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VIII

Abstract

The thesis consists of 4 chapters on financial economics and decision theoretic topics.

Chapter 1 studies if and how mutual fund strategies are affected by the odds of sur-

vival. By using the CRSP survivor bias free mutual fund dataset, we develop a two

step procedure that consists in first estimating a Cox (1972) semiparametric model and

then in interacting the estimated hazard ratios with the factors of several factor models.

We find that the market factor and the momentum factor interact in a negative, robust,

statistically significant and, most important, economically relevant way with the odds of

survival while the interaction of the size factor goes in the opposite direction. We also

highlight how the hazard ratio even if always positive and significant, does not affect a lot

the estimated coefficients of the classical factor models when it is not interacted with the

other factors. All these results read together suggest that there is a structural difference

in strategies between funds with different survival probability, hence between survived

and dead funds.

Chapter 2 generalizes the model of Nosal and Ordonez (2016) to study the effects that

future concerns of the banking entrepreneurs have on the effectiveness of the constructive

ambiguity approach. We introduce the possibility that the institutions can steal part

of the potentially pledgeable income. We show that if the government can regulate the

ex-post behavior of the banks or if the financial institutions can ex-ante commit to no

stealing then constructive ambiguity continue to be a successful policy even without future

concerns from the side of the banking institutions. On the other side, we show that, in

general, uncertainty about government’s bailout policy can act as a good commitment

device only in the case in which the banks care about the future.

Chapter 3, in an Anscombe and Aumann (1963) setting, generalizes the model of

Gilboa, Maccheroni, Marinacci and Schmeidler (2010) by studying the problem of a De-

cision Maker that considers several potential completion criteria in order to complete an

”objective” incomplete preference relation. We show how the attitude of the decision

maker toward the potential completion criteria influences the final aggregation process.

Finally Chapter 4 shows that ambiguity aversion modelled through the smooth second-

order expected utility is an important phenomenon in a high frequency Brownian infor-

mation setting. The research question is important because allows to extend the effects

of model uncertainty and ambiguity to the most frequently applied information setting in

continuous time finance.
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1

Chapter 1

Odds of Survival and Mutual Fund

Strategy

This chapter is joint work with Francesco Corielli and Enrico Ferrari. We thank Elena Carletti,
Paolo Colla, Carlo Favero, Nicola Pavoni for helpful comments and suggestions. All remaining errors are
ours.
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1.1 Introduction

Since the classical work by Jensen (1968) , a central problem in finance has been the

evaluation of mutual fund performance and of persistence in mutual fund performance.

A great part of this literature makes use of static common factor models like the Capital

Asset Pricing Model (CAPM) (Sharpe (1964) and Lintner (1965) ) and other factor models

a là Fama and French (1993) , a là Carhart (1997) or a là Fama and French (2015) . The

persistence in mutual fund performance is normally attributed to common investment

strategies and several papers document persistence over a short time horizon from one

to three years. In particular, during the last three decades an important challenge of

this literature has been to deal with all the biases that could skew the evaluation of

performance and a core role among all these biases has been played by the survivorship

bias.

Following the tradition of Ferson and Schadt (1996) that introduce a conditional and

dynamic asset pricing model in the mutual fund literature and by using a so called survivor

bias free dataset, the aim of our paper is to study if and how mutual fund strategies

are affected by the odds of survival. In order to reach our objective we make use of a

two step procedure. We first estimate a Cox (1972) semiparametric model to study the

determinants of mutual fund survival and then we interact the estimated hazard ratios

with several factors of the different factor models. In this way we are able to capture

the dynamics of the mutual fund strategies and to assess how much and toward which

direction the odds of survival influence the strategies of mutual fund managers.

The basic version of our Cox model highlights how the main determinants of mutual

fund survivorship are fund’s dimension and its expense ratio. The bigger is the mutual

fund the higher is its probability of surviving while the expense ratio has an opposite

effect, i.e. the higher the fund’s expense ratio the lower its probability of surviving.

These results are robust to several different specifications of the survival model. Other

variables that often have a positive and statistically significant impact on mutual fund

survivorship are fund’s Nav and flow of funds, measured as the growth in fund’s assets.

When we add in the factor model an interaction term between the hazard ratio and the

exposure to the market factor we get a negative and both economically and statistically

significant parameter estimate. The same happens when the interaction is between the

hazard ratio and the momentum. On the other hand the interaction between the hazard

ratio and the size factor yields a positive parameter.

These results suggest the existence of a relevant strategic behavior of funds concerning

the hazard ratio and factor exposures and imply that a survival model is necessary not
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only for correcting possible biases in, say, performance evaluation but also in order to give

a correct characterization of the behavior of funds confronted with different probabilities

of survival.

Even though in the present work, for consistence with the literature, we will continue to

use the term survivor bias free dataset and of survivorship bias how it has been classically

used by the literature, a connected purpose of our research is to make the reader aware of

the fact that it would be useful to introduce a new extended notion of survivorship bias

free dataset. This new notion of survivorship bias should integrate the classical notion

with the concept of attrition bias (see, for instance, Carpenter and Lynch (1999) ) to

take into account that theoretically, even if obviously impossible, a true completion of the

dataset should imply resurrection of dead funds in order to measure their performances

after demise. The main role of a ”survivorship bias free” dataset is, in our opinion, not that

of directly solving the survivorship bias problem. On the contrary, the existence of such

a dataset allows estimating a survival model that is the tool for solving problems related

to different survival probabilities. In fact the main benefit of having a survivorship bias

free dataset that contains the histories of dead funds is not simply to correct estimates

that otherwise, under the assumption that mutual funds with poor performance close

down, would be upward biased. The main advantage of having such a dataset is the

possibility to estimate a full survival model and to evaluate if it is necessary to correct

for both the survivorship bias and the attrition effect. Interestingly, we find that the

classical estimates are indeed not particularly biased by the attrition effect. In fact, by

using an approach that is in the spirit similar to Heckman (1976 , 1979 ), we find that

the hazard ratio when it is not interacted with the other common factors, even if it is

always positive and significant, does not affect a lot the estimated coefficients, with the

exception of the constant of the model. On the other side, as previously explained, if

we consider the interavction of the hazard ratio with the different factors we estimate

statistically significant and important economic effects.

We can conclude that even if the attrition bias probably does not represent a big

problem for classical performance studies, on the other side survivor funds and dead

funds are structurally different in terms of their strategies. For this reason we suggest

that performance and persistence studies should be revised by using an approach similar

to ours that is able to take into account for this structural difference.

We proceed as follows. In the Related Literature Section we highlight the connections

of our work with the existing literature. In the Data and Sample Selection Section we de-

scribe our data, sample selection procedure and the descriptive statistics. In the Empirical

Methodology Section and the Results Section we first describe our two step procedure and
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we then presents the results of the empirical analysis. Finally we run several robustness

checks in the Robustness Section and we conclude.

1.2 Related Literature

The aim of the present section is to put our paper into proper perspective and it is far from

building a complete review of the literature. Recent research on mutual fund has focused

on the interplay between persistence of performance and survival. Brown, Goetzmann,

Ibbotson, Ross (1992) show both theoretically, under an independence assumption on

mutual fund returns, and by a numerical simulation that survivorship bias may induce

persistence in mutual fund returns. Since this pioneering study the focus of the literature

has been mainly empirical with the important exceptions of Brown, Goetzmann, Ross

(1995) that claim that the equity premium may be seriously affected by the survival bias

and Li and Xu (2002) that, by using a general survival model, show that this is not

the case because an high survival bias could be reconciled only with an extremely small

probability of market survival over a long term period.

From an empirical viewpoint, several authors (among others see Grinblatt and Titman

(1989) , Hendricks, Patel, and Zeckhauser (1993) , Malkiel (1995) , Elton, Gruber and

Blake (1996a , 1996b ), Carhart (1997) , Elton, Gruber, Blake (2001) , Bu and Lacey

(2007) ) built datasets that have been named survivor bias free, i.e. datasets that con-

tained both the histories of dead and survivor funds. Nowadays, the CRSP Survivor Bias

Free dataset, originated by the work of Carhart (1997) , has become one of the industry

standards for analyzing US mutual fund data and for this reason we make use of this

dataset in the present work. Given the purpose of our research question, as explained in

the next section, we adopt a population model view and we will be able to exploit all

the information contained in our panel sample. For this reason, differently w.r.t. to the

studies mentioned above that were mainly focused on persistence and performance, we do

not need particularly long timeseries and we can focus on the period for which the CRSP

data is more reliable, i.e. from 2003 onwards.

The evidence contained in all these performance studies is often contradictory. For

instance, while Grinblatt and Titman (1989) and Wermers (1997) find that mutual fund

managers can pick stocks in a successful way w.r.t. their benchmarks, on the other side

Carhart (1997) highlights how mutual fund activism is negatively correlated with the

benchmark adjusted net returns. Although this ambiguous evidence, investors continue

to pour money in actively managed funds and several interesting papers have been written

on mutual fund skills with the aim of distinguishing skills from luck. Barras, Scaillet and
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Wermers (2010) develop an innovative approach for separating luck from skills in the

evaluation of mutual fund performance. In particular they measure the proportion of

skilled funds, unskilled funds and zero alpha funds and they find that the proportion of

skilled funds decreased dramatically from 1975 to 2006 and that the majority of funds have

zero alpha with a minority of funds that produce negative alpha. Fama and French (2010)

and Kosowski, Timmermann, Wermers and White (2006) use bootstrap simulations to

distinguish skills from luck. The results by Kosowski, Timmermann, Wermers and White

(2006) are slightly more positive than the ones by Fama and French (2010) , but the

take-home message is always the same: only a minority of managers are able to cover

their costs and have alphas that persist through time.

More recently also cross country studies on mutual fund performance have been devel-

oped. Ferreira, Keswani, Miguel and Ramos (2013) show that on average mutual funds

underperform around the world with important differences in the determinants of mutual

fund performance in the US w.r.t. other countries. Large US funds perform worse than

smaller ones but in the rest of the world this pattern is reversed and larger funds are the

best performers. The diminishing return to scale of US mutual fund industry seems to

be related to liquidity constraints faced by US funds that are forced to invest in domestic

and small stocks due to their style. The authors find strong positive correlation between

the country level of financial development and funds performance and they highlight how

investor protection and law enforcement have a positive impact on performance. Cogneau

and Hubner (2015) use an international database in order to study the interconnections

between several performance measures and the likelihood of a fund to disappear.

In almost all these studies abnormal returns are computed by using classical perfor-

mance measures based on Jensen’s alpha (Jensen (1968) ), 3 factors alpha (Fama and

French (1993) ) and 4 factors alpha (Carhart (1997) )1. These are standard measures

based on static models and they totally disregard the dynamics, i.e. the possibility for

a fund of changing its strategy as a function of its survival probability and consequently

the interactions between the probability of surviving and the strategy of the mutual fund

managers. Our contribution to this literature is to introduce a method that allows to take

into account for these dynamics. In particular our 2 step approach is able to capture the

structural difference that features survivor and dead funds. It would be worthwhile to

investigate the impact of our technique also on the results of papers whose main purpose

is not to study the link between performance and survivorship but that use survivor bias

free dataset and classical factor models. Among others, Nohel, Wang and Zheng (2010)

1Otten and Bams (2004) represents a rare exception to the described pattern. The authors try to
investigate the relationship between survivorship bias and performance by using not only static factor
models but also conditional dynamic factor models a là Ferson and Schadt (1996).
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that study side by side asset management, Evans (2010) that study the impact of mu-

tual fund incubation or Amihud and Goyenko (2013) that proposes R2 as a performance

predictor.

Most of the analyses that aim at investigating the relationship between survivorship

and performance have often disregarded the tight link that there exists between survivor-

ship bias and attrition bias. This is probably the result of the fact that in order to correct

for both biases it is not enough to add the histories of dead funds to the sample but it

would be necessary to know how the dead funds would have performed if they had not

been closed. Given that resurrecting dead funds is obviously impossible, a way to attack

this research question has been to run a simulated sample (Carpenter and Lynch (1999)

) or to construct the true population alpha by using the simulated method of moments

(Linnainmaa (2013) ). Interestingly, almost no author used standard statistical methods

for correcting for sample selection problems2 and, to be best of our knowledge, we are

the first to correct for the attrition bias by first estimating a survival model and then

inserting the hazard ratio in the factor model estimation in order to adjust for the bias.

We find that the attrition bias alone, in the model where we do not interact the hazard

ratios with the factors, does not affect in a relevant way the factor loadings.

A final note on the survival estimation part. The statistical model most commonly

used has been the Probit model (among others, Brown and Goetzmann (1995) , Ter

Horst, Nijman and Verbeek (2001) , Carhart, Carpenter, Lynch and Musto (2002) and

Rohleder, Scholz and Wilkens (2011) ). Few authors have used other parametric models

like the Logit (Cogneau and Hubner (2015) ) or other semiparametric models like the Cox

model (Lunde, Timmermann and Blake (2002) and Linnainmaa (2013) 3). We believe

that a semiparametric model like the one developed by Cox, given its flexibility, is better

suited to study the determinants of mutual fund survivorship and it is also able to take

into account for the dynamics of the covariates. Anyway our procedure is suited to any

survival model. In the robustness checks section we show that our results are robust to

different specifications of the survival model like the Probit and Logit.

Classically the authors have concentrated their attention on examining the impact

of performance on survivorship and the other fund specific variables have often been

overlooked. We don’t want to impose any relationship ex-ante between performance and

survivorship and in our survival model any fund specific variable may in principle have

an impact on mutual fund survival.

2Carhart, Carpenter, Lynch and Musto (2002) represent a small exception. In fact the authors
implement the Heckman selection model in order to correct for look ahead bias.

3We notice that in the hedge fund literature the Cox model has been used by Agarwal, Fos and Jiang
(2013) in order to study reporting related biases.
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1.3 Data and Sample Selection

Our data sample spans the period July 2003-December 2015. We make use of the CRSP

survivor bias free dataset. As described in the next section, the aim of our research

question allows us to exploit all the information contained in our panel dataset and for this

reason we do not need particularly long timeseries. Hence we can concentrate on the period

on which the data reach the highest standards. The CRSP dataset becomes particularly

reliable from 1998 onwards because the provider starts to collect data electronically from

Lipper and Thomson Reuters and the data are even more consistent from July 2003

onwards when the provider starts to assign a unique portfolio identifier to all the funds.

We make use of monthly observations and we focus on equity funds with more than 5 mln

$ of assets under management.

A classical problem of the CRSP dataset is that it identifies each fund’s share class

separately and as consequence it is necessary to aggregate the funds that have multiple

share classes. We perform this aggregation by looking at the fund’s name4 and by using

as weight the total net assets value of each shareclass.

We erase fund’s observations for which there are missing values either of monthly

total net assets (Mtna) or of monthly returns 5 (Mret) or of monthly net asset values6

(Mnav). The CRSP returns are before any front-end or back-end loads. In the core

part of our analysis described in the next section, in order to maximize the number of

observations contained in our sample, together with the variables previously mentioned,

we include only a subset of the fund’s characteristics available. In particular we select the

following fund’s characteristics: turnover ratio7 (Turn ratio), expense ratio8 (Exp ratio),

and income yield (Y ield), this latter variable calculated as the ratio of income distributions

4Several authors in order to aggregate for multiple share classes make use of MFLINKS that is
available on WRDS. Of course also MFLINKS has its own problematics but this tool is normally preferred
to fund’s name aggregation when long timeseries are needed. In fact fund’s name aggregation is based on
the CRSP convention to separate fund’s name from the share class by making use of ” ;”. Prior to 1998
several symbols are used as separator and not just ”;” and for this reason writing a code to identify the
share classes is problematic. Fortunately we can aggregate in a consistent and correct way given that our
sample is from 2003 onwards.

5Monthly returns values are net of all management expenses and 12b1-fees and they are calculated
as a change in Net Asset Values taking into account reinvested dividends from one period to the next.
See the CRSP guide [26] for details.

6The mnav is measured as the monthly value of the fund’s underlying assets (including cash) minus
its liabilities (fees, expenses, etc.) divided by the number of shares outstanding. See the CRSP guide [26]
for details.

7The fund’s turnover ratio is calculated as the minimum of aggregated sales or aggregated purchases
of securities divided by the average 12-month Total Net Assets of the fund. See the CRSP guide [26] for
details.

8The expense ratio is calculated as the ratio of total investment that shareholders pay for the fund’s
operating expenses. See the CRSP guide [26] for details.
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and fund’s NAV9. We erase outliers fund’s observations that have either a turnover ratio

bigger than 100 or an expense ratio greater than 0.05 or an income yield larger than 0.2.

Notice that these choices make the sample analyzed more representative and realistic but

our results are robust to the inclusion of these outliers10.

Sometimes it happens that a completely inactive fund is left opened even if it is

characterized by a return that is almost zero. For our purposes the last observations of

these funds should be erased. For this reason we drop the last observation of a fund when

the sum of the last 2 returns is almost zero11. In order to have a consistent sample we

also drop funds whose observations are provided less frequently than monthly. Our final

sample is made up of 504.709 of the initial 856.448 monthly observations.

We do not further cut our sample in the main analysis but in the robustness checks

section we show that our results are robust the inclusion of all the fund’s characteristics

available, to the exclusion of funds that do not invest primarily on common stocks and to

the exclusion of smaller funds, that according to the literature are more affected by the

survivor bias concern. The additional fund’s characteristics that we add in the robustness

checks section are: the management fee (Mgmt fee), the max (Max 12b1) and the actual

(Actual 12b1) 12b-1 fees. In this case we further restrict the sample to 500.835 observa-

tions by excluding funds outlier observations featured by a management fee greater than

5% or smaller that -5%12. Our sample in this case has 11822 funds and this is a pretty

large number when compared with the datasets of other papers that focus their attention

at maximum on 2000 funds.13

In our analysis, unless otherwise specified, we denote as ”survivor” a fund that is alive

till December 2015 while we denote as ”dead” a fund that disappears before December

2015. In Table 1.1 we report all the descriptive statistics of the fund’s characteristics. For

completeness we also add the fund’s age (Age) expressed in years. The mean age of the

funds in our sample is 11.4 years and survivor funds are on average almost 2 years older

than dead funds. The returns of survivor funds are characterized by a bigger mean and

a smaller variance w.r.t. the ones of dead funds. In general a survivor fund is roughly 6

times bigger than a dead fund and it has an higher NAV and bigger management fees.

On the other side dead funds have a bigger expense ratio, a greater turnover ratio and

higher distribution fees when compared to survivor funds.

9See the CRSP guide [26] for details.
10Results available from authors upon request.
11In particular we drop the last observation of a fund when the sum of the last 2 returns is smaller

than e−10. We iterate the code in order to eliminate all such observations for a given fund.
12Reimbursements can lead to negative management fees. See the CRSP guide [26] for details.
13Linnainmaa (2013) has a dataset that contains 1853 mutual funds.
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Table 1.1: Descriptive statistics

 

Panel A: All Funds 

 

Panel B: Survivor Funds 

 

Panel C: Dead Funds 

 

 

The table reports the descriptive statistics of the variables of interest. Panel A reports the descriptive statistics for 

all the sample, while Panel B and Panel C contain the descriptive statistics for survivor funds and dead funds 

respectively. See the Appendix for a detailed description of all the variables. 

Variable Mean Std. Dev. Min Max

Mret 0,006 0,046 -0,547 0,398

Mtna 1378 6482 5 248725

Mnav 17,056 16,317 0,329 906,950

Turn_ratio 0,827 1,489 0,000 91,500

Exp_ratio 0,012 0,005 -0,002 0,050

Yield 0,009 0,011 0,000 0,197

Age 11,403 11,607 0,019 91,523

Mgmt_fee 0,561 0,584 -4,998 4,116

Actual_12b1 0,004 0,002 0,000 0,010

Max_12b1 0,005 0,002 0,000 0,010

Variable Mean Std. Dev. Min Max

Mret 0,006 0,045 -0,547 0,398

Mtna 1710 7360 5 248725

Mnav 18,046 18,010 0,750 906,950

Turn_ratio 0,759 1,343 0,000 91,500

Exp_ratio 0,011 0,005 -0,002 0,050

Yield 0,009 0,010 0,000 0,193

Age 11,864 11,990 0,019 91,523

Mgmt_fee 0,568 0,571 -4,998 4,116

Actual_12b1 0,004 0,002 0,000 0,010

Max_12b1 0,004 0,002 0,000 0,010

Variable Mean Std. Dev. Min Max

Mret 0,005 0,047 -0,379 0,389

Mtna 292 811 5 18480

Mnav 13,811 7,878 0,329 146,510

Turn_ratio 1,046 1,865 0,000 49,800

Exp_ratio 0,013 0,005 0,000 0,050

Yield 0,009 0,011 0,000 0,197

Age 9,891 10,103 0,038 80,479

Mgmt_fee 0,538 0,623 -4,944 2,679

Actual_12b1 0,005 0,002 0,000 0,010

Max_12b1 0,005 0,002 0,000 0,010
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Table 1.2 contains the cross correlations of the fund’s characteristics. Notice the high

level of positive correlation between age and both the size and the NAV of the funds.

Older funds have higher management fees and this is particularly true for the sample

of dead funds. There is also a positive correlation between the expense ratio and the

turnover ratio and again this relationship is particularly strong for the sample of dead

funds.

We conclude the section by representing in Figure 1.1 how dead and survivor funds

have evolved. We also report in Figure 1.2 the number of funds that each year are either

active or new born or dead. Notice that, differently w.r.t. Figure 1.1, here the Dead

Funds category contains the funds that are effectively dead in that reference year. From

2003 to 2015 the mutual fund industry has grown and the only year in which the industry

decreased has been the 2010 probably due to the consequences of the financial crisis.
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Figure 1.1: Evolution of the number of funds

 

The Figure represents the monthly evolution of the number of funds. The sample period is July 2003 - December 

2015. Notice that the Dead Funds category contains the funds that are alive that month and that will be dead 

before December 2015 and the Survivor Funds category contains the funds that are alive that month and that will 

be alive till December 2015.  
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Figure 1.2: Funds that each year are either active or new born or dead

 

The Figure contains the number of funds that each year are either active or new born or dead. The sample period 

is July 2003 -December 2015. Differently w.r.t. Figure 1.1 here the Dead Funds category contains the funds that 

are effectively dead in that reference year.  
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Table 1.2: Cross Correlations
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1.4 Empirical Methodology

In the present section we describe our two step procedure that allows us to identify the

effect of the odds of survival on mutual fund strategy. The first step of our approach

consists in estimating the semiparametric Cox proportional hazard model developed by

Cox (1972) . In this way we are able to relate the failure event to the fund’s characteristics.

A failure happens when a fund dies in a specific month.

There are several reasons that can lead to a failure. A fund may be merged with

another fund or it may be liquidated. A fund may be liquidated because the manager

wants to rationalize the funds within a management group and he closes funds with too

similar investment objectives. Other explanations for liquidating a fund may be that the

manager wants to close the less performing funds in order to raise the average performance

of a group or a fund is closed because it does not reach a certain critical mass of capital.

From this perspective the dataset could be improved in order to provide more details on

the reasons of fund’s closure although we recognize that this type of information is hard

to collect given the nature of data.

We have a right censored sample, i.e. some funds are ”alive” when the study ends

in December 2015, with late entries. Our statistical framework considers and properly

model the fact that some funds were already alive when the study starts while some other

funds enter in our sample later on because they are born during the period analyzed. An

example of a fund of the first type is the Nottingham Investment Trust II offered for

the first time on August 1992, while an example of a fund of the second type is Advisers

Investment Trust: JOHCM Emerging Markets Small Mid Cap Equity Fund offered for

the first time in December 2014.

It is useful to think of the failure time T as a random variable with an associated

density function f (t) and cumulative distribution function (CDF) F (t) = Pr (T ≤ t).

The complement of the CDF is the survival function S (t). In survival analysis a key role

is played by the hazard function h (t) that is defined as follows:

h (t) = lim
∆t→0

Pr (t ≤ T < t+ ∆t|T ≥ t)

∆t
=
f (t)

S (t)
.

The hazard rate represents the expected number of events for each fund per unit of time,

i.e. it is the instantaneous risk of closing for the population of active funds, while the

cumulative hazard function H (t) =
∫ t

0
h (z) dz represents the number of events that have

occurred by time t. Proposing a survival model is equivalent to specify a functional form

for the hazard rate h (t). The functional form assumed by Cox is the following:
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h (t) = h0 (t) eβXi(t)

where we denote with h0 (t) the baseline hazard function, with Xi (t) a vector containing

the fund i’s characteristics at time t and with β a vector containing the effects of the

various fund’s specific variables on the hazard function h (t). In our analysis we use

as covariates the fund’s characteristics lagged of one month. A positive coefficient βj

associated to fund i’s covariate Xij implies that the characteristic j has the effect of

increasing the instantaneous probability of fund i’s death. A common practice in hazard

analysis is to report the hazard ratio of the covariate. This variable is obtained by studying

the impact on the hazard rate of a unit increment of the covariate Xij, i.e.:

hrij (t) =
h (t|Xij + 1, Xi−j)

h (t|Xij, Xi−j)

where we denote with Xi−j all fund i’ s characteristics but j. If this ratio is bigger than

1 then the covariate increases the probability of fund’s closure and the opposite is true

when the hazard ratio is smaller than 1. In our tables we report both the coefficients and

the associated hazard ratios.

The great contribution of Cox was not simply to propose the semiparametric form

described above but he also proposed a method in order to implement the estimation of

the parameters that was otherwise not feasible. Let’s assume to have a population of

n funds and, just momentarily, that the covariates are not time varying. In this case,

by denoting with ti the time at which fund i either fails or it is right censored and by

introducing a dummy variable di that it is equal to 1 if a fail is observed, it is possible to

write the following likelihood function L as:

L (β) = Πn
i=1

[
h0 (ti) e

βXi
]di

[S (ti|Xi, β)]1−di .

Given that the baseline function is not specified, it is not feasible to proceed by maximizing

the likelihood. The amazing idea of Cox was to maximize what he denoted as partial

likelihood Lp, i.e. the following ratio:

Lp (β) = Πn
i=1

 eβXi∑
l∈R(ti)

eβXl


di

where R (ti) is the population of funds at risk at time ti. To sum up estimating the Cox

survival model with the different fund’s characteristics constitutes the first step of our
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technique and it produces as output the hazard ratios that are key for our second step.

Our objective is to verify if and how the odds of survival influences funds strategies

and the second step of our procedure try to answer this question. Our focus is on the

overall population of funds and not on the strategy of a single fund. For this reason, in

order to exploit all the information contained in our sample, we estimate fund fixed effects

panel regressions. Even if we do not perform the classical performance analysis and we

opt for a population view, our approach could be easily adapted to performance studies

by leaving the first step how it is and by modifying the second step accordingly.

The factor models that we consider in order to answer to our research question are

the followings:

The Jensen (1968)’s one factor model with α representing the average performance of

the population of funds, Mretadjit representing the return of fund i at time t less the risk

free interest rate (one month treasury bill), Mktrft representing the excess return on the

CRSP value weight market index and hrit representing the hazard rate of fund i at time

t:

Mretadjit = α + γhrit + βMktrft + δMktrfhritMktrft.

The Fama and French (1993)’s 3 factors model with Smbt representing the small minus

big factor, i.e. the return on a diversified portfolio of small stocks minus the returns of a

diversified portfolio of big stocks, and Hmlt representing the high minus low factor, i.e.

the return on a diversified portfolio of high B/M stocks minus the returns of a diversified

portfolio of low B/M stocks:

Mretadjit = α + γhrit + βMktrft + ηSmbt + θHmlt

+ δMktrfhritMktrft + δSmbhritSmbt + δHmlhritHmlt.

The Carhart (1997)’s 4 factors model, with Umdt representing the momentum factor,

i.e. the return on a diversified portfolio of the highest performers over the last 12 months

minus the return on a diversified portfolio of the lowest performers over the last 12 months:

Mretadjit = α + γhrit + βMktrft + ηSmbt + θHmlt + λUmdt

+ δMktrfhritMktrft + δSmbhritSmbt + δHmlhritHmlt + δUmdhritUmdt.
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The Fama and French (2015)’s 5 factors model, with Rmwt representing the robust

minus weak factor, i.e. the return on a diversified portfolio of stocks with robust prof-

itability minus the return on a diversified portfolio of stocks with weak profitability, and

Cmat representing the conservative minus aggressive factor, i.e. the return on a diversi-

fied portfolio of stocks of low investment firms minus the return on a diversified portfolio

of stocks of high investment firms:

Mretadjit = α + γhrit + βMktrft + ηSmbt + θHmlt + µRmwt + νCmat

+ δMktrfhritMktrft + δSmbhritSmbt + δHmlhritHmlt + δRmwhritRmwt

+ δCmahritCmat.

The estimation of these classical factor models augmented with the interaction of

the factors with the hazard rate constitutes the second step of our approach. We are

particularly interested in the significance and sign of the δ coefficients that allow us to

understand how on average the odds of survival influences the strategy of the funds.

Notice that in our survival estimation we have used as covariates fund’s characteristics

lagged of one period. Hence the hazard ratio can be sawn as a function of variables

available at time t − 1. Using this perspective, our factor models remember Ferson and

Schadt (1996)’s conditional factor model that conditions on the information available at

time t − 1. Notice also that by setting all the δ coefficients equal to zero it is possible

to test whether the sample is affected by an attrition bias. If the sample is affected by

a big attrition bias then the γ coefficient has to be significantly different from zero and

the factor loadings should change significantly w.r.t. the case in which the hazard rate is

completely excluded from the model.

1.5 Results

In the present section we present the results of the empirical methodology previously

described. The appendix contains a detailed description of all the variables used in the

present analysis. As a preliminary step we first estimate the Jensen (1968)’s one factor

model, the Fama and French (1993)’s 3 factors model, the Carhart (1997)’s 4 factors

model and the Fama and French (2015)’s 5 factors model for the population of survivor

and dead funds. Table 1.3 describes the results of these preliminary regressions.

All the estimated panel regressions yield an R2 above 70% and all the factor loadings

turn out to be statistically significant with the exception of the momentum factor for

dead funds. Survivor funds are characterized by a lower exposition to the market factor
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w.r.t. dead funds. If we focus our attention on the Carhart (1997) ’s 4 factors model,

survivor funds have a market factor loading of 0.916 while dead funds have a loading of

0.97. Survivor funds have smaller small minus big factor, momentum factor and conser-

vative minus aggressive factor. On the other side this category of funds shows an higher

exposition to the high minus low factor and to the robust minus weak factor.

In the survival model estimation, we expect dead funds to be characterized on average

by an higher hazard ratio. Hence the results of Table 1.3 will constitute our benchmark

in order to understand if in our modified versions of the factor models, that include the

hazard ratio and its interaction with the factors, an higher hazard ratio will move us

toward the direction of the strategy of the dead funds.

We now proceed with the first step of our methodology and we estimate a Cox survival

model with dependent variable funds failure, i.e. a dummy variable that equals 1 when

a fund closes and 0 otherwise, and the covariates are the 1 period lag of monthly returns

multiplied by 100 (Mretl1100), the 1 period lag of the natural logarithm of the monthly

total net assets (Logmtnal1)14, the 1 period lag of the monthly net asset values (Mnavl1),

the 1 period lag of the turnover ratio multiplied by 100 (Turn ratiol1100), the 1 period

lag of the expense ratio multiplied by 100 (Exp ratiol1100). We further include the 1

period lag of a dummy variable (Dummyieldl1) that is equal to 1 when income yield is

distributed in the reference period and it is equal to 0 otherwise. The last variable that

we include in our core specification is the 1 period lag of the flow variable multiplied by

100 (Flowl1100). The classical definition of the flow variable at time t for fund i (see for

instance Sirri and Tufano (1998)) is the following:

Flowit =
Mtnait −Mtnait−1 × (1 +Mretit−1)

Mtnait−1

and it represents the percentage growth of a fund in excess to the growth attributed to the

reinvestment of dividends and to the existing invested funds. In order to maximize the

reliability of our results and the number of observations in our sample, at the moment we

exclude the other fund’s characteristics that seems to be particularly affected by outlier

observations. The robustness checks section shows that our results are robust to the

inclusion of variables excluded in this section.

14In the robustness checks section we show that our final results are not affected by the choice of
including the natural logarithm of the assets. We believe that the most correct specification has to
include the natural logarithm of the assets in order to not underestimate the important role that size has
in mutual fund’s survivorship.

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



19

Table 1.4 contains the results of the estimated Cox model. The variables that most

influence mutual fund survivorship are the assets and the expense ratio. The size has

a positive impact on survivorship while the expense ratio has a negative impact on it.

Other highly statistically significant variables are the NAV, the flows and the dummyield

variable. In particular while the first two variables generate an increase of the probability

of surviving, the latter variable is featured by an hazard ratio bigger than 1 and hence it

reduces the survivorship probability. The turnover ratio, even if it is weakly statistically

significant, has an hazard rate equal to 1 and consequently it does not impact survivor-

ship toward any specific direction. The monthly returns turn out to be not statistically

significant.

On average, as expected, the hazard ratio of dead funds is higher than the one of

survivor funds. Dead funds hazard ratio has also a bigger variance w.r.t. the one of the

survivor funds. Notice that the hazard ratio is on average below 1 also for dead funds.

This result is driven by the fact that, in order to not underestimate the role of the size

variable we decided to include the natural logarithm of the monthly total net assets, as

it has be done classically by the literature. The inclusion of the not transformed size

variable, as shown in the robustness checks section, will lead to an average hazard ratio

above 1 for the category of dead funds and it will result in a reduction of the impact of

assets on survivorship.

We proceed by estimating the Jensen (1968)’s one factor model, the Fama and French

(1993)’s 3 factors model, the Carhart (1997)’s 4 factors model and the Fama and French

(2015)’s 5 factors model together with their modified versions. .

As it is possible to notice by analyzing Table 1.5, the modified versions of the factor

models highlight how mutual funds strategies are indeed dynamic and funds strategies

are correlated with their survivorship probability in that factor loadings change when

survivorship probability changes. In particular the statistically significant and negative

interaction between the hazard ratio and the market factor is a sign of the fact that there

is a strong correlation between fund exposition to the market and the probability that

the funds are going to close 15. In order to properly interpret these results it is important

to remember that the average hazard ratio is almost 0.1 and, for instance, the average

reduction of market factor loading related to the survivorship effect is equal to 0.024

according to the Carhart (1997)’s 4 factors model. This effect is certainly important and

it has a size even larger than the momentum factor.

The negative interaction of the hazard ratio with the market factor is surprising and

15We can just talk about correllation and not about causality. In fact in order to construct a structural
model and to talk about causal relationships we should have data on fund behaviour that are not easily
available.
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unexpected from an ex-ante viewpoint. In fact from Table 1.3, given that dead funds are

featured by an higher market factor loading and they have on average a bigger hazard

rate, we would expect ex-ante an opposite sign. From Table 1.6, it is possible to notice

how just the introduction of the hazard ratio does not have a sizable effect on factor

loadings, it is the interaction term that allows to exploit the proper relationship between

the factors and the survival probability.

In the appendix, by using simulated data, we show that, in a simple 1 factor model, if

the funds that have an higher probability to die have an higher exposition to the market

then our 2 step procedure estimates a positive interaction between the factor and the

hazard ratio. But real strategies are certainly much more complicated and this 2 step

methodology seems to capture effects that cannot be observed by focusing separately on

the population of survivor and dead funds.

Other statistically strong effects captured by our model are the positive interaction

of the hazard ratio with the small minus big factor and the negative interaction with the

momentum factor. By looking at Table 1.3, we notice that while the positive interaction

with the small minus big factor is ex-ante expected the opposite is true for the momentum

factor. Table 1.5 shows also some evidence of interaction effects of the hazard ratio with

the other factors, but these results are either not robust or they have a lower statistical

significance. The robustness checks section will tend to confirm all the results highlighted

by our core specification. All panel regressions are characterized by an R2 above 70%.

Finally, it is really important to understand if our results are driven by an attrition

effect or if there are deep structural differences between survivor and dead funds strategies.

By using an approach that resembles Heckman (1976, 1979), we estimate the factor models

without interaction terms between the hazard ratio and the factors and with just the

inclusion of the hazard ratio. By carefully looking at Table 1.6, we can conclude that

our results are not due to an attrition bias. In fact, even though the hazard rate is

always positive and statistically significant, its inclusion has almost no effect on the factor

loadings.
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Table 1.3: Factor analysis of survivor and dead funds
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Table 1.4: Cox analysis and hazard ratio of the main specification

 

Panel A: Cox Analysis  

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 1.003 0.00285 

 (0.00387) (0.00386) 

Mnavl1 0.974*** -0.0260*** 

 (0.00292) (0.00300) 

Logmtnal1 0.617*** -0.483*** 

 (0.00888) (0.0144) 

Turn_ratiol1100 1.000* 0.000157* 

 (8.08e-05) (8.08e-05) 

Exp_ratiol1100 1.257*** 0.229*** 

 (0.0451) (0.0359) 

Dummyieldl1 1.130*** 0.122*** 

 (0.0457) (0.0404) 

Flowl1100 0.970*** -0.0305*** 

 (0.00148) (0.00153) 

   

Observations 435,644 435,644 

 

 

Panel B: Hazard Ratio 

 

Variable Mean Std. Dev. 

Hr 0,09991 0,12372 

Hr_surv 0,08431 0,10851 

Hr_dead 0,15038 0,15297 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.5: Factor analysis relative to the Cox model of the main specification
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Table 1.6: Factor analysis with just the hazard ratio relative to the Cox model of the
main specification
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1.6 Robustness Checks

In the present section we run several robustness check in order further test the results of

the previous section. We will use several different specifications of the survival model. All

the models tend to confirm the negative statistically significant interaction between the

hazard ratio and both the market and the momentum factors. Moreover almost all the

specifications show a positive and statistically significant interaction between the hazard

ratio and the small minus big factor.

1.6.1 Proportional Hazards Assumption

In this subsection we first test the proportional hazard assumption that is implicit in

the Cox model and we eventually modify the model in order to take into account of the

violations of this hypothesis. Table 1.7 contains the test of the proportional hazards

assumption based on the Schoenfeld residuals. Schoenfeld residuals allow to assess how

the value of the covariate of a given fund is relative to a weighted mean of the values of

the same covariate for the funds that are at risk at the evaluation moment. The test of the

proportional hazards assumption is based on the principle that the estimated coefficient

for a given regressor of the survival model does not have to be time varying. The real

time varying coefficient can be approximated by the sum of the Schoenfeld residuals and

the estimated coefficient. Hence the idea is to show that this sum is not time varying.

The test shows that the 1 period lag of the natural logarithm of the monthly total

net assets (Logmtnal1), the 1 period lag of the monthly net asset values (Mnavl1),

the 1 period lag of the turnover ratio multiplied by 100 (Turn ratiol1100) and the 1

period lag of the dummy variable related to the distribution of yields (Dummyieldl1)

violate the proportional hazards assumption. The global test confirms the rejection of

the proportional hazards hypothesis. We modify our model by interacting these variables

with time in order to adjust for these violations. The results of the new specification of

the survival model are included in Table 1.8. These results are similar to the ones of the

static model with the exception that now the variable Dummyieldl1 is significant only in

its interaction with time. Notice that the hazard ratios related to the interaction of the

variables with time are always equal to 1 and consequently these interactions do not add

any particular relevant information to the survival analysis. Consequently, our original

specification, even if it contained violations of the proportional hazards assumption, was

reliable.

For completeness we report the results of the second step when the hazard ratio is

derived from the model adjusted for the violations of the proportional hazards hypothesis

(Table 1.9). The results are again similar to the ones of the original specification with a
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Table 1.7: Test of the proportional hazards assumption for the Cox model of the main
specification

 

Variable Rho Chi2 Prob>Chi2 

Mretl1100 -0,01887 1,66 19,76% 

Mnavl1 0,07758 25,64 0,00% 

Logmtnal1 0,07866 22,06 0,00% 

Turn_ratiol1100 -0,07321 16,01 0,01% 

Exp_ratiol1100 0,00214 0,02 89,60% 

Dummyieldl1 0,04931 9,43 0,21% 

Flowl1100 -0,02354 1,47 22,60% 

Global Test   87,88 0,00% 
 

The table represents the test of the proportional hazards assumption for the Cox model presented in Table 1.4. 

The test is based on the Schoenfeld residuals. See the Appendix for a detailed description of all the variables. 
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Table 1.8: Cox analysis and hazard ratio of the main specification adjusted for the pro-
portional hazard assumption

 

Panel A: Cox Analysis  

 

 (1) (2) (3) (4) 

VARIABLES Hazard Ratios Hazard Ratios Coefficients Coefficients 

     

Mretl1100 1.003  0.00308  

 (0.00385)  (0.00384)  

Mnavl1 0.965*** 1.000*** -0.0360*** 1.59e-06*** 

 (0.00417) (4.38e-07) (0.00433) (4.38e-07) 

Logmtnal1 0.584*** 1.000*** -0.538*** 1.22e-05*** 

 (0.0117) (3.14e-06) (0.0200) (3.14e-06) 

Turn_ratiol1100 1.000*** 1.000 0.000255*** -2.37e-08 

 (8.67e-05) (2.05e-08) (8.67e-05) (2.05e-08) 

Exp_ratiol1100 1.255***  0.227***  

 (0.0450)  (0.0358)  

Dummyieldl1 1.009 1.000*** 0.00938 2.86e-05*** 

 (0.0582) (1.05e-05) (0.0576) (1.05e-05) 

Flowl1100 0.970***  -0.0301***  

 (0.00149)  (0.00153)  

     

Observations 435,644 435,644 435,644 435,644 

 

 

Panel B: Hazard Ratio 

Variable Mean Std. Dev. 

Hr 0,06865 0,09563 

Hr_surv 0,05673 0,08307 

Hr_dead 0,10723 0,12024 

 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios (Columns (1) and 

(2)) relative to the variables used in the analysis and the interaction of some selected variables with time. 

Columns (3) and (4) reports the estimated coefficients relative to the variables used in the analysis and the 

interaction of some selected variables with time. The sample period is July 2003 - December 2015. Robust 

standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% and * indicates 

significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio for all the 

population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that is alive 

till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the Appendix 

for a detailed description of all the variables. 
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negative and statistically significant interaction with the market factor and the momentum

factor and a positive and statistically significant interaction with the small minus big

factor.

From Table 1.10 is possible to notice that our results are again not driven by an

attrition bias effect given that the factor loadings are almost not affected by the inclusion of

just the hazard ratio variable although this latter variable is always statistically significant.

1.6.2 All Fund’s Characteristics

We now introduce in the survival model the fund’s characteristics that we have previ-

ously excluded, i.e. we include in the model the 1 period lag of the the management fee

multiplied by 100 (Mgmt feel1100), the 1 period lag of the max 12b-1 fee multiplied

by 100 (Max 12b1l1100) and the 1 period lag of the actual 12b-1 fee multiplied by 100

(Actual 12b1l1100). In the core analysis we excluded these variables because they seemed

less reliable and more affected by outlier observations w.r.t. the other fund’s charac-

teristics. For the analysis of this subsection we further restrict the sample to 500.835

observations by dropping funds observations featured by a management fee greater than

5% or smaller that -5%.

The size, the NAV, the fund’s flows, the expense ratio and the yields continue to have

same impact on fund’s survivorship (see Table 1.11). Among the new variables, the only

one that turns out to be statistically significant is the management fee but its hazard

ratio is roughly 1.

Table 1.12 shows that the results, in terms of statistical significance and direction of

the interaction terms of the hazard ratios with the factors, are practically the same as

before.

1.6.3 Factors and Gdp

We want to add to the survival model’s estimation all the factors that are used in the

second step of our approach and the gross domestic product (Gdp). We are not inter-

ested in the impact of these new variables on survivorship but this addition allow us to

address the concern that the impact of our fund’s characteristics may be driven by some

macroeconomic variables. Table 1.13 testifies that this is not the case. In fact the survival

results are unchanged with the greatest impact on survivorship due to the 1 period lag

of the natural logarithm of the monthly total net assets and to the 1 period lag of the

expense ratio multiplied by 100. The flow variable and the Nav tend to reduce the odds
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of survival while the dummy variable related to yield distribution has the usual negative

effect on fund’s survival.

Finally the results relative to the second step of the methodology are similar to previous

ones w.r.t. the interaction terms (see Table 1.14) with the exception of the small minus

big factor that in this case turns out to be not statistically significant in terms of its

interaction with the hazard ratio.

1.6.4 Performance

In this subsection we want to study better the impact that performance has on mutual

fund survivorship and specifically on our 2 step methodology. For this reason we substi-

tute the 1 period lag of monthly returns multiplied by 100 (Mretl1100) with either the

1 period lag of monthly relative returns multiplied by 100 (Retrelml1100) or with the 1

period lag of the 1 year average of the monthly returns multiplied by 100 (Mretm1y100).

Tables 1.15 and 1.17 shows that these new performance measures seems to have no im-

pact on survivorship when the other fund’s characteristics are taken into account. The

introduction of these new variables leaves the effect of the other fund’s characteristics on

survival unchanged. Tables 1.16 and 1.18 present the results related to the factor models

and also in this case we get estimations that in terms of their economic interpretation are

equivalent to the ones discussed in the previous section.

1.6.5 No Dummy Yield

In this robustness check we want to exclude the dummy variable related to yield. Tables

1.19 and 1.20 shows that both the survival analysis and the factor analysis are robust to

this new specification.

1.6.6 No Logarithm of Assets

We now make the same analysis discussed in the Results section without taking the

natural logarithm of the size variable. A careful examination of Table 1.21 highlights how

this choice underestimate the impact of the size variable and overestimates the impact of

the expense ratio. Notice that now the hazard ratio of the dead funds is on average higher

than 1 how it is natural to expect from an ex-ante viewpoint. This new specification of

the survival model leaves the factor analysis’ results equivalent to the ones previously

discussed (See table 1.22).
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1.6.7 Common Stocks

Several studies ( see for instance Fama and French (2010)) tend to focus their attention

to active funds and to funds that invests primarily on common stocks. For this reason we

want to see if our results are robust to a sample reduction that focuses on funds whose

investment on common stocks is higher than 90%. Now the sample is made up of 172609

observations. The survival analysis is not particularly influenced by this sample reduction

with the exception of the dummy variable related to the yield distribution that now seems

to have an higher statistically significant negative impact on survival (see Table 1.23).

The factor analysis highlights that when we focus on US funds that invests primarily

on common stocks the interaction between the market factor and hazard ratio is not

particularly robust. In particular this interaction is strongly statistically significant and

negative only in the Carhart (1997)’s 4 factors model. On the other side the interactions

of the small minus big factor and of the momentum factor with the hazard ratio are

strongly statistically significant and with the same signs of the full sample. Table 1.24

shows also that the analysis on the reduced sample made the interaction of the high minus

low factor with the hazard ratio always positive and strongly statistically significant.

This case is also an outstanding example of how important is to consider the interac-

tions of the factors with the hazard ratio. In fact, if we focus our attention on the Carhart

(1997)’s 4 factors model, we see that in the original model the momentum factor’s coeffi-

cient is not statistically significant (this result is consistent with the estimations of Fama

and French (2010)) while in the modified version of the model the momentum turns out

to be strongly statistically significant. In this case only by using a model that takes into

account the dynamics of mutual funds strategies it is possible to disentangle the effect of

the momentum factor.

1.6.8 Big Funds

Given the important role that size has on mutual fund survivorship, smaller funds seems

to be particularly affected by the survivorship and attrition bias problems. For this reason

as a further robustness checks we keep in the sample only funds that have assets under

management of at least 100 mln $. The reduced sample contains 290879 observations.

The survival analysis is not influenced in terms of the statistical significance and of the

signs of the effects of the fund’s characteristics (see Table 1.25). The reduction seems to

overestimate the impact of the size variable and of the expense ratio w.r.t. the previous

analysis.

The sample reduction has a peculiar influence on the factor analysis. While the sta-
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tistical significance and the signs of the interaction terms relative to the market and mo-

mentum factors are not effected, the interactions terms of the other factors are strongly

influenced by this sample choice. The small minus big factor interaction is not as robust

as before and it turns out to be strongly statistically significant and positive only in the

Fama and French (2015)’s 5 factors model. On the other side the high minus low factor

interaction term, with the exception of the Fama and French (2015)’s 5 factors model, is

now strongly statistically significant and positive. Table 1.26 emphasizes how, in this case,

also the interaction terms relative to the robust minus weak factor and to the conservative

minus aggressive factor are statistically significant and positive.

1.6.9 Probit

We now want to substitute the semiparametric Cox model with the parametric model

most frequently used in the survivorship bias literature, i.e. the Probit model. In this

case we can include the age variable, differently w.r.t the Cox case in which the inclusion

of this fund’s characteristic didn’t allow the maximization algorithm to converge. We

use as dependent variable a dummy variable relative to fund’s failure, i.e. a dummy

variable that is equal to 1 when a fund closes, and we include in the analysis all the fund’s

characteristics. Table 1.27 presents the results. The size, the NAV, the flows, the expense

ratio and the dummy variable relative to yield are statistically significant and have the

same impact on survivorship as the one estimated by the Cox analysis

Differently w.r.t. the Cox model the management fee variable is not statistically

significant while the max 12b-1 fee variable has a negative statistically significant impact

on survivorship. The age variable although statistically significant has a positive counter

intuitive sign. Notice that this latter result is probably due to the interaction of the

age variable with the other fund’s characteristics. In fact, if we exclude all other fund’s

characteristics but age and returns16, the age variable has the natural negative statistically

significant sign.

In the second step of our approach the role that was previously played by the hazard

ratio is now taken by the predicted probability estimated by the Probit model. The results

of the factor analysis, reported in Table 1.28, are, from an economic perspective, totally

equivalent to the ones of the original specification. Also in this case (see Table 1.29) the

results seem to be driven by a structural difference between the strategy of survivor and

dead funds and not from the attrition bias.

16This results are not reported.
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1.6.10 Logit

In this section, we use in the first step of our methodology a Logit model instead of the

Cox one. The results, described in Table 1.30, are equivalent to the ones described in the

Probit subsection with the age variable that continues to have the unexpected positive

statistically significant sign.

In the second step of our approach, also in this case, the place of the hazard ratio

is taken by the estimated probability from the Logit model and the results of the factor

analysis are, as expected, equivalent to the ones with the Cox and Probit specification

(see Table 1.31). The results are not driven by the attrition bias as Table 1.32 testifies.

1.6.11 Lehman Brothers Collapse

In this subsection we control for the event of Lehman collapse. We address this issue

by restricting the analysis to the period from October 2008 to December 2015. In the

estimated Cox model the expense ratio looses its significance while the effect of the other

variables does not change (Table 1.33). This sample restriction does not have any impact

on the negative interaction of the hazard ratio with both the market factor and the

momentum factor. Also the positive interaction between the hazard ratio and the size

factor continues to hold toward the same direction in a statistically significant way (see

Table 1.34).

1.6.12 Squared Hazard Ratio

In this subsection we try to test a different functional form for the hazard ratio. In

particular we introduce in our econometric model a squared hazard ratio. The model

highlights how the main effects of the odds of survival are captured by a linear model

while the impact of the squared component is really small although statistically significant

(see Table 1.35).
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Table 1.9: Factor analysis relative to the Cox model of the main specification adjusted
for the proportional hazard assumption
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Table 1.10: Factor analysis with just the hazard ratio relative to the Cox model of the
main specification adjusted for the proportional hazard assumption

 

T
h

e 
T

ab
le

 r
ep

re
se

n
ts

 p
an

el
 r

eg
re

ss
io

n
s 

w
it

h
 f

u
n
d

 f
ix

ed
 e

ff
ec

ts
. 

T
h

e 
h

az
ar

d
 r

at
io

s 
ar

e 
d

er
iv

ed
 f

ro
m

 t
h

e 
C

o
x
 m

o
d

el
 r

ep
re

se
n

te
d

 i
n
 T

ab
le

 1
.8

. 
C

o
lu

m
n

s 
(1

) 
an

d
 (

2
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
Je

n
se

n
 (

1
9

6
8

)'
s 

o
n

e 
fa

ct
o
r 

m
o
d

el
 

an
d

 o
u

r 
m

o
d

if
ie

d
 v

er
si

o
n

 w
it

h
 j

u
st

 t
h

e 
h

az
ar

d
 r

at
io

. 
C

o
lu

m
n

s 
(3

) 
an

d
 (

4
) 

re
p
re

se
n

ts
 r

es
u

lt
s 

fo
r 

th
e 

F
am

a 
an

d
 F

re
n

ch
 (

1
9
9

3
)'

s 
3
 f

ac
to

rs
 m

o
d

el
 a

n
d

 o
u

r 
m

o
d

if
ie

d
 v

er
si

o
n

 w
it

h
 j

u
st

 t
h

e 
h
az

ar
d

 r
at

io
. 

C
o
lu

m
n
s 

(5
) 

an
d
 (

6
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
C

ar
h
ar

t 
(1

9
9
7

)'
s 

4
 f

ac
to

rs
 m

o
d

el
 a

n
d
 o

u
r 

m
o
d
if

ie
d

 v
er

si
o
n

 w
it

h
 j

u
st

 t
h

e 
h
az

ar
d

 r
at

io
. 

C
o
lu

m
n
s 

(7
) 

an
d
 (

8
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
F

am
a 

an
d

 F
re

n
ch

 (
2
0

1
5

)'
s 

5
 f

ac
to

rs
 m

o
d

el
 a

n
d

 o
u

r 
m

o
d

if
ie

d
 

v
er

si
o
n

 w
it

h
 j

u
st

 t
h

e 
h
az

ar
d

 r
at

io
. 

T
h

e 
sa

m
p

le
 p

er
io

d
 i

s 
Ju

ly
 2

0
0
3

 -
 D

ec
em

b
er

 2
0
1

5
. 

R
o
b

u
st

 s
ta

n
d

ar
d
 e

rr
o
rs

 i
n

 p
ar

en
th

es
es

, 
*
*
*
 i

n
d

ic
at

es
 s

ig
n
if

ic
an

ce
 a

t 
1

%
, 

*
*
 i

n
d

ic
at

es
 s

ig
n

if
ic

an
ce

 a
t 

5
%

 a
n

d
 *

 i
n

d
ic

at
es

 s
ig

n
if

ic
an

ce
 

at
 1

0
%

. 
S

ee
 t

h
e 

A
p

p
en

d
ix

 f
o
r 

a 
d

et
ai

le
d

 d
es

cr
ip

ti
o
n

 o
f 

al
l 

th
e 

v
ar

ia
b

le
s.

 

 

 
(1

) 
(2

) 
(3

) 
(4

) 
(5

) 
(6

) 
(7

) 
(8

) 

V
A

R
IA

B
L

E
S

 
F

F
1

 
F

F
1

JH
R

 
F

F
3

 
F

F
3

JH
R

 
F

F
4

 
F

F
4

JH
R

 
F

F
5

 
F

F
5

JH
R

 

 
 

 
 

 
 

 
 

 

M
k
tr

f 
0

.9
6

3
*
*
*

 
0

.9
6

2
*
*
*

 
0

.9
4

9
*
*
*

 
0

.9
4

8
*
*
*

 
0

.9
4

3
*
*
*

 
0

.9
4

2
*
*
*

 
0

.9
2

5
*
*
*

 
0

.9
2

5
*
*
*

 

 
(0

.0
0
3

7
0
) 

(0
.0

0
3

6
9
) 

(0
.0

0
3

5
1
) 

(0
.0

0
3

5
1
) 

(0
.0

0
3

4
4
) 

(0
.0

0
3

4
4
) 

(0
.0

0
3

3
3
) 

(0
.0

0
3

3
3
) 

S
m

b
 

 
 

0
.0

8
7
7

*
*
*

 
0

.0
8

7
1

*
*
*

 
0

.0
9

1
6

*
*
*

 
0

.0
9

0
8

*
*
*

 
0

.0
7

3
9

*
*
*

 
0

.0
7

3
4

*
*
*

 

 
 

 
(0

.0
0
4

3
1
) 

(0
.0

0
4

3
1
) 

(0
.0

0
4

2
8
) 

(0
.0

0
4

2
8
) 

(0
.0

0
4

3
9
) 

(0
.0

0
4

3
8
) 

H
m

l 
 

 
-0

.0
3

0
9

*
*
*

 
-0

.0
3

0
8

*
*
*

 
-0

.0
4

3
6

*
*
*

 
-0

.0
4

2
7

*
*
*

 
0

.0
3

5
2

*
*
*

 
0

.0
3

5
6

*
*
*

 

 
 

 
(0

.0
0
3

8
2
) 

(0
.0

0
3

8
2
) 

(0
.0

0
3

5
1
) 

(0
.0

0
3

5
1
) 

(0
.0

0
4

1
1
) 

(0
.0

0
4

1
1
) 

H
r 

 
0

.0
1

3
5

*
*
*

 
 

0
.0

1
3
0

*
*
*

 
 

0
.0

1
2
2

*
*
*

 
 

0
.0

1
3
6

*
*
*

 

 
 

(0
.0

0
1

3
8
) 

 
(0

.0
0
1

3
4
) 

 
(0

.0
0
1

2
9
) 

 
(0

.0
0
1

3
9
) 

U
m

d
 

 
 

 
 

-0
.0

1
9

7
*
*
*

 
-0

.0
1

8
5

*
*
*

 
 

 

 
 

 
 

 
(0

.0
0
1

6
2
) 

(0
.0

0
1

6
1
) 

 
 

R
m

w
 

 
 

 
 

 
 

-0
.1

0
1

*
*
*

 
-0

.1
0

1
*
*
*

 

 
 

 
 

 
 

 
(0

.0
0
3

3
0
) 

(0
.0

0
3

3
0
) 

C
m

a
 

 
 

 
 

 
 

-0
.2

2
6

*
*
*

 
-0

.2
2

7
*
*
*

 

 
 

 
 

 
 

 
(0

.0
0
5

3
3
) 

(0
.0

0
5

3
3
) 

C
o

n
st

an
t 

-0
.0

0
1

2
8

*
*
*

 
-0

.0
0

2
2

0
*
*
*

 
-0

.0
0

1
2

8
*
*
*

 
-0

.0
0

2
1

6
*
*
*

 
-0

.0
0

1
2

0
*
*
*

 
-0

.0
0

2
0

4
*
*
*

 
-0

.0
0

0
8

8
3

*
*
*

 
-0

.0
0

1
8

1
*
*
*

 

 
(2

.4
1

e-
0

5
) 

(9
.8

5
e-

0
5
) 

(2
.3

6
e-

0
5
) 

(9
.5

9
e-

0
5
) 

(2
.3

2
e-

0
5
) 

(9
.2

3
e-

0
5
) 

(2
.4

0
e-

0
5
) 

(9
.8

4
e
-0

5
) 

 
 

 
 

 
 

 
 

 

O
b

se
rv

at
io

n
s 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0

 
4

3
5

,6
9

0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

R
-s

q
u
ar

ed
 

0
.7

3
1
 

0
.7

3
2
 

0
.7

3
3
 

0
.7

3
3
 

0
.7

3
3
 

0
.7

3
4
 

0
.7

3
7
 

0
.7

3
7
 

N
u

m
b

er
 o

f 
fu

n
d

s 
1

0
,2

8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

 

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



35

Table 1.11: Cox analysis and hazard ratio of the main specification with all fund’s char-
acteristics

 

Panel A: Cox Analysis  

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 1.003 0.00302 

 (0.00422) (0.00420) 

Mnavl1 0.975*** -0.0250*** 

 (0.00325) (0.00333) 

Logmtnal1 0.637*** -0.450*** 

 (0.0109) (0.0170) 

Turn_ratiol1100 1.000* 0.000151* 

 (8.71e-05) (8.71e-05) 

Exp_ratiol1100 1.286*** 0.252*** 

 (0.0615) (0.0478) 

Dummyieldl1 1.123*** 0.116*** 

 (0.0500) (0.0446) 

Mgmt_feel1100 0.999*** -0.00145*** 

 (0.000318) (0.000318) 

Max_12b1l1100 1.336 0.290 

 (0.248) (0.185) 

Actual_12b1l1100 1.154 0.143 

 (0.227) (0.197) 

Flowl1100 0.966*** -0.0346*** 

 (0.00157) (0.00163) 

   

Observations 339,657 339,657 

 

Panel B: Hazard Ratio 

 

Variable Mean Std. Dev. 

Hr 0,14147 0,1911 

Hr_surv 0,11865 0,161 

Hr_dead 0,20995 0,24916 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.12: Factor analysis relative to the Cox model of the main specification with all
fund’s characteristics
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Table 1.13: Cox analysis and hazard ratio of the main specification with all fund’s char-
acteristics, factors and GDP

Panel A: Cox Analysis  

 
 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 0.998 -0.00164 

 (0.00455) (0.00456) 

Mnavl1 0.974*** -0.0259*** 

 (0.00333) (0.00342) 

Logmtnal1 0.634*** -0.456*** 

 (0.0108) (0.0170) 

Turn_ratiol1100 1.000* 0.000153* 

 (8.59e-05) (8.59e-05) 

Exp_ratiol1100 1.254*** 0.226*** 

 (0.0597) (0.0476) 

Dummyieldl1 1.097** 0.0925** 

 (0.0494) (0.0450) 

Mgmt_feel1100 0.999*** -0.00139*** 

 (0.000318) (0.000318) 

Max_12b1l1100 1.322 0.279 

 (0.240) (0.182) 

Actual_12b1l1100 1.146 0.136 

 (0.221) (0.193) 

Flowl1100 0.966*** -0.0347*** 

 (0.00155) (0.00160) 

Mktrf100 0.968*** -0.0325*** 

 (0.00570) (0.00589) 

Smb100 1.039*** 0.0379*** 

 (0.00962) (0.00926) 

Hml100 1.005 0.00540 

 (0.0105) (0.0105) 

Umd100 1.003 0.00296 

 (0.00524) (0.00522) 

Rmw100 0.993 -0.00692 

 (0.0136) (0.0137) 

Cma100 1.136*** 0.128*** 

 (0.0184) (0.0162) 

Gdp100 1.028*** 0.0272*** 

 (0.00779) (0.00758) 

   

Observations 339,657 339,657 

 
 

 

Panel B: Hazard Ratio 

 
Variable Mean Std. Dev. 

Hr 0,14417 0,20196 

Hr_surv 0,11939 0,16517 

Hr_dead 0,21855 0,27192 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.14: Factor analysis relative to the Cox model of the main specification with all
fund’s characteristics, factors and GDP
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Table 1.15: Cox analysis and hazard ratio of the main specification with relative returns

Panel A: Cox Analysis  

 

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Retrelml1100 1.001 0.00113 

 (0.00720) (0.00719) 

Mnavl1 0.974*** -0.0259*** 

 (0.00292) (0.00300) 

Logmtnal1 0.617*** -0.482*** 

 (0.00888) (0.0144) 

Turn_ratiol1100 1.000* 0.000156* 

 (8.09e-05) (8.09e-05) 

Exp_ratiol1100 1.258*** 0.229*** 

 (0.0452) (0.0359) 

Dummyieldl1 1.131*** 0.123*** 

 (0.0458) (0.0405) 

Flowl1100 0.970*** -0.0305*** 

 (0.00148) (0.00153) 

   

Observations 435,644 435,644 

 

Panel B: Hazard Ratio 

 

Variable Mean Std. Dev. 

Hr 0,09999 0,1237 

Hr_surv 0,08438 0,1086 

Hr_dead 0,15051 0,15268 

 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.16: Factor analysis relative to the Cox model of the main specification with
relative returns

 

T
h

e 
T

ab
le

 r
ep

re
se

n
ts

 p
an

el
 r

eg
re

ss
io

n
s 

w
it

h
 f

u
n
d

 f
ix

ed
 e

ff
ec

ts
. 

T
h

e 
h

az
ar

d
 r

at
io

s 
ar

e 
d

er
iv

ed
 f

ro
m

 t
h

e 
C

o
x
 m

o
d

el
 r

ep
re

se
n

te
d

 i
n
 T

ab
le

 1
.1

5
. 
C

o
lu

m
n

s 
(1

) 
an

d
 (

2
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
Je

n
se

n
 (

1
9
6
8

)'
s 

o
n

e 
fa

ct
o
r 

m
o
d

el
 a

n
d
 o

u
r 

m
o
d

if
ie

d
 v

er
si

o
n

 w
it

h
 t

h
e 

h
az

ar
d
 r

at
io

 a
n

d
 t

h
e 

in
te

ra
ct

io
n

 o
f 

th
e 

fa
ct

o
r 

w
it

h
 t

h
e 

h
az

ar
d

 r
at

io
. 
C

o
lu

m
n

s 
(3

) 
an

d
 (

4
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
F

am
a 

an
d
 F

re
n

ch
 (

1
9
9

3
)'

s 
3

 f
ac

to
rs

 m
o
d

el
 a

n
d

 o
u

r 
m

o
d

if
ie

d
 

v
er

si
o
n

 w
it

h
 t

h
e 

h
az

ar
d

 r
at

io
 a

n
d
 t

h
e 

in
te

ra
ct

io
n

s 
o
f 

th
e 

fa
ct

o
rs

 w
it

h
 t

h
e 

h
az

ar
d

 r
at

io
. 
C

o
lu

m
n

s 
(5

) 
an

d
 (

6
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
C

ar
h

ar
t 

(1
9

9
7

)'
s 

4
 f

ac
to

rs
 m

o
d

el
 a

n
d

 o
u

r 
m

o
d

if
ie

d
 v

er
si

o
n

 w
it

h
 t

h
e 

h
az

ar
d

 r
at

io
 a

n
d
 t

h
e 

in
te

ra
ct

io
n

s 
o
f 

th
e 

fa
ct

o
rs

 w
it

h
 t

h
e 

h
az

ar
d

 r
at

io
. 
C

o
lu

m
n

s 
(7

) 
an

d
 (

8
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
F

am
a 

an
d
 F

re
n

ch
 (

2
0

1
5

)'
s 

5
 f

ac
to

rs
 m

o
d

el
 a

n
d

 o
u

r 
m

o
d

if
ie

d
 v

er
si

o
n

 w
it

h
 t

h
e 

h
az

ar
d
 r

at
io

 a
n
d

 t
h

e 
in

te
ra

ct
io

n
s 

o
f 

th
e 

fa
ct

o
rs

 

w
it

h
 t

h
e 

h
az

ar
d

 r
at

io
. 

T
h

e 
sa

m
p

le
 p

er
io

d
 i

s 
Ju

ly
 2

0
0

3
 -

 D
ec

em
b

er
 2

0
1
5

. 
R

o
b

u
st

 s
ta

n
d
ar

d
 e

rr
o
rs

 i
n

 p
ar

en
th

es
es

, 
*
*

*
 i

n
d

ic
at

es
 s

ig
n
if

ic
an

ce
 a

t 
1
%

, 
*
*
 i

n
d
ic

at
es

 s
ig

n
if

ic
an

ce
 a

t 
5
%

 a
n
d

 *
 i

n
d

ic
at

es
 s

ig
n

if
ic

an
ce

 a
t 

1
0

%
. 
S

ee
 

th
e 

A
p

p
en

d
ix

 f
o
r 

a 
d

et
ai

le
d

 d
es

cr
ip

ti
o
n

 o
f 

al
l 

th
e 

v
ar

ia
b

le
s.

 

 
(1

) 
(2

) 
(3

) 
(4

) 
(5

) 
(6

) 
(7

) 
(8

) 

V
A

R
IA

B
L

E
S

 
F

F
1

 
F

F
1

H
R

 
F

F
3

 
F

F
3

H
R

 
F

F
4

 
F

F
4

H
R

 
F

F
5

 
F

F
5

H
R

 

 
 

 
 

 
 

 
 

 

M
k
tr

f 
0

.9
6

3
*
*
*

 
0

.9
7

7
*
*
*

 
0

.9
4

9
*
*
*

 
0

.9
6

7
*
*
*

 
0

.9
4

3
*
*
*

 
0

.9
6

6
*
*
*

 
0

.9
2

5
*
*
*

 
0

.9
4

3
*
*
*

 

 
(0

.0
0
3

7
0
) 

(0
.0

0
4

5
9
) 

(0
.0

0
3

5
1
) 

(0
.0

0
4

3
8
) 

(0
.0

0
3

4
4
) 

(0
.0

0
4

3
4
) 

(0
.0

0
3

3
3
) 

(0
.0

0
4

2
3
) 

S
m

b
 

 
 

0
.0

8
7
7

*
*
*

 
0

.0
7

1
8

*
*
*

 
0

.0
9

1
6

*
*
*

 
0

.0
7

3
8

*
*
*

 
0

.0
7

3
9

*
*
*

 
0

.0
5

6
6

*
*
*

 

 
 

 
(0

.0
0
4

3
1
) 

(0
.0

0
5

5
7
) 

(0
.0

0
4

2
8
) 

(0
.0

0
5

5
3
) 

(0
.0

0
4

3
9
) 

(0
.0

0
5

6
7
) 

H
m

l 
 

 
-0

.0
3

0
9

*
*
*

 
-0

.0
3

9
7

*
*
*

 
-0

.0
4

3
6

*
*
*

 
-0

.0
4

5
3

*
*
*

 
0

.0
3

5
2

*
*
*

 
0

.0
3

3
4

*
*
*

 

 
 

 
(0

.0
0
3

8
2
) 

(0
.0

0
5

0
8
) 

(0
.0

0
3

5
1
) 

(0
.0

0
5

0
8
) 

(0
.0

0
4

1
1
) 

(0
.0

0
5

5
8
) 

U
m

d
 

 
 

 
 

-0
.0

1
9

7
*
*
*

 
-0

.0
0

7
1

5
*
*
*

 
 

 

 
 

 
 

 
(0

.0
0
1

6
2
) 

(0
.0

0
2

3
5
) 

 
 

M
k
tr

f*
H

r 
 

-0
.1

3
5

*
*
*

 
 

-0
.1

8
7

*
*
*

 
 

-0
.2

3
0

*
*
*

 
 

-0
.1

8
5

*
*
*

 

 
 

(0
.0

2
9

4
) 

 
(0

.0
2
8

4
) 

 
(0

.0
2
7

8
) 

 
(0

.0
2
7

8
) 

S
m

b
*
H

r 
 

 
 

0
.1

5
5

*
*
*

 
 

0
.1

6
8

*
*
*

 
 

0
.1

7
0

*
*
*

 

 
 

 
 

(0
.0

3
1

1
) 

 
(0

.0
3
0

9
) 

 
(0

.0
3
1

7
) 

H
m

l*
H

r 
 

 
 

0
.1

0
5

*
*
*

 
 

0
.0

5
0
4
 

 
0

.0
5

1
6

 

 
 

 
 

(0
.0

3
4

5
) 

 
(0

.0
3
6

6
) 

 
(0

.0
3
9

3
) 

U
m

d
*
H

r 
 

 
 

 
 

-0
.1

0
3

*
*
*

 
 

 

 
 

 
 

 
 

(0
.0

1
6

8
) 

 
 

H
r 

 
0

.0
1

1
2

*
*
*

 
 

0
.0

1
1
2

*
*
*

 
 

0
.0

1
0
5

*
*
*

 
 

0
.0

1
1
8

*
*
*

 

 
 

(0
.0

0
1

0
0
) 

 
(0

.0
0
1

0
1
) 

 
(0

.0
0
0

9
6
7

) 
 

(0
.0

0
1

0
5
) 

R
m

w
 

 
 

 
 

 
 

-0
.1

0
1

*
*
*

 
-0

.1
0

8
*
*
*

 

 
 

 
 

 
 

 
(0

.0
0
3

3
0
) 

(0
.0

0
5

3
6
) 

C
m

a
 

 
 

 
 

 
 

-0
.2

2
6

*
*
*

 
-0

.2
4

1
*
*
*

 

 
 

 
 

 
 

 
(0

.0
0
5

3
3
) 

(0
.0

0
7

8
9
) 

R
m

w
*
H

r 
 

 
 

 
 

 
 

0
.0

7
6
6

*
 

 
 

 
 

 
 

 
 

(0
.0

4
4

2
) 

C
m

a
*
H

r 
 

 
 

 
 

 
 

0
.1

1
1

*
*

 

 
 

 
 

 
 

 
 

(0
.0

5
5

0
) 

C
o

n
st

an
t 

-0
.0

0
1

2
8

*
*
*

 
-0

.0
0

2
4

0
*
*
*

 
-0

.0
0

1
2

8
*
*
*

 
-0

.0
0

2
4

0
*
*
*

 
-0

.0
0

1
2

0
*
*
*

 
-0

.0
0

2
2

7
*
*
*

 
-0

.0
0

0
8

8
3

*
*
*

 
-0

.0
0

2
0

6
*
*
*

 

 
(2

.4
1

e-
0

5
) 

(0
.0

0
0

1
0
3

) 
(2

.3
6

e-
0

5
) 

(0
.0

0
0

1
0
3

) 
(2

.3
2

e-
0

5
) 

(9
.9

2
e-

0
5
) 

(2
.4

0
e-

0
5
) 

(0
.0

0
0

1
0
7

) 

 
 

 
 

 
 

 
 

 

O
b

se
rv

at
io

n
s 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0
 

4
3

5
,6

9
0

 

R
-s

q
u
ar

ed
 

0
.7

3
1
 

0
.7

3
2
 

0
.7

3
3
 

0
.7

3
4
 

0
.7

3
3
 

0
.7

3
4
 

0
.7

3
7
 

0
.7

3
7
 

N
u

m
b

er
 o

f 
fu

n
d

s 
1

0
,2

8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2
 

1
0

,2
8
2

 

 

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



41

Table 1.17: Cox analysis and hazard ratio of the main specification with 1 year average
returns

 

Panel A: Cox Analysis  

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretm1y100 0.993 -0.00676 

 (0.0119) (0.0120) 

Mnavl1 0.976*** -0.0245*** 

 (0.00341) (0.00349) 

Logmtnal1 0.600*** -0.511*** 

 (0.00991) (0.0165) 

Turn_ratiol1100 1.000 0.000146 

 (9.20e-05) (9.20e-05) 

Exp_ratiol1100 1.213*** 0.193*** 

 (0.0519) (0.0428) 

Dummyieldl1 1.172*** 0.159*** 

 (0.0543) (0.0463) 

Flowl1100 0.970*** -0.0306*** 

 (0.00163) (0.00168) 

   

Observations 356,827 356,827 

 

 

Panel B: Hazard Ratio 

Variable Mean Std. Dev. 

Hr .08173 .1095779 

Hr_surv .0691737 .0969462 

Hr_dead .128239 .137562 

 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.18: Factor analysis relative to the Cox model of the main specification with 1
year average returns
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Table 1.19: Cox analysis and hazard ratio of the main specification with no dummy yield

Panel A: Cox Analysis  

 

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 1.003 0.00307 

 (0.00386) (0.00385) 

Mnavl1 0.974*** -0.0264*** 

 (0.00291) (0.00299) 

Logmtnal1 0.617*** -0.482*** 

 (0.00887) (0.0144) 

Turn_ratiol1100 1.000* 0.000149* 

 (8.09e-05) (8.09e-05) 

Exp_ratiol1100 1.228*** 0.205*** 

 (0.0426) (0.0347) 

Flowl1100 0.970*** -0.0304*** 

 (0.00148) (0.00153) 

   

Observations 435,644 435,644 

 

Panel B: Hazard Ratio 

Variable Mean Std. Dev. 

Hr 0,09239 0,11412 

Hr_surv 0,07783 0,09998 

Hr_dead 0,13951 0,14112 

 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.20: Factor analysis relative to the Cox model of the main specification with no
dummy yield
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Table 1.21: Cox analysis and hazard ratio of the main specification with no logarithm of
assets

 

Panel A: Cox Analysis  

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 1.002 0.00225 

 (0.00386) (0.00385) 

Mnavl1 0.968*** -0.0320*** 

 (0.00301) (0.00311) 

Mtnal1 0.999*** -0.00101*** 

 (0.000118) (0.000118) 

Turn_ratiol1100 1.000*** 0.000232*** 

 (7.46e-05) (7.46e-05) 

Exp_ratiol1100 1.433*** 0.360*** 

 (0.0488) (0.0340) 

Dummyieldl1 1.136*** 0.128*** 

 (0.0443) (0.0390) 

Flowl1100 0.964*** -0.0364*** 

 (0.00149) (0.00155) 

   

Observations 435,644 435,644 

 

 

Panel B: Hazard Ratio 

 

Variable Mean Std. Dev. 

Hr 0,73246 0,7066 

Hr_surv 0,63757 0,62821 

Hr_dead 1,0396 0,84527 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.22: Factor analysis relative to the Cox model of the main specification with no
logarithm of assets
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Table 1.23: Cox analysis and hazard ratio of the main specification on a sample of funds
that invests primarily on common stocks

Panel A: Cox Analysis  

 

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 1.000 5.12e-05 

 (0.00488) (0.00488) 

Mnavl1 0.979*** -0.0208*** 

 (0.00351) (0.00359) 

Logmtnal1 0.656*** -0.422*** 

 (0.0130) (0.0198) 

Turn_ratiol1100 1.000** 0.000460** 

 (0.000185) (0.000185) 

Exp_ratiol1100 1.475*** 0.389*** 

 (0.0717) (0.0486) 

Dummyieldl1 1.492*** 0.400*** 

 (0.0811) (0.0544) 

Flowl1100 0.974*** -0.0260*** 

 (0.00253) (0.00260) 

   

Observations 153,656 153,656 

 

Panel B: Hazard Ratio 

Variable Mean Std. Dev. 

Hr 0,1914 0,20319 

Hr_surv 0,14802 0,15327 

Hr_dead 0,27233 0,25382 

 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.24: Factor analysis relative to the Cox model of the main specification on a sample
of funds that invests primarily on common stocks
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Table 1.25: Cox analysis and hazard ratio of the main specification on a sample of big
funds

 

Panel A: Cox Analysis  

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 1.009 0.00896 

 (0.00694) (0.00688) 

Mnavl1 0.986*** -0.0140*** 

 (0.00373) (0.00378) 

Logmtnal1 0.520*** -0.654*** 

 (0.0179) (0.0344) 

Turn_ratiol1100 1.000 7.30e-05 

 (0.000199) (0.000199) 

Exp_ratiol1100 1.851*** 0.616*** 

 (0.115) (0.0624) 

Dummyieldl1 1.353*** 0.302*** 

 (0.0854) (0.0632) 

Flowl1100 0.955*** -0.0462*** 

 (0.00296) (0.00310) 

   

Observations 261,627 261,627 

 

 

Panel B: Hazard Ratio 

Variable Mean Std. Dev. 

Hr 0,03502 0,04434 

Hr_surv 0,03062 0,04238 

Hr_dead 0,05737 0,04723 

 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is July 2003 - December 

2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates significance at 5% 

and * indicates significance at 10%. Panel B represents the mean and the standard deviation of the hazard ratio 

for all the population of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that 

is alive till December 2015 while we denote as "dead" a fund that disappears before December 2015. See the 

Appendix for a detailed description of all the variables. 
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Table 1.26: Factor analysis relative to the Cox model of the main specification on a sample
of big funds
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Table 1.27: Probit analysis and predicted probability of the main specification

 

Panel A: Probit Analysis  

 

 
 (1) 

VARIABLES Coefficients 

  

Age 0.00653*** 

 (0.000679) 

Mretl1100 0.00213 

 (0.00158) 

Mnavl1 -0.00781*** 

 (0.00114) 

Logmtnal1 -0.165*** 

 (0.00614) 

Turn_ratiol1100 2.74e-05 

 (3.06e-05) 

Exp_ratiol1100 0.0873*** 

 (0.0174) 

Dummyieldl1 0.0459*** 

 (0.0163) 

Mgmt_feel1100 -0.000104 

 (0.000113) 

Max_12b1l1100 0.147** 

 (0.0705) 

Actual_12b1l1100 0.0775 

 (0.0746) 

Flowl1100 -0.0183*** 

 (0.00113) 

Constant -1.785*** 

 (0.0402) 

  

Observations 339,657 

Number of funds 8,587 

 

Panel B: Predicted Probability 

Variable Mean Std. Dev. 

Pr 0,00842 0,0093 

Pr_surv 0,00713 0,008 

Pr_dead 0,01227 0,01158 

 

 
The Table reports the results of the Probit analysis. Panel A reports the coefficients (Column (1)) relative to the 

variables used in the analysis. The sample period is July 2003 - December 2015. Robust standard errors in 

parentheses, *** indicates significance at 1%, ** indicates significance at 5% and * indicates significance at 

10%. Panel B represents the mean and the standard deviation of the predicted probabilities for all the population 

of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that is alive till December 

2015 while we denote as "dead" a fund that disappears before December 2015. See the Appendix for a detailed 

description of all the variables. 
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Table 1.28: Factor analysis relative to the Probit model of the main specification
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Table 1.29: Factor analysis with just the hazard ratio relative to the Probit model of the
main specification

 

T
h

e 
T

ab
le

 r
ep

re
se

n
ts

 p
an

el
 r

eg
re

ss
io

n
s 

w
it

h
 f

u
n
d

 f
ix

ed
 e

ff
ec

ts
. 

T
h

e 
p

re
d

ic
te

d
 p

ro
b

ab
il

it
ie

s 
ar

e 
d

er
iv

ed
 f

ro
m

 t
h

e 
P

ro
b

it
 m

o
d

el
 r

ep
re

se
n

te
d

 i
n

 T
ab

le
 1

.2
7

. 
C

o
lu

m
n

s 
(1

) 
an

d
 (

2
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
Je

n
se

n
 (

1
9

6
8

)'
s 

o
n

e 

fa
ct

o
r 

m
o
d

el
 a

n
d
 o

u
r 

m
o
d

if
ie

d
 v

er
si

o
n

 w
it

h
 j

u
st

 t
h

e 
p

re
d
ic

te
d

 p
ro

b
ab

il
it

y
. 

C
o
lu

m
n

s 
(3

) 
an

d
 (

4
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
F

am
a 

an
d

 F
re

n
ch

 (
1

9
9
3

)'
s 

3
 f

ac
to

rs
 m

o
d

el
 a

n
d

 o
u

r 
m

o
d
if

ie
d
 v

er
si

o
n

 w
it

h
 j

u
st

 t
h

e 
p

re
d
ic

te
d

 

p
ro

b
ab

il
it

y
. 

C
o
lu

m
n

s 
(5

) 
an

d
 (

6
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
C

ar
h
ar

t 
(1

9
9
7

)'
s 

4
 f

ac
to

rs
 m

o
d

el
 a

n
d

 o
u

r 
m

o
d

if
ie

d
 v

er
si

o
n

 w
it

h
 j

u
st

 t
h

e 
p

re
d

ic
te

d
 p

ro
b
ab

il
it

y
. 
C

o
lu

m
n

s 
(7

) 
an

d
 (

8
) 

re
p

re
se

n
ts

 r
es

u
lt

s 
fo

r 
th

e 
F

am
a 

an
d

 F
re

n
ch

 

(2
0
1

5
)'

s 
5
 f

ac
to

rs
 m

o
d

el
 a

n
d

 o
u

r 
m

o
d
if

ie
d

 v
er

si
o
n

 w
it

h
 j

u
st

 t
h

e 
p

re
d

ic
te

d
 p

ro
b

ab
il

it
y
. 

T
h

e 
sa

m
p

le
 p

er
io

d
 i

s 
Ju

ly
 2

0
0
3

 -
 D

ec
em

b
er

 2
0
1
5

. 
R

o
b
u

st
 s

ta
n
d

ar
d

 e
rr

o
rs

 i
n

 p
ar

en
th

es
es

, 
*
*
*
 i

n
d
ic

at
es

 s
ig

n
if

ic
an

ce
 a

t 
1
%

, 
*
*
 

in
d

ic
at

es
 s

ig
n
if

ic
an

ce
 a

t 
5
%

 a
n
d

 *
 i

n
d
ic

at
es

 s
ig

n
if

ic
an

ce
 a

t 
1

0
%

. 
S

ee
 t

h
e 

A
p

p
en

d
ix

 f
o
r 

a 
d

et
ai

le
d

 d
es

cr
ip

ti
o
n
 o

f 
al

l 
th

e 
v
ar

ia
b

le
s.

 

 

 
(1

) 
(2

) 
(3

) 
(4

) 
(5

) 
(6

) 
(7

) 
(8

) 

V
A

R
IA

B
L

E
S

 
F

F
1

 
F

F
1

JH
R

 
F

F
3

 
F

F
3

JH
R

 
F

F
4

 
F

F
4

JH
R

 
F

F
5

 
F

F
5

JH
R

 

 
 

 
 

 
 

 
 

 

M
k
tr

f 
0

.9
5

4
*
*
*

 
0

.9
5

3
*
*
*

 
0

.9
4

1
*
*
*

 
0

.9
4

1
*
*
*

 
0

.9
3

5
*
*
*

 
0

.9
3

5
*
*
*

 
0

.9
1

7
*
*
*

 
0

.9
1

7
*
*
*

 

 
(0

.0
0
4

2
4
) 

(0
.0

0
4

2
3
) 

(0
.0

0
4

0
5
) 

(0
.0

0
4

0
4
) 

(0
.0

0
3

9
7
) 

(0
.0

0
3

9
7
) 

(0
.0

0
3

8
5
) 

(0
.0

0
3

8
4
) 

S
m

b
 

 
 

0
.0

8
4
5

*
*
*

 
0

.0
8

3
9

*
*
*

 
0

.0
8

8
2

*
*
*

 
0

.0
8

7
5

*
*
*

 
0

.0
6

9
5

*
*
*

 
0

.0
6

9
0

*
*
*

 

 
 

 
(0

.0
0
4

7
1
) 

(0
.0

0
4

7
1
) 

(0
.0

0
4

6
9
) 

(0
.0

0
4

6
9
) 

(0
.0

0
4

8
1
) 

(0
.0

0
4

8
0
) 

H
m

l 
 

 
-0

.0
3

8
5

*
*
*

 
-0

.0
3

8
2

*
*
*

 
-0

.0
5

0
6

*
*
*

 
-0

.0
4

9
6

*
*
*

 
0

.0
2

8
2

*
*
*

 
0

.0
2

9
0

*
*
*

 

 
 

 
(0

.0
0
4

3
5
) 

(0
.0

0
4

3
5
) 

(0
.0

0
4

0
1
) 

(0
.0

0
4

0
0
) 

(0
.0

0
4

6
8
) 

(0
.0

0
4

6
8
) 

P
r 

 
0

.1
2

9
*
*
*

 
 

0
.1

2
4

*
*
*

 
 

0
.1

1
7

*
*
*

 
 

0
.1

3
1

*
*
*

 

 
 

(0
.0

1
1

3
) 

 
(0

.0
1
1

0
) 

 
(0

.0
1
0

7
) 

 
(0

.0
1
1

4
) 

U
m

d
 

 
 

 
 

-0
.0

1
8

8
*
*
*

 
-0

.0
1

7
7

*
*
*

 
 

 

 
 

 
 

 
(0

.0
0
1

8
0
) 

(0
.0

0
1

7
9
) 

 
 

R
m

w
 

 
 

 
 

 
 

-0
.1

0
5

*
*
*

 
-0

.1
0

5
*
*
*

 

 
 

 
 

 
 

 
(0

.0
0
3

7
5
) 

(0
.0

0
3

7
4
) 

C
m

a
 

 
 

 
 

 
 

-0
.2

2
7

*
*
*

 
-0

.2
2

9
*
*
*

 

 
 

 
 

 
 

 
(0

.0
0
6

0
1
) 

(0
.0

0
6

0
2
) 

C
o

n
st

an
t 

-0
.0

0
1

4
5

*
*
*

 
-0

.0
0

2
5

4
*
*
*

 
-0

.0
0

1
4

5
*
*
*

 
-0

.0
0

2
4

9
*
*
*

 
-0

.0
0

1
3

8
*
*
*

 
-0

.0
0

2
3

6
*
*
*

 
-0

.0
0

1
0

4
*
*
*

 
-0

.0
0

2
1

4
*
*
*

 

 
(2

.7
8

e-
0

5
) 

(9
.8

5
e-

0
5
) 

(2
.7

3
e-

0
5
) 

(9
.6

0
e-

0
5
) 

(2
.6

8
e-

0
5
) 

(9
.3

3
e-

0
5
) 

(2
.7

6
e-

0
5
) 

(9
.9

1
e-

0
5
) 

 
 

 
 

 
 

 
 

 

O
b

se
rv

at
io

n
s 

3
3

9
,6

5
7

 
3

3
9

,6
5

7
 

3
3

9
,6

5
7
 

3
3

9
,6

5
7
 

3
3

9
,6

5
7

 
3

3
9

,6
5

7
 

3
3

9
,6

5
7
 

3
3

9
,6

5
7
 

R
-s

q
u
ar

ed
 

0
.7

2
4

 
0

.7
2

5
 

0
.7

2
6
 

0
.7

2
6
 

0
.7

2
6
 

0
.7

2
7

 
0

.7
3

0
 

0
.7

3
0
 

N
u

m
b

er
 o

f 
fu

n
d

s 
8

,5
8

7
 

8
,5

8
7
 

8
,5

8
7
 

8
,5

8
7
 

8
,5

8
7
 

8
,5

8
7

 
8

,5
8

7
 

8
,5

8
7
 

 

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



54

Table 1.30: Logit analysis and predicted probability of the main specification

 

Panel A: Logit Analysis  

 
 (1) 

VARIABLES Coefficients 

  

Age 0.0177*** 

 (0.00180) 

Mretl1100 0.00490 

 (0.00404) 

Mnavl1 -0.0229*** 

 (0.00311) 

Logmtnal1 -0.440*** 

 (0.0163) 

Turn_ratiol1100 4.99e-05 

 (7.31e-05) 

Exp_ratiol1100 0.206*** 

 (0.0444) 

Dummyieldl1 0.105** 

 (0.0426) 

Mgmt_feel1100 -8.22e-05 

 (0.000281) 

Max_12b1l1100 0.371** 

 (0.184) 

Actual_12b1l1100 0.204 

 (0.193) 

Flowl1100 -0.0389*** 

 (0.00187) 

Constant -3.076*** 

 (0.105) 

  

Observations 339,657 

Number of funds 8,587 

 

 

Panel B: Predicted Probability 

 

Variable Mean Std. Dev. 

Pr 0,00867 0,00977 

Pr_surv 0,0074 0,00832 

Pr_dead 0,01247 0,01245 

 
The Table reports the results of the Logit analysis. Panel A reports the coefficients (Column (1)) relative to the 

variables used in the analysis. The sample period is July 2003 - December 2015. Robust standard errors in 

parentheses, *** indicates significance at 1%, ** indicates significance at 5% and * indicates significance at 

10%. Panel B represents the mean and the standard deviation of the predicted probabilities for all the population 

of funds, for the survivor funds and for the dead funds. We denote as "survivor" a fund that is alive till December 

2015 while we denote as "dead" a fund that disappears before December 2015. See the Appendix for a detailed 

description of all the variables. 
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Table 1.31: Factor analysis relative to the Logit model of the main specification
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Table 1.32: Factor analysis with just the hazard ratio relative to the Logit model of the
main specification
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Table 1.33: Cox analysis and hazard ratio of the main specification after Lehman collapse

 

Panel A: Cox Analysis  

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Mretl1100 0.991* -0.00931* 

 (0.00487) (0.00491) 

Mnavl1 0.959*** -0.0419*** 

 (0.00478) (0.00498) 

Logmtnal1 0.560*** -0.580*** 

 (0.0113) (0.0202) 

Turn_ratiol1100 1.000** 0.000233** 

 (9.08e-05) (9.07e-05) 

Exp_ratiol1100 0.952 -0.0489 

 (0.0495) (0.0520) 

Dummyieldl1 0.888** -0.119** 

 (0.0504) (0.0567) 

Flowl1100 0.967*** -0.0340*** 

 (0.00174) (0.00181) 

   

Observations 267,303 267,303 

 

 

Panel B: Hazard Ratio 

Variable Mean Std. Dev. 

Hr 0,03770 0,06462 

Hr_surv 0,03251 0,05919 

Hr_dead 0,07061 0,08469 

 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. The sample period is October 2008 - 

December 2015. Robust standard errors in parentheses, *** indicates significance at 1%, ** indicates 

significance at 5% and * indicates significance at 10%. Panel B represents the mean and the standard deviation 

of the hazard ratio for all the population of funds, for the survivor funds and for the dead funds. We denote as 

"survivor" a fund that is alive till December 2015 while we denote as "dead" a fund that disappears before 

December 2015. See the Appendix for a detailed description of all the variables. 
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Table 1.34: Factor analysis relative to the Cox model of the main specification after
Lehman collapse
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Table 1.35: Factor analysis with the introduction of the squared hazard ratio relative to
the Cox model of the main specification
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1.7 Conclusions

We developed a novel 2 step procedure in order to capture the dynamics of mutual funds

strategies and the influence of the odds of survival on these dynamics. The first step of our

methodology consists of the estimation of a Cox survival model and we show that the main

determinants of fund’s survivorship are its size and its expense ratio. The second step of

our technique, based on the estimation of several factor models, highlights the importance

of the interaction between the factors and the hazard ratio computed from the survival

model. Particularly important is the negative statistically significant interaction of the

hazard ratio with the market and the momentum factors. We also estimate a positive

and statistically significant interaction of the odds of survival with the size factor. Our

results are robust to several different specifications of the survival model and they seem

to be driven mainly by structural differences between dead and survivor funds and not

by attrition effects.

This implies that both the simple analysis of the survived sample and the analysis of

what is commonly referred to as the ”survivorship bias free” sample, cannot, alone, yield

a correct picture of the behavior of mutual funds with respect to market factors.

These analyses must be supplemented by a survival model which help along two very

important and interconnected lines:

• it gives us the possibility of correcting biases due to no (survived sample) or partial

(survivorship bias free sample) observation of dead funds histories;

• it allows a first study of the possible strategic interaction between survival prob-

ability and fund strategy which, as can be seen from our results, is by no means

negligible. This second line has a clear relevance when the method is applied to

economic data where strategic behavior is, often, at the center of interest.

We believe that our novel methodology should be applied when investigating mutual

fund performance and its persistence. It would also be important to study the impact of

our technique on the results of papers that address different research questions but that

use performance measures in their analysis (see among others, Nohel, Wang and Zheng

(2010), Evans (2010) and Amihud and Goyenko (2013)).

An important point to notice is that, while we document a not negligible interaction

between survival probabilities and factor loadings, such interaction is difficult to explain

without recourse to a strategic behavior and we do not model this behavior in any explicit

way. The problem in doing this is not that of writing a proper theoretical model but that
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of lack of information, in the available dataset, about variables which would be essential

to estimate it.

The estimation of an actual strategic model would require a much more detailed

dataset which, arguably, could be derived not by a ”general census” procedure but by

a statistically designed survey sampling .

We consider this a very interesting topic for further research.
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1.8 Appendix

1.8.1 Variables

Table 1.36 contains a description of all the variables used in our analysis. For a detailed

description of the fund’s characteristics it is possible to consult the CRSP guide [26] for

details.

1.8.2 Simulation

In this subsection we show, by using simulated data, that in a simple 1 factor model, if the

funds that have an higher probability to die have an higher exposition to the market then

our 2 step procedure estimates a positive interaction between the factor and the hazard

ratio. The objective of this subsection is neither to be realistic nor to be particularly

insightful. The only aim of our simulation is to show that with a simple fund’s strategy

our 2 step methodology captures exactly what we would expect ex-ante by separately

looking at survivor and dead funds.

We simulate 15 years of monthly observations for 100000 funds. The model that

generates the data is the following:

rit = rf + βi
(
Rmkt − rf

)
+ εit

where we have that βi ∼ N
(
µA,βi , σβ

)
, εit ∼ N (0, σi), σ

2
i = (1− βi)2,

(
Rmkt − rf

)
∼

N
(
µmkt, σmkt

)
. Notice µA,βi is a function of the asset variable A that is distributed ac-

cording to the following AR1 model:

Ait = µAi + ρitAit−1 + εAit

with µAi ∼ N
(
µA, σA

)
, ρit ∼ U (0, 1) and εAit ∼ N (0, 1).

We choose parameters similar to the ones that we observe in the data. In particular

we set:
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rf = 0

µA,βi =

{
0.7 if Ait > At

1.05 if Ait ≤ At

At = asset average at time t

σβ = 0.5

µmkt = 0.68

σmkt = 4

µA = 1365.5

σA = 10

The selection rule is determined by the assets. We select the first two years of obser-

vations for all funds. From the third year onward a fund survives if its assets are above a

threshold that we set equal to 10500. Table 1.37 represents the Jensen (1968)’s one factor

model for survivor and dead funds respectively. We denote as ”survivor” a fund that

survives during all the 15 year period while we denote as ”dead” a fund that disappears

before the last simulation period. By looking separately at these two groups, it is possible

we see that the average exposition to the market factor is bigger for the dead funds. These

funds, given our selection rule, are on average smaller than survivor funds.

The Cox analysis, reported in Table 1.38, highlights how the size reduces the proba-

bility of death.

We now proceed with the second step and we estimate both the original Jensen (1968)’s

one factor model and our modified version with the interaction between the market factor

and the hazard ratio (see Table 1.39). We see that, as ex-ante expected by separately

looking at survivor and dead funds, the interaction term is statistically significant and

positive. Hence our method properly captures simple funds strategies.

On the contrary, as showed in the paper, our analysis based on real data captures

strategies that are ex-ante unexpected. Consequently, in the real world, it is not enough

to look separately at the strategies of survivor and dead funds and it is necessary to use

a procedure like ours in order to disentangle the complex economic dynamics of mutual

funds strategies.
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Table 1.36: Variables Description
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Table 1.37: Factor analysis of survivor and dead funds on simulated data

 

 (1) (2) 

VARIABLES SurvFF1 DeadFF1 

   

Mktrf 0.822*** 1.050*** 

 (0.00459) (0.00170) 

Constant -8.90e-05 0.000835 

 (0.00513) (0.00441) 

   

Observations 2,341,080 2,088,123 

R-squared 0.701 0.807 

Number of funds 13,006 86,994 

 

The Table presents panel regressions with fund fixed effects. We denote as "survivor" a fund that survives 

during all the 15 year period while we denote as "dead" a fund that disappears before the last simulation period. 

Columns (1) and (2) represents results for the Jensen (1968)'s one factor model for survivor and dead funds 

respectively.  
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Table 1.38: Cox analysis and hazard ratio on simulated data

 

Panel A: Cox Analysis  

 

 (1) (2) 

VARIABLES Hazard Ratios Coefficients 

   

Asset .9999*** -9.93e-05*** 

 (1.21e-06) (1.21e-06) 

   

Observations 4,429,203 4,429,203 

 

 

Panel B: Hazard Ratio 

 

Variable Mean Std. Dev. 

Hr 0,42311 0,32509 

Hr_surv 0,13892 0,11886 

Hr_dead 0,74173 0,12754 

 
The Table reports the results of the Cox analysis. Panel A reports the estimated hazard ratios and coefficients 

(Columns (1) and (2)) relative to the variables used in the analysis. Robust standard errors in parentheses, *** 

indicates significance at 1%, ** indicates significance at 5% and * indicates significance at 10%. Panel B 

represents the mean and the standard deviation of the hazard ratio for all the population of funds, for the survivor 

funds and for the dead funds. We denote as "survivor" a fund that survives during all the 15 year period while we 

denote as "dead" a fund that disappears before the last simulation period. 
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Table 1.39: Factor analysis relative to the Cox model on simulated data
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Chapter 2

Constructive Ambiguity and Banks’

Bailouts

We thank Elena Carletti, Paolo Fulghieri and Nicola Pavoni for helpful comments and suggestions.
All remaining errors are ours.
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2.1 Introduction

The recent financial crisis has been characterized by several types of government interven-

tions and bailouts. One of the main feature of the present crisis is that U.S. government

did not immediately intervene and Lehman Brothers filed for bankruptcy before policy

makers decided to help distressed institutions such as AIG. These events highlight 2 im-

portant facts: first, some governments use what it could be defined as a constructive

ambiguity approach. In fact even if the cost of letting banks fail is high, the government,

by using the credible excuse of acquiring more information about the nature of the prob-

lem, may wait before acting to reduce the moral hazard incentives of the institutions.

Second, it is really important for the banks at which time they show distress. In fact if

Lehman had shown distress after AIG, probably now it would be still alive.

The relationship between bailouts and moral hazard problems has been deeply ex-

plored in the literature. It is well known that there is a tradeoff between trying to restore

confidence in order to prevent systemic problems and the fact that government’s commit-

ment to bailout induces excessive risk taking by the financial institutions. As emphasized

by Nosal and Ordoñez (2016), using a constructive ambiguity approach may be beneficial

because uncertainty about government’s bailout policy may act as a commitment device

and lead banks to self restrain their behavior.

The aim of our research is to bring inside the present debate different sources of moral

hazard and to study how investors’ trust affects the effectiveness of the constructive

ambiguity policy. Hence, in a framework a la Nosal and Ordoñez (2016), we introduce a

new source of moral hazard. In particular we consider the possibility that the financial

institutions, if they refinance their projects, can ex-post steal part of the potentially

pledgeable income of the original project. This fact generates time inconsistency of banks’

behavior. Ex-ante the banks would like to commit to no opportunistic attitude toward

investors. In this way they will increase the liquidity that they can eventually raise if they

are hit by a shock and they need to refinance their projects. But ex-post the financial

institutions, if they have no future concerns, want to steal as much as possible of the

pledgeable income.

If the government has the power to regulate the ex-post behavior of the financial

institutions then it will use this possibility because, how we formally show in the model,

by doing so it will reduce the cost of an eventual bailout. We show that when the policy

maker has this capability, uncertainty will continue to be a good commitment device and

the constructive ambiguity approach will be successful. Interestingly, this latter policy

will continue to be a good one also in the case in which the policy maker has no control
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on the ex-post behavior of the banks but these institutions can ex-ante credibly commit

to no opportunistic behavior.

In the case in which the financial institutions do not care about their future reputation,

the investors will internalize this information and, in case of necessity, they will lend the

minimal amount of liquidity to banks. We show that, in such cases, uncertainty looses its

capability to act as a commitment device and an equilibrium may not exist. We formally

prove that only when the banks have some future concerns the efficacy of the constructive

ambiguity approach is restored.

2.2 Literature Review

In order to develop our model we build on Nosal and Ordoñez (2016), Farhi and Tirole

(2012) and Holmstrom and Tirole (1998). Nosal and Ordoñez (2016) provide a theoretical

explanation in order to justify constructive ambiguity policies. In their model government

bailout uncertainty leads the banks to self restrain their behavior by issuing a Bertrand

type competition for not being the first institution to show distress. Farhi and Tirole

(2012) construct a framework to jointly analyze maturity mismatches and leverage and

they illustrate how these leverage choices are a function of the anticipated reaction of the

policy maker to the overall maturity mismatch. The common building block of these two

papers is Holmstrom and Tirole (1998) that studies the efficient way to solve the liquidity

needs of a firm that is credit constrained due to moral hazard problems. Our contribution

is to introduce a second source of moral hazard and future concerns from the side of the

banking entrepreneurs and to study how the constructive ambiguity policy is affected by

these new elements.

The classical use of the words uncertainty and ambiguity in the economic decision

theoretic literature refers to a situation in which the economic agents do not know the

probability distribution of the state of the world. Even in our context the word ambiguity

is related to a situation in which the financial institutions are uncertain of being bailed

out but we don’t explicitly model the attitude of these economic agents toward this

uncertainty. A paper that studies bailout uncertainty in a way that is much more in line

with the economic decision theoretic literature is Cukierman and Izhakian (2014) . In

particular, Cukierman and Izhakian (2014), in a micro funded general equilibrium model,

make use of the maxmin model of Gilboa and Schmeidler (1989) and they show how

bailout uncertainty affects interest rates, default and moral hazard.

Few papers in the literature analyze the constructive ambiguity policy. Freixas (1999)

studies this type of policy by focusing on the liability structure of the financial institu-
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tions. The optimal policy that arises from the analysis is to impose a critical threshold of

uninsured debt above which the government will not rescue anybody. We do not explicitly

focus our attention on the balance sheet of the banks and our optimal policy is a function

of the informational set available to the policy maker.

In our model government behavior is time inconsistent: ex-ante the government does

not want to provide bailout but ex-post, when the problem is systemic, it wants to provide

help to the financial system. The literature on this type of commitment problem is really

big and often the policy maker has to intervene ex-post for a ”too big to fail” reason1.

In our framework time inconsistency of no bailout policy is not necessarily driven by

”too big to fail” issues and, as in Farhi and Tirole (2012), the problem may be related

to coordinated actions of small banks. A paper that explicitly models herding behavior

of small banks is Acharya and Yorulmazer (2007) . This paper, like Nosal and Ordoñez

(2016) and our paper, also introduces the possibility of bank takeovers.

Pasten (2015) studies the interplay between bailout decisions and prudential regu-

lations in a framework inspired by Farhi and Tirole (2012). This paper, together with

Chari and Kehoe (2013), is one of the few dynamic papers that studies lack of commitment

problems relative to government bailout decisions. Pasten (2015) shows how prudential

policies like liquidity requirements may backfire under certain conditions. In our work the

continuation value of the banking entrepreneurs plays a leading role for making construc-

tive ambiguity a sustainable policy. We can easily interpret our framework as a reduced

form of a repeated game similar in spirit to the ones of Pasten (2015) and Chari and

Kehoe (2013).

The high continuation value attributed to future periods may be driven from reputa-

tional concerns from the side of the financial institutions and the main forces at play are

similar to the ones that make shadow banking sustainable through the use of reputation

in Ordoñez (2014).

2.3 The Model

We generalize Nosal and Ordoñez (2016) framework in order to construct a model en-

vironment in which the fundamentals of the economy θ ∈ Θ = {θ1, . . . , θn} play a key

role, where ∀i ∈ {1, . . . , n}, θi ∈ [0, 1]. In particular we denote θ1 = θ and θn = θ.

The parameter space Θ has finite dimension and it is such that 0 ≤ θj < θj+1 ≤ 1 for

any j ∈ {1, . . . , n}. The distribution over the state space Θ, µ (·) ∈ ∆ (Θ) is common

1Stern and Feldman (2004) provide a fantastic analysis of this topic in their book.
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knowledge, where we denote with ∆ (Θ) the probability simplex over the parameter space

Θ. The model is characterized by two types of shocks: an idiosyncratic shock P1, that

is independent of the economic fundamental θ, and an aggregate shock P θ
2 that is de-

creasing as the fundamental θ grows. P θ
2 is a function of θ. In particular, for a given

θ ∈ Θ we partition the state space conditional on the realization of θ, in such a way that

P θ
0 +2P1 +P θ

2 = 1, where P θ
0 denotes the probability that no bank is affected by the shock.

We assume that θ
′
> θ implies that P θ

2 > P θ
′

2 and consequently P θ
0 < P θ′

0 . The fact that

P1 is independent of the economic fundamentals captures the idea that, in our model,

there are project’s specific issues, that are independent of the economic environment. In

particular these peculiarities are related to how the project is managed and they could

lead to a not successful project even when the economy goes well.

The economy is populated by three types of agents: a government, two banks (or

banking entrepreneurs) and a continuum of households. Time is continuous t ∈ [0, 2]. The

projects of the banks are illiquid and the banks need to borrow money from households

at time t = 0. If the project is successful it repays full payoff at time t = 1 otherwise

the banking entrepreneurs need to borrow again short term in order to refinance the

project and to get certain full payoff at time t = 2. When P1 attains only one bank needs

refinancing while in case P θ
2 realizes both banks need refinancing. We allow an healthy

bank to takeover a distressed bank.

2.3.1 Banks

Each bank has its own endowment of assets A and at time t = 0 it has to decide the

investment scale i to maximize its individual net worth. If A < i, the bank needs to

borrow money from households/investors. The speed of expense outflows is proportional

to the investment size and it is given by idt. This assumption clearly implies that the

bank will run out of cash at t = 1 and, if it is hit by either an idiosyncratic or a systemic

shock, it needs to refinance the project. The speed of expense outflows does not change

after refinancing the project. Thus if the banking entrepreneur refinances an amount j ≤ i

of the investment at time t = 1 then the bank will show distress at time td = 1 + j
i
< 2.

We now describe the payoff structure of the investment project assuming that an

amount i has been financed. The project repays, independently of the shock, a certain

amount πi at time t = 1 in addition to an amount (ρ0 + ρ1) i that is paid only if the bank

is not hit by any shock. If the bank is hit by a shock then the project can be refinanced

up to size j ≤ i and in this case it will pay (ρ0 + ρ1) j at time t = 2. ρ0 + δρ1 is the

pledgeable component2 of the payoff, where δ < 1, while (1− δ) ρ1 is a private benefit

2We make use of a more general definition of pledgeable income with respect to the one that is
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that can be enjoyed only by the banking entrepreneur. If the bank refinances its project

then, after that payoffs are realized at time t = 2, it chooses δ ∈ [0, δmax], i.e. it selects

which part of ρ1 to transfer to the investors up to a maximum level of δmaxρ1. In choosing

δ the banking entrepreneurs also consider their non negative and exogenous3 continuation

value γV (δ, θ) per unit of reinvestment that has the following functional form:

V (δ, θ) =

{
θ
√
δ if θ > θV

0 if θ ≤ θV

where 0 ≤ γ < 1 is a discount factor and θV ∈ Θ. Notice that the continuation value is

weakly increasing in both the fundamental value θ and the transfer parameter δ. A natural

interpretation of the functional form chosen for the continuation value is that picking an

higher δ increases bank’s future refinancing opportunities. The fact that the continuation

value is per unit of reinvestment implicitly assumes that a bank will have bigger refinancing

opportunities tomorrow if today has already good refinancing opportunities, i.e. it is able

to refinance a great part of its investment.

In textbooks4 pledgeable income is defined as the maximum expected amount that

can be promised to investors when the entrepreneurs is paid the minimum rent to exert

maximum effort. If we have to conform to this definition we may say that the pledgeable

income of the investment is ρ0 + δmaxρ1 and we could justify our model by thinking that

at time t = 2, before payoffs are realized, investors are exposed to a source of risk that is

not related to the specific investment for which the bank originally borrowed money. For

instance at time t = 2, before repaying investors, the banking entrepreneurs may have the

opportunity to make a further short term investment that will allow them to internalize

a further part of the payoff of the original investment.

The private benefit that can be internalized only by the financial institution is a

function of the parameter 0 ≤ δ ≤ δmax < δsup < 1, where δmax is given and δsup is specified

below. This parameter, from the perspective of the investors, it can be interpreted as a

measure of how much they trust the banking entrepreneur or of the type of entrepreneur

they expect to meet and it can be justified in several different ways. If we use an exogenous

constraints5 on payouts explanation based on tangible benefits in order to justify the wedge

(1− δ) ρ1 then we can interpret part of this tangible benefits δρ1 as a potential transfer to

standard in the literature. See below for explanations and interpretations.
3The continuation value may be endogenized by considering a full fledged repeated game, where the

basic game is repated several times. This model would only add technical complexity without adding any
economic insight.

4See Holmstrom and Tirole (2011).
5See Holmstrom and Tirole (2011) for details on how to justify the wedge between pledgeable and

non pledgeable income.
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investors that depends on the entrepreneur’s will. If we use an endogenous constraints on

payouts explanation, in line with the classical theory, we can think that the entrepreneur

may in principle reduce part of his private benefits, and hence of his rent, because he

cares about future issues that will affect his future refinancing opportunities. It is clear

that, in a model that ends at time t = 2 without continuation value, i.e. when γ = 0 or

θV = θ, the banks will always have the incentive ex-post to retain as much private benefit

as possible and to set δ = 0. This fact is internalized by the investors given that they are

sure to receive only ρ0. In a dynamic model with future concerns, a bank may want to set

a level of δ 6= 0 because it knows that it will affect its continuation value. For the reasons

specified above we will denote δ as a transfer or trust parameter.

The interpretation that we like the most about our modelling structure is that investors

may face banking entrepreneurs of different types, where the type is identified by δ ∈
[0, δmax], and it is characterized by a different minimum rent. Following this interpretation

we could imagine that ρ0 is the pledgeable income that can be promised to investors by the

0-type entrepreneur. In our model, the fundamental value θ has a direct impact on the

continuation value and consequently investors’ fundamental uncertainty translates into

investors’ uncertainty about banks’ types.

2.3.2 Households/Investors

There are two generations of households that are born at time t = 0 and t = 1. Each

generation contains a continuum of risk neutral households. Households are endowed with

a large amount of assets St when they are born. The government will eventually collect

an amount of taxes Tt+1 from them in order to finance a bailout policy. Hence the utility

function of the household is Ut = St − Tt+1. Each household can either invest in a safe

storage technology whose return is R or lend money to the bank. We assume perfect

competition of the households as lenders and that borrowing is non contingent at time

t = 0. Without loss of generality we impose that R = 1.

A peculiarity of our model is that investors at time t = 1 will lend money to the

financial firm only in exchange of a pledgeable component of the payoff that is a function

of the endogenous trust parameter δ. If the expected trust parameter is δ̂, then the

pledgeable component of the investment project perceived by the investors will be:

ρ̂0 = ρ0 + δ̂ρ1.
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2.3.3 Government

The objective of the government is to maximize the welfare function W :

W = U0 + U1 + βV + 2αj

where U0 and U1 denote utilities of the households/investors; 2j is the total reinvestment

in the economy, i.e. the sum of the reinvestments of the two banking entrepreneurs; V

is the sum of the net worth of the two banking entrepreneurs; α,β are non negative real

numbers.

The first three components of the welfare function are standard. In particular, as it

is common in the literature, we will assume that β < 1 in order to model the fact that

welfare transfers from households to banks are costly.

The term 2αj was already introduced by Farhi and Tirole (2012) and it captures the

idea that the investment has a positive effect on the economy besides its payoffs. In fact

the investment (or reinvestment in case of a crisis) has a positive effect on its stakeholders

such as the workers, provided that they are better off working, and industrial firms that

are involved in the project. These positive externalities are not internalized by the banking

entrepreneurs but are taken into consideration by the government.

2.3.4 Basic Assumptions

In this section we introduce the first set of assumptions that make the model economically

interesting.

Assumption 1 π < 1, ρ0 + δmaxρ1 < 1.and ∀θ ∈ Θ, P θ
0 > 0

Assumption 1 implies that both the initial investment and the reinvestment are finite

independently from the transfer parameter δ and that there is always strictly positive

probability that both banks are not affected by any shock. Notice that δmax < δsup = 1−ρ0

ρ1
.

Assumption 2 ρ0 + ρ1 > 1.

Assumption 2 claims that reinvesting is efficient.

2.3.5 Timing

At time t = 0, the government decides the bailout policy and, in the δ-regulated frame-

work, it also chooses a minimal level of δ. Then the banks make their investment decisions.
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At time t = 1, the investors decide how much they trust the banking entrepreneurs,

i.e. they define which is their level of perceived δ̂ and consequently they define banks’

refinancing conditions. Then the state of nature θ ∈ Θ realizes according to the probability

distribution µ. The fundamental of the economy θ is observed by the government and by

the banking entrepreneurs. A shock eventually happens that can be either idiosyncratic

with probability 2P1 or aggregate with probability P θ
2 . The banks affected by the shock

decide which is the amount of the reinvestment that they want to make. The banks that

are not affected by the shock get ρ0 + ρ1 in addition to π.

If an idiosyncratic shock happens and one bank shows distress, the government decides

whether to bailout or not the distressed bank. In case of no bailout, the healthy banking

entrepreneur can, if he wants, takeovers the distressed entrepreneur. It is important

to notice that takeovers are always beneficial given that reinvesting creates value by

assumption 2.

When an aggregate shock happens, the government takes the decision to bailout or

not if it sees a bank in distress. In case of no bailout of the first distressed bank, the

government can eventually bail out the second distressed bank.

At time t = 2, payoffs realize, the banks decide the level of δ, payoffs are paid and the

game ends.

2.4 δ-Regulated Framework

In this section the government can impose a minimal level of transfer δmin to the financial

firms. This fact will be fully internalized by the investors that will set their perceived level

of transfer δ̂ = δmin. In order to isolate the main forces at play we will assume that banks

have no continuation value and that γ = 0. All the results that we will get under the

δ-regulated framework would continue to be true also in the case in which there are future

concerns and γ 6= 0 because a positive continuation value would increase the incentives

of choosing a δ 6= 0. Given that ex-post, in this framework without future concerns, the

banks will choose δ as smaller as possible, when the government selects δmin it is as if it is

selecting δ. For this reason we will simply say that the government imposes to the banks

a specific level of δ. This is equivalent to study a modified version of the game in which

the government at time t = 0 selects the level of δ together with the bailout policy.
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2.4.1 Full Information

Our aim is to use the model previously described to study how investors’ trust affect the

behavior of the banking entrepreneurs and of the government. Notice that if µ was a

dirac measure concentrated on a single θ ∈ Θ and δmax was equal to 0, our model would

be identical to Nosal and Ordoñez (2016)’s framework with a slightly modified social

welfare function. Under the full information hypothesis the government knows whether

the problem is idiosyncratic or systemic, i.e. it knows exactly how many banks were hit

by the shock if any. We further assume that the government can credibly commit to a

specific bailout policy.

µ is such that ex-ante banks want to invest in the project:

Assumption 3 π + ρ0 + ρ1 > 1 + P1 +
∑
θ∈Θ

µ (θ)P θ
2 .

Assumption 3 makes investing efficient in expectation for the financial firms. Moreover,

we impose that bailouts are socially costly but they are beneficial because they save

efficient projects even when δ = 0.

Assumption 4 βρ1 > 1− ρ0.

Notice that when the government saves a distressed bank the cost of the bailout net of

the pledgeable part of the payoff is fully paid by the consumers while the non pledgeable

component (1− δ) ρ1 is internalized by the bank. These considerations explain the weight

β in front of ρ1 when δ = 0. Although according to assumption 4 the government wants

to save a distressed bank instead of letting it fail, yet the best option for the government

is that an healthy bank takeovers a distressed bank. In fact, given a level of transfer δ, the

expected social gain of a bailout with public funds is x (δ) = β (1− δ) ρ1 + δρ1 + ρ0 − 1,

while the expected social gain of a bailout with private funds is y = β (ρ1 + ρ0 − 1).

Notice that this latter term is positive by assumption 2 and that x (δ) is increasing in the

level of δ. It easy to see that y > x independently from the level of δ, in fact the following

holds:

y − x (δ) = β (ρ1 + ρ0 − 1)− (βρ1 (1− δ) + δρ1 + ρ0 − 1)

= βρ1 + βρ0 − β − βρ1 + βδρ1 − δρ1 − ρ0 + 1

= (1− β) (1− δρ1 − ρ0) > 0

by assumption 1.

The government bailout policy G : [1, 2)× [0, 1]→ {0, 1}, is a function of the time td at

which it observes the first bank in distress and of its beliefs pg that the shock is aggregate,
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where 1 denotes bailout while 0 denotes no bailout. Under full information we have

that pg ∈ {0, 1}. We denote with t∗ the first time at which the government will provide

bailout to a distressed bank, i.e. t∗ = min {t ∈ [1, 2) | G (t, pg) = 1}. Remember that

under commitment the government can credibly commit to a specific bailout policy t∗.

The government provides targeted bailout to the distressed bank by letting the financial

firm borrow at the interest rate ρ0 + δ̂ρ1. Conditional on a perceived level of transfer

δ̂, we will assume that the government has 2 strategies: either provides no bailout or it

provides full bailout by setting an interest rate equal to ρ0 + δ̂ρ1. Under the δ-regulated

assumption, the bailout interest rate is ρ0 + δρ1 given that δ̂ = δ.

The game that we are considering has the same structure of a leader and follower game:

the government is the leader and it chooses the bailout policy and the transfer level δ while

the banks are the followers that take as given the choice made by the government in order

to decide their optimal level of cash savings c. We first study the bank’s problem and

then we go backward to study the optimal government policy. The type of equilibrium

we are looking for is the following:

Definition 1 A δ-regulated symmetric equilibrium under government’s commitment is a

bailout policy G (t, 1), a level of cash holdings c∗ and a transfer level δ∗ such that: c∗ is

the optimal level of cash holdings for the banks given government’s policy G (t, 1) and the

imposed transfer level δ∗; G (t, 1) and δ∗ are optimal choices for the Government when

both financial entrepreneurs select c∗.

Let’s study the bank’s maximization problem. At time t = 0 the bank makes an

investment of size i by using its own assets A and borrowing money from investors.

Hence the following relationship has to be satisfied:

R (i− A) + ci = πi =⇒ i (c) =
A

1− π + c

where w.l.o.g. R = 1 and c denotes the savings per unit of investment of the entrepreneur

for reinvestment purposes. If the bank is hit by a shock at time t = 1, it can refinance

the project up to size j ≤ i, where the reinvestment j is such that:

j − ci =
(
ρ0 + δ̂ρ1

)
j =⇒ j

(
c, δ̂
)

= min

{
c

1− ρ0 − δ̂ρ1

i, i

}

where δ̂ denotes the investors’ trust and in our δ-regulated framework, assuming that a

level δ of transfer is chosen by the government, we have that δ̂ = δ. The speed of expense

outflows is given by idt and if the bank makes a reinvestment of size j
(
c, δ̂
)

it will show
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distress at time td:

td = min

{
1 +

c

1− ρ0 − δ̂ρ1

, 2

}
.

By inspection of the above equation it is clear that if at time t = 0 the bank saves a level

of cash c = 1− ρ0 − δ̂ρ1 then it will never show distress even if it will be hit by a shock.

The bank chooses c in order to maximize its expected utility. If the bank shows distress

at time td

(
c, δ̂
)

before the government bailout time t∗ then its expected pay off will be:

EV (c)|td(c)<t∗ =
∑
θ∈Θ

µ (θ)


(
P θ

0 + P1

)
(c+ ρ0 + ρ1) i (c)

+P1

((
1− δ̂

)
ρ1 +

(
δ̂ − δ

)
ρ1

)
j
(
c, δ̂
)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P θ
2

[
c+

(
ρ0 + ρ1 − 1 +

(
δ̂ − δ

)
ρ1

)
(td − 1)

]
i (c)

 .

In fact fixed the state θ ∈ Θ, with probability P θ
0 + P1 the bank will be healthy

and it will have full payoff ρ0 + ρ1 per unit of investment plus the level of cash holdings

that it saved at time t = 0. When the bank is healthy, there is probability P1 that the

other bank will be hit by a shock, and the healthy bank can takeover the distressed bank

gaining
(
i
′ − j ′

)
(ρ0 + ρ1 − 1), where i

′ − j
′

is the amount of the investment that the

other distressed financial entrepreneur cannot refinance. With probability P1 the bank

will be hit by an idiosyncratic shock and it will just gain
(

1− δ̂
)
ρ1 +

(
δ̂ − δ

)
ρ1, where

δ is chosen by the banking entrepreneur at time t = 2. The gap
(
δ̂ − δ

)
ρ1 is specific of

the present framework and it captures the incentives that the entrepreneurs has to shirk

w.r.t. to the investors’ trust parameter δ̂. Finally in case the bank is hit by an aggregate

shock it gains ci (c) +
(
ρ0 + ρ1 − 1 +

(
δ̂ − δ

)
ρ1

)
(td − 1) i (c). Notice that the following

relationship holds:

ci (c) +
(
ρ0 + ρ1 − 1 +

(
δ̂ − δ

)
ρ1

)
(td − 1) i (c)

= j
(
c, δ̂
)
− ρ0j

(
c, δ̂
)
− δ̂ρ1j

(
c, δ̂
)

+
(
ρ0 + ρ1 − 1 +

(
δ̂ − δ

)
ρ1

)
j
(
c, δ̂
)

=
(

1− δ̂
)
ρ1j
(
c, δ̂
)

+
(
δ̂ − δ

)
ρ1j
(
c, δ̂
)

= (1− δ) ρ1j
(
c, δ̂
)

In our δ-regulated framework we have that δ = δ̂ and the banking entrepreneur payoff

simplifies to:
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EV (c)|td(c)<t∗ =
(P µ

0 + P1) (c+ ρ0 + ρ1) i (c) + (P1 + P µ
2 ) ((1− δ) ρ1) j (c, δ)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

where P µ
0 =

∑
θ∈Θ

µ (θ)P θ
0 and P µ

2 =
∑
θ∈Θ

µ (θ)P θ
2 .

If the bank shows distress at time td (c) after the government bailout time t∗ then its

payoff in general will be equal to:

EV (c)|td(c)≥t∗ =
∑
θ∈Θ

µ (θ)



(
P θ

0 + P1

)
(c+ ρ0 + ρ1) i (c)

+P1

((
1− δ̂

)
ρ1 +

(
δ̂ − δ

)
ρ1

)
j
(
c, δ̂
)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P θ
2

[
c+ ρ0 + ρ1 − (t∗ − 1)

−
(
ρ0 + δ̂ρ1

)
(2− t∗) +

(
δ̂ − δ

)
ρ1

]
i (c)


.

Under the δ-regulated assumption and the usual notation introduced above the expression

reduces to the following:

EV (c)|td(c)≥t∗ =

(P µ
0 + P1) (c+ ρ0 + ρ1) i (c) + P1 ((1− δ) ρ1) j (c, δ)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P µ
2 [c+ ρ0 + ρ1 − (t∗ − 1)− (ρ0 + δρ1) (2− t∗)] i (c)

.

The first order derivatives of the expected value function ∂EV (c)
∂c

∣∣∣
td<t∗

and ∂EV (c)
∂c

∣∣∣
td≥t∗

are really important in determining the behavior of the banking entrepreneur and how he

will react to the bailout policy announced by the government.

In particular, the prior µ is such that ∀t∗ ∈ [1, 2], ∂EV (c)
∂c

∣∣∣
td<t∗

> 0 and ∂EV (c)
∂c

∣∣∣
td≥t∗

< 0

when the pledgeable component perceived by the investors is ρ0 +δmaxρ1. This is formally

stated in the next two assumptions:

Assumption 5 ∂EV (c)
∂c

∣∣∣
td<t∗,δ̂=δmax

> 0

Assumption 6 ∂EV (c)
∂c

∣∣∣
td≥t∗,t∗=2,δ̂=δmax

< 0

These two latter assumptions are explicitly derived as a function of the model’s pa-

rameters in the appendix in their full generality for a generic δ̂ = δ. Assumption 5 states

that, before being bailed out, the bank cares about the reinvestment size when the in-

vestors believe that the pledgeable part of the project is equal to ρ0 + δmaxρ1, i.e. the
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costs of increasing the cash holdings are smaller than the benefits. Assumption 6 models

the fact that if the banking entrepreneur shows distress after the bailout date t∗ then the

financial firm wants to increase leverage.

In the appendix we also show that ∂
∂δ

(
∂EV (c)
∂c

∣∣∣
td<t∗

)
> 0 and ∂

∂δ

(
∂EV (c)
∂c

∣∣∣
td≥t∗,t∗=2

)
>

0, hence when δ decreases ∂EV (c)
∂c

∣∣∣
td≥t∗,t∗=2

will continue to be negative. On the contrary

∂EV (c)
∂c

∣∣∣
td<t∗

could become negative as δ decreases and in the appendix we explicitly derive

the threshold level of transfer δt at which ∂EV (c)
∂c

∣∣∣
td<t∗,δ̂=δt

= 0.

The next proposition is an extension of proposition 1 of Nosal and Ordoñez (2016)

and it shows how the banking entrepreneurs select their optimal level of cash holdings

given the bailout policy t∗ and the level of transfer δ chosen by the government.

Proposition 2 If assumptions 1-6 holds and the government chooses a level of δ > δt and

a bailout policy t∗. Then the optimal level of cash holdings of the banking entrepreneurs

is c (t∗) = (1− ρ0 − δρ1) (t∗ − 1). If δ < δt then c (t∗) = 0. If δ = δt the optimal level of

cash holdings is not determinate.

Notice that by choosing t∗ and δ the government can implicitly select the level of cash

holdings that it prefers for the banks. In particular there are cases in which the same

level of cash holdings could be obtained with different combinations of t∗ and δ.

In order to fully characterize the equilibrium we need to derive the government optimal

policy. The government wants to induce the banks to choose an optimal level of cash that

maximizes its ex-ante expected welfare. We follow Nosal and Ordoñez (2016) and we

consider just the ex-ante expected welfare without the fixed terms that are not influenced

by the level of cash holdings:

W = 2 [β (π + ρ0 + ρ1 − 1− P1 − P µ
2 ) i (c) + αi (c)− (1− β)P µ

2 (1− ρ0 − δρ1 − c) i (c)]

Notice that this expression would remain the same even with a positive continuation value

given that this latter is not a function of the level of cash holdings. The ax-ante expected

welfare is obtained by subtracting from the social value that is created by always financing

and fully refinancing the project the expected value of taxes that are computed as follows:

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



82

T µ = 2P µ
2 (i (c)− j (c)) (1− ρ0 − δρ1)

= 2P µ
2

(
1− c

1− ρ0 − δρ1

)
(1− ρ0 − δρ1) i (c)

= 2P µ
2 (1− ρ0 − δρ1 − c) i (c) .

where i (c) − j (c) is the size of the bailout while 1 − ρ0 − δρ1 is the cost of such bailout

per unit of investment. Notice that ∀c ∈ [0, 1− ρ0 − δρ1), as δ grows the level of taxes

decreases. Moreover if c = 1 − ρ0 − δρ1 then T µ = 0 and increasing the level of δ will

have the benefit of a bigger level of the investment i. All these considerations lead the

government to select δ = δmax6. It is easy to see that

∂W

∂c
> 0

if and only if

β <
P µ

2 (2− ρ0 − δρ1 − π)− α
π + ρ0 + ρ1 − 1− P1 − P µ

2 + P µ
2 (2− ρ0 − δρ1 − π)

= βt.

As α increases βt decreases, in particular if α ≥ P µ
2 (2− ρ0 − δρ1 − π) then βt = 0. In

fact as α becomes bigger the government cares less and less about the cash holdings

because it wants to maximize the size of the investment given that it creates big positive

externalities.

It is interesting to study the effect that δ has on the threshold βt:

∂βt

∂δ
=

∂

∂δ

(
P µ

2 (2− ρ0 − δρ1 − π)− α
π + ρ0 + ρ1 − 1− P1 − P µ

2 + P µ
2 (2− ρ0 − δρ1 − π)

)
= −P µ

2 ρ1
π + ρ0 + ρ1 − 1− P1 − P µ

2 + α

[π + ρ0 + ρ1 − 1− P1 − P µ
2 + P µ

2 (2− ρ0 − δρ1 − π)]2
< 0

by assumption 3. Hence as δ grows, the level of trust of the investors in the financial

system becomes bigger and the banks acquire importance. In this latter situation it

becomes harder for the government to care about the cash holdings instead of the size of

the investment because as δ grows the cost of bailout decreases. For a given level of β,

the trust parameter δ changes the incentives of the government toward the cash holdings.

Imagine that ∀δ ∈ [0, δmax] we have that β > βt and ∂W
∂c

< 0. In this case the policy maker

6Remember that even with a positive continuation value the government would like to select δ = δmax

because the continuation value is a non decreasing function of δ.
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wants to reduce the level of cash holdings as much as possible and it provides immediate

bailout by setting t∗ = 1. We want to study situations in which the government care more

about cash holdings w.r.t. the size of the investment, for this reason we will assume that

the parameters of the model satisfy the following hypothesis:

Assumption 7 The parameter α and β are such that 0 < β < βt when δ = δmax

Given the above discussion, it should be clear that β will continue to be smaller than

βt when δ = 0.

Proposition 3 Under assumptions 1-7 the δ-regulated symmetric equilibrium is given by

δ∗ = δmax, t∗ = 2 and c∗ = 1− ρ0 − δmaxρ1.

Remark: notice that when assumptions 4 and 7 hold together, government bailout

policy is time inconsistent. Ex-ante the government does not want to provide bailout in

order to give incentives to financial institutions to increase their level of cash holdings.

But ex-post the bailout is socially beneficial and the government in case of aggregate

shock and no ex-ante commitment to no bailout it will intervene.

If we relax the hypothesis that the government can ex-ante commit to a specific bailout

policy t∗, by following a line of reasoning essentially equivalent to the one in Nosal and

Ordoñez (2016), under assumptions 4 and 6 we could define and find a non commitment

equilibrium in which the government selects δ∗ = δmax, it immediately intervenes when

the shock is aggregate and the banks hold no capital, i.e. c∗ = 0 . In fact the government

under full information knows the type of shock and if the shock is idiosyncratic it is better

do not intervene and let the healthy bank to takeover the distressed bank.

2.4.2 Imperfect Information

In this subsection we will relax the assumption of full information and we will assume that

the government does not know the nature of the shock. In particular when it observes a

bank in distress in state θ, it updates its belief about having two banks in distress from

P θ
2 to P θ,new

2 by using Bayes rule, i.e. the following holds:

P θ,new
2 =

P θ
2

P1 + P θ
2

>
P θ

2

P θ
0 + 2P1 + P θ

2

= P θ
2 .

If [
P θ,new

2 (2x (δmax)) +
(

1− P θ,new
2

)
x (δmax)

]
(2− td) i

<
[
P θ,new

2 (x (δmax)) +
(

1− P θ,new
2

)
y
]

(2− td) i
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then the interim welfare from saving the first bank in distress is smaller than the

interim welfare of waiting and eventually saving the second bank in distress. The next

assumption extends this condition to any θ and δ. When this condition holds, the gov-

ernment wants to wait and it does not intervene when it sees the first bank in distress.

Assumption 8 P θ,new
2 < 1− x(δmax)

y

Given that we are in a δ-regulated framework, the banks take as given the level of δ

imposed by the government and, in order to decide the level of cash c that they want to

hold, they have to look at the choice c
′

made by the opponent institution. In fact, under

assumption 8, the expected payoff of a generic financial institution is specified as follows:

if td (c, δ) < td
(
c
′
, δ
)
,

EV (c)|td(c,δ)<td(c′ ,δ) =
(P µ

0 + P1) (c+ ρ0 + ρ1) i (c) + (P1 + P µ
2 ) ((1− δ) ρ1) j (c, δ)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

(2.1)

if td (c, δ) = td
(
c
′
, δ
)
,

EV (c)|td(c,δ)=td(c′ ,δ) =

(P µ
0 + P1) (c+ ρ0 + ρ1) i (c) + P1 ((1− δ) ρ1) j (c, δ)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P µ
2 [c+ ρ0 + ρ1 − (td (c, δ)− 1)− (ρ0 + δρ1) (2− td (c, δ))] i(c)

2

(2.2)

and if td (c, δ) > td
(
c
′
, δ
)

EV (c)|td(c,δ)>td(c′ ,δ) =

(P µ
0 + P1) (c+ ρ0 + ρ1) i (c) + P1 ((1− δ) ρ1) j (c, δ)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P µ
2 [c+ ρ0 + ρ1 − (td (c, δ)− 1)− (ρ0 + δρ1) (2− td (c, δ))] i (c)

.

(2.3)

We assumed that if both banks show distress at the same moment then the government

saves only one bank and each bank has a probability 1/2 of being rescued.

The type of equilibrium we are looking for under imperfect information is a modi-

fied version of the notion of equilibrium that we previously introduced. Under this new

equilibrium notion, the government does not provide bailout to the first bank in distress

while it always saves the second bank showing distress because, in this latter situation, it

is sure that the shock is aggregate. We denote this government’s policy as constructive

ambiguity.
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Definition 4 A δ-regulated symmetric equilibrium under imperfect information and delay

(assumption 8 holds) is a bailout policy G (t, pg), a level of cash holdings c∗ and a transfer

level δ∗ such that: c∗ is the optimal level of cash holdings for the banks given the imposed

transfer level δ∗ and government’s constructive ambiguity policy G (t, pg); G (t, pg) and δ∗

are optimal choices for the Government when both financial entrepreneurs select c∗.

As usual, under assumptions 4 and 7, increasing δ will decrease both the cost and

the probability of a bailout. Moreover when the banks choose the maximal level of cash

given δ, letting this latter parameter growing will increase the size of the investment

without increasing the probability of showing distress of the 2 financial entrepreneurs. As

a consequence the government will always select δ = δmax and the banks will take this

level of transfer as given in their optimization problem.

Exactly as in Nosal and Ordoñez (2016), each bank in deciding its level of cash c,

by taking as given the level of cash c
′ ∈ [0, 1− ρ0 − δmaxρ1) of the opponent financial

entrepreneur, has an incentive to choose c
′

+ ε with ε strictly positive and small. In

fact by making this choice, the financial entrepreneur will have a discontinuous jump

in its payoff at a cost of reducing slightly the amount of the investment. A graphical

representation of this situation is contained in figure 2.1, where we plotted the expected

payoff of a generic bank as a function of the cash level c.

This sort of race between the financial institutions will continue till both entrepreneurs

will choose c = c
′

= 1 − ρ0 − δmaxρ1. These considerations allow us to extend the main

result of Nosal and Ordoñez (2016) to our δ-regulated framework:

Proposition 5 Under assumptions 1-8 the unique δ-regulated symmetric equilibrium un-

der imperfect information and delay is given by δ∗ = δmax, government’s constructive

ambiguity policy G (t, pg) and c∗ = 1− ρ0 − δmaxρ1.

According to this result the constructive ambiguity approach under the delay condition

seems to be a successful policy. Unfortunately as we will show in the next section, without

any considerations about the future from the side of the financial entrepreneurs, the result

will not anymore be true once we exit from the δ-regulated framework.
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Figure 2.1: Expected Payoff when δ > δt
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2.5 General Framework

In the present section we consider situations in which the threshold level δt is strictly

positive and the government cannot anymore impose to the banks a minimum level of δ.

2.5.1 No Future Concerns

Only for this subsection we will continue to assume that γ = 0 and that there are no future

concerns. A really interesting result is that, under full information and government’s

commitment, the equilibrium allocation reached in proposition 3 could be obtained also

if we relax the assumption that the level of transfer δ is imposed by the government

and we assume that the financial entrepreneur can commit ex-ante to a specific level

of δ by choosing together both the size of the investment and the transfer after that

the government has established its bailout policy. In this modified version of the game,

investors’ perceived level of trust δ̂ is still equal to δ because banks’ commitment is

credible. The next proposition summarize this result. The concept of equilibrium that we

use is equivalent to the δ-regulated equilibrium introduced above except for the fact that

now the transfer δ is chosen ex-ante by the financial institution, we denote this equilibrium

as the full commitment equilibrium. In fact the government commits to a bailout policy

while the bank commits to a specific level of δ.

Proposition 6 Under assumptions 1-7 the full commitment equilibrium is given by, t∗ =

2, δ∗ = δmax and c∗ = 1− ρ0 − δmaxρ1.

The main message of proposition 6 is that ex-ante the banks have all the incentives

to behave properly even without future concerns because in this way they have better

refinancing opportunities if they are hit by a shock7. The problem is that ex-post, if there

are no future concerns, these incentives disappear.

We will now focus our attention to the imperfect information case without ex-ante

commitment from the side of the banks.

When the financial entrepreneurs cannot commit ex-ante to a certain level of δ, given

that in our model there are no future concerns, at time t = 2 they will want to lower

δ as much as possible and, independently of the state θ ∈ Θ, they will set δ = 0. In

equilibrium, the rational investors anticipate banks’ behavior and they set their level of

perceived transfer δ̂ = 0 = δ.

7By now it should be clear why in our framework it is highly realistic to assume that the continuation
value is non decreasing in δ.
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The value functions of the banks under imperfect information and assumptions 1-

8, are given by equations 2.1-2.3. In order to understand what happens when δ = 0, we

graphically show how these functions behave when δ = δt and δ < δt. In particular we plot

how the payoff of a financial institution varies as a function of the chosen level of cash c,

conditional the level of cash c
′

chosen by the opponent financial entrepreneur. If δ ≥ δt8,

then the constructive ambiguity approach works fine because the competition between

banks will lead them to increase the level of cash holdings till the level of 1− ρ0 − δρ1 is

reached by both the financial institutions.

The problem is that in our general framework without future concerns we end up in

the situation depicted in figure 2.3, because δ = 0 < δt. In this case, under assumptions

1-8, an equilibrium does not exist even under the constructive ambiguity policy. Suppose

that the opponent bank holds c
′
= 0, then the financial entrepreneur will choose c = 0 +ε

with ε small and strictly positive. The opponent bank reacts to this choice by choosing

c
′

= c + ε and this type of behavior will continue till one of the two banks reach a point

at which EV (c)|td(c,δ)>td(c′ ,δ) = EV (0). In this situation the other bank does not want

to go a bit further in terms of cash holdings and the best option will be to go back to 0

cash holdings and the cycle restarts.

This reasoning showed that an equilibrium does not exist in general in our framework

when the banks don’t have any concerns about their future continuation value.

Remark: there is a nice parallelism between the present framework without future

concerns and an alternative model where the banking entrepreneurs care about the future

but investors are uncertainty averse. In fact an equivalent no equilibrium situation can

be reached if the investors’ preferences exhibits an extreme uncertainty aversion behavior

and consequently they always associate to the banks the lowest possible type.

2.5.2 Future Matters

We believe that the situation depicted in the present setting best describes a crisis sce-

nario where markets are illiquid. The objective of this subsection is to show that it is

possible to restore the successfulness of the constructive ambiguity policy and to reach

a positive equilibrium provided that the banks care enough about the future. Hence an

8For the case δ > δt, look at Figure 2.1 of the previous section.
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Figure 2.2: Expected Payoff when δ = δt
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Figure 2.3: Expected Payoff when δ < δt
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important policy implication of the present analysis is that if the government wants to

use a constructive ambiguity policy in a successful way then it has to complement it with

market policies that increase the continuation value of the banks that behave properly.

We start by relaxing the hypothesis of no future concerns and by assuming that γ 6= 0.

As usual we make use of a backward approach. At time t = 2 after the realization of

the fundamental value θ ∈ Θ, the banking entrepreneur solves the following optimization

problem:

max
δ∈[0,δmax]

(1− δ) ρ1 + γV (δ, θ) .

Given the above stated functional form for the continuation value, we have that the

ex-ante optimal strategy δ∗ : Θ→ [0, δmax] is given by the following expression9:

δ∗ (θ) =


(
γθ
2ρ1

)2

if θ > θV

0 if θ ≤ θV

Obviously the rational investors internalize this fact and at time t = 1 and, before

θ realizes, they define the refinancing condition for a distressed bank by setting δ̂ =∑
θ∈Θ

µ (θ) δ∗ (θ). We assume that the common prior µ is such that the following holds:

Assumption 9
∑
θ∈Θ

µ (θ) δ∗ (θ) ≥ δt.

The above assumption implies that when the banking entrepreneurs care about the

future the market becomes enough liquid in such a way that a positive equilibrium can

be sustained. The type of equilibrium we are looking for is the following:

Definition 7 A symmetric equilibrium under imperfect information and delay (assump-

tion 8 holds) is a bailout policy G (t, pg), a level of cash holdings c∗ and a banks’ transfer

strategy δ∗ such that: c∗ is the optimal level of cash holdings for the banks given in-

vestors’ perceived level of transfer δ̂ =
∑
θ∈Θ

µ (θ) δ∗ (θ), where δ∗ denote the banks’ optimal

transfer strategy, and government’s constructive ambiguity policy G (t, pg); G (t, pg) is an

optimal choice for the Government when both financial entrepreneurs select c∗ and in-

vestors’ perceived level of transfer is δ̂; δ∗ is an optimal transfer strategy for the banking

entrepreneurs.

It is now straightforward to make a type of analysis similar to the one of the previous

subsection and to verify the following proposition:

9We assume that the parameters of the problem are such that an internal solution exists, i.e.
(
γθ
2ρ1

)2
∈

[0, δmax].
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Proposition 8 Under assumptions 1-9 the unique symmetric equilibrium under imperfect

information and delay is given by δ∗ = δ∗ (θ) =


(
γθ
2ρ1

)2

if θ > θV

0 if θ ≤ θV
, government’s

constructive ambiguity policy G (t, pg) and c∗ = 1− ρ0 − δ̂ρ1.

2.6 Conclusions

By introducing the possibility that the banks can ex-post steal part of the potentially

pledgeable income, we have shown that, when the banking entrepreneurs do not have

future concerns, the constructive ambiguity approach is successful only when the gov-

ernment can regulate banks’ ex-post behavior in a δ-regulated framework or when the

financial entrepreneurs have credible commitment devices.

In general when the banks do not have the possibility to commit ex-ante to no stealing

then an equilibrium may not exist and the constructive ambiguity policy may fail. Only

the introduction of future concerns considerations from the perspective of the financial

institutions allow us to restore the successfulness of the constructive ambiguity policy.

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



93

2.7 Appendix: δ-regulated framework

2.7.1 Derivation of ∂EV (c)
∂c

∣∣∣
td<t∗

By using the fact that ci (c) = (π − 1) i (c) +A and j (c, δ) (1− ρ0 − δρ1) = ci (c) we have

that the following holds:

∂EV (c)

∂c

∣∣∣∣
td<t∗

=
∂

∂c

(
(P µ

0 + P1) (c+ ρ0 + ρ1) i (c) + (P1 + P µ
2 ) ((1− δ) ρ1) j (c, δ)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

)

=
∂

∂c

 (P µ
0 + P1) (ρ0 + ρ1) i (c) + P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+

[
P µ

0 + P1 +
(P1+Pµ2 )((1−δ)ρ1)

(1−ρ0−δρ1)

]
ci (c)


=

∂

∂c

 (P µ
0 + P1) (ρ0 + ρ1) i (c) + P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+

[
P µ

0 + P1 +
(P1+Pµ2 )((1−δ)ρ1)

(1−ρ0−δρ1)

]
((π − 1) i (c) + A)


=

 (P µ
0 + P1) (ρ0 + ρ1)

+

[
P µ

0 + P1 +
(P1+Pµ2 )((1−δ)ρ1)

(1−ρ0−δρ1)

]
(π − 1)

 ∂i (c)

∂c

Notice that
∂i (c)

∂c
=

∂

∂c

(
A

1− π + c

)
= − A

(1− π + c)2 < 0

Hence ∂EV (c)
∂c

∣∣∣
td<t∗

> 0 if and only if

(P1 + P µ
2 ) ((1− δ) ρ1)

(1− π)

(1− ρ0 − δρ1)
− (P µ

0 + P1) (ρ0 + ρ1 + π − 1) > 0

2.7.2 Derivation of ∂
∂δ

(
∂EV (c)
∂c

∣∣∣
td<t∗

)
> 0

Let’s compute ∂
∂δ

(
∂EV (c)
∂c

∣∣∣
td<t∗

)
> 0.
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∂

∂δ

(
∂EV (c)

∂c

∣∣∣∣
td<t∗

)
=

∂

∂δ

[
(P1 + P µ

2 ) ((1− δ) ρ1)

(1− ρ0 − δρ1)
(π − 1)

∂i (c)

∂c

]
=
− (P1 + P µ

2 ) ρ1 (1− ρ0 − δρ1)

(1− ρ0 − δρ1)2 (π − 1)
∂i (c)

∂c

+
ρ1 (P1 + P µ

2 ) (1− δ) ρ1

(1− ρ0 − δρ1)2 (π − 1)
∂i (c)

∂c

=
(P1 + P µ

2 ) ρ1 (ρ1 + ρ0 − 1)

(1− ρ0 − δρ1)2 (π − 1)
∂i (c)

∂c

By assumptions 1 and 2 and the fact ∂i(c)
∂c

< 0, this derivative is always positive.

2.7.3 Derivation of ∂EV (c)
∂c

∣∣∣
td≥t∗,t∗=2

∂EV (c)

∂c

∣∣∣∣
td≥t∗

=
∂

∂c

 (P µ
0 + P1) (c+ ρ0 + ρ1) i (c) + P1 ((1− δ) ρ1) j (c, δ)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P µ
2 [c+ ρ0 + ρ1 − (t∗ − 1)− (ρ0 + δρ1) (2− t∗)] i (c)



=
∂

∂c

 (P µ
0 + P1 + P µ

2 ) (ρ0 + ρ1) i (c) + P1 ((1− δ) ρ1) j (c, δ)

(P µ
0 + P1 + P µ

2 ) ci (c) + P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P µ
2 [− (t∗ − 1)− (ρ0 + δρ1) (2− t∗)] i (c)


By using again the fact that ci (c) = (π − 1) i (c) + A and j (c, δ) (1− ρ0 − δρ1) = ci (c)

we get:

∂EV (c)

∂c

∣∣∣∣
td≥t∗

=
∂

∂c

 (P µ
0 + P1 + P µ

2 ) (ρ0 + ρ1) i (c) + P1((1−δ)ρ1)
1−ρ0−δρ1

((π − 1) i (c) + A)

+ (P µ
0 + P1 + P µ

2 ) ((π − 1) i (c) + A) + P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

+P µ
2 [− (t∗ − 1)− (ρ0 + δρ1) (2− t∗)] i (c)



=

 (P µ
0 + P1 + P µ

2 ) (ρ0 + ρ1) + P1((1−δ)ρ1)
1−ρ0−δρ1

(π − 1)

+ (P µ
0 + P1 + P µ

2 ) (π − 1)

+P µ
2 [− (t∗ − 1)− (ρ0 + δρ1) (2− t∗)]

 ∂i (c)

∂c

=

 (1− P1) (ρ0 + ρ1) + P1((1−δ)ρ1)
1−ρ0−δρ1

(π − 1)

+ (1− P1) (π − 1)

+P µ
2 [− (t∗ − 1)− (ρ0 + δρ1) (2− t∗)]

 ∂i (c)

∂c

We want to restrict the parameters of the model in such a way that after bailout is

provided for the bank is optimal to increase leverage, i.e. ∂EV (c)
∂c

∣∣∣
td≥t∗

< 0. Given that
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∂i(c)
∂c

< 0 we have that if this condition is satisfied for t∗ = 2 then it is satisfied for any t∗.

By imposing this restriction we get that:

∂EV (c)

∂c

∣∣∣∣
td≥t∗

=

(
(1− P1) (ρ0 + ρ1) + P1((1−δ)ρ1)

1−ρ0−δρ1
(π − 1)

(1− P1) (π − 1)− P µ
2

)
∂i (c)

∂c

and we have that ∂EV (c)
∂c

∣∣∣
td≥t∗

< 0 if and only if

(1− P1) (π + ρ0 + ρ1 − 1)− P1 ((1− δ) ρ1)

1− ρ0 − δρ1

(1− π)− P µ
2 > 0

2.7.4 Derivation of ∂
∂δ

(
∂EV (c)
∂c

∣∣∣
td≥t∗,t∗=2

)
> 0

We now derive the explicit expression for ∂
∂δ

(
∂EV (c)
∂c

∣∣∣
td≥t∗

)
> 0:

∂

∂δ

(
∂EV (c)

∂c

∣∣∣∣
td≥t∗,t∗=2

)
=

∂

∂δ

[(
(1− P1) (ρ0 + ρ1) + P1((1−δ)ρ1)

1−ρ0−δρ1
(π − 1)

+ (1− P1) (π − 1)− P µ
2

)
∂i (c)

∂c

]

=
∂

∂δ

[
P1 ((1− δ) ρ1)

1− ρ0 − δρ1

(π − 1)
∂i (c)

∂c

]
=

(
−P1ρ1 (1− ρ0 − δρ1) + ρ1 (P1ρ1 − P1δρ1)

(1− ρ0 − δρ1)2

)
(π − 1)

∂i (c)

∂c

=

(
P1ρ1 (ρ1 + ρ0 − 1)

(1− ρ0 − δρ1)2

)
(π − 1)

∂i (c)

∂c

By assumptions 1 and 2 and the fact ∂i(c)
∂c

< 0 and t∗ ∈ [1, 2], this derivative is always

positive.

2.7.5 Proof of Proposition 2

If δ > δt, we have that ∂EV (c)
∂c

∣∣∣
td≥t∗

< 0 and ∂EV (c)
∂c

∣∣∣
td<t∗

> 0.

If c > (1− ρ0 − δρ) (t∗ − 1), then td = 1 + c
1−ρ0−δρ > t∗ and by assumption 6

∂EV (c)
∂c

∣∣∣
td≥t∗

< 0. Consequently the bank will reduce its level of cash.

If c < (1− ρ0 − δρ0) (t∗ − 1) then td < t∗ and by assumption 5 ∂EV (c)
∂c

∣∣∣
td<t∗

> 0

Consequently the bank will increase its level of cash. These considerations hold when

td < 2. If td ≥ 2, then
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EV (c) =
∑
θ∈Θ

µ (θ)

[ (
P θ

0 + P1

)
(c+ ρ0 + ρ1) i (c) +

(
P1 + P θ

2

)
(c+ ρ0 + ρ1 − 1) i (c)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

]

=
∑
θ∈Θ

µ (θ)

[
ci (c) +

(
ρ0 + ρ1 −

(
P1 + P θ

2

))
i (c)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

]

=
∑
θ∈Θ

µ (θ)

[
A+

(
π − 1 + ρ0 + ρ1 −

(
P1 + P θ

2

))
i (c)

+P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

]
= A+ (π − 1 + ρ0 + ρ1 − (P1 + P µ

2 )) i (c) + P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1)

By taking the derivative w.r.t. c we obtain:

∂EV (c)

∂c
= (π − 1 + ρ0 + ρ1 − (P1 + P µ

2 ))
∂i (c)

∂c

and ∂EV (c)
∂c

< 0 by the fact that ∂i(c)
∂c

< 0 and by assumption 3. Hence the bank also

in this case wants to reduce the level of cash holdings. �

2.7.6 Derivation of the threshold δt

By solving ∂EV (c)
∂c

∣∣∣
td<t∗

= 0 as a function of δ we obtain that

(P µ
0 + P1) (ρ0 + ρ1) +

[
P µ

0 + P1 +
(P1 + P µ

2 ) ((1− δ) ρ1)

(1− ρ0 − δρ1)

]
(π − 1) = 0 (2.4)

(P µ
0 + P1) (ρ0 + ρ1 + π − 1)− (P1 + P µ

2 ) ((1− δ) ρ1)

(1− ρ0 − δρ1)
(1− π) = 0

(P µ
0 + P1) (ρ0 + ρ1 + π − 1)− (P1 + P µ

2 ) (ρ1 − δρ1)

(1− ρ0 − δρ1)
(1− π) = 0

(P µ
0 + P1) (ρ0 + ρ1 + π − 1) (1− ρ0 − δρ1)− (P1 + P µ

2 ) (ρ1 − δρ1) (1− π) = 0

[(P µ
0 + P1) (ρ0 + ρ1) + π − 1] (1− ρ0 − δρ1) + [(P1 + P µ

2 ) (1− ρ0 − ρ1)] (1− π) = 0

δt =
1

ρ1

[
1− (P1 + P µ

2 ) (ρ0 + ρ1 − 1) (1− π)

(P µ
0 + P1) (ρ0 + ρ1)− (1− π)

− ρ0

]
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Notice that δt < δmax because the left hand side of equation 2.4 increases as δ decreases

and it is negative at δ = δmax by assumption 5. Notice that by assumption 2:

ρ0 + ρ1 − 1 > 0.

�

2.7.7 Proof of Proposition 3

By assumption 7 we know that ∀δ ∈ [0, δmax],

∂W

∂c
> 0.

Consequently the government wants to induce the financial firms to choose c∗ = 1−ρ0−δρ1

and by proposition 2 if δ > δt this can be obtained by setting t∗ = 2, i.e. by never providing

bailout. Assume that δ > δt. We will show that when c∗ (δ) = 1−ρ0−δρ1 the government

has always the incentive to increase δ. The ex-ante expected social welfare is:

W = 2 [β (π + ρ0 + ρ1 − 1− P1 − P µ
2 ) i (c) + αi (c)− (1− β)P µ

2 (1− ρ0 − δρ1 − c) i (c)]

= [β (π + ρ0 + ρ1 − 1− P1 − P µ
2 ) + α]

2A

1− π + 1− ρ0 − δρ1

where we used the fact that i (1− ρ0 − δρ1) = A
1−π+1−ρ0−δρ1

. By derivating this latter

expression w.r.t. δ we get that:

w
∂W

∂δ
= [β (π + ρ0 + ρ1 − 1− P1 − P µ

2 ) + α]
2ρ1A

(1− π + 1− ρ0 − δρ1)2 > 0

by assumption 3.�

2.7.8 Proof of Proposition 6

Let’s assume that the government chooses t∗ = 2.

If δ < δt then c∗ = 0 and

EV (0) = (P µ
0 + P1) (ρ0 + ρ1)

A

1− π
+ P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1) .

Given that EV (0) is constant and independent from δ, we know that when δ > δt the

bank by setting c∗ = 1 − ρ0 − δρ1 obtains a payoff bigger than EV (0). For this reason
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for the bank ex-ante is optimal to set δ > δt. When δ > δt the optimal choice of the bank

is c∗ = 1 − ρ0 − δρ1. At this value for the financial entrepreneur is optimal to further

increase δ if ∂
∂δ

(
EV (1− ρ0 − δρ1)|td<t∗

)
> 0. Notice that

EV (1− ρ0 − δρ1) = A
(P µ

0 + P1) (1 + (1− δ) ρ1) + (P1 + P µ
2 ) ((1− δ) ρ1)

1− π + 1− ρ0 − δρ1

+ P1

(
i
′ − j ′

)
(ρ0 + ρ1 − 1) .

By derivating this expression w.r.t. δ we get that:

∂

∂δ

[
(P µ

0 + P1) + ((1− δ) ρ1)

1− π + 1− ρ0 − δρ1

]
= ρ1

P µ
0 + P1 + ρ1 + ρ0 + π − 1− 1

(1− π + 1− ρ0 − δρ1)2 > 0

by assumption 3.

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



99

Chapter 3

From Preferences to Choice: a

Completion Approach
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3.1 Introduction

Since the seminal paper by Aumann (1962), modelling incomplete preferences has become

a standard problem in the field of decision theory. Several authors, Aumann (1962), Be-

wley (2002), Shapley and Baucells (1998) and Dubra, Maccheroni and Ok (2004) among

others, found a way of representing an incomplete preference relation either in an ambi-

guity setup or in a risk based framework.

An apparently independent problem in decision theory under uncertainty has been the

resolution of Ellsberg type paradoxes like the one of Ellsberg (1961). Some of the most

satisfactory and elegant resolutions of this latter problem were proposed by Schmeidler

(1989) and by Gilboa and Schmeidler (1989) (GS hereafter). The paper by Gilboa, Mac-

cheroni, Marinacci and Schmeidler (2010) (GMMS hereafter) provides a bridge between

these two type of issues. In fact the authors have found a way of completing an initially

incomplete preference relation in such a way that the resulting complete preference rela-

tion has a maxmin functional representation a là GS. The key axiom behind the GMMS’s

representation is an axiom called “caution”. A Decision Maker (DM hereafter) satisfies

the caution axiom if she prefers constant acts whenever two acts are not comparable with

respect to the incomplete preference relation.

Our paper is aimed at studying, in a generalized version of the GMMS’s framework,

how an agent can complete in a consistent way an incomplete piece of information. Our

agent is embedded with a finite number of potential completion criteria and, since a choice

has to be performed, the agent aggregates these potential completion criteria in a unique

choice correspondence that represents the choices that will be eventually made1. We can

think about the potential completion criteria as competing theories of which the DM is

aware of and that are consistent with the initial piece of information.

The present framework has also an interesting interpretation from a statistical decision

theoretic viewpoint. There is in fact a tight link between robust statistics and decision

making under ambiguity2. Following the suggestion provided by Cerreia-Vioglio, Mac-

cheroni, Marinacci and Montrucchio (2013a), we can interpret the “objective” incomplete

preference relation %∗ in terms of a datum of the problem that has to be inserted inside

the DM’s subjective framework. The “objective” information is commonly accepted 3

1The fact that the DM considers only a finite number of criteria can be interpreted by thinking that
our agent is computationally bounded and it is not able to contemplate an infinite number of potential
completion criteria.

2For a complete discussion and proper formalization of the topic see Cerreia-Vioglio, Maccheroni,
Marinacci and Montrucchio (2013b).

3According to the classical interpretation provided by GMMS, it is as if the DM has a proof of the
correctness of her “objective” decisions.
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and, as a consequence, all the potential completion criteria have to be consistent with

this incomplete preference relation. It is as if the DM knows that the correct model be-

longs to the class of models consistent with the “objective” incomplete preference relation.

Hence she has to choose a subset of models from this class.

We now provide a simple clarifying example.

Example 9 A DM considers 3 potential completion criteria, 2 of which have a repre-

sentation a là GS and the remaining one has an invariant biseparable preference a là

Ghirardato, Maccheroni and Marinacci (2004) (GMM hereafter). All 3 potential com-

pletion criteria have to be consistent with %∗ and they are aggregated by the agent in

the“subjective” choice correspondence Co. The situation just described is represented in

Figure 3.1.

N

The attitude that the DM has toward the potential completion criteria plays a leading

role in our paper. A first basic Harsanyi type result is introduced in Proposition 24 in

which we show how consistency of the final aggregator w.r.t. the completion criteria

only implies that the final functional representation is a (not unique) combination of the

potential completion criteria.

The main representation results of the paper are characterized by a negative attitude

of the agent toward the potential completion criteria. This pessimistic behavior is ax-

iomatically formalized by Criteria Uncertainty Aversion Axiom 25. In Proposition 26 and

Proposition 30 we show that only a really “cautious” DM will end up in a representation a

là GMMS and that in general a distrustful agent is characterized by the following criteria:

Co (A) = argmax
f∈A

{
min
γ∈Γ

N

Σ
j=1
γjIj (f)

}
where {Ij : B0 (Σ)→ R}Nj=1 are monotonic, constant additive and positively homogenous

linear functional and Γ ⊆ 4 ({1, 2, . . . , N}) is a closed and convex set.

In Theorem 33 we give a variational type representation w.r.t. the potential comple-

tion criteria by considering an agent that satisfies Criteria Uncertainty Aversion Axiom

and two novel axioms: Variability and Criteria Betweenness. Criteria Betweenness ax-

iomatically captures the idea that the final valuation Io (u (f)) of a generic non constant

act f has to be always between the valuations of 2 potential completion criteria, i.e.

there always exist 2 criteria i and j such that Ii (u (f)) ≤ Io (u (f)) ≤ Ij (u (f)). On

the other side the second axiom formalizes the idea that the potential completion criteria

considered needs to have enough variability in their valuations in such a way that for any
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Figure 3.1: A simple example

 

The Figure represents the relationship between the incomplete preference relationship, the potential completion 

criteria and the choice correspondence. 
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2 non constant acts f, g there always exists a criteria i such that | Ii (u (f))−Ii (u (g)) |≥|
Io (u (f)) − Io (u (g)) |. Although the different axiomatic structure, this latter result is

clearly inspired by the work of Maccheroni, Marinacci and Rustichini (2006) (MMR here-

after) and we obtain the following representation:

Co (A) = argmax
f∈A

{
min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)}
where c : 4 ({1, 2, . . . , N}) → [0, ∞] is a grounded, convex and lower semicontinuous

function.

The paper consists overall of 5 sections. In the “Framework” section we describe the

setup and we introduce the preliminaries necessary to properly understand the model.

In the sections “A simple aggregation process”, ”A pessimistic attitude”, ”A variational

approach” we axiomatically characterize a DM that has different attitudes toward the po-

tential completion criteria. Finally we try to insert our paper inside the current literature

in the “Related Literature” section and we conclude. All the proofs are contained inside

the “Appendix” section.

3.2 Framework

We make use of a version of the Anscombe and Aumann (1963) model as restated by

Fishburn (1970). A von-Neumann-Morgenstern lottery is a finite support probability

distribution over the set of outcomes X. The set of lotteries L over X, is endowed with

a mixing operation: ∀P, Q ∈ L and ∀α ∈ [0, 1], we define αP + (1− α)Q ∈ L pointwise

over X. The finite set of states of the world is S and it is endowed with an algebra Σ

of events. The set of finitely additive probabilities on Σ is denoted as ∆ (Σ) and it is

endowed with the eventwise convergence topology. The set of simple acts F consists of all

simple measurable functions f : S → L and it is convexified by performing a pointwise

mixture operation on S. We denote with Fc the set of constant acts4 and with H the

set of all non empty finite subsets of F . Analogously we define with Hc the set of all

non empty finite subsets of Fc. We denote by B0 (Σ) the vector space, endowed with the

supnorm, generated by the indicators functions of the elements of Σ.

DM is characterized by a preference relation%∗ that represents “objective rationality”5

and she evaluates several “subjective” preference relations {%i}Ni=1 representing potential

completion criteria that she considers possible in order to complete the incomplete relation

%∗. The choice correspondence Co : H → H represents the final choices made by DM

4An act f is constant iff ∃P ∈ L such that ∀s ∈ S we have that f (s) = P .
5When f %∗ g, it is as if the DM has a correct proof of the fact that f is better than g.

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



104

and it is the result of the aggregation of the criteria {%i}Ni=1.

3.3 A simple aggregation process

In this section we explore the implications of the simplest form of consistency that we

can impose in order to link the potential completion criteria {%i}Ni=1 with the choice

correspondence Co. We say that the incomplete preference relation %∗is Bewley if it

satisfies the following set of axioms:

Axiom 10 (Reflexivity) ∀f ∈ F we have that f %∗ f ;

Axiom 11 (Transitivity) ∀f, g, h ∈ F , if f %∗ g and g %∗ h then f %∗ h;

Axiom 12 (Nontriviality) ∃f, g ∈ F such that f �∗ g;

Axiom 13 (Monotonicity) ∀f, g ∈ F , if ∀s ∈ S we have that f(s) %∗ g(s) then f %∗ g;

Axiom 14 (Continuity) ∀f, g, h,∈ F , the sets {λ ∈ [0, 1] : λf + (1− λ) g %∗ h} and

{λ ∈ [0, 1] : h %∗ λf + (1− λ) g} are closed in [0, 1];

Axiom 15 (Independence) ∀f, g, h ∈ F and ∀α ∈ (0, 1), we have that f %∗ g if and only

if αf + (1− α)h %∗ αg + (1− α)h;

Axiom 16 (C-completeness) ∀f, g,∈ Fc either f %∗ g or g %∗ f .

Moreover we claim that the set of potential completion criteria {%i}Ni=1 and the choice

correspondence Co are Invariant Biseparable6 if they satisfy Reflexivity Axiom 10, Tran-

sitivity Axiom 11, Nontriviality Axiom 12, Monotonicity Axiom 13, Continuity Axiom 14

together with the following axioms:

Axiom 17 (Completeness) ∀f, g ∈ F , either f %i g or g %i f ;

Axiom 18 (C-Independence) ∀f, g ∈ F , ∀h ∈ Fc and ∀α ∈ (0, 1) we have that f %i g if

and only if αf + (1− α)h %i αg + (1− α)h;

We assume that each potential completion criteria %iis related to the incomplete

preference relation %∗ through the following consistency assumption:

6In Appendix A we provide the axioms that characterize an Invariant Biseparable choice correspon-
dence. These type of preferences were deeply studied by Ghirardato, Maccheroni and Marinacci (2004).
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Axiom 19 (Consistency) ∀f, g ∈ F , if f %∗ g then f %i g;

A minimal consistency requirement that can be imposed in order to link the “subjec-

tive” choice correspondence Co : H → H with the potential completion criteria {%i}Ni=1

is described by the following axiom:

Axiom 20 (Consistency Toward Criteria) ∀f, g ∈ F, if ∀i ∈ {1, 2, . . . , N} we have that

f %i g then f ∈ Co ({f, g}).

The issue of this section is to understand which type of functional representation can

be obtained by using this latter axiom. Before stating the first result of the paper we

need to introduce the concept of joint convexity and of unambiguous preference relation.

Definition 21 We say that a finite set of preferences {%i}Ki=1 over a set F satisfies joint

convexity if they admit real valued functional representations7 {Ii}Ki=1 and the range of

the functional I = (I1, . . . , IK)8 is a convex subset of RK.

Definition 22 We say that a finite set containing both preferences {%i}Ki=1 over a set

F and choice correspondences {Ci}Mi=1over the set of all non empty finite subsets of F
satisfies joint convexity if the set obtained by putting together the preferences {%i}Ki=1

and the revealed preferences associated to the choice correspondences {Ci}Mi=1 satisfies joint

convexity.

If all the potential completion criteria {%i}Ni=1 have a functional representation in terms

of subjective expected utility then the assumption of joint convexity is satisfied thanks

to a direct application of the Lyapunov Theorem. In Appendix B we show that there

are other interesting non trivial cases in which joint convexity holds and in particular we

focus our attention on the case of unanimity games. In fact given the tight link that there

is between invariant biseparable preferences and the Choquet capacities 9 studying the

cases in which joint convexity holds requires understanding up to which point Lyapunov

Theorem can be extended to capacities.

Definition 23 (GMM (2004)) Let f, g ∈ F . The unambiguous preference %∗i w.r.t. to

the potential completion criteria %iis such that ∀h ∈ F and ∀λ ∈ (0, 1] if λf+(1− λ)h %∗i
λg + (1− λ) then f %∗i g.

7This is the case if ∀i ∈ {1, 2, . . . ,K} we have that ∃Ii : Bo (Σ)→ R and ∃ui : X→ R such that
∀f, g ∈ F we have that f %i g if and only if Ii (ui (f)) ≥ Ii (ui (g)).

8I is obtained by associating all the functional representations {Ii}Ki=1.

9A preference relation is invariant biseparable if it can be represented by a functional I on acts such
that I (xAy) = ν (A)u (x) + (1− ν (A))u (y) for some utility function u (·) and some capacity ν (·) where
we assume that ν (Ω) = 1.
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We now have all the elements that allow us to properly formalize Proposition 24.

Proposition 24 The following statements are equivalent:

1. %∗ is a Bewley preference; {%i}Ni=1 and Co are Invariant Biseparable and satisfy

joint convexity; {%i}Ni=1 satisfy Consistency Axiom 19 w.r.t. %∗; Co satisfies Con-

sistency Toward Criteria Axiom 20 w.r.t. {%i}Ni=1;

2. There exists a nonempty closed and convex set C∗ of probabilities on Σ, a set of closed

and convex sets {Ci}Ni=1 ⊆ C∗ of probabilities on Σ, a non constant affine function

u : X → R, several monotonic, constant additive and positively homogenous linear

functionals {Ii : B0 (Σ)→ R}Ni=1 and Io : B0 (Σ) → R and a set of non negative

weights {γi}Ni=1 such that ∀f, g ∈ F and ∀A ∈ H the following holds:

f %∗ g ⇔
∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ C∗ (3.1)

f %i g ⇔ Ii (u (f)) ≥ Ii (u (g)) i = 1, . . . , N (3.2)

Co (A) = argmax
f∈A

{Io (u (f))} = argmax
f∈A

{
N

Σ
j=1
γjIj (u (f))

}
(3.3)

f %∗i g ⇐⇒
∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ Ci

Moreover in this case, C∗ and {Ci}Ni=1 are unique, u is unique up to positive affine

transformations. If the set of outcomes X is finite we have that
N

Σ
j=1
γj = 1.

Proposition 24 shows that the Consistency Toward Criteria Axiom 20 simply im-

plies that the final implemented choice correspondence is a linear combination with non

negative weights of the representation functionals associated to the potential completion

criteria. Hence we reached the intuitive result that if DM wants to be consistent she needs

to evaluate act f by combining the different evaluations of the criteria that she considers

possible in the first stage of the completion process. This result is in line with the one

obtained by Harsanyi (1955) for social welfare functions by imposing a Pareto condition

that plays the role of our consistency assumption. The key technical ideas behind this

first basic Proposition are contained in De Meyer and Mongin (1995). From an historical

perspective this result can be sawn as a generalization and an axiomatic foundation of

the Hodges and Lehmann (1952)’s paper that, for the first time in a statistical decision

theoretic framework, provided a decision criteria that was a combination of the Wald’s

minimax principle and of the Bayesian approach.
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3.4 A pessimistic attitude

In this section we will assume that we face a pessimistic DM that has a negative attitude

toward the potential completion criteria. In particular, we formalize this pessimistic

behavior by using an axiom that is the straightforward adaptation to our framework of the

Expert Uncertainty Aversion axiom of Cres, Gilboa and Vieille (2011) (CGV hereafter).

In order to properly state the axiom we need to introduce some notation. For each act

f ∈ F we denote by cfi ∈ Fc the certainty equivalent of the act f with respect to the

preference relation %i. The certainty equivalent of act f ∈ F with respect to the choice

correspondence Co : H → H is defined as the constant act cfo ∈ Fc such that we have

both cfo ∈ Co
({
f, cfo

})
and f ∈ Co

({
f, cfo

})
.

Axiom 25 (Criteria Uncertainty Aversion) ∀f, fj ∈ F , ∀αj ≥ 0 such that
J

Σ
j=1
αj = 1,

if ∀i ∈ {1, . . . , N} we have that f %i
J

Σ
j=1
αjc

fj
i then f ∈ Co

({
f,

J

Σ
j=1
αjc

fj
o

})
.

Notice that by simply setting J = 1, fJ = g and αJ = 1 we have that Criteria

Uncertainty Aversion Axiom 25 implies Consistency Toward Criteria Axiom 20. The next

Proposition 26 formalizes from an analytical viewpoint the attitude of our pessimistic DM.

Proposition 26 The following statements are equivalent:

1. %∗ is a Bewley preference; {%i}Ni=1 and Co are Invariant Biseparable; {%i}Ni=1 satisfy

Consistency Axiom 19 w.r.t. %∗; Co satisfies Criteria Uncertainty Aversion Axiom

25 w.r.t. {%i}Ni=1;

2. There exists a nonempty closed and convex set C∗ of probabilities on Σ, a set of closed

and convex sets {Ci}Ni=1 ⊆ C∗ of probabilities on Σ, a non constant affine function

u : X → R, several monotonic, constant additive and positively homogenous linear

functionals {Ii : B0 (Σ)→ R}Ni=1 and Io : B0 (Σ) → R and a closed and convex set

Γ ⊆ 4 ({1, 2, . . . , N}) such that ∀f, g ∈ F and ∀A ∈ H the following holds:

f %∗ g ⇔
∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ C∗

f %i g ⇔ Ii (u (f)) ≥ Ii (u (g)) i = 1, . . . , N

Co (A) = argmax
f∈A

{Io (u (f))} = argmax
f∈A

{
min
γ∈Γ

N

Σ
j=1
γjIj (u (f))

}
f %∗i g ⇐⇒

∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ Ci
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Moreover in this case, C∗ and {Ci}Ni=1 are unique, u is unique up to positive affine

transformations.

Proposition 26 generalizes and extends to our framework the main representation

theorem of CGV. Notice that CGV assume GS’s preferences while we make the weaker

assumption of Invariant Biseparable preference relations. The other results contained in

Proposition 26 are standard and in line with what showed by GMMS and GMM. We

will now introduce a corollary of Proposition 26 that clarifies under which conditions we

end up in a representation theorem a là GMMS. Before stating the corollary we need to

recall the definition of Caution Axiom introduced by GMMS. In particular two preference

relations %∗ and %i satisfy Caution Axiom if the following holds:

Axiom 27 (Caution) ∀f ∈ F and ∀g ∈ Fc, if f �∗ g then g %i f .

Corollary 28 Under the assumptions of Proposition 26, if ∃i ∈ {1, . . . , N} such that %ı̄
satisfies Caution Axiom 27 w.r.t. %∗ and the standard vector10 ei ∈ Γ ⊆ 4 ({1, 2, . . . , N}),

then there exists a nonempty closed and convex set C∗ of probabilities on Σ, a non constant

affine function u : X → R such that:

f %∗ g ⇔
∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ C∗

Co (A) = argmax
f∈A

minp∈C∗

∫
S

Ef(s)udp (s)


Moreover, in this case, C∗ is unique and u is unique up to positive affine transformations.

Corollary 28 delivers a representation identical to the main representation Theorem

of GMMS. Notice that ex ante neither the potential completion criteria nor the choice

correspondence satisfies Uncertainty Aversion axiom11 a là GS. The only assumption that

we made on Co is the pessimistic attitude toward the potential completion criteria.

Hence Criteria Uncertainty Aversion Axiom 25 alone is not sufficient for having a

representation result a là GMMS even if N − 1 of the potential criteria satisfy Caution

axiom 27. In order to collapse in GMMS’s main theorem, it is necessary that our DM

considers possible to use only the cautious completion criteria and consequently only a

really cautious agent will satisfy this type of representation theorem.

We will now introduce a novel behavioral axiom that we will use in order to characterize

the behavior of an agent a là GMMS. One of the most pessimistic attitude that a DM

can have toward the potential completion criteria is described by the following axiom:

10ei is the standard vector of RN that assigns weight 1 to the element in position i and 0 otherwise.
11Uncertainty Aversion is one of the key axioms behind GS’s maxmin representation.
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Axiom 29 (Caution Toward Criteria) ∀f ∈ F and ∀g ∈ Fc if ∃i ∈ {1, 2, . . . , N} such

that f �i g then g ∈ Co ({f, g}).

Proposition 30 does not require that Co satisfies Criteria Uncertainty Aversion Axiom

25 and by assuming that the DM satisfies Consistency Toward Criteria Axiom 20 and

Caution Toward Criteria Axiom 29 it can be sawn as an axiomatic foundation of the

behavior of a really cautious agent.

Proposition 30 The following statements are equivalent:

1. If %∗ is a Bewley preference; {%i}Ni=1 and Co are Invariant Biseparable; {%i}Ni=1

satisfy Consistency Axiom 19 w.r.t. %∗; Co satisfies Consistency Toward Criteria

Axiom 20 and Caution Toward Criteria Axiom 29 w.r.t. {%i}Ni=1; ∃i ∈ {1, . . . , N}
such that %ı̄ satisfies Caution Axiom 27 w.r.t. %∗;

2. There exists a nonempty closed and convex set C∗ of probabilities on Σ, a set of closed

and convex sets {Ci}Ni=1 ⊆ C∗ of probabilities on Σ, a non constant affine function

u : X → R, several monotonic, constant additive and positively homogenous linear

functionals {Ii : B0 (Σ)→ R}Ni=1 and Io : B0 (Σ) → R and a set of non negative

weights {γi}Ni=1 such that:

f %∗ g ⇔
∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ C∗

f %i g ⇔ Ii (u (f)) ≥ Ii (u (g)) i = 1, . . . , N

Co (A) = argmax
f∈A

{Io (u (f))} = argmax
f∈A

{
N

Σ
j=1
γjIj (u (f))

}

= argmax
f∈A

minp∈C∗

∫
S

Ef(s)udp (s)


f %∗i g ⇐⇒

∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ Ci

Moreover in this case, C∗ and {Ci}Ni=1 are unique, u is unique up to positive affine

transformations.
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3.5 A variational approach

In this section we are going to axiomatically characterize the behavior of a DM that is

naturally biased toward some weights given to the potential completion criteria. In fact,

even in the case in which the agent knows several potential completion criteria, he could

find easier to implement only a specific subset of these criteria. In order to mathematically

formalize this bias of the DM we need to give to the choice correspondence Co a variational

representation a là MMR.

We introduce two axioms that are key for the representation contained in Theorem

33. The first axiom, called Criteria Betweenness, wants to capture the idea that the

final valuation Io (u (f)) of a generic non constant act f has to be always between the

valuations of 2 potential completion criteria:

Axiom 31 (Criteria Betweenness) ∀f ∈ F \ Fc, ∃i, j ∈ {1, 2, . . . , N} such that the

following holds:

f ∈ Co
({
f, cfi

})
and

cfj ∈ Co
({
f, cfj

})
While Variability Axiom 32 formalizes the idea that the potential completion criteria

considered need to have enough variability in their valuations in such a way that for any

2 non constant acts f, g there always exists a criteria i such that |Ii (u (f))− Ii (u (g))| ≥
|Io (u (f))− Io (u (g))|:

Axiom 32 (Variability) ∀f, g ∈ F \Fc, ∃i ∈ {1, 2, . . . , N} such that the following holds:

1

2
cfo +

1

2
cgi ∈ Co

({
1

2
cfo +

1

2
cgi ,

1

2
cgo +

1

2
cfi

})
We say that the choice correspondence Co is Weak Variational 12 if it satisfies the

Weak Axiom of Revealed Preferences 36, Non Triviality Axiom 37, Monotonicity Axiom

38, Continuity Axiom 39, Weak Certainty Independence Axiom 41.

Theorem 33 Assume that {%i}Ni=1 satisfy joint convexity. The following statements are

equivalent:

12Axioms’ statements that characterize a weak variational choice correspondence are contained in
Appendix A. The appendix contains also the precise formulation of Weak Certainty Independence Axiom
41.
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1. %∗ is a Bewley preference; {%i}Ni=1 are Invariant Biseparable; {%i}Ni=1 satisfy Con-

sistency Axiom 19 w.r.t. %∗; Co is Weak Variational and it satisfies Criteria Uncer-

tainty Aversion Axiom 25, Criteria Betweenness Axiom 31 and Variability Axiom

32 w.r.t. {%i}Ni=1.

2. There exists a nonempty closed and convex set C∗ of probabilities on Σ, , a set of

closed and convex sets {Ci}Ni=1 ⊆ C∗ of probabilities on Σ, a non constant function

u : X → R, several monotonic, constant additive and positively homogenous linear

functionals {Ii : B0 (Σ)→ R}Ni=1; a normalized, monotonic, translation invariant

functional Io : B0 (Σ)→ R and a lower semicontinuous, grounded and convex func-

tion c : 4 ({1, 2, . . . , N}) → [0, ∞] such that ∀f, g ∈ F and ∀A ∈ H the following

holds:

f %∗ g ⇔
∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ C∗

f %i g ⇔ Ii (u (f)) ≥ Ii (u (g)) i = 1, . . . , N

Co (A) = argmax
f∈A

{Io (u (f))} = argmax
f∈A

{
min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)}

f %∗i g ⇐⇒
∫
S

Ef(s)udp (s) ≥
∫
S

Eg(s)udp (s) ∀p ∈ Ci

Moreover, in this case, C∗ is unique and u is unique up to positive affine transfor-

mations.

For coherence with what we developed in the previous sections we decided to retain

Criteria Uncertainty Aversion Axiom 25 in the statement of Theorem 33, even though it

could be enough to have a weakened version of Criteria Uncertainty Aversion Axiom 25

of the following type:

Axiom 34 (Weak Criteria Uncertainty Aversion) ∀f, g, h ∈ F and ∀α ∈ (0, 1) if ∀i ∈
{1, 2, . . . , N} we have that f %i αc

g
i + (1− α) chi then f ∈ Co

({
f, αcgo + (1− α) cho

})
.

As usual Proposition 26 can be viewed as almost 13 a special case of Theorem 33 when

the cost function c (·) has the following functional form:

c (γ) =

{
0 γ ∈ Γ

+∞ γ /∈ Γ

.

13Notice that in Proposition 26 we don’t have the assumption of joint convexity.
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3.6 Related Literature

The papers that inspired the present work are mainly related either to the decision the-

oretic literature or to the social choice literature (in particular the problem of social

aggregation). Our paper, like those of CGV and of Nascimento (2012), lies at the inter-

section of these two streams of literature. In this section we will briefly sum up the papers

that are tightly related with our work and we will try to highlight the main connections.

As mentioned in the Introduction section, our paper can be viewed as a generalization

of GMMS. In particular GMMS, by using a framework that involves one incomplete

“objective” preference relation and one complete “subjective” preference relation, provide

a new axiomatic foundation of the maxmin functional representation à la GS without using

the uncertainty aversion axiom. In order to link the “objective” and the “subjective”

preference relations they make use of a standard Consistency Axiom and for the first

time in the decision theoretic literature they introduce the Caution Axiom. This latter

axiom states that the Decision Maker, when comparing a constant act with a generic

non constant act, prefers the constant act whenever the choice is undecidable from an

“objective” viewpoint.

Cerreia-Vioglio (2012) generalizes the results of GMMS by weakening the Caution

axiom and by using the Risk Independence axiom instead of the Constant Independence

axiom. The cost that the author has to pay in order to have very general results is to

restrict attention to the class of preferences that satisfy the Unboundedness axiom 14.

CGV consider the problem of a DM that has to aggregate several experts opinions

in order to make a decision in a framework characterized by uncertainty. Given that

the experts have to advice a single individual, all of them use the same utility function

when evaluating the different acts and by assumption all the experts have GS’s maxmin

preferences. Notice that in our work the fact that all preference relations have the same

utility function is not imposed but it is a result of the construction of the model. Moreover

the potential completion criteria that we study, i.e. invariant biseparable preferences, are

generalizations of the GS’s maxmin preferences. CGV introduce a really interesting axiom,

whose name is Expert Uncertainty Aversion, that axiomatically formalize a pessimistic

behavior toward experts’ opinions. This axiom delivers the concavity of the functional

14

Axiom 35 (Unboundedness) A preference relation � satisfies unboundness if for each x, y ∈ Fc with
x � y then ∃z, w ∈ Fc such that the following holds:

1

2
z +

1

2
y � x � y � 1

2
w +

1

2
x
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that it is necessary in order to make a separation argument à la GS. Our Axiom 25 is an

adaptation to potential completion criteria of CGV’s Expert Uncertainty Aversion.

Nascimento (2012) studies the problem of aggregating preference ordering under “sub-

jective” uncertainty. The author considers an “ex ante” preference defined over set of

lotteries of acts 4 (F), that represents the choice set of the DM, and a set of admis-

sible “ex-post” preferences, that represents all experts’ opinions. Like CGV, he needs

to assume, by using a Weak Agreement Axiom, that the admissible class of preferences

agrees over the set of constant acts. Some of the Propositions proposed by Nascimento

are highly in line with the Propositions and Theorem presented in our paper. In partic-

ular our Proposition 24, Proposition 26 and Theorem 33 can be viewed as a version of

Theorem 1, Proposition 8 and Theorem 2 respectively of Nascimento (2012). Nascimento

(2012) has also a version of the main representation theorem of GMMS that goes under

the name of Proposition 7. Although there are some similarities between our work and

the one by Nascimento (2012), our paper is characterized by a totally different axiomatic

structure. Moreover even if Nascimento (2012) allows for an infinite dimensional class

of opinions while our work is completely based on a finite dimensional setup, his model

needs to use an outer layer of randomization in a Seo (2009) style. Nascimento (2012)

himself claims to be “... mainly interested in the restriction of the ex ante preference to

the set of acts...” and not in the lotteries over acts.

We want to conclude this section by briefly describing two papers that, like our paper,

try to insert an “objective” datum inside the “subjective” framework of the DM.

Cerreia-Vioglio, Maccheroni, Marinacci and Montrucchio (2013a) build up a model

that merges a “subjective” choice framework a là Savage with a Waldean “objective”

piece of information. In fact, even though the work of Savage was prevalently inspired

by the Waldean decision theoretic approach, Savage had a purely subjective setup and he

didn’t consider the classical “objective” datum of the problem. The authors, by using a

consistency axiom, are able from one side to represent the fact that the DM is indeed aware

of the datum of the problem (see the structurally rich representation of their Proposition 1

for instance) and from the other side they are able to discriminate among models (see their

Proposition 2). As a consequence the classical Savage criterion can be simply considered as

the information that an outside observer, that doesn’t know the “objective” datum, could

collect from the agent’s behavior. The structural representations proposed by Cerreia-

Vioglio, Maccheroni, Marinacci and Montrucchio (2013a) in Proposition 1, Proposition

3 and Proposition 4 are particularly insightful because they make clear the distinction

between state uncertainty and model uncertainty. This latter type of uncertainty, even if

it is not directly payoff relevant, plays an instrumental role relative to state uncertainty.
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Cerreia-Vioglio, Maccheroni, Marinacci and Montrucchio (2013b) propose a frame-

work in which they try to join the decision theoretic literature on ambiguity and the

robust statistics literature on prior uncertainty. In particular they study the conditions

under which a problem of ambiguity can be rephrased and reinterpreted in terms of prior

uncertainty. The main tools that the authors use in order to join ambiguity and prior

uncertainty are a Consistency Axiom and the concept of Dynkin space. Their Consis-

tency Axiom, that is a version of the GMMS’s Consistency Axiom, allow to make choices

coherent with the probabilistic information by linking the family of “objective” rational

beliefs with the DM’s “subjective” preference relation. The Dynkin space is the math-

ematical tool that Cerreia-Vioglio, Maccheroni, Marinacci and Montrucchio (2013b) use

in order to formally model the lack of information that affects the economic agent and

the relevant probabilistic information is formalized as a sub σ−algebra of the σ−algebra

of events. Cerreia-Vioglio, Maccheroni, Marinacci and Montrucchio (2013b) have several

representation results and in Theorem 4 they also have a variational representation a là

MMR.

3.7 Conclusions

We have proposed a framework where it is possible to study the behavior of a DM that

wants to complete his incomplete piece of information by considering several potential

completion criteria. The attitude that the DM has toward these potential completion

criteria determines the functional form associated to the final aggregator represented by

the choice correspondence.

We have shown how the main representation result of GMMS is a particular case of our

general setup when the DM is really cautious. In our final representation theorem we have

introduced two novel axioms, Variability and Criteria Betweenness, that together with

Criteria Uncertainty Aversion Axiom allow to obtain a variational type of representation

for the choice correspondence aggregator.
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3.8 Appendix A

In this section of the Appendix we describe the axioms that we use in order to characterize

our choice correspondence Co : H → H.

Axiom 36 (Weak Axiom of Revealed Preferences) ∀A, B ∈ H if B ⊆ A and Co (A) ∩
B 6= ∅ then Co (B) = Co (A) ∩B;

Axiom 37 (Nontriviality) ∃f, g ∈ F such that f = Co ({f, g});

Axiom 38 (Monotonicity) ∀f, g ∈ F , if ∀s ∈ S we have that f(s) ∈ Co ({f (s) , g(s)})
then f ∈ Co ({f, g});

Axiom 39 (Continuity) ∀f, g, h ∈ F the sets

{λ ∈ [0, 1] : λf + (1− λ) g ∈ Co ({λf + (1− λ) g, h})}

and

{λ ∈ [0, 1] : h ∈ Co ({λf + (1− λ) g, h})}

are closed in [0, 1];

Axiom 40 (Constant Independence) ∀A ∈ H, ∀h ∈ Fc and ∀α ∈ (0, 1) we have that

Co (αA+ (1− α)h) = αCo (A) + (1− α)h;

Axiom 41 (Weak Certainty Independence) ∀A ∈ H, ∀h, z ∈ Fc and ∀α ∈ (0, 1],

if Co (αA+ (1− α)h) = αCo (A) + (1− α)h then Co (αA+ (1− α) z) = αCo (A) +

(1− α) z;

Axiom 42 (Risk Independence) ∀A ∈ Hc
15, ∀h ∈ Fc and ∀α ∈ (0, 1) we have that

Co (αA+ (1− α)h) = αCo (A) + (1− α)h.

We conclude this section by defining 2 axioms for a generic preference relation % that

will be used in the proofs contained in Appendix C.

Axiom 43 (Risk Independence )∀f, g, h ∈ Fc and ∀α ∈ (0, 1] we have that f � g if and

only if αf + (1− α)h � αg + (1− α)h;

Axiom 44 (Weak Certainty Independence) ∀f, g ∈ F , ∀h, z ∈ Fc and ∀α ∈ (0, 1) if

αf + (1− α)h % αg + (1− α)h then αf + (1− α) z % αg + (1− α) z.

15Hc is the set of all non empty finite subsets of Fc.
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3.9 Appendix B

In this part of the appendix we will show that there are interesting non trivial cases in

which the assumption of Joint Convexity holds by focusing our attention on the case of

unanimity games. In particular we will try to understand under which conditions we can

extend the Lyapunov Theorem when we deal with unanimity games, i.e. the simplest

types of capacities we can deal with.

3.9.1 Simple results for unanimity games

Fix A ∈ Σ and define the unanimity game νA : Σ→ R as:

νA (B) =

{
1 if A ⊆ B

0 else

The Choquet integral w.r.t. the unanimity capacity is given by
∫
fdνA = inf

ω∈A
f (ω).

Definition 45 We say that a set {νAi}
n
i=1 of unanimity games have sufficient disjoint

support if ∀i ∈ {1, 2, . . . , n} we have that Ai is not a subset of ∪
j 6=i
Aj.

Proposition 46 Let {νAi}
n
i=1 be a set of unanimity games with sufficient disjoint support.

Then the set I defined as follows:

I =

{(∫
u (f) dνA1 , . . . ,

∫
u (f) dνAn

)
| u (f) is Σ−measurable and 0 ≤ u (f) ≤ 1

}
is a convex subset of Rn .

Proof. We will show by construction that the set obtained under the assumptions of the

proposition is the hypercube of length 1 in Rn. Consider the following function:

u (f) =



α1 if A1\ ∪
j 6=1

Aj

α2 if A2\ ∪
j 6=2

Aj

...

αn if An\ ∪
j 6=n

Aj

1 otherwise

and notice that ∀i ∈ {1, 2, . . . , n} we have that
∫
u (f) dνAi = min

ω∈A
u (f (ω)) = αi and

by letting vary each αi in the interval [0, 1] we obtains each point of the hypercube.
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Example 47 As a simple example we show that, differently w.r.t. the general case of

Proposition 46, for the special case of 2 unanimity games we don’t need the assumption

of sufficient disjoint support16.

Proposition 48 Let νA1 and νA2 be two unanimity games. Then the set I defined as

follows:

I =

{(∫
u (f) dνA1 ,

∫
u (f) dνA2

)
| u (f) is Σ−measurable and 0 ≤ u (f) ≤ 1

}
is a convex subset of R2 .

Proof. Notice that in general we can have 2 cases: either the sufficient support assump-

tion holds and we know that the result is true by Proposition 46 or the sufficient support

assumption doesn’t hold. Hence the strategy will be to assume that the sufficient support

assumption doesn’t hold and we will show that I is still a convex subset of R2. Suppose

w.l.o.g. that A1 ⊆ A2. Assume that we want to plot I on a plane where we have on the

axes I1 (u (f)) =
∫
u (f) dνA1 and I2 (u (f)) =

∫
u (f) dνA2 . If A1 = A2 we get that I is

the segment joining the points (0, 0) and (1, 1) on the line I1 (u (f)) = I2 (u (f)) and of

course it is convex. If A1 ⊂ A2, then in this case we have that I2 (u (f)) ≤ I1 (u (f)) and

I is equal to a square triangle that is of course a convex set.

Example 49 After seeing the result contained in Example 47 we could think that the

assumption of disjoint supports is not needed. Indeed the next Proposition provide a

negative answer to this latter intuition.

Proposition 50 Let {νAi}
n
i=1 be a set of unanimity games. Then the set I defined as

follows:

I =

{(∫
u (f) dνA1 , . . . ,

∫
u (f) dνAn

)
| u (f) is Σ−measurable and 0 ≤ u (f) ≤ 1

}
is not in general a convex subset of Rn .

Proof. The strategy of the proof is to construct a counterexample in R3 in which I is

not a convex set. Fix n = 3 and consider the case in which A1 ⊂ (A2 ∪ A3) , A2 ∩ A3 =

16We thank Simone Cerreia Vioglio who focused our attention on this particular case.
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∅, A1 ∩ A3 6= ∅, A1 ∩ A2 6= ∅. Notice that the points (0, 1, 0) , (0, 0, 1) ∈ I. To see

that the latter statement is true it is enough to consider the following functions:

u
(
f (0, 1, 0)

)
=



1 if A1 ∩ A2

1 if A2\A1

0 if A1 ∩ A3

0 if A3\A1

1 otherwise

u
(
f (0, 0, 1)

)
=



0 if A1 ∩ A2

0 if A2\A1

1 if A1 ∩ A3

1 if A3\A1

1 otherwise

On the other side if we combine with weight 1
2

the points (0, 1, 0) and (0, 0, 1) we

obtain the point
(
0, 1

2
, 1

2

)
/∈ I because from how we constructed the capacities the first

component of the vector has to be always bigger than the minimum of the other two

components of the vector.
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3.10 Appendix C

Lemma 51 . Define the relation %o as follows:

f %o g ⇔ f ∈ Co ({f, g})

The roles of %o and of Co are perfectly interchangeable

Proof. By Weak Axiom of Revealed Preferences 36, %o is a preference relation that

satisfies Completeness Axiom 17, Transitivity Axiom 11 and Reflexivity Axiom 10. If

the choice correspondence satisfies Constant Independence Axiom 40, Weak Certainty

Independence Axiom 41, Risk Independence Axiom 42, Continuity Axiom 39 and Mono-

tonicity Axiom 38 we have that %o satisfies Constant Independence Axiom 18, Weak

Certainty Independence Axiom 44, Risk Independence Axiom 43, Continuity Axiom 14

and Monotonicity Axiom 13. Moreover %o has to satisfy Uncertainty Toward Criteria

Axiom 25, Uniformity Toward Criteria Axiom 20, Cautiousness Toward Criteria Axiom

29 if the choice correspondence satisfies the corresponding axioms.

Given that by Lemma 51 %o perfectly represents Co all the proofs will be given in

terms of %o.

Proof. of Proposition 24.

We prove only the sufficiency part given that the necessity part is standard.

The core part of the proof is an adaptation to our framework of the proof of Proposition

1 of De Meyer and Mongin (1995). For the standard representations of the Knightian

preference relation %∗ and of the invariant biseparable preferences check the proof of

Proposition 26. Let’s define Ifull = (Io (·) , I1 (·) , . . . , IN (·)) and notice that the range

of Ifull is convex because {%i}Ni=1 and Co satisfy joint convexity. Let’s define M =

Ifull − Ifull =
{
x− y | x, y ∈ Ifull

}
and Z = {z0 < 0, z1 ≥ 0, . . . , zN ≥ 0}. Notice that

M is nonempty, convex, symmetric w.r.t. the origin and it contains the origin. Moreover

the affine hull of M , denoted as aff (M), by Theorem 1.1 of Rockafellar (1970) coincides

with the vector subspace spanned by M . The fact that Co satisfies consistency toward

criteria implies that aff (M) ∩ Z = ∅. To see this assume by way of contradiction

that ∃z ∈ aff (M) ∩ Z and given that z ∈ aff (M) we have that z =
N

Σ
j=1
λjzj with

zj ∈ M for j = 1, . . . , N . The fact that M is symmetric w.r.t. the origin allows us to

assume that λj ≥ 0 for j = 1, . . . , N , in fact −zj ∈ M if zj ∈ M . Now notice that by

the convexity of the set M we have that z
N
Σ
j=1

λj

=
N

Σ
j=1

λj
N
Σ
j=1

λj

zj ∈ M ∩ Z and we reached a

contradiction with the fact that Co satisfies consistency toward criteria. Let’s now notice
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that
(
Z − eo

)
⊂ Z, where Z denotes the closure of the set Z and eo is the standard vector

of RN+1 that assigns value 1 to the first component and 0 otherwise. Hence we have that

aff (M) ∩
(
Z − eo

)
= ∅ and both these sets are polyhedral non empty convex sets. As a

consequence we can strictly separate aff (M) and
(
Z − eo

)
and we get that ∃µ ∈ RN+1

such that µ (x− eo) > µy for any x ∈ Z and y ∈ aff (M). Given that 0 ∈ aff (M) we

have that µo < 0 (notice that 0 ∈ Z). Moreover the fact that aff (M) is a vector subspace

implies that µy = 0 for any y ∈ aff (M). Hence it is possible to fix x ∈ aff (M) and we

have that for any y ∈ aff (M) the following holds:

yo =
N

Σ
j=1

(
µj
−µo

)
yj +

N

Σ
j=1

(
µj
−µo

)
(−xj) + xo =

N

Σ
j=1
γjyj + kost

where γj =
µj
−µo for any j = 1, . . . , N , kost =

N

Σ
j=1

(
µj
−µo

)
(−xj) + xo. By Lemma 1 of

GMM Io (·) is unique up to positive affine transformations allow us to assume w.l.o.g.

that kost = 0.

If we assume that X is finite, by c-completeness of %∗ and by the fact that {%i}Ni=1

are consistent with respect to %∗ we can do a standard normalization thus obtaining
N

Σ
j=1
γj = 1.

Proof. of Proposition 26.

We want to show that if we have that

Co (A) = argmax
f∈A

{Io (u (f))} = argmax
f∈A

{
min
γ∈Γ

N

Σ
i=1
γiIi (u (f))

}
then Co satisfies Criteria Uncertainty Aversion Axiom 27. Fix f ∈ F , fj ∈ F and

αj ≥ 0 for j = 1, . . . J such that ∀i ∈ {1, 2, . . . , N} we have that
J

Σ
j=1
αj = 1 and f %i

J

Σ
j=1
αjc

fj
i . Set A =

{
f ;

J

Σ
j=1
αjc

fj
i

}
and by Lemma 51 it is enough to show the result for

%o. Notice that if f %i
J

Σ
j=1
αjc

fj
i then Ii (u (f)) ≥

J

Σ
j=1
αjIi (u (fj)) hence we have that for

any set of weights γi ≥ 0 for i = 1, . . . N such that
N

Σ
i=1
γi = 1 the following holds:

N

Σ
i=1
γiIi (u (f)) ≥

N

Σ
i=1
γi

(
J

Σ
j=1
αjIi (u (fj))

)
=

J

Σ
j=1
αj

(
N

Σ
i=1
γiIi (u (fj))

)
. By taking the min of both sides over the set of weights Γ and by using the properties

of the min function we obtain the following chain of inequalities:
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min
γ∈Γ

N

Σ
i=1
γiIi (u (f)) = Io (u (f)) ≥ min

γ∈Γ

J

Σ
j=1
αj

(
N

Σ
i=1
γiIi (u (fj))

)
≥

J

Σ
j=1
αjmin

γ∈Γ

(
N

Σ
i=1
γiIi (u (fj))

)
=

J

Σ
j=1
αjIo (u (fj))

.

The rest of the necessity part is standard and it is left to the reader.

We now prove the sufficiency part.

By Theorem 1 of GMMS there exists u∗ and C∗ such that:

f %∗ g ⇔
∫
S

Ef(s)u
∗dp (s) ≥

∫
S

Eg(s)u
∗dp (s) ∀p ∈ C*

By Lemma 1, Proposition 5 and Proposition 7 of GMM we know that for each i =

o, 1, . . . , N there exists a non empty closed and convex set Ci of probabilities on Σ, a

non constant function ui : X → R and a monotonic, constant additive and positively

homogenous linear functional Ii : B0 (Σ) → R (where with B0 (Σ) we denote the vector

space generated by the indicator functions of the elements of Σ endowed with the supnorm

metric) such that ∀f, g ∈ F we have that:

f %∗i g ⇔
∫
S

Ef(s)u
idp (s) ≥

∫
S

Eg(s)u
idp (s) ∀p ∈ Ci

f %i g ⇔ Ii
(
ui (f)

)
≥ Ii

(
ui (g)

)
min
p∈Ci

∫
S

Ef(s)u
idp (s) ≤ Ii

(
ui (f)

)
≤ max

p∈Ci

∫
S

Ef(s)u
idp (s)

.

Remember that Criteria Uncertainty Aversion Axiom 25 implies Consistency Toward

Criteria Axiom 20 and that all the relations {%i}Ni=1 are consistent with %∗ and as a

consequence also %o is consistent with %∗. Given that %∗ is a non trivial subrelation of

{%i}Ni=1 and %oon constant acts Fc, by Proposition 4 of GMM we have that u∗ = uo =

u1 = · · · = uN := u. Without loss of generality we will assume that 0 is in the interior of

the range of the utility function u.

By applying Proposition 4 of GMM we have that each one of %
∗
i is the maximal

subrelation satisfying independence of the corresponding potential completion criteria %i.

By consistency we have that %∗⊆%i and Proposition A.1 of GMM delivers that Ci ⊆ C∗.
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Hence ∀f ∈ F the following holds:

min
p∈C∗

∫
S

Ef(s)udp (s) ≤ min
p∈Ci

∫
S

Ef(s)udp (s) ≤ Ii (u (f))

We denote by R = R (I) the range of the vector I = (I1 (·) , . . . , IN (·)) and we can find

a function φ : R → R such that ∀f ∈ F we have that Io (f) = φ (I (u (f))). By easily

adapting the arguments contained in the proof of Theorem 1 of CGV, we can proceed

by several extension of the functional φ up to RN by preserving monotonicity, positive

homogeneity, constant additivity and concavity. For any x ∈ RN , let’s denote with Ψ̄ (x)

the final extension φ up to RN .

Finally by a standard argument using the supporting hyperplane theorem, i.e. as in

Lemma 3.5 of GS, for any fixed x∗ ∈ RN we can find hx
∗ ∈ RN and γx

∗ ∈ R such that

∀x ∈ RN the following holds:

hx
∗
x+ γx

∗ ≥ Ψ̄ (x)

and

hx
∗
x∗ + γx

∗
= Ψ̄ (x∗)

. Notice that by positive homogeneity of the function Ψ̄ (·) we have that for any α > 0

it is true that αhx
∗
x∗ + γx

∗
= αΨ̄ (x∗) ⇒ γx

∗
= 0. Monotonicity of Ψ̄ (·) implies that

hx
∗ ≥ 0, because if by contradiction we assume that hx

∗
i < 0 then we would have a vi-

olation of monotonicity, i.e. Ψ̄ (x∗) = hx
∗
x∗ + γx

∗
> hx

∗
(x∗ + ei) + γx

∗ ≥ Ψ̄ (x∗ + ei).

Finally if Ψ̄ (x∗) = c we have that for any ρ ∈ R the following relationship holds

Ψ̄ (ρx∗ + (1− ρ)~c) = Ψ̄ (ρx∗) + (1− ρ) c = ρhx
∗
x∗ + (1− ρ) c = ρΨ̄ (x∗) + (1− ρ) c = c

because Ψ̄ (·) satisfies constant additivity. This latter consideration in turn it implies that

hx
∗
~c = c and it allow us to interpret hx

∗
as a vector of positive weights that sum up to 1.

Finally by setting Γ := closure
(
co
{
hx
∗ | x∗ ∈ RN

})
, we have shown that there exists a

closed and convex set Γ ⊆ 4 ({1, 2, . . . , N}) such that ∀x ∈ RN we have that:

Ψ̄ (x) = min
γ∈Γ

N

Σ
i=1
γixi

and in particular ∀x ∈ R we have that φ (x) = min
γ∈Γ

N

Σ
i=1
γixi.

Proof. of Corollary 28. If there exists ı̄ such that %ı̄ satisfies Caution Axiom 27 then

by Theorem 3 of GMMS we have that:

min
p∈C∗

∫
S

Ef(s)udp (s) = min
p∈C ı̄

∫
S

Ef(s)udp (s) = Iı̄ (u (f))
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Notice that min
p∈C ı̄

∫
S

Ef(s)udp (s) = Iı̄ (u (f)) = min
p∈C∗

∫
S

Ef(s)udp (s) ≤ min
p∈Ci

∫
S

Ef(s)udp (s) ≤

Ii (u (f)) for i = 1, . . . , N . Moreover, given that ei ∈ Γ ⊆ 4 ({1, 2, . . . , N}), ∀ f ∈ F the

following holds:

Io (f) = min
γ∈Γ

N

Σ
j=1
γjIj (u (f)) = min

p∈C∗

∫
S

Ef(s)udp (s)

.

Proof. of Proposition 30.

The necessity part is standard and it is proved with the same arguments used in the

previous propositions.

For the sufficiency argument we prove only the part that contains new ideas and

that was not shown previously. %o is consistent with respect to %∗because %o satisfies

Uniformity Toward Criteria Axiom 20 and {%i}Ni=1 satisfy Consistency Axiom 19 with

respect to %∗. Following the same type of arguments showed in Lemma 26 it is possible

to show that there exists C∗ and a unique u such that ∀f ∈ F the following holds:

Io (u (f)) ≥ min
p∈C∗

∫
S

Ef(s)udp (s)

If there exists ı̄ such that %ı̄ satisfies caution then by Theorem 3 of GMMS we have that:

Io (u (f)) ≥ min
p∈C∗

∫
S

Ef(s)udp (s) = min
p∈C ı̄

∫
S

Ef(s)udp (s) = Iı̄ (u (f))

Suppose by contra that Io (u (f)) > min
p∈C∗

∫
S

Ef(s)udp (s), then it is possible to find a constant

act g ∈ Fc such that the following holds:

Io (u (f)) > u (g) > min
p∈C∗

∫
S

Ef(s)udp (s) = Iı̄ (u (f))

. But this latter inequality contradicts Caution Toward Criteria Axiom 29 because for ı̄

we have that f �ı̄ g but f %o g.

Proof. of Theorem 33.

Let’ start with the necessity part. Given the functional representation of Io we will

show that the axiom betweenness is satisfied. Otherwise by way of contradiction assume

that:
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Io (u (f)) = min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)
> max Ii (u (f))

and assume that the minimum is attained at γ. Hence for any γ ∈ 4 ({1, 2, . . . , N}) we

have that:

N

Σ
j=1
γjIj (u (f)) + c (γ) ≥

N

Σ
j=1
γjIj (u (f)) + c (γ) > max

i∈{1,2,...,N}
Ii (u (f))

. Clearly c (γ) > 0 and, given that c is grounded , ∃γg ∈ 4 ({1, 2, . . . , N}) such that

c (γg) = 0. These considerations lead to the following chain of inequalities:

N

Σ
j=1
γgj Ij (u (f)) ≥

N

Σ
j=1
γjIj (u (f)) + c (γ) > max

i∈{1,2,...,N}
Ii (u (f))

and we have that:

N

Σ
j=1
γgj Ij (u (f)) > max

i∈{1,2,...,N}
Ii (u (f))

that is absurd. Let’s verify the Variability Axiom 32. By way of contradiction suppose

that there exist f, g ∈ F\Fc such that either

min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)
− min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (g)) + c (γ)

)
< min

i∈{1,2,...,N}
( Ii (u (f))− Ii (u (g)))

or

max
i∈{1,2,...,N}

( Ii (u (f))− Ii (u (g)))

< min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)
− min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (g)) + c (γ)

)
. W.l.o.g. suppose that:

min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)
=

N

Σ
j=1
γjIj (u (f)) + c (γ)

and

min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (g)) + c (γ)

)
=

N

Σ
j=1
γ̃jIj (u (g)) + c (γ̃)

If
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min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)
− min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (g)) + c (γ)

)
< min

i∈{1,2,...,N}
( Ii (u (f))− Ii (u (g)))

then the contradiction is reached by the following chain of inequalities:

min
i∈{1,2,...,N}

( Ii (u (f))− Ii (u (g)))

≤
N

Σ
j=1
γjIj (u (f)) + c (γ)−

N

Σ
j=1
γjIj (u (g))− c (γ)

≤
N

Σ
j=1
γjIj (u (f)) + c (γ)− min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (g)) + c (γ)

)
< min

i∈{1,2,...,N}
( Ii (u (f))− Ii (u (g)))

. On the other side if

max
i∈{1,2,...,N}

( Ii (u (f))− Ii (u (g)))

< min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)
− min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (g)) + c (γ)

)
then we can reach a contradiction as follows

max
i∈{1,2,...,N}

( Ii (u (f))− Ii (u (g)))

< min
γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (f)) + c (γ)

)
−

N

Σ
j=1
γ̃jIj (u (g))− c (γ̃)

≤
N

Σ
j=1
γ̃jIj (u (f)) + c (γ̃)−

N

Σ
j=1
γ̃jIj (u (g))− c (γ̃) ≤ max

i∈{1,2,...,N}
( Ii (u (f))− Ii (u (g)))

.

Let’s finally verify Criteria Uncertainty Aversion Axiom 25. Fix f ∈ F , fj ∈ F and

αj ≥ 0 for j = 1, . . . J such that
J

Σ
j=1
αj = 1 and f %i

J

Σ
j=1
αjc

fj
i for i = 1, . . . , N . Set

A =

{
f ;

J

Σ
j=1
αjc

fj
i

}
and by Lemma 51 it is enough to show the result for %o. Notice that

if f %i
J

Σ
j=1
αjc

fj
i then Ii (u (f)) ≥

J

Σ
j=1
αjIi (u (fj)) hence we have that for any set of weights

γi ≥ 0 for i = 1, . . . N such that
N

Σ
i=1
γi = 1 and any lower semicontinuous, grounded and
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convex function c : 4 ({1, 2, . . . , N})→ [0, ∞] the following holds:

N

Σ
i=1
γiIi (u (f))+c (γ) ≥

N

Σ
i=1
γi

(
J

Σ
j=1
αjIi (u (fj))

)
+

J

Σ
j=1
αjc (γ) =

J

Σ
j=1
αj

(
N

Σ
i=1
γiIi (u (fj)) + c (γ)

)
. By taking the min of both sides over the set of weights Γ and by using the properties

of the min function we obtain the following chain of inequalities:

min
γ∈Γ

(
N

Σ
i=1
γiIi (u (f)) + c (γ)

)
= Io (u (f)) ≥ min

γ∈Γ

J

Σ
j=1
αj

(
N

Σ
i=1
γiIi (u (fj)) + c (γ)

)
≥

J

Σ
j=1
αjmin

γ∈Γ

(
N

Σ
i=1
γiIi (u (fj)) + c (γ)

)
=

J

Σ
j=1
αjIo (u (fj))

.

The rest of the necessity arguments are standard and are left to the reader.

Let’s now show the sufficiency part. As usual Criteria Uncertainty Aversion Axiom

25 implies Consistency Toward Criteria Axiom 20. For the standard representations of

the Knightian preference relation %∗ and of the Invariant Biseparable preferences check

the proof of Proposition 26. We will focus our attention on the representation of the

choice correspondence. By the Lemma 51 the revealed preference relation %o associated

to the choice correspondence Co satisfies Completeness Axiom 17, Transitivity Axiom 11,

Nontriviality Axiom 12, Monotonicity Axiom 13, Continuity Axiom 14, Weak Certainty

Independence Axiom 44. Notice that Weak Certainty Independence Axiom 44 implies

Risk Independence Axiom 43. The existence of a normalized, monotonic, continuous

functional Io : B0 (Σ)→ R, given that our continuity axiom implies the archimedean con-

tinuity axiom, is the result of Proposition 1 of Cerreia Vioglio, Ghirardato, Maccheroni,

Marinacci, Siniscalchi (2011). By the proof of Proposition 26 we know that there exists

a unique utility function u : X → R for all the functional representations of the prefer-

ence relations %∗, {%i}Ni=1 and %o. We denote with R = R (I) the range of the vector

I = (I1 (·) , . . . , IN (·)) and given that %o satisfies Consistency Toward Criteria Axiom

20 we can find a well defined function φ : R → R such that for each f ∈ F we have

that Io (u (f)) = φ (I (u (f))). Moreover φ (·) is monotone: fix 2 acts f, g ∈ F such

that I (u (f)) ≥ I (u (g)) and by Consistency Toward Criteria Axiom 20 we have that

φ (I (u (f))) = Io (u (f)) ≥ Io (u (g)) = φ (I (u (g))). φ (·) is also normalized, given that

for any k ∈ R such that k1N ∈ R we have that there exists a constant act ck ∈ Fc such

that for all i ∈ {o, 1, . . . , N} Ii
(
u
(
ck
))

= u
(
ck
)

= k. It is important to notice that by

assumption the domain of φ is convex subset of Bo (Γ), where Γ = 2N , given that {%i}Ni=1

satisfy joint convexity. Now we want to show that φ is a niveloid, i.e. for any x, y ∈ R
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we have that φ (x)− φ (y) ≤ max
i∈{1,2,...,N}

(xi − yi). If fx, f y ∈ Fc then the relation trivially

holds by Consistency Toward Criteria Axiom 20:

φ (x)− φ (y) = Io (u (fx))− Io (u (f y)) = max
i∈{1,2,...,N}

(xi − yi) =

max
i∈{1,2,...,N}

(Ii (u (fx))− Ii (u (f y))) = u (fx)− u (f y)

If fx, f y ∈ F \Fc then by Variability Axiom 32 we have that ∃i ∈ {1, 2, . . . , N} such that

the following holds:
1

2
cf

y

o +
1

2
cf

x

i %
o 1

2
cf

x

o +
1

2
cf

y

i

and we have that u
(

1
2
cf

y

o + 1
2
cf

x

i

)
≥ u

(
1
2
cf

x

o + 1
2
cf

y

i

)
.

Notice that Io

(
u
(
cf

x

i

))
=
∑
x∈X

cf
x

i (x)u (x) = Ii

(
u
(
cf

x

i

))
and by using the affinity

of the utility function we have that:

1

2
u
(
cf

y

o

)
+

1

2
u
(
cf

x

i

)
≥ 1

2
u
(
cf

x

o

)
+

1

2
u
(
cf

y

i

)
that it is equivalent to the following:

1

2
Io
(
u
(
cf

y

o

))
+

1

2
Ii

(
u
(
cf

x

i

))
≥ 1

2
Io
(
u
(
cf

x

o

))
+

1

2
Ii

(
u
(
cf

y

i

))
and as a consequence we have that:

1

2
Io (u (f y)) +

1

2
Ii (u (fx)) ≥ 1

2
Io (u (fx)) +

1

2
Ii (u (f y))

By simplifying and rearranging the last expression we obtain:

φ (x)− φ (y) = Io (u (fx))− Io (u (f y)) ≤ Ii (u (fx))− Ii (u (f y))

≤ max
i∈{1,2,...,N}

(Ii (u (fx))− Ii (u (f y))) = max
i∈{1,2,...,N}

(xi − yi)

Finally if fx ∈ F \ Fc and f y ∈ Fc by Criteria Betweenness Axiom 31 we have that

∃i ∈ {1, 2, . . . , N} such that cf
x

i %
o fx, i.e. Io (u (fx)) ≤ Io

(
u
(
cf

x

i

))
= u

(
cf

x

i

)
=

Ii (u (fx)). Notice that by assumption Io (u (f y)) = u (f y) = Ii (u (f y)) and we have that

Io (u (fx)) + u (f y) − u (f y) ≤ Ii (u (fx)). The last expression implies that the following

is true:

φ (x)− φ (y) = Io (u (fx))− Io (u (f y)) ≤ Ii (u (fx))− Ii (u (f y))
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≤ max
i∈{1,2,...,N}

(Ii (u (fx))− Ii (u (f y))) = max
i∈{1,2,...,N}

(xi − yi)

Let’s now verify that φ (·) is concave. For any x, y ∈ R and α ∈ (0, 1) we want to show

that φ (αx+ (1− α) y) ≥ αφ (x)+(1− α)φ (y). By the convexity of R we know that there

exists fxy ∈ F such that I (u (fxy)) = αx + (1− α) y. For any i ∈ {1, 2, . . . , N} we have

that Ii (u (fxy)) = αIi (u (fx))+(1− α) Ii (u (f y)) = αIi

(
u
(
cf

x

i

))
+(1− α) Ii

(
u
(
cf

y

i

))
,

i.e. fxy ∼i αcf
x

i + (1− α) cf
y

i . By Criteria Uncertainty Aversion Axiom 25 we have that

fxy %o αcf
x

o + (1− α) cf
y

o , i.e. (by using the affinity of u) Io (u (fxy)) ≥ αIo (u (fx)) +

(1− α) Io (u (f y)) and as a consequence the following is true:

φ (αx+ (1− α) y) = φ (I (u (fxy))) ≥ αφ (I (u (fx))) + (1− α)φ (I (u (f y)))

= αφ (x) + (1− α)φ (y)

Hence φ (·) is a concave niveloid defined over a convex subset of B (Γ) and by following

Dolecki and Greco (1995) we know that the least niveloid on Bo (Γ) that extends φ (·) for

any x ∈ Bo (Γ) is:

φ̂ (x) = sup
y∈R

[
φ (y) + inf

i∈{1,..., N}
(xi − yi)

]
By following the same approach of MMR, we can apply the Fenchel-Moreau theorem

to φ̂ (·) and we have that the following functional representation holds:

φ̂ (x) = min
µ∈ba(Γ)

[
〈x, µ〉 − φ̂∗ (µ)

]
where ba (Γ) denote the set of bounded and finitely additive set functions µ : Γ → R

endowed with the total variation norm and φ̂∗ (µ) = inf
x∈B(Γ)

(
〈x, µ〉 − φ̂ (x)

)
is the Fenchel

conjugate of φ̂ (·). If µ is not positive then, given that w.l.o.g. we can assume that

0 ∈ int (u (X)) and [−1, 1] ⊆ u (X), it is possible to find x ≥ 0 such that 〈x, µ〉 < 0.

As a consequence for all α ≥ 0 we have that the monotonicity of φ̂ (·) implies that

〈αx, µ〉 − φ̂ (αx) ≤ α 〈x, µ〉 − φ̂ (0) and φ̂∗ (µ) = −∞. If µ ({1, 2, . . . , N}) 6= 1 then for

any x ∈ B (Γ) and a ∈ R by using the constant additivity of the niveloid we have that

the following holds:

〈x+ a, µ〉 − φ̂ (x+ a) = 〈x, µ〉 − φ̂ (x) + a (µ ({1, 2, . . . , N})− 1)

and again φ̂∗ (µ) = −∞. As a consequence of the previous argument we have the following

representation:
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φ̂ (x) = min
γ∈4(Γ)

[
〈x, γ〉 − φ̂∗ (γ)

]
= min

γ∈4({1,2,...,N})

(
N

Σ
j=1
γjIj (u (fx)) + c (γ)

)
where c (γ) = −φ̂∗ (γ). The fact that c (·) is a lower semicontinuous, grounded and convex

function is a direct application of Lemma 26 of MMR.

Tesi di dottorato "Essays on Financial Economics and Decision Theory"
di GIRLANDA FRANCESCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



130

Chapter 4

Uncertainty Does Not Vanish in the

Small

This chapter is joint work with Fabio Maccheroni, Massimo Marinacci, Sujoy Mukerji and Doriana
Ruffino. The financial support of the European Research Council (advanced grant Indimacro) is gratefully
acknowledged. The views in this paper are solely the responsability of the authors and should not be
interpreted as reflecting the views of the Board of Governors of the Federal Reserve System or of any
other person associated with the Federal Reserve System. All remaining errors are ours.
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4.1 Introduction

Decision making under ambiguity has recently gained much importance thanks to both

the development of theoretical models, and the applications of such models to many fields

in economics and finance. The smooth ambiguity model of Klibanoff, Marinacci, and

Mukerji (2005) (KMM hereafter) plays an especially important role because of its ana-

lytical tractability. Given this tractability, the smooth model lends itself to an extension

to continuous time. Skiadas (2013) considers this extension and writes: “A central con-

clusion of this paper is the irrelevance of ambiguity aversion modeled through smooth

second-order expected utility in a high frequency Brownian information setting.”

Skiadas’ result for the Brownian information setting (Theorem 1 in his paper and the

basis for his conclusion), applies not only to “ambiguity aversion modeled through smooth

second-order expected utility” but equally across the gamut of ambiguity sensitive prefer-

ences. For example, his result applies to the class of variational preferences of Maccheroni,

Marinacci, and Rustichini (2006), which includes the multiple priors/maxmin expected

utility (MEU) preferences of Gilboa and Schmeidler (1989). Since the Brownian informa-

tion setting is ubiquitous in continuous-time finance models, Skiadas’ conclusion implies

that the effects of ambiguity cannot be incorporated in the most frequently applied infor-

mation setting in continuous-time finance.

This paper shows that Skiadas’ conclusion is not robust. The standard way to obtain

the Brownian setting (Skiadas’ Theorem 1 and our analysis here) is through a random walk

with a stochastic binomial “up or down” increment at each node (observation). Then,

one would allow the time interval between consecutive observations to become arbitrarily

small and pass to the limit. The defining feature of the random walk is the transition

probability, p (that is, the probability of transiting to, say, an up increment from a given

node). Ambiguity, or model uncertainty, enters this setting when one allows the decision

maker to be uncertain about this probability and, in particular, to believe that p = 1/2 is

not the only possibility but that there may be a bias. Skiadas assumes a parametric form

of the transition probability which severely restricts how the bias may be introduced: his

bias is strictly increasing in the interval between consecutive observations and, thus, it

does not survive when passing to the limit (specifically, in the limit the possible ps lie in

a singleton set,
{

1
2

}
). This assumption rules out the very possibility of ambiguity and,

consequently, the possibility that the decision maker’s attitude toward ambiguity may

affect her evaluation of the limiting uncertainty.

In contrast, we assume a more elaborate parametric form of the transition probability
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which allows for a bias independent of the frequency of observation. Such a bias survives

in the limit so that ambiguity aversion remains relevant (shown in our Theorem 1). Fur-

ther, and very importantly, we demonstrate that the diffusion limit of the random walk

with our assumed transition probability takes the same form as the diffusion limit under

Skiadas’ assumed transition probability: by the main theorem of Gruber and Schweizer

(2006), such diffusion limit is a Gaussian process with constant drift and constant volatil-

ity (Appendix 4.5.1).

Our analysis relies on the approximation of the smooth ambiguity model studied by

Maccheroni, Marinacci and Ruffino (2013) and fully developed in Maccheroni, Marinacci

and Ruffino (2011, henceforth MMR). The proof of our main result, Theorem 54, can be

found in Appendix 4.5.2 and a simple heuristic argument is presented in Appendix 4.5.3.

4.2 A binomial model of small uncertainties

Diffusion limits à la Donsker (see Billingsley, 1968) are based on discrete processes defined

on finite grids. As the grid mesh gets smaller, continuous-time interpolations of such dis-

crete processes converge to diffusion processes that solve suitable stochastic differential

equations. In Appendix 4.5.1, we specify the diffusion limit corresponding to the discrete

process that we assume to model the uncertainty. Here, we take the vantage point of a

single arbitrary node in a given grid and we study what happens in this cell of the grid

when the mesh, ε, gets smaller.

One may think of the grid as a timeline where nodes represent observations of the

evolving value of a stock holding. Then, a smaller ε translates to a higher frequency of

observation. At each node, the observed random increment in the stock-holding value

from the previous node is a binary random variable: given an ε, such increment is an up

or down movement of fixed size.

For each mesh ε ∈ (0, 1], we consider a {1,−1}-valued binary random variable Zε such

that

P (Zε = 1 |Z0 = z0 ) = p (ε|z0) ,

where Z0 is the binary random variable at the current node, z0 = ±1, and p : (0, 1] ×
{1,−1} → [0, 1] is a transition function. In particular, p (ε|z0) is the (binomial) probability

of observing a positive increment at the next node, conditional on the sign of the increment

observed at the current node and in function of the mesh size. Specifying this transition

function is the core, and the defining feature, of our analysis. We adopt the following
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specification

p (ε|z0) =
1

2

(
1 + z0a+

√
εb
)
, (4.1)

where the parameters a ∈ (−1, 1) and b ∈ R are such that p (ε|z0) ∈ [0, 1]. The specified

transition function—a special case of one studied by Gruber and Schweizer (2006)—defines

a process through the increments

Wε −W0 = α
√
εZε + βε (4.2)

which form a correlated random walk with drift β ∈ R and volatility α > 0. It is so called

because, for a 6= 0, consecutive random increments are correlated (with the value of a de-

termining the correlation). When a = 0, we have the case of an uncorrelated random walk.

To ease matters, we assume that the drift of the random walk, β, is known and equal

to 0. As to the volatility of the random walk, α, we consider two cases. In the first case

(section 4.3.1), α is known and equal to 1. In the second case (section 4.3.2), there exists

a function h : A −→ (0,+∞) such that α = h (a). In either case, and given the specifi-

cation of the transition function p, we represent ambiguity—uncertainty about p—as the

uncertainty about the values of a and b—the parameters of the random walk probabil-

ity model. In particular, we allow a and b to range in two finite sets of possible values,

A and B respectively. That is, we consider the parametric family of transition functions{
p(a,b) : (a, b) ∈ A×B

}
, within the parametric family defined by (4.1). If a = 0 = b, then

p = 1/2. Combinations of (non-zero) values of a and b, however, allow p to be different

from 1/2 and introduce biases to the random walk. Ambiguity amounts to uncertainty

about the biases to the random walk.

We formulate small uncertainties by considering the limit case as ε ↓ 0. In this case,

observations are arbitrarily frequent and random increments—obtained by scaling the

unit increment Zε by α
√
ε (see (4.2))—are arbitrarily small. The limit transitions

pa (z0) ≡ lim
ε↓0

pa,b (ε|z0) =
1

2
(1 + z0a) ∀a ∈ A (and b ∈ B) (4.3)

describe the limit behavior of transition probabilities as the mesh, ε, goes to zero.1 If

a = 0, then pa (z0) = 1/2 irrespective of the value of b. That is, uncertainty about the

bias to the random walk survives in the limit transition if and only if it originates (at

least in part) from uncertainty about the value of the parameter a. Indeed, since
√
εb ↓ 0,

1Note that limε→0 pa,b (ε|1) 6= 1 and limε→0 pa,b (ε| − 1) 6= 0. In words, we do not require the states
1 and −1 to be standard (Kingman, 1972).
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uncertainty about the bias that purely originates from the value of b—because a = 0 or,

more generally, because its value is known—does not survive in the small. These obser-

vations are crucial to our findings.

Next, we consider a net
{
πε|z0

}
ε∈(0,1]

of subjective prior beliefs πε|z0 : A×B → [0, 1] on

the transition parameters for every initial value z0 and mesh ε. We denote the marginal

distribution of πε|z0 on A by

πε|z0 (a) =
∑
b∈B

πε|z0 (a, b) ∀a ∈ A.

We assume that priors converge like the transitions above. Formally,

πz0 (a) ≡ lim
ε↓0

πε|z0 (a) ∀a ∈ A (4.4)

exist and they are finite. In addition, we denote by

πz0 =
∑
a∈A

aπz0 (a) , πz0 =
∑
a∈A

a2πz0 (a) , and σ2
πz0

= πz0 − π2
z0

the first moment, second moment, and variance of πz0 , respectively. Note that σ2
πz0

= 0 if

and only if the support of πz0 is a singleton.

Remark 52 For every initial value z0 = ±1 and mesh ε, consider a net
{
πε|z0

}
ε∈(0,1]

on

the transition parameters a and b such that πε|z0 (a) = π̂z0 (a) for every a ∈ A. By (4.4),

πz0 (a) = π̂z0 (a) for every a ∈ A. Hence, if a convergent sequence of subjective priors is

such that its marginal on A (corresponding to each prior) is independent of ε, then the

limit prior shares the same marginal on A with elements of the sequence. If the priors

in the sequence have the property that the common marginal on A has non-singleton

support, then so does the marginal of the limit prior.

Let Bt be a standard Brownian motion on [0, 1]. By Gruber and Schweizer’s (2006)

main result (Appendix 4.5.1), the correlated random walk specified by transition (4.1)

and increments (4.2) converges in distribution to a Brownian motion Wt on [0, 1]. The

drift, µ, and volatility, σ, of Wt are given by

µ = β +
αb

1− a
=

αb

1− a
and σ = α

√
1 + a

1− a
. (4.5)

When b 6= 0, uncertainty about a translates into uncertainty about both the drift and the
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volatility of the Brownian motion.2 If both volatilities α and σ are known, the relation

σ = α
√

(1 + a) / (1− a) identifies the value of a: in this case, no model uncertainty

survives in the limit. We consider two other cases:

(1) α is known and equal to 1, σ is unknown. Setting µ (a, b) = b/ (1− a) and σ (a) =√
(1 + a) / (1− a), here we have that

Wt = W0 + µ (a, b) t+ σ (a)Bt; (4.6)

(2) α is unknown and given by α = h (a) with h : A→ (0,+∞) a known function, σ is

known. Setting h (a) = σ
√

(1− a) / (1 + a) and µ (a, b) = h (a) b/ (1− a), we have

that

Wt = W0 + µ (a, b) t+ σBt.

We study these two cases separately and show that, in both, the effects of ambiguity

aversion are not negligible. That said, our assumption that the volatility σ is unknown

(Case 1) is empirically questionable: volatilities can be identified, almost surely, through

the high frequency data underlying the convergence to the continuous-time process Wt

(see Anderson, Hansen and Sargent (2003, p. 104)).3 In Case 2, we take σ to be known—a

sounder assumption empirically.

Remark 53 The binomial model of small uncertainties set out above is the “high fre-

quency Brownian information setting”studied by Skiadas (2013, sections i-iv and included

in Theorem 1), with α known and equal to 1. Skiadas, however, considers the special case

of a = 0 in transition probability (4.1): in his case, the only source of ambiguity is un-

certainty about b (ρ in his paper). Thus, the Brownian motion Wt has drift µ = b and

volatility σ = 1 (given a = 0); that is, Wt = W0 + bt+Bt. Here, the sole source of uncer-

tainty about the drift (through the transition function of the underlying random walk)

need be uncertainty about b—this is the sole source of model uncertainty that Skiadas

considers for the Brownian case. As shown in (4.3), model uncertainty that is driven

purely by uncertainty about b does not survive in the limit transition. This remark is

most significant since it is the limit transition which is relevant to a decision maker’s

evaluation of small uncertainties (section 4.3).4

2When a = 0, β and α, the drift and volatility of the random walk, coincide with µ and σ, the drift
and volatility of the Brownian motion obtained as the diffusion limit of the random walk.

3A similar issue arises in all continuous-time analyses that assume mutually singular models.
4Appendix 4.5.1 gives a fuller account of the binomial model of uncertainty presented in this section

and its diffusion limit. Table 1 at the end of this appendix shows the exact correspondence between the
binomial models studied here and in Skiadas (2013).
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4.3 Effects of small uncertainties

4.3.1 Case 1: known α and unknown σ

We assume that α is equal to 1. In this case small uncertainties are described by the net

{Wε}ε∈(0,1], where Wε =
√
εZε,∀ε ∈ (0, 1] scales the binary “tilt” Zε à la Donsker. To

study the effects of risk and ambiguity for small uncertainties, we consider an ambiguity

sensitive decision maker who evaluates (smaller and smaller) perturbations Wε to his

wealth w. Let I ⊆ R be a non-singleton interval of outcomes of the prospect w + Wε.

According to the smooth ambiguity model of KMM, with ambiguity attitude denoted by

φ and risk attitude by u, and where u : I → R and φ : u (I) → R are strictly increasing

and continuous functions, the prospect (w +Wε |z0 ) is evaluated as

∑
a,b

πε|z0 (a, b)φ
(
pa,b (ε|z0)u

(
w +
√
ε
)

+ (1− pa,b (ε|z0))u
(
w −
√
ε
))
.

Writing v = φ ◦ u, the certainty equivalent Cε (w +Wε |z0 ) of w+Wε conditional on z0 is

v−1

(∑
a,b

πε|z0 (a, b) v
(
u−1

(
pa,b (ε|z0)u

(
w +
√
ε
)

+ (1− pa,b (ε|z0))u
(
w −
√
ε
))))

.

The expectation Eε (w +Wε |z0 ) of w +Wε conditional on z0 is∑
a,b

πε|z0 (a, b)
(
pa,b (ε|z0)

(
w +
√
ε
)

+ (1− pa,b (ε|z0))
(
w −
√
ε
))
,

so that the uncertainty premium is given by

UPε (w +Wε |z0 ) = Eε (w +Wε |z0 )− Cε (w +Wε |z0 ) .

Next, we establish the quadratic approximation of UPε (w +Wε |z0 ).5 The Arrow-Pratt

coefficients of u and v are λu (w) = −u′′(w)/u′(w) and λv (w) = −v′′(w)/v′(w), respec-

tively.

Theorem 54 Take the functions u and v thrice continuously differentiable in a neigh-

borhood of w, with u′ > 0, v′ > 0, λu (w) 6= 0, λv (w) 6= 0, λu (w) 6= λv (w). If πε|z0 (a)

converges as ε ↓ 0 for all a ∈ A, then

UPε (w +Wε |z0 ) =
ε

2
λu (w)

(
1− πz0

)
+
ε

2
λv (w)σ2

πz0
+ o (ε) , z0 = ±1. (4.7)

5See Appendix 4.5.2 for a formal proof or Appendix 4.5.3 for a heuristic derivation.
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The following observations follow immediately from the theorem and are key to the

conclusion of our paper.

(i) 1−πz0 =
∑

a∈A (1− a2) πz0 (a) > 0 because A ⊆ (−1, 1): the effects of risk aversion

are never negligible.

(ii) σ2
πz0

= 0 if and only if πz0 = δa∗ , for some a∗ ∈ A.

(iii) The Brownian motion considered by Skiadas (2013) belongs to (ii) because A =

{0} is a singleton and, thus, πz0 = δ0. In particular, since πz0 = 0, Skiadas’

approximation becomes

UPε (w +Wε |z0 ) =
ε

2
λu (w) + o (ε) .

In this case, the smooth ambiguity certainty equivalent for a small uncertainty is

indistinguishable from the expected utility certainty equivalent.

(iv) In the KMM evaluation functional, ambiguity neutrality corresponds to the case

where v = u (i.e., φ is affine). In this case, the uncertainty premium reflects purely

the effect of risk aversion and reduces to:

RPε (w +Wε |z0 ) ≡ ε

2
λu (w)

(
1− πz0

)
+
ε

2
λu (w)σ2

πz0
+ o (ε) .

Noting that λφ (w) = λv (w)−λu (w), we derive the part of the uncertainty premium

that is affected purely by ambiguity attitude

UPε (w +Wε |z0 )− RPε (w +Wε |z0 ) =
ε

2
λφ (w)σ2

πz0
+ o (ε) .

For the net of priors identified in Remark 52 (with a common marginal on A invariant

to ε and non-singleton support on A), λφ (w)σ2
πz0

> 0 and the effects of ambiguity

aversion are not negligible for small uncertainties. Furthermore, to ensure that

the effects of ambiguity aversion survive, ambiguity aversion needs not increase

arbitrarily as the mesh ε ↓ 0—λφ (w) may be constant.

4.3.2 Case 2: unknown α and known σ

We assume that α = h (a), with h : A → (0,+∞) a known function. In this case

Wε =
√
εh (a)Zε and the certainty equivalent, Cε (w +Wε |z0 ), becomes

v−1

(∑
a,b

πε|z0 (a, b) v
(
u−1

(
pa,b (ε|z0)u

(
w + h (a)

√
ε
)

+ (1− pa,b (ε|z0))u
(
w − h (a)

√
ε
))))

.
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In Appendix 4.5.3, we provide a heuristic derivation of the quadratic approximation of

the uncertainty premium UPε (w +Wε |z0 ) corresponding to Cε (w +Wε |z0 ). We obtain

UPε (w +Wε |z0 ) =
λu
2
εEπz0

(
(h (a))2 (1− a2

))
+
λv
2
εσ2

πz0
(h (a) a) .6 (4.8)

Quadratic approximation (4.8) shows that even in Case 2 the effects of ambiguity aversion

are not negligible—the observations we made following Case 1 continue to hold.

4.4 Conclusion

We overturn Skiadas’ (2013) finding on the irrelevance of ambiguity aversion “modeled

through smooth second-order expected utility in a high frequency Brownian information

setting”. We do so by defining the random walk model that describes the information

setting through a more general transition function than the one assumed by Skiadas.

The required increased generality is the allowance for consecutive random increments

to be correlated: for example, an “up” movement is more likely if preceded by an “up”

movement. Crucially, such an allowance generalizes the ways of introducing bias to the

transition probability. In particular, it is possible to have a class of biases that survive

in the limit as random increments are scaled down because of increased frequency of ob-

servation. If the decision maker’s ambiguity about the transition probability were driven

(at least partly) by biases from this class, then that ambiguity survives in the limit and

the effects of ambiguity aversion remains relevant in the small.

In addition, the parameter that drives the ambiguity of the transition probability in

the random walk also makes the drift and volatility parameters of the diffusion limit un-

certain. In the event that data is rich enough to identify the volatility parameter of the

diffusion limit, our key conclusion that the effects of ambiguity aversion are not negligible

in the small still holds.

Skiadas’ finding created a seemingly impassable block in the path of pursuing a recur-

sive continuous-time model of ambiguity aversion, where ambiguity aversion is modeled

through smooth second-order expected utility as in KMM. Now, that block seems pass-

able.

6When h (a) is constant and equal to 1, (4.8) reduces to (4.7).
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4.5 Appendix

4.5.1 Diffusions

Diffusion limit

By using a result of Gruber and Schweizer (2006), we show that there exists a continuos-

time diffusion process that is the limit of the binomial model considered in our framework.7

Consider a unit time interval [0, 1]. Each n ≥ 1 determines a grid {k/n}nk=0 of the unit

time interval, i.e.,

0 <
1

n
< · · · < n− 1

n
< 1.

Fix n and a probability space (Ωn,Σn,Pn). Consider the tilt process {Zn
k }

n
k=0 where

each Zn
k : Ωn → {−1, 1} is a binary random variable for each k = 0, ..., n. Given two

coefficients αn, βn ∈ R, define the process {W n
k }

n
k=0 by W n

k − W n
k−1 = αnZ

n
k + βn so

that W n
k = W n

0 +
∑k

j=1

(
αnZ

n
j + βn

)
, for each k = 0, ..., n. The process {W n

k }
n
k=0 is a

possibly correlated random walk. The coefficients αn and βn are its volatility and drift,

respectively.

Let {Σn
k}

n
k=0, with Σn

k = σ
(
W n

0 , ...,W
n
k−1

)
⊆ Σn, be the filtration determined by the

random walk {W n
k }

n
k=0. For k = 1, ..., n, it holds

Pn
(
Zn
k = 1

∣∣Σn
k−1

)
= pn

(
k,W n

k−1, Z
n
k−1

)
where pn : {1, ..., n} ×R× {−1, 1} → [0, 1] is the transition function of the random walk.

In particular, pn (k, x, z) is the probability that the tilt process takes value +1 at k/n given

that the random walk and the tilt process took values x and z at (k − 1) /n, respectively.

Through linear interpolation, the random walk {W n
k }

n
k=0 defines a random function

W̃ n : Ωn × [0, 1]→ R given by W̃ n
ε (ωn) = W n

[nε] (ωn). We have that

W̃ n
ε (ωn) =


W n

0 if ε = 0

W n
k (ωn) if ε ∈

[
k
n
, k+1

n

)
and 1 < k < n

W n
n if ε = 1

. (4.9)

The paths of W̃ n are right-continuous functions on [0, 1] with left-hand limits, i.e., W̃ n (ωn) ∈
7Section 4.5.1 summarizes the relationships between the notation used in this appendix, the notation

in the main text, and the notation in Skiadas’ (2013) paper.
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D for all ωn ∈ Ωn.8 Let
{

Σ̃n
ε

}
ε∈[0,T ]

be the filtration generated by W̃ n, so that

Σ̃n
ε = Σn

k ∀ε ∈
[
k − 1

n
,
k

n

)
,∀k = 1, ..., n.

Denote by Pn the distribution on the Skorohod measurable space (D,D) of the random

function W̃ n under Pn,9 that is

Pn (A) = Pn
(
ωn ∈ Ωn : W̃ n (ωn) ∈ A

)
∀A ∈ D.

Suppose there are:

1) constant α > 0 and β ∈ R such that αn = α/
√
n and βn = β/n;10

2) a ∈ (−1, 1) and b ∈ R such that

pn (z) =
1

2

(
1 + za+

1√
n
b

)
. (4.10)

Under more general hypotheses than 1) and 2) above (including, for example, time-

varying coefficients a and b), Gruber and Schweizer (2006) prove the following Donsker-

type invariance principle.

Theorem 55 Under hypotheses 1), 2), and a martingale assumption, if {W n
0 } converges

in distribution to some W0, then
{
W̃ n
}

converges in distribution to a Brownian motion

Wt = W0 + µt+ σBt on [0, 1] with initial value W0,

µ = β +
αb

1− a
, and σ = α

√
1 + a

1− a
.

Cells and grids

In the main text we study the initial cell of the grid, with a smaller and smaller scalar

mesh. Thus, the mesh ε corresponds to 1/n, the binary random variable Zε to Zn
1 ,

the transition p (ε|z0) to pn (1 |z ) = Pn (Zn
1 = 1 |Zn

0 = z0 ), and the random variable Wε

to (1/
√
n)Zn

1 . These relationships, and their equivalent in Skiadas’ (2013) paper, are

summarized in Table 4.1. This Table is the Rosetta stone of our exercise.

8D is the space of right-continuous functions on [0, 1] with left-hand limits (Billingsley, 1968).
9See Billingsley (1968) p. 121.

101/
√
n and 1/n are the scaling factors of volatility and drift, respectively.
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Table 4.1: Rosetta stone

 

The table is the Rosetta stone of our exercise. 
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4.5.2 Proof of Theorem 54 and related material

Each of the beliefs, πε|z0 , is a probability distribution on A × B and it induces a corre-

sponding discrete probability distribution on [0, 1]

µε|z0 (q) =
∑
a,b

πε|z0 (a, b) δpa,b(ε|z0) (q) ∀q ∈ [0, 1] .

In what follows, we write µε ⇒ µ to indicate that the net of Borel probability measures

on [0, 1], µε, weakly converges to µ as ε ↓ 0. “Weakly” refers to the weak convergence of

probability measures (see Billingsley, 1968).

Lemma 56 Let z0 = ±1. If the limit limε↓0 πε|z0 (a) = πz0 (a) exists and is finite for

every a ∈ A, then πz0 is a probability measure on A and

µε|z0 ⇒ µz0 =
∑
a∈A

πz0 (a) δ 1
2

(1+z0a).

Proof of Lemma 56 Let z0 = ±1, ε ∈ (0, 1], and n ∈ N. Then

∫ 1

0

qndµε|z0 (q) =

∫ 1

0

qnd

 ∑
(a,b)∈A×B

πε|z0 (a, b) δpa,b(ε|z0) (q)


=

∑
(a,b)∈A×B

πε|z0 (a, b)

∫ 1

0

qndδpa,b(ε|z0) (q)

=
∑

(a,b)∈A×B

πε|z0 (a, b) (pa,b (ε|z0))n

=
∑

(a,b)∈A×B

πε|z0 (a, b)

(
1

2

(
1 + z0a+

√
εb
))n

=
∑
a∈A

[∑
b∈B

πε|z0 (a, b)

(
1

2

(
1 + z0a+

√
εb
))n]

.

Denote by b′ and b′′ the minimum and maximum elements of B, respectively. For every

a ∈ A and all (ε, b) ∈ (0, 1]×B,

0 ≤ 1

2

(
1 + z0a+

√
εb′
)
≤ 1

2

(
1 + z0a+

√
εb
)
≤ 1

2

(
1 + z0a+

√
εb′′
)
.
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Therefore, for every n ∈ N

πε|z0 (a)

(
1

2

(
1 + z0a+

√
εb′a
))n

=
∑
b∈B

πε|z0 (a, b)

(
1

2

(
1 + z0a+

√
εb′a
))n

≤
∑
b∈B

πε|z0 (a, b)

(
1

2

(
1 + z0a+

√
εb
))n

≤
∑
b∈B

πε|z0 (a, b)

(
1

2

(
1 + z0a+

√
εb′′a
))n

= πε|z0 (a)

(
1

2

(
1 + z0a+

√
εb′′a
))n

.

Keeping a and n fixed, as ε ↓ 0

πε|z0 (a)→ πz0 (a) ,(
1

2

(
1 + z0a+

√
εb′
))n
→
(

1

2
(1 + z0a)

)n
,(

1

2

(
1 + z0a+

√
εb′′
))n
→
(

1

2
(1 + z0a)

)n
,

and then ∑
b∈B

πε|z0 (a, b)

(
1

2

(
1 + z0a+

√
εb
))n
→ πz0 (a)

(
1

2
(1 + z0a)

)n
.

Since this is true for all a ∈ A and n ∈ N,

lim
ε↓0

∫ 1

0

qndµε|z0 (q) = lim
ε↓0

∑
a∈A

[∑
b∈B

πε|z0 (a, b)

(
1

2

(
1 + z0a+

√
εb
))n]

=
∑
a∈A

πz0 (a)

(
1

2
(1 + z0a)

)n
=

∫ 1

0

qnd

(∑
a∈A

πz0 (a) δpa(z0) (q)

)

and µε|z0 ⇒ µz0 =
∑

a∈A πz0 (a) δpa(z0). �

Finally, given a Borel probability measure µ on [0, 1], we denote by µ =
∫ 1

0
qdµ (q) and

µ =
∫ 1

0
q2dµ (q) its first and the second moments, respectively.

Proof of Theorem 54 Let z0 = ±1. Since the proof builds on Proposition 48 of MMR,

we begin by setting up some translation:

• Write t instead of ε in (0, 1].
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• Set Ω = {1,−1} and ht (ω) = ω
√
t.

• Denote by q both an element of [0, 1] and the corresponding probability measure on

Ω, assigning weight q to state 1 (and, hence, weight 1−q to state −1). For example,

‖ht‖q =

√∫
Ω

h2
tdq =

√
q
(√

t
)2

+ (1− q)
(
−
√
t
)2

=
√
t (4.11)

for all q (MMR consider the L2 (q) norm).

• Denote by µ both a Borel probability measure on [0, 1] and the corresponding proba-

bility measure on the one-dimensional simplex of probability measures on Ω. Recall

that MMR write q instead of µ (that is, q =
∫ 1

0
qdµ (q) = µ̄) and ϑ instead of µ

(that is, ϑ =
∫ 1

0
q2dµ (q) = µ).

• Write interchangeably µt or µt|z0 and µ or µz0 (z0 is fixed).

Consider the nets {ht, µt}t∈(0,1] and {ht, µt}t∈(0,1]. Then, by (4.11) ‖ht‖2
µt

= t > 0 and ht

is never µt-a.e. null. By Lemma 56, as t ↓ 0∫ 1

0

qdµt (q) = µt (1) = µt → µ = µ (1) =

∫ 1

0

qdµ (q)∫ 1

0

(1− q) dµt (q) = µt (−1) = 1− µt → 1− µ = µ (−1) =

∫ 1

0

(1− q) dµ (q)∫ 1

0

q2dµt (q) = µt → µ =

∫ 1

0

q2dµ (q)∫ 1

0

(1− q)2 dµt (q) = 1− 2µt + µt → 1− 2µ+ µ =

∫ 1

0

(1− q)2 dµ (q) .

Thus {ht, µt} is a risky monetary net (MMR p. 16) and {ht, µt} is an uncertain monetary

net (MMR p. 21). Since limt→0 ‖ht‖2
µt

= limt→0 t = 0, then {ht, µt} is a small risk (MMR

p. 16) and {ht, µt} is a small uncertainty (MMR p. 21). Moreover, since

max
ω∈suppµt

|ht (ω)| =
√
t = ‖ht‖µt = O

(
‖ht‖µt

)
as t ↓ 0, {ht, µt} is a small controllable risk (MMR p. 18) and {ht, µt} is a small control-

lable uncertainty (MMR p. 22). Also, since

µt → µ =
∑
a∈A

πz0 (a)
1

2
(1 + z0a) =

1

2
+

1

2
z0

∑
a∈A

aπz0 (a) ∈ (0, 1)

as t ↓ 0, the condition µt ∈ (0, 1) of MMR p. 25 is satisfied for t small enough.
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Next, note that

Ct (w +Wt |z0 )

= v−1

(∑
a,b

πt|z0 (a, b) v
(
u−1

(
pa,b (t|z0)u

(
w +
√
t
)

+ (1− pa,b (t|z0))u
(
w −
√
t
))))

= v−1

(∑
a,b

πt|z0 (a, b)

∫ 1

0

v
(
u−1

(
qu
(
w +
√
t
)

+ (1− q)u
(
w −
√
t
)))

dδpa,b(t|z0) (q)

)

= v−1

(∫ 1

0

v
(
u−1

(
qu
(
w +
√
t
)

+ (1− q)u
(
w −
√
t
)))

d

(∑
a,b

πt|z0 (a, b) δpa,b(t|z0) (q)

))

= v−1

(∫ 1

0

v
(
u−1

(
qu
(
w +
√
t
)

+ (1− q)u
(
w −
√
t
)))

dµt|z0 (q)

)
= v−1

(∫ 1

0

v
(
u−1 (qu (w + ht (1)) + (1− q)u (w + ht (−1)))

)
dµt (q)

)
.

The certainty equivalent Ct (w +Wt |z0 ) coincides with the certainty equivalent considered

in MMR p. 6 and, since

Et (w +Wt |z0 ) =
∑
a,b

πt|z0 (a, b)
(
pa,b (t|z0)

(
w +
√
t
)

+ (1− pa,b (t|z0))
(
w −
√
t
))

=

∫ 1

0

q (w + ht (1)) + (1− q) (w + ht (−1)) dµt (q) ,

the uncertainty premium UPt (w +Wt |z0 ) also coincides with the one considered in MMR

p. 6.

By (4.11) and by Proposition 48 of MMR, as t ↓ 0

UPt (w +Wt |z0 ) =
1

2
λu (w)

(
µz0 − µz0

) (
2
√
t
)2

+
1

2
λv (w)

(
µz0 − µ

2
z0

) (
2
√
t
)2

+ o
(
‖ht‖2

µt

)
= 2λu (w)

(
µz0 − µz0

)
t+ 2λv (w)

(
µz0 − µ

2
z0

)
t+ o (t) .

From the proof of Lemma 56,
∑

a∈A πz0 (a)
(

1
2

(1 + z0a)
)n

=
∫ 1

0
qndµz0 . Hence

µz0 =
∑
a∈A

πz0 (a)

(
1

2
(1 + z0a)

)
and µz0 =

∑
a∈A

πz0 (a)

(
1

2
(1 + z0a)

)2

,
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so that

µz0 − µz0 =
∑
a∈A

πz0 (a)

(
1

2
(1 + z0a)

)
−
∑
a∈A

πz0 (a)

(
1

2
(1 + z0a)

)2

=
∑
a∈A

πz0 (a)

(
1

2
+

1

2
z0a−

(
1

4
+

1

4
a2 +

1

2
z0a

))
=
∑
a∈A

πz0 (a)

(
1

4
− 1

4
a2

)
=

1

4
− 1

4

∑
a∈A

a2πz0 (a) =
1

4

(
1− πz0

)
and

µz0 − µ
2
z0

=
∑
a∈A

πz0 (a)

(
1

2
(1 + z0a)

)2

−

(∑
a∈A

πz0 (a)

(
1

2
(1 + z0a)

))2

=
∑
a∈A

πz0 (a)

(
1

4
+

1

4
a2 +

1

2
z0a

)
−
(

1

2
+

1

2
z0πz0

)2

=
1

4
+

1

4
πz0 +

1

2
z0πz0 −

(
1

4
+

1

4
π2
z0

+
1

2
z0πz0

)
=

1

4
πz0 −

1

4
π2
z0

=
1

4
σ2
πz0
.

Finally

UPt (w +Wt |z0 ) = 2λu (w)

(
1

4

(
1− πz0

))
t+ 2λv (w)

(
1

4
σ2
πz0

)
t+ o (t)

=
t

2
λu (w)

(
1− πz0

)
+
t

2
λv (w)σ2

πz0
+ o (t) ,

which together with t = ε concludes the proof. �

4.5.3 Heuristic proof of approximations (4.7) and (4.8)

We consider the general case Wε =
√
εh (a)Zε, where h : A→ (0,+∞). Consequently

Cε (w +Wε |z0 )

= v−1

(∑
a,b

πε|z0 (a, b) v
(
u−1

(
pa,b (ε|z0)u

(
w + h (a)

√
ε
)

+ (1− pa,b (ε|z0))u
(
w − h (a)

√
ε
))))

.
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Recalling the convergence as ε ↓ 0 of πε|z0 (a) to πz0 (a) and of pa,b (ε|z0) to pa (z0) for all

a ∈ A, we have

Cε (w +Wε |z0 )

≈ v−1

(∑
a

πz0 (a) v
(
u−1

(
pa (z0)u

(
w + h (a)

√
ε
)

+ (1− pa (z0))u
(
w − h (a)

√
ε
))))

.

By the standard Arrow-Pratt approximation

u−1
(
pa (z0)u

(
w + h (a)

√
ε
)

+ (1− pa (z0))u
(
w − h (a)

√
ε
))

= u−1
(
Eau

(
w +
√
εh (a)Z

))
≈ w +

√
εh (a)Ea [Z]− λu

2
εh2 (a)σ2

a [Z] ,

where Z (ω) = ω is the identity on Ω = {1,−1}. Then

Cε (w +Wε |z0 ) ≈ v−1

(∑
a

πz0 (a) v

(
w +
√
εh (a)Ea [Z]− λu

2
εh2 (a)σ2

a [Z]

))

Another application of the Arrow-Pratt approximation and the elimination of infinitesi-

mals of higher order, delivers

Cε (w +Wε |z0 ) ≈ w +
√
εEπz0 (hE [Z])− λu

2
εEπz0

(
h2σ2 [Z]

)
− λv

2
εσ2

πz0
(hE [Z]) .

Above, E [Z] : A → R and σ2 [Z] : A → R are defined by E [Z] (a) = Ea [Z] and

σ2 [Z] (a) = σ2
a [Z] for all a ∈ A. In particular, Ea [Z] = 1

2
(1 + z0a)−

(
1− 1

2
(1 + z0a)

)
=

z0a and we can explicitly compute the coefficients

Eπz0 (hE [Z]) =
∑
a∈A

πz0 (a)h (a) z0a = z0

∑
a∈A

πz0 (a)h (a) a = z0Eπz0 (h (a) a)

Eπz0
(
h2σ2 [Z]

)
=
∑
a∈A

πz0 (a)h2 (a)
(
1− (z0a)2) =

∑
a∈A

πz0 (a)h2 (a)
(
1− a2

)
= Eπz0

(
h (a)2 (1− a2

))
σ2
πz0

(hE [Z]) = Eπz0
(
h2E2 [Z]

)
− E2

πz0
(hE [Z])

=
∑
a∈A

πz0 (a)h2 (a) (z0a)2 −

(
z0

∑
a∈A

πz0 (a)h (a) a

)2

=
∑
a∈A

πz0 (a)h2 (a) a2 −

(∑
a∈A

πz0 (a)h (a) a

)2

= σ2
πz0

(h (a) a) .
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Hence

Cε (w +Wε |z0 ) ≈ w+
√
εz0Eπz0 (h (a) a)− λu

2
εEπz0

(
h (a)2 (1− a2

))
− λv

2
εσ2

πz0
(h (a) a) ,

which establishes approximation (4.8).

If h (a) is constant and equal to 1, we have

Eπz0 (hE [Z]) = Eπz0 (E [Z]) =
∑
a∈A

πz0 (a) z0a = z0πz0

Eπz0
(
h2σ2 [Z]

)
= Eπz0

(
σ2 [Z]

)
=
∑
a∈A

πz0 (a)
(
1− a2

)
= 1−

∑
a∈A

πz0 (a) a2 = 1− πz0

σ2
πz0

(hE [Z]) = σ2
πz0

(E [Z]) = Eπz0
(
E2 [Z]

)
− E2

πz0
(E [Z])

=
∑
a∈A

πz0 (a) a2 −

(
z0

∑
a∈A

πz0 (a) a

)2

= πz0 −

(∑
a∈A

πz0 (a) a

)2

= πz0 − π2
z0

= σ2
πz0
.

Approximation (4.7) follows from

Cε (w +Wε |z0 ) ≈ w +
√
εz0πz0 −

λu
2
ε
(
1− πz0

)
− λv

2
εσ2

πz0
.
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