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Thesis structure

This dissertation starts with a review on variable selection techniques and is com-

posed of 6 chapters.

In Chapter 1 there is a review of the literature on variable selection and a new pro-

posal for a general framework to improve the dimensionality reduction with attention

on the relationships of Max-dependency, Max-relevance and Min-redundancy. The

main novel contribution of this Chapter is a general formalisation for the variable

selection problem based on a Lemma.

Chapter 2 starts with a new mathematical formalisation to define Customer Life-

time Value. Later I introduce the classical statistical tenure model based on Cox

regression and I show the weaknesses and criticisms of such classical churn models.

Then I point attention to new lifetime value models, in particular focusing on sur-

vival analysis in the point processes framework. I also put in this section a review

on model adequacy and model comparison.

In Chapter 3 I propose a new Bayesian extension of lifetime value models, based

on Bayesian methods to choose the most important variables and I present a novel

Bayesian model based on point processes framework. I improve this model following

some approach in literature based on Bayesian Model Averaging. Comments on the

possible evolution of this approach with novel methodological contribution is then

discussed, especially with reference to stratification and multi-level models. Finally,

model search and model comparison for Bayesian lifetime value models is discussed.

Chapter 4 improves the previous results with the presentation of Bayesian strat-

ified models, with fixed and random effects, and a discussion on the efficiency of

partial likelihood methods. A new field of research (theoretical and applied) based

on penalised likelihood methods, is then proposed, with a Bayesian extension and

a discussion on computational issues. Estimation using shared frailty models can

be performed with penalized likelihood methods and therefore in a simple and re-

alistic Bayesian framework. Such a correspondence has been found for gamma and

gaussian frailty models. In this Chapter we remark new computational contributions.
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In Chapter 5 new methods for model selection are proposed. We remark that the

first part of this Chapter is justified by an empirical analysis based on the appli-

cation results; this Chapter is critical from an applicative and theoretical point of

view. The aim is only to introduce new criteria to obtain clusters of models. We

will improve this starting point of research. Starting from 5.2, we would like re-

mark novel contribution in terms of model assessment and predictive performance,

with particular attention to economic assessment and decision making, based on loss

curves.

Chapter 6 shows the conclusions and future lines of research.
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Chapter 1

Variable Selection

1.1 The variable selection problem: introduction

The problem of variable selection, or as in the most recently literature, feature selec-

tion, is one of the most pervasive problems in statistical applications. Often referred

to as the problem of subset selection, it arises when one wants to model the relation-

ship between a variable of interest and a subset of potential explanatory variables

or predictors, but there is uncertainty about which subset to use.

Suppose Y a variable of interest, and X1, ..., Xp a set of potential explanatory vari-

ables or predictors, are vectors of n observations. The problem of variable selection,

or subset selection as it is often called, arises when one wants to model the re-

lationship between Y and a subset of X1, ..., Xp, but there is uncertainty about

which subset to use. Such a situation is particularly of interest when p is large and

X1, ..., Xp is thought to contain many redundant or irrelevant variables.

The fundamental developments in variable selection seem to have occurred either

directly in the context of the linear model or in the context of general model se-

lection. Historically, the focus began with the linear model in the 1960s when the

first wave of important developments occurred and computing was expensive. The

focus on the linear model still continues, in part because it is analytic tractability

greatly facilitates insights, but also because many problems of interest can be posed

as linear variable selection problems. For example, for the problem of nonparametric

function estimation, Y represents the values of the unknown function, and X1, ..., Xp

represent a linear basis such as a wavelet basis or a spline basis. However, as ad-

vances in computing technology have allowed for the implementation of richer classes
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CHAPTER 1. Variable Selection

of models, treatments of the variable selection problem by general model selection

approaches are becoming more prevalent.

One of the fascinating aspects of the variable selection problem is the wide variety

of methods that have been brought to bear on the problem. Because of space limi-

tations, it will of course be impossible to even mention them all, and so I have only

focused on a few to illustrate the general thrusts of developments. An excellent and

comprehensive treatment of variable selection methods prior to 1990 can be found in

Miller (1990). As we will see, many promising new approaches have appeared over

the last decade.

A distinguishing feature of variable selection problems is their enormous size. Even

with moderate values of p, computing characteristics for all 2p models is prohibitively

expensive and some reduction of the model space is needed.

Once attention is reduced to a manageable set of models, criteria are needed to select

a subset model. The earliest developments of such selection criteria, again in the

linear model context, were based on attempts to minimize the mean square error

of prediction. Different criteria corresponded to different assumptions about which

predictor values to use, and whether they were fixed or random, see Hocking (1976)

and the references therein. Many interesting criteria have been proposed in the lit-

erature, see for example Shao (1996), Clyde and George (2000), George and Foster

(2000). An alternative is selection based on predictive error estimates obtained by

intensive computing methods such as the bootstrap and cross validation e.g. Shao

(1996).

1.2 A review on variable selection methods

There are many potential benefits of variable and feature selection: facilitating data

visualization and data understanding, reducing the measurement and storage re-

quirements, reducing training and utilization times, defying the curse of dimension-

ality to improve prediction performance. Some methods put more emphasis on one

aspect than another. Here we focus mainly on constructing and selecting subsets of

features that are useful to build good predictors. This contrasts with the problem

of finding or ranking all potentially relevant variables. Selecting the most relevant

variables is usually suboptimal for building a predictive model, particularly if the
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1.2. A review on variable selection methods

variables are redundant. Conversely, a subset of useful variables may exclude many

redundant, but relevant, variables. We present in Section 1.2 a short review of the

literature employed for variable selection and in Section 1.3 we introduce a more

formal approach to the problem.

Consider a set of m observations {xk, yk},(k = 1, ...,m) consisting of n input vari-

ables xk,i, (i = 1, ..., n) and one output variable yk. Variable ranking makes use

of a scoring function S(i) computed from the values xk,i and yk, k = 1, ...,m. By

convention, we assume that a high score is indicative of a valuable variable and

that we sort variables in decreasing order of S(i). To use variable ranking to build

predictors, nested subsets incorporating progressively more and more variables of

decreasing relevance are defined. Following the classification of Kohavi and John

(1997), variable ranking is a filter method: it is a pre-processing step, independent

of the choice of the predictor. Still, under certain independence or orthogonal as-

sumptions, it may be optimal with respect to a given predictor. For instance, using

Fisher’s criterion to rank variables in a classification problem where the covariance

matrix is diagonal is optimal for Fisher’s linear discriminant classifier (Duda et al.,

2001). Even when variable ranking is not optimal, it may be preferable to other

variable subset selection methods because of its computational and statistical scal-

ability: computationally, it is efficient since it requires only the computation of n

scores and sorting the scores; statistically, it is robust against overfitting because it

introduces bias but it may have considerably less variance (Hastie et al., 2001).

If the input vector x can be interpreted as the realization of a random vector drawn

from an underlying unknown distribution, we denote by Xi the random variable cor-

responding to the i − th component of x. Similarly, Y will be the random variable

of which the outcome y is a realization. We further denote by xi the m dimensional

vector containing all the realizations of the i− th variable for the training observa-

tions, and by y the m dimensional vector containing all the target values.

In the case where there is a large number of variables that separate the data perfectly,

ranking criteria based on classification success rate cannot distinguish between the

top ranking variables.

Several approaches to the variable selection problem using information theoretic cri-

teria have been proposed (as reviewed e.g. by Bekkerman et al., 2003, Dhillon et

al., 2003, Forman, 2003, Torkkola, 2003). Many rely on empirical estimates of the
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CHAPTER 1. Variable Selection

mutual information between each variable and the target:

I(i) =

∫

xi

∫

y
p(xi, y)log

p(xi, y)

p(xi)p(y)
dxdy, (1.1)

where p(xi) and p(y) are the probability densities of xi and y, and p(xi, y) is the

joint density. The criterion I(i) is a measure of dependency between the density of

the variable xi and the density of the target y. The difficulty is that the densities

p(xi), p(y) and p(xi, y) are all unknown and are hard to estimate from the data.

The case of discrete or nominal variables is probably the easiest because the integral

becomes a sum:

I(i) =
∑

xi

∑

y

P (X = xi, Y = y)log
P (X = xi, Y = y)

P (X = xi)P (Y = y)
. (1.2)

The probabilities are then estimated from frequency counts. For example, in a three-

class problem, if a variable takes 4 values, P (Y = y) represents the class frequency

(3 frequency counts), P (X = xi) represents the distribution of the input variable (4

frequency counts), and P (X = xi;Y = y) is the frequency of the joint observations

(12 frequency counts). The estimation obviously becomes harder with larger num-

bers of classes and variable values. The case of continuous variables (and possibly

continuous targets) is the hardest. One can consider discretizing the variables or ap-

proximating their densities with a non-parametric method such as Parzen windows

(see, e.g. Torkkola, 2003).

Variable subset selection approaches essentially divide into wrappers, filters, and em-

bedded methods. Wrappers utilize the learning model of interest as a black box to

score subsets of variables according to their predictive power. Filters select subsets

of variables as a pre-processing step, independently of the chosen predictor. Embed-

ded methods perform variable selection in the process of training and are usually

specific to given learning methods.

The wrapper methodology, recently popularized by Kohavi and John (1997), offers

a simple and powerful way to address the problem of variable selection, regard-

less of the chosen learning model. In its most general formulation, the wrapper

methodology consists in using the prediction performance of a given learning model

to assess the relative usefulness of subsets of variables. The problem is known to be

NP-hard (Amaldi and Kann, 1998) and the search becomes quickly computation-

ally intractable. A wide range of search strategies can be used, including best-first,
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1.2. A review on variable selection methods

branch-and-bound, simulated annealing, genetic algorithms (see Kohavi and John,

1997, for a review). Performance assessments are usually done using a validation

set or by cross-validation. Possible predictors include decision trees, naive Bayes,

least-square linear predictors, and support vector machines. Wrappers are often crit-

icized because they seem to be a ”brute force” method requiring massive amounts of

computation, but it is not necessarily so. Efficient search strategies may be devised;

using such strategies does not necessarily mean sacrificing prediction performance.

Greedy search strategies seem to be particularly computationally advantageous and

robust against overfitting. They come in two flavours: forward selection and back-

ward elimination. In forward selection, variables are progressively incorporated into

larger and larger subsets, whereas in backward elimination one starts with the set

of all variables and progressively eliminates the least promising ones. Both methods

yield nested subsets of variables. Wrapper methods are remarkably universal and

simple. However, embedded methods that incorporate variable selection as part of

the training process may be more efficient in several respects: they make better use

of the available data by not needing to split the training data into a training and

validation set; they reach a solution faster by avoiding retraining a predictor from

scratch for every variable subset investigated. Embedded methods are not new:

decision trees such as CART, for instance, have a built-in mechanism to perform

variable selection (Breiman et al., 1984).

Some embedded methods guide their search by estimating changes in the objec-

tive function value incurred by making moves in variable subset space. Combined

with greedy search strategies (backward elimination or forward selection) they yield

nested subsets of variables.

A lot of progress has been made to formalize the objective function of variable se-

lection and algorithms to optimize it. Generally, the objective function consists of

two terms that compete with each other: (1) the goodness-of-fit (to be maximized),

and (2) the number of variables (to be minimized). This correspondence is formally

established in the paper of Weston et al. (2003) for the particular case of classifica-

tion with linear predictors. Weston et al. note that, although their algorithm only

approximately minimizes the l0-norm in practice it may generalize better than an al-

gorithm that really did minimize the ”0-norm”, because the latter would not provide

sufficient regularization (a lot of variance remains because the optimization problem
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CHAPTER 1. Variable Selection

has multiple solutions). The need for additional regularization is also stressed in the

paper of Perkins et al. (2003).

To our knowledge, no algorithm has been proposed to directly minimize the num-

ber of variables for non-linear predictors. Instead, several authors have substituted

for the problem of variable selection that of variable scaling ( Weston et al., 2000,

Grandvalet and Canu, 2002). The variable scaling factors are ”hyper-parameters”

adjusted by model selection. The scaling factors obtained are used to assess vari-

able relevance. A variant of the method consists of adjusting the scaling factors by

gradient descent on a bound of the leave-one-out error (Weston et al., 2000). This

method is used as baseline method in the paper of Weston et al. (2003).

In some applications, reducing the dimensionality of the data by selecting a subset

of the original variables may be advantageous for reasons including the expense of

making, storing and processing measurements. If these considerations are not of

concern, other means of space dimensionality reduction should also be considered.

Clustering, the most important unsupervised learning method, has long been used

for feature construction. The idea is to replace a group of ”similar” variables by

a cluster centroid, which becomes a feature. The most popular algorithms include

K-means and hierarchical clustering. For a review, see, e.g., the textbook of Duda et

al. (2001) and Giudici (2003). Clustering is usually associated with the idea of un-

supervised learning. It can be useful to introduce some supervision in the clustering

procedure to obtain more discriminant features. This is the idea of distributional

clustering (Pereira et al., 1993). Distributional clustering is rooted in the informa-

tion bottleneck (IB) theory of Tishby et al. (1999).

Another widely used method of feature construction is singular value decomposition

(SVD). The goal of SVD is to form a set of features that are linear combinations of

the original variables, which provide the best possible reconstruction of the original

data in the least square sense (Duda et al., 2001). It is an unsupervised method

of feature construction. There are results on information theoretic unsupervised

feature construction method: sufficient dimensionality reduction (SDR). The most

informative features are extracted by solving an optimization problem that moni-

tors the trade-off between data reconstruction and data compression, similar to the

information bottleneck of Tishby et al. (1999); the features are found as Lagrange

multipliers of the objective optimized.
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1.3. A general framework for variable selection

1.3 A general framework for variable selection

The objective of variable selection can be started as how to select good variables

according to a maximal statistical dependency criterion based on mutual informa-

tion. Because of the difficulty in directly implementing the maximal dependency

condition, we first derive an equivalent form, called minimal-redundancy-maximal-

relevance criterion (mRMR), for first-order incremental feature selection. Then, we

present a two-stage feature selection by combining mRMR and other more sophisti-

cated feature selectors. Given the input data D tabled as N samples and M features,

X = (xi, i = 1, ...,M), and the target classification variable c, the feature selection

problem is to find from an M -dimensional observation space,RM a subspace of m

features, Rm, that ”optimally” characterizes c. Given a condition defining the ”opti-

mal characterization” an algorithm is needed to find the best subspace. The optimal

characterization condition often means the minimal classification error. In an un-

supervised situation where the classifiers are not specified, minimal error usually

requires the maximal statistical dependency of the target class c on the data distri-

bution in the subspace Rm (and vice versa). This scheme is Maximal Dependency .

One of the most popular approaches to realize Max-Dependency is Maximal Rel-

evance feature selection: selecting the features with the highest relevance to the

target class c. Relevance is usually characterized in terms of correlation or mutual

information, of which the latter is one of the widely used measures to define depen-

dency of variables.

Here, we focus on the discussion of mutual-information-based feature selection.

Given two random variables X and Y , their mutual information is defined in terms

of their probabilistic density functions p(x), p(x), and p(x, y):

I(i) =

∫

x

∫

y
p(x, y)log

p(x, y)

p(x)p(y)
dxdy. (1.3)

In Max-Relevance, the selected features xi are required, individually, to have the

largest mutual information I(xi; c) with the target class c, reflecting the largest de-

pendency on the target class. In terms of sequential search, the m best individual

features, i.e., the top m features in the descent ordering of I(xi, c), are often selected

as the m features. In variable selection, it has been recognized that the combinations

of individually good features do not necessarily lead to good classification perfor-

mance. In other words, ”the m best features are not the best m features”, see e.g.
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Cover and Thomas (1991).

Here we present an empirical minimal-redundancy-maximal-relevance (mRMR) frame-

work to minimize redundancy, and use a series of intuitive measures of relevance and

redundancy to select promising features for both continuous and discrete data sets.

First, although both Max- Relevance and Min-Redundancy have been intuitively

used for feature selection, no theoretical analysis is given on why they can benefit se-

lecting optimal features for classification. Thus, the first goal of this dissertation is to

present a theoretical analysis showing that mRMR is equivalent to Max-Dependency

for first-order feature selection, but is more efficient.

1.3.1 Relationships of Max-Dependency, Max-Relevance and Min-

redundancy

In terms of mutual information, the purpose of feature selection is to find a feature

set S with m features (xi) which jointly have the largest dependency on the target

class c. This scheme, called Max-Dependency, has the following form:

maxD(S, c), D = I {(xi, i = 1, ...,m); c} (1.4)

Obviously, when m equals 1, the solution is the feature that maximizes I(xj ; c), (1 ≤

j ≤ M). When m > 1 a simple incremental search scheme is to add one feature

at one time: given the set with m − 1 features, Sm−1, the m-th feature can be

determined as the one that contributes to the largest increase of I(S; c), which takes

the form of:

I(Sm; c) =

∫ ∫

p(Sm, c)log
p(Sm, c)

p(Sm)p(c)
dSmdc (1.5)

=

∫ ∫

p(Sm−1, xm, c)log
p(Sm−1, xm, c)

p(Sm−1, xm)p(c)
dSm−1dxmdc

=

∫ ∫

p(x1, ..., xm, c)log
p(x1, ..., xm, c)

p(x1, ..., xm)p(c)
dx1...dxmdc

Despite the theoretical value of Max-Dependency, it is often hard to get an accurate

estimation for the multivariate density p(x1, ..., xm) and p(x1, ..., xm, c) because of

two difficulties in the high-dimensional space: 1) the number of samples is often

insufficient and 2) the multivariate density estimation often involves computing the

inverse of the high-dimensional covariance matrix, which is usually an ill posed prob-

lem.
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1.3. A general framework for variable selection

Another drawback of Max-Dependency is the slow computational speed. These

problems are most pronounced for continuous feature variables. Even for discrete

(categorical) features, the practical problems in implementing Max-Dependency can-

not be completely avoided. For example, suppose each feature has three categorical

states and N samples. K features could have a maximum min(3k, N) joint states.

When the number of joint states increases very quickly and gets comparable to the

number of samples, N, the joint probability of these features, as well as the mutual

information, cannot be estimated correctly. Hence, although Max-Dependency fea-

ture selection might be useful to select a very small number of features when N is

large, it is not appropriate for applications where the aim is to achieve high classifi-

cation accuracy with a reasonably compact set of features.

As Max-Dependency criterion is hard to implement, an alternative is to select fea-

tures based on maximal relevance criterion (Max-Relevance). Max-Relevance is to

search features which approximates D(S, c) with the mean value of all mutual infor-

mation values between individual features xi and class c:

maxD(S, c), D =
1

dim(S)

∑

xi∈S

I(xi; c). (1.6)

It is likely that features selected according to Max- Relevance could have rich redun-

dancy, i.e., the dependency among these features could be large. When two features

highly depend on each other, the respective class-discriminative power would not

change much if one of them were removed. Therefore, the following minimal re-

dundancy (Min-Redundancy) condition can be added to select mutually exclusive

features:

minR(s), R =
1

dim(S)2

∑

xi,xj∈S

I(xi, xj). (1.7)

The criterion combining the above two constraints is called ”minimal-redundancy-

maximal-relevance”,(mRMR). We define the operator φ(D,R) to combine to com-

bine D and R and consider the following simplest form to optimize D and R simul-

taneously:

maxφ(D,R), φ = D −R. (1.8)

In practice, incremental search methods can be used to find the near optimal features

defined by φ(). Suppose we already have Sm−1, the feature set with m− 1 features.

The task is to select the m-th feature from the set X − Sm−1. This is done by
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CHAPTER 1. Variable Selection

selecting the feature that maximizes φ(). The respective incremental algorithm

optimizes the following condition:

maxxj∈X−Sm−1



I(xj ; c) −
1

m− 1

∑

xi∈Sm−1

I(xj ;xi)



 . (1.9)

The computational complexity of this incremental search method is O(dim(S)×M).

We propose and we prove now the following results:

Lemma: The combination of Max- Relevance and Min-Redundancy criteria, (the

mRMR criterion), is equivalent to the Max-Dependency criterion if one feature is

selected (added) at one time.

Here we give an idea for the proof.

We assume that Sm−1 i.e., the set of m−1 features, has already been obtained. The

task is to select the optimal m− th feature xm from set X − Sm−1.

The dependency D is represented by mutual information, i.e., D = I(Sm; c), where

Sm = Sm−1, xm can be treated as a multivariate variable. Thus, by the definition of

mutual information, we have:

I(Sm; c) = H(c) +H(Sm) −H(Sm, c) (1.10)

= H(c) +H(Sm−1, xm) −H(Sm−1, xm, c),

where H(.) is the entropy of the respective multivariate (or univariate) variables.

Now, we define the following quantity J(Sm) = J(x1, ..., xm) for scalar variables

x1, ..., xm,

J(x1, ..., xm) =

∫

...

∫

p(x1, ..., xm)log
p(x1, x2, ..., xm)

p(x1)...p(xm)
dx1...dxm. (1.11)

Similarly, we define J(Sm, c) = J(x1, ..., xm, c) as

J(x1, ..., xm, c) =

∫

...

∫

p(x1, ..., xm, c)log
p(x1, x2, ..., xm, c)

p(x1)...p(xm)p(c)
dx1...dxmdc. (1.12)

We can easily derive from the previous equations:

H(Sm−1, xm) = H(Sm) =
m
∑

i=1

H(xi) − J(Sm), (1.13)

and

H(Sm−1, xm, c) = H(Sm, c) = H(c) +
m
∑

i=1

H(xi) − J(Sm, c). (1.14)
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1.3. A general framework for variable selection

By substituting them to the corresponding terms in I(Sm, c), we have:

I(Sm; c) = J(Sm, c) − J(Sm) (1.15)

= J(Sm−1, xm, c) − J(Sm−1, xm).

Obviously, Max-Dependency is equivalent to simultaneously maximizing the first

term and minimizing the second term. We can use Jensen’s Inequality to show the

second term J(Sm−1, xm) is lower-bounded by 0. A related and slightly simpler

proof is to consider the inequality log(z) ≤ z − 1 with the equality if and only if

z = 1. We see that:

−J(x1, ..., xm) = (1.16)

=

∫

...

∫

p(x1, ..., xm)log
p(x1)...p(xm)

p(x1, ..., xm)
dx1...dxm

≤

∫

...

∫

p(x1, ..., xm)

[

p(x1)...p(xm)

p(x1, ..., xm)
− 1

]

dx1...dxm

=

∫

...

∫

p(x1)...p(xm)dx1...dxm −

∫

...

∫

p(x1, ..., xm)dx1...dxm

= 1 − 1 = 0

It is easy to verify that the minimum is attained when p(x1, ..., xm) =
∏m
i=1 p(xi),i.e.,

all the variables are independent of each other.

As all the m− 1 features have been selected, this pair-wise independence condition

means that the mutual information between xm and any selected feature xi, i =

1, ...,m− 1 is minimized. This is the Min-Redundancy criterion. We can also derive

the upper bound of the first term in J(Sm−1, c, xm).

For simplicity, let us first show the upper bound of the general form J(y1, ...yn),

assuming there are n variables y1, ..., yn. This can be seen as follows:

J(y1, ..., yn) = (1.17)

=

∫

...

∫

p(y1, ..., yn)log
p(y1...yn)

p(y1), ..., p(yn)
dy1...dyn

=

∫

...

∫

p(y1, ..., yn)log
p(y1|y2...yn)...p(yn−1|ynp(yn)

p(y1)...p(yn)
dy1...dyn

=
n−1
∑

i=1

H(yi) −H(y1|y2, ..., yn) − ...−H(yn−1|yn)

≤
n−1
∑

i=1

H(yi).

This equation can be easily extended as:

J(y1, ..., yn) ≤ min (1.18)
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n
∑

i=2

H(yi),
n
∑

i=1,i6=2

H(yi), ...,
n
∑

i=1,i6=n−1

H(yi),
n−1
∑

i=1

H(yi)







.

It is easy to verify the maximum of J(y1, ..., yn) or, similarly J(Sm−1, c, xm), is

attained when all variables are maximally dependent. When Sm−1 has been fixed,

this indicates that xm and c should have the maximal dependency. This is the Max-

Relevance criterion.

Therefore, a combination of Max- Relevance and Min-Redundancy is equivalent to

Max-Dependency for first-order selection. We have the following observations:

• Minimizing J(Sm) only is equivalent to searching mutually exclusive (indepen-

dent) features. This is insufficient for selecting highly discriminative features.

• Maximizing J(Sm, c) only leads to Max-Relevance. Clearly, the difference be-

tween mRMR and Max- Relevance is rooted in the different definitions of de-

pendency (in terms of mutual information); does not consider the joint effect

of features on the target class. On the contrary, Max-Dependency considers

the dependency between the data distribution in subspace Rm and the target

class c. This difference is critical in many circumstances.

1.3.2 Computational Issues

We consider mutual-information-based feature selection for both discrete and contin-

uous data. For discrete (categorical) feature variables, the integral operation reduces

to summation. In this case, computing mutual information is straightforward, be-

cause both joint and marginal probability tables can be estimated from the samples

of categorical variables in the data.

However, when at least one of variables x and y is continuous, their mutual informa-

tion I(x, y) is hard to compute, because it is often difficult to compute the integral

in the continuous space based on a limited number of samples.

One solution is to incorporate data discretization as a pre-processing step. For some

applications where it is unclear how to properly discretize the continuous data, an

alternative solution is to use density estimation method (e.g., Parzen windows) to

approximate I(x, y),as suggested by earlier work in medical image registration and

feature selection.

Given N samples of a variable x, the approximate density function p̂(x) has the
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following form:

p̂(x) =
1

N

n
∑

i=1

δ(x− x(i), h), (1.19)

where δ() is the Parzen window function as explained below, x(i) is the i−th sample,

and h is the window width. Parzen has proven that, with the properly chosen δ()

and h, the estimation p̂(x) can converge to the true density p(x) when N goes to

infinity. Usually, δ() is chosen as the Gaussian window:

δ(z, h) = exp

(

−
zTΣ−1

2h2

)

/
{

(2π)d/2hd|Σ|1/2
}

, (1.20)

where z = x− x(i), d is the dimension of the sample x and Σ is the covariance of z.

When d = 1, the previous equation returns the estimated marginal density; when

d = 2,we can use previous equation to estimate the density of bivariate variable. For

the sake of robust estimation, for d ≥ 2 , Σ is often approximated by its diagonal

components.

It is possible also to extend our proposal in a Bayesian framework. The idea is to

employ the Bayes rule and assuming that feature variables are independent of each

other given the target class. Given a sample, s = (x1, ..., xm) for m features, the

posterior probability that s belongs to class ck is:

p(ck|s) ∝
m
∏

i=1

p(xi|ck), (1.21)

where p(xi|ck) is the conditional probability table (or densities) learned from ex-

amples in the training process. The Parzen-window density-approximation can be

used to estimate p(xi|ck) for continuous features and, therefore, the posterior class

probabilities are obtained.
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Chapter 2

Lifetime value models

In this work we consider variable selection methods for Lifetime Value Models. Cus-

tomer Lifetime Value (LTV) measures the profit generating potential, or value, of a

customer, and is increasingly being considered a touchstone for administering Cus-

tomer Relationship Management (CRM) process. This in order to provide attractive

benefits and retain high value customers, while maximizing profits from a business

standpoint. Robust and accurate techniques for modelling LTV are essential in or-

der to facilitate CRM via LTV. A customer LTV model needs to be explained and

understood to a large degree before it can be adopted to facilitate CRM. LTV is usu-

ally considered to be composed of two independent components: tenure and value.

Though modelling the value (or equivalently, profit) component of LTV, (which takes

into account revenue, fixed and variable costs), is a challenge in itself, our experience

has revealed that finance departments, to a large degree, well manage this aspect.

Therefore, in this paper, our focus will mainly be on modelling tenure rather than

value.

2.1 Customer Lifetime Value: introduction

In the medical world, doctors often want to understand which treatments help pa-

tients survive longer and which have no effect at all. In the business world, the

equivalent concern is on customers lifetime. This is particularly true of businesses

that have a well defined beginning and end to the customer relationship subscrip-

tion based relationships. These relationships are found in a wide range of industries,
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CHAPTER 2. Lifetime value models

such as insurance, communication, cable televisions, newspaper magazine subscrip-

tion, banking, and electricity providers in competitive markets.

The basis of survival analysis is the hazard probability, the chance that someone

who has survived for a certain length of time (called the customer tenure) is going

to stop, cancel, or expire before the next unit of time. This definition assumes that

time is discrete, and such discrete time intervals, whether days, weeks, or months,

often fits business needs. By contrast, traditional survival analysis in statistics usu-

ally assumes that time is continuous.

Given the right data, calculating the hazard probability for a given tenure t is simple.

The probability is the number who succumbed to the risk divided by the popula-

tion at risk at that tenure. That is, the numerator is the number of customers who

stopped with exactly tenure t and the denominator is everyone who had tenures

greater than or equal to t. Customers with shorter tenures are not part of the risk

group.

Figure 2.1 charts hazard probabilities for customers in a typical subscription busi-

ness. The horizontal axis is the tenure of customers measured in days; the vertical

axis is the probability that customers stop at a particular tenure point. The hazard

Figure 2.1: Customer hazard probabilities

chart is an X ray into the customer lifecycle, because it highlights different impor-

tant events. The very first hazard probability at time zero is about 0.04; this is due

to customers not starting and is often caused by poor customer information being

gathered at the point of sale or perhaps by buyer remorse. Around 60 days, there is
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a very strong peak in the hazard probability. This corresponds to those customers

who start but never pay. The company moves customers through various dunning

levels to inspire payment. However, at some point, the company must force churn

because of non-payment. Changes in this policy, such as a reduction in the period

of time for cutting off non-paying customers, would be apparent in the hazard prob-

abilities. Around 90 days, there is another significant spike in the hazards in Figure

2.1. This spike actually has nothing to do with non-payment. It is due to the end of

the initial promotion. Customers who sign up for this service because the initial offer

is cheap often stop when they have to start paying full price. Happily, the customers

who stop at this point have at least been paying their bills. After these two initial

peaks, the hazard probability gradually declines but with a jagged characteristic.

The jaggedness is actually due to the one-month billing cycle that most customers

are on. Customers are more likely to stop at the end of a billing cycle. One reason

is that when customers call in to stop, the stop date is set to the end of the billing

cycle unless the customer requests a specific date. The gradual decline in hazards is

also interesting. In fact, it says something quite important about customer loyalty:

The longer customers stay with the company, the less likely they are to leave. The

long term decline in hazards is as good a measure of loyalty that we know.

If hazard curves provide an X ray into the customer lifecycle, survival curves provide

a more holistic picture. The survival at time t is simply the likelihood that a cus-

tomer will survive to that point in time. This is calculated directly from the hazards,

by taking the cumulative probability that someone does not stop before time t, that

is, by multiplying one minus the hazards together for all values less than t.

Survival does more than show the difference between groups of customers. It makes

it possible to quantify the difference between groups. The chart in Figure 2.2 illus-

trates one common measure, the customer half-life (or median customer lifetime).

This is the tenure where exactly half the original customers would still be expected

to be active. The calculation is quite easy. The vertical axis has the survival values.

Figure 2.2 shows the median tenure by payment type for the groups shown earlier.

For credit card payers, the median is over 240 days; for others, barely a quarter that.

The customer half life provides a good way to compare different groups of customers.

One drawback to the customer half life is that the survival curve may not cross 0.50.

This means that the customer half life is not known, because the time window is not
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Figure 2.2: Customer hazard probabilities

large enough. Extrapolating survival beyond the time window is dangerous because

what happens to customers is not known. Customers may stay around for another

hundred years or they might all stop the next day.

The customer half life is a good comparison for different groups of customers. How-

ever, this value only tells us about one customer, the customer whose tenure is

exactly in the middle. A more useful number is the average customer lifetime, which

can be dropped directly into customer value calculations. If a subscription is worth

500 per year in revenue and the average customer lifetime is 2.5 years, then the

customer is worth 1, 250 (assuming no discounting of future revenue).

Calculating the average tenure is conceptually quite easy. It turns out that the

average tenure for a given period of time is the area under the survival curve. For

instance, the average tenure in the first year after acquisition for customers who stop

half way through the year is half a year. On the other hand, customers who survive

longer than one year only get one year, because the calculation is only looking at

the first year tenure. The average for all customers is the area under the survival

curve up to 365 days.

Another critical idea in survival analysis is that of competing risks. When studying

the survival rates for cancer victims, what happens when someone enrolled in the

study dies in a car accident? Or moves to a foreign country? In medical termi-

nology, these patients are ”lost to follow up”. The same thing can happen with

customers. A clear example of competing risks is the distinction between voluntary
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and involuntary churn. Some customers are forced to leave (typically due to non

payment) whereas others leave voluntarily. When looking at churn, sometimes mod-

els are built leaving out one or the other group of customers. However, this results

in a biased model one of the issues when developing payment risk models separate

from voluntary churn models. With competing risks, the approach to the problem

is a bit different. Customers who voluntarily stopped at a particular tenure, say

one year, did not stop either voluntarily or involuntarily before then. This is useful

information for understanding both types of churn.

Calculating competing risks follows the same pattern described earlier with one dif-

ference. For each tenure, there is a separate probability for each risk; once a customer

has succumbed to one risk (say voluntary churn), the customer is no longer included

in the population at risk for any of the risk groups. Technically, the customer is

censored for other risks. Figure 2.3 shows competing risks for voluntary and in-

voluntary churn for the credit card paying and non credit card customers shown

earlier. The top line shows clearly that credit card paying customers are at mini-

mal risk for involuntary churn. Although the canonical example is voluntary versus

Figure 2.3: Types of churn

involuntary churn, competing risks is useful in other situations. For instance, some

customers may ”churn” because they migrate to a higher value product. A wireless

customer upgrading to more advanced technology may count as ”churn” on the old

technology. A cable subscriber who switches to digital cable may count as ”churn”

on her previous account. This suggests including migration as a competing risk for
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understanding this customers.

In the next Section we introduce the theoretical problem about customer lifetime

estimation.

2.2 Customer Lifetime Value: a mathematical approach

Historical data, extracted from operational customer databases, can be used to build

predictive models for various temporal outcomes: cancellation of products or services

(churn), downgrading, acquiring add-on products or upgrading, product return, and

loan prepayment.

The occurrence of the target event on the i − th customer is controlled by the

probability distribution of the time until the event, Ti. Customer events might be

recorded at discrete increments such as months or on a continuous time scale. At the

time the data was extracted for analysis, all customers usually have not experienced

the event. In this case, the event time is considered (right) censored. Survival

analysis is a set of statistical methods designed for censored duration data. Censored

event history data can be represented by an observed event time, Yi = min(Ti, a−

Bi), and an event indicator, δi = I {Ti ≤ a−Bi}. The date of origin, Bi can vary

among customers. Typically, Bi represents the date that an account was opened. In

this censoring scheme (generalized type I censoring), there is a fixed date, a, when

the extracted data was current, see Figure 2.4. Another possible cause of censoring

is the occurrence of an independent and mutually exclusive competing event. For

example, if the event of interest is cancellation of a service, then a customer that

moves out of the service area might be considered censored at the date they moved,

ai. The data used for mining customer histories consists of retrospective samples

extracted from large operational databases. With discrete event times the truncation

date can equal the censoring date. The available data might be all accounts active at

the beginning of the month, some of which experienced the event during the month.

In Figure 2.4, a line segment represents each subject. The vertical axis is the event

time. The horizontal axis is the calendar date. The beginning of each line segment

corresponds to the origin (Bi, 0). The end of the line segment corresponds to the

event time (Bi+Ti, Ti). The eight subjects with lines extending beyond the censoring

date, a = 1000 , are censored at Yi = 1000 − Bi. If the sample were truncated at
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Figure 2.4: Censored event history

the date c = 800 , the 11 dashed lines would be absent. The event time distribution

is usually characterized by the survival function, or the hazard rate. For discrete

event times, the hazard rate is the conditional probability of the event given that it

has yet to occur

h(tj) = Pr(T = tj |T ≥ tj) =
1 − S(tj+1)

S(tj)
. (2.1)

The hazard can be interpreted as an age-specific rate (events/unit time). The sur-

vival function decreases monotonically from one to zero. In contrast, the hazard rate

can be any nonnegative function. The shape of the hazard rate often gives insight

into the underlying system driving the occurrence of an event Customer databases

contain concomitant information that may affect the event time distribution such as

demographics, account balances and payments, and the occurrence of other events

such as the acquisition of new products or services. The vector of covariates for the

i − th customer is often time-dependent. Time-dependent covariates can represent

single irreversible events that occur at some point in the customer lifetime such as

paying off an instalment loan. Time-dependent covariates can be step functions

representing the occurrences of repeatable events such as problems reported to cus-

tomer service or payment delinquencies. Time-dependent covariates can be more

continuously varying quantities such as the balance in an investment account.
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The ultimate purpose of modelling customer relationship data is usually prediction.

Predictive models are used to map attributes of each customer to a score, which

measures the propensity of some actionable event. The choice of an appropriate

predictive score depends on how the model is to be deployed. In the most general

scenario, customers would be scored at the current point in their lifetime for the

propensity of the outcome. Consequently, predictive scoring should consider the

distribution of the residual event time R = (T − t|T ≥ t). The hypothetical random

variable R is the time remaining until the event, conditional on the information

available at the current time t. The hazard rate at t, h(t) , equals the probability

density (mass) function of R and can be interpreted as the probability of the event

in the next instant. The hazard rate is a relevant score in many applications. Other

potentially useful scores can be derived from the distribution of the residual event

time. The expected value of R (mean residual life) is the area under survival function

of R:

µ(t) = E(T − t|T ≥ t) =
1

S(t)

∫ t

∞
S(x)dx. (2.2)

The median of R (median residual life) is the half-life of the remaining time

m(t) = med(T − t|T ≥ t) = S−1
(

1

2
S(t)

)

− t (2.3)

The mean and median are defined similarly for discrete event times. Smaller quan-

tiles of the residual event time (e.g., quarter-life) can be useful with heavily censored

data because the mean and median can fall far outside the range of observed events.

If the model is used to score new customers at time zero, then µ(0) and m(0) revert

to the mean and median of T. In many cases, the scores are used to forecast a future

time t+ r The probability density function of R evaluated at r is more relevant than

the hazard rate at t+ r because T is only known to be greater than t:

fR(r) =
f(t+ r)

S(t)
. (2.4)

In forecasting applications, the time-dependent covariates would either need to be

forecasted or lagged by r units in the model. When the entire future interval [t, t+r]

is of interest, the survival function of R evaluated at r is pertinent

SR(r) = Pr(T ≥ t+ r|T ≥ t) =
S(t+ r)

S(r)
. (2.5)

This quantity is monotonically related to the cumulative hazard (total risk) on the

interval [t, t+ r] The area under the survival function of R on the interval [t, t+ r]

32



2.2. Customer Lifetime Value: a mathematical approach

involves all values in the interval, not just the endpoints. This area is equal to the

restricted mean residual event time:

µ(t, r) = E(min(R, r)) =
1

S(t)

∫ t+r

t
S(x)dx. (2.6)

When t = 0 , the restricted residual event time is the restricted mean life.

An ideal predictive scoring model would give a sufficiently flexible estimate of the

hazard rate as a function of the (possibly time-dependent) covariates. The discrete-

time logistic hazard model and the piecewise exponential hazard model passably

satisfy this requirement. The hazard rate uniquely characterizes the event time

distribution. The survival function can be determined from the hazard rate using

the identities:

S(t) = exp

(

−

∫ t

0
h(x)dx

)

(2.7)

and

S(t) =
∏

tj<t

(1 − h(tj)) (2.8)

for continuous and discrete times, respectively.

2.2.1 Predicting Customer Value

In this Section we want to describe how to calculate Customer value. Customer

lifetime value (CLV) is used for allocating discretionary marketing investments and

for corporate valuation (Bauer et al. 2003). Pfeifer et al. (2004) distinguish the

finance usage of value from the accounting usage of profit.

Our proposal: a customer lifetime value, in our connotation, is the present value

of customers future cash inflows minus cash outflows. In contrast, customer prof-

itability is their accrual based revenue minus costs over a fixed, usually past, time.

The remaining value of a customer from the current time t forward depends on their

residual life R = 0, 1, 2, 3, ...

The residual life is the time remaining until churn, the end of the customer rela-

tionship. It is a discrete random variable having non-negative integer values. Zero

means that the customer churned at the current time t. If the current time is zero

the customer just started, then their residual life is their entire life. The remaining

CLV from the current time t forward is the sum of the discounted cash flows over
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the residual life:

val(Rt) =
Rt
∑

r=0

δr(1 + d)−r. (2.9)

The cash flows δr linked to the customer relationship can vary in time. The churn

time is defined to be the last time with non-zero cash flows attributed to the cus-

tomer. Thus, all customers active at t are worth at least δ0, even those who churned

at Rt = 0.

The present value of future cash flows is discounted for not having the opportunity

to invest the money at time t. The discount factor (1 + d)−r is the amount that

would be paid now for one monetary unit received at one time later. The discount

rate per time unit d is compounded once every time unit.

CLV is a random variable. Business decisions are based on the centre of its proba-

bility distribution. The general formula for the expected CLV is an infinite sum of

an ever-expanding product:

E(val(Rt)) =
∞
∑

r=0

val(r)Pr(Rt = r)

=
∞
∑

r=0

r
∑

j=0

δj(1 + d)−jPr(Rt = r)

= δ0 +
∞
∑

r=1

δr(1 + d)−r
t+r−1
∏

j=t

(1 − h(j|x(j))). (2.10)

For discrete-time data, the hazard function h(t) is the conditional probability of

churn at time t given that the customer has not churned yet.

h(t|x(j)) = Pr(T = t|T ≥ t, x(j)) = Pr(Rt = 0|x(j)). (2.11)

The random variable T is the duration until churn (customer tenure). The hazards

depend on a vector of customer covariates x(t) .

Note that the mean CLV does not equal the value function evaluated at the mean

residual life:

E(val(Rt)) 6=

E(Rt)
∑

r=0

δr(1 + d)−r, (2.12)

(unless the cash flows are constant and the discount rate is zero). CLV is a nonlinear

function of the residual life, so simply plugging in the mean of Rt R gives only a

rough first-order approximation. The formula for the mean CLV depends on three

unknowns:

• The value function needs to be specified;

34



2.2. Customer Lifetime Value: a mathematical approach

• The churn hazard needs to be modelled as a function of tenure and other

customer covariates;

• The summation goes to infinity, but the data does not. Either we can make

assumptions about the shape of the hazard outside the range of the data or

we need to reformulate the problem.

2.2.2 Specifying the value function

If we assume that the δr are time-constant, then they can be estimated using the

current revenue and expenses associated with the customer products and services.

This accounting could be done for each individual or for specific customer segments.

When the δr are time-constant (equal to δ), the value function is a geometric series:

val(Rt) =
r=0
∑

Rt

δ(1 + d)−r = δ

(

1 + d

d

)

(1 − (1 + d)−(Rt+1)). (2.13)

In this case, CLV follows an exponential growth curve, increasing at a decreasing

rate from δ to an upper asymptote:

limRt→+∞(val(Rt)) = δ

(

1 + d

d

)

. (2.14)

As the discount rate d approaches zero the value function becomes linear:

limd0→+0(val(Rt)) = δ(Rt + 1). (2.15)

Tipically δr increase with customer tenure because of increasing revenue growth,

operating cost savings, referrals, and a price premium. The form of the functions can

be estimated using regression on historical customer cash flows. If the δr increases

linearly, δr = α0 + α1r for (α1 > 0), then the value function is:

val(Rt) =
Rt
∑

r=0

(α0 + α1r)(1 + d)−r

= α0
1

d
(1 + d− (1 + d)−Rt) + α1

Rt
∑

j=1

Rt
∑

r=j

(1 − d)−r

=
1 + d

d

(

α0 +
α1

d

)

−
(1 + d)−Rt

d

(

α0 +
α1(1 + d)

d
+ α1Rt

)

. (2.16)

CLV increases sigmoidally from 0 to an upper asymptote at:

limRt→+∞(val(Rt)) =
1 + d

d

(

α0 +
α1

d

)

. (2.17)
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As the discount rate d approaches zero, the inflection point moves toward infinity

and value function becomes an increasing quadratic curve:

limd→0(val(Rt)) =
(2α0 +Rtα1)(Rt + 1)

2
. (2.18)

Abrupt falls in the individual cash flows are caused by dropping products or services.

Banking customers can close their money market account but keep their checking ac-

count. Insurance customers can drop their vehicle policy but keep their homeowners

policy. When a company offers several detached products or services, these abrupt

changes can be avoided by modelling product churn instead of customer churn. The

cash flows are separated by product and separate churn models are built for each

product. CLV is the sum of the product-level lifetime values within a customer.

Abrupt rises in the individual cash flows are caused by adding products or services.

When the probability of these events is small, incorporating predictive models for

add-on buying can cause greater error than assuming no product additions.

2.2.3 Hazard modelling

The churn hazard can be estimated using customer history data extracted from com-

pany databases. The outcome is the duration from inception to churn. Customers

who are still active at the observation date are censored. The available data is often

left-truncated to exclude customers who churned before some date. The data also

contains customer covariates such as the product changes, usage, marketing channel,

and demographics. Many of the covariates are time-dependent. Hazard models are

used to estimate the shape of the hazard function (the time effect) and how the

shape is affected by the covariates. Predictive hazard models can be used to score

customers. The inputs are the current customer tenure and the current values of

the other covariates. The output is the churn hazard at that time the conditional

probability of churn.

Plugging-in the maximum likelihood estimate of the hazard gives the maximum

likelihood estimate of the mean CLV:

δ0 +
∞
∑

r=1

δr(1 + d)−r
t+r−1
∏

j=t

(1 − ĥ(j|x(j))). (2.19)

We cannot compute the formula directly. But this infinite series converges for certain

value functions and certain assumptions about the hazard. Assume that after some
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time point z the hazard becomes constant at its current value: h(j) = h(z) for j ≤ z.

The time point z could be the maximum tenure in the data or longer if you trust

the ability of the hazard model to extrapolate is trusted. Under this assumption,

the mean converges for the value function with constant cash flows δr = δ.

E(val(Rt)) = δ + δ
∞
∑

r=1

(1 − d)−r
t+r−1
∏

j=t

(1 − ĥ(j|x(j)))

= δ + δ
z−t
∑

r=1



(1 − d)−r
t+r−1
∏

j=t

(1 − ĥ(j|x(j)))





+δ
∞
∑

r=z−t+1

(1 + d)−r
z−1
∏

j=t

(1 − h(j|x(j)))
t+r−1
∏

j=z

(1 − h(z|x(z)))

= δ + δ
z−t
∑

r=1



(1 − d)−r
t+r−1
∏

j=t

(1 − ĥ(j|x(j)))





+δ(1 + d)−(z−t) 1 − h(z|x(z))

d− h(z|x(z))

z−1
∏

j=t

(1 − h(j|x(j))). (2.20)

The formula is not pretty, but all the sums and the products are finite. The value

function with linear cash flows is tractable as well. However for many business

problems, it is more sensible to base CLV on the restricted residual life:

min(Rt, γ + 1), (2.21)

the remaining time until churn or an upper bound whichever comes first. This new

random variable replaces Rt with an upper bound γ+1 whenever Rt exceeds γ. The

value of a customer over the next γ + 1 time units is a function of the restricted

residual life:

val(min(Rt, γ + 1)) =

min(Rt,γ+1)
∑

r=0

δr(1 + d)−r. (2.22)

The mean restricted CLV is the finite sum of a finitely expanding product:

E(val(min(Rt, γ + 1))) = δ0 +
γ+1
∑

r=1

δr(1 + d)−r
t+r−1
∏

j=t

(1 − h(j|x(j))). (2.23)

This is the expected value of a customer over the next γ + 1 time units. The mean

restricted CLV is more sensibly interpreted as the expected long-term value. The

upper bound γ+1 might represent the limit on a meaningful remaining lifetime. So

that customers whose residual life exceeds this time horizon are considered equal.

The discount factor causes diminishing returns for longer lifetimes. The upper bound

could be chosen as the time when the value function is within c units of the upper
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asymptote. For the value function with constant cash flow, choosing γ to be the

smallest integer greater than:

ln(δ/c) − ln(d)

ln(1 + d)
, (2.24)

ensures that CLV is within c units of its maximum. The restricted mean CLV can

be computed for any given value function. It requires computing the sum of an

expanding product, such as:

δ0

+δ1(1 + d)−1(1 − h(t|x(t)))

+δ2(1 + d)−2(1 − h(t|x(t)))(1 − h(t+ 1|x(t+ 1)))

+...

+δγ+1(1 + d)−(γ+1) ×

×(1 − h(t|x(t)))(1 − h(t+ 1|x(t+ 1)))...(1 − h(t+ γ|x(t+ γ))). (2.25)

This is computationally inefficient, because it would involve repeatedly calculating

the hazard for the same customer at the same time. A more efficient method is to

rearrange sum of the products so that the elements of the product only appear once.

The general form can be factored:

v1a1 + v2a0a1 + v3a0a1a2 + v4a0a1a2a3 = a0(v1 + a1(v2 + a2(v3 + a3v4))). (2.26)

The aj represent the elements of the product 1 − h(j) and the vr represent the

coefficients of the products δr(1+d)−r. On the right-hand-side, each aj only appears

once.

The median CLV can be computed by simply plugging in the median residual life:

med(val(Rt)) = val(med(Rt)). (2.27)

This convenient identity does not hold with the mean unless the value function is

linear. For the value function with constant cash flows the median equals:

med(val(Rt)) = δ

(

(1 + d)

d

)

(1 − (1 + d)−(med(Rt)+1). (2.28)

For the value function with linear cash flows the median equals:

med(val(Rt)) =
(1 + d)

d

(

α0 +
α1

d

)

+

−
(1 + d)−med(Rt)

d

(

α0 +
α1(1 + d)

d
+ α1med(Rt)

)

. (2.29)
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Half of all customers of the same tenure and the same values of the other covariates

will be worth more than the median, half will not. The probability distribution of

CLV is usually not symmetric. If the discount rate d is relatively small, then it is

often positively skewed. If d is relatively large, then most of the CLV is close to

the upper asymptote and the distribution is negatively skewed. The median CLV

is arguably a better measure of centrality than the mean for skewed distributions.

The median residual life does not have a closed form but is easy to compute. It is

the solution to the equation:

t+med(Rt)
∏

j=t

(1 − h(j|x(j))) =
1

2
. (2.30)

The left hand side is the Pr(Rt > med(Rt)) expressed in terms of the hazards. This

equation can be solved by iterating from t, updating the product, and stopping when

it equals or drops below 1
2 .

2.3 Statistical tenure modelling

From now on we assume that the value is unknown and only the tenure part is

to be estimated. This can be done by statistical modelling. A variety of statistical

techniques arising from medical survival analysis can be applied to tenure modelling.

Tenure prediction models we have developed generate, for a given customer i, a

hazard curve or a hazard function, that indicates the probability hi(t) of churn at

a given time t in the future. A hazard curve (see e.g. Hougaard, 1995) can be

converted to a survival curve or to a survival function which plots the probability

Si(t) of ’survival’ (non-churn) at any time t, given that customer I was ’alive’ (active)

at time t-1, i.e.,

Si(t) = Si(t− 1) × [1 − hi(t)], (2.31)

with Si(1) = 1. Once a survival curve for a customer i is available, LTV for that

specific customer i can be computed as:

LTV =
T
∑

t=1

Si(t) × vi(t), (2.32)

where vi(t) is the expected monetary value of customer i at time t (assumed to be

known) and T is the maximum time period under consideration.

Survival analysis is concerned with studying the time between entry to a study and
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a subsequent event (churn). That is, the times at which events occur are assumed

to be realizations of some random processes (see e.g. Klein and Moeschberger,

1997). It follows that T, the event time for some particular individual, is a random

variable having a probability distribution. A useful, model-free approach for all ran-

dom variables is nonparametric, that is, based on cumulative distribution function,

F (T ) = P (T ≤ t). In survival analysis it is more common to work with the survivor

function defined by S(t) = P (T > t) = 1 − F (t). If the event of interest is a churn

the survivor function gives the probability of surviving beyond t. Because S is a

probability we know that it is bounded by 0 and 1 and because T cannot be neg-

ative, we know that S(0) = 1. Finally, as t gets larger, S never increases (see e.g.

Kaplan and Meier, 1958).

A survival function is typically estimated through the methodology of Kaplan Meier

(KM). When there are non censored data the KM estimator is just the sample pro-

portion of observations with event times greater than t. The situation is also quite

simple in the case of single right censoring, that is, when all the censored cases are

censored at the same time c and all the observed event time are less then c. In that

case, for all t ≤ c the KM estimator is still the sample proportion of observations

with events time greater then t. For t > c the estimator is undefined. Things get

more complicated when some censoring times are smaller then some event times.

In that instance, the observed proportion of cases with event times greater then t

can be biased downward because cases that are censored before t may, in fact, have

’died’ before t without our knowledge. A possible solution is as follows. Suppose

there are K distinct event times, t1 < t2 < ... < tk. At each time tj there are nj

individuals who are said to be at risk of an event. At risk means they have not

experienced an event not have they been censored prior to time tj . If any cases are

censored at exactly tj , there are also considered to be at risk at tj . Let dj be the

number of individuals who die at time tj . The KM estimator is defined as:

Ŝ(t) =
∏

j:tj≤t

[

1 −
dj
nj

]

, t1 ≤ t ≤ tk, (2.33)

This formula says that, for a given time t, all the event times that are less than or

equal to t are taken. For each of those event times, the quantity in brackets, which

can be interpreted as the conditional probability of surviving to time tj+1, given that

one has survived to time tj , is computed and finally all of these survival probabilities
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2.3. Statistical tenure modelling

are multiplied together.

Often the objective is to compare survivor functions for different subgroups in a

sample (clusters, regions). If the survivor function for one group is always higher

than the survivor function for another group, then the first group clearly lives longer

than the second group. Two or more survival functions can be formally compared

by means of Scheffe tests.

When variables are continuous, another common way of describing their probability

distributions is the probability density function, defined as:

f(t) =
dF (t)

dt
= −

dS(t)

dt
. (2.34)

From the previous equation note that the probability density function is just the

derivative or slope of the cumulative distribution function. For continuous survival

data, the hazard function is actually more popular than the probability density

function as a way of describing distributions.

2.3.1 Classical Cox Model

A hazard function is defined by:

h(t) = limǫt→0
Pr(t ≤ T ≤ t+ ǫt|T ≥ t)

ǫt
. (2.35)

The hazard function depends in general on both time and a set of covariates, some

of which may be time dependent. The proportional hazards model Cox (1972),

separates these components by specifying that the hazard at time t for an individual

whose covariate vector is x is given by:

h(t|x) = h0(t)exp {G(x, β)} , (2.36)

where h0(t) is called the baseline hazard function and β is a vector of regression

coefficients. This model implies that the ratio of the hazards for two individuals is

constant over time, provided that the covariates do not change. It is conventional

to assume that the effect on the covariates is multiplicative, leading to the hazard

function:

h(t|x) = h0(t)exp {x́β} , (2.37)

where η = x́β is called the linear predictor.

The model in equation (2.37) implies that the ratio of hazards for two individuals
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depends on the difference between their linear predictors at any time. Suppose

that there are n subjects and that associated with the ith individual is a survival

time ti and a fixed censoring time ci. The ti times are assumed to be independent

and identically distributed with density f(t) and survival function S(t). The exact

survival time ti of an individual will be observed only if ti ≤ ci. The data in this

framework can be represented by the n pairs of the random variables (yi, νi), where

yi = min(ti, ci), (2.38)

and νi is 1 if ti ≤ ci and 0 otherwise.

The likelihood function in this standard case for (β, h0(.)) for a set of right censored

data on n subjects is given by

L(β, h0(t)|D)α
n
∏

i=1

[h0(yi)exp(ηi)]
νi

(

S0(yi)
exp(ηi)

)

=
n
∏

i=1

[h0(yi)exp(ηi)]
νi exp

{

−
n
∑

i=1

exp(ηi)Ho(yi)

}

, (2.39)

where D = (n, y,X, ν), y = (y1, ..., yn)
′, ν = (ν1, ..., νn)

′, ηi = x′iβ is the linear

predictor for subject i, xi is a vector of covariates for subject i, X is a matrix of

covariates and S0(t) is the baseline survivor function, which is related to h0(.) by:

S0(t) = exp

(

−

∫ 0

t
h0(u)du

)

= exp(−H0(t)). (2.40)

The Cox version of proportional hazards model is semi-parametric in the sense that

the baseline hazard function h0(t) is not modelled as a parametric function of t. In

Cox’s development of the partial likelihood (Cox, 1972), h0(t) is allowed to take on

arbitrary values since it does not enter into the estimating equations for the model

parameters.

Suppose that data are available on n individuals, and assume from these that we

have d distinct events times and n − d right censored survival times. Denote the

ordered distinct survival times by y1, ..., yd, so that yj is the jth survival time. The

set of individuals who are at risk at time yj will be denoted by Rj , that is the set of

individuals who are event-free and uncensored at a time just prior to yj . The Cox

partial likelihood for β is defined by:

PL(β|D) =
d
∏

j=1

exp(x′jβ)
∑

l∈Rj
exp(x′lβ)

, (2.41)
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where the summation in the denominator express the sum of the values of exp(x′jβ)

over all individuals who are at risk at time yj . This likelihood depends only on the

ranking of the events times, since this determines the risk set at each event time.

Consequently inferences about β depend only on the rank order of the survival times.

2.3.2 Criticism on the classical Cox Model

A very crucial aspect of causal models in survival analysis is the preliminary stage, in

which a set of explanatory variables must be properly chosen and designed, usually

among a very large number of alternatives. This part of the analysis is typically

accomplished with the help of descriptive tools, such as plots of the observed hazard

rates at the covariate values. However, it is often the case that such tools are not

sufficiently informative. As a consequence, a large number of variables are included

as predictors and a model selection procedure needs to be run in order to find

a parsimonious linear combination. Our claim is that classical Cox proportional

hazard models may not be the best strategy for Customer Lifetime Value modelling.

Some criticisms are:

• If repeated event occurs, as in our case, a different model structure (e.g. based

on counting processes) should be adopted.

• Cox model assumes that every subject experiences an event at most once, and

that the event times are independent. In our context, a subject can experience

multiple events (e.g. a churn event in different times and locations), possibly

with dependencies among the event times of the same individual. Modelling

multiple event time data requires a different approach. An example of mod-

elling multiple event time data was given by Gail, Santer and Brown (1980)

with an application on mammary tumor.

• When many explanatory variables, possibly correlated, are specified, the ef-

ficiency of Cox’s model selection and estimation becomes heavily dependent

on the number of available observations. Variable selection is thus needed in

a model selection step. However classical model selection chooses on model

and then inferences on quantities of interest, such as λ(t|z) are then made

conditionally upon the selected model. Consequently, model uncertainty is not

taken into account and, thus, inference may be seriously biased.
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• It may be difficult, particularly in observational studies, to have complete in-

formation on all relevant covariates. Furthermore, random effects, expressing

accident proneness or frailties may affect inferences on fixed effects.

In this dissertation we shall show how to improve the classical Cox model, tackling

some of the above criticisms for the specific problem at hand. More precisely:

• We shall consider a point process framework to model repeated events;

• We shall consider Bayesian variable selection and Bayesian model averaging

to correctly take model uncertainty into account. We shall also propose a new

method for models grouping to improve the efficiency of model averaging;

• We shall introduce a multilevel multivariate survival model via stratification,

to take frailties into account;

2.4 Survival analysis in the point processes framework

Several authors have discussed Bayesian Inference for censored survival data with an

integrated baseline hazard function to be estimated non-parametrically: Kalbfleisch

(1978), Kalbfleisch and Prentice (1980). In particular, Clayton (1994) formulates

the Cox Model using the counting process notation introduced by Andersen and

Gill (1982) and discusses estimation of the baseline hazard and regression parame-

ters using a Bayesian approach based on Markov Chain Monte Carlo. Although his

approach may appear somewhat contrived, it forms the basis for extensions to ran-

dom effects frailty models, time-dependent covariates, smoothed hazards, multiple

events and so on.

Here we follow Clayton’s guidelines and propose a methodology based on counting

processes. In particular the counting process we present is characterized by a dy-

namic process (intensity), and a special pattern of incompleteness of observations

(right-censoring or left-truncation). This characterization is an application of the

well known Doob-Meyer decomposition theorem. Having defined the intensity pro-

cess, one is interested in estimation of its parameters.

Inferential procedures in this framework were first presented in Aalen Hoem (1980),

and turned out to be very fruitful. For further developments, see Anderson et al.
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(1993). A counting process is a stochastic process {N(t) : t ≥ 0} adapted to a self-

exciting filtration Imt : t ≥ 0 with N(0) = 0 and N(t) < ∞ a.s., whose paths are

with probability one right-continuous, piecewise constant, with only jump disconti-

nuities, with jumps of size one.

For the derivation of the likelihood function we follow a well developed theory lead-

ing to a Poisson type of likelihood (see e.g. Andersen et. al. (1993), or Fleming

and Harrington (1991)). The argumentation is based on Jacod’s Formula for the

likelihood ratio.

We consider the analysis of multiple event data where there are n groups and the

ith cluster has mi individuals associated with an unobserved frailty wi, 1 ≤ i ≤ n.

The jth individual in the ith cluster, is associated with the fixed covariate vector

xij . Such individuals are assigned as belonging to a specific cluster because they

are related somehow, say by family association or graphical location. Conditional

on frailties wi, the complete survival times are assumed to be independent. For

convenience we suppress for the time being the subscript indexing individuals and

clusters and consider the model:

h(t|w, x) = w[h0(t) + h1(t|x)], t ≤ 0, (2.42)

where h(t|w, x) represents a hazard function that has been modified by the inclusion

of a frailty.

The frailty random variable, w, is assumed to be independent of t and x for all clus-

ters with some parametric distribution with unit mean, usually Gamma (Clayton,

1991), which the unknown variance of w, say η, that quantifies the amount of hetero-

geneity among individuals. In other words we assume that wi|η ∼ Ga(η−1, η−1), that

is, given η, wi, i = 1, ..., n, is modelled as Gamma distribution with scale parameter

η−1 and shape parameter η−1. It is important to keep in mind the interpretation

of w in the hazard function h(t|w, x). The frailty random variable w measures the

random sensitivity of the i − th cluster to the event of interest after taking into

account the effect of the covariate. More precisely, as the frailty ω acts as a multi-

plicative factor in (2.42) when the value of the frailty is greater than the mean, the

individual has a larger then average hazard and is said to be more ”frail” and vice

versa. That is why for finite mean frailty we need to assume unit mean (to assure

identifiably) and we need to assume that the frailty distribution of individuals at

45



CHAPTER 2. Lifetime value models

different covariate levels share the same mean but may have different variability.

The non parametric part of the model, h0(t), is assumed to be a piecewise linear

hazard. An ordinary piecewise constant hazard (see e.g. Gamerman, 1991), which

is an example of a semi-parametric hazard specification, has the advantage that it

is a simple way to get a flexible hazard function, with simple estimation. On the

other hand, it has a major disadvantage, because the hazard is not continuous as a

function of time, as there are jumps at the interval end points. In order to avoid

such discontinuities we can use an ordinary piecewise exponential model (Gamer-

man,1991).

To construct such model, we first split the time axis into intervals 0 = a0 < a1 <

... < ag , where g is the number of intervals of observations times, ag > tij for

all i = 1, 2, ..., n and j = 1, 2, ...,mi. The hazard in the interval Ik = (ak−1, ak] is

defined by λ00 + (t− ak−1)λ0kI(ak−1 < t).

Therefore, the hazard function is obtained as:

h0(t) = λ00 +
g
∑

k=1

(t− ak−1)λ0kI(ak−1 < t), (2.43)

where the function I is the indicator function whose value is one if the argument is

true and zero otherwise. Note that h0(t) has one parameter more than the usual

piecewise constant hazard model. Concerning the third part of the model, we assume

that the covariates are time independent and that the hazard is a constant function

of t. This leads to an exponential distribution with θ parameter so that h(t|x) = 1
θ ,

if t > 0.

In general, the survival function is related to the hazard function through the ex-

pression S(t) = exp[−H(t)], where H(T ) =
∫ t
0 h(u)du = −ln[S(t)]. Given the rela-

tionship between the hazard and the survival function, modified by the inclusion of

a frailty component, specified by the parameters w = (w1, ..., wn), λ0 = (λ00, ..., λ0g)

and θ is:

S(t|w, λ0, θ) = [S0(t|λ0)S1(t|θ)]
w, (2.44)

where S0(t) and S1(t) are, respectively the survival functions related to the piecewise

exponential baseline hazard function and exponential hazard function, i.e.,

S0(t|λ) = exp[−

∫ t

0
h0(u)du] = exp[−

g
∑

k=0

ck(t)λ0k],

S1(t|θ) =

∫ ∞

0

1

θ
exp

(

−
u

θ

)

du = exp

(

−
t

θ

)

, (2.45)
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where ck(t) are positive constants. Therefore, the density function takes the form:

f(t|w, λ0, θ) = h(t|w, λ0, θ)S(t|w, λ0, θ),

= w[h0(t|λ0) + h1(t|θ)][S0(t|λ0)S1(t|θ)]
w. (2.46)

We assume that the parameter θ is specific for each individual in the population,

but related to the covariate x through a probabilistic model.

In order to facilitate the implementation, it is convenient to assume that will be

modelled as a Normal distribution with mean βx: a linear combination of the effects

covariates such that β = (β1, ..., βp) and x be the N × p matrix with rows x1, ..., xN ;

and variance σ2
θ . The hyperparameters β and σ2

θ are unknown parameters common

to all individuals in the population.

Note that the described model allows two sources of variability: one due to covari-

ates and one due to frailties. Indeed we can find two different individuals who have

the same covariate vector, but their hazard functions are not necessarily identical,

because of the frailty effect between cluster heterogeneity, described by the param-

eter of the vector parameter ωi, i = 1, ..., n.

In other words, θi =
∑p
l=1 βlxil denote the expected value of death for jth individual

in the cluster i.

A concise hierarchical representation of the model enables us to implement the

MCMC methodology, that allows the Bayesian analysis of the problem. It is as

follows

Suppose that the yth individual in the ith cluster survival time Tij is an absolutely

continuous random variable conditionally independent of a right censoring time Zij

given the covariates xij and frailty wi.

Let V ij = min(Tij , Zij) and δij = I(Tij ≤ Zij) denote the time to the end-point

event and the indicator for the event of interest to take place, respectively. Suppose

that (Vij , δij , xij , wi) are i.i.d, for i = 1, ..., n and j = 1, ...mi, and the conditional

hazard function of Tij given xij and wi satisfies the hazard model described by

(2.42). For subject j in cluster i, let Nij(t) = 1 if δij = 1 is in the interval [0, t] and

Nij(t) = 0 otherwise, and let Yij(t) = 1 if the subject is still exposed to risk at time

t and Yij(t) = 0 otherwise.

Hence, we have a set of N =
∑i=1
n mi subjects such that the counting process

{Nij(t); t ≥ 0} for the jth subject in ith cluster set, records the number of observed
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events up to time t. Letting dNij(t) denote the increment of Nij(t) over the small

interval [t, t + dt], the likelihood of the data conditional on wi is then proportional

to:

L(λ0, ω, θ) ∝
n
∏

i=1

mi
∏

j=1





∏

t≥0

Yij(t)wi [h0(t|λ0) + h1(t|θ)]
dNij(t)





×exp

(

−

∫

t≥0
Yij(t)wi [h0(t|λ0) + h1(t|θ)]

)

, (2.47)

Since we allow each Nij(t) to take at most one jump for each subject, note that

dNij(t) contribute to the likelihood in the same manner as independent Poisson

random variables even though dNij(t) ≤ 1 for all i, j and t.

Suppose that the time axis is partitioned into g + 1 disjoint intervals I1, ..., Ig + 1

where Ik = [ak−1, ak) for K = 1, 2, ..., g + 1, with a0 = 0 and ag+1 = ∞. In

the Kth interval, given wi, the jth subject in the i-th cluster has an hazard equal

to: wi {h0(tij |λ0k) + h1(tij |θij)}, K = 1, ..., gij where gij denotes the number of

partitions of the time interval for the jth subject in the ith group.

Given the complete data (T,w), where T = {tij : i = 1, ..., ni; j = 1, ...,mi} , w =

(w1, ..., wn), the likelihood can be re-expressed as:

L(λ0, ω, θ) ∝
n
∏

i=1

mi
∏

j=1

gij
∏

k=1

∏

t∈(ak−1,ak)

[

Yij(t)wi [h0(t|λ0) + h1(t|θ)]
dNijk

]

×exp

(

−

∫

t≥0
Yij(t)wi [h0(t|λ0) + h1(t|θ)]

)

, (2.48)

where dNijk is the change in the count function for the jth subject in the ith group

in the interval k. Under the assumption that the risk occurred in the interval Ik is

small, i.e.,
∫ ak−1

ak

Yij(t) [h0(t|λ0) + h1(t|θ)] dt ≈ 0 (2.49)

for all i,j,k, the likelihood contribution across this interval for individuals at risk is

approximately:

{

wi

[

dH0k +
1

θij
(ak − ak−1)

]}dNijk

× exp

(

−wi

[

dH0k +
1

θij
(ak − ak−1)

])

,

(2.50)

where dH0k =
∫ ak

ak−1 h0(t)dt is the usual cumulative baseline intensity function for

the kth interval.

Notice again that the likelihood is essentially Poisson in form, reflecting the fact

that the likelihood may be thought of as a generated by independent contributions of
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many data ’atoms’ each concerned with observation of an individual over a very short

interval during which the intensity may be regarded constant and approximately zero

(for a review of this point, see e.g. Clayton, 1994). Substituting (2.49) into (2.47),

can express the likelihood as:

L(λ0, ω, θ) ∝
n
∏

i=1

mi
∏

j=1

∏

Yijk=1

{

wi

[

dH0k +
1

θij
(ak − ak−1)

]}dNijk

×exp

(

−wi

[

dH0k +
1

θij
(ak − ak−1)

])

, (2.51)

where Yijk = 1 if the jth subject in the ith group is exposed to risk at time t ∈

(ak−1, ak], and Yijk = 0.

2.5 Bayesian survival analysis

Several authors have addressed survival analysis models from a Bayesian viewpoint.

There are may references, see e.g. Anderson, Borgan, Gill and Keiding (1993),

Berzuini and Clayton (1994), Ferguson and Phadia (1979), Fleming and Harrington

(1991), Giudici, Mezzetti and Muliere (2003), Hastie and Tibshirani (1990), Ibrahim,

Chen and Sinha (2001a), Laud Smith and Damien(1996), Sinha et al. (2003), Walker

and Mallick (1996). One common problem present in Bayesian modelling of survival

data is the presence of a large numbers of alternative models that verify the as-

sumptions. In practice, one usually needs to address two problems, that is, model

adequacy and model comparison.

Here we shall focus on these issues.

2.5.1 Model adequacy

Model adequacy is the problem of selecting the ’right form’ in the model. Classical

model adequacy is typically checked with cross-validation criteria (see e.g. Giudici,

2003, Hastie Tibshirani and Friedman 2001). The literature for model adequacy

in a Bayesian framework does not seem to be rich. A formal Bayesian model ad-

equacy criterion (as in Box, 1980) proposes that the marginal predictive density is

to be evaluated at the actual times of observations. Large values of the density

support the model; small values do not. A specific proposal, is as follows. Let yobs

be the observed data, θ be the vector of unknown parameters in the model. We
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assume that we have draws θ1, ..., θn from the posterior distribution, possibly using

Markov Chain simulations. We now simulate N hypothetical replications of the data

ynew1 , ..., ynewN , where ynewi is drawn from the predictive distribution of yobs. Thus

ynew has distribution:

P (ynew|yobs) =

∫

P (ynew|θ)P (θ|yobs) dθ, (2.52)

One can then compare the actual data to the predicted values by choosing a dis-

crepancy variable test statistic, which will have a large value if the data yobs are in

conflict with the model.

Unfortunately, such checking procedures seem to be technically very difficult, or even

unfeasible, for most survival data analysis problems. A more feasible approach is

based on the calculation of Bayes factors.

Let wi be the prior probability of model Mi, i = 1, 2, and f(y|Mi) be the predictive

distribution under model Mi, i.e.

f(y|Mi) =

∫

f(y|θi,Mi)π(θi|Mi)dθi (2.53)

If yobs denotes the observed data then the Bayes factor of model M1 w.r.t. model

M2 is defined by:

BF =
f(yobs|M1)

f(yobs|M2)
(2.54)

Schwarz (1978) derived the Bayesian Information Criterion (or BIC) as a large

sample approximation to twice the logarithm of the Bayes factor. For a model Mj

parameterized by an mj − dimensional vector θj ,

BIC = −2
{

lj(θ̂j) − l0(θ̂0)
}

+ (mj −m0) log(n), (2.55)

where lj(θ̂j) and l0(θ̂0) are the maximized likelihoods under modelMj and a reference

model M0, whose parameter space has dimension m0 and n is the sample size.

With nested models, BIC equals the standard likelihood ratio test statistic plus a

complexity penalty which depends on the degrees of freedom of the test ofM0 against

Mj . BIC provides an approximation to the Bayes Factor which can be computed

from the output of standard statistical software packages (see e.g. Kass and Raftery

1995, Raftery 1995). The derivation of BIC involves a Laplace approximation to the

Bayes Factor, and ignores terms of constant order, so that the difference between BIC

and twice the log Bayes Factor does not vanish asymptotically in general, although
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it becomes inconsequential in large samples. Kass and Raftery (1995) derive BIC

as an approximation to twice the difference in log integrated likelihoods, so that

the difference in BIC between two models approximates twice the logarithm of the

Bayes factor. More formally:

2 log(BF ) −BIC

2 log(BF )
→ 0; (2.56)

however,

2 log(BF ) −BIC 6= 0, (2.57)

The last equation implies that, for general priors on the parameters, 2 log(BF )−BIC

has a no-vanishing asymptotic error of constant order, i.e. of order O(1).This O(1)

error suggests that the BIC approximation is somewhat crude, and may perform

poorly for small samples.

Kass and Wasserman (1995) show that with nested models, under a particular prior

on the parameters, the constant order asymptotic error disappears, and they argue

that this prior can reasonably be used for inference purposes. Following the notation

of their paper, let Y = (y1, ..., yn) be i.i.d. observations from a family parameterized

by (θ, ψ), with dim(θ, ψ) = m and dim(θ) = m0. If the goal is to test H0 : ψ = ψ0

against H1 : ψ ∈ ℜm−m0 using the Bayes factor:

BF =
P (Y |H0)

P (Y |H1)
, (2.58)

the Bayesian Information Criterion (BIC) for testing H0 vs. H1 is:

BIC = −2
{

l1(θ̂, ψ̂) − l0(θ̂0)
}

+ (mj −m0) log(n). (2.59)

Let I(θ, ψ) be the m×m Fisher information of (θ, ψ) associated with the full model,

let Iθψ(θ, ψ0) denote the information matrix
(

−E(∂
2l(θ,ψ)
∂θ∂ψ )

)

, evaluated at (θ, ψ0),

and let πψ(ψ) be the marginal prior density of ψ under H1.

The main results of Kass and Wasserman (1995) is as follows. If the following

conditions hold:

• the parameters are null orthogonal, that is, Iθψ(θ, ψ0) = 0 for all θ,

• the MLE ψ̂ satisfies ψ̂ − ψ0 = Op(n
− 1

2 ), and

• − 1
nD

2l(θ̂, ψ̂) − I(θ, ψ) = Op(n
− 1

2 ),
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then

2 logBF = BIC − 2 log (2π)
(m−m0)

2 |Iψψ(θ̂, ψ0)|
− 1

2πψ(ψ̂) +Op(n
− 1

2 ). (2.60)

In addition if πψ(ψ) is a standard multivariate normal density with location ψ0 and

variance matrix |Iψψ(θ, ψ0)|
−1 the asymptotic error of constant order will vanish,

leaving

2 log(BF ) = BIC +Op(n
− 1

2 ), (2.61)

If the prior on ψ is not of this form, then this error term gives the constant order

asymptotic error in BIC as an approximation to twice the log Bayes factor.

This result has an important implication. BIC is a Bayesian procedure which does

not require the specification of a prior, but it approximates a Bayes factor which

is based on a particular prior for the parameter of interest. Therefore, when using

BIC to compare models, the Kass-Wasserman result defines an implicit prior which

BIC uses. This prior, which we call the overall unit information prior, is appealing:

it is a normal distribution centred around ψ0 with the amount of information in the

prior equal to the average amount of information in one observation. Since the prior

is based on only one observation, it is a vague but proper prior.

2.5.2 Model comparison

Model comparison is required for a variety of activities, including variable selection

in regression, determination of the number of components in a mixture model or

the choice of a parametric family. As with frequentist analogues, Bayesian model

comparison will not inform about which model is ”true”, but rather about the pref-

erence for the models given the data.

These preferences can be used to choose a ”representative” best model or improve

estimation via model averaging, in which expected values obtained from different

models are weighted by their corresponding posterior probabilities.

In the Bayesian framework, common methods for model comparison are based on

the following: separate estimation including posterior predictive distributions, Bayes

Factors and approximations such as the Bayesian Information Criterion (BIC) and

deviance information criterion (DIC); comparative estimation including distance

measures such as entropy distance or Kullback-Leibler divergence; and simultane-

ous estimation, based on model averaging and computationally intensive MCMC
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approaches. While in previous chapter we have focused on separate estimation, we

now focus on simultaneous, that is, model averaging procedures.

The classical survival data analysis approach is to select a set of predictors or risk

factors and make inferences on the set of predictors using this single model. A se-

rious shortcoming this approach is the dependence of the inferences on the set of

predictors selected for inclusion in the model. Bayesian model averaging allows for

the incorporation of model uncertainty into inference. The basic idea of Bayesian

model averaging is to make inferences based on a weighted average over the model

space. This approach accounts for model uncertainty in both predictions and param-

eter estimates. The resulting estimates of uncertainty incorporate model uncertainty

and thus may be better reflect the true uncertainty in the estimates.

We base our approach on the Bayesian model averaging approach suggested by Hoet-

ing, Madigan, Raftery and Volinsky, (1999).

Let M = (M1, ...,Mk) be the set of models under consideration. A model may be

defined by a variety of attributes such as the subset of explanatory variables in the

model or the form of the error variance. If ∆ is a quantity of interest, such as a

future observable or a model parameter, then the posterior distribution of ∆ given

data Z is:

p(∆|Z) =
K
∑

k=1

p(∆|Z,Mk)p(Mk|Z); (2.62)

this is an average of the posterior predictive distribution for ∆ under each of the

models considered, weighted by the corresponding posterior model probability. The

posterior probability for a model Mk is given by

p(Mk|Z) =
p(Z|Mk)p(Mk)

∑K
l=1 p(Z|Ml)p(Ml)

, (2.63)

where

p(Z|Mk) =

∫

...

∫

p(Z|θk,Mk)p(θk|Mk)dθk, (2.64)

is the integrated likelihood of model Mk, θk is the vector of parameters of model

Mk, p(θk|Mk) is the prior density of the parameters under model Mk, p(Z|θk,Mk)

is the likelihood, and p(Mk) is the prior probability that Mk is the true model. All

probabilities are implicitly conditional on M , the set of all models being considered.

Parameters estimates and other quantities of interest are provided via straightfor-

ward application of the principles described above. For example, the Bayesian model
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averaging (BMA) estimate of parameter θ is

θ̂BMA =
K
∑

k=1

θ̂kp(Mk|Z), (2.65)

where θ̂k denotes the posterior mean for model K. Variances of these estimates and

other quantities are also available (e.g. Hoeting et al. 1999a).

There are many challenges involved in the implementation of Bayesian model aver-

aging, including the computation for a very large number of models, the evaluation

of the integrals implicit in p(Z|Mk) which do not typically exist in closed form, and

the specification of the prior model probabilities p(Mk).

A number of researchers have considered the problem of managing the summation

in p(∆|Z) for a large number of models. A popular approach is to explore the

space of models stochastically via Markov Chain Monte Carlo (e.g. George and Mc-

Culloch, 1997 and Raftery, Madigan and Hoeting, 1997). Clyde (1999) shows that

many of these approaches are a special case of reversible jump MCMC algorithms

(Green, 1995). Godsill (2001) and Brooks, Giudici, Roberts (2003) proposes a com-

posite representation for model uncertainty problems which includes many of these

Markov Chain Monte Carlo approaches as special cases. Hoeting, Madigan, Raftery,

Volinsky (1999) discuss the historical development of BMA, provide additional de-

scription of the challenges of carrying out BMA, and describe some solutions to these

problems for a variety of model classes. Articles focusing on Bayesian approaches

to model comparison in the context of survival analysis include: Sinha, Chen and

Ghosh (1999), Ibrahim, Chen and Sinha (2001b), Sahu, Dey, Aslanidou and Sinha

(1997), Chen, Harrington and Ibrahim (2001).
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Bayesian lifetime value models

In this chapter we now propose two approaches to Bayesian inference for lifetime

value models. A first proposal is a two-step approach, made up of two components:

1. A Bayesian variable selection approach (BVSA) to select the best predictor

variables (features).

2. A Bayesian survival model (BSM) that, conditionally on the chosen features,

draws inference on the survival parameters.

The second proposal is a one-step approach, which combines (1) and (2) in a Bayesian

model averaging procedure.

3.1 A Bayesian variable selection approach

Before to illustrate our proposal for variable selection to estimate Customer lifetime

value, we report here the most recent references. We report in particular the most

significant results for Variable selection in multi-events survival analysis. Variable

selection for multivariate failure time data has been analysed by Fan et al. (2006)

based on a penalized pseudo-partial likelihood method. Fan and Li (2005) gives

some methods to extract variable selection for parametric models via no-concave pe-

nalized likelihood. It has been shown there that the resulting procedures perform as

well as if the subset of significant variables were known in advance. Such a property

is called ”oracle property”. Tibshirani (1997) proposed the LASSO methodology.

Dunson (2005) proposes a semiparametric Bayesian approach for inference on un
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unknown regression function, f(x) characterizing the relationship between a contin-

uous predictor X and a count response variable Y adjusting for covariates, Z.

Giudici, Mezzetti and Muliere (2003) proposed a nonparametric variable selection

approach for survival analysis. In general field of variable selection, we remark that

Casella and Moreno (2006) proposed a novel fully automatic Bayesian procedure for

variable selection in normal regression models, Cai, Fan, Jiang and Zhou (2006) pro-

pose a partial linear regression for multivariate survival data and improved Bayesian

model averaging with selection of covariates and Gutierrez Pena (2005) for Bayesian

methods for categorical data. Finally to improve the results we cite Walker and

Gutierrez-Pena for the proposal in Bayesian Parametric inference in a nonparamet-

ric framework. To design adaptive mini-Max local linear regression for longitudinal

and clustered data we cite Chen, Fan Jin (2006). To improve variable selection with

local partial likelihood estimation for life time data, see e.g. Fan, Lin and Zhou

(2006). Cai, Fan, Zhou H. and Zhou Y. (2007) we give an idea for Marginal hazard

models with varying coefficients for multivariate failure time data.

Our proposal: we follow a novel approach for feature selection and model selection.

In particular, we first propose a two step model approach for Lifetime Value esti-

mation. Then we present a new method for Bayesian feature selection based on an

One step Lifetime value approach.

To esemplify our variable selection methodology, we shall assume an exponential

survival time, such that, for i = 1, . . . , n: λi(t) = λi. It can then be shown that,

given the observed evidence y = (y1, . . . , yn), the likelihood of λ = (λ1, . . . , λn) is:

L(λ) =
∏

i∈U

λi exp{−
n
∑

i=1

λiti}, (3.1)

where U = {i : δi = 1} are the uncensored subjects. Let now g indicate a partition

of the index set I = {1, . . . , n}, with dg subsets Sk(g), for k = 1, . . . , dg. Clearly,

given the correspondence between I, y and λ, g also defines a partition of the data

and of the hazard functions. Notice that the likelihood in (??) assumes all λi to

be distinct and, thus, is in fact conditional on the independence partition gind =

{{1}, {2}, . . . , {n}}, containing dg = n separate subsets Si, each with n(Si) = 1

observations. For this reason, it can be indicated by L(λ|gind).

A different likelihood arises when all hazards can be retained equal to a common rate,

say µ. This situation occurs when no covariate or frailty affect the survival times

56



3.1. A Bayesian variable selection approach

and corresponds to consider all data to be exchangeable. The resulting likelihood

can be seen as conditional on the partition gexc = {1, . . . , n}, containing a single

subset S1 (with n(S1) = n):

L(µ|gexc) = µdexp{−µV }, (3.2)

with d =
∑n
i=1 δi the total number of failures and V =

∑n
i=1 ti the overall time at

risk.

Apart from the above situations, which can be regarded as somewhat extreme, sur-

vival analysis is typically concerned with a plurality of effects which may induce

dependencies among survival times. Such effects may be either observable (possibly

with some missing values) or unobservable. In any case, when relevant, they in-

duce a partition of the observations, by associating different hazards to individuals

having the same level of the factor. In our approach, we shall entertain several par-

tition structures, each induced by the levels of a potential prognostic factor. This

amounts to consider a collection of alternative partial exchangeability structures for

the survival times. Our model consists of two parts: a likelihood specification and a

hierarchical prior distribution on the partition structure as well as on the correspond-

ing set of hazards. Conditionally on a general partition g, let λi = µk, ∀i ∈ Sk(g).

Consequently, the likelihood of the hazards µ = (µ1, . . . , µdg
) is the following:

L(µ|g) =

dg
∏

k=1

µdk

k exp{−µkVk}, (3.3)

where, for k = 1, . . . , dg: µk, dk =
∑

i∈Sk(g) δi and Vk =
∑

i∈Sk(g) ti are the hazard,

death and risk set of the k-th partition subset. On the other hand, the prior speci-

fication requires the definition of a class of possible partitions G = {1, . . . , G}.

Once G is specified, it is necessary to assign a probability distribution on both

λ|g ∈ Rdg and g ∈ G. Specifically, conditionally on a partition g we shall take, for

k = 1, . . . , dg and ∀i ∈ Sk(g):

µk ∼ Gamma(rkmk, rk), (3.4)

with mk and rk known positive constants. Finally, a simple probability function on

G would take p(g) to be uniformly spread among partitions, i.e. p(g) = G−1.

Our first aim is to evaluate the importance of each prognostic factor. This can be

achieved calculating, given the observed evidence y, the posterior probability of each
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partition, p(g|y). Following (??) and (??) it can be shown that:

p(y|g) =

dg
∏

k=1

(rk)
rk mk

Γ(rkmk)

Γ(rkmk + dk)

(Vk + rk)rk mk+dk
, (3.5)

Furthermore, Bayes theorem gives p(g|y) ∝ p(y|g)p(g), from which p(g|y) is obtained

by normalisation.

Our second aim is to estimate the hazard function, in order to make predictions on

survival times. This task can be performed in two steps: first we work conditionally

on a partition, and determine a Bayesian estimate of each individual hazard, by

calculating the posterior mean E(λi|y, g). Computationally, following (??) and (??),

it turns out that, for i ∈ Sk(g):

E(λi|y, g) =
rkmk + dk
Vk + rk

, (3.6)

The above expression shows that rk and rkmk can be interpreted, respectively,

as pre-experimental ’total time at risk’ and ’observed events’ (e.g. coming from a

meta-analysis). When no prior information is available, they may be taken in an

appropriate uninformative manner. The second step of the estimation procedure in-

volves using p(g|y) to calculate the marginal posterior expectation of each individual

hazard E(λi|y), via the law of total probabilities:

E(λi|y) =
G
∑

g=1

E(λi|g, y)p(g|y), (3.7)

As shown, for instance, in Raftery (1996), using the marginal posterior expectation

via the above model averaging procedure leads to predictions better than those based

on conditioning on a single partition, such as that associated to the ’best’ model.

What illustrated for the exponential hazard will now be generalised to the counting

process framework.

3.1.1 A two step Bayesian counting process lifetime value model

We now present our Bayesian version of the counting process model introduced in

Section 2.5.

Our proposal can be written as follow:

h(t|w, x) = w[h0(t) + h1(t|x)], t ≤ 0, (3.8)
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where h(t|w, x) represents a hazard function that has been modified by the inclusion

of a frailty. The frailty random variable, w, is assumed to independent of t and x

for all clusters with some parametric distribution with unit mean, usually Gamma

(Clayton, 1991), where the unknown variance of w, say η, quantifies the amount of

heterogeneity among individuals. For more details refer to Section 2.5. To complete

the Bayesian specification of the model, prior distributions are needed for the vec-

tor parameter λ0, and the parameter β and σ2
θ . It seems natural to assume that

λ0 = (λ00, ..., λ0g)
T be independent of (β, σ2

θ) and , η independent of (λ0, β, σ
2
θ).

Specifically, for λ0 we assume independent Gamma priors:

λ0k ∼ Ga(λ0k|a0k, b0k), k = 1, 2, ..., gij , (3.9)

where a0k

b0k
is the prior expectation for λ0k and a0k

b2
0k

is the prior variance, with prior

independence assumed across the Ktk interval, hence:

f(λ00, ..., λ0gij) =

gij
∏

k=1

Ga(λ0k|a0k, b0k). (3.10)

For (β, σ2
θ) we assume the usual Normal-Inverse Gamma conjugate priors, i.e.:

β|σ2
θ ∼ Np(β|mθ, σ

2
θVθ), (3.11)

with

σ2
θ ∼ Ga(

1

σ2
θ

|aθ, bθ). (3.12)

Finally we suggest a Gamma distribution as a prior for η, i.e.:

η ∼ Ga(φ1, φ2), (3.13)

where φ1

φ2
is the prior expectation for η, and φ1

φ2
2

is the prior variance. As discussed

in Section 5.2.1 we take E(η) = φ1

φ2
= 1.

To obtain the conditional posterior distributions, required for Gibbs sampling we

use the approach of ”data augmentation” (Tanner and Wong, 1987). The idea of

data augmentation is to insert latent data or missing data, in order to exploit the

simplicity of the resulting conditional posterior distributions of vector parameters of

interest. Although this will be increase the dimensionality of the problem (possibly

at the expense of extra computing time), the Gibbs sampler will be simpler.

Our objective is to derive the posterior distribution of (λ0, β, σ
2
θ , w). Such a pos-

terior can not be computed analytically and, therefore, we used the Monte Carlo
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approximations through the Gibbs sampler algorithm. We remark that under the

specifications, in Section 2.5, the likelihood it is essentially Poisson in form, reflecting

the fact that the likelihood may be thought of as generated by independent contri-

butions of many data each concerned with observation of individual i of cluster j

over a very short interval during which the intensity may be regarded as constant,

i.e.,

P (Nijk = n|dH0k, xij , θij , wi, Yij = 1) =

{

wi
[

dH0k + 1
θij

(ak − ak−1)
]}n

n!

×exp

(

−wi

[

dH0k +
1

θij
(ak − ak−1)

])

. (3.14)

In a compact form we have:

dNijk ∼ Poisson[dNijk|widH0k +
wi
θij

(ak − ak−1)]. (3.15)

Since the additive form of the Poisson sum does not result in the conditional posterior

distribution in a closed form, we can solve this problem by expressing the likelihood

in an augmented form, involving independent Poisson latent variables, unobserved

or missing data, corresponding to each term in the expression for the Poisson mean.

In particular, we assume dNijk = dNijk0 + dNijk2 + dNijk1, for all i, j : Yij = 1 and

k = 1, ..., g such that:

dNijk0 ∼ Poisson[dNijk0|wiλ00(ak − ak−1)],

dNijk2 ∼ Poisson[dNijk2|
wi
2
λ0k(ak − ak−1)

2]

and

dNijk1 ∼ Poisson[dNijk1|
wi
θij

(ak − ak−1)]. (3.16)

Using the property that the sum of independent Poisson random variables is also

Poisson, it is straightforward to show that the previous equations are equivalent.

Such expression allows us to take advantage of Poisson-Gamma conjugate to obtain

the conditional posteriors. Indeed in this work we have obtained the required con-

ditionals. The calculations are presented below.

The joint posterior density of the parameters (λ0, β, σ
2
θ , w) and latent variables

(dNijk0, dNijk2, dNijk1) is proportional to:

A1 ×Ga(η|φ1, φ2)Ga(λ00|a00, b00)N(β|mθ, σ
2
θ , Vθ)Ga(

1

σ2
θ

|aθ, bθ), (3.17)
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where A1 is:

A1 =
n
∏

i=1

mi
∏

j=1

gij
∏

k=1

I(dNijk = dNijk0 + dNijk2 + dNijk1)

×Poisson[dNijk0|wiλ00(ak − ak−1)]

×Poisson[dNijk2|
wi
2
λ0k(ak − ak−1)

2]

×Poisson[dNijk1|
wi
θij

(ak − ak−1)]

×N(logθij |βxij , σ
2
θ)Ga(λ0k|a0k, b0k)Ga(wi|η

−1, η−1) (3.18)

The sampler iterates through the following steps:

• Step 1. Sample the latent variables (dNijk0, dNijk2, dNijk1)
T , for all i, j, k :

Yij = 1, jointly from their full conditional posterior distribution as follows:

1. If dNijk = 0, then let dNijk2 = dNijk0 = dNijk1 = 0;

2. If dNijk > 0, then sample (dNijk0, dNijk2, dNijk1) from a distribution Multi-

nomial (dNijk|Pijk0, Pijk2, Pijk1) where:

Pijk0 =
λ00(ak − ak−1)

λ00(ak − ak−1) + 1
2λ0k(ak − ak−1)2 + wi

θij
(ak − ak−1)

,

Pijk2 =
1
2λ0k(ak − ak−1)

2

λ00(ak − ak−1) + 1
2λ0k(ak − ak−1)2 + wi

θij
(ak − ak−1)

,

Pijk1 =

(ak−ak−1)
θij

λ00(ak − ak−1) + 1
2λ0k(ak − ak−1)2 + wi

θij
(ak − ak−1)

. (3.19)

It follows from A1 that the full conditional distribution of the latent variables

is proportional to:

A2 = I(dNijk = dNijk0 + dNijk2 + dNijk1) ×
[wiλ00(ak − ak−1)]

dNijk0

dNijk0!

×
[(1/2)wi(ak − ak−1)

2]dNijk2

dNijk2!
×

[(wi/θij) × (ak − ak−1)]
dNijk1

dNijk1!
. (3.20)

On the other hand, given A1 we have A2 is also proportional to:

dNijk0!

[wiλ00(ak − ak−1) + [(1/2)wi(ak − ak−1)2λ0k + (wi/θij)(ak − ak−1)]

×
[wiλ00(ak − ak−1)]

dNijk0

dNijk0!
×

[(1/2)wiλ0k(ak − ak−1)
2]dNijk2

dNijk2!

×
[(wi/θij) × (ak − ak−1)]

dNijk1

dNijk1!
,

∝
dNijk!

dNijk0!dNijk2!dNijk1!
P dijk0Nijk0P

d
ijk2Nijk2P

d
ijk1Nijk1,

, ∝Multinomial(dNijk0, dNijk2, dNijk1|dNijk, Pijk0, Pijk2, Pijk1),
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where Pijk0, Pijk2, Pijk1 are defined before.

• Step 2. Sample λ00 the full conditional distribution that is proportional to:






∏

i,j,k:Yij=1

[wiλ00(ak − ak−1)]
dNijk0

dNijk0!
exp[−wiλ00(ak − ak−1)]







×(λ00)
a00−1exp(−λ00b00),

∝ (λ00)

∑

i,j,k:Yij=1
dNijk0

exp



−λ00

∑

i,j,k

Yijwi(ak − ak−1)





∝ Ga







λ00|a00 +
n
∑

i=1

mi
∑

j=1

gij
∑

k=1

dNijk0, b00 +
n
∑

i=1

mi
∑

j=1

gij
∑

k=1

Yijwi(ak − ak−1)







.

• Step 3. Sample λ0k, K = 1, ..., gij and the full conditional distribution of λ0k

is proportional to:

∏

i,j,k:Yij=1

[(1/2)wi(ak − ak−1)
2λ0k]

dNijkexp[−(wi/2)λ0k(ak − ak−1)
2]λa0k−1

0k

×exp(−λ0kb0k),

∝ (λ0k)
∑n

i=1

∑mi
j=1

dNijkexp



−(wi/2)λ0k

n
∑

i=1

mi
∑

j=1

Yij(ak − ak−1)





∝ λ0k)
a0k−1exp(−λ0kb0k)

∝ Ga



λ0k|a0k +
∑

i,j

dijk, b0k + (
wi
2

)
∑

ij

Yij(ak − ak−1)



 .

• Step 4. To derive the conditional distribution of wi , i = 1, ..., n we start

with the joint posterior density of parameters prior to augmentation that is

proportional to:

mi
∏

j=1

∏

Yij=1

{

wi

[

dH0k +
1

θij
(ak − ak−1)

]}dNijk

exp

{

−wi

[

dH0k +
1

θij
(ak − ak−1)

]}

×wη
−1

i exp
(

−η−1wi
)

,

∝ (wi)
∑mi

j=1

∑gij

k=1
dNijk+η−1−1

exp







−wi



η−1 +
mi
∑

j=1

gij
∑

k=1

dH0k +
1

θij
(ak − ak−1)











,

∝ Ga





mi
∑

j=1

gij
∑

k=1

dijk + η−1,
mi
∑

j=1

gij
∑

k=1

dH0k +
1

θij
(ak − ak−1)



 .

• Step 5. The full conditional distribution of (β, σ2
θ) is proportional to:







n
∏

i=1

mi
∏

j=1

N(logθij |βxij , σ
2
θ)







N(β|mθ, σ
2
θ , Vθ)Ga

(

1

σ2
θ

|aθ, bθ

)

. (3.21)
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That expression is the same as one that appear in the usual conjugate analysis of

the Normal data (see e.g. DeGroot, 1970). It is then proportional to a Multivariate

Normal Inverse Gamma distribution, i.e.,

β|σ2
θ ∼ Np(β|β̂, σ

2
θ(V

−1
θ + xxT )), (3.22)

σ2
θ ∼ Ga

(

1

σ2
θ

|aθ +
V

2
, bθ +

1

2
[(y − xβ̂)T y + (mθ − β̂)TV −1

θ mθ

)

,

where y = (log(θ11), ..., log(θnm)T , x is the covariate matrix and the estimated of

the coefficient of regression β is calculated form β̂ = (V −1
θ +xTx)−1(V −1

θ mθ +xT y).

The other conditionals do not have a conjugate analysis. For each, j = 1, ...,mi and

i = 1, ..., n the conditional distribution for θij is proportional to:

Yij(t)wi[h(t|λ0, θij)]
dNijkS(t|λ0, θij)F (θij |βxij , σ

2
θ),K = 1, ..., gij . (3.23)

This expression does not have closed form. But it is still possible to sample from it

using a Metropolis algorithm.

Finally, for i = 1, ..., n, letting ξ = η−1, the full conditional distribution of ξ does

not have a closed form either. It is proportional to:
(

n
∏

i=1

wξ−1
i

)

ξ−nξ
exp (−ξ

∑n
i=1wi)

[Γ(ξ)]n
f(ξ), (3.24)

with ξ ∼ Ga(ξ|φ1, φ2). With this choice of prior it can be shown that the above full

conditional density is log-concave. Thus we can use the adaptive rejection algorithm

to sample from this full conditional. The results are in the application Section.

3.2 Bayesian Model Averaging for variable and model

selection

As we have discussed in Chapter 1, variable selection has been recognized as ”one

of the most pervasive model selection problems in statistical applications” (George

et al., 2000), and a lot of different methods emerged during the last 30 years, es-

pecially in the context of linear regression (see Miller 1990, McQuarrie and Tsai,

1998, George et al., 2000). Many researchers focused on developing an appropriate

model selection criterion assuming that few reasonable models are available, such as,

Mallows Cp, (Mallows, 1973), BIC (Schwarz 1978), RIC (Foster and George 1994),

bootstrap model selection (Shao, 1996). However in reality the researchers often
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have to choose a single or few best models from the enormous amount of potential

models using techniques such as the stepwise regression of Efroymson (1960) and

its different variations, or, for example, the leaps-and-bounds algorithm of Furni-

val and Wilson (1974). Typically researchers use both approaches, first trying to

generate several best models for different numbers of variables, and then select the

best dimensionality according to one of the criteria listed. Any combination of these

approaches to model selection, however, do not seem to take into account the un-

certainty associated with model selection and therefore in practice tend to produce

overoptimistic and biased prediction intervals, as will be discussed later. In addition,

the statistical validity of various variable selection and elimination techniques (step-

wise and forward selection, backward elimination) is suspect. The computations are

typically organized in ”one variable at a time” fashion seemingly employing the sta-

tistical theory of comparing two nested hypotheses, however ignoring the fact that

the true null distributions of the widely used ”F statistics” (such as F-to-enter) are

unknown and can be far from the assumed F distribution (see Miller, 1990).

The two sides of the model selection problem (model search and model selection

criterion) are naturally integrated in model averaging which overcomes the inherent

deficiency of the deterministic model selection by combining (averaging) informa-

tion on all or a subset of models when making estimation, inference, or prediction,

instead of using only one model. In this review we will focus on a standard Bayesian

approach to model selection which associates a prior probability with each model M

in some model space M (see Key et al., 1999 for differences between the M − close,

M−open andM−completed perspectives to modelling) and then uses their posterior

probabilities to select one best or ”several best” models (for a discussion of different

approaches to Bayesian model selection see e.g. Kass and Raftery, 1995). Bayesian

Model Averaging (BMA) goes further and uses these probabilities to average the

”model parameter” when computing the posterior probabilities associated with the

other parameters, nested within the model. BMA is becoming an increasingly pop-

ular data analysis tool which allows the data analyst to account for uncertainty

associated with the model selection process. In this review, we will try to think

about models in a broad context when appropriate since different researchers ap-

plied BMA within quite different classes of models.

As is clear from the above discussion, BMA arises when the true model is unknown
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3.2. Bayesian Model Averaging for variable and model selection

before we look at the data (actually it assumes that there may be no single true

model) and it can be viewed as a data analysis tool which in a sense brings together

the exploratory phase of the data analysis (model specification) and the confirmatory

phase (model estimation) by simultaneously searching through data for good mod-

els and updating their associated posterior probabilities (if necessary). Then BMA

combines the predictions and parameter estimates obtained with different plausible

models using their posterior probabilities as weights. A popular part of the BMA

output is variable assessment which can be done by aggregating posterior weights

across only those models where a given variable was present. More technically,

following Madigan and Raftery (1994), if ∆ is the quantity of interest, such as a

parameter of the regression model or a future observation, then its posterior distri-

bution given data D and a set of K models is a mixture of posterior distributions

(see also Leamer, 1978):

p(∆|D) =
K
∑

k=1

pr(∆|Mk, D)pr(Mk|D), (3.25)

the posterior probability for model Mk is given by:

p(Mk|D) =
pr(D|Mk)pr(Mk)

∑K
l=1 pr(D|Ml)pr(Ml)

, (3.26)

where

pr(D|Mk) =

∫

pr(D|θk,Mk)pr(θk|Mk)dθk, (3.27)

is the predictive distribution for model Mk.

The issues that arise when implementing BMA can summarized as follows:

• assigning prior distributions for different models and model parameters

• searching through the model space for data-supported models

• computing posterior model probabilities

• drawing inference in BMA: obtaining estimates and probability/confidence in-

tervals for the parameters and observables

• measuring predictive performance of BMA

The topic of selecting the best model has received a considerable attention and gen-

erated enormous literature in statistics (see for example Miller, 1990, where selecting
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subsets in regression is considered). Now it seems that the challenging problem of

finding the best subset of variables has somewhat obscured and overshadowed a not

less important issue of aggregating many good models even in the idealized situation

when the best subsets (with respect to some criterion) can be trivially found. It is

interesting to note that many researchers ignored model uncertainty even when the

information on model selection uncertainty was a natural by product of the proposed

methods, such as for example, distribution of different models in multiple runs of

stepwise regression with random starting subsets (see Miller, 1990), or the output of

the leaps and bounds algorithm proposed in Furnival and Wilson (1974). Searching

for good models is also an integral part of BMA, which ”simply” averages across

the complete model space. Therefore different approaches were proposed for imple-

menting the BMA methodology on a reduced model space. The idea is to search

through model space for most reasonable models, that is models supported by the

data (Madigan and Raftery, 1994). Two different approaches were proposed in liter-

ature, deterministic search and stochastic search on the model space using Markov

chain Monte Carlo (MCMC).

3.2.1 Deterministic model search

The suggested BMA deterministic search schemes are Occam Window method of

Madigan and Raftery (1994) and leaps and bound technique adopted in Volinsky et

al. (1997). Occam Window method is described in Hoeting et al. (1999). The idea

is to avoid averaging over the complete space of possible models by restricting it to

only the models well supported by the data. For instance, consider the class:

A′ =

{

Mi :
maxjpr(Mj |D)

pr(Mi|D)
≤ C

}

, (3.28)

for some appropriate C, say C=20 (as suggested in Raftery, 1995). This set can be

further reduced by eliminating the set B of models that have less posterior support

than their own sub-models (Occam razor):

B =

{

Mi : ∃Ml ∈ A′,Ml ⊂Mi,
pr(Ml|D)

pr(Mi|D)
> 1

}

, (3.29)

and then, the model averaging is performed over the set A = Á|B. The approx-

imation provided by this method to full BMA was shown to be good in several

applications. Criticism for this approach was expressed by several writers (Clyde,
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1999a George and Clyde, 1999) that averaging across a relatively small set of models

captured by the Occam window may result in biased estimates and predictions. The

authors of this approach argue that while it certainly overestimates the posterior

probabilities of the models it includes, it seems to preserve the ratios of these prob-

abilities (Hoeting et al., 1999). Also according to them, there is some philosophical

justification for the proposed method as it corresponds to the practice of model re-

jection well established in the scientific community: ”models that have been clearly

discredited do get discarded in scientific research”. As was argued in Madigan and

Raftery (1994), averaging across all models assumed in standard Bayesian approach

is incorrect, ”adopting standard methods of scientific investigation, we contest that

accounting for the true model uncertainty involves averaging over a much smaller set

of models”. Another deterministic way to search for models in A was suggested in

Volinsky et al. (1997) and it employs the ”leaps and bounds” algorithm generalized

for the non-linear case. It may produce results similar to the Occam razor approach,

though it apparently lacks the philosophical justification of the latter.

3.2.2 Stochastic model search via MCMC

The first applications of the stochastic model search were seen in the Markov Chain

Monte Carlo Model Composition, in Madigan and York (1995), Clyde et al. (1996),

and Stochastic Search Variable Selection via Gibbs sampler of George and McCulloch

(1993). The Reversible Jump MCMC algorithm of Green (1995) includes many of

these algorithms as special cases (see also Carlin and Chib, 1995). This universal

approach of MCMC became an extremely popular tool in Bayesian computations.

Two aspects of MCMC in the context of BMA are that it is:

• an excellent search device that allows one to locate good models

• a mechanism of computing the posterior probabilities as proportion of visited

models

There are two different implementations of MCMC in BMA: when the Markov chain

is constructed only in the model space and when it is constructed in the combined

model and parameters space.
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3.2.3 Stochastic model search in the model space

The MC3 is a special case of the Metropolis-Hastings (MH) algorithm (Hastings,

1970). The main idea of MH algorithm is to set-up an irreducible and aperiodic

Markov chain whose equilibrium distribution is the desired posterior distribution

(see Smith and Roberts, 1993). In the case of model selection, this can be done

as follows (Hoeting et al., 1999). First the Markov chain is constructed, defining

a neighbourhood nbd(M) for each model. Define a transition matrix q by setting

q(M → M ′) = 0 for M ′ /∈ nbd(M) and q(M → M ′) 6= 0, ∀M ′ ∈ nbd(M). If the

chain is currently in state M, proceed by drawing M ′ from transition matrix q. M ′

is accepted with probability:

α = min

{

1,
pr(M ′|D)

pr(M |D)

}

, (3.30)

Otherwise the chain remains in state M. Under these conditions, the limiting ratio

of the number of times each state (model) is visited to the total number of draws

is proportional to the posterior model probability. Note that to be able to compute

the ratio, we must know the posterior probabilities pr(M |D) only up to normalizing

constant, which can be obtained from the Bayes Factor (BF) as follows. Note that

the previous expression can be written as:

α = min

{

1,
pr(D|M ′)pr(M ′)

pr(D|M)pr(M)

}

, (3.31)

where the ratio p(D|M ′)/p(D|M) is the Bayes Factor for the two models used as a

measure of predictive power for a modelM ′ againstM . One can see that the outlined

procedure is actually a Metropolis algorithm, a special case of the Metropolis-Hasting

algorithm, which arises when the proposal probability is symmetric and q(M →M ′)

is same as its reverse jump probability, q(M ′ → M). In general, for the M-H

algorithm,

α = min

{

1,
pr(M ′|D)q(M →M ′)

pr(M |D)q(M ′ →M)

}

, (3.32)

The information on model posterior probabilities is accumulated while performing

the stochastic search. In many cases, however, MC3 can be used just as a searching

device, since the posterior probabilities can be obtained via the BIC approximation

for Bayes Factors (see Noble, 2000). Furthermore, the availability of an analytical

approximation for the posterior probabilities makes the convergence properties of

the underlying Markov chain less relevant (Clyde et al. 1996; Noble, 2000) and
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allows for more efficient mixing by restarting the simulation at random models and

carrying out multiple chains of the MCMC (Noble, 2000; Chipman et al., 1998).

Noble (2000) combined the Metropolis algorithm with the Occam razor criterion

of model screening, which allowed him to reduce the number of candidate models

for the final averaging. As was noted in Clyde (1999a), different versions of this

algorithm arise with other choices of proposal probability q(M → M ′), which may

lead to procedures that can move more rapidly through the model space. Clyde

(1999) uses approximate posterior probabilities of variable inclusion for the proposal

distribution to target more important variables, rather than proposing all variables

to be added or deleted with equal probability 1/p.

3.3 Stochastic search in the combined model and pa-

rameter spaces

Another MCMC approach was proposed in George and McCulloch (1993). The

subset search was implemented via the Gibbs sampler and the movement occurred in

the combined model and parameter space of the associated Markov chain. Following

George and McCulloch (1993), the Gibbs sampler is used to generate a sequence

γ1, ...γm, where γ = (γ1, ..., γp) is a vector of ones and zeros corresponding to the

presence/absence of a given variable in the model. This sequence converges rapidly

in distribution to pr(γ|D) (that is pr(M |D) in our more general notation) and with

high probability contains most interesting subsets. Those γ with highest probability

will appear most frequently and hence will be easier to identify. Furthermore, for the

non-conjugate mixture prior, the sequence of models is embedded into the auxiliary

Gibbs sequence, which is an ergodic Markov chain:

β0, σ0, γ0, β1, σ1, γ1, ..., βj , σj , γj , ..., (3.33)

where β0, σ0 are initialized to be the least squares estimates of model Y |β, σ2 accord-

ing to a N(Xβ, σ2I) and γ0 = (1, 1, ..., 1), while the subsequent values βj ,σj ,γj are

obtained by simulating values according to the following iterated sampling scheme:

βj ∼ pr(βj |Y, σj−1, γj−1), (3.34)

σj ∼ pr(σj |D,βj , γj−1),

γji ∼ pr(γji |D,β
j , σj),
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γj(i) = pr(γji |β
j , σj , γj(i))

γj(i) = (γj1, ..., γ
j
i−1, γ

j−1
i+1 , ..., γ

j−1
p )

The authors have to use a continuous prior instead of mass point at βi = 0, because

otherwise their Gibbs sampler would get stuck each time it generates βi = 0. To

obviate this problem Geweke (1996) proposed an alternative Gibbs sampler imple-

mentation, which jointly draws (βi, γi)one at a time given σ, and the other pairs

(βl, γl), l 6= i. The Gibbs updating scheme is much simpler and involves only the

single sequence γ1, ..., γm, when each γ value can be generated component wise from

the full conditionals γi|γ(i), D for i = 1, ..., p, where γi can be drawn in any fixed or

random order. The generation of components in this sequence can be obtained sim-

ply as simulations of Bernoulli draws with probabilities that can be easily computed

(see details in George and McCulloch, 1997) They also note an interesting fact that

for the conjugate prior, their Gibbs sampler is equivalent to a Metropolis algorithm

modified as follows. Components of γ are randomly permuted and considered to be

added or deleted from the model in turn, rather than selected with equal probability

1/p, with the acceptance probability given by the ratio,

α =
pr(M ′|D)

pr(M |D) + pr(M ′|D)
. (3.35)

Since α is always < 1, it makes the jump less probable and hence the algorithm

is less efficient than the MC3 however this can be somewhat compensated by the

fact that in the Gibbs sampler the components are selected cyclically, which ensures

better mixing. A hybrid algorithm was considered in Clyde et al. (1996).

Alternatively, Clyde et al. (1996) derived approximate formulas assuming condi-

tional independence of γi, and showed that under orthogonality of predictors (which

can be always achieved by an appropriate transformation) MCMC sampling can

be replaced by direct importance sampling of the model components element wise.

Clyde et al. (1998) further developed a sampling-without-replacement algorithm

which can be yet another efficient alternative to MCMC under orthogonality of pre-

dictors. Clyde (1999) also considered the block Gibbs sampler with both γ and

σ (when σ is not integrated out) and showed how to implement a very efficient

blocked Gibbs sampler, where γ|D, σ2 is distributed exactly as a product of in-

dependent Bernoulli distributions and σ2|γ,D has the inverse gamma distribution

(again assuming orthogonality of predictors). Instead of integrating σ out, the Rao-
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Blackwellized estimator of marginal pr(γi = 1
D ) and posterior expectation of model

parameters β can be obtained by averaging it over the values of σ2 from the Gibbs

sampler. Clyde (1999) extended this result for generalized linear models by applying

the appropriate variance-stabilizing transformation and using the approximation for

the posterior model probabilities as a product of Bernoulli distributions. When the

predictors are correlated, Clyde et al. (1996) proposed using orthogonalization of

the original model space similar to principal component transformation.

3.3.1 Computing Model Posterior probabilities

To compute the posterior probabilities we have to evaluate the marginal likelihood

pr(D|Mk). For certain models such as linear regression with normal errors and

conjugate priors, the expression for the marginal likelihood of model Mk is readily

available (see Raftery, 1996; Hoeting et al., 1999). In other cases one can use ana-

lytical approximations.

Kass and Wasserman (1995), Kass and Raftery (1995), Raftery (1996) demonstrated

various approximations that can be obtained via the Laplace method. The Bayesian

Information Criterion (BIC, Schwarz, 1978) approximation is the simplest.

logpr(D|Mk) ∼ logpr(D|θ̂k,Mk) − (pk/2)log(n), (3.36)

where pk is the number of parameters in the model Mk.This approximation gives us

the expression for the Bayes Factor, B10 = pr(D|M1)
pr(D|M0)

as:

2logB10 ∼ χ2 − (p1 − p0)log(n), (3.37)

where χ2 = 2
{

logpr(D|θ̂1,M1) − logpr(D|θ̂0,M0)
}

, the standard likelihood ratio

test statistic when M0 is nested within M1, p0 and p1, are the number of parameters

in M0 and M1.

According to the authors, although this approximation is least accurate and should

be of order O(1), however practical experience suggests that it performs surprisingly

well, as if it were of order O(n−1/2), see Kass and Wasserman (1995) for justifications.

Note that the BIC approximation is indeed of order O(n−1/2) for a certain prior,

namely the Unit Information Prior, described in the previous Section (see derivation

in Raftery, 1995) and therefore using BIC though it does not require to specify the

priors for the model parameters, implicitly assumes UIP. Now, if we want to obtain
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the posterior probabilities by averaging with respect to a selected set of (k + 1) not

necessarily nested models, say, we can compare models M1...Mk to M0 in turn and

compute:

pr(Mk|D) =
αkBk0

∑K
r=0 αrBr0

, (3.38)

where αk = pr(Mk)
pr(M0)

is the prior odds for Mk against M0 (renormalization of unnor-

malized posterior probabilities, Clyde et al., 1996).

Estimating posterior probabilities pr(Mk|D) via MC3 or related methods of course

would allow us to estimate these probabilities empirically as the proportion of times

it was visited during the MC3 simulation, however for computing the acceptance

rule in the MC3 algorithm we still need ratios of posterior probabilities for models

M1 and M0, say, which can be trivially obtained as B10α1. As was observed in

Noble (2000), different forms of the model choice criteria can be translated into the

standard BIC approximation by the corresponding adjustment of the prior model

probabilities, so that the difference in the criteria is absorbed by the α’s. This can

be considered yet another way of calibrating the model priors.

3.3.2 Using MCMC approaches to compute Bayes Factors

What shall we do if the Laplace approximation to the Bayes Factors does not work?

Then we cannot use MC3, which requires the ratio of the posterior model proba-

bilities, however we can resort to other MCMC techniques where the Markov chain

is defined on the combined space of model and model parameters. The apparent

problem is that moving across models with different composition of parameters may

render the associated Markov chain not irreducible in the general case.

George and McCulloch (1993) handled it by artificially assigning non-zero priors to

the parameters that were supposed to be deleted from the model. Carlin and Chib

(1995) proposed a general but apparently quite wasteful Gibbs sampling scheme by

introducing so-called pseudo-priors (or linking densities) that were linking the pa-

rameters missing in a given model with that model. The most general approach that

allows one to implement the MCMC for the models with variable parameter spaces

was introduced in Green (1995) who proposed his Reversible Markov chain Monte

Carlo approach. In general its implementation requires evaluation of the Jacobians

associated with transformations from one parameter space to another. The Monte
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Carlo estimate for the model probabilities is based on their visiting frequency. Note,

however, that when the number of parameters is too large, the MCMC algorithm

may present convergence problems and may require special efforts for the problem

specific tuning. Lewis and Raftery (1997) proposed a combination of MCMC and

Laplace approximation for the Bayes factor which they called the Laplace-Metropolis

estimator. This method uses the output of Gibbs sampler to estimate the parameters

of the M1 and M0 at their posterior modes and then plugs it into the expressions

for the likelihood and the inverse Hessian necessary for the Laplace method.

Clyde (1999) found that in the case of the normal linear model with orthogonal pre-

dictors and known σ (orthogonalization can be accomplished by principal compo-

nents transformation, also regression with orthogonal predictors becomes of central

importance in nonparametric wavelet estimation, see Clyde and George, 1999), it is

possible to obtain the exact analytical expression for the posterior odds when the

relationship between Y and the predictors is linear. Clyde (1999) also explored an

alternative way to approximate the model probabilities via the log-linear represen-

tation of the model space.

3.3.3 Inference with Fully Bayesian Model averaging

We can distinguish between ”fully Bayesian” analysis when both parameters and

models are treated in a Bayesian way and semi-Bayesian approach when the esti-

mates of the model parameters are obtained using the classical methods and only

the model space is treated in a Bayesian way (Volinsky et al., 1997; Noble, 2000). In

this case, we either obtain both posterior probabilities and parameter estimates from

MCMC (George and McCulloch, 1993), or use the explicit formulae for the poste-

rior distributions of the model parameters, if available (see Raftery et al., 1997, for

example). In either case, using MCMC is a standard way of obtaining approximate

model posterior probabilities. For the approach the ”model averaged” estimate of a

quantity of interest can be obtained in general as follows. Let g(Mi) be defined on

model space M, then the average:

Ĝ =
1

N

N
∑

t=1

g(M(t)), (3.39)

is an estimate of E[g(M)]. Ĝ → E(g(M)) a.s. as N → ∞, and we can compute a

posterior distribution by letting g(M) = pr(∆|M,D) (Madigan and Raftery, 1994).
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George (1999a) pointed out that when pr(D|Mk) can be either computed exactly or

approximated very well (using the BIC approximation, for example), we can compute

pr(Mk|D) and approximate as:

pr(∆|D) =
∑

Mk∈S

pr(∆|Mk, D)pr(Mk|D), (3.40)

over the selected subset of models S rather than using the Monte Carlo estimate. In

the same fashion we can compute, say

E(∆|D) =
∑

Mk∈S

E(∆|Mk, D)pr(Mk|D) (3.41)

or expectation of any other quantity of interest. Note that sometimes we can use

the ML approximation for the posterior probability, essentially providing a link from

the fully Bayesian to semi-Bayesian model averaging (Volinsky et al., 1997).

pr(∆|Mk, D) ∼ pr(∆|Mk, θ̂k, D) (3.42)

In the semi-Bayesian approach, it is only the model space that is treated in a Bayesian

way. We can still use MCMC or Occam window to search for models and use BIC

approximation to the Bayes Factors (or some of its generalizations, see Smith and

Spiegelhalter, 1980; Noble, 2000) to obtain model weights over the set of the se-

lected models. (Note that the BIC does not require specifying the priors for the

model parameters.) Using the model weights, we can aggregate parameter estimates

and predictions obtained by applying classical methods to fitting these models. Av-

eraging parameter estimates across the model space can be interpreted as shrinking

estimates toward zero when the variable is not active in the majority of models. This

procedure sometimes generates criticism, as to its validity. It seems that combining,

say, regression coefficient for the same variable from different models is inappropri-

ate because they are adjusted for different predictors (Draper, 1995) and hence not

directly comparable. Hoeting et al. (1999), although defending the general weight-

ing approach, advises not to abuse it and apply it mostly to observables, such as

predicted future observations rather than to the individual coefficients. George and

McCulloch (1997) also do not advise to go any further in averaging than combining

predictions from different models using posterior model probabilities.
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3.4 A one step Bayesian lifetime value model

Methods for analyzing survival data often focus on modelling the hazard rate. The

most popular way of doing this is to use the Cox proportional hazards model (Cox,

1972) which allows different hazard rates for cases with different covariate vectors

and leaves the underlying common baseline hazard rate for subject i with covariate

vector Xi as specified in (5).

Since the integrals required for BMA do not have a closed-form solution for Cox

models, Raftery, Madigan and Volinsky (1995) and Volinsky et. al (1997) adopted a

number of approximations for Bayesian Model averaging. In particular it is possible

to use the MLE approximations,

p(∆|Mk, D) ≈ p(∆|Mk, β̂k, D), (3.43)

and the Laplace approximation,

log p(D|Mk) ≈ log p(D|β̂k,Mk) − dk log(n), (3.44)

where dk is the dimension of βk and n is usually taken to be the total number of

cases. This is the Bayesian Information Criterion (BIC) approximation. Volinsky et

al. (1997) provides evidence that n should be the total number of uncensored cases

(i.e. events), as we discussed in Section 5.3.

To implement BMA for Cox Models, we have followed Raftery et. al (1999) and

used an approach similar to the Occam’s window method, implemented in a set of R

routines allowed for Bayesian Model Averaging. To efficiently identify good models,

we adapt the ’leaps and bounds’ algorithm of Furnival and Wilson (1974) which

was originally created for linear regression model selection. The leaps and bounds

algorithm provides the top q models of each model size, where q is designated by the

user, plus the MLE β̂k, var(β̂k), and R2
k for each model Mk are returned. Lawless

and Singhal (1978) and Kuk (1984) provided a modified algorithm for no-normal

regression models that gives an approximate likelihood ratio test statistic and hence

an approximate BIC value. With BMA it is possible to have for each model a BIC,

the posterior probability and for each parameter the relative mean, the variance

and also the posterior probability that a Cox regression coefficient for a variable is

nonzero (’posterior effect probability’) as the sum of posterior probabilities of the

models which contain that variable.
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The posterior mean, follow Raftery et al. (1999) of a regression coefficient can be

shown to be:

θ̂BMA = EM (θ̂) =
K
∑

i=1

θ̂iP (Mi|D)

=

∑K
i=1 θ̂iP (Mi|D)

∑

i:θi∈Mi
P (Mi|D)

×
∑

i:θi∈Mi

P (Mi|D)

= E(θ̂|θi ∈Mi) × P (θ 6= 0), (3.45)

which is the conditional posterior mean of θ multiplied by its posterior probability.

Similarly, to calculate the variance of the regression coefficient, let pi = P (Mi|D)

and Vi = V ar(θ̂|Mi, D). Then:

V (θ̂) = E(θ̂2) − (
K
∑

i=1

piθ̂i)
2

=
K
∑

i=1

pi(Vi + θ2
i ) − (

K
∑

i=1

piθ̂i)
2

=
K
∑

i=1

piVi + [
K
∑

i=1

piθ̂
2
i − (

K
∑

i=1

piθ̂i)
2]

=
K
∑

i=1

piVi +
K
∑

i=1

pi(θ̂i −
K
∑

i=1

piθ̂i)
2, (3.46)

Note that the first term is the weighted variance over models, but the overall vari-

ance is affected by the second term, which depends on how stable the estimates

are across models. The more these estimates differ across models, the higher the

posterior variance. In this way the standard errors reported for variables directly

take into account model uncertainty.

Prior probabilities on both model space and parameter space are defined by this

procedure. All models are considered likely a priori by the leaps and bounds algo-

rithm. Using the BIC approximation to the integrated likelihood defines an implicit

prior on all the regression parameters, as described before.

When prior information about the importance of a variable is available for model

structures a prior probability for a model Mi can be specified as

p(Mi) =
p
∏

j=1

π
δij
j (1 − πj)

1−δij , (3.47)

where πj ∈ [0, 1] is the prior probability that βj 6= 0 in a regression model and δij is

an indicator of whether or not variable j is included in model Mi. Assigning πj = 0.5
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for all j corresponds to a uniform prior across model space, while πj < 0.5 for all j

imposes a penalty for large models. Using πj = 1 ensures that variable j is included

in all models.

This approach was used to specify model priors for variable selection in linear re-

gression in George and McCulloch (1993) and suggested for model priors for BMA

in Cox models by Raftery et al. (1999).

3.4.1 Bayesian lifetime value model adequacy

In order to evaluate model adequacy we now derive the BIC for censored survival

models.

When censoring is present it is unclear whether the penalty in BIC should use n,

the numbers of observations, or d, the number of events. When using the partial

likelihood (Cox, 1972) there are only as many terms in the partial likelihood as there

are events d. Kass and Wasserman (1995) indicate that the term used in the penalty

should be the rate at which the Hessian matrix of the log-likelihood function grows,

which suggest that d is the correct quantity to use. However, if we are to use a

revised version of BIC, it is important that the new criterion continue to have the

asymptotic properties that Kass and Wasserman derived.

In our proposal we use a revised BIC (Volinsky et al. 1999) with a slightly modified

outcome. Let us alter condition 3 to be:

−
1

d
D2l(θ̂ψ̂) − Iu(θ, ψ) = Op(n

− 1
2 ), (3.48)

where Iu(θ, ψ) is the expected Fisher information for one uncensored observation,

(the uncensored unit information). If this holds, then 3.37 is true, and the new BIC

(with d in the penalty) is an Op(n
− 1

2 ) approximation to twice the Bayes factor where

the prior variance on θ is now equal to the inverse of the uncensored unit information.

By using d in the penalty instead of n, it can be shown that this asymptotic result

holds, the only difference being in the implicit prior on the parameter. Indeed

(Kass and Wasserman, 1995) argue that under null orthogonality and independent

censoring, equation (3.37) holds for Cox models when d is used in the penalty for

BIC, and the Normal overall unit information prior is used.
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3.4.2 Bayesian lifetime value variable selection

When BMA is applied to the subset selection problem, its output can be used to

rank the variables in order of their importance so as to obtain a single model in-

cluding the best variables, if needed. This procedure was singled out as Bayesian

Variable Assessment (BVA, the term seems to be first used in Meyer and Wilkinson,

1998) and it produces variable activation probabilities (weights), obtained by simply

averaging out the posterior model probabilities into a variable weight over the set of

models were it is present.

When the predictors are orthogonal, Clyde (1999) and Clyde et al. (1996) showed

how to directly obtain the exact or approximate posterior probabilities for variables

to be included in the model. These activation probabilities, if known before the

model search, can be used in MCMC as proposal probabilities. The posterior ef-

fect probabilities, pr(β 6= 0|D) can be compared to the classical P − value. Also

P − values cannot distinguish between the situation when we fail to reject the null

hypothesis because of insufficient data and when the data actually provide evidence

for H0 (Hoeting et al., 1999). The authors in Hoeting et al. (1999) speculate that

their posterior effect probabilities can be associated with scientific significance, as

opposed to statistical significance which can sometimes lead to false conclusions.

Finally, we can use variable assessment for building a single model that includes

only top variables according to their weights. Such a single model approach would

certainly violate the philosophy of BMA, however it can be thought of as one of

it possible outputs. A more subjective interpretation of the model parameters and

the associated effect probabilities was proposed in Mitchell and Beauchamp (1988),

Geweke (1996), Laud and Ibrahim (1995, 1996). In their approach, there is not

much physical meaning that can be ascribed to the model parameters, only observ-

able quantities are interpretable. According to Mitchell and Beauchamp (1988), the

prior probability, pr(βi 6= 0) represents the proportion of credible experts who would

include the variable in the model. The predictive approach to BMA is also inherent

in Clyde et al. (1996), since the parameters associated with their orthogonalized

predictors clearly do not carry much physical meaning.
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3.5 Application of Lifetime Value Models

Our case study concerns a media service company. For non disclosure reasons in

this paper we cannot give accurate statements and information about the company

whose data we have analysed; we shall instead use general statements and normalised

figures; the company will be referred to as ’the company’.

The main objective of such a company is to maintain its customers, in an increasingly

competitive market, to evaluate the lifetime value of such customers, to carefully

design appropriate marketing actions. The company is such that most of its sales

of services are arranged through a yearly contract, which allows buying different

’packages’ of services at different costs. The contract of each customer with the

company is thus renewed yearly. If the client does not withdraw, the contract is

renewed automatically. Otherwise the client churns. In the company there are three

types of churn events: people that withdraw from their contract in due time (i.e.

less than 60 days before the due date); people that withdraw from their contracts

overtime (i.e. more than 60 days before the due date); people that withdraw without

giving notice, as is the case of bad payers. Correspondingly, the company assigns

two different churn states: an ’EXIT’ state to the first two classes of customers; and

a ’SUSPENSION’ state to the third.

Concerning the causes of churn, it is possible to identify a number of components

that can generate such behaviour:

• A static component, determined by the characteristics of the customers and

the type/subject of contracts;

• A dynamic component, that encloses trend and the contacts of the clients with

the call center of the company;

• A seasonal part, tied to the period of subscription of the contract;

• External factors, that include the course of the markets and of the competitors.

Currently the company uses a classification tree model that gives, for each customer,

a probability of churn (score). The goal for the company is to identify customers

that are likely to leave and join a competitor.

In business terms, predictive accuracy means being able to identify correctly those
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individuals who will become really churner during the valuation phase (correct iden-

tification). Evaluation can be made using a confusion, or cross validation matrix.

Static models, such as classification trees, show an excessive influence of the contract

deadline. For instance, the two types of trees (CART and Chaid) that we have built

predict that 0.90 of customers whose deadline is in April is at risk. If we consider

that the variable target was built gathering data of February, the customers whose

term is in April and have to regularly unsubscribe within the 60 days allowed, must

become EXIT in February. Therefore, despite their good predictive capability, these

models are useless for marketing actions, as a very simple model based on customer’s

deadlines will perform as well. The use of new methods is therefore necessary to

obtain a predictive tool which is able to consider the fact that churn can be observed

in different time periods, that is, ordered in calendar time.

The previous consideration gives the first reason why we decided to look for novel

and different methodologies to predict churn.

We now turn our attention towards the application of the presented methodologies

for modelling survival risk and to estimate the Lifetime value. In our case study

the risk concerns the value that derives from the loss of a customer. The objective

is to determine which combination of covariates affect the risk function, studying

specifically the characteristics and the relation with the probability of survival for

each customer. Our analysis is performed on the whole data sample.

3.5.1 The available data

The data set contains for each row a customer (ID) and each column represents a

covariate (contract duration, sex, age,...). In particular, the data available for our

analysis contains information that can affect the distribution of the event time, such

as demographic variables, variables about the contract, the payment, the contacts

and geomarketing. The only binary response variable, used as a dependent variable

to build predictive models, includes two different types of customers: those who

during the survey are active and those, instead, who regularly cancelled their sub-

scription (EXIT status).

We remark that, due to the different time nature of the withdrawal, SUSPENSION

status customers, who have not paid the subscription, although not cancelled, cannot

be simply included in a classical analysis but, rather, require a specific treatment,
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as in the survival analysis context. We remark that the target variable has been

observed 3 months after the extraction of the data set used for the model imple-

mentation phase, in order to verify correctly the effectiveness and predictive power

of the models themselves. We have available 606 variables and a sample of 3500

observations (customers), extracted from the company database.

Concerning explanatory variables, the available variables employed were taken from

different databases used inside the company, which contained, respectively: socio-

demographic information about the customers; information about their contractual

situation and about its changes in time; information about contacting the customers

(through the call centre, promotion campaigns, etc) and, finally, geo-marketing in-

formation (divided into census, municipalities and larger geographical sections in-

formation).

The variables regarding customers contain demographic information (age, gender,

marital status, location, number of children, job and degree) and other information

about customer descriptive characteristics: hobbies, pc possession at home, address

changes.

The variables regarding the contract contain information about its chronology (sign-

ing date and starting date, time left before expiration date), its value (fees and

options) at the beginning and at the end of the survey period, about equipments

needed to use services (if they are rented, leased or purchased by the customer) and

binary variables which indicate if the customer has already had an active, cancelled

or suspended contract. There are also information about invoicing (invoice amount

compared to different period of time - 2, 4, 8, 12 months).

The variables regarding payment conditions include information about the type of

payment of the monthly subscription (postal bulletin, account charge, credit card),

as well as other info about the changes of the type of payment. The data set used

for the analysis also includes variables which give info about the type of the services

bought, about the purchased options, and about specific ad-hoc purchases, such as

number and total amount of specific purchases during the last month and the last 2

months.

The variables regarding contacts with the customer contain information about any

type of contact between the customer and the company (mostly through calls to

the call centre). They include many types of calling categories (and relatives sub-
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categories). They also include information about the number of questions made by

every customer and temporal information, such as the number of calls made during

the last month, the last two months and so on.

Finally, geomarketing variables are present at large, and a great amount of work has

involved their pre-processing and definition.

Regardless of their provenience, all variables have gone through a pre-processing fea-

ture selection step aimed at reducing their very large number (equal to 606). Such

step has been performed using a combination of wrapping and filter techniques,

going from dimensionality reduction to association measure ranking.

3.5.2 Classical Survival analysis

In order to build a survival analysis model, we have constructed two variables: one

variable of status (that distinguishes between active and non active customers) and

one of duration (indicator of customer seniority) . The first step in the analysis of

survival data consists in a plot of the survival function and of the hazard.

We now consider the application of the Kaplan Meier estimator to our data. Figure

3.1 shows the estimated survival function. From Figure 3.1 note that the survival

 

Figure 3.1: Descriptive Survival function

function has varying slopes, corresponding to different periods. When the curve

decreases rapidly we have time periods with high churn rates; when the curve de-
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creases softly we have periods of ’loyalty’. We remark that the final jump is due to

a distortion caused by a few data, in the tail of the lifecycle distribution.

In Figure 3.2 we show the hazard function, that shows how the instantaneous risk

rate varies in time. From Figure 3.2 we note two peaks, corresponding to months

 

Figure 3.2: Hazard function

4 and 12, the most risky ones. Note that the risk rate is otherwise kept almost

constant along the lifecycle. Of course there is a peak in the end, corresponding to

what observed in Figure 3.1.

A very useful information, in business terms, is the calculation of the life expectancy

of the customers. This can be obtained as a sum over all observed event times:

T
∑

j=1

Ŝ(tj) × (tj − tj−1), (3.49)

where Ŝ(tj) is the estimate of the survival function at the j-th event time, obtained

using the Kaplan Meier method, and t is a duration indicator. We remark that life

expectancy tends to be underestimated if most observed event types are censored

(i.e., no more observable).

We now move to the building of a full predictive model. We have chosen to implement

first the classical Cox’s model. The number of variables available is 606. The result,

following a stepwise model selection procedure, is a set of about twenty explanatory

variables. Such variables can be grouped in three main categories, according to the

sign of their association with the churn rate, represented by the hazard ratio:
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• variables that show a positive association (e.g. wealth of the geographic re-

gions, the quality of the call center service, the sales channel)

• variables that show a negative association (e.g. number of technical problems,

cost of service bought and payment method)

• variables that have no association (e.g. equipment rental cost, age of customer,

number of family components).

To better interpret the previous associations we have considered the values of the

hazard ratio under different covariate values. For example, for the variable indicating

number of technical problems we have compared the hazard function for those that

have called at least once with those that have not made such calls. As the resulting

ratio turns out to be equal to 0.849, the risk of becoming churner is lower for ”callers”

than for ”non callers”.

A very important remark is that Cox model generates survival functions that are

adjusted for covariate values. More precisely, the survival function is computed

according to the following:

S(t,X) = S0(t)exp(
p
∑

i=1

βiXi), (3.50)

Figure 3.3 shows a comparison between the survival curve obtained without covari-

ates and the same curve adjusted for the presence of covariates. Figure 3.3 shows

 

Figure 3.3: Comparison between survival functions
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that covariates affect considerably survival times: up to two years of lifetime, the

Cox survival curve (described by the symbols ’+’) is greater with respect to the base-

line (described by the continuous curve). After such period the survival probability

declines abruptly and turns out to be much lower for the remaining lifespan. We

remark that, once a Cox model has been fitted, it is advisable to produce diagnostic

statistics, based on the analysis of residuals, to verify if the hypotheses underlying

the model are correct. In our case they were found to be correct, so we could proceed

with predictive modelling. A further advantage of the survival analysis approach lies

in its immediate translation in terms of lifetime value analysis, as we shall see in the

next subsection.

3.5.3 Estimation of customer lifetime value

We now employ the results from survival analysis modelling to create models that

allow to estimate the lifetime value of each customer, or, in a perhaps more useful

aggregated analysis, for each segment of customers. In other words, survival analysis

is useful to quantify, in precise monetary terms, how much is gained or how much

is lost by moving through different strata corresponding to different survival curves.

For instance ,how much is gained/lost if 0.08 of the clients, say, switch from buying

service A to buying service B. Or, similarly, the relative gains when a certain per-

centage of clients change method of payment (e.g. moving between banking account,

credit card and postal order).

In order to quantify gains and losses, a simple measure is to calculate the area be-

tween the two corresponding survival curves, as shown in Figure 3.4 below. Suppose

the two survival curves correspond to two different services bought, say black and

grey, corresponding to the colours of the two curves. In order to determine exactly

the area in Figure 3.4 we need to specify a temporal period ahead, e.g. 13. In

Figure 3.4, the difference between survival probabilities after 13 months of life of

the customers (e.g. 13 months since the first contact), is equal to 0.078. This value

should be multiplied by the difference in business margin between the two methods

of payment, as given, for example, by the difference in costs. Such costs can be

described by a gain table as in Table 3.1. From Table 3.1, a value of A is the relative

gain if the client switches from PO to CC and, similarly, B and C corresponds to

relative gains switching from PO to RID, and CC to RID where PO = postal order,
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Figure 3.4: Evaluation of gain/losses by comparing survival curves

PO CC RID

PO A B

CC C

RID

Table 3.1: Relative gains between different methods of payment
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CC= payment through credit card, RID= payment through banking account.

In terms of Figure 3.4, if we assume that we start with an acquired client base

of 1000 customers in both categories (product black buyers and product grey buy-

ers), the results say that, after 13 months we will remain with 934 black and 856

grey. If the finance department tell us that product black is worth 10 euros and

product grey 20 euros we have that, after 13 months, we lose 660 euros for black

churners and 2880 for grey churners. In other words, the priority of the marketing

department should be to build targeted campaigns for grey product clients. From a

different perspective, if black and grey correspond to two different selling channels

of the same product, or to two different geographical areas, it is clear that the black

channel (or area) is much wiser in terms of customer retention. Often promotional

campaigns are conducted looking only at increasing the customer base. Our results

show that the number of captured clients should be traded with their survival or,

better, lifetime value profile.

3.6 Application of Bayesian lifetime value models

3.6.1 Two step models lifetime value

We now proceed with Bayesian modelling, in a two step context. Firstly we apply

the two step method explained in Section 3.1 to select variables. We have written a

new R function to evaluate, for each covariate, a measure of importance. We report

the results in Table 3.2 for the most important variables. It is possible to see that the

most important variables to explain churn, are about information on disconnection,

decoder rental , payment method, promotions, sale channel and contact with the

call center.

After feature selection we used BUGS to implement a Bayesian counting process

model. Given the model assumptions, this program performs the Gibbs sampler

by simulating from the full conditional distribution. Table 3.3 shows the results.

In particular for each covariate selected by our Bayesian feature selection approach

we calculate, for each parameter, the mean , the standard deviation, the Markov

Chain Monte Carlo error, the median and the Bayesian confidence interval. We

have estimated our models with different MCMC chains. The most stable result is

with 10000 iterations and 500 iteration as a burn-in. We have also used the idea
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V ariable p(y|g) p(g|y)

β info disconnection 0.2451 0.0472

β2 decoder sold 0.2452 0.0472

β3 decoder rental 0.2466 0.0475

β4 payment credit card 0.2497 0.0481

β5 promotion 0.2514 0.0484

β6 channel of sell 0.2588 0.0491

β7 ex decoder rental 0.2521 0.0488

β8 special offers 0.2835 0.0546

Table 3.2: Two step model: the most important variables

V ariable Mean Sd MCerror 0.25 Median 0.975

β 0.7769 0.2123 0.00139 0.3547 0.7831 1.162

β2 -1.632 2.223 0.08101 -5.938 -1.688 3.186

β3 -1.731 0.6359 0.0308 -2.991 -1.718 -0.4818

β4 -2.203 0.8412 0.04174 -3.715 -2.25 -0.3793

β5 -1.368 0.6166 0.02468 -2.514 -1.396 -0.1127

β6 -0.7287 1.626 0.09111 -3.206 -0.9579 3.382

β7 -1.494 0.6678 0.02963 -2.845 -1.48 -0.215

β8 0.67 2.141 0.1202 -3.957 0.6207 4.817

Table 3.3: Two step model: parameter estimation from the Bayesian Cox Model
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of parallel multiple chains to check the convergence of the Gibbs sampler, following

Gelman and Rubin (1992b). In particular, to generate the Gibbs posterior samples,

we have used three parallel chains. Monitoring convergence of the chains, has been

done via the Brooks and Gelman (1998) convergence-diagnostic-graph. Inspection

of the Brooks and Gelman’s diagnostic graphs for the most important covariates

(Figure 3.5 and 3.6), show that BGR (Brooks and Gelman Ratio) converges to one,

this show that convergence is archived for the two most important variables. We

remark that this result is archived for all covariates in the model.

For each of the 3 chains BUGS depicts estimated parameters as a function of the

iteration number. As is well known the BUGS software offers also a graph of the

Figure 3.5: BGR for information on disconnection

autocorrelation function (ACF); the autocorrelation plot illustrates dependence be-

tween subsequent simulated observations. In our case, the ACF indicate fairly rapid

mixing and thus good convergence of the parameter space with a reasonably small

number of iterations. They are suppressed in this talk for lack of space. We also

remark that for the model in Table 3.3, the estimated correlations between param-

eters that are quite low.

In order to compare classical and Bayesian Cox models we have developed model

comparison. The results are shown in Table 3.4. In Table 3.4 the first column is the

variable, the second and the third are the estimated mean and standard deviation in

the Bayesian model and the last two columns are relative to the classical estimation

for each variable, reporting the parameter MLE, the standard deviation and the
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Figure 3.6: BGR for method of payment

V ariable Mean Sd Estimate Sd p− value

β 0.7769 0.2123 0.9396 0.2052 0.0001

β2 -1.632 2.223 -1.4215 0.2647 0.0001

β3 -1.731 0.6359 0.1164 0.1159 0.3155

β4 -2.203 0.8412 0.2396 0.1356 0.0772

β5 -1.368 0.6166 -0.8086 0.1510 0.0001

β6 -0.7287 1.626 1.9636 0.1748 0.0001

β7 -1.494 0.6678 -0.3392 0.1542 0.0278

β8 0.67 2.141 1.0876 0.1206 0.0001

Table 3.4: Comparison of estimates from classical and Bayesian Cox model
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p-value. As it is possible to see from the p-value, the variables β3, β4 and β7 are

equal to zero. The parameters β3, β4 and β6 have different estimation in the two

approaches. The BIC for the Bayesian Cox model is equal to 6583.411 and for the

classical semi-parametric Cox model is equal to 6165.974. In particular, in Table 3.4,

the variance of the estimates is quite high in the Bayesian model. To demonstrate

the consistency of our proposed method for feature selection we next compare the

previous results with the results from the one step approach.

3.6.2 One step models

We now study the application of Bayesian Model Averaging to our dataset. For

computational reasons we have preselected 25 covariates which correspond to those

that would be selected in a classical model selection step. We remark that six vari-

ables selected with the method described before are included.

First we use a full set of 25 covariates and after we compare the feature selection

obtained from BMA with our proposed approach. We recall that there are 225 possi-

ble models; we fit all the models and averaged over them to get parameter estimates

and posterior probabilities of the parameters. Table 3.5 shows the top 3 models.

Note that such models include 0.90 of the overall posterior probability, so that no

much information is lost by reducing the model space. Table 3.5 shows the Bayesian

model averaging computation for the covariates selected by our approach. From

Table 3.6 we can see the posterior probabilities for each model and the number of

selected variables for each model. From Table 3.7 we can see the posterior prob-

abilities for each model and the number of selected variables for each model after

the feature selection process. It can be seen that the estimation of the parameters

is quite stable, as it does not vary too much with the variable selection procedure.

To improve the previous results in the following parts of the talk we focus on more

evoluted and more realistic Cox models, on which we shall apply our proposal BMA

procedure. The results from the application of such models will be presented in the

next chapter.
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V ariable p EV Model1 Model2 Model3

info activation 100 1.0783 1.1152 1.0793 1.0826

info administrative 100 1.5323 1.5274 1.5343 1.5134

β info disconnection 100 0.8512 0.8640 0.8596 0.8703

technical problem 100 -0.5071 -0.5159 -0.5098 -0.5078

β5 promotion 100 -0.8985 -0.8963 -0.8920 -0.8749

β6 channel of sell 100 1.6203 1.6415 1.6243 1.6220

β4 payment with credit card 100 -0.6285 -0.6356 -0.6223 -0.6435

geographical area 100 0.3976 0.3991 0.3899 0.4154

β8 special offers 100 3.1730 3.1294 3.1790 3.1676

β7 ex decoder rental 100 -2.1571 -2.7982 -1.6625 -2.8616

β3 decoder rental 50.1 -0.6230 -1.3120 . -1.3717

β2 decoder sold 59.7 -0.3894 -0.9544 . -1.0077

βi ... ... ... ... . ...

Table 3.5: One step model: Bayesian Model averaging results

Model PosteriorProbability nV ar

Model1 0.299 18

Model2 0.166 16

Model3 0.150 17

Model4 0.148 16

Model5 0.139 15

Table 3.6: One step model: the best 5 models

Model PosteriorProbability nV ar

Model1 0.456 5

Model2 0.395 6

Model3 0.071 6

Model4 0.054 7

Model5 0.023 6

Table 3.7: One step model: the best 5 models after feature selection
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Chapter 4

Stratified lifetime value models

The purpose of this chapter is to test the hypothesis whether identical regression

models are appropriate for different groups, that is, whether the relationships be-

tween the independent variables and survival are identical in different groups. To

perform a stratified analysis, one must first fit the respective regression model sepa-

rately within each group. In this chapter we propose a set of Bayesian methods and

models to improve the results in the previous chapter. We shall propose Stratified

One step models and Bayesian penalized models.

4.1 Improving Cox Models

In this Section we present a number of issues that can make the Cox model, more

general and realistic. Such issues will be the basis, together with penalized meth-

ods, for our results on Bayesian Stratified models that will be presented in Section

4.5. Cox model has become the most used procedure for modelling the relationship

of covariates to a survival or other censored outcomes (Therneau et al., 2000). Its

form is flexible enough to allow time-dependent covariates as well as frailty terms

and stratification. It has some restrictions. One of the restrictions to using the Cox

model with time fixed covariates is its proportional hazards (PH) assumption, that

is, that the hazard ratio between two sets of covariates has to be constant over time

(this is due to the common baseline hazard function cancelling out in the ratio of

the two hazards).

Thus, for fixed-time covariates, the exponent of a coefficient describes the relative

change in the baseline hazard due to that covariate. The baseline hazard is typically
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CHAPTER 4. Stratified lifetime value models

considered a ’nuisance parameter’ and estimation of β is done by maximizing a pro-

file likelihood with λ0(t) being substituted for an expression involving β and x, as

well as the times at which failures occurred (Klein and Moeschberger, 1997). This

expression is called the profile maximum likelihood estimate of λ0(t). The likelihood

with λ0(t) ’profiled out’ is called the partial likelihood by Cox (1972). For fixed-time

covariates and independent observations, the partial likelihood is shown in equation

2.41. The value of β that that maximizes equation 2.41 is called the maximum par-

tial likelihood estimate (MPLE). Typically in real applications it is not so easy to

proof that the assumption for the Cox Model holds.

Now we review tools available to assess whether hazards can be considered propor-

tional (PH assumption) across all covariates.

For binary covariates, as in our case, a comparison of nonparametric survival curve

estimates may be sufficient to decide on PH because if the hazards were propor-

tional, the survival curves for the two conditions would separate exponentially, and

the two curves would not cross each other. Non-PH would imply that the relative

risk changes over time for subjects who churn versus subjects who do not churn dur-

ing the temporal period of study. For continuous covariates it is not sufficient to rely

only on stratified survival estimates to assess PH because the choice of stratification

points is subjective.

In this case an alternative is via the use of time-varying coefficients. That is, one

or more coefficients multiplying their respective covariates varies with time. If the

coefficient multiplying a covariate is not constant over time, then the impact of that

covariate on the hazard varies over time, leading to non-PH. If PH holds, a plot

of the coefficient versus time will be a horizontal line. Therefore, we can perform

formal tests for specific forms of departure from PH. To illustrate formal tests of

time-varying coefficients, we first describe the Schoenfeld residual, using the nota-

tion of Therneau et al. (2000).

Let t1, ..., td be the d unique ordered event times, and let Xi(s) be the p×1 covariate

vector for the i− th individual at time s. For time-fixed covariates, this is just Xi.

Also, define the ’weighted mean’ of the Xi(s) over those still at risk at time s as:

x(β̂, s) =

∑

Yi(s)exp(Xi(s)β̂)Xi(s)
∑

Yi(s)exp(Xi(s)β̂)
, (4.1)
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4.1. Improving Cox Models

where Yi(s) is is the predictable variation process indicating whether observation i is

at risk at time s, so that Yi(s) = 1 if observation i is still at risk at time s and is zero

otherwise. The estimate β̂ comes from fitting a Cox PH model. Then, a Schoenfeld

residual is a p× 1 vector that is defined at the k − th event time as:

sk =

∫ tk

tk−1

∑

i

[

Xi(s) − x(β̂, s)
]

dNi(s), (4.2)

where Ni(s) is a counting process that counts the number of events for observation i

at time s. Thus, sk sums the quantities Xi(tk)−x(β̂, tk) over observations that have

experienced the event by time tk. With no tied event times, the k − th Schoenfeld

residual is the sum of contributions to the derivative of the log partial likelihood by

subjects who have experienced events by tk (Hosmer and Lemeshow, 1999).

A scaled Schoenfeld residual is equation 4.2 divided by an estimate of its standard

deviation. Grambsch et al. (2000) show that the standard deviation is the square

root of the weighted variance of Xi(s) at time s. The scaled Schoenfeld residuals

are used in a test of proportional hazards. For the j − th covariate, Grambsch and

Therneau (2000) express a time-varying coefficient as:

βj(t) = βj + γjgj(t), (4.3)

where gj(t) is a specific function of time. They show that the scaled Schoenfeld resid-

uals have, for the j-th covariate, a mean at time t of approximately γjgj(t). Thus,

a plot of the scaled Schoenfeld residuals by the event times may assess whether the

coefficient γj is zero or not, and what the function gj(t) might be. A linear regression

line can also be fitted to the plot along with a test for zero slope. A nonzero slope

is evidence against PH.

As an alternative method of plotting, we can add the estimate of the regression

coefficient to the scaled Schoenfeld residual to get a plot of the regression coefficient

by time. We have done this, for our media company data, in Figure 4.1. Figure

4.1 shows scatter plots of the scaled Schoenfeld residuals by time for each single

covariate from a classical Cox model. The smoothed curve in the plot is a natural

spline with four degrees of freedom. The curve gives an indication of the path of

the regression coefficient for that covariate by time. Ninety-five percent confidence

bands are also given by dotted lines, using the variance of the estimated spline curve

(Grambsch et al., 2000). The horizontal line is the estimate of the coefficient from
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Figure 4.1: Shoenfeld residuals for company history

the Cox model. Figure 4.1 indicates a small changing effect on the hazard, and it is

significantly linear at the 0.05 level. We can also use monotonic functions of time

g(t), such a log(t), on the abscissa. Other specifications for g(t) lead to various

tests for PH in the literature. See Grambsch et al. (2000) for details. We tried the

transformation g(t) = log(t).

Time transformations that are less influenced by outliers include rank time and the

Kaplan-Meier (KM) transformation gj(t) = 1− Ŝ(t) where Ŝ(t) is the KM estimate

(Grambsch et al., 2000). Alternatively, we might use a rank correlation test or just

rely on the smoothed spline fits to the scatter plots as a way to visualize non-PH,

especially if a nonlinear trend were suspected. There is also a limitation in the form

of non-PH detected by scaled Schoenfeld residuals. Complicated forms of non-PH

that involve interactions between covariates and time-dependent coefficients (e.g., a

different coefficient function for each value or set of values of a covariate) cannot

readily be detected unless we suspect them and construct a Schoenfeld plot for that

subset of values. It is possible that evidence of time-varying coefficients appears

because of other causes instead of non-PH.
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Grambsch et al. (2000) list some of these reasons, including omitted covariates and

incorrect functional forms for covariates. Omitted covariates are always a possibil-

ity and can cause non-PH (Grambsch et al., 2000). The addition of a frailty term

may account for unmodeled covariates. We briefly discuss this issue later when we

mention frailty models. For some other variables, as shown in Figure 4.2, there is

much evidence on violation in PH. Other two tests that we can introduce are the

Figure 4.2: Shoenfeld residuals for administrative esigence

Andersen plot (Andersen et al. 1982, Klein and Moeschberger, 1997) and the Arjas

plot. Based on the above assessments, we can conclude that, for our application the

hazard rate may not be proportional over time across categories of some covariates.

Specifically, the effects of covariates on the hazard rate may change over time.

There are several options for attempting to correct non-PH or to be used as alterna-

tives to a PH model. An option is to use an accelerated failure time (AFT) model.

Grambsch et al. (2000) show these models can be detected by the time-varying

coefficient tests mentioned in this section.

AFT models are most appropriate in settings in which the time scale of the hazard

function is either slower or faster (multiplicatively) than the time scale on which the

measurements are made, as the covariates act by expanding or contracting time by
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a factor exp(Xβ).

Another alternative, is to stratify the model across levels of one or more covariates,

leading to a stratified cox model, as will be shown in the next Section.

4.2 Stratified fixed effects Cox models

The Cox model can be extended to account for stratification. When a factor does

not affect the hazard multiplicatively, stratification may be useful in model building.

The strata divide the subjects into disjoint groups, each of which has a distinct

(arbitrary) baseline hazard function but common values for the covariate dependent

hazard (Grambsch et al., 2000). The hazard function for an individual i who belongs

to stratum k is then

λ(t;xi) = λk(t)exp(x
′
iβ), (4.4)

Typically, strata are naturally defined within the context of the problem. For exam-

ple, in medical research, multi-center clinical trials typically stratify on the clinic in

which they are conducted (Grambsch et al., 2000).

The stratified Cox model allows a deviation from proportional hazards, and as such

provides an alternative to the assumption of proportional hazards. The hazard func-

tions for two different strata do not have to be proportional to one another. However,

within a stratum, proportional hazards are assumed to hold. We take advantage of

this use of stratification for our data.

The partial likelihood for stratified Cox models with K strata becomes a product of

K terms, but where i ranges over only the subjects in stratum k, k = 1, ...,K.

Stratification entails fitting separate baseline hazard functions across strata. A base-

line hazard function represents the hazard rate over time for an individual with all

modelled covariates set to zero. With a stratified Cox model, a proportional haz-

ards structure does not necessarily hold for the combined data, but is assumed to

hold within each stratum. However, the coefficients on the included covariates are

common across strata so that the relative effect of each predictor is the same across

strata, unless there is a significant strata-by-covariate interaction, which means that

the effect of the covariate differs within strata.

The estimated coefficients of a stratified Cox model are computed using the entire

data set. One disadvantage of using a stratified model is that an effect of the strat-
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ification covariate cannot be estimated in the model, at least in the usual sense

of a coefficient estimate. This is a limitation if the stratification covariate is not

merely a ’nuisance’ variable that is recorded, but is of no substantive interest for the

study (e.g., the clinic or hospital name at which recordings were made). However,

if a model has been stratified on an important continuous variable that has been

categorized, it is possible to also include the continuous variable in the model and

thus estimate a relative effect for that covariate. The relative effect of the covariate

is assumed to be the same within each stratum. In addition, the baseline hazard

function within each stratum can also be estimated using; for example, Breslow’s

estimate.

For the stratified cox model it is possible to compute model diagnostics as for Pro-

portional Hazard Cox Model, (see e.g.Grambsch et al., 2000). A formal test of overall

goodness-of-fit for stratified Cox model was proposed by Parzen and Lipsitz (1999)

and independently by May and Hosmer (1998). The test compares observed and

(model-based) expected numbers of events within covariate risk groups and com-

putes a chi-square test. The covariate regions are defined by predicted risk scores,

ψ̂i = exp(x′iβ̂), where β̂ is the MPLE (Maximum Partial Likelihood Estimate) from

the fit of a Cox model. The cut-points of, say, G regions are defined by percentiles

of the ψ̂i values, called percentiles of risk, such that each category ideally contains

roughly the same number of observations. Each observation is classified into one of

these G categories depending on its risk score, and (G-1) dummy variables are intro-

duced into the Cox model. The score test of the resulting set of (G -1) coefficients

constitutes a significance test for overall fit of the Cox model. Sample size guidelines

given by Parzen and Lipsitz (1999) follow those for general chi-square tests: in order

for the score test to reliably have an approximate chi-square distribution, at least

0.8 of the categories must have estimated expected count of at least five and all

estimated expected counts should exceed one.

In our case, expected counts were estimated using the estimated asymptotic mar-

tingale residuals from the Cox model fit. The sum of the observed number of events

minus the sum of the estimated martingale residuals within each category give the

estimated expected count for that category (Parzen and Lipsitz, 1999) or (May and

Hosmer, 1998). Parzen and Lipsitz (1999) mention in passing that their test can

be used as a formal test for PH by using time intervals as well as risk groups to
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divide the observations. However, in our experience this version of the test was very

difficult to use correctly if we obeyed the sample size recommendations because it

involved arbitrary decisions about the partitioning of the time-by-covariate space.

4.3 Bayesian stratified fixed effects Cox models

We now propose a Bayesian extension of the classical stratified Cox model as follow.

We start with the Stratified Cox Model:

hi(t) = h0i(t)exp(β
′x), (4.5)

Stratum-specific baseline hazards, h0i(t) are assumed to be drawn from a Weibull

family:

h0i(t) = ρit
ρi−1exp(ρiβ0i),

We assume that the parameters of the model are: β1,β0, ρi where β0i has a prior

N(µ0, σ
2
0), µ0 is a flat prior and σ2

0 an Inverse Gamma with specific value of parameter

(e.g. 3,0.5).

We remark that ρi is a unit-specific shape parameter. In particular, if ρi > 1 there

is an increasing hazard, ρi ∼ Ga(α, α−1), with α ∼ Ga(c, d). In our case we have

chosen c=3, d=10. The posterior distribution function of the coefficients can be

derived via Gibbs Sampling.

4.4 Efficiency of Partial Likelihood methods

An important question that has not been discussed so far concerns the efficiency

of the partial likelihood procedures. If for example, the data arise from a Weibull

hazard function for T , given x, of the form h(t|x) = λαtα−1exβ , then β can be

estimated by standard parametric methods, as can the underlying hazard function

h0(t) = λαtα−1.

Therefore, if the partial likelihood is used to estimate β, some loss of information

results from neglecting a portion of the available data. The crucial question is

whether this loss of information is substantial. The issue of efficiency of the partial

likelihood procedures has been examined by several authors: it appears that the

efficiency is high when the underlying model truly obeys the proportional hazard
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assumption and |β| is not too large. This is an important result, because the partial

likelihood methods are more robust than methods based on a specific parametric

model.

Investigation of the efficiency of partial likelihood methods for β in anything but

simple situation is difficult and must be done by simulation to a large extent.

To exemplify the problem, suppose that the data arise from a model with continuous

hazard function:

h(t|x) = h0(t; θ)e
xβ , (4.6)

where h0(t; θ) is some specified underlying hazard function involving a vector θ of

unknown parameters. Given a censored sample involving observations on n individ-

uals, assume that the likelihood function is of the usual form:

L1(β, θ) =
n
∏

i=1

[

h0(ti; θ)e
xiβexp

(

−

∫ ti

0
h0(u; θ)e

xiβdu

)]δi

×

[

exp

(

−

∫ ti

0
h0(u; θ)e

xiβdu

)]1−δi

, (4.7)

where ti is a lifetime or censoring time and δi = 1 or 0 according to whether ti is the

former or the latter. Let us denote the expected information matrix arising from

L1(β, θ) as I:

I =







I11 I12

I21 I22







where I11 = E
{

−d2log L1
dβdβ

}

, I12 = E
{

−d2log L1
dβdθ

}

, I21 = E
{

−d2log L1
dθdβ

}

and

I22 = E
{

−d2log L1
dθdθ

}

.

Let β̂ be the m.l.e of β obtained by maximizing L1(β, θ); the asymptotic covariance

matrix for β̂ is the upper p × p principal sub-matrix of I−1, which is V1 = (I11 −

I12I
−1
22 I21)

−1.

The partial likelihood in this situation is:

L2(β) =
K
∏

i=1

(

exiβ

∑

l∈Ri
exlβ

)

, (4.8)

where t1 < ... < tk are the distinct observed lifetimes in the sample and Ri is the

risk set at ti. The expected information matrix based L2(β) is the p× p matrix:

I2 =

[

E

(

−d2logL2

dβrdβt

)]

, (4.9)
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Under suitable conditions the estimate β̃ of β obtained by maximizing L2(β) is

asymptotically normal, with covariance matrix V2 = I−1
2 . The asymptotic efficiency

of β̃ relative to β̂ can be obtained by comparing V1 and V2.

Computation of V2 is however very difficult, and calculation of V1 can also be difficult

unless the censoring mechanism is a simple one. Thus even asymptotic results are

hard to obtain and it is thus necessary to resort to simulation. Efron (1977) manages

to obtain some general results by comparing V1 and V2 in a large class of models and

reaches some fairly general conclusions. Along with results for some specific models

mentioned below, that gives at least a broad impression of the efficiency properties

of the partial likelihood methods.

The main general results (Efron, 1977) is that for certain types of models the partial

likelihood m.l.e. β̃ is asymptotically fully efficient. This result is of limited direct

use, since most realistic models are only approximated by a model of the type that

Efron considers, though it does suggest that the efficiency of the partial likelihood

procedures will be high in many instances. Other results indicate this is true in

a few fairly simple models. For instance, Kalbfleisch(1978), Hensler et al.(1977),

Efron(1977), Oakes(1977) all consider the case of an underlying exponential distri-

bution, where h0(t) is constant, as in Section 1. In this case, when there is a single

regressor variable and no censoring, the partial likelihood procedures are asymptot-

ically fully efficient.

When there is censoring the efficiency falls off somewhat, but the loss does not ap-

pear to be great. In particular, papers have investigated the two-sample problem

and find that the partial likelihood method is still asymptotically fully efficient at

β = 0 if there is a common censoring time distribution in the two populations but

there is a loss of efficiency when censoring time distribution are different.

Similar efficiencies appear to be obtained with more than one regressor variable and

under other common proportional hazards models, though this has not been very

thoroughly investigated. Peace and Flora (1978) report results of a small simula-

tion study involving four regressor variables and underlying exponential, Weibull

and Gompertz distributions, with some censoring. They found the efficiency of the

partial likelihood methods to be fairly high in all cases. A few additional simulation

results for the two sample problem (Gehan and Thomas, 1969) indicate that under

a Weibull model the situation is similar.
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The partial evidence accumulated so far thus suggest that the partial likelihood

methods for β have good efficiency in a range of situations. Two points that should

be remembered are that these results assume that a proportional hazards models is

appropriate and that the efficiency can drop off rapidly if |β| is large.

4.5 Stratified random effects Cox Models

Oakes (1992) reviews several models that have been proposed for multiple-event

time data, including Andersen and Gill (1982). But none of these models allow for

heterogeneity among individuals nor do these methodologies apply to data with ties.

These disadvantages can be avoided by modelling the stratum effects (i.e. effects

due to events occurring for the same subject) as independent random variables,

themselves drawn from the same distribution, which may have to be estimated itself.

This idea of frailty, which was introduced by Vaupel, Manton, and Stallard (1979),

is particularly natural in the context of proportional intensity models. In some

situations the extra random frailty component of the proportional intensity model

is required only to get a correct inference on fixed effects of explanatory variables,

whereas in other cases the distribution of the random subject effect could be one

of the major interests. Now we would like to give attention to more sophisticated

stratified models, which include random effects in a stratified Cox model. Again we

shall consider frailty models from a Bayesian viewpoint. In real studies, there may

be unmeasured factors. This suggests that the addition of subject-specific frailty

terms into the partial likelihood may help the fit of a stratified Cox model.

A frailty is an unobserved continuous random variable that describes excess risk or

’frailty’ for distinct groups, such as families or even single individuals, in addition

to that described by measured covariates (Grambsch et al., 2000). Thus, frailties

are like unobserved covariates (random effects). Individuals with greater frailty are

expected to experience the event earlier than those with lower frailties. A Cox model

with subject-specific frailties is a special case of a shared frailty model (Hougaard,

2000). The term shared comes from the use of such models to account for dependence

among certain observations.

In a frailty model, the hazard conditional on the frailty is:

λ(t;X,̟) = λ0(t)exp(Xβ + Zω), (4.10)
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where ̟ is a random variable, the frailty, Z is a vector of indicators that selects the

appropriate ω term for each subject.

Note that the model that we have presented in Chapter 4 is a special case of the

present one. For many frailty distributions, proportional hazards are only assumed

conditionally. The marginal hazard formulation resulting from integrating the asso-

ciated survival distribution with respect to the frailty distribution does not usually

reflect proportional hazards (Hougaard, 2000).

Using frailties in Cox models is quite common. In fact, it is believed by some

(Hougaard, 1995) that all models should contain frailties. When censoring is present,

the bias is reduced.

To use frailties in our model, we must specify a distribution for the frailties; that

is, the distribution from which the frailties are assumed to be a random sample.

There are many conventional choices for the frailty distribution in the literature.

Hougaard (1995) reviews many of these choices. We considered only two choices: a

gamma distribution and a lognormal distribution. Both of these frailty distributions

allow us to estimate parameters by maximizing a penalized partial log likelihood

with penalty function equal to the log likelihood for a random sample of ω from the

appropriate distribution (Grambsch et al., 2000). The parameters to be estimated

are the coefficients in the ordinary Cox partial likelihood, plus any unknown param-

eters in the frailty distribution.

The log-likelihood given for the gamma frailty model is the log partial unpenalized

likelihood integrated with respect to the frailty distribution. A likelihood ratio test

(LRT) that the frailty variance exceeds zero is given by twice the difference between

this integrated log likelihood and the log likelihood of a model without frailties.

This statistic has an approximate chi-squared distribution with one degree of free-

dom (Grambsch et al., 2000). Estimation of the frailty variance θ is done in an outer

loop of a Newton-Raphson algorithm for estimating β and ω. Assuming a fixed θ,

β̂ and ω̂ are found. Then, ω̂ is found by maximizing the profile likelihood with β

and ω profiled out, and β̂ and ω̂ are then re-estimated. Full details of the estimation

procedures can be found in Grambsch et al. (2000). The standard errors for the

coefficient estimates come from the inverse of the second derivative matrix of the

penalized log likelihood. Because these estimates are computed assuming that the

parameter θ is fixed, they are typically underestimated. The standard errors can
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thus be corrected using the bootstrap procedure.

Although stratified Cox models are very popular for survival data, it is not the

only flexible model available. The Cox model with time-fixed covariates assumes

a multiplicative effect of covariates on the baseline hazard (except if covariates en-

ter through stratification). Alternatively, the Aalen et al. (1980) additive hazard

models consider the hazard as an additive combination of covariate terms, where

the coefficients in the linear combination may be dependent on time, allowing the

covariate effects to vary over time. Thus, covariates have an additive effect on the

baseline hazard. This model measures additional excess risk due to the effects of a

covariate in absolute terms rather then in relative terms (Klein and Moeschberger,

1997). In addition, frailty distributions can be nonparametric instead of having

a form that is dependent on only a few parameters (Ibrahim et al., 2001). More

generally the model assumption that allow classical estimation hold. In the next

section we propose a new Bayesian approach to improve classical Cox results, based

on stratified random effects models. To do this we need to introduce the issue of

penalized likelihood for stratified models.

4.6 Penalized likelihood methods

In this section we introduce penalized likelihood methods that will be used in Section

4.5 in our proposal of a Bayesian Model Averaged random effect Cox model. The

basic idea behind Penalized Maximum Likelihood Estimation is that there are two

aims in estimation of a curve, g; one is to maximize fit to the data, as measured

by the log likelihood l(g), and the other is to avoid curves which exhibit too much

roughness or rapid variation. Roughness of a curve g can be measured by a roughness

functional, J(g) in various ways. A typical choice of J(g) is
∫

g′′(t)2dt, which will

have a high value if g exhibits a large amount of local curvature and zero if g is a

straight line. The possibly conflicting aims of obtaining a high value of l(g) while

guarding against excessive values of J(g) are reconciled by subtracting from the log

likelihood a multiple of R(g), called a roughness penalty, to obtain:

lp(g) = l(g) − λR(g). (4.11)

A Penalized Maximum Likelihood Estimate is a curve g which maximizes the penal-

ized log likelihood over the class of all curves satisfying sufficient regularity conditions
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for J(g) to be defined. The smoothing parameter λ controls the trade-off between

high likelihood and smoothness and hence determines implicitly how much the data

are smoothed to produce the estimate.

In particular, penalized likelihood is discussed in two rather different settings: func-

tion estimation and model choice. Penalized maximum likelihood estimation in non-

parametric regression and density estimation were reviewed by Silverman (1985).In

statistical inference about infinite-dimensional objects such as functions of one or

more continuous variables, the principle of maximum likelihood is usually inade-

quate as a basis for estimation. The function in question may be, for example, a

probability density or hazard function, a regression relationship, or the intensity

function of a point process, so problems of this kind occur very widely indeed.

In parametric approaches to inference, the inherent impossibility of identifying an

infinite-dimensional object from a finite amount of data is avoided, of course, by

assuming that the function has a particular parametric form (a normal density, a

quadratic regression curve, etc.), so that inference about only a finite number of

parameters is involved. Very occasionally, there are other ways round the difficul-

ties posed by dimension, as in the partial likelihood approach to Cox’s proportional

hazards model. Generally, however, it is necessary to confront the nonparametric

nature of the problem explicitly, and penalized likelihood provides a natural and

unifying approach for doing so.

The failure of maximum likelihood as a principle for estimation of functions really

derives from a substantial inadequacy in the formulation of the inferential problem.

No matter how successfully the likelihood function captures the relationship between

the unknown function and the data, it cannot fully represent all that is known about

the function, for it is impossible to imagine a scenario in which no other information

is available, however informally, from the context.

Bayesian inference provides one approach to model explicitly such prior information;

penalized likelihood provides an alternative, non-Bayesian, paradigm with a similar

aim. There are formal connections between the two approaches.

Suppose we write the likelihood of the data Y given an unknown g as:

p(Y |g) ∝ eL(g), (4.12)
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and place a prior distribution on g of the form,

p(g) ∝ e−
1
2
λJ(g), (4.13)

then by Bayes Theorem,

p(g|Y ) ∝ eL(g)− 1
2
λJ(g), (4.14)

so that the maximum penalized likelihood estimator of g is identified as the mode

of its posterior distribution, or maximum a posteriori estimator (see e.g. Green and

Silverman, 1994). This connection should not be surprising: the underlying notion

and justification of penalized likelihood is very close to that of specifying prior belief

or knowledge about g, albeit in a non-probabilistic form. The extent to which the

connection is useful is limited by two factors:

• whether is plausible in probabilistic terms as an expression of prior belief, for

roughness functional J(g) of interest, and

• whether the maximum a posteriori criterion is appealing in the context.

Regarding the first point, there are certainly difficulties. It is commonly the case

the J(g) is invariant to the addition of a constant, or other transformations of g,

so that p(g) is an improper distribution. More precisely, is it partially improper;

for example, conditioning on the values of g at a few distinct points yields a proper

distribution. But further, because of the infinite dimensions involved, there are

apparent paradoxes. For example, in the case of cubic smoothing splines, it turns

out that the prior and posterior distributions of g are entirely concentrated outside

the space of smooth functions over which the optimum (the cubic smoothing spline)

is sought.

Regarding the second point, there are general grounds for suspicion about using the

mode as a summary of the distribution of a high-dimensional object. These issues

are all explored further in Green and Silverman (1994).

4.6.1 Penalized likelihood for fixed effect Cox models

Suppose we have n observations (ti, δi, Xi), where ti is the possibly censored survival

time, δi is the censoring indicator and Xi is a row vector of covariates for individual i.

In the Cox proportional hazard model the parameters are estimated by maximizing
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the partial log-likelihood that can be written as:

l(β) =
n
∑

i=1

δi



Xiβ − ln





∑

h∈Ri

exp(Xhβ)







 , (4.15)

where Ri is the set of all individuals at risk at time ti. The maximum likelihood

estimate of β is denoted by b.

We now define the penalized partial log-likelihood as:

lλ(β) = l(β) −
1

2
λp(β), (4.16)

where p(β) is a penalty function and λ is a non-negative weight parameter, which

now is considered fixed. The factor 1
2 is introduced for mathematical convenience.

The value of β that maximizes the penalized partial likelihood depends on λ and

is denoted by bλ. With only one categorical covariate with c categories, we write

Xi = (Xi1, ..., Xic), where Xij = I[Xi = j] is a dummy variable for category j

with corresponding regression coefficient βj . If the first category is considered as a

baseline, we have β1 = 0. If the categories of X are not ordered and, if in addition,

we may assume that the effects of the various categories are not too different from

the mean effect, a suitable penalty function is:

p0(β) =
c
∑

j=1

(βj − β̄)2. (4.17)

This function penalizes βj ’s that are farthest from the mean. Covariates with ordered

categories form a special class to which we will refer as ordinal covariates. If X is an

ordinal covariate, the difference between the regression coefficient of two adjacent

categories is supposed not to be large. This leads to a penalty functions that penalize

first or second-order differences of consecutive βj ’s:

p1(β) =
c−1
∑

j=1

(βj+1 − βj)
2, (4.18)

or

p2(β) =
c−1
∑

j=2

(βj+1 − 2βj + βj−1)
2. (4.19)

It is informative to consider the null space of a penalty function, that is, the set

of coefficients β for which p(β) = 0. For p0 and p1 the null space only contains

β1 = ... = βc = 0, while for p2, all linear sequences of βj ’s that imply a linear

covariate effect remain unpenalized as well. If there exists a prior belief about the
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behaviour of the regression coefficients, this can be reflected by an appropriate choice

of the penalty function, especially its null space.

The extension to more covariates is straightforward. As an example we consider two

ordinal covariates X1 and X2 with c1 and c2 categories and regression coefficients βj ,

(j = 1, ..., c1) and γk, (k = 1, ..., c2), respectively. In an additive model the regression

coefficient δjk of cell (j, k) can be obtained as βj +γk. If there is interaction between

X1 and X2, all cells must be considered as separate categories. In both cases the

γjk’s can be penalized by:

p3(δ) =
c1
∑

j=1

c2
∑

k=1

(δjk − ¯δjk)
2, (4.20)

where ¯δjk is the mean of the δjk’s of the bordering categories. Observe that co-

efficients of boundary cells are included in this function. They can be left out by

summing from 2 to c1 − 1 and c2 − 1, respectively. The null space of p3 is again only

δjk = 0 for j and k.

All four penalty function p0, ..., p3 can be written in the form p(β) = β′Aβ, with

A a symmetric non-negative definite matrix. With p(β) in this form the penalized

log-likelihood can be written as:

lλ(β) = l(β) −
1

2
λβ′Aβ. (4.21)

For a given λ, the first and the second derivatives of the penalized log-likelihood

with respect to β are given by:

∂lλ

∂β
(β) = Uλ(β) = U(β) − λAβ =

∂l

∂β
(β) − λAβ (4.22)

and

−
∂2lλ

∂β2
(β) = Hλ(β) = H(β) + λA = −

∂2l

∂β2
(β) + λA, (4.23)

respectively.

A Newton - Raphson procedure can now be used to estimate the penalized regression

coefficients bλ.

A first-order Taylor expansion of Uλ around the unrestricted estimate b leads to the

following approximation of bλ:

bλ = [Hλ(b)]−1H(b)b. (4.24)
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Note that in the Normal linear model, this is precisely the Ridge estimate of Hoerl

and Kennard (1970), if A is chosen as the identity matrix. Since bλ is an intrin-

sically biased estimator, standard errors of bλ are not very informative. Instead,

we will report the square root of the diagonal elements of [Hλ(bλ)]−1 which give

an impression of the stability of the penalized estimates. These quantities may be

called pseudo-standard errors.

4.6.2 Cross-validated partial likelihood

In this section we determine the weight parameter, λ by using the predictive power

of the model as a criterion. Predictive power is conceptually different from explained

variation; while the latter measures the fit to the data from which the model was

derived, the predictive power is a measure for the fit to future data. As there are no

future data, we mimic the prediction process by cross-validation; every observation

is left out once and predicted by using all other observations. In a Normal linear

model with observations Yi, the predictive power can be measured by the predicted

sum of squares (for short, PRESS), which is a function of the weight parameter λ:

PRESS(λ) =
n
∑

i=1

(Yi −Xib
λ
(−i))

2, (4.25)

and here bλ(−i) denotes the ’leave-one-out’ regression coefficient, that is estimated

when a single i is left out of the observations.

In a likelihood based (Cox) model, a generalization of PRESS leads to the partial

cross-validated log-likelihood (see e.g. Verweij and Van Houwelingen, 1993):

CV L(λ) =
n
∑

i=1

li(b
λ
(−i)), (4.26)

where li(β) is the contribution of the individual i to the log-likelihood, defined as

l(β) − l(−i)(β), with l(−i)(β) denoting the unrestricted log-likelihood without indi-

vidual i. The value of λ that maximizes CV L(λ) is the optimal weight parameter

to be used in the penalized partial log-likelihood. For a Cox model the expression

for li(β) can be derived as follows:

li(β) = ln
∏

th<ti





(

1 −
exp(Xiβ)

∑

k∈Rh
exp(Xkβ)

)dh



 pdi

ii . (4.27)

In particular, li(β) the conditional probability that individual i dies at time th,

given the individual is alive just before th. Observe that for li(β) the product only
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includes the observed failure times before ti. Hence, li(β) can be interpreted as the

log-probability that individual i survives at all occasions before ti and dies at ti.

In practice we will use the following approximation to the CVL:

CV L(λ) =
n
∑

i=1

li(b
λ) − c(λ), (4.28)

with

c(λ) = tr

(

[Hλ(bλ)]−1
n
∑

i=1

Ui(b
λ)Ui(b

λ)T
)

(4.29)

a term that corrects the sum of the individual contributions. Here, Ui(β) denotes

the vector of derivatives of li(β) with respect to β.

If the components of the log-likelihood are independent, as in linear and logistic

model, the first term in the CVL equals l(bλ), the log-likelihood of the model eval-

uated at bλ, while c(λ) in expectation equals the effective dimension:

e(λ) = tr[Hλ(bλ)]−1H(bλ). (4.30)

Hence, with independent components, CV L(λ) is approximately equal to a penalized

version of Akaike’s Information Criterion:

AIC(λ) = l(bλ) − e(λ). (4.31)

We remark that AIC(0) is the original definition of AIC, that is the log-likelihood

minus the dimension of the model.

We observe, in particular, that in the Cox model, the components li(β) are depen-

dent, which implies that the sum of the li(β)’s is not equal to l(β) and AIC(λ)

does not approximate CV L(λ). However, the differences ∆AIC and ∆CV L from

the null model, without covariates, are approximately equal. Hence, AIC(λ) can be

useful as an alternative criterion for the determination of the weight parameter in

penalized partial likelihood.

4.6.3 Penalized likelihood for random effect Cox models

If we think at a real application, the idea is that individuals have different frailties,

and that those who are most frail will die earlier than the others. Aalen (1989)

provides theoretical and practical motivation for frailty models by discussing the

impact of heterogeneity on analyses, and by illustrating how random effects can deal

with it.
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Frailty are usually viewed as unobserved covariates; this has led to the use of the EM

algorithm as an estimation tool (see e.g. McGilchrist, 1983). However, the algorithm

is slow, variance estimates require further computation, and no implementation has

appeared in any of the more widely available packages.

Penalized models provide an alternative approach that, besides, can be conciliated

within a Bayesian framework. The frailty terms are treated as additional regression

coefficients which are constrained by a penalty function added to the log-likelihood.

They are computationally similar to other shrinkage methods for penalized regres-

sion such as ridge regression, the lasso (see e.g. Hastie et al., 2001) and smoothing

splines.

Algorithms for fitting Cox semi-parametric and parametric models can be extended

to include penalty functions. These methods usually converge quickly and produce

both point and variance estimates for model parameters.

We discuss below the link between penalized estimation and frailty models. In par-

ticular, we would like to show that if the frailty has a gamma distribution, then the

shared frailty model can be written exactly as a penalized likelihood. We also show

that Gaussian frailty models are closely linked to penalized models. We then turn to

computational issues in implementing penalized techniques for fitting proportional

hazard frailty models.

Assume that the data for subject i, who is a member of the j − th of q families,

follows a proportional hazards shared frailty model. The hazard can be written as:

λi(t) = λ0(t)̟j(i)e
Xiβ , (4.32)

where j(i) denotes that individual i belongs to family j, ̟j(i) = ̟j is the frailty

for family j, X is the covariate matrix of dimension n by p, and β is a vector of

regression coefficients. The ̟j ’s are independent and identically distributed from

some positive scale family with density function f(̟; θ), having mean 1 and variance

θ for identifiably.

If the ̟’s are known, the complete log-likelihood is:

∑n
i=1[

∫∞
0 Yi(t)

[

log(λ0(t)) + log(̟j(i)) +Xiβ
]

dNi(t)

−
∫∞
0 Yi(t)̟j(i)exp(Xiβ)λ0(t)dt+ logf(̟j(i); θ)]. (4.33)

If the ̟ is viewed as missing data, the problem can be approached using the EM

algorithm. Let φ = φ(s, θ) be the Laplace transform of the distribution of ̟,
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and let φ(n)(s) be its n − th derivative with respect to s. Let Aj = Aj(β, λ0) =
∑
∫∞
0 Yi(s)exp(Xiβ)dΛ0(s), where the sum is over the members of family j, and let

dj be the number of events in the j − th family. The log-likelihood of the observed

data:

Lm(β, λ0, θ) =
n
∑

i=1

δilog

(∫ ∞

0
Yi(t)e

Xiβλ0(t)

)

+
q
∑

j=1

log
[

(−1)djφ(dj)(Aj)
]

, (4.34)

is found by integrating over the distribution of ̟. For any fixed value of θ, the

literature suggests maximizing the likelihood for β and λ0 by an EM algorithm,

which alternates between the following steps.

• M-step: treat the current estimate of ̟ as a fixed value or offset, and update

β and update β and λ0 as in usual Cox regression. Note that for given β and

̟,

dΛ̂0(t, β,̟) =

∑

dNi(t)
∑

Yi(t)̟j(i)exp(Xiβ)
. (4.35)

• S-step: Compute ̟ as the expected value given the current values β and λ0

and the data.

̟j = −
φ(dj+1)(Âj)

φ(dj)(Âj)
, (4.36)

where Âj = Aj(β, λ̂0(β, ω)).

Previous equations requires the shared frailty model and unfortunately do not hold

for more complex models. The literature (1997) suggests that estimation of θ be

done by maximizing the profile log-likelihood:

Lm(θ) = Lm(β̂(θ), λ̂0(θ), θ). (4.37)

Although ̟ is not an explicit parameter of the observed log-likelihood, the EM

algorithm provides an estimate of this vector.

The penalized regression formulation for the shared frailty model is most easily

developed alternative version of the hazard:

λi(t) = λ0(t)eXiβ + Ziω, (4.38)

which is equivalent to equation 4.33. In this case, ̟j = exp(ωj), Z is matrix of q

indicator variables such that Zij = 1 when subject i is a member of family j and
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0 otherwise, and each individual belongs to only one family. Estimation under this

model is done by maximizing a penalized partial log-likelihood

PPL = PL(β, ω; data) − g(ω; θ), (4.39)

over both β and ω. Here PL is the log of the usual Cox partial likelihood,

PL(β, ω) =
n
∑

i=1

∫ ∞

0

[

Yi(t)(Xiβ + Ziω) − log
∑

k

Yk(t)exp(Xkβ + Zkω)

]

dNi(t)

(4.40)

and g is a penalty function chosen by the investigator to restrict the value of ω. The

parameter θ is a tuning constant which may be pre-specified or adapted to the data.

Typically, one would choose the penalty function to ’shrink’ ω toward zero and use

θ to control the amount of shrinkage.

To estimate β and ω, one solves the score equations. Because the penalty function

does not involve β, ∂PPL
∂β = ∂PL

∂β . Therefore, the score equations for β are identical

to those for an ordinary Cox model treating Zω as an offset term. If we define:

z̄j(t) = z̄j(β, ω, t) =

∑

ZijYi(s)exp[Xiβ + Ziω]
∑

Yi(s)exp[Xiβ + Ziω]
, (4.41)

then,
∂PPL

∂ωj
=

n
∑

i=1

∫ ∞

0
(Zij − z̄j(t))dNi(t) −

∂g(ω; θ)

∂ωj
. (4.42)

We recall that for given β and ω, the Breslow estimator of the underlying hazard is:

dΛ̂0(t, β, ω) =

∑

dNi(t)
∑

Yi(t)exp(Xiβ + Ziω)
, (4.43)

which is just Equation 4.34 in different notation.

Let λ̂i = λ̂i(β, ω) =
∫∞
0 Yi(s)dΛ̂0(t, β, ω). Some algebra shows that the score equa-

tion for ωj is:

∂PPL

∂ωj
=

n
∑

i=1

[Zijδt − Zijλ̂ie
Xiβ+Ziω] −

∂g(ω; θ)

∂ωj
= 0. (4.44)

Because of the structure of the matrix Z this equation simplifies to:

∂PPL

∂ωj
= [dj − Âje

ωj ] −
∂g(ω; θ)

∂ωj
= 0, (4.45)

where dj and Âj are defined above.

The penalized likelihood can be fitted with the Newton-Raphson algorithm. In addi-

tion to the score vectors ∂PPL
∂β and ∂PPL

∂ω , this requires the Hessian of the penalized
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partial log-likelihood:

H = H(β, ω) = I+ =







0 0

0 g′′






,

where I = I(β, ω) is the usual Cox model information matrix, or the second derivative

matrix of PL with respect to β and ω.

4.6.4 Penalized likelihood for gamma frailty models

Details of the EM approach for the shared gamma frailty model can be found in

Nielsen et al. 1992. Here we demonstrate that for any fixed θ, the penalized log-

likelihood with appropriate choice of penalty function and the observed-data log-

likelihood have the same solution. Let the frailty have a gamma distribution with

mean 1 and variance θ = 1/ν. The density of ̟ can be written as:

log [f(̟; ν)] = (ν − 1)log(̟) − ν̟ + νlog(ν) − logΓ(ν). (4.46)

This has a Laplace transform of φ(s) = (1 + s/ν)−ν . The derivatives of φ(s) are:

φ(s)(d) =

(

−
1

ν

)d (

1 +
s

ν

)−(ν+d) d−1
∏

i=0

(ν + i), (4.47)

and reduces to:

eωi =
dj + ν

Âj + ν
. (4.48)

There exists in the literature the following Lemma. The solution to the penalized

partial likelihood model, with penalty function :

g(ω, θ) = −1/θ
q
∑

j=1

[ωj − exp(ωj)] , (4.49)

coincides with the EM solution for any fixed value of θ.

To have an idea of the proof we consider for β the EM and penalized methods have

the same score equation, which includes Zω as a fixed offset. Thus if the solutions

for ω be the same, those for β will be also. Let (β̂, ω̂) be a solution to the the EM

process. Then ω̂ must satisfy the previous equation exactly, not just as an update

step. Rearranging terms, we see that:

Âj = exp(−ω̂j)(dj + ν) − ν. (4.50)
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Substituting this into the penalized score equation and simplifying with ν = 1
θ a

fixed quantity, we see that:

∂PPL(β̂, ω̂)

∂ω̂j
= [dj − Âje

ω̂j ] −
∂g(ω̂; θ)

∂ω̂j
(4.51)

and with some algebrical replacement the previous equation is equal at:

[dj − eω̂j (dj +
1

θ
−

1

θ
eω̂j )eω̂j ] +

1

θ
(1 − eω̂j ) = 0. (4.52)

This shows that the solution to the EM algorithm is also a solution to the penalized

score equations.

Therefore, for any fixed θ the penalized log-likelihood and the observed-data log-

likelihood have the same solution, although these two equations are not equal to one

another. Furthermore, if we let PPL(θ) = PPL(β̂(θ), ω̂(θ), θ), then we can write

the profile log-likelihood for θ, as PPL(θ) plus a correction that only involves θ and

dj . Using the fact that each row of Z has exactly one 1 and q − 1, we see that the

Cox PL for (β̂, ω̂) must be the same as that for (β̂, ω̂ + c) for any constant c. Some

algebra shows that the value of c which minimizes the penalty portion of the PPL

is such that:
q
∑

i=1

eω̂j = q. (4.53)

Using the identities, recalling that they hold only at the solution point, we can show

the following:

Lm(θ) = PPL(θ) +
q
∑

j=1

ν − (ν + dj)log(ν + dj) + νlogν + log

(

Γ(ν + dj)

Γ(ν)

)

. (4.54)

Shortly we give an idea about the proof to justify the previous equation. In particular

we obtain the realized value of the marginal log-likelihood at the solution point in

terms of the penalized likelihood for the shared frailty model. Expanding gives:

Lm(β, λ0; θ) =
n
∑

i=1

δi log

(∫

Yi(t)e
XiβdΛ0(t)

)

+
q
∑

j=1

[

−dj log ν − (ν + dj) log(1 +
Aj
ν

) + log
Γ(ν + dj)

Γ(ν)

]

. (4.55)

The log-profile likelihood for θ is just this function restricted to the one-dimensional

curve defined by the maximizing values of β̂(θ), ω̂(θ), λ̂0(θ). On that curve Âj =

(dj + ν − νeω̂j )/eω̂j ). With this substitution, after some rearrangement we get:

Lm(θ) =
n
∑

i=1

δi log(λ̂ie
Xiβ̂+Ziω̂] +

q
∑

j=1

[−(ν + dj) log(ν + dj)

+ν log(νeω̂j ) + log Γ(ν + dj) − log Γ(ν)], (4.56)
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where δi is a = 0/1 indicator for an event for individual i. Subtracting and adding

the penalty function g(ω; θ) = −1
θ

∑q
j=1 ωj − exp(ωj) evaluated at ω̂ results in:

Lm(θ) =
n
∑

i=1

δi log(λ̂ie
Xiβ̂) − g(ω̂; θ)

+
q
∑

j=1

[−νω̂j + νeω̂j − (ν + dj) log(ν + dj)

+ν log(νeω̂j ) + log Γ(ν + dj) − log Γ(ν)]. (4.57)

The previous Equation can be express in the following form:

⇒ PPL(θ) +
q
∑

j=1

[

ν − (ν + dj) log(ν + dj) + ν log ν + log

(

Γ(ν + dj)

Γ(ν)

)]

. (4.58)

Note that, because considerable loss of accuracy can occur if one subtracts values of

the log-gamma function, it is computationally advantageous to exploit the property

of the Gamma function:

log

(

Γ(ν + dj)

Γ(ν)

)

=

dj−1
∑

i=0

log

(

ν + i

ν + dj

)

, (4.59)

rather then

log

(

Γ(ν + dj)

Γ(ν)

)

= log(Γ(ν + dj)) − log(Γ(ν)). (4.60)

It is useful to consider Lm(θ) +
∑q
j=1 dj , rather then Lm(θ), because the profile

log-likelihood converges to PL(β̂)−
∑

j dj as the variance of the random effect goes

to zero. Adding
∑

j dj , to Lm(θ) makes the maximized marginal likelihood from a

frailty model with small θ comparable to the maximized likelihood from a non-frailty

model.

The computational algorithm for a shared gamma frailty that we have developed

consists of an inner and outer loop. For any fixed θ Newton-Raphson iteration

is used to solve the penalized model in a few (usually 3-5) steps, and return the

corresponding value of the PPL. The other loop chooses θ to maximize the profile

likelihood, which is easily done as it is a unimodal function of one parameter.

All of the results presented in this section were dependent on the correct choice of a

penalty function. For gamma frailties, we have shown that, the penalty function that

links the penalized and EM results is directly related to the density of the random

effect; the log of the density for ω, where exp(ω) has a gamma distribution, is equal

to ω − exp(ω)]/θ plus additional terms not involving ω.

Similarly, it can be shown that the penalty needed for a Gaussian frailty is related

to a log-density (see e.g. Thearneau et al. 2000).
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4.7 Penalized Likelihood: Computational Issues

Thus far, we have discussed the relationship between frailty models and penalized

likelihood estimation. In this section, we describe several issues important for our

computational implementation of penalized likelihood methods for Cox models with

random effects.

Consider a Cox model with both constrained and unconstrained effects. The model

is fit by maximizing the penalized partial log-likelihood (PPL). We assume that θ

is fixed. Consider the set of hypotheses z = C(β′, ω′)′ = 0, where (β′, ω′)′ is the

combined vector of p+ q parameters, and C is a kxp+ q matrix of full row rank k,

k ≤ p+ q. Gray(1992) suggests that

V = H−1IH−1, (4.61)

to be used as the covariance estimate of the parameter estimates. He recommends

a Wald type test statistic, z′(CH−1C ′)−1z, with generalized degrees of freedom

df = trace[(CH−1C ′)−1(CV C ′)]. (4.62)

The total degrees of freedom for the model (C = I) simplifies to

df = trace[HV ] = trace[H(H−1(H −G)H−1)] = (p+ q) − trace[GH−1]. (4.63)

UnderH0, the distribution of the test statistic is asymptotically the same as
∑

i eiX
2
i ,

where ei are the k eigenvalues of the matrix (CH−1C ′)−1(CV C ′) and Xi are i.i.d.

standard Gaussian random variables. In non-penalized models, the test statistic has

mean
∑

i ei and variance 2
∑

i e
2
i < 2

∑

i ei, because 0 ≤ ei ≤ 1. Using a reference

chi-square distribution with df =
∑

i ei the test will tend to be conservative.

Verweij and Van Houwelingen (1993) discuss penalized Cox models in the context

of restricting parameter estimates. They use H−1 as a ”pseudo standard error”,

and an ”effective degrees of freedom”. With this variance matrix, the test statistic

ź(CH−1C ′)−1z is an usual Wald test. To choose an optimal model they recommend

either the Akaike Information Criterion (AIC) which uses the degrees of freedom

described above.

In this paper we like to follow a new approach based on the cross-validated (partial)

log-likelihood CVL, which uses a degrees of freedom estimate based on a robust

variance estimator. In our case simulation experiments for the related problem of
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4.7. Penalized Likelihood: Computational Issues

penalized smoothing splines in Cox regression, based on nonparametric statistical

approaches, suggest that this is the more reliable choice for tests. In our imple-

mentation, the computation of the degrees of freedom and variance matrices are

specialized to avoid any intermediate steps that would give a q by q result, where q

is the number of constrained coefficients.

When performing estimation with frailty models, memory and time considerations

can become an issue. For instance, if there are 300 subjects, each with a frailty term,

and 4 other variables, then the full information matrix has 3042 = 92416 elements.

The Cholesky decomposition must be applied to this matrix within each Newton-

Raphson iteration. In our R implementation, we have applied a technique that can

provide significant savings in space and time. If we partition the information matrix

of a Cox shared frailty model according to the rows of X and Z, and arrange the

matrix as

I =







IZZ IZX

IXZ IXX






,

then the upper left corner will be a diagonally dominant matrix, having almost the

form of the variance matrix for a multinomial distribution. Adding the penalty fur-

ther increases the dominance of the diagonal. Therefore, using a sparse computation

option, where only the diagonal of IZZ is retained, should not have a large impact

on the estimation procedure.

Ignoring a piece of the full information matrix has a number of implications. First,

the speed of the Cholesky factorization is increased dramatically. Second, the sav-

ings in space can be considerable. If we use the sparse option with the example

above a savings of over 0.95 in memory space. Third, because the score vector and

likelihood are not changed, the solution point is identical to the one obtained in

the non-sparse case, discounting trivial differences due to distinct iteration paths.

Fourth, the Newton-Raphson iteration may undergo a slight loss of efficiency so

that l-2 more iterations are required. However, because each N-R iteration requires

the Cholesky decomposition of the information matrix, the sparse problem is much

faster per-iteration than the full matrix version. Finally, the full information matrix

is a part of the formulas for the post-fit estimates of degrees of freedom and standard

error.

In a small number of simple examples, the effect of the sparse approximation on
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these estimates has been surprisingly small.

We have found two cases where our sparse method does not perform acceptably.

The first is if the variance of the random effect is quite large and in this case, each

N-R iteration may require a large number of iterations. The second is if one group

contains a majority of the observations. The off diagonal terms are too important

to ignore in this case, and the approximate K-R iteration does not converge.

4.8 Bayesian penalized likelihood

In this section we propose a new method to estimate the smoothing parameter λ that

controls the trade-off between high likelihood and smoothness and hence determines

implicitly how much the data are smoothed to produce the estimate. In order to

obtain a non-parametric smooth hazard of survival function, it is quite easy to fit

a frailty model and Cox proportional hazards model using a Penalized Likelihood

on the hazard function. In this framework, left truncated and censored data are

allowed. Clustered and recurrent survival times can be studied (the Andersen-Gill

(1982) approach has been implemented for recurrent events) and an automatic choice

of the smoothing parameter is possible using an approximated cross-validation pro-

cedure. Typically, when we build stratified models, the cross validation method is

not implemented for two strata to choose the best smoothing parameter λ . There is

only a possible solution in a very simple case, for a Cox proportional hazard model

with no covariates. In order to solve our problem that considers many covariates and

two strata variable, we propose a new methodology to choose the best smoothing

parameter with a Bayesian kernel density estimation. The kernel method extends to

the estimation of a density function in more than one dimension. As a descriptive

exercise, a two-dimensional density estimate can be constructed by applying the first

equation with a two-dimensional kernel function in the form:

f̂(y1, y2) =
1

n

n
∑

i=1

w(y1 − y1i;λ1)w(y1 − y2i;λ2), (4.64)

where {y1iy2i; i = 1, ..., n} denote the data and (λ1, λ2) denote the joint smoothing

parameters. We assume, in our case, that for each strata variable there is a posi-

tive smoothing parameter. It is possible also to study multivariate version of kernel

function: several papers describes a variety of more sophisticated techniques for con-

structing and displaying density estimation that can be carried out in three, four
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4.8. Bayesian penalized likelihood

and more dimensions. In order to go beyond the exploratory and graphical stage it

is necessary first to understand more about the behaviour of these estimators and to

derive some basic properties. Although many theoretical results exist, simple expres-

sions for means and variances of the estimators are enough to allow ideas of interval

estimation and hypothesis testing to be discussed, and to motivate techniques for

choosing an appropriate bandwidth to employ with a particular dataset.

The mean of a density estimator can be written as:

E
{

f̂(y)
}

=

∫

w(y − z;λ)f(z)dz, (4.65)

This is a convolution of the true density function f with the kernel function w.

Smoothing has therefore produced a biased estimator, whose mean is a smoothed

version of the true density. A Taylor series expansion then produces the approxima-

tion:

E
{

f̂(y)
}

≈ f(y) +
λ2

2
σ2
wf”(y), (4.66)

where σ2
w denotes the variance of the kernel function, namely

∫

z2w(z)dz.

Since f”(y) measures the rate of curvature of the density function, this expresses

the fact that f̂ underestimates f at peaks in the true density and overestimates

at troughs. The size of the bias is affected by the smoothing parameter λ. The

component σ2
w will reduce to 1 if the kernel function w is chosen to have unit variance.

Through another Taylor series argument, the variance of the density estimate can

be approximated by:

var
{

f̂(y)
}

≈
1

nλ
f(y)α(w), (4.67)

where α(w) =
∫

w2(z)dz. As ever, the variance is inversely proportional to sample

size. In fact the term nλ can be viewed as governing the local sample size, since λ

controls the number of observations whose kernel weight contributes to the estimate

at y. It is also useful to note that the variance is approximately proportional to the

height of the true density function.

The combined effect of these properties is that, in order to produce an estimator

which converges to the true density function f, it is necessary that both λ and 1/nλ

decrease as the sample size increases. A suitable version of the central limit theorem

can also be used to show that the distribution of the estimator is asymptotically

normal.

A similar analysis enables approximate expressions to be derived for the mean and
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variance of a density estimate in the multivariate case. In p dimension, with a kernel

function defined as the product of univariate components w, and with smoothing

parameters (λ1, ..., λp).There are results for more general kernel functions.

It is helpful to define an overall measure of how effective f̂ is in estimating f . A

simple choice for this is the mean integrated squared error (MISE) which, in the

one-dimensional case, is:

MISE(f̂) = E

{∫

[

f̂(y) − f(y)
]2
dy

}

(4.68)

=

∫

[

E
{

f̂(y)
}

− f(y)
]2
dy +

∫

var
{

f̂(y)
}

dy, (4.69)

This combination of bias and variance, integrated over the sample space, has been

the convenient focus of most of theoretical work carried out on these estimates. In

particular, the Taylor series approximations described allow the mean integrated

squared error to be approximated as:

MISE(f̂) ≈
1

4
λ4σ4

w

∫

f”(y)2dy +
1

nλ
α(w), (4.70)

establishing the properties of the estimators which employ variable bandwidths, is

more complex. In order to construct a density estimate from the observed data it

is necessary to choose a value for the smoothing parameter λ. An overall measure

of the effectiveness of f̂ in estimating f is provided by the mean integrated squared

error. From the approximate expression given there it is straightforward to show

that the value of λ which minimizes MISE in an asymptotic sense is:

hopt =

{

γ(w)

β(f)n

}1/5

, (4.71)

where γ(w) = α(w)/σ4
w and β(f) =

∫

f”(y)2dy. This optimal value for h cannot

immediately be used in practice since it involves the unknown density function f .

However, in our case, it is very informative in showing how smoothing parameters

should decrease with sample size, namely proportionately to n1/5, and quantifying

the effect of the curvature of f through the factor β(f).

These ideas involved in cross-validation. In the context of density estimation,

Rudemo (1982) applied these ideas to the problem of bandwidth choice, through

estimation of the integrated squared error (ISE).

∫

{

f̂(y) − f(y)
}2
dy =

∫

f̂(y)2dy − 2

∫

f(y)f̂(y)dy +

∫

f(y)2dy, (4.72)
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The last term on the right hand side does not involve λ. The other terms can be

estimated by:

1

n

n
∑

i=1

∫

f̂2
−i(y)dy −

2

n

n
∑

i=1

f̂−i(yi), (4.73)

where f̂−i(y) denotes the estimator constructed from the data without the observa-

tion yi. It is straightforward to show that the expectation of this expression is the

MISE of f̂ based on (n−1) observations, omitting the
∫

f2 term. The value of h that

minimises this expression therefore provides an estimate of the optimal smoothing

parameter.

Techniques known as biased cross validation and smoothed cross validation also aim

to minimise ISE but use different estimates of this quantity. These approaches are

also strongly related to the ”plug in” approach. In our application we employed

different methods with multivariate density estimates: Optimal smoothing, normal

optimal smoothing, cross validation smoothing parameter. Jones et al. (1996) give

a helpful and balanced discussion of methods of choosing the smoothing parameter

in density estimation. We describe now our Bayesian proposal employed to choose

λ based on stochastic simulation. We use methods of generation of quantities with

discrete or continuous probability distribution. We know that a generic λ is a pos-

itive number defined in [0,∞). In this framework we use some basic results about

generation of continuous quantities in the probability integral transform stating that

if x is continuous with distribution function F , then u = F (x) ∼ U [0, 1]. This results

is easily shown as:

Fu(y) = P (u ≤ y) = P (F (x) ≤ y) = P (x ≤ F−1(y)) = F (F−1(y)) = y, (4.74)

if 0 < y < 1. Exploring the fact that F has an inverse, one finds that F−1(u) ∼ F .

Our first aim is to generate a sequence a numbers deterministically, which embody

the features of randomness as far as possible. In general, we use a recurrence relation

of the form:

Xn = fn(Xn−1, ..., X0), n = 1, 2, 3, ... (4.75)

or more usually, Xn = fn(Xn−1, ..., Xn−r) for some r. This is less computationally

expensive than taking r = n. We call X0 the seed of the sequence. The seed is very

important, since it is this that determines the entire sequence. We start with a very

simple example.
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Suppose that we require a set of random integer observations, generated from a

Uniform distribution in the range [0,M − 1], i.e., P (X = i) = 1/M∀i, i = 0, ...,M −

1. If we let M = 100, then we might define f(x) to be the nearest integer to

(100 × fractionalpartofloge). Then, if X0 = 82, loge = 4.406, so that X1 = 41.

Similarly, X2 = 71 and X3 = 26, but then we find that Xi = 26, ∀i ≥ 3. Similarly,

if we set X0 = 39, then X24 = X48 = ... = 39, and we only have 24 different values.

There are various problem with ad-hoc functions:

• They always lead to periodic sequences. Once a number is repeated, a cycle

starts. Note that the period is always less then M.

• They rarely cover the underlying parameter space well. For example, only four

of the cycle of 24 above are greater than 75, and none lie between 77 and 94.

• The choice of starting value may be crucial.

Therefore, the function f must be chosen very carefully, so as to ensure that these

undesirable properties are minimized.

4.8.1 Empirical choice of the smoothing parameter

Most data analyses take the form of obtaining observations x = (x1, ..., xn) from

some unknown probability distribution F and constructing an estimate λ̂(x) for

some parameter of interest λ, given this observations. Having obtained λ̂(x), we

then wish to assess the accuracy as an estimate of the true value, λ. If λ̂ is unbiased,

then the most common measure of this accuracy is the standard error given by:

SE(λ̂) =
√

(V arF (λ̂)). (4.76)

For example if λ = EF (X), then

λ̂(x) =
1

n

n
∑

i=1

xi, (4.77)

is an unbiased estimator for λ. Further, if

σ2(F ) = V arF (X), (4.78)

then

SE(λ̂) =

(

σ2(F )

n

)
1
2

. (4.79)
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In this case, σ2(F ) is a function of the unknown distribution function F , but this

can also be estimated from the data by:

σ2(x) =

∑n
i=1(xi − x̄)2

n− 1
. (4.80)

So that an estimate of the SE(λ̂) is given by:

ŜE(λ̂) =

√

∑n
i=1(xi − x̄)2

n(n− 1)
. (4.81)

Thus, if θ = EF (X), the formula for the standard error is quite simple and easily es-

timable. However, for the other estimators such as the sample correlation coefficient,

such formulae do not exist. Traditionally the statistical literature has concentrated

upon obtaining approximations to SE(λ̂ for particular estimators, avoiding estima-

tors which do not have such formulae. However, over the past significant advances

have been made in this area, firstly by the introduction of the Jacknife estimate

error, and then by Bootstrap.

4.8.2 Jackknife and Bootstrap methods to choose the smoothing

parameter

The Jacknife was introduced as a method for reducing the bias of a serial coefficient

estimator, based upon splitting the sample into two half sample. The original method

was subsequently generalized by splitting the sample into g groups of size h, with

g = nh. The method of the Jacknife was then based upon this generalized method,

method with g = n and h = 1, and avoided the, often analytically complex, equation

to compute SE(λ̂ altogether, going directly to a generalization of the ŜE(λ̂) as

follows.

Let x(i) be the data set with the ith datum removed so that:

x(i) = {x1, x2, ..., xi−1, xi+1, ..., xn} , (4.82)

and let λ̂(i) be the statistic λ̂ evaluated for the data set x(i). Then the jacknife

estimate of the standard error of λ̂ is given by:

ŜEjack(λ̂) =

(

n− 1

n

n
∑

i=1

(λ̂(i) − λ̄(.))
2

)
1
2

, (4.83)

where λ̄(.) =

∑n

i=1
λ̂(i)

n . As an alternative to the standard error, we might also be

interested in the bias of our estimator, defined as bias = E(λ̂)−λ. We can define the
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Jackknife estimate of bias to be biasjack = (n−1)(EF̂ (λ̂)− λ̂). That is the difference

between the expected value of the empirical distribution and the estimated value,

so this is simply (n − 1)(λ̄(.) − λ̂). Once again, if λ̂ = x̄, then the estimate of the

bias is zero i.e., we have an unbiased estimator. The Jackknife method (for standard

errors) can be thought of algorithmically as follows with the R software.

• Step 1: Set i=1

• Step 2: Remove the i− TH observation and calculate λ̂(i) from the remaining

observations.

• Step 3: Increase i and if i ≤ n, return to STEP 2, else continue to STEP 4.

• Step 4: Calculate ŜEjack.

We consider here a set of data and we are interested in the smoothing parameter.

As we have described before, we can estimate the smoothing parameter for example,

with cross-validation technique, but how accurate is this estimate? We can assess

this using the Jackknife algorithm. We have from our algorithm an object which

list the λ̂(i) values. By subtracting θ̂, the mean, from each of this values we can

see which output have the largest influence upon the smoothing parameter between

the samples. In order to better understand the Jackknife results, we propose the

Bootstrap. Efron defined an empirical estimate, F̂ , given by F̂ (x) = i
n , x(i) ≤ x ≤

x(i+1). Then, σ2(F̂ ) = i
n

∑n
i=1(x

∗
i − x̄∗)2, where the x∗i are independent, identically

distributed random variables drawn from F̂ , i.e.: the data set X∗ consists of n

observations randomly sampled with replacement from x1, ..., xn. Then,

σ̂boot =

√

V arF̂ (x)λ̂(X∗). (4.84)

Therefore, if λ = EF (X), then:

ŜEboot(λ̂) =

√

√

√

√

1

n

n
∑

i=1

(x∗i − x̄∗)2 =

√

n− 1

n
ŜE(λ̂). (4.85)

It can be shown that asymptotically, ŜEboot agrees with ŜEjack and further, that

the jackknife is in fact a linear approximation to the boostrap.

Obviously we can gain an empirical estimate of σ̂boot by randomly selecting a large

number of bootstrap sample, x∗1, ..., x
∗
B, and calculating λ̂(x∗i ) for each. Thus we
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obtain:

ŜEboot(λ̂) =

√

√

√

√

∑B
b=1

(

λ̂(x∗b) − λ̄(.)
)2

B − 1
. (4.86)

This approximation to the true standard error can be made arbitrarily accurate

by taking suitably large B. This is essential difference between the jackknife and

the bootstrap, since we can take as many bootstrap samples as we like, but we

are restricted to only n jackknife samples. There are two aspects to the bootstrap

procedure: replacement of F by F̂ to form estimates of functionals of interest. We

have implement with R software the bootstrap in order to obtain a set of bootstrap

replicates λ̂∗i , i = 1, ..., B and the bootstrap estimate of the standard error. We

compare the Jackknife and the Bootstrap estimates with the corresponding standard

error. The standard error for the bootstrap estimate is given as 0.129 as opposed to

the 0.143, given by the jackknife method earlier. In order to assess the estimation for

the smoothing parameter we prefer the boostrap method. In this context suppose

that we are in a one-sample situation, where the data are obtained by random

sampling from an unknown distribution, F . Let λ̂ = λ̂(F ) be the plug-in estimate

of a parameter of interest, λ = λ(F ), and let ŜE denote some reasonable estimate

of the standard error for λ̂, based perhaps upon bootstrap or jackknife solutions.

Under most circumstances, it turns out that for large sample sizes, the distribution

of λ̂ becomes approximately normal, with mean λ and variance approximated by

ŜE. Therefore, if we base our estimate upon a sample x1, ..., xn, then for large n,

Z =
λ̂− λ

ŜE
∼ N(0, 1). (4.87)

This result suggests that for large n, a 100(1−α)% confidence interval for λ can be

constructed as:
[

λ̂− Z(1−α
2
)ŜE, λ̂− Zα

2
ŜE

]

. (4.88)

We call this the standard confidence interval for λ. However, this interval relies upon

the assumption of normality. If this assumption cannot be justified, then we can use

the bootstrap to construct non-parametric confidence intervals in two way. First

we describe how to obtain bootstrap intervals, without resorting to assumptions

of normality as discussed above. In essence, we estimate the distribution of the

Z−statistic directly from the data, and use this distributional estimate to construct

our confidence intervals. We begin by generating B bootstrap samples, and then
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computing the bootstrap version of Z for each. We then construct percentiles for

the Z statistic and use these to construct our intervals.

More formally, we generate B bootstrap samples x∗1, ..., x
∗
B, and for each we compute:

Z∗(b) =
λ̂∗(b) − λ

ŜE

∗

(b), (4.89)

where λ̂∗(b) is the value of λ̂ for the bootstrap sample x∗b and ŜE
∗
(b) is the estimated

standard error of λ̂∗ for the bootstrap sample x∗b . The α− th percentile of Z∗(b) is

then estimated by Ẑα, such that:

1

B

B
∑

b=1

I(Z∗(b)≤Ẑα)(b) = α. (4.90)

For example, if B = 1000, the estimate of the 5% point is the 50 − th largest value

of the Z∗(b). Finally, the bootstrap t− confidence interval is given by:

[

λ̂− Ẑ(1−α
2
)ŜE, λ̂− Ẑα/2ŜE

]

. (4.91)

The second solution is based on the percentile interval that works as follows. If, as

before, we generate B bootstrap samples, x∗1, ..., x
∗
B, and for each we compute λ̂∗(b),

the estimate of λ based upon the bootstrap sample x∗b , then the percentile interval

for λ is defined as:
[

λ̂∗α/2, λ̂(1−α/2)

]

, (4.92)

where λ̂∗α is the 100αth percentile of the bootstrap distribution i.e., if B = 1000,

then λ̂∗0.05 is simply the Bαth = 50th largest of the λ̂∗ values.

Before to start with our Bayesian penalized likelihood approach, we show here a

short remark on a possible feature research on Bayesian bootstrap to analyze the

quality for the estimation of smoothing parameter, λ. The Bayesian version simulates

the posterior distribution of the parameter λ, rather than the estimated sampling

distribution of λ̂ (an estimate od λ).Each Bayesian bootstrap replication generates

a posterior probability for each xi, where the values of X that are not observed have

zero posterior in the same way that they have zero probability under the sample

cumulative distribution function. The posterior probability is centred at 1/n, but

has some degree of variability. We introduce this variability by generating n − 1

random variables from U(0, 1) distribution, u1, ..., un−1, for each replication. Then

we let:

gi = u(i) − u(i−1), i = 1, ..., n (4.93)
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where u(i) is the ith smallest ui, with u(0) = 0 and u(n) = 1. Then g = (g1, ..., gn) is

the vector of probabilities associated with the data values (x1, ..., xn) for that repli-

cation. Repeated replications will then give an example of the Bayesian bootstrap

distribution of X, and therefore of any parameter of this distribution.

For example, if λ = EF (X), then at each replication, we calculate the mean of X as

if gi were the probability that X = xi, i.e.: we calculate
∑n
i=1 gixi. The distribution

of the values of
∑n
i=1 gixi over all Bayesian bootstrap replications gives the Bayesian

boostrap distribution of the mean of X.

in practice, the bootstrap and the Bayesian bootstrap differ only in how the proba-

bilities are attached to the xi. However, the interpretations of the resulting distri-

butions are different. The Bayesian bootstrap generates likelihood statements about

parameters rather then frequency statements about statistics under assumed values

for parameters, and thus has an inherent advantage over the bootstrap.

4.8.3 Bayesian choice of the smoothing parameter

Given a sample y, from a distribution with joint probability distribution f(y|λ) and

a prior for λ given by p(λ), the Theorem of Bayes relates the posterior π(λ|y) to the

prior via the formula:

π(λ|y) ∝ L(y|λ)p(λ), (4.94)

where the constant of proportionality is given by:

(∫

L(y|λ)p(λ)dλ

)−1

. (4.95)

Given the posterior, and in the case where λ = (φ, ψ) is multivariate, for example,

we may be interested in the marginal posterior distribution, such as:

π(φ|y) =

∫

λ = (φ, ψ|y)dψ. (4.96)

Alternatively, we might be interested in summary inferences in the form of posterior

expectations, for example,

Eπ(g(λ)) =

∫

g(λ)π(λ|y)dλ. (4.97)

Often, explicit evaluation of these integrals is not possible and, traditionally, we

would be forced to use numerical integration or analytic approximation techniques.

Markov Chain Monte Carlo provides an alternative whereby we sample from the
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posterior directly, and obtain sample estimates of the quantities of interest.

Suppose that we have some distribution,π(x), x ∈ E ⊆ Rd, which is known only

up to some multiplicative constant. We commonly refer to this as the target dis-

tribution. If π is sufficiently complex so that we cannot sample from it directly, an

indirect method for obtaining samples from π is to construct a Markov chain with

state space E, and whose stationarity (or invariant) distribution is π(x). Then, if we

run the chain for long enough, simulated values from the chain can be treated as a

sample from the target distribution and used as a basis for summarising important

features of π.

Under certain regularity conditions, the Markov chain sample path mimics a ran-

dom sample from π. Given realizations Xt : t = 0, 1, 2, ... from such a chain, typical

asymptotic results include the distributional convergence, when t → ∞ of the real-

izations i.e., Xt d
→ π(x) and the consistency of the ergodic average, for any scalar

functional λ, i.e.,
1

n

n
∑

t=1

λ(Xt)
n→∞
→ Eπ[λ(X)], a.s. (4.98)

There are many important implementation issues associated with MCMC methods.

These include amongst others the choice of sampler, the number of independent

replications to be run, the choice of starting values, how long to run the samplers,

and both estimation and efficiency problems.

In our case, we are interested in Markov chain defined on continuous state space, in

general. A Markov chain is generated by sampling the new state of the chain, based

only upon information regarding the current state i.e., at time t, we generate the

new state of the chain from a density dependent only upon xt:

xt+1 ∼ K(xt, x), (= K(x|xt)). (4.99)

We call K the transition kernel for the chain, and is uniquely describes the dynamics

of the chain. Under certain conditions (the chain is both aperiodic and irreducible),

the Markov chain will converge to its stationarity distribution i.e.,

P (Xt ∈ A) → π(A),∀A ∈ E. (4.100)

Assuming that a stationary distribution exists, it is unique if the chain is irreducible.

Irreducibility is a condition on the chain, which essentially means that any set of

states can be reached from any other set of states, within a finite number of moves.
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We shall come back to this concept later. Suppose that we have an irreducible

Markov chain with stationarity distribution, π(x). Then the Ergodic Theorem states

that:

f̄n =
1

n

n
∑

t=1

f(xt) → Eπ(f(x)), n→ ∞. (4.101)

We call f̄n the ergodic average. Thus, assuming that the chain has stationary distri-

bution π(x), and is irreducible, we can use the Markov chain sample path to obtain

an estimate of the value of any functional of the variable X. This means that, since

many integrals in which we are interested can be thought of as expectations, we

can form Monte Carlo approximations to these integrals by sampling via a Markov

chain. This technique is called Markov Chain Monte Carlo.

The usual approach to Markov chain theory is to start with some transition kernel,

determine conditions under which there exists an invariant or stationary distribu-

tion, and then to identify the form of that limiting distribution. MCMC methods

involve the solution of the inverse of this problem whereby the stationarity distribu-

tion is known and it is the transition kernel that needs to be identified.

There are a number of methods for developing Markov chains with a given stationary

distribution.

A more general way to construct MCMC samplers is as a form of generalised rejection

sampling, where values are drown from approximate distributions and ”corrected”

in order that, asymptotically, they behave as random observations from the target

distribution. This is the motivation for methods such as the Metropolis Hastings

algorithm which sequentially draws candidate observations from a distribution, con-

ditional only upon the last observation, thus inducing a Markov chain with transition

density K(x, y) and exhibiting detailed balance for π i.e.,

π(x)K(x, y) = π(y)K(y, x), (4.102)

the chain has stationary density, π(.). The method which we used to choose the

Bayesian smoothing parameter can be written as follows. We begin with a density

for generating candidate observations. We allow this candidate generating density

(or proposal density) to depend upon the current state of the chain, and we denote

it by q(xt, y). In general, the introduced chain will not satisfy the reversibility con-

dition, so we introduce an acceptance function α(xt, y), and accept the candidate

observation, so that xt+1 = y with probability α(xt, y). However, unlike rejection
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sampling, if the candidate observation is rejected, the chain remains at xt, so that

xt+1 = xt.

It can be shown that the optimal form for the acceptance function, in the sense that

suitable candidates are rejected least often and computational efficiency is max-

imised, is given by:

α(xt, y) = min

(

1,
π(y)q(y, xt)

π(xt)q(xt, y)

)

(4.103)

so that the transition kernel is given by:

PH(x,A) =

∫

A
KH(x, y)dy + r(x)IA(x), (4.104)

where

KH(x, y) = q(x, y)α(x, y), r(x) = 1 −

∫

E
q(x, y)α(x, y)dy, (4.105)

and KH satisfies the reversibility condition implying that the Kernel, PH also pre-

serves detailed balance for π. We need only simulate from q, which we can choose

arbitrarily. Moreover, and this can be of crucial importance, we only need to know

π up to proportionality, since any constants of proportionality cancel in the numer-

ator and denominator of the calculation of α. The price for simplicity is that if q

is poorly chosen, then the number of rejections can be high, so that the efficiency

of the procedure can be low. In our case we build two different algorithms that

considers two different proposal distribution. We remark that from the bootstrap

procedure the maximum value for λ was 20. So we know that the λ is between

[0, < ∞] and we propose firstly a Normal distribution as proposal and at the end

also a continuous Uniform distribution [0, 30]. When we use as candidate a Normal

distribution, we note that this distribution is symmetric, i.e., q(x, y) = q(y, x), the

acceptance function reduces to:

α(x, y) = min

(

1,
π(y)

π(x)

)

(4.106)

We remark also that the acceptance function is independent of σ in the Gaussian

case, but the value of σ has a significant impact upon the acceptance rate of the

chain. We show the results of this implementation in the application. Here we advise

the user to identify several possible tuning parameters, note their defaults and look

at the sensitivity of the results to varying them. In penalized likelihood, after the

choice for the smoothing parameter, the regression estimated parameter are obtained
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using the robust Marquardt algorithm (Marquardt, 1963) which is a combination

between a Newton-Raphson algorithm and a steepest descent algorithm. When

frailty parameter is small, numerical problems may arise. To solve this problem, an

alternative formula of the penalized log-likelihood is used (see Rondeau et al., 2003

for further details). Cubic M-splines of order 4 are used for the hazard function, and

I-splines (integrated M-splines) are used for the cumulative hazard function. In the

next section we report also a list of problems that we can find in the set of classical

procedures.

4.9 Application of Bayesian stratified models

The previous methodology will now be applied to a real case to estimate customer

survival. First we show the results for Classical Stratified Cox Model. As we can

see in Table 4.1, the first column is the variable selected by the classical stratified

procedure, the second is the relative estimate for each variable, then the hazard

ratio and finally the sign of the association between each variable and the target

variable (a mixture of relationship duration and customer status). As we can observe,

for some variables there are some computational problems for the estimation. In

particular, for ’smart card offers’ and ’old customer’, the estimate and the hazard

ratio are undefined. This because the algorithm does not always converge. In order

to evaluate the importance of each variable, we have compute the relative AIC. The

results are in Table 4.2. Table 4.2 defines an ordering for variable selection. The

most important variables, selected by our proposal on Bayesian feature selection,

are technical problems, smart card offers, geographical area, and some other. We

now implement a new procedure based on an extension of Bayesian Model Averaging

(Madigan et. al 1999). In particular, we propose a natural extension of the classical

stratified Cox Model in a Bayesian paradigm.

The results are in Table 4.3 where p is the probability of inclusion for each variable

across the models, EV is the expected value for each variable, that derive from

Bayesian Model averaging, and finally for each model the parameter estimate. At the

last rows of the table, we have estimates for each stratus variables. In particular the

variance of estimates across models is lower than in the previous one step Bayesian

Model Averaging. If we look at the results, the estimates across the models in Table
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V ariable Estimate Hazardratio Association

info activation 1.018 2.77 +

β info disconnection 1.1577 3.18 +

technical problem -0.4131 0.662 -

contractual variation -0.1605 0.852 NA

Moovie package 0.1889 1.210 NA

β8 special offers 3.2696 26.3 +

special discount offers 3.4625 31.9 +

info administrative 1.6123 5.01 +

payment methods -0.1493 0.861 NA

β5 promotion -0.9596 0.383 -

Sport package -0.086 0.917 NA

payment with bancomat 0.8063 2.24 +

geographical area 0.4246 1.53 +

smart card offers 19.184 ∞ ∞

old customer 6.1058 ∞ ∞

βi ... ... ...

Table 4.1: Classical Stratified Cox Model: results
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V ariable AICcontribution

technical problem 3274.4

smart card offers 3275.1

geographical area 3276.5

β5 promotion 3277.6

info activation 3284.0

payment with bancomat 3316.9

β8 special offers 3389.3

special discount offers 3389.8

old customer 3414.6

info administrative 3458

... ...

Table 4.2: Classical Stratified Cox model: the best models in terms of relative AIC

contributions

4.3, are very similar. In our research this suggest some new theoretical field of

research in order to improve this approach. Table 4.4 shows the best 5 models found

by our Stratified fixed effects Cox Bayesian Model averaging. Table 4.4 presents

for each model its posterior probability and its dimension based on the number of

covariates. In Table 4.5, we present the results based on Stratified random effects Cox

model, derived from penalized likelihood estimation. The estimates are consistent

with previous results. However, our proposal improves the last results with more

stability. In particular, note that all parameter estimates are finite. Table 4.5 gives

for each variable an estimate, the hazard ratio and the sign of the association. In

order to choose the best model we use different setting to build the model. We refer

the reader to the previous Sections for the methodological details. We report the

results on Stratified random effects Bayesian Cox Model Averaging based on our

proposal on Bayesian Stratified Penalized likelihood estimation. In the table below,

we run the model one for each λ. In particular, λ comes from our Bayesian procedures

described before. In order to reduce the possibility of bias caused by the effect of

starting values for λ, observations within an initial transient or burn-in period are

discarded. We wait for our Markov Chain to reach a state of equilibrium, before
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V ariable p EV Model1 Model2 Model3

info activation 100 1.0977 1.1 1.1 1.1

β info disconnection 100 0.8904 0.89 0.9 0.88

technical problem 100 -0.5073 -0.51 -0.51 -0.51

contractual variation 5.7 -0.0071 . . .

Moovie package 8.9 0.0191 . 0.21 .

β8 special offers 100 3.2182 3.2 3.2 3.2

special discount offers 100 2.9434 2.9 2.9 3.0

info administrative 100 1.5115 1.5 1.5 1.5

payment methods 4.2 0.0045 . . .

β5 promotion 100 -0.9436 -0.94 -0.94 -0.96

Sport package 6.0 -0.0077 . . -0.13

payment with bancomat 100 0.7970 0.8 0.79 0.79

geographical area 100 0.4168 0.42 0.41 0.41

special card offers 100 3.4814 3.5 3.5 3.5

old customer 100 5.4121 5.4 5.4 5.4

βi ... ... ... ... . ...

Rental1 . -1.4896 -1.5 -1.5 -1.5

Rental2 . 0.0215 0.022 0.029 0.014

Rental3 . 0.3732 0.37 0.37 0.37

Rental4 . 1.2731 1.3 1.3 1.3

Channel1 . -1.0705 -1.1 -1.1 -1.1

Channel2 . -1.0963 -1.1 -1.1 -1.1

Channel3 . -0.7992 0.8 0.8 0.78

Channel4 . 0.2743 -0.27 -0.28 -0.27

Channel5 . -1.2890 -1.3 -1.3 -1.3

Table 4.3: Fixed effects Stratified Cox Bayesian Model averaging
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Model PosteriorProbability nV ar

Model1 0.752 13

Model2 0.089 14

Model3 0.06 14

Model4 0.057 14

Model5 0.042 14

Table 4.4: Stratified fixed effects Cox Bayesian Model averaging: the best 5 models

V ariable Estimate HR Association

info activation 1.2984 3.66 +

β info disconnection 0.7379 2.092 +

technical problem -0.5144 0.598 -

contractual variation -0.0848 0.919 NA

Moovie package 0.2071 1.230 NA

β8 special offers 2.9506 19.118 +

special discount offers 2.8246 16.855 +

info administrative 1.5225 4.584 +

payment methods 0.1615 1.175 NA

β5 promotion -1.118 0.329 -

Sport package -0.058 0.943 NA

payment with bancomat 0.7228 2.060 +

geographical area 0.3871 1.473 +

smart card offers 4.32 75.539 +

old customer 6.1058 91.194 +

Table 4.5: Stratified random effects Cox Model: results
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we use the output form the chain as the basis of inference. Since the equilibrium

distribution is independent of the initial state of the chain, one way to determine

whether or not the chain has converged to its equilibrium distribution is to try

and measure the chains dependence on its starting value. When this dependence

is essentially zero, we say that the chain has converged. To choose our λ we run a

number of chains in parallel, and from different starting points, and then essentially

using an Analysis of Variance technique to assess whether or not each of the chains

have the same distribution. Specifically, the method involves calculating the variance

of the means of the chains,

B =
1

m− 1

m
∑

j=1

(λ̄.j − λ̄..)
2, (4.107)

where λij denotes the state of chain j at time i, and we run m chains. We call this

the between chain variance. We then calculate the within chain variance, W , which

is the mean of the variances of each the chains, i.e,

W =
1

m

m
∑

j=1

s2j , (4.108)

where s2j = 1
n−1

∑

i=1 n(λij − λ̄.j)
2. Finally, we calculate the weighted average,

V̂ =
n− 1

n
W +

B

m
, (4.109)

and monitor the ratio:

R =
V̂

W
, (4.110)

until it reduces to the value 1. With this method is possible to examine the different

chains and tries to measure the variation associated with the chains. There is varia-

tion associated with each chain individually (since these are stochastic simulations)

but there is also some variation between the chains, because they were started in

different states. The chains have converged when the variation between the chains

is very small (since they will all be samples from the target distribution), so the

ratio R will be close to 1. Here we show the best results for λ. As starting value we

use the best λ that comes from the best Classical Penalized model and we run our

algorithm for different iteration. First we use a very simple proposal distribution, as

an Uniform distribution. We use 1000 observations as burn in period. For feature

research we will compare the results with a new algorithm that uses the random

walk metropolis algorithm to sample the posterior of a gamma distribution using
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Model λ Iterations V ariance

P1 2.7166 5000 0.9728

P2 1.9297 50000 0.8631

P3 1.9766 500000 0.7589

Table 4.6: Bayesian smoothing choice

uniform proposals. In Table 4.6 we report the results based on the previous val-

ues of smoothing parameter. We take also the mean for each estimated parameter

in order to have an expected value for each variable. In order to choose the best

penalized model in Table 4.7 we show the results, in Table 4.8, based on the log-

Likelihood. We then plot in Figure 4.5 the hazard function that comes from the best

Random effects stratified hazard models. As we can see in Figure 4.5, the hazard is

 

Figure 4.3: Random effect stratified hazard function

not a monotonic function. The distribution in the figure present three modes. This

suggest further investigation to understand if in our population there are different

groups of customers; this may suggest the usage of Mixture Models. Finally, from
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V ariable p PEV P1 P2 P3

info activation 100 1.3201 1.168 1.255 1.2702

β info disconnection 100 0.7708 0.784 0.7310 0.7365

technical problem 100 -0.5156 -0.496 -0.5106 -0.5112

contractual variation 100 -0.0803 -0.103 -0.0863 -0.0880

Moovie package 100 0.2042 0.209 0.2209 0.2168

β8 special offers 100 2.9431 2.267 2.7830 2.9031

special discount offers 100 2.8189 2.140 2.6570 2.7798

info administrative 100 1.5254 1.532 1.5248 1.5274

payment methods 100 0.1560 0.128 0.1680 0.1731

β5 promotion 100 -1.1077 -1.113 -1.1409 -1.1136

Sport package 100 -0.0580 -0.052 -0.0553 -0.0463

payment with bancomat 100 0.7331 0.728 0.7260 0.7368

geographical area 100 0.3912 0.384 0.3930 0.3903

smart card offers 100 4.3229 3.605 4.1464 4.2804

old customer 100 4.5181 4.097 5.1751 4.8789

βi ... ... ... ... ... ...

Table 4.7: Stratified random effects Bayesian Cox Model Averaging

Model PMLL nV ar

PEV -1969.24 15

P1 -1985.9 15

P2 -1983.55 15

P3 -1974.6 15

Table 4.8: Stratified random effects Cox Model Averaging: the best 4 models
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the models in Table 4.7 it is possible to derive the relative survival function that

is close by the confidence interval, especially before 100 months of activation. The

results are shown in Figure 4.6.

 

Figure 4.4: Random effect stratified hazard function
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Chapter 5

Bayesian model assessment

In this chapter we propose a new method to classify Bayesian model selection results

with a cluster approach. We remark that this is only an empirical proposal. The

first part of this Chapter must be improved. Clustering is the classification of similar

objects into different groups, or more precisely, the partitioning of a data set into

subsets (clusters), so that the data in each subset (ideally) share some common trait

- often proximity according to some defined distance measure. Second we propose

a statistical and economical approach to choose the best model. We then apply the

methodology to our proposed application for model selection.

5.1 Distance-based methods for model choice

We focus on a new methodological procedure to measure the quality of Bayesian

model selection procedures. We start with a very simple remark. If we look at the

results that comes from the Bayesian models averaged, in our case, two models often

differ only for one or two variables (in terms of number of variables included).

We therefore point attention on some new methods to reduce model dimensionality.

From the Bayesian model averaging approach, we can have available 2p = m models,

where p is the number of variables. But, some models are very similar. The similarity

can be measured by a distance function. Suppose that we can derive a 0/1 matrix,Z,

where the columns are the 2p models and p are the number of rows. We put 1 in

the matrix if the variable p1 is present in Model M1, otherwise we put 0. We report

here a simple example. For example, if x11 ∈ Z is 1 and x1m ∈ Z is 0, the variable 1

is present i model 1 and not in model m. For each column of Z we can observe the
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presence-absence for each variable in each model.

Z =



















x11 x12 · · · x1m

x21 x22 · · · x2m

...
...

. . .
...

xp1 xp2 · · · xpm



















We would like to aggregate similar models in order to have a small set of different

models. There are many ways in which a distance or a proximity may be measured

starting from the Z matrix. In our case, a similarity coefficient indicates the strength

of the relationship between two objects (models) given the presence or the absence

of values of a set of p variables common to both.

The similarity between two objects i and j, will be some function of their observed

values, i.e.

sij = f(xi, xj), (5.1)

where x́i = [xi1, ..., xip] and x́j = [xj1, ..., xjp] are the observed variable values for

the objects. Many functions have been proposed depending partly on the type of

variable concerned (quantitative, categorical, binary, ordinal) and partly on the type

of object.

Similarity is usually regarded as a symmetric relationship requiring sij = sji. Asym-

metric proximity measures are considered in Constantine and Gower, 1978. Most

similarity coefficients are non negative and are scaled so as to have an upper limit

of unity, although some are of a correlational nature so that:

− 1 ≤ sij ≤ 1. (5.2)

Associated with every similarity measure bounded by zero and unity is a dissimilarity

(distance) dij = 1−sij which is symmetric and non negative. The degree of similarity

between two objects increases with sij and decreases with dij . It is natural for an

object to have maximal similarity with itself so that sij = 1 and dij = 0. In our

case, we consider the Z matrix that is related to the presence or absence of some

quality (variable).

The distance between two models, i and j, contained in the space of the models, M ,

where dim(M) = m, can be arranged in a 2 × 2 table as in Table 5.1. Such table

contains the joint frequencies that count how many variables appears, respectively,
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Mi = 0 Mi = 1 Total

Mj = 0 a b a+b

Mj = 1 c d c+d

Total a+c b+d p

Table 5.1: Frequency counts for two models

V ariable M1 M2 M3 ... Mm

V ar1 1 0 0 ... ...

V ar2 0 0 0 ... ...

V ar3 0 0 0 ... ...

V ar4 0 0 0 ... ...

V ar5 1 1 0 ... ...

V ar6 1 0 0 ... ...

V ar7 0 0 0 ... ...

V ar8 0 1 1 ... ...

V ar9 1 1 0 ... ...

V ar10 0 0 0 ... ...

... ... ... ... ... ...

... ... ... ... ... ...

V arp ... ... ... ... ...

Table 5.2: Models comparison: an example

in no model (Mi = 0,Mj = 0), one model only (Mi = 1,Mj = 0); (Mi = 0,Mj = 1)

and both models (Mi = 1,Mj = 1). Many similarity coefficients have been proposed

that combine the quantities a,b,c and d, see e.g. Sneath and Sokal (1973), Anderberg

(1973), Clifford and Stephenson (1975), Cormack (1971) and Gower (1985). The two

coefficients most commonly used in practice are the matching coefficient, a+d
p and

the Jaccard coefficient, a
a+b+c . Sneath et al. (1973) give a full discussion of similarity

coefficients for use with binary data and argue that no rule can be made regarding

the inclusion or otherwise of negative matches.

We remark that different similarity coefficients may have different values for the same

set of data. Suppose for example that we consider the first 10 variables of our dataset
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M2/M1 M1 = 1 M1 = 0 Total

M1 = 1 2 1 3

M1 = 0 2 5 7

Total 4 6 10

Table 5.3: Pairwise model comparison

Index V alue

a+d
p 0.70

a
a+b+c 0.40

2a
2a+b+c 0.57

2(a+d)
2(a+d)+b+c 0.82

a
a+2(b+c) 0.25

Table 5.4: Similarity coefficients values

and compare the first two model selected by the one step Bayesian model averaging

approach. The corresponding 2×2 table of counts is presented in Table 5.3. In Table

5.4 we show the values taken by the various similarity coefficients. That the different

coefficients take different values for the same pair of models would be relatively

unimportant if the coefficients where jointly monotonic, in the sense that, if all the

values for different pairs of models on one coefficient were ordered so that they formed

a monotonic series (that is a series which either increases or decreases throughout

its length), the corresponding values for other coefficients were similarity ordered.

That this is not necessarily the case is most easily demonstrated by introducing

data on the ten binary variables considered previously, for a further model. We

consider M3 and compare the first three models with a similarity coefficient. In

Table 5.5 we present results for the simple matching coefficient and the Jaccard

coefficient. Notice that the coefficients are not jointly monotonic. In order to obtain

monotonicity it is possible to attach scores sijk of zero or one, to each variable, k,

k = 1, ..., p, depending on whether the two models i and j have the same binary

value on that variable: that is if both include or not include that variable. The

scores for all variables are then simply averaged to obtain a similarity coefficient as

Mij =

∑p

k=1
sijk

p . This can ensure monotonicity (non-invariant similarity).
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Model Matching Jaccard

M(1,2) 0.70 0.40

M(1,3) 0.50 0.00

M(2,3) 0.80 0.33

Table 5.5: Multiple model comparison

If we like to have an immediate comparison among models, we use the complement

of similarity measures called dissimilarity matrix. This matrix, that we call D stores

a collection of proximities that are available for all pairs of m models. It is often

represented by a m×m table as shown below:

D =



















0 d12 · · · d1m

d21 0 · · · d2m

...
...

. . .
...

dm1 dm2 · · · 0



















where d(i, j) is the measured difference or dissimilarity between model i and model

j. Since d(i, j) = d(j, i) and d(i, i) = 0 we have the matrix in D.

For binary data, Gower (1966) has shown that:

dij =
√

2(1 − sij), (5.3)

can function as an Euclidean distance provided the matrix od similarity coefficients

in positive semi definite. Both the simple matching coefficient and the Jaccard

coefficient meet this requirement. Although the Euclidean distance is the most

widely used in a clustering context, other distance measures have been employed

(the city block metric, the Canberra metric, the Angular separation, the Mahalanobis

distance and so on). In our proposal we use two different way to reduce the number of

possible models based on graphical displays of distance matrices and cluster analysis.

5.1.1 Multidimensional model scaling

The information about similarities or distances in a similarity or a distance matrix

can be presented graphically, usually by deriving coordinate values for the models,

which may then be plotted. Such plots might then be examinated for evidence of

distinct groups of points, or they might be used in association with the results of
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some grouping technique.

The most common approach to finding a coordinate representation of a set of dis-

tances or similarities is by using one of a collection of techniques known as multidi-

mensional scaling. Such methods are described in detail in Everitt and Dunn (1991).

In our proposal, a geometrical or spatial representation of the observed proximity

matrix consists of a set of points x1, .x2, ..., xm in p dimensions, each point repre-

senting one of the models under investigation, and a measure of distance between

pairs of points.

The objective of multidimensional scaling is to determine both the dimensionality

needed to represent the information in the proximity matrix adequately, and the

position of the points so that there is, in some sense, maximum correspondence be-

tween the observed proximities and the interpoint distances. In general terms this

simply means that the larger the observed distance between two models the further

apart should be the points representing them.

The required coordinates are found by minimizing some function which measures

the discrepancy between the observed proximities and the fitted distances. Many

such functions have been suggested, a number of which are described in Everitt and

Dunn (1991). In all cases the results will consist of a set of coordinate values for

each model. The hope is that the first few of these will provide an adequate repre-

sentation of the observed proximities.

Multidimensional model scaling procedures are generally iterative optimization pro-

cedures. They start with some type of initial solution and then improve the solution

in steps. When the solution cannot be improved, the procedure stops. In each itera-

tion there are two phases: one phase derives a new configuration (coordinates of the

objects in a low dimensional space) and the other phase is called the optimal scaling

phase. The measurement level of the data determines what takes place during the

optimal scaling phase.

We now propose two simple applications of Multidimensional scaling to model se-

lection. We call this multidimensional model scaling (MDMS). We consider the

proximity matrix that come from the Bayesian Stratified model averaging presented

in Section 4.9 and we consider only the first five models selected. The process is as

follows:

1. Calculate proximities as described in the section before;
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2. Derive an initial configuration;

3. Perform an optimal scaling conditioned on the configuration, to try to improve

the fit of the model to our data;

4. Test to see whether the fit has improved sufficiently to continue. If it has not,

we exit, otherwise we continue to the next step;

5. Derive a new configuration, conditioned on the results of the optimal scaling.

We move the points around in the space defined by the axes to try to improve

the fit of the model to our data.

6. Return to step 3.

We finally produce a plot of coordinate values and we add labels to the plot to iden-

tify the points and draw axes such that one unit on the vertical and horizontal axes

is the same distance. When axes are equated in this manner, distances are correctly

presented in the plot. The plot shows the relative location of models. Because we

Figure 5.1: Dimensional scaling

use for the data the absolute value, the distances between the coordinates that we

plot are on the same scale as the distances. Figure 5.1 presents the results of the

procedure. We adopt a particular case of Table 5.2, where M1,...,M5 are selected

from the Bayesian Stratified model averaging presented in Section 4.9. Based on

Jacard coefficient, we plot the relative proximity matrix.
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As we can see M2, M5 and M4 are very near and differ from M1 ,M3. From an em-

pirical point of view, this suggests some similarity between there models and some

ideas on grouping models.

If we run our algorithm for a larger number of models, (we remember that from the

Bayesian Model Averaging procedure it is possible to derive m = 2p models, where

p is the number of covariates available) the plot is more helpful.

Our idea is to aggregate such similar models with clustering methods.

The classic clustering technique is called k-means. First, it is necessary to specify

in advance how many clusters are being sought: this is the parameter k. Then k

points are chosen at random as cluster centres. All instances are assigned to their

closest cluster center according to the ordinary Euclidean distance metric. Next the

centroid, or mean, of the instances in each cluster is calculated this is the ”means”

part. These centroids are taken to be new center values for their respective clus-

ters. Finally, the whole process is repeated with the new cluster centers. Iteration

continues until the same points are assigned to each cluster in consecutive rounds,

at which stage the cluster centers have stabilized and will remain the same forever.

This clustering method is simple and effective. It is easy to prove that choosing

the cluster center to be the centroid minimizes the total squared distance from each

of the cluster points to its center. Once the iteration has stabilized, each point is

assigned to its nearest cluster center, so the overall effect is to minimize the total

squared distance from all points to their cluster centers. But the minimum is a local

one; there is no guarantee that it is the global minimum. The final clusters are quite

sensitive to the initial cluster centers. Completely different arrangements can arise

from small changes in the initial random choice. In fact, this is true of all practical

clustering techniques: it is almost always infeasible to find globally optimal clusters.

To increase the chance of finding a global minimum often the algorithm is run several

times with different initial choices and choose the best final result the one with the

smallest total squared distance.

The objective of model cluster analysis, is to cluster the model observations in

groups, internally homogeneous (internal cohesion) and heterogeneous between them

(external separation). In our proposal we start with classical cluster procedures, but

we put particular attention at some optimization methods that can improve the re-

sults. In particular we discuss optimization criteria to choose the number of clusters
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and, consequently, model clustering configuration.

5.1.2 Optimization methods for cluster analysis

Associated to each partition of the m models into the required number of groups, g

there is an index f(m, g) which is indicative of the quality of this particular cluster-

ing. From a partition of the data we consider the following three matrices:

T =
1

m

g
∑

i=1

mi
∑

j=1

(xij − x̄)(xij − x̄)T

W =
1

m− g

g
∑

i=1

mi
∑

j=1

(xij − x̄)(xij − x̄)T

B =
g
∑

i=1

mi(xi − x̄)(xi − x̄)T (5.4)

These p×p matrices, where p is the number of variables, represent respectively total

dispersion, within group dispersion and between group dispersion, and satisfy the

following equation:

T = W +B. (5.5)

For p = 1 this equation represents a relationship between scalars; simply the division

of the total sum of squares for a variable into the within and between groups of sum of

squares, familiar from a one way analysis of variance. In this case a natural criterion

for grouping would be to choose the partition corresponding to the minimum value of

the within group sum of squares, or equivalently, the maximum value of the between

group term. For p > 1 the derivation of clustering criteria from the previous equation

is not so clear cut, and several alternatives have been suggested:

• Minimization of the W trace, see e.g. Singleton and Kautz (1965), Forgey

(1965), Jancey (1966), MacQueen (1967) and Ball and Hall (1967).

• Minimization of the determinant of W , see e.g. Krzanowsky (1988), Friedman

and Rubin (1967), Marriott (1971,1982).

• Maximization of the trace of BW−1, see e.g. Wallace and Boulton (1968), Rao

(1952), Spath (1985).

Once a suitable numerical clustering criterion has been selected, consideration needs

to be given on how to choose the group partition g of the data which leads to its
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optimization.

In order to select the number of groups a number of formal techniques are available.

Beale (1969) for example, gives an ”F test”, which may be used to test whether

a sub division into g2 clusters is significantly better than a subdivision into some

smaller number of clusters, g1. The test statistic is defined as follows:

F (g1, g2) =
Rg1 −Rg2

Rg2

[

{

m− g1
m− g2

}(

g2
g1

)2/p

− 1

]−1

(5.6)

where Rg = (m− g)S2
g and S2

g is the mean square deviation from cluster centers in

the sample. The statistic is compared with the F statistic, F with p(g2 − g1) and

p(m − g2) d.f. Experience with this procedure suggests that it will only be useful

when the clusters are fairly well separated and approximately spherical in shape.

A method suggested by Calinsky and Harabasz (1974) is to take the value of g which

corresponds to the maximum value of C, where C is given by:

C =
trace(B)

g − 1

(

trace(W )

m− g

)−1

(5.7)

This criterion performs reasonably well in the study of indicators of number of groups

reported in Milligan and Cooper (1985).

Marriot (1971) suggests as another possible procedure for assessing the number of

groups, to take the value of g for which g2det(W )is a minimum.

We remark that this research is only based on an empirical approach. We will

improve this field of research from a theoretical point of view.

5.2 Predictive performance

Now, in order to choose the best model, we focus on predictive performance. One

of the main arguments for using the BMA is based on its ability to improve our

predictions, as measured by the out-of-sample prediction error.

BMA was successfully applied to various statistical methods of data analysis: uni-

variate linear regression (Raftery et al., 1997; George and McCulloch, 1993; Geweke,

1996), multivariate analysis (Brown and Vannucci, 1998; Noble, 2000), survival

analysis (Volynsky et al., 1997), generalized linear models (Raftery, 1995; Clyde,

1999), graphical models (Madigan and Raftery, 1994), wavelet estimation (Clyde

and George, 1999), regression trees (Chipman et al., 1998), and nonparametric re-

gression (Smith and Kohn, 1996; Shively et al., 1999).
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In Hoeting et al. (1999) we see several examples of BMA applications, each equipped

with a convincing out-of-sample validation in terms of its predictive performance.

The cross-validation was performed by splitting each data set into two parts, train-

ing set, DT and prediction set, DP . The training set is used for model selection and

the second set for prediction. Using several models turned out better than using a

single model in most of the cases. Two measures of predictive ability were used, the

coverage for a 90% predictive interval, measured by proportion of observation of the

second set falling within the 90% of the corresponding posterior prediction interval

(see Hoeting et al., 1999). The second measure is the logarithmic scoring rule of

Good (1952). Specifically we measure the predictive ability of a single model M as:

−
∑

∆∈DP

log
{

pr(∆|M,DT )
}

, (5.8)

And compare it with predictive ability of BMA as measured by:

−
∑

∆∈DP

[

log

{

k
∑

k=1

pr(∆|Mk, D
T )pr(Mk|D

T )

}]

(5.9)

The smaller the predictive log score for a given model or model average, the better

the predictive performance. An intuitive explanation of such a good performance

of BMA was given in George (1999), who noted that BMA based prediction can be

viewed as an application of averaging of several approximately unbiased estimates

with weights adaptively accounting for their varying variance, hence better predic-

tion. A more analytical argument was used in Madigan and Raftery (1994), which

follows from the non-negativity of the Kullback-Leibler information divergence.

− E

[

log

{

k
∑

k=1

pr(∆|Mk, D)pr(Mk|D)

}]

≤ −E [log {pr(∆|Mj , D)}] , j = 1, ..., k

(5.10)

To assess the performance of BMA in the case of Bayesian survival models. I carried

out a simulation study. The idea of simulation was to use some ”true” model to

generate the data and then compare the out of sample prediction for the averaged

model to that of various candidate models (full model, top selected model, and true

model). Of course, the usefulness of the results is limited because the simulation is

based on the assumption that a ”true” model exists, which may not be the case in

a real life situation. The simulation procedure was as follows.

Training and prediction data sets were simulated under the same generation scheme,
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DB and DT . The simulation was carried out for fixed and random X designs. For

the fixed design we used same (generated) values of explanatory variables for both

training and prediction data sets. We assume that the full model is not the true

model. First, we apply each model selection method to the first part of the data,

DB. The corresponding coefficient estimates define a predictive density for each

person in the second part of the data DP . Then a log score (see Good, 1952) for

any given model Mk is based on the observed ordinate of predictive density for the

subjects in DT :
∑

d∈DT

logpr(d|Mk, D
B). (5.11)

Similarly the predictive log score for BMA is:

∑

d∈DT

log

{

∑

m∈M

pr(d|M,DB)pr(M |DB)

}

, (5.12)

where M is the set of BMA selected models.

However, the Cox model does not directly provide a predictive density. Rather it

provides an estimated predictive CDF which is a step function (Breslow, 1975) and

therefore does not lead to differentiation into a density. In the spirit of Cox partial

likelihood we have designed an alternative to the predictive density:

pr(d|Mk, D
B) =

(

exp(xiθ̂k)
∑

l∈Ri
exp(xTl θ̂k)

)δi

. (5.13)

By substituting this in the two equations before, we obtain an analogue to a log score

called the partial predictive score (PPS). Using the PPS we can compare BMA to

any single model selected. The partial predictive score is greater for the method

which gives higher probability to the events that occur in the last test set.

We also compare methods based on their predictive discrimination, namely how well

they sort the subjects in the test set into discrete risk categories (high, medium, low

risk). We assess predictive discrimination of a single model as follows:

• Fit the model to build data to get estimated coefficients θ̂.

• Calculate risk scores (xTi , θ̂) for each subject in the build data.

• Define low, medium and high risk groups for the model by empirical percentiles

of risk scores (in the simplest case, 33rd and 66rd)

• Calculate risk scores for the test data and assign each subject to a risk group.
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• Extract the subjects who are assessed as being in a higher risk group by one

method than by another, and tabulate what happened to those subjects over

the study period.

To assess predictive discrimination for BMA, we must take account of all of the

averaged models. We replace the first step above with:

• Fit each model M1, ...,Mk in A, where A is a set where maxl(pr(Ml|D))
pr(Mk|d)

< C

(Raftery, 1997, show that C = 20 provides a good approximation to averaging

over the entire model space), to get estimated coefficients, θ̂k.

• Calculate risk scores (xTi , θ̂k) under each model in A for each person in the

build data. A score risk of person under BMA is the weighted average of

these:
∑K
k=1(x

T
i , θ̂k)pr(Mk|D

B).

A method is better if it consistently assigns higher risks to the people who actually

had the event at risk.

In order to apply what presented, we split the data randomly, the training data set

and the validation data set. In order to measure the predictive discrimination we

use a confusion matrix. The confusion matrix is used as an indication of the prop-

erties of a classification (discriminant) rule. It contains the number of elements that

have been correctly or incorrectly classified for each class. On its main diagonal we

can see the number of observations that have been correctly classified for each class

while the off-diagonal elements indicate the number of observations that have been

incorrectly classified. If it is (explicitly or implicitly) assumed that each incorrect

classification has the same cost, the proportion of incorrect classifications over the

total number of classifications is called rate of error, or misclassification error, and

it is the quantity which must be minimised. Of course the assumption of equal costs

can be replaced by weighting errors with their relative costs. If there are different

costs for different errors a model with a lower general level of accuracy is preferable

to one that has greater accuracy but also much higher costs.

We have calculated predictive performance for the one-step Bayesian model aver-

aging procedure presented in this dissertation. Partial predictive scores for the top

models (as determined from the build set) in Table 3.6 are PPS = −634.6 for the

model with the highest posterior probability, PPS = −423.6 for the model aver-

aging. Model averaging performs better than the single model methods. For the
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O/P P = 0 P = 1 Total

O = 0 a b a+b

O = 1 c d c+d

Total a+c b+d a+b+c+d

Table 5.6: Theoretical Confusion Matrix

top models in Table 3.5, there is PPS = −333.2 for the model with the highest

posterior probability, PPS = −278.6 for the model averaging. We report here an

example of confusion matrix for the best predictive model in Table 3.6. We consider

a sample of 1000 customers. Table below classifies the observations of a validation

dataset in four possible categories: the observations predicted as events and effec-

tively such (with absolute frequency equal to a); the observations predicted as events

and effectively non events (with frequency equal to c); the observations predicted

as non events and effectively events (with frequency equal to b); the observations

predicted as non events and effectively such (with frequency equal to d). We obtain

the following results: a = 645, b = 45, c = 134, d = 176. The frequency in b and c

represents two different type of error. It is possible also to derive the proportion of

non events predicted as events (type II error, false positives) as c
c+d or proportions

of events predicted as non events (type I error, false negatives) as b
a+b . Also we can

calculate the sensitivity as a
a+b (proportion of events, predicted as such) and the

specificity as d
c+d (proportion of non events, predicted as such).

5.3 Lift of a model

In a prediction step the goodness of the model will be evaluated in terms of predictive

accuracy in a cross-validation exercise. We have split the dataset in the two usual

subsets: training and test. Both have been proportionally sampled, with respect

to the status variable. All sampled data contain information on all finally chosen

explanatory variables (about twenty). In order to evaluate the predictive perfor-

mance of the model, and compare it with classification trees (routinely used by the

company), we have focused our attention to the 3 months ahead prediction. We

have implemented a procedure based on the estimated survival probabilities, aimed

at building the confusion matrix (see e.g. Giudici 2003) and, correspondingly, the
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percentage of captured true churners of the model. We remark that this is indeed not

a fair comparison as survival models predict more than a point; however typically

ask for this type of model benchmarking.

In correspondence of each estimated probability decile, the percentage of true churn-

ers captured is : 0.0504 in the first decile, 0.0345 in the second decile. In general,

while in the first decile (that is, among the customers with the highest estimated

churn probability) 0.05 of the clients are effective churners, the same percentage

lowers down in subsequent deciles, thus giving an overall picture of good perfor-

mance of the model. Indeed the lift of the model, as measured by the ratio between

the captured true responses, between the model and a random allocation does not

turn out to be substantially better with respect to what obtained with tree models.

However, we remark that, differently from what occurred with the latter models,

the customers with the highest estimated churn rate are now not necessarily those

whose contract is close to the deadline. This is the most beneficial advantage of the

survival analysis approach, which, in turn, leads to substantial gains in campaign

costs.

5.4 ROC Curve

In this section we compare the predictive power of different models, namely Bayesian

Model Averaging Stratified Models and Bayesian Penalized models.

We employ the same data set as training and validation in order to better compare

the results. We cannot use the Partial Predictive Scores, because methodologically

it is not so easy to derive it for the Penalized Likelihood estimation. We compare

model performances on the basis of the confusion matrix described before. In order

to better compare this two models, we calculate also new measures, based on the

balanced error rate, BER BER = ( c
a+c + b

b+d)/2, 2× a− b that is a measure used in

the filtering evaluation and F1 = 2×a
(2×a)+b+c , the F-measure of Van Rijsbergen with

the trade-off parameter set to 1 (Van Rijsbergen, 1972).

In our case it turns out that the Bayesian Penalized model is the better model to

estimate Customer Lifetime Value. We build also a ROC curve for model com-

parison. ROC graphs are another way besides confusion matrices to examine the

performance of classifiers (Swets, 1988). A ROC graph is a plot with the false pos-
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itive rate on the X axis and the true positive rate on the Y axis. The point (0,1)

is the perfect classifier: it classifies all positive cases and negative cases correctly.

It is (0,1) because the false positive rate is 0 (none), and the true positive rate is 1

(all). The point (0,0) represents a classifier that predicts all cases to be negative,

while the point (1,1) corresponds to a classifier that predicts every case to be pos-

itive. Point (1,0) is the classifier that is incorrect for all classifications. In many

cases, a classifier has a parameter that can be adjusted to increase TP at the cost

of an increased FP or decrease FP at the cost of a decrease in TP. Each parameter

setting provides a (FP, TP) pair and a series of such pairs can be used to plot an

ROC curve. A non-parametric classifier is represented by a single ROC point, cor-

responding to its (FP,TP) pair. Figure 5.5 shows an example of an ROC graph with

Figure 5.2: ROC curve comparison

two ROC curves labelled C1 (based on Bayesian Model Averaging Stratified Models)

C2 (based on Bayesian Penalized model), and two ROC points labelled P1 and P2.

Non-parametric algorithms produce a single ROC point for a particular data set.

This graph can be improve. In fact, a ROC curve or point is independent of class

distribution or error costs (Provost et al., 1998) but encapsulates all information

contained in the confusion matrix, since FN is the complement of TP and TN is

the complement of FP (Swets, 1988). The ideal point on the ROC curve would be

(0,100), that is all positive examples are classified correctly and no negative exam-

ples are misclassified as positive.

We report here the properties for the ROC Curve: the slope is non-increasing, each

point on ROC represents different trade-off (cost ratio) between false positives and
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false negatives, the slope of line tangent to curve defines the cost ratio, the ROC

Area represents performance averaged over all possible cost ratios. In order to com-

pare two or more models, if two ROC curves do not intersect, one method dominates

the other and if two ROC curves intersect, one method is better for some cost ratios,

and other method is better for other cost ratios. It has been suggested that the area

beneath an ROC curve can be used as a measure of accuracy in many applications

(Swets, 1988). Provost et al. (1998) argue that using classification accuracy to

compare classifiers is not adequate unless cost and class distributions are completely

unknown and a single classifier must be chosen to handle any situation. They pro-

pose a method of evaluating classifiers using a ROC graph and imprecise cost and

class distribution information.

Another way of comparing ROC points is by using an equation that equates accu-

racy with the Euclidian distance from the perfect classifier, point (0,1) on the graph.

We include a weight factor that allows us to define relative misclassification costs,

if such information is available. We have derived the ROC curve from the corre-

sponding confusion matrix (Kohavi et al., 1998), which contains information about

actual and predicted classifications done by a classification system. We obtain the

following results: a = 445, b = 45, c = 106, d = 404 for the Bayesian Penalized

model and a = 497, b = 87, c = 108, d = 308 for the Bayesian Model Averaging

Stratified Models. The confusion matrix based on the classical Cox model give low

results in model prediction.

A natural alternative to an error rate for model comparison is a misclassification

cost. Instead of designing a classifier to minimize error rates, the goal would be to

minimize misclassification costs. A misclassification cost is simply a number that is

assigned as a penalty for making a particular type of a mistake. For example, in

the two-class situation, a cost of one might be assigned to a false positive error, and

a cost of two to a false negative error. An average cost of misclassification can be

obtained by weighing each of the costs by the respective error rate. Computation-

ally this means that errors are converted into costs by multiplying an error by its

misclassification cost.

Any confusion matrix has n2 entries, where n is the number of classes. On the diag-

onal lie the correct classifications with the off-diagonal entries containing the various

cross-classification errors. If we assign a cost to each type of error or misclassifica-
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Predictedpositive Predictednegative Total

Positiveexamples TP FN Pos

Negativeexamples FP TN Neg

Total PPos PNeg N

Table 5.7: Economic confusion matrix

tion, the total cost of misclassification is most directly computed as the sum of the

costs for each error. If all misclassifications are assigned a cost of l then the total

cost is given by the number of errors and the average cost per decision is the error

rate. By raising or lowering the cost of a misclassification, we are biasing decisions in

different directions, as if there were more or fewer cases in a given class. Formally, for

any confusion matrix, if Eij is the number of errors entered in the confusion matrix

and Cij is the cost for that type misclassification, the total cost of misclassification

is given by the equation below:

Cost =
∑

i=1

∑

j=1

Eij × Cij . (5.14)

We have so far considered the costs of misclassifications, but not the potential for ex-

pected gains arising from correct classification. In risk analysis or decision analysis,

both costs (or losses) and benefits (gains) are used to evaluate the performance of a

classifier. A rational objective of the classifier is to maximize gains. The expected

gain or loss is the difference between the gains for correct classifications and losses

for incorrect classifications. In economic analysis utility theory is employed, which

allows modification of risks by a function. The nature of this function is part of

the specification of the problem and is defined before the classification problem is

derived. In all these cases decisions are based on modified error rates so as to mea-

sure classifier performance in units typical for the problem domain, and also provide

means for making more correct decisions.

Our proposal for model choice starts with a simple matrix that give us a first mea-

sure of assessment. We introduce some terminology. True Positive (TP) represents

the correct classification, true negative (TN), the correct rejection, the false pos-

itive (FP) represents a false alarm (First type of error) and false negative (FN)

is a misclassification error (Second type of error). In particular we observe that

positive/negative refers to prediction and true/false refers to correctness.

160



5.4. ROC Curve

The true positive rate, tpr = TP/TP + FN is the fraction of positives correctly

predicted and the false positive rate, fpr = FP/neg = FP/FP + TN is a fraction

of negatives incorrectly predicted = 1− TN/FP + TN , where TN/FP + TN is the

true negative rate. We can define a first measure of accuracy for model selection in

the following equation:

Accuracy = pos× tpr + neg × (1 − fpr), (5.15)

which is a weighted average of true positive and true negative rates. As described

before, we can plot the FP rate and the TP rate to obtain a ROC curve. As we

Figure 5.3: ROC curve comparison

can observe from Figure 5.5 we can plot a set of models (in our case 2 models) on a

convex hull. In general, the classifiers on the convex hull achieve the best accuracy

for some class distributions and classifiers below the convex hull are always sub-

optimal.

Any performance on a line segment connecting two ROC points can be archived by

randomly choosing between them: the ascending default performance is just a special

case (absence of model). The classifiers on the ROC convex hull can be combined to

form the ROCCH-hybrid (see e.g. Provost and Fawcett, 2001): there are the ordered

sequence of classifiers that can be turned into a ranker. In particular, we can build

an Iso accuracy line which connects ROC points with the same accuracy:

pos× tpr + neg × (1 − fpr) = a
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tpr =
a− neg

pos
+
neg

pos
fpr (5.16)

We can obtain a set of parallel ascending lines with slope neg/pos. The higher

lines are better and on the descending diagonal, tpr = a. Each line segment on the

convex hull is an iso accuracy line for a particular class distribution: under that

distribution the two classifiers on the end points achieve the same accuracy, for dis-

tributions skewed towards negatives (steeper slope) the left one is better and finally,

for distributions skewed towards positives (flatter slope) the right one is better. Each

classifiers on convex hull is optimal for a specific range of class distributions. Now

we want to incorporate costs and profits. The iso-accuracy and iso-error lines are

the same. The error is a linear combination of error = pos× (1 − tpr) + neg × fpr

and the slope of iso-error line is neg/pos.

For each confusion matrix it is possible to derive easily the accuracy and the preci-

sion in prediction. In particular, the accuracy is a weighted average of true positive

- negative rates, accuracy = pos × tpr + neg × (1 − fpr) = tpr+c(1−fpr)
c+1 , where c is

the skew ratio which indicates relative importance of negatives over positives and in

the most simple case, without cost, c = neg/pos. The precision or confidence index

is precision = pos×tpr
pos×tpr+neg×fpr = tpr

tpr+c×fpr . From this relation we can derive two

variants, the relative precision, (precision− pos) and the lift, lift = precision/pos.

We derive also some test based on the F-measure. In particular, the F-measure is

harmonica average of precision and some quantity derived from the confusion ma-

trix. In ROC notation, F = 2×tpr
tpr+c×fpr+1 , equivalent but simpler G = tpr

c×fpr+1 . We

report here a summary for the linear metrics. We first introduce a Misclassification

cost in order to obtain a total cost for a model performance.

cost = pos× (1 − tpr) × C(−|+) + neg × fpr × C(+|−), (5.17)

The slope of iso-cost line is neg×C(+|−)/pos×C(−|+). Now in order to incorporate

the correct classification profits, we have:

cost = pos× (1 − tpr) × C(−|+) + neg × fpr × C(+|−) +

pos× tpr × C(+|+) + neg × (1 − fpr) × C(−|−), (5.18)

with a slope of iso-line neg × [C(+|−) − C(−|−)]/pos × [C(−|+) − C(+|+)]. But

a ROC curve implicitly conveys information about performance across all possible

combinations of misclassification costs and class distributions. We use the term
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Figure 5.4: Linear metrics: summary

operating point to refer to a specific combination of misclassification costs and class

distributions.

5.5 Model comparison based on ROC curves

We consider Figure 5.8. Although it is easy to see which curve is better it is much

harder to determine by how much. This information can be extracted as it is implicit

in the graph, but our alternative representation makes it explicit.

In general, one point in ROC diagram dominates another if it is above and to the

left, i.e. has a higher true positive rate (TP) and lower false positive rate (FP).

If a point A dominates point B, A will have a lower expected cost than B for all

possible cost ratios and class distributions. One set of points A is dominated by

another B when each point in A is dominated by the same point B when and no

point in B is dominated by a point in A. The normal assumption in ROC analysis

is that this points are samples of a continuous curve and therefore normal curve

fitting techniques can be used. Alternatively a non-parametric approach is to use a

piecewise linear function joining adjacent points by straight lines. Dominance is then

defined for all points on the curve. The dashed line in Figure 5.9 is a typical ROC

convex hull. The slope of a segment of the convex hull connecting the two vertices
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Figure 5.5: Roc choice

Figure 5.6: Roc convex hull
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(FP1, TP1) and (FP2, TP2) is given by the following equation TP1−TP2
FP1−FP2

= p(−)C(+|−)
p(+)C(−|+) ,

where p(a) is the probability of a given example being in class a and C(a|b) is the

cost incurred if an example in class b is misclassified as being in class a. The previous

equation defines the gradient of an iso-performance line. Classifiers sharing a line

have the same expected cost for the ratio of priors and misclassification costs given

by the gradient. Even a single classifier can form a ROC curve. The solid line in

Figure 5.9 is produced by simply combining classifier B with the trivial classifiers:

point (0, 0) represents classifying all examples as negative; point (1, 1) represents

classifying all examples as positive. The slopes of the lines connecting classifier B to

(0, 0) and to (1, 1) define the range of the ratio of priors and misclassification costs

for which classifier B is potentially useful, its operating range. For probability cost

ratios outside this range classifier B will be outperformed by a trivial classifier. As

with the single classifier, the operating range of any vertex on a ROC convex hull is

defined by the slopes of the two line segments connected to it. One of the questions

posed in the introduction is how to determine the difference in performance of two

ROC curves. For instance in Figure 5.9 the dashed curve is certainly better than

the solid one. To measure how much better one might be tempted to take euclidean

distance normal to the lower curve. But this would be wrong on two counts. Firstly,

the difference in expected cost is the weighted Manhattan distance between two

classifiers, given by the following equation, not the euclidean distance:

E[C1] − E[C2] = (TP1 − TP2)p(+)C(−|+) + (FP1 − FP2)p(−)C(+|−). (5.19)

We call p(+)C(−|+) = ω+ and p(−)C(+|−) = ω−. Secondly the performance

difference should be measured between the appropriate classifiers on each ROC curve.

When using the convex hull these are the best classifiers for the particular cost and

class frequency defined by the weights ω+ and ω− in the previous equation. In Figure

5.9 for a probability cost ratio of say 2.1 the classifier marked A on the dashed curve

should be compared to the one marked B on the solid curve. But if the ratio was

2.3 it should be compared to the trivial classifier marked C on the dashed curve at

the origin.

To directly compare the performance of two classifiers we transform a ROC curve

into a cost curve. Figure 5.10 shows the cost curves corresponding to the ROC curves

in Figure 5.9. The x axis in a cost curve is the probability cost function for positive
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Figure 5.7: ROC space

examples, PCF (+) = ω+/(ω+ + ω−) where ω+ and ω− are the weights in equation

5.19. This is simply p(+), the probability of a positive example, when the costs are

equal. The y axis is expected cost normalized with respect to the cost incurred when

every example is incorrectly classified. The dashed and solid cost curves in Figure

5.10 correspond to the dashed and solid ROC curve in Figure 5.9. The horizontal

line atop the solid cost curve corresponds to the classifier marked B. The end points

of the line indicate the classifiers operating range (0.3 ≤ PCF (+) ≤ 0.7), where it

outperforms the trivial classifiers. It is horizontal because FP = 1 − TP for this

classifier (see below). At the limit of its operating range this classifier cost curve joins

the cost curve for the majority classifier. Each line segment in the dashed cost curve

corresponds to one of the points (vertices) defining the dashed ROC curve. The

distance between cost curves for two classifiers directly indicates the performance

difference between them. The dashed classifier outperforms the solid one has a

lower or equal expected cost for all values of PCF (+). The maximum difference

is about 20% (0.25 compared to 0.3), which occurs when PCF (+) is about 0.3 (or

0.7). Their performance difference is negligible when PCF (+) is near 0.5, less than
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0.2 or greater than 0.8. It is certainly possible to get all this information from the

ROC curves, but it is not trivial. The gradients of lines incident to a point must

be brought into contact with each convex hull to determine which points must be

compared. To find the actual costs the weighted Manhattan distance between them

must be calculated. All this information is explicit in the alternative representation.

The second question posed in the introduction was for what range of cost and class

distribution is one classifier better than another. Suppose we have the two hulls in

ROC space, the dotted and dashed curves of Figure 5.10. The solid lines indicate

iso performance lines. The line designated A touches the convex hull indicated by

the dotted curve. A line with the same slope touching the other hull would be lower

and to the right and therefore of higher expected cost. If we roll this line around the

hulls until it touches both of them we find points on each hull of equal expected cost,

for a particular cost or class frequency. Continuing to roll the line shows that the

hull indicated by the dashed line becomes the better classifier. It is noteworthy that

the crossover point of the two hulls says little about where one curve outperforms

the other. It only denotes where both curves have a classification performance that

is the same but suboptimal for any costs or class frequencies. Figure 5.11 shows the

cost graph that is the dual of the ROC graph of Figure 5.10. Figure 5.11 shows the

cost graph that is the dual of the ROC graph of Figure 5.10. It can be immediately

be seen that the dotted line has a lower expected cost and therefore outperforms the

dashed line to the left of the crossover point and vice versa. This crossover point

when converted to ROC space becomes the line touching both hulls shown in Figure

5.10.

To construct the alternative representation we use the normalised expected cost.

The expected cost of a classifier is given by the following equation:

E[C] = (1 − TP )p(+)C(−|+) + FPp(−)C(+|−). (5.20)

The worst possible classifier is one that labels all instances incorrectly so TP = 0

and FP = 1 and its expected cost is given by this equation:

E[C] = p(+)C(−|+) + p(−)C(+|−). (5.21)
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Figure 5.8: Cost space

Figure 5.9: Cost space: specification
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The normalised expected cost is then produced by dividing the right hand side of

equation 5.20 by that of equation 5.21 given equation 5.22:

NE[C] =
(1 − TP )p(+)C(−|+) + FPp(−)C(+|−)

p(+)C(−|+) + p(−)C(+|−)
. (5.22)

The replacing the normalised probability cost terms with the probability cost func-

tion PCF (a) as in equation 5.23 results in equation 5.24:

PCF (a) =
p(a)C(a|ā)

p(+)C(−|+) + p(−)C(+|−)
, (5.23)

NE[C] = (1 − TP ) × PCF (+) + FP × PCF (−). (5.24)

Because PCF (+) + PCF (−) = 1, we can rewrite the last equation to produce

equation 5.25 which is the straight line representing the classifier.

NE[C] = (1 − TP − FP ) × PCF (+) + FP (5.25)

A point (TP, FP ) representing a classifier in ROC space is converted by equation

5.25 into a line in cost space. A line in cost space, using equation 5.26 where S

is the slope and TP0 the intersection with the true positive rate axis. Both these

operations are invertible. So there is also a mapping from points (lines) in cost space

to lines (points) in ROC space. Therefore there is a bidirectional point line duality

between the ROC and cost representations.

PCF (+) =
1

1 + S
,

NE[C] = (1 − TP0)PCF (+). (5.26)

Figure 5.13 shows lines representing four extreme classifiers in the cost space. At

the top is the worst classifier, it is always wrong and has a constant normalised

expected cost of 1. At the bottom is the best classifier, it is always right and has a

constant cost of 0.

The classifier that always chooses negative has zero cost when PCF (+) = 0 and a

cost of 1 when PCF (+) = 1. The classifier that always chooses positive has cost of

1 when PCF (+) = 0 and a zero cost when PCF (+) = 1. Within this framework it

is apparent that we should never use a classifier outside the shaded region of Figure

5.13 as a lower expected cost can be archived by using the majority classifier which

chooses one or other of the trivial classifiers depending on PCF(+).

At the limits of the normal range of the probability cost function equation 5.25
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Figure 5.10: Cost space:classification

simplifies to NE[C] = FP if PCF (+) = 0 and NE[C] = (1 − TP ) if PCF (+) = 1.

To plot a classifier on the cost graph we set the point on the left hand side y-axis to

FP and the point on the right hand side y-axis to (1 − TP ) and connect them by a

straight line. Figure 5.14 shows a classifier with FP = 0.09 and TP = 0.36. The line

represents the expected cost of the classifier over the full range of possible costs and

class frequencies. This procedure can be repeated for a set of classifiers as shown in

Figure 5.14. We can now compare the difference in expected cost between any two

classifiers. There is no need for the calculations required in the ROC space, we can

directly measure the vertical height difference at some particular probability cost

value. Dominance is explicit in the cost space. If one classifier is lower in expected

cost across the whole range of the probability cist function it dominates the other.

Each classifier delimits a half space. The intersection of the half spaces of the set

of classifiers gives the lower envelope indicated by the dashed line in Figure 5.15.

This effectively chooses the classifier that has the minimum cost for a particular

operating range. This is equivalent to the upper convex hull in the ROC space. This

equivalence arises from the duality of the two representations.
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Figure 5.11: Cost space:comparison

Figure 5.12: A set of classifiers
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We remark that the literature presents other performance criteria based on error

rate, area under the ROC curve, Neyman-Pearson criterion and workforce utilisation.

For more details, see e.g. Provost et al. 1998. There are also many proposals on

averaging multiple curves (see e.g. Swet and Picket 1982).

One interesting avenue of future research in this field is whether or not there are

alternative dualities based on such metrics. The approaches proposed allows the

easy calculation of the qualitative and quantitative model performance.
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Chapter 6

Conclusions and Future research

In this Chapter we resume this dissertation. This research is a starting point that

can be improved with new or old statistical methods. In particular, we report a

review that can be applied to estimate customer lifetime value with the application

of nonparametric techniques. This field of research can be studied and applied in a

next time.

6.1 Conclusions

In the dissertation we presented a comparison between classical (static) and novel

statistical techniques (dynamic) to predict rates of churn of customers.

The dissertation starts with a review on variable selection techniques. In Chapter 1

we review the literature on variable selection and we propose a general framework

to improve the dimensionality reduction with attention on the relationships of Max-

dependency, Max-relevance and Min-redundancy.

Chapter 2 starts with a mathematical formalisation to define Customer Lifetime

Value. Later we introduce the classical statistical tenure model based on Cox re-

gression and show the weaknesses and criticisms of such classical churn models. We

then point attention to new lifetime value models, in particular we focus on survival

analysis in the point processes framework. We put in this section also a review on

model adequacy and model comparison.

In Chapter 3 we propose a Bayesian extension of lifetime value models. We propose

a new Bayesian methods to choose the most important variables and we present a

novel Bayesian model based on point processes framework (two step models). We
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improve this model following some approach in literature based on Bayesian Model

Averaging (one-step model). We then comment on the evolution of this approach,

especially with stratification and multi-level models. We discuss model search and

model comparison for Bayesian lifetime value models. We show the application of

customer lifetime value models to a real marketing application.

Chapter 4 improves the previous results with the presentation of Bayesian stratified

models, with fixed and random effects, and a discussion on the efficiency of partial

likelihood methods. We then propose a new field of research (theoretical and applied)

based on penalised likelihood methods, for which we propose a Bayesian extension

and discuss on computational issues. We show that estimation using shared frailty

models can be performed with penalized likelihood methods and therefore in a simple

and realistic Bayesian framework. This is true for models with time-dependent co-

variates as well as for models with time-independent covariates on which we focused

on in an attempt to keep the notation simple. We have found such a correspondence

for gamma and gaussian frailty models; more research is needed for more general

models. However we remark that the methodology support the use of AIC or cor-

rected AIC as a selection criteria; with this approach, models can be fit beyond

those for which a formal ML-penalized correspondence has been worked out, such

as models with multiple frailty terms or other frailty distributions. Using AIC as

the optimization criteria for θ and the log of a t-distribution density as the penalty

term, for instance, appears to give similar results to more formal MCMC based on

Bayesian methods on our application and formal results are needed to understand

the relative merits of likelihood and degrees-of-freedom based approaches.

Beyond its extendibility, an important benefit of the penalized approach is compu-

tational speed. Because of the connection to other work in penalized regression, we

have shown further computational improvements, possible for specific models. For

example in shared frailty models, the use of a sparse Cholesky factorization provides

significant computational advantages.

In Chapter 5 we propose new methods for model selection. The Chapter contains an

idea of feature research. In particular we discuss on model assessment and predictive

performance with particular attention to economic assessment and decision making,

based on ROC Curves. We would like to investigate model priors when there is prior

knowledge to be incorporated in the analysis and also averaging over model groups
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and classes. In particular, we will consider uncertainty about functional model form,

and uncertainty about the model for the baseline hazard function. It would be inter-

esting to combine the methods for regression (variable search) and graphical models

(structural search). A combination of these two problems would search over the

space of variables and dependencies simultaneously, perhaps via techniques like Re-

versible Jump MCMC (Green, 1995), and could greatly extend the results presented

here.

6.2 Future research

For the same problem, how to estimate customer lifetime value, we report here some

new methods based on Bayesian non parametric inference that we like to study for

next research.

In recent year, Bayesian nonparametric models, both theoretical and computational

has witnessed considerable advances. The ear listed priors for nonparametric prob-

lems seem to have been described by Freedman who introduced tail-free and Dirichlet

random measures. Subsequently Ferguson (1973,1974), Antoniak (1974), Diaconis

and Freedman (1986), formalised and explored the notion of a Dirichlet process.

Early work was largely focused on stylized summary estimates and tests so that

comparisons with the corresponding frequentist procedures could be made.

An interesting approximation of the Dirichlet process is the procedure proposed by

Muliere and Tardella (1998) and also another variation is the Dirichlet multinomial

process introduced by Muliere and Secchi (1995).

More recently, the Beta-Stacy process was developed by Walker and Muliere (1997).

Walker and Mallick (1996) detail the use of Polya trees, also in a frailty model

(Clayton and Cuzick,1985). The Bayesian literature has grown rapidly. The focus

of attention is on full Bayesian analyses of nonparametric models by using simula-

tion techniques, apparently first used in this context by Escobar (1988). The paper

of Walker, Damien, Laud and Smith (1999) discuss and illustrate the rich modelling

and analytic possibilities that are available to the statistician within the Bayesian

nonparametric and semiparametric framework. Other recent surveys of nonpara-

metric Bayesian models appear in Dey, Muller and Sinha (1998). Nonparametric

models based on Dirichlet process mixtures are reviewed in MacEachern and Muller
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(1998). A recent review of nonparametric Bayesian inference in survival analysis can

be found in Sinha and Dey (1997). We report in the next section a general review

on Bayesian nonparametric survival models that can be employ in our next research

to improve the estimation of Customer Lifetime Value.

Let x1, ..., xn denote the survival times, xi ∼ F (.). Let C1, ..., Cn denote the (pos-

sibly random) censoring times. The actually observed data is a collection of pairs

(T1, I1), ..., (Tn, In) with censored observations Ti = min(xi, Ci) and censoring indi-

cator Ii = (xi ≤ Ci). Two quantities are of primary interest in survival analysis: the

survival function S(t) = 1 − F (t) and the hazard rate function λ(t) = F ′(t)/S(t).

In Bayesian nonparametric statistics there are more references of related approaches

applying the Dirichlet process to similar problems see Ferguson, Phardia and Ti-

wari (1992). Doss (1994) studied an multivariate Dirichlet process for survival data

subject to more general censoring schemes. Evaluation of the posterior mean on F

is done through an interesting MCMC scheme that involves Dirichlet draws using a

composition method.

Many stochastic process priors that have been proposed as nonparametric prior

distributions for survival data analysis belong to the class of neutral to the right

(NTTR) processes. There are many results in this framework. Doksum (1974)

showed that the posterior for an NTTR prior and i.i.d. sampling is again an NTTR

process. Ferguson and Phardia (1979) showed that for right censored data the class

of NTTR process priors remains closed; that is the posterior is still an NTTR pro-

cess. An alternative model was proposed by Hjort by placing a Beta process prior

on Λ(t) =
∫ t
0 λ(s)ds. Full Bayesian inference for a model with a Beta process prior

for the cumulative hazard function using Gibbs sampling can be found in Damien,

Laud and Smith (1996). There are many references on this procedures.

A different modelling perspective is obtained by assuming dependence between haz-

ards, for example with the introduction of a Markovian process prior on (λk), see

Gamerman (1991).

To incorporates covariates, the most popular choice is the proportional hazards

model, introduced in Cox (1972). Assuming T1, ..., Tn are the failure times of n

individuals the hazard rate functions are modelled as:

λi(t) = λ0(t)exp(Zi(t)
Tβ), i = 1, ..., n, (6.1)
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where Zi(t) is the p-dimensional vector of covariates for the i-th individual at time

t > 0, β is the vector of regression coefficient and λ0(t) is the baseline hazard rate

function. A model based on an independent increments Gamma process was pro-

posed by Kalbfleisch (1978) who studied its properties and estimation. In the con-

text of multiple event time data, Sinha (1997) considered an extension of Kalbfleisch

(1978). Accelerated failure time models are an alternative framework to introduce

regression in survival analysis. The generic accelerated failure time model assumes

that failure time Ti arise as log(Ti) = −Z ′
iβ + log(xi).

Nonparametric approaches assume a probability model for the unknown distribu-

tion of log(xi). Models based on Dirichlet process priors appear. Walker and Mallik

(1999) propose an alternative prior model.
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