous arguments hold in the symmetric case: | - ‘

Basically the structure of the algorithm is the same as the one described in Chapter 1. We simulate
somehow an exact Skeleton of the process ¥ and then, conditionally on the Skeleton, our target functional
¢. Unfortunately in order to sampie the Skeleton we can not make use of the Exact Algorithm 1 (section
1.3) since conditions dp are more general than d). In its place we use the Exact Algorithm 2. Exactly like
EAl, EA2 produces a Skeleton of the process Y: an exact realization of the process at a set of discrete,
randomly sampled time points. However the Skeleton produced by EA2 is intrinsically different from the

Skeleton (S51) produced by EAL: it has different structure and gives rise to a different decomposition of

2.2.2 The Exact Algorithm 2

We recall the construction of the rejection-sampler of section 1.3.1. We have seen there that, given
conditions Cy and: C3 on the diffusion process Y, the main problem is determining or sampling an upper
bound U(w) for the mapping ¢ +» p{w;) where w ~ Z, Z being the measure corresponding to the Biased

Brownian motion (1.12). When condition Cj holds, ¢(-) is bounded by U and the problem is easily solved:

Ulw)=U
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The resulting algoritl;lm is then the Exact Algorithm 1 described in section 1.3.2 where the candidate
points of the Skeletonj are sa,mﬁled from a Brownian bridge measure.
When on the contrary condition C4 holds, we can identify an upper bound for ¢ - (w,) after decorﬁposing

the proposed path w at its minimum, say m* = m*(w) and considering; '
U(m*) = sup {p(u);u =2 m"(w)} . (2.3)

Recalling Theorem 1.1, if the fSllowing conditions are satisfied:

1. The law of m* ca.n be simulated (under Z)

2. The path w ~ Z can be simulated conditionally on its minimum m* at a discrete set of time points
‘ i |

we can construct an algorithm that generates an exact Skeleton of the process Y.
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Algorithm 5 Exact Algorithm 2 (EA2)

1. Initiate a path w ~ Z by drawing wr ~ h.
2. Simulate its, minimum 7n* and the moment when:it is achieved t*.
3. Find' an upper bound U(m*) for ¢t — o(w;), t € (0,7

4. Produce a realization {z1,%2,...,zum}, of the Poisson process II

on [0,T] x [0,U(m™)].
5. Simulate the path of w ~ Z at the time instances {:1:1'1,552‘1,...,2:;‘4,1}
from its conditional distribution given ¢t* and m*.
6. Evaluate NV.
If N=0go to 7.

Else go to 1.

7.0utput the currently constructed Skeleton of w: 8 = S{w).

We show now how conditions 1 and 2 are satisfied:

1. Distribution of the minimum of a Brownian'bridge

The distribution.:of a minimum of a Brownian bridge is a well known result in stochastic analysis. We

apply it for the simulation ot {¢*, m*).
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In fact, given wy ~ h, m* is thé minimum of a Brownian bridge started at y in 0 and finishing at wp in T

and ¢* is the moment:when thel_minimum is achieved. Then:
l H
: |
i .
(t*,m") =", m+y)

where, denoting m" = inf{W,; 0 <t < T} and t" =sup{t € [0,T] : W, = mW'},

" i
it H

Pr(m e dbt* € a?t] = Pr [mw € db,t" edt | Wp =wp — y] :
| i
' b(b — (wr — y)) { ¥ (b~ (wr —y))? } 1
R expi —— — dbdt ’
I,! VAT Tl 2T -

; ‘
with b < min {0,wr —y} and ¢ el [0, T]. For the derivation of this distribution see for instance Karatzas and
Shreve (1991), Ch.2. An efficient way to sample (m,t*) is presented in Beskos et al. (2004) (Proposition 2).

2. Decomposition of a BroWnian bridge at its minimum

In order to sample a realization of w ~ Z at the time instances selected by the Poisson process T we
need a result on the conditional distribution of the Brownian Bridge BB(0,y; T, wr) given its mi%].imum
(#,m").. . | |

Let BES(s1,%1;82,22) = {BE&u(sl,ml; 82,72); 81 < u < 82} be a 3-dimensional Bessel bridge started at
s in ) and finishing at sp in :1:; For ease of notation we denote BES(d) = BES(0,0;1,8). A complete
treatment of definitions and prc%perties related to Bessel processes is given in Revuz and Yor (1994).

We also denote by BB4(t*, m*) := (BB(0,y; T,wr)|t*,m*) the Brownian bridge starting at y in 0. ;'ﬁnish-
ing at wp in T and co,nditioned;_ on obtaining its minimurm m* at time ¢*. The following result provides

the required characterization of; BB(¢*,m*).
i
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Theorem 2.1
The processes {BBg(t*,m*); 0 < s < t*}, {BB(t*,m"); t* < s < T} are independent with

{BBt*,m*); 0< s <t'} £ Vi {BESy_g;-(61);0< s <t} +m,
{BB?(.t*’m*); ¥ S: 8 S T} g vT —t* {'BES(s—t‘)/(T—t*)(52); it S P S T} +m*
* .
where 8 = (y — m*)/Vt* and b = (wp — m*)/VT — ti:

Proof: _
See proof. of Proposition 2 in Asmussen et al. (1995). ,

d

From. the theorem, the Brownian bridge is decomposed by its minimum in two independent Bessel
bridges. For simulation purposes, we have rescaled the Bessel processes to obtain bridges of unit length.

In fact it is well known (see for instance Bertoin and Pitman, 1994) that:

BES,(8) = /(8- ¢+ BB{,)2 + (BBg,)2 + (BBLL?, t€(0,]]

where BB}*, BBj!, BBj are three independent standard Brownian bridges (bridges of unit length, starting
and ending at 0). A standard Brownian bridge can-be trivially simulated from a standard Brownian motion

by means of:

BB LW, —tW,

Therefore from a simulation perspective once we have sampled the random vector (t*,m*), all we need
for the rejection sampling of Algorithm 5 is-the simulation of a (marked) Poisson process II and of six
independent Brownian motions-evaluated at the set of time points selected by II. This can be done very

efficiently.

e
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i i
2.2.3 Monte Carlo procédure

The Exact Algorithm 2 returns a Skeleton Sy of the process Y. Sy is richer than the Skeleton (&) pr}c:duced
by EAl. In fact it includes nolt; only a realization of the accepted path w at the time instances selected
by the Poisson process but also the point (¢*,m*) corresponding to the minimum of w. In particular, by
Theorem 2.1, the po'ui1t (t*,m*) decomposes S in two blocks whose points have been sampled from two
different, independent‘processesljj It is convenient to choose a representation of Sy that takes into account

‘ |
this underlying structure:

C
Sy =3812US22

where, for j = 1,2:

i 'H Si.j = {(ti,j,Si,j) T 20,1,...,ij}
o

| o
with (to1,50,1) = (0,9), (tas,,2, Sasp 2) = (T, wr) and (Ear,,1, Sy 1) = (to2, So2) = (¢, m*). |
Given the Skeleton ng, all we need in order to simulate the target functional ¢ in 2.2 is the simulation of

an event of probability P* giver':i by:

Pl= PrlYi€(ab),0<¢<T|S& !
= Prit;<b,0<t<T |82 pmesa

In the one barrier case with lower barrier, b is equal to +co and the indicator function gives directly P*

without any further step. In tg_le presence of an upper barrier (either in the one barrier or in tile two
barriers case) we need, to cha.rar%’terize the probability in the right hand side.

t
[ :
For any ¢ = 1,2,...,M; and j = 1,2, we denote by Y;; | Sy the process {¥;:ti_1; <t <ty ]| Sa}.
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The following result provides the conditional distribution of the process ¥ given Sa.
{

Theorem 2.2 .
The processes-{Y;; | S2} are independent and, for any.i =1,2,..., M;:

YL,J ' Sg g BES (U,Si’j - m*; Ailj,Si_l,j — m*) + m*, F= 1

Yij1S £ BES(0,Si-1;—m* 0,8 —m')+m*, j=2
where Ai,j =ti; —ti-1,5
Proof:
Let.w € C ([0, T]) such that w ~ Z. Consider the unit intensity marked Poisson process II on [0,T] x
[0,U(m*)]:.

H = (‘I’, ‘I’) = {(mi,l,zi‘z);i = 1,2,... ,M— 1}

We define

""" T e (@) = {(0,0), (L) (¢ ), { (w0 @a) by g g )

and an event A such that

_ AM-1 ~ @ (wmm) _
Priafw,@)=[] |1 ) P(€)
i=1

For the Girsanov Theorem Y 2 w | A and, by construction S; := £ | A. Then, applying Lemma 1.1, since,

conditionally on the minimum (¢*,m*), w and & are independent:



Lyisy = Lojag(tom) = Lojag (,m*),e = Lofe (t*,m*), @

which proves the thed_rem (by definition of Z and Theorem 2.1).
i ; i

5 . 1 O

As a consequence of the theorem, P* can be written as the product of crossing probabilities of Bessel

bridges:
‘ : My Ma
; f P = {H P?,l HP;,z } ]I{m*za} '
! i=1 i=1

where

pt- 1 % Pr [BESS (0, Si‘j - m*; Ai,j, Sz'-l,j - m*) S b bt m*, 0 S 8 S Ai‘j]

H

)

Pia = Pr [BESS (0, Si...1,j - m*;Ai,j,Si‘j ke m*) S b— m*,U s 8 < Ai,j]

Crossing probability of a Bessel bridge

In Chapter 1 we have'established crossing probabilities {one sided and two sided) of a Brownian bridge

between Bessel bridge ‘and Browfnian bridge. |

In particular we use the fact that a Bessel bridge is distributed as a Brownian bridge conditioned to be
i i 1
positive. This means that we cafl write:

i ' . <y <
Pr(BBS.(s3ity) < As<u <] = FTBBuenbn e 00 Susy

Pr([BB,(s,z;t,y) > 0,s <u <t} - (2.4)

for z,y € (0, A).

The two probabilities in the ratio are familiar.
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The one. at denominator is the probability that a Brownian bridge does not hit a given barrier (here a

lower barrier A= 0) and it can be derived explicitly from (1.23):

PriBBy(s,z;t,y) > 0,s Su<t]=1- e 2, . (2.5)

The one at numerator is the probability that a Brownian bridge does not exit a given double barrier (0, A).
This probability has been extensively discussed in seetifm 1.4.3: it is given by the infinite sum (1.24) where
in'(1.30) we set A2 = A and A\ =0.

As a consequence, we can write (2.4) as an alternating series and use Proposition 1.2 to construct sequences
{m;} and {n;} which converge (from above and from below) to (2.4). In particular, given the parameters

of the Bessel bridge and the barrier A,

where ¢ is a constant equal to (2.5) and the sequences {n;} and {n,} are defined by (1.30) and (1.31).
We can. allow the starting point z of the Bessel bridge to be equal 0; in this case we can derive the

corresponding crossing probability as the limit of the ratio (2.4) for z — 0.
o

]

2.3 . Exact Monte Carlo via truncation of the drift =

We consider the:problem of the Monte Carlo estimation of v for a family D3 of diffusion processes ¥

defined by (2.1) and satisfying the following set of coriditions ds:
Cy The drift function « is differentiable on the closure H of H
C¥" The function. (a? + o')/2 is bounded on H

It is then: clear that. d; = ds.

In this context, by truncating the drift function at the barriers e and b, it is possible to define a process
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'_-_<:|

1

dY; = &(V)dt + dWs; Vo=, ' (2.6)

0<t<T

such that:

1. ofu)=a&(u) forue H

2. }“} €T
] - i
It is convenient here to adopt the approach introduced in Chapter 1 thinking of the stochastic processes ¥’
and Y as measures Q@ and Q% induced on the space C of the continuous functions w = {ws: 0 < s < T}
: ; : .

from [0, 7] to R. In this context ¢ in (2.2) is a functional € — R:

|
¢ = ¢(w) = g(wr)iry <1y + Mwrir, <1y - (2.7)

1

with 7y defined by

Ty :=inf{t > 0:w ¢ H}

under the usual convention inf {0} = +o0.
H Kl

Theorem 2.3

If au) = &(u) for a.nyu eH anld the function ¢ : C — R is measurable with respect to Frar, then:

E(¢(Y)) = E(¢(Y))



Proof:

We want to show:
E(4(Y)) = Eqe ((w)) = Eqs (4(w) = E (4(9))

Then:

Eg- () = Ege(#())
= Bgu {40) Je )

Ega (¢(w)Mr(w))

where, by Girsanov Theorem, M7 is the RadonéNikodyin derivative of Q* with respect to Q%

Mrw) = S5

ef(;r a{ws)dws =1 [T a?(wa)ds

e Iy @lws)dws—3 [T a2(w.)ds

and- (My, FiJoc,cr 15 Q¥ martingale.

So, by the measurability assumption on ¢ and the martingale property of {M;}.,. We have:

Ega (d(w)Mr(w)) = Eqa (Ega (¢(w)Mr(w) | Frar,))
= EQa (qb(w)]EQa (Mp(w) | fTAn,-))
= Ega ($(w)Mrary)

Since on the interval [0, T A 7) the two drift functions o and & coincide, we have:

TA TA
elo TH a{w,)dw,—% o TH 02, )ds
Mrary = —rm 2 S — =1 a.s.
efo TH a(w,)dw,—% o TH 52w, )ds

61
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The conclusion then follows.

, |
The theorem provides the basis for the extension of the method to processes Y € Dj. Specifically when
Y € D3 we can construct a process Y € D, such that ;

1
1

! __ v = E(¢(¥)) (28

and therefore apply tl::le framework of Chapter 1 for the Monte Carlo estimation of v. i
The main problem is that (2.8) holds only if the functional ¢ (2.7) is Frar, measurable. This réquires
that the function g(-) does not depend on wr (equivalently Y7).

i . . . 1
This case covers interesting classes of ¢-function. For example setting g = 0 we obtain the case of the

killed diffusions:
$(w) = h(wr)lizy>1y (W)

In finance the computation of v under this scheme corresponds to the pricing of the Down-Out, Up-Out
and Double Barrier Options under the assumption of null rebate R = 0. However even if we assume

the p}esence of & positive rebate as in section 1.5.1, g(-) depends only on the stopping time 7z and the

. functional ¢ (2.7) is still Fpas,-measurable.. . . . .

Remark 2.1

The process Y satisfying conditions 1 — 2 can be constructed by setting:

: A+ Be*  for —oo<u<na) ;
a(u) = { alu) for n(a) <u < n(b)
C+ De™* for n(b) <u<+o0 {

| :
where the parameters A, B, C, D are the solutions of the two systems of equations:
: } !



63

A+ B = an(a))

Bem® = a'(n(a))
and

C+ De ) = an(b)

—De® = o' (n(b))
Remark 2.2

Interestingly this extension is more powerful when we'deal with the most problematic situation: the two
barriers case. In.fact in this case' H is a bounded interval and all we need is that the drift o "behaves
well” ifi. the compact set H. This is naturally satisfled in many contexts. In the one barrier case on the

contrary we still. have to ensure boundedness of a(-) on one side ((—co, b] or [a, +o0)).

2.4 Conclusion

We -have applied: our Monte Carlo method to two new classes of models D; and D3 which include D;.
They allow. to enlarge consistently:the a.ctua}'l ‘do_l_'flgjn of.our proposal. To obtain these extensions we have
applied to: the framework of Chapter 1 some new techniques and constructions.

Specifically, for Dy:we have made use of an algorithlr:n (EA2) for the simulation of the Skeleton which
is more general than-EAl. Since the Skeleton produced by EA2 (S;) has different properties from the- -
Skeleton produced by EA1, we had to introduce a new Monte Carlo procedure based on the properties of
Bessel bridges (Theorem 2.1 and Theorem 2.2).

In order. to obtain D3 we have transformed the original process Y € D3 to a new process ¥ € D; by a
truncation. of the drift function which leaves the expected value v unchanged: From Theorem 2.3, the
procedure is justified when the function g(-) in-(2.2) does not depend on Yr. The extent of D3 depends
on the set H: interestingly Dy is wider in the two barriers case than in the one barrier case.

The techniques we have introduced in this chapter can also be applied simultaneously and in some cases

this provides further possibilities of extensions. When g(-) does not depend on ¥ we-can use the truncation
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of the drift described.in sectlon 2.3 to construct a process ¥ € Dy from a process Y (2.1) sa.t.lsfymg the

following conditions d4 |!

¢ The drift function o is differentiable on H

I :
|§ !

¢ The function (a +a')/2 is bounded below on H

¢ Given a compact set U gH , the function (o? + a')/2 is bounded above on U

Since o and & coincide on H, Theorem 2.3 holds and we can apply the framework of section 2.2 to the
process ¥ in order to sample al. Monte Carlo estimator of v. Notice that in the two barriers case H is
itself compact and the new setjiof conditions are equivalent to dz: there is no actual extension. On the
contrary in the one barrier case the new set of conditions allow us to include the important cases when
both Mm, . 4c0(a? + a’)/2 = +oo and lim,_, _o(a? +o/)/2 = +oo.

Summarizing, we show in the tables below which are the minimal sets of conditions on the process (2.1)

under which the Exact Monte leo method can be applied.

- FUNCTIONAL ¢ | MINIMAL COND.

‘g %ot depending on Y7

ONE BARRIER dy

TWO BARRIERS ds '!
g} depending on Yp

‘ONE BARRIER RS o
TWO BARRIERS A

" Table 2.1: summary of the conditions.



Chapter 3

Exact Monte Carlo Simulation for Jump

Diffusions

3.1 Introduction

The aim of this chapter is to extend the methodology int;oduced in Chapter 1 to jump diffusion models.
Jump diffusion processes have become increasingly popular in financial modeling over the last 20 years. It
became widely acknowledged that the standard Black and Scholes (1973) assumption of log-normal stock
diffusion fails in. explaining market behavior. Empirical investigations show that stock 'prices and other

asset prices exhibit more complicated behavior than geometric Brownian motion. In particular heavy tails

-and volatility smile are well known phenomena at least since the market crash of 1987. ‘Therefor the need -

of models which capture these dynamics motivated thée search for alternatives to the Black Scholes frame-
work. Two proposals have received a large consensus among both academics and practitioners: stochastic
volatility models and jump diffusion modéels. ~

In jump diffusion approach we add to the (diffusion) dynamics of the process Y a discdntinuous component
(the jumps). By choosing the parameters of the jump process appropriately, the model can generate a rich
variety of dynamics which account for fat tailed and volatility smile.

However, dealing with jump diffusion processes, for example in pricing derivatives or modeling credit risk,

is mathematically much more challenging than the case of pure diffusions. In fact, except for very basic

65
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applications where closed form ;solutions are available, for most computational problems we. have to resort
to simulation methods. In particular, for the barrier problem, closed form expressions for the crossing
probabilities exist only under the assumptions that the continuous component is a geometric Browman
motion and the jumps are doubly exponential or exponentially distributed (Kou and Wang, 2003)
Nevertheless barrier problems with jump diffusions arise in finance in many applications, most notably
in credit risk modeling (Zhou, .:2001) and option pricing (Metwally and Atiya, 2002). Similar problems
arise also in other fields like computer vision (Zhu, 1999), adaptive control (Caines and Zhang, 1995) and
neurobiology (Giraudo and Sac;ardote, 1997).
Metwally and Atiya (:2002) prc%ipose a Monte Carlo procedure based on Brownian bridge’s first f‘)assage
time density for the case wheni; the underlying process is a Merton (1976) jump diffusion. Tha.tiis, the
continuous component is a geometrlc Brownian motion, the jump times are selected by a Poisson process
and the jumps are i.i. d lognormally dlstrlbuted However this is a particularly simple case since the j jump
component and the'dlffusmn component; are independent and both can be easily simulated.

In more complicated situations;f for example when we don’t know the transition density of the diffusion
component of the process, the c;lhly way to go is to discretize the process. If the jump component is inde-
pendent of the diffusion compoi}ent, jumps’ times and amplitudes are not affected by discretization bias
and can be simulated ':exactly. Itn this case the discretization error of Monte Carlo estimators is th!e same
as in the case of pure diffusions!

Most critical is the case when the intensity of the marked point process driving the jump component is state
dependent. The discretization error reflects on the simulation of the jumps, resulting in larger bias of the
.Monte Carlo estimator. In a reclent paper Glasserman and Merener (2004) develop .a simulation procedure . .
to deal with this case: Their ni:eth_od is based on a thinning algorithm with state dependent accelpta.nce
probability for the simulation of?i;the jump component and a discretization scheme for the simulation of the
diffusion. component. Surpnsmcrly, under particular conditions on the coefficient functions of the process,

i
the weak convergence order of thlS scheme equals the weak convergence order of the discretization scheme

for pure diffusions.
In this chapter we present a method to construct unbiased Monte Carlo estimator for the barrier pfoblem
(2.2) when the underlying proc%ss Y is a jump diffusion with state dependent intensity. The method is

based on a thinning algorithm for the simulation of the jump component and on the Exact Algorithm for
; [ |
l .
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the simulation of the diffusion component. The algorithm is adaptive: at each jump epoch the parameters
of.the Exact Algorithmn are updated according to thegamplitude of the jumps. Conversely the thinning
probability of a candidate jump depends on the current state of the process.

The thinning procedure is in the spirit of Glasserman and Merener (2004). However since the Exact Algo-
rithm. returns an exact realization of the process at tlfe candidate jump times, thinning probabilities are
exact. Another difference with Glasserman and Merenlelr (2004) is that we consider a functional involving
barriers while their analysis is addressed to the case when ¢ depends.only on the realization of the process
Y at a given time instant, i.e. ¢ = ¢(Y7).

Compared with Monte Carlo methods based on discretization schemes, our method is exact and efficient.
Furthermore, allowing for state-dependent intensity, it is very general. We point out that, in many ap-
plications; the assump-tion' that the intensity of the jump component is independent on the state of the
process is too. restrictive. An example in the conthext;i of credit risk modeling-is proposed in Chaptér 4
where the-use of .a state dependent intensity is- motivated by economical arguments. Another application
to.finance can be found in Glasserman and Merener (2003). Finally, as argued by Glasserman and Merener
(2004), it might be the case that, even if jumps are Poisson under the physical measure, they don’t preserve
this property-under-the pricing measure since the underlying martingale transformation introduces state

dependence in the intensity:

3.2 Exact Monte Carlo for jump diffusions

Let Y = {Y¥;; 0 < ¢t < T} be the one-dimensional jump diffusion process solving the following SDE:

@Y= (Vi Y+ dWot [ oY, mldzdd) Yo=u, (3.1)
A

where m(dz, dt) is a counting random measure on the product space M x [0,T] with M C R and g is a

real valued function on' R x M. Let g{dz, Y-, dt) define the intensity measure of m(dz, dt) of the form:
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T I qldz, Y-, dt) = q(z, Y-, t)dz dt

| 1

| (32)

In other words, m is t:he countil'ng measure generated by a marked point process on M x R driven;_ by the
1 ‘

intensity function ¢. Since theife is no possibility of confusion, in the following we will indicate with m

both the random measure and the corresponding point process.

We introduce the following asm;l;mptions d* on the process ¥ (3.1):

Cf The drift function « is différentiable

C3 The function ¢ =!.(a2 + a’)?2 is bounded by a constant U

€3 The intensity function qis czlonﬁinated by a function §: 1’\.11 — R such that:

i(2) =Af(2); zeM

where f(-) is a density fur?ction with support A and A is a positive constant.

We denote by Djymp the class of jump diffusion process Y (3.1) satisfying conditions C} — C3.

Let © be a realization of m:
o= {(Zla Tl.) (Z2a T‘Z) 1oy (ZN‘I;TNT)} oo
with

T
Np = f m(dz, dt)
0 JM

(3.3)

o4

1
i

counting the number of arrivals;in M x [0,T]. Furthermore we denote by Y (t1,t5,1) a diffusion process

on the time interval [t1,f2) WitH;initial point y whose dynamics is described by the following SDE:

T U

|
!
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dYy = o(Y,)dt + dW, (3.5)

In other words Y¢ is the continuous component of Y. Notice that, by conditions C} and C3, for any choice

of the triple (#;,1s,¥), Y belongs to D;.

3.2.2 Jump Exact Algorithm

Following. the usual scheme, the first stage for the construction of the Monte Carlo estimator is to define
a procedure to simulate a Skeleton of the process Y. It is clear that, due to the jump component in (3.1),
we can’t use directly EAL.

However. when. the jump component is distributed as a:marked Poisson process, the algorithm to generate
the Skeleton is: a straightforward application of EAl. In fact the arrival times 7q,73,...,7n, Tepresent
a realization of.a Poisson process of intensity A(t) on [0,77]. With each point 7; we associate a random
variable Z (the:mark) whose density may depend on 7; but not on the other points 7; (j # i) and the

variables Z associated with different arrival times are independent. Then, using representation (3.2):
Q(Z: Y;:‘ 1 t) = A(t)J‘.Z (t: 2)

where A(-)-is a nonnegative function [0,7] — R* and, for any ¢ € [0,T], fz(t,-) is a density function with
- support M o Coe o

In this case we can just simulate a realization © of the process m independently on Y. Between any two
jump times-the process Y follows a pure diffusion Y°. .T-herefore, given ©, we can proceed to simulate
a Skeleton. of Y updating the parameters of the Exact Algorithm when a jump occurs, according to the
amplitude of the jump. A'

In the general case (3.2) the simulation of the Skeleton is more challenging due to the dependence of the
intensity g on the process Y. In particular we are not allowed to sample a realization of the process m on
[0,T] x M before.proceeding to the actual simulation of the process Y. The criticism here is that we don’t

have "a. priori” information about the location of the jumps on [0, 7).
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We circumvent the problem using an adaptive simulation procedure which combines the Exact Algorithm
for the simulation of the continuous component of ¥ (3.5) and a stochastic thinning algorithm for the

simnulation of m. The:idea is based on the following result. |
Let 7 be the Poisson random measure on the product space M x [0,1] x [0,T] with intensity given by

(3.3). This defines a marked Poisson process with marks (Z,¥) such that Z and U are independently

distributed according to- i |

b Zaf@y U~ Uniflo

i i
The marks arrive indfependently at time instances T,,7s,... generated by a Poisson process of constant

intensity A on [0,T).

We denote by 6 a realization of the process m; i.e.
P p

& = {(20,0,1) (20.00.72) o (21, U 5) ) (38

where

T
" Np= f ] (dz, du, dt)
0 Jarxjon]

" Proposition 3.1

Let © be the projection of © on [0,T) x [0, M]; then
! l|

G)Ililr’,éi{(ff,—,ﬁ) ee:z}igﬁ(z,m_,ﬁ)} L (3.7)

1 [H i
? i
where, for anyi=1,2,..., Ny:l

| 'R(Zi,YA-,‘T'i)::—q(AI i )

I
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Proof:

This is-the thinning algorithm with stochastic acceptance probability.

O

According to the proposition, we can make use of a marked Poisson process 7. independent on Y to select a
set © of candidate points of m. Given ©, we can then construct an exact Skeleton of Y applying the Exact
Algorithm to simulate the. continuous component (3.5) of ¥ and the thinning formula (3.7) to simulate

the jump component. In particular notice that, given é, forany i =1,2,..., NT:

e Given Y3 _,, the random variable Y.- can be simulated exactly using EAl, since on the interval

+

(fi-1,7:) the process Y follows a pure diffusion Y (%1, %,Y3_,) € Dy.

¢ The random variable Y;,_, depends on Y- . by

Vs, = Y'T‘.-:1 + Ziﬂ{ﬁ.-SR(éi_l’Y*'_ 1'%i)}

where Y‘f‘o =Y = Y.

Then Algorithm 6 (JEA) returns an exact Skeleton of the process Y of the form

Siump =SV USA ... ysWr+D (3.8)

JE A manages to construct S;,m, as a union of Skeletons {S U)}j Frt produced by EAl. However,

=1!2,"'7
differently from St, Sjump has instantaneous jumps at the time instances selected by the thinning procedure.

3.2.3 Monte Carlo procedure

Since Sjump contains all the information on the jump component of Y, given S;ymp, the process Y behaves
exactly as a process belonging to ;. The Skeleton decomposes the process Y in a product of indepen-

dent Brownian bridges. More formally, we state the following theorem. For any i = 1,2,...,M; and
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Algorithm 6 Jump Exact Algorithm (JEA)

1. Simulate the marked Pois;'son process 7.
1
2. 8etj=1

3. Call EAl to simulate the Skeleton SU) of the process Yo(Tio1, 75, Ya, 1 )
S(J) = {(tg,j, Sg‘j) ,‘(t]_‘j, Sl*j)| yreey (tMrJ., Sﬂfj) } Save SU)
if j=Nr+1go to 5.

else go to 4.

4. Simulate the junip event .in 7;.
if U; < R(Z;,Su;, 7):
- set Y3, = Sa; + ;23
-set j=j+1andgoto3
else:
-set K;J. = Sum;.

- -set- j=j+1land go to 3. - - -

5. Output Sjymp = SWUS®@ ...y SsWHT+)
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7=1,2...,Np+1, let us denote Y; ; := {¥; : ti_1;:< t < 45}

Theorem 3.1

The processes {Y;; |'Sjump}z.j are independent and-forany j = 1,2,..., Np + 1:
d .
Yi; | Sjump = BB(tic1,5,Si—15it5,S13)s  (E=1,2,...,My) (3.9)

Proof:

The result is.a consequence of the construction of Sj,m, by the Jump Exact Algorithm.,

In fact Sjump is constructed by simulating sequentially the EAl-Skeletons &1, Sa,...,8 N (STEP 3 AND
5) whose starting points are selected according to a thinning experiment (STEP 4). Then, by Theorem
1.2, the conditional law of the process Y given the Skeletons (or equivalently given Sjump) is the law of a

product: of independent Brownian bridges.
O

The theorem plays the same role as Theorem 1.2 and Theorem 22 It provides the key link between the
Exact Algorithm and the Monte Carlo algorithm.

The Monte Carlo: procedure is- now straightforward and reflects the structure of Algorithm 2. First, we
call Algorithm 6 for the simulation of Sjymp. If any points of the Skeleton have exceeded the barriers H
we, output, directly ¢ = f (SMNT+1) (the last point of Sjumy!). Otherwise we proceed to the simulation
of ¢ using the results on the crossing probabilities of Brownian bridges stated in Chapter 1, section 1.4.
Notice that also the Rao-Blackwellization technique presented in section 1.5 can be applied analogously.

Exact Algorithm for an application to credit risk modeling.

3.3 Conclusion

In this chapter we have developed a new Monte Carlo procedure for the barrier problem (2.2) when the
stochastic process Y is a jump diffusion. The method is based on the Exact Algorithm for the simulation

of the continuous component of ¥ and on a stochastic thinning algorithin for the simulation of the jump



74

component,.
Our proposal presents two advantages over currently used methods based on discretization schemes: the
constructed Monte Carlo estixﬁator is unbiased and the simulation algorithm is efficient. Notably, the
method applies also t:o the case|when the intensity driving the jump component of the process is (markov)
state dependent. | |
Despite its brevity, this chaptelf contains several ideas which are worth to be developed in future r:esearch
work. A first direction of research is to investigate the potential applications of the method in finance. In
fact we believe that jiump diffuflsions with state dependent intensity are potentially very useful m?czdelirig
tools for applied works. In particular they can be used to improve the usual Merton scheme when the
assumption of independence between the jump component and the diffusion component is too restrictive.
An example of these,applicatipns is given in the next chapter. Another direction of research involves
to set up the genera.l;construct:lon of a rejection: sampler for jump diffusions by means of their G!_irsa.nov
derivative, in the spirit of the EAl rejection sampler illustrated in section 1.3. The rejection sampling step
would then combine.the Exact’ Algorithm step and the thinning step. This would lead to more cémpact
algorithm formulation and possliible improvements of the efficiency. !

; | .

i+



Chapter 4

Application to Credit Risk

4.1 Introduction

In this. chapter we show an.application of the techniques introduced in Chapter 3 to credit risk modeling.

In general, models of credit risk are used in finance to address two types of question:

e Risk management questions: what is the probability.that a firm will default within the next n years?
what is the expected loss if this happens? what are our expected losses from all the defaults of our

obligors over the next n years?

e Pricing questions: what is the equilibrium price of a defaultable bond, a credit derivative or any
other security. exposed to credit risk? or in other words: how to incorporate credit risk when we

price financial instruments?

These two sets of problems are linked: both involve, as basic step, the definition of a mathematical model
which describes.the dynamies of the risk of default. Perhaps, from a methodological point of view, the main
difference is that the two analysis are C&I‘ried-;lili} under different measures: the first under the physical
measure, the second.under the risk-neutral or pricing measure.

There are two main: approaches to modeling default risk: the structural approach and the reduced-form

approach:
1. Structural approach

75
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(Merton, 1974; Black and Cox, 1976; Longstaff and Schwarz, 1995)
The evolution of the firm’s value is explicitly modeled as a diffusion process. A firm defaults when its
value falls below a certain exogenously given threshold level or the level of its debt. In this context

the firm never d:efa.ults by surprise due to the continuity of diffusion trajectories.
i

2. Reduced forn';. approach.
{Jarrow and ']E‘ui-ubull, 1995; Jarrow et al., 1997; Duffie and Singleton, 1995)
Defaults come by ”surprise” as unpredictable Poisson events. There is no explicit link between

economic fundamentals and default arrivals. In this context a firm never defaults gradually. '

Each of these approaches has its strengths and its drawbacks.

The structural approach gives a satisfactory theoretical insight on the dymamics which has produced a
default. However it is quite rigihd: it is not able to generate unexpected defaults. As a consequence, credit
spreads of corporate bonds go hto 0 when time to maturity goes to 0. This is a side effect of the model
which is not supported by emp.jrical evidence.

Reduced form approach is more flexible due to its ability to model a wide range of dynamics for credit
spreads by an appropriate choice of the intensity function driving the arrival process. As a conséquence
these models perform better in f:ittihg real data. Their drawback is the poverty of information they provide:
they do not account for the acm%al economic reasons behind a default event. In principle we can circumvent
the problem by modeling defaul:t events with a Cox process in place of a Poisson process: now the intensity
is an exogenous-stochastic proc;;esslwhich somehow takes into account the economical variables Wh:ich are
- relevant to the default process.: Nevertheless, we still have to motivate the choice of a particular intensity
process and show the-link with1:the default event. |

One way to combine s_tr.uctural approach and reduced form approach is to model the firm’s value dynamics
as a jump diffusion p}ocess. In a jump diffusion approach firms can either default gradually whén their
trajectories actually hit the low?er barrier or by “surprise” when their trajectories jump below the barrier.
Although jump diffusions seem a very natural way to overcome the dualism between structural models and
reduced form models, not much work has been done in this direction. The most likely explanation is that
the introduction of jumps invol}res an increasing of the computational complexity of the pricing problem.

In particular even if we consider the simplest case characterized by a Merton-like jump diffusion i’)rocess
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and a constant threshold level, a closed form solution for the first passage default probability is not known
and we have to resort to Monte Carlo simulation. to esfima.te the price of defaultable bonds.

As far as we know Zhou (1997) and Zhou (2001) are the only examples of application of jump diffusion
processes in this context. Zhou (2001) ! assumes that t%le firm’s value is driven by a Merton jump diffusion
process and consider the problem of pricing a zero coupon defaultable bond. A solution to the pricing
problem is then approximated by Monte Carlo sirnul?a.tion-using discretization techniques. Kijima and
Suzuki (2001) use a jump-diffusion process with time dependent intensity to model the firm’s value but,
in order to enable a closed form:solution for the pricing problem, they assume that defaults are possible
only at maturity time.?

In this chapter we propose a new jump diffusion approach to credit risk modeling. In particular the
diffusion component of the firm’s value process is a geometric Brownian motion while the jump component
is driven by a marked point process. Differently from Merton (1976) we let the intensity of the jumps’
point process to be state dependent. More speciﬁcally, we suppose that the intensity A of the jumps’ arrival
process and the mean & of the jumps depend on the current firm'’s value. Then, according to the structural.
approach, the firm defaults when its value falls below a given threshold. Using Monte Carlo techniques
developed in Chapter 3, we show how to price a 0 coupé_n defaultable bond under the assumption that
the recovery rate is a fraction of the face value of the bond and depends on the firm'’s value at the time
of default. Our model shares with Zhou (2001) the idea to introduce jumps in the traditional structural .
framework. However it differs under two respects: 1) from a modeling perspective, our model is more
general; 2) from a computational perspective our Monte Carlo algorithm for the pricing problem is more

.accurate. In fact . .

1. We let the intensity of the marked point process driving the jump component to depend on the

current firm’s value.

2. We construct a (unbiased) Monte Carlo estimator of bonds’ prices without appeal to discretization

schemes.

!Zhou (1997) can be seen seen as a particular case of Zhou (2001)
2Somehow related is also the paper of Hilberink and Rogers (2002) which use Levy processes to extend the framework of
Leland (1994) and Leland and Toft {1996} on- optimal capital structure.
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The chapter is organiged7 as folipws. i
In section 4.2, we review some r_ilodels of interest proposed in the literature on credit risk. In particular, we
provide first a brief account on siltructura.l models and reduced form models. For a more complete treatment
we recommend Giesecke (2004);lor the reference text of Duffie and Singleton (2003). Then we illustrate in
detail the jump diffusion a.pproél,ch of Zhou (2001). In section 4.3 we present our proposal. First we set up
the general model. Then we de%cribe the Monte Carlo procedure to work out the computational problem.

. In the final section 4.4 we discujs_s some features and implications of our proposal both from an economical

and from a computational perspective.

h
4.2 Review of the literature

4.2.1 Structural models ;|
1 | 7
There are two main approaches'to modeling default probabilities within the structural models: the Merton

(1974) (or classical) approach and the Black and Cox (1976) (or first passage) approach.
Both approaches assume that a firm defaults when its value V is below a given threshold level K.

The process describing the dyn%unics of V is a Geometric Brownian motion:

4
I

4

{
AV = pVidt + oVidW,; Vp=w (4.1)

|1 '
,Ii is given by:

whose solution, by Ito’s lemma

: 2
Wﬁ: vexp{(,u— %) t+cht}; t € [0,400)
|

In Merton’s model we assume that a firm can default only at the maturity of the debt (for example a
bond). So, assumingithat T is the maturity time, at the current time ¢t = 0 the default probability is

calculated as:
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PP o= Pr[VTéKlL’b:v]
log L — mT

- o () )

where @(-) is the standard normal distribution function, L = %- andm = p — %2
In Black and Cox approé,ch defaunlt occurs at the first time that the firm’s value drops to a sufficiently low
default boundary; whether or not at the maturity date of the debt. In this case the probability of default

in the time interval [0, 7] is given by:

P¥ = Prir<T|Vy=1]

o) (T

= Pr [1&111} (mt+oW;) <logL| Vo= 'u]

where 7 = min{t > 0:V; < K}. This probability can be easily derived from Bachelier-Levy density
(see section 1:4.2) exploiting the i-ela.tionship between standard normal distribution and inverse gaﬁssian
distribution. Black and Cox allow also for a time dependent-exponential threshold K = K (¢) = Kpe .
In this case

P = Pr Eréiqr}((m—a)t—i—awt) <logLy|Vo=w

with Lo = Kp/v and the result follows analogously.

The definition of a suitable probabilistic framework for the default event is the building block for the
construction of a pricing model for financial instruments exposed to credit risk.

Let p denote the price at time ¢ = 0 of a defaultable zero-coupon bond maturing at time T with face value
D. We assume that in case of default the firm stops its activity' and the investor does not receive any

payment (or recovery) back; then
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: p= e ™D (1 - 15) (4.4)

where r is the (consta.nt) 1nterest rate and P is the probability of default under the risk neutral measure.
In our context, P is equal to Pbc (4.3) (or P™ (4.2) in the Merton approach) under the risk neutral
assumption p =7. " ‘

This is clearly an ove:rsimpliﬁeéi pricing model. However, as long as the default probability is explicitly
known, we are still able to deteErrnine a closed form expression for p under more realistic pricing schemes.
Black and Cox (1976) assume that, in case of default, bondholders receive a recovery equals to the firm’s
value at the default time V; =IK (r) = Kope™®". Longstaff and Schwarz (1995) extend this model to the
case of stochastic interest rateiusing the Vasicek (1977) model for the short rate process r. However if
we consider a different process %/' (not Geometric Brownian motion) or a different time dependent iclefault
threshold' K (not exponential) ,j the default probability might be intractable and we need simulation to

i

estimate p.

4.2,.2 Reduced fqrm moci}els

In reduced form models the fundamental modeling tool is a counting point process N = {N; : ¢ > 0} This
process determines the arrival of the default event in the time interval [0, 7).
Specifically, the time of default'7 is modeled as:
: il '
P r=mf{t>0: N, =1} '

Clearly the default probability P depends on the probabilistic structure of the process N:
li

il

4" Py=Pr[r<T]|=1- Pr[Np =0}

We assume that the dynamics (%f N are prescribed exogenously directly under the risk-neutral probability

measure. We have three cases. H
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e Homogeneous Poisson process.

N is a Poisson process with constant intensity A > 0. The default probability is given by:

Pz =1- 8_'\T .
o Inhomogeneous Poisson process.
N is a Poisson process with deterministic intensity function A = A(z). Then
Py=1—¢ Jo Xt)at

e Cozx process.
N is a. Cox process with stochastic intensity A = {\;},5,. Conditional on a realization of the

stochastic process A, N is a inhomogeneous Poisson process
Pr ['r <T| ()\t)OStSTJ — 1 — ¢ Jo Muds
so that
P,=1-E (e— Is *td‘) (4.5)

Intuitively, we first choose a vector {S:}o< < of latent state variables which are interpreted as "risk-
factors”. Then we define a suitable positive function A which maps the risk factors into the intensity

and set A, = A(S,) for any ¢ € [0,T).

According to the direction of the recent literature (see e.g. Giesecke, 2004), we focus on the third case.
First, we notice that in general a closed form expression for the default probability (4.5) does not exist.

However, as shown by Duffie and Kan (1996), under the following assumptions

¢ the process § driving the intensity process A = A(S) is a diffusion such that the corresponding drift

and diffusion coefficient are affine functions of the state variables

e
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o the function A(-) mapping the state variables S into the intensity is affine

it is possible to determine a closed form expression for (4.5) up to the solution of a system of o:rdinary
j | !

differential equations. This framework has been extended by Duffie et al. (2003) to the case when the

process S is a jump diffusion under the additional assumption that the intensity of the jump is itself an

affine function of S.

We turn now to the pricing problem. To begin, we consider the simple pricing model (4.4). We find

immediately that
p= De—rTIE (e— f(;r )\gdt)

Notice that if the intensity is constant p reduces to e~ "+}7T: the value of the defaultable bond is calculated
as if the bond was risk-free usi?g a default-adjusted discount rate. The new discount rate is the sum of

< i i
the riskfree rate' 7 and the intensity X. "

More realistically, we could assume a positive recovery R. The bond’s price p becomes

p=De TE (¢~ Jo ) 4 RE (¢, cry)
: i

where we can conveniently rewrite the second expectation in the following way:

- E{epen) = B (IE (e_"]I{TgT} |'(Sa)agT))

= E (](;T e TdPr [T Sul (St)ng])

with

dPr [ < u] (Si)gr| = due™ I Mobdu

] :| :

Finally, we obtain the following simplified expression:
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T
E (E_TTH{TST}) =E (/ e~ Jo (r+)‘3)ds)\udu)
o

This pricing formula can be extended in a straightforward way to the case. of stochastic interest rates (see

e.g. Lando, 1998).

4.2.3 Zhou’s model

We describe now in some details the proposal of Zhow'(2001).
Let us consider a model of structural type and assume'that the firm’s value process V is a jump diffusion.

Then, following: Merton (1976)

dV, = pVidt + oVidW, + (67 - 1)VidN; Vo= (4.6)

where N'is a Poisson process with constant intensity A, Z ~ N(v, 8?) and N, W, Z are independent.

We make the following assumptions on the pricing model:

Al Structural form.
' We assume an exponential time dependent: threéhold function K = K, = Kge®® such that Ky < v.
According to the structural approach a default occurs when the firm’s value falls to or below the

default barrier.

A2 Recovery rate.

In case of default the bondholder receives a recovery R given by:
R=(1-w(X;))D

where D is the face value of the bond and



K \K
7 = inf{0<t<T: X, <1}

' X = 2 {V’:-OStST}

under the usual?conventio!; inf {0} = +oco.

Notice that in traditionalifirst passage models characterized by pure diffusion processes, X, is equal
to 1 and the recovery is not stochastic (see for example Longstaff and Schwarz, 1995) . I;nstead,
this definition 0:‘: the recol‘;rery rate recalls to some extent reduced form models where the récovery

can depend stochasticallyjon the state (at the time of default) of the process 5 driving the intensity

process A,

A3 Recovery time.

The bondholder receives recovery at maturity time 7.
|

A4 Interest rate. :

The short term risk-free interest rate r is constant over time.

In this framework the price at time ¢t = 0 of a zero coupon defaultable bond with maturity time!T and

face value 1 is given by: '

o p=eT —eTTE (WX )pery), S C Y

where the expectation; is taken under the martingale measure.

One feature of jump diffusion p%icing models is the existence of many equivalent.ma.rtinga.le measul.:fes, ie.
marny equivalent measures under which the discounted value process is a martingale. This leads us into an
incomplete market. Each measure corresponds to a specific choice for the price of diffusion risk and the
price of market risk. In order tc:) select these two parameters, many different criteria have been proposed
in literature: we refer to Pham:§;(1997) and Henderson and Hobson (2003) for a review of some of them.

Zhou in particular adopts the abproach of Bates (1_991) which relies on the assumption of time separable
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investors’ preferences to derive a price for the jump risk. However since our purpose is to focus on the
computational technigues, we can just consider the simplest measure assuming, as in Merton (1976), that
the jump risk is.unpriced.

In this context, rewriting (4.6) in terms of the process X, applying the martingale transformation and

then Ito’s formula, we obtain the SDE of the log-process In X under the equivalent martingale measure:

din X, = (r —a—0%/2— &) dt + odWy + ZdN;; InXp=Ilnz=Inv-lnk (4.8)

where k = e¥+#/2 _ 1,

4.2.4 Zhou’s solution

The problem is the computation of (4.7) when the log process of X is defined by (4.8).

The first consideration is that a closed form expression for (4.7) under (4.8) is not known. Therefore we
have to appiy Monte Carlo simulation to compute p. Monte Carlo estimation of p essentially involves the
simulation of the crossing time 7 and the simulation of the random variable X;. We review the main steps

of the simulation procedure proposed by Zhou and then we discuss some relevant features.

1. Divide-the time interval [0, T into n sub-intervals choosing n sufficiently large. Denote t; =T x ¢/n

2. Do Monte Carlo simulation by repeating the following sub-procedures for M times (j = 1,2,..., M).

(a) For each j, generates a series of mutually and serially independent random vectors (y;, j;, &;) for

i=12,...,n according to:

yi ~ N((r—a-0c%/2-2)T/N,o*T/N)
ji ~ N(’Y:ﬁz)
ei ~ Bernoulli(AT/N)

(b) Set In X}, = lnz and simulate X}, according to:
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InXE =Xy +wyited; i=1,2...,n

¢
V

(c) Find the smallest in"teger i < n such that In X7 < 0. If such-an i exists let W; = 1:1:(X,f‘l.).
Otherwise, W; = 0. -

3. Let p* = ™77 (]1 - Zj”il %‘L) be the Monte Carlo approximation of p

We emphasize the fact that Zhou'simulation is fully carried out under discrete time setting; i.e. 1) the
jump times are discretized; 2) the hitting time is discretized. !
As a consequence we &se two ap%roxima.tions: one on the jump times and one on the hitting time given the
jump times. This clearly introdices in Monte Carlo simulation a bias which goes to 0 as the discretization
steps’ length goes to Og(Zhou, 2001, Theorem 1). We observe that the introduction of these approximations

seems unnecessary. We can simulate exactly the random variable in (4.7) with much less computational

effort just by:

e simulating first the jump 'tl‘;imes by means of the Poisson process N

e using Brownian bridge results of section 1.5.1 to simulate the hitting event between any two jump

; u i
1mes .

This is also the approach proposed in a different context by Metwally and Atiya (2002).

4.3 Our proposal

4.3.1 Definition of the model

We assume that, under the physical measure, the process V is defined by the following SDE:

dV, = pVidt + o VidW, + th g (Wi, z) m(dz, dt); Ww=w - (4.9)
A
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where m is a marked point process on [0, 7] x [0, M] with state dependent intensity measure g(dz, V;, dt).

For simplicity we-assume that the intensity has the following form:

qldz, Vi, dt) = Vi) f(z, Vi)dzdt (4.10)

where, for any v € R, A(v) > 0 and f(-,v) is-a density function with support M.
We denote by B = {B; : 0 <t < T} the risk-free asset whose dynamics are described by:

dB; = Byr(t)dt; Bp=1

If we denote by P the probability measure underlying (4.9), an equivalent martingale measure Q is a

probability measure. which is equivalent to P and such that the discounted process R={R,: 0 <t < T}

Ry = BV, = ¢~ Jorlwduy,

is a martingale under Q.
Applying Ito’s lemma, for jump diffusions it is easy to see that a measure () is a martingale measure if and

only if the dynamics of the process-V admit the following representation:

dV, = r(t)Vedt + dM2 (4.11)

where M@ is a martingale under Q.

Girsanov Theorem {Jump-Diffusions).
Let T and ¥ be two previsible processes such that, for any t € [0,T), ¥4() is a strictly positive function
and for finite ¢:



88

b T |
[ imdtas<vosi [ 3w [ 1040 e Ve < +oo
A J0 | o M

i
i

Define the process L i)y:: ' !

dL, = LoLydW, + Ly — / (T(z) — 1) {mdt, dz) — MVi)f(z, Vi)dedt} Lo =1
] M

and suppose that, under P, E (Ep) = 1. Then there exists a probability measure Q equivalent to P with

d _
=

AL

such that: ,

dW, = Tudt+dW2

g%z, Vi, t) = W()AW)f(z, Vi)

where W@ is a Brownian motion under Q and ¢9 is the intensity of the process m under Q.

' Ip
We use the Girsanov theorem to write the SDE of V under Q:

W = Vipde w¥io (Cude+ W) + VAV { [ oe VORI Vidde
M

+ / oz Vi) {midz, dt) ~ \ViEu(2) f(z, Vi) dzdt}
M

) 1
| 1

which can be written in the following way:

v, =V, [#‘*‘thft'i')\(vt)/ 9(z, Vi) ¥(z) f (2, Vi)dz| dt + dM, (4.12)
: M
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where M is a Q-martingale. Now combining (4.11) and (4.12) we find the equation to select the appropriate
I' and ¥ that make the process R a martingale:

r(£) = 1+ Tyor + A(Vi) /; 9= V) R2) (2 V)2 (4.13)

This equation clarifies what we have already mentioned‘in section 4.2.3: in presence of jumps the market
is not complete since there is not a unique choice of the parameters I" and ¥ which satisfies the condition
above.

In order to avoid nonessential complications we consider the easiest case and, according to Merton’s
approach, we don’t price the jump risk; that is, for anjy. t € [0,T], ¥,(-) = 1. We are now ready to write
the SDE of the process V under the martingale measure Q corresponding to our particular choice of T and

0.

‘%’f- = (r(t)—/\(Vz) /A Ig(%,z)f(z,vz)dz) dt + odW, + /ﬂ Jg(w,z)m(dz,dt) (4.14)

¥

The solution to (4.14) is given by:
Vi=wvBe(o-W),e(g-me), (4.15)
where m, is the Q-compensated point process m and the Dooleans-Dade exponentials are defined as:
o2
e(c- W), =exp (GW; - Tt)

and’

clgma = [ e+ oV iz ds) = [ [ ovan)st Vodads

From (4.15)- we obtain the SDE of the log-process:’
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2 li

dlnV, = (T(t) ELEESWA f 9(Vi, 2) f(z,Vt)dz) dt + odW, + / In(1 + g(V;, 2))m{dz, dt) ~ (4.16)
M M

|
For concreteness, we make the following assumptions on the model (4.9)-(4.10): _
i - 5

e the random variable g does not depend on V and in particular:
¥

glv,y) =¥ —1

e the density function f is 1|.:10rma1 and depends on V through its mean; that is:
!

f(z Vi) = N, p(2) :

where, for any ¢ € [0,T), 6, = 6(V}) is the mean of the normal and $? is the (constant) variance.

We consider the same pricing u';odel of Zhou characterized by assumptions Al — A4 of section 4.2.3 where
. :

the price of a 0 coupon defaultable bond with maturity T at time 0 is defined by (4.7).

4.3.2 Pricing problem
5 i !

We c0n51der the same prlcmg model of Zhou (2001) cha.racterlzed by assumptions Al - A4 of sectlon
4.2.3 where the price. of a0 coupon defaultable bond with maturlty T at time 0 is deﬁned by (4 7).

particular we reformulate the pricing problem (4.7) in the following equivalent way:
i. | p=eT +eTE (w* (V;) Ipery) ' (4.17)
where we have defined w*(y) =iw(e?%), ¥; = h(V;) = L1n (%) and

| | r=inf{t>0:Y; <0} 1 (4.18)
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The SDE of ¥ can be written as:

2 .

Yo = y= -};(lnv—ang)

where m is a point process on [0, T} with stochastic intensity A*(Y};), ¢ ~ N(0,1) and we have set X\*(y) =
MhTHy)); 62 () =0 (b (1)),

4.3.3 Monte Carlo procedure

The goal-i$ to construct- a Monte Carlo estimator of (4.17). where the process Y is distributed according
to (4.19).
We observe that the problem: (4.17) is a typical barrier problem analogous to those considered in Chapter

1-3: Its-solution: requirés to impose the following restrictions on the functions A* and 8*.

1. The function A*(y) is dz'ﬁ'erentiablé and bounded; i.e. 32} > 0 such that, for any y € R, A*(y) < Aj

2. The function *(y) is differentiable and bounded from above.

Under conditions 1 and 2, it is easy to check that the process Y belongs to Djym, (see section 3.2.1). For
these processes, we have defined Algorithm 6 that simulates a Skeleton Sjump- By Theorem 3.1, condition-
ally. on S;ump, the process is distributed as a product of independent Brownian bridges. Therefore, once
we have simulated Sj,my calling- Algorithm 6, for the construction of the Monte Carlo estimator of (4.17),
we can just resort. to the theory illustrated in Chapter 1.

At the end the:algorithm will be based on the usual two steps: 1) simulation of the Skeleton S;ymp; 2)

construction of the Monte Carlo estimator of (4.17) given Sjymp.

1. We will briefly recall the main points of the procedure to simulate Sjumy. For a more detailed

description .we refer to section 3.2.

(a) Simulation of the jump component: {('rl, Z:) (12, Z5g) s (TNT, ZTNT)}
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! !

i. Select a set of candidate jump times by a Poisson process (‘F‘l,‘ﬁz, e ’%1‘3'7‘) of intensity A}
on [0,T}]. .
ii. Accept‘: or reject ¥; according to the criterion prescribed in Proposition 3.1.
iii. If a point 7; 1s cr,!bcepted, set ; = ¥; and simulate the jump Z, = 6*(Y;) + %
(b) Simulation%of the continuous component:{ S, §@, . sNr+1)} '
i. Use EAI to simulate the Skeleton S of the continuous component between any tu:;o can-

didate jump times

ii. When a jump acgtually occurs update the parameters of the Ezact Algorithm accordingly.

This procedure returns a.n exact Skeleton Sjymp of the process Y which includes the jumps and a
discrete realization: of the |;path of the process between any two jump times. It is very convenient to
recall here the representaiiion of Sjump introduced in section 3.2:

e

i .

Ii !

Sjump = SH USSP y...u sPr+Y) +(4.20)

-

where, for any i=1,2,... Nr+1, S () is the Skeleton generated by the Exact Algorithm between

the jump times 7;_1 and 7;:

!iS(‘l) = {(t(],i: SU,T:) ) (tl,i'l Sl,i) 3t (tl‘/f",i: Sﬂ/fi,i)} r (421)

with (¢, Soi) = (Ti_l,}ifn._l) and (tas; 3, Sari) = (Ti ,YT_-) under the convention 7y =:0 and

TNp+l = T.

i !
E |i
|

. Given 8;y;,py we-turn to the sécond step which involves the construction of the actual Monte Carlo

estimator for {4.17). Our pr0posa.1 takes advantage of the Rao- Blackweizzatwn technique presented

in section 1.5.2 and it is based on the following proposition.
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Proposition 4.1
Let Sjump defined by (4.20)-(4.21) be the Skeleton of Y. Then:

Np+1
E (w"(¥;)l;<ry) =E ( > b (Siump))

=1

with

i—1 LI M
1ilOm) = [ {(H P z’k) I 50450} }] (w*(so"')ﬂ{so,ism +w*(0)so,>03 |1 - [ ] 2 z'i])

k=1 z=1 z=1
where, forany k=1,2,... ,Np +1

S, 145 k } 2 =1.9 M,

Dok = 1—exp {—2
‘ tz,k - tz-l,k

Proof.

By a property of conditional expectation:

E (w* (Y7) Iyrery) = E [E (w* (Y7) Lrary | Spump)]

Y, = Sg),'. if 7= to,;
0 if to; < T <itps41
As a consequence we can write

N1
E (wx (YT) I[{‘rgi"‘} | Sjump) = Z E (W* (SO,i) ]I{1'=tol,-} + W*(O)K{to‘i<f<tol.~+1} | Sjump) (4'22)

i=1
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Foranyi=1,2,...,Npr+1:
1

i
&

E (w* (S0.) 11{.,=tu,l.}l| s.jm,,) = w*(So;)E (u{,=tn,i} | sj.um,,)

= w*(S0,: (s, <01 Pr(Ye >0, 0 <t <0 | Sjump)

and analogously

E (w*(o)]l{tn,"(‘r(tn’ﬂ.ltl} | Sjump) = w' (0) [1 - Pr (K > 0: tO,i <t< tO,H‘l I Sjump)]

X

]I{Su,i>0}PT (Yt >0,0<t< tO,i I Sjump)

From the Markov property of ¥, for any i = 1,2,..., Np + 1:

H .A'Ii
Pr(Yy >0, to; <t <toip1 | Sjump) = H Pr (Yt >0, t15 <t <ty 3(2))

z=1

!
and'
. o ‘ i—1 . ‘ o . . : Lo
Pr(Y; >0, 0<t <to; | Sjump) = H {PT(Yé >0, top <t <tgps | S(’“))]I{SO‘PO}}
k=0

i
1

' i '
Since S is a Skeletorn produced by the Exact Algorithm, Theorem 1.2 applies; i.e. forany z = 1,2,..., M;:

Pr(Ye >0, to15 <t <ty | Sjump) = Pr(BBy(te-1,i Se-14ite,i Sei) > 0, tam1i <t < ty4)
: |
I 5._41:5. - I
ii = 1 —exp{—2 z—1,i°z,1 } \
W tz,i - tz—l,i

= Dzi
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where we have applied expression (1.23) for the one sided crossing probability of the Brownian Bridge. If

we substitute in (4.22) and set
hi(Sjump) = E (w* (Su4) ]I{T=t0,e} + w* (O)]I{to,i<'r<to,i+1} | Sjump)

the result follows.

a
As a consequence an unbiased estimator of p (4.17) is
Np+sl
ﬁ = Z hi(‘sjump) (4-23)
i=1
from which we can construct the Rao-Blackwelized Monte Carlo estimator:
i Lym Y
n— —J= 4.24
p N (4.24)

where p1, 53, ... 5V are N independent copiesof p. o _

This construction applies the Rao-Blackwelization technique introduced in section 1.5.2. The alternative
way would prescribe to simulate the Skeleton first and then the random variable in (4.17) conditionally
on the Skeleton. However this procedure is more convenient for two reasons. From a computational point
of view, we need just the simulation of the Skeleton since the unbiased estimator (4.23) is evaluated as
a (deterministic) function of the Skeleton. From a statistical point of view, the constructed Monte Carlo

estimator {4.24) has lower variance (given N) since

Var ("-U* (Y:) I[{TST}) > Var (E (’UJ* (¥7) ]I{TST} | Sjump))
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4.4 Conclusion

In this Chapter we have proposited a new framework for modeling default’s risk and a Monte Carlo method

. P
for unbiased pricing of defaultable bonds.

Our proposal has several nice features.

1. We assume that the firm’s value process is a jump diffusion. The idea. is to use jump diffusions rather

than pure diffusions to dgscribe the evolntion of firm’s value within a structural approach tc:) credit
risk modeling.

We have observéd that the structural approach is more appealing from a modeling perspecti\:re since
it allows to set a mathematical framework which is based on a model definition of default and which
is able to take into account the economic dynamics which lead to the default event; however a?serious
problem for structural médels is the continuity of the process V which does not explain unexpected
defaults and generates a {igid term structure of the credit spreads which is not consistent w;ith the
empirical evidence. ! ‘ |
Critically, in a jump diffusion context the continuity of the trajectories is broken by the pres;ence of
jumps. As a consequence (structural) jump diffusion models capture the advantages of both struc-
tural and reduced form nr;odels. On one side the structural approach provides a conceptual insights
on the economi;: mechanism of default risk; on the other side jumps give to the model as much
flexibility as a reduced form model. An interesting consequence of jump diffusion approach is that
the firm’s value at default is an endogenous random variable that is not necessarily equal to the
default boundary. This in‘!ea.ns that the model is also able to endogenouslj generate random \:;_fariates

. !
in recovery rates that are-linked to a firm’s capital structure and asset value of default.

i i

. We let both the mean of the jumps 6 and the infensity A of the jumps’ arrival process to be functions
|

of the firm’s value V. As :a consequence they are stochastic and endogenous. I

Assuming that the invest?)rs have perfect information on the firm’s value, the traditional interpre-
tation of jump diffusion "‘models assumes that the continuous component describes the “normal”
evolution of the firm while the discontinuous one accounts for unexpected and instantaneous changes

1 ’l
il

b
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in: firm’s: value determined by the arrival of exogenous shocking events.

We point out thé fact that, while the origin of these shocks is actually exogenocus, the impact they
produce depends on the state of the firm. Loosely speaking, if the firm is healthy it is less exposed to
dramatic. changes of its. value since it will be more able to cushion the impact of exogenous shocks.

This clearly reflects both on the intensity of jumps’ arrival and on the expected amplitude of jumps.

3. Due to. the presence of jumps, the model is able to bound short maturity credit spreads away from
0. Moreover it gives a strong theoretical support to the empirical evidence that bond prices often
drop in a surprising manner at or around default time. Duffie and Lando (2001) attribute this
phenomenon to incomplete accounting information; that is, around the time of default, substantial
accounting information about the issuer will be revealed to the market. Because of a jump in market
information , bond prices jump accordingly. In a complete information setting this phenomenon can
be. explained using our theoretical framework: around the time of default the firm is ”weak” and

particularly exposed to jumps which result in high volatility of bond prices.

4. To estimate bond prices, we perform a Monte Carlo simulation using the techniques proposed in
Chapters 2. The simulation procedure is of interest on its own, as it is new and it can be applied to
a. variety of problems arising from different contexts. The computational problem we have faced is

particularly challenging for two reasons.

¢ The intensity of the jump component of the process is state dependent.

" o Under the equivalént martingale measure, also the drift of the (log)-process is state dependent.

Nevertheless we were able to define a Monte Carlo algorithm which returns an (unbiased) estimator
of the prices without appeal to any discretization method. Moreover, due to the Rao-Blackwelization,
the simulation of the Monte Carlo estimator is particularly simple since it involves just the simulation

of the Skeleton Sj,mp and the evaluation of a deterministic function of the Skeleton.

Extensions to this framework are also possible.

We can relax condition A3 and assume, more realistically, that the bondholder receives the recovery when
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the default occurs. In this case we have to simulate the default time in order to evaluate the discounted
factor in the pricing formula. Tjhis ‘.can be done by simulating the Skeleton Sjump and then using Bachelier-
Levy density to simulate the first passage time of the Brownian bridges (see section 1.5.1). The resulting
estimator is still unbiased thou?g_h not Rao-Blackwellized (see the discussion at the end of section 11.5.2).
We believe that also assump,tio.;n A4 can be relaxed, allowing for stochastic interest rates. In this case in
order to construct an unbiased :;estimator of p we should probably resort to more sophisticated siuiula,tion
techniques such as the Pbisson?iest‘imator. (see Wagner, 1988a). |
Empirical investigations need to be done in order to fit our model to real data.

In particular & major ‘open proli:julem concerns how to model the dependence between the intensity eimd the
firm’s value process. Suitable f\.;nctiona.l forms for A(-) and 6(-) should, on the one hand, satisfy conditions
1 and 2 of section 4.3.3. On thgj other hand, they should be supported by reasonable econormic a.rg:uments

and empirical analysis.



Part 11

ESTIMATION OF GREEKS

99



Chapter 5

Exact Monte Carlo Simulation of

Greeks: a Malliavin Approach

;

5.1 Introduction and brief review of the literature

The aim of this Chapter is to introduce a new approach to Monte Caﬂo evaluation of the Greeks. We
define a Monte Carlo method which is based on the Malliavin representation of the Greeks of Fournié et al.
(1999) and can be seen as an unbiased alternative to the traditional Finite Difference method.

In mathematical finance, Greeks are the quantities representing the market-sensitivities of options or
other derivatives. As we have seen, in an equilibrium market, the price of an option is calculated as the
(discounted). expected value of its payoff. .‘The.payoff .is typically a.functional of a stochastic (diffusion) .
process X which describes the dynamics of the underlying asset. In this framework option prices depend
on the parameters of X. Loosely speaking, Greeks are ri:he partial derivatives of option prices with respect

to the parameters of the process X.

So, suppose that under the martingale measure, the asset process is a diffusion with the following SDE:

dX, = p(Xp)dt + o(Xe)dW,;  Xo ==, (5.1)

0<tLT

10T



102

and consider an option with simnple payoff ¢(X) = ¢(X7). Delta is the derivative of the option price with
respect to the initial value Xy = z; that is, denoting by u the price of the option:

| i|
! !!
Bulz)  OE(P(Xr) | Xo = 2)

delta = o e '+ (5.2)

Analogously, we deﬁne gamma'as the second derivative of the price with respect to the initial value and
II

rho and vega as the denvatwe of the price with respect to (resp.) the drift and the diffusion functions of
X. ? 1
The Greeks are vital tools in risk management. Each represents a specific measure of risk in owhing an
option. Thus a desirable property of a model of a financial market is the ability to compute the Greeks.
Nevertheless closed forms formlila for Greeks are very rare. A notable exception is the Black-Scholslzs case.
In general it is clear that, when there are no closed form expressions for prices we have to resort to Monte
Carlo methods to estimate both prices and their derivatives. However Monte Carlo simulation for Greeks
is not as straightforward as forl prices. Prices are genuinely defined as expected values, while Greeks are
derivatives of expected values. Therefore in order to perform Monte Carlo simulation we need to deﬁne a
suitable representation of the Greeks in terms of expectations, i
There are four approaches to Monte Carlo estimation of Greeks: the Finite Difference method, the Path-
wise method, the Likelihood Ra%z‘o method and the Malliavin method. In the sequel of -this section we give - -
a brief account on the first three methods, while the Malliavin approach will be extensively discussed in
section 5.3. For 111ustrat1ve purposes, here we restrict our description to the computation of delta (5 2).

i

H |I
i 'i

The traditional approach to the estimation of (5.2) is to approximate the derivative by a F:mte Dif-

ference. Indeed for small values of e

; : delta ~ 4E+ 9 = D) | | 69)
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Monte Carlo estimation of the right hand side is then straightforward: we compute a-Monte Carlo estima-
tor of u{z + €) and of u(z) and we calculate the ratio. .

This method, has the advantage to be simple and geneﬁ@lly-applica;ble.. The important drawback is that it
may perform-very. poorly. In fact we make use of two approximations, generating two kinds of error: one
on the numerical computation of the expectation as in any simulation, and the other on the approximation
of the derivative by its Finite Difference. Moreover running independent simulations for u(z) and u(z + ¢)

the computational time clearly doubles.

Pathwise method, introduced by Broadie and Glasserman (1996), simply suggests the interchange of

integration and differentiation in (5.2}

delta = E(¢'(X7)Yr) (5.4) -

The process. {Y:} g, <p 18 called first variation process and is defined by
== :

€ _
y;=.‘?§£=1im__.xt Xy

Jr e—0 £ (5.5)

where we denote by X€ the process X perturbed by a quantity € in the initial state 2. Pathwise method

can be easily seen- as the continuous counterpart of the Finite Difference method since, from

o9 —ul) _p (60K5) - )

€ €

under suitable conditions on the function ¢ (Dominated Convergence Theorem), we can take the limit for
e — (.inside the expectation, obtaining (5.4).

This. method is just affected by the standard error of Monte Carlo simulation since the derivative is not
approximated. However it can be applied only to a small set of options since for the most the payoff

function ¢(-) is not smooth enough.
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In order to avoid the differentiatibn of the payoff, Broadie and Glasserman (1996) proposed the Like-
lihood Ratio method. The idea here is to apply the differential operator to the density of the integrand

rather than to the random variable. Indeed

‘ I dufx)
delta = ——=
elta 5y

= %/qb(z)fxq,(z;m)dz
= [ota?Lsti g, - (g LoELrin)) (5:5)

This method takes aéiva,ntage of the fact that, differently from payoff functions, density functions are
generally smooth in théir parameters (consider for example the case of & digital option in a Blad{~Scholes
framework). Moreover representation (5.6) holds for any choice of ¢(-). In other words, Likelihood Ratio
method manages to réwrite Creeks as expected values of the product of the payoff itself and a stochastic
weight which depends just on the Greek we are considering (and the model, of course!) but not on the
payoff of the option: : I :
li

delta = E(¢(X7)W EIGHT%!s) (5.7)

This formulation of the problerL in terms of expected value of the weighted payoff gives to the method a - -

much greater flexibility than thF Pathwise method.
I

i |

As we will see, also Ma.lliavin iiapproach provides a representation of the Greeks in terms of e}i;pected
values of the weighted payofls gthe Malliavin weights). The crucial difference is that in (5.6) in order to
compute the Likelihood Ratio W}e need to have explicit knowledge of the density involved in the integ;“ration,
while in the Malliavin approach_!; this is not necessary. As a conseguence, Malliavin method turns 01;1'; to be
more general than Pathwise aqd Likelihood Ratio methods. In particular Malliavin approach seems the

1
H
1

| |
4
\
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involved in the pricing formula is not known. In fact in.these cases, representations (5.4) and (5.6) are not
given and-unbiased Monte Carlo evaluation of Greeks is possible only by means of the Malliavin way.

However in general Monte Carlo simulation of Ma.lliavi.,n Greeks can be extremely complicated. The main
problem is that the Malliavin weight is always expressed in terms of a stochastic integral. In principle
Monte Carlo estimation would involve the joint simulation of the payoff and the integral. We could clearly
resort to discretization methods: however the simulation of a stochastic integral by means of the discretized

process might introduce a relevant bias in Monte Carlo estimation.

In this Chapter we’ present a first step toward a general theory and methodology for unbiased Monte
Carlo estimation of Malliavin Greeks. The method is presented for the. case of rho and delta and applies
to diffusion processes belonging to D;. Beyond this, we believe that the framework can be adapted with

small changes to the other Greeks and extended to classes of processes more general than Dy.

The Chapter is organized as follows.
In section 5.2 we review basic notions of Malliavin calculus. In section 5.3 we introduce the Malliavin
representation of the Greeks. In section 5.4 we present our method for the simulation of the Malliavin

Greeks. We end in section 5.5 with general comments and directions for future research.

5.2 Malliavin Calculus
5.2.1 Generalities_ and intuiti_on

Malliavin Calculus is & young area of research which lies between functional analysis and probability the-
ory. In some sense, it translates some of the concepts familiar to functional analysis, like differentiation in
Banach spaces, to a probabilistic framework.

It was firstly introduced by P. Malliavin who was working on giving sufficient conditions under which a
random variable has a smooth density with respect to the Lebesgue measure. In the 80’s other authors
have used Malliavin Calculus, mainly in the field of SPDE. But it is in the last 15 years that Malliavin
Calculus has developed impressively due to the potentialities of its application in mathematical finance.

There are two main applications of Malliavin Calculus to finance. The first, dating back to 1991, was
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initiated by Karatzas and Ocoﬁe \#ho derived explicit formulas for a A-hedging strategy in terms of the
Malliavin derivative of the payoff function using a generalization of the Clark-Ocone formula (Ocone and
Karatzas, 1991). Thé second é;_ne has been firstly proposed by Fournié et al. (1999) who showeci, using
Malliavin Calculus te%chniques, :tha;t all the Greeks can be represented as expected values of the weighted
payoff. Both areas of research%: have shown to be particularly fruitful, motivating further investigations
in: many different directions a,na cbntributing to the diffusion among practitioners of a theory which has
been considered for many years:highly theoretical and technical from the mathematical point of view. The
accessibility of Malha.vm theory to a broader audience has been facilitated by a number of monoigraphs
among others it is worth to mentlon Oksendal (1997), Bally (2003) and Ikeda and Watanabe (1984) which
give a friendly introduction whfle Malliavin (1997) and Nualart (1995) cover the theory to much g'rea.ter

detail. In partlcula.r Nualart (1995) remains the reference text on the subject.

Malliavin calculus, sometlmes Icadled stochastic celculus of variations, is essentially a theory of differ-
entiation in a Wlener space. Intultlvely, suppose that W = {W,:0<t < T} is a Wiener proceas and
consider a random variable F = f(W) such that f is measurable with respect to the g-algebra generated
by W. Loosely speaking, the alm i's to differentiate F' with respect to W. |

Central to the theory of Malhavm calculus is the notion of Malliavin derivative. A rigorous definition
of Malliavin derwatlve is gwen in section 5.2.2 while here we will try to approach the concept frorn an
intuitive point of view. To thlS| scope, we introduce the following perturbation of Brownian motlon for

any € > 0 and any s € [0, 7] we deﬁne a stochastic process W€ = {W*:0 <t < T} by:

Wfie -— Wt + E]I{f.zs}
I
I !

The Malliavin derivative operaﬁor D L) — L*(Q x [0, 7)) is then defined by:

D,F(W) = lim fW=) - f(W) (58

€

.. : ;
This definition, though.not rigorous from a mathematical point of view, is particularly useful since it

i
I
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provides an intuitive justification of some basic Malliavin derivatives. Important examples are:

DSWt = ]I{tzs}
Dsf(Wt) = f}(Wt)]I{tzs}

D, ( /0 ' f(t)th.) = @ (5.9)

which can be obtained from (5.8) applying the usual rules of differentiation.

5.2.2 A formal construction

Let (©2, F, P) be a Wiener Space; so that (! = Cy([0, T) is the set of continuous functions on (0, T starting
at 0, F is the o-algebra generated by the cylinder subsets of Cy and P is the usual Wiener measure on
(2, F). Let w be the generic element of : therefore, for any t € [0,T), w(t) = W;. Furthermore let
{Fi} o<ty be the filtration generated by W; that is 7; is the completion of o (W; s < t) with the P-null
sets.

The fact that we work on a Wiener Space and not on some abstract probability space is crucial: Malliavin
Calculus is able to deal with random functions for which the source of randomness is a Wiener process.
The way we are going to ”construct” the definition of Malliavin derivative is quite standard in mathematics:
first, we define the Malliavin derivative of a set of ”simple” random variables and then we extend the
definition to a more general class by a limiting argument.

~ So consider the family C of all random variables F : ¢ — R of the form:, .
T T - T
Fluy=f (/ hl(t)th,/ hg(t)dW't,...,/ hn(t)th) ; nEN
0 0 0

where hy, b, ..., hn € L2([0,T]) and f(z1, 22, - .., T5) is a polynomial in n variables. Such random variables
F are called- Wiener Polynomials.

Definition 5.1

Let F' € C. Then the Malliavin derivative of F is a stochastic process DF := {D}F : 0 < t < T} defined

by:
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DtFl Z ( /0 ’ ha(t)dW,, /(; " ha(t)dWs, .. ., /0 " hn(t)th) hi(t) (5.10)

=0 .
Definition 5.1 is not surpnsmCr a convenient way to see it is as a consequence of (5.9) after applying
the usual rules of dlﬂerentlatlon for (deterministic) functions R®™ — R. Since C is dense in Lz(( Yy (see
e.g. Nualart, 1995) it is temptlnv to define the Malliavin derivative of a general F € L*(Q) by a limiting
procedure. This is prt?c1sely the way we will follow.

! i -
Formally we define the following norm |-||, , on C:
v ! !

||F||1:,2 = [[Flizqy + 1DeFll 20 7x )

= ey (o[ orra))”

and we define Dy 5 the closure bf C under the norm ||||, ,. That is a random variable F' € L¥(Q2) belongs
to D, o if it exists a sequence {Fn}n=1,2,___ ¢ C such that:

ii
i :
5- lim Ff, = F  in L*(Q) (5.11)

n=—C0

and
{DFa}yl,  is convergent in L*([0,T) x ) (5.12)
1 .

Furthermore, it is possible to show that the operator D : L2(Q2) — L*([0,T] x ) is closable: that is, given
I
two sequences { ,21) }:, {F,?)} HC C satisfying (5.11) and (5.12), it holds !

n—o0

lim D,FV = Tim D,F? (5.13)

We are now ready foria generalg; definition of Malliavin derivative.
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Definition 5.2
Let F € Dy 3 so that there exists a sequence {F,} C C satisfying (5.11) and (5.12). Then the Malliavin
derivative of F, DF := {DyF : 0 < t < T} is defined by:

D.F = lim D,F, ' (5.14)
TI— OO

The definition of:the Malliavin derivative of F' is now straightforward. It is given as the limit of Malliavin
derivatives (5.10). The existence of such limit follows:from the definition of D o while its uniqueness is
ensured. by the closability of the operator D. In this context D; s is then the domain of the Malliavin

derivative operator D and from the construction it follows:

CC Dl,Z - Lz(ﬂ) (515)

Remark 5.1

The stochastic process DF generated by the Malliavin operator is not necessarily F;-adapted. To see
this, the Intuitive representation (5.8) is particularly helpful. In fact there it is crucial the dependence of
f(*). from the underlying Brownian motion; for instance in (5.9) it is clear that for s < t, D, f(W,) is not

Fs-measurable.

5.2.3 Useful properties of the Malliavin Derivative

(Integration by Part)
Let F € Dy 5. Then the following integration by part formula holds

< DF,u >, Tx0) =< F,u* >12(q)

where the adjoint operator of D is the Skorohod integral 6 : L2([0, T} x Q) — L2(Q); that is:
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A stochastic process u = {w(w): 0 <t < T} € L*([0,T] x Q) is Skorohod integrable, and we write u €
Dom{(9), if for any F'€ Dy »:

< DFu>porxo< el Flly 2 . (5.16)
l l
¢ being a constant independent, of u. So the integration by part formula can be written in a more explicit

way as:
. T Q
' E ( /0 DtF(w)ut(w)dt) =E (Fé(u)) (5.17)

where F € Dy 5, © € Dom(8) and the adjoint operators D and § are respectively the Malliavin derivative

and the Skorohod integral.

Remark 5.2 ; s' ‘ i

We don’t give here a formal definition of Skorohod integral. However it is important to remark that there
is a strong connection between the Skorohod. integral and the Ito integral. In fact Skorohod integral can
be defined in terms of iterated Ito integrals like in Oksendal (1997) where the Ito-Chaos expansion lpl_ays a
central role. In particular whehl the process v is Fy—adapted Ito integral and Skorohod integral cci>incide.

. I |
In this sense an easy way to see the Skorohod integral is just as a generalization of the Ito integral.

(Malliavin derivative of a SDE)

Let X :={X;:0<t < T} be a diffusion process defined by the SDE:
I
1dX, = w(X)dt + (X )dW,;,  Xo =1, (5.18)

0<t<T
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where u and o are supposed to be continuously differentiable functions with bounded derivatives. Then, for
any t € [0,T], Xy € Dis and’

Y;
DXy =50 (Xo)lpeeys Yo=1, (5-19)
8

where the process Y := {Y; : 0 < ¢t < T} is the first variation process (5.5) of X

It can be shown that the first variation process satisfies the following SDE:

dY, = 1/ (X)Yidt + o' (X,)YidWy; Yo =1, (5.20)

0<tLT

Example 5.1

Consider a Geometric Brownian Motion:

dXt = j.LXtdt + O'XtdW;; .X{] =1z, - (521)

o<t<T (522
Then it is well known
X = ze ;. te€{0,T)

and applying (5.5)
Y, =2t tel0,T] (5.23)
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Now, from (5.19) it is immediate to derive the Malliavin derivatives for X; given t € [0, T):

0,2
DsX; = e(“_T)HJMUE{tzs}

Before proceeding to the‘describtion of how these results can be applied to the computation of the t'}reeks,
it is worth mentioning another very useful property which is familiar to classic differential calculus and it'

applies analogously in Ma,lliavir;:l calculus. ]
J

{Chain Rule) -

Let ¢: R* — R be a continuously differentioble function with bounded partial derivatives and F =

(F1, Fa, ..., Fy) a random 'uectt:i'r whose components belong to Dy 3. Then ¢(F) € D, 3 and:

| aa |

. Dp(F) = Z (F)D,F;,, 0<t<T
: =1 0%
So, suppose for example that we have, for any 1 = 1,2,...,n, F; = fi{X;) where f;(z) is a well behaved

function. Then applying the rule of (Malliavin) differentiation of diffusions and the chain rule, we obtain:

DLg(F) = {Z 2 } (et

' .
il H

i . . . .
5.3 Application of Malliavin Calculus to the computation of Greeks
5.3.1 A simple éxample J!

We begin with a simple example which is intended to be a friendly introduction to the ideas undurlymg

i
the material presented in this sectlon
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Here we don’t need to resort to Malliavin. Calculus argyments since the density involved in the integration
is explicitly known. Still the main idea is the same as.in the general case: to use an integration by part
formula to obtain a smoothed expression for the Greeks where the pay-off function is not differentiated.

We consider the Black-Scholes model (5.21) and the delg‘,a of an option whose (discounted) payoff ¢ depends
on the price of the asset at some expiry date T > 0. Then applying classic integration by parts formula

for real functions:

delta = %E(qB(XTHXg::t)
+o00- 3 (“_,,Tz_-)T_{_aﬁy) 1 _yi
A G 2l
_ 1 (p—%z);]'-%aﬁy)) 1 —ﬂ;]+m
- [me(= N I
toeoo 1 (u-—"g—z)m-aﬁy)) 1 4
— p— 7 d
* T"’(“ VRt W
Wr
= E| —¢(X .
(semptxn) (529
where we have used the following equality
d (M-g;)HU\/Ty _ 1 2 (#—”Tﬂ.)t"‘f’ﬁy
82:45 (a:e = T By ze (5.25)

‘S0 we have first expressed the ‘derivative of the payoff with respect to the initial condition in terms of
the derivative of the payoff with .respect to the va_riabie we are integrating out. Then we have applied a
classic integration by part formula.. Somehow, in the :géneré.l.base we will proceed analogously with the
only difference that Malliavin Calculus enables us to work with much less information: namely, we don’t
need an explicit knowledge of the density function.

Representation (5.24) has two main advantages:

1. the differential operator has disappeared from the integrand

2. the weight is not depending on the payoff ¢
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As a consequence of ;1, we can estimate the Greeks also in presence of very irregular or discon}:inuous
payoff functions. Frorin 2, the e!fﬁciency of the simulation is not affected by the choice of the pay(:)ff On
the contrary, the standard way‘ to compute Greeks relies on the payoff function since it takes the Finite
Difference appromma.tlon of the derwatlve of the payoff.
Remark 5.3 t
Representation (5. 24) cmnmdes with expression (16) of Broadie and Glasserman (1996) who obta.med it
directly computing the kaebhood -Ratio of Xp.

i

5.3.2 The general case: 'imatheﬁlatical framework

We consider now a general sca.l;':n.r diffusion process X (5.1) and we assume that

ll '
¢ the functions y, ar R - R are continuously differentiable with bounded derivatives; this in partlcular

implies that they satisfy L:psclntz conditions for the existence of a unique strong solution of.(5.1):

lis(ur) = pug)|| + llo(ur) — o(uz)l| < Karllur—uslly ]l < M, Jluzl < M (5.26)

p(a)l + llo)ll € CA+ml); meR - (5.27)

o the diffusion coefficient isl:uniformly elliptic; that is 3¢ > 0 such that, for any u € R:
|
| ;s lo(u)l > € " (5.28)
We consider an option with expliry date T whose payoff depends on the values of X at a finite set of times
I

ti,tz...,tpsuch that 0 < ) < tg - < t, = T. The payoff function ¢ is a mapping R™* — R and the price
of the option at time t =0 is glven by:
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u(z) =E (7T ¢ (Xuy, Xbzs- -, X1,) | Xo=12)

In the following, for ease of notation, we assumer = 0. We impose an integrability condition on the payoff:

E [(¢ (X Xiny -, Xe,) | Xo = 2)7] < 00 (5.29)

Eet T be the set of functions ¢ : R® — R such that (5.29) is satisfied. For ease of notation we denote the
vector (Xi,, X4y, ..., X¢,) by X. Our aim is to estimate the sensitivity of u with respect to the parameters
of X.. We will focus in particular on the first derivatives; i.e. delta, rho and vega. We have a_lready
introduced delta for illustrative purposes. Its definition is straightforward: it is the first derivative of the
price with respect to the initial condition. On the contrary rho and vega need more care. In fact since the
drift and’the diffusion coefficient: are functions of the underlying and not constants, we have to develop a
more robust framework than the common sensitivity analysis with respect to a fixed parameter. In this
context, the meaning of rho and vega is to quantify the impact on the price of a small perturbation of
either the drift or. the diffusion function in a specified direction. As a consequence the farniliar notion of
derivative for functions R — R is replaced here by the notion of Gateauz derivative which is defined as
the directional derivative (in some specified directions) of a function defined on a general Banach space.
Before giving a formal definition for vege and rho we need to introduce some notation.

and (¢ + €3)(-) are continuously differentiable with bounded derivatives and verify Lipschitz conditions.
4

Moreover we assume that &(-) and (o + ¢&)(-) satisfy the uniform ellipticity condition (5.28); that is for

any u € R and for any ¢ € (—1,+1}:

-

In>0:|(c+ea)(u)| >n (5.30)

For fi and & given, we define the perturbed processes Xo™he = {Xf””ho :0<t< T} and Xe&vese =
{X;"* . 0<t< T} by:
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B tl t
Xe™ =g + ]0 (m(Xs™) + efi(Xe™)) ds + jo o(XgTh)dWs; 0<t<T
; |

.
and it

:. ¢ ¢
X0t <t [ aeeeyas + | ot sty aws o<i<r

and the corresponding perturbefid prices:

us,greek(m) ~F (Cb (X:;greek’ Xf;gr“k, o ,Xr:,greek) | Xo = m)

tn
|
where either greek =" rho or g"r;'eek = vega.

Definition 5.3

We define rho (resp. vlfega,) the _Cateaux derivative of the perturbed price function u®™°(x)

|
(u*ve9%(z)) in the direction gjve;;n by ia(-)((-)); that is:

: j| ' rho = %ue'mo(m)

e=0

or, respectively

_ 0 €,vega
vega = zou (x)

e=0

ii
|
We also introduce the processes' 29!t ZThe and Zv9a defined by

Xc,grcek - X

cZgretk _im 2t T g<i<T
I e—0 €

(531
- (5.32)

(5.33)

1(5.34)

(5.35)

(5.36)
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where the processes X&™ and Xv9¢ gre given by (5.31) and (5.32) while X%%¥2 is just the diffusion
process X perturbed by ¢ in the initial point z. Notice in particular that Zdella jq the first variation process

of X; that is; using notation of section 1.3, ¥ = Zdlie,

Remark 5.4

Generally in finance the Greeks are framed in a Black-Scholes context so that rho and vega are easily
defined as. the derivative Withl respect to the expected ‘growth rate and jvoI&tiIit_}f of the log-normal model
(see e.g. Hull; 2000, Chapter 14). It is clear that this definition relies on the fact that drift and volatility

coefficients are constant and it is inadequate to treat the general case.

5.3.3 The main result

Consider the following representation:

greek =E (¢(J‘()w9ree’c) (5.37)

where 797®* is any random variable square integrable which satisfies the equality above for-any ¢ € 7.

For each greek we denote by W97¢¢k the corresponding set of such random variables.

Proposition 5.1 (Benhamou (2003))

Let u = {u; .0 <t < T} be a Skorohod integrable stochastic process. Then the following statements are

. équfvéiéﬁt.:
1. 7 = 6(u): belongs to Woreek

2 foranyi=12...,n

t; _ _ -
E [Yt,. / ACONN X] —E [zg’"e""“ | X] (5.38)
o Y ’

t
Sketch of proof: -
We propose here a sketch of the proof of 2 = 1 in order to show how Malliavin calculus techniques

introduced in. section 1.3.3 play a key role in this context. For a detailed proof of the proposition, see
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Benhamou (2003).

We assume for simplicity that tljle payoff function ¢ € 7 is continuously differentiable with bounded; partial

derivatives. Then, if there exists a Skorohod integrable process v which satisfies (5.38), we have:

greek ’;: E (Z gj: (X) Zf:eek)

~ a¢’ reek | v
> 5, (X)JE(Z-" | Y)) |
. n - t‘- _ .
= E Z%(x)m(nlfo "(;ft)utdﬂx)) |

(
p
= E (z:; g—i (X)E UOT Dy Xy updt | X))
(
(

The proof of 1 = 2 is carried oriflt using analogous arguments.

0
Remark 5.5

The differentiability assumptions on the payoff funct;on have allowed us to mtercbange the expec.tation
and the differential operator and ensured the ex:stence of the partial derivatives. However Propos:t:on
5.1 holds also in the general ca.se (given ¢ € T). Indeed the general result can be proved hy a density

argument.

Proposition 5.1 states. that for:each greek there exists a suitable set of Malliavin weights which can be
expressed as Skorohed integral of processes u satisfying condition (5.38). A natural question arising in
this context is whether it is possible to define an ”optimal” weight. Since we are in a Monte Carlo context
it seems that the optimal weiglillt must be the one minimizing the variance of the Monte Carlo inttiagrand.

That is, 737" is the optimal u{jeight for greek if, for any given ¢:
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greek __ .
g = argﬂegnvg}uk V(x) (5.39)
where
V(r) =E [(¢(X)7r - g'r‘eelc)z] (5.40)

Proposition 5.2 (Benhamou (2003))
m87¢®* is the conditional expectation with respect to the random vector X = (X, Xy,,...,X,,) of any

weight m € W9ITeek: that is, Vo € Woreek;

ndre* = E (r | X) (5.41)

Proof:

For any & € W9Teek we have trivially:

V(r) = E(¢*(X)7?) — E (¢(X)mo)”
..... ... = IE(¢2(X)(7T— 7]‘0)2) + V(mg)

and since the argument holds for every ¢ € 7 the conclusion follows.

Remark 5.6
This proposition indicates that without any further specification on the payoff function, the variance of

the integrand in Monte Carlo simulation is bounded below by the variance of my. To improve this lower
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, ii |
bound we need to have additional information on the payoff function. Indeed it is worth noticing t;hat the
set of the Malliavin welghts is deﬁned by conditions that are independent from the payoff function while
the global optimal squtmn in the sense of the Monte Carlo variance depends necessarily on the pdyoff In
other words, the optmla.bty result of Proposition 5.2 holds only in the subset of the unbiased estlrna,tor of

'greek’ which admit represenf;atxon (5.37).

L
]

Remark 5.7 .
Interestingly for each greek the§lop1.§i1i]al weight coincides with the Likelihood Ratio: this is clear from 5.1.
In fact Likelihood Ratio appears there as a proper weight; moreover it is a function of the payoff state
variables and so from Proposmllm 5.2 is the minimal variance weight. Unfortunately the denvatxon of the
Likelihood Ratio requires exphc;t knowledge of the density function while Malliavin theory enables us to

derive the optimal weight with ‘much less information.

5.3.4 Explicit conditions for the weights

For the construction of Mallia.ilfin weight it is then crucial that we are able to use condition (5..38) to
select a stochastic process u sui.ch that its Skorchod integral is a proper weight. Actually, we can make
condition (5.38) more explicit expressing the processes Z97%%* in terms of the first variation process Y.
This is convenient for two reasons. The first reason is that the first variation process is simpler !to deal
with since we can easily derive !‘!its SDE (5.20). The second reason is that the integrand on the left hand
side of (5.38) is also expressed in terms of the first variation process due to the link between first va;,]:ia.tion
process and Malliavin deriva.tive of a diffusion.

we have the following result.

Proposition 5.3 (Benhamcn; (2003))

The process Z™° can be expressed in terms of the first variation process by:

e ;
Zrhe = Y;/ BXs) ) p<t<T ' (5.42)
RL

Similarly for the process Z¥®9* it holds:

i
'

4

|! !

i .
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L (X
e _y, / 2% 4w, — v, / x) gy o<i<r (5.43)
0 s 0 5

where ji(:) and &(-) are the functions which define the direction of perturbation of (resp.) the drift and

the diffusion coefficient.

From these results we can reformulate condition (5.38) for each greek:

s delta:
i
IE[Y“/ J(Xt)utdt[)?]_=E[Yt_|X'] (5.44)
0 Y '
e tho:
t; .
IE[Yt/ U(Xt)utdth —E nj (X‘)dﬂx (5.45)
‘oo Y *h Y :
. vega:

]E[Y} ]O.ti;(};xt).u;dtl}z] =1E[Y£i fo . “(}ift)dwt f '(X)"( )dth]' : .(.5.46)‘ |

Remark 5:8

Notice the central role played in this context by the first variation process. While Malliavin calculus
provides the integration by part formmula which frees the integrand of the differential operator, the first
variation process is the necessary link between the Malliavin derivative and the derivative of the process
with respect to its parameters. In some sense the first variation process provides the equivalent of formula

(5. 25 ) in.the general case.
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5.3.5 Explicit formula for the weights

From (5.44)- (5.46) we can easily derive some explicit weights for the Greeks. The following corresri)ond to
i

the weights proposed- by Fournié et al. (1999).

o delta: .
: , }ft :
! o Y < "
. Wy ﬂa(t) G'(Xt), 0 = t =~ T (5 47)
H
where ¢ = a(t) € 'y, := {a, € 52[0,’1’] : foti a(t)dt =1,Vi = 1,2,_‘_,,“}
Ii |
e tho:
a{(Xe)
= St< L (5.4
Uy (X))’ 0<t«T | (5.48)
e vega: : | ‘_(t) i !
, —_ a vega - vega 1
“= o(X3) ; (Z*i 2 ) Leeoy<ice) i (5.49)

where @ = a(t) € Ty := {a € £20,T): [ a(dt=1,Yi=1.2,... n}

It is easy to verify that these weights satisfy conditions (5.44)- (5.46). For example in the case of delta,

(5.47) implies that:
(5.50)

. i £
” 0 Y 4]

: il
so that the integrand in the left hand side and in the right hand side of (5.44) are equal.

i
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Remark 5.9

The solutions of Fournié et al. (1999) are not the only possibilities for the weights. However they are
the easiest to verify since they are based on the equality the integrands in (5.38) and do not need any
computation involving the conditional expectations. Several other proposals of weights are presented in

Benhamou (2003).

5.4 Exact Monte Carlo Simulation of Greeks

5.4.1 Preliminaries

Malliavin Calculus provides a representation of the Greeks in terms of expected values of the weighted
payoffs. This representation is very convenient since it is general {differently from Pathwise and Likelihood
Ratio method) and exact (differently from Finite Difference method). In particular this approach seems
thebest one when the pay}off function is discontinuous or the density involved in the pricing formula is
not known. In fact in these cases, Pathwise method and Likelihood Ratio method are not feasible and
unbiased Monte Carlo evaluation of Greeks is possible only by means of the Malliavin approach. Beyond
this, it is well known that when the payoff is discontinuous and complex Finite Difference method performs
very poorly (see e.g. the simulation study in Benhamou, 2000, Ch.2)

However, from a practical point of view, this nice theoretical framework is useful only if it is actually
possible to simulate a Monte Carlo estimator of the Malliavin Greeks. This is particularly challenging
since it involves the sirnulation of a stochastic integrals (the Malliavin weight).

Inltheizi semmal Ipz-tpe.r,‘ F.'o-u]-:n.ié etal (.199.9)‘, aftér éoﬁstﬁictiné i:h.e‘gAenérz-Ll.rébrés-er.lt‘afic.m-s- (547), (5.48) .
and (5.49) for delta, rho and vega, test them within a simple Black and Scholes model. In particular they
perform Monte Carlo simulation only on those Greeks (delta and vega) for which the stochastic integral
can be easily solved. For example, in the case of delta, assuming that X is Geometric Brownian motion
(5.21) and the payoff ¢ depends on.the value of the underlying at some expiry time T > 0, we have from
(5.23) and (5.47)

Y, 11
Co(X)T  zoT

U
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where we have chosen a(t) = %" Then the Malliavin weight is simply :
li T 1
6(u) = ./(; ‘U.LdI'V; = mmf']‘

and we end with the formula:

8 Wr )
' delta = “E:) —E (qa(xT)?m—;)

It is worth noticing that the same formula can be obtained in a more direct way applying the integration
" by part as shown in section 5. 3 1 (5.24) or computing the likelihood ratio like in Broadie and Glasserman
(1996). In general, for the Black and Scholes model, we can derive suitable representations of the ‘Greeks
by the Pathwise method or the L1ke11h00d Ratio method and there is no need to resort to Ma.lha.vm theory
(see e.g. Broadie and Glasserman 1996).

However, in not trivial situations, when Pathwise and Likelihood Ratio approach don’t provide a suitable
representation for the Greeks, the Malliavin approach might fail because we are not able to simulate 8 Monte
Carlo estimator. We (.;ould clea%ly resort to discretization methods: however the simulation of a sto‘lchastic
integral by means of the discregized process introduces a relevant bias in Monte Carlo estimation.

We request a simulation procédure which translates the general and powerful theory of the Malliavin

computation of Greeks into the practice of Monte Carlo simulation. The method should satisfy two

minimal conditions. On one 51de it should be unbiased (unhke the Finite Difference method) on t}.l:e, other
side, it should be general enough to deal with models to which Pathwise method and leelihooci Ratio
method can’t be applied.

This section is intended to be a first step in this direction.

We consider a diffusion process:'X defined by

i
I 1
h i

dX, = p(X;)dt +dW,; Xo =z, (5.51)

0<tLT
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satisfying conditions C1 — C3 of section 1.3.2 (i.e. D;-process) and a payoff function ¢ = ¢(Xr). In this
context, we show how to simulate an unbiased estimator of delta and rho with the Malliavin weights (5.47)

and (5.48) proposed by Fournié et al. (1999).

5.4.2 Monte Carlo estimation of Rho

Recalling the- theory of Malliavin Greeks, rho can be représented as the expected value of the payoff
weighted by the Skorohod integral of (5.48). Since (5.48) is adapted we can write the Malliavin weight in
terms of the Ito integral {see remark 5.2):

Rho=E (qS(XT) /0 " ,a(xt)dwt) (5.52)

The definition of a general procedure for unbiased Mjonte Carlo simulation of (5.52) is hardly possible.
However if the process X satisfies conditions C1 — C3, we can successfully apply the Exact Algorithm 1
to our Monte Carlo problem. In particular, from the construction of section 1.3, EF Al returns a Skeleton

81 of X. In this section, for convenience of notation, we represent Sy in the following way:
Sl = {(tO} SIO) H (t’I) Stl) 1 (tﬂ’.{z St_m)} (553)

where (tg, Sy,) = (0, z) and (tar, Sy, ) = (T, Xv). Then:

E (czs(XT)- / f ﬁ(Xt)dWc) - E (E (cb(xr) / " A )dw, | sl))

M &
= E (E]E (¢(XT)/ A(X)dW, | 81)) (5.54)
i=1 b

-1

For any i = 1,2,..., M, let us denote:

ei(S1) =E (¢(XT) tji (X, )dW, | 51)

ti-1
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We assume that () is everywl“;ere_: differentiable and we define a function # : R — R by

H(u) = /0 " i(s)ds

! b
|
ié

Proposition 5.4 i “
Let &1 be the Skeleton (5.53) g{é_anefated by EAl. Foranyi=1,2,....M

ex(S1) = $(Si) !H"(sai) ~H(S, ) ~E ( [ 3 + e dt)] (559)
] t

i—-1

where Z0 = {79 = BB, (t;_1: S, 14, 85) 41 <t < t; ).
[4 ; i—1 i
\a

Proof:
Foranyi=1,2,...,M: E

i

ti—1

ei(S1) h = E (¢(XT) i(X:)dWy | 31)

}: = ¢(S“,)E (/ti ﬁ(Xt)th | Sl)

ti-1

ti
= (S, E (f A(Xe) (dXy — p(X:)dt) | 51) - (5.56)
4 .
By Ito’s lemma:
E.
| am(x) = xax, + 2 () de

so that bt

ty . 1 t;
| = HO6) - H (%) -5 [ # (o i
ti-1 |! ti—1 '
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Substituting in (5.56) gives:

o

e(S) = H(S,)E (H(X@—H(Xzi_l)—! |37 x + ot dt|sl)

Liv1

= ¢(Stm) l:H (Sf.i) —H (‘Sti—l) —-E (-[.ti ['2]:,&’ (Xt) +ﬁ(Xt)F(Xt):| dt“ Sl)]

From Theorem .2, for any ¢ =1,2,..., M:
(Xettir St <t} | S1 2 (BB (i, Suitin S) stimy <t <} = {20 s tn <2 <4}

and the conclusion follows.

O

The advantage of this representation is that we have reformulated the problem of the simulation of the Ito
integral of (a function of) a generic diffusion X in terms of the much easier problem of the simulation of
a Riemann integral of {a function of) a trajectory of a Brownian bridge.

However, since: we are not able to compute analytically the expected value in (5.55), we can’t simulate
directly e;(81). We circumvent the problem by simulating an additional uniform random variable to rid
the simulation of the integral. . o

Specifically, let’s-define the function h: R — R:
1", -
h(u) = S (u) + p(u)n(u)

Then it is true that

E ( /t " (ZP) d.t) = (ti— t;_1)E (h (z}j})) (5.57)

i—1
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where the first expectation is w.r.t. the Brownian bridge while the second w.r.t. Brownian bridge and a
‘ C

uniform random variable U; ~ Unif {t;—1,#;] independent of the Brownian bridge.

We are now able to simulate an unbiased estimator of rho. The construction is an immediate consequence

of the argument just outlined. " !

Given &, we simulate an "Enriched” Skeleton
S].E = {(t(h SIO) H (UI} SU]) (tl) Stl) gy (tkf—li StM_l) ) (UI\'[: SUM) (thf) Sf.]u)} (558)

in the following way:

Ui | 81 ~ Uniflti,ti)

U; U; ;
6| Sl L. Sy + Topst (S Sun) + Wy |

where we have used the representation of the Brownian bridge in terms of Brownian motion.

We can define an unbiased estimator rho of rho as a function of SE. In fact from (5.55) and (5.57)
|
|
|
I

| ) M
N rho = Ze:‘ (SlE)
ST T, o

where for any i = 1,2,... | M
|

et (S5) = (6) { H (60) — H (Suca) = (s = i) | 350 + iS5 |}
o

Finally we construct the Monte Carlo estimator simulating rho a sufﬁmently large number of times and

averaging over the simulated values ;
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5.4.3 Monte Carlo estimation of Delta

We: consider now the problem of Monte Carlo estimation of delta when the Malliavin weight is defined by

the Skorohod. integral of (5.47). In particular, we assume a(t) = %. Then:

delta = —12;1E(¢(XT)5(Y)) : (5.59)

where Y is. the first variation process of X defined by (5.20} and § is the Skorohod integral operator. In

our. case with unit diffusion coefficient (5.51) we have:

dY, = j (X)Yidt; Yo=1

s0 that
Y, = eo# (Xo)ds (5.60)

where ;_,e' is the first derivative of the drift. Since the process Y is adapted, (5.59) becomes:

1 T
delta = flE (qb(XT)/O Ytdwt) (5.61)

Since the process X belongs to D; we can simulate a Skeleton ;. Proceeding as for rho we write

.....

4

. ) . 1 .
(¢(XT)/B Ytth) = .?}E (ZE (¢(XT) VidW, | 31))
i=1 ti-1

_ 1
delta = f]E
1 M "
= FE (¢(StA!)ZE (/ YidW, | 51))
i=1 t

i—1

We define, for any i =1,2,..., M:

Li-1

5(S1) =E (_/“ YidW, | 31)

.
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ji
Moreover we introduce the following notation:
.

'82
€f{s1,a;8,b) :=FE (ef-u f(z’)ds) (5.62)
| | | |
where Z £ BB(s1,q;s2,b) and f is a function R — R. In particular we denote by egf) (81) = €5(ti1, St,_yi ti, S,)-

.
Proposition 5.5 !

Let Sy be the Skeleton produced by EAi. Foranyi=1,2,...,M:

|
1

i1 . N .l b , , ‘ .
6:(S81) = [H e (81)} [Snff}?;,(&) - St —E ( j; el OB (30) + Xl (X)) e sl)} (5.63)
j=1 . : i—1

Proof:

: i t; !
9i(&1) =E (f Y (dX: — p(Xi)dt) | 51) :
ti—1
By Ito’s Lemma
: !:
1 t | L
/ }/l.dll)(t = Yé.'Xti - YP!,‘..lxt;_:L - Xtin
tia ' ti—1
= IV Xe, - Y  Xe —~ Xy (X,)Yedt
ti—1

s0 that i _ ;

9i(S1) =E (Y;‘iXti — Y X, _/ Y (P‘(Xt) + Xop (Xt)) dt | 81)

ki1

Now for Theorem 1.2,i by the ccgnlnditiona,l independence of the bridges given the Skeleton:

i
3
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j=1 =1

i—1
E(Y, X, | S1) = S,E (Hef*f g | 81) =S, {Heffﬂ(sl)} () (5.64)

By analogous argument

E (Yis Xuees | 81) = {He“)(sl } (5.65)

and also

E (/f Y, (M(Xt) +Xtu'(X;)-) dt| 31) _ {".—1 ES)} 0 (/ti Gl # (X3 (#(Xt) +Xt,u’(Xt)) dt | 31)

i—1 j=1 L1
(5.66)

The conclusion: follows combining (5.64),(5.65) and (5.66).
0l

Recalling the construction of the Enlarged Skeleton Sf D 81 and the uniform sampling technique intro-

duced in‘the previous section:

(91 (&1)) = (91 (SIE))

where

(SE) = |:H E(J)(Sl ] [St € 51) =Sty - (ti—la St:_13 Ui, SU;') (!-’*(SUi) + SU.'P'"(SUi)]

We can’t find explicit expressions for the functions E,U’(‘) so that we are not able to simulate directly ;..

The solution is to simulate an unbiased estimator of the conditional expectation (5.62).
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We present two. methéds to conlalstruct unbiased estimators for a generic function ef(sy, a; s2,b): the Accep-
tance method and thé, Poisson e?:stimator. The two methods have already been used in the field of inference
for diffusion processeé in Beskos et: al. (2005). In particular the Poisson estimator dates back to the works
of Wagner (1988b, 1989) who introduced it in the context of statistical physics.

Interestingly, the two 'jestirnator? are strictly linked; in particular the estimator produced by the Acc?pta.nce

method turns out to be a particular case of the Poisson estimator (see remark 5.10).

Acceptance Method. |

In order to apply this method we need to assume that the function f{-) is bounded:

| LS f()<i+r

. f I
Then we can write: ‘

éf(sla a; s, b) = E (ef:f f(z“)d") — o+ s2—s1) (e_ IE ”'(z“}d")

. i‘, .
where h(z) =1+ r — f(z) is such that 0 < h(:) <.
Define a marked Poisson process & of unit intensity on the rectangle [s1, s2] x [0,r]. We denote & = {¥, T}

with:

\ ‘I; = {¢11¢2:"':¢k}

T = {'!)1,1)2,.-.,'1)};}

i l! |
Let us introduce the following indicator variable:
1l

f k
| I(Z,®;s1,0;82,b) = H E{h(z¢n)<vn}
n=1
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Then we have:

ef(51,0;82,b) = e TI=IE (1(Z, &; 51,05 52,b))

where the expectation is taken with respect to (Z, ®). Thus a simple unbiased estimator of €7(s1,a; 52,b)

is just:
k
£1(Z,8;51,a;52,b) = el TT In(z,, )<ve} (5.67)
n=1
Notice that (5.67) admits a suitable Rao-Blackwelized version. Indeed:

e5(s1,0;82,b0) = eUH7)s2=SVE (E (I(Z,®; 51, ; s2,b) | L, Z))

The conditional expectation can be written explicitly in the following way:

v
E(I(Z,®;s1,0;50,b) | 1,2) =[] [1 - "(pr,-)}

=1 4
so that.the Rao Blackwellized version of €; is given by:
k
. h{Zy,
E/(Z,T;51,0,;52,b) = el P20 T [1 - MQ] (5.68)
T
i=1

Notice that, given the parameters of the Brownian bridge Z, the estimators (5.67) and (5.68) can be easily
simulated- since they depend on the realization of a Poisson process ® {or ¥) and of a Brownian bridge at

the time points selected by the Poisson process.
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Poisson Estimator.é
We present now another way to construct an unbiased estimator of €4(s1, o, s3, b).
i I -

First, we observe that for any c eER, A>0:

f:2 f{Zu)du [l _ +c(sg s1) _ /sg c+ f(Zs) 7
! ! " Z { 52 51 51 /\(Sg - Sl)ds

_(—a(sa—s1) 2 c+ f(Z )y
| e E [{/;1 5 ds

I‘ .
where the expectation is taken with respect to k ~ Pois{A(s2 — s1)) conditionally on Z. As usual, we can

sample k independent uniform random variables U ~ Uni f[s1, s3] to construct unbiased estimators of the

integrals [*(c+ f(Z:))/(A(s2 = 31))ds In other terms, letting ¥ = {41, %2, ..., %%} be a Poisson process
on [s1, s2] with mteHS}ty A 5 '
f }
o2 ! Z.)d 5
eLl F(Zy)du - e(z\—c)(sz—sl}E /\—k H [C— f(ij)]
j=1
where the expectat‘.ioﬁ is taken iwith respect to ¥.

Now it is clear that an unbiased estimator of e;(s1, a; s2,b) is given by:

,;_
e (2,0 51,4 sz,b) = gA—a)(sz—a1): A-'“H [e=f2Z)] ) (569
4 j=1 :

We call this estimator Poisson estimator. Again, as in (5.68), this estimator depends only on the rea,hzatlon
|

of a Poisson process ¥ and a Browma.n bridge at the time points selected by ¥. In fact there is a strond

connection between (5.68) and (5.69)_

Remark 5.10

The estimator (5.68)i‘based on:-the acceptance method can be seen as a particular case of the f’oisson

estimator. In fact if m (5.69) we assume A = 7 and ¢ = 1
i ¢

r
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k
h(Z,.
éf(Z,%;s1,a; 52,b) = gli+rHsa—s1) H [1 _ ( T%)]

i=1

where h(-) =1 +r — f(.) and U = {31, %,...,¥Yx} is & Poisson process of rate r on [s1, s2).

5.5 Conclusion

In this: chapter we have proposed a new method for Monte Carlo evaluation of Greeks. Assuming the
Malliavin representation of the Greeks of Fournié et al. (1999), we showed how to simulate an unbiased

estimator of delta and rho for a general class of diffusion processes X.

The first part of the chapter is descriptive.

We presented the challenging problem of the computation of the Greeks and illustrated the traditional
Monte Carlo approaches. Discussing the weaknesses of these approaches led us to introduce the Malliavin
approach. Malliavin approach relies on the fascinating though complex theory of Malliavin Calculus. It
manages to represent the Greeks as expected values of the weighted payoffs. Over competing methods,
this representation has the advantage to be exact (unlike Finite Difference method) and general (unlike
Pathwise and.Likelihood Ratio method). However a major problem is the actual simulation of the Malli-
avin Monte Carlo estimator. This involves the joint simulation of the payoff and of a stochastic integral
(the Malliavin weight).

The second part of the. chapter-contains our contribution. -

We proposed-a-novel method for the Monte Carlo estimate of the Malliavin Greeks for the case of rho and
delta when the diffusion X belongs to D;. Firstly, we simulate the Skeleton &;. Then given the Skeleton
we showed how to simulate unbiased estimators of the Greeks. Since direct simulation of a stochastic
integral is hardly possible, we had to apply some stochastic calculus to transform the stochastic integral
into a simple Riemann integral. We finally construct the unbiased estimators applying to the resulting

Riemann integrals suitable simulation techniques.

This contribution is meant to be just the first step of an ambitious project. On one hand we have seen that
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] , i
Malliavin Calculus provides a mce general framework for Monte Carlo treatment of the Greeks. On the
other hand we have shown that the Exact Algorithm unveils new and interesting possibilities for the actual
simulation of Malliavin Greeksa Main purpose of future research work will be to investigate further the
potentialities of the Exact Algdrithm and try to exploit them in order to define a general methodology for
unbiased Monte Carlo est1mat1on of the Greeks. To this scope, we have to address further mvestxga.tlons

Firstly, we wish to extend these ideas to the other (first order) derivative, vega and also to theisecond

in the three main directions.

order derivative gamma. Even;though the Malliavin representation of these Greeks is more complicated,
the general scheme does not change: they are given as expected values of the payoff times a (Skc;)rohod)
stochastic integral. Fer this rea%on we think that this same framework can be applied with rel.'ad:ivel!}r small
changes to their estiniation. .

Another direction of research ipvo}ves the extension of the method to options with different payoffs. It
is worth to recall that Malliavin framework of section 5.3 holds when the payoff ¢ can be expressed as
a function of the diffusion trajecto_ry at a discrete set of time points. This includes some important op-
tion schemes like Eur?opea.n opi;‘;ion's or Discrete Asian options. In our treatment we have considered for
simplicity the European case ¢ = ¢(Xr). However our method can be extended easily to the general
case ¢ = ¢ (Xyy, Xpgo- -, Xu,,)- TEAn:‘interesting question is whether it is possible to define a general frame-
work which includes also more' sophisticated path dependent payoff schemes. A major problem is that
nice representations (5 47)- (5. 49) introduced in section 5.3 do not hold in these cases. Nevertheless it
is still possible for some optlon!s to derive suitable Malliavin representatlons for the Greeks. We refer to
Benhamou (2000).for, the case!of Asian options and.to Gobet and Kohatsu-Higa (2003). for the case of
barrier options. However, espeéially in the barrier options case, the expressions for the Malliavin weights

are much more complicated than (5.47)- (5.49) and consequently it is more difficult to simulate a Monte
Carlo estimator. ! i" ;
A third objective is to extend t"he methodology to classes of diffusions more general than D;. In Chapter
2 we introduced the clla,sses Dy F.nd D3 and showed how to simulate a Skeleton of the processes belonging
to these classes. For these processes the construction of the Monte Carlo estimator is the same as for

D, -processes and the extension is straightforward. On the contrary, an extension to the class Djy,sy intro-
!

duced in Chapter 3 is more corglplicated. In fact, the lack of differentiability of the process X duei to the
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presence of jumps does not allow to apply directly Malliavin Calculus for the derivation of the Malliavin
weights (but see El-Khatib and Privault, 2004).

Beyond this, the efficiency of our estimators need to b? investigated carefully both with a theoretical and
a numerical analysis. In particular the simulation stu_ldy would involve a numerical comparison between
our Monte Carlo estimator and the Monte Carlo estimator constructed with the Finite Difference method.
Simulation studies of this type have already been done for the Black-Scholes model in Fournié et al. (1999),
Fournié et al. (2001) and Benhamou {2000}. However it is not available any simulation study involving
other diffusion models-due to the difficulty to simulate a Malliavin Monte Carlo. estimator. Notably,
our simulation procedure allows to set up a simulation study testing the performances of the Malliavin

estimator within a general class D of diffusion models.
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Conclusion

In this thesis we introduced some novel techniques for Monte Carlo simulation of functionals ¢ of diffusion
and jump diffusion processes ¥. We proposed in particular a Monte Carlo. treatment for two classes of
pr_oblerns of relevant interest in mathematical finance: the barrier problem and.the problem of the estima-
tion of the Greeks.

A notable feature of our proposal, is that we are able to.r simulate ¢ exactly even without explicit knowledge
of the transition densities of the process. This allows us to construct. unbiased Monte Carlo estimators.
The simulation procedure is based on two main steps. Firstly, we simulate a discrete exact Skeleton of the
process using the retrospective rejection sampling introduced by Beskos et al. (2004). Then, conditicnally
on the Skeleton, we simulate the target functional. ¢. In both steps, there is no need for the introduction
of approximations: the Skeleton as well as the target functional are sampled from their ”true” probability
measure. As a consequence, unlike the other current methods, the sample of ¢ is exact and the resulting

Monte Carlo estimator is affected only by the Monte Carlo error.

In the first part of the thesis (Chapter:1-to 4) we considered the barrier problem.

In particular in Chapter'1 and 2; we assume that the underlying process Y is a pure diffusion satisfying
specific sets of conditions (d1, da, d3). We.showed how to generate a Skeleton for these processes and derived
their conditional law given the Skeleton. Finally we-discussed the crossing probability of the processes
{under the conditional law) and- developed suitable algorithms to simulate the erossing event both with
one barrier and two barriers.

One main objective of future research work is to extend the methodology to larger classes of diffusion

processes as well as to.other time-continuous processes of large use, like jump-diffusion processes, Levy
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Processes or stochasti}: volatility processes. A first step to this direction is presented in Chapter 3 where
the Exact Monte Carlo method; was extended to jump-diffusions.

Another domain of interest is to éxplore the potentialities of our method in financial applicatioﬁs. An
example of such potentialities is given in Chapter 4 where it was applied to jump diffusion procesaes with
state dependent intensity for nllodelmg credit risk. Another natural area of application is the prlung of
barrier and lookback options. . ,
Purthermore, even though the gesults from our simulation study are fully satisfactory, it is worth to carry
out a more comprehensive numerical simulation. In particular the aspects linked to the efficiency, of our
method in compa.risoﬁ with Euler-based methods need to be deepen. We also mention the fact!that a
systematic simulation study carul be particularly useful also in the context of stochastic numerical a.ualy51s

to address further mvestlgatmns on the weak convergence of discretization methods.

In Chapter 3 we extended the'Exact Monte Carlo method to a class Djym, of jump diffusion pr?ocesses
Y. We defined a Jump Exact :Algorithm to simulate an exact Skeleton (Sjump) of the process Y which
incorporates the jumpé. The keijr idfpa. behind the construction of Sy is to combine the Exact Algorithm
for the simulation of the contimiou_s component of Y and a stochastic thinning algorithm for the sirnulation
.of the jump component. As in _{:he case of pure diffusions, given Sjymp, we determined the conditional law
of the process and defined a pr?cedure for the simulation of the crossing event.

Clearly top priority of future résea.rch is the implementation of this method. Qur aim is to test the algo-
rithm on a model of potential i'llterest in financial modeling. To this end, we introduced in Chapter 4, an
. application to credit risk modeling. Nevertheless, we believe that there are many other apphcamons which
worth to be 1nvest1ga.ted In facils jump diffusions with state dependent intensity are potentially very useful
modeling tools for apphed works. In particular they can be used to improve the usual Merton scheme
when the assumption‘ of indepe}ldénce between the jump component and the diffusion component is too
restrictive. li

Another direction of research irl}volves to set up the general construction of a rejection sampler fo?r jump
diffusions by means of their Gi;sa.nov derivative, in the spirit of the EA1l rejection sampler illustr_ated in
section 1.3. The rejection sa,m;;ling step would then combine the Exact Algorithm step and the thinning
step. This would lead to more clompa.ct algorithm formulation and possible improvements of the efficiency.

‘ || . |

|
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In Chapter 4, we applied the simulation procedure presented in Chapter 3 to a computational prob-
lem arising in credit risk. Specifically, within a structural approach to credit risk, we assume that the
firm'’s value is described by a jump diffusion process with state dependent intensity. We show how to price
a: 0 coupon defaultable bond under the assumptions that the recovery rate is a fraction of the face value of
the bond and depends on the firm’s value at the t‘ime of default (A2), the bondholder receives the recovery
only at maturity time (A3) and the interest rate is constant (A4). .

Some of these assumptions can be relaxed.

We can certainly relax condition A3 and assume, more realistically, that the bondholder receives the re-
covery when the default occurs. In this case we have to simulate the default thme in order to evaluate the
discounted. factor. in the pricing formula. This can be done by simulating the Skeleton S;,m, and then
using Bachelier-Levy density to simulate the first passage time of the Brownian bridges.

We believe that also assumption A4 can be relaxed, ailowing for stochastic interest rates. In this case in
order to construct an unbiased estimator of p we shoufd probably resort to more sophisticated simulation
techniques such- as the Poisson estimator.

Empirical investigations need to be done in order to ﬁf our model to real data.

In particular a major open problem concerns how to model the dependence between the intensity and the

firm’s value process.
p

In part 2 of the-thesis (Chapter.5) we considered the problem of the estimation of the Greeks. .

In particular, assuming the Malliavin representation of the Greeks of Fournié et al. {1999), we defined a
procedure to simulate an unbiased estimator of delta and rho for a general class of diffusion:processes X.
This contribution is meant to be just the first step of an ambitious project. On one hand we observed that
Malliavin Calculiis provides a nice general framework for Monte Carlo treatment of the Greeks. On the
other hand we showed that the Exact Algorithm unveils new and interesting possibilities for the actual
simulation of Malliavin Greeks. Main purpose of future research work will be to investigate further the
potentialities of the Exact Algorithm and try to exploit them in order to define a general methodology for

unbiased Monte: Carlo estimation of the Greeks. To this scope, we have to address further investigations
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in the three main diréctions.

Firstly, we wish to extend these ideas to the other (first order) derivative, vega and also to the second
order derivative gamr?na,. Evenfgthc_)ugh the Malliavin representation of these Greeks is more compi:icated,
the general scheme does not cljﬁange: they are given as expected values of the payoff times a (Skérohod)
stochastic integral. For this reaiéon:we think that this same framework can be applied with rela.tively small
changes to their estimation. |

Another direction of research mvolves the extension of the method to options with different payoffs. It is
worth to recall that Malhavm fra.mework holds when the payoff ¢ can be expressed as a function of the
diffusion trajectory at a dlscret;e set of time points. This includes some important option schemes like Eu-
ropean options or Discrete Asian options. In our treatment we have considered for simplicity the European
case ¢ = $(Xr). However our method can be extended easily to the general case ¢ = ¢ (Xy, Xip, ..+, Xy, ).
An interesting question is whether it is possible to define a general framework which includes alsfo more
sophisticated path dependent ﬁayoff schemes. A major problem is that Malliavin representations:(5.47)-
introduced in section 5.3 do not hold in these cases. Nevertheless it is still possible for some options to
derive suitable Malliavin representations for the Greeks. We refer to Benhamou (2000) for the case of
Asian option and to Gobet and Kohatsu-Higa (2003) for the case of barrier options. However, especially
in the barrier options .ca.se, expll'jession's for the Malliavin weights are very complicated and consequiantly it
is difficult to simulate & Monte I’Ca.rlo estimator. .

A third objective is to extend tf!he methodology to classes of diffusions more general than Dy. In Chapter
2 we introduced the classes Dy a.nd D3 and showed how to simulate a Skeleton of the processes belonging
to.these classes. For;these processes the construction of the Monte Carlo estimator is the same as for
D;-processes and the iextension E:is straightforward. On the contrary, an extension to the class 'Djumip intro-
duced in Chapter 3 is more co%plicated. In fact, the lack of differentiability of the process X due to the
presence of jumps does not allc%w to apply directly Malliavin Calculus for the derivation of the Malliavin
weights (but see El-Khatib and Pr.ivaultr, 2004).

Beyond this, the efﬁciency of our estimators need to be investigated carefully both with a theoretical and
a numerical analysis. ‘In pa.rtlcular the simulation study would involve a numerical comparison between

our Monte Carlo estimator and the Monte Carlo estimator constructed with the Finite Difference method.

Simulation studies of this type have already been done for the Black-Scholes model in Fournié et al. {1999),
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Fournié et al. (2001} and Benhamou (2000). However'it is not available any simulation study involving
other diffusion models due to the difficulty to simulate a Malliavin Monte Carlo estimator. Notably,
our simulation procedure allows to set up a simulation study testing the performances of the Malliavin

estimator within a general class D; of diffusion models.

Ak, -
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