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Abstract

Record values have always represented a very appealing topic, due to the huge

variety of fields they become interesting. For example, breaking a record in the

Olympic games can bring an athlete to world fame, while a negative record in

stock market indices can lead to a serious economic crisis.

In the univariate case, the commonly employed definition of “record” is the

largest random variable in a set of random variables. Under the condition that the

position (in time) of a record is know, several results on the stochastic behaviour

of records already exists. We focus in the case that position of a record in the

sequence of records is unknown. We derive small-sample and large-sample results

for the joint distribution of two and three joint records.

Differently from the univariate case, the multivariate theory of records is still

in its infancy. Due to the lack of a natural ordering for random vectors, different

definitions of a multivariate record are available. We focus on the so-called com-

plete record, that is a random vector whose components are records themselves

(each in the univariate sense). We investigate the problem of establishing which

results on univariate records do not carry over to the multivariate case. In the

case of random vectors with independent components, it is known that the num-

ber of records is finite. We compute useful quantities such as the probability that

a random vector is the final complete record; furthermore, we find the distribution

function of the final complete record. We also derive some results on the arrival

times process of complete records.

Finally, we extensively study records over stationary (dependent) gaussian pro-

cesses. We start by computing the probability that a record takes place and its

distribution function. We extend our univariate results computing the joint distri-

butions of two records and of two complete records, respectively. We also provide

the asymptotic distribution of a record in the case of a general strictly stationary

stochastic process.
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Chapter 1

Introduction

1.1 Overview

Extreme value theory consists in creating models to describe risks from rare events

with potentially disruptive impacts.

This theory has become a really important and useful discipline over the last

decades and its techniques are widely used in many different fields. Many natural

phenomena such as precipitation, severe windstorms, flooding, high tides, heavy

snow, involve extreme values observed in space.

Air pollution represents one of the most serious problems that modern cities

have to face: pollutant concentrations (carbon monoxide, pm10, nitrogen dioxide,

etc.) are continuously monitored to trace the frequency and the extent they exceed

the thresholds fixed by governments directives.

The heatwave in 2003 was one of the hottest summers Europe experienced

in the recent history, an exceptional phenomenon both in terms of intensity and

duration.

Other examples of extreme events can be found in the financial world, for

example the financial crisis in 2008.

Sports experience positive extreme events, since athletic records are broken in

many competitions.

In each circumstance mentioned above, it is of great interest to study the
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behavior of record values. Suppose we are observing a univariate sequence of

values, then the appearance of a record, defined as a value which is greater than

the previous ones, implies that the maximum is exceeded. Therefore, studying

records can give us information on how often and to which extent do maxima

change. Clearly, related questions can concern the expected number of records in

a sequence, how to describe the dependence among them, which properties does

their arrival times process exhibit, etc.

1.2 Main contributions of the thesis

The theory of records has been extensively developed in the case of sequences

of independent and identically distributed random variables, see Chandler (1952)

and Arnold, Balakrishnan, and Nagaraja (1998). Also Resnick (1987, Section 4.1),

Galambos (1987, Sections 6.2 and 6.3) provide a deep study of records times and

record values, showing the connection between records and sample maxima. Let

X1, X2, . . . be independent and identically distributed random variables on the

real line with a joint continuous distribution function F . The the record times

are defined as the random indices {T (n), n ≥ 1} where the maximum changes,

i.e. the n-th record appeares at time T (n), while {XT (n), n ≥ 1} are called the

record values. Galambos (1987) proves the Markovian structure of the arrival times

process of records, as well as the independence of the Bernoullian random variables

describing the occurrence of records and the asymptotic distribution of XT (n) as

n → ∞. Resnick (1987) focuses on the record value process, showing that it is

a Poisson process, and also the arrival times process is asymptotically Poisson, if

the underlying distribution is continuous.

Alternatively to that, we investigate the stochastic behavior of arbitraryXj, Xk,

j < k, under the condition that they are records, without knowing their orders in

the sequence of records. The results are completely different. In particular it turns

out that the distribution of Xk, being a record, is not affected by the additional

knowledge that Xj is a record as well. On the contrary, the distribution of Xj,

being a record, is affected by the additional knowledge that Xk is a record as well.
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If F has a density, then the gain of this additional information, measured by the

corresponding Kullback-Leibler distance, is j/k, independent of F . We derive the

limiting joint distribution of two records, which is not a bivariate extreme value

distribution. We extend this result to the case of three records. In a special case

we also derive the limiting joint distribution of increments among records. This is

the content of Chapter 2.

Records can also be studied over sequences of random vectors, although the

lack of a natural ordering in Rd leads to various definitions of records and some of

them are listed in Goldie and Resnick (1989). In Chapter 3 we deal with the so

called complete records. Let X1,X2, . . . be independent copies of a random vector

X with values in Rd and with a continuous distribution function. The random

vectorXn is a complete record, if each of its components is a record. As we require

X to have independent components, crucial results for univariate records clearly

carry over. But there are substantial differences as well: While there are infinitely

many records in case d = 1, there occur only finitely many in the series if d ≥ 2.

In fact, the probability of occurrence of a complete record decreases too rapidly

as time passes by, so to prevent the complete record to appear an infinite number

of times. Consequently, there is a terminal complete record with probability one.

We compute the distribution of the random total number of complete records

and investigate the distribution of the terminal record. For complete records, the

sequence of waiting times forms a Markov chain, but differently from the univariate

case, now the state infinity is an absorbing element of the state space.

The analysis of records presented so far is based on a very strong assumption,

which is not satisfied in practical applications: the independence in the underlying

sequence of random values/vectors. In fact, there are few results in the literature

on the behavior of records and record times for other types of sequences of random

variables or random vectors. Ballerini and Resnick (1987) consider records over

random sequences with a linear trend, while Arnold, Balakrishnan, and Nagaraja

(1998) deal with the case of records over Poisson processes, birth processes, and

renewal processes.

In Chapter 4 we derive the probability that a record at the time n, say Xn, takes
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place over a zero-mean, unit-variance second-order stationary univariate Gaussian

process. We also compute its distribution function. We study the joint distribution

of the arrival time process of records and the distribution of the increments between

the first and second record and the third and second record and we compute the

expected number of records. We also consider two consecutive and non-consecutive

records, one at time j and one at time n and we derived the probability that the

joint record (Xj, Xn) takes place and its distribution function. The probability that

the records Xn and (Xj, Xn) take place and the arrival time of the n-th record,

are independent of the marginal distribution function, provided that is continuous.

These results actually hold for a second-order stationary process with Gaussian

copulas. We extend some of these results to the case of multivariate Gaussian

process. Finally, for a strictly stationary process satisfying some mild conditions

on the tail behavior of the common marginal distribution function F and the

long-range dependence of the extremes of the process we derive the asymptotic

probability that the record Xn takes place and its distribution function.
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1.3 Preliminary Background

1.3.1 Extremes of independent univariate sequences

In this section we provide a brief description of the extremal behavior of indepen-

dent and identically distributed (i.i.d.) random sequences. Here and throughout

the thesis, the converge in distribution is indicated with the arrow →.

Let X1, X2, . . . be a sequence of i.i.d. random variables following a continuous

distribution function F . It is easy to see that the distribution of the n-partial

maximum Mn = max(X1, . . . , Xn) degenerates to a point mass on the upper end-

point of F . In order to obtain a non-degenerate distribution, it is enough to

suitably rescale Mn, as shown in the following theorem

Theorem 1.3.1. If there exist sequences of constants {an > 0} and {bn ∈ R} such

that

Pr{(Mn − bn)/an ≤ z} → G(x) n→∞ (1.1)

for a non-degenerate distribution function G, then G must be a member of the

generalized extreme value (GEV) family of distributions Gγ(ax+ b), for a > 0, b ∈
R, i.e.

Gγ(x) = exp
{
−[1 + γz]−

1
γ

}
, 1 + γx > 0

where γ ∈ R.

The cdfs of the three sub-classes of the GEV, i.e. the Gumbel, Fréchet, and

negative Weibull are denoted by G0(x) = exp (e−x), Gα(x) = G1/γ((x − 1)/γ) for

γ > 0 and Gβ(x) = G−1/γ(−(x+ 1)/γ) for γ < 0 (see e.g., Falk, Hüsler, and Reiss

2011, Ch. 2 for details).

1.3.2 Multivariate models

Let (X1, Y1), (X2, Y2) . . . be a sequence of i.i.d. random vectors with distribution

function F (x, y). In order to characterize the extremal behavior of multivariate

extremes, we adopt an approach which is simlar to that used in the univariate

case.
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We define the vector of componentwise maxima as follows:

Mn = (Mx,n,My,n) := ( max
i=1,...,n

Xi, max
j=1,...,n

Yj).

Note that Mn need not to be an observed vector of the original series.

As in the univariate case, we are interested to study the distribution function

of Mn as n → ∞. We can apply Theorem 1.3.1 to the marginal series {Xi}
and {Yi} separately, also by assuming a known marginal distribution for both the

Xi and the Yi. The most used representation assumes this marginal univariate

distribution to be a standard Fréchet distribution:

F (z) = exp

(
−1

z

)
, z > 0.

This procedure leads to the parametric part of the model. The non paramet-

ric part arises in the description of the dependence between the extremes. By

renormalizing Mn, by taking an = n and bn = 0 we obtain

M ∗
n =

(
max
i=1,...,n

{Xi}/n, max
i=1,...,n

{Yi}/n
)
, (1.2)

We are now ready to state the following theorem (Coles et al. (2001, Ch. 8))

Theorem 1.3.2. If M ∗
n = (M∗

x,n,M
∗
y,n) satisfies

Pr(M∗
x,n ≤ x,M∗

y,n ≤ y)→ G(x, y),

for a non-degenerate distribution function G, then G belongs to the family of the

bivariate extreme value distributions

G(x, y) = exp{−V (x, y)} (1.3)

with x > 0, y > 0,

V (x, y) = 2

∫ 1

0

max

(
w

x
,
1− w
y

)
dH(w), (1.4)

and H is a distribution function on [0, 1] such that∫ 1

0

w dH(w) =
1

2
.
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The function V is called the exponent measure and has the following properties:

(i)

V (x,∞) =
1

x
, V (∞, y) =

1

y
,

(ii)

V (ax, ay) = a−1V (x, y), a > 0.

This results can be extended to the case of d-dimensional random vectors, pro-

vided that the corresponding exponent function V (z1, . . . , zd) satisfies the proper-

ties previously stated.

1.3.3 Extremes over dependent sequences

The results mentioned so far, although mathematically elegant, are based on the

assumption of time independent rvs, which poorly models real world processes

where data come from. Dealing with extremes of a general stochastic processes

is, however, still an unsolvable problem, unless we impose some constraints on the

dependence structure of the process.

An extension of the results introduced in the previous section can be obtained

focusing on a stationary sequence of dependent but identically distributed random

variables.

Let {Xn, n ≥ 1} be a strictly stationary sequence of rvs, i.e. the joint distri-

bution of (Xj1 , . . . , Xjn) and (Xj1+m, . . . , Xjn+m) are identical, for every n,m and

j1, . . . , jn. Precisely, we assume that F belongs to the (maximum) domain of at-

traction of Gγ, in symbols F ∈ D(Gγ), γ ∈ R. This means that (1.1) holds for the

sequence of i.i.d. rvs Y1, . . . , Yn with common cdf F . Concerning the dependence

structure of {Xn, n ≥ 1} we assume a mild condition on the long-range dependence

of extremes of such a stationary sequence, see Leadbetter et al. (1983, Ch. 3) for

details. Partition {1, . . . , n} into kn = bn/rnc blocks of length rn = o(n). Suppose

that for every λ > 0, there is a sequence of real-value thresholds un(λ), n = 1, 2 . . .,
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such that

lim
n→∞

nPr(X1 > un(λ)) = λ, λ > 0

and the condition D(un(λ)) is satisfied for each such λ. Specifically, for every

λ > 0, let

Kn(l) =

max(|Pr(Xi ≤ un(λ), i ∈ I ∪ J)− Pr(Xi ≤ un(λ), i ∈ I) Pr(Xi ≤ un(λ), i ∈ J)|)

where I, J ⊂ {1, . . . , n} such that min{|i − j| : i ∈ I, j ∈ J} = l. Then, we

say that condition D(un(λ)) holds for each such λ, if Kn(ln) → 0 as n → ∞ for

some sequence ln → ∞ with ln = o(n) (pp. 53-57, Leadbetter et al. 1983). By

Lemma 3.2.2 in Leadbetter et al. (1983) this means that extreme events, such as

the partial maxima MEi = maxj∈Ei(Xj), with Ei = {(i−1)rn+1, . . . , irn}\{irn−
ln + 1, . . . , irn} , i = 1, . . . , kn, which are separated by ln, are almost independent.

Then, under these conditions by Leadbetter et al. (1983, Theorem 3.7.1) we

have that for suitable choices of rn → ∞ with n → ∞ such that knKn(ln) → 0

and knln → 0 as n→∞, it follows that

lim
n→∞

Pr(max(X1, . . . , Xn) ≤ un(λ)) = exp(−θλ), 0 < θ ≤ 1, λ > 0. (1.5)

When this holds true we say that the sequence {Xn, n ≥ 1} has extremal index

θ ∈ (0, 1]. The result in (1.5) implies that for λ = − logGγ(x), x ∈ R, and suitable

norming constants an > 0 and bn ∈ R,

lim
n→∞

Pr (max(X1, . . . , Xn) ≤ anx+ bn) = Gγ(x)θ, x, γ ∈ R,

Loosely speaking, the extremal index is a parameter that quantifies the impact

that the dependence structure of the stationary sequence has on the asymptotic

distribution of extreme events such as the partial maximum Mn, for sufficiently

large n. When θ = 1 we recover (1.1), i.e. the asymptotic distribution of the

normalized maximum for a sequence of independent variables. When θ < 1, then

for every x ∈ R we have that Gγ(x) ≤ Gθ
γ(x) and therefore 1−Gγ(x) ≥ 1−Gθ

γ(x).

In other words, the dependence of the stationary sequence reduces the size of the

extreme events.
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1.4 Records over univariate i.i.d. sequences of

random variables

Let X1, X2, . . . be independent and identically distributed (i.i.d.) random variables

(rvs), with a continuous distribution function F . The rv Xm is a record if Xm >

max(X1, . . . , Xm−1). Clearly, X1 is a record.

Records in this framework have been extensively investigated over the past

decades, with useful results on record times and limit laws for record values. This

section reviewes this background by highlighting the most important results, with

the scope of a better understanding of the novelties presented in the following

chapters. Topics covered in the following lines can be found in Resnick (1987,

Section 4.1), Galambos (1987, Sections 6.2 and 6.3), and Arnold, Balakrishnan,

and Nagaraja (1998).

In the framework of i.i.d. univariate sequences, we define the record times as

follows: put T (1) := 1 and, for n ≥ 2,

T (n) := min{m > n− 1: Xm is a record}.

Then, XT (n), n ∈ N, is the sequence of records among X1, X2, . . . and T (n) is the

arrival time of the n−th record. The most useful property concerning record times

lies in the fact that the record time process is a Markov chain. Precisely, let us

firstly state the following lemma.

Lemma 1.4.1. For any integers 1 = j1 < j2 < · · · < jn, n = 1, 2, . . . , it holds that

Pr (T (i) = ji, 1 ≤ i ≤ n) =
1

jn
∏n−1

i=2 (ji − 1)
.

From the previous lemma, it can clearly be seen that the following theorem

holds true.

Theorem 1.4.2. Let X1, X2, . . . be an i.i.d. sequence of random variables. Then

the record times process is a Markov chain with transitions

Pr (T (n+ 1) = m|T (n) = k) =
k

m(m− 1)
, 1 ≤ k < m.
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Consider now the indicator function

Im := 1(Xm is a record), m ∈ N.

It is well known that the indicator functions I1, I2, . . . are independent with

Pr(Im = 1) = m−1, m ∈ N, (1.6)

see, e.g., Galambos (1987, Lemma 6.3.3). An immediate consequence of the pre-

vious equation is that

Pr(I1 = 1, . . . Im = 1) = (m!)−1, m ∈ N.

Record indicators are particularly useful when we deal with the number of

records in a sequence. In fact, an obvious way to describe the number of records

in the set X1, . . . , Xn is

Nn =
n∑
j=1

Ij, n ∈ N,

and it is evident that

E[Nn] =
n∑
j=1

j−1 −−−→
n→∞

∞.

Suppose now that the common distribution function (df) F of X1, X2, . . . is the

standard exponential df F (x) = 1−exp(−x), x ≥ 0. The increments of subsequent

records are given by the sequence

Yn := XT (n) −XT (n−1), n ≥ 2, Y1 := X1.

Then, Y1, Y2, . . . are i.i.d. rvs with common df F (x) = 1 − exp(−x), x ≥ 0 (see

Galambos (1987) for the proof). This yields

XT (n) =
n∑
i=1

Yi, n ∈ N, (1.7)

and, thus, characterizes the distribution of the n-th record or the joint distribution

of several numbered records
(
XT (n1), XT (n2), . . . , XT (nm)

)
, n1 < n2 < · · · < nm, etc.

But what can be said for a general sequence X1, X2, . . . of i.i.d. rvs? The fol-

lowing theorem provides an answer to this question by finding the class of limiting

distribution functions for record values (see Resnick (1973) for details).
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Theorem 1.4.3. Let X1, X2, . . . be an i.i.d. sequence of random variables with

continuous distribution F . Then, all possible limit distribution functions H such

that

Pr(XT (n) ≤ Anx+Bn) −−−→
n→∞

H(x) (1.8)

have the form

H(x) = Φ(g(x)),

where Φ is the cdf of the standard normal distribution and g(x) can be one of the

following functions

(i) g(x) = x,

(ii) g(x) = α log x, for α > 0, if x > 0,

(iii) g(x) = −α log(−x), for α > 0, if x < 0.

Tesi di dottorato "New Advances On Records"
di KHORRAMI CHOKAMI AMIR
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2019
La tesi è tutelata dalla normativa sul diritto d'autore (Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



13

Chapter 2

Some Results on Joint Records

2.1 Introduction

The results on records presented in the previous chapter are based on the fact that

we know which record we are considering. Differently to that, in this chapter we

drop the assumption that we know the order of a record. Therefore, we characterize

the distribution

Pr (Xj ≤ · | Xj is a record) , j ∈ N,

as well as the joint distribution of two records

Pr (Xj ≤ ·, Xk ≤ · | Xj and Xk are records) , 1 ≤ j < k.

We achieve this under the assumption that the joint df F of X1, X2, . . . is con-

tinuous. In particular, we establish the following surprising fact: Choose integers

j < k. The distribution of Xj, being a record, is affected when we know that Xk

is a record as well. The distribution of Xk, being a record, however, is not affected

when we know that Xj is a record as well. The corresponding information gain is

measured by the Kullback-Leibler distance between the densities. This informa-

tion gain turns out to be j/k and it is independent of the underlying F . This is

the content of Section 1.

In Section 2, the asymptotic joint distribution of Xj and Xk, suitably stan-

dardized, under the condition that they are records, is derived. This is achieved
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if the underlying df F is in the domain of attraction of an extreme value df. The

limit distribution is not an extreme value distribution. We also derive the limiting

joint distribution of three records. Finally, for the special case of a sequence of

iid rvs with a common standard negative exponential distribution, we derive the

asymptotic joint distribution of increments among records.

2.2 Distribution of Records

Throughout this section we suppose that X1, X2 . . . are iid rvs with a common

continuous df F . The distribution of Xn, being a record, is provided by the

following important result.

Lemma 2.2.1. We have for n ∈ N

Pr (Xn ≤ x | Xn is a record ) = Pr

(
max
1≤i≤n

Xi ≤ x

)
= F n(x), x ∈ R.

Therefore, the distribution of Xn, being a record, coincides with that of the

largest order statistic in the sample X1, . . . , Xn.

Proof. Denote by X1:n ≤ · · · ≤ Xn:n the order statistics pertaining to X1, . . . , Xn,

and by R(Xi) =
∑n

j=1 1(Xj ≤ Xi) the rank of Xi, 1 ≤ i ≤ n. It is well

known that the vector of order statistics (X1:n, . . . , Xn:n) and the vector of ranks

(R(X1), . . . , R(Xn)) are independent, with Pr(R(Xi) = k) = n−1, 1 ≤ i, k ≤ n;

see, e.g., Rényi (1962). Therefore, we obtain from equation (1.6),

Pr (Xn ≤ x | Xn is a record) = nPr (Xn ≤ x,Xn is a record)

= nPr (Xn:n ≤ x,R(Xn) = n) = Pr (Xn:n ≤ x) ,

which is the assertion.

The above result immediately yields the limiting distribution of Xn, being a

record, as n tends to infinity. The necessary tools are provided by univariate

extreme value theory: Suppose that there exist constants an > 0, bn ∈ R, n ∈ N,

such that

F n (anx+ bn) −−−→
n→∞

G(x), x ∈ R,
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for all continuity point x of G, where G is a non-degenerate df. Then, F is said

to be in the max-domain of attraction of G, denoted by F ∈ D(G), and G is a

univariate extreme value distribution. Precisely, G is a member of a parametric

family {Gα : α ∈ R}, indexed by α ∈ R, with

Gα(x) = exp
(
−(1 + αx)−1/α

)
, 1 + αx > 0,

if α is different from zero, and the convention

G0(x) = lim
α→0

Gα(x) = exp
(
− e−x

)
, x ∈ R,

(see, e.g., Resnick 1987 Ch. 1). If we put in particular F (x) = 1−exp(−x), x ≥ 0,

then we have F ∈ D(G0), precisely

F n(x+ log n) −−−→
n→∞

exp
(
− e−x

)
, x ∈ R,

and, thus,

Pr (Xn − log n ≤ x | Xn is a record) −−−→
n→∞

exp
(
− e−x

)
, x ∈ R.

Next we establish the joint distribution of two records. To simplify the notation,

we suppose that the underlying df of the sequence of iid rvs is the standard negative

exponential df F (x) = exp(x), x ≤ 0. Instead of writing X1, X2, . . . we use with

this particular underlying df the notation η1, η2, . . . . The latter distribution is a

member of the set {Gα : α ∈ R}, with α = −1 and shifted by −1. In this particular

case we have F n(x) = exp(nx) = F (nx), x ≤ 0.

Lemma 2.2.2. We have for 1 ≤ j < k and x1, x2 ∈ R,

Pr(ηj ≤ x1, ηk ≤ x2 | ηj and ηk are records)

=
k

k − j
Pr (η1 ≤ jx1, η2 ≤ (k − j)x2, (k − j)η1 < jη2)

=

 k
k−j

(
e(k−j)x2 ejx1 − j

k
ekx1

)
, if x1 < x2

ekx2 = Pr(ηk ≤ x2 | ηk is a record), if x1 ≥ x2.
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Proof. Let η
(r)
1 , η

(r)
2 , . . . , r = 1, 2, be two independent sequences of iid copies of

η. Let η
(r)
i:n be i-th order statistics and R

(r)
m (η

(r)
j ) the rank of η

(r)
j in the sample

η
(r)
1 , . . . , η

(r)
m . We split the sample η1, . . . , ηk into the two independent sub-samples

(η1, . . . , ηj) =: (η
(1)
1 , . . . , η

(1)
j ) and (ηj+1, . . . , ηk) =: (η

(2)
1 , . . . , η

(2)
k−j). By the in-

dependence between vectors of order statistics and ranks and the fact that the

distributions of ηm:m and η/m coincide for m ∈ N, we obtain

Pr(ηj ≤ x1, ηk ≤ x2 | ηj and ηk are records)

= jk Pr
(
η

(1)
j:j ≤ x1, η

(2)
k−j:k−j ≤ x2, R

(1)
j (η

(1)
j ) = j,

R
(2)
k−j(η

(2)
k−j) = k − j, η(1)

j:j < η
(2)
k−j:k−j

)
= jk Pr

(
η

(1)
j:j ≤ x1, η

(2)
k−j:k−j ≤ x2, η

(1)
j:j < η

(2)
k−j:k−j

)
× Pr

(
R

(1)
j (η

(1)
j ) = j

)
Pr
(
R

(2)
k−j(η

(2)
k−j) = k − j

)
=

k

k − j
Pr(η1 ≤ jx1, η2 ≤ (k − j)x2, (k − j)η1 < jη2).

The rest of the assertion follows from elementary computations, conditioning on

η2.

The preceding result can be extended to X1, X2, . . . with an arbitrary con-

tinuous df F by putting Xi := F−1(exp(ηi)), i ∈ N, where F−1(q) := inf{t ∈
R : F (t) ≥ q}, q ∈ (0, 1), is the usual generalized inverse of F . From the general

equivalence F−1(q) ≤ t iff q ≤ F (t), q ∈ (0, 1), t ∈ R, we obtain for 1 ≤ j < k and

y1, y2 ∈ R

Pr(Xj ≤ y1, Xk ≤ y2 | Xj and Xk are records)

= Pr(ηj ≤ log(F (y1)), ηk ≤ log(F (y2)) | ηj and ηk are records).

By putting xi := log(F (yi)), i = 1, 2, the following general result is an immediate

consequence of Lemma 2.2.2.

Corollary 2.2.3. We have for integers 1 ≤ j < k and y1, y2 ∈ R

Pr(Xj ≤ y1, Xk ≤ y2 | Xj and Xk are records)

=

F
j(y1)

(
k
k−jF

(k−j)(y2)− j
k−jF

k−j(y1)
)
, if F (y1) < F (y2)

F k(y2) = Pr(Xk ≤ y2 | Xk is a record ), if F (y2) ≤ F (y1).
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Choose integers 1 ≤ j < k. Next we establish the fact that the distribution of

ηj, being a record, is affected, if we know that ηk is a record as well. The distri-

bution of ηk, being a record, however, is not affected by the additional knowledge

that ηj is a record as well.

Proposition 2.2.4. We have for integers 1 ≤ j < k and x1, x2 ∈ R,

Pr (ηk ≤ x2 | ηj and ηk are records) = ekx2 , x2 ≤ 0,

= Pr(ηk ≤ x2 | ηk is a record)

and

Pr (ηj ≤ x1 | ηj and ηk are records)

=
k

k − j
ejx1 − j

k − j
ekx2 x1 ≤ 0,

=
k

k − j
Pr(ηj ≤ x1 | ηj is a record)− j

k − j
Pr(ηk ≤ x2 | ηk is a record).

Proof. From Lemma 2.2.2 we obtain

Pr(ηk ≤ x2 | ηj and ηk are records) =
k

k − j
Pr (η2 ≤ (k − j)x2, (k − j)η1 < jη2)

by putting x1 = 0, and

Pr(ηj ≤ x1 | ηj and ηk are records) =
k

k − j
Pr (η1 ≤ jx1, (k − j)η1 < jη2)

by putting x2 = 0. The assertion is now an immediate consequence of elementary

computations by conditioning on η2.

The df

Fj,k(x) =
k

k − j
ejx− j

k − j
ekx, x ≤ 0,

has the density

fj,k(x) =
jk

k − j
(
ejx− ekx

)
, x ≤ 0.

Suppose ηj is a record. To summarize by a single number the information, which

is inherent in the additional knowledge that ηk is a record as well, we compute

the Kullback-Leibler divergence between the density fj,k and the density fj(x) =
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j exp(jx), which is the density of the df Fj(x) = Pr(ηj ≤ x | ηj is a record) =

exp(jx), x ≤ 0.

In a general context, the Kullback-Leibler divergence of a density q(·) from a

density p(·), is defined by

DKL(p||q) :=

∫ +∞

−∞
p(x) log

p(x)

q(x)
dx.

It quantifies the information lost, when q(·) is used to approximate p(·). Closely

related to the Kullback-Leibler divergence, the Kullback-Leibler distance of p and

q is defined by

DKL(p, q) := DKL(p||q) +DKL(q||p).

Note that DKL(p||q) ≥ 0 by Jensen’s inequality.

Proposition 2.2.5. The Kullback-Leibler distance between the densities fj,k and

fj(x) = j exp(x), x ≤ 0, is given by

DKL(fj,k, fj) = j/k, k > j ≥ 1.

Clearly, 0 < DKL(fj,k, fj) < 1. The Kullback-Leibler distance between the

densities fj,k and fj gets small if j/k gets small. This means that the additional

knowledge that ηk is a record as well, affects the distribution of ηj, being a record,

less if k gets large. On the other hand, if k = j + 1, then the information gain

approaches one if j gets large.

Proof. We have

DKL(fj,k‖fj) =

∫ 0

−∞

jk

k − j
(
ejx− ekx

)
log

(
jk

k − j
(
ejx− ekx

) e−jx

j

)
dx

=
jk

k − j

(∫ 0

−∞

(
ejx− ekx

)
log

k

k − j
dx

+

∫ 0

−∞

(
ejx− ekx

)
log
(
1− e(k−j)x) dx

)
= log

k

k − j
+

jk

k − j

∫ 0

−∞

(
ejx− ekx

)
log
(
1− e(k−j)x) dx.
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The substitution t = 1− e(k−j)x entails∫ 0

−∞

(
ejx− ekx

)
log
(
1− e(k−j)x) dx =

1

k − j

∫ 1

0

(
(1− t)

j
k−j−1

−(1− t)
k
k−j−1

)
log tdt

with ∫ 1

0

(1− t)
j

k−j−1 log tdt = B

(
1,

j

k − j

)(
ψ(1)− ψ

(
1 +

j

k − j

))
=
k − j
j

(
ψ(1)− ψ

(
1 +

j

k − j

))
,

where B(a, b) =
∫ 1

0
ta−1(1− t)b−1dt, a, b > 0, is the Beta function and ψ(x) =

Γ′(x)/Γ(x), x > 0 is the Digamma function; Γ(x) =
∫∞

0
tx−1 e−t dt, x > 0, is the

usual Gamma function. In an analogous way, one obtains∫ 1

0

(1− t)
k
k−j−1 log tdt =

k − j
k

(
ψ(1)− ψ

(
1 +

k

k − j

))
.

As a consequence, we obtain

DKL(fj,k‖fj) = log
k

k − j
+ ψ(1) +

j

k − j
ψ

(
1 +

k

k − j

)
− k

k − j
ψ

(
1 +

j

k − j

)
.

Furthermore, we have,

DKL(fj‖fj,k) = −
∫ 0

−∞
j ejx log

(
jk

k − j
(
ejx− ekx

) e−jx

j

)
dx

= − log
k

k − j

∫ 0

−∞
j ejx dx− j

∫ 0

−∞
ejx log

(
1− e(k−j)x) dx

= − log
k

k − j
− j

k − j

∫ 1

0

(1− t)
j

k−j−1 log tdt

= − log
k

k − j
− j

k − j
k − j
k

(
ψ(1)− ψ

(
1 +

k

k − j

))
= − log

k

k − j
− ψ(1) + ψ

(
1 +

k

k − j

)
.
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Finally, we obtain

DKL(fj,k‖fj) +DKL(fj‖fj,k) =
j

k − j
ψ

(
1 +

k

k − j

)
+

(
1− k

k − j

)
ψ

(
1 +

j

k − j

)
=

j

k − j
ψ

(
1 +

k

k − j

)
− j

k − j
ψ

(
1 +

j

k − j

)
=

j

k − j

(
ψ

(
1 +

k

k − j

)
− ψ

(
1 +

j

k − j

))
.

The functional equation ψ(1 + x) = ψ(x) + 1/x, x > 0, implies

ψ

(
1 +

k

k − j

)
− ψ

(
1 +

j

k − j

)
= ψ

(
1 +

k

k − j

)
− ψ

(
k

k − j

)
=
k − j
j

,

which yields the assertion.

It turns out that the preceding result carries over to records from a sequence

X1, X2, . . . of iid rvs with an arbitrary df F that has a density, say f . Choose

integers 1 ≤ j < k. From Corollary 2.2.3 and Proposition 2.2.4 we obtain that the

density function of the df

Gj,k(x) := Pr(Xj ≤ x | Xj and Xk are records)

is

gj,k(x) =
jk

k − j
f(x)

(
F j−1(x)− F k−1(x)

)
, x ∈ R,

and the density function of the df

Gj(x) := Pr(Xj ≤ x | Xj is a record)

is

gj(x) = jf(x)F j−1(x), x ∈ R.

Proposition 2.2.6. The Kullback-Leibler distance between the densities gj,k and

gj is given by

DKL(gj,k, gj) = j/k,

for k > j ≥ 1.
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The preceding result shows that j/k is a universal constant, valid for each

df F that has a density, which reflects the gain of information contained in the

additional knowledge that Xk is a record as well.

Proof. We have

DKL(gj,k‖gj) =

∫ +∞

−∞

jk

k − j
f(x)

(
F j−1(x)− F k−1(x)

)
log

(
k

k − j
F j−1(x)− F k−1(x)

F j−1(x)

)
dx.

The substitution t = F−1 (exp(x)) entails that the above integral equals∫ 0

−∞

jk

k − j
(
ejx− ekx

)
log

(
jk

k − j
(
ejx− ekx

) e−jx

j

)
dx = DKL(fj,k‖fj).

Equally, one shows that

DKL(gj‖gj,k) = DKL(fj‖fj,k).

Therefore, the assertion is a consequence of Proposition 2.2.5.

By repeating the arguments in the proof of Lemma 2.2.2, one easily derives

the joint distribution of an arbitrary number of records. This is established by the

following result.

Lemma 2.2.7. We have for integers 1 ≤ j1 · · · < jd, d ∈ N, with j0 = 0, and

x1, . . . , xd ≤ 0,

Pr(ηjm ≤ xm, 1 ≤ m ≤ d | ηj1 , . . . , ηjd are records) =

∏d
m=2 jm∏d

m=2(jm − jm−1)

× Pr

(
ηm

jm − jm−1

≤ xm,
(jm+1 − jm)ηm
jm − jm−1

< ηm+1, 1 ≤ m ≤ d− 1,

ηd
jd − jd−1

≤ xd

)
.

The case of an arbitrary sequence of iid rvsX1, X2, . . . with common continuous

df F can immediately be deduced from the preceding result via the representation

Xi = F−1(exp(ηi)), i ∈ N.
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2.3 Asymptotic Joint Distribution of Records

Let X1, X2, . . . be iid rvs with common df F , which is in the domain of attraction

of an extreme value distribution G. From Lemma 2.2.1 we immediately obtain the

following result.

Lemma 2.3.1. Under the preceding conditions we obtain

Pr

(
Xn − bn
an

≤ x | Xn is a record

)
−−−→
n→∞

G(x), x ∈ R.

In what follows we investigate the joint asymptotic distribution of two records.

We start with a sequence η1, η2 . . . of iid rvs that follow the standard negative

exponential df F (x) = exp(x), x ≤ 0. From Lemma 2.2.2 we obtain for x1, x2 ∈ R,

Pr

(
ηj ≤

x1

j
, ηk ≤

x2

k
| ηj and ηk are records

)
=

k

k − j
Pr

(
η1 ≤ x1, η2 ≤

k − j
k

x2,
k − j
j

η1 < jη2

)
.

We let j = j(n) and k = k(n) both depend on n ∈ N with

lim
n→∞

j

n
= λ1 > 0, lim

n→∞

k

n
= λ2 > λ1. (2.1)

The next result is a consequence of Lemma 2.2.2 and elementary computations.

Proposition 2.3.2. Under condition (2.1) we obtain

lim
n→∞

Pr
(
ηj ≤

x1

n
, ηk ≤

x2

n
| ηj and ηk are records

)
= Hλ1,λ2(x1, x2),

where

Hλ1,λ2(x1, x2) =

eλ1x1(β2 e(λ2−λ1)x2 −β1 e(λ2−λ1)x1), if x1 < x2,

eλ2x2 , if x1 ≥ x2,
(2.2)

for all x1, x2 ≤ 0, βj = λj/(λ2 − λ1), j = 1, 2.

Remark 2.3.3. The marginal df of Hλ1,λ2 are

H1(x) = Hλ1,λ2(x, 0) = β2 eλ1x−β1 eλ2x, x ≤ 0, (2.3)
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and

H2(x) = Hλ1,λ2(0, x) = eλ2x, x ≤ 0. (2.4)

Clearly, the fact that H2 is independent of λ1 reflects the fact that the distribution

of ηk, being a record, is not affected by the additional knowledge that ηj is a record

as well, as shown in the previous section.

While H2 is a univariate extreme value distribution, H1 is not. Therefore, the

bivariate df Hλ1,λ2 is not a multivariate extreme value distribution.

In the next result we provide the marginal means, variances and the covariance

of the margins of Hλ1,λ2 .

Proposition 2.3.4. Let (X, Y ) be a bivariate rv with df given in (2.2). Then, we

have

E(X) = −λ−1
1 − λ−1

2 , E(Y ) = −λ−1
2 ,

Var(X) = λ−2
1 + λ−2

2 , Var(Y ) = λ−2
2

and therefore

Cov(X, Y ) = λ−2
2 ,

Cor(X, Y ) =
λ1√
λ2

1 + λ2
2

,

E
[
(X − Y )2

]
= λ−2

1

for all λ2 > λ1 > 0.

Proof. Assume that the probability law of the pairs of the rvs (X, Y ) is given by

(2.2). Then, the covariance between X and Y can be computed by

Cov(X, Y ) =

∫ 0

−∞

∫ 0

−∞
Hλ1,λ2(x, y)−Hλ1,λ2(x, 0)Hλ1,λ2(0, y)dxdy, (2.5)

where Hλ1,λ2(x, y), Hλ1,λ2(x, 0) and Hλ1,λ2(0, y) are given in (2.2), (2.3) and (2.4),

respectively. The first term on the right-hand side of (2.5) is equal to∫ 0

−∞

(∫ y

−∞

λ2 e(λ2−λ1)y+λ1x−λ1 eλ2x

λ2 − λ1

dx+

∫ 0

y

eλ2y dx

)
dy
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=

∫ 0

−∞

λ2 eλ2y

λ1(λ2 − λ1)
dy −

∫ 0

−∞

λ1 eλ2y

λ2(λ2 − λ1)
dy −

∫ 0

−∞
y eλ2y dy

=
λ2

2 + λ1λ2 − 2λ2
1

λ1λ2
2(λ2 − λ2)

.

The second term on the right-hand side of (2.5) is equal to∫ 0

−∞

λ2 eλ1x−λ1 eλ2x

λ2 − λ1

dx

∫ 0

−∞
eλ2y dy =

λ1 + λ2

λ1λ2

· 1

λ2

.

Therefore, computing the difference between these two terms we obtain Cov(X, Y ) =

1/λ2
2.

The variance of X is

Var(X) = E
(
X2
)
− E2(X) =

λ2
1 + λ2

2

λ2
1λ

2
2

,

where in particular

E(X2) = 2

∫ 0

−∞
−x λ2 eλ1x−λ1 eλ2x

λ2 − λ1

dx =
2(λ2

2 + λ1λ2 + λ2
1)

λ2
1λ

2
2

and

E2(X) =

(
−
∫ 0

−∞

λ2 eλ1x−λ1 eλ2x

λ2 − λ1

dx

)2

=
(λ1 + λ2)2

λ2
1λ

2
2

.

The marginal distribution of Y is exp(λ2y), y ≤ 0, therefore its mean and

variance are 1/λ2 and 1/λ2
2, respectively. Finally, combining these results we obtain

the correlation

Cor(X, Y ) =
Cov(X, Y )√

Var(X) Var(Y )
=

1/λ2
2√

(λ2
1 + λ2

2)/λ2
1λ

2
2 · 1/λ2

2

=
λ1√
λ2

1 + λ2
2

and this completes the proof.

The next result extends Proposition 2.3.2 to a sequence X1, X2, . . . of iid rvs,

whose joint continuous df F satisfies F ∈ D(G).

Corollary 2.3.5. Let X1, X2, . . . be iid copies of a rv X with a continuous dis-

tribution F . Assume that F ∈ D(G) with norming constants an > 0 and bn ∈ R,

n ∈ N. Then, under Condition (2.1), we have for y1, y2 ∈ R

lim
n→∞

Pr

(
Xj − bn
an

≤ y1,
Xk − bn
an

≤ y2 | Xj and Xk are records

)
= Gλ1,λ2(y1, y2),
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where

Gλ1,λ2(y1, y2) =

Gλ1(y1)
(
β2G(y2)λ2−λ1 − β1G(y1)λ2−λ1

)
, if y1 < y2,

Gλ2(y2), if y1 ≥ y2.

The marginal distributions are given by

Gλ1,λ2(y1,∞) = β2G(y1)λ1 − β1G(y1)λ2 , Gλ1,λ2(∞, y2) = G(y2)λ2 , y ∈ R;

note that the second marginal is independent of λ1.

Note that results on the limiting distribution of joint records with known orders

in the sequence of records have been recently derived by Barakat and Elgawad

(2017).

Proof. Put ηm := log(F (Xm)), m ∈ N. Then η1, η2, . . . are iid rvs, which follow

the standard negative exponential distribution. From the fact that the functions

log(·) and F (·) are monotone we obtain

Pr (Xj ≤ any1 + bn, Xk ≤ any2 + bn | Xj and Xk are records)

= Pr (ηj ≤ log(F (any1 + bn)), ηk ≤ log(F (any2 + bn)) | ηj and ηk are records)

= Pr

(
ηj ≤

n log(F (any1 + bn))

n
,

ηk ≤
n log(F (any2 + bn))

n
| ηj and ηk are records

)
.

The condition

F n(anx+ bn) −−−→
n→∞

G(x), x ∈ R,

is equivalent to

n log(F (anx+ bn)) −−−→
n→∞

log(G(x)), 0 < G(x) ≤ 1.

Proposition 2.3.2 now implies

Pr

(
ηj ≤

n log(F (any1 + bn))

n
, ηk ≤

n log(F (any2 + bn))

n

| ηj and ηk are records

)
−−−→
n→∞

Hλ1,λ2(log(G(y1)), log(G(y2)))

which is the assertion.
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We have established the fact that the distribution of Xk, being a record, is not

affected if we know in addition that Xj is a record as well. But what happens

if we know, for example, that Xj, being a record, has already exceeded a fixed

threshold? The answer is a straightforward consequence of our preceding results.

We obtain for y > u ∈ R, under the conditions of Corollary 2.3.5,

Pr

(
Xk − bn
an

≤ y | Xj − bn
an

> u,Xj and Xk are records

)

=
Pr
(
Xj−bn
an

> u, Xk−bn
an
≤ y | Xj and Xk are records

)
Pr
(
Xj−bn
an

> u | Xj and Xk are records
)

−−−→
n→∞

G(y)λ2 −Gλ1(u)
(
β2G(y)λ2−λ1 − β1G(u)λ2−λ1

)
β2 (1−G(u)λ1)− β1 (1−G(u)λ2)

.

The results obtained so far can be extended to the case of an arbitrary number

of records. However, computations become really hard. We report the case of the

asymptotic joint df of three records.

Proposition 2.3.6. Let X1, X2, . . . be iid copies of a rv X with a continuous

distribution F . Assume that F ∈ D(G) with norming constants an > 0 and

bn ∈ R, n ∈ N. Assume also that j = j(n), k = k(n) and r = r(n) all depending

on n ∈ N with j < k < r and

lim
n→∞

j

n
= λ1 > 0, lim

n→∞

k

n
= λ2 > λ1, lim

n→∞

r

n
= λ3 > λ2.

Then, for all y ∈ R3, we have

Pr

(
Xj − bn
an

≤ y1,
Xk − bn
an

≤ y2,
Xr − bn
an

≤ y3 | Xj, Xk and Xr are records

)
→ Gλ(y),
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as n→∞, where

Gλ(y) =



G(y1)λ1G(y2)λ2−λ1
(
β2β6G(y3)λ3−λ2 − β4β5G(y2)λ3−λ1

)
−G(y1)λ2

(
β1β6G(ye)

λ3−λ2 − β3β4G(y1)λ3−λ2
)

eλ2x1

if y1 ≤ y2 ≤ y3

G(y2)λ2
(
β6G(y3)λ3−λ2 − β4G(y2)λ3−λ2

)
,

if y2 ≤ y1 ≤ y3 or y2 ≤ y3 ≤ y1,

β2β5G(y1)λ1G(y3)λ3−λ1 − β1β6G(y1)λ2G(y3)λ3−λ2 + β3β4G(y1)λ3 ,

if y1 ≤ y3 ≤ y2,

G(y3)λ3 , if y3 ≤ y2 ≤ y1 or y3 ≤ y1 ≤ y2,

and where β1, β2 are as in Proposition 2.3.2, β3 = λ1/(λ3−λ1), β4 = λ2/(λ3−λ2),

β5 = λ3/(λ3 − λ1), β6 = λ3/(λ3 − λ1), and λ = (λ1, λ2, λ3). Furthermore, let

Y = (Y1, Y2, Y3) be a trivariate random vector with df Gλ(y). Then, the variance-

covariance matrix of Y is
λ−2

1 + λ−2
2 + λ−2

3 λ−2
2 + λ−2

3 λ−2
3

λ−2
2 + λ−2

3 λ−2
3

λ−2
3

 .

Proof. Let η1, η2, . . . be iid rvs with a common negative exponential distribution.
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Firstly, we compute the following non-asymptotic distribution when x1 < x2 < x3

Pr (ηj ≤ x1, ηk ≤ x2, ηr ≤ x3 | ηj, ηk and ηr are records)

=
kr

(k − j)(r − k)
Pr (η1 ≤ jx1, η2 ≤ (k − j)x2, η3 ≤ (r − k)x3,

(k − j)η1 < jη2, (r − k)η2 < (k − j)η3)

=
kr

(k − j)(r − k)

∫ jx1

−∞

∫ (k−j)x2

k−j
j
z1

Pr

(
r − k
k − j

z2 < η3 ≤ x3

)
ez2+z1 dz2dz1

=
kr

(k − j)(r − k)

∫ jx1

−∞
ez1
(

e(r−k)x3

(
e(k−j)x2 − e

k−j
j
z1
)

−k − j
r − j

(
e(r−j)x2 − e

r−j
j
z1
))

dz1

=
kr

(k − j)(r − k)

(
ejx1

(
e(r−k)x3 e(k−j)x2 −k − j

r − j
e(r−j)x2

)
−

j

k
ekx1 e(r−k)x3 +

j(k − j)
r(r − j)

erx1

)
.

The cases of x2 < x1 < x3 is obtained from the expression of the above formula by

substituting x2 in x1. Similarly the case x1 < x3 < x2 is obtained by substituting

x3 in x2 and lastly the case x3 < x2 < x1 is obtained by substituting x3 in both

x1 and x2. Then, the asymptotic distribution is easily obtained by computing

lim
n→∞

Pr (ηj ≤ x1/n, ηk ≤ x2/n, ηr ≤ x3/n | ηj, ηk and ηr are records)

The case of an arbitrary distribution can be deduced by following the same rea-

soning of Corollary 2.3.5 and therefore the first assertion is derived.

We compute the variance-covariance matrix. Note that the bivariate and uni-

variate marginal distribution functions of (Y1, Y2) are

Fλ1,λ2(x1, x2) =


(

λ2λ3

(λ2−λ1)(λ3−λ2)
e(λ2−λ1)x2 − λ2λ3

(λ3−λ2)(λ3−λ1)
e(λ3−λ1)x2

)
eλ1x1

− λ1λ3

(λ2−λ1)(λ3−λ2)
eλ2x1 − λ1λ2

(λ3−λ1)(λ3−λ2)
eλ3x1 , if x1 ≤ x2,

λ3 eλ2x2 −λ2 eλ3x2

λ3−λ2
, if x2 ≤ x1,
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Fλ1(x1) =
λ2λ3

(λ2 − λ1)(λ3 − λ1)
eλ1x1 − λ1λ3

(λ2 − λ1)(λ3 − λ2)
eλ2x1

− λ1λ2

(λ3 − λ1)(λ3 − λ2)
eλ3x1 , x1 ≤ 0,

Fλ2(x2) =
λ3 eλ2x2 −λ2 eλ3x2

λ3 − λ2

, x2 ≤ 0.

Hoeffding’s covariance identity implies that

Cov(Y1, Y2) =

∫
(−∞,0]2

Fλ1,λ2(x1, x2)dx1dx2 −
∫ 0

−∞
Fλ1(x1)dx1

∫ 0

−∞
Fλ2(x2)dx2

=
λ3

λ1(λ2 − λ1)(λ3 − λ2)
− λ2

λ1(λ3 − λ1)(λ3 − λ2)

− λ1λ3

λ2
2(λ2 − λ1)(λ3 − λ2)

+
λ1λ2

λ2
3(λ3 − λ1)(λ3 − λ2)

+
λ3

λ2
2(λ3 − λ2)

− λ2

λ2
3(λ3 − λ2)

−
(

1

λ1

+
1

λ2

+
1

λ3

)(
1

λ2

+
1

λ3

)
.

By straightforward simplifications we obtain Cov(Y1, Y2) = λ−2
2 + λ−2

3 . The other

covariances are computed in a similar way. The expected values and the variances

are derived by elementary computations. Therefore, the second assertion is also

proven.

Under Condition (2.1), another application of Lemma 2.2.7 yields the following

results.

Theorem 2.3.7. Let η1, η2, . . . be independent and standard negative exponential

distributed rvs. Assume that ji = ji(n) ∈ N, i = 1, 2, . . ., n = 2, 3, . . . are sequences

of integers satisfying

lim
n→∞

ji
n

= λi > 0,

with 0 < λ1 < λ2 < · · · . Then, under these conditions we have

lim
n→∞

Pr (ηk − ηj ≤ y/n | ηj and ηk are records) = 1− e−λ1y,

lim
n→∞

Pr
(
ηji+1

− ηji ≤ yi/n, 1 ≤ i ≤ s | ηj1 . . . ηjs are records
)

=
s∏
i=1

(
1− e−λiyi

)
,

lim
n→∞

Pr (ηj ≤ x/n, ηk − ηj ≤ y/n | ηj and ηk are records) = Qλ1,λ2(x, y),
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where

Qλ1,λ2(x, y) =

β1

(
e(λ2−λ1)y−1

)
eλ2x, if |x| ≥ y,

β2 eλ1x−β1 eλ2x− e−λ1y, if |x| < y,
(2.6)

for all x ≤ 0, y, y1, . . . , ys > 0 and m ∈ N.

Remark 2.3.8. The marginal distributions functions of (2.6) are

Qλ1,λ2(x) = Qλ1,λ2(x,∞) = β2 eλ1x−β1 eλ2x, x ≤ 0,

and

Qλ1(y) = Qλ1,λ2(0, y) = 1− e−λ1y, y > 0.

These results mean that the increments Y1, . . . , Yn among records are indepen-

dent but not identically distributed. Furthermore, a generic record ηj, j = 1, 2, . . .

and the increment between two records ηj and ηk, k > j are not independent.

Proof. For all y1, . . . , ys > 0, by following the same reasoning in the proof of

Lemma 2.2.2 we have

Pr
(
ηj2 − ηj1 > y1, . . . , ηjs − ηjs−1 > ys−1 | ηj1 . . . ηjs are records

)
=

∏s
m=2 jm∏s

m=2(jm − jm−1)
Pr

(
η2

j2 − j1

− η1

j1

> z1, . . . ,
ηs

js − js−1

− ηs−1

js−1

> zs−1

)
= Pr

(
ηj2 − ηj1 > y1, . . . , ηjs − ηjs−1 > ys−1 | ηj1 . . . ηjs are records

)
=

∏s
m=2 jm∏s

m=2(jm − jm−1)
· A

where

A =

∫ 0

−∞

∫ (js−1−js−2)
(

zs
js−js−1

−ys−1

)
−∞

· · ·
∫ (j2−j1)

(
z3

j3−j2
−y2

)
−∞

Pr

(
η1 < j1

(
z2

j2 − j1

− y1

)) s∏
i=2

ezi dzi.

We show by induction that∫ (jm−jm−1)
(

zm+1
jm+1−jm

−ym
)

−∞
· · ·
∫ (j2−j1)

(
z3

j3−j2
−y2

)
−∞

e
j2

j2−j1
z2 e−j1y1

m∏
i=2

ezi dzi
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=

∏m
i=2(ji − ji−1)∏m

i=2 ji

m∏
i=1

e−jiyi e
jmzm+1
jm+1−jm .

At the step 1 we have∫ (j2−j1)
(

z3
j3−j2

−y2

)
−∞

e
j2

j2−j1
z2 e−j1y1 dz2 =

j2 − j1

j2

e−j1y1−j2y2 e
j2z3
j3−j2 .

True for m. At the step m+ 1 we have∫ (jm+1−jm)
(

zm+2
jm+2−jm+1

−ym+1

)
−∞

· · ·
∫ (j2−j1)

(
z3

j3−j2
−y2

)
−∞

e
j2

j2−j1
z2 e−j1y1

m+1∏
i=2

ezi dzi

=

∫ (jm+1−jm)
(

zm+2
jm+2−jm+1

−ym+1

)
−∞

∏m
i=2(ji − ji−1)∏m

i=2 ji

m∏
i=1

e−jiyi e
jmzm+1
jm+1−jm ezm+1 dzm+1

=

∏m+1
i=2 (ji − ji−1)∏m+1

i=2 ji

m+1∏
i=1

e−jiyi e
jm+1zm+2
jm+2−jm+1 .

As a consequence

A =

∏s
i=2(ji − ji−1)∏s

i=2 ji

s−1∏
i=1

e−jiyi .

We obtain

Pr
(
ηj2 − ηj1 > y1, . . . , ηjs − ηjs−1 > ys−1 | ηj1 . . . ηjs are records

)
=

s−1∏
i=1

e−jiyi ,

which shows that the increments among records are independent exponentials but

with different parameters 0 < λ1 < λ2 < · · · . By the assumptions we have that

(1− ejiyi/n)→ (1− eλiyi) as n→∞ for any i = 1, . . . , s and therefore the second

result is proven.

Next, for x ≤ 0, y ≥ 0 we have

Q(x, y) := Pr (ηj ≤ x, ηk − ηj ≤ y | ηj and ηk are records)

= jk Pr

(
ηj ≤ x, ηk − ηj ≤ y, ηj >

η1

j − 1
, ηk > max

(
ηj,

η2

k − j − 1

))
When x ≤ −y,

Q(x, y) = jk

∫ x

−∞

∫ zj+y

zj

e(k−j)zk ejzj dzkdzj

=
jk

k − j
(e(k−j)y−1)

∫ x

−∞
ekzj dzj =

j

k − j
(e(k−j)y−1) ekx .
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Therefore, Q(x/n, y/n)→ β1

(
e(λ2−λ1)y−1

)
eλ2x as n→∞. When x > −y

Q(x, y) = jk

(∫ −y
−∞

∫ zj+y

zj

e(k−j)zk ejzj dzkdzj +

∫ x

−y

∫ 0

zj

e(k−j)zk ejzj dzkdzj

)

=
j

k − j
(e(k−j)y−1) e−ky +

jk

k − j

(
ejx− e−jy

j
− ekx− e−ky

k

)
=

k

k − j
ejx− j

k − j
ekx− e−jy .

Therefore Q(x/n, y/n)→ β2 eλ1x−β1 eλ2x− e−λ1y as n→∞.
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Chapter 3

On Multivariate Records from

Random Vectors with

Independent Components

3.1 Introduction

Let X1,X2, . . . be independent copies of a random vector X ∈ Rd with distribu-

tion function F . We assume that the margins Fi, 1 ≤ i ≤ d, of F are continuous

univariate distribution functions. This is equivalent of assuming the condition that

F itself is a continuous distribution function.

In this chapter we are interested in complete records. The d-dimensional ran-

dom vector (rv) Xj is a complete record if each of its components is a record,

i.e.,

Xj > max
1≤i≤j−1

X i,

where the maximum is taken componentwise. All our operations on vectors x =

(x1, . . . , xd), y = (y1 . . . , yd), such as x < y, are meant componentwise. Clearly,

X1 is a complete record.

Multivariate records have not been discussed that extensively, yet they have

been approached by Goldie and Resnick (1989), Goldie and Resnick (1995) and

Arnold, Balakrishnan, and Nagaraja (1998, Chapter 8), for instance. For supple-
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mentary material on multivariate and functional records we refer to the thesis by

Zott (2016) and the references cited therein.

We focus on the case where the components of X are independent. Then,

clearly, various of the results for univariate vectors carry over to the multivariate

case. In particular the preceding result carries over: Put

RCR
m := 1(Xm is a complete record).

Then, the indicator functions RCR
1 , RCR

2 , . . . are independent with

Pr(RCR
m = 1) = m−d, m ∈ N. (3.1)

However, from equations (1.6) and (3.1) we immediately deduce a first difference

between the theory of univariate and multivariate records. If the joint distribution

function of the sequence of iid univariate random variables is continuous, then the

total number of records in this series is infinite with probability one. On the other

hand, by equation (3.1) we have

E

(∑
m∈N

Im

)
=
∑
m∈N

E(Im) =
∑
m∈N

m−d <∞ (3.2)

if d ≥ 2. As a consequence, the total number of complete records
∑

m∈N Im is

finite with probability one. Hence, in case d ≥ 2, there is a terminal complete

record in the series X1,X2, . . . In Section 3.2 we compute the distribution of the

random total number of complete records and we investigate the distribution of

the terminal record. In Section 3.3 we study the sequence of waiting times for

the complete records. Such a sequence forms a Markov chain, similarly to the

univariate case, but in higher dimensions the state infinity is an absorbing element

of this state space.

Suppose that the components of X are not independent, but that its distribu-

tion function is in the max-domain of attraction of a multivariate extreme value

distribution. Goldie and Resnick (1989, Theorem 5.3) proved in case d = 2 that

the total number of complete records is finite if and only if the limiting extreme

value distribution has independent components. Assuming that the components
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of X are independent, we only require continuity of its distribution function, we

do not requite that it is in the max-domain of attraction of an extreme value

distribution.

3.2 Terminal record

Let

L := sup
{
m ∈ N : RCR

m = 1
}
,

which is the index of the ultimate complete record in the sequence X1,X2, . . . If

d ≥ 2, then we know from equation (3.2) that Pr(L <∞) = 1. In the next Lemma

we compute the distribution of L.

Lemma 3.2.1. For d ≥ 2 and k ∈ N

pk = Pr(L = k) =
1

kd

∏
m≥k+1

(
1− 1

md

)
. (3.3)

In particular, when d = 2:

pk =
1

k(k + 1)
.

Proof. The independence of the indicator functions Im, m ∈ N, together with

equation (3.1) imply the first assertion.

In the case d = 2 we obtain

pk =
1

k2
lim
N→∞

N∏
m=k+1

(m− 1)(m+ 1)

m2
=

1

k2
lim
N→∞

k(N + 1)

N(k + 1)
=

1

k(k + 1)
.

The first observation X1 is a record by definition. By the preceding result,

in dimension d = 2, X1 is already the terminal complete record with probability

p1 = 1/2. The next observation X2 is with probability 1/4 a complete record, and

it is with probability 1/6 the terminal complete record. From equation (3.2) and

Lemma 3.2.1 we have that

1 = Pr(L <∞) =
∑
k∈N

pk =
1

kd

∏
m≥k+1

(
1− 1

md

)
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which, taken as a purely mathematical formula, is a nice by-product.

The probability p1 = p1(d) increases as the dimension increases, whereas pk =

pk(d), k ≥ 2, decreases. This is the content of the next Lemma.

Lemma 3.2.2. We have

lim
d→∞

p1(d) = lim
d→∞

∏
m≥2

(
1− 1

md

)
= 1,

whereas, for k ≥ 2, we have

lim
d→∞

pk(d) = lim
d→∞

1

kd

∏
m≥k+1

(
1− 1

md

)
= 0.

Proof. The second assertion is immediate from the bound
∏

m≥k+1

(
1− 1

md

)
≤ 1.

The first assertion is a consequence of the equation
∑

k∈N pk = 1 and the following

bound, valid for d ≥ 4,∑
k≥2

pk =
∑
k≥2

1

kd

∏
m≥k+1

(
1− 1

md

)
≤ 1

2d−2

∑
k≥2

1

k2
−−−→
d→∞

0.

Lemma 3.2.1 implies that the expected arrival time for the final complete record

is

E(L) =
∑
k∈N

kpk =
∑
k∈N

1

kd−1

∏
m≥k+1

(
1− 1

md

)
.

Therefore, we have

E(L) =
∑
k∈N

1

k + 1
=∞

when d = 2, while

E(L) ≤
∑
k∈N

1

kd−1
≤ ∞

for d ≥ 3.

Finally, by repeating the arguments in the proof of Lemma 3.2.2, we have

E(L) −−−→
d→∞

1.
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Let η be a d-dimensional rv with independent components η1, . . . , ηd, each

following a standard negative exponential distribution, i.e., Pr(ηi ≤ x) = exp(x),

x ≤ 0, for all i ≤ d. In what follows we investigate the distribution of the

terminal record, i.e., we study Pr(ηL ≤ x), where L denotes again the random

index of the terminal record and x = (x1, . . . , xd) ∈ (−∞, 0]d. We have a closed

formula for Pr(ηL ≤ x), see Theorem 3.2.5. However, we first want to verify

the following conjecture: Let L = L(d) be the random index of the terminal

record which depends on the dimension d. From Lemma 3.2.2 we know that

Pr(L(d) = 1) = p1(d) −−−→
d→∞

1. Therefore, one would expect that

Pr(ηL ≤ x) ≈ Pr(η1 ≤ x) = exp

(
d∑
i=1

xi

)
,

when d gets large. This conjecture is verified in the next result. To ease the

notation we drop the dependence on d, wherever it causes no ambiguities.

Proposition 3.2.3. Let x1, x2, . . . be a sequence of numbers in (−∞, 0].

(i) If
∞∑
i=1

xi ∈ (−∞, 0],

then, with xd := (x1, . . . , xd), d ∈ N, we have

Pr(ηL ≤ xd) −−−→
d→∞

exp

(
∞∑
i=1

xi

)
= lim

d→∞
Pr(η1 ≤ xd).

(ii) If

lim
d→∞

d∑
i=1

xi = −∞,

but such that

lim sup
d→∞

∣∣∣∣∣1d
d∑
i=1

xi

∣∣∣∣∣ < log 2 (3.4)

then
Pr(ηL ≤ xd)
Pr(η1 ≤ xd)

−−−→
d→∞

1.
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Proof. We have

Pr(ηL ≤ xd) = Pr(ηL ≤ xd, L = 1) + Pr(ηL ≤ xd, L ≥ 2)

with

Pr(ηL ≤ xd, L ≥ 2) =
∞∑
k=2

Pr(ηL ≤ xd, L = k)

≤
∞∑
k=2

Pr(ηk ≤ xd,ηk is a complete record)

=
∞∑
k=2

Pr(ηk ≤ xd | ηk is a complete record)
1

kd

=
∞∑
k=2

exp

(
k

d∑
i=1

xi

)
1

kd

= exp

(
d∑
i=1

xi

)
∞∑
k=2

exp

(
(k − 1)

d∑
i=1

xi

)
1

kd

= exp

(
d∑
i=1

xi

)
o(1).

(3.5)

In the preceding list we used the fact that the univariate distribution function

Pr(ηk ≤ x | ηk is a record) equals exp(kx), x ≤ 0, k ∈ N, as established in Falk,

Chokami, and Padoan (2018).

From equation (3.5) we obtain

Pr(ηL ≤ xd) = Pr(ηL ≤ xd, L = 1) + exp

(
d∑
i=1

xi

)
o(1)

= Pr(η1 ≤ xd)− Pr(η1 ≤ xd, L ≥ 2) + exp

(
d∑
i=1

xi

)
o(1)

As Pr(L ≥ 2) −−−→
d→∞

0, this implies the first assertion.

Next, suppose next that
∞∑
i=1

xi = −∞.

We have to show that

Pr(η1 ≤ xd, L ≥ 2) = exp

(
d∑
i=1

xi

)
o(1) (3.6)
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as well. Hoelder’s inequality implies with p, q ≥ 1, p−1 + q−1 = 1,

Pr(ηL ≤ xd, L ≥ 2) = E (1(η1 ≤ xd)1(L ≥ 2))

≤ Pr(η1 ≤ xd)
1/pPr(L ≥ 2)1/q

= exp

(
1

p

d∑
i=1

xi

)
Pr(L ≥ 2)1/q

where

Pr(L ≥ 2) = Pr(L = 2) +
∞∑
k=3

Pr(L = k)

≤ 2−d +
∞∑
k=3

k−d ≤ 2−d +

∫ ∞
2

x−ddx

= 2−d +
2−d+1

d− 1
≤ 3

2d
.

Thus, we obtain

Pr(η1 ≤ xd, L ≥ 2) ≤ exp

(
1

p

d∑
i=1

xi

)
31/q

2d/p

= exp

(
d∑
i=1

xi

)
exp

((
1

p
− 1

) d∑
i=1

xi −
d

q
log 2

)
31/q

= exp

(
d∑
i=1

xi

)
exp

(
−1

q

d∑
i=1

xi −
d

q
log 2

)
31/q

= exp

(
d∑
i=1

xi

)
exp

(
d

q

(
−1

d

d∑
i=1

xi − log 2

))
31/q

= exp

(
d∑
i=1

xi

)
o(1)

by condition (3.2). This proves the second assertion as well.

By assuming the componentwise representationXi = F−1
i (exp(ηi)), i = 1, . . . , d,

d ∈ N, for each component i = 1, . . . , d, the preceding result immediately carries

over to a sequence X1,X2, . . . of independent copies of a rv X with independent

components and univariate continuous marginal df F1, . . . , Fd.
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Corollary 3.2.4. Let y1, y2, . . . be a sequence of number in R.

(i) If
∞∏
i=1

Fi(yi) ∈ (0, 1),

then

Pr(XL ≤ yd) −−−→
d→∞

∞∏
i=1

Fi(yi) = lim
d→∞

Pr(X1 ≤ yd).

(ii) If
∞∏
i=1

Fi(yi) = 0, but such that lim inf
d→∞

(
d∏
i=1

Fi(yi)

)1/d

>
1

2
,

then
Pr(XL ≤ yd)
Pr(X1 ≤ yd)

−−−→
d→∞

1.

In the final result of this section we derive the exact distribution of the ter-

minal complete record for fixed dimension d ≥ 2. We suppose again a sequence

X1,X2, . . . of independent copies of a rv X ∈ Rd with independent components

and continuous univariate marginal df F1, . . . , Fd.

Theorem 3.2.5. The distribution function of the final complete record is

Pr (XL ≤ xd)

=
∞∑
k=1

(∏d
i=1 u

k
i

kd
−
∑
K⊆J

(−1)|K|−1
d∏
i=1

(∑
r∈K′

uri
r
∏

s 6=r∈K′(s− r)
+

1∏
r∈K′ r

))
,

where ui = Fi(xi), J = {k + 1, k + 2, . . . }, K ⊆ J , K ′ = {k} ∪K and |K| is the

total number of elements in the set K.

Proof of Theorem 3.2.5. Without loss of generality we provide the proof with uni-

form margins U1, U2 . . . We look for the solution of

Pr (UL ≤ ud) =
∞∑
k=1

Pr

(
U k ≤ ud | RCR

k = 1,
∞⋂

m=k+1

{RCR
m = 0}

)
Pr(L = k),
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and Pr(L = k) = pk. The probability of the conditioning event is given by (3.3),

therefore we only need to compute

Pr

(
U k ≤ ud, RCR

k = 1,
∞⋂

m=k+1

{RCR
m = 0}

)

= Pr
(
U k ≤ ud, RCR

k = 1
)
− Pr

(
U k ≤ u, RCR

k = 1,

(
∞⋂

m=k+1

{RCR
m = 0}

)c)
Since the components of U are independent, it is easy to see that

Pr
(
U k ≤ u, RCR

k = 1
)

=

∏d
i=1 u

k
i

kd
.

By means of the inclusion-exclusion principle, we have that

Pr

(
U k ≤ ud, RCR

k = 1,

(
∞⋂

m=k+1

{RCR
m = 0}

)c)
=
∑
K⊆J

(−1)|K|−1 Pr
(
U k ≤ ud, RCR

k = 1, RCR
t = 1, t ∈ K

)
=
∑
K⊆J

(−1)|K|−1
d∏
i=1

Pr (Uk,i ≤ ui, Ik = 1, It = 1, t ∈ K)

where K = {j1, . . . , j|K|} ⊆ J = {k + 1, k + 2, . . . }. Note that

Pr (Uk,i ≤ ui, ek = 1, et = 1, t ∈ K)

=

∫
· · ·
∫

0≤min (ui,z1)<···<z|K|≤1

zk−1

|K|∏
t=1

z
jt−jt−1−1
t dz dz1 . . . dz|K|.

We compute the previous probability by using the induction principle. We claim

that

Am =

∫
· · ·
∫

0≤min (ui,z1)<···<zm

zk−1

m−1∏
t=1

z
jt−jt−1−1
t dz dz1 . . . dz|K|−1

=
m−1∑
t=0

(−1)t
ujti∏t−1

r=0(jt − jr)jt
∏m−1

r=t+1(jr − jt)
zjm−1−jt
m 1(ui < zm)

+
zjm−1
m∏m−1
t=0

1(ui > zm),
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where j0 = k. When |K| = 1, we have

Pr (Uk,i ≤ ui, ek = 1, ej1 = 1)

=

∫ min(ui,z1)

0

zk−1dz =
uki
k
1 (ui ≤ z1) +

zk1
k
1 (ui > z1) .

Now, let us suppose the claim it is true for |K| = m− 1, i.e.

Am−1 =
m−2∑
t=0

(−1)t
ujti∏t−1

r=0(jt − jr)jt
∏m−2

r=t+1(jr − jt)
z
jm−2−jt
m−1 1(ui < zm−1)

+
z
jm−2

m−1∏m−2
t=0

1(ui > zm−1),

and prove it for |K| = m.

Am =

∫ zm

0

z
jm−1−jm−2−1
m−1 Am−1dzm−1

=
m−2∑
t=0

(−1)t
ujti∏t−1

r=0(jt − jr)jt
∏m−2

r=t+1(jr − jt)
zjm−1−jt
m − ujm−1−jt

i

jm−1 − jt
1(ui < zm)

+
1∏m−2
t=0

(∫ ui

0

zm−1dzm−11(ui < zm) +

∫ zm

0

zm−1dzm−11(ui > zm)

)
which proves the claim. By considering zm = 1 and by noting that

∏t−1
r=0(jt−jr) =

(−1)t
∏t−1

r=0(jr − jt) and substituting with ui = Fi(xi), the proof is complete.

3.3 Complete Record Times

In this section we derive some results on record times. Let

T (n) := inf

{
m ∈ N :

m∑
i=1

RCR
i = n

}
, n ≥ 2, T (1) := 1, (3.7)

be the arrival time of the n-th complete record, where inf ∅ :=∞, which describes

the case when there is no further complete record. We have seen in equation (3.2)

that the number of complete records is finite with probability one, if the dimension

d of our observations is at least 2. We start with the exact distribution of T (n).

Note that the distribution of T (n) does not depend on the underlying univariate

df F1, . . . , Fd, provided that they are continuous.
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Proposition 3.3.1. For a generic size d ≥ 2 we have

Pr(T (n) = k) = k−d
∑

A⊆{2,...,k−1},|A|=n−2

∏
q∈A

q−d
∏
m∈Ac

(
1−m−d

)
, k ≥ n, (3.8)

where |A| is the total number of elements in the set A.

Proof. Note that

Pr(T (n) = k) = Pr
(
RCR
n = 1, Sk−1 = n− 1

)
= Pr

(
RCR
n = 1

)
Pr (Sk−1 = n− 1) ,

where Sk−1 =
∑k−1

m=1 R
CR
m is a sum of independent Bernoulli random variables, each

with parameter m−d. Therefore,

Pr (Sk−1 = n− 1) = Pr

(
k−1∑
m=2

RCR
m = n− 2

)
=

∑
A∈An−2

∏
q∈A

q−d
∏
m∈Ac

(
1−m−d

)
,

which is a Poisson-Binomial distribution.

Example 3.3.2. For n = 2 we get

Pr(T (2) = k) =
1

kd

k−1∏
j=2

(
1− 1

jd

)
, k ≥ 2

while if n = 3

Pr(T (3) = k) =
1

kd

k−1∏
j=2

(
1− 1

jd

) k−1∑
i=2

1

id − 1
, k ≥ 3.

Thus in the special case d = 2 we obtain

Pr(T (2) = k) =
1

2k(k − 1)
, Pr(T (3) = k) =

3k2 − 7k + 2

8k2(k − 1)2 . (3.9)

The sequence T (n), n ≥ 2, is a Markov chain, as it is in the univariate case, see,

e.g., Galambos 1987, (Section 6.3). Note that the state space is now {2, 3, . . . } ∪
{∞}.
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Proposition 3.3.3. The sequence T (n), n ≥ 2 forms a Markov chain with the

following transition probabilities

Pr (T (n) = k|T (n− 1) = j) =


k−d, for k = j + 1,

k−d
∏k−1

m=j+1

(
1−m−d

)
, for k > j + 1,∏∞

m=j+1

(
1−m−d

)
, for k =∞ > j,

(3.10)

with j ≥ n − 1. The state {∞} is absorbing, that is Pr(T (n) = ∞ | T (n − 1) =

∞) = 1, when n ≥ 3.

Proof. For a finite sequence of finite states, by the independence of RCR
1 , RCR

2 , . . .

we have

Pr (T (m) = jm, 2 ≤ m ≤ n)

=
n∏

m=2

Pr
(
RCR
jm = 1

)
Pr

 jm−1∑
i=jm−1+1

RCR
i = 0

 ,
(3.11)

where j1 = 2 by convention. Using this formula we obtain for the conditional

probability

Pr (T (n) = jn|T (m) = jm, 2 ≤ m ≤ n− 1)

= Pr
(
RCR
jn = 1

)
Pr

 jn−1∑
i=jn−1+1

RCR
i = 0

 .
(3.12)

Note that

Pr (T (n− 1) = jn−1) = Pr
(
RCR
jn−1

= 1
)

Pr

(
jn−1−1∑
i=2

RCR
i = n− 2

)
and

Pr (T (n) = jn, T (n− 1) = jn−1) = Pr
(
RCR
jn = 1

)
Pr

 jn−1∑
i=jn−1+1

RCR
i = 0


Pr
(
RCR
jn−1

= 1
)

Pr

(
jn−1−1∑
i=2

RCR
i = n− 2

)
.
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Therefore Pr (T (n) = jn|T (n− 1) = jn−1) is equal to right hand-side of (3.12).

For the case that a time moves from a finite state to infinity we have

Pr (T (n) =∞, T (m) = jm, 2 ≤ m ≤ n− 1) =
n−1∏
m=2

Pr
(
RCR
jm = 1

)
× Pr

 jm−1∑
i=jm−1+1

RCR
i = 0


× Pr

(
∞∑

i=jm+1

RCR
i = 0

)
.

Using this result and the one in (3.11) we obtain

Pr (T (n) =∞|T (m) = jm, 2 ≤ m ≤ n− 1) = Pr

 ∞∑
i=jn−1+1

RCR
i = 0

 . (3.13)

Now, noting that Pr (T (n− 1) = jn−1) = Pr
(
RCR
jn−1

= 1
)

and

Pr (T (n) =∞, T (n− 1) = jn−1) = Pr
(
RCR
jn−1

= 1
)

Pr

 ∞∑
i=jn−1+1

RCR
i = 0

 ,

then Pr (T (n) =∞|T (n− 1) = jn−1) is equal to right hand-side of (3.13).

To compute the transition probabilities, note that Pr(RCR
n = 1) = n−d and

Pr(RCR
n = 0) = 1− n−d. Finally, to complete the proof we need to check that

pn|n−1 =
∑
k≥j+1

Pr (T (n) = k|T (n− 1) = j) + Pr (T (n) =∞|T (n− 1) = j) = 1,

for each j ≥ 2, i.e.

(j + 1)−d +
∞∑

k=j+2

k−d
k−1∏

m=j+1

(1−m−d) +
∞∏

m=j+1

(1−m−d) = 1.

We prove by induction that

M∑
k=j+2

k−d
k−1∏

m=j+1

(1−m−d) +
M∏

m=j+1

(1−m−d) = 1− (j + 1)−d, (3.14)
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for each M ∈ N.

Step M = j + 2:

(j + 2)−d(1− (j + 1)−d) + (1− (j + 1)−d)(1− (j + 2)−d) = 1− (j + 1)−d.

Now, we suppose (3.14) is true for M and we prove it is true also for M + 1.

M+1∑
k=j+2

k−d
k−1∏

m=j+1

(1−m−d) +
M+1∏
m=j+1

(1−m−d)

=
M∑

k=j+2

k−d
k−1∏

m=j+1

(1−m−d) + (M + 1)−d
M∏

m=j+1

(1−m−d)

+ (M + 1)−d
M∏

m=j+1

(1−m−d)

= (1− (j + 1)−d)((M + 1)−d + 1− (M + 1)−d) = 1− (j + 1)−d.

Therefore pn|n−1 = 1 and the proof is completed.
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Chapter 4

Records for Stationary

Dependent Sequences

4.1 Introduction

Let {Xn, n ≥ 1} be a sequence of identically distributed random variables (rvs),

and denote by F the common univariate marginal distribution function. Through-

out this chapter, we use the following notation for maxima: For any i, j ∈ N,

set Mi:j := max(Xi, . . . , Xj). For simplicity, we set Mj := M1:j, that is Mj :=

max(X1, . . . , Xj).

Except for Haiman (1987), Haiman et al. (1998), Ballerini and Resnick (1987),

Arnold et al. (1998) as far as we know, most of the available results on records

concern sequences of independent random variables or vectors. In the present work

we derive some new results on the records of a stationary sequence of dependent

random variables and dependent random vectors, under appropriate conditions of

the dependence structure.

At first we consider a univariate second-order stationary Gaussian process with

zero-mean, unit-variance. This means that for every n = 1, 2, . . ., E(Xn) = 0,

E2(Xn) = 1 and the autocovariance of the process is translation-invariant depend-

ing only on the time difference, i.e. for every i, j, ρi,j = E(XiXj) = E(X0Xj−i) =

ρ0,j−i ≡ ρj−i, where ρj−i is a function only of the separation j− i and for every m,
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ρi+m,j+m = ρj−i. We derive the probability that a record at time n, say Xn, takes

place, and the distribution of Xn, being a record. Furthermore, we derive the joint

distribution of the arrival time process of records and more specifically the distri-

bution of the increments between the first and second record and the third and

second record. We compute the expected number of records which, depending on

the type of correlation structure of the Gaussian process, can be finite or infinite.

We also focus on joint records and we derive the probability that two consecutive

and non-consecutive records at the time j and n, say Xj and Xn, take place, as

well as the joint distribution of (Xj, Xn), considering they are both records.

We highlight that many of our findings, such as the probability that the records

Xn and (Xj, Xn) take place and the arrival time of the n-th record, are independent

of the marginal distribution function F , provided that is is continuous. As a

consequence, the results actually hold for second-order stationary sequences with

Gaussian copulas. On the contrary, the distribution of a record (two records),

conditional to the assumption that it is a record (they are records), however does

depend on F .

Next we consider a strictly stationary process satisfying some mild conditions

on the tail behavior of the common marginal distribution function F and the

long-range dependence of the extremes of the process. More specifically, it is

assumed that F is attracted by the so-called Generalized Extreme-Value family of

distributions, and that maxima on separated enough intervals within the time span

n are approximately independent. Within this setting we derive the probability

that Xn is a record, the distribution of Xn (being a record), and the expected

number of records.

We complete the work by considering a zero-mean, unit-variance multivariate

second-order stationary Gaussian process. We derive the probability that a com-

plete record at time n occurs, and we compute the distribution of Xn (being a

record), as well as the probability that two complete records at the time j and n

occur, and the joint distribution of (Xj,Xn) (being records).

The chapter is organized as follows. In Section 4.2.1 we introduce some notation

and we briefly review some basic concepts on the multivariate closed skew-normal
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distribution. In Section 4.2.2 we present our main results on records for an uni-

variate second-order stationary Gaussian process. In Section 4.2.3 we provide the

asymptotic probability and distribution function of a record at time n for a strictly

stationary process that satisfies some appropriate conditions. Finally, in Section

4.3 we extend some of the results derived in Section 4.2.3 to the case of multivariate

second-order stationary Gaussian processes.

4.2 Univariate Case

4.2.1 Preliminary results and notation

Throughout the chapter we use the following notation. The symbolX ∼ Nn(µ,Σ),

n ∈ N, means an n-dimensional random vector that follows a multivariate Gaus-

sian distribution with mean µ ∈ Rn and positive-definite covariance matrix Σ =

σΣ̄σ ∈ Rn,n,σ := diag(σ11, . . . , σnn), and Σ̄ is the correlation matrix. Its cumula-

tive distribution function (cdf) and probability density function (pdf) are denoted

by Φn(x;µ,Σ) and φn(x;µ,Σ) with x ∈ Rn. When µ = 0 = (0, . . . , 0)> and

Σ = I, where I is the identity matrix, we write Φn(x) for simplicity.

We indicate with 1a,b (0a,b) a matrix of dimension a× b whose elements are all

equal to one (zero). We omit the subscripts when the dimensions of the matrices

are clear from the context.

We introduce the notion of a multivariate closed skew-normal (CSN) random

vector and we do so by using the so-called conditioning representation (Genton

2004, Ch. 2). Let U ∼ Nm(ξ,Ω) being independent of V ∼ Nn(0,Σ), where

ξ ∈ Rm, Ω ∈ Rm × Rm and Σ ∈ Rn × Rn. Let ∆ ∈ Rn × Rm, then(
U

∆U + V

)
∼ Nm+n

((
ξ

0

)
,

(
Ω Ω∆>

∆Ω Γ

))
,

where Γ = Σ+∆Ω∆>. DefineX equal to U , under the condition that ∆U+V >

µ, denoted by X = (U |∆U + V > µ), where µ ∈ Rn. The m-dimensional ran-

dom vector X follows a multivariate closed skew-normal distribution, in symbols
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X ∼ CSNm,n(ξ,Ω,∆,µ,Σ), whose pdf is, for all x ∈ Rm,

ψm,n(x; ξ,Ω,∆,µ,Σ) =
φm(x− ξ; Ω)Φn(∆(x− ξ);µ,Σ)

Φn(0;µ,Γ)
. (4.1)

We denote the cdf ofX by Ψm,n(x; ξ,Ω,∆,µ,Σ). When ξ = 0, Ω = I and µ = 0,

we omit them among the parameters for simplicity and we write Ψm,n(x; ∆,Σ)

and ψm,n(x; ∆,Σ) instead. We recall that the closed skew-normal distribution is

also known in the literature as the unified multivariate skew-normal distribution,

which simply uses a different parametrization (e.g, Ch. 7.1.2 in Azzalini 2013).

The exposition of our results benefits from the parametrization used by the closed

skew-normal distribution.

We recall that if X ∼ CSNm,n(ξ,Ω,∆,µ,Σ) then

Ψm,n(x; ξ,Ω,∆,Σ) =
Φn+m(x̃; Ω̃)

Φn(0;µ,Γ)
, (4.2)

where

x̃ =

(
−µ
x− ξ

)
, Ω̃ =

(
Γ −Ω∆>

∆Ω Ω

)
,

see Azzalini and Bacchieri (2010). Furthermore, for b ∈ Rm and A ∈ Rq,m then,

b+X ∼ CSNm,n(ξ + b,Ω,∆,µ,Σ) (4.3)

AX ∼ CSNq,n(Aξ,Ω∗,∆∗,µ,Σ∗) (4.4)

where Ω∗ = AΩA>, ∆∗ = ∆ΩA>Ω∗−1 and Σ∗ = Γ −∆∗AΩ∆>, (see Ch. 2 in

Genton 2004 for details).

4.2.2 Records of dependent univariate Gaussian sequences

Let {Xn, n ≥ 1} be a second-order stationary Gaussian sequence of dependent rvs.

Without loss of generality, assume for simplicity that E(Xi) = 0, E(X2
i ) = 1 for

every 1 ≤ i ≤ n. From now on, we will refer to such a process as a stationary

standard Gaussian (SSG) sequence. For any n ∈ N, let I ⊂ {1, . . . , n} and I{ =

{1, . . . , n}\I identify the |I|-dimensional and |I{|-dimensional subvector partition
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such that X = (X1, . . . , Xn)> = (X>I ,X
>
I{)
>, with corresponding partition of the

parameter Σ̄. By |A| we denote the number of elements of a set A.

Our results rely on the following well-known important result on the condi-

tional distribution derived from joint Gaussian distribution. Precisely, let X =

(X>I ,X
>
I{)
> ∼ Nn(µ,Σ) with corresponding partition of the parameters µ and

Σ, then in Anderson (1984, Theorem 2.5.1) it is established that the conditional

distribution of XI{ given that XI = xI , is for all xI ∈ R|I|,

XI{|XI = xI ∼ N|I{|
(
µI{ ,ΣI{,I{;I

)
,

µI{ = ΣI{,IΣ̄
−1
I,IxI ,

ΣI{,I{;I = Σ̄I{,I{ −ΣI{,IΣ̄
−1
I,IΣI,I{ .

(4.5)

Furthermore, we denote the related correlation matrix by

Σ̄I{,I{;I = σ−1
I{,I{;IΣI{,I{;Iσ

−1
I{,I{;I ,

where σI{,I{;I = diag(ΣI{,I{;I). For any j ∈ {a, . . . , b}, when I = {j} we simplify

the notation writing Xj and Xa:b\j = (Xa, . . . , Xj−1, Xj+1, . . . , Xb)
>. When j = a

or j = b we further simplify the notation by X2:b = (X2, . . . Xb)
> and X1:b−1 =

(X1, . . . , Xb−1)>.

In our first result we compute the probability that Xn is a record together with

its distribution.

Proposition 4.2.1. Let {Xn, n ≥ 1} be a SSG sequence of rvs. For every n ≥ 2,

let I = {n}, I{ = {1, . . . , n− 1}. Then, the probability that Xn is a record and the

distribution of Xn, given that it is a record, are equal to

Pr(Rn = 1) = Φn−1(0; Γ1:n−1;1:n−1)

Pr(Xn ≤ x|Rn = 1) = Ψ1,n−1

(
x;%1:n−1, Σ̄1:n−1,1:n−1;n

)
,

where Γ1:n−1;1:n−1 is a (n− 1)× (n− 1) variance-covariance matrix whose entries

of the associated correlation matrix Γ̄1:n−1;1:n−1 are

γi,j;n =
1 + ρi,j − ρi,n − ρj,n

2
√

(1− ρi,n)(1− ρj,n)
, i 6= n, j 6= n (4.6)

Tesi di dottorato "New Advances On Records"
di KHORRAMI CHOKAMI AMIR
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2019
La tesi è tutelata dalla normativa sul diritto d'autore (Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



52

and Σ̄1:n−1,1:n−1;n is a (n− 1)× (n− 1) correlation matrix with entries

ρi,j;n =
ρi,j − ρi,nρj,n√

(1− ρ2
i,n)(1− ρ2

j,n)
, i 6= n, j 6= n.

Proof. The probability that Xn is a record is

Pr(Xn > Mn−1) =

∫ +∞

−∞
Pr
(
Xi < z, ∀ i ∈ I{|Xn = z

)
φ(z)dz

=

∫ +∞

−∞
Pr(Z1:n−1 ≤ z%1:n−1)φ(z)dz

= EZ{Pr(Z1:n−1 ≤ Z%1:n−1|Z)}

= Pr(Z1:n−1 − Z%1:n−1 ≤ 0) ≡ Φn−1(0; Γ1:n−1;1:n−1),

where

Γ1:n−1;1:n−1 = Σ̄1:n−1,1:n−1;n + %1:n−1%
>
1:n−1 (4.7)

%1:n−1 = σ−1
1:n−1,1:n−1;n(1n−1 − Σ̄1:n−1,n) (4.8)

=

(√
1− ρi,n
1 + ρi,n

,∀ i ∈ I{
)>

.

To obtain the second line we used the formula in (4.5), which leads to Z1:n−1 =

σ−1
1:n−1,1:n−1;n (X1:n−1 − µn) ∼ Nn−1(0; Σ̄1:n−1,1:n−1;n), where µn = (ρi,n,∀ i ∈
I{)>v, and this can be seen as independent of Z ∼ N(0, 1). From the third to

fourth row we used Lemma 7.1 in Azzalini and Valle (1996). With similar steps,

we obtain the distribution for the record Xn,

Pr(Xn ≤ x|Rn = 1) =
Pr(Xn ≤ x,Xn > Mn−1)

Pr(Xn > Mn−1)
,

=

∫ x
−∞ φ(z)Φn−1(z%1:n−1; Σ̄1:n−1,1:n−1;n)dz

Φn−1(0; Γ1:n−1;1:n−1)

≡ Ψ1,n−1

(
x;%1:n−1, Σ̄1:n−1,1:n−1;n

)
.

The correlations ρi,j, 1 ≤ i < j ≤ n, in Proposition 4.3.1 satisfy−1 ≤ ρi,j;n ≤ 1

Kurowicka and Cooke (2006) but they must also be such as to satisfy−1 ≤ γi,j;n ≤ 1
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or

(ρi,n + ρj,n − 1)− 2
√

(1− ρi,n)(1− ρj,n) ≤ ρi,j ≤(ρi,n + ρj,n − 1)

+ 2
√

(1− ρi,n)(1− ρj,n).

Remark 4.2.2. Assume in Proposition 4.3.1 that ρi,j = 0 for all 1 ≤ i 6= j ≤ n.

Then,

Pr (Rn = 1) = Φn−1(0; In−1 + 1n−11
>
n−1)

= E (Φn−1(1n−1Z; In−1))

=

∫ +∞

−∞
Φn−1(1n−1z; In−1)φ(z)dz =

∫ +∞

−∞
Φn−1(z)φ(z)dz = n−1,

where Z ∼ N(0, 1). As expected, we obtain the results in Galambos (1987) and

Lemma 1.1 in Falk et al. (2018). Furthermore,

Pr(Xn ≤ x|Rn = 1) = Ψ1,n−1 (x; 1n−1, In−1)

= n

∫ x

−∞
Φn−1(1n−1z; In−1)φ(z)dz

= n

∫ x

−∞
Φn−1(z)φ(z)dz = Φ(x)n.

Let

T (k) := inf

{
m ∈ N :

m∑
i=1

Ri = k

}
, k ≥ 2, T (1) := 1,

be the arrival time of the k-th record.

Lemma 4.2.3. Let {T (k)}k≥2 be the arrival time process of records. Let I =

{j2, . . . , jk} where 2 ≤ j2 < · · · < jk ∈ N and j1 := 1. Set I{ := {1, . . . , jk} \ I.

Then,

Pr(T (i) = ji, i = 2, . . . , k)

= Φjk−k(0; ΓI{,I{)Ψk−1,jk−k(0;DΣ̄I,ID
>,∆, Σ̄I{,I{;I)

where D = (Ik−1 0k−1)− (0k−1 Ik−1),

∆ = %I{,I{Σ̄I,ID
>(DΣ̄I,ID

>)
−1
, (4.9)
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ΓI{,I{ = %I{,I{Σ̄I,I%
>
I{,I{ + Σ̄I{,I{;I , (4.10)

%I{,I{ = σ−1
I{,I{;I(B −ΣI{,IΣ̄

−1
I,I), (4.11)

and

B :=


1j2−2 0j2−2 . . . 0j2−2 0j2−2

0j3−j2−1 1j3−j2−1 . . . 0j3−j2−1 0j3−j2−1

...
...

...
...

0jk−jk−1−1 0jk−jk−1−1 . . . 1jk−jk−1−1 0jk−jk−1−1

 ∈ Rjk−k,k−1 (4.12)

Proof. We have

Pr(T (i) = ji, i = 2, . . . , k)

= Pr(Mji+1:ji+1−1 < Xi, i = 1, . . . , k − 1, Xjk−1
< Xjk)

=

∫ +∞

−∞

∫ zk

−∞
· · ·
∫ z2

−∞
Pr(Mji+1:ji+1−1 < zi, i = 1, . . . , k − 1|Xji = zi, i = 1, . . . , k − 1)

· φk(z1, . . . , zk)dz1 . . . dzk

=

∫ +∞

−∞

∫ zk

−∞
· · ·
∫ z2

−∞
Pr(XI{ < Bz|XI = z)φk(z; Σ̄I,I)dz

where B is given in (4.12). By standardizing the random vector XI{ , we obtain∫ +∞

−∞

∫ zk

−∞
· · ·
∫ z2

−∞
Φjk−k(%I{,I{z; Σ̄I{,I{;I)φk(z; Σ̄I,I)dz

= Φjk−k(0; ΓI{,I{)

∫ +∞

−∞

∫ zk

−∞
· · ·
∫ z2

−∞
ψk,jk−k(0; Σ̄I,I ,%I{,I{ , Σ̄XI{ ,XI{ ;XI)dz

= Φjk−k(0; ΓI{,I{) Pr(Z1 < Z2 < · · · < Zk)

= Φjk−k(0; ΓI{,I{) Pr(Z1 − Z2 < 0, . . . , Zk−1 − Zk < 0)

where ΓI{,I{ and %I{,I{ are given in (4.10) and (4.11).

By recalling formula (4.4), we obtain
Z1 − Z2

...

Zk−1 − Zk

 =


1 −1 0 0 . . . 0

0 1 −1 0 . . . 0

. . .

0 . . . 0 0 1 −1



Z1

...

Zk


= DZ ∼ CSNk−1,jk−k(DΣ̄I,ID

>,∆, Σ̄I{,I{;I)
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where ∆ is given in (4.9)

In the next result we establish the distribution of the arrival time T (2) of the

second record as well as that of the increment XT (2) −X1.

Theorem 4.2.4. Let {Xn, n ≥ 1} be a SSG sequence of rvs. Let ρi,j = E(Xi, Xj)

with 1 ≤ i 6= j ≤ n . Assume that for n → ∞, ρi,j → 0 as |j − i| → ∞ and

ρk,n → 1 as k → ∞. For n = 2, 3, . . ., the distribution of the arrival time of the

second record T (2) is

Pr (T (2) = n) =

1/2, n = 2,

Φn−2(0; Γ2:n−1,2:n−1)− Φn−1(0; Γ2:n,2:n), n > 2
(4.13)

where Γ2:n−1,2:n−1 and Γ2:n,2:n are defined similarly to (4.7). Furthermore, for every

x > 0, the distribution of the increment XT (2) −X1 is

H(x) =
∑
n≥2

Φn−1 (ux; Γ2:n,2:n)− Φn−1 (0; Γ2:n,2:n) , (4.14)

where ux = (x/(1− ρ2
1,n)1/2, 0, . . . , 0)> is an (n− 1)-dimensional vector.

Proof. When n = 2 we have

Pr(T (2) = 2) = Pr(X2 > X1) = 1/2.

For n > 2 we have

Pr(T (2) = n) = Pr (Xi < X1, i = 2, . . . , n− 1, Xn > X1)

= Pr (Xi < X1, i = 2, . . . , n− 1)− Pr (Xi < X1, i = 2, . . . , n) .

Therefore, (4.13) follows by similar arguments to those used in Proposition 4.3.1.

It must be checked that∑
n≥2

Pr(T (2) = n) =
1

2
+ lim

N→∞

N∑
n=3

(Φn−2(0; Γ2:n−1,2:n−1)− Φn−1(0; Γ2:n,2:n))

= lim
N→∞

(1− Φ2 (0; Γ1:2,1:2) + Φ2 (0; Γ1:2,1:2)

− · · ·+ ΦN−2 (0; Γ1:N−2,1:N−2)− ΦN−1 (0; Γ1:N−1,1:N−1))

= 1− lim
N→∞

ΦN−1 (0; Γ1:N−1,1:N−1) = 1.
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Let (X̃1, . . . , X̃n−1) be zero-mean unit-variance Gaussian sequence with variance-

covariance matrix Γ1:n−1,1:n−1. Set

Pn = Pr(X̃i ≤ 0, . . . , X̃n−1 ≤ 0) = Φn−1 (0; Γ1:n−1,1:n−1) .

Clearly Φn−1 (0; Γ1:n−1,1:n−1) = Φn−1

(
0; Γ̄1:n−1,1:n−1

)
. We recall that Pr(X̃i ≤ 0) =

1/2 for every i = 1, . . . , n− 1. By the Fréchet inequalities we have that

An := max

(
0,

n∑
i=1

Pr(Xi ≤ 0)− (n− 1)

)
= max(0, 1− n/2) ≤ Pn ≤ 1/2.

For Pn we derive the following upper bound Bn. Precisely,

Pn = Pr

(
n−1∑
i=1

1(X̃i ≤ 0) ≥ n− 1

)
= Pr

{
n−1∑
i=1

(
1(X̃i ≤ 0)− 1

2

)
≥ n− 1

2

}

≤ Pr

{∣∣∣∣∣
n−1∑
i=1

(
1(X̃i ≤ 0)− 1

2

)∣∣∣∣∣ ≥ n− 1

2

}

≤ 4

(n− 2)2
E

{n−1∑
i=1

(
1(X̃i ≤ 0)− 1

2

)}2


=
4

(n− 2)2

n−1∑
i=1

n−1∑
j=1

Cov(1(X̃i ≤ 0),1(X̃j ≤ 0))

=
4

(n− 2)2

n−1∑
i=1

n−1∑
j=1

Cov(Pi,j;n − 1/4) =: Bn,

where Pi,j;n := Pr(X̃i ≤ 0, X̃j ≤ 0) = Φ2(0; γi,j;n) and where Φ2(·; γi,j;n) is a

bivariate Gaussian cdf with correlation γi,j;n that is given in (4.6). In the third

row we used the Chebyshev’s inequality. Set h = |j − i| we rewrite Bn as

Bn =
4

(n− 2)2

n−2∑
h=0

2(n− h)(Ph;n − 1/4)

=
8

n(1 + 2/n)2
(P0;n − 1/4) +

8

n(1 + 2/n)2

n−2∑
h=1

(
1− h

n

)
(Ph;n − 1/4)

= αn + βn,
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where Ph;n := Pr(X̃0 ≤ 0, X̃h ≤ 0) = Φ2(0; γh;n) and

γh;n =
1 + ρ0,h − ρ0,n−i − ρh,n−i

2
√

(1− ρ0,n−i)(1− ρh,n−i)
, h = 0, . . . , n− 2.

Now, when h = 0 we obtain γ0;n = 1 and therefore P0;n = 1/2 and as a consequence

the term αn → 0 as n→∞. We rewrite the term βn as

βn =
8

n(1 + 2/n)2

n−2∑
h=1

(Ph;n − 1/4)− 8

n(1 + 2/n)2

n−2∑
h=1

h

n
(Ph;n − 1/4)

= cn − dn.

Now by the assumption we have that for n → ∞, γh;n → 0 as h → ∞, therefore

for all ε > 0 there exists a n0 such that for all h > n0 we have |Ph;n − 1/4| < ε.

As a consequence we have

cn =
8

n(1 + 2/n)2

(
n0∑
h=1

(Ph;n − 1/4) +
n−2∑

h=n0+1

(Ph;n − 1/4)

)

<
8

n(1 + 2/n)2
(c+ ε(n− 2 + n0 + 1)) = o(1),

where c is a positive constant. Therefore, cn → 0 as n → ∞ and since dn < cn

then βn → 0 and Bn → 0 as n→∞. Concluding, since An ≤ Pn ≤ Bn and An = 0

for n ≥ 2, then Pn → 0 as n→∞.

Finally, for every x > 0 the distribution of the increment XT (2) −X1 is

Pr(XT (2) −X1 ≤ x) =
∑
n≥2

Pr(Xn −X1 ≤ x, T (2) = n)

=
∑
n≥2

Pr(Xn −X1 ≤ x,Xi < X1, i = 2, . . . , n− 1, Xn > X1)

=
∑
n≥2

Pr(0 < Xn −X1 ≤ x,Xi < X1, i = 2, . . . , n− 1)
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The term inside the sum is equal to

Pr(0 < Xn −X1 ≤ x,Xi < X1, i = 2, . . . , n− 1)

=

∫ +∞

−∞
Pr(0 < Xn − u ≤ x,Xi < u, i = 2, . . . , n− 1|X1 = z)φ(z)dz

=

∫ +∞

−∞
Pr(Xi < x, i = 2, . . . , n− 1, Xn ≤ z + x|X1 = z)φ(z)dz

−
∫ +∞

−∞
Pr(Xi < z, i = 2, . . . , n|X1 = z)φ(z)dz.

Therefore, (4.14) follows by similar arguments to those used in Proposition 4.3.1.

Remark 4.2.5. Note that when ρi,j = 0 for all 1 ≤ i < j ≤ n and n > 2 we obtain

Pr (T (2) = n) = Φn−2(0; In−2 + 1n−21
>
n−2)− Φn−1(0; In−1 + 1n−11

>
n−1)

=
1

n− 1
− 1

n
=

1

n(n− 1)
.

Let N :=
∑∞

n=1Rn be the number of records among an infinite sequence

X1, X2, . . . When the components of the sequence are independent and identically

distributed with a continuous df, then it is a well-known result that an infinite

number of records will occur: E(N) =
∑∞

n=1 P (Rn = 1) =
∑∞

n=1 1/n =∞ Galam-

bos (1987).

A natural question that arises is the following. What is the expected number

of records that will take place in the case of a stationary Gaussian process?

Proposition 4.2.6. Let {Xn}n≥1 be a SSG sequence of rvs and Φn−1(0; Γ1:n−1;1:n−1)

be the probability that a record take place described in Proposition 4.3.1. Let N be

the number of records among an infinite sequence X1, X2, . . . Then, we have

E(N) =

∞, if 1/2 ≤ γi,j;n ≤ 1, ∀ 1 ≤ i 6= j < n

2, if γi,j;n = 0, ∀ 1 ≤ i 6= j < n.

where γi,j;n is the correlation parameter in (4.6).
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Proof. First, note that

E(N) = E

(
∞∑
n=1

Rn

)
=
∞∑
n=1

E(Rn)

= 1 +
∞∑
n=2

Pr(Xn > Mn−1)

= 1 +
∞∑
n=2

Φn−1(0; Γ1:n−1,1:n−1).

The entries of the correlation matrix Γ̄1:n−1,1:n−1 in (4.6) are γi,j;n = 1/2, 1 ≤ i 6=
j < n, if and only if ρi,j = ρi,n = ρj,n = 0. In this case by Remark 4.2.2 we have that

Φn−1(0; In−1 + 1n−11
>
n−1) = 1/n. From this it follows that when 1/2 ≤ γi,j;n ≤ 1

or √
(1− ρi,n)(1− ρj,n) ≤ 1 + ρi,j − ρi,n − ρj,n ≤ 2

√
(1− ρi,n)(1− ρj,n), (4.15)

then Φn−1(0; Γ1:n−1,1:n−1) ≥ 1/n and as a consequence

E(N) ≥
∞∑
n=1

1

n
=∞.

For every 1 ≤ i 6= j < n, provided that ρi,n + ρj,n ≥ 0, when ρi,j = ρi,n + ρj,n − 1

then we have Γ̄1:n−1,1:n−1 = In−1. Therefore in this case Φn−1(0; Γ1:n−1,1:n−1) =

Φn−1(In−1) = 2−n+1. As a consequence

E(N) = 1 +
∞∑
n=2

2−n+1 = 2
∞∑
n=0

2−n − 2 = 2.

From Proposition (4.2.6) it follows that the expected number of records depends

on the type of correlation structure of the Gaussian process. For example, an

infinite number of records is expected when all variables are uncorrelated or when

Xi and Xj are more correlated than the sum of the correlations between Xi and Xn,

and Xj and Xn, for every 1 ≤ i 6= j < n. The second assertion follows from the left-

hand side of the inequality in (4.15) by noting that 0 ≤
√

(1− ρi,n)(1− ρj,n) ≤
1. This suggests looking at 1 + ρi,j − ρi,n − ρj,n ≥ 1 which holds as soon as
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ρi,j ≥ ρi,n + ρj,n. Instead, loosely speaking when Xi and Xj are less correlated

than the sum of the correlations between Xi and Xn, and Xj and Xn, for every

1 ≤ i 6= j < n, the expected number of records can be finite. This assertion follows

from the condition ρi,j = ρi,n + ρj,n − 1, provided that ρi,n + ρj,n ≥ 0, which leads

that two records should be expected.

In our next result we compute the distribution of the interarrival time between

the second and third record.

Proposition 4.2.7. The distribution of the increment has the representation

Pr(XT (3) −XT (2) ≤ x)

=
∞∑
j=2

∞∑
k=j+1

Φk−3(0; ΓI{,I{)
{

Ψ2,k−3(0;DΣ̄I,ID
>,∆, Σ̄I{,I{;I)

−Ψ2,k−3((0,−x);DΣ̄I,ID
>,∆, Σ̄I{,I{;I)

}
,

(4.16)

where the sets of indices I = {1, j, k} and I{ = {2, . . . , j−1, j+ 1, . . . , k−1} vary

with j and k, ∆ and %̃I{,I{ are similarly defined as in formula (4.9) and (4.11)

and where

D :=

(
1 −1 0

0 1 −1

)
Proof. By the total probability rule

Pr(XT (3) −XT (2) ≤ x) =
∞∑
j=2

∞∑
k=j+1

Pr(Xk −Xj ≤ x, T (3) = k, T (2) = j)

Note that, by repeating the same arguments as the previous proofs

Pr(Xk −Xj ≤ x, T (3) = k, T (2) = j)

= Pr(Xk −Xj ≤ x,M2:j−1 < X1, X1 < Xj,Mj+1:k−1 < Xj, Xj < Xk)

=

∫ +∞

−∞

∫ zk

zk−x

∫ zj

−∞
Pr(M2:j−1 < z1,Mj+1:k−1 < zj)φ(z1, zj, zk)dz1dzjdzk

=

∫ +∞

−∞

∫ zk

zk−x

∫ zj

−∞
Φk−3(%̃I{,I{z; Σ̄I{,I{;I)φ3(z; Σ̄I,I)dz

= Φk−3(0; ΓI{,I{) Pr(Z1 < Zj < Zk)− Φk−3(0; ΓI{,I{) Pr(Z1 < Zj < Zk − x),

and thus, the assertion follows by repeating the arguments in the proof of Lemma

4.2.3.
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In the following result we derive the probability that two records occur at pre-

scribed indices, with no further record in between, together with the distribution

of such consecutive records.

Theorem 4.2.8. Let {Xn, n ≥ 1} be a SSG sequence of rvs. For every n ≥ 2 and

j < n, let I = {j, n}, I{ = {1, . . . , j − 1, j + 1, . . . , n − 1}. The probability that

two consecutive records Xj and Xn occur, is

Pr
(
Rj = 1, Rn = 1,∩n−1

i=j+1Ri = 0
)

= Φn−2(0; Γ1:n−1\j,1:n−1\j)− Φn−1(0; Γ1:n\j,1:n\j),
(4.17)

where Γ1:n−1\j,1:n−1\j and Γ1:n\j,1:n\j are similarly defined as in (4.7). The joint

distribution of (Xj, Xn), given that they are consecutive records, is

Pr
(
Xj ≤ x1, Xn ≤ x2|Rj = 1, Rn = 1,∩n−1

i=j+1Ri = 0
)

=

P (x1, x2), x1 ≤ x2

P (x1, x1) x1 > x2

where

P (a, b) = wn−1(bµ; Γ̃1:n\j,1:n\j)Ψ1,n−1

(
a; %̃1:n\j,−bµ, Σ̄1:n\j,1:n\j;j

)
− wn−1(0; Γ1:n\j,1:n\j)Ψ1,n−1

(
a;%1:n\j,0, Σ̄1:n\j,1:n\j;j

)
and where %1:n\j is similarly defined as in (4.8), Γ̃1:n\j,1:n\j = Σ̄1:n\j,1:n\j;j+%̃1:n\j%̃

>
1:n\j

with

%̃1:n\j =

%>1:n\j,−
ρn,j√

1− ρ2
n,j

> ,
µ =

(
0, . . . , 0, (1− ρ2

j,n)
−1/2

)>
∈ Rn−1.

and for any x ∈ Rn−1 and positive-definite matrix Σ ∈ Rn−1,n−1,

wn−1(x; Σ) =
Φn−1(x; Σ)

Φn−2(0; Γ1:n−1\j,1:n−1\j)− Φn−1(0; Γ1:n\j,1:n\j)
.

Proof. First we compute the probability that two consecutive records occur. For
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every 1 ≤ j < n we have

Pr(Rj = 1, Rn = 1,∩n−1
i=j+1Ri = 0) = Pr(Xj > Mj−1, Xn > Mn−1)

= Pr(Xi < Xj,∀ i ∈ I{, Xn > Xj)

= Pr(Xi < Xj,∀ i ∈ I{, )

− Pr(Xi < Xj, ∀ i ∈ {i, . . . , n} \ {j}).

Therefore, (4.17) follows by similar arguments to those used in Proposition 4.3.1.

The joint distribution of (Xj, Xn) is given by

Pr
(
Xj ≤ x1, Xn ≤ x2|Rj = 1, Rn = 1,∩n−1

i=j+1Ri = 0
)

=
Pr
(
Xj ≤ x1, Xn ≤ x2, Xj > Mj−1, Xn > Mn−1,∩n−1

i=j+1Ri = 0
)

Pr(Xj > Mj−1, Xn > Mn−1)
.

Note that

Pr(Xj ≤ x1, Xn ≤ x2, Xj > Mj−1, Xn > Mn−1,∩n−1
i=j+1Ri = 0)

= Pr(Xj ≤ x1, Xn ≤ x2, Xi < Xj,∀ i ∈ I{, Xj < Xn)

= Pr(Xj ≤ x1, Xn ≤ x2, Xi < Xj,∀ i ∈ I{)

− Pr(Xj ≤ x1, Xn ≤ x2, Xi < Xj, i = 1, . . . , n, i 6= j)

= A(x1, x2)−B(x1, x2).

When x1 ≤ x2, we obtain from similar arguments as those used in the proof of

Proposition 4.3.1

A(x1, x2) := Pr(Xj ≤ x1, Xn ≤ x2, Xi < Xj,∀ i ∈ I{)

=

∫ x1

−∞
Pr(Xn ≤ x2, Xi < z, ∀ i ∈ I{|Xj = z)φ(z)dz

=

∫ x1

−∞
Pr

Zi <
√

1− ρi,j
1 + ρi,j

z, ∀ i ∈ I{, Zn <
x2 − ρn,jz√

1− ρ2
n,j

φ(z)dz

=

∫ x1

−∞
Φn−1(%̃1:n\jz + x2µ; Σ̄1:n\j,1:n\j;j)φ(z)dz

= Φn−1(x2µ; Γ̃1:n\j,1:n\j)Ψ1,n−1

(
x1; %̃1:n\j,−x2µ, Σ̄1:n\j,1:n\j;j

)
.
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Similarly,

B(x1, x2) := Pr(Xj ≤ x1, Xi < Xj, i = 1, . . . , n, i 6= j)

=

∫ x1

−∞
Pr(Xi < z, i = 1, . . . , n, i 6= j|Xj = z)φ(z)dz

= Φn−1(0; Γ1:n\j,1:n\j)Ψ1,n−1

(
x1;%1:n\j,0, Σ̄1:n\j,1:n\j;j

)
.

When x1 > x2, it is sufficient to compute A(x1, x2) and B(x1, x2) in (x2, x2).

In the next result we drop the assumption that the two records in Theorem

4.2.8 are consecutive.

Theorem 4.2.9. Let {Xn, n ≥ 1} be a SSG sequence of rvs. For every n ≥ 2 and

j < n, let I = {j, n} and I{ = {1, . . . , j− 1, j+ 1, . . . , n− 1}. The probability that

Xj and Xn are records, is

Pr(Rj = 1, Rn = 1) = Φn−1(0; Ω̃).

The joint distribution of (Xj, Xn), given that they are records, is

Pr(Xj ≤ x1, Xn ≤ x2|Rj = 1, Rn = 1) =

P (x1, x2), x1 ≤ x2

P (x1, x1) x1 > x2

where

P (a, b) =
Φn−2(0; ΓI{,I{)

Φn−1(0; Ω̃)

(
Ψ2,n−2(a, b; Σ̄I,I ,%I{,I{ , Σ̄I{,I{;I)

−Ψ2,n−2(a, a; Σ̄I,I ,%I{,I{ , Σ̄I{,I{;I)

+ Ψ2,n−2(0, a;DΣ̄I,ID
>,∆, Σ̄

∗∗
I{,I{;I)

)
.

Proof. Similar steps as those used in the proof of Proposition 4.3.1 show that the
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probability that Xj and Xj are records, is

Pr(Rj = 1, Rn = 1) = Pr(Xj > Mj−1, Xn > Mn−1)

=

∫ +∞

−∞

∫ z2

−∞
Pr
(
Mj−1 < z1,M

n−1
j+1 < z2|Xj = z1, Xn = z2

)
φ2(z1, z2; Σ̄I,I)dz1dz2

=

∫ +∞

−∞

∫ z2

−∞
Φn−2

(
%I{,I{z; Σ̄I{,I{;I

)
φ2(z; Σ̄I,I)dz1dz2

= Φn−2(0,ΓI,I{)

∫ +∞

−∞

∫ z2

−∞
ψ2,n−2

(
z; Σ̄I,I ,%I{,I{ , Σ̄I{,I{;I

)
dz1dz2

= Φn−2(0; ΓI,I{) Pr(Z1 − Z2 < 0),

where (Z1, Z2) ∼ CSN2,n−2(Σ̄I,I ,%I{,I{ , Σ̄I{,I{;I). Precisely, to obtain the third

line we used the formula in (4.5) and where

B =

(
1j−1 0j−1

0n−j−1 1n−j−1

)
,

%I{,I{ = σ−1
I{,I{;I(B −ΣI{,IΣ̄

−1
I,I)

=



1
σ11

(
1− ρ1j−ρ1nρjn

1−ρ2
jn

)
ρ1jρjn−ρ1n

σ11(1−ρ2
jn)

...
...

1
σj−1,j−1

(
1− ρj−1,j−ρj−1,nρjn

1−ρ2
jn

)
ρj−1,jρjn−ρj−1,n

σj−1,j−1(1−ρ2
jn)

ρj+1,jρjn−ρj+1,n

σj+1,j+1(1−ρ2
jn)

1
σj+1,j+1

(
1− ρj+1,j−ρj+1,nρjn

1−ρ2
jn

)
...

...
ρn−1,jρjn−ρn−1,n

σn−1,n−1(1−ρ2
jn)

1
σn−1,n−1

(
1− ρn−1,j−ρn−1,nρjn

1−ρ2
jn

)


(4.18)

and Σ̄I{,I{;I is a (n− 2)× (n− 2) partial correlation matrix with upper diagonal

entries

ρi,k;j,n = ρij −
ρij − ρinρjn

1− ρ2
jn

ρkj −
ρin − ρijρjn

1− ρ2
jn

ρkn, ∀ i < k ∈ I{.

and

σi,i = 1− ρij − ρinρjn
1− ρ2

jn

ρij −
ρin − ρijρjn

1− ρ2
jn

ρin.

In the third line we multiply and divide the term within the integrals with Φn−2(0; ΓI{,I{)

where ΓI{,I{ is defined as

ΓI{,I{ = %I{,I{Σ̄I,I%
>
I{,I{ + Σ̄I{,I{;I .
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We therefore recognize a unified multivariate skew-normal pdf within the integrals

and the integral of it can be seen as Pr(Z1 < Z2). Now, by (4.4) we obtain

Z1 − Z2 =
(

1 −1
)(Z1

Z2

)
∼ CSN1,n−2

(
2(1− ρj,n),∆∗,Σ∗I{,I{;I

)
where

∆∗ =
1

2(1− ρj,n)
%I{,I{Σ̄I,I

(
1

−1

)

=
1

2

(
1j−1

−1n−j−1

)(
1

σii

(
1 +

ρin − ρij
1− ρjn

))
i=1,...,n−1,i 6=j

and

Σ∗I{,I{;I = ΓI{,I{ −∆∗
(

1− ρjn −1 + ρjn

)
%>I{,I{ .

By formula (4.2) we obtain the result, with

Ω̃ =

(
ΓI{,I{ 2(1− ρjn)∆∗>

2(1− ρjn)∆∗ 2(1− ρjn)

)
.

By similar steps we can compute the joint distribution of two records (Xj, Xn) for

j < n.

Pr(Xj ≤ x1, Xn ≤ x2|Rj = 1, Rn = 1)

=
Pr(Xj ≤ x1, Xn ≤ x2, Xj > Mj−1, Xn > Mn−1)

Pr(Xj > Mj−1, Xn > Mn−1)
.
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The numerator can be written as

Pr(Xj ≤ x1, Xn ≤ x2, Xj > Mj−1, Xn > Mn−1)

=

∫ x2

−∞

∫ min(x1,z2)

−∞
Pr (Mj−1 < z1,Mj+1:n−1 < z2|Xj = z1, Xn = z2)φ(z; Σ̄I,I)dz1dz2

=

∫ x2

−∞

∫ x1

−∞
Pr (Mj−1 < z1,Mj+1:n−1 < z2|Xj = z1, Xn = z2)

· φ2(z; Σ̄I,I)1(z2 > x1)dz1dz2

+

∫ x2

−∞

∫ z2

−∞
Pr (Mj−1 < z1,Mj+1:n−1 < z2|Xj = z1, Xn = z2)

· φ2(z; Σ̄I,I)1(z2 < x1)dz1dz2

=

∫ x2

x1

∫ x1

−∞
Pr (Mj−1 < z1,Mj+1:n−1 < z2|Xj = z1, Xn = z2)φ2(z; Σ̄I,I)dz1dz2

+

∫ x1

−∞

∫ z2

−∞
Pr (Mj−1 < z1,Mj+1:n−1 < z2|Xj = z1, Xn = z2)φ2(z; Σ̄I,I)dz1dz2

=

∫ x2

−∞

∫ x1

−∞
Φn−2

(
%I{,I{z; Σ̄I{,I{;I

)
φ2(z; Σ̄I,I)dz1dz2

−
∫ x1

−∞

∫ x1

−∞
Φn−2

(
%I{,I{z; Σ̄I{,I{;I

)
φ2(z; Σ̄I,I)dz1dz2

+

∫ x1

−∞

∫ z2

−∞
Φn−2

(
%I{,I{z; Σ̄I{,I{;I

)
φ2(z; Σ̄I,I)dz1dz2

where %I{,I{ is as in (4.18). We multiply and divide each term within the inte-

grals with Φn−2(0; ΓI{,I{). Then, we recognize that the first two integrals provide

the distribution of the closed skew-normal random vector we introduced before,

evaluated at the points (x1, x2), (x1, x1). Instead, the third integral represents the

distribution of the random vector (Z1 − Z2, Z1) which again according to (4.4)

follows a closed skew-normal distribution, i.e.,(
1 −1

0 1

)(
Z1

Z2

)
= D

(
Z1

Z2

)
∼ CSN2,n−2(DΣ̄I,ID

>,∆, Σ̄
∗∗
I{,I{;I),

where ∆ = %I{,I{Σ̄I{,I{D
>(DΣ̄I,ID

>)
−1

and Σ̄
∗∗
I{,I{;I = ΓI{,I{ −∆DΣ̄I,I%

>
I{,I{ .

It follows from Theorem 4.2.9 that the two events: a record occuring at time j

and n, are not independent. Indeed, the probability Φn−1(0; Ω̃) is different from the
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product of the two marginal probabilities Φj−1(0; Γ1:j−1;1:j−1) and Φn−1(0; Γ1:n−1;1:n−1),

derived in Proposition 4.3.1.

Remark 4.2.10. The marginal distribution of Xj, given that (Xj, Xn) are records,

is

Pr(Xj ≤ x1|Rj = 1, Rn = 1)

=
Φn−2(0; ΓI{,I{)

Φn−1(0; Ω̃)
×
(
Ψ1,n−2(x1; 1,∆1, Ω̄I{,I{;I)

−Ψ2,n−2(x1, x1; Σ̄I,I ,%I{,I{ , Σ̄I{,I{;I)

+Ψ2,n−2(0, x1;DΣ̄I,ID
>,∆, Σ̄I{,I{;I)

)
.

where

∆1 =

(
σ−1
ii (1− ρij)i=1,...,j−1

σ−1
ii (ρjn − ρin)i=j+1,...,n−1

)
,

Ω̄I{,I{;I = Σ̄I{,I{;I +

(
σ−1
ii (ρijρjn − ρin)i=1,...,j−1

σ−1
ii (1− ρ2

jn − ρij − ρinρjn)
i=j+1,...,n−1

)
,

and these parameters are obtained from (4.4), with A := (0 1). See the proof of

Theorem 4.2.9 for the details. Hence, similarly to the case of independent random

variables in Falk et al. (2018), the distribution of Xj being a record is affected, if

we know that Xn is a record as well. The marginal distribution of Xn, given that

(Xj, Xn) are records, is

Pr(Xn ≤ x2|Rj = 1, Rn = 1)

=
Φn−2(0; ΓI{,I{)

Φn−1(0; Ω̃)
Ψ2,n−2(0, x2;DΣ̄I,ID

>,∆, Σ̄I{,I{;I)

Hence, different to the case of independent random variables in Falk et al. (2018)

we have that the distribution of Xn, being a record, is affected by the additional

knowledge that at time j < n there was a record.

4.2.3 Asymptotic results for records of stationary sequences

Although stationary Gaussian sequences are useful for a wide range of statistical

analysis (e.g., Lindgren 2012, Brockwell and Davis 2013, Banerjee, Carlin, and
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Gelfand 2014, Cressie and Wikle 2015, to name a few), a natural question that

arises is the following. What are the properties of records for a stationary sequence

of dependent rvs when the univariate marginal distribution F , is non-Gaussian?

This question is even more relevant if it is assumed that F is unknown, which

concerns many real-world applications. Some of the previous results are clearly

independent of the underlying df F , provided it is continuous. The probability

that Xn is a record, or the distribution of the arrival time of the n-th record,

for example, do not depend on F . The distribution of Xn, conditional to the

assumption that it is a record, however does depend on F .

Theorem 4.2.11. Let {Xn, n ≥ 1} be a stationary sequence that has extremal

index 0 < θ ≤ 1. Then,

nPr(Rn = 1)→ θ−1, as n→∞. (4.19)

Furthermore, there are sequences of norming constants an > 0 and bn ∈ R such

that the asymptotic distribution of Xn (suitably normalized), given that it is a

record, is

lim
n→∞

Pr(Xn ≤ anx+ bn|Rn = 1) = Gθ
γ(x), x, γ ∈ R, 0 < θ ≤ 1. (4.20)

Proof. First, we show that there are on average approximately θ−1 records among

X1, . . . , Xn, for large n. Precisely, (4.19) is obtained from

nPr(Xn > Mn−1) = n

∫
supp(F )

Pr(Mn−1 < v|Xn = v)fXn(v)du

=

∫
Pr(Mn−1 < un(t)|Xn = un(t))︸ ︷︷ ︸

An

×nanfXn(un(t))1(D)︸ ︷︷ ︸
Bn

dt

where we used the change of variable v = un(t) with un(t) = ant + bn and D :=

{t ∈ R : un(t) ∈ supp(F )}. By Theorem 3.7.1 in Leadbetter et al. 1983, for any

t ∈ D, we have

Pr(Mn−1 ≤ un(t), Xn ≤ un(t))

= Pr(Mn−1 ≤ un(t)|Xn ≤ un(t))(1− Pr(Xn > un(t)))

= Pr(Mn−1 ≤ un(t)|Xn ≤ un(t))(1 + o(1)),
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and, on the other hand, we have

Pr(Mn−1 ≤ un(t)) ≥ Pr(Mn−1 ≤ un(t), Xn ≤ un(t))

≥ Pr(Mn−1 ≤ un(t))− Pr(Mn−1 ≤ un(t), Xn > un(t))

≥ Pr(Mn−1 ≤ un(t))− Pr(Xn > un(t))

≥ Pr(Mn−1 ≤ un(t)) + o(1).

From these two results it follows that for any t ∈ D we have

Pr(Mn−1 ≤ un(t)|Xn ≤ un(t)) = Pr(Mn−1 ≤ un(t)) + o(1). (4.21)

By (4.21) and Theorem 3.7.1 in Leadbetter et al. 1983 (cf. O’Brien 1987, Rootzén

1988) we have

An ≈ Pr(Mn−1 < un(t)), n→∞

≈ exp {−nPr(X1 > un(t)) Pr (Mrn ≤ un(t)|X1 > un(t))} , as n→∞.

Note that

nPr(X1 > un(t))
n→∞−→ V (t) =


t−α, t > 0, α < 0, if F ∈ D(Gα),

(−t)β, t < 0, β > 0, if F ∈ D(Gβ),

e−t, t ∈ R, if F ∈ D(G0),

and

Pr (Mrn ≤ un(t))|X1 > un(t))
n→∞−→ θ.

By Resnick (1987, Ch. 2) we have

Bn
n→∞−→ g(t)1(t ∈ supp(Gγ)) =


αt−(α+1), t > 0, α < 0, if F ∈ D(Gα),

β(−t)β−1, t < 0, β > 0, if F ∈ D(Gβ),

e−t, t ∈ R, if F ∈ D(G0).

Therefore, putting all these results together we obtain, as n→∞,

nPr(Xn > Mn−1) ≈
∫

supp(Gγ)

exp {−V (t)θ} g(t)dt = θ−1,

and hence, (4.19) is proven.
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Finally, using similar arguments we obtain

Pr(Xn ≤ anx+ bn|Rn = 1)

=
Pr(Xn ≤ anx+ bn, Xn > Mn−1)

Pr(Xn > Mn−1)

=
n
∫
v∈supp(F ):v≤anx+bn

Pr(Mn−1 < v|Xn = v)fXn(v)du

nPr(Xn > Mn−1)
n→∞−→ Gθ

γ(x), x, γ ∈ R

and the proof is complete.

Theorem 4.2.11 states that for a stationary sequence of dependent rvs {Xn, n ≥
1}, under appropriate conditions on the dependence structure, the asymptotic

distribution of Xn (appropriately normalized), being a record, coincides with the

asymptotic distribution Gθ
γ of the normalized maximum. This finding generalizes

Lemma 2.1 in Falk et al. (2018), derived for a sequence of indepedent rvs. Indeed,

the same result is obtained for θ = 1.

In the following part the are three specific examples of asymptotic distributions

of records that stem from the general formula (4.20) in Theorem 4.2.11.

Example 4.2.12 (Chernick et al. 1981). For an integer m ≥ 2, let {εn, n ≥ 1} be

a sequence of i.i.d. rvs uniformly distributed on {0, 1/m, . . . , (m− 1)/m}. Let X0

be a rv uniformly distributed on [0, 1], being independent of {εn}. The process

Xn = m−1Xn−1 + εn, n ≥ 1,

defines a strictly stationary first-order autoregressive sequence. For n = 1, 2, . . .

take the norming constants an > 1/n and bn = 1. Then,

lim
n→∞

Pr(Xn ≤ 1 + x/n|Rn = 1) = eθ x, x < 0,

where θ = (m− 1)/m with m ≥ 2.

Example 4.2.13 (Hsing et al. 1996). Let {Xn,i, n ≥ 1, i ≥ 0} be a triangular

array of rvs such that for every n {Xn,i, i ≥ 0} is a SSG sequence. Define ρn,j =

E(Xn,iXn,i+j) with i ≤ n and j ≥ 1. Assume that (1 − ρn,j) log n → δj ∈ (0,∞]
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for all j ≥ 1 as n → ∞. For n = 1, 2, . . . choose the norming constants an =

(2 log n)−1/2 and

bn = a−1
n − an(log log n+ log 4π)/2

Then,

lim
n→∞

Pr(Xn ≤ anx+ bn|Rn = 1) = e−θe
−x
, x ∈ R,

where

θ = EU

{
Φ|K|

(√
δk −

U

2
√
δk

; Σ

)}
and where K = {k ∈ A ⊂ {1, 2 . . .} : δk <∞}, U is a standard exponential rv and

Σ is a correlation matrix with upper diagonal entries

δi + δj − δ|i−j|
2
√
δiδj

, 1 ≤ i < j ≤ |K|.

Example 4.2.14 (Leadbetter et al. 1983 Ch. 3.8). Let ε1, ε2, . . . be i.i.d. stable

(1, α, κ) rvs. We recall that a rv is stable (τ, α, κ) with τ ≤ 0, 0 < α ≤ 2 and

|κ| ≤ 1 if its characteristic function is

ω(x) = exp

{
−τα|x|α

(
1− iκh(x, α)x

|x|

)}
where i2 = −1 and h(x, α) = tan(πα/2) for α 6= 1 and h(x, 1) = 2π−1 log |x|
otherwise. Let {ci, i ∈ Z} be a sequence of constants satisfying

∑∞
i=−∞ |ci|α < ∞

and
∑∞

i=−∞ ci log |ci| is convergent for α = 1 and κ 6= 0. Define the moving average

process

Xn =
∞∑

i=−∞

ciεn−i, n ≥ 1.

For n = 1, 2, . . . choose the norming constants an = n1/α and bn = 0. Then,

lim
n→∞

Pr(Xn ≤ xn1/α|Rn = 1) = e−θx
−α
, x > 0,

where

θ = kα(cα+(1 + κ) + cα−(1− κ)),

with c± = max−∞<i<∞ c
±
i , c± = max(0,±ci) and kα = π−1Γ(α) sin(απ/2).
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What is the expected number of records that will take place in the case of a

stationary sequence of rvs that have extremal index 0 < θ ≤ 1? We know that

Pr(Xn > Mn−1) ≈ 1

nθ
, n→∞.

Therefore, by elementary arguments,

E(N) =
∞∑
n=1

Pr(Xn > Mn−1)
n→∞−→ ∞.

4.3 Records of dependent multivariate Gaussian

sequences

Let {Xn, n ≥ 1} be a sequence of d-dimensional random vectorsXn = (X
(i)
n )i=1,...,d ∈

Rd. Here we consider a second-order stationary multivariate Gaussian process and

we extend some of the results derived in Section 4.2.2 to the multivariate case.

Precisely, we study the probability that a complete record Xn occurs and the dis-

tribution of Xn (being a record). We also study the probability that two complete

records (Xj,Xn) occur and the joint distribution of (Xj,Xn) (being records).

Without loss of generality, assume for simplicity that E(X i) = 0, E(X2
i ) = 1 for

every 1 ≤ i ≤ n.

Let X = (X1, . . . ,Xn) be an nd-dimensional random vector and consider

the partition X = (X>I ,X
>
I{)
> ∼ Nnd(µ,Σ) with corresponding partition of the

parameters µ and Σ. The formula of the conditional distribution of XI{ given

that XI = xI , for all xI ∈ R|I|, in (4.5) is still valid with the obvious changes.

Further on we will provide the specific details whenever we use such a formula.

Proposition 4.3.1. Let {Xn, n ≥ 1} be a SSG sequence of random vectors in Rd.

For every n ≥ 2, the probability that Xn is a record and the distribution of Xn,

given that it is a record, are equal to

Pr(RCR
n = 1) = Φ(n−1)d(0; Γ1:n−1,n), (4.22)

Pr(Xn ≤ x|RCR
n = 1) = Ψd,(n−1)d

(
x; Σ̄n,%1:n−1,n, Σ̄1:n−1,1:n−1;n

)
, (4.23)
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where

B =


1n−1 0n−1 . . . 0n−1

0n−1 1n−1 . . . 0n−1

...
...

...

0n−1 0n−1 . . . 1n−1

 ∈ R(n−1)d,d

%1:n−1,n = σ−1
1:n−1,1:n−1;n(B −Σ

(1:d)
1:n−1,nΣ̄

−1
n ) ∈ R(n−1)d,d (4.24)

where Σ
(1:d)
1:n−1,n is the covariance matrix of

(X
(1)
1 , X

(1)
2 , . . . , X

(1)
n−1, . . . , X

(d)
1 , X

(d)
2 , . . . , X

(d)
n−1)

and Xn, Σ̄n is the variance-covariance matrix of Xn and

Γ1:n−1,n = Σ̄1:n−1,1:n−1;n + %1:n−1,nΣ̄n%
>
1:n−1,n

Proof. We start deriving the probability that Xn is a record.

Pr(Xn >Mn−1) = Pr(Xn,i > Mn−1,i, i = 1, . . . , d)

=

∫
Rd

Pr(Mn−1,i < zi, i = 1, . . . , d|Xn,i = zi, i = 1, . . . , d)φd(z)dz

Let X
(i)
1:n−1 be the vector of the i-th components of X1, . . . ,Xn−1. Then,

Pr(Mn−1,i < zi, i = 1, . . . , d|Xn,i = zi, i = 1, . . . , d)

= Pr(∩di=1{Xk,i < zi, k = 1, . . . , n− 1}|Xn,i = zi, i = 1, . . . , d)

= Pr(X
(i)
1:n−1 < 1n−1zi, i = 1, . . . , d|Xn = z).

By the multivariate version of the conditional Gaussian distribution in (4.5)

we have

(X1,X2, . . . ,Xn−1|Xn = zn) ∼ N(n−1)d

(
µ1:n−1,n,Σ1:n−1,1:n−1;n

)
where

µ1:n−1,n =
(
Σ

(i)
1:n−1,nΣ̄

−1
n

)
i=1,...,d

z ∈ R(n−1)d

Σ1:n−1,1:n−1;n =
(
Σ

(i,h)
1:n−1,1:n−1 −Σ

(i)
1:n−1,nΣ̄

−1
n Σ(h)>

1:n−1,n

)
i,h=1,...,d

.
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Σ
(i)
1:n−1,n is the covariance matrix of X

(i)
1:n−1 and Xn, and Σ

(i,h)
1:n−1,1:n−1 is the covari-

ance matrix of X
(i)
1:n−1 and X

(h)
1:n−1. We have that

Pr(X
(i)
1:n−1 < 1n−1zi, i = 1, . . . , d|Xn = z) = Φ(n−1)d(%1:n−1,nz)

where %1:n−1,n is defined as in equation (4.24). Therefore

Pr(Xn >Mn−1) =

∫
Rd

Φ(n−1)d(%1:n−1,nz)φd(z)dz

= E
(
Φ(n−1)d(%1:n−1,nZ)

)
,

where Z ∼ N(n−1)d(0, Σ̄1:n−1,1:n−1;n) and the claim follows by applying Proposition

7.1 in Azzalini and Capitanio (1999).

The computation of the distribution function follows the same procedure. We

need to compute

Pr(Xn ≤ x,Xn >Mn−1)

=

∫
(−∞,x]

Pr(Mn−1,i < zi, i = 1, . . . , d|Xn,i = zi, i = 1, . . . , d)φd(z)dz

= Φ(n−1)d(0; Σ̄1:n−1;n + %1:n−1,nΣ̄n%
>
1:n−1,n)

×Ψd,(n−1)d(x; Σ̄n,%1:n−1,n, Σ̄1:n−1;n)

Remark 4.3.2. For every n = 1, 2 . . ., m < n and 1 ≤ i < j ≤ d, if Cor(X
(i)
n , X

(j)
n ) =

0 and Cor(X
(i)
n , X

(i)
m ) = 0, then we obtain

Pr (Xn >Mn−1) = Φ(n−1)d(0; Σ̄1:n−1,1:n−1;n + %1:n−1,n%
>
1:n−1,n)

where the variance-covariance matrix is a diagonal block matrix, with each diagonal

block being equal to In−1 + 1n−11
>
n−1. Since we have d diagonal blocks, we obtain

Φ(n−1)d(0; Σ̄1:n−1,1:n−1;n + %1:n−1,n%
>
1:n−1,n) =

(
Φn−1(0; In−1 + 1n−11

>
n−1)

)d
= n−d

by the result in Remark 4.2.2.
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Our next result deals with the joint distribution of two complete records at

times j and n > j. In the following, we use the notation xJ , J ⊆ {1, . . . , d} to

indicate a vector of dimension |J | whose components are the entries of x ∈ Rd

determined by the elements of J .

Theorem 4.3.3. Let {Xn, n ≥ 1} be a SSG sequence of random vectors in Rd.

For j and n > j, set I = {j, n}. Then

Pr(RCR
j = 1, RCR

n = 1) = Φd(n−2)(0; ΓI{I{)Ψd,d(n−2) (0;L1) (4.25)

Pr(Xj ≤ x1, Xn ≤ x2|RCR
j = 1, RCR

n = 1) (4.26)

=
∑

J⊆{1,...,d}

Ψd,d(n−2) (0;L1)−1 (Ψ2d,d(n−2) (0J ,x1J̄ ,x1J ,x2J̄ ;LJ )

−Ψ2d,d(n−2) (0J ,x1J̄ ,x1J ,x1J̄ ;LJ )
)
,

where Ψm,q(·;L) ∼ CSNm,q(L), ΓI{I{ := Σ̄I{I{;I + %1:n−1,nΣ̄II%
>
1:n−1,n,

L(·) =
(
D(·)Σ̄IID

>
(·),∆(·), Σ̄I{I{;I

)
, (4.27)

∆(·) = %1:n−1,nΣ̄I{,I{D
>
(·)(D(·)Σ̄I,ID

>
(·))
−1

and

D1 =
(
Id −Id

)
DJ =


IJ 0J̄ −IJ 0J̄

0J I J̄ 0J 0J̄

0J 0J̄ IJ 0J̄

0J 0J̄ 0J I J̄


Proof. We compute

Pr(RCR
j = 1, RCR

n = 1)

= Pr(Xj >M j−1,Xn >Mn−1)

= Pr(Xj >M j−1,Xn >M j+1:n−1,Xj <Xn)

=

∫
Rd

∫
(−∞,zn]

Pr(M j−1 < zj,M j+1:n−1 < zn|X i = zi, i ∈ I)φ2d(zj, zn; Σ̄II)dzjdzn

First of all, we recall the inverse blok-matrix of a two-by-two block matrix:

Σ̄
−1
II =

(
Λ1 −Σ̄

−1
j Σj,nΛ2

−Λ2Σn,jΣ̄
−1
j Λ2

)
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where Λi is the Schur complement of Σ̄i in Σ̄II , for i ∈ I, for example, Λ1 =(
Σ̄j −Σj,nΣ̄

−1
n Σn,j

)−1

. By the multivariate version of the conditional Gaussian

df in (4.5) we have that (X i, i ∈ I{)|(X i = zi, i ∈ I) ∼ N|I{|
(
µI{I{;I ,ΣI{I{;I

)
.

Specifically we have µI{I{;I =
(
(µ>i , i = 1, . . . , d), (µ>h , h = d+ 1, . . . , 2d)

)>
with

µi =
(
Σ

(i)
1:j−1,jΛ1 −Σ

(i)
1:j−1,nΛ2Σn,jΣ̄

−1
j

)
zj

+
(
−Σ

(i)
1:j−1,jΣ̄

−1
j Σj,nΛ2 + Σ

(i)
1:j−1,nΛ2

)
zn

=: µijzj + µinzn,

(4.28)

µh =
(
Σ

(h−d)
j+1:n−1,jΛ1 −Σ

(h−d)
j+1:n−1,nΛ2Σn,jΣ̄

−1
j

)
zj

+
(
−Σ

(h−d)
j+1:n−1,jΣ̄

−1
j Σj,nΛ2 + Σ

(h−d)
j+1:n−1,nΛ2

)
zn

=: µhjzj + µhnzn,

(4.29)

and ΣI{I{;I is (2d)× (2d) matrix. It is defined by blocks (ΣI{I{;I)i,h=1,...,2d
of the

form

(ΣI{I{;I)ih for i, h = 1, . . . , d

= Σ
(i,h)
1:j−1,1:j−1 −

((
Σ

(i)
1:j−1,jΛ1 −Σ

(i)
1:j−1,nΛ2Σn,jΣ̄

−1
j

)
Σ

(h)
1:j−1,j

+
(
−Σ

(i)
1:j−1,jΣ̄

−1
j Σj,nΛ2 + Σ

(i)
1:j−1,nΛ2

)
Σ

(h)
1:j−1,n

)
ih

(ΣI{I{;I)ih for i = 1, . . . , d, h = d+ 1, . . . , 2d

= Σ
(i,h−d)
1:j−1,j+1:n−1 −

((
Σ

(i)
1:j−1,jΛ1 −Σ

(i)
1:j−1,nΛ2Σn,jΣ̄

−1
j

)
Σ

(h−d)
j+1:n−1,j

+
(
−Σ

(i)
1:j−1,jΣ̄

−1
j Σj,nΛ2 + Σ

(i)
1:j−1,nΛ2

)
Σ

(h−d)
j+1:n−1,n

)
ih

(ΣI{I{;I)ih for i = d+ 1, . . . , 2d, h = 1, . . . , d

= Σ
(i−d,h)
j+1:n−1,1:j−1 −

((
Σ

(i−d)
j+1:n−1,jΛ1 −Σ

(i−d)
j+1:n−1,nΛ2Σn,jΣ̄

−1
j

)
Σ

(h)
1:j−1,j

+
(
−Σ

(i−d)
j+1:n−1,jΣ̄

−1
j Σj,nΛ2 + Σ

(i−d)
j+1:n−1,jΛ2

)
Σ

(h)
1:j−1,n

)
ih

(ΣI{I{;I)ih for i, h = d+ 1, . . . , 2d

= Σ
(i−d,h−d)
j+1:n−1,j+1:n−1 −

((
Σ

(i−d)
j+1:n−1,jΛ1 −Σ

(i−d)
j+1:n−1,nΛ2Σn,jΣ̄

−1
j

)
Σ

(h−d)
j+1:n−1,j

+
(
−Σ

(i−d)
j+1:n−1,jΣ̄

−1
j Σj,nΛ2 + Σ

(i−d)
j+1:n−1,jΛ2

)
Σ

(h−d)
j+1:n−1,n

)
ih
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Therefore, we obtain

Pr(X
(i)
1:j−1 < 1j−1zj,X

(i)
j+1:n−1 < 1n−j−1zn, i = 1, . . . , d|X i = zi, i ∈ I)

= Pr(Z < %I{,I{z)

where Z ∼ N(n−2)d(0, Σ̄I{I{;I),

%I{,I{ = σ−1
I{,I{;I(B −Σ

(1:d)

I{,I Σ̄
−1
II ) ∈ R(n−2)d,d (4.30)

B =



1j−1 0j−1 . . . 0j−1 0j−1 0j−1 . . . 0j−1

0j−1 1j−1 . . . 0j−1 0j−1 0j−1 . . . 0j−1

...
...

...
...

...
...

0j−1 0j−1 . . . 1j−1 0j−1 0j−1 . . . 0j−1

0n−j−1 0n−j−1 . . . 0n−j−1 1n−j−1 0n−j−1 . . . 0n−j−1

0n−j−1 0n−j−1 . . . 0n−j−1 0n−j−1 1n−j−1 . . . 0n−j−1

...
...

...
...

...
...

0n−j−1 0n−j−1 . . . 0n−j−1 0n−j−1 0n−j−1 . . . 1n−j−1


and z = (zj, zn) is a column vector with length 2d. We obtain

Pr(RCR
j = 1, RCR

n = 1)

=

∫
Rd

∫
(−∞,zn]

Φd(n−2)(%I{,I{z; Σ̄I{I{;I)φ2d(zj, zn; Σ̄II)dzjdzn

= Φd(n−2)(0; Σ̄I{I{;I + %I{,I{Σ̄II%
>
I{,I{) Pr(Z1 < Z2)

where (Z1,Z2) ∼ CSN2d,d(n−2)(Σ̄II ,%I{,I{ , Σ̄I{I{;I). Formula (4.25) follows by

noting that

Z1 −Z2 =
(
Id −Id

)(Z1

Z2

)
and by applying (4.4)

To compute formula (4.26), we repeat the same procedure. WithD(a1, . . . ,an) :=
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∏
(−∞,ai] we obtain

Pr(Xj ≤ x1, Xn ≤ x2, R
CR
j = 1, RCR

n = 1)

= Pr(Xj ≤ x1, Xn ≤ x2,Xj >M j−1,Xn >M j+1:n−1X i,Xj <Xn)

=

∫
(−∞,x2]

∑
J⊆{1,...,d}

(∫
D(znJ ,x1J̄ )

Pr(M j−1 < zj,M j+1:n−1 < zn|X i = zi, i ∈ I)

·φ2d(zj, zn; Σ̄II)dzj

)
1(znJ < x1J , znJ̄ > x1J̄ )dzn

=
∑

J⊆{1,...,d}

∫
(−∞,x1J ]

∫
(x1J ,x2J̄ ]

∫
D(znJ ,x1J̄ )

Φd(n−2)(%I{,I{z; Σ̄I{I{;I)

· φ2d(zj, zn; Σ̄II)dzjdzn

=
∑

J⊆{1,...,d}

(∫
D(x1J ,x2J̄ ,znJ ,x1J̄ )

Φd(n−2)(%I{,I{z; Σ̄I{I{;I)φ2d(zj, zn; Σ̄II)dzjdzn

−
∫
D(x1J ,x2J̄ ,znJ ,x1J̄ )

Φd(n−2)(%I{,I{z; Σ̄I{I{;I)φ2d(zj, zn; Σ̄II)dzjdzn

)
=

∑
J⊆{1,...,d}

Φd(n−2)(0; Σ̄I{I{;I + %I{,I{Σ̄II%
>
I{,I{)

(Pr(Z1J < Z2J ,Z1J̄ ≤ x1J̄ ,Z2J ≤ x1J̄ ,Z2J̄ ≤ x2J̄ )

− Pr(Z1J < Z2J ,Z1J̄ ≤ x1J̄ ,Z2J ≤ x1J̄ ,Z2J̄ ≤ x1J̄ ))

The first probability in the right hand side can be computed by noting that
Z1J −Z1J

Z1J̄

Z2J

Z2J̄

 =


IJ 0J̄ −IJ 0J̄

0J I J̄ 0J 0J̄

0J 0J̄ IJ 0J̄

0J 0J̄ 0J I J̄



Z1J

Z1J̄

Z2J

Z2J̄


where (Z1,Z2) = (Z1J ,Z1J̄ ,Z2J ,Z2J̄ ) ∼ CSN2d,d(n−2)(Σ̄II ,%I{,I{ , Σ̄I{I{;I) and

by applying (4.4). The second probability is computed in the same way.
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Chapter 5

Conclusions

5.1 Discussion

It is clear why records represent an extremely appealing topic: every subject has

its own records, from the financial one to the environmental, passing through the

medical or the sport. Records are therefore of interest in a countless number of

disciplines, however the literature on record values is not developed as other topics

in probability and statistics. As already explained by Arnold, Balakrishnan, and

Nagaraja (1998), the issues to be faced in studying records arise from two main

aspects. Firstly, if we do a little step beyond the hypothesis of i.i.d. observations,

the problem becomes too complex. The second issue arises from a statistical point

of view, since rarity of records leads to very small samples to deal with.

The purpose of this thesis is to provide a new point of view and new tech-

niques to tackle the topic of record values and record times. Starting from the

approach of not knowing the position of a record in the sequence of records, we

firstly provide both asymptotic and non-asymptotic results concerning the distri-

bution of a record and also the joint distribution of two and three records. In

particular, we show the link existing between the distribution of records and the

distribution of the maximum of a set of random variables, as well as the asymp-

totic distribution of a record and the GEV distribution. By following the idea of

the asymptotic distribution of multivariate maxima in the classical Extreme Value
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Theory, we compute the limiting distribution function of records over a sequence

of i.i.d. random variables with an unkown distribution function, provided it is

continuous.

Topics discussed in Chapter 3 deal with records in higher dimensions. As we

already pointed out, it is not clear in general how to define a multivariate record,

since a natural ordering in Rd, d > 1 does not exist. We considered the definition

of complete record and we studied the case of an i.i.d. sequence of random vectors

with independent components. Since it has been proved by Goldie and Resnick

(1989) that the number of complete records in this framework is finite, we focused

our attention on the distribution of the last complete record, which resulted in a

very complicated expression. However, inspired by the fact that the probability of

observing a new record after the first one, i.e. X1, tends very fastly to zero when

the dimension increases, we prove that the distribution of the last complete record

is approximated by the distribution of X1.

The second part of Chapter 3 is dedicated to study the properties of the ar-

rival times process of complete records over sequences of random vectors with

independent components. In particular, we show the Markovian property of such

a process, by fournishing the transition probabilities. Clearly, this result extends

what has been proved by Galambos (1987).

Our contributions in Chapter 4 have a remarkeable potential in practical appli-

cations, since we extend previous results to the case of a second order stationary

gaussian process. First of all we deal with stationary sequences of random vari-

ables and we fournish exact distributions for single and joint records over time, as

well as some results on the arrival times of records. Moreover, from an asymptotic

point of view, we discuss the role of the extremal index for stationary sequences

of gaussian processes in Extreme Value Theory, in the framework of record val-

ues. Notice that the extremal index can be estimated by using the entire sample,

not just the record values, so that the problem of small samples in estimating

record distributions is solved at least in this case. Finally, our analysis provides

new results for complete records in the case of multivariate second order station-

ary gaussian random vectors with dependent components, by reaching the goal of
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computing exact distributions for both single and joint-in-time complete records.

In the remarks we show how some of the results in the i.i.d. framework can be

obtained as a particular case of our new findings.

5.2 Future work

The results presented in this thesis set the base for answering to new or still

open questions. First, let us consider an i.i.d. sequence of random vectors with

dependent components. Then, this dependence can be described by means of

the so-called D-norm (see Dombry, Falk, and Zott (2015) and Zott (2016)). An

asymptotic joint distribution in time for two complete records is still missing,

even if the use of the D-norm should ease the computations. Furthermore, the

expression computed for the joint distribution in time of two simple records has a

really difficult form.

The problem of hardly manageable results has to be faced for complete records

over multivariate gaussian processes as well. In this case it would be desirable

to find more tractable expressions for the closed skew-normal distributions, prob-

ably imposing restrictions over the structure of the underlying gaussian process

(Markovian structure, autoregressive, ARMA etc.). Moreover, our results deal

only with one record and two records and computations become really hard when

we increase this number.

For what concerns record times, it would be useful to show the properties of

the process for an underlying sequence of dependent random variables. It has been

proven by Galambos (1987), that the arrival times process of records is a Markov

chain in the case of records over a sequence of i.i.d. random variables. The question

is if it is possible to weaken these hypotheses to obtain the markovian property of

the arrival time process of records.
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