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Abstract

This thesis investigates diffusion models with a statistical physics point of view, focusing

on phase transitions and symmetry breaking events.

First, we analyze the reverse diffusion process under the empirical score function for

structured data. What we obtain is the description of a dynamical landscape and the

characterization of the most important transition times, namely the memorization time.

We also give a definition of generalization in this context, observing that interestingly it

always happens after the model starts memorizing.

Then, we give a geometric description, exploring the spectral properties of the score

function using tools from random matrix theory. By analyzing the Jacobian spectra of

the score, we identify the emergence of geometric phases linked to spectral gaps. We also

study the phenomenon of geometric memorization, demonstrating that it is characterized

by a loss of dimensionality where some features of the data are memorized without a full

collapse on any individual training point.

Finally, we investigate the speciation transition of diffusion models in a case where

data are not spatially separated. We obtain a general criterion for the speciation time, as

well as its scaling.

This thesis thus provides both theoretical insights and empirical analyses that bridge

deep learning and statistical physics, contributing to a deeper understanding of how gen-

erative models learn and represent data.
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Chapter 1

Introduction

Ludwig Boltzmann, who spent much of his life studying statistical

mechanics, died in 1906, by his own hand. Paul Ehrenfest,

carrying on the work, died similarly in 1933. Now it is our turn to

study statistical mechanics. Perhaps it will be wise to approach

the subject cautiously.

David Louis Goodstein

1.1 What is Statistical Physics?

Goodstein wrote the book States of Matter, from which this extract is taken, in 1975,

and only died in 2024 at the age of 85, so if we follow its advice, we should be safe. But

what is, in reality, this scary subject?

Statistical Physics studies the macroscopic properties of a system composed of many

microscopic units. When we forget about the details of the single components, collective

behaviors appear that are richer than simply the sum of the units. An instance of this

is phase transitions. The appearance of such phenomena is bound to having a very large

number of units, namely, a high-dimensional regime. Statistical Physics mainly works in

the thermodynamic limit, where this number is taken to infinity. In this regime, we can

accurately describe phase transitions and obtain sharp phase diagrams.

Statistical Physics has been applied to the study of artificial neural networks since the

the ’80s. We can recall, for example, Elizabeth Gardner’s seminal works Gardner and

Derrida [1988] or the recently assigned Nobel prize, John Hopfield Hopfield [1982]. Since

neural networks are indeed composed of a large number of neurons, they represent the

perfect setting.
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1.2 What are Diffusion Models?

In recent years, we have witnessed a sort of Artificial Intelligence (AI) revolution. AI is

actually a broad term; the most recent models all fall under the category of Deep Learning

(DL). We can talk about DL when the networks we are analyzing are deep, in the sense

that they are composed of many layers. In the DL history, one of the main turning points

was Krizhevsky et al. [2012], where for the first time a deep convolutional network proved

to be better than the standard machine learning methods. Following that, we can identify

another breakthrough in the introduction of the transformer architecture Vaswani et al.

[2017]: a sequence-to-sequence model that relies on the the attention mechanism. This

innovation led directly to models such as BERT, GPT, and later large-scale models like

GPT-3, which demonstrated remarkable performance on a wide range of benchmarks. In

parallel, multimodal AI systems that process text, images, audio, and other modalities

have gained popularity, with models like CLIP and DALL·E showing that transformers

can align textual and visual representations.

One of the most innovative aspects in this field is the one of generative models, which

synthesize new realistic text, image, audio, and video. In this context, the most promi-

nent kind of models are Diffusion Models. Before their introduction, the most prominent

generative models were Generative Adversarial Networks (GANs). Other models, im-

plied for generative purposes, despite not being their prime functionality, are Variational

Autoencoders (VAE).

Diffusion Models are a type of generative model inspired by non-equilibrium physics.

The main idea is quite simple: we have some data, and we would like to generate new ones

that are similar. This, of course, can be translated into the problem of approximating

the underlying probability distribution of a dataset. To achieve this goal, DMs perform

two steps: during the forward process, we progressively add noise to the data until we

reach a completely random distribution. Then, we reverse this process, and starting

from something completely random we are able to obtain samples from the original data

distribution. Given this first description, one could think that it is impossible to obtain

a signal from pure noise. It is not impossible, but of course there is a trick. During the

forward process, one learns how the data are noised, and uses this information to build

a drift that guides the reverse process toward the correct samples. Still, this simple idea

results in an elegant and very powerful tool.

Of course, what has been described here is only the backbone idea of DMs. In practice,

when we refer to DMs as generative models, we are talking about trained neural networks.

The role of the neural network is just to approximate the drift term that allows everything
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to work. Even if this concept per se is pretty straightforward, it took some time to realize

that it could be a viable option, and some more to understand how to do this effectively.

When studying diffusion models, we would like to focus on understanding when and

why they work well, and when this does not happen. For this purpose, we hereby introduce

two terms that will be used many times in the course of this manuscript: memorization

and generalization. Although it can be intuitive what we mean by them, it is a good

practice to properly introduce them.

A model is said to memorize when it learns the training data too well, including

noise or irrelevant details, rather than learning the underlying structure or patterns. In

generative diffusion models, memorization can mean the model generates samples that are

too close or identical to training examples, rather than synthesizing new, plausible samples

that follow the same distribution. It is a phenomenon that has been observed empirically

in trained diffusion models Somepalli et al. [2023], Webster [2023], especially when they

are overparametrized. Notice that this is linked to overfitting, but the two phenomena do

not perfectly correspond. Memorization is a phenomenon that is worth being investigated

since its appearance completely defies the purpose of generative diffusion, and it can also

lead to privacy issues. Thus, it is important to know the regimes in which it happens

in order to better avoid them. When a diffusion model is in the memorization phase, it

shares many similarities with dense associative memories.

We say that a model generalizes when it captures the essential structure of the data,

allowing it to make accurate predictions or generate new samples that are consistent with

the overall data distribution and not just the training set. Generalization for DMs refers

to the model’s ability to sample from the true data manifold without collapsing to a few

memorized examples. Since, in principle, diffusion models infer the true data distribution

from examples, the reasons why they are so efficient at generalizing it are one of the main

discussion points. In Kamb and Ganguli [2025], they suggest that this is due to some

inductive biases.

This distinction will be a crucial aspect of our analysis, as we will try to characterize

deeply the DM behavior in both regimes.

1.3 Why Statistical Physics of Diffusion Models?

Diffusion models, especially in the context of generative modeling, naturally evoke analo-

gies with thermodynamic processes. Training and sampling procedures in score-based

generative models are closely related to Langevin dynamics and stochastic thermodynam-

ics. Furthermore, the statistical physics framework of large deviations offers a powerful
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lens through which understanding the behavior of diffusion models, particularly in high

dimensions.

Recently, many works have suggested that properties of generative diffusion models

could be understood using statistical physics tools, such as symmetry breaking and phase

transitions. In particular, Raya and Ambrogioni [2023] were the first to interpret the

dynamics of trajectories generated by diffusion models as subject to symmetry breaking.

It is quite intuitive to see that, effectively, starting from a Gaussian distributed variable,

in the reverse process we pass from a phase where any data point could be generated,

to one where only a specific one is selected, so there must be a broken symmetry in

between. Biroli and Mézard [2023] analyzes diffusion models in very large dimensions,

where symmetry breaking and phase transitions naturally appear. In particular, they

investigate the scaling of the number of samples used with respect to their dimensionality

in order for the diffusion model to be able to represent enough aspects of their probability

distribution. They ask the opposite question: can the diffusion process reproduce the

symmetry breaking event of a physical system? This led to the identification of the

speciation transition in diffusion models. In Sclocchi et al. [2025], reverting the diffusion

process at different times, they notice a phase transition where the probability of remaining

in the same class suddenly drops to random chance. This is related to the compositional

nature of data; indeed, low-level features of the initial sample can persist and compose

the new sample. Another prominent work in the statistical physics of diffusion models

is Biroli et al. [2024]. The authors introduce the dynamical phases of diffusion models

separated by the speciation and collapse (later memorization) transitions.

The role of statistical physics is to exploit the large dimensional limit to identify

general mechanisms, that later we can test on real datasets. We decided to build upon

this framework and continue investigating these transitions, adding the complexity of data

structure.

1.4 Thesis Overview

This thesis is organized as follows:

We first present all the models that will be used in the following chapters. Chapter 2

is a theoretical chapter where we review all the tools that will be needed throughout the

work. We start with a summary of diffusion theory in physics, and then pass to the

machine learning scenario of Diffusion Models, recalling the foundational works in this

field. Then we introduce the Random Energy Model, a standard model in statistical

physics that has been recently applied in the study of associative memory Lucibello and
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Mézard [2024] and DMs Biroli et al. [2024], and we also outline this recent line of research

of statistical physics applied to DMs. Lastly, we describe the data models that will be

used in the other chapters.

In Chapter 3 we study the memorization and generalization capabilities of a Diffusion

Model (DM) in the case of structured data defined on a latent manifold. Our analysis

considers a reverse process given by the empirical score function as a proxy of the true

one, and then precisely characterizes the process in the high-dimensional limit in which

both the number of data and their dimension are large, by exploiting a connection with

the Random Energy Model (REM). We provide evidence for the existence of an onset

time when traps appear in the time-varying potential, although they do not affect typical

trajectories. The size of the basins of attraction of such traps is computed at any time.

Moreover, we derive the collapse time at which trajectories fall into the basin of one of

the training points, implying memorization. An explicit formula for this collapse time

is given, proving that the curse of dimensionality issue does not hold for highly struc-

tured data, regardless of the non-linearity of the manifold surface. We also prove that

collapse coincides with the condensation transition in the REM. Finally, the degree of

generalization of DMs is formulated in terms of the Kullback-Leibler divergence between

the exact distribution and the one obtained at time t of the reverse process. We show

the existence of an additional time, called generalization time, such that the distance be-

tween the reverse distribution and the ground-truth is minimal. Counter-intuitively, the

best generalization performance is found within the memorization phase of the model.

We conclude that the generalization performance of DMs benefits from highly structured

data, since.

To complete the framework, in Chapter 4 we analyze the same setting from a geomet-

rical point of view. Instead of considering typical trajectories, we describe what happens

at any space point during the diffusion process. This geometrical description is based on

the analysis of the spectrum of eigenvalues of the Jacobian of the score function. This

Chapter is further divided into two main sections: in the first one, we analyze the true

score function, while in the second one we analyze the empirical score.

Regarding the first part, we have used a statistical physics approach to derive the

spectral distributions and formulas for the spectral gaps of the Jacobian of the true score

function under the manifold hypothesis, and we compare these theoretical predictions

with the spectra estimated from trained networks. Our analysis reveals the existence of

three distinct qualitative phases during the generative process: a trivial phase, a manifold

coverage phase where the diffusion process fits the distribution internal to the manifold, a

consolidation phase where the score becomes orthogonal to the manifold and all particles
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are projected on the support of the data. This ‘division of labor’ between different time

scales provides an elegant explanation of why generative diffusion models are not affected

by the manifold overfitting phenomenon that plagues likelihood-based models, since the

internal distribution and the manifold geometry are produced at different time points

during generation.

In the second part, we transition into the study of memorization. When studying

memorization, it is natural to ask if it is a single transition or if information is lost grad-

ually. In order to study this, we adopt a manifold data model and separate memorization

events along the directions spanned by the latent manifold. We refer to this intermedi-

ate memorization phenomenon as geometric memorization. In the memorization regime,

the neural network score of a trained diffusion model approximates the empirical score

function. Leveraging on the analogy between the empirical score and the Random En-

ergy Model, we build a theory for geometric memorization based on the analysis of the

spectrum of eigenvalues of the Jacobian of the empirical score function. What we find is

the emergence of a spectral gap, which was not predicted by the exact score theory, and

which displays evidence of the progressive loss of dimensionality due to memorization.

Aside from memorization, another interesting transition displayed by DMs is the spe-

ciation one. In Chapter 5 we dedicate our attention precisely to the study of the speciation

time. In particular, we derive a general criterion for the timescale of this phenomenon in

the case of a multimodal distribution without necessarily space separation between the

different clusters. The practical example studied is that of a mixture of 1d Ising models

at different temperatures.

The more technical aspects of this manuscript will be enclosed in boxes. This is done

to maintain readability of the main text while providing all the details where they are

needed.
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Chapter 2

Preliminaries

Do the scary thing first, and get scared later.

Lemony Snicket

In this chapter, we are going to review all the theoretical instruments and background

upon which we build the following chapters. We present a broad introduction to diffusion

models and generative diffusion, revising the most relevant literature. Then we pass to

statistical physics of diffusion models, where we review in depth the works that will be

useful for this thesis, and introduce the tools, namely the Random Energy Model. Lastly,

we describe the data-generating models, the Hidden Manifold Model and 1d Ising with a

random field. Although very different, we highlight how these two models help us bring

structure into play.

2.1 Diffusions

In this section, we go back to the beginning of the study of diffusion processes and revise

the main mathematical tools: Langevin and Fokker-Planck equations. We also introduce

two simple diffusion processes, Brownian motion and Orstein-Uhlenbeck, and recap their

main features. Interestingly, these two very simple processes have set two paradigms in

generative diffusion under the names, respectively, of Variance Exploding and Variance

Preserving frameworks.

2.1.1 Langevin diffusion

The motion of a particle suspended in a fluid, such as pollen grains in water, is irregular

and seemingly random. This phenomenon, known as Brownian motion, was first observed
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by Robert Brown in 1827. Brown was investigating the fertilization process in Clarkia

pulchella when he noticed a rapid oscillatory motion of the microscopic particles within

the pollen grains suspended in water under the microscope. Initially, he believed that

such motion was a vital activity, and he was only convinced against this when the same

phenomena showed up for particles from the Great Sphinx. Albert Einstein provided an

explanation in terms of atoms and molecules in 1905. Einstein showed that the erratic

movement of the particle arises from countless collisions with the much smaller, faster-

moving molecules of the fluid. His equations describing Brownian motion were checked

by the experimental work of Jean Baptiste Perrin in 1908, Fig. 2.1, leading him to win

the Nobel prize in 1926.

To describe this stochastic behavior more precisely, Paul Langevin1 proposed a dif-

ferential equation that incorporates both deterministic and random forces acting on a

particle. This equation, now known as the Langevin equation, provides a bridge between

Newtonian mechanics and stochastic processes.

Consider a particle of mass m moving subject to three types of forces: a deterministic

force f , a frictional (viscous) force −γẋ, and a stochastic force η(t) representing random

collisions with surrounding molecules. The Langevin equation reads:

m
d2x

dt2
= f(x)− γ dx

dt
+ η(t). (2.1)

Here, γ > 0 is the friction coefficient, and η(t) is a stochastic force typically modeled as

Gaussian white noise with mean ⟨η(t)⟩ = 0 and correlation ⟨η(t)η(t′)⟩ = 2γkBT δ(t− t′),
where kB is Boltzmann’s constant and T is the temperature of the environment. The

term 2γkBT ensures that the system reaches thermal equilibrium in the long-time limit,

as required by the fluctuation–dissipation theorem. In the following, we will often take

kB = 1.

In many systems, particularly those in a high-friction or small-mass regime (e.g.,

colloidal particles in a fluid), inertial effects are negligible. In this overdamped limit, we

let m→ 0 in (2.1), eliminating the acceleration term:

γ
dx

dt
= f(x) + η(t). (2.2)

We can often assume that f is a conservative force derived from a potential V (x), and thus

1Small historical note: he was one of the founders of the Comité de vigilance des intellectuels antifas-
cistes, an anti-fascist organization created after far-right riots in 1934. He was also arrested for being a
public opponent of fascism in the 1930s, and he was held under house arrest by the Vichy government
for most of World War II.
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write it as f(x) = −∇V (x). Dividing both sides by γ, we obtain a first-order stochastic

differential equation:
dx

dt
= f(x) +

√
2D η(t), (2.3)

where we define the diffusion coefficient as D = kBT
γ

and we have reabsorbed a factor 1/γ

in the definition of f(x). The noise term η(t) is now normalized white noise with mean

zero and correlation ⟨η(t)η(t′)⟩ = δ(t− t′). In the following, this type of δ-correlated noise

will be referred to as a Gaussian White Noise (GWN).

A more general form of Eq. (2.3) is

dx

dt
= f(x) + g(x) η(t) (2.4)

where we let the diffusion term g(x) be x dependent. f(x) is often referred to as the drift

coefficient. This can be rewritten as a Itô stochastic differential equation

dx = f(x)dt+ g(x)dWt (2.5)

Where dWt is a standard Wiener process, from Norbert Wiener, who gave the first com-

plete and rigorous mathematical analysis in 1923. In physics, it is referred to as Brownian

motion. In mathematics, the Wiener process Wt is characterized by four facts

1. W0 = 0

2. Wt is almost surely continuous

3. Wt has independent increments

4. Wt −Ws ∼ N (0, t− s) for 0 ≤ s ≤ t.

In this formulation, one could see η(t) as the supposed derivative dWt/dt of the Wiener

process. However, this derivative does not exist because the Wiener process is nowhere

differentiable, and so the Langevin equation only makes sense if interpreted in a distribu-

tional sense.

2.1.2 Fokker-Planck

The Langevin equation describes the stochastic trajectory of an individual particle. How-

ever, in many situations we are interested not in a single realization, but in the evolution

of the probability distribution p(x, t) of a particle’s position over time. This leads to

a complementary, macroscopic description via a partial differential equation for p(x, t),
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Figure 2.1: From the book of Jean Baptiste Perrin, Les Atomes, three tracings of the
motion of particles of line 0.53 µm, as seen under the microscope.

known as the Fokker-Planck equation. It is also known as the Kolmogorov forward equa-

tion. This equation governs the time evolution of the probability density associated with

a stochastic process.

Starting from Eq. (2.5),

dxt = µ(xt, t)dt+ σ(xt, t)dWt (2.6)

where we explicit the time dependence of drift and diffusion D(x, t) = σ(x, t)2/2 coeffi-

cients. We can write the corresponding Fokker-Planck equation for the probability density

p(x, t) as:
∂p(x, t)

∂t
= − ∂

∂x
[µ(x, t) p(x, t)] +

1

2

∂2

∂x2
[
σ(x, t)2 p(x, t)

]
. (2.7)

This equation describes the flow of probability due to both drift and diffusion. The

first term on the right-hand side accounts for the deterministic flow, while the second

term describes spreading due to randomness.

Brownian Motion (Variance Exploding)

As a first example, we describe the simplest, and historically the first, diffusion process:

Brownian motion. Also known as the Wiener process, it corresponds to a free particle

undergoing random motion with no drift term and constant diffusion. The Langevin

equation thus is

m
dv

dt
= −γv + η(t) (2.8)
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with v = dx/dt. The stochastic differential equation for Brownian motion is simply

dx =
√

2D dWt, (2.9)

The corresponding Fokker-Planck equation is:

∂p(x, t)

∂t
= D

∂2p(x, t)

∂x2
, (2.10)

in which we can identify the classical heat equation.

If the particle starts at x = 0, the solution is the Gaussian:

p(x, t) =
1√

4πDt
exp

(
− x2

4Dt

)
. (2.11)

The variance of the distribution grows linearly in time:

E[x2(t)] = 2Dt. (2.12)

This is the reason why, when the Brownian motion SDE is used in a diffusion model, it

is referred to as Variance Exploding (VE).

Ornstein-Uhlenbeck Process (Variance Preserving)

The Ornstein-Uhlenbeck (OU) process models a particle subject to a linear restoring force

and random noise. It is the simplest example of a mean-reverting stochastic process. The

Langevin equation for the OU process is:

dxt
dt

= −θ xt + σ η(t) (2.13)

or in the standard SDE notation

dx = −θx dt+ σ dWt, (2.14)

where θ > 0 is the strength of the restoring force, and σ > 0 controls the noise intensity.

The corresponding Fokker-Planck equation is:

∂p(x, t)

∂t
= θ

∂

∂x
(x p(x, t)) +

σ2

2

∂2p(x, t)

∂x2
. (2.15)
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The solution for the initial condition x = 0 is again a Gaussian:

p(x, t) =
1√

2πσ2
t

exp

(
− x2

2σ2
t

)
, (2.16)

where the variance evolves as:

σ2
t =

σ2

2θ

(
1− e−2θt

)
. (2.17)

The OU process is an example of a Gaussian process, exactly as Brownian motion. In

contrast to Brownian motion, where the drift is absent, here the drift is dependent on the

current value of the process: if the current value of the process is less than the mean, the

drift will be positive; if the current value of the process is greater than the mean, the drift

will be negative. In other words, the mean acts as an equilibrium level for the process

(from this, the mean-reverting name).

As t→∞, the variance reaches the finite value:

lim
t→∞

σ2
t =

σ2

2θ
. (2.18)

Thus, the OU process is also known as Variance Preserving (VP): it reaches a stationary

distribution, which is Gaussian with zero mean and fixed variance.

We will consider a simpler form for the OU process

dx = −x dt+
√

2 dWt (2.19)

following the standard physics prescription.

2.2 Generative Diffusion

This section is dedicated to the foundations of generative diffusion. Generative diffusion

models are a class of probabilistic models that learn to generate complex data (such as

images, audio, or text) by simulating a reverse-time stochastic process. These models are

built upon the principles of nonequilibrium thermodynamics and stochastic differential

equations, bridging ideas from physics and deep learning.

The central idea is to define a forward process that gradually destroys structure in the

data by adding noise, and then learn a backward process that reconstructs the data from

noise. When trained effectively, the backward process can generate realistic samples from

12



Figure 2.2: Transforming data to a simple noise distribution can be accomplished with a
continuous-time SDE. This SDE can be reversed if we know the score of the distribution
at each intermediate time step. From Song et al. [2020].

the learned data distribution. This is pictured if Fig. 2.2.

We are particularly interested in this SDE formulation of generative models, Fig.2.3,

which was presented in Song et al. [2020], for the clear connection to physics problems. At

the end of this section, we also review the most relevant works that led to this formulation

in the machine learning community.

2.2.1 Forward process

Assume you have a set of high-dimensional data x0 ∈ Rd that are drawn from a possibly

unknown distribution p0; we can always think about images as an example. We now

describe the process through which we corrupt our data, iteratively adding noise, known

as the forward process. In the continuous-time limit, the forward process becomes a

stochastic differential equation (SDE):

dx = f(x, t) dt+ g(t) dWt. (2.20)

If x ∈ Rd, f(x, t) is a vector-valued function called drift, and g(t) is a scalar called

diffusion coefficient, while dWt denotes standard Brownian motion (or Wiener process).

The solution of a stochastic differential equation is a continuous collection of random

variables {xt}t∈[0,tf ]. These random variables trace stochastic trajectories as the forward

time t increases from 0 to the final time tf . Let us consider pt(x), the marginal probability

density function of xt. We denote as p0(x) the original data distribution, which will

represent our target distribution. Then, pt(x) is the deformation of our data distribution

p0(x) at time t, obtained by applying the forward-time SDE. You can obtain samples from
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Figure 2.3: Overview of score-based generative modeling through SDEs, from Song et al.
[2020].

pt(x) by sampling x0 from your data set and then using the forward-time SDE to get a

sample xt.

2.2.2 Reverse Process

Intuitively, the reverse-time dynamics must undo the stochastic diffusion introduced by

the forward process. However, because the forward SDE involves both deterministic

drift f(x, t) and random diffusion g(t)dWt, the backward process is not simply the same

equation with time reversed: diffusion introduces uncertainty that skews the probability

flow. Anderson [1982] showed that the time reversal of an SDE can be written as another

SDE whose drift includes an additional correction term which captures the instantaneous

gradient of the data density. This term effectively steers the diffusion trajectories back

toward regions of higher probability density, counteracting the random spreading caused

by noise. The closed form of the reverse SDE is given by

dx =
[
f(x, t)− g(t)2∇x log pt(x)

]
dt+ g(t) dW̄t, (2.21)

where W̄t is a standard Brownian motion in reverse time and pt(x) is the marginal density

of xt under the forward process. Notice also that dt is a negative infinitesimal time step,

since (2.21) needs to be solved backwards in time from t = tf to t = 0.

This result implies that if we can estimate ∇x log pt(x) at each time t, we can simulate

the reverse SDE to generate new samples from the data distribution. This fundamental

quantity is known as score function of pt(x). One way to think about this is that it

points in the direction where the log-likelihood of the data increases fastest. Let us stress

how simple the reverse equation is, while the problem of removing noise over time can seem
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very hard. For nice choices of f and g (such as, for example, the variance exploding and

variance preserving formalism), ptf is going to be Gaussian distributed for large enough

tf . In practice, the whole point of diffusion is to make ptf as simple as possible, so usually

we set things up so that ptf = N(0, σ2
tf
I) for some scalar σtf . Then, it suffices to generate

Gaussian data xtf and run the reverse process.

We can use numerical solvers to approximate solutions of Eq. (2.21) and simulate the

stochastic process for sample generation. The simplest numerical SDE solver is the Euler-

Maruyama method, which discretizes the SDE using finite time steps and Gaussian noise.

It is an extension of the Euler method for ordinary differential equations to stochastic

differential equations, named after Leonhard Euler and Gisiro Maruyama.

Since, in general, pt(x) is unknown, estimating the score function is a crucial problem.

The success of score-based models relies on the efficient methods designed for this purpose.

2.2.3 Anderson’s Theorem

A foundational result in diffusion models is a theorem by Anderson Anderson [1982], which

states that most processes defined via a forward time or conventional diffusion equation

model have an associated reverse time model, and shows how to build it.

The only sorts of restrictions needed are those that ensure that the Kolmogorov equa-

tions for associated probability densities all have unique smooth solutions. They are

primarily related to the smoothness and growth properties of the drift and diffusion coef-

ficients of the forward SDE. Sufficient conditions for this include f and g being globally

Lipschitz in state and time, being twice continuously differentiable in x, having bounded

first-order partial derivatives in x, and their second-order partials not growing faster than

∥x∥m for some m > 0. The transition probability density itself should also be suffi-

ciently smooth (twice continuously differentiable in x and continuously differentiable in

t). Such restrictions, though hard to translate into requirements on the diffusion and drift

quantities, seem nevertheless intrinsic.

The reader is remanded to the paper Anderson [1982] to see the full proof of the

result. However, we report here a quick way to see why the reverse SDE has the form

of Eq. 2.21. There is a one-to-one correspondence between SDE for xt and Kolmogorov

equations for pt(x). Consequently, there should be a correspondence also for the reverse

SDE and a Kolmogorov equation. In the reversed direction, one may write the Fokker-

Planck equation Anderson [1982] for the backward time τ as

∂τ p̃τ (x) = −∇x · (xp̃τ (x))−∆xp̃τ (x). (2.22)

15



where ∆ here indicates the Laplacian operator, ∆f = ∇2f = ∇ · ∇f . By identification

with Eq. (2.7), the associated stochastic process is

dx

dτ
= x(τ) + 2∇x log p̃τ (x) + η(τ). (2.23)

Now, noticing that p̃τ (x) = ptf−τ (x), and tf − τ = t, we obtain precisely the expression

of the score.

2.2.4 Score function(s)

We have introduced the score function as the gradient of the log-density:

st(x) = ∇x log pt(x). (2.24)

The score function acts as a guiding field that steers noisy data points toward regions of

high data density. It is the continuous analogue of the residual in denoising autoencoders,

and it plays a central role in the design of generative diffusion models.

The reverse-time process generates samples from p0(x) if the score is known. Since,

in general, it is not known in practice, it is common to approximate it using a neural

network, training a time-dependent score-based model

sθ(x, t) ≈ ∇x log pt(x), (2.25)

where θ are trainable parameters. Once we have a trained model, it suffices to input pure

noise into it; the model will assume it is xtf for some very large tf and it will output the

corresponding x0.

In this thesis, we will also encounter situations where we know the true density of our

data, and thus we are able to compute the exact score function. This can be interesting

to see in which regimes the trained score actually reproduces the behavior of the exact

one, as we will do in Chapter 4.

Instead, when the true distribution is not known, the best we can do is to ap-

proximate it with its empirical counterpart, resulting in what we call the empirical

score function. The process with the empirical score at t = 0 will draw samples from

p0(x) =
∑P

µ=1 δ(x − ξµ), where {ξµ} are the data, thus ending up in one of the training

points. What is interesting about this approximation is that, in principle, the empirical

score has access to the same information as the trained one: the dataset. But we can

identify two substantially different behaviours: the empirical score always memorizes the
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dataset, while a properly trained model is able to generalize.

2.2.5 Score Matching

Our main goal is to learn score functions by minimizing the expected squared error be-

tween the true and estimated score:

LSM(θ) = Ept(x)

[
∥∇x log pt(x)− sθ(x, t)∥2

]
(2.26)

that falls under the category of score matching-problems.

Score matching is an alternative to the maximum likelihood principle suitable for

unnormalized probability density models whose partition function is intractable. In score

matching, the goal is to make the score function of the model as close as possible to the

score function of the data distribution. The explicit score matching objective is given by

the Fisher divergence between the two scores

J(θ) =
1

2

∫
p(x) ∥∇x log p(x)−∇x log pθ(x)∥2 dx. (2.27)

Minimizing this is still difficult since p(x) is unknown. Hyvärinen and Dayan [2005]

showed that the objective can be reformulated using integration by parts

J(θ) =

∫ [
1

2
∥∇x log pθ(x)∥2 + ∆x log pθ(x)

]
p(x)dx, (2.28)

which can be estimated directly from data without knowledge of the normalization con-

stant. This is also called implicit score matching.

Vincent [2011] showed that training a denoising autoencoder to predict x0 from xt is

equivalent to score matching under Gaussian noise. Denoising autoencoders are a simple

modification of classical autoencoder neural networks that are trained not to reconstruct

their input, but rather to denoise an artificially corrupted version of their input. Consider

the joint density p(xt, x0) = p(xt | x0)p0(x), we define the denoising score matching

objective

LDSM(θ) = Ep(xt,x0)

[
∥sθ(xt, t)−∇xt log p(xt | x0)∥2

]
, (2.29)

and with the considered Gaussian kernel

∇xt log p(xt | x0) =
x0 − xt
σt

(2.30)
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and given xt = x0 + σtϵt, it suffices indeed to estimate the noise ϵ̂θ(x, t) to learn the score

ŝθ(xt, t) = −ϵ̂θ(x, t)/σt. This formulation enables efficient training of score-based models

using simple loss functions on noisy inputs.

2.2.6 Review of Generative Diffusion Models

In the following, we present short summaries of the most relevant works about diffusion

models in the field of machine learning. Although we will perform all our analysis on the

continuous SDE formulation using statistical physics methods, it is important to have in

mind how these concepts evolved in the machine learning community.

Deep Unsupervised Learning Using Nonequilibrium Thermodynamics

The seminal paper Sohl-Dickstein et al. [2015] introduced the first full generative diffusion

model, inspired by nonequilibrium thermodynamics. They showed that diffusion models

work for image synthesis, and they also proposed the forward versus reverse diffusion

process, although in a different way from the SDE approach we have described until now.

They used a discrete-time Markov chain with a forward diffusion kernel

q(xt | xt−1) = N (xt;
√

1− βtxt−1, βtI), (2.31)

with small variance increments βt. This is equivalent to a forward time SDE with dx =

(x
√

1− βt)dt+ βtdw. The reverse diffusion kernel is also Gaussian:

pθ(xt−1 | xt) = N (xt−1;µθ(xt, t),Σθ(xt, t)), (2.32)

where you train a neural network to learn the mean and covariance functions. The model

is trained by minimizing a variational bound on the negative log-likelihood:

LVLB = Eq

[
log

q(x1:T | x0)
pθ(x0:T )

]
. (2.33)

where Eq represents expectation taken under the distribution q. This variational objective

provides a tractable way to optimize the reverse process. While this model required long

diffusion chains and was computationally intensive, it demonstrated that deep unsuper-

vised learning could be formulated using thermodynamic principles. The work set the

stage for later improvements in diffusion efficiency and score estimation.
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Figure 2.4: Multiple scales of noise to learn the score from Song and Ermon [2019].

Generative Modeling by Estimating Gradients of the Data Distribution

In Song and Ermon [2019], the authors reframed generative modeling as a problem of

learning and sampling from the score function across multiple noise levels. The authors

proposed a technique called score-based generative modeling, which relies entirely on de-

noising score matching and Langevin dynamics.

One of the known problems of naive score matching is that it does not learn the score

well in low-density regions, where presumably there will be less data available. Instead

of a forward diffusion model, they defined a family of noise-perturbed data distributions

{pt(x)}t∈[0,1], where xt = x0 + σtϵ, ϵ ∼ N (0, I), with σt increasing with t to simulate

a continuous noising process. They trained a noise-conditioned neural network (NCSN)

sθ(x, t) to approximate ∇x log pt(x) using denoising score matching, see Fig 2.4. The

training objective corresponds to minimizing the Fisher divergence between the true score

function ∇ log pt(x) and the model prediction sθ(x, t) across all noise levels. Since each

noise scale σt defines a different perturbed data distribution pt(x), the total objective

integrates these divergences over time, typically with a weighting factor that accounts for

the variance or relative importance of each scale. In effect, the model learns to estimate

accurate scores over the entire range of noise magnitudes.

This method produced high-quality samples with better mode coverage than GANs

and without adversarial training. Importantly, it required no likelihood or variational

bound, relying purely on learned gradients of the log-density. This paper laid the theo-

retical and practical foundation for later work on continuous-time diffusion processes and

score-based SDEs.
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Figure 2.5: The directed graphical model considered in Ho et al. [2020]

Denoising Diffusion Probabilistic Models

In their foundational work Ho et al. [2020], the authors introduced denoising diffusion

probabilistic models (DDPMs), a class of generative models that significantly improved

the efficiency and quality of diffusion-based sampling. The approach is very similar to

Sohl-Dickstein et al. [2015], see Fig. 2.5 for the scheme. Indeed, the forward process is a

Markov chain defined by the kernel

q(xt | xt−1) = N (xt;
√

1− βtxt−1, βtI), (2.34)

with a schedule {βt}Tt=1. By iterating this process, one can express xt as:

xt =
√
ᾱtx0 +

√
1− ᾱtϵ, ϵ ∼ N (0, I), (2.35)

where ᾱt =
∏t

s=1(1− βs). This is often called the “reparametrization trick”.

The reverse process is defined as before

pθ(xt−1 | xt) = N (xt−1;µθ(xt, t),Σt), (2.36)

but instead of estimating the reverse mean directly, DDPMs train a neural network ϵθ(xt, t)

to predict the noise added to x0, using the following loss:

Lsimple(θ) = Ex0,ϵ,t

[
∥ϵ− ϵθ(xt, t)∥2

]
. (2.37)

then µθ is computed from ϵθ using the known forward process. This choice greatly sim-

plified training and aligned with denoising score matching theory.

DDPMs achieved state-of-the-art image generation results and demonstrated that

score-based diffusion models could match GAN-level sample quality with greater sta-

bility and interpretability. This work also highlighted a key insight: minimizing a simple

denoising loss is sufficient for training an effective generative model, connecting Vincent

[2011] and Sohl-Dickstein et al. [2015] through a unified framework.
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Score-Based Generative Modeling through Stochastic Differential Equations

The seminal work Song et al. [2020] unified score-based generative modeling Sohl-Dickstein

et al. [2015] and diffusion probabilistic models Ho et al. [2020] under the framework of

stochastic differential equations. They showed that both approaches can be described

using a continuous-time forward-noising process and a reverse-time generative process

governed by learned scores. The framework of diffusion models that we have presented in

this section is mainly based on this paper. The authors introduced the forward process

modeled by a general Itô SDE (2.20), and the reverse-time SDE is derived using Eq. (2.21).

Moreover, they also introduced the score-matching objective. This paper realizes DDPM

as a special case, with values of f and g set to

dx = −1

2
β(t)x dt+

√
β(t) dW (2.38)

In addition to stochastic sampling via the reverse SDE, they proposed a deterministic

alternative using a probability flow ODE:

dx

dt
= f(x, t)− 1

2
g(t)2∇x log pt(x), (2.39)

which shares the same marginal distributions as the SDE but allows for exact likelihood

computation via the instantaneous change of variables formula. Starting from the Fokker-

Planck equation (2.7), that we rewrite here as

∂p(x, t)

∂t
= −

N∑
i=1

∂

∂xi
[fi(x, t)p(x, t)] +

N∑
i=1

N∑
j=1

∂2

∂xi∂xj
[Dij(t)p(x, t)]

∂pt(x)

∂t
(2.40)

= −∇ · [f(x, t)pt(x)] +∇ · [D(t)∇xp(x, t)] (2.41)

if we write

f̃(x, t) = f(x, t)− 1

2
g(t)2∇x log(pt(x)) (2.42)

then
∂pt(x)

∂t
= −

N∑
i=1

∂

∂xi
[f̃i(x, t)pt(x)] (2.43)

has no diffusion term. In fact, if we apply Fokker-Planck to the ODE dx = f̃(x, t)dt, we

get the same expression.

This work provided a complete theoretical foundation for score-based generative mod-

eling and demonstrated that it encompasses DDPMs as a special case. It also introduced
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efficient sampling algorithms and enabled high-quality image synthesis rivaling GANs.

2.3 Statistical Physics and Diffusion Models

In this section, we revise the main contribution from the field of statistical physics ap-

plied to diffusion models. As we have seen in the introduction, many interesting works in

this field analyze different phenomena in diffusion models through the lens of statistical

physics. Here we go deeper in describing the contribution of two of these papers that con-

stitute an important background for the original work of this thesis. The first paper that

started this line is Biroli and Mézard [2023], and the main contributions are summarized

in Sec. 2.3.1. In Sec. 2.3.2 we introduce the Random Energy Model, and in Sec. 2.3.3 we

review how it was implied in the analysis of diffusion models in Biroli et al. [2024].

Generative diffusion models are associative memory networks

We have talked about memorization in diffusion models, and it is worth noting that

memory models and their capacity have been studied in physics since Hopfield proposed

an associative memory model in 1982 Hopfield [1982]. In recent years, associative memory

networks have been generalized to larger capacities Krotov and Hopfield [2016], Demircigil

et al. [2017]. Most notably, Ref. Lucibello and Mézard [2024] uses the same REM analogy

that we describe for diffusion models, constituting in some sense the inspiration for this

line of research. In Ambrogioni [2024], the connection between dense associative memory

and diffusion models is consolidated by showing that, when used for storing discrete

patterns, the dynamics of generative diffusion models minimize the energy function of

continuous modern Hopfield networks.

2.3.1 Generative Diffusion in very large dimensions

The foundational work Ref. Biroli and Mézard [2023] investigates the behavior of gener-

ative diffusion models in the high-dimensional limit, employing methods from statistical

physics. The two main questions they explore are:

1. How does the number of training samples P need to scale with the system size N in

order for the diffusion model to faithfully capture the underlying data distribution?

2. Does varying the scaling of P with N lead to qualitatively different regimes, such

as the emergence of spontaneous symmetry breaking in high-dimensional spaces?

22



They analyze two well-controlled cases: a Gaussian model, in order to answer the first

question, and the Curie-Weiss model of ferromagnetism, which exhibits a phase transition,

and is, therefore, suited for the second question. They found that the diffusion model

generates multivariate Gaussian samples whose covariance coincides with the original one

only for P ≫ N2. Regarding the second questions, the generative diffusion is able to

reconstruct typical configurations belonging to the two states of the Curie-Weiss model

as soon as P ≫ 1, provided the forward process is followed up to times t such that√
Ne−t ≪ 1. However, in order to reconstruct the relative weights of these two states,

one needs a much larger data base, with a number of points P ≫ N .

Gaussian data

We report here the full analysis of the Gaussian data case. Suppose that we have P data

points drawn from a multivariate normal distribution, ξµ ∼ N (m,Σ), µ = 1, . . . , P , with

m ∈ RN the vector of means and Σ ∈ RN×N the covariance matrix. In this Gaussian

context, it is useful to notice

N (x; ξe−t,∆t) = etNN (ξ;xet,∆te
2tI). (2.44)

The joint distribution Pt(x, ξ) can then be written as

Pt(x, ξ) = N (ξ;m,Σ)etNN (ξ;xet,∆te
2tI), (2.45)

meaning that averaging over the data distribution amounts to performing a convolution

and results in

Pt(x) = N (x;me−t,∆t + e−2tΣ). (2.46)

Given that this distribution is Gaussian, the exact score function will necessarily be linear.

As a result, one can parametrize the score as

Ŝθ(x, t) = −Wtx− bt, (2.47)

where the parameters are θ = {W, b} and the loss can be computed exactly. Setting

b = m = 0 for convenience, one has that for a given time

Lt(Wt) =
1

∆t

[
Tr(I−∆tWt)

2 + e−2tTr(WtC
eWt)

]
, (2.48)
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here we have performed the average on the empirical sample, leading to the empirical

covariance matrix

Ce
ij =

P∑
µ=1

aµi a
µ
j . (2.49)

The matrix Wt is finally given by

Wt =
[
∆t + e−2tCe

]−1
, (2.50)

which will be close to the exact result (Γt)
−1, where Γt = ∆t +e−2tΣ, only if the empirical

correlation matrix is close to Σ.

In the infinite-dimensional limit, the spectral density of that matrix can be studied in

order to show that Biroli and Mézard [2023]

• When P
N
≫ 1, the spectrum of Ce matches that of Σ,

• When P
N2 ≫ 1, the eigenvectors of Ce match those of Σ.

As a result, one needs P ∼ N2 samples in order to generate new samples with fully correct

statistics.

It is interesting to note that the above derivation also applies to the use of a linear score on

arbitrary, possibly non-Gaussian data. We have thus shown that in this case, the optimal

linear score will generate a distribution, at the end of the backward process, which is

Gaussian, with the empirical mean and covariance of the sample on which the training of

the score was done.

Curie-Weiss and Speciation

In the Curie-Weiss model, they highlight the mechanism of symmetry breaking during the

inverse diffusion process. Specifically, to accurately reconstruct the relative asymmetry of

the two low-temperature states (and thus obtain correct probability weights), a dataset

with a number of points much larger than the dimension of each data point is required.

This finding underscores the importance of dataset size in high-dimensional generative

modeling.

The studied case starts from a Curie-Weiss model coupling some Ising spins ai = ±1, at
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inverse temperature β, with a small external field h/N that will create a slight asymmetry

P0(a) =
1

Z0

exp

 β

2N

(∑
i

ai

)2

+
h

N

∑
i

ai

 . (2.51)

where Z0 is the partition function of the model.

The distribution P0(a) can be rewritten by introducing the average magnetization m.

Summing over ai = ±1, we can deduce the distribution of m, and the saddle point on m

gives two dominating magnetizations ±m∗, where m∗ is the solution of m∗ = tanh(βm∗).

In the infinite dimension limit, the distribution will concentrate on the two solutions. As

a result, we define the slightly simplified Curie-Weiss model

P0(m) = W+δ(m−m∗) +W−δ(m+m∗), (2.52)

where W± = e±hm∗

2 cosh(hm∗)
and P0(a | m) = 1

Z

∏
i e

βmai , which corresponds to the data

distribution

P0(a) = W+

∏
i

eβm
∗ai

2 cosh(βm∗)
+W−

∏
i

e−βm∗ai

2 cosh(βm∗)
, (2.53)

We now place ourselves in the case of the exact score. Recall that we have

Pt(x, a) = P0(a)
e
− (x−ae−t)2

2∆t

√
2π∆t

N
, (2.54)

which for the considered data model can be written as

Pt(x, a) = W+P
+
t (x, a) +W−P

−
t (x, a), (2.55)

where

P±
t (x, a) =

∏
i

e
−x2i+e−2t

2∆t

√
2π∆t

(∏
i

e
ai

(
±βm∗+xi

e−t

∆t

))
. (2.56)

Let us compute ⟨a⟩t,x, the average with respect to Pt(a | x), to obtain the score

⟨ai⟩x,t =
W+Q+(x) tanh(βm∗ + xi

e−t

∆t
) +W−Q−(x) tanh(−βm∗ + xi

e−t

∆t
)

W+Q+(x) +W−Q−(x)
, (2.57)
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with

Q±(x) =
∏
j

(
1±m∗ tanh

(
xje

−t

∆t

))
. (2.58)

Let us highlight that in the case of the Curie-Weiss, the forward process starts from points

a ∈ {±1}N and, as soon as t > 0, the trajectories are in RN . The score function has,

therefore, an argument in RN and the backward process (2.2.2) with the exact score must

transport points in RN to points in the simplex {±1}N .

We study the score function and the backward process at large times t ≫ 1. First, we

have that for all j,
xje

−t

∆t
≪ 1. Thus

Q±(x) =
∏
j

(
1±m∗xj

e−t

∆t

)
≃ e

±m∗ e−t

∆t

∑
j xj . (2.59)

Using the mean-field equation on the magnetization tanh(±βm∗ + xi
e−t

∆t
) ≃ m∗,

⟨ai⟩x,t = m∗W+e
m∗ e−t

∆t

∑
j xj −W−e

−m∗ e−t

∆t

∑
j xj

W+e
m∗ e−t

∆t

∑
j xj +W−e

−m∗ e−t

∆t

∑
j xj

. (2.60)

We consider the zero-field case so that W+ = W− = 1
2
. The exact score function at large

times reads

S(x, t) ≃ − x

∆t

+m∗ e
−t

∆t

tanh

(
m∗ e

−t

∆t

∑
j

xj

)
. (2.61)

At large times ∆t = 1− e−2t ≃ 1 and the score simplifies to

S(x, t) ≃ −x+m∗e−t tanh

(
m∗e−t

∑
j

xj

)
. (2.62)

This score yields the following backward process for each component xi of x

dxi
dτ

= −xi + 2m∗e−t tanh

(
m∗e−t

∑
j

xj

)
+ ηi(τ). (2.63)

By summing the backward equation for each component, we obtain an effective equation

for the collective variable µ = 1√
N

∑
j xj. We introduce the normalization 1/

√
N so that µ

remains of order one when N is large. Indeed, at the beginning of the generative process

the xi are independent Gaussian variables, and the sum of N such terms has a variance

that scales as N . Dividing by
√
N therefore keeps the fluctuations of µ finite in the
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large-N limit.

dµ

dτ
= −µ+ 2m∗e−t

√
N tanh

(
m∗e−t

√
Nµ
)

+ η(τ) (2.64)

= −dV
dµ

+ η(τ). (2.65)

This is a Langevin equation in a time-dependent potential,

V (µ, t) =
µ2

2
− 2 log cosh

(
µe−t
√
Nm∗

)
. (2.66)

The form of this potential changes qualitatively with time through the factor e−t
√
N .

When
√
Ne−t ≪ 1, the argument of the hyperbolic cosine is small and we can expand

log cosh(x) ≈ x2/2, giving

V (µ, t) ≈ 1

2

(
1− (m∗)2e−2tN

)
µ2, (2.67)

so that V (µ, t) is approximately quadratic and µ fluctuates around zero. In this early

regime, the system behaves as if it were in a single harmonic well centered at µ = 0. In

contrast, when
√
Ne−t ≫ 1, the potential develops two symmetric minima corresponding

to stable states at nonzero values of µ. Physically, this indicates a spontaneous symmetry

breaking: the backward trajectory eventually commits to one of the two wells, which

determines the outcome of the generative process.

The crossover between these two regimes occurs when the potential transitions from single-

well to double-well. This defines a characteristic or speciation time ts such that

√
Ne−ts = 1 ⇐⇒ ts =

1

2
logN. (2.68)

2.3.2 The Random Energy Model

In this section, we present the Random Energy Model following Mezard and Montanari

[2009]. We also exploit this model as an occasion to present the celebrated replica method,

a pillar of statistical physics of disordered systems introduced by the Nobel prize winner

Giorgio Parisi.

The random energy model (REM), introduced by Derrida [1981], is probably the

simplest statistical-physics model of a disordered system which exhibits a phase transition.

It is not intended to give a realistic description of any specific physical system, but rather
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to provide an example in which various concepts and methods can be studied in full

detail. Owing to its simplicity, the same mathematical structure reappears in many other

contexts.

Consider 2N spin configurations. The REM is a disordered model: the energy is not

a deterministic function, but rather a stochastic process. Assign to each configuration i

an i.i.d. energy Ei drawn from a Gaussian law with mean 0 and variance N/2, i.e.

P (E) = N
(

0,
N

2

)
=

1√
πN

exp

(
−E

2

N

)
, (2.69)

even though other distributions can be studied as well. Given an instance of the REM,

one assigns to each configuration j a Boltzmann probability Pβ(j) in the usual way

Pβ(j) =
1

ZN

e−βEj (2.70)

where the normalization factor ZN , also known as partition function, at inverse temper-

ature β is

ZN(β) =
2N∑
i=1

e−βEi . (2.71)

We are interested in the properties of a probability distribution, the Boltzmann distribu-

tion, which is itself a random object because the energy levels are random variables.

Rigorous solution via large deviations

We start to computing the exact asymptotic solution of the model, without using the

replica method. To do so, we shall show that the entropy density as a function of the

energy has a deterministic asymptotic limit, that we can compute. Write the energy

density ε = E/N . Let #(E) denote the number of sampled energies falling in [Ne,N(ε+

δε)]. This is a random variable, it depends on the specific draw of the 2N configuration,

but we can compute its mean and variance. By linearity of expectation and the Gaussian

tail estimate,

E[#(E)] ≈ 2N

√
πN

e−Nε2 δε =
1√
πN

eN [log 2−ε2] δε. (2.72)

Since the probability of the energy taken randomly from P (E) to be between e and ε+ δε

is small, this follows a Poisson law, so that the variance is equal to the mean. Define the

annealed entropy density sann(ε) = log 2 − ε2. A simple Markov bound (or first-moment
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method) gives

P{#(E) ≥ 1} ≤ E[#(E)]. (2.73)

Hence with high probability as N → ∞ there are no sampled energies outside the band

|ε| ≤
√

log 2 (where sann(ε) ≥ 0). Within that band, we have instead an exponential

number of configurations. However the entropy density concentrates to a deterministic

value, as can be seen from Chebyshev inequality and the fact that the variance is equal

to the mean:

P
(∣∣∣∣#(ε)

E#(ε
− 1

∣∣∣∣ ≥ C

)
≤ Var#(ε)2

C2(E#(ε))2
∝ e−Nsann(ε)

C2
. (2.74)

Thanks to this very tight concentration, we can write the entropy density as a function

of ε

s(ε) =

sann(ε) = log 2− ε2, sann(ε) ≥ 0,

−∞, otherwise.
(2.75)

We can now compute the partition function. We approximate the sum in (2.71) by an

integral over energy densities:

ZN(β) =
∑
E

#(E)e−βE ≈
∫ ε∗

−ε∗
eN [s(e)−βε] dε. (2.76)

Using Laplace method, we approximate it with the maximum. Therefore, the free-entropy

density ϕ(β) is the Legendre transform of s(e):

ϕ(β) = lim
N→∞

1

N
logZN(β) = max

ε∈[−ε∗,ε∗]
[s(ε)− βε]. (2.77)

Evaluating the quadratic form sann(ε) = log 2− ε2 there are two situations: the minimum

can be reached when the derivative is 0, that is when β = ∂s(ε) = −2ε, but this can

only happen when s(ε) > 0. At ε = −
√

log 2, s(ε) reaches zero, with a derivative

of β = 2
√

log 2, so this minimum is only valid when β < βc = 2
√

log 2, after which

ε∗ = −
√

log 2. In conclusion, one finds

lim
N→∞

1

N
logZN(β) =

log 2 +
β2

4
, β ≤ βc,

β
√

log 2, β ≥ βc,
βc = 2

√
log 2. (2.78)

This shows that a phase transition takes place at the inverse critical temperature βc. The

two temperature regimes have distinct qualitative properties:

• In the high-temperature phase, the energy and entropy densities are u(β) = −β/2

29



and s(β) = log 2 − β2/4, respectively. The Boltzmann measure is dominated by

configurations with an energy Ei ≈ −Nβ/2. There is an exponentially large number

of configurations having such an energy density and the Boltzmann measure is

roughly equidistributed among such configurations. In the infinite-temperature limit

β → 0 the Boltzmann measure becomes uniform, and one finds, as expected, u(β)→
0 and s→ log 2.

• In the low-temperature phase, the thermodynamic potentials are constant: u(β) =

−ε∗ and s(β) = 0. The relevant configurations are the ones with the lowest energy

density, namely those with Ei/N ≈ −ε∗. The Boltzmann measure is dominated by

a relatively small set of configurations, which is not exponentially large in N .

The transition is a condensation transition: for β > βc the Gibbs measure concentrates

on the lowest-energy configurations near ε = −
√

log 2.

Solution via the replica method

We now move to the computation by the replica method. We would like to compute the

thermodynamic potentials, in particular the free-energy density f(β) = − 1
βN

logZN since

other potentials can be derived from its derivatives. In order to describe typical samples,

one has to compute the average of the log-partition function, E logZN . Since this task

can be difficult, the idea of the replica method goes as follows: starting from the relation

E logZN = lim
n→0

1

n
logEZn

N (2.79)

we carry out the computation of the moments of the partition function EZn
N as if n was

integer. In other words, the new system is formed by n statistically independent copies

of the original one, and we shall refer to these copies as replicas. Only at the and we

perform an analytic continuation recovering the limit n→ 0.

In the REM case, consider n ∈ N replicas and write the replicated partition function

Zn
N =

n∏
a=1

 2N∑
i=1

e−βEi

 =
∑

i1,...,in

e−β(Ei1
+···+Ein ) =

∑
i1,...,in

2N∏
j=1

e−βEj(
∑n

a=1 I(j=ia)). (2.80)

Using independence across energies and the Gaussian identity E[etX ] = e∆t2/2 for X ∼
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N (0,∆) (here ∆ = N/2), we push the average over disorder inside the sum to obtain

EZn
N = E

∑
i1,...,in

2N∏
j=1

e−βEj(
∑n

a=1 I(j=ia)) =
∑

i1,...,in

e
Nβ2

4

∑n
a,b=1 I(ia=ib). (2.81)

This replicated system has several interesting properties. First of all, it is no longer a

disordered system: the energy is a deterministic function of the configuration. Second,

replicas are no longer statistically independent: they do interact. Given the replicas

configurations (i1 . . . in), it is convenient to introduce the n × n overlap matrix Qab =

I(ia = ib), that takes elements in {0, 1} respectively if the two replicas (row and column)

have different or equal configuration. We shall refer to this matrix as the overlap matrix.

We then write the replicated sum over configurations as

EZn
N =

∑
Q

H(Q)e
Nβ2

4

∑
a,b Qab . (2.82)

with combinatorial weights H(Q) counting the number of configurations whose overlap

matrix isQ and the sum runs over the symmetric {0, 1}matrices with ones on the diagonal.

Keeping n integer, it is natural to expect that the number of configurations for a given

overlap matrix, H(Q), to be exponential so that, H(Q) = eNsq(Q), and

EZn
N ≈

∫
dQ e

N

(
β2

4

∑
a,b Qab+sq(Q)

)
=

∫
dQeN g(β,Q). (2.83)

The replica-symmetric saddle point

In the large N limit, we expect to be able to perform a Laplace (or saddle point) ap-

proximation by choosing the structure of the matrix Q, which will dominate the sum. A

quite natural ansatz is to assume that all replicas are identical, and therefore the system

should be invariant under the relabelling of the replicas (permutation symmetry). In this

case, called the replica symmetric (RS) one, we only have two choices

1. If Qab = 1 for all a, b, then all the replica are in a single configuration and g(β,Q) =

nβ2/4 + log 2.

2. If instead Qaa = 1 and Qab = 0 for all a ̸= b, then all replicas are in a different

configuration, so that sq(Q) ≈ n log 2 and g(β,Q) = nβ2/4 + n log 2.
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At the replica symmetric level, we thus find that the free entropy is given, at all temper-

ature, by

fRS(β) = log 2 +
β2

4
, (2.84)

valid only at high temperature (small β), as it coincides with the rigorous result (2.78) for

β ≤ βc. Within the RS framework, there is no way to get the correct solution for β > βc.

One-step replica symmetry breaking (1RSB)

Since the RS solution leads to the wrong result, Parisi proposed the replica-symmetry-

breaking scheme, a recursive procedure for defining larger and larger spaces of matrices

Q. To perform the first step, called 1RSB, we have to partition the n replicas into n/m

groups of size m (eventually n → 0 with 0 < m ≤ 1). Replicas within a group coincide

(overlap 1), replicas in different groups are distinct (overlap 0). Thus, we have

EZn ≃ e
N

(
n
m

log 2+β2

4
nm

)
(2.85)

and

g(β,Q) =
n

m
log 2 +

β2

4
nm (2.86)

leads, in the limit n→ 0, to

f1RSB(β,m) =
β2

4
+

log 2

m
. (2.87)

Extremizing with respect to m under the constraint 0 < m ≤ 1 yields

m∗ = min

{
1,
βc
β

}
, βc = 2

√
log 2, (2.88)

and therefore

f1RSB(β,m) =


log 2 +

β2

4
, β ≤ βc (m∗ = 1),

β
√

log 2, β ≥ βc (m∗ = βc/β),

(2.89)

which again reproduces the rigorous two-phase formula (2.78).

Condensation and the participation ratio

The replica method can also be used to shed some light on the type of phase transition

happening at βc. Indeed, we know that for low temperature, the Boltmzann measure
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Figure 2.6: Dynamical regimes of diffusion models from Biroli et al. [2024]. In regime I,
the trajectories are purely Brownian, in regime II, they commit to one class, and finally,
in regime III, they collapse on a single data point.

condensate on the lowest energy level, close to e∗, but we may ask, how many are they

really. A sharp way to diagnose condensation is via the participation ratio, defined as

Y =
2N∑
i=1

(
e−βEi

ZN

)2

. (2.90)

which is is the inverse of the number of configuration that matters in the sum. Replica

manipulations (symmetrization and the n→ 0 limit) give the quenched expectation

EY = 1−m∗ =


0, β ≤ βc,

1− βc
β
, β ≥ βc,

(2.91)

which rises from 0 and becomes O(1) in the condensed phase, signaling that only O(1)

configurations contribute to ZN .

2.3.3 Dynamical Regimes of Diffusion Models

The seminal paper Biroli et al. [2024] analyzes the behavior of generative diffusion models

in high-dimensional spaces with large datasets, under the empirical score function. Their
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study reveals three distinct dynamical regimes during the backward diffusion process,

represented in Fig. 2.6:

1. Regime I: Initially, the generative process resembles pure Brownian motion, with

trajectories not yet influenced by the data structure.

2. Regime II starts after the speciation transition: at a certain time, trajectories

begin to commit to a particular data class, a transition related to symmetry break-

ing in phase transitions. This speciation time can be determined through spectral

analysis of the data correlation matrix.

3. Regime III: Eventually, trajectories converge to specific training data points, and

we have the collapse transition, a phenomenon similar to condensation in glassy

systems. The collapse time is related to the excess entropy of the data and highlights

the challenges posed by the curse of dimensionality.

These findings provide a theoretical framework for understanding the dynamics of

diffusion models and their limitations in high-dimensional settings. In the following, we

describe how the authors have identified the speciation and collapse transition. The first

one is based on a perturbative expansion of the score at large times, while the second one

maps the empirical density at time t into a REM. These two mathematical formulations

can also be rephrased in terms of the covariance matrix of the data, thus making it possible

to derive speciation and collapse time for generic datasets.

The Speciation transition

One can study the speciation transition starting from large times and writing a pertur-

bative expansion of Pt(x) in the parameter e−t

Pt(x) =

∫
dξ P0(ξ)

e
− (x−ξe−t)2

2∆t

√
2π∆t

N
(2.92)

=
1

√
2π∆t

N
e
− x2

2∆t
+g(x)

(2.93)
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where P0(ξ) indicates the data distribution and we define g(x) as

g(x) = log

∫
dξ P0(ξ)e

− ξ2e−2t

2∆t
+ e−t

∆t
xξ

(2.94)

= log

∫
dξ Peff (ξ)e

e−t

∆t
xξ

(2.95)

which can be interpreted as a generating function for the moments of a with respect to

the effective distribution Peff (x) = P0(ξ)e
− ξ2e−2t

2∆t . Expanding at large times, we find

g(x) =
e−t

∆t

N∑
i=1

xi⟨ξi⟩+
e−2t

2∆2
t

N∑
i,j=1

Cijxixj +O((xe−t)3) (2.96)

with Cij = ⟨ξiξj⟩ − ⟨ξi⟩⟨ξj⟩. With this expansion, we can write

logPt(x) = const+
e−t

∆t

N∑
i=1

xi⟨ξi⟩ −
1

2∆2
t

∑
ij

Mijxixj (2.97)

where M = I − e−2tC. The speciation time is characterized by a change of curvature in

this effective potential. Thus, denoting by Λ the largest eigenvalue of C, we can write a

general criterion for tS

e−2tSΛ = 1. (2.98)

Notice that that at large times Peff (t) ≈ P0(t): in this case the matrix C is the covariance

of P0(t), which can be estimated as the covariance of the data.

The Collapse transition

In this subsection, we present a sketch of the computation of the collapse time tc using

ideas from the Random Energy Model that we have presented in Section 2.3.2. The

complete computation can be found in Biroli et al. [2024]. Start from a point of your

dataset, say ξ1. The noisy data at time t can be written as x(t) = ξ1e−t +
√

1− e−2tz,

with z ∼ N (0, I). The noisy empirical distribution can be decomposed into two parts

P e
t (x) =

1

P
√

2π∆t
N

[Z1 + Z2...P ], (2.99)
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with Z1 = e
− (x−ξ1e−t)2

2∆t only involving the initial data point and Z2...P =
∑P

µ=2 e
− (x−ξµe−t)2

2∆t

involving the other data points. We refer to Z1 as the signal term, while Z2...P can be

regarded as the noise term. Z1 concentrates to e−N/2 (i.e. logZ1/N −→ −1
2
). Likewise,

Z2...P concentrates to eNϕ(t,α), where ϕ(t, α) = 1
N

log
∑P

µ=2 e
− (x−ξµe−t)2

2∆t . Thus, Z2...P can

be seen as the partition function of a Random Energy Model with P − 1 random energies

εµ = ((ξ1−ξµ)e−t+z
√

1− e−2t)2/(2∆t). One can then compare the concentrated versions

of these two terms: if ϕ(t, α) < −1
2

then the Z2...P ≪ Z1 and the score will attract

the trajectory to ξ1; conversely, if ϕ(t, α) > −1
2
, Z2...P ≫ Z1 and the trajectories are

not attracted to any data points. Hence, the collapse time tc can be computed with

ϕ(tc(α), α) = −1
2
.

Another criterion for the collapse transition is to compare the entropy of the noisy em-

pirical distribution

s(t) = − 1

N

∫
dxP e

t (x) logP e
t (x) (2.100)

with the entropy associated to P well separated Gaussians with variance ∆tIN

ssep(t) =
logP

N
+

1

2
+

1

2
log 2π∆t. (2.101)

We can look at the excess entropy f(t) = ssep(t)−s(t). At large times, the empirical noisy

distribution converges to N (0, 1d) whose entropy reads 1
2

log 2π + 1
2
. The excess entropy

is thus f(t) = logP
N

= α at large times. On the other hand, at small times, the noisy

empirical distribution P e
t (x) becomes a mixture of well-separeted Gaussian distributions

centered on the points of the dataset with variance ∆t and the excess entropy vanishes

f(t) −→ 0. We can also define the collapse time tc as the time when the excess entropy

f(t) vanishes. Since the excess entropy thus goes from 0 to α = logP/N , we see that to

have tc = O(1), the number of samples needs to scale exponentially with the dimension

P = eαN . This is a manifestation of the curse of dimensionality.

2.4 Data Models

One particular aspect that we would like to highlight is the role of the data structure.

Indeed, statistical physics often makes use of independent Gaussian distributed data,

which can provide a useful first insight but can also be seen as a limitation. One of the

many questions that are driving research in the foundations of machine learning is the

impact of the structure of data on learning. Correlations in data are believed to be one of
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the most important features that can enhance the learning capabilities of trained models.

To address this problem, we will mainly focus on structured data. In the case of manifold

data, we show how the presence of a latent dimension can be beneficial and mitigate the

curse of dimensionality. The presence of the lower-dimensional manifold also provides us

with a tool to gain a geometric perspective on the behavior of DMs. The case of 1d Ising

mixture reveals instead the generality of the scaling of the speciation time.

2.4.1 The Hidden Manifold Model

In machine learning, input data usually have a very high dimensionality; we can think,

for example, of the large number of pixels that compose an image. This high dimen-

sionality of the inputs is a feature that makes the statistical physics description suitable.

However, it is commonly believed that such high-dimensional data have an actual lower

intrinsic dimensionality. This idea is often expressed in terms of the manifold hypothe-

sis [Bengio et al., 2013]: data live in a much lower-dimensional manifold embedded in a

high-dimensional space Peyré [2009], Fefferman et al. [2016]. This is pretty reasonable,

since real images only span a portion of all images that could be generated by picking

pixels at random, as represented in Fig. 2.7. This hypothesis has guided the development

of modern high-dimensional data modeling techniques like GANs and VAEs, as well as

dimensionality reduction methods such as PCA and t-SNE. These approaches require

knowledge of the data’s intrinsic dimension, a critical hyperparameter. In Ref. Goldt

et al. [2020], the authors introduce a simple synthetic generative process displaying the

idea of the data manifold hypothesis, where data lie on a D-dimensional submanifold of

the ambient N -dimensional space, and named it the Hidden Manifold Model (HMM).

This generative process has also been investigated in Goldt et al. [2022], Gerace et al.

[2020]. According to the HMM, data points {ξµ ∈ RN}Pµ=1 are generated as

ξµ = g

(
1√
D
Fzµ

)
(2.102)

where the latent variables zµ are Gaussian, zµ ∼ N (0, ID), g is an element-wise non-

linearity, and F ∈ RN×D is a projection matrix, that can be taken fixed or random,

e.g. with i.i.d. standard Gaussian entries. This projection can also be interpreted as

the action of a fully connected neural network with a generic weight matrix F . In this

view, we can see that the components of the features ξµ acquire non-linear correlations,

and furthermore, the embedding dimension of the input N is separated from the intrinsic

dimension D.
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Figure 2.7: Visualization of the manifold hypothesis in the image space from Goldt et al.
[2020].

This model can also be regarded as an instance of Random Feature Learning where

data is randomly projected into a different space before being classified with a linear

machine.

We are interested in studying the asymptotic regime where D,N → +∞, while their

ratio αD = D/N stays finite. One important advantage of this data model is that even

though the data are non-Gaussian, in the high-dimensional limit, it can be shown that the

joint distribution of outputs on a given pattern, given the set of weights, is asymptotically

Gaussian. This result goes under the name of Gaussian Equivalence Principle (GEP),

and was elevated to the status of theorem in Goldt et al. [2022] under a set of hypotheses.

The HMM will be implied in chapters 3 and 4 of this thesis. We regard it primarily

as a data-generating model for structured data, ignoring the connections with learning

described above.

2.4.2 Estimating the manifold dimension

Having introduced the manifold hypothesis, one could ask if there have been attempts

at estimating the intrinsic dimension of real datasets, and how this task is performed.

It goes without saying that the latent manifold is not unequivocally defined. Thinking,

for example, of a simple natural image dataset as MNIST, it is clear that images of the

digit ‘1’ are quite different from images of ‘0’, so should we consider that they come from

different manifolds? Should these manifolds have different latent dimensionality? Or can

we model the whole dataset as living in the same low-dimensional space? Here we will

try to summarize how these questions have been addressed in the literature.
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Figure 2.8: Comparison of dimensionality detection methods on various data manifolds
from Stanczuk et al. [2024].

Among the traditional methods we can enumerate two main lines: the first one uses

Maximum Likelihood Estimation (MLE) Levina and Bickel [2005], and has been recently

applied by Pope et al. [2021] in the estimation of the intrinsic dimensionality of datasets

such as MNIST, CIFAR and ImageNet, the second one uses local Principal Component

Analysis (PCA), or related approaches like probabilistic PCA (PPCA) Minka [2001] or

local PCA Fan et al. [2010]. Traditional estimators of intrinsic dimension typically rely on

pairwise distances and nearest neighbors, so computing them is prohibitively expensive

for large datasets.

A more recent direction, introduced by Stanczuk et al. [2024], leverages trained dif-

fusion models trained to estimate the manifold dimension. The basic idea behind this

method is that since diffusion models perform score-matching, they contain information

about the gradient of the log-density of the data distribution, and that near the data man-

ifold, such gradient is orthogonal to the manifold itself. Consider a point on the manifold

x0 evolved according to the forward process for a small time t0 to xt0 . The score vector

s(xt0 , t0) will be almost entirely contained in the Normal Bundle (NB) (the space normal

to the manifold at xt0) and so the rank of a matrix containing score vectors evaluated

at K points diffused from x0 should not exceed the dimension of the NB. They sample

K = 4N diffused points at time t0 = ε, collect them in a matrix S, and calculate the SVD

of S, finally estimating the intrinsic dimension as the number of vanishing singular values.

The comparison of the estimate of the manifold dimension given by the NB method with

respect to the others introduced before is reported in the table in Fig. 2.8.

Another similar estimator that leverages diffusion models has been proposed in Kad-

khodaie et al. [2024]: the FLIPD estimator (an acronym rearranged for Fokker-Planck

(FP) and Local Intrinsic Dimensionality (LID)). Both NB and FLIPD methods have

been shown to correspond closely with the complexity of an image.
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2.4.3 Ising model with random field

1d Ising Model

Here we briefly summarize the main points of the analysis of a one-dimensional Ising

model, which will be useful when we treat its extension to random fields in the next

section. The one-dimensional (1d) Ising model is a classical spin system consisting of N

binary spins σi ∈ {−1,+1} arranged on a linear chain with nearest-neighbor interactions.

The Hamiltonian is given by

H(σ) = −J
N∑
i=1

σiσi+1 − h
N∑
i=1

σi, (2.103)

where J ∈ R+ is the ferromagnetic coupling constant and h ∈ R is an external magnetic

field. Periodic boundary conditions σN+1 = σ1 are often assumed for convenience.

The 1d Ising model can be solved exactly using the transfer matrix method. In zero

magnetic field (h = 0), the partition function is

ZN = Tr(TN), (2.104)

where the 2× 2 transfer matrix is

T =

(
eβJ e−βJ

e−βJ eβJ

)
. (2.105)

Its eigenvalues are

λ± = eβJ ± e−βJ , (2.106)

so the free energy per spin in the thermodynamic limit is

f = − 1

β
lim

N→∞

1

N
lnZN = − 1

β
ln
(
eβJ + e−βJ

)
. (2.107)

Unlike in higher dimensions, the 1D Ising model does not exhibit a phase transition at

finite temperature. The correlation length is finite for any T > 0 and diverges only as

T → 0. The two-point correlation function decays exponentially:

⟨σiσi+r⟩ ∼ e−r/ξ, (2.108)
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with correlation length

ξ = [ln coth(βJ)]−1 . (2.109)

At zero temperature (T = 0), the system becomes fully ordered, with all spins aligned in

one of the two ground states.

We present here the replica method applied to an Ising model with random field as it

was derived in Weigt and Monasson [1996]. The authors consider the Hamiltonian

H = −
N∑
i=1

(Jisisi+1 + hisi) (2.110)

with Ising spins si = ±1 and periodic boundary conditions. The coupling constants and

the external fields are randomly drawn with the probability distribution
∏N

i=1P(Ji)p(hi).

One can write the 2× 2-transfer matrices

T1(Ji, hi) =

(
e+βJi+βhi e−βJi+βhi

e−βJi−βhi e+βJi−βhi

)
(2.111)

but in general, they will not be simultaneously diagonalizable. The calculation of the

thermodynamic properties, which requires the knowledge of the asymptotic properties of

the product
∏

i T1(Ji, hi) is rather involved but has been achieved for some particular

choices of disorder distribution, using Dyson’s method2

The authors decided to follow a different route, noticing that, since the disorder is

independently distributed from site to site, the free energy can be computed through the

knowledge of the replicated and disorder-averaged transfer matrix Tn = ⟨⟨T1(J, h)⊗n⟩⟩,
where ⟨⟨·⟩⟩ denotes

∫
dJdh · P(J)p(h)(.). This 2n × 2n matrix is determined by the

replicated spins {sa = ±1, a = 1, . . . , n}. Then, introduce the 2n vectors |a1, a2, . . . , aρ⟩ =⊗
a |Sa⟩, ai ̸= aj ∀i ̸= j, with up spins sa = +1 at and only at the sites a ∈ {a1, . . . , aρ}.

They constitute an orthonormal basis of the underlying replicated space Vn. The transfer

matrix elements are now given by

⟨a1, . . . , aρ|Tn|b1, . . . , bσ⟩ = ⟨⟨exp

(
βJ

n∑
a=1

sasa + βh

n∑
a=1

ra

)
⟩⟩ (2.112)

2Freeman J. Dyson (1923-2020) was a British theoretical physicist and mathematician whose work
spanned quantum electrodynamics, statistical mechanics, solid-state physics, and mathematics. He in-
troduced what is now known as Dyson’s method in his 1953 study of disordered one-dimensional spin
systems Dyson [1953].
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with {ra}, {sb} corresponding to |a1, . . . , aρ⟩, |b1, . . . , bσ⟩. These vectors are invariant

under replica renumbering, i.e., under all transformations of the permutation group Sn
given by its 2n-dimensional representation D(π)|a1, . . . , aρ⟩ = |π(a1), . . . , π(aρ)⟩, ∀π ∈
Sn. Every irreducible decomposition of this representation D is isomorphic to the most

general eigenspace decomposition of Vn. The crucial point in this method is to find such

a representation in order to diagonalize the transfer matrix. The number of up spins in

the basis vectors of Vn remains invariant under replica permutations. So we find n + 1

subrepresentations ∆ρ which are carried by the spaces spanned by {|a1, . . . , aρ⟩, 1 ≤ a1 <

. . . < aρ ≤ n}, ρ = 0, . . . , n. But for ρ ̸= 0, n these ∆ρ are still reducible. Using in

addition the symmetry ρ 7→ n− ρ, |±⟩ 7→ |∓⟩, we obtain the complete decomposition of

D: ∆0
∼= D0, ∆1

∼= D0 ⊕D1, . . ., ∆ρ
∼= D0 ⊕D1 ⊕ . . .⊕Dmin(ρ,n−ρ), . . ., ∆n

∼= D0, whose

irreducibility has been proven in the book Wigner [1959]. By changing the basis of Vn

with respect to this decomposition and taking at first the vectors of all D0-spaces, then

those of all D1-spaces, and so on, we can block-diagonalize the transfer matrix Tn.

Then we can move to the replica calculation. Replica symmetry (RS) corresponds to

the restriction to the first block since all D0-vectors are invariant under permutations.

Due to the representation structure, the RS-transfer matrix has n + 1 non-degenerate

eigenvalues and reads

T (0)
n (σ, τ) =

µ+∑
µ=µ−

(
σ

µ

)(
n− σ
τ − µ

)
⟨⟨exp{βJ(n+ 4µ− 2τ − 2σ) + βh(2σ − n)}⟩⟩ (2.113)

where µ− = max(0, σ + τ − n) and µ+ = min(σ, τ) and the indices σ, τ run from 0

to n. The RS site-dependent partition function is given by the iterative description

Zi+1(τ) =
∑n

σ=0 T
(0)
n (σ, τ)Zi(σ). Introducing the generating function Zi[x] =

∑
σ Zi(σ)xσ,

the latter reads

Zi+1[x] =

∫ ∞

0

dy⟨⟨e−βhn(eβJ + xe−βJ)nδ (y − f(x))⟩⟩Zi[y] (2.114)

where

f(x) = e2βh
e−βJ + xe+βJ

e+βJ + xe−βJ
. (2.115)

In the thermodynamic limit, we call Φ(x) the right eigenfunction of T
(0)
n→0 which has the

(maximal) eigenvalue unitary and an integral normalized to one,

Φ(x) =

∫ ∞

0

dy ⟨⟨δ(x− f(y))⟩⟩Φ(y) . (2.116)
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The free energy density is given by the O(n)-corrections in Eq. (2.114),

f = ⟨⟨h⟩⟩ − 1

β

∫ ∞

0

dx ⟨⟨log(eβJ + xe−βJ)⟩⟩Φ(x) (2.117)

To be sure that replica symmetry is not violated, we have to check that the eigenvalue

unity is not degenerate, i.e., reached in another eigenspace of Tn→0. In the following,

we shall therefore analyze the transfer matrix blocks corresponding to the non-trivial

representations Dρ, ρ ≥ 1. Each has n + 1 − 2ρ different eigenvalues of degeneracy(
n
ρ

)
−
(

n
ρ−1

)
. By ordering the basis vectors according to their permutation properties, one

can achieve a further block-diagonalization of these blocks into
(
n
ρ

)
−
(

n
ρ−1

)
identical blocks

of size (n + 1 − 2ρ) × (n + 1 − 2ρ) each one containing every eigenvalue of the Dρ-block

exactly once. The transfer matrix blocks read

T (ρ)
n (σ, τ) = ⟨⟨(2 sinh 2βJ)ρ T

(0)
n−2ρ(σ − ρ, τ − ρ; J, h)⟩⟩ , (2.118)

ρ ≤ σ, τ ≤ n− ρ, where T
(0)
n (σ, τ ; J, h) is given by Eq. (2.113) without averaging over the

quenched disorder. In the limit n → 0 we obtain for every positive number ρ a different

eigenvalue equation

λ(ρ) Φ(ρ)(x) =

∫ ∞

0

dy⟨⟨δ(x− f(y)) (f ′(y))ρ⟩⟩ Φ(ρ)(y) (2.119)

where we again used the function f(x) defined in Eq. (2.115). For every eigenfunction

Φ(1)(x) of T
(1)
n→0 the function d

dx
Φ(1)(x) is an eigenfunction of the RS transfer matrix with

the same eigenvalue. Only the largest eigenvalue (equal to one) of T
(0)
n→0, corresponding

to the density Eq. (2.116), cannot be reached by this procedure. Therefore the largest

eigenvalue of T
(1)
n→0 equals the second of T

(0)
n→0 and so on.
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Chapter 3

Generative Diffusion under the

Manifold Hypothesis

What is presented in this chapter is based on the paper Achilli et al. [2025]. Here, we

provide a detailed theoretical analysis of generative diffusion models when the data are

sampled from a low-dimensional, possibly nonlinear, manifold using random energy and

replica techniques.

When using the empirical score function as an approximation of the true one, we

highlight the presence of two dynamical phase transitions when simulating the reverse

process with time t going from +∞ to 0.

1. The first one, at time to, is called the onset transition. It is when basins of attraction

arise in correspondence to most data points, but they are not large enough to affect

typical trajectories.

2. The second, at time tc < to, is called collapse transition Biroli et al. [2024]. It

corresponds to typical diffused particles being trapped in the potential well of one

of the data points, with no chance of escaping it for the rest of the evolution. These

last results are consistent with the recent analysis of Ref. George et al. [2025].

For generically distributed data points, we show that the collapse transition corresponds

to the condensation transition in the REM. Moreover, we show that for t > tc the empirical

score is close to the true score.

Finally, in Section 3.3 we analyze the problem of generalization in DMs driven by the

empirical score, using two approaches. We first compute the optimal stopping time tg,

which is the time at which the KL divergence between the diffused empirical distribution

and the target distribution is minimal. We use the REM formalism again to compute
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this stopping time tg. We find that it is always located in the condensed phase, i.e.,

tg < tc, a phenomenon that has been observed recently in the related framework of kernel

approximations to large-dimensional densities Biroli and Mézard [2024]. The optimal

time tg is found to shrink to zero values faster than tc when the latent dimension of the

data decreases. In a second approach, we combine results obtained via REM formalism

with random matrix computations (as performed in Ventura et al. [2025]), in order to

deduce an empirical generalization criterion for DMs sampling before memorization. In

the whole chapter, we analyze diffusion models driven by the empirical score function.

The main objective is to understand how data structure can impact memorization and

generalization; thus, we adopt the Hidden Manifold Model, described in Sec. 2.4.1. The

diffusion paradigm we adopt is the variance-exploding one.

3.1 The Random Energy Model formalism

In order to compute the main quantities that characterize Diffusion Models (DMs), we

introduce the tools needed to solve a generic REM, following Lucibello and Mézard [2024].

Let us consider P = eαN (or equivalently P = eαN−1) i.i.d. energy levels εµ ∼ p(ε |ω),

where we extend the typical REM setting allowing for a common source of quenched

disorder ω ∼ pω. The goal is to compute the average asymptotic free energy of the

system, defined by

ϕα(λ) = lim
N→∞

1

λN
E log

∑
µ

eλN εµ (3.1)

We shall assume that the probability distribution of the energy levels is such that, with

probability one over the choice of ω when N →∞, the cumulant generating function has a

well-defined limit: limN→∞
1
N

logEε |ω e
λN ε exists, and the distribution over the choices of

ω concentrates around its mean. Then we define the typical cumulant generating function

and its Legendre transform:

ζ(λ) = lim
N→∞

1

N
Eω logEε |ω e

λN ε, (3.2)

s(ε) = sup
λ

ε λ− ζ(λ). (3.3)

The total entropy of the system is Σ(ϵ) = α − s(ε). Depending on the value of Σ(ϵ),

the REM displays a separation into two thermodynamic phases: an uncondensed phase

where the system can populate an exponential number of energy levels, at lower values
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of λ; a condensed phase where the system is able to populate a unique energy state, at

higher values of λ.

Let us define the quantities ε∗(α) and λ∗(α) respectively as the maximum value of the

energy levels in the uncondensed phase, obtained as the largest root of Σ(ε∗) = 0, and the

condensation threshold. Notice that we are seeking the maximum energy, by definition

of the free-energy function in Eq. (3.1). In the uncondensed phase, i.e. when λ < λ∗(α),

the dominating energy level ε̃(λ) is obtained as the stationary point of λ ε−s(ε), and by

the Legendre transform definition of ζ(λ) this is equivalent to ε̃(λ) = ζ ′(λ). The entropy

of the dominating state can be rewritten as Σ(ε̃(λ)) = α − s(ε̃(λ)) = α + ζ(λ) − λζ ′(λ),

so the condensation threshold λ∗(α) is obtained from the condensation condition

α + ζ(λ∗)− λ∗ζ ′(λ∗) = 0. (3.4)

Finally, the free energy is given by

ϕα(λ) =


α+ζ(λ)

λ
λ < λ∗(α),

ε∗(α) λ ≥ λ∗(α).
(3.5)

3.2 Memorization in Generative Diffusion

We here analyze the memorization phenomenology in generative diffusion when the model

is trained on structured data. Other works in the literature that employ similar data

models, such as Boffi et al. [2025], while studies contained in Leigh Ross et al. [2025],

Chen et al. [2023], Pidstrigach [2022], Stanczuk et al. [2024] study the effect of a latent

data dimensionality on generative diffusion. Let us recall the expression of the empirical

density at time t in the variance exploding formalism

pemp
t (x) =

1

P
√

2πt
N

P∑
µ=1

e−
1
2t
∥x−ξµ∥2 . (3.6)

We will hereby use three expressions that all refer to the same dynamic process: collapse,

condensation, and memorization. The first two idioms, which derive from the REM

terminology, will be proved to coincide in this framework, due to the typicality of the

stochastic trajectories involved (see Achilli et al. [2024] for a case where this equivalence

does not hold); the third concept, i.e. memorization, is more widely employed in the

literature and we will use it as an umbrella term for the first two. Following Biroli et al.
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Figure 3.1: Pictorial representation of the phases identified in the reverse process (from
large times to t = 0) driven by the empirical score. The evolution of a typical trajectory
is represented by a dotted blue line. For t < to, data points form a basin around them,
but the typical trajectory is not affected by this. For to < t < tc, the basins of attraction
of the data points cover the whole space, trajectories cannot escape them once inside, and
eventually fall into the data points at time t = 0.

[2024], we are treating the attraction of the diffusive trajectories by the data points in

terms of the collapse phase transition occurring in an effective REM. We find two main

dynamical events occurring in time:

1. The appearance of attractors with finite basins of attraction in the diffusion at time

t = to. We call this time onset time, and it consists of the moment when training

data become attractive, yet without influencing the typical diffusive trajectory of

the model. This is also the time where data typically become local maxima of the

mixture of gaussian in Eq. (3.6).

2. The collapse of the typical diffusive trajectory on the training data points, occurring

at time t = tc < to.

Fig. 3.1 provides for a sketch of the phase separation described above.

3.2.1 Collapse Time

Here we first recap the collapse condition for diffusion models as it was introduced in

Biroli et al. [2024], that we have described in Section 2.3.3, and then proceed to compute

it for our data-generating model. If we start the forward diffusion process from one of the

data points, e.g. ξ1, then the typical trajectory is xt = ξ1 +ω
√
t, with ω ∼ N (0, IN). We

want to see at which time tc the term µ = 1 dominates the summation in the measure,
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which for our choice of xt takes the form

pemp
t (x) =

1

P
√

2πt
N

(
e−

∥ω∥2
2 +

∑
µ≥2

e−
1
2t
∥(ξ1−ξµ)+ω

√
t∥2
)

(3.7)

=
1

P
√

2πt
N

(Z1 + Z2,...,P ) . (3.8)

In the limit of P,N → ∞ with α = logP
N

fixed, we find Z1 ≃ e−N/2, while 1
N

logZ2,...,P

concentrates around ϕt, with

ϕt = lim
N→∞

1

N
log
∑
µ≥2

e−
1
2t
∥(ξ1−ξµ)+ω

√
t∥2 . (3.9)

One can make a signal-to-noise argument by comparing the concentrated versions of Z1

and Z2,..,P . This approach leads to the so-called collapse criterion, also used in Biroli et al.

[2024], Lucibello and Mézard [2024]. This criterion requires

α + ζtc(1) = −1

2
. (3.10)

Since now the noise in the process is played by the factor λ/t. As noticeable from

Eq. (3.10), in this problem we are imposing λ∗ = 1 to compute the time tc at which

collapse occurs. For given ξ1, ϕt is minus the average free energy density of a REM,

ϕt = limN→∞
1
N

log
∑

µ≥2 e
ϵµ with P − 1 energy levels ϵµ = − 1

2t
∥(ξ1 − ξµ) + ω

√
t∥2.

We then need to find the cumulant generating function for the energy levels

ζt(λ) = lim
N→+∞

1

N
logEϵe

λϵ (3.11)

= lim
N→+∞

1

N
Eξ1,ω logEξ2e

− λ
2t
∥(ξ1−ξµ)+ω

√
t∥2 . (3.12)

3.2.2 Collapse Time for Homogeneous Gaussian Data

In order to investigate the scaling of tc with respect to the control parameters, let us

simplify even more the data model and assume that D dimensions have variance σ2
i = σ2

and N −D have variance σ2
i = 0. We have

ζt(λ) = −1

2
αD log(1 +

λ

t
σ2)− λ

2
αD

t+ σ2

t+ λσ2
− λ

2
(1− αD). (3.13)
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We can find the collapse time from the condition in Eq. (3.10) which implies

−αD log(1 +
σ2

αDt
)− 1 + 2α = −1 (3.14)

The solution is

tc =
σ2N/D

e2 logP/D − 1
. (3.15)

The collapse time depends on the manifold dimension and the number of hidden points.

The so-called curse of dimensionality, i.e. the need for a number of training data points

that scales exponentially in the visible dimension of the data space Yarotsky [2017], Cy-

benko [1989], has been mitigated by the fact that we have an effective dimensionality for

the data. Indeed, if in general one needs a number of data that scales exponentially with

the system size P = eαN in order to have a collapse time of O(1), here we only need

P = eβD.

If we consider the limit of D ≪ logP and D ≪ N we have

tc ≈
σ2

2

N

D
e−

2 logP
D , (3.16)

which goes to zero fast.

Variance Preserving Case

Here we report the same derivation in the variance-preserving scenario, for comparison

with estimates obtained by the unstructured case in Biroli et al. [2024]: the main differ-

ence, which is conserved in the variance-exploding model, lies in the substitution of the

visible dimension N with the latent one D in the exponent contained in tc.

If indeed we consider the variance preserving framework where x = ξ1e−t + ω
√

∆t,

∆t = 1− e−2t, the cumulant generating function reads

ζt(λ) = −1

2
αD log(1 +

λe−2t

∆t

σ2)− λ

2
αD

∆t + σ2e−2t

∆t + λσ2e−2t
− λ

2
(1− αD) (3.17)

The solution of Eq. (3.10) is

tc =
1

2
log

(
1 +

σ2

e2α/αD − 1

)
(3.18)

=
1

2
log

(
1 +

σ2

e
2 logP

D − 1

)
. (3.19)

49



Figure 3.2: Semi-logarithmic plots of tc in the linear manifold case (solid) compared to
the homogeneous Gaussian case (dashed) for different values of αD (Left) and α (Right).

Such expression for the collapse time has been also recently found by George et al. [2025],

and it can be easily compared with the one found in Biroli et al. [2024] for αD = 1, i.e.

the homogeneous Gaussian case.

3.2.3 Collapse for Manifold Data

If we assume that the data points come from a linear manifold, ξµ = 1√
D
Fzµ, then

Eq. (3.12) becomes

ζt(λ) = lim
N→∞

1

N
EF,z1,ω logEz2e

− λ
2t
∥(Fz2−Fz1)+ω

√
t∥2 . (3.20)

We derive the collapse equation for this case in Section 3.2.3, that then we solve numeri-

cally. In Fig. 3.2 we show how tc scales with the ratio α/αD, i.e. logP/D. These curves

are compared with the Gaussian expression for tc contained in Eq. (3.15). It is straight-

forward to notice that the slopes of the curves are the same for α ≫ αD, meaning that

even in the linear manifold case we observe the same exponential scaling with logP/D

obtained for the homogeneous Gaussian scenario. Fixing α, which here corresponds to

fixing the number of data points, we see that the collapse time decreases with the hid-

den dimensionality D. Moreover, collapse occurs earlier in the reversed process when the

number of data points is smaller.

Let us now consider a non-linear manifold for the data points, i.e. ξµ = g
(

1√
D
Fzµ

)
.
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In this case Eq. (3.12) assumes the following expression

ζt(λ) = lim
N→+∞

1

N
Ez1,F,ω logEz2e

− λ
2t
∥
(
g
(

1√
D
Fz1

)
−g

(
1√
D
Fz2

))
+ω

√
t∥2
. (3.21)

This function can be computed using the replica method, as shown in Sec. 3.2.3. We find

an expression for ζt in the RS approximation, i.e.

ζt(λ; qd, q0,m, q̂d, q̂0, m̂) = −αDmm̂−
αD

2
(qdq̂d−q0q̂0)+αDGS(q̂d, q̂0, m̂)+GE(λ, t; qd, q0,m),

(3.22)

with

GS(q̂d, q̂0, m̂) = −1

2
log (1− q̂d + q̂0) +

1

2

m̂2 + q̂0
1− q̂d + q̂0

, (3.23)

and

GE(λ, t; qd, q0,m) =

∫
Dω

∫
Dγ

∫
Du0 log

(∫
Du e

− λ
2t

(
g(u0)−g

(√
qd−q0u+mu0−

√
q0−m2γ

)
+
√
tω

)2
)
.

(3.24)

Then we solve the saddle point equations (which depend on the choice of the non-linearity)

to obtain the typical value of ζt. At this point, the collapse condition is solved numerically,

and the scaling of the collapse time can be compared to the one found for linear manifolds.

Fig. 3.3 depicts the instance of g(x) = tanh (x). As one can notice, curves for the non-

linear and linear cases show the same qualitative behavior, displaying the same type of

scaling as a function fo α/αD and αD when the number of data are fixed.

Computation of the Generating function: Linear case

Here we report some calculations needed to obtain the generating function in the linear

manifold case. All the results are summarized in Sec. 3.2.3, while this one summarizes
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Figure 3.3: Semi-logarithmic plots of tc in the hidden manifold case (solid) with tanh
activation compared to the linear manifold case (dashed) for different values of αD (Left)
and α (Right).

the techniques. In the variance exploding case we have

ζt(λ) = lim
N→∞

1

N
EF,z1,ω logEz2e

− λ
2t
∥
(

F√
D
z2− F√

D
z1

)
+ω

√
t∥2

(3.25)

= lim
N→∞

1

N
EF,z1,ω log

∫
dz2

2π
e
− 1

2
z2(I+λ

t
FT F
D

)z2+λ
t
z2(F

T F
D

z1− FT
√
D
ω
√
t)− λ

2t
∥− F√

D
z1+ω

√
t∥2

(3.26)

= lim
N→∞

1

N
EF,z1,ω

[
− 1

2
log det(I +

λ

t

F TF

D
)

+
1

2

λ2

t2
(
F TF

D
z1 − F T

√
D
ω
√
t)T (I +

λ

t

F TF

D
)−1(

F TF

D
z1 − F T

√
D
ω
√
t)

− λ

2t
∥− F√

D
z1 + ω

√
t∥2
]

(3.27)

= lim
N→∞

1

N
EF,z1,ω

[
− 1

2
log det(I +

λ

t

F TF

D
)

+
λ2

2t2
(
F√
D
z1)T

F√
D

(I +
λ

t

F TF

D
)−1 F

T

√
D

(
F√
D
z1)

− λ

2t
∥− F√

D
z1∥2+ λ2

2t2
(
F T

√
D
ω
√
t)T (I +

λ

t

F TF

D
)−1(

F T

√
D
ω
√
t)− λ

2t
∥ω
√
t∥2
]

(3.28)
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Now with a rotation we can position in the basis of the eigenvectors of F⊤F
N

, with eigen-

values σ2
k

= lim
N→∞

1

N

N∑
i

−λ
2

+
1

N

D∑
k

[
− 1

2
log(1 +

λ

αDt
σ2
k) +

λ2

2α2
Dt

2
(

σ4
k

1 + λ
αDt

σ2
k

)

− λ

2αDt
σ2
k +

λ2

2αDt2
(

tσ2
k

1 + λ
αDt

σ2
k

)

]
(3.29)

= −λ
2

+ lim
N→∞

1

N

∑
k

[
− 1

2
log(1 +

λ

αDt
σ2
k) +

λ2

2αDt
(

σ4
k

αDt+ λσ2
k

)

− λ

2αDt
σ2
k +

λ2

2t
(

tσ2
k

αDt+ λσ2
k

)

]
(3.30)

= −λ
2

+ lim
N→∞

1

N

∑
k

[
−1

2
log(1 +

λ

αDt
σ2
k)

]
(3.31)

Here we have assumed that αD < 1. Taking the limit N →∞ the sum becomes an inte-

gration over the distribution ν of σ2, which is the bulk of a Marchenko-Pastur distribution

ζt(λ) = −λ
2
− αD

2

∫
ναD

(dσ2) log

(
1 +

λσ2

αDt

)
(3.32)

with

dνγ(x) =
1

2π

√
(γ+ − x)(γ− − x)

γx
I
(
x ∈ [γ−, γ+]

)
(3.33)

γ± = (1±√γ)2 (3.34)

If we compute everything at λ = 1 this becomes

ζt(1) = −1

2

∫
ναD

(dσ2)

[
log(1 +

σ2

αDt
)

]
− 1

2
(3.35)

Taking the derivative

ζ ′t(λ) = −αD

2

∫
ναD

(dσ2)
σ2

αDt+ λσ2
(3.36)

ζ ′t(1) = −1

2
(3.37)
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We can also use replica theory, which will be necessary in the non-linear case, and compare

the results. The replicated ζt reads

EZn = EF,ωEz0:n e
− λ

2t

∑
a′∥

Fz0√
D

−Fza
′

√
D

∥2−λω
t

∑
a′

(
Fz0√

D
−Fza

′
√

D

)
−λ

2
∥ω∥2

(3.38)

= EF,ωEz0:n e
− λ

2t

∑
a′∥

Fz0√
D

−Fza
′

√
D

∥2−λω
t

∑
a′

(
Fz0√

D
−Fza

′
√

D

)
−λ

2
∥ω∥2

(3.39)

= EF,ωEz0:n

∫
dûdu

2π
e
− λ

2t

∑
i,a′

(
u0
i−ua′

i

)2
−λ

2

∑
i,a′ ωi(u

0
i−ua′

i )−λ
2

∑
i ω

2
i

× e−i
∑n

i,a=0 û
a
i u

a
i +

∑
a

i√
D

∑
ik ûa

i Fikz
a
k (3.40)

= EωEz0:n

∫
dûdu

2π
e
− λ

2t

∑
i,a′

(
u0
i−ua′

i

)2
−λ

2

∑
i,a′ ωi(u

0
i−ua′

i )−λ
2

∑
i ω

2
i

× e−i
∑n

i,a=0 û
a
i u

a
i −

1
2D

∑
ik(

∑
a ûa

i z
a
k)

2

(3.41)

= EωEz0:n

∫
dûdu

2π
e
− λ

2t

∑
i,a′

(
u0
i−ua′

i

)2
−λ

2

∑
i,a′ ωi(u

0
i−ua′

i )−λ
2

∑
i ω

2
i

× e−i
∑n

i,a=0 û
a
i u

a
i −

1
2D

∑
ab(

∑
i û

a
i û

b
i)(

∑
k zakz

b
k) (3.42)

=

∫
dq dq̂ enNϕλ(q,q̂) (3.43)

with the overlaps defined as

qab =
1

D

∑
k

zakz
b
k (3.44)

so that we can write the replicated action

ζt(λ, t; q, q̂) = − 1

2n

D

N

n∑
ab=0

qabq̂ab +
D

N
GS(q̂) +GE(λ, t; q) (3.45)

with

GS(q̂) =
1

n
logEz0:n e

1
2

∑
ab q̂abz

azb (3.46)

GE(λ, t; q) =
1

n
log

∫
Dω

∫ n∏
a=0

dûadua
2π

e−
λ
2t

∑
a′ (u

0−ua′+ω
√
t)2−i

∑n
a=0 û

aua− 1
2

∑
ab û

aûbqab

(3.47)
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Using the replica symmetric ansatz

qab =


1 m . . . m

m qd q0
...

. . .

m q0 qd

 ; q̂ab =


0 m̂ . . . m̂

m̂ q̂d q̂0
...

. . .

m̂ q̂0 q̂d

 (3.48)

we find

ζt(λ; qd, q0,m, q̂d, q̂0, m̂) = −αDmm̂−
αD

2
(qdq̂d−q0q̂0)+αDGS(q̂d, q̂0, m̂)+GE(λ, t; qd, q0,m)

(3.49)

with

GS(q̂d, q̂0, m̂) = −1

2
log (1− q̂d + q̂0) +

1

2

m̂2 + q̂0
1− q̂d + q̂0

(3.50)

and for the energetic term

GE =

∫
Dω

∫
Dγ

∫
Du0 log

∫
Du e

− λ
2t

(
u0−

√
qd−q0u−mu0+

√
q0−m2γ

)2

(3.51)

× e−
λω√

t

(
u0−

√
qd−q0u−mu0+

√
q0−m2γ

)
−λ

2
ω2

(3.52)

=

∫
Dω

∫
Dγ

∫
Du0

[
− λ

2t

(
(1−m)u0 +

√
q0 −m2γ

)2
− λω√

t

(
(1−m)u0 +

√
q0 −m2γ

)
− λ

2
ω2 − 1

2
log

(
1 +

λ(qd − q0)
t

)
+

1

2

(
1 +

λ(qd − q0)
t

)−1(
λ

t

√
qd − q0

(
(1−m)u0 +

√
q0 −m2γ

)
+
λω

t

√
qd − q0

)2 ]
(3.53)

= −1

2

λ+ log

(
1 +

λ(qd − q0)
t

)
+
λ

t
(1− 2m+ q0)−

λ2(qd − q0)(1− 2m+ q0 + t)

t2
(

1 + λ(qd−q0)
t

)


(3.54)

In order to compute the typical value of ζt(λ) to employ for solving the collapse condition,
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we need to derive the following saddle point equations

∂ζt
∂q̂d

= 0 qd =
1

1− q̂d + q̂0
+

m̂2 + q̂0

(1− q̂d + q̂0)
2 (3.55)

∂ζt
∂q̂0

= 0 q0 =
1

1− q̂d + q̂0
+

m̂2 + q̂d − 1

(1− q̂d + q̂0)
2 (3.56)

∂ζt
∂m̂

= 0 m =
m̂

1− q̂d + q̂0
(3.57)

∂ζt
∂qd

= 0 q̂d =
2

αD

(
−1

2

)
λ (t+ (−1− 2m+ q0 + t)λ)

(t+ (q − q0)λ)2
(3.58)

∂ζt
∂q0

= 0 q̂0 = − 2

αD

(
−1

2

)
(1− 2m+ q0 + t)λ2

(t+ (q − q0)λ)2
(3.59)

∂ζt
∂m

= 0 m̂ =
1

αD

(
−1

2

)−2λ

t
+

2(q − q0)λ2

t2
(

1 + (q−q0)λ
t

)
 . (3.60)

By solving these saddle point equations we recover perfect agreement with Eq. (3.35).

Computation of the Generating function: Non-linear case

In the non-linear case, the replicated partition function reads

EZn = EF,ωEz0:n e
− λ

2t

∑
a′∥g

(
Fz0√

D

)
−g

(
Fza

′
√
D

)
+ω

√
t∥2

(3.61)

= EF,ωEz0:n

∫
dûdu

2π
e
− λ

2t

∑
i

∑
a′
(
g(u0

i )−g
(
ua′
i

))
+ωi

√
t)2
e
−i

∑
i

∑n
a=0 û

a
i u

a
i +

∑
a

i√
D

∑
ik ûa

i Fikz
a
k

(3.62)

= EωEz0:n

∫
dûdu

2π
e
− λ

2t

∑
i

∑
a′
(
g(u0

i )−g
(
ua′
i

)
+ωi

√
t
)2

e−i
∑

i

∑n
a=0 û

a
i u

a
i −

1
2D

∑
ik(

∑
a ûa

i z
a
k)

2

(3.63)

= EωEz0:n

∫
dûdu

2π
e
− λ

2t

∑
i

∑
a′
(
g(u0

i )−g
(
ua′
i

)
+ωi

√
t
)2

e−i
∑

i

∑n
a=0 û

a
i u

a
i −

1
2D

∑
ab(

∑
i û

a
i û

b
i)(

∑
k zakz

b
k)

(3.64)

=

∫
dq dq̂ enNϕλ(q,q̂) (3.65)

with the overlaps defined as

qab =
1

D

∑
k

zakz
b
k (3.66)
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so that we can write the replicated action

ζt(q, q̂) = − 1

2n

D

N

n∑
ab=0

qabq̂ab +
D

N
GS(q̂) +GE(q) (3.67)

with

GS =
1

n
logEz0:n e

1
2

∑
ab q̂abz

azb (3.68)

GE =
1

n
log

∫
Dω

∫ n∏
a=0

dûadua
2π

e
− λ

2t

∑
a′ (g(u0)−g

(
ua′

)
+ω

√
t)2−i

∑n
a=0 û

aua− 1
2

∑
ab û

aûbqab (3.69)

We invoke the replica symmetric ansatz as performed in the linear case (see Sec 3.2.3)

and obtain the same expression for ζt(qd, q0,m, q̂d, q̂0, m̂) with a different energetic term,

due to the non-linearity, that reads

GE =
1

n
log

∫
Dω

∫ n∏
a=0

dûadua
2π

e
− λ

2t

∑
a′ (g(u0)−g

(
ua′

)
+ω

√
t)2−i

∑n
a=0 û

aua− 1
2

∑
ab û

aûbqab (3.70)

=
1

n
log

∫
Dω

∫
du0dû0
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n∏
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′
dûa

′

2π
e
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2t

∑
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(
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)
+ω

√
t)2

× e−
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a′ iû
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2
−mû0
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2
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∑
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(
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)2
− 1

2
q0
(∑
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a′
)2

(3.71)

=
1

n
log

∫
Dω

∫
du0√

2π

n∏
a′=1

dua
′
dûa

′

2π
e

1
2

(
m

∑
a′ û

a′+iu0
)2

e
− λ

2t

∑
a′ (g(u0)−g

(
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)
+ω

√
t)2

× e−
∑

a′ iû
a′ua′− 1

2
(qd−q0)

∑
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(
ûa′

)2
− 1

2
q0
(∑

a′ û
a′
)2

(3.72)

=
1

n
log

∫
Dω

∫
Dγ

∫
du0√

2π
e−

1
2(u0)

2
∫ n∏

a′=1

dua
′
dûa

′

2π
e
− λ

2t

∑
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(
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)
+ω

√
t)2

× e−i
∑
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(
ua′−mu0+

√
q0−m2γ

)
− 1

2
(qd−q0)

∑
a′
(
ûa′

)2

(3.73)

=
1

n
log

∫
Dω

∫
Dγ

∫
Du0

(∫
du√
2π

e−
λ
2t
(g(u0)−g(u)+ω

√
t)2 1√

qd − q0

× e−
1

2(qd−q0)

(
u−mu0+

√
q0−m2γ
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(3.74)

=

∫
Dω

∫
Dγ

∫
Du0 log

(∫
Du e

− λ
2t

(
g(u0)−g

(√
qd−q0u+mu0−

√
q0−m2γ

)
+
√
tω

)2
)
.

(3.75)
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We can then take derivatives to obtain the saddle point equations, which will of course

depend on the choice of the non-linearity g, and solve them numerically, to obtain the typ-

ical ζt(λ). At this point one can solve the collapse condition and recover the memorization

time as in Fig. 3.3.

Equivalence between Collapse and Condensation

In Eq. (3.10) we have introduced a criterion for collapse time. In Sec. 2.3.2 we have also

discussed the condensation threshold for the REM which, in the context of DMs reads

α + ζtcond
(1)− ζ ′tcond

(1) = 0. (3.76)

In order to establish that the condensation and collapse phenomena happen at the same

time, tc = tcond, we would therefore need to prove that

ζ ′tc(1) = −1

2
. (3.77)

This is indeed what we find for a typical trajectory as a consequence of the Nishimori

condition.

We consider a typical data to be a diffused version of one of the starting training

points

xt = ξ1 +
√
tω. (3.78)

Notice that here we use the variance exploding diffusion process for homogeneity with the

rest of the paper, but this analysis does not depend on the diffusion protocol, as long as

we consider a typical point.

We now write ζt(λ) as

ζt(λ) = Eξ1Ep(xt|ξ1) logEξpλ(xt|ξ) (3.79)

where the data points come form a prior distribution, ξ1, ξ ∼ p(ξ), and the likelihood has

the form

pλ(xt|ξ) ∝ e−
λ
2t
∥xt−ξ∥2 . (3.80)
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Then we compute ζ ′t(λ) taking the derivative

∂λ logEξpλ(xt|ξ) =

∫
−∥xt−ξ∥2

2t
pλ(xt|ξ)p(ξ) dξ∫

pλ(xt|ξ)p(ξ) dξ
(3.81)

=

∫
−∥xt − ξ∥

2

2t
pλ(ξ|xt) dξ (3.82)

so we can write this quantity as an average with respect to the posterior distribution

p(ξ|xt), which we will indicate with ⟨·⟩ξ|x. Substituting λ = 1 and applying the Nishimori

condition Nishimori [1980] we finally obtain

ζ ′t(1) = Eξ1

[
Ex|ξ1

[
⟨−∥xt − ξ∥

2

2t
⟩ξ|x
]]

(3.83)

= Eξ1

[
Ex|ξ1

[
−∥xt − ξ

1∥2

2t

]]
(3.84)

= −1

2
. (3.85)

3.2.4 Onset Time and Basins of Attraction

The goal of this section is to compute the onset time to, i.e. the time at which data

points start to become attractors in the diffusion potential. Since the computation does

not average over the typical positions sampled by the reverse process, even if data become

locally attractive, we find that they do not influence the typical trajectories until tc. This

aspect is the main difference between the onset time and the speciation time computed

by Biroli and Mézard [2023]: while the former is intrinsic in the dataset itself, the latter

depends on the structure of the data points as divided in multiple classes and it does

affect the direction of the diffusion in the ambient space.

The onset time can be computed setting xt = ξ1 and checking when the corresponding

collapse condition is satisfied. Such, condition, that is analogous to the one in Eq. (3.10),

consists in requiring the relative REM free energy equal to zero, i.e. ϕto = 0. As done for

the condensation time, let us first compute the collapse time in the simple homogeneous

Gaussian setting, where D variances are equal to σ2 and the remaining ones are null. The

moment-generating function of the relative REM is

ζt(λ) = lim
N→∞

1

N
Eξ1 logEξe

− λ
2t
∥ξ1−ξ∥2 = −αD

2

(
log

(
1 +

λσ2

αDt

)
+

λσ2

αDt+ λσ2

)
. (3.86)
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Figure 3.4: (Left) Onset time to as a function of α/αD in semi-log scale in the hidden
manifold case (solid) with tanh activation compared to the linear manifold case (dashed);
(Center) to as a function of αD for fixed α in semi-log scale for tanh activation; (Right)
comparison of the onset time to with the collapse time tc as a function of αD when α is
fixed and g = tanh.

In analogy with the collapse condition in Eq. (3.10), the on-set time condition must be

ζto(1) + α = 0, (3.87)

which reads

log

(
1 +

σ2

αDto

)
+

σ2

σ2 + αDto
− 2α

αD

= 0. (3.88)

The same calculation in then performed in the case of manifold structured data for dif-

ferent choices of the g function. The computation is carried out by means of the replica

method and it is reported later in this Section. Results are reported in Fig. 3.4. The

left panel in the figure shows the onset time as a function of the ratio α/αD, suggesting

that to behaves similarly to the condensation time tc. The right panel shows how to/tc

increases when the data are more structured (i.e. when αD decreases). Surprisingly, this

quantity also reaches a constant value when α is fixed and αD → 0, in the linear case. Due

to numerical limitations in computing the saddle point equations we could not observe

the same trend in the non-linear scenario. Yet, the good qualitative agreement between

the linear and non-linear cases at higher values of αD suggests that the non-linear model

might reach the same plateau. This particular behavior of the onset time might be at-

tributable to the exponentially large size of the basins of attraction of the data points.

Let us now consider a more general case where xt = ξ1 + ω
√
R where ω ∼ N (0, IN)
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Figure 3.5: The violet line gives the radius R of the basin of attraction around one data
point as a function of time. All particles at a distance smaller than R(t) collapse to
the same data point, while the ones at larger distances do not. The basin of attraction
appears at t = to and it is maximal at t = tc, where the value of R equals the diffusion
noise. Typical trajectories are trapped into the basin of attraction at times smaller than
tc. The parameters are σ2 = 1, α = 1, αD = 0.5 .

and R is an arbitrary positive real value. Then one can repeat the calculation for the

homogeneous Gaussian framework and obtain

ζt,R(λ) = lim
N→∞

1

N
Eξ1,ω logEξe

− λ
2t
∥(ξ1−ξ)+ω

√
R∥2 (3.89)

= −1

2

(
αD log

(
1 +

λσ2

αDt

)
+
αDλσ

2

t

(t− λR)

αDt+ λσ2
+
λR

t

)
. (3.90)

Note that this expression for ζ coincides with Eq. (3.13) when R = t and with Eq. (3.86)

when R = 0. The new collapse condition for R(t) is given by

ζt,Rc(1) + α = −Rc

2t
. (3.91)

The value of Rc when t ∈ [tc, to] represents the main distance at which particles would

start feeling the attraction to the data point ξ1, i.e. the particle is in the basin of attraction

of the pattern if R < Rc. Fig. 3.5 reports the size of the basins of attraction as a function

of the time for one realization of σ2, α, αD. The radius R starts assuming non-zero values

at t = to and equals the noise of stochastic process Rc = tc when t = tc. When t ∈ [0, tc]

each possible trajectory (both typical and non-typical) has collapsed in one of the basins,

by definition of collapse time.
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Computation of the Generating function: Linear case

As explained in Section 2.3.2, we need to compute the cumulant generating function as

ζt(λ) = lim
N→∞

1

N
EF,z0 logEze

− λ
2t
∥
(

Fz√
D
−Fz0√

D

)
∥2

(3.92)

= lim
N→∞

1

N
EF,z0 log

∫
dz√
2π

e
− 1

2
z(ID+λ

t
FT F
D

)z+λ
t
z(F

T F
D

z0)− λ
2t
∥−Fz0√

D
∥2

(3.93)

= lim
N→∞

1

N
EF,z0

[
− 1

2
log det

(
ID +

λ

t

F TF

D

)

+
1

2

λ2

t2

(
F TF

D
z0
)T (

ID +
λ

t

F TF

D

)−1(
F TF

D
z0
)
− λ

2t
∥Fz

0

√
D
∥2
]
. (3.94)

Now with a rotation we can position in the basis of the eigenvectors of F⊤F
N

, with eigen-

values σ2
k

= lim
N→∞

1

N

D∑
k

[
−1

2
log

(
1 +

λ

αDt
σ2
k

)
+

λ2

2α2
Dt

2

(
σ4
k

1 + λ
αDt

σ2
k

)
− λ

2αDt
σ2
k

]
(3.95)

= lim
N→∞

1

N

∑
k

[
−1

2
log

(
1 +

λ

αDt
σ2
k

)
− λ

2

σ2
k

αDt+ λσ2
k

]
. (3.96)

Here we have assumed that αD < 1. Replacing with the law ν for the bulk of the

Marchenko-Pastur distribution we have

ζt(λ) = −αD

2

∫
ναD

(dσ2)

[
log

(
1 +

λσ2

αDt

)
+

λσ2

αDt+ λσ2

]
. (3.97)

This expression of ζt at λ = 1 is then used to obtain ϕ(α, t).

Computation of the Generating function: Non-linear case

In case of non-linear functions that define the manifold, we are going to employ the

replica method to compute the REM free-energy, as we performed for the condensation
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time. First we need to compute the cumulant generating function as

ζt(λ) = lim
N→∞

1

N
Ex logEξ[e

− λ
2t
∥x−ξ∥2 ] (3.98)

= lim
N→∞

1

N
EF,z0 logEz[e

− λ
2t
∥g(Fz0√

D
)−g( Fz√

D
)∥2

] (3.99)

= lim
N→∞

1

N
EF,za [e

− λ
2t

∑
a′ ∥g(

Fz0√
D
)−g(

Fza′√
D

)∥2
]. (3.100)

Using the replica symmetric ansatz we obtain

ζt(λ; qd, q0,m, q̂d, q̂0, m̂) = −αDmm̂−
αD

2
(qdq̂d−q0q̂0)+αDGS(q̂d, q̂0, m̂)+GE(λ, t; qd, q0,m)

(3.101)

with

GS(q̂d, q̂0, m̂) = −1

2
log (1− q̂d + q̂0) +

1

2

m̂2 + q̂0
1− q̂d + q̂0

(3.102)

and for the energetic term

GE(λ, t; qd, q0,m) =

∫
Dγ

∫
Du0 log

(∫
Due

− λ
2t

(
g(u0)−g

(√
qd−q0u+mu0−

√
q0−m2γ

))2
)
.

(3.103)

Then one can solve the saddle point equation, which will depend on the choice of the

non-linearity g, and obtain ζt(λ) at the fixed point.

3.3 Generalization in Generative Diffusion

In this section, we compute the optimal time tg such that the empirical probability distri-

bution of a DM better fits the target distribution. The degree of generalization of a DM

driven by its empirical score can be quantified in terms of the Kullback-Leibler (KL) di-

vergence between the empirical probability distribution of the model and the distribution

of the data points on the manifold. We first show that the true score and the empirical

one do not differ, in the large volume limit, above the collapse transition. Secondly, we

calculate tg for different choices of α and αD, showing that this time is always contained

within the condensed phase of the auxiliary REM, i.e. the memorization phase of the

DM. A similar effect has been found when seeking the best kernel to approximate prob-

ability densities from large-dimensional data: the optimal kernel width is found in the

condensed phase Biroli and Mézard [2024]. This is no coincidence: in generative diffusion,

the effective probability distribution pemp
t is a sum of Gaussian kernels centered on the
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data points. Finally, since the computation of tg relies on the presence of collapse over

the training set, which is not always encountered in real-world applications of generative

diffusion, we propose an alternative criterion to define generalization in DMs.

3.3.1 True vs Empirical Distribution

The Kullback-Leibler (KL) divergence between the true and empirical distribution is

lim
N→∞

1

N
EDDKL[pt(x) | pemp

t,D (x)] = lim
N→∞

1

N
ED

[∫
dxt pt(x) log pt(x)−

∫
dx pt(x) log pemp

t,D (x)

]
(3.104)

In the uncondensed phase we can exploit the fact that the annealed approximation holds,

combined with ED
[
pemp
t,D (x)

]
= pt(x) to obtain

lim
N→∞

1

N
EDDKL[pt(x) | pemp

t,D (x)] =

0 uncondensed phase

ε∗(t, α)− α− 1
2

log(2πt)−Ht condensed phase

(3.105)

with ε∗(t, α) = − limN→∞ Ex,D
1

2Nt
∥xt − ξ∗(xt,D)∥2 and ξ∗ being the nearest neighbor to

x among the data points, while Ht is an additional time dependent term. The divergence

between the empirical and true scores starting from tc is represented in the bi-dimensional

plot contained in Fig. 3.6 for one explanatory diffusion experiment, and it is validated by

Fig. 3.7 relative to a further analysis of generalization.

3.3.2 Generalization Time: Generalizing while Collapsing

We would like to understand if there is a time at which the empirical score function points

towards the original data manifold and not directly to the data points. To study this,

we compute the KL divergence between the target distribution, i.e. p0, and the empirical

distribution at time t, and then minimize it to find the generalization time.

lim
N→∞

1

N
EDDKL[p0 | pemp

t,D ] = lim
N→∞

1

N
ED

[∫
dx p0(x) log p0(x)−

∫
dx p0(x) log pemp

t,D (x)

]
.

(3.106)

The second term can be computed using the REM formalism (see Sec. 3.3.2) as

D̃KL[p0|pemp
t ] = − lim

N→∞

1

N
ED

∫
dx p0(x) log pemp

t,D (x) ≃ −ϕt,α(1)+α+
1

2
log(2πt). (3.107)
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Figure 3.6: In these Figures, at two given times, the heat map indicates the empirical
sampling distribution of a DM, red arrows represent the empirical score while green ones
represent the exact score. The black dots denote individual data points. Panel A depicts
such quantities at a t > tc and panel B displays the typical scenario at a t < tc. The
score transitions from a phase where its direction is dominated by the expectation (i.e.
the exact score) to a phase where its orientation is mostly determined by the individual
data points.

We show the behavior of the KL divergence for data from a hidden manifold model with

tanh non-linearity in Fig. 3.7. Interestingly, the time tg where the discrepancy between

p0 and pemp
t reaches a minimum is always smaller than the corresponding collapse time

(reported as a dashed line in the figure): the best generalization of the DM is reached

inside the condensation phase, while the diffusive trajectory is trapped into the basin of

attraction of the closest data point. It is also worth to notice that

lim
α→∞

D̃KL[p0|pemp
t ] = D̃KL[p0|pt]

where pt(x) is the exact probability distribution of the diffusive process. This quantity

is represented by the line onto which all the curves in Fig. 3.7 collapse, i.e. the black

dashed line in the figure: the computation in Eq. (3.105) is validated by the fact that

curves start diverging from the asymptotic line exactly at t = tc(α). Moreover, Fig. 3.8

(Center) displays that tg decreases with αD when α is fixed, while Fig. 3.8 (Right) shows

that the ratio tg/tc vanishes when αD → 0. This result means that tg goes to zero faster

than the collapse time tc. We can thus conclude that a high structure of the data helps

the empirical-score-driven diffusion model for two reasons:

• Both tc and tg are pushed towards t = 0 when αD → 0 but the generalization time

is moving faster towards smaller times. Since tg represents the best stopping time

to sample along the reverse process from the point of view of the KL divergence,

65



Figure 3.7: Time-dependent component of the KL divergence between target distribution
and empirical distribution as a function of time t and for different values of α. The data
are generated from a HMM with tanh activation and aspect ratio αD = 0.5. We report
with colored dashed lines the condensation time tc at the corresponding value of α, and
with the black dashed line the limit α→ +∞.

one sees that this optimal time occurs after the condensation threshold and much

closer to t = 0, when the true memorization occurs.

• The generalization time occurs inside the memorization phase, i.e.

0 < tg < tc ∀α, αD,

and the Kullback-Leibler distance between p0 and pemp
t is a monotonic function in

t ∈ [tg, tc] i.e.

DKL[p0|pemp
tc ] > DKL[p0|pemp

tg ] > 0. (3.108)

Since the empirical model tends to the exact one when αD → 0 i.e.

lim
αD→0

lim
N→∞

1

N
EDDKL[p0 | pemp

tc,D] = 0, (3.109)

then we must have

lim
αD→0

lim
N→∞

1

N
EDDKL[p0 | pemp

tg ,D] = 0, (3.110)

which means that the degree of generalization of the DM improves when data are

more structured.
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Figure 3.8: (Left) Generalization time tg as a function of α/αD in semi-log scale for tanh
(solid) and linear (dashed) activation; (Center) tg as a function of αD for fixed α in
semi-log scale for tanh (solid) and linear (dashed) activation; (Right) comparison of the
generalization time tg with the collapse time tc as a function of αD when α is fixed for
tanh (solid) and linear (dashed) activation.

Computation of the KL-Divergence

The Kullback-Leibler (KL) divergence is a type of statistical distance between two prob-

ability density functions. Given the two distributions p0(x), namely the ground-truth

distribution of the data, and pemp
t,D (x), namely the empirical distribution of the data ac-

cording to the model, the full KL divergence between these two functions assumes the

following expression

lim
N→∞

1

N
EDDKL

[
p0|pemp

t,D
]

= lim
N→∞

1

N
ED

[∫
dxp0(x) log p0(x)−

∫
dxp0(x) log pt,D(x)

]
(3.111)

= −s0 + D̃KL [p0|pemp
t ] , (3.112)

where s0 is the entropy of the p0 distribution and D̃KL is the only time-dependent compo-

nent of the KL divergence. Since we are studying a data-model where p0(x) is defined on

a support having a lower dimensionality with respect to the N -dimensional data-space,

we expect the entropy s0 to diverge. This issue might be controlled by adding some noise

to either the latent data points zµ or the features in F , but we will not engage into this

analysis. Nevertheless, for studying the dependence on t we can compute the D̃KL func-

tion in order to find the generalization time tg at which the distance between the two

distribution is minimal. We derive below D̃KL in both the linear and non-linear manifold

cases by expressing this quantity in terms of time-dependent free-energy function in the
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REM formalism.

The time-dependent part of the KL divergence is given by is given by

D̃KL[p0|pemp
t ] = − lim

N→∞

1

N
ED

∫
dx p0(x) log pemp

t,D (x), (3.113)

with x ∼ g( Fz√
D

), z ∼ N (0, ID), F ∈ RN×D, and the empirical score reads

log pemp
t,D (x) = log

1

P
√

2πt
N

P∑
µ=1

e−
1
2t
∥x−ξµ∥2 ≃ N

[
Φt(x)− α− 1

2
log (2πt)

]
, (3.114)

where

Φt(x) =
1

N
log

P∑
µ=1

e−
1
2t
∥x−ξµ∥,2 (3.115)

is again minus the free energy density of a REM. For P,N → ∞ with α = logP/N this

concentrates to

ϕ(α, t) = lim
N→∞

Ex∼p0 [Φt(x)], (3.116)

and to know this limit we need to compute the large deviation function.

In case of a linear manifold we can compute D̃KL in terms of the free-energy of a REM,

as in Eq. (3.107). The computation of the free-energy function coincides with the one

performed in Sec. 3.2.4.

In case of non-linear functions that define the manifold, we are going to employ the replica

method to compute the REM free-energy, as we performed for the condensation time. The

computation coincides with the one performed in Sec. 3.2.4.

3.3.3 Generalization Condition: Generalizing before Collapsing

We now propose a more empirical definition of generalization for DMs. The main idea

consists of sampling configurations from the data manifold before the model enters its

memorization phase. The current definition of generalization is supported by the common

routine used in generative modeling consisting in early-stopping the stochastic sampling

process Li et al. [2023], Yang and E [2021], with the aim of improving the quality of the

examples. Consistently with Li et al. [2023], our analysis shows that we need a polynomial

number of training data points to obtain generalization without falling into memorization.

Let us consider the exact score function measured from a dataset embedded in a linear

manifold: we have proved in Sec. 3.3.1 that the true score coincides with the empirical
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one for t > tc. The argument around the linear manifold can be extended to a non-linear

one by observing that the interesting phenomenology in DMs occur at very small times

(mainly due to the data structure, see Sec. 3.3), where the amplitude of the stochastic

noise
√
t is much smaller than the manifold curvature. A more extensive dissertation

about this aspect can be found in Ventura et al. [2025]. When F is a random matrix with

i.i.d. standard Gaussian entries, F⊤F/D is a Wishart matrix and its eigenvalues satisfy

the Marchenko-Pastur distribution. As showed in Ventura et al. [2025], the Jacobian of

the empirical score function before condensation is given by

Jt =
1

t
F

[
ID +

1

t
F⊤F

]−1

F⊤ − IN , (3.117)

where we have re-absorbed the 1/D factor for the sake of clarity. Therefore, the spectrum

of the eigenvalues of Jt can be derived by a propagation of the spectrum of F⊤F and it is

ρt(r) = (1− αm) δ (r + 1) θ
[
α−1
D − 1

]
−αD

2π

1

r(1 + r)

√
(r+ − r) (r − r−)θ [(r+ − r) (r − r−)] ,

(3.118)

with r±(t) = − t(
1± 1√

αD

)2
+t

. The first term in ρt(r) is a spike in r = −1 with mass equal

to (1− αD), the second term is a bulk of mass αD, ranging in [r−(t), r+(t)], and moving

from r = −1 towards r = 0.

The structure and dynamics of the eigenspectrum, composed by moving bulks of non-

zeros eigenvalues towards the origin, suggest the presence of an evolving latent manifold.

Vanishing eigenvalues are relative to tangent directions to the manifold, while non-zero

ones must be associated to orthogonal directions. The score function, in fact, always points

orthogonally towards the evolving manifold, since it is projecting diffusive trajectories onto

it. The final part of this transformation of the spectrum, described in detail in Ventura

et al. [2025], represents the consolidation of the target manifold, and it is represented by

the last bulk being absorbed by the r = 0 spike.

We are now interested in evaluating the width of the gap forming between r = −1

and r = r−(t), i.e. the gap separating the last moving bulk and the r = −1 spike. We

know that such gap is progressively closing when t→ 0+, because the spectrum must be

formed of two spikes, one of mass (1− αD) in r = −1 and one of mass αD in r = 0. We

can hence find the approximate time at which the score function points towards the true

target manifold by imposing such gap to equal a quantity δ ≈ 1. We call such time tRMT
g

and it is given by

tRMT
g (δ) =

(
1− 1
√
αD

)2(
1− δ
δ

)
. (3.119)
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Let us compute the condition such that the score is sufficiently orthogonal to the manifold

(i.e. the model generates examples that live on the data manifold) and it has not collapsed

yet. Such condition reads

tc ≤ tRMT
g (δ). (3.120)

Let us assume to be in the D ≪ logP and D ≪ N regime where tc is given by Eq. (3.16).

Moreover, we choose δ = 1− ϵ with small ϵ > 0. Hence, condition (3.120) reads

tc ≈
1

2αD

e
− 2α

αD ≤ 1

2

(
1− 1
√
αD

)2(
1−∆

∆

)
≃ ϵ

2αD

, (3.121)

where we employed the fact that
(

1− α−1/2
D

)2
≃ α−1

D , when αD ≪ 1. Eq. (3.121) thus

becomes e
2α
αD ≥ ϵ−1. As a consequence, the minimum amount of data points such that

the generalization condition (3.120) is satisfied, must scale as

Pmin = ϵ−
D
2 , (3.122)

which surprisingly is a function of the dimension of the manifold rather than the ambient

space.

3.4 Conclusions

We have extensively analyzed the memorization and generalization performance of a DM

driven by the empirical score function, that is, the score corresponding to the noised

empirical distribution, as a proxy of true or learned scores. Our main contribution is

the extension the REM framework introduced by Refs. Lucibello and Mézard [2024],

Biroli et al. [2024] to the case of structured data living on a hidden manifold. Our study

sheds light on the role of the manifold structure in learning the ground-truth distribution

underneath the training set.

Firstly, we find that empirical-score-driven DMs can both memorize and generalize a

set of data points at different times. We highlighted a rich sequence of dynamical phases

occurring during the reverse diffusion process that starts from t = tf ≫ 1 and reaches

t = 0:

• tc < t ≤ to: diffusive trajectories explore a diffusion potential which is now multi-

stable, since data points have become local minima surrounded by basins of attrac-

tion that grow while time decreases. The typical stochastic path of the system is
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not trapped in one of the basins, without showing any trace of memorization.

• tg ≤ t ≤ tc: the diffusive trajectory is now trapped in the basin of attraction, and

the empirical score function points towards the closest data point. At the same

time, the trajectory is also approaching the hidden data manifold. The highest

proximity between the empirical distribution of the states sampled by diffusion and

the ground-truth distribution of the data points is reached at t = tg. This time can

be interpreted as the optimal stopping time for sampling.

• 0 < t < tg: the quality of the sampled examples now deteriorates until full memo-

rization is reached at t = 0.

Note that the so-called speciation time studied in Biroli et al. [2024], Ambrogioni [2025],

understood as the time when the diffusive potential undergoes a spontaneous symmetry

breaking into multiple ergodic components that are representative of the data classes, has

not been analyzed in our paper since our data model does not have clear class separation.

We refer the reader to George et al. [2025] for the study of the speciation time under the

manifold hypothesis.

Surprisingly, the best degree of generalization is reached inside the memorization phase

of the model, while the score function drives the model towards the closest attractor. The

dynamical picture of the DM reported above is deformed by the presence of structure in

the data, as it emerged from our analysis. Specifically, when α is fixed and αD → 0:

1. Even though the onset time exponentially decreases, the distance between to and

the condensation time increases until reaching a constant plateau.

2. The collapse time tc shrinks towards t = 0, and the empirical-score-drive DM tends

to the exact model, hence reducing the volume of the memorization phase of the

model. This result is consistent with the very recent result obtained by George et al.

[2025] in the matter of variance-preserving DMs.

3. The generalization time tg also moves towards t = 0, yet faster than tc.

In light of point (3) we conclude that DMs benefit from highly structured data, even when

αD has not completely vanished, since the model can be basically stopped at t ≃ 0 and

obtain a good degree of generalization, as one would obtain through a neural-network-

trained model.

As an alternative to this definition of generalization, we use a combination of the REM

formalism and Random Matrix Theory (RMT) to provide the reader with the minimal
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number of training data point to build the empirical score function in such a way that

the DM is capable of sampling from the manifold with a minimal KL divergence. We find

that the size of the data set needs to scale exponentially with the latent dimension of the

data, instead of the visible dimension, mitigating the curse of dimensionality that affects

learning in generative models Yarotsky [2017], Cybenko [1989].

Summary

The main points highlighted in this chapter are:

• We obtained the memorization time for structured data and found that it

shows a mitigated curse of dimensionality

• We defined generalization for the process driven by the empirical score, and

saw that it always happen after memorization
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Chapter 4

Geometric perspective on generative

diffusion

This chapter contains contributions coming from two works: Ventura et al. [2025] and

Achilli et al. [2024]. For this reason, it can be formally divided into two parts:

• The geometric phases of generative diffusion

• Losing dimensions

that nonetheless share a geometrical approach to the study of DMs and an application to

manifold data, thus providing a complete overview of the problem.

The geometric phases of generative diffusion

In this first part, we uncover the geometric phases of generative diffusion. Generative

diffusion models synthesize images through a stochastic dynamical denoising process. Ex-

perimental and theoretical arguments suggest that different features, such as frequency

modes and class labels, are generated at different times during the process. For example,

it has been shown that separation between isolated classes, as in the case of mixture of

Gaussian models, happens at critical phase transition points of spontaneous symmetry

breaking (speciation events) [Biroli et al., 2024]. It is also well known that subspaces

corresponding to different frequency modes emerge at different times of diffusion [Kingma

and Gao, 2024]. This idea has been recently refined by [Kadkhodaie et al., 2024], who

showed that diffusion models give rise to a local decomposition of the image manifold into

a basis of geometry-adaptive harmonic basis functions. These decomposition phenomena
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Figure 4.1: (a) Visualization of the gaps in the spectrum of the (negative) Jacobian of the
score for data supported on a latent manifold. Blue line: idealized spectrum of distribution
with uniform internal density; Orange line: spectrum of a more realistic distribution. (b)
Sketch of the local structure of the data manifold with tangent and orthogonal components
of the score function.

cannot be directly explained in terms of critical phase transitions, as they are fundamen-

tally linear processes. In this chapter, we will provide a precise theoretical analysis of the

separation of subspaces for data defined on low-dimensional linear manifolds.

Our main contributions are: I) an in-depth theoretical random-matrix analysis of

the distribution of Jacobian spectra in diffusion models on linear manifolds and II) a

detailed experimental analysis of Jacobian spectra extracted from trained networks on

linear manifolds and on image datasets. The analysis of these spectra is important as

it provides a detailed picture of the latent geometry that guides the generative diffusion

process. We show that the linear theory predicts several phenomena that we observed

in trained networks. Based on our result, we divide the generative process into three

qualitatively different phases: trivial phase, manifold coverage phase, and manifold

consolidation phase. Using these concepts, we provide a concise explanation of why

diffusion models can avoid the manifold overfitting pathology that characterizes likelihood-

based generative models [Loaiza-Ganem et al., 2022].

4.1 Dynamic latent manifolds and spectral gaps

The manifold hypothesis states that the distribution on natural data, such as images and

sound recordings, is supported on a D−dimensional manifold M embedded in a larger
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Euclidean ambient space RN . For more details and references, we refer the reader to the

introductory Section 2.4.1. While a data probability distribution supported on a D < M

manifold M cannot be expressed using a proper density function, we loosely define such

density as

p0(x) = δM(x) ρ(x) , (4.1)

where δM is the Dirac function for the manifold and such that
∫
Rd δM(x) • dx =

∫
M • dx.

We call ρ(x) the internal density, that is, the density restricted to the manifold. The

density p0(x) is zero outside the manifold and diverges on the manifold.

Consider a generative diffusion model with p0(x) defined on a D-dimensional manifold

M according to Eq. (4.1). In the course of the diffusion process, we can define a time-

dependent locus of points

Mt = {x∗ | s̃M(x∗, t) = 0, with JM(x∗, t) n.s.d.} , (4.2)

that we name stable latent set of the process. In Eq. 4.2 we have used M≡M0. The

negative semi-definiteness (n.s.d.) is a stability condition on the Jacobian matrix JM(x, t)

of the support score s̃M(x∗, t), defined as the score function obtained from the uniform

data distribution p̃0(x) = 1
|M|δM(x). Due to the noise, the diffusing particles typically

explore shells of a radius that concentrates on
√
t around each point of the latent stable

set. For a small perturbation p around a point x∗ on the latent manifold at time t, the

score function is well approximated by its linearization:

s(p, t) ≈ J(x∗, t) p = −
∑

j
(vj · p)λj(x

∗, t)vj , (4.3)

where J(x∗, t) is the Jacobian of the score and the vj and λj(x
∗, t) are respectively the

j-th eigenvector and the associated eigenvalue of −J(x∗, t). The spectrum of eigenvalues

provides detailed information concerning the local geometry of the stable latent set. Per-

turbations aligned with the tangent space of Mt correspond to small eigenvalues, while

orthogonal perturbations correspond to high eigenvalues, as the score tends to push the

stochastic dynamics towards its fixed points. Therefore, since at t ≈ 0 the score is or-

thogonal to the manifold, we can estimate the dimensionality of the manifold from the

location of a drop (i.e., a sharp change) in the sorted spectrum of eigenvalues [Stanczuk

et al., 2024]. This is visualized in Fig. 4.1, panels (a) and (b). This drop corresponds

exactly to a gap (i.e., a separation) in the eigenvalue spectrum; in the following, we will

refer to both as gaps.

At large times, instead, the score function can point in any direction, so what happens
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in between? In the following, we describe how the manifold structure emerges with time

from the diffusion process.

4.1.1 Subspaces and intermediate gaps

Consider the situation where the internal density ρint(x) is not locally flat around a point

x∗ ∈M. In this case, at a finite time t, the actual score function does not vanish on the

latent stable setMt as there is a gradient of the log-density along the tangent directions.

This implies that the spectrum of tangent eigenvalues can have a series of sub-gaps with

separate different tangent subspaces with different local variance. In image generation

tasks, these subspaces are often associated with different frequency modes, as noted in

[Kingma and Gao, 2024]. Consequently, we can quantify the sensitivity to the internal

density at time t by studying the statistics and temporal evolution of intermediate gaps

∆GAP
k (x∗, t) = λk+1(x

∗, t)− λk(x∗, t) , (4.4)

where the indices k depend on the dimensionality of the subspaces. Note, however, that

under realistic data distributions it is unlikely to find sharp intermediate discontinuities,

since each subspace will have a different eigenvalue, resulting in a smooth gradient.

4.2 Phenomenology of generative diffusion on mani-

folds

This section contains an intuitive picture that follows from our theoretical results on linear

models, which we will fully outline in the next section. The theory considers the case of

a linear manifold with a Gaussian internal distribution. A linear-manifold data model is

made of a set of points

ξµ = Fzµ, (4.5)

where F and zµ have been introduced in Section 2.4.1. While only linear models are the-

oretically tractable, we conjecture that their phenomenology captures the main features

of subspace separation in the tangent space of curved manifolds (see Sec. 4.5.1 for further

details). We validated the theory using networks trained on both linear data and highly

non-linear data such as natural images (see Sections 4.5 and 4.6). Based on the dynamics

of the spectral gaps, we found that the generative dynamics of xt according to the back-

ward equation can be separated into three distinct phases. The phase separation does not
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Figure 4.2: Representation of the proposed phases with a sketch of the corresponding
Jacobian spectrum on the side.

correspond to singularities, as there are cross-over events, not genuine phase transitions.

During all our analysis, we will exclusively work with eigenvalues since, in the linear

manifold model, the Jacobian of the true score is symmetric. The same phenomenology

is nevertheless fully appreciable when using the singular values in our experiments with

neural approximations of the score.

Phase I: The trivial phase

In the trivial phase, the diffusing particle moves according to the noise distribution without

strong biases towards the manifold directions. In this dynamic regime, the stable latent

set Mt is a single point surrounded by an isotropic quadratic well of potential. The

spectral gaps are not visible, and all eigenvalues have approximately the same value due

to the isotropy of the noise distribution. This trivial phase is analogous to the initial

phases described in [Raya and Ambrogioni, 2023] and [Biroli et al., 2024].

Phase II: Manifold coverage

The manifold coverage phase begins with the opening of the first of a series of spectral

gaps corresponding to local subspaces. In this phase, different subspaces with different

variances can therefore be identified by intermediate gaps in the spectra, as sketched in

Fig. 4.2. When the intermediate gaps are opened, the diffusing particles spread across

the manifold directions according to their relative variances. In other words, during this

regime of generative diffusion, the process fits the distribution of the data internal to the

manifold.
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We assume a low-rank covariance Σ = FF⊤ for the data distribution. In terms of

random matrix theory, the gap-forming phenomenology has two distinct processes: the

emergence of intermediate gaps (i.e., steps in the dimensionality plot) between separated

bulks of the spectrum, and the opening of a final gap that allows one to infer the di-

mensionality of the full manifold. Our analysis gives us the time scale at which such

intermediate gaps are maximally opened, i.e.

t(k)max =
√
γ+(σk) γ−(σk+1), (4.6)

where γ−(σk+1) and γ+(σk) are specific eigenvalues of Σ (see Fig. 4.4) associated with two

hierarchically consecutive variances (see Sec. 4.4.2 for an exhaustive analysis). In most

cases, when σ2
k+1 ≪ σ2

k, the dependence on the two variances is O(σk · σk+1). This is

the timescale where the score is maximally sensitive to the relative variance of the two

subspaces, which guides the particles toward the correct internal distribution.

Phase III: Manifold consolidation

Finally, the manifold consolidation phase is characterized by the asymptotic closure of

the intermediate gaps and the sharpening of the total manifold gap, indicating the full

dimensionality of M. In this final regime, the score assumes the form

∇x log pt(x) ≃ 1

t
[Π− IN ]x. (4.7)

where Π = F (F⊤F )−1F⊤ is the projection matrix over the manifold. The component

of the score orthogonal to the manifold diverges proportionally to t−1, while the tangent

components converge to a constant and become therefore negligible in this regime. This

results in the consolidation of the gap corresponding to the manifold dimensionality m

and to the (relative) closure of the intermediate gaps. Therefore, in this final phase the

dynamics of the model simply projects the particles into the manifold Mt →M. In the

generative modeling literature, this phenomenon is also known as manifold overfitting as

the terms corresponding to the internal distribution are negligible [Loaiza-Ganem et al.,

2022]. In the next section, we comment on how these three phases can explain why

diffusion models are not affected by this phenomenon, namely why we claim that the

manifold is consolidated rather than overfitted.
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4.2.1 The geometric phases and manifold overfitting

The probability density of data defined on a manifold is a spiked object δM(x)ρ(x), where

the Dirac-delta δM(x) determines the manifold and ρ(x) determines its internal density.

Likelihood-based generative models are defined by a highly parameterized likelihood func-

tion f(x;θ), whose parameters are trained by minimizing the loss

L(θ) = −Ef(x;θ)x ∼ p0(x) , (4.8)

which maximizes the probability of the data given the model. This maximum likeli-

hood loss is minimized if f(x;θ) = p0(x). A trained likelihood-based model can only

fit the true density by having it diverge to infinity on the manifold. Such a divergence

makes it impossible to correctly model the internal density ρ(x). More problematically,

the optimization problem becomes almost insensitive to the internal density ρ(x). This

phenomenon is called manifold overfitting [Loaiza-Ganem et al., 2022], since the trained

model fits the manifold while ignoring its internal density, resulting in poor generation.

Our analysis suggests that the temporal dynamics of generative diffusion models over-

come this limitation because, for intermediate values of t, the score is still sensitive to

the density internal to the manifold, which can be identified through the differences in

the tangent singular values. During this manifold coverage phase, the score directs the

dispersion of the particles according to these differences, with higher singular values re-

sulting in larger ‘opposing force’ from the score, which results in smaller displacements of

the generated samples along these directions. For t tending to zero, these differences are

suppressed due to the divergence of the likelihood, which results in a score function that

is orthogonal to the manifold and that is insensitive to ρ(x). However, at this stage of

generative diffusion, the internal dispersion of the particles has already been affected by

the previous coverage phase, and therefore, the manifold overfitting of the score does not

negatively affect generation. Instead, the consolidation phase plays the important role of

projecting the particles to the support of the data.

4.3 Theoretical analysis of the spectral gaps in linear

diffusion models

In this section, we provide our main theoretical results concerning the spectral distribution

for random linear subspaces and the relative spectral gaps formulas. We start by reviewing

diffusion with data supported on linear manifolds, where the exact score function can be
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computed.

4.3.1 Linear manifolds

Normally, the distribution p0(x) is unknown. It is, however, interesting to investigate a

tractable special case where the distribution is a multivariate Gaussian defined as in Eq.

4.5 where F ∈ RN×D is an arbitrary projection matrix that implicitly defines the structure

of the latent manifold. and zµ ∼ N (0, ID) the latent space vector. In this setting, the

distribution can be explicitly written as p0(x) = Ez∼N (0,ID)δ(x−F z) = N (x; 0, FF⊤).

Therefore, the density of the process at a given time t is again Gaussian and can be

computed from

pt(x) = Ez
1√

(2πt)d
e−

1
2t
∥x−Fz∥2 . (4.9)

While linear manifolds are very simple when compared with real data, they still exhibit

a rich and non-trivial phenomenology that elucidates several universal phenomena of

diffusion under the manifold hypothesis. In fact, these linear models capture the structure

of tangent spaces of smooth manifolds (see Sec. 4.5.1).

The score function of the linear model is solvable analytically since we only have to

perform Gaussian integrals, from which we obtain a quadratic form in x that we can

rewrite as

log pt(x) =
1

2t
x⊤Jtx + const. (4.10)

where the constant does not depend on x and

Jt =
1

t
F

[
IN +

1

t
F⊤F

]−1

F⊤ − IN . (4.11)

The score function is thus derived as ∇x log pt(x) = 1
t
Jtx. It is then useful to analyze the

spectrum of the matrix Jt, since Jt is proportional to the Jacobian of the score function.

In fact, since the gradient of the score is orthogonal to the manifold sufficiently close to

it, the number of null eigenvalues of Jt will correspond to the manifold dimension, and

we should expect to see a drop in the spectrum.

In the following, we provide an outline of our theoretical results on the distribution

of spectral gaps in the matrix Jt under random linear manifolds. This choice reflects the

fact that the distribution and support of the data are usually not known in advance, and

it is therefore important to quantify the statistical variability induced by this uncertainty.

We will consider two different distributions for the random projection matrices F : an

isotropic Gaussian case, and a multiple-variance one. To ensure tractability, we perform
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Figure 4.3: Spectrum of the eigenvalues of Jt and drop in the dimensionality of the
data-manifold estimated from theory in the single-variance case, with αD = 0.5, σ2 = 1.
Numerical data are generated with N = 100 and collected over 100 realizations of the F
matrix.

the analysis in the limit of large N (visible) and D (latent) dimensions while keeping the

ratio αD = D/N constant.

4.3.2 The isotropic case

If the elements of the projection matrix F are sampled as Fij ∼ N (0, σ2/D), we are able

to derive analytically the full expression of the distribution of the eigenvalues of Jt. It is

given by a simple transformation of the distribution of the eigenvalues of F⊤F , which is

known to be the Marchenko-Pastur distribution reported in Sec. 4.4.1.

In Fig. 4.3 we show the shape of the spectrum at different times. The bulk of the

distribution, inherited from the density of the eigenvalues of F⊤F , gradually shifts from

left to right in the support. By measuring the cumulative function of the spectrum,

one can isolate a drop in the effective dimensionality of the manifold, as also plotted in

Fig. 4.3. The step is present at any time in the process, and it is implied by the gap

between the left bound of the bulk and the spike in −1. The width of this gap evolves in
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Figure 4.4: Spectrum of the eigenvalues of F⊤F as obtained from random matrix theory
with eigenvalues γ− and γ+ indicated by red arrows. Control parameters are chosen to
be: single variance case (left) αD = 0.5, σ2 = 1, double variance case (right) αD = 0.5,
f = 0.5, σ2

1 = 1, σ2
2 = 0.1.

time according to

∆GAP
fin (t;σ) =

σ2(1 + α
−1/2
D )2

t+ σ2(1 + α
−1/2
D )2

. (4.12)

If we name γ+(σ) the left bound eigenvalue of the bulk in the spectrum of F⊤F (see

Fig. 4.4 left panel), one can recover a more general expression for the gap, being

γ+(σ)

t+ γ+(σ)
= ∆. (4.13)

Hence, we can resolve the gap at a scale ∆ at the time

tin = γ+(σ)

(
1−∆

∆

)
. (4.14)

4.3.3 Intermediate gaps and subspaces with different variances

Another relevant case for our study is the one where we consider a manifold having

multiple subspaces with different variances. Here we will focus on the instance of two

distinct variances. This scenario is reproduced by considering a number f ·D of columns

of F to have elements Gaussian distributed with zero mean and variance σ2
1/D, and the

remaining (1− f) ·D columns with elements from a Gaussian with variance σ2
2/D. The
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Figure 4.5: Spectrum of the eigenvalues of Jt and drop in the dimensionality of the data-
manifold estimated from theory in the double-variance case, with αD = 0.5, σ2

1 = 1, σ2
2 =

0.01, f = 0.75. Numerical data are generated with N = 100 and collected over 100
realizations of the F matrix.

spectrum of Jt can also be computed in this case, as explained in Sec. 4.4.2. The density

function of the eigenvalues shows a transient behavior of the spectrum in the form of

an intermediate drop in the estimated dimensionality of the hidden data manifold. This

behavior is reported in Fig. 4.5. Even though the expression of the spectral density doesn’t

have an explicit analytical form and has to be computed numerically, one can adopt a

special assumption on the behavior of the density of the eigenvalues of F⊤F to estimate the

typical times at which the intermediate drop occurs. Generally speaking, the spectrum of

F⊤F can be composed of two separated bulks, as observable in Fig. 4.4 right panel. This

happens when σ2
2 and σ2

1 are significantly different. In analogy with the single variance

scenario, we name γ+ the left bound of the bulk associated with higher eigenvalues, i.e.,

with the higher variance, and γ− the right bound of the bulk associated with smaller

eigenvalues, i.e., smaller variance. Most commonly, γ− = γ−(σ2) and γ+ = γ+(σ1). In this

case, the gap-forming phenomenology provides for two distinct processes: the emergence

of intermediate gaps (i.e., steps in the dimensionality plot) between separated bulks of

the spectrum, the opening of a final gap that allows one to infer the dimensionality of

the full manifold. The width of the intermediate gap between two bulks can be obtained
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from Eq. (4.23) as

∆GAP
inter (t;σ1, σ2) =

t

t+ γ−(σ2)
− t

t+ γ+(σ1)
. (4.15)

By imposing ∆GAP
inter (t;σ1, σ2) = ∆ one finds the following quadratic form

∆t2 +
[
(∆− 1)γ− + (∆ + 1)γ+

]
t+ ∆γ−γ+ = 0. (4.16)

Considering ∆≪ 1 and γ+ ≪ γ−, the opening time for the intermediate gap can be found

by

tin(∆) ≃ ∆−1γ−(σ1), (4.17)

that is a reference time at which the gap becomes visible. On the other hand, by assuming

the closure time to be close to zero, it can be obtained as

tfin(∆) ≃ ∆γ+(σ2). (4.18)

Furthermore, the time at which the gap is maximum in width, and so maximally

visible, is located in between tin and tfin. This is the most important time scale for the

problem, it is obtained by imposing ∂∆GAP/∂t = 0 and it measures

tmax =
√
γ−(σ1)γ+(σ2). (4.19)

Indeed, when σ2
1 ≫ σ2

2 the total spectrum can be approximated by a mixture of two

separated Marchenko-Pastur distributions, with variances σ2
1 and σ2

2, and parameters αD

and γ to be rescaled with respect to f and (1 − f). This approximation becomes exact

under a slight modification of F , which does not imply any loss of the quality of the

description. Now the relevant quantities for the gap become

∆GAP
inter (t;σ1, σ2) =

t
[
fσ2

1(1−
√

1
fαD

)2 − (1− f)σ2
2(1 +

√
1

(1−f)αD
)2
]

[
t+ (1− f)σ2

2(1 +
√

1
(1−f)αD

)2
] [
t+ fσ2

1(1−
√

1
fαD

)2
] (4.20)

tin(∆) ≃ ∆−1f

(
1−

√
1

fαD

)2

σ2
1, tfin(∆) ≃ ∆(1− f)

(
1 +

√
1

(1− f)αD

)2

σ2
2,

(4.21)

tmax =
√
f(1− f)

(
1−

√
1

fαD

)(
1 +

√
1

(1− f)αD

)
σ1 · σ2. (4.22)

This same analysis can be extended to the more general case where the spectral density
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is known to be formed by different detached bulks, associated with hierarchically smaller

variances of the data. The evolution of the intermediate gaps in a double-variance diffusion

model is reported in Fig. 4.5: notice that tmax = O(σ2) is consistent with Fig. 4.5b and 4.5f,

where the gap was found to be maximum in width. It is worth noting that subspaces with

higher variances are the first ones to be explored by diffusion and to be learned by the

model. This point suggests that the model is sensitive to the parameters of the probability

distribution on the manifold, as recently suggested by other works in the literature.

4.4 Analytical derivation of the Spectrum of Jt

In the previous section, we have described at a high level the theoretical analysis that

brought out the phenomenology introduced in Sec. 4.2. This is a technical section, where

we report in depth the details of the derivation of the analytical results, namely, of

the spectrum of the Jacobian of the score under the linear manifold hypothesis. We

consider two cases: the one where the projection matrix F has all entries from a Gaussian

distribution with the same variance, and the more interesting case in which F projects

on two linear subspaces with different variances and dimensions.

4.4.1 Single variance scenario

We want to compute the spectrum of the matrix in (4.11). Let us first consider the case

in which F is an N ×D matrix with Gaussian entries, and call γ the eigenvalues of FF⊤.

The function that gives the eigenvalues r of Jt as function of γ is

rj =
1

t

γj
1 + 1

t
γj
− 1 = − t

t+ γj
(4.23)

Thus, knowing that the distribution of γ is Marchenko-Pastur, we can obtain the distri-

bution of r

ρt(r) = −αD

2π

1

r(1 + r)

√
(r+ − r) (r − r−) + (1− αD) δ (r + 1) θ

(
α−1
D − 1

)
(4.24)

for r ∈ [r−(t), r+(t)], with r±(t) = − t(
1± 1√

αD

)2
+t

.

One could ask whether the bulk of Jt separates from r = −1 at a discrete time. This

separation corresponds to a drop in the histogram of eigenvalues. According to Eq. (4.24),

the bulk is always separated from the spike at finite time t, because (1 + α
−1/2
D )2 + t for
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every t, and the width of the gap is given by ∆GAP(t) = r−(t) + 1

∆GAP(t) =
(1 + α

−1/2
D )2

t+ (1 + α
−1/2
D )2

. (4.25)

With respect to the starting spectrum of F⊤F , this condition reads

γ+
t+ γ+

= ∆ (4.26)

so the time when we see the drop at a scale ∆ is t = γ2+
(1−∆)

∆
.

4.4.2 Double variance scenario

We want to compute the spectrum of Jt when Fiµ ∼ N (0, σ2
1) for µ < fD/2 and Fiµ ∼

N (0, σ2
2) for µ > (1− f)D/2, with f ∈ [0, 1]. We use the replica method to compute the

spectrum of A = 1
D
FF⊤, then with a transform we obtain the spectrum of Jt. In order

to obtain the spectrum, we need to compute the expectation of the resolvent of A in the

N → +∞ limit, and to do this, we will rely on the replica method

E [gA(z)] = − 2

N

∂

∂z
E

[
log

1√
det (zIN − A)

]
(4.27)

= − 2

N

∂

∂z
lim
n→0

E
[
Zn − 1
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(4.28)

with

Zn = det (zIN − A)−n/2 (4.29)
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and taking the expectation
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where, in the last step, we have used the independence of the rows of F and applied a

Hubbard-Stratonovic transform. We can separate the product over µ and integrate over

the distribution of F

E [Zn] =

∫ ∏
a,µ

dηaµ√
2π
e−

1
2

∑
a,µ(η

a
µ)

2
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(4.33)
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Introducing qab = 1
N
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a
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with

Φ(q, q̂) = − 1

2n
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a,b

qabq̂ab +GS(q̂) + fαDGE(q, σ1) + (1− f)αDGE(q, σ2) (4.43)
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where

GS(q̂) =
1

n
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Using the replica symmetric ansatz qab = δabq, q̂ab = −δabq̂

GS(q̂) = −1

2
log(z + q̂) (4.46)

GE(q, σ) = −1

2
log(1− σ2q

αD

). (4.47)

Putting all together, we have
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The integral can be evaluated by the saddle point method

q =
1

z + q̂
(4.49)
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We can find the Stieltjes transform

E[gA(z)] = −2αD
∂Φ(z)

∂z
(4.51)

= αDq
∗(z) (4.52)

where q∗ is found by solving the saddle point equation
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The asymptotic distribution of eigenvalues can be obtained from the Stieltjes transform
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Figure 4.6: Ordered singular values obtained with the trained score model, for different
variances on the subspaces. Data are generated according to the linear-manifold model
with N = 100 and D = 40 and σ2

1 = 1, σ2
2 = 0.01, f = 0.75; Center: σ2

1 = 0.01, σ2
2 = 1,

f = 0.75. The neural network is trained as prescribed in Appendix A and spectra are
measured according to Appendix B.

as

ρ(γ) =
1

π
lim
ϵ→0+

Im (gA(γ − iϵ)) (4.54)

=
1

π
lim
ϵ→0+

ImΦ′(γ − iϵ) (4.55)

=
1

π
αD lim

ϵ→0+
Im[q∗] (4.56)

Once the density of the eigenvalues is computed, one can perform the same change of

variables described in Sec. 4.4.1 for the case of single variance, and obtain the density

ρt(r) for the eigenvalues of Jt.

Fig. 4.5 reports the evolution in time of the spectral density, as well as its cumulative

function f = 0.75. The cumulative function has been used to estimate the formation of

the intermediate gaps to compare with the experiments for the estimation of the data

manifold dimension.

4.5 Experiments with synthetic linear datasets

We first measure the spectrum of the singular values of the Jacobian of a score function

trained through a neural network on a linear manifold data-model generated by two

variances σ2
1, σ2

2 as described in Sec. 4.3.3. Results are reported in Fig. 4.6. The opening

of the gaps is consistent with the theory for the exact score: an intermediate gap associated

with the subspace with higher variance first opens; subsequently, the gap relative to the
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lower variance subspace, which here corresponds to the final gap, opens. We can infer the

dimensions of the subspaces by subtracting the location of the dashed vertical lines from

N . We underline the fact that higher-variance subspaces are learned first by repeating

the experiment after swapping the values of the variances. Eventually, Fig. 4.7 reports

the same experiments where variances are uniformly generated in the interval [10−2, 1]: it

is evident that the N intermediate gaps are now a continuous line, as it is expected to be

in more realistic natural datasets.

We will now compare the gaps computed analytically with ones obtained from real

neural networks trained on the same linear data model. The results of such a comparison

are presented in Fig. 4.8, and they show a good agreement between the ordered distribu-

tion of the singular values obtained through empirical methods and the relative analytical

counterpart, computed through the replica method. The opening of the predicted in-

termediate gaps signals the right dimension of the linear subspaces, as verified from the

experiments. One can notice from the figure that the analytical profile shows the shape

of a sharp step between the zero value along the x-axis and the first appearing gap: this

shape is related to the Dirac-delta spike that the spectrum of the eigenvalues presents

at −1 (see Sec. 4.4.2 for details about the spectrum); on the other hand, the numerical

profile looks different in the same region, and this behavior is associated with the absence

of the spike in the distribution of the singular values, that leaves room to a separated

bulk from the other ones. This evident discrepancy between theory and experiment is

probably due to the final configuration of the trained neural network and leaves space for
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Figure 4.7: Ordered singular values obtained with the trained score model, for different
variances on the subspaces. Data are generated according to the linear-manifold model
with N = 100 and D = 40 and a progressive number n of variances sampled uniformly
between 10−2 and 1, each one assigned to a fraction f = 1/n of matrix columns. The
neural network is trained as prescribed in Appendix A and spectra are measured according
to Appendix B.
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Figure 4.8: Comparison between spectra obtained with the trained score model and with
the numerical analysis, for different variances on the subspaces. Data are generated
according to the linear-manifold model with N = 100 and D = 40, σ2

1 = 1, σ2
2 = 0.01,

f = 0.75; from left to right, the spectra are evaluated at time t ≈ 0.45, t ≈ 0.3, t ≈ 0.11.
The neural network is trained as prescribed in Appendix A and spectra are measured
according to Appendix B.

further investigations.

4.5.1 Remarks on the linear manifold model hypothesis

In order to apply the replica method from statistical physics and compute the distribution

of the eigenvalues of the Jacobian of the score function, we have constrained ourselves

to the simpler case of a linear manifold, i.e., g(x) = x (see Section 4.3.1). Indeed, this

might sound as a limitation to the reproducibility of our results to more realistic data-sets,

e.g., natural images. However, we claim that, for ordinary diffusive diffusion models in

the variance exploding setup, the theory developed for the linear model still applies to

non-linear manifold instances, due to the following reasons:

1. The diffusive trajectories at large t, where the trivial phase occurs, are sampled by

a probability distribution that is smooth, due to the Gaussian kernel implied by the

reverse diffusion process. As a consequence, the stable latent set defined in Eq. (4.2)

will be approximately linear.

2. The diffusive trajectories at small t, where the manifold coverage and manifold con-

solidation phases occur, explore a region contained into a ball of radius proportional

to
√
t, that is supposed to be smaller than then the inverse local curvature of the

manifold.

We now compare the distribution of the singular values of the Jacobian obtained from

the linear manifold model and the non-linear one. Specifically, we will repeat the plot in

Fig. 4.6 with a toy dataset generated as ξµ = F z̃µ, with z̃µ = zµ/∥zµ∥. As a consequence,
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Figure 4.9: Ordered singular value spectrum estimated experimentally from the analysis
of a data-set living on a non-linear manifold built according to Sec.4.5.1, where parameters
are chosen as in Fig. 4.6. The neural network is trained as prescribed in Appendix A, and
spectra are measured according to Appendix B.

the new data will now live on a (N − 1)-dimensional ellipsoid inscribed in the original

N -dimensional hyperplane. The results are reported in Fig. 4.9 and they show no evident

discrepancy between the linear and non-linear case, as predicted by our argument. The

only small difference consists of a slight delay in the time of the gap phenomenology that

is present in the non-linear manifold data, which impedes the final gap from fully opening

at the smallest observable time.

4.6 Experiments with natural image datasets

While our theoretical analysis is limited to linear random manifold models, several qual-

itative aspects of their phenomenology can be observed in networks trained on natural

images. Fig. 4.10 shows the temporal evolution of the spectrum estimated numerically

from the Jacobian of models trained on MNIST, Cifar10, and CelebA. Details about

the training process are provided in Appendix A and B. In these experiments, we can

recognize the three geometric phases of diffusion described above:

Trivial phase: at large times (i.e., from t = 200 to 100) the ordered spectrum of

the singular values appears flat, suggesting the diffusive motion to be Brownian in the

ambient space.

Manifold coverage phase: at intermediate times, the spectrum shows a clear trace

of multiple simultaneous opening gaps. The shape of the curves is, however, different

from the controlled scenario showed in Section 4.3, due to two different reasons: similar

latent variances associated to different latent dimensions imply a smoothing of the curve,

as displayed by Fig. 4.7; the local eigenspace of the data is complex and hard to model
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Figure 4.10: Jacobian spectra of diffusion models trained on MNIST, Cifar10, and CelebA.
The neural network is trained as prescribed in Appendix A and spectra are measured
according to Appendix B.

microscopically: for instance, the pixellated appearance of Cifar10 images might explain

the scarce emergence of the gaps, while the larger gap structure showed by CelebA might

be due to correlations among the latent variances.

Manifold consolidation phase: at small times (below t = 2) we finally see only

the full manifold gap open and progressively sharpening, in the sense that many singular

values become exactly zero. The spectra of this phase are the only ones analyzed in

Stanczuk et al. [2024] and used to estimate the manifold dimensionality. For instance, we

see from Fig. 4.10 (left panel) that, at the end of the reverse process, the network trained

on MNIST shows a latent dimension D ∼ 100 that is coherent with Stanczuk et al. [2024].

We conclude that, although our analysis focuses on the local structure of the data man-

ifold (or the stable latent set in diffusion time), it is effectively supported by experiments

on real-world complex datasets.

4.7 Conclusions

We investigate the latent geometry of generative diffusion models under the manifold

hypothesis. For this purpose, we analyze the spectrum of eigenvalues (and singular values)

of the Jacobian of the score function, whose discontinuities (gaps) reveal the presence

and dimensionality of distinct sub-manifolds. Using a statistical physics approach, we

derive the spectral distributions and formulas for the spectral gaps, and we compare these

theoretical predictions with the spectra estimated from trained networks. Our analysis

reveals the existence of three distinct qualitative phases during the generative process:

1. trivial phase;

2. manifold coverage phase, where the diffusion process fits the distribution internal

to the manifold;

93



3. consolidation phase where the score becomes orthogonal to the manifold and all

particles are projected on the support of the data.

This ‘division of labor’ between different time scales provides an elegant explanation of

why generative diffusion models are not affected by the manifold overfitting phenomenon

that plagues likelihood-based models, since the internal distribution and the manifold

geometry are produced at different time points during generation.
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Losing Dimensions

That’s me in the corner

That’s me in the spotlight, losing my . . .

R.E.M.

In this second part, we study geometric memorization. Our theoretical and experimen-

tal findings indicate that different tangent subspaces are lost due to memorization effects

at different critical times and dataset sizes, which depend on the local variance of the data

along their directions. Perhaps counterintuitively, we find that, under some conditions,

subspaces of higher variance are lost first due to memorization effects. This leads to a

selective loss of dimensionality, where some prominent features of the data are memorized

without a full collapse on any individual training point. We validate our theory with

a comprehensive set of experiments on networks trained both in image datasets and on

linear manifolds, which result in a remarkable qualitative agreement with the theoretical

predictions.

4.8 Background on Geometric Memorization

In the machine learning field, a lot of attention has been devoted to the study of memoriza-

tion in generative diffusion. In general, we say that a model memorizes when it generates

samples from the training set, instead of new ones from the same distribution. Pidstrigach

[2022] was the first to show that DMs are capable of learning low-dimensional structure

in RN and that this manifold learning capability is a driver of memorization: a model

capable of learning 0-dimensional manifolds can memorize the training data. While the

first definition of memorization is about reproducing data points, the phenomenon can be

further more complex. Somepalli et al. [2023] noticed that some features, as foreground or

background, present in the dataset can be reproduced without copying the entire image,

in a phenomenon that they call reconstructive memory. Webster [2023] refers to simi-

lar instances as template verbatim. These phenomena have been categorized under the

term reconstructive memory: the model can replicate “objects” that are are semantically

equivalent to their source object without being pixel-wise identical. In a recent paper,

Leigh Ross et al. [2025] and proposed the manifold memorization hypothesis, where they

analyze memorization in terms of the relationship between the dimensionalities of the

true data manifold and the manifold learned by the model. This categorizes memorized
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Figure 4.11: Pictorial representation of the geometric memorization phenomenon. Panel
(a): data-points lie on a D-dimensional manifold in the ambient space of dimension N ,
with D < N . The target distribution is a 2-variate Gaussian density function with di-
agonal covariance matrix and variances σ2

1 > σ2
2, having the manifold as support. We

represent four data points: two being fully aligned with the direction having larger dis-
persion σ2

1, the remaining two being fully aligned with the orthogonal direction. When
t > t1 the score function vector field locally projects the sampling process on the man-
ifold (as described in Stanczuk et al. [2024], Ventura et al. [2025]). We expect a neural
network trained on a very large training set to maintain this behavior until very small
times t1, ensuring generalization. When t1 > t > t2 the model starts memorizing frac-
tions of the manifold: points aligned with the larger variance are fully memorized and
become point-wise attractors in the vector field; the points aligned with the smaller vari-
ance sub-manifold are not yet memorized, and the surrounding score function vectors
are orthogonal to the sub-manifold of dimensions D̂ < D. When t < t2 all points are
attractors in the vector field, and the original D-dimensional manifold gets shattered into
0-dimensional sub-manifolds, i.e. disconnected points in the ambient space. Panels (b):
ordered eigenspectrum measured in positions x1,x2,x3 according to the Normal Bundle
(NB) method described in Section 4.1. When t > t1 spectral gaps opened on the black
dashed line, signal an estimated manifold dimension D̂ = D all over in space. When
t1 > t > t2 the method applied to x1,x2 estimates D̂ < D with spectral gaps opened
on the green dashed line. The method in x3 estimates a 0-dimensional manifold, i.e. the
closest data point is fully memorized, because it lies on the larger variance sub-manifold.
When t < t2 spectral gaps estimate D̂ = 0 all over in space. Panel (c): detailed inter-
pretation of the way the NB method estimates the manifold latent dimension. Panel (d):
visualization of the orthogonal and tangent subspaces with respect to a latent manifold.
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data into two types: overfitting-driven memorization and memorization driven by the

underlying data distribution.

In all these works, there is the common idea that memorization can happen separately

in different subspaces/directions of the ambient space of the data. Here we try to give a

theoretical basis to this conjecture, proving that indeed the phenomenon of memorization

is bound to the geometry of the data.

4.8.1 Generative Diffusion Models and Memorization

Diffusion models fund their functioning on the properties of stochastic dynamic processes.

Let us consider a Brownian process where an ensemble of particles x0 starts from an initial

distribution p0(x) and evolves through the stochastic differential equation

dxt = dW t (4.57)

where dW t is a standard Wiener process. In generative modeling applications, x0 is

usually chosen to be the distribution of data such as natural images. Eq. (4.57) is solved

by the formal expression:

p(xt, t) = Ex0∼p0

[
1

(2πt)N/2
e−

∥xt−x0∥
2
2

2t

]
, (4.58)

where N is the dimensionality of the ambient space. The target distribution p0(x) can

be recovered by using a reversed diffusion process [Anderson, 1982]. At large time tf , we

start from a sample xtf ∼ N (0, tfId), and let it evolve through the backward process

defined by

dxt = −∇x log pt(xt)dt+ dW t (4.59)

backward from tf to t0 = 0. In the machine learning literature, the term s(x, t) =

∇x log pt(x) is commonly referred to as the score function. These formulas are given

according to what is known as the variance-exploding framework in the generative diffu-

sion literature. However, all results can be ported directly to the variance-preserving (i.e.

Ornstein–Uhlenbeck) case.

Given a training set {ξ1, . . . , ξP} sampled from p0(x), we can obtain a neural network

approximation of the score function by training a noise-prediction network ϵ̂θ(x, t) (pa-

rameterized by θ) using the empirical denoising score matching objective [Hyvärinen and

Dayan, 2005, Vincent, 2011, Ho et al., 2020]. The network ϵ̂θ (xt, t) is trained to predict

the added noise ϵ from a noisy state xt = x0 +
√
tϵ. The estimated score is then given by
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ŝθ(x, t) = − ϵ̂θ(x,t)√
t

. Learning ϵ̂θ instead of ŝθ has the advantage of maintaining finite the

output of the network for small t→ 0, where we known that the magnitude of the score

becomes infinite outside of the support of the data.

Another approach consists of making an educated guess over p0(x) by modeling it as

the empirical distribution of the data, i.e.

p0(x) =
1

P

P∑
µ=1

δ (x− ξµ) . (4.60)

At this point, from Eq. (4.58), p(xt, t) is a mixture of Gaussians that can be studied

analytically at any time t. Specifically, it is now implied that all diffusive trajectories

must collapse in one of the spikes contained in Eq. (4.60), i.e., the system must memorize

the data points at t = 0.

As we have already done in chapter 3, one can address memorization using a statistical

mechanics approach. Specifically, one can use the Random Energy Model formalism to

determine when the backward diffusion process is captured by the basin of attraction

of one of the training points, signaling memorization. This analysis, however, does not

take into account the effect of the latent manifold supporting the target distribution, as

well as the local heterogeneities in the distribution of the data features. We conjecture

that these geometric aspects might affect the memorization transition, implying different

memorization times along different directions in the ambient space.

4.8.2 The Spectral Gap Analysis

In the previous part of this chapter, we have analyzed the spectrum of the Jacobian of

the score function to investigate learning properties of the diffusion model. The reader

is remanded to Sec. 4.1 for a more detailed introduction to the topic. The scope of this

spectral gap analysis is to probe the geometry of the diffusive trajectory and the way

it evolves in time. From this procedure, it is possible to infer whether the trajectory

is constrained to sample along certain specific directions in the ambient space due, for

instance, to latent structures emerging in the sampling space.

Consider a given point x∗ in the ambient space, and analyze the effect of adding a

small perturbation vector p with magnitude in the order of
√
t:

s(x∗ + p, t) ≈ J(x∗, t) p , (4.61)

where J(x∗, t) is the Jacobian of the score function. Performing a spectral decomposition
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of J(x∗, t), we can realize that perturbations aligned to the tangent space correspond to

zero eigenvalues of the Jacobian. This was the founding idea implied by Stanczuk et al.

[2024] to estimate the latent manifold dimension using diffusion models. In the first part

of this chapter (and in the corresponding paper Ventura et al. [2025]), the analysis of the

spectrum of the Jacobian of the score is used to determine a series of sub-gaps that open

corresponding to sub-spaces of the stable latent set. In particular, sub-spaces associated

with higher local variance are mapped to sub-gaps that open earlier. This sheds some

light on the way diffusion models learn the distribution of data supported on manifolds,

but does not investigate the problem of memorization. Indeed, we have analyzed the

spectrum of the Jacobian of the true score function, the one we can obtain knowing the

true density of the data. This has been shown to align well with the phenomenology

of trained diffusion models. However, if one wants to study memorization, we should

compare instead a theory for the Jacobian of the empirical score with a trained model in

a memorization phase. This is precisely what we do here in Sec. 4.9. In this case, one

considers the smoothed Jacobian matrix J(x, t), whose elements are defined as

Jij(x, t) =
[
si(x +

√
tej, t)− si(x, t)

]
/
√
t , (4.62)

where ej is a vector in an orthonormal basis set, which converges to the exact Jacobian

of the score for t→ 0.

4.8.3 Data model

For our theoretical analysis, we are going to adopt a slight simplification of the hidden

manifold model described in Sec. 2.4.1. In particular, we will generate data points to have

coordinates ξµi ∼ N (0, σ2
i ) with σ2

i > 0 when i = 1, .., D and σ2
i = 0 when i = D+1, .., N .

This case corresponds to choosing a linear activation function in the hidden manifold

model and subsequently aligning the ambient space with the eigenvectors of the matrix
1√
D
F⊤F . The choice of the linear manifold is moved by computational reasons, has already

been motivated in Sec. 4.5.1. This model is particularly realistic at small diffusion times,

where diffusive trajectories are very close to the manifold, as explained in [Stanczuk et al.,

2024, Ventura et al., 2025].
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4.9 Theory of geometric memorization

In this section, we present a theory of geometric memorization based on the heuristic

analysis of the spectrum of the smoothed Jacobian. First, we adopt the analogy of the

empirical density with the Random Energy Model introduced in the statistical physics

literature Lucibello and Mézard [2024], Biroli et al. [2024], Achilli et al. [2025] to compute a

geometric memorization time. Then, this result is used to obtain an approximate formula

for the empirical score and its Jacobian. Lastly, we derive a formula for the eigenvalues

that depends explicitly on the directions in the ambient space.

4.9.1 Geometric memorization time

In Chapter 3 we have derived the collapse time for manifold data, and we have shown that

collapse and condensation coincide for a typical trajectory. We now adopt a geometric

approach and aim to derive these times at a generic point x in RN .

The statistical behavior of the empirical score can be analyzed in the large P limit

by interpreting Eq. (4.67) as proportional to the partition function of a Random Energy

Model (REM) [Biroli et al., 2024, Lucibello and Mézard, 2024], which offers a simple

model of disordered thermodynamic systems. We have introduced the REM in Sec. 2.3.2

and applied it to the problem of deriving the collapse time in Sec. 3.2. In summary,

each energy level εµ is associated with a data point ξµ in the training set and its energy

depends on its Euclidean distance with the current state xt [Ambrogioni, 2025], with the

energy given by

εµ(x) = −1

2
∥ξµ∥2 + x · ξµ (4.63)

which leads to the partition function

ZP (x, t) =
P∑

µ=1

e−
1
t
εµ(x) (4.64)

where the time parameter t is analogous to the temperature of the system, which can be

used to express the weights as a Boltzmann distribution: wµ(x, t) = 1
ZP (x,t)

e−
1
t
εµ . Since

the empirical score is a Boltzmann average according to Eq. (4.64), studying its fluctuation

under the random sampling of the data allows us to quantify the deviations from the exact

score due to memorization effects. In our case, the energy levels are distributed according

to

p(ε;x) =

∫
Rn

δ

(
ε+

1

2
∥ξ∥2 − x · ξ

)
dp0(ξ) (4.65)
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For small values of t and large dataset sizes, the empirical score can be shown to

be self-averaging, meaning that it is insensitive to the specific sampling of the training

points, resulting in generalization of the underlying distribution. More formally, from the

physical theory of REMs [Derrida, 1981], we know that, at the asymptotic limit ofN →∞,

the statistical system specified by Eq. (4.67) undergoes a phase transition that separates

a self-averaging high-temperature regime from a condensation regime where Boltzmann

averages depend on a small (i.e., sub-exponential) fraction of energy levels [Mézard et al.,

2009]. In Sec. 4.9.2, we show that, for N much smaller than P , the condensation time for

linear manifold data is, to a leading exponential order, equal to

tc(x) =

√
N

2 logP

(r4,σ
2

+ ω2(x)
)
, (4.66)

which demarcates the diffusion time when the empirical score becomes susceptible to

fluctuations introduced by the random sampling of the dataset. In the formula, the

term r4,σ =
∑N

i=1 σ
4
i /N captures the fluctuations in the norm of the data, while the

directional quantity ω2(x) =
∑N

i=1 x
2
iσ

2
i /N is the variance density along the direction

x. If each dimension has equal variance σ2, the directional variance density is just σ2,

which implies that the critical condensation time depends linearly on the dimensionality

but only logarithmically on the number of data points. This implies that in the isotropic

case, in order to avoid condensation, an exponential number of data points is needed.

However, if only αD dimensions have non-zero variance, it is straightforward to see that the

exponential dependency will scale with αD instead of D. More generally, the exponential

scaling depends on the total variance D ω(x), which implies that it is realistic to learn

high-dimensional spaces as far as most of these dimensions have vanishing variance. As

we shall see, the balance between these two quantities plays a crucial role in geometric

memorization effects.

The derivation of this geometric condensation time allows us to write an approximate

expression for the empirical score. The empirical distribution at time t in the variance

exploding framework is

pPt (x) =
1

P
√

(2πt)d

P∑
µ=1

e−
∥x−ξµ∥2

2t . (4.67)
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From the empirical distribution, we can write down the empirical score:

∇ log pPt (x) =
P∑

µ=1

wµ(x, t)
ξµ − x

t
, (4.68)

where the weight

wµ(x, t) =
p(ξµ | x)∑P
ν=1 p(ξ

ν | x)
(4.69)

is the posterior probability of the pattern ξµ given the noisy state x, where the possible

states are restricted to the empirical set. This estimator is consistent, meaning that its

bias approaches the true score for P →∞.

The random sampling of the dataset introduces statistical fluctuations that we can

quantify by considering the estimator variance, which for large P can be approximated as

Var
[
∇ log pPt (x)

]
≈ Var(x0 | x)

E
[
P̃t(x)

] , (4.70)

where Var(x0 | x) is the true posterior variance and

P̃t(x) =

(
P∑

µ=1

w2
µ(x, t)

)−1

≤ P (4.71)

is the effective number of data points used to estimate the score. When t→ 0, we always

have that P̃t(x) → 1, because the empirical score always fully memorizes in this limit.

However, the empirical score exhibits generalization when the expected value is larger

than the standard deviation induced by P̃t(x). Note that P̃t(x) is a function of the state

x and that, consequently, the fluctuations in the empirical score depend on the location

x. This property is fundamental in our analysis of geometric memorization.

From standard REM calculations (see Sec. 4.9.3), we can express the effective number

of data points used to estimate the score at x at time t as

P̃t(x) = min

(
P,

t

1− t−1
c (x)

)
. (4.72)

where we introduced the minimum operator heuristically to account for the finite size of

the system. The exact asymptotic theory is recovered for P →∞. Note that, since these

quantities scale to the leading exponential order, they are therefore neglected quantities

that scale sub-exponentially in P .
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4.9.2 Condensation time for positional REM

For simplicity, we will perform the analysis for coordinate-aligned linear manifolds. Con-

sider N -dimensional normally distributed vector-valued data ξµ where each component

ξµk follows a centered normal distribution with variance σ2
k. In the linear manifold case,

the number N−D of these variances is equal to zero, meaning that the distribution spans

a D-dimensional linear manifold. The number of data points is taken to be exponen-

tial in the size of the ambient space, i.e. P = exp (αN), with α > 0. Notice that σ2
k

corresponds to the eigenvalues of F⊤F in the random projection model, and we assume

we have changed the coordinate system. Let us take a fixed x. Hence, in the variance

exploding framework, we have

pt(x) =
1

P
√

2πt
N

P∑
µ=0

e−
1
2t
∥x−ξµ∥2 (4.73)

=
1

P
√

2πt
N
e−

∥x∥2
2t

P∑
µ=0

exp

(
− 1

2t
∥ξµ∥2 +

1

t
xξµ

)
. (4.74)

It is useful, at this point, to recover the Random Energy Model (REM), which we have

introduced in its original form in Sec. 2.3.2, and already applied to diffusion models in

Chapter 3 following [Biroli et al., 2024]. The REM consists of a collection of energy

levels {εµ}µ≤P that interact with an external heat-bath at an inverse temperature β. The

energy levels are random variables generated from a probability density function p(ε | θ)

where θ can be some parameters of the model and source of disorder for the system.

The thermodynamics of the model shows a condensation phase at a critical temperature

βc that shares similarities with glassy transitions in spin-glass models. Condensation,

in turn, is analogous to memorization in diffusion models. The main thermodynamic

quantities, such as the condensation temperature, can be fully recovered starting from

the partition function of the system, given by

ZP (β) =
P∑

µ=1

e−βεµ . (4.75)

We can now map our diffusion model into a REM by redefining

β(t) = 1/t, (4.76)
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and

εµ(x) =
1

2
∥x− ξµ∥2. (4.77)

We call this model positional REM, because the occurrence of condensation will depend

on a position in the N -dimensional Euclidean space. Standard REM calculations are now

performed to compute the free energy of the model and then the condensation time. The

moment generating function of the energies is

ζ(λ) = lim
N→∞

1

N
logEξe

− λ
2t
∥ξ∥2+λ

t
xξ (4.78)

= lim
N→∞

1

N

N∑
i=1

log

∫
dyi√
2πσ2

i

exp−y
2
i

2

(
1

σ2
i

+
λ

t

)
+
λ

t
xiyi (4.79)

= lim
N→∞

1

N

[
−1

2

N∑
i=1

log

(
1 + λ

σ2
i

t

)
+
λ2

2t2

N∑
i=1

x2iσ
2
i

1 + λ
σ2
i

t

]
(4.80)

The derivative of the zeta function is

ζ ′(λ) = lim
N→∞

1

N

[
− 1

2t

∑
i

σ2
i

1 + λ
σ2
i

t

+
λ

t2

∑
i

x2iσ
2
i

1 + λ
σ2
i

t

− λ2

2t3

∑
i

x2iσ
4
i

(1 + λ
σ2
i

t
)2

]
. (4.81)

At large times, ζ(λ) and ζ ′(λ) become respectively

ζ(λ) = − λ
2t
r2,σ +

λ2

4t2
r4,σ +

λ2

2t2
ω2(x), (4.82)

ζ ′(λ) = − λ
2t
r2,σ +

λ2

2t2
r4,σ +

λ2

t2
ω2(x). (4.83)

Where

r2,σ = lim
N→∞

1

N

∑
i

σ2
i (4.84)

r4,σ = lim
N→∞

1

N

∑
i

(σ2
i )2 (4.85)

ω2(x) = lim
N→∞

1

N

∑
i

(xi)
2σ2

i . (4.86)
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Figure 4.12: Condensation time as a function of position x computed according to the
REM calculations. Left: for one position x in an ambient space of dimension N = 100
and one matrix F of dimensions 100 × 50 (with D = 50 dimension of the latent space),
we show the comparison between the exact calculation of the positional condensation
time and the approximated version that is fully explicit in the directional variance ω2(x).
Both x and F are generated according to a Gaussian process with zero mean and unitary
variance. Right: we generate 2000 random positions x around the origin of the ambient
space of dimension N = 100; the latent space dimension is D = 50 and α = 0.15; we show
the dependence of the exact positional condensation time as a function of ω2(x), showing
a qualitatively similar behavior with respect to the approximated expression of tc.

The condition for the condensation time is α + ζ(1)− ζ ′(1) = 0, from which we obtain

tc(x) =

√
r4,σ
2

+ ω2(x)

2α
. (4.87)

As is clear from the formula, this time depends on the variance ω2(x) along the direction

of x. This implies that, when x is aligned to a linear sub-manifold with higher variance,

condensation around this state will happen earlier, leading to a decrease in the estimated

commonality of the latent manifold. Fig. 4.12 shows a comparison between the exact

approach for computing tc(x) (i.e. using Eqs. (4.78), (4.81)) and the small α expansion

(i.e. Eq. (4.66)), showing a good qualitative agreement between the two quantities at all

values of α. The right panel of the same figure also displays a strong dependence of the

exactly computed condensation time.
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4.9.3 Participation ratio

In the condensation phase, the empirical score is dominated by the (quenched) fluctuations

in the data distribution. First, we can introduce the participation ratio

Y (β,x) =
Z(2β,x)

Z(β,x)2
. (4.88)

This thermodynamic quantity can be roughly interpreted as the inverse of the number of

energy levels with non-vanishing weights. In the condensation phase, this will be a finite

number, while it becomes infinite in the high temperature phase. In the thermodynamic

limit and for β(t) ≥ βc(t), the participation ratio of our REM model is given by

E[Y (β,x)] = 1− βc(t,x)

β(t)
, (4.89)

which implies that the number of data points that contribute to the score function at x

is

P̃ = eαÑ(β,x) = 1/Y (β,x) =
β(t)

β(t)− βc(t,x)
. (4.90)

Note that this number tends to one for β(t)→∞, meaning that in the low-time limit the

score depends on a single pattern.

4.9.4 Spectral analysis of the empirical Jacobian

The large P analysis outlined in the previous sections gives us a description of the fluc-

tuations in the empirical score as a function of the state x. The spatial dependency of

these fluctuations ultimately depends on the data distribution p0(x), which outlines a

rich geometric landscape that interacts in a complex way with the spatial variations in

the exact score ∇ log pt(x).

To study the effect of these spatially non-homogeneous random fluctuations in the

spectrum, we start from an approximate formula for the empirical score obtained by

restricting the average to only P̃t(x) active samples :

∇x log pt(x) ≈ 1

P̃t(x)

P̃t(x)∑
µ=1

ξµ − x

t
(4.91)

where the active samples ξµ are sampled from the posterior distribution p(x0 | x; t). If we
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Figure 4.13: Visualization of the geometric memorization, implying the typical dimension-
ality loss phenomenon. Manifold subspaces with higher variance are lost due to ‘conden-
sation’ (i.e., memorization). Panels A, B, and C show the score estimated from a bivariate
distribution with unequal variances for t = 1, t = 10−1, and t = 10−2, respectively. The
red arrows show the empirical score, while the heat-map visualizes the sampling proba-
bility distribution.

consider the data model introduced in 2.4.1 when g is the identity, i.e., a linear manifold

model, Eq. (4.91) follows a Gaussian distribution, since the posterior is itself Gaussian.

In the following, for the sake of simplicity, we will assume that F is a diagonal N × N
with diagonal entries σk, with σk = 0 for N −D indices. This corresponds to a rotation

to the basis of eigenvectors of F⊤F . If we assume that the fluctuations in the score are

uncorrelated for a separation of the order of
√
t, we can quantify the statistical variability

of the (smoothed) Jacobian in Eq. (4.62) through the formula

Jij(t) ∼ N
(
−δij

(
t+ σ2

i

)−1
,

σ2
i

t (t+ σ2
i )

[
ϕ(t,0) + ϕ(t, ej

√
t)
])

, (4.92)

where we defined the function ϕ(t,x) = max (1/P, t−1 − t−1
c (x)) . The expected value of

this expression is just the Jacobian of the exact score, which determines the opening of

the spectral gaps as explained in the first part of this chapter. On the other hand, in this

model, gaps can close due to the variance term. We can see this phenomenon qualitatively

by considering the singular values spectrum of the expected value of Eq. (4.92):

s̄i =

√√√√ 1

(t+ σ2
i )

2 +
d∑

k=1

σ2
k

t2 (t+ σ2
k)

2

[
ϕ(t,0) + ϕ(t, ei

√
t)
]2
. (4.93)

Remember that we see a gap in the sorted spectrum if there is a large difference between
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two consecutive sorted singular values sk and sk+1. This gap can disappear mainly for

two reasons:

1. The first one is that ϕ(t, ek

√
t) is larger than ϕ(t, ek+1

√
t). This case is directional,

as it depends on the direction of perturbations ek, and ek+1 and it leads to the

selective suppression of a particular subspace.

2. The second one instead is non-directional: it induces a synchronous suppression of

all gaps and leads to complete memorization. It happens if the contribution of these

variance terms makes the contribution of the expected value negligible

We are more interested in the first case. This phenomenon of selective memorization

is visualized in Fig. 4.13 for a two-dimensional distribution. For linear Gaussian, the

closing times are determined by the critical time t−1
c (x), which, has we have seen in the

previous section, is itself depends on the constant term r4,σ =
∑N

i=1 σ
4
i /N and on the

directional term ω2(x) =
∑N

i=1 x
2
iσ

2
i /N . This latter term is proportional to the variance

along the subspace spanned by x and plays a crucial role in determining the differential

disappearance of different subspaces at different times. Perhaps counter-intuitively, the

subspace spanned by ek is more vulnerable to memorization when ω2(ek) is large. There-

fore, subspaces that are more prominent in the distribution of the data and that emerge

earlier during the diffusion process are also more vulnerable to memorization in the later

stages of diffusion. This corresponds to the form of feature memorization suggested in

[Leigh Ross et al., 2025].

Figs. 4.14 report the eigenvalues sampled from the distribution in Eq. (4.92) ordered

from the largest to the smallest in magnitude, to reproduce the typical plots obtained by

the improved NB method. Figures show drops in magnitude at different eigenvalue num-

bers, proving the evolution of the local latent dimensionality of the underneath manifold,

i.e. a coherent deformation of the score function field in the ambient space. The latent

dimensionality decreases in diffusion time, as predicted by the theory.

On the other hand, Figs. 4.14 also report the ordered eigenvalues yet computed through

Eq. (4.93). The curves are consistent with the behavior of the empirical eigenvalues plotted

in Figs. and also the experimental curves obtained through the improved NB method.

4.9.5 Full derivation of the empirical Jacobian spectrum

We can relate this random energy analysis to the spectra of Jacobian eigenvalues using

a heuristic argument. In the linear manifold example, the Jacobian of the true score
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Figure 4.14: Ordered singular values of the Jacobian of the empirical score function in
the case of the linear data model, sampled from Eq. (4.92) (first row) and computed from
Eq. (4.93) (second row). Choice of the parameters: N = 30, D = 7 with a subspace
associated to a variance σ2

1 = 1 of dimension D1 = 2 and another subspace with variance
σ2
2 = 0.3 and dimension D2 = 5. Different lines are associated to different sizes of the

training set P , as reported in the legend. Measures have been averaged over 30 realizations
of the experiment.

function at t = 0 is diagonal with eigenvalues equal to −1/σ2
k. This results in spectral

gaps when different sub-spaces have different variances. For a finite value of the inverse

temperature β(t) = 1/t, the eigenvalues are −1/σ2
k − β. After the critical condensation

time, the empirical score gives a good approximation of the true score.

In this phase, the score is dominated by approximately eαÑ(β,x) = β(t)
β(t)−βc(t,x)

, leading to

the expression

∇x log pt(x) ≈ β

eαÑ(β,x)

eαÑ(β,x)∑
µ=1

(ξµ − x) (4.94)

where ξµ ∼ p(ξµ | x, β) ∝ e−ξT (Λ−1+βIN)ξ/2+βx·ξ. Therefore, the empirical score approxi-

mately follows the distribution

∇x log pt(x) ∼ N
(
−M(β)x, β(Λ−1 + βIN)−1 max(0, β − βc(x))

)
. (4.95)

where M(β) = β(Λ−1 + βIN)−1Λ−1 and Λ being the diagonal matrix collecting the vari-

ances σ2
k and we used the fact that eαÑ(β,x) = β/(β−βc(x)). The minimum in the formula

is due to the fact that, for β < βc, an exponentially large number of patterns participate

in the estimation of the score, which leads to a complete suppression of the variance. On
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the other hand, the variance of the empirical score estimator diverges for β →∞. In fact,

during condensation, the fluctuations in the random sampling of the data points are not

suppressed due to the small number of non-vanishing weights.

We can finally estimate the distribution of the eigenvalues estimated from the empirical

Jacobian matrix. Let us set ourselves on x = 0 and perturb along the directions of the

eigenvectors of F⊤F . We estimate the elements of the Jacobian of the score function with

respect to the orthogonal direction ej using a perturbative approach, i.e.

Jij(β) ≈
√
β
(
∂xi

log pt(ej/
√
β)− ∂xi

log pt(0)
)
. (4.96)

Using Eq. (4.95), we can then write an approximate distribution for the elements of the

Jacobian as

Jij(β) ∼ N
(
−βδij

(
1 + βσ2

i

)−1
, β2

(
σ−2
i + β

)−1
[
ϕ(β,0) + ϕ(β, ej/

√
β)
])

. (4.97)

where we assumed that the fluctuations in ∇x log pt(ej/
√
β) are independent from the

fluctuations in ∇x log pt(0) and ∇x log pt(ek/
√
β) for all ks. In this expression, we intro-

duced the function

ϕ(β,x) = max (0, β − βc(x)) . (4.98)

We can now recover the singular values of J(β) as minus the square roots of the eigenvalues

of J(β)⊤J(β). In general, the matrix J(β)⊤J(β) can have a complex spectral distribution.

An approximate formula for the singular values of J(β) is

si ≈ −

√√√√β2(1 + βσ2
i )−2 + β4

N∑
k=1

(
σ−2
k + β

)−2
[
ϕ(β,0) + ϕ(β, ei/

√
β)
]2
. (4.99)

To obtain this formula, we write J as

J = A+B (4.100)

where A is a diagonal matrix corresponding to the mean of Eq. (4.97), while B corresponds

to the variance. Therefore, J⊤J becomes

J⊤J = A⊤A+ A⊤B +B⊤A+B⊤B. (4.101)
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This expression is dominated by the two symmetric terms, so we can write

J⊤J ≈ A⊤A+B⊤B. (4.102)

Then, the term A⊤A = A2 is, of course, still diagonal, while the term B⊤B is diagonally

dominant. Calling C =
∑

ik BikBik, we can approximate the singular values as
√
A2 + C2,

obtaining Eq. (4.99). Note, however, that the distribution of the spectrum does not

concentrate exactly to Eq. 4.99 in the large P . Nevertheless, Eq. 4.99 gives an accurate

picture of the qualitative behavior, as shown in Sec. 4.10.2.

These results also show that in some regimes Eq. 4.99 is more in agreement with the

numerical empirical score than the correct spectrum of Eq. 4.97, which is likely due to

the fact that Eq. 4.97 overestimates the fluctuations by ignoring the correlations of the

score at different points.

4.10 Experiments

In this section, we test the theory of geometric memorization with simulations and exper-

iments with trained neural networks. The main experimental results have already been

summarized in the previous section, in the description of Fig. 4.16. Here we expand the

experimental settings, providing more evidence to support the theoretical analysis.

4.10.1 Diffusion networks trained on linear manifold data

We first perform an experiment on a controlled environment, i.e. by training a deep net-

work on data generated by a simple model. Data have been generated from the synthetic

manifold model described in Section 4.8.3. We have considered a linear manifold model

with N = 30, D = 7, and, in particular, the two subspaces that make the manifold have

dimension D1 = 2 with variance σ2
1 = 1.0 and D2 = 5 with variance σ2

2 = 0.3. We have

subsequently trained the neural network on synthetic datasets with an increasing size and

applied the improved NB method described in 4.1 to estimate the ordered eigenspectrum

of the score function Jacobian around the position x = 0 (which we recall to be part of the

latent data manifold). The results are reported in Fig. 4.15, where the latent dimension

of the subspace spanned by the largest variance σ2
1 can be estimated by the position of

the red dashed line, the dimension of the subspace spanned by the smallest variance σ2
2

can be extracted by the green dashed line, and eventually the full latent dimension of the

manifold is associated to the black dashed line. The left panel in the Figure shows a net-
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work trained on a large dataset, which is capable to generalize even at small times. Such

model is driven by the true score function that be geometrically reconstructed through the

theory developed in Ventura et al. [2025]. This network first estimates the smaller latent

dimension D2, relative to the sub-manifold spanned by the larger variance σ2
2, by opening

a gap on the red dashed line, and then opens a last gap on the line relative to the true

latent manifold dimension D. On the other hand, an overfitting model does not manage

to geometrically estimate the correct latent dimensionality of the true manifold, because

it starts memorizing the data, driven by the empirical score function. This scenario can

be appreciated from both central and right panels in Fig. 4.15. Specifically, the model

represented in the central panel first reproduces the generalizing behavior showed by the

left panel, but then opens a gap on the green dashed line at smaller times. This gap is not

predicted by a theory based on the true score as the one in Ventura et al. [2025]. On the

other hand it can predicted by a theory based on the empirical score function, and it is

a signature of the progressive reduction of the support of the diffusive trajectory that we

name geometry memorization. The right panel shows a even more extreme memorization

instance, where the model does not manage to open the full manifold dimension gap and

instead clearly opens the smaller dimensionality gap. Both the central and right panels

would show a flattening of the curves, signaling a zero-dimensional manifold, for very

small times, that have not been included in the plot.

4.10.2 Comparing Experiments with the Theory

Fig. 4.16 reports the main results from the analysis of geometric memorization on the

synthetic manifold model described in Section 4.8.3. At this point we compare the time

evolution of the score function Jacobian computed through three different manners around

the position x = 0:

• Our theory based on mapping the empirical score on a statistical mechanics model,

as described in Sec. 4.9.

• A neural network model trained on synthetic manifold data.

• A numerical simulation of generative diffusion drive by the empirical score defined

in Eq. 4.92 in Sec. 4.9.

Starting from large diffusion times, Fig. 4.16 shows the first gap opening on the red

dashed line, signaling that the score function is fitting the m1-dimensional sub-manifold

with larger variance σ2
1 coherently with the theory presented in Ventura et al. [2025].
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Figure 4.15: The evolution in diffusion time of the ordered singular values of the Jacobian
of the score function estimated by a Deep Neural Network trained a linear manifold model.
The parameters for the model are N = 30, D = 7, log(P )/N = 0.23 with subspaces
associated to variances σ2

1 = 1 and σ2
2 = 0.3 with dimensions D1 = 2 and D2 = 5

respectively. Lighter colors are associated to larger times in the color map. Different
panels have been realized by training a deep network on growing sizes of the training
dataset and applying the improved NB method in x = 0. In the Left panel the size of the
data-set is sufficiently large to allow the network to detect the true latent dimensionality
of the data manifold. In the Central panel the network first starts to reproduce the true
dimensionality of the manifold and then enters the geometric memorization phase, opening
a gap on the green line, signaling a disruption of such manifold and the estimation of a
lower manifold dimension. In the Right panel the network skips the opening of the final
gap signaling the true latent manifold dimensions and directly enters the memorization
regime, as predicted by our theory. This toy experiment reproduces the results obtained
on real-world data and reported in Section 4.10.3.
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Figure 4.16: The evolution in time of the ordered singular values of the Jacobian of the
score function for a linear manifold model. The parameters for the model are N = 30,
D = 7, log(P )/N = 0.23 with subspaces associated to variances σ2

1 = 1 and σ2
2 = 0.3

with dimensions D1 = 2 and D2 = 5 respectively. Lighter colors are associated to larger
times in the color map. Left: heuristic theoretical prediction in the memorization phase
according to Eq. (4.93). Center: singular values obtained by the improved NB method in
x = 0. after training a Neural Network over a synthetic dataset of P = 500 points. Right:
singular values obtained by the numerical measure of the Jacobian of the empirical score
function (as described in Sec. 4.9), evaluated from a synthetic dataset of N = 103 points.
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Subsequently, a gap on the black dashed line appears, suggesting that the score func-

tion has reconstructed the full D-dimensional manifold. Eventually, this gap closes and

leaves room to a new intermediate gap opened on the green dashed-line, associated to a

D2-dimensional sub-manifold. The opening of the last gap is a trace of geometric mem-

orization which cannot occur in a true score-driven diffusion model. It suggests that the

subspace of higher variance has been memorized, thus it does not count anymore in the

manifold dimension. These dimensions have been effectively lost, i.e. removed by the

subspace spanned by diffusion at small times. Yet it is predicted by our theory based on

the spectral analysis of the Jacobian of the empirical score function. This phenomenology

is ubiquitous to all the three pictures reported in Fig. 4.16.

4.10.3 Experimental evidence of Geometric Memorization

In this section we provide experimental evidence of geometric memorization in generative

diffusion. Such observations have motivated the theory developed in Sec. 4.9.

Let us consider Diffusion Models trained on a series of sub-datasets extracted from

MNIST, Cifar10, Fashion-MNIST, CelebA-HQ and LSUN-Churches. For each dataset

size, we fix a small diffusion time t = 10−5, estimate the latent dimensionality around

the position x = 0 according to the Normal Bundle analysis described in Section 4.1,

and study how this dimensionality varies with dataset size. Full details of the dimension-

ality estimation procedure and training setup are provided in Appendix B. The average

dimensionality as a function of the dataset size is reported in Fig. 4.17. We observe the

following progression:

I. When the dataset size is very large, i.e. of order ∼ 104, the latent dimensionality

of the data manifold remains stable: the sample complexity is sufficient, and the

network successfully captures the underlying data structure.

II. As the dataset size decreases in the interval [103 ÷ 104], the latent dimensionality

gradually declines: the network begins to overfit, but the manifold dimensionality

does not collapse abruptly.

III. For even smaller datasets, the latent dimensionality has approached zero, indicat-

ing that the network-fitted score function concentrates on individual data points,

effectively reducing the manifold to zero-dimensional objects.

Previous theoretical and numerical studies of memorization in diffusion models [Biroli

et al., 2024, Achilli et al., 2025, Lucibello and Mézard, 2024, Pham et al., 2025] have shown

114



Figure 4.17: Latent manifold dimensionality estimated on deep networks trained on natu-
ral image datasets at t = 10−5. The estimated dimensionality tends to smoothly decrease
when the dataset size is smaller, suggesting an underlying phenomenon of geometric mem-
orization. Latent dimensionality has been estimated according to Appendix B.

Figure 4.18: Randomly chosen images that have been generated by diffusion models
trained as in Fig. 4.17. Training datasets are: Cifar10 (top row) and LSUN-Churches
(bottom row). The dataset size decreases from left to right: in the generalization phase,
the score function fits the exact one, and images are coherent with a high saturation;
during geometric memorization, images look clearly foggy, with a low saturation; when
the model memorizes images return to be clear and well saturated since they coincide
with existing examples. We conjecture that the reduction in saturation is correlated with
the dimensional reduction of the image latent manifold.
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that the score function ceases to point towards the data manifold after a characteristic

memorization time, which depends on both the properties of the target distribution and

the size of the dataset. A natural question is whether, beyond this time, the score field

begins orienting towards individual data points abruptly or progressively.

Our results reveal a universal phenomenology across different datasets: memorization

unfolds gradually rather than occurring as a sharp transition. In our experiments, the

measurement time for dimensionality is fixed for each dataset size. If memorization were

abrupt, we would observe a sudden drop in Fig. 4.17, which does not occur. Instead,

the latent dimensionality decreases smoothly across a range [103 ÷ 104] in the dataset

sizes, suggesting that the diffusion process progressively loses degrees of freedom until it

ultimately collapses onto individual data points.

Fig. 4.18 visually represents examples generated by neural networks trained with dif-

ferent dataset sizes, as in Fig. 4.17. For large datasets, the model generalizes, generating

new images that are perfectly coherent with the training examples. For intermediate sizes

of the dataset, geometric memorization occurs, and generated images experience a drop

in saturation: pixel values are more similar to each other, and shapes look foggy. We con-

jecture that this effect might be correlated with a decrease in the dimensionality of the

latent manifold that is connected to a reduction in the number of relevant Fourier modes

of the pictures. For small datasets instead, models are fully memorizing, generated images

are data points, and saturation is fully restored. We also report that this visual effect

does not evidently appear when we train the model on human faces, as those contained

in CelebA-HQ dataset. Further analysis of the link between loss of latent dimensionality

and the Fourier decomposition of images will be the object of further investigations.

4.11 Conclusions

In this second part, we present experimental evidence and a theoretical analysis of a phe-

nomenon that has so far been rarely observed or discussed in the context of generative

diffusion, which we call geometric memorization. Specifically, we show that data memo-

rization in diffusion models is not a sudden process but a gradual one, deeply intertwined

with the structure of the manifold that encodes the correlations and symmetries of a

dataset.

Recent studies [Ventura et al., 2025], that we have described in the first part of this

chapter, have shown that generative models trained on structured data progressively

reconstruct both the target distribution and the geometry of the low-dimensional manifold

that underlies it. The model first fits the subspaces populated by configurations where
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features have higher variance and then gradually incorporates dimensions associated with

smaller variances. In this way, the model reconstructs large-scale structures of the data

before refining the smaller details. We demonstrate that, when a model overfits the

data, it enters a phase in which this manifold is progressively destroyed, following a very

similar sequence of steps, but in reverse. The system does not memorize entire data points

all at once; instead, it first freezes the features with higher variance and then the finer

details, gradually losing dimensions until the vector field of the score function becomes

fully aligned with the data. To this end, we introduce a toy data model that can be

analyzed within the framework of statistical mechanics. Following the approach of [Biroli

et al., 2024, Ambrogioni, 2025, Achilli et al., 2025], we first map an empirical score-driven

diffusion model onto a Random Energy Model, compute the relevant thermodynamic

quantities of the system, and then use these to estimate the statistics of the eigenvalues

of the Jacobian of the empirical score at small times.

We emphasize that our analysis, ultimately based on the Jacobian of the score func-

tion and thus on the local gradient of the diffusion potential, is a static and geometric

study of generative diffusion. In contrast, prior works such as [Biroli and Mézard, 2023,

Biroli et al., 2024] focus on dynamic descriptions, tracking temporal evolution along typi-

cal stochastic trajectories. We therefore conjecture that our geometric findings are deeply

connected and simultaneously complementary to these dynamic aspects, since the score

function governs diffusion, particularly at small times when stochastic noise is minimal.

To sum up, while [Wang et al., 2024, Ventura et al., 2025, Leigh Ross et al., 2025] have

highlighted the importance of manifold structure in the generalization behavior of gen-

erative diffusion models, our work is the first to explain how the manifold hypothesis

influences memorization, suggesting a new way of conceiving data overfitting in these

types of machine learning models.

Summary

Let us summarize our contribution to the problem in a few salient points, in the first part

of the chapter:

• We compute analytically the spectrum of the Jacobian of the true score function for

linear manifold data.

• We use the previous result to describe geometric phases in the learning process

of diffusion models, which provide an explanation of why they are free from the

117



manifold overfitting phenomenon.

While in the second part:

• We give experimental evidence of a new phenomenon occurring in diffusion models,

i.e., geometric memorization. In the same context, we attempt to identify the

specific setting of the model that allows such observations.

• We provide a full theoretical explanation of geometric memorization. Our analysis,

based on tools from statistical mechanics of disordered systems, successfully predicts

the experimental results from neural-network-trained models.
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Chapter 5

General theory of speciation in

multiphase probability distributions

In this chapter, we present preliminary results of a joint work with Marco Benedetti,

Giulio Biroli, and Marc Mézard.

A recent research line aims to give theoretical foundations of Diffusion Models (DMs)

for high dimensional data by using tools from statistical physics. In particular, Biroli

et al. [2024] has identified three dynamical phases in DMs. The separation between the

first regime, where backward trajectories are purely noisy, and the second one, features

of the data distribution start to emerge, is the called speciation time. For data coming

from a mixture of two Gaussians with different means, they have obtained a speciation

time tS = 1
2

logN . However, there is no current theory for the speciation transition in the

case of data coming from classes which are not spatially separated.

In this chapter we extend the treatment of speciation to a more general setting. We

first carefully define the properties of a target probability distribution composed of many

classes. In particular, the probability to assign the class given a typical data is 1 for

the correct class and 0 otherwise. Once we add noise with the diffusive process it is

clear that this property no longer holds. Thus, we introduce a criterion to identify the

speciation time based on the probability of attributing the data to the correct class. The

quantity of interest will be the free entropy difference between classes. The typical size

of fluctuations of this quantity is O(1/
√
N), but we will show that, in absence of first

moments separation, it also depends on time as e−2t, meaning that on logarithmic time

scale t ∝ logN the actual scaling is of order O(1/N). This is precisely the scale at which

clusters become mixed, i.e. the time scale of speciation.

This general criterion recovers the previous theory for the speciation transition. It
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also allows us to study new cases where we do not have separation of first moments in

different classes. Our prototypical models in this setting will be a mixture of 1d Ising

models with different temperatures and a mixture of Gaussians with zero means and

different covariances. Interestingly, we are able to obtain analytical expressions for the 1d

Ising mixture by mapping this problem into a 1d Ising model with random field, following

the replica calculation in [Weigt and Monasson, 1996, Lucibello et al., 2014].

5.1 Bayes attribution and pure densities mixtures

We are interested in studying probability distributions whose samples can be labeled as

belonging to one among a number R of well distinguished classes. To model this, we will

assume that P (a) =
∑R

r=1wrPr(a), where wr are non-negative weights with
∑

r wr = 1,

and Pr(a) represent the different classes. Each sample will be assigned to a class on the

basis of the Bayesian attribution to component : given a sample a drawn from P (a), we

compute

P (s | a) =
P (s, a)

P (a)
=
wsPs(a)

P (a)
, (5.1)

and we assign it to class argmaxP (s | a). Given P (a), there are many ways to decompose

it in classes. To address this ambiguity, we shall restrict our analysis to Proper Density

Decompositions, requiring that, as N increases, the Bayesian Classifier is able to attribute

a typical noise-corrupted sample from P (a) with certainty to one of the components

of P (a), for any small but finite amount of noise. Formally, let ãr = ar + ηN (0, 1)

be the random variable obtained by adding i.i.d. Gaussian noise to each feature of ar,

sampled from Pr(ar). We will say that P (a) =
∑R

r=1wrPr(a) forms a Proper Density

Decomposition of P (a) if, for any r and s ̸= r, there exists η = ON(1) and ϵ(N) = oN(1)

such that P (s|ãr) ≤ ϵ(N) with high probability over the statistics of ãr.

When ar ∼ Pr, the numbers Ps(ar), s = 1, ..., n are random variables, and they can

be expressed as Ps(a) = eNfs(a,N), where fs(a,N) = (1/N) logPs(a). If Nfs(as, N) ≫
Nfr(as, N) with high probability over the sampling of as for any r ̸= s as N → ∞,

we have a Proper Density Decomposition. If P (a) =
∑R

r=1wrPr(a) is a Proper Density

Decomposition and the distribution of fs(ar, N) concentrates at large N towards its mean,

will say that forms a Pure Density Decomposition. In that case, one can write

Ps(ar) = eNfr
s+o(N), f r

s =
1

N
⟨logPs(ar)⟩ar , (5.2)

where the average is taken over the distribution of diffused samples that originate from
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cluster r, and the o(N) contribution encapsulates the dependence on the specific realiza-

tion of the disorder ar (see Biroli and Mézard [2024] for more details).

5.2 Speciation

Symmetry breaking events in diffusion models have been first introduced by Raya and

Ambrogioni [2023] and Biroli et al. [2024], where they were named speciation transitions.

They are characteristic timescales of the backwards process, describing a very general,

and target distribution independent phenomenology. They indicate sharp transitions in

the qualitative behavior of trajectories during the backwards process.

Consider, as an example, an image dataset comprising photos of cats, dogs, eagles

and seagulls. At any instant of the backwards process, one can try and guess which

of the four types of animals will be represented in the final image, at t = 0. At the

beginning of the backwards process, the image is just Gaussian noise, and it is impossible

to attribute it to any of the four categories. As backwards diffusion takes place, features

from the target distribution gradually emerge, and one is able to guess the final image

better than random. Over time, the prediction for a given single trajectory will change,

even back and forth, between classes, but well established time windows exist, during

which such fluctuations happen only between a subset of the classes. In our example,

there will be a time window during which the prediction fluctuates between cat and dog,

but never to a bird, or conversely, between seagull and eagle, but never to a quadruped.

The boundaries of such time windows are called speciation times. After each speciation,

backwards trajectories become committed to a smaller subset of classes in the dataset.

Conversely, during the forward diffusion process, these transitions mark moments when

it becomes hard to guess which class generated the image, now corrupted by increasing

amounts of noise.

5.2.1 A general criterion for speciation

Given a Proper Density Decomposition P (a) =
∑R

r=1wrPr(a), as defined in Sec.5.1, we

need a rigorous notion of attribution to a component of a forward-diffused data point

x. The most natural way is generalizing Bayesian attribution to component to the noise

corrupted sample, namely we compute

P (s | x, t) =
P (s, x; t)

P (x, t)
=
wsPs(x, t)

P (x, t)
, (5.3)
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where P (x, t) =
∑

swsPs(x, t) and

Ps(x, t) =

∫
dNa Ps(a) exp

(
−(x− ae−t)2

2∆t

)
, (5.4)

and we assign it to class argmaxP (s | x, t). Given r and s ̸= r, if P (r|a) ≫ P (s|a) with

high probability over the statistics of a sampled from Pr(a), we say that r and s are well

distinguishable classes at time t. Otherwise, if P (r|a) and P (s|a) are of the same order

of magnitude, we say that class r is merged with class s at time t. When x is obtained

by diffusing a sample originated from cluster r, each of the Ps(x, t) is reminiscent of the

partition function of a disordered system. The disorder is represented by the external

field x. It is then natural to write

Ps(x, t) = eNfr
s (t)+δfr

s (x,t), f r
s (t) =

1

N
⟨logPs(x, t)⟩r (5.5)

where the average is taken over the distribution of diffused samples that originate from

cluster r, and the f r
s (x, t) = o(N) contribution encapsulates the dependence on the specific

realization of the disorder x. Component r can be reliably identified by the Bayesian

Classifier as the origin of the trajectory as long as

Nf s
s (t) + δf s

s (x, t)≫ Nf r
s (t) + δf r

s (x, t) ∀s ̸= r (5.6)

with high probability over the statistics of x. When this condition is not met, we shall say

that cluster r is merged at time t with cluster s. Hence, two things happen at once: the

Bayes Classifier starts assigning finite probability to more than one class, and with finite

probability argmaxP (s | x, t) misattributes the origin of the trajectory. From (5.6), one

can see that merging occurs when the difference between average free energies becomes

comparable with their fluctuations.

|f r
r (t)− f r

s (t)| ≃

√
Var

[
1

N
logPr(x, t)−

1

N
logPs(x, t)

]
. (5.7)

As we will see, on the timescale of merging, the difference between the average free energies

becomes ON(1) with high probability.
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5.2.2 Scaling of speciation time

The criterion in Eq. 5.7 can be used to derive the scaling the first speciation time en-

countered during the backward diffusion, i.e. the largest speciation time. Explicitly, the

average free entropy difference reads

f r
r (t)− f r

s (t) =
1

N

[∫
dxPr(x, t) logPr(x, t)−

∫
dxPr(x, t) logPs(x, t)

]
. (5.8)

Notice that this can be seen ad the Kullback-Leibler divergence between the components

of the mixture. At large forward times one can approximate Pr(x, t) by expanding in e−2t

its exact expression. The result is a Gaussian distribution (see e.g. Biroli et al. [2024])

with mean µs and variance Σs. Then, the asymptotic average free entropy difference is a

Kullback-Leibler divergence between Gaussians

DKL(N (µr,Σr) ∥N (µs,Σs)) = ar,s(e
−2t + e−4t) + Cr,se

−4t + e−4tS + o(e−4t). (5.9)

The values of µr, Σr, ar,s and Cr,s are fully determined by the first and second moments

of the Ps(x, t = 0) distributions (see 5.2.3 for details). In particular, ar,s =
∑

i(⟨ai⟩r −
⟨ai⟩s)2/N , which is zero if the components are not characterized by different means.

Leveraging the Gaussian approximation for Pr(x, t) at large t, one can also approximate

the right hand side of Eq. (5.7):

Var

[
1

N
logPr(x, t)−

1

N
logPs(x, t)

]
=
ar,s
N

(e−2t + 2e−4t) +
Cr,s

N
e−4t + o(e−4t). (5.10)

In this large t regime, leveraging Eqs. (5.9), (5.10), (5.7), the criterion for speciation reads

1. If ar,s ̸= 0, i.e. there is separation of first moments,

ar,se
−2t ≃

√
ar,s
N
e−t =⇒ t ∼ 1

2
logN. (5.11)

This recovers the speciation time scaling obtained in Biroli et al. [2024].

2. If ar,s = 0,

e−4tCr,s ∼
√

2

N
e−2tC1/2

r,s =⇒ t ∼ 1

4
logN. (5.12)

This case extends previous literature on speciation time to cases where the class

distribution do not have any first moment.

Notice that in both cases, on the timescale of speciations, the free energy differences scale
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as f r
r (t)− f r

s (t) ≃ 1/N .

5.2.3 Detailed large time analysis

At large forward times one can obtain Pr(x, t) by expanding in e−2t its exact expression.

The result is a Gaussian distribution (see e.g. Biroli et al. [2024])

logPr(x, t) = const +
e−t

∆t

N∑
i=1

xi⟨ai⟩r −
1

2∆t

N∑
i,j=1

xiMr,ij xj +O
(
(xe−t)3

)
, (5.13)

where

Mr,ij = δij − e−2t (⟨aiaj⟩r − ⟨ai⟩r⟨aj⟩r) . (5.14)

and ∆t = 1− e−2t, so when we expand in e−t we write

1

∆t

=
1

1− e−2t
= 1+e−2t+e−4t+O(e−4t)

1

∆2
t

=
1

(1− e−2t)2
= 1+2e−2t+3e−4t+O(e−4t)

(5.15)

Completing the square in (5.13) yields a Gaussian with

µr(t) =
e−t

∆t

M−1
r ⟨a⟩r = e−t

(
1 + e−2t + e−4t

) [
I + e−2tC +O(e−4t)

]
⟨a⟩r (5.16)

= e−t
[
⟨a⟩r + e−2t (⟨a⟩r + Cr⟨a⟩r) +O(e−4t)

]
, (5.17)

Σr(t) =
1

∆t

∆tM
−1
r = I + e−2tCr +O(e−4t), (5.18)

where Cr,ij = ⟨aiaj⟩r−⟨ai⟩r⟨aj⟩r. Then, the average free entropy difference is a Kullback-

Leibler divergence between Gaussians

DKL(N (µr,Σr) ∥N (µs,Σs)) =
1

2

[
Tr(Σ−1

s Σr) + (µs − µr)
⊤Σ−1

s (µs − µr)−N − log
det Σr

det Σs

]
.

(5.19)

Define

∆rsai = ⟨ai⟩r − ⟨ai⟩s, (5.20)

∆rsCij = (⟨aiaj⟩ − ⟨ai⟩⟨aj⟩)r − (⟨aiaj⟩ − ⟨ai⟩⟨aj⟩)s , (5.21)
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then using the Gaussian KL formula and expanding up to O(e−4t) gives

1

N
DKL (Pr(·, t) ∥Ps(·, t)) =

1

2N

e−2t

∆t

∑
i

(∆rsai)
2 +

e−4t

4N

1

∆2
t

∑
i,j

(∆rsCij)
2 (5.22)

+
e−4t

2N

1

∆t

[
2
∑
i

∆rsai

(∑
j

Cs,ij⟨aj⟩s −
∑
j

Cr,ij⟨aj⟩r

)
−
∑
i,j

∆rsaiCs,ij∆rsaj

]
+O(e−4t).

(5.23)

Now expand ∆t and retain terms through O(e−4t)

1

N
DKL =

1

2N

(
e−2t + e−4t

)∑
i

(∆rsai)
2 +

e−4t

4N

∑
i,j

(∆rsCij)
2 (5.24)

+
e−4t

2N

[
2
∑
i

∆rsai

(∑
j

C
(s)
ij ⟨aj⟩s −

∑
j

C
(r)
ij ⟨aj⟩r

)
−
∑
i,j

∆rsaiC
(s)
ij ∆rsaj

]
+O(e−4t)

(5.25)

≃ ar,s(e
−2t + e−4t) + Cr,se

−4t + e−4tS, (5.26)

where

ar,s =

∑
i(∆rsai)

2

N
, Cr,s =

∑
i,j (∆rsCij)

2

N
, (5.27)

S =
2
∑

i ∆rsai

(∑
j Cs,ij ⟨aj⟩s −

∑
j Cr,ij⟨aj⟩r

)
−
∑

i,j ∆rsaiCs,ij∆rsaj

2N
(5.28)

Leveraging the Gaussian approximation for Pr(x, t) at large t, one can also approximate

Var[ 1
N

logPs(x, t)− 1
N

logPr(x, t)]. Specifically:

1

N
logPr(x, t)−

1

N
logPs(x, t) =

1

N

[
e−t

∆t

∑
i

xi ∆rsai +
e−2t

2∆t

∑
i,j

xi ∆rsCij xj

]
+O

(
(xe−t)3

)
.

(5.29)

The dominant contribution to the variance comes from considering xi ≃ zi with zi
i.i.d.∼
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N (0, 1). The linear and quadratic parts are uncorrelated for a centered Gaussian, so

Var

[
1

N
logPs(x, t)−

1

N
logPr(x, t)

]
= Var

[
e−t

N∆t

∑
i

∆rsaizi

]

+ Var

[
e−2t

2N∆t

∑
i,j

∆rsCijzizj

]
+O(e−6t) (5.30)

=
e−2t

N2

1

∆2
t

∑
i

(∆rsai)
2 +

e−4t

4N2

1

∆2
t

∑
i,j

(∆rsCij)
2 +O(e−6t).

(5.31)

Expanding also ∆t and keeping through O(e−4t),

Var

[
1

N
logPr(x, t)−

1

N
logPs(x, t)

]
≃
(
e−2t + 2e−4t

) 1

N2

∑
i

(∆rsai)
2 +

e−4t

4N2

∑
i,j

(∆rsCij)
2

(5.32)

≃ ar,s
N

(e−2t + 2e−4t) +
Cr,s

N
e−4t. (5.33)

In this large t regime, the criterion for speciation then reads

1. If ar,s ̸= 0,

ar,se
−2t ≃

√
ar,s
N
e−t =⇒ t ∼ 1

2
logN. (5.34)

This recovers the speciation time scaling obtained in Biroli et al. [2024].

2. If ar,s = 0,

e−4tCr,s ∼
√

2

N
e−2tC1/2

r,s =⇒ t ∼ 1

4
logN. (5.35)

This case extends previous literature on speciation time to cases where the class

distribution do not have any first moment.

Notice that, on this timescale, Var [1/N logPr(x, t)− 1/N logPs(x, t)] = O( 1
N2 ): this is

due to a combination of factors: a free entropy variance has a natural scaling of 1/N ,

at fixed time. But speciation happens on a timescale which is logarithmic in N, which

contributes an additional 1/N factor to the variance. Hence, an equivalent definition of

speciation time is f r
r (t)− f r

s (t) ≃ 1/N .
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5.3 Toy models for speciation time

In this section, we illustrate with examples the speciation time scaling obtained in Sec. 5.2.2.

We first recap the case with different first moments as it was derived in Biroli et al. [2024]

for a mixture of two Gaussians with separate means. Then we proceed to the case with-

out first moments separation analyzing again a mixture of two Gaussians both centered

in zero with different variances. We verify that speciation time scaling for these target

distributions can be retrieved on the basis of a more explicit transition in the shape of an

effective potential.

5.3.1 Gaussian Mixture with different means

Consider a balanced mixture of two multivariate Gaussians with means ±m and the same

isotropic variance σ2

Pt(x) =
1

2

1

(2πΓt)N/2
e
− ∥x−me−t∥2

2Γt +
1

2

1

(2πΓt)N/2
e
− ∥x+me−t∥2

2Γt , (5.36)

where where Γt = σ2e−2t + (1− e−2t), and assume that in large dimensions they are well

separated, so ∥m∥2 = Nµ̃2. Thus, this setting enters the case ar,s ̸= 0, for which our

criterion for predicts a speciation time t ∼ 1/2 logN (see Eq. (5.11)).

This result was previously obtained in Biroli et al. [2024] by analyzing the backward

diffusion potential. The score function reads

St(x) = − x

Γt

+m
e−t

Γt

tanh

(
x ·me−t

Γt

)
. (5.37)

The reverse-time backwards diffusion process for xt ∈ RN is the Orstein-Uhlenbeck pro-

cess:

dx = (x+ 2St(x)) dt+
√

2dWt (5.38)

where dWt is standard Brownian motion. Introducing the overlap q(t) = 1√
N
m · xt, we

can obtain a closed backward stochastic equation, defined by the potential

V (q, t) =
1

2
q2 − 2µ̃2 log cosh

(
qe−t
√
N
)

(5.39)

This potential shows a transition: it is quadratic for large times, then at t = 1
2

logN it

develops a double well structure.
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5.3.2 Gaussian Mixture with different variances

In this section, we study the case of a 2-Gaussians mixture in RN , both centered in 0, with

different isotropic variances σ2
1 and σ2

2. This setting reproduces the case of ar,s = 0, for

which the scaling of speciation time predicted by our criterion is t ∼ 1/4 logN , reported

in Eq. 5.12. The distribution of the mixture at time t is

Pt(x) =
1

2

1

(2πΓ1)N/2
e
− ∥x∥2

2Γ1 +
1

2

1

(2πΓ2)N/2
e
− ∥x∥2

2Γ2 , (5.40)

where Γ1,2(t) = σ2
1,2e

−2t + (1− e−2t). For large N , the target probability density concen-

trates on thin shells of different radii depending on the two variances. We then choose

σ2
1 = 1 − δ and σ2

2 = 1 + δ, so Γ1(t) = 1 − δe−2t and Γ2(t) = 1 + δe−2t, and tune the

parameter δ in order to have two well distinct radii.

The exact score function for this model is St(x) = −λ(∥x∥, t)x, where

λ(∥x∥, t) =
Γ
−N/2
1 e−∥x∥2/(2Γ1)/Γ1 + Γ

−N/2
2 e−∥x∥2/(2Γ2)/Γ2

Γ
−N/2
1 e−∥x∥2/(2Γ1) + Γ

−N/2
2 e−∥x∥2/(2Γ2)

, (5.41)

see Sec. 5.3.3 for details. The reverse-time backwards diffusion process for xt ∈ RN is

again the Orstein-Uhlenbeck process.

Introduce the scalar variable rt = ∥xt∥2
N

, the reverse SDE for the radial coordinate

reads

dr =
[
2(r + 1)− 4rλ(

√
Nr, t)

]
dt+ 2

√
2r

N
dBt = −∂Ut(r)

∂r
dt+ 2

√
2r

N
dBt, (5.42)

where we have defined the effective potential Ut(r) associated with the deterministic part

of the SDE as minus the integral of the drift.

Ut(r) = −
∫ r

0

[
2(s+ 1)− 4sλ(

√
Ns, t)

]
ds (5.43)

In Fig. 5.1 left panel, we can see how the shape of the potential evolves in time. It is clearly

visible a symmetry-breaking phenomenon, from which we can estimate the speciation time

for this model. Indeed, we identify the transition as the time where the curvature vanishes

in r = 1: ∂2Ut(r=1)
∂r2

= 0. Thus, we can derive a scaling for the speciation time by imposing

that the derivative of Ut(r) is zero at r = 1, which translates into 4− 4λ(
√
N, ts) = 0, or

more simply

λ(
√
N, ts) = 1. (5.44)
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Figure 5.1: (Left) Potential of the reverse SDE as a function of r for different times. It
is clearly noticeable a change in shape, from a single well for large t to a double well for
small t. We identify the speciation time in correspondence with the change in curvature
in r = 1. (Right) Speciation time for different dimensions obtained numerically and fitted
curve with a logarithmic model a log t+ b with parameters a = 0.249091, b = −0.613988.

In Fig. 5.1 right panel we report the speciation time obtained numerically by solving

Eq. (5.44) for different N , and we fit the curve with a logarithmic model, recovering the

desired scaling ts ≈ 1
4

logN .

5.3.3 Score function and radial SDE

To compute the exact score function, defined as St(x) = ∇x log pt(x), one can define the

weights:

wi(x) = Γ
−N/2
i e

− ∥x∥2
2Γi (5.45)

and call

mi(x) =
wi(x)

w1(x) + w2(x)
. (5.46)

Then, the exact score is:

St(x) = −x
(
m1(x)

Γ1

+
m2(x)

Γ2

)
(5.47)

= −λ(∥x∥, t)x (5.48)

where

λ(∥x∥, t) =
Γ
−N/2
1 e−∥x∥2/(2Γ1)/Γ1 + Γ

−N/2
2 e−∥x∥2/(2Γ2)/Γ2

Γ
−N/2
1 e−∥x∥2/(2Γ1) + Γ

−N/2
2 e−∥x∥2/(2Γ2)

(5.49)
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We consider the Orstein-Uhlenbeck reverse-time diffusion process for xt ∈ RN :

dx = (x+ 2St(x)) dt+
√

2dWt (5.50)

where dWt is standard Brownian motion. Our goal is to obtain an equation for the

speciation time, similarly to what was done in Biroli et al. [2024] for the case of a mixture

of Gaussians centered respectively in ±m, with ∥m∥2 = Nµ. Define the scalar variable:

rt =
∥xt∥2

N
(5.51)

Using Itô’s lemma:

dr =
2

N
x⊤dx+

1

N
Tr(dx dx⊤) (5.52)

From the SDE for xt we see dx dx⊤ = 2Idt, so

dr =
2

d
x⊤(x+ 2St(x))dt+ 2dt+

2
√

2

N
x⊤dWt (5.53)

= [2r + 4α(t, x) + 2] dt+
2
√

2

N
x⊤dWt (5.54)

where α(t, x) = 1
N
x⊤St(x).

Using our expression for the score St(x) = −λ(∥x∥, t)x, we get:

α(r, t) = −rλ(
√
Nr, t) (5.55)

so the drift becomes:

2r + 4α(r, t) + 2 = 2(r + 1)− 4rλ(
√
Nr, t) (5.56)

The noise term can be rewritten as

2
√

2

N
x⊤dWt ≈ 2

√
2r

N
dBt (5.57)

which is negligible for large N .

Putting all together, we find

dr =
[
2(r + 1)− 4rλ(

√
Nr, t)

]
dt+ 2

√
2r

N
dBt (5.58)
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Figure 5.2: Visualization of speciation: U-turn experiments for 500 trajectories (dots)
from the 1d Ising mixture with β1 = 0.5 and β2 = 1.0. Even if there is no spatial separa-
tion, we can clearly identify the two classes corresponding to the different temperatures
and recover the speciation phenomenology in the persistence distance.

5.4 1d Ising mixture

As a second example, we consider a mixture of 1d Ising models at different inverse tem-

peratures

P (σ) =
∑
r

wr
1

Z(βr)
eβr

∑
i σiσi+1 . (5.59)

Notice that, also in this case, the components are not spacially well separated, meaning

that the Euclidean distance between samples that come from the same component of

the mixture is not more likely to be small than the one between samples from different

classes. Nonetheless, even without spatial separation, we can still have speciation: one

can clearly see a separation between samples coming from different clusters, measuring

their correlation length or persistence distance, see Fig. 5.2. This example is instructive

since it allows the analytical prediction of all speciation times, even in the case of an

arbitrary number of components. If the number of components is n > 2, our method

pinpoints a number of speciation transitions, of which only the first would have been

otherwise computable.
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The Bayes attribution to component r of a forward diffused sample xt reads

P (r | xt) =
P (r)

∫
P (xt | s)P (s | r)ds

P (xt)
=

wr

Z(βr)

∫
ds e

∑
i
e−t

∆t
xt
isi+βr

∑
i sisi+1∑

c
wc

Z(βc)

∫
ds e

∑
i
e−t

∆t
xt
isi+βc

∑
i sisi+1

(5.60)

The numerator is, in this case, the partition function of a 1d Ising spin system, at temper-

ature βr subject to a (random) external field xt. According to our criterion, speciations

are marked by average differences between pairs of free energies

f r(x, t) =
1

N
log

(∑
s

e
βr

∑N−1
i=1 sisi+1+

e−t

∆t

∑N−1
i=1 xisi

)
(5.61)

becoming comparable with with their fluctuations, when xt is generated by sampling a

data point a according to one of the Pβs , and diffusing it forward in time. One can obtain

an exact expression for the average free energies making use of replica computations,

following the approach reported in Weigt and Monasson [1996]. The main difference

is that in our case the individual features of the disorder (xt)i are correlated, not i.i.d.

variables. The analytical computation of the average free entropy is reported in Sec. 5.4.2.

When it comes to the variance term, we approximate it with its scaling, which is the

general one for pure density decompositions

Var

[
1

N
logPr(x, t)−

1

N
logPs(x, t)

]
∼ e−4t

N
, (5.62)

where the 1/N accounts for the standard scaling of free energy fluctuations with system

size, and the e−4t accounts for the e−t scaling of the size of the external fields in Eq. (5.61).

The merging time between component r and s is then marked by

|f r
r (t)− f r

s (t)| ≃ e−2t

√
N
. (5.63)

In the next sections we will present numerical evidence that the speciation times

predicted according to our Bayes attribution criterion indeed match the dynamical ones,

defined experimentally in terms of U-turn experiments.

132



5.4.1 Exact Score

The exact score function can be obtained from

S(x, t) = −x− e
−t⟨s⟩x

∆t

(5.64)

where the average of s under the tilted measure reads

⟨si⟩x =

∫
ds siP (s | x) =

∫
ds si

P (s, xt)

P (xt)
(5.65)

In the Ising mixture case, one has

P (s, xt) = P0(s)
e
− (x−se−t)2

2∆t

√
2π∆t

N
=

1
√

2π∆t
N
e−

||xt−se−t||2
2∆t

(∑
r

wr
eβr

∑
i sisi+1

Zr

)
(5.66)

with Zr = 2(2 cosh βr)
N−1, leading to

⟨si⟩x =

∫
ds si P (s | x) =

∫
ds si e

∑
i
e−t

∆t
xt
isi
∑

r wr
eβr

∑
i sisi+1

Zr∫
ds e

∑
i
e−t

∆t
xt
isi
∑

r wr
eβr

∑
i sisi+1

Zr

. (5.67)

Both the trace in the denominator and the average in the numerator can be computed

through the transfer matrix method, for each value of x. For every βr, the terms in the

denominator are standard partition functions

B(β) =

∫
ds

e
β
∑

i sisi+1+
e−t

∆t

∑
i xisi

Z(β)
= Tr

N∏
i=1

T β
i

zβ
(5.68)

where

T β
i =

 e
β+ e−t

∆t
xi e

−β− e−t

∆t
xi

e
−β+ e−t

∆t
xi e

β− e−t

∆t
xi


and zβ = eβ + e−β. Instead, terms in the numerator will have the form

A(β)j =

∫
ds sj

e
β
∑

i sisi+1+
e−t

∆t

∑
i xisi

Z(β)
=
∑
sj

sjTr

((
N∏
i=j

T β
i

zβ

)(
j−1∏
i=1

T β
i

zβ

))
. (5.69)
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Finally

⟨s⟩x =

∑
r wrA(βr)∑
r wrB(βr)

. (5.70)

5.4.2 Computation of analytical Free Entropy

In this section, we compute analytically Eq. (5.61) following the approach reported in

Weigt and Monasson [1996] that we have outlined in Sec. 5.4. The main difference is that

in our case, the noise is partially correlated with the data. Indeed, if we take on from

Eq. 5.61, for x evolved according to the forward process xt = ξie
−t + zi

√
∆t this reads

Fr(x, t) =
1

N
log

∑
{s}

e
βr

∑N−1
i=1 sisi+1+

e−t

∆t

∑N−1
i=1 (ξie−t+zi

√
∆t)si

 . (5.71)

Now we call γ = e−t
√
∆t

, and assume P (ξ) = 1
Z(β0)

eβ0
∑

i ξiξi+1

F =
1

N
log
∑
{s}

eβ
∑

i sisi+i+γ2
∑

i ξisi+γ
∑

i zisi (5.72)

and in order to compute this we introduce n replicas sa, a = 1, . . . , n, and also count the

starting point ξ as the n+ 1 replica s0

Z̄n =
1

Z(β0)

∑
sa

eβ0
∑

i s
0
i s

0
i+i+β

∑
i,a sai s

a
i+i+γ2

∑
i s

0
i

∑
a sai ⟨⟨eγ

∑
i zi

∑
a sai ⟩⟩z (5.73)

In our case, to describe the replica symmetric subspace, we introduce vectors |s0, a1 . . . ap⟩,
where we have p spins up at indices aj. Then, we take the sum of such vectors

||s0, p⟩⟩ =
∑

a1<...<ap

|s0, a1 . . . ap⟩ (5.74)

and the collection of these vectors ||s0, p⟩⟩s0=±1,p=1,...,n gives the RS subspace of dimension

2(n + 1). Then, we look at the replicated transfer matrix T2n+1×2n+1 projected onto this

subspace

⟨⟨σ0, q||T ||s0, p⟩⟩ = eβ0σ0s0eγ
2σ0(2q−n)⟨⟨eγz(2q−n)⟩⟩z

rmax∑
r=rmin

(
q

r

)(
n− q
p− r

)
eβ(4r−2q−2p+n)

(5.75)
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with rmin = max(0, p + q − n) and rmax = min(p, q). Then the site-dependent partition

function is given by

Zi+1(s
0, p) =

∑
σ0=±1

n∑
q=0

T (σ0, q; s0, p)Zi(σ
0, q). (5.76)

We can write this on a function basis, similarly to the Fourier transform

Zs0

i+1[x] =
n∑

p=0

Zi+1(s
0, p)xp (5.77)

=
n∑

p=0

xp
∑

σ0=±1

n∑
q=0

Zi(σ
0, q)

rmax∑
r=rmin

eβ0σ0s0eγ
2σ0(2q−n)⟨⟨eγz(2q−n)⟩⟩z

(
q

r

)(
n− q
p− r

)
eβ(4r−2q−2p+n)

(5.78)

=
∑
q,r,r′

xr+r′
∑

σ0=±1

Zi(σ
0, q)

(
q

r

)(
n− q
r′

)
eβ(2r−2q−2r′+n)eβ0σ0s0eγ

2σ0(2q−n)⟨⟨eγz(2q−n)⟩⟩z

(5.79)

=
∑
q

∑
σ0=±1

Zi(σ
0, q)⟨⟨eγz(2q−n)⟩⟩zeβ(n−2q)eβ0σ0s0eγ

2σ0(2q−n)(1 + xe2β)q(1 + xe−2β)n−q

(5.80)

= eβn(1 + xe−2β)n
∑
q

∑
σ0=±1

Zi(σ
0, q)⟨⟨

(
e2γz

1 + xe−2β

1 + xe2β
e2γ

2σ0

)q

e−nγz⟩⟩zeβ0σ0s0e−γ2σ0n

(5.81)

= eβn(1 + xe−2β)n
∑

σ0=±1

eβ0σ0s0⟨⟨Zσ0

i [y = fσ0

(x, z)]e−nγz⟩⟩ze−γ2σ0n (5.82)

where

fσ0

(x, z) = e2γz
e−β + xeβ

eβ + xe−β
e2γ

2σ0

. (5.83)

With integral notation

Zs0

i+1[x] =
∑

σ0=±1

eβ0σ0s0
∫ ∞

0

dy eβn(1 + xe−2β)ne−γ2σ0n⟨⟨δ
(
y − fσ0

(x, z)
)
e−nγz⟩⟩zZσ0

i [y]

(5.84)

=
∑

σ0=±1

eβ0σ0s0
∫ ∞

0

dy Kσ0

n (x, y)Zσ0

i [y] (5.85)
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with the definition of the kernel

Kσ0

n (x, y) = eβn(1 + xe−2β)ne−γ2σ0n⟨⟨δ
(
y − fσ0

(x, z)
)
e−nγz⟩⟩z. (5.86)

For n = 0, this becomes

Kσ0

0 (x, y) = ⟨⟨δ
(
y − fσ0

(x, z)
)
⟩⟩z (5.87)

which is very similar to the Monasson-Weigt kernel, but with a slightly different f function

which depends from σ0. We call Ψ(x) =

(
ψ+(x)

ψ−(x)

)
the right eigenvector of the largest

eigenvalue of (
eβ0

2 coshβ0
K+(x, y) e−β0

2 coshβ0
K−(x, y)

e−β0

2 coshβ0
K+(x, y) eβ0

2 coshβ0
K−(x, y)

)
, (5.88)

where the factor 2 cosh β0 is needed for normalization, and Φ(x) for the left eigenvector.

It is actually easy to see that Ψ(x) =

(
1

1

)
. If we expand the kernel at linear order in

n, we find

Kσ0

n (x, y) ≈ ⟨⟨δ
(
y − fσ0

(x, z)
)
⟩⟩z + n⟨⟨δ

(
y − fσ0

(x, z)
) [
−γz − γ2σ0 + β + log(1 + bx)

]
⟩⟩z

(5.89)

= Kσ0

0 (x, y) + nδKσ0

(x, y) (5.90)

so we can write the maximum eigenvalue to the linear order as λ = 1 + kn, with

k =

∫
dx dy Φ(x)δK(x, y)Ψ(y) (5.91)

=

∫
dx ϕ+(x)

(
eβ0

2 cosh β0
δK+(x) +

e−β0

2 cosh β0
δK+(x)

)
(5.92)

+

∫
dx ϕ−(x)

(
e−β0

2 cosh β0
δK−(x) +

eβ0

2 cosh β0
δK−(x)

)
(5.93)

=
1

2

∫
dx [ϕ+(x)δK+(x) + ϕ−(x)δK−(x)] (5.94)
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Figure 5.3: (Left) Solid lines show the average free entropy difference for different number
of spins N during the forward process. The shading is at 3σ. With dashed lines, misat-
tribution fraction during the forward process. The misattribution starts to rise when 0
is in the confidence interval. (Center) With dotted lines, misattribution fraction at the
end of the backward process after a U-turn at the corresponding time. Despite being two
different quantities, their behavior is strongly correlated. (Right)Misattribution fraction
during the forward process for large N , with time rescaled by logN . The collapse of the
curves shows the common scaling of speciation time.

where δKσ0
(x) = β − γ2σ0 + log(1 + xb). Passing to the exponential variables

k =

[
β − γ2 +

∫
dt log(1 + bet)ϕ̂+(t)

]
+
[
β + γ2 +

∫
dt log(1 + bet)ϕ̂−(t)

]
2

(5.95)

and ϕ̂σ0
can be found by iteration.

5.4.3 Comparison with simulations

We shall first verify that the Bayes Classifier starts misattributing trajectories at a

timescale in the forward process coherent with the one predicted in Eq. (5.63), with

the free energies computed in Sec. 5.4.2. Secondly, we shall verify that the speciation

times computed by means of the Bayes Classifier indeed capture the dynamic features of

the backwards diffusion process, namely the fact that, after speciation, backwards tra-

jectories are committed to a subset of classes, and do not erratically oscillate between

all classes. This will be done by comparing analytical results with so called U-turn ex-

periments, conducted as follows. Generate an initial data a according to the distribution

Pr corresponding to cluster r. Then let it evolve up to some intermediate time t, call x

the point reached at this time. Then reverse the process, doing a “U-turn”: start the

backward process from time t, starting from x. Denote by b the point which has been

reached at the end of the backward process, t′ = t. If one uses ideal score, b is a generic
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Figure 5.4: Attribution matrices at the end of the backward process for increasing U-turn
times computed numerically with the transfer matrix method and compared with the
analytical ones. Particles are drawn from a mixture of 3-Ising mixture with β1 = 0.2,
β2 = 0.3, β3 = 1.0.

point distributed according to P =
∑

swsPs. Because this is a pure density decomposi-

tion, with high probability we can assert with certainty what is the index s of the cluster

where one finds the point b, by means of Bayes attribution. Repeating this experiment

many times, one can monitor the probability that b is found in cluster r knowing that the

initial condition a was in cluster a.

5.4.4 2-Ising Mixture

We choose two clusters with β1 = 0.5 and β2 = 1.0 and generate 1000 independent samples

randomly taken from each cluster (w1 = w2 = 0.5). In Figure 5.3 we report the evolution

of f 1
1 − f 1

2 during the forward process (solid lines) for different number of spins. The lines

obtained from the numerical experiment and from the analytical computation match

perfectly. The numerical experiment is nonetheless needed to compute the fluctuations,

represented in the plot with the shaded areas, for which we do not have an analytical

counterpart. We compute the probability of attributing one particle to the correct cluster

during the forward process and plot with dashed lines the misattribution fraction. Finally,

we compare it with the misattribution fraction that we find at the end of the backward

process once we do a U-turn at the corresponding time. One can notice that when

fluctuations of the free entropies difference cross zero, both misattribution fractions start

to rise.

5.4.5 n-Ising Mixture

We now consider a homogeneous mixture of 8 Ising chains with hierarchically generated

inverse temperatures. For each particle generated from one of the temperatures in the

mixture, we perform a U-turn experiment at different times, and compute at the end of the
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Figure 5.5: Attribution matrices at the end of the backward process for increasing U-
turn times computed numerically with the transfer matrix method and compared with
the analytical ones. Particles are drawn from a mixture of 8 hierarchically generated
temperatures.

backward process the probability of attributing it to any temperature. This results in an

attribution matrix that of course for small tU is almost diagonal, and for larger times show

a progressively increasing block structure that reveals several speciation transitions. In

Figure 5.5 we show the attribution matrices obtained numerically on the left, and compare

them with their analytical counterpart. We can first of all notice a good agreement

between attribution matrices obtained analytically and numerically for all the U-turn

times considered. As time increases a block structure emerges in the matrices. This

can be explained with subsequent speciation events, where trajectories commit to the

direction of a range of temperatures, and only afterwards to a specific temperature.

5.5 Conclusions

In this work, we have extended the theoretical understanding of speciation transitions

in generative diffusion models to the case of data originating from mixture distributions,

where components are not well spatially separated. We have done so by introducing a

new criterion for speciation, based on the analysis of the Bayes cluster attribution during

the forward process.

As a practical example, we applied the technique to mixtures of 1d Ising models.

We derived explicit expressions for the mean and variance of the free entropy difference

between clusters as a function of time. Our analysis reveals that both the mean and

the standard deviation of this difference decay exponentially with time, and that the
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critical timescale for speciation is logarithmic in the system size, tS ∼ 1
4

logN . We have

validated our theoretical predictions with numerical experiments, demonstrating excellent

agreement between analytical and empirical results for the onset of misattribution between

clusters. Our approach provides a principled criterion for speciation that is applicable to

a wide range of mixture models.

These findings contribute to the growing theoretical foundation of diffusion models and

highlight the universality of the speciation phenomenon in high-dimensional generative

processes.

Summary

In this chapter, the main contributions are:

• We introduced a new criterion for speciation, based on Bayesian attribution to

cluster and the difference of free entropies for different clusters

• We obtain a scaling for the speciation time for non spatially separated data

• We test this new criterion on a mixture of 1d Ising model, for which we derive

analytical and numerical results

• We verify the speciation scaling for a mixture of Gaussians with the same mean but

different variances
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Chapter 6

Conclusions and Future Perspectives

In this thesis, we applied statistical physics to the study of diffusion models. Although

statistical physics has been previously used to study deep learning, the analysis of gen-

erative diffusion in high dimensions is relatively new and raises many open questions.

Here, we have investigated the dynamical phases of diffusion models in the presence of

structured data. Modeling correlated data has given us the opportunity to advance our

understanding of how these models act on real data. Let us briefly recap the main results

presented in this work.

In Chapter 3, we focused on the memorization transition for data lying on a low-

dimensional manifold within the ambient space. We found that the intrinsic manifold

dimension regulates the scaling of the collapse time at which this transition occurs. Even

in regimes where diffusion models fit the empirical distribution, the presence of structure

in the data causes them to memorize later than one might expect. Moreover, we have

shown that within this memorization phase, the empirical distribution is closest to the

target distribution; thus, we can say that the model exhibits its best generalization ability

while memorizing.

In Chapter 4, we adopted a geometric perspective. Introducing structure in the data

naturally leads to geometric properties. Using again the Hidden Manifold Model for data

generation, we described the geometric phases through which diffusion models fit the data

distribution on the manifold. This behavior is reflected in the spectral density of the Ja-

cobian of the score function, which displays a series of time-evolving sub-gaps associated

with the different subspaces of the manifold. This spectral analysis can also be applied

to the Jacobian of the empirical score function. In this setting, we observed the emer-

gence of geometric memorization: the memorization process is not a trivial all-or-nothing

phenomenon but happens gradually, manifesting as a progressive loss of dimensionality
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in the subspaces associated with larger variances.

In Chapter 5, we turned our attention to the speciation transition. We proposed

a general criterion for speciation that recovers previous results and extends them to a

broader class of data distributions.

Many open questions remain about why diffusion models are so effective. For example,

regarding memorization, one could further investigate to what extent it is simply a form of

overfitting, or whether it represents a fundamentally different phenomenon. Understand-

ing this distinction could shed light on why diffusion models generalize so well despite

their high dimensionality and overparameterization. Bonnaire et al. [2025] introduced a

random-feature score (RFS) model to analyze memorization in diffusion models, char-

acterizing it as the late-time separation between training and test loss. They identified

two dynamical regimes: an early generalization phase and a later memorization phase.

Montanari and Urbani [2025], in an independent line of work on regression and feature

learning, used dynamical mean-field theory (DMFT) to demonstrate a clear separation

of timescales between feature learning and overfitting. Since diffusion models essentially

solve a regression problem, these two observations could be related. Investigating the

dynamics of an RFS diffusion model could therefore help to better characterize memo-

rization in this setting and possibly reveal universal mechanisms underlying learning in

high dimensions.

Another line of research concerns Classifier-Free Guidance (CFG) Ho and Salimans

[2022]. CFG is a technique designed to improve the quality and controllability of generated

samples. Instead of directly using the conditional score function to sample from a given

class, it prescribes using a convex combination of the conditional and unconditional scores,

determined by a guidance parameter. The main question regarding this practice is whether

it introduces distortions with respect to the conditioned distribution. Pavasovic et al.

[2025] proved that there is no distortion in high dimensions, provided the number of

classes is finite and partitions the space. However, what happens when we consider

continuous guidance, or when the number of classes grows exponentially with the data

dimension? A deeper theoretical understanding of CFG could clarify why it empirically

improves sample quality and control, and might lead to the design of optimal guidance

schedules or alternative sampling strategies.

All these open questions deserve further attention. With the tools presented in this

thesis, we have laid the groundwork for such investigations, providing both conceptual and

methodological foundations for a statistical-physics theory of modern generative model-

ing.
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Appendix A

Network training and Model

Architecture Details

Dataset Image Size Latent Dim. Channel Mult. Param. Count Batch size Iterations
Cifar10 32 128 (1, 2, 2, 2) 35.7M 128 500,000
MNIST 28 128 (1, 2, 2) 24.5M 128 400,000
CelebA 64 64 (1, 1, 2, 2, 4, 4) 27.4M 64 800,000

Table A.1: Table displaying both model and training configurations for each dataset.

A.1 Geometric phases

For the image datasets, we used the diffusion setting in [Ho et al., 2020]. We use the

variance scheduler with βmin = 10−4 and βmin = 2 × 10−2, T = 1000 time steps, and

score model backbone (PixelCNN++ [Salimans et al., 2017]). Furthermore, for each of

the datasets, we adjusted the partameters to account for the different complexity (see

Table A.1). For each data-set, the number of used training data-points amounts to the

full set of data available.

For the linear models, we used a Variance Exploding continuous score model trained

with 2M steps (batch size 128). The model had a Residual architecture with size 128

hidden channels in each layer, two residual blocks comprised by two linear layers with

SiLu. In this case, the number of used training-data amounts to 2 ·105 synthetic examples

generated according to Section 4.3.1.

For all experiments we primarily utilized NVIDIA Tesla V100 GPUs with 32 GB of

memory.
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A.2 Losing dimensions

Table A.2: Table displaying both model and training configurations for each dataset.

Dataset Image Size Latent Dim. Channel Mult. Param. Count Batch size Iterations
Cifar10 32 128 (1, 2, 2, 2) 35.7M 128 500,000
Mnist 28 128 (1, 2, 2) 24.5M 128 400,000

Fashion-Mnist 28 128 (1, 2, 2) 24.5M 128 400,000
CelebA-HQ 64 64 (1, 1, 2, 2, 4, 4) 27.4M 64 800,000

Lsun-Church 64 96 (1, 1, 2, 2, 4, 4) 61.7M 64 800,000

For our toy models, we train a Variance Exploding continuous score model with 2M

training steps with batch size 128. We use a Residual Multi Layer Perceptron with hidden

size of 128, with two residual blocks. Each block is composed by two linear layers with

SiLU activation.

For the image models, we follow the diffusion setting in [Ho et al., 2020]. We kept the

variance scheduler, where βmin = 10−4 and βmin = 2× 10−2, the time steps T = 1000, and

the score model backbone (PixelCNN++ [Salimans et al., 2017]) the same. In addition,

for each of the datasets, we varied the model’s channel multipliers, latent dimension, batch

size, and training iterations to account for the complexity of the dataset and our available

computing resources; see Table (A.2). For context, we primarily utilized NVIDIA Tesla

V100 GPUs with 32 GB of memory for the training of our models.

For what concerns the data sizes that we chose for our experiments, we used the

pretrained DDPM models in [Ho et al., 2020, Pham et al., 2025]: for Cifar10 [Krizhevsky

et al., 2014], Mnist [Deng, 2012], Fashion-Mnist [Xiao et al., 2017], and Lsun-Church [Yu

et al., 2015] datasets. Specifically, these models were trained using M = 38 different data

split sizes with the goal of finely observing the memorization-to-generalization transition,

which also allows us a comprehensive view of the reduction in the manifold size. For each

dataset, the smallest model was trained on the training set of N1 = 2 data points while

the largest model was trained on the entire original training set NM = N .

The selection of these data split sizes relied on spotting a point in which the memoriza-

tion rate of the model plateaus and another point where its generalization rate increases.

Then, linear spacing of 30 points was used between these two points. For example, for

CelebA-HQ [Liu et al., 2015] models which we have to trained, these two points are lo-

cated at 1000 and 16000 data sizes. We used linearly spacing of 30 points between these

two points; while for points outside of the transition, we used linearly spacing of 5 points:

from 2 to 1000 and 16000 to the full dataset size N . For Cifar10, Mnist, and Fashion-

Mnist, center-crop and resizing were not used. However, images of the CelebA-HQ and
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Lsun-Church datasets were both center-cropped and down-sampled to 64× 64 resolution.

Finally, we trained our CelebA-HQ models without random flipping and utilized the ex-

ponential moving average version of the trained models for our analyses, where we set the

decay value to 0.9999 during training. Please refer to Tables (A.2)-(A.3) for additional

details.

Table A.3: A table showing the critical points A and B of the memorization-generalization
transition for each dataset.

Training Data Size

Dataset Point A Point B Total

Mnist 4000 32000 60000
Cifar10 2000 16000 50000
CelebA-HQ 2000 16000 30,000
Lsun-Church 2000 16000 126227
Fashion-Mnist 4000 16000 60000
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Appendix B

Measuring the intrinsic dimension of

the data manifold

One method used to geometrically estimate the intrinsic dimension of the data manifold

is an improved version of Normal Bundle (NB) method used in [Stanczuk et al., 2024]: the

score function is measured across d orthogonal directions in the vicinity of the manifold

and ordered as the columns of a squared matrix S; the singular values of the matrix S are

computed and collected; the intrinsic dimension of the manifold is given by the d−ker(S),

with the kernel is estimated directly from the spectrum of the singular values of S. The

algorithm for the improved NB method is described in Section B and the spectral analysis

is reported in Section B. On the other hand, we propose an alternative estimation method,

and we describe it more technically in Section B. The procedure starts with extracting

the singular values of Jacobian of the score function, as performed in the previous method

described above. At this point we order the values by their magnitude and we compute

the absolute value of the second derivative of the singular values, selecting the first bigger

value with respect to the median multiplied by a threshold factor. We further discard

the initial singular value as it tends to be large, resulting in instabilities. The selected

singular value signals the formation of a drop in the ordered eigenspectrum, suggesting

the beginning of the tangent subspace. Similarly to the previous method, by computing

the dimension of the tangent subspace we obtain the best estimate for the latent manifold

dimension. We found this method to be more robust than the one proposed in [Stanczuk

et al., 2024], especially for high dimensional datasets where there is no sharp drop in the

spectrum of the singular values.
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Computing the Singular Values of the Jacobian of the score

In order to compute the singular values of the Jacobian of the score function, we make

use of the prescription described in [Stanczuk et al., 2024] improved through a choice of

orthogonal perturbations instead of purely random ones. The procedure is reported in

Algorithm 1. For linear models and MNIST models we used a symmetrized version, that

we call central difference method, which we empirically found to be more stable, reported

in Algorithm 2. In the algorithms, the forward process F represents forward processes

typically used in diffusion models, such as variance exploding and variance preserving

noise schedules. Specifically, in the case of the variance exploding schedule, employed by

our analysis, the forward process takes the form F(x0, ϵ, t) = x0 + tϵ.

Algorithm 1 Estimate singular values at x0

Require: sθ (trained score model), t0 (sampling time), forward process F
1: Sample x0 ∼ p0(x) from the data set
2: d← dim(x0)
3: S ← empty matrix
4: for i = 1, . . . , d do
5: Sample ϵ ∼ N (0, I)

6: x
(i)
t0 ← F(x0, ϵ, t0) ▷ perturbation

7: end for
8: (x

(i)
t0 )di=1 ← (x̃

(i)
t0 )di=1 ▷ Orthogonalize the perturbations

9: for i = 1, . . . , d do
10: Append sθ(x̃

(i)
t0 , t0) as a new column to S

11: end for
12: (si)

d
i=1, (vi)

d
i=1, (wi)

d
i=1 ← SVD(S)

Spectral Analysis

Once we have extracted the collected the singular values of the Jacobian of the score

function throughout Algorithms 1 and 2 we can divide their magnitudes by the highest

one and order them from the highest to the slowest. The ordered eigenspectrum plot

allows to visualize whether the diffusion model is constrained to sample from a lower

dimensional manifold and to infer geometric insights about such manifold. Specifically,

drops in magnitude at a certain singular value will display the presence of a gap in the

spectrum, which is a signature of a net separation between the tangent and orthogonal

subspaces with respect to a manifold. The local dimension of the manifold can be inferred

by counting the number of singular values associated to a vanishing magnitude, i.e. rel-

ative to the right side of the drop. Figure B.1 depicts the time evolution of the ordered
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Algorithm 2 Estimate singular values at x0 with central difference

Require: sθ (trained score model), t0 (sampling time), forward process F
1: Sample x0 ∼ p0(x) from the data set
2: d← dim(x0)
3: S ← empty matrix
4: for i = 1, . . . , d do
5: Sample ϵ ∼ N (0, I)

6: x
+(i)
t0 ← F(x0, ϵ, t0) ▷ right perturbation

7: x
−(i)
t0 ← F(x0,−ϵ, t0) ▷ left perturbation

8: end for
9: (x

+(i)
t0 , x

−(i)
t0 )di=1 ← (x̃

+(i)
t0 , x̃

−(i)
t0 )di=1 ▷ Orthogonalize the perturbations

10: for i = 1, . . . , d do

11: Append
sθ(x̃

+(i)
t0 , t0)− sθ(x̃−(i)

t0 , t0)

2
as a new column to S ▷ central difference

12: end for
13: (si)

d
i=1, (vi)

d
i=1, (wi)

d
i=1 ← SVD(S)

eigenspectrum, estimated by the neural network model trained with dataset of different

sizes.
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Figure B.1: Ordered singular values of the Jacobian of the score estimated by a neural
network trained on a linear data model. The parameters for the model are d = 30,
m = 7 with a subspace associated to a variance σ2

1 = 1 of dimension m1 = 2 and another
subspace with variance σ2

2 = 0.3 and dimension m2 = 5. Different lines are associated to
different sizes of the training set N , as reported in the legend.

Estimating the local latent dimension in real datasets

In this section we report Algorithm (3) that we used to find the local latent manifold

dimension given the singular values. For Mnist, we used d̄ = 100, c = 20; for Cifar10,

we used d̄ = 1000, c = 10; for CelebA-HQ, we used d̄ = 1500, c = 10; and for Lsun-

Church, we used d̄ = 2000, c = 20. For all these datasets, we employed the same

t0 = 2 corresponding to the diffusion index in DDPM. With the exception of CelebA-HQ,

which we used Algorithm (1), we primarily used the central-difference version explained
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in Algorithm (2). We report an example of second derivative used in the method in

Fig. (B.2).

Algorithm 3 Estimate intrinsic manifold dimension at x0

Require: Singular values (si)
d
i=1 from Alg. 1 or 2, diffusion time t, data dimension d,

threshold c, starting index d̄

1: d2svd ←
∣∣∣ d2ds2

st[d̄ :]
∣∣∣ ▷ second derivative tail spectrum

2: m← median(d2svd)
3: n← #{i | d2svd,i > c ·m} ▷ indices above threshold

4: k ← d− n+ d̄
5: return estimated intrinsic manifold dimension k
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Figure B.2: The figure shows the absolute values of the second derivatives computed with
algorithm 3, at a small diffusion time when the model is trained with a large batch of the
MNIST dataset. The local dimension of the manifold can be estimated by counting the
number of singular values on the right of the dashed line.

156


	Introduction
	What is Statistical Physics?
	What are Diffusion Models?
	Why Statistical Physics of Diffusion Models?
	Thesis Overview

	Preliminaries
	Diffusions
	Langevin diffusion
	Fokker-Planck

	Generative Diffusion
	Forward process
	Reverse Process
	Anderson's Theorem
	Score function(s)
	Score Matching
	Review of Generative Diffusion Models

	Statistical Physics and Diffusion Models
	Generative Diffusion in very large dimensions
	The Random Energy Model
	Dynamical Regimes of Diffusion Models

	Data Models
	The Hidden Manifold Model
	Estimating the manifold dimension
	Ising model with random field


	Generative Diffusion under the Manifold Hypothesis
	The Random Energy Model formalism
	Memorization in Generative Diffusion
	Collapse Time
	Collapse Time for Homogeneous Gaussian Data
	Collapse for Manifold Data
	Onset Time and Basins of Attraction

	Generalization in Generative Diffusion
	True vs Empirical Distribution
	Generalization Time: Generalizing while Collapsing
	Generalization Condition: Generalizing before Collapsing

	Conclusions

	Geometric perspective on generative diffusion
	The geometric phases of generative diffusion
	Dynamic latent manifolds and spectral gaps
	Subspaces and intermediate gaps

	Phenomenology of generative diffusion on manifolds
	The geometric phases and manifold overfitting

	Theoretical analysis of the spectral gaps in linear diffusion models
	Linear manifolds
	The isotropic case
	Intermediate gaps and subspaces with different variances

	Analytical derivation of the Spectrum of Jt
	Single variance scenario
	Double variance scenario

	Experiments with synthetic linear datasets
	Remarks on the linear manifold model hypothesis

	Experiments with natural image datasets
	Conclusions
	Losing Dimensions
	Background on Geometric Memorization
	Generative Diffusion Models and Memorization
	The Spectral Gap Analysis
	Data model

	Theory of geometric memorization
	Geometric memorization time
	Condensation time for positional REM
	Participation ratio
	Spectral analysis of the empirical Jacobian
	Full derivation of the empirical Jacobian spectrum

	Experiments
	Diffusion networks trained on linear manifold data
	Comparing Experiments with the Theory
	Experimental evidence of Geometric Memorization

	Conclusions

	General theory of speciation in multiphase probability distributions
	Bayes attribution and pure densities mixtures
	Speciation
	A general criterion for speciation
	Scaling of speciation time
	Detailed large time analysis

	Toy models for speciation time
	Gaussian Mixture with different means
	Gaussian Mixture with different variances
	Score function and radial SDE

	1d Ising mixture
	Exact Score
	Computation of analytical Free Entropy
	Comparison with simulations
	2-Ising Mixture
	n-Ising Mixture

	Conclusions

	Conclusions and Future Perspectives
	Network training and Model Architecture Details
	Geometric phases
	Losing dimensions

	Measuring the intrinsic dimension of the data manifold

