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Part I

Ambiguity, Prudence and Optimal

Portfolio
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0.1. INTRODUCTION 5

Abstract

Recent experimental evidence suggests that ambiguity prudence plays an important role

in decision-making. In this work, I investigate the contribution of ambiguity prudence

when an investor evaluates portfolio compositions according to the smooth ambiguity

criterion. In chapter 1, I derive a third-order approximation of the certainty equivalent

that disentangles prudence e�ects among beliefs and behavioural attitudes. In chapter

2, I analyse two relevant portfolio problems to show that, when the certainty equivalents

implied by models under evaluation are signi�cantly di�erent, ambiguity prudence might

induce sizeable non-linearities in the optimal stock allocations. These e�ects emerge

because of the investor's willingness to hedge against downside model uncertainty.

0.1 Introduction

In the �rst two chapters of this thesis, I investigate the impact of ambiguity prudence on

the optimal stock allocation for an investor who evaluates portfolio compositions according

to the smooth model under ambiguity approach of Klibano� et al. (2005). The choice of

the smooth preferences is motivated by the possibility to span the whole set of ambiguity

attitudes extending many popular decision criteria. However, the non-linear composition

of the utility indexes, combined with the two integration layers, constitutes a cost in terms

of interpretability.

In chapter 1, I overcome this problem deriving a third-order approximation of the

certainty equivalent that allows to study ambiguity prudence in its full generality, without

imposing restrictive assumptions over preferences or probability distributions. Theorem

1.2.1 shows that ambiguity prudence induces an uncertainty premium that depends on two

statistical moments: the third central moment of the expected return and the covariance

among models between the conditional expected return and risk variance. I exploit the

third-order approximation to calibrate, consistently with the qualitative evidence collected
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6

by Boiney (1993), the value of the preference parameter that governs attitudes towards

model uncertainty.

In chapter 2, I analyse the relevance of ambiguity prudence for two portfolio problems

in which an investor has to optimally allocate her wealth between a risk-free bond and an

ambiguous stock. In the �rst setting, a buy-and-hold investor believes that excess-returns

are i.i.d. with known variance and unknown equity premium, over which she has Skew-

normal beliefs. I derive the implicit equation of the optimal stock allocation quantifying

the relevance of ambiguity prudence and comparing its contribution with the one induced

by risk prudence. Results con�rm that, for a smooth investor, both risk and ambiguity

prudence induce sizeable variations from the robust mean-variance solution of Maccheroni

et al. (2013) but the characteristics of the two e�ects are di�erent from each other. In

particular, the relevance of risk prudence is large at short horizons but, as the maturity of

the investment increases, the optimal allocation converges rapidly and monotonically to

the one implied by the robust mean-variance solution. On the other hand, the contribution

of ambiguity prudence is weaker at very short horizons but, because of the faster growth of

model uncertainty, its relevance increases rapidly and it exhibits a high persistence across

maturities. However, the severe penalization of model uncertainty, due to ambiguity

aversion, causes an overall reduction of the stock allocation; thus, at very long horizons,

the relevance of ambiguity prudence is mitigated by the limited exposure of the portfolio

to sources of uncertainty. These joint e�ects imply that the contribution of third-order

terms induce an inverted U-shape variation from the robust mean-variance solution as a

function of the maturity of the investment.

In the second setting, I analyse the problem of an investor who is ambiguous about

the time-varying expected excess-return. In a similar way to Chen et al. (2014), I assume

that the investor has concerns about excess-returns predictability and she evaluates two

possible models: in the �rst one, excess-returns are i.i.d. while, in the second one, they

contain a predictable component.1 I consider a one-period problem to show that, if the

1The predictability of excess-returns has been the subject of an important academic debate among
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0.1. INTRODUCTION 7

certainty equivalents implied by models under evaluation are signi�cantly di�erent and

the subjective beliefs over the two models are asymmetric, then ambiguity prudence puts

non-linearities into the optimal stock allocation. These e�ects are due to the investor's

willingness to hedge her exposure against downside model uncertainty and, regardless

of the maturity of an investment, they have a sizeable impact on the optimal portfolio

composition.

Finally, I relate the portfolio implications of ambiguity prudence to some empirical

evidence that emerges from the robust asset pricing literature. When the smooth prefer-

ences coincide with the multiplier preferences of Hansen and Sargent (2001), ambiguity

attitudes are embedded in the endogenous distortion of beliefs. If the investor ignores the

process governing the growth of aggregate consumption and, as in Hansen and Sargent

(2010), she evaluates the i.i.d. growth model and the long-run risk model of Bansal and

Yaron (2004), then ambiguity prudence puts non-linearities in the marginal evaluation of

the stochastic discount factor. These non-linearities have been shown to provide a relevant

contribution to explain some empirical evidence of aggregate �nancial markets, e.g. the

time-varying market uncertainty premium or the excess and counter-cyclical volatility of

prices.

To the best of my knowledge, this is the �rst work in the literature that studies �nancial

implications of attitudes beyond ambiguity aversion and I motivate the research question

by three main facts. First, recent experimental evidence, e.g. Baillon et al. (2018),

supports the idea that individuals exhibit a strong preference towards prudent choices both

under risk and model uncertainty. Second, the interest to investigate asymmetries over

the expected return is motivated by the recent work of Martin (2017), in which the author

proposes a novel proxy for the equity premium and he shows that, at di�erent investment

horizons, the expected excess-return is positively skewed. More generally, several works

seem to suggest that higher-order moments of the models' distribution might help to

simultaneously explain puzzling links between macroeconomics and aggregate �nancial

researchers, e.g. Welch and Goyal (2008) or Campbell and Thompson (2007).
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markets.2 Third, ambiguity prudence is a natural complement to risk prudence, whose

relevance has been extensively studied in the literature. In fact, as risk prudence is

necessary to explain precautionary savings motives, ambiguity prudence might capture

economic properties that go beyond ambiguity aversion. This intuition is supported by

the work of Guerdjikova and Sciubba (2015), who show how ambiguity prudence explains

the survival of ambiguity averse agents in long-run market equilibria.

Related Literature

Since the seminal work of Markowitz (1952), researchers have underlined the importance

of future returns distributions for optimal portfolio allocations. Traditionally, this prob-

lem has been studied within the rational expectations hypothesis that assumes common

knowledge over the objective probability distribution of returns. However, several sur-

veys have shown how investors tend to di�er in their assessments about future returns

and any consensus about the characteristics of the underlying distribution is di�cult to

reach. Following the insight of Knight (1921), recent studies have underlined how in a

decision process, a sophisticated decision-maker (hereafter DM) has to account for dif-

ferent sources of uncertainty.3 The �rst one, typically considered in economic models, is

denoted as �Risk� (or uncertainty �within the model�) and re�ects the stochastic nature

of phenomena. A second source, denoted �Model Uncertainty� or �Ambiguity�, re�ects

the limits of DM to quantify the uncertainty related to potential outcomes. Not being

able to detect the true mechanism behind some given observations, she evaluates a set of

possible models (or data generating processes) and she attaches them a degree of belief

(or subjective probability). Finally, models under evaluation might just approximate the

true mechanism, creating misspeci�cation issues.

The contribution of model uncertainty in a�ecting optimal portfolio allocations has

2The two most important puzzles are the equity premium puzzle of Mehra and Prescott (1985) and

Weil (1989), or the volatility puzzle of Shiller (1981).
3See Marinacci (2015), Gilboa and Marinacci (2016) and Hansen et al. (2016).
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0.1. INTRODUCTION 9

been initially underlined by important seminal papers, e.g. Klein and Bawa (1976), Bawa

et al. (1979), Barberis (2000), Xia (2001) or Kan and Zhou (2007). However, these

works consider a Bayesian investor for which risk and ambiguity might be compounded

in a single probability measure and the reduced distribution is denoted mean-measure

(also barycenter or predictive distribution) of returns. This approach is inconsistent with

many experimental results that con�rm the validity of Ellsberg (1961) paradox. In the

last decades, the �ourishing of new decision criteria, e.g. Schmeidler and Gilboa (2004) or

Maccheroni et al. (2006), has introduced additional sophistication in the analysis, giving

the possibility to disentangle behavioural attitudes among types of uncertainty. When

investors exhibit non-neutral ambiguity attitudes, then the certainty equivalent of the

portfolio accounts for ad-hoc corrections due to ambiguity e�ects.

In this work, given the key relevance of non-neutral ambiguity attitudes, I relate more

closely to the literature that studies the portfolio implications of ambiguity aversion, e.g.

Chen and Epstein (2002), Uppal and Wang (2003), Epstein and Wang (2004), Maenhout

(2004), Garlappi et al. (2006), and in particular to those works that adopt a smooth

representation of preferences, e.g. Gollier (2011), Maccheroni et al. (2013) and Chen et

al. (2014). However, these works di�er from mine since they focus on �nancial implications

of ambiguity aversion.

Finally, I relate to the asset pricing literature that studies the market price of model

uncertainty, e.g. Hansen et al. (2006) or Hansen (2007). The empirical evidence provided

by several works, e.g. by Hansen and Sargent (2010) or Ju and Miao (2012), seems to

suggest that higher-order ambiguity e�ects have an important contribution to explain

empirical regularities of �nancial markets, e.g. the time-varying uncertainty premium or

the excess volatility of stock prices. More recently, Hansen and Sargent (2019) analyse

the macroeconomic implications of model uncertainty when a representative investor is

ambiguous about the persistence of the shocks hitting the fundamentals of the economy.
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Chapter 1

Approximating Smooth Preferences

1.1 Preferences

In order to study the contribution of ambiguity prudence to the optimal portfolio com-

position, I assume preferences are represented by the smooth model of decision making

under ambiguity in which the certainty equivalent of an ambiguous variable X is given

by1

C (X) = v−1

(∫
Ω

v ◦ u−1

(∫
X
u (x)K (ω, dx)

)
µ (dω)

)
. (1.1)

Such preferences are characterized by two probabilistic objects: the space of possible re-

alizations (X,X) and an abstract set of models which I denote by (Ω,F).2 A "model"

completely speci�es the distribution of all the observable variables and the subjective

probability µ over (Ω,F) re�ects the degree of belief of the investors towards di�erent

data generating processes. Conditioning on a given ω ∈ Ω, K (ω, ·) de�nes a probability

measure over (X,X) so that, for each pair (ω1, A) ∈ Ω × X, K (ω1, A) denotes the prob-

ability that model ω1 attaches over the event A. Since I do not want to impose a priori

any constraint over uncertainty, I assume K : Ω×X→ [0, 1] to be a Random Probability

1These preferences have been axiomatized by Klibano� et al. (2005).
2I assume (X,X) to be a Polish space, e.g. an Euclidean space. This assumption guarantees the

existence of a regular version of the conditional (to the model) probability.
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12 CHAPTER 1. APPROXIMATING SMOOTH PREFERENCES

Measure.3

A key feature of smooth preferences is the possibility to span the whole sets of

risk and ambiguity attitudes.4 In particular, attitudes towards model uncertainty are

characterized using an ad hoc second order utility index and this favours the adoption

of the (properly adapted) machinery developed within risk theory. To see this, no-

tice that C (X) is a composition of two certainty equivalents: for each model ω ∈ Ω,

c (ω,X) = u−1
(∫

X u (x)K (ω, dx)
)
denotes the certainty equivalent associated to the data

generating process K (ω, ·). Subsequently, each c (ω,X) is evaluated through v and aver-

aged with a weight given by µ, C (X) = v−1
(∫

Ω
v (c (ω,X))µ (dω)

)
.

The key tenet of Subjective Expected Utility (or Bayesian) framework requires that a

DM evaluates lotteries under the mean-measure probability distribution, i.e. u = v, and

this mechanically implies she has neutral attitudes towards ambiguity. However, starting

from Ellsberg (1961), many experiments demonstrate that individuals dislike situations

in which the true probabilistic model is unknown. This behavioural attitude has been

de�ned ambiguity aversion and a formal de�nition has been given by Schmeidler and

Gilboa (2004) in terms preferences over Anscombe et al. (1963) acts. More recently,

Berger (2014) has introduced in the literature the idea of prudence towards ambiguity.

The insight behind this behavioural attitude is that a DM might be afraid to face model

uncertainty when she believes to be most likely to su�er.

In order to highlight the di�erence between ambiguity aversion and prudence, I con-

sider a framework that is similar to the one analysed by Eeckhoudt and Schlesinger (2006),

but with some important di�erences. In particular, risk attitudes are de�ned in terms

of preferences over pairs of simple lotteries that di�er in the aggregation or disaggrega-

3For the formal de�nition of Random Probability Measure see Appendix. In parametric settings,

elements of Ω might be indexed by a �nite dimensional vector of parameters that characterizes the data

generating process.
4For example, the classical Bayesian setting is retrieved when u and v have the same shape, i.e.

φ (x) = id (x), while the Multiple-Priors approach is obtained in the limit case as Aφ (x)→ +∞.
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1.1. PREFERENCES 13

tion of sure-losses or mean-preserving spread at the outcome level. On the other hand,

ambiguity attitudes are de�ned in terms of preferences over sets of models that aggre-

gate/disaggregate probability losses or mean-preserving spread of outcomes' probabilities.

To help the intuition, suppose a DM has to rank the following lotteries

L1 =

(
1

2
, x− k1;

1

2
, x− k2

)
L2 =

(
1

2
, x;

1

2
, x− k1 − k2

)
,

whose outcomes are monetary values. If, for all k1, k2 > 0, a DM prefers the lottery that

disaggregates the sure losses across the two equally-likely states of the world instead of

the lottery that aggregates them, i.e. L1 % L2, then she displays risk aversion. Similarly,

given any two outcomes x % y and a subjective probability over models under evaluation

Lc1 =

(
1

2
,M1;

1

2
,M2

)
Lc2 =

(
1

2
,M3;

1

2
,M4

)
,

where

M1 = ((p− q1) , x; (1− p+ q1) , y) , M2 = ((p− q2) , x; (1− p+ q2) , y) ,

M3 = (p, x; (1− p) , y) , M4 = ((p− q1 − q2) , x; (1− p+ q1 + q2) , y) ,

a DM is ambiguity averse if Lc1 % Lc2 for every q1, q2 > 0.5 The intuition is that an

ambiguity averse agent dislikes situations in which the favourable outcome x is, in relative

terms, either very likely or very unlikely. Therefore, she dislikes Lc2 that aggregates the

probability losses within the same model M3.

Recently experimental evidence, e.g. Baillon et al. (2018), suggests that DMs exhibit

also attitudes beyond ambiguity aversion and, in particular, ambiguity prudence. Suppose

that in L1,L2, the sure monetary loss k2 is replaced by an uninsurable zero-mean risk ε

L3 =

(
1

2
, x− k1;

1

2
, x+ ε

)
L4 =

(
1

2
, x;

1

2
, x− k1 + ε

)
.

If, for all k1 > 0 and ε s.t. E [ε] = 0, a DM prefers to disaggregate a sure loss from an

additional source of risk, i.e. L3 % L4, then she is risk prudent. Likewise, if in Lc1,L
c
2 the

5Here, it is implicitly required that p, (p− q1) , (p− q2) , (p− q1 − q2) ∈ (0, 1). Intuitively, the proba-

bility losses q1, q2 are the counterparts of sure money losses under risk.
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14 CHAPTER 1. APPROXIMATING SMOOTH PREFERENCES

probability loss q2 over the favourable outcome x is replaced by a mean-preserving spread

of p, ε̃ =
(

1
2
, p̃; 1

2
,−p̃

)
, I obtain

Lc3 =

(
1

2
,M5;

1

2
,M6

)
Lc4 =

(
1

2
,M7;

1

2
,M8

)
,

where

M5 = ((p− q1) , x; (1− p+ q1) , y) M6 = ((p+ ε̃) , x; (1− p− ε̃) , y)

M7 = (p, x; (1− p) , y) M8 = ((p− q1 + ε̃) , x; (1− p+ q1 − ε̃) , y) ,

and p, (p− q1) , (p+ ε̃) , (p− q1 + ε̃) ∈ (0, 1).

De�nition. A DM is ambiguity prudent if Lc3 % Lc4 for all x % y.

The intuition underlying the above de�nition is that, given a set of models, an ambiguity

prudent DM prefers to disentangle a probability loss over the most favourable outcome

from an additional source of ambiguity. Rephrasing, a DM is afraid to face uncertainty in

those models in which she is most likely to su�er and prefers lotteries that prevent such

possibility. Figure 1.1 summarizes the risk and ambiguity attitudes discussed so far.

Finally, a good feature of the smooth model is that attitudes towards uncertainty

might be easily characterized in terms of mathematical properties of utility indexes u and

φ := v◦u−1.6 Klibano� et al. (2005) have shown that a DM is ambiguity averse i� φ
′′
< 0,

while Baillon (2017) has shown that a DM is ambiguity prudent i� φ
′′′
> 0. If the utility

indexes are monotone and increasing and u
′′
< 0, then

φ
′′

(x) < 0 ⇐⇒ Av (x)− Au (x) > 0, (1.2)

φ
′′′

(x) > 0 ⇐⇒ Av (x)Pv (x)− Au (x)Pu (x)− 3Au (x) (Av (x)− Au (x)) > 0, (1.3)

where Af (x) := −f ′′ (x) /f
′
(x) and Pf (x) := −f ′′′ (x) /f

′′
(x), f ∈ {u, v}, are the stan-

dard Arrow-Pratt measures of the degree of absolute risk/model uncertainty aversion and

prudence.

6The function v : c (Ω,X)→ R captures attitudes towards model uncertainty stricto sensu.
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Figure 1.1: Risk and ambiguity attitudes

(a) Risk-aversion

(b) Risk-prudence

(c) Ambiguity-aversion

(d) Ambiguity-prudence
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16 CHAPTER 1. APPROXIMATING SMOOTH PREFERENCES

1.2 Analytical treatment

Although the signs of the derivatives of φ provide information about the type of ambiguity

attitudes, the proper contribution of each behavioural feature to the optimal choice is

nested with the distribution of beliefs. In order to disentangle the overall e�ect between

ambiguity aversion and prudence, the non-linear composition of (1.1), combined with the

two integration's layers, constitutes a price in terms of tractability and interpretability.

A natural way to overcome the problem is to use a linear approximation and, similar

to Maccheroni et al. (2013), I propose a Maclaurin expansion that introduces third-order

e�ects in the analysis. This choice allows to study ambiguity prudence in its full generality,

i.e. without imposing restrictive assumptions over preferences or probability distributions.

Before proceeding, I de�ne Q to be the mean-measure distribution of X, such that for

any event A ∈ X,

Q (A) :=

∫
Ω

∫
X
1A (x)K (ω, dx)µ (dω) .

If an investor evaluates a �nite number of models, Ω = {ω1, ω2, ..., ωn}, then Q (A) =∑N
i=1 µ (ωi)K (ωi, A). In �gure 1.2, I illustrate two examples in which a DM evaluates

respectively a set of ten and thirty models, that describe the possible distribution of

X. The two upper graphs show the mean-measure (in red) and the conditional distri-

butions implied by each model (dotted blue lines) when X | ω follows a Gaussian law

K (ω, ·) ∼ N (ω, 1). On the other hand, the histograms and the approximating densities,

reported in the lower graphs, show the subjective distributions over the set of models.

To give an intuition on how higher-order terms impact the certainty equivalent, I start

considering the Subjective expected utility framework in which u = v. The following

lemma provides an approximation of the certainty equivalent for an ambiguity neutral

agent that evaluates a prospect Y := b + aX, a, b ∈ R. I express the ambiguous variable

as a linear combination to emphasize the possibility of disentangling its �nal value be-

tween a deterministic component b and an uncertain one aX, with a denoting the degree

of exposition of Y towards uncertainty.
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1.2. ANALYTICAL TREATMENT 17

Figure 1.2: Mean-measure and distribution over models

The two �gures above plot the densities of the models under evaluation (blue dotted lines), that

follow a Gaussian law K (ω, ·) ∼ N (ω, 1), and of the associated mean-measure distribution (red

lines). The two bottom graphs show the density distributions µ over the two sets of models.

Lemma. Let u : D ⊆ X→ R, u ∈ C3 (D) and X, u ∈ L3 (X,X, Q). Then

C (b+ aX) = b+ aEQ (X)− a2

2
Au (b)V arQ (X)

+
a3

6
Au (b)Pu (b)M3

Q (X)− a3

2
A
′
u (b)EQ [X]V arQ (X) + o

(∣∣a3
∣∣) , (1.4)

where M3
Q (X) := EQ [X − EQ [X]]3 and A

′
u (b) denotes the variation of risk aversion.

The contribution of third-order terms appears in the second line of (1.4) and it is

divided into a pure third moment e�ect, scaled by the product between the indexes of

absolute risk prudence and absolute risk aversion, and a mean-variance interaction term

scaled by the adjustment in risk aversion. The lemma con�rms that, for an ambiguity

neutral DM, probabilities over models and outcomes might be compounded and the only

relevant statistical moments are the ones of the mean-measure Q. On the other hand, if

the DM has non-neutral attitudes towards ambiguity, then v and u have di�erent shapes
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18 CHAPTER 1. APPROXIMATING SMOOTH PREFERENCES

and the statistical moments of µ contribute with ad-hoc corrections.

Theorem 1.2.1. Let u : D ⊆ X → R, v : u−1 (D) → R be three times continuously

di�erentiable and X, u, v ∈ L3 (X,X, Q) . Then

C (b+ aX) = b+ aEQ (X)− a2

2
Au (b)V arQ (X)− a2

2
(Av (b)−Au (b))V arµ (Eω (X))

+
a3

6
Au (b)Pu (b)M3

Q (X) +
a3

6
(Av (b)Pv (b)−Au (b)Pu (b))M3

µ (Eω [X])

− a3

2
A
′
u (b)EQ [X]V arQ (X)− a3

2

(
A
′
v (b)−A′u (b)

)
EQ [X]V arµ (Eω [X])

+
a3

2
Au (b) (Av (b)−Au (b))Covµ (Eω [X] , V arω (X)) + o

(∣∣a3
∣∣) ,

(1.5)

where Eω [X] := EK(ω,·) [X] and M3
µ (Eω [X]) := Eµ [Eω [X]− EQ [X]]3.

Proof. See proof in the appendix.

A good feature of the above approximation is the additive separability between the e�ects

related to risk and model uncertainty. Similar to the Subjective expected utility frame-

work, the contribution of risk is evaluated under the mean-measure probability. However,

for a smooth investor, model uncertainty provides an additional contribution that depends

on two elements: the statistical moments of µ and the strength of ambiguity attitudes

embedded in the shape of φ.

Since, in many applications, model uncertainty is generated starting from the distribu-

tions of models under evaluation, it might be useful to explicit the conditional statistical

moments. Exploiting the law of total cumulance,

V arQ (X) = Eµ
[
V arK(ω,·) (X)

]
+ V arµ (Eω [X]) ,

M3
Q (X) = Eµ

[
M3

K(ω,·) (X)
]

+ M3
µ (Eω [X]) + 3Covµ (Eω [X] , V arω (X)) ,
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1.2. ANALYTICAL TREATMENT 19

it is possible to rearrange approximation (1.5) as

C (b+ aX) = b+ aEQ (X)− a2

2
Au (b)Eµ [V arω (X)]− a2

2
Av (b)V arµ (Eω (X))

+
a3

6
Au (b)Pu (b)Eµ

[
M3

K(ω,·) (X)
]

+
a3

6
Av (b)Pv (b)M3

µ (Eω [X])

− a3

2
A
′

u (b)EQ [X]Eµ [V arω (X)]− a3

2
A
′

v (b)EQ [X]V arµ (Eω [X])

+
a3

2
Au (b) (Av (b)− Au (b) + Pu (b))Covµ (Eω [X] , V arω (X)) + o

(∣∣a3
∣∣) ,
(1.6)

in which the moments ofQ have been replaced by the averages of the conditional moments.

Before discussing the contribution of third-order terms, notice that the �rst three terms

in the �rst line of (1.5) correspond to the classical Arrow-Pratt approximation. The fourth

term, introduce by Maccheroni et al. (2013), embeds in the evaluation of the certainty

equivalent the contribution of ambiguity aversion whose relevance is proportional to the

variance of the conditional expectation.

1.2.1 Higher-order e�ects

While the second central moment of a probability distribution provides information about

the size of uncertainty, the third central moment provides information about the size of

downside uncertainty. In general, given a probability measure, it is possible to apply a

proper combination of mean preserving spreads and mean preserving contractions to shift

probability mass from the right to the left side of the distribution, without changing the

�rst two moments.7 As a consequence of such transformation, the downside uncertainty

of the resulting distribution increases but, by de�nition, the variance is unchanged. From

a statical perspective, increments of downside uncertainty are captured by variations in

the degree of asymmetry that partially depend on third moments. To see it, notice that

if a variable Z follows a distribution P , then the following factorization holds

M3
P (Z) = V ar

3
2
P (Z) γ1,P (Z) ,

7This combination belongs to the set of the mean-variance preserving transformations (MVPT).
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20 CHAPTER 1. APPROXIMATING SMOOTH PREFERENCES

where γ1,P (Z) denotes the Pearson's coe�cient of skewness. More properly, Ebert (2013)

shows that downside uncertainty relates to all odd moments of the distribution and not

only to the third one. The point is showed in the following example

in which, although for both lotteries M3 (L5) = M3 (L6) = 0, L6 exhibits more downside

risk since M5 (L5) > 0 >M5 (L6).

Risk prudence

The contribution of risk prudence to the certainty equivalent is due to the �rst term on

the second line of (1.5) where the overall e�ect depends on the size of M3
Q scaled by

Au (x)Pu (x). Following the work of Modica and Scarsini (2005), I interpret Au (x)Pu (x)

as a local coe�cient of downside risk aversion, in which the sign of the third derivative

of u governs preferences both towards downside risk and precautionary savings motives.8

In fact, Kimball (1990) de�nes an agent to be risk prudent when u
′′′
> 0 and a similar

interpretation of u
′′′
> 0 has been given by Menezes et al. (1980) in terms of aversion

towards downside risk.

If DM shows non-satiation and risk prudence, i.e. Au (x)Pu (x) > 0, then any incre-

ment of M3
Q increases the value of certainty equivalent.9 However, a typical assumption

in many applications that account for model uncertainty requires that returns are Gaus-

8Although the third derivative of u appears also in the variation of risk adjustment, it as a pure third

moment e�ect, see Eeckhoudt and Schlesinger (2006) page 287 line 10.
9A portfolio implication of the convexity of u

′
is that the risk premium is decreasing in the level of

wealth.
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1.2. ANALYTICAL TREATMENT 21

sian distributed with a Gaussian-Inverse Gamma prior or an uninformative prior over the

unknown parameters. This choice mechanically implies that mean-measure distribution

resulting from the Bayesian updating is symmetric, i.e. M3
Q (X) = 0, and therefore risk

prudence becomes irrelevant.

Ambiguity prudence

If a DM has non-neutral attitudes towards ambiguity, then also the third central moment

of the distribution of the average quantities has a direct impact on the certainty equivalent.

In particular, the magnitude of Mµ (Eω [X]) is scaled by Av (x)Pv (x)−Au (x)Pu (x) that,

following Proposition 1 in Modica and Scarsini (2005), I interpret as an excess of downside

aversion to model uncertainty. If Av (x)Pv (x)−Au (x)Pu (x) > 0 then a DM will be ready

to pay an excess premium to hedge against downside model uncertainty Mµ (Eω [X]) < 0

or, equivalently, she is ambiguity skewness seeking.10

Di�erently from the risk setting, ambiguity prudence and ambiguity skewness seeking

are not equivalent properties. However, if a DM displays non-satiation, ambiguity aversion

and ambiguity prudence then sgn (Av (x)Pv (x)− Au (x)Pu (x)) > 0. The idea is that

preferences towards positive ambiguity skewness are necessary but not su�cient conditions

for ambiguity prudence since DM needs also to consider the co-movements between Eω [X]

and V arω (X).

The covariance term in (1.5) implies that a DM evaluates also co-movements of the

model-conditional moments. The way these co-movements impact on the certainty equiv-

alent depends on the investor's attitudes both towards risk and model uncertainty. The-

orem (1.2.1) shows that the covariance between mean and variance of conditional proba-

bilities is scaled by two factors: the Arrow-Pratt index of risk aversion and the excess of

model uncertainty penalization. The more v is concave, the more a DM penalizes varia-

tions of the inner certainty equivalent induced by models in the support of µ. Rephrasing,

DMs dislike to be uncertain about models that imply low mean and high variance and

10The sign of Mµ (Eω [X]) characterizes the sign of ambiguity skewness.
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models that imply high mean and low variance. Therefore, if a DM is risk and ambiguity

averse, then a positive covariance increases the certainty equivalent. Instead, if u is a lin-

ear function then the conditional variance is irrelevant in computing the inner certainty

equivalent c (ω,X) and the covariance term disappears. In case investors is ambiguity

neutral, u = v, the two sources of uncertainty compound and the only relevant moments

are those under the mean probability Q.

Other terms

The other two terms on the third line of (1.5) display an interaction between mean and

variance of X and Eω [X] under the respective probability measures. Since later on I

require positive expected excess-return, i.e. EQ [X] > 0, the sign of these terms depends

on the signs of A
′
u (x) and A

′
v (x) − A

′
u (x), that are respectively the variation in the

absolute risk aversion and the di�erence between the variations in model uncertainty and

risk aversion. If I explicit such variations as

A′f (x) = Af (x) [Af (x)− Pf (x)] ,

it appears that the sign of A′f (x) depends also on f
′′′

(x). However, a positive third

derivate is not enough to imply a reduction in risk aversion but I need the stronger

condition that f
′′′

(x) ≥ f
′′2 (x) /f

′
(x).11 If a function f has the CARA form, then

A′f (x) = 0; on the other hand, if it has the DARA (or IARA) form, then A′f (x) <

0
(
A′f (x) > 0

)
.

1.3 Preference parameters

In this section, I exploit the type of evidence collected by Boiney (1993) to propose a

calibration of the preferences parameter that governs attitudes towards ambiguity. Con-

sistently with standard empirical works in the literature, I assume utility indexes have

11See Eeckhoudt and Schlesinger, 2006, page 287 line 5.

Tesi di dottorato "Essays on Uncertainty in Economics and Finance"
di GIRARDI FABIO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2020
La tesi è tutelata dalla normativa sul diritto d'autore (Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



1.3. PREFERENCE PARAMETERS 23

the CRRA form

u (x) =
x1−ρ

1− ρ
v (x) =

x1−η

1− η
,

and I look for the values of η that are consistent with the experimental results. To infer

them, I assume DMs preferences are represented by approximation (1.5), from which

I neglect the error term. Since for CRRA utilities, the indexes Au, Av, Pu, Pv depend

on the level of wealth, I consider two alternative values of b that are respectively 50%

higher and lower than the average expected outcome. In section 3.1.2, I use the result of

this calibration to quantify the relevance of ambiguity attitudes for the optimal portfolio

composition.

During his laboratory experiment with 130 MBA students, Boiney tried to elicit in-

dividual preferences asking their opinion over three di�erent decision problems. In each,

students are asked what they would had rather choose between two given assets: an am-

biguous one and a risky one. While the risky asset is invariant among the three decision

problems, the characteristics of the ambiguous ones vary. The �gure below shows the four

assets used in the experiment.
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Table 1.1: Statistical moments

Assets EQ V arQ M3
Q V arµ M3

µ Covµ

La 160 6400 −768000 144 −4608 −12672

Lb 160 6400 −768000 400 0 −48000

Lc 160 6400 −768000 144 4608 −21888

Ld 160 6400 −768000 0 0 0

For each ambiguous asset there are two possible models governing return distribution,

that in case of asset La are

P (La = 200 | ω1) = 0.82 P (La = 0 | ω1) = 0.18,

P (La = 200 | ω2) = 0.62 P (La = 0 | ω2) = 0.38,

so that Eω1 [La] = 164, Eω2 [La] = 124, V arµ (Eω [La]) = 144, etc. Table 1.1 summarizes

the values of the statistical moments that appear in (1.5).

Experimental results suggest that DMs prefer asset Lc over the risky one Ld and both

prospects are more favourable than Lb and La, with this latter being the most disliked.

Although their pairwise rankings Ld % La and Ld % Lb are consistent with Ellsberg's idea,

the fact that Lc % Ld suggests that ambiguity aversion might not be the only relevant

attitude in decision-making.12 Moreover, since each asset has the same distribution under

the mean-measure Q, these preferences depend only on DM's attitudes towards ambiguity.

To �nd the values of preference parameters that are consistent with such rankings,

I set ρ to take two standard values in portfolio literature, ρ ∈ {2, 5} and I consider the

di�erences between the certainty equivalents of ambiguous and risky assets as a function

12The idea that a DMmight prefer a prospect that is relatively more ambiguous as long as it is perceived

to be relative more prudent. Among others, Curley et al. (1986) motivate such preferences supporting

the "other-evaluation" hypothesis, which claims individuals choose the actions that can be more easily

justi�ed by others.
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of η. If such di�erence takes negative values, e.g. C (Ld) − C (Lb) < 0, I assume DM

prefers the risky asset over the ambiguous one.

The two left graphs in �gure 1.3 show that the di�erence between C (Lc) − C (Ld)

is U-shaped and this is due to the higher-order terms. In fact, since sgn
(
M3

µ (Lc)
)
6=

sgn (Covµ (Eω [Lc] , V arω (Lc))), the di�erence attains a positive value when η is large

enough and this implies that ambiguity prudent attitudes have to be strong. Di�erently,

assets La and Lb display negative third-order e�ects therefore therefore, for increasing

value of η, either ambiguity aversion and prudence induce a reduction of the two assets

certainty equivalent.
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Figure 1.3: Di�erences between certainty equivalents

(a) w = 80

(b) w = 240

The graphs show the pairwise di�erence between the certainty equivalents of the ambiguous

assets and of the risky one. Negative values imply that a DM prefers the risky asset.
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Chapter 2

Portfolio Allocation

In this chapter, I formally consider the portfolio problem for an investor who has to

allocate her wealth W0, for simplicity normalized to 1, between two assets: an ambiguous

stock with gross return X and a risk-free bond Rf . The investor wants to maximize her

terminal wealth and, since she ignores the probabilistic law of X, she evaluates a set of

possible models indexed by ω ∈ Ω, i.e. {K (ω, ·) , ω ∈ Ω}. Portfolio compositions are

ranked according to smooth preferences, therefore the investor's problem becomes

max
π∈R

v−1

(∫
Ω

v ◦ u−1

(∫
R
u (W )K (ω, dx)

)
µ (dω)

)
(2.1)

s.t. W = πX + (1− π)Rf . (2.2)

In order to quantify the contribution of non-neutral ambiguity attitudes, I compare results

obtained under smooth preferences with those implied by subjective expected utility for

which the maximization problem simpli�es to

max
π∈R

u−1

(∫
R
u (W )Q (dx)

)
s.t. (2.2).

A central pillar in portfolio theory, because of its elegance and compelling tractability,

is the mean-variance approach. In its classic formulation, the idea is that investors look

at the �rst two moments of the returns distribution and aim at those portfolios with
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28 CHAPTER 2. PORTFOLIO ALLOCATION

low variability and high expected return. In case the distribution of X is ambiguous

and preferences are as in (2.1), Maccheroni et al. (2013) derive a model-free robust mean-

variance solution of the optimal stock allocation, in which investors penalize the additional

uncertainty over the expected return

πMV =
EQ [X]−Rf

Au (w)V arQ (X) + (Av (w)− Au (w))V arµ (Eω [X])︸ ︷︷ ︸
=Ambiguity aversion correction

, (2.3)

with w = Rf . If u, v are of the CARA form and the probability measures in the set

{µ,K (ω, ·) : ∀ω ∈ Ω} are Gaussian distributed, then the mean-variance approximation

coincides with the theoretical optimal allocation and higher-order ambiguity attitudes

are irrelevant for the optimal portfolio composition. The tractability of the Gaussian

distribution together with the interpretability of the mean-variance approach has induced

most of the studies to focus on ambiguity aversion.

In this work, I relax the conjugate Gaussian assumption focusing on the impact of

ambiguity prudence on the optimal portfolio allocation. Theorem 1.2.1 de�nes the third-

order approximation of the portfolio certainty equivalent so that, when the utility indexes

are given by v = −e−ηx and u = −e−ρx, the optimal stock allocation π satis�es

π ≈ πMV +
π2

2

ρ2M3
Q (X)

ρV arQ (X) + (η − ρ)V arµ (Eω (X))︸ ︷︷ ︸
risk prudence variation

(2.4)

+
π2

2

(η2 − ρ2)M3
µ (Eω [X]) + 3ρ (η − ρ)Covµ (Eω [X] , V arω (X))

ρV arQ (X) + (η − ρ)V arµ (Eω (X))︸ ︷︷ ︸
ambiguity prudence variation

.

While the �rst term on the RHS in (2.4) coincides with robust mean-variance solution

reported in (2.3), other terms induce a variation that depends on third-order e�ects.

When investors display aversion and prudence towards ambiguity,

M3
µ (Eω [X]) ≥| Covµ (Eω [X] , V arω (X)) |

is a su�cient condition to guarantee an increment of the optimal stock allocation. Note-

worthy, third-order terms are quadratic in π, therefore a low absolute value of πMV mit-
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2.1. I.I.D. RETURNS 29

igates their relevance and, more importantly, positive and negative higher-order e�ects

have di�erent impacts over the optimal stock investment.1

In order to show that the quantitative relevance of the non-linearities induce by am-

biguity prudence can be very large, in the following subsections I analyse two di�erent

portfolio problems. In section 2.1, I focus on the contribution of ambiguity skewness

when an investor believes returns are i.i.d. with unknown expected return. I consider two

simple generalizations of the classical conjugate Gaussian setting in which beliefs over

the expected return, and later on also over returns, follow a Skew-normal distribution.

However, ambiguity prudent behaviours arise also when uncertainty over parameters is

neglected but time dependence among the expected returns is unknown. To show it, in

section 2.2, I analyse the problem of an investor who is ambiguous about the predictability

of the excess-returns.

2.1 I.I.D. returns

2.1.1 Gaussian returns

Consider a portfolio problem in which an investor cares only about her �nal level of wealth

and believes stock return X is Gaussian distributed with known variance σ2 and unknown

expected return m, over which she attaches Skew-normal beliefs, i.e.

X = m+ ε, (2.5)

ε ∼ N (0, σ2) and m ∼ SN (ξ, τ1, α1).2 Compared to the conjugate Gaussian setting, the

skew-normality implies that an investor evaluates the same set of Gaussian models but

attaching them a di�erent subjective probability. In particular, if the expected return is

negatively skewed, then the left tail of the distribution is thicker and investor believes

1The �rst is a trivial consideration since the error of the robust mean-variance approximation is

o
(∣∣π∗2

∣∣).
2See Appendix for a brief description.
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30 CHAPTER 2. PORTFOLIO ALLOCATION

an harmful model is more likely to realize. I provide a twofold motivation for the Skew-

normal distribution: �rst, it is a natural choice to introduce higher-order e�ects through

the perturbation of a Gaussian law. Second, as a side bene�t, it is parametrized by a low

dimensional vector of parameters and this allows a good trade-o� between a more �exible

shape of µ and a gain in tractability.

Suppose preferences are represented by (2.1) with utility indexes v (x) = −e−ηx and

u (x) = −e−ρx, then the portfolio problem becomes

max
πn∈R

−
∫
R

(∫
R

exp (−ρW ) Φ (dx,m, σ)

) η
ρ

ΦSN (dm; ξ, τ1, α1) (2.6)

s.t. W = πnX + (1− πn)Rf ,

and I denote by π∗n the theoretical optimal stock allocation.

Lemma 2.1.1. Consider problem (2.6). If X | m ∼ N (m,σ2) with σ2 known and

m ∼ SN (ξ, τ1, α1), then the optimal allocation π∗n satis�es

π∗n
(
ρσ2 + ητ 2

1

)
− δ1τ1λ (−δ1τ1ηπ

∗
n) = ξ −Rf . (2.7)

with δ1 = α1√
1+α2

1

and λ (x) = φ(x)
Φ(x)

.3

Proof. See proof of the more general equation (2.10).

The parameter α1 governs the higher-order moments of the Skew-normal distribution.

When α1 = 0, an investor believes that the expected return is Gaussian distributed, the

second term on the LHS disappears, and the optimal allocation coincides with the robust

mean-variance solution

πn =
ξ −Rf

ρσ2 + ητ 2
1

.

On the other hand, for general values of α1, the mean and the variance of the expected

return di�er, respectively, from ξ, τ 2
1 . In particular, both the mean and the degree of skew-

ness of the expected return are increasing in α1, while the variance is decreasing. There-

fore, in order to isolate the contribution of higher-order ambiguity attitudes, I rewrite

3Here φ denotes the pdf of a standard Gaussian distribution.
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2.1. I.I.D. RETURNS 31

equation (2.7) as

π∗n =

=EQ[X]︷ ︸︸ ︷
ξ + δ1τ1λ (0)−Rf

ρσ2 + ητ 2
1

(
1− δ2

1λ
2 (0)

)︸ ︷︷ ︸
=V arµ(Eω [X])

(2.8)

+δ1τ1
λ (−δ1τ1ηπ

∗
n)− λ (0) (1 + ηδ1τ1λ (0)π∗n)

ρσ2 + ητ 2
1 (1− δ2

1λ
2 (0))︸ ︷︷ ︸

higher-order ambiguity contribution

,

and I denote by πn,MV (respectively, π∗n,B,MV when η = ρ) the �rst term on the RHS of

(2.8), that coincides with the robust mean-variance allocation.

Lemma 2.1.2. If η,ρ > 0, then

sgn
(
π∗n − π∗n,MV

)
= sgn

(
π∗n,B − πn,B,MV

)
= sgn (α1) .

Proof. The lemma follows from the properties of a convex functional. Since the inverse

Mills ratio λ(x) = φ(x)
Φ(x)

is convex in its argument, the sign of the second term on the RHS

of (2.8) coincides with sgn (α1).

The lemma relates the sign of α1 to the variation of the portfolio composition from the

robust mean-variance solution. If α1 > 0, the second term on the LHS of (2.8) is positive

and the optimal stock allocation is larger than the one prescribed by the mean-variance

solution. On the other hand, if α < 0, then the investor reduces the optimal stock

investment in order to mitigate the exposure towards the downside model uncertainty.

This result is consistent with the intuition given by (1.6). In fact, when the stock returns

are Gaussian and α1 is positive (negative), the expected conditional third central moment

M3
ω (X) is null and the expected returns are positively (respectively, negatively) skewed,

a characteristic appreciated by an ambiguity prudent investor.

Noteworthy, the same qualitative e�ect holds also for a Bayesian investor. Indeed,

when σ2 is known, by the law of total cumulance

M3
Q (X) = Eµ

M3
ω (X)︸ ︷︷ ︸
=0

+ M3
µ (Eω [X])︸ ︷︷ ︸

sgn(M3
µ)=sgn(α1)

,
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32 CHAPTER 2. PORTFOLIO ALLOCATION

and the following two statements are true: the distribution of returns under Q ex-

hibits non-null third central moment and, mechanically, the sign of the asymmetry of

returns under Q coincides with the one of the expected return, i.e. sgn
(
M3

Q (X)
)

=

sgn
(
M3

µ (Eω [X])
)
. However, in section 2.1.3, I show that the quantitative contribution

of a skewed expected return for smooth and Bayesian investors is di�erent.

Finally, since the Inverse Mills ratio is convex and strictly decreasing on R, a positive

skewed expected return has a larger marginal contribution on the optimal portfolio than a

negative skewed expected return. The reason for such non-linearity is due to the fact that

a positive α1 implies a larger share of wealth invested in the stock and this increases the

portfolio exposure to model uncertainty, making higher-order ambiguity attitudes more

relevant.

2.1.2 Skew-Normal Returns

In order to study how the optimal portfolio depends on the interactions between higher-

order attitudes related to di�erent sources of uncertainty, I relax the Gaussian assumption

allowing returns to follow a Skew-normal distribution. For simplicity, I assume α2, τ2 are

known and investor is uncertain only about the location parameter ξ2 over which she has

a skew-normal prior ξ2 ∼ SN (ξ1, τ1, α1). Problem (2.1) becomes

max
π∈R
−
∫
R

(∫
R

exp (−ρW ) ΦSN (dx, ξ2, τ2, α2)

) η
ρ

ΦSN (dξ2; ξ1, τ1, α1) (2.9)

s.t. W = πX + (1− π)Rf ,

and I denote π∗sn the optimal stock allocation. The additional degree of freedom given

by α2 allows sgn
(
M3

Q (X)
)
6= sgn

(
M3

µ (Eω [X])
)
; therefore, higher-order moments of risk

and model uncertainty push π∗ towards opposite directions. The following proposition

clari�es the point.

Proposition 1. Consider problem (2.9). If X | ξ2 ∼ SN (ξ2, τ2, α2) and ξ2 ∼ SN (ξ1, τ1, α1),
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2.1. I.I.D. RETURNS 33

then the theoretical optimal allocation, π∗sn, satis�es

π∗sn
(
ρτ 2

2 + ητ 2
1

)
− δ1τ1λ (−δ1τ1ηπ

∗
sn)− δ2τ2λ (−δ2τ2ρπ

∗
sn) = ξ1 −Rf , (2.10)

with δi = αi√
1+α2

i

, i ∈ {1, 2}.

The �rst two terms on the LHS of (2.10) are those analysed in the previous subsection,

while the third one is speci�c to Skew-normal returns. Similar to Gaussian returns, I

isolate the contribution of higher-order attitudes rewriting (2.10) as

π∗sn =

=EQ[X]︷ ︸︸ ︷
ξ1 + (δ1τ1 + δ2τ2)λ (0)−Rf

ρτ 2
2

(
1− δ2

2λ
2 (0)

)︸ ︷︷ ︸
=V arK(ω,·)(X)

+ ητ 2
1

(
1− δ2

1λ
2 (0)

)︸ ︷︷ ︸
=V arµ(Eω [X])

(2.11)

+δ1τ1
λ (−ηδ1τ1π

∗
sn)− λ (0) (1 + ηδ1τ1λ (0) π∗sn)

ρτ 2
2 (1− δ2

2λ
2 (0)) + ητ 2

1 (1− δ2
1λ

2 (0))︸ ︷︷ ︸
higher-order ambiguity variation

+δ2τ1
λ (−ρδ2τ2π

∗
sn)− λ (0) (1 + ρδ2τ2λ (0)π∗sn)

ρτ 2
2 (1− δ2

2λ
2 (0)) + ητ 2

1 (1− δ2
1λ

2 (0))︸ ︷︷ ︸
higher-order risk variation

,

in which the �rst term on the LHS of (2.11) coincides with the mean-variance solution,

while the other two terms induce a variation that depends on the contribution of higher-

order attitudes towards ambiguity and risk.

Equation (2.11) clari�es that, �xed a value of α1 ∈ R, the sign of the variation of π∗sn

from π∗n coincides with the sign of α2, i.e. sgn (π∗sn − π∗n) = sgn (α2). When sgn (α1) =

sgn (α2) > 0, both returns and expected returns display positive skewness; therefore, if the

investor is prudent towards risk and ambiguity, then π∗sn ≥ π∗n and both stock allocations

are larger than the one implied by the robust mean-variance solution. Analogously, if

α1, α2 < 0 then returns and expected returns display negative skewness and prudent

attitudes imply π∗sn ≤ π∗n ≤ πMV .

In case sgn (α1) 6= sgn (α2), the degrees of skewness of returns and of the expected

return display opposite signs and the third moment under Q depends on the relative
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34 CHAPTER 2. PORTFOLIO ALLOCATION

importance of the two sources of uncertainty

M3
Q (X) = Eµ

 M3
K(ω,·) (X)︸ ︷︷ ︸

sgn
(
M3
K(ω,·)(X)

)
=sgn(α2)

+ M3
µ (Eω [X])︸ ︷︷ ︸

sgn(M3
µ)=sgn(α1)

. (2.12)

Typically, for short investment horizons, statistical moments of the risk distribution of

returns have a larger order of magnitude than the ones of expected return distribution;

therefore, the variation from the mean-variance solution induced by the last term on the

RHS of (2.11) is larger. However, as the investment horizon increases, the relevance of

model uncertainty grows faster because of the positive covariance among future returns

realization: Cov (Xt+1, Xt+j) > 0, ∀j > 0.4 The economic intuition behind such depen-

dence is that, if investors believe that an high value of the expected return is relatively

more likely, then the same holds for each period and the importance of such correlations

ampli�es as the maturity of the investment increases. To see it, consider the following

example: if X1, ..., Xt | m
iid∼ N (m,σ2) with m ∼ SN (ξ1, τ1, α1), then

E

[
t∑
i=1

Xi | m

]
= tm, V ar

(
t∑
i=1

Xi | m

)
= tσ2, V ar (tm) ∝ t2τ 2

1 . (2.13)

The faster growth of model uncertainty, combined with the strength of ambiguity atti-

tudes, rapidly increases the contribution of the second term on the RHS of (2.11). On

the other hand, the penalization of model uncertainty, due to ambiguity aversion, re-

duces the overall stock allocation. When πsn → 0, the relevance of higher-order attitudes

towards uncertainty is mitigated. Because of these joint e�ects, I show that ambiguity

prudence induces a variation from the robust mean-variance solution that does not have

a monotonic pattern.

2.1.3 Simulations

In order to quantify the portfolio relevance of prudence e�ects at di�erent investment

horizons, I analyse the problem for a buy-and-hold investor. This perspective is useful

4Formally, this is due to the in�nite exchangeability of returns.
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2.1. I.I.D. RETURNS 35

to isolate the contribution of ambiguity attitudes without confounding their e�ects with

those related to preferences over intertemporal choice, e.g. elasticity of intertemporal

substitution.

A buy-and-hold investor has to optimally choose the portfolio composition at the

beginning of the �rst period and she is not allowed to change it until periods are over.

Consistently with standard choices in the empirical literature, I assume that utility indexes

u, v in (2.1) have the CRRA form, v (x) = x1−η

1−η and u (x) = x1−ρ

1−ρ . The portfolio problem

for an investment with time to maturity given by T is

max
π∈R

∫
Ω

(∫
R

W 1−ρ
t+T

1− η
K (ω, dx)

) 1−η
1−ρ

µ (dω) (2.14)

s.t. Wt+T = π exp (rfT ) + (1− π) exp (Xt,T + rfT ) ,

where Xt,T =
∑T

i=1 Xt+i is the cumulative excess return between periods t and t + T .

I consider two alternative parsimonious calibrations of preference parameters (ρ, η) ∈

{(2, 60) , (5, 100)}, that are consistent both with the results of section 1.3 and with stan-

dard values adopted in the literature.

Optimal allocations are obtained through numerical methods in which integrals are

approximated using standard Monte Carlo techniques. Simulations require a two-step

sampling: �rst, I generate a large set of models {ωi}i=1,..,N sampling from µ and then, for

each ωi, I generate a sequence of cumulative excess return realizations sampling from the

conditional distribution K (ω,Xt,T ∈ B). The mean-measure probability is given by

Q (Xt,T ∈ B) ≈
N∑
i=1

K (ωi, Xt,T ∈ B)µ (ωi) . (2.15)

To estimate statistical parameters, I use data as calculated by the Center for Research

in Security Prices (CRSP). Data have yearly frequency with observations that span 92

years from 1927 to 2018. In order to avoid e�ects related to World War II, I also restrict

attention to the period following the Treasury Accord of 1951, for which there are 67

observations from 1952 to 2018. I proxy stock returns using log-returns (cum-dividend)

of the value-weighted market portfolio, including stocks traded on the NYSE, AMEX
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36 CHAPTER 2. PORTFOLIO ALLOCATION

Table 2.1: Summary Statistics

Excess Return

Period 1927 - 2018 1952 - 2018

Number Obs 92 67

Mean 0.058 0.056

Variance 0.039 0.029

and NASDAQ indexes. The risk-free rate is set constant and equal to the mean of the

90 Day-Bill returns of the sample, respectively rf = 0.006 and rf = 0.011. All nominal

variables are de�ated using the Consumer Price Index. Table 2.1 shows the summary

statistics of real excess-returns. While the average excess-return is similar between the

two samples, if the observations are restricted to the postwar period then the variance of

returns is ≈26.5% lower; this implies a larger allocation in the stock that ampli�es the

impact of higher-order ambiguity attitudes.

In order to quantify the relevance of ambiguity prudence, I compare the optimal stock

allocations for three investors, indexed by i ∈ {1, 2, 3}, whose beliefs over the expected

return display heterogeneous degrees of skewness. I initially assume that investors believe

stock returns are i.i.d. from a Gaussian distribution with known variance, set equal to

the sample variance, and unknown expected return m, over which they have Skew-normal

beliefs, i.e. Xt+1 | m ∼ N (m,σ2) and m ∼ SN (ξi1, τ
i
1, α

i
1).

Since αi1 is the only parameter governing the asymmetry of the Skew-normal distri-

bution, I assume that for each investor αi1 takes a di�erent value in {−8, 0,+8}.5 The

remaining hyper-parameters (ξi, τ i1) are set in order to match the mean and the vari-

ance of the posterior distribution of the expected return, that I obtained updating an

5These values of α1 imply that the degrees of skewness of the expected return distributions take value

in {−0.9, 0, 0.9}.
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2.1. I.I.D. RETURNS 37

uninformative prior. The third and fourth columns of table 2.2 show the mean and stan-

dard deviation of the posterior distribution of m, while the last three columns report the

calibration of the Skew-normal parameters.

Table 2.2: Hyper-parameters calibration

Period E
[
m| (Xk)

K
k=1

]
Sd
(
m| (Xk)

K
k=1

)
αi1 ξi τ i1

1927 - 2018

i = 1 0.058 0.02 -8 0.084 0.033

i = 2 0.058 0.02 0 0.058 0.02

i = 3 0.058 0.02 +8 0.032 0.033

1952 - 2018

i = 1 0.056 0.02 -8 0.082 0.033

i = 2 0.056 0.02 0 0.056 0.02

i = 3 0.056 0.02 +8 0.03 0.033

The table shows the posterior mean and variance of the expected return obtained updating

an uninformative prior. The last three columns show the calibration of the Skew-normal

parameters that I use to match the �rst two moments of the posterior distribution.

Noteworthy, given any τ1, the Skew-normal distributions implied by opposite values of

α1 have same variance and excess of kurtosis but opposite degrees of skewness. However,

in order to ascribe to ambiguity prudence the variations from the robust mean-variance

solution, a crucial point is how the heterogeneity over the higher-moments of m a�ects the

mean-measure distribution of returns. Reassuringly, �gure 2.1 shows that, apart for the

�rst moment, the Skew-normal distribution has a negligible impact over the Q-measure,

both for short (one-year) and long (twenty-years) investment horizons. The reason is that

the contribution of model uncertainty to the Q-measure depends on the relative size of

the statistical moments and table 2.2 con�rms that the uncertainty over m has a lower

order of magnitude than the risk size implied by the Gaussian distribution of returns.
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Figure 2.1: Densities of Returns and Expected Return

(a) 1927− 2018

(b) 1952− 2018

The �gure shows the µ-densities of the expected-return and the Q-densities of returns,

when investors believe returns follow a Gaussian distribution.
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In line with this fact, if an investor is Bayesian then the faster growth of model

uncertainty does not have a sizeable impact over the optimal portfolio composition and,

indeed, �gure 2.2 con�rms that the stock investment experiences only a small reduction.

Coherently with theoretical results, when I compare the optimal stock allocations for the

three investors, �gure 2.3 shows that if the expected return is positive (negative) skewed,

then the stock reduction is mitigated (strengthen) by risk prudent attitudes. However,

because of the limited role of ambiguity, the relevance of heterogeneous beliefs over m is

negligible and the portfolio compositions remain similar to those implied by the conjugate

Gaussian solution, i.e. α1 = 0.

On the other hand, if an investor has non-neutral attitudes towards ambiguity, then the

faster growth of model uncertainty has important portfolio implications. In �gure 2.4, I

compare the optimal stock allocations for smooth - solid lines - and Bayesian - dashed lines

- investors, when they believe that both returns and expected return follow a Gaussian

distribution. Graphs show that, as the investment horizon increases, a smooth investor

experiences a much sharper reduction of the optimal stock allocation that is due to the

ad-hoc penalization of model uncertainty induced by ambiguity aversion. For example,

if the maturity of the investment is twenty years, then the optimal stock allocation for

a smooth investor with ρ = 2, η = 60 is approximately the 80% lower than the one of a

Bayesian investor!

When beliefs over the expected return display heterogeneous degrees of skewness, the

reduction of stock investment can be mitigated or strengthened by ambiguity prudent

attitudes. Figure 2.5 compares the optimal allocations for the three smooth investor and

it clari�es that, di�erently from the Bayesian setting, heterogeneous beliefs over downside

model uncertainty have a sizeable impact over the portfolio composition. Moreover, the

marginal contribution of positive and negative values of α1 is highly non-linear. In fact,

the variation from the robust mean-variance solution implied by a positive α1 is much

larger than the variation induced by the opposite value of α1. For example, for a twenty-
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Figure 2.2: Bayesian Investor with Gaussian Returns

(a) 1927− 2018

(b) 1952− 2018

The graphs report the optimal stock allocation for a Bayesian investor, as a function of

T , when she believes that both returns and expected return follow a Gaussian law.
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Figure 2.3: Bayesian Investors with Gaussian Returns

(a) 1927− 2018

(b) 1952− 2018

The graphs report the optimal stock allocation for three Bayesian investors, as a function

of T , when they believe that returns follow a Gaussian law and expected return a Skew-

normal law.
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years horizon, an investor with ρ = 2, η = 60 and positive skewed beliefs over the

expected return, i.e. α1 = 8, would invest in the stock around the 55-60% of her total

wealth, against the 20% implied by Gaussian beliefs, i.e. α1 = 0, and the 15% implied by

negative skewed beliefs over the expected return, i.e. α1 = −8.

In �gure 2.6, I quantify the persistence of ambiguity prudence across di�erent invest-

ment horizons. Speci�cally, I compare the range size spanned by the heterogeneous stock

allocations, i.e. πn (α1 = 8)− πn (α1 = −8), with the stock investment implied by Gaus-

sian beliefs over the expected return. The graphs show that, at very short maturities,

the range size is relatively low with respect to the Gaussian solution, therefore ambiguity

prudence implies a limited variation from the robust mean-variance solution. However,

after few periods, the range size exceeds the Gaussian allocation and its value remains

persistently high also when the Gaussian allocation becomes low. This fact suggests that

the portfolio contribution induced by ambiguity prudence is persistent across investment

horizons.

In order to compare the portfolio contribution induced by ambiguity prudence with

the one induced by risk prudence, I replace the Gaussian assumption of returns, requiring

that they follow a Skew-normal distribution X ∼ SN (ξ2, τ2, α2). In the same spirit as the

previous analysis, I compare the optimal portfolio composition of three investors that have

heterogeneous beliefs over the degree of skewness of returns, αi2 ∈ {−8, 0,+8}. I assume

that investors known the variance of returns, i.e. α2 and τ2, but they are uncertain about

the expected return, over which they share a common Gaussian belief.6 In order to make

portfolio allocations comparable with those obtained in the previous framework, I set the

variance of returns equal to the sample variances, reported in table 2.1, and the values

of the hyper-parameters governing beliefs over expected return equal to those reported in

table 2.2 when α1 = 0.7

6Conditioning on the values of α2 and τ2, the expected return is a function of the parameter ξ2.

Therefore, a Gaussian belief over the expected return is implied by a Gaussian belief over ξ2.
7In this case, if α2 = 0 then I retrieve the conjugate Gaussian allocations reported in �gure 2.4.
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Figure 2.4: Smooth and Bayesian Investors

(a) 1927− 2018

(b) 1952− 2018

The graphs report the optimal stock allocation for Bayesian (dotted line) and smooth (solid

line) investors, as a function of T , when they believe that both returns and expected return

follow a Gaussian law.
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Figure 2.5: Ambiguity prudence

(a) 1927− 2018

(b) 1952− 2018

The graphs report the optimal stock allocation for the smooth investors, as a function of

T , when they believe returns follow a Gaussian law and expected return a Skew-normal

law.
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Figure 2.6: Range size and Gaussian allocation

(a) 1927− 2018

(b) 1952− 2018

The graphs compare the optimal stock allocation for a smooth investor (solid line) who

believes that expected return follows a Gaussian law with the range spanned by the hetero-

geneous allocations when expected return follows a Skew-normal law (dotted line).
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Figure 2.7 shows that if investors are ambiguity neutral, then risk prudent attitudes

induce signi�cant variations from the allocations implied by the mean-variance solution.8

Moreover, since model uncertainty does not receive an ad-hoc penalization, these varia-

tions are persistent across di�erent investment horizons. On the other hand, if preferences

have a smooth representation, then �gure 2.8 shows that the prominence of ambiguity

aversion mitigates the relevance of heterogeneous beliefs over the degree of skewness of

returns. Therefore, after very few horizons, the optimal portfolio compositions coincide

with the ones implied by robust mean-variance solution.

8The di�erences from the optimal allocations report in table 2.3 are due to the relative order of

magnitude between risk and model uncertainty.
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Figure 2.7: Bayesian investors

(a) 1927− 2018

(b) 1952− 2018

The graphs report the optimal stock allocation for three Bayesian investors, as a function

of T , when they believe returns follow a Skew-normal law and expected return a Gaussian

law.
Tesi di dottorato "Essays on Uncertainty in Economics and Finance"
di GIRARDI FABIO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2020
La tesi è tutelata dalla normativa sul diritto d'autore (Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



48 CHAPTER 2. PORTFOLIO ALLOCATION

Figure 2.8: Smooth investors

(a) 1927− 2018

(b) 1952− 2018

The graphs report the optimal stock allocation for three smooth investors, as a function

of T , when they believe returns follow a Skew-normal law and expected return a Gaussian

law.
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2.2 Ambiguous predictability

In this section, I investigate how ambiguity prudence contributes to the optimal portfo-

lio composition when an investor is uncertain about the conditional distribution of the

excess-returns. I assume that an investor evaluates two alternative models: in the �rst,

excess-returns are i.i.d. while, in the second, they contain a predictable component. The

predictability of the excess-returns is the subject of an important academic debate among

�nancial economists. Among others, Welch and Goyal (2008) have pointed out the poor

out-of-sample performance of standard predictors proposed in the asset pricing literature,

e.g. dividend-yield or earning-price ratio. On the other hand, Campbell and Thompson

(2007) have responded that under parameters' restrictions, motivated by economic argu-

ments, the goodness of �t signi�cantly improves and it provides a relevant contribution

to the portfolio' Sharpe ratio. More generally, an increasing body of literature supports

the idea that excess-returns are predictable.9 Here, I assume an investor does not exclude

a-priori any of the two theories.

The quantitative relevance of this source of model uncertainty has been quanti�ed in a

recursive setting by Chen et al. (2014). In this work, I highlight how ambiguity prudence

is a key element that underlies such empirical �ndings and I exploit approximation (2.4)

to disentangle di�erent e�ects among beliefs and ambiguity attitudes. In order to keep

a stylized setting, I consider a one-period problem. Results show that, if the certainty

equivalents of the two models signi�cantly di�er and the investor has asymmetric beliefs

over them, then ambiguity prudence induces sizeable non-linearities in the optimal stock

allocation. These e�ects emerge because of the investor's willingness to hedge against

downside ambiguity.

Formally, an investor attaches probability µ ∈ (0, 1) to

� model 1

Xt+1 = m+ ε1,t+1, (2.16)

9See, for example, Lettau and Ludvigson (2001) or Martin (2017).
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in which excess-returns are i.i.d. from a Gaussian distribution ε1,t+1 ∼ N (0, σ2
1), and

probability 1− µ to

� model 2 
Xt+1 = m+ θ2dt + ε2,t+1

dt+1 = θ1dt + εd,t+1,

(2.17)

ε2,t+1 ∼ N (0, σ2
2), εd,t+1 ∼ N (0, σ2

d), Cov (ε2,t+1, εd,t+1) = σx,d, in which the excess-returns

can be predicted by the dividend-yield and I denote by dt its demeaned logarithmic

transformation.10

To estimate the statistical parameters of each model, I use yearly data from CRSP for

the period from 1927 to 2018 where, similarly to the previous section, both excess-returns

and dividend-yield are in real terms. Table 2.3 reports the results of such estimates and,

for simplicity, I neglect about parameters uncertainty.

Table 2.3: Parameters estimation

m−Rf θ2 θ1 σ2 × 1000 σ2
d × 1000 σx,d × 1000

model 1

0.0582 - - 39.13 - -

(0.02) - - (−) - -

model 2

0.0582 0.096 0.94 37.45 20.81 −18.73

(0.02) (0.047) (0.036) (−) (−) (−)

Investor's preferences are represented by (1.1) in which the utility indexes u, v have the

CARA form. I consider two alternative calibrations of the preference parameters (ρ, η) ∈

{(1.5, 46) , (3.75, 80)} that are consistent with the allocations implied by CRRA indexes

10This choice is consist with standard works of portfolio literature, e.g. Barberis (2000), Xia (2001),

Campbell et al. (2002), etc.
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of section 1.3. The portfolio problem (2.1) becomes

max
π∈R
− µ

(∫
R

exp (−ρW ) Φiid (dx)

) η
ρ

− (1− µ)

(∫
R

exp (−ρW ) ΦV AR (dx)

) η
ρ

(2.18)

s.t. W = πX + (1− π)Rf .

Lemma 2.2.1. Consider an investor facing problem (2.18). Then the theoretical optimal

allocation satis�es

π∗ = µ
(m−Rf )

ρ (µσ2
1 + (1− µ)σ2

2c)
+ (1− µ)

(m+ θ2dt −Rf ) c

ρ (µσ2
1 + (1− µ)σ2

2c)
. (2.19)

with c = exp
(
−ηπ∗θ2dt + π∗2

2
ρη (σ2

2 − σ2
1)
)
.

The factor c in (2.19) embeds in the optimal solution the non-linearities due to higher-

order attitudes towards uncertainty. Although from a theoretical perspective c 6= 1 also

for a classical Bayesian investor, under reasonable values of ρ, the quantitative relevance

of c is negligible. To show it, I plot in �gure 2.9 the portfolio optimal allocations as a

function of the probability over the i.i.d. model for the two degrees of risk-aversion. The

two graphs on the left (right) consider the case in which the dividend-yield takes a large

negative (positive) value dt = −0.75 (dt = 0.75) and therefore model 2 predicts lower

(higher) excess return than the i.i.d. model.

Results show that, when the investor is ambiguity neutral, the curvature due to higher-

order risk attitudes is negligible, both for high and low values of the dividend-yield, and the

optimal portfolio allocations look like the convex combination of the degenerate optimal

solution in case µ = 0 or µ = 1.

On the other hand, if an investor has non-neutral attitudes towards ambiguity then

the previous results do not hold. Indeed, �gure 2.10 shows that, for a smooth investor,

the non-linearities induced by the factor c have sizeable implications over the optimal

allocations and the theoretical solutions look very di�erent from the convex combination

of the limiting cases.

In terms of behavioural attitudes, if dt 6= 0 and µ ∈ (0, 1), then an ambiguity averse

investor would reduce stock allocation because she penalizes the uncertainty over the
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Figure 2.9: Uncertainty over predictability: Bayesian

(a) ρ = 1.5

(b) ρ = 3.75

The graphs show the theoretical optimal allocations, for a Bayesian investor, as functions of the

probability over the I.I.D. model. In the left ones dividend yield predictor takes a low value,

dt = −0.75, while in the right ones it takes an high value, dt = 0.75.
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Figure 2.10: Uncertainty over predictability: Smooth

(a) ρ = 1.5, η = 46

(b) ρ = 3.75, η = 80

The graphs show the theoretical optimal allocations, for a smooth investor, as a function of the

probability over the i.i.d. model. In the left ones dividend yield predictor takes a low value,

dt = −0.75, while in the right ones it takes an high value, dt = 0.75.
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expected excess-return. Figure 2.12 (a) shows that, given the distribution over models,

the uncertainty over the expected excess-return increases in the absolute value of the

predictor. On the other hand, given the value of dt, the variance of the expected excess-

return attains its maximum when the two models are equally likely.

Although ambiguity aversion is, typically, the prominent behavioural attitude towards

model uncertainty, it is not the only characteristic that is relevant to the investor's optimal

decision. In fact, if the predictor takes values far from its unconditional mean and the

subjective belief over the two models is highly asymmetric, then also ambiguity prudence

provides a signi�cant contribution to the optimal portfolio composition. In order to

investigate and to disentangle the relevance of the two ambiguity attitudes, I report in

�gure 2.11 the comparison among the theoretical optimal solutions obtained solving (2.19)

numerically - solid black lines, with those implied by the robust mean-variance approach

(2.3) - dashed blue lines - and with those implied by the third-order approximation (2.4)

- dashed red lines. Results con�rm that, for large values of µ and negative values of dt,

or small values of µ and positive values of dt, an investor that neglects to account for

ambiguity prudence e�ects would over-invest in the stock and her portfolio composition

would result to be signi�cantly di�erent from the optimal one.

The intuition is that when dt is signi�cantly lower than its unconditional mean, a high

value for excess-return is most likely to realize under the i.i.d. model. Although investor

attaches high probability to the i.i.d. model, she might be worried about the possibility

to bear too much stock in case excess-returns are predictable, i.e. under the model that is,

among the two, the most harmful. Thus, she decides to reduce stock allocation to hedge

against downside ambiguity. The same argument applies when the investor attaches a low

probability over the i.i.d. model and the dividend-yield is larger than its unconditional

mean dt > 0.

Figure 2.12 (b) shows that sign of these e�ects is given by the third central moment

(and, more generally, by odd moments) of the distribution over the expected excess-
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return. However, since the magnitude of the third moment is relative low with respect to

magnitude of the variance, the relevance of ambiguity prudence is driven mainly by the

strong preferences' penalization.

Finally, although the third central moment is symmetric with respect to the point

(dt, µ) = (0, 0.5), the contribution of ambiguity prudence to the optimal portfolio compo-

sition results to be asymmetric. More speci�cally, if the dividend-yield takes large positive

values, then the theoretical optimal solutions, reported on the right graphs of �gure 2.10,

are kinked only towards the worst-case model. Consistently with theoretical results, I

ascribe this e�ect to the larger stock investment that makes ambiguity attitudes more

relevant.
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Figure 2.11: Uncertainty over predictability: Smooth

(a) ρ = 1.5, η = 46

(b) ρ = 3.75, η = 80

The �gures report the theoretical optimal allocation (solid black line), the robust mean-variance

solution (dashed blue line) and the solution implied by the third-order approximation (dashed red
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Figure 2.12: Statistical moments of µ

(a) Variance of the expected excess-return

(b) Third central moment of the expected excess-return
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2.3 An asset pricing example

I conclude this work reconciling the role of ambiguity prudence in putting non-linearities

in the optimal portfolio composition with empirical results developed within the robust

asset pricing literature. For example, Hansen and Sargent (2001) show that if an investor

has concerns about the evolution of consumption growth and evaluates future streams

according to multiplier preferences, then she acts as if her beliefs were endogenously

distorted towards the model with the lowest continuation value.

In order to highlight how ambiguity prudence a�ects the stochastic discount factor,

hence equilibrium quantities e.g. prices or risk-free rate, in this section I consider a Lucas

type economy. I assume that in each period the economy is endowed with an exogenous

aggregate level of consumption Ct. Investor ignores the growth rate of consumption and

evaluates the following model
ln
(
Ct+1

Ct

)
= θ0 + θ2Xt + σcεt+1,

Xt = θ1Xt−1 + σxε
x
t+1,

εt+1, ε
x
t+1 ∼ N (0, I) (2.20)

in which the value of θ2 is ambiguous and the unconditional mean of Xt is zero. In-

vestor attaches probability µ (ω1) = Pr (θ2 = 0) and µ (ω2) = Pr
(
θ2 = θ̄

)
. Preferences

over future streams of consumption (Cs)
+∞
s=t+1 = (Ct+1, Ct+2, ...) ∈ R∞+ have a smooth

representation

U (Ct) = u (Ct) + u ◦ v−1
(
Eµt
[
v ◦ u−1

(
EKt(ω,·) [βU (Ct+1)]

)])
. (2.21)

The multiplier preferences of Anderson et al. (1998) and Hansen and Sargent (2001),

very popular in the robust asset pricing literature, are a particular case of (1.1) in which

v ◦ u−1 (x) = − exp (−βx/η). In this case, the stochastic discount factor is given by

SDFt,t+1 (ω,Ct+1) =
Ct
Ct+1

exp
(
−EKt(ω,·)[βU(Ct+1)]

η

)
Eµt
[
exp

(
−EKt(ω,·)[βU(Ct+1)]

η

)] , (2.22)

where the �rst factor on the RHS is the standard pricing kernel for time additive utility

while the last factor is the Randon-Nikodym derivative that distorts beliefs to properly
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account for ambiguity attitudes. Because of this change of measure, the investor acts as

if she is Bayesian with beliefs given by

µ̃t (ω1) =
µt (ω1)

µt (ω1) + µt (ω2) exp
(
β
η

[
EK(ω1,·) [U (Ct+1)]− EK(ω2,·) [U (Ct+1)]

]) .
If the shape of the utility index is u (x) = (1− β) log x, then the continuation values of

the two models are given by

EK(ω1,·) [βU (Ct+1)] = βθ0 + lnCt,

EK(ω2,·) [βU (Ct+1)] = βθ0 + βθ̄ (1− βθ1)−1Xt + lnCt.

If I calibrate the parameters of model ω2 as proposed by Bansal and Yaron (2004), i.e.

θ̄ = 1, θ1 = 0.975 and β = 0.99, then �gure 2.13 shows the distorted beliefs as a function

of the value of the persistent component Xt and of the probability over the I.I.D. model.

Figure 2.13: Distorted beliefs

When the persistent component Xt attains values far from the unconditional mean,

the continuation value of the two models signi�cantly di�ers and �gure 2.13 shows that the
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60 CHAPTER 2. PORTFOLIO ALLOCATION

distortion of beliefs is larger. In particular, if an investor attaches a very low probability

over the I.I.D. model, i.e. µt (ω1) close to 0, but Xt takes large positive values, then under

µ̃ the I.I.D. model is much more likely to realize. The same holds when µt (ω1) is close to

one and Xt is largely negative. The twisted probabilities put into the investor evaluation

her distrust towards the reference probabilities. Moreover, the non-linear dependence of

beliefs distortion is perfectly consistent with the non-linear optimal allocations reported

in �gure 2.11. For this reason, I ascribe the higher curvature of the SDF to ambiguity

prudent attitudes that generate a sharp endogenous distortion of beliefs towards the model

that provides the lowest continuation value.
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2.4 Conclusion

In this work, I study the contribution of ambiguity prudence to the optimal portfolio

composition for an investor whose preferences are represented by the smooth ambiguity

criterion of Klibano� et al. (2005). The motivations of this research question rely on

the experimental evidence, e.g. Baillon et al. (2018), supporting the idea that ambiguity

prudence is important for individual decision-making, on recent works in the asset-pricing

literature suggesting that the equity premium is skewed and, more generally, that higher

moments of the distribution over models might help to explain relevant macro-�nance

puzzles.

In the �rst chapter, I derive a model-free third-order approximation of the portfolio

certainty equivalent that helps to study ambiguity prudence in its full generality. I show

that prudence towards ambiguity induces an uncertainty premium that depends on the

third central moment of the distribution over models and on the co-movement across

models between expected return and risk size. Noteworthy, the contribution of these

e�ects is highly non-linear.

In the second chapter, I focus on two settings in which ambiguity prudence has relevant

implications for the portfolio composition. In the �rst, a buy-and-hold investor believes

that returns are i.i.d. with unknown expected return, over which she has skewed beliefs.

In the second setting, an investor is ambiguous about the predictability of the excess-

return. In both settings, I show that if the certainty equivalents implied by models

under evaluation are signi�cantly di�erent and the investor has asymmetric beliefs over

them, then ambiguity prudence induces sizeable variation from the robust mean-variance

solution. These e�ects emerge because of the investor's willingness to hedge against

downside model uncertainty.

I conclude the paper reconciling the portfolio implications of ambiguity prudence with

some empirical regularities emerging from the asset-pricing literature. Speci�cally, if the

investor's preferences account for concerns about robustness, then ambiguity prudence
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puts non-linearities in the marginal evaluation of future streams of consumption. The

quantitative relevance of these non-linearities has been rigorously investigated in the lit-

erature, see e.g. Hansen and Sargent (2010). Results con�rm that non-neutral ambiguity

attitudes provide a possible resolution of several puzzling links between macroeconomics

and aggregate �nancial markets.
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Appendix

2.A Third-Order Approximation

De�nition. Let (X,X) be the measurable Polish space of the possible realizations of X

and (Ω,F) be a comfortable measurable space. A random probability measure is a function

K : Ω× X→ [0, 1] such that:

• ω 7−→ K (ω,A) is measurable random variable,

• ∀A ∈ X; A 7−→ K (ω,A) is a probability measure over (X,X), ∀ω ∈ Ω.

The existence of K (ω, ·) in Polish spaces is guaranteed by the following theorem.

Theorem. If (X,X) is a standard measurable space, then there exist a regular version.

See Ç�nlar (2011) for details.

Let u : X→ R and v : u−1 (X)→ R denote the Bernoulli and the second order utility

functions that, along with φ := v ◦ u−1, φ : u (X) → v (X), ψ := v−1 : v (X) → X, are

N-times di�erentiable functions, respectively over intX, u−1 (intX), u (intX) and v (intX).

LetX, u (X) , v (X) ∈ LN (X,X, Q), whereQ is the mean probability measure over (X,X),

i.e. Q (A) :=
∫
K (ω,A)µ (dω), ∀A ∈ X.

Lemma. If f ∈ LN (X,X, Q), then µ
({
ω : f ∈ LN (X,X, K (ω, ·))

})
= 1.

Proof. Let f ∈ LN , by de�nition of a Lp space and monotonic property of expectations,

it holds that 0 ≤
∫
X |f |

N Q (dx) < +∞.
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64 CHAPTER 2. PORTFOLIO ALLOCATION

De�ne A :=
{
ω ∈ Ω :

∫
X |f |

N K (ω, dx) = +∞
}
, I know∫

X
|f |N K (ω, dx) ≥ n1A, ∀n ∈ N,∀ω ∈ Ω. (2.23)

and if µ (A) > 0 then∫
Ω

(∫
X
|f |N K (ω, dx)

)
µ (dω) ≥ nµ (A) ∀n ∈ N, (2.24)

implying that ∫
X
|f |N Q (dx) =

∫
Ω

(∫
X
|f |N K (ω, dx)

)
µ (dω) = +∞, (2.25)

which leads to an absurd.

This result guarantees that, if the N-th moment exists under the mean measure, then the

same holds almost surely under all the probability measures in the support of µ.

Proof. of Theorem (1.2.1).

The third order approximation of (1.1) around π = 0 is given

C (π,X) = C (0, X) + πC
′
(0, X) +

π2

2!
C
′′

(0, X) +
π3

3!
C
′′′

(0, X) + o
(∣∣π3

∣∣) , (2.26)

and the expression of the �rst three terms of (2.26) is given by Maccheroni et al. (2013).

In order to �nd the value of tha last term, I de�ne

C (π,X) = ψ (F (0))

F (π,X) :=

∫
Ω

fω (π,X)µ (dω) ,

fω (π,X) := φ ◦ Eω (π,X) ,

Eω (π,X) :=

∫
X
u (π,X)K (ω, dx) .

so that

C
′′′

(0) = ψ
′′′

(F (0))F ′ (0)3 + 3ψ
′′

(F (0))F
′
(0)F

′′
(0) + ψ′ (F (0))F

′′′
(0) .
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2.A. THIRD-ORDER APPROXIMATION 65

Under standard integrability conditions

F
′′′

(π,X) =

∫
Ω

f
′′′

ω (π,X)µ (dω) , (2.27)

∂3Eω (π,X)

∂π3
=

∫
X

∂3u (π,X)

∂π3
X3K (ω, dx) , (2.28)

and, in π = 0, the integrand of (2.27) is given by

f
′′′

ω (0, X) = φ
′′′

(Eω (0, X))E
′

ω (0, X)3 + 3φ
′′

(Eω (0, X))E
′

ω (0, X)E
′′

ω (0, X)

+E
′′′

ω (0, X)φ
′
(Eω (0, X)) .

Therefore,

F
′′′

(0) =

∫
Ω

φ
′′′

(E (0, ω))

[
u
′
(0)

∫
X
XK (ω, dx)

]3

µ (dω) (2.29)

+3

∫
Ω

[
v
′′

(0)

u′ (0)
− v′ (0)

u
′′

(0)

u′ (0)2

] [∫
X
XK (ω, dx)

] [
u
′′

(0)

∫
X
X2K (ω, dx)

]
µ (dω)

+

∫
Ω

[
u
′′′

(0)

∫
X
X3K (ω, dx)

]
v
′
(0)

u′ (0)
µ (dω) .

The third order derivatives of φ and ψ are given by

φ
′′′

(u (x)) =
v
′′′

(x)

u′ (x)3 −
u
′′′

(x) v′ (x)

u′ (x)4 − 3u
′′

(x) v
′′

(x)

u′ (x)4 +
3u
′′

(x)2 v′ (x)

u′ (x)5 .

ψ
′′

(φ (u (x))) = −v
′′′

(x)

v′ (x)4 +
3v
′′

(x)2

v′ (x)5 .

Plugging in these terms in (2.29),

F
′′′

(0) =

[
v
′′′

(0)− u
′′′

(0) v
′
(0)

u′ (0)
− 3u

′′
(0) v

′′
(0)

u′ (0)
+

3u
′′

(0)2 v
′
(0)

u′ (0)2

]∫
Ω

E3
ω [X]µ (dω)

+3

[
u
′′

(0) v
′′

(0)

u′ (0)
− u

′′
(0)2 v

′
(0)

u′ (0)2

]
Eµ
[
Eω [X]Eω

[
X2
]]

+
u
′′′

(0) v
′
(0)

u′ (0)
EQ
[
X3
]
.

Finally the new term in the Mclaurin expansion is

C
′′′

(0)

3!
π3 =

π3

6

[(
−v

′′′
(0)

v′ (0)
+

3v
′′

(0)2

v′ (0)2

)
E3
Q [X]− 3 (EQ [X])

[(
v
′′

(0)2

v′ (0)2 −
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)

)
Eµ
[
E2
ω [X]

]
+
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
EQ
[
X2
]]
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+

(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)
− 3u

′′
(0) v

′′
(0)

u′ (0) v′ (0)
+

3u
′′

(0)2

u′ (0)2

)
Eµ
[
E3
ω [X]

]
+3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)
Eµ
[
Eω [X]Eω

[
X2
]]

+
u
′′′

(0)

u′ (0)
EQ
[
X3
]]
.

Adding and subtracting 3u
′′

(0)v
′′

(0)
u′(0)v′(0)

EQ [X]E2
Q [X], I obtain

C
′′′

(0)

3!
π3 =

π3

6

[
3
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
EQ [X]

(
Eµ
[
E2
ω [X]

]
− E2

Q [X]
)

−3
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
EQ [X]

(
EQ
[
X2
]
− E2

Q [X]
)
− 3

(
v
′′

(0)

v′ (0)

)2

EQ [X]

(
Eµ
[
E2
ω [X]

]
− E2

Q [X]
)

+
v
′′′

(0)

v′ (0)

(
Eµ
[
E3
ω [X]

]
− E3

Q [X]
)

+

(
−u

′′′
(0)

u′ (0)
− 3u

′′
(0) v

′′
(0)

u′ (0) v′ (0)
+

3u
′′

(0)2

u′ (0)2

)
Eµ
[
E3
ω [X]

]
+ 3

u
′′

(0) v
′′

(0)

u′ (0) v′ (0)

Eµ
[
Eω [X]Eω

[
X2
]]
− 3

(
u
′′

(0)

u′ (0)

)2

Eµ
[
Eω [X]Eω

[
X2
]]

+
u
′′′

(0)

u′ (0)
EQ
[
X3
]]

and, adding and subtracting −u
′′′

(0)

u′ (0)
E3
Q [X],

=
π3

6

[
3
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
EQ [h]

(
Eµ
[
E2
ω [X]

]
− E2

Q [X]
)

−3
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
EQ [X]

(
EQ
[
X2
]
− E2

Q [X]
)
− 3

(
v
′′

(0)

v′ (0)

)2

EQ [X]

(
Eµ
[
E2
ω [X]

]
− E2

Q [X]
)

+
v
′′′

(0)

v′ (0)

(
Eµ
[
E3
ω [X]

]
− E3

Q [X]
)

−u
′′′

(0)

u′ (0)

(
Eµ
[
E3
ω [X]

]
− E3

Q [X]
)

+
u
′′′

(0)

u′ (0)

(
EQ
[
X3
]
− E3

Q [X]
)

+3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)(
Eµ
[
Eω [X]Eω

[
X2
]]
− Eµ

[
E3
ω [X]

])]
=

=
π3

6

[
−3

((
v
′′

(0)

v′ (0)

)2

− u
′′

(0) v
′′

(0)

u′ (0) v′ (0)

)
EQ [X]V arµ (Eω [X])−

−3
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
EQ [X]V arQ (X) +

(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

)(
Eµ
[
E3
ω [X]

]
− E3

Q [X]
)

+

+
u
′′′

(0)

u′ (0)

(
EQ
[
X3
]
− E3

Q [X]
)

+ 3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)
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Eµ
[
Eω [X]Eω

[
X2
]]
− Eµ

[
E3
ω [X]

])]
=

=
π3

6

[
−3

((
v
′′

(0)

v′ (0)

)2

− u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
−
(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

))

EQ [X]V arµ (Eω [X])− 3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′′
(0)

u′ (0)

)
EQ [X]V arQ (X)

+

(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

)(
Eµ
[
E3
ω [X]

]
− E3

Q [X]−3EQ [X]V arµ (Eω [X])
)

+
u
′′′

(0)

u′ (0)

(
EQ
[
X3
]
− E3

Q [X]− 3EQ [X]V arQ (X)
)

+3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)(
Eµ
[
Eω [X]Eω

[
X2
]]
− Eµ

[
E3
ω [X]

])
=

=
π3

6

[
−3

((
v
′′

(0)

v′ (0)

)2

− u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
−
(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

))
EQ [X]V arµ (Eω [X])

−3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′′
(0)

u′ (0)

)
EQ [X]V arQ (X) +

+

(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

)
Eµ [Eω [X]− EQ [X]]3 +

u
′′′

(0)

u′ (0)
EQ [X − EQ [X]]3 +

+3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)(
Eµ
[
Eω [X]Eω

[
X2
]]
− Eµ

[
E3
ω [X]

])]
.

Finally, if I add and subtract

3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)
EQ [X]

(
EQ
[
X2
]

+ E2
Q [X] + Eµ

[
E2
ω [X]

])
,

then the last term of the above approximation becomes

3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)(
Eµ
[
Eω [X]Eω

[
X2
]]

−EQ [X]EQ
[
X2
]

+ EQ [X]EQ
[
X2
]
− EQ [X]E2

Q [X]

+EQ [X]E2
Q [X] + EQ [X]Eµ

[
E2
ω [X]

]
− EQ [X]Eµ

[
E2
ω [X]

]
− Eµ

[
E3
ω [X]

])
=

= 3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)
(
Cov

(
Eω [X] ,Eω

[
X2
])

+ EQ [X]V arQ (X)− EQ [X]V arµ (Eω [X])

−Cov
(
Eω [X] ,E2

ω [X]
))
.
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I can now substitute it in the general expression in order to get

=
π3

6

[
−3

((
v
′′

(0)

v′ (0)

)2

− u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
−
(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

))

EQ [X]V arµ (Eω [X])− 3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′′
(0)

u′ (0)

)
EQ [X]V arQ (X)

+

(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

)
Eµ [Eω [X]− EQ [X]]3 +

u
′′′

(0)

u′ (0)
EQ [X − EQ [X]]3

+3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)
(Covµ (Eω [X] , V arω (X)) + EQ [X]V arQ (X)

−EQ [X]V arµ (Eω [X]))] =

=
π3

6

[
−3

((
v
′′

(0)

v′ (0)

)2

−
(
u
′′

(0)

u′ (0)

)2

−
(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

))

EQ [X]V arµ (Eω [X])− 3

(
u
′′

(0)2

u′ (0)2 −
u
′′′

(0)

u′ (0)

)
EQ [X]V arQ (X) +

+

(
v
′′′

(0)

v′ (0)
− u

′′′
(0)

u′ (0)

)
Eµ [Eω [X]− EQ [X]]3 +

u
′′′

(0)

u′ (0)
EQ [X − EQ [X]]3 +

+3

(
u
′′

(0) v
′′

(0)

u′ (0) v′ (0)
− u

′′
(0)2

u′ (0)2

)
Covµ (Eω [X] , V arω (X))

]
=

=
π3

6

[
−3
(
Av (0)2 − Au (0)2 − (Pv (0)Av (0)− Pu (0)Au (0))

)
EQ [X]V arµ (Eω [X])− 3

(
Au (0)2 − PuAu (0)

)
EQ [X]V arQ (X)

+ (Pv (0)Av (0)− Pu (0)Au (0))Eµ [Eω [X]− EQ [X]]3 + PuAu (0)EQ [X − EQ [X]]3 +

+3Au (0) (Av (0)− Au (0))Covµ (Eω [X] , V arω (X))] .
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2.B. SKEW-NORMAL BELIEFS 69

2.B Skew-normal Beliefs

The Skew-normal distribution, introduced by Azzalini (2013), is a special case of the

multiplicative contamination of a reference probability of van der Linde et al. (2007). The

intuition is that an DM believes that a random variable follows a speci�c distribution

but she evaluates also alternative models, generated through the perturbation of such

distribution. The skew-normal is retrieved when the reference density f0 is Gaussian and

the contaminating functions have the form of the cumulative distribution of a standard

normal probability, Φ. The set of univariate densities is given by

ΓSN =

{
f : f (x; ξ, α1, τ1) =

2

τ1

φ

(
x− ξ
τ1

)
Φ

(
α1
x− ξ
τ1

)
, (ξ, α1, τ1) ∈ R2 × R++

}
,

where φ and Φ are respectively the probability density function and cumulative distri-

bution function of a standard normal distribution. Each element of ΓSN is indexed by a

three-dimensional vector of parameters with α1 being the only parameter a�ecting higher-

moments. It is immediate to see that the family of Gaussian distributions is retrieved as

a particular case of α1 = 0.

Proof. of Proposition 1.

Since v is increasing and continuous, we can focus on the following problem

max
π∈R

∫
R
v ◦ u−1


∫
R
u (πXt+1 + (1− π)Rf ) ΦSN (dx,m, τ2, α2)︸ ︷︷ ︸

=Eω [u(Wt+1)]

ΦSN (dm; ξ, τ1, α1)

Given the moment generating function of skew normal distribution,

Eω [u (Wt+1)] = −2 exp

{
−ρ (1− π)Rf − ρmπ +

1

2
ρ2τ 2

2π
2

}
Φ

(
− α2√

1 + α2
2

τ2ρπ

)
,

u−1 (Eω [u (Wt+1)]) = − ln 2

ρ
+ (1− π)Rf +mπ − 1

2
ρτ 2

2π
2 − 1

ρ
ln Φ

(
− α2√

1 + α2
2

τ2ρπ

)
,

v
(
u−1 (Eω [u (Wt+1)])

)
= −2

η
ρ exp

(
−η (1− π)Rf − ηmπ +

1

2
ρητ 2

2π
2

)
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Φ

(
− α2√

1 + α2
2

τ2ρπ

) η
ρ

.

Using the moment generating function of the Skew-normal, the optimal stock allocation

π∗ has to maximize

max
π∈R
−2

η+ρ
ρ exp

(
−η (1− π)Rf − ηξπ +

1

2

(
τ 2

2 ηρ+ τ 2
1 η

2
)
π2

)

Φ

(
− α1√

1 + α2
1

τ1ηπ

)
Φ

(
− α2√

1 + α2
2

τ2ρπ

) η
ρ

.

Taking the �rst order derivative with respect to π, we obtain the following equation

π∗
(
ρτ 2

2 + ητ 2
1

)
− α1√

1 + α2
1

τ1

φ

(
− α1√

1+α2
1

τ1ηπ
∗
)

Φ

(
− α1√

1+α2
1

τ1ηπ∗
)

− α2√
1 + α2

2

τ2

φ

(
− α2√

1+α2
2

τ2ρπ
∗
)

Φ

(
− α2√

1+α2
2

τ2ρπ∗
) = ξ −Rf .
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Part II

Ambiguity and Consumption Sharing
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Chapter 3

Heterogeneous beliefs and ambiguity

attitudes

Abstract

This paper studies the optimal consumption allocation when investors have heterogeneous

beliefs and ambiguity attitudes towards three sources of uncertainty: the �rst two concern

the conditional distribution of consumption, while the third one concerns the persistence

of the shocks hitting the economy. I provide a mechanism to explain why, as economic

conditions deteriorate, subjective beliefs polarize. If the economy has a large number

of periods, then disagreement over the persistent component of consumption becomes a

main driver of the changes in the distribution of wealth.

3.1 Introduction

This chapter investigates the Pareto optimal allocations for an endowment economy pop-

ulated by two investors that ignore the probabilistic law governing the growth rate of

consumption and they react to the ongoing model selection problem evaluating a set of

possible data generating processes. I propose a simple model to highlight how di�erent

sources of heterogeneity a�ect the time-varying distribution of wealth. To show it, I con-
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74 CHAPTER 3. HETEROGENEOUS BELIEFS AND AMBIGUITY ATTITUDES

sider a social planner problem and I approximate the equation governing time-varying

Pareto weights as a function of the realizations of exogenous variables. The social plan-

ner perspective is justi�ed by the second welfare theorem that claims how, under proper

conditions, a Pareto optimal allocation might be obtained as the result of a decentralized

competitive equilibrium.

In the spirit of Hansen and Sargent (2010), I assume that investors face three sources

of model uncertainty: the �rst one refers to the distributions of the zero-mean shocks

hitting the economy, the second one concerns the time-varying expected growth rate of

consumption and the third one concerns the persistence of the shocks. Investors have

heterogeneous reference beliefs over these two latter sources of uncertainty and they share

a common reference Gaussian belief over the distributions of the shocks. A key feature

of this work is the assumption that investors distrust their reference beliefs and they

exhibit heterogeneous attitudes towards each source of ambiguity. In order to introduce

concerns towards the reference probabilities, I assume that investors' preferences have the

multiplier representation of Hansen and Sargent (2001).1

Results show that the evolution of the pseudo Pareto weights is driven by the investors'

disagreement over the conditional expectations of future states. However, di�erently

from the classical Bayesian setting, disagreement is evaluated under twisted probabilities

that re�ect the distrust towards reference models. The magnitude of these distortions

depends on the strength of attitudes towards ambiguity and on the size of each source of

uncertainty. As a consequence, if an investor is highly ambiguity averse and another one

is ambiguity neutral, then the share of consumption of the �rst agent might reduce even

if she has (more) accurate beliefs. Noteworthy, since the distortion of beliefs increases in

the size of uncertainty, the countercyclical patterns of volatility might explain why in bad

times investors' opinions polarize and forecasts have a larger dispersion.

The countercyclical dynamic of investors' disagreement is consistent with the empir-

1Multiplier preferences, axiomatized by Strzalecki (2011), lie at the intersection between the Varia-

tional preferences of Maccheroni et al. (2006) and the smooth preferences of Klibano� et al. (2005).
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3.1. INTRODUCTION 75

Figure 3.1.1: Forecast dispersion of PCE

The graph shows the dispersion of expected growth rate of personal consumption across dif-

ferent horizons. The blue line refers to the dispersion of the expected growth rate between

times t and t + 1, the red line between t + 2 and t + 3, the green line between t + 4 and

t + 5. Shaded areas denote the NBER recession periods. Data: Professional Forecasters.

Frequency: quarterly.

ical evidence collected by many works, e.g. Kandel and Pearson (1995) and Patton and

Timmermann (2010). The emerging heterogeneity in investors beliefs has important im-

plications for asset pricing, e.g. Anderson et al. (2005) or Basak (2005). Among others,

Cujean and Hasler (2017) develop a dynamic general equilibrium model to investigate

the asset pricing implications of spikes in disagreement and they show how, as economic

conditions deteriorate, opinions' polarization leads to return predictability to concentrate

in bad times.

When the economy admits a large number of periods, heterogeneous ambiguity atti-

tudes towards the unknown persistence of the shocks become a main driver of the variation
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76 CHAPTER 3. HETEROGENEOUS BELIEFS AND AMBIGUITY ATTITUDES

of wealth distribution. Pohl et al. (2018) highlight the importance for asset prices of het-

erogeneous beliefs over the persistent component under the assumption that investors

have preference for an early resolution of uncertainty.

Related Literature

In this work, I relate to a large literature that studies the dynamic of the optimal consump-

tion allocation. Among others, Blume and Easley (1992), Sandroni (2000) and Blume and

Easley (2006) derive important results concerning the survivorship of investors, in com-

plete and incomplete markets, that have heterogeneous beliefs and time additive prefer-

ences. On the other hand, Anderson (2005) analyses a stochastic economy in which agents

have homogeneous beliefs but heterogeneous risk-sensitive preferences and he de�nes a set

of necessary and su�cient conditions under which Pareto weights are time-invariant.

Recently, Colacito et al. (2019) consider an endowment economy with two goods and

risk-sensitive agents and they show that, if investors have heterogeneous preferences over

goods, then the su�cient conditions about the survival might not hold. Instead, Borovicka

(2018) consider a recursive economy in which agents have heterogeneous but exogenous

beliefs and he shows that agents with more incorrect beliefs can survive or dominate the

economy in the long-run. Finally, within the literature that studies the economic impli-

cations of model uncertainty, Guerdjikova and Sciubba (2015) show that if an economy

is populated by subjective expected utility and smooth ambiguity investors then, under

a large degree of ambiguity prudence, smooth investors survive and a�ect the long-run

equilibrium price.

Di�erently from these works, I do not focus on the asymptotic properties of Pareto

weights but I am interested in the short-term contribution of di�erent sources of model un-

certainty when the investors populating the economy have non-neutral attitudes towards

ambiguity.

The methodology of this paper relates to the asset pricing literature that studies the
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3.1. INTRODUCTION 77

market price of model uncertainty, e.g. Hansen et al. (2006), Hansen (2007) or Hansen

and Sargent (2019). In particular, I assume that investors have the same preferences and

face the same sources of model uncertainty as in Hansen and Sargent (2010). However,

di�erently from these works, I do not consider a representative agent economy but I

analyse how the heterogeneous characteristics of investors a�ect the optimal consumption

sharing.

Finally, since an important source of uncertainty faced by the investors concerns the

persistence of the shocks, I relate also to the long-run risk literature, e.g. Bansal and

Yaron (2004) or Bansal et al. (2016). In particular, several works, e.g. Bidder and Dew-

Becker (2016) or Bansal et al. (2009), have underlined the di�culties in estimating the

dynamic properties of an economy; therefore, this evidence can be used to motivate the

existence of heterogeneous beliefs over the persistent component.

Tesi di dottorato "Essays on Uncertainty in Economics and Finance"
di GIRARDI FABIO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2020
La tesi è tutelata dalla normativa sul diritto d'autore (Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.
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3.2 Economic Environment

In this section, I study the social planner problem for an endowment economy populated

by two investors that ignore the probabilistic law governing the growth rate of aggregate

consumption and they evaluate a set of candidate models. I denote by T = {0, 1, 2, ...} the

set of time periods and by (Ct)t∈T the sequence of random variables that, at each period,

de�nes the aggregate consumption level. In a similar way to Hansen and Sargent (2010),

I assume there are three sources of ambiguity: the �rst one concerns the distribution of

the zero-mean shocks εt+1, ε
x
t+1 in

ct+1 − ct = θ2Xt + σεt+1, (3.1)

Xt+1 = θ1Xt + σxε
x
t+1, (3.2)

where ct = lnCt and I assume σ, σx are known.
2 Investors ignore the probabilistic law of

the shocks and they share a common reference belief
(
εt+1, ε

x
t+1

)
∼ N (0, I). The second

source of uncertainty concerns the expected growth rate of consumption and investors

have an heterogeneous subjective Gaussian belief µi : B (Θ2)→ [0, 1] over the parameter

θ2 ∈ Θ2 that governs the conditional mean.3 The third source of uncertainty concerns

the value of the parameter θ1 ∈ Θ1 that governs the persistence of economic shocks and,

similarly to θ2, they have over θ1 heterogeneous Gaussian subjective beliefs νi : B (Θ1)→

[0, 1].

At each period, investors observe both the realizations of Xt and Ct therefore, in every

period t ∈ T, the information set is given by the sigma-algebra Ft := F (Zt) generated

by Zt := ((C1, X1) , ..., (Ct, Xt)).

In order to captures the idea that investors adopt a cautious evaluation towards the

reference probabilities, I assume that preferences over future streams of consumption

(Ci,k)
∞
k=t+1 = {Ci,t+1, Ci,t+2, ...} have the multiplier representation of Hansen and Sargent

2This might be justi�ed when ∆t→ 0 by the convergence in probability of the quadratic variation.
3Heterogeneity might arise because investors focus on di�erent predictors Xt or because they have a

di�erent prior over θ2. For simplicity I assume Θ1,Θ2 ⊂ R and that both investors rely on the same Xt.
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3.2. ECONOMIC ENVIRONMENT 79

(2001)

Vi,t = ui (Ci,t) + Tνi,t
[
Tµi,t

[
TKt(θ,·) [βiVi,t+1]

]]
, (3.3)

where βi ∈ (0, 1) determines time preference and the shapes of the operators TKt(θ,·), Tµi,t

and Tνi,t are given by4

TKt(θ,·) [βiVi,t+1] = −ηi,3 ln

(
EKt(θ,·)

[
exp

(
−βi
ηi,3

Vi,t+1

)])
, (3.4)

Tµi,t
[
TKt(θ,·) [βiVi,t+1]

]
= −ηi,2 ln

(
Eµi,t

[
exp

(
−1

ηi,2
TKt(θ,·) [βiVi,t+1]

)])
, (3.5)

Tνi,t
[
Tµi,t

[
TKt(θ,·) [βiVi,t+1]

]]
= −ηi,1 ln

(
Eνi,t

[
exp

(
−1

ηi,1
Tµi,t

[
TKt(θ,·) [βiVi,t+1]

])])
.

(3.6)

For any θ = (θ1, θ2), I denote by Kt (θ, ·) the time t conditional probability over the ran-

dom vector (ct+1, Xt+1) that determines the continuation value Vi,t+1. Attitudes towards

the three sources of model uncertainty are captured by the values of the preference pa-

rameters ηi,1, ηi,2, ηi,3 ∈ R. In this work, I make the following comfortable assumptions

over preferences:

Assumption 1. Investors have the same discount factor, i.e. βi = βj = β ∈ (0, 1).

Assumption 2. Investors have a logarithmic utility index, i.e. ∀k ∈ {i, j} uk (C) =

(1− βk) lnC.

Assumption 3. Investors display aversion towards each source of ambiguity, i.e. ∀k ∈

{i, j}, ηk = (ηk,1, ηk,2, ηk,3) ∈ R̄3
+.

Positive �nite values of η have two important implications: �rst, the sources of uncer-

tainty can not compound by Bayesian averaging into a single mean-measure distribution;

second, the operators twist investors' beliefs with a pessimistic distortion. In the limiting

4The idea to apply this operator goes back to Hansen and Sargent (1995), Hansen et al. (1999),

Tallarini Jr (2000) and others, who interpret θ as an additional parameter governing the risk preferences

for the timing of the resolution of uncertainty.
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80 CHAPTER 3. HETEROGENEOUS BELIEFS AND AMBIGUITY ATTITUDES

case in which ηi,1 = ηi,2 = ηi,3 = +∞, investor i has neutral attitudes towards ambiguity

and equation (3.3) simpli�es to standard time-additive preferences

Vi,t = ui (Ci,t) + Eqi,t [βiVi,t+1] . (3.7)

The mean-measure probability qi,t over (ct+1, Xt+1) is obtained marginalizing the joint

probability πi,t : B (Θ1) ⊗ B (Θ2) ⊗ B (R2) → [0, 1] with respect to the distributions of

θ1, θ2, i.e.

πi,t (θ1 × θ2 × ct+1 ×Xt+1) = νi,t (dθ1)µi,t (dθ2)Kt (θ, dct+1 × dXt+1) , (3.8)

qi,t (ct+1, Xt+1) =

∫
Θ1

∫
Θ2

πi,t (dθ1 × dθ2 × ct+1 ×Xt+1) . (3.9)

3.3 Pareto Optimality

Let λt = (λi,t, 1− λi,t) be the vector of Pareto weights and Ct the aggregate consumption

at time t, the social planner wants to maximize

V (Zt) = λi,tVi,t (Zt) + (1− λi,t)Vj,t (Zt) (3.10)

s.t.


Ci,t + Cj,t = Ct

Ck,1, Ck,2 ≥ 0.

(3.1), (3.2)

∀t ∈ T,∀k ∈ {i, j} (3.11)

where Zt = (Ct, Xt) and the time t consumption allocation for investor i, is a function of

her Pareto weight and of the aggregate consumption level Ci,t = Ci (Ct, λi,t). The state

contingent dynamic of the next-period Pareto weight for investor i is given by

λi,t+1

(
Zt+1

)
=

λi,t (Zt)Mi,t+1 (Zt+1)

λi,t (Zt)Mi,t+1 (Zt+1) + λj,t (Zt)Mj,t+1 (Zt+1)
, (3.12)

where

Mi,t+1

(
Zt+1

)
=

∂Vi,t (Zt)

∂Vi,t+1 (Zt+1)
(3.13)
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3.3. PARETO OPTIMALITY 81

is the marginal contribution of the continuation value for a given path Zt+1 of state-

variables realizations. The dynamic of the pseudo-Pareto weight

St+1

(
Zt+1

)
=

λi,t+1 (Zt+1)

1− λi,t+1 (Zt+1)
(3.14)

is given by

St+1

(
Zt+1

)
= St

(
Zt
)Mi,t (Zt+1)

Mj,t (Zt+1)
,

that, conditional to the time t information set, it depends just on the realization of Zt+1.

The �rst order condition of the planner to optimally allocate present consumption requires

that

λi
λj

=
u
′
j (Cj,t)

u
′
i (Ci,t)

. (3.15)

Under assumptions 1 and 2, each investor consumes a strictly positive share of the aggre-

gate consumption i� she has a positive Pareto weight and the present consumption for

investor i is given by Ci,t = λi,tCt.

In the following subsections, I illustrate how heterogeneous beliefs and attitudes to-

wards ambiguity a�ect the dynamic of the optimal consumption sharing. However, be-

cause of the di�cult analytical tractability, I approximate the evolution of the pseudo

Pareto weight.

3.3.1 One-period problem

In order to study how uncertainty over the conditional distribution of consumption growth

a�ects the consumption sharing, I consider a one-period problem t ∈ {0, 1} in which the

uncertainty over the persistence of the shock hitting the consumption growth does not

play any role. Formally, this implies that the continuation utility Vi,1 (Z1) does not vary

with respect to X1 and beliefs over θ1 are ine�ective. Therefore, in a one-period problem,

I can think at K (θ, ·) as a probability measure of ct+1 that is independent of θ1.

The FOC of optimal consumption allocation in t = 1 requires that

λi
λj

βi
βj

q̃i (c1)

q̃j (c1)
=
u
′
(Cj,1)

u′ (Ci,1)
, (3.16)
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82 CHAPTER 3. HETEROGENEOUS BELIEFS AND AMBIGUITY ATTITUDES

where q̃i, q̃j are the distorted mean-measure probabilities of the two investors. Equation

(3.16) shows that investors act as if they were subjective expected utility maximizers with

distorted beliefs given by

q̃i (dc1) =

∫
Θ2

π̃i (Θ1 × dθ2 × dc1 × R) , (3.17)

π̃i (Θ1 × dθ2 × dc1 × R) = µ̃i (dθ2) K̃i (θ, dc1) , (3.18)

where

dK̃i (θ, c1)

dK (θ, c1)
=

exp
(
−βu(Ci,1)

ηi,3

)
EK(θ,·)

[
exp

(
−βu(Ci,1)

ηi,3

)] , (3.19)

dµ̃i (θ2)

dµi (θ2)
=

(
EK(θ,·)

[
exp

(
−β
ηi,3
u (Ci,1)

)]) ηi,3
ηi,2

Eµi
[(

EK(θ,·)

[
exp

(
−β
ηi,3
u (Ci,1)

)]) ηi,3
ηi,2

] , (3.20)

are the Radon Nikodym derivatives that map the reference beliefs over the distributions

of the zero-mean shocks and of the expected growth rate of consumption to beliefs that

embed the distrust towards the reference probabilities.5 Since K (θ, c1) and K̃ (θ, c1) are

equivalent measures with full support on R, investor i consumes a positive share of next-

period aggregate consumption i� she has a positive Pareto weight.

As ηi,3 ↓ 0, the investor i becomes in�nitely ambiguity averse towards the uncertain

distribution of the zero-mean shock ε1 and Laplace's principle implies that her share of

next-period consumption converges to zero limηi,3↓0Ci,1 = 0. On the other hand, for

arbitrary values of ηi,2, ηj,3 ∈ R+, the distortion of beliefs is a function of the optimal allo-

cation through the consumption sharing rules of the investors. In general, the functional

c1 7→ Ci,1 (c1) is not linear, therefore it is challenging to derive a close-form solution also

for a one-period problem.

To overcome this problem, I follow the approach of Colacito et al. (2019) that con-

sists of log-linearizing the solution around the current-period pseudo Pareto weight s0 =

5The distorted beliefs are mathematically equivalent to the probabilities that minimize the variational

preferences with penalty function given by the Kullback�Leibler divergence from the reference beliefs.
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log (S0), where St =
λi,t
λj,t

. Furthermore, I assume that the variance of uncertainty over θ2

faced by each investor is the same.

Lemma 3.3.1. If assumptions 1,2 hold and ∀k ∈ {i, j} V arµk (θ2X0) = σ2
µ, then

u (Ci,1) ≈ κi (s0) + di (s0) c1 (3.21)

u (Cj,1) ≈ κj (s0) + dj (s0) c1 (3.22)

with

di (s0) =
1

1 + exp (s0)

dc (s0)

σ2 + σ2
µ

+ 1, dj (s0) =
− exp (s0)

1 + exp (s0)

dc (s0)

σ2 + σ2
µ

+ 1,

dc (s0) =
Eqi [c1]− Eqj [c1]− β

(
1
ηi,3
− 1

ηj,3

)
σ2 − β

(
1
ηi,2
− 1

ηj,2

)
σ2
µ

1 + β
σ2+σ2

µ

[
1

1+exp(s0)

(
σ2

ηi,3
+

σ2
µ

ηi,2

)
+ exp(s0)

1+exp(s0)

(
σ2

ηj,3
+

σ2
µ

ηj,2

)] . (3.23)

Proof. See Appendix.

Although the �rst-order approximation of investors' future utility, proposed in lemma

3.3.1, fails to capture crucial features of the dynamics of the Pareto weights, it is useful

to provide meaningful analytical insights.6 In particular, since the next-period utility is

Gaussian distributed, the distorted beliefs of investor i are given by

K̃i (θ, c1) ∼ N

(
c0 + θ2X0 −

βdi (s0)σ2

ηi,3
, σ2

)
, (3.24)

µ̃i (θ2X0) ∼ N

(
Eµi [θ2X0]−

βdi (s0)σ2
µ

ηi,2
, σ2

µ

)
, (3.25)

q̃i (Θ1 × c1) ∼ N

c0 + Eqi [θ2X0]︸ ︷︷ ︸
=Eqi [c1]

−
βdi (s0)σ2

µ

ηi,2
− βdi (s0)σ2

ηi,3
, σ2 + σ2

µ

 . (3.26)

Equation (3.26) shows that the distorted belief q̃i, that appears in (3.16), is a function

both of the reference probabilities and of the strength of ambiguity attitudes. The latter

might mitigate or amplify the e�ects related to heterogeneous beliefs, e.g. optimism

or pessimism concerning consumption growth. Remarkably, the second moment of the

6For example, Colacito et al. (2019) show how a �rst-order approximation might fail to capture the

mean-reversion in the evolution of the Pareto weights.
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84 CHAPTER 3. HETEROGENEOUS BELIEFS AND AMBIGUITY ATTITUDES

reference probability also a�ects the distorted conditional expectation. Therefore, in

periods with high uncertainty, an optimist but ambiguity averse investor might behave

as a Bayesian one that is relatively more pessimist about the expected growth rate of

consumption.

Given the heterogeneous beliefs and preferences of the investors, the dynamic of the

pseudo Pareto weight is

s1 − s0 = −
E2
q̃i

[c1]− E2
q̃j

[c1]

2
(
σ2 + σ2

µ

) +
1

σ2 + σ2
µ

(
Eq̃i [c1]− Eq̃j [c1]

)︸ ︷︷ ︸
=:dc(s0)

c1. (3.27)

A good feature of the �rst order approximation is that the evolution of the pseudo Pareto

weight in (3.27) becomes linear in c1 with a coe�cient that is the product of two factors.

The �rst one dc, whose value is reported in (3.23), corresponds to the disagreement over the

expected growth rate of consumption evaluated under the investors' distorted beliefs. The

second one is the inverse of the variance of the mean-measure (or predictive) distribution

of next-period consumption growth rate. The product of these two e�ects

Eq̃i [c1]− Eq̃j [c1]

σ2 + σ2
µ

=

Eqi [c1]−Eqj [c1]

σ2 − β
(

1
ηi,3
− 1

ηj,3

)
− β

(
1
ηi,2
− 1

ηj,2

)
σ2
µ

σ2

1 + σ2
µ + β

[
1

1+exp(s0)

(
1
ηi,3

+ exp(s0)
ηj,3

)
+ 1

1+exp(s0)

σ2
µ

σ2

(
1
ηi,2

+ exp(s0)
ηj,2

)] ,
(3.28)

shows that, if investors have di�erent attitudes towards ambiguity, then a large size of

uncertainty has a twofold e�ect: on one side, it might strengthen the beliefs' distortion

increasing investors disagreement; on the other side, it mitigates the relevance of het-

erogeneous reference beliefs.7 In the limiting case in which both investors are Bayesian,

i.e. ηk,3 = ηk,2 = +∞ with k ∈ {i, j}, disagreement depends only on the di�erence be-

tween investors' reference probabilities; therefore, periods characterized by high levels of

uncertainty, e.g. �nancial crisis or economic recessions, would mitigate the relevance of

heterogeneous beliefs. Di�erently from the classical Bayesian setting, if investors have

the same reference models, then the evolution of the pseudo Pareto-weight might not be

7When the predictive distribution of the next-period aggregate consumption has a high variance, the

investors have spread beliefs over future consumption realizations.
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constant but it depends on the relative strength of ambiguity attitudes.

3.3.2 Multi-period problem

I now consider a multi-period economy t ∈ {0, 1, ..., n+ 1} and I analyse the contribution

to the optimal consumption sharing of heterogeneous beliefs and attitudes towards the

ambiguous persistence of the shocks.

In this setting, the �rst order condition for the next-period consumption allocation

becomes

λi
λj

βi
βj

q̃i (c1)

q̃j (c1)
=
u
′
(Cj,1)

u′ (Ci,1)
, (3.29)

where the distorted mean-measure probabilities depend also on the evolution of Xt+1

p̃i (c1) =

∫
Θ1×Θ2×R

π̃i (dθ1 × dθ2 × c1 × dX1) , (3.30)

π̃i (dθ1 × dθ2 × c1 × dX1) = ν̃i (dθ1) µ̃i (dθ2) K̃i (θ, c1 × dX1) , (3.31)

dν̃i (θ1)

dνi (θ1)
=

(
Eµi
[(

EK(θ,·)

[
exp

(
−β
ηi,3
u (Vi,1)

)]) ηi,3
ηi,2

]) ηi,2
ηi,1

Eνi

(Eµi [(EK(θ,·)

[
exp

(
−β
ηi,3
u (Vi,1)

)]) ηi,3
ηi,2

]) ηi,2
ηi,1

 . (3.32)

I require the simplifying assumption that model uncertainty vanishes after the �rst pe-

riod so that, under assumptions 1,2 and stationarity of the process governing Xt, the

continuation value of the investor i in period one is given by

Vi,1 =
(
1− βn+1

)
(lnλi,1 + c1) +

1− β
1− θ1

[
β (1− βn)

1− β
− βθ1 (1− (βθ1)n)

1− βθ1

]
︸ ︷︷ ︸

an:=

θ2X1. (3.33)

The last term on the RHS of (3.33) embeds in the continuation utility the persistence

of shocks whose relevance clearly depends on the number of periods in the economy. I

consider the two limiting cases in which n = 1 or n = +∞.8

8Here n denotes the number of missing periods in the economy. Therefore, n = 1 implies that the

economy has two periods.
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Similarly to the one-period problem, I assume investors face the same size of uncer-

tainty towards each source of ambiguity and I log-linearise the continuation values Vi,1, Vj,1

around s0 = ln (S0).

Lemma 3.3.2. Let assumptions 1,2 hold and ∀k ∈ {i, j} V arµk (θ2X0) = σ2
µ, V arνk (θ1X0) =

σ2
ν. If

Vi,1 ≈ κi (s0) + di,1 (s0) c1 + di,2 (s0)X1,

Vj,1 ≈ κj (s0) + dj,1 (s0) c1 + dj,2 (s0)X1,

then di,1, dj,1, dc are the same as in lemma 3.3.1 and

di,2 (s0) =
1

1 + exp (s0)

dx (s0)

σ2
x + σ2

ν

+ anθ2, dj,2 (s0) =
− exp (s0)

1 + exp (s0)

dx (s0)

σ2
x + σ2

ν

+ anθ2, (3.34)

dx (s0) =
Evi [X1]− Evj [X1] +

[
−βσ2

x

ηi,3
+ βσ2

x

ηj,3
+ −βσ2

ν

ηi,1
+ βσ2

ν

ηj,1

]
anθ2(

1 + β
σ2
x+σ2

ν

[
1

1+exp(s0)

(
σ2
x

ηi,3
+ σ2

ν

ηi,1

)
+ exp(s0)

1+exp(s0)

(
σ2
x

ηj,3
+ σ2

ν

ηj,1

)]) . (3.35)

Proof. See Appendix.

Lemma 3.3.2 shows that, under the �rst order approximation, the continuation value of

each investor has a linear dependence from the states c1 and X1. Because of the Gaussian

distribution of the sources of uncertainty, the distorted beliefs over the persistence of the

shocks are given by

ν̃i (θ1X0) ∼ N

(
Eνi [θ1X0]− βdi,2 (s0)σ2

x

ηi,1
, σ2

ν

)
. (3.36)

The dynamic of the pseudo Pareto weight becomes

s1 − s0 =−
E2
µ̃i

[c1]− E2
µ̃j

[c1]

2
(
σ2 + σ2

µ

) +
1

σ2 + σ2
µ

Eµ̃i [c1]− Eµ̃j [c1]︸ ︷︷ ︸
dc:=

 c1

−
E2
ν̃i

[X1]− E2
ν̃j

[X1]

2 (σ2
x + σ2

ν)
+

1

σ2
x + σ2

ν

Eν̃i [X1]− Eν̃j [X1]︸ ︷︷ ︸
dx:=

X1.

(3.37)

Equation (3.37) is a natural extension of (3.3.2) and, indeed, the �rst two terms on the

RHS coincide with those in (3.27). Similar to the next-period consumption, the coe�cient
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of X1 depends on the investors' disagreement over the persistence of the shocks, evaluated

under distorted beliefs, dx := Eν̃i [X1]−Eν̃j [X1] and on the variance implied by the mean-

measure distribution of X1.

The relevance of uncertainty over the persistence of the shock depends trivially on the

number of periods of the economy. In case there are only two periods, i.e. n = 1, the

value of an is given by an = β (1− β). On the other hand, when there are in�nite many

periods, i.e. n = +∞, the value of an becomes an = β
1−βθ1 . If investors believe that Xt is

a very persistent variable, then the value of an becomes very large and this has important

implications for the evolution of the pseudo Pareto weight.

This simple result suggests that investors' disagreement over thr persistence of eco-

nomic shocks has a prominent role in in�nite horizon economies. Therefore, in the spirit

of Bansal and Yaron (2004), it is possible to consider the long-run ambiguity as the main

driver in the variation of the pseudo Pareto weight.

Tesi di dottorato "Essays on Uncertainty in Economics and Finance"
di GIRARDI FABIO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2020
La tesi è tutelata dalla normativa sul diritto d'autore (Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



88 CHAPTER 3. HETEROGENEOUS BELIEFS AND AMBIGUITY ATTITUDES

3.4 Conclusion

In this work, I consider an endowment economy populated by two investors and I study

the problem of a social planner that has to optimally allocate them the aggregate con-

sumption. Investors have heterogeneous beliefs over three sources of model uncertainty

concerning the expected growth rate of consumption, the distribution and the persistence

of the shocks hitting the economy. Moreover, they distrust their reference probabilities

exhibiting heterogeneous attitudes towards ambiguity.

I provide a stylized model that explains how di�erent sources of heterogeneity af-

fect the dynamic of the wealth distribution. Results show that, similar to the classical

Bayesian setting, the evolution of the Pareto weights depends on investors' disagreement,

de�ned as the di�erence between the conditional expectations of next-period exogenous

state variables. However, since investors have non-neutral attitudes towards ambiguity,

disagreement is evaluated under distorted beliefs that embed in the valuation the pes-

simism of the investors towards the reference models. The relevance of such distortion

increases with the strength of ambiguity attitudes and with the size of uncertainty. There-

fore, during bad periods, spikes in volatility can induce an opinion polarization. Finally,

for an in�nite horizon economy, disagreement over the persistence of the economic shock

has a prominent role in the evolution of wealth distribution.
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Appendix

3.A Proofs

Proof. of Lemma 3.3.1.

Let st = ln (St), I want to develop a �rst order approximation around s1, that is the ratio

of the initial Pareto weights. Similar to Colacito et al. (2019), I log-linearize the period 1

allocation

u (Ci,1) = ln

(
exp (s0)

1 + exp (s0)

)
+

1

1 + exp (s0)
(s1 − s0) + c1,

u (Cj,1) = ln

(
1

1 + exp (s0)

)
− exp (s0)

1 + exp (s0)
(s1 − s0) + c1,

and I guess

u (Ci,1) ≈ κi (s0) + di (s0) c1,

u (Cj,1) ≈ κj (s0) + dj (s0) c1.

Under assumptions 1 and 2, the next-period pseudo Pareto weight is given by

S1 = S0

Eµi
[
K (θ, dc1)

(
EK(θ,·)

[
exp

(
−βi
ηi,3
u (Ci,1)

)]) ηi,3
ηi,2
−1
]

Eµj
[
K (θ, dc1)

(
EK(θ,·)

[
exp

(
−βj
ηj,3

u (Cj,1)
)]) ηj,3

ηj,2
−1
]

exp
(
−βi
θi,2
u (Ci,1)

)
exp

(
−βj
θj,2

u (Cj,1)
) Eµj

[(
EK(θ,·)

[
exp

(
−β
ηj,3
u (Cj,1)

)]) ηj,3
ηj,2

]
Eµi
[(

EK(θ,·)

[
exp

(
−β
ηi,3
u (Ci,1)

)]) ηi,3
ηi,2

] .
Given the �rst-order approximation of the utility function,

K (θ, dc1) exp
(
−βi
ηi,3
u (Ci,1)

)
EK(θ,·)

[
exp

(
−βi
ηi,3
u (Ci,1)

)] = φ

c1 − EK(θ,·)

[
c1 − βdi(s0)σ2

ηi,3

]
σ

 ,
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and

µi (θ2)
(
EK(θ,·)

[
exp

(
−βi
ηi,3
u (Ci,1)

)]) ηi,3
ηi,2

Eµi
[(

EK(θ,·)

[
exp

(
−β
ηi,3
u (Ci,1)

)]) ηi,3
ηi,2

] = φ

EK(θ,·) [c1]− Eµi
[
c1 −

βdi(s0)σ2
µ

ηi,2

]
σµ

 .

The next-period Pareto weight is given by

S1 = S0

φ

(
c1−Eq̃i [c1]√

σ2
µ+σ2

)
φ

(
c1−Eq̃j [c1]√

σ2
µ+σ2

) ,
with the distorted mean-measure probability given by

q̃i (c1) ∼ N

(
Eqi
[
c1 −

βdi (s0)σ2
µ

ηi,2
− βdi (s0)σ2

ηi,3

]
, σ2

µ + σ2

)
.

Taking the logarithm, it follows that

s1 − s0 = −
(Eq̃i [c1])2 −

(
Eq̃j [c1]

)2

2
(
σ2 + σ2

µ

) +
1

σ2 + σ2
µ

(
Eq̃i [c1]− Eq̃j [c1]

)︸ ︷︷ ︸
=:dc(s0)

c1.

The undetermined coe�cients are given by

di (s0) =
1

1 + exp (s0)

1

σ2 + σ2
µ

dc (s0) + 1,

dj (s0) =
− exp (s0)

1 + exp (s0)

1

σ2 + σ2
µ

dc (s0) + 1,

dc (s0) =
Eqi [c1]− Eqj [c1]− β

(
1
ηi,3
− 1

ηj,3

)
σ2 − β

(
1
ηi,2
− 1

ηj,2

)
σ2
µ

1 + β
σ2+σ2

µ

[
1

1+exp(s0)

(
σ2

ηi,3
+

σ2
µ

ηi,2

)
+ exp(s0)

1+exp(s0)

(
σ2

ηj,3
+

σ2
µ

ηj,2

)] .

Proof. of Lemma 3.3.2. Assume investors live for n + 1 periods and that uncertainty

vanishes after the �rst period. Then, at time 0, the continuation value for investor i is

given by

Vi,1 = (1− β) lnCi,1 + β (1− β) lnCi,2 + ...+ βn−1 (1− β) lnCi,n

= (1− β) lnλi,1C1 + β (1− β) lnλi,1C2 + ...+ βn−1 (1− β) lnλi,1Cn
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=
(
1− βn+1

)
lnλi,1 + (1− β)

n∑
k=1

βk−1ck

and, given the processes (3.1)-(3.2), cs = c1 + θ2X1

∑s−2
k=0 θ

k
1 . Therefore,

Vi,1 =
(
1− βn+1

)
(lnλi,1 + c1) + (1− β)

n∑
k=2

βk−1θ2X1

k−2∑
m=0

θm1

=
(
1− βn+1

)
(lnλi,1 + c1) + (1− β) θ2X1

n∑
k=2

βk−1 1− θk−1
1

1− θ1

=
(
1− βn+1

)
(lnλi,1 + c1) + (1− β)

θ2X1

1− θ1

[
n∑
k=2

βk−1 −
n∑
k=2

(βθ1)k−1

]

=
(
1− βn+1

)
(lnλi,1 + c1) +

1− β
1− θ1

[
β (1− βn)

1− β
− βθ1 (1− (βθ1)n)

1− βθ1

]
θ2X1,

and I de�ne

an =
1− β
1− θ1

[
β (1− βn)

1− β
− βθ1 (1− (βθ1)n)

1− βθ1

]
.

Now, I log-linearise the continuation value Vi,1 around s0 = ln (S0)

Vi,1 ≈
(
1− βn+1

) [
ln

(
exp (s0)

1 + exp (s0)

)
+

1

1 + exp (s0)
(s1 − s0) + c1

]
+ anθ2X1,

Vj,1 ≈
(
1− βn+1

) [
ln

(
1

1 + exp (s0)

)
− exp (s0)

1 + exp (s0)
(s1 − s0) + c1

]
+ anθ2X1.

and I guess

Vi,1 ≈ ki + di,1c1 + di,2X1,

Vj,1 ≈ kj + dj,1c1 + dj,2X1.

The next-period pseudo Pareto weight is given by

S1 = S0

Eνi


Eµi

(EK(θ,·)

[
exp

(
−β
ηi,3

Vi,1

)]) ηi,3
ηi,2


ηi,2
ηi,1

Eνi


Eµi

(EK(θ,·)

[
exp

(
−β
ηi,3

Vi,1

)]) ηi,3
ηi,2


ηi,2
ηi,1



Eνj


Eµj

(EK(θ,·)

[
exp

(
−β
ηj,3

Vj,1

)]) ηj,3
ηj,2


ηj,2
ηj,1

Eνj


Eµj

(EK(θ,·)

[
exp

(
−β
ηj,3

Vj,1

)]) ηj,3
ηj,2


ηj,2
ηj,1
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Eµi

K(θ,d(c1,X1)) exp

(
−βi
ηi,3

Vi,1

)
EK(θ,·)

[
exp

(
−βi
ηi,3

Vi,1

)]
(
EK(θ,·)

[
exp

(
−βi
ηi,3

Vi,1

)]) ηi,3
ηi,2

Eµi

(EK(θ,·)

[
exp

(
−β
ηi,3

Vi,1

)]) ηi,3
ηi,2






Eµj

K(θ,d(c1,X1)) exp

(
−βj
ηj,3

Vj,1

)
EK(θ,·)

[
exp

(
−βj
ηj,3

Vj,1

)]
(
EK(θ,·)

[
exp

(
−βj
ηj,3
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)]) ηj,3
ηj,2

Eµj

(EK(θ,·)

[
exp

(
−β
ηj,3
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)]) ηj,3
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.

Given the above utility approximations,

K (θ, dc1 × dX1) exp
(
−βi
ηi,3
Vi,1

)
EK(θ,·)

[
exp

(
−βi
ηi,3
Vi,1

)] ∼ φ

c1 − EK(θ,)

[
c1 − βdi,1σ

2

ηi,3

]
σ



φ

X1 − EK(θ,)

[
X1 − βdi,2σ

2
x

ηi,3

]
σx

 ,

and therefore

S1 = S0

φ

 c1−Eµi

[
c1−

βdi,1σ
2

ηi,3
−
βdi,1σ

2
µ

ηi,2

]
√
σ2+σ2

µ

φ
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2
x
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2
ν
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√
σ2
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ν


φ
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[
c1−

βdj,1σ
2

ηj,3
−
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2
µ
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σ2+σ2

µ
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φ

(
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[
X1−
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2
x
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2
ν
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√
σ2
x+σ2

ν

)

= S0

φ

(
c1−Eµ̃i [c1]√

σ2+σ2
µ

)
φ

(
X1−Eν̃i [X1]√

σ2
x+σ2

ν

)
φ

(
c1−Eµ̃j [c1]√

σ2+σ2
µ

)
φ

(
X1−Eν̃j [X1]√

σ2
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ν

) .
Taking the logarithm,

s1 = s0 −
E2
µ̃i

[c1]− E2
µ̃j

[c1]

2
(
σ2 + σ2

µ

) +
Eµ̃i [c1]− Eµ̃j [c1]

σ2 + σ2
µ

c1

−
E2
ν̃i

[X1]− E2
ν̃j

[X1]

2 (σ2
x + σ2

ν)
+

Eν̃i [X1]− Eν̃j [X1]

σ2
x + σ2

ν

X1.

where

dc := Eµ̃i [c1]− Eµ̃j [c1]

dx := Eν̃i [X1]− Eν̃j [X1]
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are the two sources of disagreement. The undetermined coe�cients of consumption growth

are given by

di,1 (s0) =
1

1 + exp (s0)

dc (s0)

σ2 + σ2
µ

+ 1, dj,1 (s0) =
− exp (s0)

1 + exp (s0)

dc (s0)

σ2 + σ2
µ

+ 1,

and dc is given by (3.23). On the other hand,

di,2 (s0) =
1

1 + exp (s0)

dx (s0)

σ2
x + σ2

ν

+ anθ2, dj,2 (s0) =
− exp (s0)

1 + exp (s0)

dx (s0)

σ2
x + σ2

ν

+ anθ2,

dx (s0) =
Evi [X1]− Evj [X1] +

[
−βσ2

x

ηi,3
+ βσ2

x

ηj,3
+ −βσ2

ν

ηi,1
+ βσ2

ν
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]
anθ2(

1 + β
σ2
x+σ2

ν

[
1

1+exp(s0)
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σ2
x

ηi,3
+ σ2

ν

ηi,1
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+ exp(s0)

1+exp(s0)
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σ2
x
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+ σ2
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)]) .
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