CONTRACTION AND REGULARIZING PROPERTIES OF HEAT
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ABSTRACT. We illustrate some novel contraction and regularizing properties of
the Heat flow in metric-measure spaces that emphasize an interplay between
Hellinger-Kakutani, Kantorovich-Wasserstein and Hellinger-Kantorovich dis-
tances. Contraction properties of Hellinger-Kakutani distances and general
Csiszar divergences hold in arbitrary metric-measure spaces and do not require
assumptions on the linearity of the flow.

When weaker transport distances are involved, we will show that contrac-
tion and regularizing effects rely on the dual formulations of the distances and
are strictly related to lower Ricci curvature bounds in the setting of RCD (K, 0o)
metric measure spaces. As a byproduct, when K > 0 we will also find new
estimates for the asymptotic decay of the solution.
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1. Introduction. The study of contraction properties of LP norms and more gen-
eral convex entropy functionals with respect to the action of Markov semigroups
is a very classic subject (see e.g. [9]). More recently, the role of the Kantorovich-
Rubinstein-Wasserstein metric Wy for second order diffusion equations in the space
of probability measures has been deeply investigated, starting from the pioneer-
ing contribution by F. Otto [35]. Many investigations have clarified the relations
between analytic estimates depending on the structure of the generating differ-
ential operator and geometric properties of the underlying spaces, with an in-
creasing level of generality. An incomplete list of contributions includes the con-
traction of a general class of evolution equations combining diffusion, interaction
and drift [13], the gradient-flow structure and the geodesic convexity in Euclidean
spaces [25, 35, 2], the Heat flow in Riemannian manifolds and the Ricci curvature
[36, 37, 41, 17, 19, 42], Hilbert geometry [7], the duality with gradient estimates
and the Alexandrov spaces [30, 21], the RCD metric measure spaces and the Bakry-
Emery condition [3, 4, 5, 10, 20, 6].

In one of the most general formulations, we will deal with a metric-measure
space (X,d,m) given by a complete and separable metric space (X,d) endowed
with a Borel positive measure m with full support satisfying the growth condition

Joe X, k>0: m{z: d(z,0) <r}) <enr (1)

We introduce the Cheeger energy functional Ch : L?(X,m) — [0, +00]

n—oo

Ch(f) == inf{liminf%/ IDful?dm, f, € Lipy(X), fu — f in L2(X,m)} (2)
X
where

IDS1(x) = limsup W;

Ch is a convex, 2-homogeneous and lower semicontinuous functional whose proper
domain D(Ch) = {f € L*(X,m) : Ch(f) < oo} provides one of the equivalent
characterization of the metric Sobolev space WH2(X,d, m) (see also [22, 28, 39, 11,
23]). A local weak gradient |Df|,, € L?(X,m) can be associated to each function
f € WhH2(X,d, m) so that the Cheeger energy admits the integral representation

Ch(f) = 5 [ DA (@) dm(a).

IDf|(x) := 0 if z is isolated. (3)

The L? subdifferential of Ch (whose minimal selection will be denoted by —A) gen-
erates a continuous semigroup of order preserving contractions (P;);>o in L?(X, m),
which is canonically attached to the metric-measure structure (X, d, m).

Even if in general the operators P; are not linear, one can prove [3] that the
semigroup is contractive with respect to all the L” norms, p € [1, +0o0],

IPef = Pegllre(x,m) < IIf — gllr(x,my for every f,g € L* N LP(X, m), (4)
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and all the integral functionals with convex integrand ¢ : R — [0, +00)

/ #(PLf) dmg/ o(f)dm for every f € L*(X,m). (5)
X X

A first important result we will prove in Section 4 is the extension of (4)-(
arbitrary convex integral functionals on evolving pairs:

/ E(P+f,Peg) dm < / E(f,g)dm for every f,g € L*(X,m),  (6)
X X

ot
=

+

o

whenever E : R? — [0,+00] is a lower semicontinuous convex integrand with
E(0,0) = 0. As a byproduct, we obtain that the action of (P;);>¢ on nonnega-
tive functions f,g € L'(X,m) is a contraction with respect to arbitrary Csiszar
divergences (see [16, 33] and Section 2), as the Kullback-Leibler entropy functional
[29] associated to E(r,s) = rln(r/s) —r + s if r,s > 0, yielding (since P; is mass

preserving)
/ In (Ptf/Ptg) Pefdm < /
P:g>0

g>
or the Hellinger-Kakutani distances [24, 26]
[ 1@ = Prg) o am< [ (717~ grpdm pe 1 +o0),
X X

associated to E(r,s) = [r'/P — sY/P|P 1,5 >0
The most relevant connections with optimal transport metrics occur when Ch is
also a quadratic form, i.e. it satisfies the parallelogram rule

Ch(f+g)+ Ch(f — g) =2Ch(f) +2Ch(g), for every f,g € D(Ch). (7)

In this case —A is a linear positive selfadjoint operator in L?(X, m) and (P;)¢>¢ is
a linear Markov semigroup associated to a strongly local symmetric Dirichlet form
& on L?(X,m), admitting Carré du Champ T : D(Ch) x D(Ch) — L!(X,m) which
provides a bilinear extension of the weak gradient, since

L(f, f) = |Df% for every f € WH2(X,d, m).

If every bounded function f € W2?(X,d,m) with |[Df|, < 1 m-a.e. admits a d-
continuous representative (still denoted by f) which satisfies the 1-Lipschitz condi-
tion

i (f/g)dm,

[f(y) = f(@)| <d(z,y) for every z,y € X

then A satisfies (a suitable weak formulation of ) the Bakry-Emery condition BE(K, c0),
K e R,

Ca(f) = SAT(f, f) ~ T(,Af) 2 KT() Q

if and only if (P;)¢>0 admits a (unique) extension (P;)¢>o to the space of finite Borel
measures M(X) and satisfies the contraction property (see [5])

Wy (P71, Py 1) < eiKtWQ(,UIOa,Ufl) for every po, 1 € P2(X); 9)

here W5 denotes the 2-Kantorovich-Wasserstein distance between probability mea-
sures of Po(X) with finite quadratic moments

W2 (10, p11) := min {/ d?(zo, x1) dp(zg, z1) : p € P(X x X),
XxX

ﬂ'gu = Lo, w;u = m}, (2o, x1) i= x4, i =0, 1.
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In fact, this property is deeply related with the synthetic theory of CD(XK, co) metric-
measure spaces with Ricci curvature bounded from below developed by Lott-Villani
[34] and Sturm [40]. The combination of the Lott-Sturm-Villani condition CD(K, c0)
with the quadratic property of the Cheeger energy (7) provides one of the equiva-
lent characterizations of the so-called RCD(K, co) metric-measure space [4], which
turned out to be equivalent with the Bakry-Emery functional-analytic approach we
have adopted here [5].

The link between (8) and (9) becomes more apparent if we consider that (8) is
in fact equivalent to the Bakry—Emery commutation estimate

|DP.f|> < e ?X'P,(IDf[*) for every f € Lip,(X), (10)
combined with the duality formula expressing the distance Wy in terms of regular

subsolutions ¢ € C1([0,1]; Lip, (X)) to the Hamilton-Jacobi equation [36, 3, 1]

1 1
§W§(M0,M1) = sup {/ Crdp */ Codpo : OcGr + §|DCt|2 < 0}7 (11)
X X

thanks to the dual representation formula for Pj:

/ Fd(P;p) :/ P.fdu for every f € Cp(X), p € M(X). (12)
X X

(10) shows in fact that (P:):>0 preserves (up to an exponential factor) subsolutions
to the Hamilton-Jacobi equation (11).

In Section 5 we improve (9) in two directions. First of all, we will show that after
a strictly positive time P; exhibits a regularizing effect, providing a control of the
stronger 2-Hellinger distance

2
Heg(uo,ul) = /X <\/§1 - \/@0) du,  pi = ity

in terms of the weaker Wasserstein distance between the initial measures:

1
Hes (P} pg, P < ——W , for ever, s € Pa(X 13
2(P} 1o, Py 1) SNLP0] 2(ft0, p11) Y pos 1 € Pa(X) (13)
where
il if K 0
Ri(t):={ & LK # (14)
2t if K =0.

Notice that when m € Py(X) and K > 0 we obtain the asymptotic estimate

1

Hea (P 1o, m) < ———=

2(P} o, m) NGO
proving in particular Hellinger convergence of Pyjg to m as ¢t — oo, with exponential
rate if K > 0.

A second and more refined estimate involves the recently introduced family of
Hellinger-Kantorovich distances HK,, a > 0, [15, 14, 27, 31, 32], which can be
defined in terms of an Optimal Entropy—Transport problem [31, 32]

HC (uo ) = min  KL(yolpo) + KL(ylpms) + / Ca(d(zo, 21)) dv.
"IGM(XXX) XxX

WQ(,LL[),m)7

where 79,71 are the marginals of v, KL is the Kullback-Leibler divergence

KL(y|p) :== /X (Qlogg —o+ 1) dp, v =op < p,
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and /., is the cost function

lo(r) = {log (1 + tan? (r/\/a) if d(zg, 1) < am/2, (15)

+00 otherwise.

It turns out that HK, (corresponding to HK, 4 in the more general notation of
[31, 32]) admits a dual dynamic representation formula [32]

3 (pos ) =sup { [ Gacn = [ oo s 01+ GIDGI? + 62 < 0},

so that when the Bakry-Emery condition BE(0, c0) holds one has [32]
Ha (Pipto, Pepn) < HKo (o, p1)  for every pig, pn € M(X).

Actually, the stronger Hellinger distance at time ¢ > 0 can be estimated in terms
of the weaker Hellinger-Kantorovich one: for every ¢t > 0

Hea (Pf 1o, Pipn) < HKopy(po, 1) where a(t) = 4Rk (1). (16)

Differently from other well known properties, the estimates (13) and (16) cannot
be deduced by a regularization effect on a single initial datum, since Hes, W5 and
HK, are not translation invariant. In this respect, the dual dynamic approach plays
a crucial role.

Plan of the paper. The paper is organized as follows: in Section 2 we will collect
a few preliminary results on Csiszar divergences, Hellinger-Kakutani, Kantorovich-
Wasserstein and Hellinger-Kantorovich metrics.

Section 3 is devoted to a short review of the main tools of calculus in metric-
measure spaces, which are used throughout the work. A brief description of the
main properties of RCD(K, 00) metric measures spaces is also presented.

The last two sections contain novel results. Section 4 is dedicated to the proof
of (6) in general metric measure spaces. Section 5 discusses the regularization
estimates (13) and (16).

2. Distances and entropies on the space of finite measures.

2.1. Csiszar divergences/Relative entropies. We first recall a few basic facts
on convex and 1-homogeneous functionals of positive measures.

Let (€2, #) be a measurable space. We will denote the space of finite nonnegative
measures on (2, Z) by M(Q). If o, p1 € M(£2), we say that A € M(Q) is a common
dominating measure if u; < A, ¢ = 0,1. Such a A always exists, for instance we
may take A = pg + 1. We will also often consider the Lebesgue decomposition of
o w.r.t. pp given by

dp
Ho=om iy, ptlm, 0= (17)
H1
We consider the class of Csiszar density functions
F :[0,00) — [0,+00] ls.c. and convex, F(1)=0, (18a)
with recession constant defined by
F(r) F(r)

F'(c0) := lim = sup ,
r—00 r r>0 T — 1
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and the corresponding class of homogeneous perspective functions
H :[0,00) x [0,00) = [0,400] Ls.c., convex, and positively 1-homogeneous,
H(Or,0s) =60H(r,s), H(r,r)=0 for everyr,s,0>0.

(18b)
There is a one-to-one correspondence between the two classes given by the formula

sF(r/s) if s >0,

Fl(x) its=0 (18¢)

F(r)=H(r,1), H(r,s)= {
Definition 2.1. Let F, H be as in (18a,b) and let po,u1 € M(Q2) with Lebesgue
decomposition g = opy + pg as in (17). The Csiszdr divergence associated with F
is defined as

Fuo | )= [ Fl@)dpn + F (0 (@) (19)

The sZ-perspective functional is defined as
Hlpa | 1) = [ Hieo,e2)dn (20)

Q

where p; = oA < A, i =0,1, and A is any common dominating measure.
If F and H are related by (18¢) then

F(po | p) = (po | ) for every po, p1 € M(€2). (21)

Notice that (20) does not depend on the choice of the dominating measure A,
since the function H is positively 1-homogeneous.

(21) can be easily checked by observing that A := u; + ug is a dominating
measure for the couple ug, p1; if By, B1 are measurable subsets of {2 such that

BOmBlzwa Q:BOUBl7 }Lé_(Bl):O, .u“l(BO):O’

we can easily calculate the densities gg, 01 by

() 1 if x € By () 0 ifxe By
x) = , x) =
e0 o(z) ifze B e 1 ifre B

so that

/ H(oo, 01) d\ = / H(oo, 01) d\ + / H(go, 01) dA
Q Byg B1

— [ 004+ [ He ) = oo B + [ Flodn
By B1 By
= P @) + [ Plo)di = (| m).

An important class of entropy functions is provided by the power like functions
which have the following explicit formulas

s (P —p(r—1) = 1) if p#0,1
E,(s):=<rlogr—r+1 ifp=1
r—1—logr if p=0.

For p = 1, the entropy function E;(r) = rlogr — r + 1 generates the well known
Kullback-Leibler divergence, often referred to as relative logarithmic entropy. Notice
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that E; is superlinear, so that E](co) = 400 and its corresponding perspective
function is

ro(lnrg —Inry) +r1 —rg  if ro,m > 0,
Hyq(ro,m1) == q 11 ifro=0 (22)
+00 if ro >0,r; =0.
Definition 2.2 (Kullback-Leibler divergence (relative logarithmic entropy)). Let

o and p1 be two finite nonnegative measures. The logarithmic entropy of py with
respect to pq is given by the Csiszar functional associated to Eq(r) := rlogr—(r—1):

ologo—o+1)dm if po = o
KL(po | 1) = /Q ( ) (23a)
+00 otherwise.
= /QHKI_(QOa o1)dp, i = oip < i, (23b)

The functionals %, admit a useful dual representation. Let us denote by
By(92) the set of bounded Borel functions on © and by F* : R — (—o0,+00] the
Legendre conjugate function of F', given by

F"(¢) = sup (56— F(s)).

We introduce the closed convex subsets F, $ of R? given by
F:={(0,9) eR*: ¥ < —F*(¢)} = {(¢,¥) €R®: r¢+¢ < F(r) ¥r > 0}
9 :={(¢,0) €ER*: r¢+ sy < H(r,s) Vr,s > 0}.

Since F' is lower semicontinuous, it can be recovered from F* and § by the Fenchel-
Moreau formula [32]

F(r) =sup(ré — F*(¢)) = sup ro+1.
geRr (¢)€F

Similarly, we have
H(r,s)= sup 7r¢+ s,
(CRDIS)

and § = 9 if (18c) holds.
Theorem 2.3. For every g, 1 € M(Q) we have

Fuo | ) =Sup{/9¢duo+/ﬂwdu1 6,0 € B(Q), (9(x),w(x)) € Vo € Q,

Ao | 1) =sup{/ﬂ¢duo+/ﬂwdm:¢,weBb<Q>, (6(x) () € 5 Vo € Q.

Proof. [32, Th. 2.7] O

2. Hellinger distances. We consider a specific example of perspective function-
als 77, which gives raise to the Hellinger distances.

Definition 2.4. For pg, 1 € M(2) and p € [1,4+00) the p-Hellinger distance is
defined by

1 1 1 1
R N W (24)

where p; = 0;,A < A\, i = 0,1, and X is an arbitrary dominating measure.
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Notice that the above definition corresponds to (20), (19) for the choices
P

Hy(r,s) = ‘rl/l’ — sl/p‘p Fy(r) = ‘rl/p -1 (25)

An immediate consequence of the above definition, choosing A = pg + g1 is the
uniform bound

Hep (10, 1) < po(X) + pa (X).

For p = 1 the definition above gives the usual total variation distance, which we
will still denote by He;. The total variation distance and the LP-Hellinger distance
He, induce the same topology on the space M(2) and the following relation holds.

Theorem 2.5. Let g € (1,00] be the conjugate exponent of p. For everyp > 1 and
arbitrary nonnegative finite measures po and py in M(Q),

He? (1o, 1) < Hex (o, p11) < ¢ (1o ()9 + 111(2)9) Heyp (0, 1), (26)
where ¢, == max(p/2, 1).

Proof. The first part of (26) follows immediately by the representation (24) and the
elementary inequality

P
’al/p —pi/r| < la —b| for every a, b > 0.

The second inequality of (26) is a consequence of

la? —bP| < cp la—b| (et +0P7Y),  a,b>0, (27)
which can be easily obtained by integration (without loss of generality we can
assume a < b)

b — a? = p(b— a) / (1= t)a+ b~ dt = p(b — a)I

where
1 Y1 = )aP~t P dt = L(gP—l £ !
1:/ (1—t)a+tb)P~ L dt < {fo( ) ) )
0

1 _ _ _ _ 1 _ _
Jo ((1 — )P lgp=t ptp—1pp 1) dt < J(a?~! + 071
(27) with the choices a = g/” and b = ¢1/”, combined with Holder inequality, yields

Hel(/J,O7M1) = ‘/Q ‘QO — Q1| d\ < CPL ‘(Q(l)/p _ Qi/p)(Qé/q 4 ‘Qi/q)‘ dx

1 1 1 1
< cplley’” = &1 ln@nlloe + o llLagan
1 1 1 1
< colley” = &1 oo (o ooy + ot llzan)
= cpHey (10, 111) (1o ()9 + 11 (2)1/9).
O
An interesting characterization of Hey in terms of KL is provided by the following
property [32]:
Proposition 2.6. For any two measures po and py in M(Q)

He3 (1o, 1) = Jin KLk, o) + KL(us ). (28)

In particular
He3 (o, 111) < KL(po | 1) (29)

ifp>2

)

if p<2.
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Proof. Recalling (22) and (23b), (28) follows by the simple calculation
m>i%1H|4_(r, 7o) + He (r,71) = 70 + 11 — 23/ror1 = H3(r0,71),
T2
attained at r = /ror1. O

We now look at the Hellinger distance in its dual formulation. We focus on a
‘static-dual’” formulation first and then we proceed to the dynamic dual formulation
in terms of subsolution of the equation 9¢; + (p — 1)¢? = 0. This expression will
play a crucial role in the contraction result of Proposition 5.1 and the regularizing
estimates of Theorems 5.2 and 5.4. In the next computation we adopt the convention
to write
x® if x >0,

0 ifx=0, for every z € R, a > 0.
—(—x)* ifz <0,

xr =

Corollary 2.7. Let p € (1,00) and q be the conjugate of p. The Hellinger distance
admits the following dual formulation:

Hep (110, p11) = sup {/Qi/h du +/Ql/)o dpo = o, 1 € Bp(£2)
Yo, 1 <1, (1—yd (1~ ;H)zl}.

Proof. The result is a consequence of Theorem 2.3 and the computation of the
convex set §, associated to the perspective function F, of (25); it is sufficient to
prove that

(30)

B = {(Wo. ) €R® 1y <1, (=9 )1 —9f) > 1} (31)
In order to show (31) we first compute the Legendre transform of F),, obtaining
(U .
. Ty HY <1,
Fy () = supri = 77 = AP = sup sy — s — 1 = (1= gr1)7)
r>0 s>0 400 if w > 1.

Recalling that (¢ — 1)(p — 1) = 1, the inequality —t1 > F (o) for by, 1 € R is
equivalent to

Yo<1 and —gd T 1—pl T >yt t =1 (1—ylh).
We then obtain
(Yo, Y1) €Fp & 1 < —F,; (o)
& o<l i<l (1-¢f )A-v{ ) >1,
which yields (31). O

The dynamic counterpart of the dual formulation is outlined in the proposition
below.

Proposition 2.8. Let p € (1,+00) and let g be the conjugate of p. For every po,
w1 in M(Q),

Heﬁ(uo,m):sup{/cl dm*/Cod,uoi
Q Q

(32)
¢ € C([0,1], By(®), 96+ (p—1)¢! <0}
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Proof. First of all we manipulate the formulation (32) so that we can maximize with
respect to one function only. We first observe that replacing, e.g. 1; by ¥; . 1= ¥, —¢,
e > 0, the couple (to.,%1 ) is still admissible and

;/ﬂ@bid#igil&;/ﬂ¢i,sdﬂi,

so that it is not restrictive to assume sup; < 1 in (30).

It is clear from the proof of Corollary 2.7 that for every choice of ¥y € By(Q)
satisfying sup ¢y < 1 the best selection of 1 in order to maximize ), fQ Wy dpy is
given by
= ) = — 0

p (1 - q_l)p—l
0

Setting (p := —1g we obtain the formula

Co
HeD (1o, p11) = sup / Co dpo
’ CEBy (@), G>—1 \Ja (1+ ¢~ Gray e

On the other hand we observe that the function (; := s— corresponds to

(1+<o )
the solution at time ¢ = 1 of
aC(ta) + (p—1)C(ta) =0 in[0,1] x O,
¢(0,2) = (o(x) in Q.

and by the comparison theorem for ordinary differential equation, any subsolution
to (33) will satisfy ((1,z) < (). O

(33)

2.3. Kantorovich-Wasserstein and Hellinger-Kantorovich distances.

Kantorovich-Wasserstein distance. The standard definition of the Kantorovich -
Wasserstein distance arises in a natural way in the frame of optimal transport.
Here we recall the definition only and we refer to [2, 42] for further details.

We will deal with a complete and separable metric space (X,d); we denote by
P(X) its Borel o-algebra and by P(X) the space of Borel probability measures on
X. For p > 1 we set

P(X) = {u € P(X): /Xdp(x,o) du(z) < +oo},

where o is an arbitrary point of X (the definition is independent of the choice of o).
Ift: X — Y is a Borel map between two metric spaces, we denote by t; :
P(X) — P(Y) the corresponding push-forward operation, defined by

tyu(B) := p(t H(B)) for every B € B(Y).

In particular, when we consider the canonical cartesian projections 7% : X x X — X
defined by 7' (zg,x1) := ;, ¢ = 0,1, and a general measure (also called transport
plan) p € P(X x X), the measures yi; = mjp are the marginals of p.

Definition 2.9. Let p € [1,00). For any pg, u1 € Pp(X) the p-Kantorovich-
Wasserstein distance is defined by

Wg(uo,pl) = min{/dp(xo,xl)du(xo,ml) s p € P(X x X)), 7r§u = Mi}'
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As we will see, a key ingredient we will extensively use in our arguments is
given by the dynamic dual formulation of the Wasserstein distance, in terms of
the subsolutions of the Hamilton-Jacobi equation. Such a result, which has been
formulated in different form by [36, 3, 6, 1], holds if (X, d) is a length space, i.e. if for
every xg,x1 € X and every 6 > 1/2 there exists an approximate mid-point x4 € X
such that

max (d(zo,z¢),d(zg, 21)) < 0d(z0,21).
We denote by Lip,(X) the Banach space of bounded Lipschitz functions f : X — R
endowed with the norm

1flluin, = sup |f + Lip(£, X), Lip(£,X):= sup L& —JWI
reX z,yeX, rH#y d(x,y)

Proposition 2.10. If (X,d) is a length space then for every g, p1 € Pp(X)
1
~WP (o, p1) = SHP{/ Grdp — / Godpuo :
P X X ) (34)
¢ & CH(0.1],Lipy(X)) 5.t DG+ DG < g3
where q is the conjugate of p.

Proof. Let po, 1 € Pp(X); since (X,d) is a length space, also (Pp(X),W,) is a

length space, so that for every a > 1 we can find a Lipschitz curve p : [0,1] — P, (X
such that
W
|ftt|w, = limsup W < aWp(po, 1) forevery t € [0,1].  (35)
h—0

It follows that for every curve ¢ € C'([0,1],Lip,(X)) the map ¢t — [y {;dpu is
Lipschitz continuous and by [6, Lemma 6.4, Theorem 6.6]

[aan— [ Gams [ [ (@6 tpareo)anars L [, a

if ¢ is also a subsolution to the Hamilton-J acob1 equation
1
HC+ —-IDCI?<0 in[0,1] x X, (36)
q

then the previous inequality, the bound (35) on the metric velocity |/|w, and the
arbitrariness of a > 1 yield

1 . .
[ G = [ Gadia < SWa (o ) for every ¢ € ([0, s Lipy (X)) as in (36).
X X

On the other hand, for every a < 1 we can use the Hopf-Lax semigroup

Qi((z) := inf d?(z, y) +((y)

yex qta—1
and Kantorovich duality for the Wasserstein distance to find (y € Lip,(X) such that

/ Qlcodul—/ Codito > 2WE (g, iy ).
X X p

Using the refined estimate on the Hopf-Lax semigroup of [3] we can show that
¢t := Q¢ is uniformly bounded in Lip,(X), is Lipschitz continuous with values in
Cp(X) and satisfies

OFC+ DA <0 in[0.1) % X 97 Gila) = lim ™ (G (o) = ).
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By using a rescaling argument of [1] and the smoothing technique of the proof of
[32, Theorem 8.12] we conclude. O

Hellinger-Kantorovich distance. After Hellinger-Kakutani and Kantorovich-Wasserstein
distances, we recall the definition of a third distance between probability measures,
that plays a role in the main contributions of this work.

Let (X,d) be a separable complete metric space. The Hellinger-Kantorovich
distances are defined on the space of finite nonnegative Borel measures M(X) and
they do not require measures to have the same mass. As in the previous cases of
He, or W,,, the Hellinger-Kantorovich distances admit different formulations that
we summarize below. Here we focus on the family of distances HK,, depending on a
tuning parameter a > 0; they correspond to the case HK, g of [31] with the choice
B := 4. In the even more specific case a« = 1, HK; coincides with the distance HK
which has been extensively studied in [32]. The general case o # 1 can be reduced
to the case o = 1 by rescaling the distance d by a factor a=1/2.

The first formulation comes from the Logarithmic-Entropy-Transport problem,
where the constraints on the marginals typical of optimal transport problems (2.9)
are relaxed by the introduction of two penalizing functionals. The primal formula-
tion of the Hellinger-Kantorovich distance is the following:

Definition 2.11. For any pg p1 € M(X),
H2 (pt0, 1) = min { 3™ KL(ilp) + / Ca(d(z0, 1)) dy -

PYGM(X XX)? 7T§'7:71 < s 1:071}7
where £, : [0, 400[— [0, +00] is the cost function defined by (15).

A direct comparison with (28) by restricting  to plans of the form ~ := tu
where p € M(X) is an arbitrary measure dominating u; and ¢ : X — X x X is the
diagonal identity map ¢(z) := (z, x), immediately yields

H o (10, p1) < Hea(ug, 1) for every po, 1 € M(X) and a > 0. (37)
[32, Theorem 7.22] also shows that

E?& Ha (0, 111) = Hea(po, p1)-

[32, Proposition 7.23, Theorem 7.24] provide two further useful bounds of H,, in
terms of Wa, when pg, 1 € Po(X):

VaKa (1o, 1) < Wa (o, p1), alTifloo VaHK (o, ) = Wa(po, p)- (38)

The HK, distance admits an equivalent dual formulation in terms of subsolutions
to a suitable version of the Hamilton-Jacobi equation, which can be compared with
(32) and (34): in fact, it is possible to show [32, Section 8.4] that
H<2 (1o, p11) = sup{/ (1 d,ul—/ Codpo : ¢ € C([0,1], Lipy (X)) s.t.
X X N (39)
OiGe+ 5 DG + ¢ <0in [0,1] x X .

3. Metric measure spaces with curvature bounds. This section is dedicated
to a brief review of a few notions related to calculus and Sobolev spaces in metric
measure spaces. We refer to [3] and [4] for a complete treatment of the topic.
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3.1. Calculus in metric measure spaces: basic notions. Let (X, d) be a com-
plete and separable metric space, endowed with a Borel positive measure m satis-
fying the growth condition (1) and supp(m) = X. As we already mentioned in the
Introduction, on this class of metric measure space it is possible to introduce an
effective metric counterpart of the classic Dirichlet energy form in Euclidean spaces
and of the corresponding Sobolev spaces. In the following, we will recall the basic
notions only, which are strictly necessary to understand the main results of the
work, by adopting the Cheeger point of view.

Definition 3.1. A function G € L?(X,m) is a relaxed gradient of f € L?(X, m) if
there exist Borel d-Lipschitz functions f,, € L?(X,m) such that:

a) fn— fin L*(X,m) and [Df,| weakly converge to G in L*(X,m);

b) G < G m-a.e. in X.
We say that G is the minimal relaxed gradient of f if its L?(X, m) norm is minimal
among relaxed gradients. We shall denote by [Df]|, the minimal relaxed gradient.

The minimal relaxed gradient is used to give an integral formulation of the Cheeger
energy (2), which can be represented as

1
Ch(f) = 5-/ |Df|12” dm if f has a L? relaxed gradient,
X

and set equal to +oo if f has no relaxed gradients. The Cheeger energy is a convex,
2-homogeneous lower semicontinuous functional on L?(X,m) with dense domain
D(Ch) [3, Th. 4.5]. From the lower semicontinuity of Ch it follows that the domain
D(Ch) endowed with the norm

1l = /112 + IIDAI )12

is a Banach space, which is called W12(X,d, m). In general it is not a Hilbert space
and this causes the potential non linearity of the heat flow. The following proposi-
tion summaries some useful properties of the minimal relaxed gradient, which will
be helpful for our purposes.

Proposition 3.2. Let f € L2(X,m). Then the following properties hold:

a) |Df|,, = |Dg|, m-a.e. on{f—g = c} for all constants c € R and g € L*(X, m)
with Ch(g) < +o0;

b) ¢(f) € D(Ch) and |Do(f)|, < |¢'(f)|IDf|,, for any Lipschitz function ¢ on
an interval I containing the image of f; the inequality refines to the equality
Do), = 10'(f)] IDf],, if in addition ¢ is nondecreasing;

¢) if f,g € D(Ch) and ¢ : R — R is a nondecreasing contraction, then

ID(f +dlg — N2 +IDg— dlg— /), <IDf2 +IDgl2,  m-ae. inX.
Proof. [3, Prop. 4.8] O

3.2. Gradient flow of the Cheeger energy in metric-measure spaces. The
metric-measure counterpart of the Laplacian operator can be defined in terms of the
element of minimal L?-norm in the subdifferential 9Ch of Ch. 9Ch is the multivalued
operator in L?(X,m) defined for all f € D(Ch) by the following relation:

L€ OCh(f) <= /l(g—f)deCh(g)—Ch(f) Vg€ L(X,m).
X
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Definition 3.3 (Metric-measure Laplacian). The metric-measure Laplacian Af of
f € L*(X,m) is defined for any f such that OCh(f) # (0. For those f, —Af is the
element of minimal L?(X,m) norm in OCh(f).

The domain of A is denoted by D(A) and is a dense subset of D(Ch). The metric-
measure heat flow can be obtained by applying the classic theory of gradient flows
in Hilbert spaces [12] and it enjoys further properties which have been studied in
[3]. More refined contraction properties will be proved in Section 4.

Theorem 3.4 (Gradient flow of Ch in L*(X,m)). For any f € L*(X,m) there
exists a unique locally absolutely continuous curve (0,00) > t — P,f € L?*(X,m)
such that Py f — f in L*(X,m) ast — 0 and

%Ptf € —9Ch(P.f) for a.e. t > 0.

The following properties hold:
(1) The curve t — P, f is locally Lipschitz, Prf € D(A) for any t > 0 and it holds

d+
—P.f = AP, f vt > 0.
dt

(2) The curvet — Ch(P.f) is locally Lipschitz in (0, +00), infinitesimal at +o0o and
continuous in 0 if f € D(Ch). Its right derivative is given by —||AP.f||2, for
every t > 0.

(8) The family of maps (Py)i>0 is a strongly continuous semigroup of contractions
in L?(X,m) which can be extended in a unique way to a strongly continuous
semigroup of contractions in every LP(X,m), 1 < p < oo (still denoted by
(Pi)t>0) thus satisfying

IPef = Pegllocxm) < If = glloxmy  for every f,g € LP(X,m).  (40)

3.3. RCD(K, c0) metric measure spaces. In this subsection we briefly recall the
definition and some properties of a class of metric measure spaces which generalize
the notion of Riemannian manifolds with Ricci curvature bounded from below. This
will be the general setting of the regularization result that we propose in Section 5,
where, indeed, the bound on the curvature plays a direct role.

On a general metric measure space, the Cheeger energy is not a quadratic form and
this translates into a potential lack of linearity of its L2-gradient flow (Py);>0. If we
require the Cheeger energy to be quadratic, and hence the heat flow to be linear,
we restrict the choice of the underlying metric domain to class of metric measure
spaces which can be considered a nonsmooth generalization of Riemannian mani-
folds: among them, the so called Bakry—Emery curvature condition can be used to
select the class of RCD(K, 0co) metric measure spaces (we refer to [3, 4] for a com-
plete discussion and the other important equivalent characterization we mentioned
in the Introduction). As in the previous section, (X,d, m) will denote a complete
and separable metric measure space satisfying the volume growth condition (1).

Definition 3.5 (The RCD(K,c0)-condition). (X,d,m) is a RCD(K,00) metric
measure space if the Cheeger energy is quadratic (7), every function f € D(Ch) N
L>(X,m) with |[Df|,, <1 admits a 1-Lipschitz representative (still denoted by f)
and

ID(P.f)|2, < e 2KP,(IDf]2)  m-ae. in X. (41)
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Equation (41) is one of the equivalent formulation of the celebrated Bakry-Emery
condition [8], [5]. Notice that the RCD(X, co) condition implies in particular that
every bounded function f € D(Ch) with |Df|, € L>°(X,m) has a Lipschitz contin-
uous representative (identified with f) satisfying

sup IDf] = Lip(f, X) < [0l | o o, my:

On RCD(K, o0) spaces, an even stronger version of (41) holds true, together with
crucial regularization properties which we collect in the next statement.

Theorem 3.6. Let (X,d,m) be a RCD(K, 00) space.

(1) For every f € L™ (X, m) and t > 0 the function P.f has a unique continuous
representative Py f € Lip,(X) (in the following, with a slight abuse of notation,

we will identify Py f with Py f, whenever f € L*°(X,m)).
(2) For every f € D(Ch) with f,|Df|, € L>®(X,m) and t >0

|IDP;f| = |DPyf|w m-a.e. in X, IDP,f| < e ®'P,|Df|, inX. (42)
(3) For every f € L*°(X,m) andt >0
Ri()DPef[* < Pe(f?) = (Pef)®  in X, (43)

where Ry has been defined in (14). In particular

VR (@Lip(Pef, X) < (| fll oo (x,m) -

Proof. Property (1) is a consequence of [5, Corollary 4.18]. The first identity of
(42) is stated in [5, Theorem 3.17]; the second one is stated in [38, Corollary 4.3].
(23b) is a consequence of the above properties and the estimate of [5, Corollary
2.3(iv)). m

4. Contraction properties for the Heat flow in metric measure spaces.
This section is devoted to some fairly general contraction properties of the heat
flow in the metric-measure setting. Our main result concerns the behaviour of the
functional

§(7.9)= [ Blf.g)dm fige P(Xm) (442
where
E:R? - RU {+o0} is a proper, ls.c. and convex function. (44b)

Since E is bounded from below by an affine map, when m(X) < oo the integral of
(44a) is always well defined (possibly taking the value +00). In the general case, in
order to avoid integrability issues, we will also assume that

E is nonnegative, £(0,0) =0 if m(X) = 4o0. (44c)

Theorem 4.1. Let (X,d,m) be a metric measure space with the Heat semigroup
(P)i>0 generated by the Cheeger energy Ch in L*(X,m), and let & be defined as in
(44a,b,c). Then, for f,g € L*(X, m)

E(Pif,Pig) < &(f,g9) for everyt > 0.

We prove some useful lemmas first. The first one shows a generalization of part c)
in Proposition 3.2 and is the core of the proof of the main theorem.



16 GIULIA LUISE AND GIUSEPPE SAVARE

Lemma 4.2. Let (X,d) be a metric space, let E: R? = R be a C? convex function
with 1-Lipschitz (w.r.t the Euclidean norm) gradient VE : R? — R?, and let J :
R? — R? be the map J := Id—VE. For every bounded Lipschitz map f := (f1, fa) :
R2 — R?, the function g = (g1, g2) := J o f satisfies

IDg1|*(x) + Dgo|*(z) < [Dfi[* (&) + Dfof* () for everyw € X.  (45)
Proof. Since V2E is positive definite and J is 1-Lipschitz, we observe that A :=
DJ = I — V2E satisfies

0<2TA(w)z < |z|* for every w, z € R?. (46)
For every z,y € X, z # y, and f: X — R we set
|f(z) — f(y)]
d(z,y)

Let us now fix € X; it is possible to find two sequences of points (2" )nen, ¢ = 1,2,
such that

R(f,z,y) := so that |Df|(z) = limsup R(f, z, ).
y—x

lim R(gi,x, ;') = [Dgil(x). (47)

n—-+0oo

Taking a linear combination of the difference quotients R(g;, z, x}") with the positive
coefficients v; := |Dg;|(z) it holds

ngrfmzsz(glvwiz) Z|Dgl| (fE)

Now, gi(x) = Ji(f1(z), fa(x)) and hence
o |[Ji(f1(2), fo(@)) = Ji(f1(2}), fa(2F))]

. o ny 1
ngg—loo UZR(g“ Ty ) nE)I—&l:loo d(iC, ;L';’”)
Since J is C', a first order expansion at z = f(z) with 27 := f(z}) and the

Lipschitz character of f yield
J(zi) = J(z) = A(z)(2] — z) +o(]z" — 2|)
= 01J(f(2))(1(2}) — f1(@)) + 02T (f (x))(fa(z) — fa(x)) + o(d(zf, x)).

Estimating the first component J; of J along the sequence (27),, and the second
component Jo of J along (z%), we get for i = 1,2

i UL @), @) = S (a2, fow?))

e d(.a7)
= Tim 001 (@), Fa(@)R(fr . 27) + iy (@), fal@) R(foo 2. 2})

<01 Ji(f1(x), fa(x ))\hmsupR(fl, :’L)J'_|82Ji(f1(‘r)af2($>)|h£n_>solipR(f2ax>$?)
< [O1Ji(f1 (), fa(x ))HDfll( ) +102Ji(f1(), f2(2))|[D f2(2).

Recalling (47), since the coefficients v1, vo are nonnegative, we get

Z|Dgz <ZAM fiz (2))IDfjl(z)vs,

7

where for every w € R? fl(w) is the symmetric matrix defined by

Aij(w) = |A; j(w)].
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(46) and the next elementary Lemma yield

SIpaf @) < (S ) (S )

thus obtaining (45). O

Lemma 4.3. Let A € R¥*2 be a symmetric matriz and let A € R2*2 be defined by
Ajj = |Aij|, i,7=1,2. If
0<2TAz <|z|* for every z € R? (48)

then also A satisfies

0<2TAz<|z]? and 2TAw <|z||w| for every z,w € R2. (49)
Proof. Tt is easy to check that a symmetric matrix A satisfies 0 < 27 Az < |z|? for
every z € R? (48) if and only if

0< A1 <1, 0<Ap <1, A} <Apdp, A}, <1+ AjAxp— A — Agp,

and it is clear that (50) is preserved if we replace the coefficients A;; by |/(1i0\)

The second inequality of (49) follows immediately by the first one and the Cauchy-
Schwartz inequality, since

2T Aw < (szAlz)l/2 (wT/Alw)l/2 < |z| |wl|.
O
Lemma 4.4. Let E : R? - R be a C*' convex function as in (44b) and (44c) with
1-Lipschitz (w.r.t the Euclidean norm) gradient VE : R? — R?, and let J : R? — R?
be the map J := Id — VE. For every couple bounded Lipschitz map f := (f1, f2)
with f; € WH2(X,d,m), the components g; of g := J o f belong to WH2(X,d, m)
and satisfy

IDg1 %, (2) + IDgol3 () < IDf[}, (@) + [Dfely, (2)  for m-a.c. x € X. (51)

w

Proof. Let us consider the case when m(X) = +oo (the case of a finite measure
is simper, and it follows by obvious modifications of the arguments below): notice
that (44c) yields VE(0,0) = 0.

Let us first notice that [J(f)] < 2|f| so that for every f; € L*(X,d, m) the
functions g; belong to L?(X,d, m) as well.

Let us first prove that

IDg1[3, (@) + [Dgal;,(z) < DA (2) + Dfof* () for mae. z € X, (52)

whenever f, fo are bounded and Lipschitz and E is of class C1'1. To this aim, it
is sufficient to regularize VE e.g. by convolution with a family of smooth kernels
kn : R?2 = [0, +00[, n € N satisfying

k€ CPR?), k>0, k(—2)==r(2), / kdz =1, kn(2):=nk(nz) z€R%
R2
We then set

E,(z):= /R2 (E(:U —z)—x- VE(—Z))nn(z) dz,

VE,(x)= /R2 (VE(x —z)— VE(—Z))K;n(z) dz,
Jn(z) ;=2 —VE,(z), g,:=Jn0f.



18 GIULIA LUISE AND GIUSEPPE SAVARE

Applying Lemma 4.2 we get
[Dgn,1[* (@) + [Dgn2*(x) < [Df1[*(2) + [Dfo]*().
Since

|Jn () = J(2)| < |VEn(2) = VE(z)]

< / (VB ~ 2) ~ VE@)| + [VE(©) ~ VE(~2)| ) ral2) dz

R2

n

2
< 2/ |z|kn(z) dz = 7/ |z|k(2) dz,
R2 R2
passing to the limit as n — oo we have g,, ; — ¢; in L?(X,m); up to the extraction
of a suitable subsequence (not relabelled) we can also assume that
Dgn.1| — G1, |Dgnsa| — Go weakly in L?(X, m) as n — oo.

We claim that
G} +G2< DA+ |Dfy)> m-ae. in X. (54)

In fact, for an arbitrary measurable set A C X we have
A n—oo A

ooy )

so that for every measurable set A C X

/A(G?JrGE) dmg/A<|Df1|2+|Df2‘2> din.

Since |Dg;|w < Gy, (54) yields (52).
(51) then follows by (52) by a similar argument: we select optimal sequences
(fin)n of bounded Lipschitz functions converging to f; in L?(X,m) such that

IDfinl = Dfilw in L*(X,m), i=1,2,

Gg) dm

and we consider the corresponding sequences g,, = J o f,,, converging to g = Jo f
in L2(X,m). We then pass to the limit in the inequality

IDg1.n[% () + Dg2.n|2(x) < [Dfinl” (@) + [Dfonl? (@) for mae. z € X.

O

Next lemma focuses on a useful property of the metric Laplacian which relies on
the estimate that we have just proved.

Lemma 4.5. If f,g € D(A) and E: R?> - R is a CYt convex function satisfying
(44c), then

/X (OE(f.9)A + 02E(f,g)Ag) dm < 0. (55)

Proof. It is not restrictive to assume that E is 1-Lipschitz. As we observed in the
proof of Lemma 4.4, we also note that 9; E(f,g) belongs to L?(X,m), since when
m(X) = +oo (44c) yields 0;E(0,0); therefore the integral in (55) is well defined.
Recall that

1 €0Ch(p) «— / (1) — @) dm < Ch(y)) — Ch(p) for every ¢ € L*(X,m)
b's
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and that —Ay € 9Ch(y). Hence taking in our case ¢ = f and ¢ = f — 1 E(f,9)
we get

/ E(f,9)Af dm = / “Af( — ) dm < Ch() — Ch(y)
X X
— Ch(f — iE(f.g)) — Ch(f).

and similarly

/X D2 (f,g)Agdm < Ch(g — B2E(f. g)) — Ch(g).

By definition of the Cheeger functional and Lemma 4.4 we obtain (55). O
With the previously developed tools we can conclude the proof of Theorem 4.1.

Proof. Let us set f; = P,f and ¢; = P;g. Assume first that F is C'"! with Lipschitz
gradient VE, so that F has at most quadratic growth. Recalling that ¢t — f;, g; are
differentiable as L?-valued maps, we get

d d
ég(fugt) = £E<ftygt) dm = (/ 81E(ftagt)Ad,mft + 82E<ftagt)Ad,mgt) dm
X X

= / (81E(ftvgt)Ad,mft + 82E(ftagt)Ad,mgt) dm S 0
X

thanks to (55). We thus obtain
EPyf,Prg) < &(f,g) for every t > 0. (56)

In the general case, we apply (56) to the functional &) associated to the Yosida
approximation F) of E,

Ex\(r,s) = ! ((r’ —r)? 4 (s~ 5)2) +E(r',s) (r,s) €R* A>0. (57)

-
(r’,gl)ERZ 2A
It is well known [12] that E) is convex of class C'1! with Lipschitz gradient VEy;
moreover, if (44c¢) holds, then also E) is nonnegative and it is immediate to check
from (57) that E5(0,0) = 0. Since Ey < E, (56) then yields
Ex(Pef,Prg) < 6x(f,9) < &(f,g) forevery t >0, A > 0.

We can eventually pass to the limit as A | 0 and applying Beppo Levi monotone
convergence theorem, since E)(r,s) T E(r,s) as A | 0 for every r, s € R. O

A few particular cases follow as corollaries of the main result. The first one states
the contraction in the Hellinger metric for measures which are absolutely continuous
w.r.t. m: with a slight abuse of notation, for every f,g € L*(X,m), f,g > 0, we will
set

HeP —H _ 1/p _ 1/de
e, (f,9) = Hep(fm,gm) = . f g m.

Corollary 4.6. For every nonnegative f,g € L*(X,m) we have
He,(P.f,P.g) < He,(f,g) for everyt>0. (58)

Proof. Tt is sufficient to prove (58) for every couple of nonnegative functions f,g €
L' N L?(X,m) and then argue by approximation using (40) for p = 1. We can then
apply Theorem 4.1 with the function E : R? — R U {+o0} given by

Up _ g1/p|? ifr s>0
B(rs) = |r s | i r,s_. ,
+00 otherwise.
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O

More generally, the same contraction result holds true for any Csiszar divergence;
recalling the discussion of Section 2.1 and keeping the same notation of (18a), (18b),
(18¢) and Definition 2.1, we first set

F(flg) .= F(fm| gm) = / H(f,g)dm for every nonnegative f,g € L' (X, m).
p's

Corollary 4.7. Let % be a Csiszar divergence as in Definition 2.1. Then, for every
nonnegative f,g € L' (X, m),

F(Puf | Prg) < F(f | 9)-

Proof. Recalling (21), it is sufficient to apply Theorem 4.1 to the integral functional
associated to the function H of (18b), extended to +o0 if r < 0 or s < 0.
O

5. Regularizing properties of the Heat flow in RCD metric measure spaces.
In the previous section we have shown contraction results involving convex func-
tionals and metric heat flows in metric measure spaces, thus covering the case of
nonlinear flows in Finsler-like geometries.

In the linear case, the Hellinger contraction (58) can also be proved by a different
approach, based on the dual dynamic formulation of the Hellinger distance that
we have discussed in 2.8. We first explain this technique in the simple case of a
submarkovian operator P on the set of bounded measurable functions and we will
then show how to extend this approach to prove new regularization results for the
Heat semigroup in RCD metric measure spaces.

5.1. Hellinger contraction for submarkovian operators. Let (2, %) be a
measurable space and let P : By(©2) — By(Q2) be a linear submarkovian opera-
tor [18, Chap. IX, Sect. 1]: this means that for every bounded measurable maps

,ﬂanBb(Q)
0<f<1 = 0<Pf<l, (59a)
Jn20, fnlOasn—o00 = Pf, |0, (59b)

where convergence in (59b) has to be intended pointwise everywhere. Notice that
for every =,y € Q)

0 < P((f = PF)?)(x) = Pf2(x) — 2Pf(y)PF(2) + (PF(y))*P1
<Pf(2) - (Pf(@))" + (Pf(x) - Pf(y))*

so that choosing x = y we get the Jensen’s inequality
(Pf)? <Pf2. (60)
We can define the adjoint operator P* acting on M(2) by the formula

/fdP*u ::/Pfdp for every f € By(Q).
Q Q

The next result could also be derived by a more refined Jensen inequality for sub-
markovian operator. Here we want to highlight the role of the dual dynamic point
of view.
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Proposition 5.1. Let (2, B) be a measure space and let P be a linear submarkovian
operator in By(Q2). Then, for any o, p1 € M(Q)

Hea (P* 1o, P*p1) < Hea (o, p11). (61)
Proof. Let us consider ({s)sepo,1] € C'([0,1],B5(€)) a solution of
DsCs +C2 <0 inQx[0,1]. (62)

We apply the map P to this solution; since the linear map P is continuous with
respect to the supremum norm in By(Q), (P¢)s € C([0,1],B4(R)). Moreover,
from (60) applied to (s it follows that s — P(, is also a subsolution to (62):

OsPCs + (PE)? < PO, + P(C2) = P(9sGs + ¢2) <0,

since P is positivity preserving. Then, recalling the formulation (32) of the Hellinger
distance, we have

/QCl d(P*M)—/QCOd(P*MO):/QPCl dﬂ1—/QPC0d/~L0§H€2(M0,N1)~

Taking the supremum of the left hand side with respect to all the subsolutions of
(62) and applying (32) once more, we eventually get (61). O

Remark 1. The same argument combined with the p-Jensen inequality for P yields

He, (P* 110, P1) < Hep(po, p11),

for every p € [1,4+00). The proof can also be extended to submarkovian operators
in L'(Q,m) with respect to a given reference measure m € M({2), obtaining in this
case an Hellinger estimate for measures absolutely continuous w.r.t. m.

5.2. Regularization W,- He, for p € (1,2]. Let us now focus on the regulariza-
tion estimates for the particular class of Markovian operators provided by the heat
semigroup (P;):>0 in a metric measure space (X,d, m) satisfying the RCD(K, co)
condition. Since (P¢);>0 maps Cp(X) into Cp(X), we can use (12) to define the
adjoint heat semigroup (P;);>o on arbitrary positive and finite measure of M(X)
(see [5, Section 3.2] for more details).

Theorem 5.2. Let (X,d, m) be a RCD(K, c0) metric measure space and p € [1,2].
Then, for every po, 1 € Pp(X)

* * 1
Hep(PtMO, Pt//l'l) S Wwp(ﬂo7ﬂl) for all t > 0, (63)

where Ry has been defined in (14).

Proof. Let us set €*(By) := C'([0,1], By(X)) and €' (Lip,) := C*([0, 1], Lip,(X))
to shorten the notation. From the dual dynamic formulations (32) and (34) (recall
that a RCD space is a length space) we know

q
He} (110, p11) = SUP{/QQ dpn _/QCO dpo = ¢ € (By), 9sCs + qc_isl < 0}

and

1 , 1
~WP (o, p11) = sup{/ G dm—/ Codpo = ¢ € € (Lipy), 0sCs+— D¢ < 0}.
p X X q
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A simple rescaling argument, replacing ¢ by £¢, shows that for a > 0
1 . a?™!
~WP (1o, p11) = SUP{/ G dlh-/ Codpo = ¢ € €' (Lipy), OsCst——— DG |* < 0}.
a X X qap
(64)
Now, take ¢ € C'([0,1],By(X)) such that ds(, + q_%(g < 0. We apply the order
preserving semigroup (Py);>0 to ((s)s and we get
1
qg—1
The Lipschitz regularization property stated in Theorem 3.6 ensures that P.((;) €
Lip,(X) and that it satisfies the refined Bakry-Emery condition (43), where we
neglect the last negative term:
Ric(t) DPiG|* <P in X, (66)
Since p € (1,2] , the conjugate ¢ is in [2, +00) and hence ¢/2 > 1. Taking the power
q/2 in (66) and using Jensen’s inequality we obtain
g 2
(Ric(£)% [DPLG[? < (Pe(¢)™™ < Pa(c?).
The combination of this inequality and (65) yields
P a(Ri (1) ? [DPG|
q—1 pitq
which shows that Es := P;(, is a subsolution of the Hamilton-Jacobi equation as in
(64) with the time-and-curvature dependent weight

at) = (' (Re®)?) " = (Re(®). (67)
All these facts lead to

/Xﬁd(Ple)—/XCod(Pfuo)Z/XPtCldul—/XPtCodHo < ﬁwg(ﬂmm)

Thus, taking the supremum over all the subsolutions to 85(:5—1—11%1(3 < 0 we conclude

as PtCs +

P.¢Z <0. (65)

a |[DP¢,|?
= 0P+ (Rac(0)F

85 PtCs +

ﬁwﬁ(uo, 1)

where a(t) as in (67), which yields (63). O

He? (P} 1o, Pi 1) <

As a byproduct, when K > 0, we obtain an precise decay rate for the asymptotic
behaviour of P;.

Corollary 5.3. Let (X,d,m) be a RCD(K,00) metric measure space with K > 0
and let m € P, (X), p € [1,2]. For every up € P,(X) we have

1

He,(Pfpo,m) < —————

ep( t Mo ) = p(RK(t))1/2

In the case p = 2 and K > 0 it is interesting to compare (68) with the well known

exponential decay rates of the logarithmic entropy and of the Wasserstein distance

KL(P; polm) < e~ "KL(jig|m),  Wa(Pj o, m) < e K"Wa(uo,m)  (69)

which follow by the K-geodesic convexity of the KL functional in CD(K, 0o) spaces.
In particular, recalling (29), the first estimate of (69) provides

Hez (P po|m) < e f'KL(puo|m)

W (po, m)  for every t > 0. (68)
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which exhibits the same exponential behaviour of (68); however, (68) only requires
1o € P (X)

5.3. Regularization Hey-HK. With a similar argument we prove that the Hellinger

distance at time ¢t can be estimated from above by the weighted Hellinger-Kantorovich
distance HK,, in which the parameter « acts on the transport part of the distance

with a time-dependent factor and does not affect the reaction part. Note that this

embodies a natural combination of the Hellinger-Kantorovich estimate above and

the Hellinger contraction that we proved in Proposition 5.1.

Theorem 5.4. Let (X,d,m) be a RCD(K,00) metric measure space. For every
to, 1 € M(X)

Hea (P} 1o, Pipn) < Ho) (1o, 1), a(t) = 4Rk(t) as defined in (14).  (70)

Proof. As in the previous proof, we set € (B;) := C'([0, 1], By(Q)) and € (Lip,) :=
C*([0,1], Lip,(€2)) and we recall that

He%(MOaMI) = Sup{/}( Cl d/j/l - /}; <0 dMO : g € %I(Bb% asCs + CSQ < O}

and that (39)

}_Ki(ﬂmﬂl):SUP{ACIdﬂl—LCOdHO : (€ C'(Lipy),

. (1)
0.Gs(@) + FIDx G (@) + 2 < 0}

We consider a solution ¢ € €1 (By) of 95¢s+¢2 < 0 and we apply the linear operator
P:, t > 0, obtaining

asPtCs + Pt(CS)Q S 0.
Theorem 3.6 ensures that P;(s is Lipschitz and satisfies
Ric(t) [DPG[* + (PiCs)” < Pi(¢2)
so that
0sPiCs + Ric (1) DPGs|* + (PiGs)* < 0;

this inequality corresponds to the subsolutions of Hamilton-Jacobi equation in (71)
weighted with o = 4Rk (t) = a(t). Therefore

/ G d(Ppu) — / Cod(Pl o) = / PG dpn — / PuGo dito < HK2, ) (10, 1),
X X X X

and taking the supremum with respect to the subsolutions to 95(s + (2 < 0 we get
(70). O

It is worth noticing that (70) yields the pure Hellinger contraction estimate (58)
thanks to (37). Similarly, choosing pg, 1 € P2(X) and applying (38) one recovers
(63) in the case p = 2.
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