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Abstract

Most histologic classifications of major cancers include large heterogeneous classes.
Identification of clinically relevant subgroups within these classes is one of the most
important challenges in cancer genomics.

In this context, our approach will be to seek undiscovered subclasses in broad classes,
exploiting a potential biological connection between the unclassified group and known
classifications working for tumors in other organs. _ '
Statistically, this problem can be thought;of as a unified semi-supervised analysis,
where a known classification is exported to'!;e help the clustering procedure.

Our implementation is a Bayesian parametric model based on Normal Mixtures and
amenable to MCMC computing. '

Combinatorial mixtures of singular distributions characterize the set of the a priori
assumptions. Different independence scenarios are analysed.

The solution is illustrated using data on molecular classification of breast and lung

cancers.

xi



xii



Acknowledgements

This thesis marks the achievement of my Ph.D. studies, but I could not have com-
pleted this project alone.

I would like to thank Professor Pietro Muliere. I'm almost sure that if I hadn’t met
him in my advanced Statistics course, I would have dedicated my life to different
topics.

I am also deeply grateful to Professor Giovanni Parmigiani for the time and the
attention he devoted to me during my visit}ng period at Johns Hopkins University. I
found a new friend on my way, a person abile to teach me how beautiful this work is.
I owe him a huge number of fruitful and stimulating suggestions.

Special thanks to all the staff of the Department of Oncology, 550 Building, and of
the Biostatistics Department, School of Public Health, Johns Hopkins University, for
the hospitality.

Finally, I am in debt with my Ph.D. colleagues Paolo, Michele, Antonio, Bruno,
Sergio,:Massimiliano, Pierpaolo, Raffaele and all the others, with Sining, Leslie, Elis-
abeth, Marcel, - Tao, Caterina and Cristian. In these years, all of them gave me sign
of sincere and close friendship.

xiii

{



Xiv



Introduction

Most histologic classifications of major cancers include large heterogeneous classes.
Identification of clinically relevant subgroups within these classes is one of the most
important challenges in cancer genomics.

In this context, our approach will be to seek undiscovered subclasses in broad classes,
exploiting a potential biological connectioijl between the unclassified group (say, U:
hereafter) and known classifications working for tumors in other organs (say, groups“.:-'
A and B hereafter).

Statistically, this problem can be thought of as a unified semi-supervised analysis, as
it combines in a single procedure a supervised set-up with an unsupervised one.

It is more general than the classification of cancers in U into A or B, because of the
additional heterogeneity arising in moving across cancer sites.

Semi-supervised ‘methods are a relatively new class of procedures relying on suitabie
combinations of labelled and unlabelled observations.

A brief overview of these procedures will be introduced in chapter 1.
Semi-supervised clustering techniques represent the general category our methodol--
ogy belongs to.

Compared to the them, the proposed method will be different because of its statistical

approach and because of its "guided” rationale.
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The unified nature of the procedure is a crucial feature.

Molecular biologists 'usua.lly select a promising set of genes whose distributions differ
for groups belonging to a known classification and then check by hand the behavior
of the selected genes in a different target context. The proposal of a integrated pro-
cedure allows to take into account the uncertainty connected to both selection and
exportation of promising candidates, potentially leading to improvements in both fea-
ture selection and cllistering.

How to integrate supervised and unsupervised part of the procedure represents a
qualifying contribution of our approach.

The presence of a potential biological connection to exploit suggested to refer to the
working classiﬁcationél introduced in the A-B Part as a distinction to reproduce in the
U Part of the model as well.

The known classification extracted from A-B will be used as a filter for selecting a
suitable subset of variables able to identify meaningful subgroups of samples in U.
From this perspective“, U-subgroups could be thought of as having the same interpre-
tation as A and B.

From the statistical point of view, the presence of a clusters interpretability con-
straint helps the clustering procedure, focusing it on a potentially much more useful
set of variables. The :flescribed approach is suitable in cases where the standard un-
supervised clustering procedures have difficulties in identifying meaningful clusters.
It informs the clustering giving specific criteria to organize the obéervations.
However, the procedure has also implications in terms of types of problems it is wor-

thy to apply at.



In our approach, the interest lies not simﬁly in the best partitidn-for the U obser-
vations, but in that specific partition that preserves the same interpretation already
given to the existing groups.

Obviously, adopting a similar perspective does not necessarily mean to deny the exis-
tence of variables that are completely unuseful in distinguishing group A from group
B, but at the same time crucial for the U subgroups identification.

The procedure is all-inclusive and flexible.

On one hand, it considers as possible sources of classification differences in variables’
group means, variances and covariances or correlations as well. The inclusion of co-
variances represents a step forward from the biologists’ standpoint and an interesting
challenge from the statistical point of view.

On the other hand, the model does not p:ut any limit on the type of differences a
variable can highlight in the A-B and in U Part, as they are not necessarily the same.
Moreover, a useful by-product is constituted by a preliminary form of data reduction
in the A-B Part. It can be particularly appropriate for applications in genetics where
the number of genes is always far larger than the number of samples.

Further data reduction takes place in the U Part as well.

An overall picture of which variables are useful in the distinction. involving both A
and B and U subgroups is given by a suitable combination of the previous sources of
information.

In detail, chapter 2 is devoted to present the approach described until now, named
Guided Semi-supervised Clustering Procedure.

After a general description of the Guided Semi-supervised Clustering Procedure with



its minimal requirements, our implementation for Bayesian Multivariate Normal Mod—
els is introduced.

Different independence scenarios are analyzed in this context. A reparameterization
is proposed to account for dependence between the group means, variances and cor-
relations, respectively.

Chapter 3 is devoted to a detailed description of the a priori assumptions and of their
consequences in the inference procedure.

No matter which are the adopted dependence assumptions or the part of the model
considered, the entire a priori structure follows a specific pattern, partially derived
from the minimal requirements of the general Guided Semi-supervised Clustering
Procedure.

This pattern, which we will refer to as combinatorial miztures of singular distribu-
tions, is both a relevant theorical contribution and an important step forward in the
modelling of gene expressions profiles.

In our case, the aim was to make available in the model structure any possible com-
bination of equalities’and/or inequalities in means, variances and correlations.

The result is gained assuming for any parameter of interest (say, mean, variance,
correlation), in both !{X-B and U Part, the existence of an extra indicator and an a
priori distribution theit is a mixture of singular distributions.

The ”combinatorial” nature of the approach is expressed in the overall strategy of

separation and combination.

. 1 . . .
Firstly, the parameter space is segmented into independent subsets (say, means part,



variances part and correlations part for both A-B and U). Then, each subset is mod-
elled according to the same criteria, which; identify the indicator managing the di-
mensionality and the corresponding parameters. Thirdly, the information collected
during the inference procedure is recombin?d to get a unified picture.

The proposed approach is flexible, as it is able to describe even situations that can
be cons'}dered unusual.

This is a key point in genomics applications as it is well known in the literature that,
when a biological mechanism is disrupted, any scenario has to be admitted as a pos-
sible occurring one.

The approach is also new from the statistical point of view.

The traditional Bayesian Mixture Models theory usually adopts two opposite ap-
proaches. 3

From one side, it admits that all the component parameters are free to be equal or
different across the components. From the other side, it focuses on one component
parameter at a timé and assume the remaining ones to be equal across the compo-
nents.

Our proposal is somehow a good comprimise: it is as general as the first approach,
but it is alse as parsimonious in the estimate procedure as the second approach is.
Chaptér 4 illustrates our Bayesian Normal implementation of the Guided Semi-
supervised Clustering Procedure using data on molecular classification of breast and
lung cancers.

The identification of subgroups in the heterogeneous lung cancer class exporting the

known classification working for breast cancers will be our main aim.



It relies on the biological hypothesis that there exists a molecular program in can-
cer such that some oncogenic mechanisms affect different organs in similar ways and
makes use of genes similarity in profile to lead to a novel better classification of lung
cancers.

Moreover, a feature selection procedure is implemented both in the A-B Part alone
and in the A-B and in the U Part altogether.

In the supervised part, a form of check for other sets of genes, obtained in different
ways, is therefore guaranteed. In the unsupervised part, the best set of genes that
discriminates between the U subgroups, as simultaneously defined by the clustering
procedure, can be identified.

Combining these two'-fsources of information gives us a clearer picture of the potential
role each gene has in the cancer molecular program across organs.

The model is implemented using a Markov Chain Monte Carlo (MCMC) simulation.
A small set of genes is extracted to perform a univariate analysis. Results are pre-

sented with particular attention to an even smaller set of three genes.



Chapter 1

Semi-supervised Methods: a

Review

Semi-supervised learning is a new field of research with less than ten years of life.

It makes use of labelled data as well as of unlabelled ones to improve either clustering
or classification procedures.

It refers to prior knowledge in ways that it’s hard for unsupervised methods to do,
while looking for a flexibility that supervised methods sometimes lack.

A possible taxonomy, based on the aim of the analysis, comprises semi-supervised
clustering and semi-supervised classification.

The current chapter is devoted to a brief survey on semi-supervised techniques, aimed
at highlighting similarities and differences of the method presented in the following
compared to the existing ones.

Broadly speaking, the approach introduced ;in the thesis belongs to the semi-supervised

clustering category.



It goes far beyond the traditional semi-supervised clustering methods, mostly in ask-
ing for a "clusters interpretability constraint” to be satisfied. The desired clusters are

supposed to have the same interpretation as the ones in the supervised part.

1.1 The Background: Supervised and Unsuper-
vised Methods

In supervised learning, we are given a set of labelled training points, and the task is
to construct some function that will correctly predict the labels of future points.

In unsupervised lea.rﬁing, the task is to segment unlabelled training data into groups
that reflect some me#_ningful structure in the data.

Clustering {or cluster analysis) aims to organize a collection of data items into clus-
ters, such that items within a cluster are more similar to each other than they are to
items in the other clusters.

This notion of similarity can be expressed in very different ways, according to the
purpose of the study, to domain-specific assumptions and to prior knowledge of the
problem. It has a deep impact in the clusters formation.

Clustering is usually performed when no information is available concerning the mem-
bership of data items i“to predefined classes. For this reason, clustering is traditionally
seen as part of unsupervised learning. We nevertheless speak here sometimes of un-
supervised clustering to distinguish it from the semi-supervised clustering.

Finally, it is important to underline that clustering is mainly an exploratory tool.
On the other hand, in a classification method a training set (a portion of the data

or a different dataset) is used. The algorithm learns to classify the labelled data into



- preset categories.

Feeding some data to such an algorithm classifies the data such that the algorithm
will decide whetﬁer or not each data point belongs to a certain class. Therefore a
classification model is created, which can be fed any appropriate dataset and classify
data points from there.

Classification is performed when information is available concerning the membership
of data items to predefined classes. For this reason, classification is traditionally seen
as part of supervised learning,.

Feature selection is the identification of the variables that characterize the different
classes.

It is maltinly an aspect of building the classifiers/predictors and therefore belongs to
classification. i

However, in genomics literature it is often referred to as an ”independent” problem,
as the identification of marker genes that characterize the different tumor classes is
by itself a very delicate aspect. This will also be the case in the presentation of our
model and in its applicatton in cancer genomics.

While supervised. learning algorithms can:do very well given an adequate training
data set, they have a number of drawbacks.

Typically, they require a large training data set. Generation of a training data set
can be very costly.

Furthermore, it is hard to add incrementally to the training data while training the
classifier. If the training data are changed in any way, the entire training data set
_genera}ly must be used to retrain the classifier.

By coﬁtrast, some.of the drawbacks of unsupervised learning include difficulties in
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guiding the cluster generation and finding too many or too few clusters.
From a scientific stalhdpoint we often have an idea of what we would like to see in
terms of clustering. Thus, the ability to guide clustering algorithms or to incorporate

limits on the number of clusters allowed would be very useful.

1.2 Semi-supervised Learning

An area of research that has had only mild activity over the ﬁast decade attempts to
combine supervised ai_ld unsupervised learning.

It goes under the name of semi-supevised learning and, basically, makes use of la-
belled data as well as of unlabelled ones.

The hope is to develop powerful new classification algorithms that combine the
strengths of the two traditional methods while minimizing their shortcomings.

Most of the problemg and devoted literature is still belonging to machine-learning
environment, though in the last few years statisticians have been starting interesting
themselves in the field with creative contributions.

A comprehensive review up to 2001 can be found in Seeger (2001), while more recent
references include Belkin, Matveeva and Niyogi (2004), Belkin and Niyogi (2003),
Chapelle, Weston an;i:l Scholkopf (2003), Corduneanu and Jaakkola (2003), Zhou,
Bousquet, Lal, Weston aﬁd Scholkopf (2004), Zhu, Lafferty and Ghahramani (2003)
and Zhu, Lafferty a,ndi Ghahramani (2003).
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1.3 Description of different solutions

A possible distinction to help the overview: 6f the field is proposed in the following.

It is based on the aim of the methods.

1.3.1 Semi-supervised Clustering

Semisuf)ervised clustering makes use of a small amount of supervision, ig the form of
class labels or constraints on some examples, to "guide” or "adjust” standard unsu-
pervised clustering.

It has been the focus of several projects in the past few years {Wagstaff et al. (2001);
Basu et al. (2002); Klein et al. (2002); Xing et al. {2003)).

Existing methods for semi-supervised clust{in_‘ing fall into two general approaches that
we call search-based and similarity-based. ‘
In search-based approaches, the clustering. algorithm itself is modified so that user
provided labels or pairwise constraints are used to guide the algorithm towards a
more appropriate data partitioning.

This can be done by modifying the objective function for evaluating clusterings so
that it includes satisfaction of constraints (Demiriz et al. (1999)), enforcing con-
straints during the clustering process (Wagstaff et al. (2001)), and/or initializing and
constraining clusters based on labeled examples (Basu et al. (2002)).

In similarity-based approaches, an existing clustering algorithm that uses a similarity
metric is employed; however, the similarity metric is first trained to satisfy the labels
or constraints in the supervised data.

Several similarity metrics have been used for similarity-based semi-supervised clus-

tering including string-edit distance trained using EM (Bilenko and Mooney (2003)),
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KL divergence traineld using gradient descent {Cohn et al. (2000)), Euclidean distance
modified by a shortelét-path algorithm (Klein et al. (2002)), or Mahalanobis distance
trained using convex optimization (Xinguet al. (2003)).

Several clustering algorithms using trained similarity metrics have been employed for
semi-supervised clustering, including single-link (Bilenko and Mooney (2003)) and
complete-link (Klein et al. (2002)) agglomerative clustering, EM (Cohn et al. (2000)),
and K-Means (Xing et al. (2003)).

Similarity-based and.search-based approaches to semi-supervised clustering have not
still been adequately compared experimentally, so the relative strengths and weak-
nesses are largely unknown.

Also, the two approaches are not incompatible, therefore, applying a search-basea
approach with a trained similarity metric is clearly an additional option which may
have advantages over both existing approaches.

It exists a new unified semi-supervised clustering algorithm derived from K-Means
that incorporates both metric learning and labelled data as seeds and/or constraints.
It is introduced in Basu et al. (2003) and its latest version, Bilenko et al. (2004).
The latest version slightly modifies the terminology, opposing constraint-based and
metric-based approaches to semi-supervised clustering.

It goes far beyond in the description of the new semi-supervised clustering algorithm
~ derived from K-Means, MPCK-MEANS, that incorporates both metric learning and
the use of pairwise constraints in a principled manner.

Its advantages are very well presented and they reveal themselves to be crucial for
complex datasets; that’s why it could be the right method to choose for an empirical

comparison with the procedure proposed in the following.
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Existing metric-based (similarity-based) methods use a single distance metric for all
clusters, forcing them to have similar sha;g;es. MPCK-MEANS performs distance-
metric training with each clustering iteration, utilizing both unlabellec.l data and
pairwise constraints. The algorithm is able to learn individual metrics for each clus-
ter, which permits clusters of different shapes.

MPCK-MEANS also allows violation of constraints if it leads to a more cohesive clus-
tering, whereas earlier constraint-based (search-based) methods forced satisfaction of
all constraints, leaving them vulnerable to noisy supervision.

Performances of the unified method compared to individual ones are analysed as well.
By ablating the metric-based and constraint-based components of the unified method,
the paper presents experimental results comparing and combining different approaches
on multiple datasets. The two methods for semi-supervision individually improve clus-
tering accuracy, and the unified approach integrates their strengths. Moreover, the
semi-supervised metric learning is proven to outperform previously proposed methods
that learn metrics prior to clustering. Learning multiple cluster-specific metrics can
finally lead to better results.

The previous description shows how prior knowledge, naturally available as labelled
data or constraints in many clustering tasks, can be incorporated into various clus-
tering algorithms, giving improved performances for. various domains. Following the
same rationale, all Bayesian clustering algorithms, where the a priori information is
used to propose an adequate prior distribution, can be generally thought of as semi-
supervised clustering methods.

Bayesian clustering algorithms are very natural tools to take advantage from the a

priori information, as a priori distributions are already available to incorporate extra
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information and to potentially guide the inference procedure. For a detailed review
on Bayesian clusterifig approaches using mixture models, one can refer to chapter 3.
Apart from those general considerations, some work is still needed in the choice of
the a priori distribut;}ons, in order to convey the existing information, usually obser-
vations with their labels, to suitable priors.

The methodology proposed in the thesis will give a good example on how to adapt
the prior structure to take into account labelled observations.

Moreover, in the same context of Bayesian clustering approaches using lmixture mod-
els, a special mention has to go to Garrett and Parmigiani (2004) as it contains the
closest example of selfni-.supervised technique, compared to the new one we will pro-
pose.

Both of the papers represent contributi.ons to classification problems arising in ge-
nomics applications and, in detail, they share the general issues of choosing subsets
of genes which show"similar patterns across samples and defining population sub-
classes using a small number of non-redundant genes.

From the statistical point of view, the classification problem is addressed referring to
both labelled and unlabelled data, in such a way that both the methodologies can be
considered as belonging to the semi-supervised techniques. Moreover, the adoption
of a hierarchical model with mixtures of distributions and its fitting using an MCMC
estimate procedure with data augmentation are other important aspects of similarity
between the methods:

However, the specific ipro'blem they solved is quite different.

Garrett and Parmigiani (2004) started considering that normal samples are used in
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clustering of genes to facilitate identification and interpretation of groups of coregu-
lated genes.

They proposed a more formal way of incorplorating information from normal samples
in the discovery of subclasses of cancers, using class membership on normals to im-
prove the fit of the mixture model and the ;‘eliability of the latent class assignment.
More broadly, their methodology could be applied in all the situations arising in
molecular biology research where it is assumed that a population is comprised of
known classes and that within the disease class, there are undiscovered disease sub-
types.

Formally, this problem can be thought of as an unsupervised analysis nested within
a supervised one and it is termed, for brevity, the "nested unsupervised” case.

Our methodology is aimed to test the follo;ving biological hypothesis: there exists a
molecular program in cancer such that some oncogenic mechanisms affect different
organs in similar ways (See, for instance, Vogelstein and Kinzler (1998)). In detail,
some sets of genes are supposed to have "harmonic” patterns of expression among
particular subsets of tumors, even if these same sets of genes do not have concordant
expression patterns among all tumors overall. |

It follows that it is plausible that major cancer subclasses with large remaining hetero-
geneity of prognosis will harbor subclasses that are similar in profile to less prevalent
subgroups, whose genetic origin is better understood, in other organs.

The model proposed in the following, therefore, seeks undiscovered cancer subtypes
in a broad heterogeneous class, exporting a known classification working for a popula-
tion having cancer in a different organ. That’s why, generally speaking, two different

studies are involved in the analysis.
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Formally, this problem can be thought of as an unsupervised analysis ”guided” by a
supervised one involving a different population.

1.3.2 Semi-supervised Classification
i

i
We will dedicate jusf a few lines to semi-supervised classification, as the procedure
we will introduce in the thesis can be thought of as belonging to the previous semi-
supervised clustering; category.

However, most of the literature on semi-supervised learning is devoted to semi-
supervised classification.

Compared to semi—sui;efvised clustering, semi-supervised classification is identified by
a stronger practical ?notivation, which is particularly relevant for machine learning
scientists. |

Labelled data are gel:rlerally expensive, as they require human effort to be gathered.
Unlabelled data can }}sually be acquired cheaply.

That’s why methods ij,hat use unlabelled observations, in addition to the usual labelled
ones, to train the clasSiﬁeirs are promising alternatives to the usual classification meth-
ods. This is exactly t%le aim of semi-supervised classification procedures.

Typical examples where semi-supervised classification methods are implemented with
success are web page categorization based on hyperlink structure (see Chakrabarti,
Dom, and Indyk (1998} and Joachims, Cristianini, and Shawe-Taylor (2001)) and
document classification or recommendation based on citation graphs (see Lee Giles,
Bollacker and Lawrenlf::e (1998)). Yet similar problems exist in other domains such as
protein classification in computational biology, where amino acid sequences informa-

tion are used.
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Roughtly speaking, semi-supervised classification methods can be further seen as

composed by the following families of algorithms:

e Generative Models;
e Large Margin Classifiers;
o Graph Based Approaches;

o Unsupervised Learning as a first step.

Finally, it could be relevant to notice that semi-supervised learning for problems with

small training sets and large working sets is still a form of semi-supervised clustering.
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Chapter 2

Integrating Supervised and
Unsupervised Lea'lr_ning: a New

Theoretical Approach

The idea of integrating supervised and unsupervised learning.represents a step for-
. ward in the long story of learning techniques. Different semi-supervised methods have
been introduced in the literature.

A new statistical approach is proposed in tﬁis chapter, whose main feature is to guide
the standard unsupervised clustering referring to a known working classification.

A suitable implementation-for Bayesian Normal Models is introduced.

Different independence scenarios are analyzed in this context.

Section (2.1) is devoted to a general description of the Guided Semi-supervised Clus-

tering Procedure with its minimal requirements. Section (2.2) details the previous

19
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description introducing the implementation for Bayesian Multivariate Normal Mod-
els. A reparameterization is proposed to account for dependence between the group
'means, variances and correlations, respectively. A different perspective on mixture
models, thought of in terms of missing data, and a brief analysis of how to deal'with
the label switching problem conclude the section. Section (2.3) presents two possible

applications, in cancer genomics and finance.

o

2.1 A Guided Semi-supervised Clustering Proce-

dure: General Description

Suppose to have a set of observations with known class labels, A and B and a second
set of observations with unknown specific class labels but all belonging to a common
group U.

Our main aim is to define subgroups in U borrowing information from the known
distinction involving A and B, in such a way that U-subgroups could be thought of
as having the same meaning as A and B.

In detail, we will intégrate supervised and unsupervised learning in a unified proce-
dure based on a clusters interpretability constraint.

The supervised step seeks the best set of variables to discriminate between A and B
according to differences in specified criteria, say means, variances and covariances or
correlations.

The inclusion of differences in correlations in the classification criteria represents a
step forward from the modelling standpoint and an interesting challenge from the

statistical point of view.™

s 4
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The unsupervised step uses the previously selected set of variables to discover sub-
groups in U, or in its subgroups. ;
The criteria adopted in the variables’ selection procedure could be the same as in the
supervised part. This symmetry in the model structure could be reached adopting
assumptions that in some sense replicate thfe ones on the A-B Part in their meaning.
Howeve;, great flexibility is guaranteed. The model has no limits in terms of the
type of differences a variable can highlighf, in the A-B and in U Part, as they are not
necessarily the same.

From the statistical point of view, the présence of a clusters interpretability con-
straint helps the clustering procedure, fc;cusing it on a potentially much more useful
_set of variables. The described approach is suitable in cases where the standard un-
supervised clustering procedures have difficulties i}l identifying meaningful clusters.
It informs the clustering giving specific criteria to organize the observations.

It has also implications in terms of types of problems the procedure is worthy to apply
at.

In our approach, the interest lies not simply in the best partition (or dendogram) for
the U observations, but in that specific partition that preserves the same interpreta-
tion already given to the existing groups.

That is the distinctive feature of our approach compared to the other Bayesian clus-
tering procedures or semi-supervised clustering algorithms.

It is worthy to notice that the adoption of a clusters interpretability constraint to

help the clustering procedure does not necessarily imply that there could not be cases

where a variable is crucial for the U subgroups formation but is absolutely irrelevant
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for the distinction between A and B. Such variables will be discarded by our algo-
rithm. |

However, this is just the natural consequence of having a criterion to guide the clus-
tering. |

Moreover, a natural by-product of the procedure could be a further gain in terms of
data reduction, compared to the supervised part alone.

Depending on the pa‘ga,meterization adopted, it could even be straightforward to rec-
ognize the smaller set of variables relevant both in the distinction between A and B
and in the characterization of the U subgroups.

Finally, the filter mechanism starting from the supervised and going to the unsuper-
vised learning could have an intrinsic corresponding feedback mechanism from the
unsupervised to the éuperviséd learning. It means that any decision reguarding the
relevance of a variable in the supervised part is judged in the light of the relevance of
the variable in the unsupervised part as well. In other terms, there is no need to look
at the procedure simply as composed by a first step of feature selection/classification
and a second following step of clustering.

A cartoon picture depicting the described mechanism is presented in the next page

to clarify how it works.
|

2.2 A Guided Semi-supervised Clustering Proce-

dure: Statistical Model

One possible implementation of the general perspective described in the previous

section could be a Bayesian parametric model based on Normality assumptions and
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Figure 2.1: A Guided Semi-supervised Clustering Procedure: cartoon picture to ex-

plain the dynamics-of the model.

amenable to MCMC computing. In the U Part, the observations will be modelled as

a mixture of Normal distributions.

In the broad class of Bayesian Normal models, plenty different parameterizations are

available. The specific needs each problem highlights (say, dependence or indepen-

dence between some variables, shape of some variables’ distributions) will guide the

statistician to choose the best one in the current situation.

However, as a minimal requirement, each parameterization is supposed to be able to
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create the guided serfli—supervised clustering mechanism. To do it, the main features

shared between all tl'“le different models could be described as the following ones:

o presence of one or. more indicators suggesting, with the right degree of uncer-
tainty, if the corresponding variables are useful in the A-B Part and, then,
worthy to be considered in the U Part;

This is the "preliminary data reduction” aspect of the procedure.

o presence of a stiuctural link between A-B ad U indicating, with the right degree
of uncertainty, Which variables are able to identify U subgroups with the same
meaning as A ai:'ncl B. |
This is how the{: " guided;’ aspect works in our semi-supervised clustering proce-
dure. ;l

e presence of a grloup labels’ indicator suggesting, with the right degree of uncer-
tainty, which sdlbgroup each observation in U is most probable to belong to.

This is the "clustering” aspect of our semi-supervised clustering procedure.

¢ presence of one or more indicators suggesting, with the right degree of uncer-
tainty, if the cogresponding variables are useful in identifying subgroups in U.
These indicatoﬁé could be combined with the corresponding ones in the A-B
Part to get an overall picture of which variables are useful in the distinction
il

involving both A and B and U subgroups.

This is the further gain in the "data reduction” aspect of the procedure.
I

Finally, every parameterization should be computationally manageable.

In the next subsections we will show a possible set of model assumptions respecting
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the guided semi-supervised clustering mechanism. As mentioned before, it will repre-
sent our attempt to solve the problem using a Bayesian Parametric Model based on
Normality.

Moreover, in the A-B Part, we'll add an alternative set of assumptions witnessing the
possibility to have other models respecting the mechanism in the same framework.
The two models will differ in terms of the independence hypotheses involving the

main groups’ parameters of the model.

2.2.1 Assumptions on A-B Part

In our general setting, we have:

mflpANN(ﬂA,EA), ?:=1,...,NSA,

xl|\us ~ N(us, Tp), i=Nsa+1,...,Nsas+ Nsp,

where N{p, L), | = A, B, denotes the probability density function of the multi-
variate Normal distribution with mean vector y; and covariance matrix ¥; and each
observation in A or B has length equal to Ny, the number of variables in the inter-
section of the studies corresponding to A, B and U.

The assumptions represent perfectly tha case where we have a set of observations and
we know the groups each of them belongs to.

Normality assumptions hold for both the groups.

Bayesian inference procedures require to express prior information on (¢4, ptp, X4, Lp).
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As a general assumption, we propose to keep the means separate from the variances

via the following independence hypothesis:

! (4, 8) L (T4, Z5).

It is just a technical assumption that can be removed with limited effects on the
general prior structuée.

Then, we will introdyuce, for both the parts, sets of assumptions sharing the same
‘rationale. |

Different independenige hypotheses could be justified by different problem settings or
different interpretatici;ns of the same problem.

In the application inl tumor classification introduced in Chapter 4, we could model
the relationships between the group means, the group variances and the group corre-
lations, respectively, l;m different ways. This case could be taken as a good example
to show different set i?of assumptions, both consistent with the general requirements

of the guided semi-supervised mechanism.

As both the models will adopt the same decomposition on (X4, X p) in the variances
part, we'll introduce |1t now as a preparatory tool.
o
Following Barnard, NlicCulloch and Meng (2000), we assume:
i
Da = diag(S4) Radiag(Sa), %p = diag(Sp) Rpdiag(Sa),

where Sj, [ = A, B, is the Ny x 1 vector of the standard deviations for group !, diag(S;)
is the diagonal matrix with diagonal elements S; and R, is the N, x N correlation

matrix.
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We refer to this decomposition as a separation strategy, as we separate out the stan-
dard deviations and the correlations.

Clearly, this separation has a strong practical motivation as:

e most practitioners are trained to think in terms of standard deviations and

correlations,

o the standard deviations are in the original scale and the correlations are scale

free, and, most of all,

e it represents an alternative indirect solution for the problem of specifying a
prior for a covariance matrix, which somehow behaves better than the restrictive

inverse-Wishart one.

Moreover, it could be worthwhile to introduce a general shorthand notation we'll use
in this chapter and. in the next ones.
Suppose X, Y are multivariate random variables and Z a univariate random variable
assuming values in {0,1}.
Then, the following shorthand notation:
XY : X;,Y|2;,01id. ~ { plzlf)  iZ;=0 . 1,...,N,,
plzif)p(ylf) ifZ;=1

stands for:

XY, Z . { L 7
ifZ;=1 X;,Y;|Z;,011d. ~ p(z;16)p(y;|8)
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hereafter.

The extension is straightforward for the case where one has three multivariate ran-
dom variables, X,Y, W, and a categorical univariate one, Z, assuming values in
{0,1,2,3,4}. Each of the five cases will correspond to one of all the possible compar-
isons between X,Y and W.

Now we are ready to introduce the model setting.

A Priori Independence Assumptions

The first and easiest solution assumes for the group means:

N(paj| 0,v%) =0

m 2 -
Bas BB ¢ Paj pgly], vt iid ~ { i '
! N(pas| 0,0*)N(ugs| 0,0%) if 7 =1

i=1,..., N,

Y™ AT ™ ld, ~ Be(l—-7™), 5=1,..., N, ™ = P(ua; = psj),
and, adopting the decomposition in Barnard, McCulloch and Meng (2000), it presents

the following set of assumptions for variances and correlations:

log Sa,log Sp :

N(log sa;| 0, 2?) if9? =0

log s4,108 55; ’}‘?.;)‘2 Lid. ~ ’
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v

Y At iid ~ Be(l1-7"), j=1,...,N,, 7’ = P(log s4; = log sB;),

P(TAJ‘,:K) if ’Y_;':,t =0
p(TAj,t]OP(TBj,tlo if 7_;"; =1
Ht=1,...,Ng j<t, j<H{,

Ra,Rp @ Taj0,785 | 75, ¢1id ~ {

YE A5 | fiid ~ Be(1—=°), fE=1,..., Né, j<t, T = P(ra;; = T8jt)

where Be(l — ), t = m, v, ¢, denotes the probability function of the Bernoulli dis-
tribution with parameter (1 — #*} and v?, o A%, 7%, ¢ and 7€ are known.

It could be worthwhile to add a short note (;1_1 the choice of the distribution p(r4;,/¢)
(p(rs;41€))-

Shape of the distribution and known hyperparameters are usually supposed to be up
to the statistician. |

However, in this context, constraints have to be imposed in order to guarantee that:
o —1<ra,<1,-1<rp;; <1, and
e R, and Rp is positive definite.

Therefore, distribution and hyperparameters have to be chosen carefully.

‘A first genefal requirement to satisfy is fha.t the distribution puts all its mass between
-1 and 1.

Moreover, in order to guarantee that B4 and Rg }.S positive definite, extra conditions

has to be imposed. In detail, we need to know what values of r4;, (or rp;,) keep
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R4(Rg) positive definite given that the other correlations are held fixed.

Barnard, McCulloch and Meng (2000) solved the problem, introducing a strategy to
determine the set of yahles which correspond to a positive definite correlation matrix.
Thus, for each draw of r4;, {or rg;,) given the other correlations and parameters, we
can easily determine: the largest possible support of the distribution, which takes the
form of an interval. F‘he computational resources involved in obtaining the required
determinants of RA(}%B) é,re minor in current computer environments, as long as N,

is not too large.

A Priori Dependence Assumptions
H]

The previous setting ;assumes a priori independence between the parameters of interest
of groups A and B, in the case they are different. In absence of a priori information
on dependence, it is surely the right solution to adopt.

An alternative solution could assume the group parameters are dependent under the
same condition.

Generally speaking, dealing with a dependence structure is harder. For this reason,
we will introduce a reparameterization to overcome the new difficulty.

The general idea is to repara.n'ieterise the parameters of interest of the same type (say,
means, variances, covariances, respectively) in terms of a common barycentre and a
difference parameters. The difference will be measured with respect to the barycentre
or to the other parameter of the same type.

For the means we have:

+ m
’-"AB='H£'2£1 6 =“B".U‘A: pABlém,
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pap|T ~ N(0,7T),

‘ Iy (6 ify™=0
8™ ST €2 iid. ~{ 0 )2 T i=1..,A,
NI 0,87) iy =1

™ Afl e iid ~ Be(l—a"), j=1,..., Ny, 7" = P(paj = pg;),

and for the variances we have:

(Sa;Sp) L (Ra,Rp).

1 log S i
log Sap = °gSAJ2’ %898  jogé?=logSp —logSa, logSap L logé®,

log Sag|A ~ N(O;A),

Iioy(log 6;") ifv) =0

log 6¥ : logé®|y?, % iid. ~
g -’l ! N(logéy] 0,8%) ify}=1

¥Y oyl ntiid. ~ Be(l—7"), j=1,..., N, 7’ = P(log Sa4; = log Sz;),
where
) :
o Iip(-) denotes a point mass distribution with all its mass in 0;

e T and &2, A and 8?2 are known,
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o logSap = (log(si),...,log(sNg))T and the same is valid for log S;,! = A, B,
and for log é*.*

Similar relationships, say:

Ra = f(R,A") and Rp = f(R, A%,

could hold for correlations too.

However, constraints have to be imposed in order to guarantee that:

o —1<7ra: <1, -1<rp;; <1, and

e R, and Rp is positive definite.

The specific form of the reparameterization and the priors to be assumed are therefore
to be chosen carefully.

Let’s stress a series of remarks concerning the scope and the effects of the second set
of assumptions.

Firstly, the previous reparameterisation helps in focusing the model towards the spe-
cific purpose it is s@pposed to have in the entire mechanism of the guided semi-
supervised clustering model.

We are interested in highlighting differences between groups A and B, and between
U subgroups as well. It means that the parameters to mostly care of are the ones
concerning those diff(larences.

And, for instance, 6":' is just the amount of difference in means for groups A and B
and ™ is just the indicator of the existence of that type of difference.

The form adopted for the 6}” distributions, where the first component is a unit mass
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on the 0 point, is particularly suited for the problem. The aim is to relatively reduce
the importance of small differences, mainly ‘due to technological measurement errors
and not to real signal of variation. Only signal, as far as we can separate it from
noise, is what is worthy to use as a filter for the grouping of samples in the U Part.

The barycentre parameters, papg and S4p, complete thel picture giving information
about.the general location of the model. *For instance, for the group means, the

following relationships hold:

1 1
HA=HAB — 55’" BB =fpap+ 56"‘.

Location information will be much more crucial in the U Part.

Secondly, we can briefly analyse the statisti'ca,l implications of our assumptions.

For semplicity, let Ny = 1. ¢

The reparametrisation can be viewed as the following bi-dimensional linear transfor-

mation of (44, ug) in (uag,d™):

{ pa = pap — 3™ o { tap = 3(pa+ 1)

1e = pag + 306™ 0™ = up — pa

which corresponds, up to a multiplicative constant, to a positive rotation of axis of
45 d;agrees.

The same repa,fameteriza.tion holds for variances ih the logarithmic scale, giving sym-
metry to the model. Then, a positive rotation of axis of 45 degrees happens in the
original space of (0%, 0%) too.

The second main feature of the model is represented by the assumption: pusp 1 ™
or, equivalently, 6% 5 L 6.

It allows to consider the inference on pap and on 6™, for instance, as two separated

o e
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problems. Moreover, it makes it easier to get the joint and marginal distributions of
the group means.

The combination of the previous hypotheses leads us to the rationale of our set of
assumptions.

Assuming them, we are able to work with a priori independent and meaningful param-
eters in the new space, while getting a suitable form of a priori dependence between
the parameters of the two groups in the original space.

A priori dependence could be extremely useful in contexts, as in genomics applica-
tions, where data have little signal or show measurement errors, because it helps
learning from the data.

This dependence is intrinsic to the reparameterisation.

Looking at the means as an example, one can notice that both the group means are
additive functions involving p4p and 6™,

Moreover, our problem admits the possibility they are p'roperly equal.

In detail, the propbse_d setting leads to the following joint mixture distribution for

(4, B):

0
(pas )02, €51 ~ T x Ly + (L= 7™ % N ([ o] ,

[02+7i£2 02_%2])
,U2__i£2 ,U2+i§2

It implies that:
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Corr(pua, ps|v®, €%, 7™) pa # pp =

which underlines the fact that the linear association between pa and pp, in the case
ta # g, depends only on the ratio 5;
Finally, the reparameterisation creates a form of symmetry between 4 and pg, or
equivalently, log o4 and logog |

It is evident looking at the marginal distributions of the group means:

BB, €77 e 7 N(O,0) + (1= 1)  N(0,0% + 267,
i

1
€A™~ T N(0,07) + (L= ™)« N(0,07 + £67)

Both of them show a mixture distribution and they share the same variance as well.
In principle, it could be a reasonable choice in the general case one doesn’t know
anything about A and B. For instance, it is not always the situation that A and B
correspond, respectively, to normal and ill persons and we want our model to include
the most general case. |

In order to conclude, we can underline the elements the two sets of assumptions share.
They are the «’s parameters, which can be seen as natural ways to convey the relevant
information from the A-B to the U Part.

The assumptions in the U Part will make clear how the ¥'s will do the job of filtering
the promising variables to be considered in U In the meanwhile, it is worthy to stress

that they are the only way the two parts of the model communicate one to the other.
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2.2.2 Assumptions on U Part

As U has no known subgroups, we can adopt for xV = (z} :c‘-v"), 1=1,...,Nsy,

IR

a mixture model of the form:

Kmu;t
=l |py, Su,w ~ Y wdk(@ B, Su,), (2.2.1)
k=1
5
where:
s py = (”'Un se ey “Uxmaz)i Y= (EUI? T :EUa’ma;)1w = (wl) cee :menm)1wk 2

K,
0, 2k I7" wi = L,

o K, .. maximal i;number of components of the mixture.
It corresponds exactly tb the maximal number of subgroups we are going to
seek in the U group.
At the momeﬁt K oz can be considered as known. In the next future we will

modify the modé;l to admit an unknown K,,.;.

e ¢: normal dens'ity parameterized by its mean pyy, and covariance matrix Yy,

as follows:

exp{-2(z¥ — pu,)" X, (¥ — pu)}

det(2rXy, ) .

¢’k(m?|”Uk1 EU&) =
l.‘

Without lack of generality, suppose Kpa: = 3. The extension to a maximum number
of component bigger than 3 is straightforward, though the number of possible cases

increases significantly. .
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Bayesian inference on normal mixture modeis usually requires to specify a joint dis-
tribution on py, Xy, w.

On this regard, our general assumptions for. the weights are the following ones:

w L (pu,By), w ~ Dir(an),

where Dir(ap) denotes the density of the Dirichlet distribution with parameter ey =
(@10,---,an,0) and E(w) = 2 is the prior mean vector with Ag = 3", a,0.

For the means and variances part, we will adopt the usual independence hypothesis:

Bru 1L EU,

and the decomposition proposed in Barnard, McCulloch and Meng (2000):
[}

Ly, = diag(Sy, )Ry, diag(Sy,), k=1,...,3.

A Priori Independence Assumptions

The first possible set of assumptions is composed by:

) TN o
Y= 1- H (-} Gt=1....N,
=1t
HUy BUa, BuU, -
p -
N(puy,l 0,7%) if v, =0
N{puy,) 0,9)N () 0,7°) if gy =1
#UU,#U:,-aMUaﬂ’YE?jﬂ?g tid. ~ ¢ N(#‘ij-l 01’72)N(#U21' 0,7’}2) if ’}‘TU":T =2
N(#'Ulj| 01 ﬂz)N(#U3j| 0’ 772) lf ’75‘3 = 3
\ N(P"Uljl 01;n2)N(1U'U2j| 01?72)N(#U3j;0’n2) if ry;}%j =4

Ll
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Jj= 1; . :Ng)
o Iio} fy*=0and ] =0and ;=0
Y vslEe Y, s idd. ~ )
v AR { Multi(1, =][7), otherwise
j=1,..., N,
r .
P(“Ulj = “Uzj = IJ‘U;;J-)
P(P'Ulj # Hiy; = ﬂUsj)
7“{? = P(MUU = Husy; # .U‘Uzj) ’
Plpv,; = oy # buy)
| P(lu‘Ulj HLyy ,‘LUS_?) ]
log S(h » log SU: » 10g SUa : 1Og SUlj 3 IOg SUzj ) IOg SU:;J‘ Ifygij, 6% iid. ~
N(log Sy, 0,6%), ifyp; =0
N(log Su,,| 0,68*)N(log Sy, 0, 6%) ifvg; =1
ﬁ N(log Su;;| 0,6%)N(log Sy, | 0,6°) ifyg; =2 ,3=1,...,N,,
N(log Su;;} 0,8%)N(log Sy,;| 0, 6%) if v, =3
L N(log SU1j| 01 GQ)N(IOg SU2j| 01 62)N(10g SU3j| 0: 92) if PYUJ' -
Iioy ify*=0andy)=0and =0
v o ”-7r”,‘7.’-“,’y.‘-’,79i.i.d.~ : J . : . T
o5 TG { Multi(1, %) otherwise
j=1,..., Ny,

P(log Sy,; = log Su,, = log Su,;)
10g SUlj 7& log SU?J‘ = log SUS:F)

(
(
(log Su,; = log Su,, # log Suy;) | »
(
(

N
— e
Il
v v

log SUU = log SUzj 71“ log SUSj)
fi P 10g SUlj 7& 10g SUz;‘ # ].Og SUaj)
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' . c 23
RU[ ) RUQ, RUS : TU!j,t’ TU?j.t’ rUsj,tlf}’Uj,t! viid, ~

' Prun| v), if 5 = 0
plrv.) VIp(ro,,| v), iy, =1

J ‘ p(TUlj,tI V)P("'Ug,-,tl u), if 'Y(cfj,t =2, 5t=1,...,NgJ <4,
p(rv.| vie(rus | v), g, =3

( P(rons. | V)P0, | VIP(rus;, | v), G5 =4

g To) if 7" =0and 4} =0and v§ =0
Yo ¢ VOl AT de ~ ’ J ’
U - TuaedBun i i iy Multi(1, =g,), otherwise
E Jit=1...,Ng j <t

]

P(rylj,t =Ty, = ?‘U;,,-,t)
P(ru,, # Tvg. = TUs;.)
P(ry,, = Tuy, # Tos,) |
Plry,,, = T, # Tusy,)
| P(run, # Tuge 7 Ty

3
Qh
i

where:

o Multi(N,nt)), {=m,v,c, denotes the probability function of the Multinomial

distribution with parameters'N and n(,;
o ¢, w02 wl,, v and wf, are known;

e p(ry,,l v),k = 1,...,3, have to be chosen according to the general criteria

previously indicated.

By

?
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E
A Priocri Dependence Assumptions

QOur second set of assumptions, whose main feature is the dependence of the groups’

‘parameters of inferest, is composed by the foﬂowing hypotheses:

Ng
voig=1- ] 1=-2)  Gt=1...,N,,
t=1,t#]

3 .

! 1

,»“U:gZ“Uk e 87+ 8 + 8T =0,
k=1

éz,l:’-"uk_“vﬁ k=1:2’3) pu L 6;;"! k=1:2’3:
li

“UI‘I! ~ N(O, \IJ),

Lo} (8T%) ity = 0
N(373] 0,%%) if v =
87,6 85" 815,855, S5 0t ~ N3] 0,4?) if oy =2
o N(&| 0,%%) if v =3
| N6 0,97 N (B3] 0,9%) if gy =4

I{O} iy = O. andyj =0and vi =0

Multe(l, 7, otherwise

m

Yo YOI mG s 1ide ~ {

o j:]'?“‘)l\fg'l

P07 = 62 = — (67} + 672)) 1
P67 # 05y = —(313 + 657))
TG = | PR = -0+ 8 #05) |
P67y = —(873 + 053) # 033
P(8Ty # 853 # —(07 +833) |
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and, for the variances part, we assume:

3
1
log Sy = 3 > _log Sy, « log 8y +log &3 + log &3 = 0,

k=1

log 87 = log Sy, — log Sy, k=1,2,3, logSy L logdy, £=1,2,3,
log Sul® ~ N(0,8),

log 87,log 62, log 8% : log &y, log 83, log 83,155, 6> ~

I10y(53;) if 7; = 0
N(log éy;] 0,¢%) if v =1

< N(log d3;] 0,¢%) ifyg; =2,
N(log d3;] 0,4%) if y5; =3

¥

| N(logdy;] 0,0")N(log 83| 0,0%) if vy, =4

I10) ify*=0and v} =0and v =0

Multi(l, mg) . otherwise

v

Yo ¢ VG s s Lide ~ {

P(log &;; = log 83; = —(log 61; + log 85,))
P(log 6; # log 85; = —(log 6}; + log 83,))
Ty P(log 6}; = —(logd}; + log ;) # log 6.}_’j) ,
P(logd}; = —(log 67; + log 83;) # log 83}
P(log 5%, # log 63, # —(log 67; + log 63;))

Il

il
(PR
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where ¥, 4%, 77, ®, ©? and my,, are known.
Similar relationships, isay:

RUk=f(R:Af}k), k=1:2:3:
could hold for correlations too.

However, constraints have to be imposed in order to guarantee that:
¢ -l<ry,, <L,k=1,23 and

s Ry .k =1,23, is positive deﬁnite;
|

The specific form of the reparameterization and the priors to be assumed are therefore
to be chosen carefully.
Let’s stress a series Of. remarks concerning the scope and the effects of the second set
of assumptions. l
The reparameterisa.ticfn for the U Part focuses the model towards its specific purpose
according to the guideh sémi-supervised clustering mechanism, as it directly estimates
differences between U!subgroups as well.
The presence of more than two groups makes the reparameterization slightly different
compared to the one 1"n the A-B Part.
The differences are now measured with respect to the common barycentres, i,
or log Sy, and then there is one vector of differences for each possible group and
parameter of interest.{‘

In formal terms, the !reparametrisation can be viewed as a transformation of the

vectors (py,, fus, fy,) into (py, 87,857, 687). Obviously, a constraint has to be
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imposed in order to guarantee that the transformation system is well-defined. A

reasonable one asks that:

W=

Hu =

3
2 234/
k=1
or on the variances part, in the logarithmic scale, that:

3

1<
log Sy = 5Zlog Sy, .

k=1
In this way, the symmetry between the A-B and the U Part is mantained.
Moreover, the previous relationships can be reexpressed, due to the definition of the

d’s and the properties of the mean, as:
0"+ 6" + 65 =0, log 67 + log 85 + log 83 = 0. (2.2.2)

The constraint, as expressed in 2.2.2, will be the main feature of the reparameteriza-
tion in U.

In the U Part the guided semi-supervised clustering mechanism is supposed to per-
form both clustering and data reduction. The mechanism these targets will be reached
through is identical to the one already described for the first set of assumptions. De-
tails on the mechanism itself, without any reference to the specific parameterization
adopted, will follow before the end of this section.

The second set of assumptions can, therefore, be thought of as a suitable ”combina-
tion” of the constraint and the common mechanism for clustering and data reduction
presented before.

It is possible to recognize the impact of the constraint comparing the assumptions
on (py,, vy, Bus) (or (log Sy, ,log Sus,, log Sty )) with the ones on (87%, 87, 87) (or

(log 67,1log 62, log 43)). Straightforward medifications will involve 7} and =f;.
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f . .
For semplicity, suppose to assume N, = 1 and to restrict our attention to the means.

Under these hypotheées we have for the first set of assumptions:

i

( N(py,| 0,7%) if v =0
h N{pw| 0,7*)N(p,| 0,7%) if v =1
UL By B Y5 1P 1de ~ 4 N(pu,| 0,0*)N (pu,| 0,7%) ifyy =2,
o N{pu| 0,7*)N (pus| 0,7%) if v =3
J [ N ] 0,9)N (uu} 0,0*)N (| 0,%) i 47 =4

i

and for the second set of assumptions:

( I (87) if 1 = 0
| N 0,97) if g = 1
57,87, SPGB~ N 0,47) it =2,
" N (5] 0,47) if v = 3
| V(6P| 0, 9PN (555 0,4%) ifa =4

with: i
X

f

Yol E, ™, Y Ldd, ~

{ Iy if Y™ =0 and v’ = 0 and v* = 0
]
i

Multi(1, ®3), otherwise

that is the same for both the parameterizations, though for each of them we have

. |
either: '1

| Py, = pu, = puy)
| Pluy, # pu, = pus)
| Plpy, = py, # by} | -
P(uy, = pu, # pus)
| Pluv, # po, # 2oy

i
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or

P =85 = —(67 +63)
PO # 85 = (87 + 67)
o= | PR =67+ 6p) £ 6p)
PSP = (67 +65") # &)
PO # 6 # (57 + 67)

3
o]
Il

Looking at the first two distributions, it is evident that the general structure is the
same.

However, the conditional distributions contained in them are different.

The presence of the constraint on the d’s modifies the subspaces where each prior
distribution for py,, prs,, po, was originally defined, conditional to the corresponding

A

value of vj}. It makes the entire prior on 51"; o5, o5 different from the corresponding
one for py,, pu,, B,

As it forces one of the three s to be a linear function of the remaining ones, the
constraint identifies a specific subspace in each of the original subspaces where the
priors on iy, , pu,, fu; put positive mass conditional to Y

In detail, the constraint can be expressed as §3* = —(d* + 63*), and represented in

the space (67,6, 65 in the following way:
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Figure 2.2: Set of vectors (1*, 03", 63") satisfying the constraint 8 = —(é7" + 6%°) in

I
the second set of assumptions for the U Part. The point (0,0, 0) belongs to the plane.

Moreover, the subspaces originally identified by the guided semi-supervised clustering
.

mechanism in U are:

h
e the line uy, = py, = py, for the case v = 0;

i
e the pla‘nes By, = Hus, for (YHI = ]-: Huy = Hus, for 'Ygf‘ - 2; Huy = Hua, for "/[1}l = 31
:

o the entire R?, for 47 = 4,
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and they are supposed to be the same for 6’1’35, o5*, 05" for the algorithm to work.
Both the constraint and one of the previous éonditions at a time have simultaneously
to be satisfied.
The intersection of each condition and the constraint, therefore, identifies the set of
(872, 85+, 87*) where to put positive mass on, conditional to each value of 7.
These sets of points in the space R3 are exacﬂy the five ones represented in the second
expression for 7},

They can be rewritten in a clearer form that is:

=00 =0=0 for v =0
O # 0,00 =607 = —207 forp =1
57070 s S = o = — LA eP #0 forap=2 -
P =0p =207, 67 #0 foryr=3
o7, 05, 65 = — (87 + 63*) forvjr =4

\

It follows that the subspaces where to define the priors for the second set of assump-

tions are just the following ones:
¢ the point (0,0,0) for the case v} =0,
o the lines 67 # 0,87 =07 = —167 for v =1, 60 = 8 = — 365,00 # O, for
V§ =2, 07 = 05 = —489, 55 40, for 1 = 3;
o the plane 67", 05", 65" = —(o7" + 0"} in R3, for v =4,

Comparing this list with the last one on ug,, p,, o, it is evident how the constraint
acts in riducing the dimension of the support subspaces identified by all the possible
comparisons of any three parameters of interest in the U Part.

Moreover, the previous list confirms partially our chioces for the prior distribution of

ey
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o1, 05, 65" conditional to the values of 7.

A point mass on (O,OIiO) is suitable for the case v} = 0. For the intermediate cases
Yo = 1, v = 2 and :"yf,”': 3 a univariate distribution can be assumed. A bivariate
distribution is adoptelgl for v} = 4.

The specific choice of':‘Normal distributions and the assumption of independence be-
tween 07" and 43" conditional to -y} = 4 are done in order to mantain the symmetry
with respect to the AL_:B Part and for computational convenience.

It could be worthwhilé to notice something about the intermediate cases (i.e. v} = 1,
W =2and 4 = 3).

The prior distribution is.always assigned on the free, or independent, parameter in
each case. ]

This is the reason whi_( we slightly modified our usual notation to underline which is
the parameter space the positive mass is directly put on.

This choice guarantees that the set of the a priori marginal distributions of 67, 4
and 67 is always com;posed by the same set of three distributions. In fact, due to
the properties of Normal distributions, it is always true that cousidering X, Y, Z such

that:

_ _ e
X ~ NOWY, ¥Y=Z=-:X,
then: ”

Y=2Z ~ N(0, iqu),

no matter which of the three 8’sis X,Y or Z.

il



49

2.2.3 How the entire mechanisfn works

We can conclude the section underlining some key points connected with the guided
semi-supervised clustering procedure mechanism. They will be shared between our
two sets of assumptions. ‘

! .
The main features and aims our model was supposed to take care of were:

e presence of one or more indicators aimed at data reduction in the A—B Part.

This is mainly a preparatory step for the U Part;

¢ presence of a structural link between A-B ad U aimed at selecting variables able
to identify U subgroups with the same meaning as A and B.

This is the "guided” aspect of the procedure.
r.

e presence of a group labels’ indicator aimed at identifying which subgroup each
observation in U is most probable to belong to.

This is the main scope of our model;

e presence of one or more indicators aimed at a further step of data reduction for
variables whose distribution is different in the U subgroups.
These indicators are supposed to be .combined with the corresponding ones
in jthe A-B Part to get an overall picture of which variables are useful in the

distinction involving-both A and B and U subgroups.

In both the hypotheseé settings, it is straightforward to recognize at least a part of
the elements mentioned above. A slightly different presentation of the assumptions

on the U Part will allow us to understand completely how the mechanism works.

L e ¥ N
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Indicators for Data Reduction

bl
i

Firstly, 4™, ¥ and ¢ are the parameters managing the data reduction process in
the A-B Part. Their estimates indicate for each variable if its distribution is different
in groups A and B, a.nd therefore, if it is promising for the U Part as well.
Secondly, 'Tg’", Yo an(ll ~f; manage the data reduction process in the U Part. Their
estimates indicate forl;each variable if its distribution is different in the subgroups of
U simultaneously identified by the unsupervised step of the algorithm.

It is important to notéce that the data reduction process happens in the A-B and in
the U Part following i;he same general scheme.

In both the parts of t:he model we have v’s indicators.

Each type of parameter (say, means, variances and correlations) has its own indicator.
The indicators are always defined starting from all the possible comparisons between
the parameters of int%rest of the same type, no matter how many they are (say, for
instance p14 and pp or 1y, , By, and py,) or which independence hypotheses we are
assuming (say, u’s, 02!’5 and r’s or §™'s, *’s and 6%'s).

In this way, each of them somehow reflects the dimensionality of the model for the
corresponding parameter space and their combination reflect the overall dimension-
ality of the model in tl':he A-B and iﬁ the U Part. This is particularly important for
the U Part, where wef}are mainly interested in how many subgroups are represented
in the data, with a mélximum number fixed in advance.

The parameters’ priorgs are then defined conditional to the corresponding «’s indica-
tors. BEach parameter éhows a different prior depending on its v values and, therefore,
depending on the dimgnsiona.lity of its space, as is defined by all the comparisons in

il
which it is involved.
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From a different perspective, each parameter can be thought of as admitting a mix-
ture of singular distributions, each defined on spaces with different dimensions.

The modular structure of the model, i.e. tliie fact that it is composed by indepen-
dent pieces with the same structure, and the statistical role of the indicators as tools
to change the dimensionality of the model, both in supervised and in unsupervised

contexts, will be developed in detail in chapter 3.

Structural Link between A-B and U Part

i
Looking at the assumptions on 7, v, ¥, distributions, one can clearly see how the
~'s in tﬁe A-B Part do the job of filtering 1;he promising variables to be considered
for identifying U subgroups.

Before we explain it in detail, it could be ?Worthwhile to spend some time on the
definition of 4 introduced at the beginning of each set of assumptions.

In the A-B Part, each component 3, ¢t of the vector ¢ was supposed to contain infor-
mation about the correlation between variables j and ¢, j,t =1,..., Ny, 53 < t. It
meant that the dimension of +¢ was equal to H-"(—'Z"_—l)

- However, 4™ and 4" gave information on single variables and, then, had dimension
" equal to the total number of variables, N,. o

For the filtering mechanism to work properly, it was crucial to have three vectors with
the same dimension. The right dimension fpr selecting single promising variables in
U was NV,.

A function for mapping the +¢, intp 7§ was therefore needed.

Different analytical expression for the function can be chosen in accordance with the

specific features of each problem. However, a good solution has to avoid being too

L TR Lo
-
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restrictive in the filtering.

An analytical form that respects this criterion is the one we introduced. It is such

that: i

e if all the correlé.tions of the variable j with the remaining j — 1 evaluated in
both groups A and B are different (say, ¥i. = 1V j,t} then the variable j will

be considered relevant (say, v§ = 1);

e viceversa, if all the correlations of the variable j with the remaining j — 1
evaluated in both groups A and B are equal (say, v§, = 0 V j,i) then the

variable 7 will be considered unuseful (say, v5 = 0);

e if both the previous conditions happen in the same time (say, 3 j,¢,s : 7§, =
0 and +§, = 1,¢ # s) then the variable 4 will be still considered useful (say,

75 =1

|
In this way, the only variables to be discarded will be those whose correlations with

the remaining ones are always the same in A and B.

Let’s go back to describe how the filtering mechanism selects the promising variables
to be considered for iéle11tifyi11g U subgroups.

If all the three correéiponding v's, 3 = 1,..., Ny, in A-B are equal to zero, then
the variable j under gxamination will be modelled in the U Part with a univariate
normal distribution, iﬁstead of the usual mixture of univariate normal distributions.
Its mean will be the only one shared between the three components on line j of the
vectors Uy, , Bua, MUSE!, while its variance will be the only one shared between the

!

three components on line 7 of the vectors log Sy, ,log Sy, log Sy, .

The variable will also have a set of correlations with the remaining 7—1,7 = 1,..., N,,

!
[
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variables. In the case the y;’s, 7 = 1,..., N,, in A-B are equal to zero, each correlation
Tu it involving j will be the same for every k, k= 1,2,3.
This sentence completes the picture of what exactly means having a ”guide” to convey

the relevant information from the A-B to the U Part in our mechanismn.

Group Labels’ Indicator, Missing Data Approach and Label Switching
Problem '

The last main feature of the guided semi-supervised clustering mechanism to go into
is the presence of a group labels’ indicator aimed at identifying the subgroup each
observation in U is most probable to belongl_ to.

A different perspective on the mixture m.odeliin the U Part will allow us to understand
completely how the mechanism works.

As pointed out in Dempster et al. (1977), a mixture model can always be expressed in
terms of missing (or incomplete) data. And this is exactly the information we need.
The mixture model introduced in (2.2.1) can be thought of as arising in the following
context: we postulate a heterogeneous population consisting of groups k = 1,. .., Knas
of sizes proportional to wy, from which our random sample is drawn. The identity or
label of the group from which each observation is drawn is unknown.

In this situation it is natural to regard the group label z; for the i-th observation
as a latent allocation variable. The 2; are supposed independently drawn from the

distributions
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and, given the values of the z;, the observa,tlons are drawn from their’ respective
1
individual subpopulations:

x|z ~ N(|(,Z)z) independently fori =1,..., Nsy.

Adding z to our general framework helps focusing the model towards our specific
néeds. Doing inference on z lets us identify which subgroup each observation in U is
most probable to belong to.

More ge.nera.lly, both élassical and Bayesian inference procedures for mixture models
usually refer to the la.!;ent allocation variables.

From this perspect'ive“ thé_model is hierarchical with, on top, the true parameters of
the mixture, (g, T, w) ] then the missing data whose distribution depends on (2, ¥, w),
z ~ f(z|(u,E,w)), dnd, at the bottom, the observed data , with distribution de-
pending on z and (p, 5, w)), ¢ ~ f(z|(n, Z, w), 2).

In this case, the EM method can work iteratively, replacing each missing data by its
expecta.tlon zi( ™) at the current iteration m. New maximum likelihood estimations
are then denved from\the pseudo-completed data, (x;, zi(m))

Given a prior distribution 7 on the parameter (g, £,w), a Bayesian approach can be
implemented in thc foinn of a data augmentation plocedure

We'll briefly explain how this procedure works, as we’ll use it in the 1mpleméntatu3n
of our model (see chapter 4 for extra details).

According to Diebolt and Robert (1994), data augmentafion corresponds to a simu-
lation method that generates iteratively the parameters (g, T, w)™ and the missing
data (™ according tom(p, B, w | 2, 2(™) and f(z|(x, T, w)™ ). The method then
produces a sequence (g, T, w)™ of parameter evaluations.

In general, Gibbs sampling allows for any possible partition of @ = (1, £, w, 2) into
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(w1, .., wy,) and then iteratively generates @ according to the conditional distribu-
tions:
b
w£m+l) ~ w{w |z, wg’“),. e, o™t o or(wm,le, w.fm+l), ey w,(:le)).

Data augmentation then appears as a special case of Gibbs sampling induced by the
natural hierarchical structure of the model, so that each group (g, %, w and 2) cor-
responds to a hierarchical level.

Gibbs sampling produces é. Markov chain, (u, I, w)™, usually ergodic with station-
ary distribution w(p, £, w|x). Therefore, after mg initial steps, the random vari-
ables (p, T, w)me+l (1 B w)(m0tK) can be considered to be approximately dis-
tributéd according to p{p, £, w|z). The resulting sample can then lead to an approx-

imation of any well-defined posterior quantity by:

K ) (o +K}
E”(h(,u,,‘ﬂ,w)lac) = 2k=1(h(p‘=§? ) )

by the ergodic theorem.

Finally, it could be worthwhile spending some time speaking about the label switching
problem and about how we decided to deal with it. This topic is closely connected
to the use we did of the information contained in the group labels.

The so called label switching problem arises when taking .a Bayesian app.roach to es-
timation and clustering using mixture models (see, for a detailed review, Stephens
(2000} and, for other examples, Diebolt and Robert (1994), Richardson and Green
(1997) and Stephens (1997)).

The term was used by Redner and Walker (1984) to describe the invariance of the like-
lihood under relabelling of the mixture components. If we have no prior information

that distinguish between the components of the mixture, say our pﬁor distribution is
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the same for all the permutations of the vector of the parameters, then the posterior
U

distribution will be similarly symmetric.
i .

This symmetry can cause problems when we try to estimates quantities which relates
to individual components of the mixture. {
N

In particular, the usual practice of summarizing joint posterior distributions by marginal
! :
distributions, and estimating quantities of interest by their posterior mean, is often
I

ii .
A common response to the label switching problem is to impose an identifiability
I

constraint on the parameter space {such as wy < w, < w3 or py < pg < p3) that can

inappropriate.

be satisfied by only oifle permutation of the vector of the parameters for each vector
of the parameters. Thnls breaks the symmetry of the prior (and thus of the posterior)
distribution of the pa;a.meters and so might seem to solve the problem.

However, for any given data set, many choices of identifiability constraint could be
ineffective in .removing the symmetry in the posterior distribution and problems with
label switching may rt%main after imposing the constraint. i
More sophisticated sol.!utions; like postprocessing ﬂ1e MCMC results according to dif-
ferent, choices of the iabéls, or relabelling “on line” the MCMC output, have been
tried in the last few yéars. o ‘

Stephens (1997) suggested relabelling the MCMC output so that the marginal pos-
terior distribution of tilihe parameters of interest are, as far as possible, unimodal and
described and demonsj;tra'ted how this might be achieved in the context of Normal
mixtures. ' *
His solution could be ;v.uifable for our model. . _
In particular, he propc!‘)sed relabelling the sample so that it gives a good fit to some |
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member of the natural conjugate family for the parameters:

k
g9(nl a,m,L,u,n) = Dir(w| @) [ [ IG(a?| mi, L)N (i) w;, o [ni)

where IG(0?| my, ;) is the density function of the Inverse Gamma distribution with
parameters m; and [;.

Starting with the labelling given by the MCMC, he suggested to iterate the following
steps until you reach a relabelling which is unchanged by the iterations, or some upper

limit on the number of iterations is reached:

1. fit g(n| a,m, I, u,n) to the current labelled sample (say, by maximum likelihood)

to obtain an estimate (&,7h, !, 4, #) for (a,m,{,u,n);

2. for the i-th sample point n(i), i = 1,...,Nits, choose the relabelling ori(n(i))

which maximizes g(o;(n™)| &,7h, i, 4, ).

While it seems to solve the label switching problem under various compelling scenarios
like ours, this solution is computationally expensive.

In our case, it requires an extra effort in postprocessing the MCMC output in a
context where the MCMC procedure itself is compelling.

Moreover, our main aim is to get a reliable picture of the groups in the U Part data.
Estimates of the parameters of interest are often a useful information. However, we
doesn’t necessarily need to summarize them using a single value, like the posterior
mean, and we can always look at their marginal distributions, being aware that a
label switching problem could exist.

For these reasons, we decided to follow a second perspective introduced by O’Hagan

in the discussion on Richardson and Green (1997).
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Commenting on classification and label switching problem, O’Hagan {1997) proposed
i

to look at pairs of observations and, simply, to count how many times they are
|

classified into the same mixture component.

In this way, one Obtai:fls a nearness measure that could be used deseriptively or could
lead into clustering. -

In detail, for our analiisis we calculated a matrix called "O’Hagan” with elements o; ;,
i,j=1,...,Nsy, conf!;a.ihing the relative frequency with which observations ¢ and j
are classified in the s;élmg group, according to the group labels’ indicator evaluated
iteration after iterati()];l.

The "O'Hagan” mat:ri:x will be the preminent tool we'll use to check how the guided
semi-supervised clustgring algorithm works in identifying clusters in the U Part. It
can be thought of as ‘;T suitable summary statistic of the group labels’ indicator.

To further help undelstanding the model contribution, we provided an appropriate
visualization of the "O’Hagan” matrix.

Each element of the matrix is depicted depending on its intensity, measured in a
color scale from black: to white. Color scale and relative frequency of occurence are
in perfect correspondéﬁce.

Black and white bloc&t_s,_ with dimensions similar to the estimated weights of the
mixture, will identify the groups of observations discovered in the U Part. They are
expected to be different also in accordance with the specific type of difference existing
between the identiﬁed:f groups.

Eventually, comparisons between " O’Hagan” matrices corresponding to different data

[
sets, or different a priori scenarios with the same data set, will be alded by a similar

representation too. i
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2.3 Possible Applications

4

2.3.1 Cancer Genomics

A first possible field of application for the proposed methodology is in tumor classi-
fication using gene expression microarray data.

In spite of recent progress, there are still uncertainties in cancer diagnosis and classi-
fication and also it is likely that the existing classes, identified according to a variety
of morphological, clinical and molecular variables, are heterogeneous. It means that
the researchers still have to.go deep in the problem of tumor classification with new
practical and theoretical tools. .

In 1950; lung cancer accounted for only 3 percent of all cancer deaths among women;
however, by 2000, it accounted for an estimated 25 rpercent of cancer deaths—an es-
timated' 1 of every 4 cancer deaths and nearly 1 of every 8 newly diagnosed cancers
among womern.

Lung cancer kills more women every year than any other cancer, though most women
know very little about the disease, the warning signs, or effective new treatment op-
tions. It will kill approximately 68,510 women in the U.S. this year, and this is more
than breast and ovarian cancer combined.

Lung cancer is currently classified according to morphological patterns (e.g., squa-
mous cell carcinoma, adenocarcinoma, small cell carcinoma, large cell carcinoma).
The classification is frequently ineffective in predicting the biological behavior of these
cancers, and therefore molecular characteristics, such as gene expreésion profiles, are

being considered as alternative classification approaches.
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DNA microarrays are part of a new class of biotechnologies that allows the monitor-
ing of thousands of g;énes simultaneously under different biological or experimental
conditions. DNA microarrays may be used to characterize the molecular variation
among tumors by monitoring gene expression profiles on a genomic scale. This may
lead to a more reliablé classification of tumors.

Using gene array meaéurements of expression profiles, several groups have recently re-
ported findings to sug}gest that distinctive molecular profiles could lead to refinement
of classification and pillrognostication of lung cancer (Garber et al. (2001),. Beer et al.
(2002}, Bhattacharjee; et al. (2001), Miura et al. (2002) and Wigle et al. (2002)).

It opened up the issue of systematically integrating and cross-study-validating the
results of these varicn%s gene expression profiling projects, which is complicated by
the use of diverse microarray platforms, sample sets, protocols, and analytical ap-
proaches. For an example on how to compare results of existing lung cancer profiling
projects, see Parmigiani et al. (2004).

A slightly different perspective to approach the problem of the refinement of lung
classification could be to redo the analyses one at a time using new criteria, bor-
rowing strength from ‘the theoretical and practical experience gained in integrating
different studies. The Guided Semi-supervised Clustering Procedure is exactly one of
the possible models coming up in the previbué mainstream.

In detail, lung cancer %_)atients with no group information will form the U Part of the
model. Our main airrli will be to identify suitable clusters of patients according to
some reasonable criteria.

For the A-B Part, we éould refer to a second study with knowﬁ classification working

for a different type of cancer. Our main aim will be to seek undiscovered subclasses
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in the lung class, exploiting the potential biological connection between this unclas-
sified group, U, and the known classification, A and B groups, working for a different
tumor.

The clusters interpretability constraing desc_ribed in the general problem setting re-
lies here on a biological hypothesis to test.- The biological hypothesis under exam
is that there exists a molecular program in cancer such that some oncogenic mecha-
nisms affect different organs in similar ways (See, for instance, Vogelstein and Kinzler
(1998)). It follows that it is plausible that major cancer subclasses with large remain-
ing heterogeneity of prognosis will harbor subclasses that are similar in profile to less
prevalent subgroups, whose genetic origin is better understood, in other organs.

Qur hope is that the previous similarity in p;roﬁle could lead to a novel better clas’si-
fication of lung cancers.

In detail, one possibility is to cluster the owjrerall heterogeneous lung cancer class in
the U Part along with a selected subgroup of tumors with mutated BRCA1 genes for
the A-B Part.

BRCA1 and BRCA2 have been identified as genes associated with a syndrome of
heritable breast and ovarian cancer. Recently published studies have reported differ-
ences of gene expression profiles between _bi;le‘ast cancers with BRCA mutations and
sporadic (nonhereditable) breast cancers. For this reason, BRCA1-linked vs. sporadic
breast cancer can be considered as a valid distinction to filter the genes responsibles
for the U-subgroups.

Our main aim will therefore be to look for new subclasses in the broad hing class, ex-
ploiting the potential biological connection with the known classification working for

tumors in breast (say, groups A=nonhereditary and B=BRCA-linked tumors). Can

P it -

LM N gt d ., L



62

we find a subset of lung cancers that behaves according to a molecular mechanism

linked to BRCA1 mutation breast cancer?

2.3.2 Finance

One possibly useful distinction in the financial world involves quoted and non-quoted
firms. |

The pure attribute of:being a quoted company doesn’t ﬁecessary have any direct im-
plication in terms of stable and good performances or profitability, though it deals
with a long series of llgey factors, for instance the asset and the organizational struc-
ture, that create the suitable conditions for growth and prosperity. Moreover, the
presence of a board in\‘:_charge Qf supervising firms, alréa.dy quoted and to-be, and the
stock market itself is a special form of guarantee.

It follows that quoted companies can be thought of as a reliable bench mark for build-
ing up a semi—superviéed filter mechanism as the one described in the methodological
setting.

Viceversa, it could hapfpen that non-quoted companies show important and extended
signs of growth Witthi.!lt having any official recognition.

It follows that an intq‘rest could exist in a reliable identification of potentially prof-
itable businesses in tﬁe broad class of non-quoted companies. For instance, infor-
mation on company profitability are crucial in taking the decision on a future firm
quotation or on a capital outlay in the firm.

Our model could be ai)plied to the general problem of discovering one or more sub-
groups of ”promising”‘. companies in the class of non-quoted ones, starting from a

similar distinction, say ”promising” or not, in the class of quoted firms.
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In detail, one reasonable criterion for defining a business as a promising one could
be the presence of a growth in the stock valufe in a fixed period of time, one year for
example; according to the publicly available data. Increase or decrease in the stock
value allow to identify the subgroups A and B in the class of quoted enterprises. It
also represents the link between the A-B and the U Part, the filter mechanism is
based on. |
Moreover, the choice of a specific section for the firms to belong to, say jewelry or
furniture, aids the guided semi-supervised clustering procedure to work, increasing
the homogeneity of the comparisons.
The firm’s variables to examine under different conditions all belong to the general
category of balance’s summaries.
Each company, quoted or non-quoted, is obli;;ed by law to present formal declarations
on its réal and personal estates, cash ﬂowsfand so on at fixed deadlines. It means
that data exist on a regular basis for both the types of firms under consideration.
This information is publicly available and transparent, consistent on space and time,
at least in the same country.
Moreover, the category of balance’s sumimaries is very rich and variegated. The public
declarations are obviously made in such a way that one can have the most complete |
and clear picture of a company in all its aspects. This is the general rationale below
their existence.
For all these reasons, balance’s summaries are good choices in the role of variables
for analyses with the previous aims.
It also follows that even the variables’ selection procedure resulting as a by-product

from the algorithm application could be extremely useful in order to understand the
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]
i
main determinants of the companies’ profitability.
i
As instances of balance’s summaries one can consider the following classes:
¢ financial statem'_iant' indicators: ebit, ebitda margin, ebit fnargin or ros, cash flow
:

sales cover, ebitda cover ratio, interest cover ratio on ebitda, ROE (return on
ki

equity), ROCE (return on capital employed);
» balance sheet indicators: debt equity ratio, cash and near cash, marketable se-
curities, total shareholders equity, net invested capital, short term borrowings,
i
long term borrowings, net financial position or net debt, quick ratio, current ra-
tios, fixed a,sset,_;ﬁxed asset cover ratio, inventory turnover, receivable collection

period, payble ﬁaylnent period.



Chapter 3

Combinatorial Mixtures of

Singular Distributions

The previous chapter presented a Bayesian Normal implementation of the general
Guided Semi-supervised Clustering procedire, with particular attention on different
a priori dependence structures.

From the presentation, one can notice that;no matter which are the adopted depen-
dence assumptions or the part of the model where he is, the entire a priori structure
follows a specific pattern, partially derived from the minimal requirements of the gen-
eral proceciure. : |

The current chapter is devoted to a detailed description of the pattern behind the a
priori assumptions and of its consequences in the inference procedure.

Section (3.1) introduces a brief survey of the literature on mixture models, which
will be the. general framework of our contribution. Section (3.2) presents the gen-
eral statistical model showing the pattern of our prior assumptions. Section (3.3)

specifies the model for both unsupervised and supervised contexts and for different

65



parameterizations. The a priori structures are described and suitable full conditional

distributions are derived.

3.1 Introduction

Since the beginﬁing of-the century, there has been strong and sustained interest in
finite mixtures distributions and in the complementary aspects of mixture models.
They provide both a ni;atura.l framework for modelling of heterogeneity, thereby es-
tablishing links with cluster analysis, and an appealing semiparametric structure in
which to model unknown distributional shapes, whether the objective is density esti-
mation or the flexible éonétrllction of Bayesian priors.

The whole field is comérehensily discussed by Titterington et al. (1985) and McLach-
lan and Basford (1988j.

Statistical analysis of mixtures has not been straightforward with non-standard prob-
lems posed by the geometry of the parameter space and also computational diffi-
culties. Headway has been made in the last twenty years both in dealing with the
challenging distributiopal problems in testing hypothesis about the number of mix-
tures components (Dacunha-Castelle and Gassiat (1999), Lindsay (1977) and Feng
and McCulloch (1996}) and on the computational side by implementation of variants
of the EM algorithm (Celeux, Chauveau and Diebolt (1996)). However, we believe
that the Bayesian approach is particularly suited to mixture analysis especially with
an unknown number oLf components.

Much previous work c;n finite mixtures estimation, Bayesian or not, has separated
the issue of testing the number of components K from estimation with K fixed.

For the fixed K case, a detailed Bayesian treatment using MCMC methods has been
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presented in Diebolt and Robert (1994). i

Early approaches to the general case where K is not known typically treated the
problem as an example of Bayesian nonpal;_ametrics and based prior distributions on
the Dirichlet process (see Escobar and West (1995)). For its rationale of generality,
our combinatorial mixtures approach is very close to this kind of nonparametric so-
lutions.

Other researchers, as Mengersen and Robert (1996), Raftery (1996) and Roeder and
Wasserman (1997), have proposed to use respectively a Kullback-Leibler distance, a
Laplace-Metropolis estimator or a Schwarz criterion to choose the number of compo-
nents.

Ounly a few researchers, like Nobile (1994) and Phillips and Smith (1996), adopted
solutions that model the unknown X case by mixing over the fixed K case and tried
to make fully Bayesian inference in this context.

However, when Markov chain Monte Carlo :(MCMC) methods entered the area, even
for variable dimension problems, the power and flexibility of these models has further
increased. |

Richardson and Green (1997) had the mer&t to adapt reversible jump MCMC (see
Green (1995) for details) to the particular case of mixture analysis. The paper defi-
nitely confirmed the practicability of this sécond style of modelling.

Moreover, Dellaportas and Papageorgiou (2005) generalized the work of Richard-
son and Green (1997) to the case of multivariate normal densities. They adopt re-
versible jump Markov chain Monte Carlo and construct, in a manner similar to that
of Richardson and Green (1997), split and merge moves that produce good mixing of

the Markov chains. The split moves are constructed on the space of eigenvectors and

Tomgt
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eigenvalues of the currefht covariance matrix so that the proposed covariance matrices
are positive definite. ﬁ

Finally, in the last yearf‘s some promising alternatives to reversible jump spread out.

Stephens (2000) describled an alternative MCMC method which views the parameters
of the model as a (ma.;l:'ked) point process, extending methods éuggested by Ripley
(1977) to create a Markov birth-death process with an appropriate stationary distri-
bution. '

Petris and Tardella (2:003) introduced a geometric approach to transdimensional
MCMC. They present f:some theoretical results showing how the simulation from a
mixture distribution wi_‘th components supported by subspaces of different dimension

|

can be reformulated in terms of drawing from an auxiliary continuous distribution on
l

the larger subspace and appropriately transforming the simulated auxiliary deviates.
Gottardo and Raftery :(2004) introduced a simple framework for using MCMC algo-
rithms in Bayesian computation with mixtures of singular distributions.

It is worthwhile to speTnd some time on their approach as it is fondamental for the
one we will adopt. i‘
A list of the key point% presented in the paper will follow.

The theory of MCMC I1s general and can be used with general dominating measures
such as sums of singulaiir measures. However, they are rarely used in practice, perhaps
because the derivatiori!: of -the density (i.e. the Radon-Nykodim derivative) is not so

) . 1
intuitive.

The first contribution of the paper is to introduce an easily used framework that gives
a way of explicitly writing down Radon-Nikodym derivatives for mixtures of singular

Imeasures. ;
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A suitable theorem is presented and proved. The idea is to find a common dominat-
ing measure with respect to which the Radon-Nikodym derivative of the mixture can
be expressed as a mixture of individual Radon-Nikodym derivatives. In general, the
individual Radon-Nikodym derivative of each component of the mixture is known or
easy to derive,

Secondly, they show how it is possible to use the regular Metropolis-Hastings algo-
rithm, where the theorem is used to derive the required densities.

The suggestion is to construct an irreducible transition kernel as a mixture of singular
proposal measures. Therefore, the density can easily be obtained as a mixture of the
densities using the previous theorem.

We will refer to this theoretical result and to its practical implications in our analysis
as well, though our approach will be more éenerm.

Thirdly, their formulation is compared with the reversible jump approach, and it is
shown that the two are closely related.

Fourthly, the formulation is used in Bayesian model selection.

They give results for four examples, one involving hypothesis testing for differential
expression under multiple conditions in gene expression data.

We will extend the approach introduced in the example to an unsupervised context
in the following sections. Moreover, a further aspect of extension will be represented
by a ”combinatorial” use of their approach.

Finally, the examples are used to compare. Metropolis-Hastings with singular mea-
sures, Gibbs sampler with singular measures, and reversible jump. The Gibbs sampler
with singular measures is found to be more precise and to need considerably less com-

puter time than the other methods.



70

We will perform a Giblias sampler with singular measures as well, whenever full con-
I
Iz, o . .

ditional distributions are available. In the next section, we will introduce a general

!5
framework for Bayesian Normal Mixtures Models.

3.2 General !Statistical Model

. o . - .
Consider a Normal mixture model from which a vector T containing N observations

is drawn:

o K . ]
ml|ﬂ'a%aw ~ E ?quﬁk(wtlukazk): 1= 1:‘--1N- !
i k=1

Consider the vector z containing the N corresponding group labels z;. "-

The z; are supposed independently drawn from the distributions

H

oz = k) = wy, fork=1,....K

and, given the values: of the z, the observations are drawn from their respective

individual Subpopulati%ns:

x|z ~ IN(|(,u., 2)x) independently fori =1,..., V. )
| :

The identity or label o% the group from which each observation is drawn can be known
or unknown. |

In the first case, the model shows a supervised set-up, as it is composed by K known
distinet, subpopl_llatior%s having their own Normal distributions. In the second case,

the model shows the usual unsupervised set-up, as we still have a mixture model.

It has no importance for the moment the context where we are.
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We will propose a contribution to the general theory of Bayesian Normal Mixtures
Models that is compatible with both the previous set-ups.

The proposal has its core in the prior assumptions.

The idea underneath is to identify a new class of models where the prior structure is
such that any possible combination of equalities and/or inequaiities in means, vari-
ances and correlations is allowed.

The minimal requirements the prior structure is supposed to satisfy can be identified
considering the elements shared between the prior assumptions of the different pa-
rameterizations introduced in chapter 2.

They will be described in the following in detail for a general and complete presenta-
tion.

Suppose to adopt once again the decomposit‘__iion described in Barnard, McCulloch and

Meng (2000} and given by:

Yy = diag(Si) Ridiag(Si), k=1,...,K

with 8,k = 1,..., K, is the N x 1 vector of the stand-ard deviations for group k,
diag{Sy) is the diagona.l matrix with diagonal elements Sy and Ry is the N x N
correlation matrix.

The decomposition divides the parameter space into subsets dealing, respectively,
with the means, the variances and the correlations.

For our combinatorial mixtures a.pp}-oa.ch to ;vork, the prior assumptions are supposed

to be such that for each of the previous subsets can be at least identified:

e an extra indicator concerning the dimensionality of the parameters subspace

under examination (say, mean, variance, correlation) with its distribution,;
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¢ a corresponding suitable mixture of singular distributions for the subspace pa-~
rameters affected by the change in dimensionality.
It has as many éomponents as the total number of values the corresponding
indicator can ass?nne.
i
i
The indicators managilpg the subspaces dimensionality were introduced in chapter 2
as the 4™, 4¥ and ~¢ parameters.
Each of their elements represents the dimension of the corresponding subspace in
that they just list all the possible comparisons between the parameters linked to the
change in dimensionality.
Their distribution is therefore discrete, with probability masses on a total number of
cases that is equal to all the possible comparisons.
The identification of the parameters linked to the change in dimensionality depends
on the specific parameterization adopted.
They can be a smaller subset for each subset already defined or the entire subset.
They can be either an individual vector parameter or a collection of vector parame-
ters, depending not only on the parameterization but also on the number of groups
assutned in the model.;
However, the usual ass;um‘ption of independence hetween the elements in each param-
eter vector, made in ci;lapter 2 as well, is mantained here for every possible scenario.
Each element in the paixrameter vector, alone or together with the corresponding ones
in the other pa.ra.metel; vectors, is given a distribution that is the mixture of singular
distributions we introéluced above.

The distribution of every element in the parameter vector conditioned to its hy-

perparameters, the "marginal” distribution from now on, is a mixture of singular
i
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distributions. The distribution of each element conditioned to its hyperparameters
and to its corresponding v indicator, the "conditional” distribution from now on, is
the one we always referred to in 2. They are just different forms to express the same
idea. For semplicity, we will continue to use the conditional distribution form.

The number of components of the mixture is equal to the total number of values
assumed- by.the corresponding indicator.

The form of the each component distribution is built on the corresponding v value,
as it contains the information on potential collapsing parameters.

The previous aspects confirm the existence of a deep link between the parameters of
the model and the extra indicator parameters.

From one side, the +'s are defined looking at all the possible comparisons between
the corresponding parameters linked to the_ change in dimensionality.

From the other side, the parameters distril;utions have a composite form which re-
flects how they are affected by any dimensionality change, both in the number of
mixture components and in the form of each componenﬁ.

The minimal requirements listed, together with the following specifications, describe
the general mechanism our proposal is supposed to realize.

Any possible combination of equalities and/or inequalities in group means, variances
and correlations is represented in terms of suitable combinations of the three v’s for
means, variances and correlations, respectiv;galy.

The corresponding parameters, managed by the +'s, complete the picture.

The mechanism created by the prior structure is preserved through the inference pro-
cedure.

Posterior estimates of all the previous variables give us information about the overall

ade -



74

behavior of the data. Details will follow when a specific prior structure will be as-
|

sumed. |
i

Finally, the ”combinatérial” nature of the approach is expressed in the overall strat-
il

|
egy of separation and combination.
[
Firstly, the parameter space is segmented into independent subsets. Then, each sub-

set is modelled accordiillg to the same criteria, which identify the indicator managing
the dimensionality and the corresponding parameters. Thirdly, the information col-
lected during the inference procedure is recombined to get a unified idea.

Qur approach is general, flexible and parsimonious.

Firstly, it admits all the possible combinations of means, variances and correlations.
It can be applied to situations with any number of groups, though it is less and less
manageable as the number of groups increases.

Secondly, the model is'flexible.

The traditional Bayesian” Mixture Models theory usually adopts two opposite ap-
proaches.

From one side, it admits that all the component parameters are free to be equal or
different across the cor:nponents.

From the other side, iItI:_ focuses on one component parameter at a time and assume
the remaining ones to be equal across the components.

For instance, it admits;: either free component means and fixed equal compaonent vari-
ances or fixed equal rrieans and free variances. In the first case, the statistician has
an interest in detecting the shift; in the second case, the aim is to model phenomena

with heavy tails.

i gt n s
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However, it happens sometimes to have situations requiring combinations of compo-
nent means and variances that are different from the previous two.

Cancer genomics applications represent suitable examples. In this case, a set of genes
measured under two different conditions can show, for instance, pairs that have equal
group means and variances but different group correlations, together with pairs with
all equal means, variances and correlations and pairs with equal means, difterent vari-
ances and equal correlations.

Qur approach could be considered a good solution for all this kind of situations.
This flexibility translates, therefore, into the opportunity of collecting more precise
information on a given phenomenon.

Thirdly; the moael is parsimonious. After detecting potentially collapsing compo-
nents, it is able to use the information on collapsing to estimate these components in

a more efficient way.

3.3 Examples: Supervised and Unsupervised Set-
tings

In this section, we will dei-;ail. the pr.evious description shcmlring how fhe general struc-
ture introduced works separately in both supervised and unsupervised set-ups.

The statistical model we'll refer to belongs to the family of models introduced in
chapter 2.

It is presented in the univariate case.

For the A-B Part, it assumes a priori dependence between the parameters in the

original space and therefore shows the suitable reparameterization.

Iy fa-‘}‘T.

ket — -
[
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For the U Part, it assumes a priori independence between the means and the variances
of each subgroup.

Moreover, the specific :form adopted for the priors is justified referring to the conju-
gacy property and, where needed, to a convenient hypothesis of independence between
the parameters ChaIacéerizing the U subgroups.

We wil adopt this model for the application in cancer genomics presented in chapter
4. The problem description will justify the previous statistical assumptions for the
A-B and U Part. |

However, for the purposes of the current chapter, the model under consideration can
be just thought of as a general framework, suitably divided in supervised and unsu-
pervised parts, where to show only the aspects linked to the so-called combinatorial
mixtures of singular distributions. Details on how the entire model is supposed to
work will be presented in chaper 4.

The first subsection shows our assumptions for both supervised and unsupervised
set-ups and highlights the common elements.

The second subsection shows the implications of these assumptions in the inference

procedure that follows.

3.3.1 Model Specification

Y
The statistical model for the supervised set-up is described by the following set of

assumptions:

f
A 2 2 S
x; lpea,0q ~ N(pa,04), i =1,..., Nsy,
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2’2:-8"1145,0'% ~ N(MB,O'EB), ’i=.NSA+ 1,...,NSA "I'NSB,

where z!, [ = A, B, is supposed to be the unique variable in the intersection of the
two studies corresponding to A-B Part and U Part respectively.
This supervised set-up shows two distinct Normal populations.

The priors specification is given in the following:
(}U'A:P'B) 1 (Uiao-?B)a

A+ B om .
HAB = %a 0" = {ip — {4, tap 1 07,

paslv® ~ N(0,v7),

5™ €2 I (6™) if y"=0
’ N(™|.0,€2) if ym=1"

yoa™ ~ Be(l—7™), ™= Plua = ps),
2 _ et} 2 TV
a.’iB“o-AJB) ] =, UAB J_ () B

ai3|a¢, g ~ G, B),

H

Ty (8Y i v =
&1y, a,b ~ w (%) =0
1G(8%| a,b) if 4 =1
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nfulﬁv ~ Be(l - Wu)r T = P(U-4 = aB):

where v?, £2, 7™, @, 3, @, b and 7 are known.

The parameters showing mixtures of singular distributions, together with their cor-
responding indicators,.i are 6™ and v™, &* and ".
In the next subsectionr we will only deal with §™ and ™.

Similar considerations! hold for §” and . Chapter 4 will present details on them.

The statistical model :for the unsupervised set-up is described by:

, 3
m?l“Uaagpw?f}’mi ’YU ~ ZTqubk(m?"‘LUkaog'k)} = 1: ceey NSU:
k=1
H‘U=(MU11"'HU‘U3)3 gz:(g?flw--':ggfa)a

3
w=(w1"":w3)? wkZO, Zwk=]-
k=1

The a priori distributions assumptions are given in the following:

w L (py,0f), w ~ Dir(ag), ao = (ai0,.-.,a30)

pu L o},



N(pun| 0,7%) if g =0
N (s | 0,9")N (up,] 0,7%) if g =1
#Unl-"UznuUahginz ~ 4 N(P"Lﬁl Oaﬂz)N(#UJ 0: 772) if ’}'? =2,
N(lu'Ull 017}2)N(#U3| 017]2) if ’T;}n =3
| Npo] 0.0")N (u, | 0,0°)N (| 0,9%) i = 4
Io ifvy™*=0and v’ =0
Yolwg vyt~ ol , :
Multi(1, (7). otherwise
[ Plus = 1o = 103)
Pluy, # poy = pus)
7y = | Plun, = pus # b)) |
P, = pu, 7# 1)
i P(#U} #-uUz 7£ .uU:;) ]
f *
1G(o},| ¢, d), ify =0
IG(c}| €, d}1G(o;,| ¢, d) ifyh =1
O Ot O [0, 6d ~ 1G(o} | ¢,d)IG o}, | ¢, d) if 95 =2
[G(o} | ¢, d)IG(c},| ¢, d) ify5 =3
\ IG(c} | ¢, )IG(o},| ¢, d}IG(of,] c,d) if ;=4
ol? 4 Iigy ify"*=0andy* =0
Yul® Y Y ™~ )
M Multi(1, 7f)) otherwise
P(of, = of, = 01213
2

) |
P(U%ﬁ?éau =0y,)
(op, = UU:, # ‘71212) ’
P(a%,l = UU-; # C’U;,)
( )|

P(of, # o, # O’Ua

79
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i

ii

where ag, n*, ®(}, ¢, d and 7} are known.

The parameters showing mixtures of singular distributions, together with their cor-

responding indicators ?J:e Huy, g, Moy, Yy and oF 0, ok 0.

The particular form ofliry}}‘ and v, distributions reflects the filter mechanism described
r

in chapter 2 and has i’lqs meaning in the context of the unified model.

For the purposes of the current chapter, one could just write the corresponding dis-

tributions as:

ol ~ Multi(l, w7}, Yolmey, ~ Multi(l, wg)).

Let us stress the diﬂ'er?nces and the points shared between the two set of assumptions.
The first set-up admiti:é two potentially different groups, the second one three poten-
tially different groups.

Their parameterizatiolrls are different as well.

The model is differen’% as in the first case the group labels are known, while in the
second they have to bé estimated.

However, the prior str;ucture doesn’t seem to be too much different.

5™ and 6°, py, fu,, ;1,;;3, and o7, , 0,07, are the parameters affected by the change
in dimensionality. : B |

The corresponding 'y”?, v, '}'[’}“and v{; manage the change in dimensionality.

Their distributions a;réle as described in the general model setting. The conditional
distribution form is uéed for the parameters affected by the dimensionality change.
All the parameters relﬂect the fotal number of groups stated by the hypotheses on

the model. The possil;_)le cases for the v's are two and five respectively.

I
Finally, the prior structure is such that the total number of groups defined by the
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model becomes a maximal number of groups.

3.3.2 Model Development and'Implications

The inference procedure for such complex models has its core in a Markov chain
Monte Carlo {(MCMC) simulation.

MCMC methods play a central role in modern Bayesian computation; see, for exam-
ple, Gelfand and Smith (1990), Tierney (1994) and Gilks, Richardson and Spiegelhal-
ter (1996). In the last decade, MCMC methods for varying dimension problem have
been discussed (Grenander and Miller (1994), Green (1994), Green (1995)).

We refer to Gottardo and Raftery (2004) for a general formulation for MCMC com-
putations with mixtures of singular measures.

We will generalize this contribution extending it to an unsupervised and ”combina-
torial” context.

We will derive the full conditionals for the parameters under examination in both the
set-ups. Comments will follow to highlight similarities and differences. A peculiar
aspect of the unsupervised set-up will be described at the end. It is strictly connected
to our combinatorial approach.

The full conditional distribution for (6™,+4™) is introduced in the following.

Indicate with z the vector containing the labels of A and B groups and with #;, [ =
{A, B}, the empirical arithmetic means of .the observations belonging to groups A
and B respectively.

Adopt the following shorthand notations from now on:
_(Jm) ’Ym) = {#AB) 0-,243: 501 TU} 3

_(6m) = {f‘AB:7maJiB:5017u}> —(Tm) = {UAB:ém)UiBaéva'Yv} -
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For reasons of computational convenience, we will look at the posterior distribution
!
of (8™,4™), given z and all the remaining parameters, referring to the following

F

structure:

p(8™, 4™ = (8™ ™), 2, 2) = p(v"| = (6™,7™), %, 2)p(8™|¥™, — (0™, ™), T, Z).
The posterior distribution of v™, given z and all the remaining parameters except
for ™, or the ”ma.rgihal” posterior distribution of ¥™ hereafter, is obtained in the

following way.

Firstly, we will derive the "marginal” posterior distribution of ¥™ for the case v = (:

t

p(,},m = Ol - (6m=7m"): .'B,Z)
/ p(y™ = 0,87 — (6™, 4™), &, z)d6™

= 0,8 = (8™, y"Np(z| - (6™, 4™), 0™, 4™ = 0, 2)do™

" plal - (0"‘,7 z) /

= 0 ()m (ml ( )’)" ) m ,Y'm. — O;Z)dé'm.

p(wl 5"" v z)f
T 5 / py™ = O)p(™ ™ = O)p(a] — (67,7™), 67,7 = 0, 2)d&™

- p(z] — (51; 7Y, i ) 7™ (p(6™ = 0y™ = 0)p(x| — (8™, 4™), 0™ = o;a,m =0, z)+

(5’" # Oly™ = 0)p(z| — (6™, 7™}, 8™ # 0,9™ = 0, 2))

~ plal —( ( )NWSS (,ﬁ) ) (GABI\/S”)NSB "

1 Nsg 1 Nsa+Nsp )
* eXp {—20_2 ( Z(:E, ,UAB) + 5)‘ Z (!12; - ,U'AB) ) } .

AB i=NS_4+1

i
Secondly, we will derwe the ”marginal” posterior distribution of 4™ for the case
!
I
I
i
!

:
1

1
t
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¥ =1
p(rym'z ]-I - (5m,7m)’m, .Z)

= /*p('y’"' = 1,87 — (6™, +™), z, z)d™
1 f i "
= - p ’Ym = 1)51’1’1 - 5ml) ’Ym *plr(— om’,ym).‘ém,,ym = 1,2)0!0
p(ml —- (om,,},na)’z) ( I ( ; )) ( I (
1 L
= = P 'Tm = 1:om | — ém?,ym )6m,7m = l,z)dﬁm
e ] ] = (7 7)

~ | - (5}11 ™, 2) fp(’Ym = 1)p(&™|y™ = Vp(z| - (6™, 4™), 6™, 4™ = 1, 2)dd™
. m 1 i my2 %
- s | O T el

( 1 )N3A+Nsa 1 NS;“‘ ( 1 )NBB ,
* | — —_ -
\/ﬁﬂ' E\/‘%‘% JAB\/SU

1 Nsa 1 2 1 Nss+Nsg 1 2
*eXP {—203‘3 (5” Z (ﬂii — (pan — §5m));”f+ 5 Z (33:' — (saB + 55’")) ) } dé™
i=1"* .

i=Nsa+1

1 . 1 NsA+N33+11 i. Nsa 1 Nsg X
N p(m| - (6m:7m)sz)(l o ) (E) 6 (Ejgg) (O'AB\/SU)
* ]exp {—% ((%)2 + 23; (2(:&- — (ftaB — %5'"))2) +

av

1 Nsa+Nsg 1 ,
. _sm d m
+ s (5 -t o))

Nsa+1
1 (1 m) ( 1 )N54+NSB+1 1 1 Nsa ( 1 )NSB )
= — — —_— =\ 5=
p(33| - (om),ym)’ Z) \/§7T 5 :/Ag% O'AB\/?)
1 Nsa ’ 1 Nsa+Nsp
*exp{ —5—— | 87 Z (zi— pas) + — Z: (i — pag)’ | ¢ *
chAB i=1 0 i=Nsa+1

1 1 1 NSA NSB mA2
ool (o (5 ) o

Ns Nsg ,_ m
—5m ( 5 A(;LAB—E‘A)-F 5 Biu(IB—}LAB)))}dO
Egﬂg Gagd

T L
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e () () ()
p(m| - (6m1’}'m) Z) \/577 € %%‘H- O'AB\/HU !

!! !
* eXp {

Nsa N3A+N5;3 :
(OUZ(L 1as)’ +— > (@i - pas) )} ‘

=Nz 41
1{1 1{(N N . 1 1 '
o] (3 (2 20 ) o *
a U s
e s dei ()
[

Ns Nsg
* ( 2pins — Ta) + ——(Zp — #AB)) +
_Aﬁ

£ 0450°

. 2 H
1 1 R Ns _ Ns f
+[3 > (UQA(MAB—QEA)“‘ > ov( B—,MAB)) +
(El i (_N!‘Ed. Crng )) 50 AB
_ﬁﬁ. bY:L
1 1 NSA JV.SB

1 L \Mearss g Ny W
_p(ml—(d’“,vm)zlz)(l_ﬁ )(75?) E(%E) (m) )

1 ) Nsa 1 Nsa+Nsg :
* €XP {—202 (5v Z (% — pan)’ + 5 Z (z: — F'AB)z) } * '

AB

=1 i=Nsa+1
o . 9 }
1 1 1 { Nsy Nsg Nsy Nsg ,_ :
xexpl{ -t —=+-] — + _z0 4+ - ‘
p 3(@ 4(5‘;& 0355.,))(%&(#143 A) crlefS”(B #AB) -
1 . 1 )
1
*

bkt )
2R B

Thirdly, the previous expressmns have to completed calculating the normalizing costant, ]

p(x| — (8™,9™), 2), and dividing them into it.
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The normalizing constant is obtained in the following way:

plz| - (8™, 7"), 2)

- / p(6™, 4™ 2| = (57, 7™), 2)d(E™ v™)

= / p(6™, 4™ = (8™, 4™), z)ple] = (5™, 7™), 6™, ™, 2)d(6™, ™)

=Y [ = sl = o] = (57, 9™), 874" = 5, )™
=0

.= (ﬁ)mﬁnfss(

AB i=1

It finally follows:

py™ = 0] = (&™), 2) = 7" =

1

%%g

1 Nsa ]
* €XP {—202 (6” Z (z; — jtas)’

oo =

Nsa 1 Nsg
*
) (C"AB\/E',)

1 Nsa+Nsp
5 Z (i — .U’AB)z) } *

i=Nsq+1

1

*

v
a4pd

E§'+ i (%ﬁi:‘+ J¥£ﬁ_>
3

M=

Wm
= Ns = Ns =
exp{ %317 :1{(:'.9 . _i_UN.sEJv}(;:'A‘(#AB—xA)+;3_B%(IB—#AB))2}
4R °AB
™+ (1 —7™)g

e
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ply™ =1] = (@™ 9™z, 2) =1 — 7™ =

i
1

B 1 1 Na _ Na - 2

eXpy 7 —;—A- LAB—T +—:1—B— TR—M

. { 851 +%(:'3!+UN5360)(U {rraB A) 0A135"( B IAB))}
_ﬁﬂ. A8

1 — g™ L
4= [EriGE )
—.'5)3' AB

exp{ g L Mo (4 aB—Fa)+—2B_(2g— 2}
R i G
e (1 - Wm)g : 1,1, Ns Na
| \/?f’fz(:f‘“f;r‘fsﬂ
. _ﬁ’a_ AR

The posterior distribution of ™, given z and all the remaining parameters, y™ in-
cluded, or the ” condit}onal” posterior distribution of 6™ hereafter, is obtained in the
following way. |

Firstly, we will derive the "conditional” posterior distribution of 6™ for the case

" =0

p(&™|y™ = 0,—(6™,v™), @, 2)
o p(6™]y™ =0, — (6™, y™))p(x| — (8™, y™), 8™, v™ = 0, 2)
oc p(™y™ = 0)p(z| — (8™, ¥™), 8™, ¥™ =0, 2)
L oc Ty plae] = (8™, 9™), 6™, 4™ =0, 2)
| = 1{0}.
|

1
L

Secondly, we will derive the ”conditional” posterior distribution of ™, conditioning

to the case v™ = L: ]
!
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p(8™ Y™ =1, (6™ 4™), z, 2)
x p(6™ Y™ =1, (6", " Np(E] — (07, 4™), 6", = 1, 2)

o< p(6™|y™ = Dp(x| — (6™,77),8™,y™ =1, 2)

Nsga .
1 —_];- o H_l_) Nsa+Nsp 1 ( 1 )N.sg
E/2r exp{zgz(é 2 (\/57? : /il TaBvVo "

1 Nsa 1 2 1 Nsa+Nsg 1 2
*exXp {— — (5”2 (:ri — (pean — 55’”)); + 3 Z (m,— —(pap + 5(5’")) ) }dﬁm

2 AB i=1 i=Nsa+1

( i )NsA+ng+l 1 1 Nsa ( 1 )NSB ,
“ — — tt— —
2m § gff“’} UAB\/Sv

my2 Nag
*exp{ %((ZJ + (Z(x,-,— (u,.a—%am)P) +

v 1

1 Nss+Nsg : 1
t ( Z (mi_(#AB”f"z'&m))Q))}
AB

Nsa+1

1 N3a+Nsg+1 1 1 Nsa 1 Nsp
() ) )

m\2 Nsa
« exp {_% ( (‘552) + g;ﬁ (Z(x,- ~Za)? + Nsa(Za — (pas — %5”‘))2) +

sv 1

1 Ns +Nsp .
4 2—51, ( Z (Ii_i‘B)z'i‘NSB(:EB"'([_},AB—{-EJ’“))?))}

o

TaB Nsa+l
]. 1 NSA NSB
ocexp{ (§2+ (—%ﬁ +0/2435”))*
1 Ns Nsg
¥ (Jm)2_25m *§ (_A;(“AB—:EA)-’- Ov(ﬂ?ﬁ-uAB)) ,
i (%’:.1 + ;v!séu) & 7hs
g AB

which is the kernel of the following Normal distribution:
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. { Ns _ Nsp ,_
N (5”” = §2 ( A()U'AB - :L‘A) + 2 i (.'IJB - “AB)) )

a2 iy
$e 7450

’ -1
1 1(Nsi Ns
LA T e 8
© T (6”4 (— +°))

The full conditional distributions for uy,, py,, puy, Y7 and a3, , 03, , 0%, v are intro-

duced in the following.

Indicate with zy the vector containing the labels of the U subgroups.

Indicate with Nsyy, 'k = 1,2,3, the number of observations belonging to group
Ue, Kk =1,2,3, and 'v:.vith Iy, k = 1,2,3, the empirical arithmetic means of the
observations belonginé; to group Ui, £k=1,2,3.

Adopt the following shorthand notation from now on:
—(HU:’)’(T) = {0'[2;,’}'5,‘-0}: _(alzj;'nuj) = {HU37&H1W},

_(“U)::{’Y{r}l:a?]:'}'giw}a —(U?;)={’75,MU='Y&">W},

Tre

_(w) = {BU} = {NU:W’U:O'?}HYE}-

For reasons of computational convenience, we will look at the posterior distribution
of (puy, sy, Bus, ¥5'), given zy and all the remaining parameters, referring to the

following structure:

Plrons by, by, Y5 | = (o, v ) 2o, 2u) = PG| — (Bus 7)o, 2u) *
[

*p(“UU“Uz:f-LUsl - (“U:TF}“))’Y{’?; Ty, Zu).:
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The posterior distribution of ¥ given zy and all the other parameters, except for
pyr, will be derived as follows.

The case v = 0 is given by:

s -
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p('YU - 0| F'U:’YU)’:BU:‘ZU)
/ / / ru’UJ 1 Uz ”U;;l (IJU, Yo ) =0, zy, ZU’)d‘u.(_;1 dﬂ'U‘Jd#’Us

) = 0)p( ey, B, = 0)*
" plzol —(MU,’YU y2U) ///?(VU Wl b, pos iy = O)

* ’P(mU| Huys 1 HUs, 7U =0, —(’-"U: 'YU )» zu)dﬂ.ul dﬂ'Ua d/-"'Ugg

_ | TTE}O l( 1 )NSU+II§I(“L)NSUk*
pleul — (pu, ), zu)n \V2r k=1 STk

1
*]exp{—ﬁﬂﬁl}exp 3|7 Z (z; — b )+
. 11: —

+ = Z (EU ‘u‘Ul)z + 2 Z ("LJU - f‘j"Ul)2 dlU'Ul

Ua

U2 iz =2 l.zz,=3
st ) )
p(mUI - (pUafY[T?))zU)n 27 o) gy,
111 ; _ e L
cexp =5 | = | D (b — E0)* + Nsun, | +
U l.zf,:l
L 1 i = -
t Z (2y — Zu,)? + NsuaZy, | +
90, irzf =2
1 1 NS‘U
+ o Z (:EU— "EU:J) +N5U3mUJ /eXp{—g—?ﬁﬂ%l}e}(p{_E ( OU 1
; 1

3 Nizf=3

- N Sy V -
* (40, = 200, T0,) + JTz(#Ul - 2uy, Zy,) + p — 23 (i — 2, xu;)) } dpy,
Uz Us

T 1( 1 )NSU“ﬁ( 1 )Nsvk*
T'U|||_(”U:'YU zy) V2 oy \OU;

' 3
1 1 ; _
* eXp —§ Z (T Z -z Y+ NsUkzifk *

=1 \ U
f 1
exp 5

kN b-—k
1  Ns } Ns
X Uk Uk =
(F + e k) po® — 2u, (Z 7 kmuk)J } dpy,
Uy

k=1 Uk k=1




o1

m 1 Nsy 3 1 Nsuk.
e e (V) H(—) *
p(mUl - (#U:’YTUR)) ZU) 2 k=1 Iy,

k=1 Uk k=1 Uk

L 1 g
3 2z 3 : 3
1 Nsyp 1{1 Nsyy. Nsyy _
* (? + E 0'[2', ) €Xp 3 (77_2+ E : o2 E :TmUk

The case y7 = 1 is given by:

p(vg =1 — (b, "), zu, 2u)

/// JU‘UU”UQ)H‘USI - (“U 'Y ) 7? = 11mU1zU)d.u'U1d“U2d#U3

(7 —lp#u,,uu,#u'y
p(zy| — (pu, ) zu///(” Pk, i, s = 1)

* p(zy| puy, fuss bua Y5 = 1 —(Bu, 10, 2u)dpy, duy,dpy,

7{_?1 1 1 Nsy+2 3 1 Nsg g
= —_— - —_— *
p(zu| — (KU, 75, 2u) 7° (\/' 2%) kl;[l (Uk)

1 1 1
*//exp {-—2—”2;@1}@@ {—'2?#?12} exp — Z (b — en )
1 .

izl =1

1 1. 1 i
+ = > (zh— ) + = S (et — pn)* | duvdpo,

of, 5
Uz jiai =2
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_ | e )”H(L) .
plzy| — (NU»'Yu):ZU"? V2 Tk

k=1

! 171 i - _
xexp.y —= | = Z (2 — Zu,)* + Nsy Zj, | +

2 -
h irzf=1
‘PI
+1 (,.i_'—'. 2 4 Nsrafd _|_1 gt — 7V 4 Nyl i
i Ly ii’lle) Sy, o2 (xy — Tuy)”" + Sty * i
U iz =2 Us i:2f, =3

1 1 Nsy _ 1
*/CXP { 27?2»”111} exXp {_57(/@12 - 2!-’-U197U1)} dpo, /exp {—2—7121-5%;2} *
i

1 | Nsy _ Nsy
"o {":z [—"@ = 20 Tun) + ~ 5 (hos® = 2o, )] } o
145 Ua
L LUV, ;
plzul — (Hu,1g), zu) n* \V2x 1\ oy |
! 4

3
i1 1 : _
+eXpQ T E — E (zfy — Zu,)* + NsupTp, *

k=1 Uk \jai—¢
1 1 Ns Nsu
* /exp _5 [<_2 + Ul) JuU1 2AU-U1 o2 xU1:| } dy’Ul*

{l n UU] Ul |
1 1 ! NSUQ NSUq fVSUz_. NSU"; _
I 29 : d
’ m Nsy 3 Ns
et ) T
p(zul — (L, ¥ 2u) 2 \V2r ioy \Ok
i 3

1 1 L - i
*expy —3 Z E Z (zy — :cuk)2 -i——NsUk:r:?,k * i
i k=1 Yk Nz} =k :

1
1 Nsy,\ 2 1/1 Nsy\ /N 2
s S+52) explc o+ ) b
n ;‘O'Ull 2 T) JU] Uul

' 1
1 Ns Ns T 1/1 Ns Ns 1 /Ns . Ns 2
*(_2 + 2Uz + 2U3) exp { = (—2 + 202 + 2U3) ( 2U2$U2 n 2uag_:Ua) .
7 It O'Us‘;; 2\n o, Tt oy, Ty :

h !

i

Following similar paséages, one can obtain the "marginal” posterior distributions for

¥# =2 and v}? = 3 given zy and the remaining parameters, except for iy, , iy, .
u u g!‘ : 8 Py s FUgy
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p(’YU - 2' ”Uaﬂﬁj) Ty, ZU)

/./f Plpvns Hvas Hvs| — (B0, 76), 0 = 2020w, 2u)dpu, duv, dpu,

=2
~ ozl - (o) Zu)/ [ [ 20 = 2ot s s = 235

* p(mUl Hony B, Hus, 73‘ = 2, —(,U'U, ")"E{ ), zU)duULdP‘UbdﬂUa

Ty 1 ( 1 )Nsuﬁ(i)h’ﬂm*
p(:BU' (“U”YU 7? V2T O

k=1
¥exp{ —= (:L‘}J —Zy ) + Nsuki?;k *
k 1 " :.z =k
_1 2 -1
1 Ns 2 1/1 Ns Nsyq_ 1 Ns Ns 2
*(_2+ ;m) exp 4 & (_+ Uz) ( zmx%) (_2 Nsuy Ua) R
n Oy 2 JUz Tz 7 JUI Ty,

1 l Ns NS -1 NS ~ Ns _ 2
TP\ % + - 2U3) ( By, + — 2U3IU3> ;
2 O-Ul JU_-] OUI UU;;

and:

el - A
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p(vg = 3| — (ko 7, Tu, 2U)

///p(“ulaﬂU21#U3 “Uﬂ’YU) ’YU =3 mUle)dﬂuld#Uzd“Ua

(:BUl }-"U;'}'U ZU)/// “UI?P‘UNHUalTU _3)

* p(mUl Huyy Hog s Hog, 'YU = 3) _(“U) 'YU :zu)dlu'UL d#qu#Ua

=t () )
iBUl I-"Ua'}’u)zU)TI 2r s \Ok

i

* eXp a ( T} — a'cuk)2 + Nsukirffk *

k=1 Uk \; ==k
L P 17
1 JVSU3 2 1 1 !VSUg 1VSU3 _ 2 1 NSUl NSU'Z ; .
7 o2 exp 5 2 0% Us e R i
T’ Uy Us Us n y 52 n
1 N s Ns L/ Ns Ns 2 |
. exp 5 1 UL 202) ( ULz + U ’Eug) _
i T, T Ty,

Finally, for the case 7"[',” =4 the "marginal” posterior distribution is given by:



P(’Y? = 4‘I - (MU: ’Y{In): Ty, ZU)

= //]P(#Ul,uumltud — (kU0 = 4, zu, zu)diy, dpy,dig,
1

= : p(vg = Op(kwn v hun |y = 4)*
p(mul—(uuﬁ?),z’u)f//(” IPliwn, o pros 1

* {2y | puy s 1uss Bus: Y0 = 4 —(Bu, 70, 2u)dpu, dug, dpy,
7, 1( 1 )””“”ﬁ(i)”s”’”*
" plxy| - (uu,vy),w)n“ vor: w1 \OU

J [ ool -t}

1{ 1 ;
*expy 5| oz Z(f‘?u—ﬂ-vx)z‘F

(2} -
4! iz =1

+ = Z (mU J”‘Uz) + Z (IU uUa) dps, dp, dps

s i:2,=2 3iz-3

ﬂ_?‘l 1 1 Nspy+3 3 1 Nsgp.
= —— _— *
pleul — (B, 1F), zu0) 7 (v%) g (UU;:)

3

1 1 o _
xexpq —3 Z-&B— Z (wy — Tv, )’ + NsuaZy, || ¢ *
k=1 " Uk

iz =k

exp —i;.l,z * exp '—-l-—ug exp —ipz *
o2’ 51 2 Uz ‘ 2n? Us

3

1 NSU _

* eXp {—5 E #(#Uf — 2py, -”«”Uk)} diin dpu, dpiu,
k=1 k

7._(,,}14 1 1 Nsy+3 3 1 Nsyg
= — —_ *
pzu| ~ (pu, ), zv) 7 (\/%) p (O'UL)

3
1 1 ,
* eXp —'i O’T Z (mb - EUk + NskaUk
k=1 Uk iz =k

. 171 NSU

'[exp{—i [(F-F gfhl)‘u"“ 2#(11 ]}dﬂul
1 1 NSU SU —

* /exp {_5 [(F + UU 2) I'I'Uz 21u'U2 2$U2] } dﬂ’Uz

2
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1 1 N3U3 SUB-.
*/ €Xp {.._5 [(;}E + 0U3 )F’-Us = 2y —— UU;; Tyy | ¢ Ghu,
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A 1/ 1 \Vo o1\ Voo
= — | —— — *
plru| — (pu, 7)) zu) 7 (\/%) E (O‘U,,)
3

1 1 . _
e <3 15 (5 G-t vt ) | -
k=1 k

foab —
tiz}, =k

3 -3 -1 2
1 Ns 2 1{1 Ns Ns
<11 ((—2‘ + zUk) exp {5 (“5 + 2“) ( fkfuk) -
k=1 | 4 T4, K U, U

It remains to calculate the normalizing constant, p(zy| — (Hu, ), 2u) and to divide
each of the five cases into it.

The normalizing const,ant is given by:



p("BUI - (”U: 'Yzfn)) Zu)

= /p(nu,’n’?,-’cul — (pu, 10 ), 2u)d(pu, ¥

/p(uu,vi?l = (pu, 10 )s zo)p(zu|pu, 7o' —(BU, Y0 ), 2u)d(pBu, 77)

k111
4
:Z / / / ey, by, bus vy = syplvy = s)pleulpo, Yo
s=0

d}u’Ul d,U:Uz d)uUa

() ) A (e

5, _(”U: Af{t?

— Iy, )" + NsyrTy,
k=1 Ty, \. i~
k= 1.zU-k
N "3 1{1 &N AN :
m |1 Nsyy Sy SUK -
(,}2 ; 9y, 2\ k=1 i k=1 Uk
-1 © oy -1 2
w1f{1 Nsy 2 1/1 Nsy Nsyp _ 1 Nsyy
+ g (—2 +— 1) exp 3 (—2 +— 1) (——-—2 1.’L‘U1 St —=
n\n oG, 7 ot of, 7 oy,
1
1/1 Ns Nsys\ ' (Ns Nsys _ 1 Nsy,\ 2
xexp { = (—2- + 2+ —}’—"’-) ( 2 g, + 2:;3%) + TP, ( + 2"2) x
2\n Ty, Otz Ty, Ty, nA\n? ou,
_1
1/1 Nsys - Nsya _ 2 1  Nsy, NsU3 2
* exp 5 - t—= —— T, — t—
7 I, 0‘U2 n 001 O'UH
1/1 Ns Nsys\ ™' (Ns Ns 1
vexpd s (= + 2U1+ ZUJ _ 2U15"U1 2U3iU T _2+
2\n* oy, Tus n g

241
1/1 N ~' (Ns 21 /1 Ns Ns
sexpld ==+ 32U3 2U3EU3 =+ 2 U1 U2
2 ??2 O-Ua O-U;q 77 UUL JU-;

1/1 N N LN N
% exp ( n Sy1 + SUQ) ( SuU1 5U2_ +
2 2 2 3
n O

Ty, + 'TUz
O-Uz U'Ul -

1
1 Nsyp\ ?® 11 N Ns
-+ 52Uk expd={ =+ SUk Uijk .

O’Uk

) ZU)
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Ns B
o)
o,
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Each of the five expressions derived for ]} has to be completed dividing it into the
previous constant. |

If we write this constant as:

plevl — (Lo, ) 2u) =C* D,

where C is the part of the constant shared between all the five cases:

—

1 NSU 3 1 NSUA; 3
C = - —- - — i % )2 ok Napoiil
() T e s B e v,

k=1 = izf=k

=
]

il
i

and D is the remaining part of the expression, we get:

plvg =0] - (MU,%’}‘) xy, 2y)

(fEUl [.LU"}J zU //f )U'Ulap'UzauUal'Yu—O)
1)

* p(mUl HUy s B, KUy, 'YU = 01 —(”U: Tu )a zu)d.u’U1d#U2dJuU3

3 -1 3 -1 s a 2
1 NSUk 1 1 NSUk IVSUk_
-—(;+Z 7 ) " a(WZ 77 2 )

k=1 k=1 Uk k=1 Uk




— (v, Y0, zU, 2U)
1

p(zu| — (pu, 3, zv)

* P(CBUI #UI!#UQE#US!FYU

p(vg = 1|

_///'p("r{}‘ = Dp(sors o, ko1 = 1)*

—(pu,70), 2u)dpy, duy, duys

99

_1
:Ml i+..jis.g.}. 2*
Dn\n o
1/1 Nsp\ " /Nsyr_ \° 1  Nsy, Nsy; E
* eXp s\ o) —3 Ty St —= t—= *
Ui i oty n 90, Ouy /1
1/1 Ns Ns 1 /Ns Nsy. 2
* exXp -(—2+-—~——2U2+—-—2U3) ( 2U25u2+ 2U'557U3) )
2\n ai, (O, It Ot
p(v =2 - (.U'U:'YU) Zy, Zy)
Pllu,, bus, b |70 = 2)*
~ D] - mmfu) zu) /.// prTm Ry
*p(mU|Ju'U1,#U2)#U3:fYU = (I-‘-U: bn)sz)d#UlduUad“U:i
(1, )
" Dan\n* o},
1(1+N3U2)_1 (Nsuz_ )2 (1 Nsy, Nsm)-%
*expl = | —= Iy —
2 \ n? ot of, n? o o},
% ex 1 1 NSUI J’VSU:; -1 NSUIE' NSU?'E
Pz 2 of, o, o T gz T

)/}
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p(TE]n = 3| - (“Ul’}';]n%mU:zU)

— ]ffp( 7= 3)p( I = 3)
= T o = 3)ppwy, kv sl vg = 3)*
plzu| — (b, 2u) u Urs MU F03 V0

« plzu) pu,, puy, puy, Yo = 3, ~{pu, 7)) 2u)dpy, dpy, dp,

_ il 1 Nepy\7H
7 op,

1

Ns 2 1 Ns Nsyo\ 2

( 2UJEU3) (_2__'_ 2U1+ 2U2 %
O-US n o-U1 UU

2

‘ 1 Ns Ns Y /N Ns 2
sexpd S ( AL 202) ( Ul g+ 2U25:U2) ,
: 2 n 0U1 JUz UUl UUg

p(’?gl = 4' (p‘U:fYU) Ly, ‘ZU)

(mUl (IJ'U ’YU zU /// “UUJU'UQ:/J'U:!‘TU_ )*

* p(mU| #Uu#’Um Hus, FYU = 41 _(uU1 JYU )1 ZU)d]J:Ul d)u‘U'zdru‘Ua

1 (1 Ns ) 3 1(1 Ns ) 1(Ns _ )2

U Uk Uk Uk

= —_——— exp — — + :BU. ,
D n? !_-[ ( a5, {2 " oh ob,
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and:

) )
1
1 1 NSU ! NSU _ 2 1 NSU NSU T2
* €Xp 5(—24- 21) ( 21:1:[;1 -+ 22-}- 23 *
7 Oin T n Oy i
1 Nsy Nsy ! Nspq_ Nsya_ 2
(_2+_23+_.2_3) 2-2$U2+ 3 3$U3 +
i UUg gUa gUz UU3
1

1
2
.NSU2 _%' {1 1 NSUg - NSUQ_ 2
() = (i) () )
7 i, 2\n ay, o7

1/1 Ns | Ns -1 Ns. _ Nsyq 2]
xexp{ = Sl 2Ul + 2U2 2U1.'EU1 + 2U2$U3 +
. 2 n2 JU] JU-: JU1 JUQ

3 1 -1 2
1 1 Nsyp\ 2 1 Nsyy Nsyy _
+M— (— + —-—-———) .exp { (—— + —— Ty, )
71l ( 7o 7w ) (&

b =

The ”conditional” posterior distributions of uy,, ps,, fiu, given each value of +f7, the

remaining parameters and zy are the following ones:
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p(puy, b, pusl — (o, 70 ), 70 = 0, 2w, zu)

x p(.""Un“UnﬂUslﬁ}'{T = 0)p(mU| #UU#UM“U:U’Y[’}‘ = 01 _(P'U:'YT(F):zU)

1 ( 1 )NSy+lﬁ 1 Nsyi 1 2. 1 1 . .

1ii 1 |

t o Y @) D (e — )’
Uy ;i g Us

. fowk —
iz itrf;=3

1 1 NSU - NSU- —
X exp {_2_7?2#?1, } (%Xp {_5 ( 0r2j l(au‘Ul2 - Q)U'leUl) + _O_"f’_z(uUlz - 2:“‘U1"BU2)+
‘ 1 2

S _ .
+ ) (P:'Ul-z - 2#U1$U3)) }

Us

a 3
1 1 NSUk 2 NSUk _
xexpé ~= || =+ E Ko, ” — 2uy E —= LU 1
{ 2 [ (T’z k=1 a‘%k ) l 1 k=1 0-12}.&: * I

which is the kernel of a Normal distribution given by:

I 3 3 =1 i
. li * P\‘]'S{,r;c - * 1 .ZVS.U;c H
N | 1o, Huygs = ’72123 (Z T.’Em) 17?2123 = (—5 + Z 72 3 :

=3
ES
I

k=1 U
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H
i
13

P, oy ) — (o Y, v = 1, 2o, 2u)

o p(uyl)#Uz:#Uslfygl = 1)p($U| “Ulurlu‘Uz)ﬂUle{]n = 11 _(}u'U1’Y£fn)7zU)
1 1 Nsgy+2 3 1 N3y 1 ) { 1 ) }

X — | —— — exp —— exp s ——— *
7 (m.) 1 (%) o { =gt oo { gt

*exp ¢ — Z(-’EU #Un Z(wu #Ug) + Z(:‘:U #Uz)
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which is the product of the kernels of the following Normal distributions:
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Following similar passages, it is possible to get:
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Finally we have:
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which is the product of the kernels of the three following Normal distributions:
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For reasons

2 2
of (¢f,,00,

following structure: |

of computational convenience, we will look at the posterior distribution

,033,7{}), lgiven zy and all the remaining parameters, referring to the
i |
i '
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The posterior distribdtions of v¢;, given 2y and the remaining parameters, except for

crg,, in each of the five cases are given by:
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Following similar passages, one can get:
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and, for the case v, = 4, we have:
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It remains to calculate the normalizing constant, p(zy| — (o3, v;), 2u), and to divide

each of the previous five cases into it. We have:
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y
Each of the five expressions derived for 74, has to be completed dividing it into the
previous constant.

If we write this constant as:

pl@ol — (03,7, 20) = B*F,

where E is the part of the constant shared bétween all the five cases:

it ()

and F is the remaining part of the expression, we get:
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The ”conditional” posterior distributions of 031,032,0?;3 given the values of 7 are
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the following ones:
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which is the kernel of,the following Inverse Gamma distribution:
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which is the product f)f the kernels of the following Inverse Gamma distributions:
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Finally, it is worthy £0 sum up the common aspects to all detailed analyses.

Firstly, each extra indicator and its corresponding parameters are jointly sampled
from their full conditi:onal both in the supervised and in the unsupervised set-up. It
confirms the existence of a deep link between them.

Secondly, each of thegiir full conditional distributions is composed by the product of
the "marginal” distril%ution of the indicator and the ”conditional” distribution of the
corresponding paramt?ter, which is conditioned to the indicator.

The ”marginal” distribution of the indicator is always obtained integrating the cor-
responding parameter out of the joint distribution of indicator and parameter, given
the set of observa.tionéfjs and labels and the remaining parameters. The probability of
each possible value of}j the indicator, conditioned to the observations, the labels and
all the parameters exéf:ept for the one/ones managed by the indicator, is calculated.
The ”conditional” distribution of the corresponding parameter is derived conditioning

to each possible va,lu% of the indicator.

Thirdly, the conjuga(_;y property still works, though the prior structure is slightly
unusual. The ”conditﬁonal” distributions of the parameter for fixed values of the in-
dicator are perfectly corﬁpatible with the usual results of Bayesian Normal Mixtures

Models theory.

The described approa;l(:h, with its peculiar prior assumptions, is, therefore, proved to

work both in supervi?ed and in unsupervised contexts with the same rationale and
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development.

However, the different set-up has implications in terms of the interpretation of the
results.

The unsupervised context admits " different” combinations of the indicators that give
birth to the "same” scenario.

An example could be useful to understand the point.

Similar considerations will lead us to a more suitable way to read our results in the
unsupervised set-up.

Assume the model specification already introduced for the unsupervised context.
Suppose to run the MCMC procedure with appropriate burn-in and number of iter-
ations in such a way that convergence of the chain is guaranteed.

One can obtain suitable information from th;e multidimensional chain looking at the
marginal chains. The marginal chains of interest are the ones representing 7 and
V-

A frequency table summarizing the values of {7 and +y; jointly is a useful tool to get
a complete picture of the data under examination.

A cartoon picture of a table of this kind is given in the next page.

The frame is depicted. The table will contain absolute or relative frequencies of the
corresponding joint event. Each event can be uniquely identified combining the cor-

risponding values of vf7 and «j.
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Figure 3.1: Cartoon picture of tables containing absolute or relative frequencies of

joint events involving 4]} and +}; as obtained by the simulation: usual representation.

|
Consider, for instan(:f;, the case v; = 0,7 =1 or, from now on, (0,1).
In each of the iteratii‘ms; where it happens, the scenario fitted to the data presents
two normal distributions sharing the same mean (uy, = py, = py,) but having two
different variances (ogl # 0}, =0p.).
Now, suppose to swit?:h the variances.
One can easily obtain the cases (0,2) and (0, 3) from the previous one without any
apparent modificationt in the described scenario.

It follows that the three cases (0, 1) (0, 2) and (0, 3) are different only in their " names”

K



119

but not in the situation they describe. Therefore, their corresponding frequencies can
be summed altogether.

Similar considerations hold for other cases too.

It leads to a frequency table representation where identical scenarios are identified by

areas with the same color:

]
r

¥

-
?

i 1.
]
—

Figure 3.2: Cartoon picture of tables contaiining absolute or relative frequencies of
joint events involving <} and «f as obtained by the simulation: a more realistic

representation.

All the frequencies sharing the same color have to be summed in order to get a more

realistic picture from the data.

Pr—.
g e
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3.4 Discussion

The current chapter introduces the general prior set-up and implications shared be-
tween the supervised and unsupervised part of the guided semi-supervised clustering
procedure, in the spe(i:iﬁc formulation proposed in this work.

For this reason, a Bayesian approach for Normal Models is presented.

However, the approaci’il itself is general, as it is compatible with different independence
assumptions and repa:rameterizations and with any number of potential groups.
Moreover, different distributional assumptions for the statistical model are available

and can be examined without any fundamental modification in the general mecha-

nism we proposed.

i
An interesting issue t_!o consider concerns the evaluation of the real contribution of
this model to the Bay:esian Normal Mixtures theory.
In the supervised set-up, the flexibility of the approach becomes a key aspect to fit

the right model to thé data. The more a model admits all the possible scenarios, the

more it is able to follow the data.
|

And, if parsimony in!; the estimate procedure is also guaranteed, the model can be
i

considered as a good _élternative to the existing methods.

In the unsuperivsed fset-up, comparisons with both classical and Bayesian similar
|

methods can assess advantages and disadvantages of our approach. Future work will

be devoted to this aspect.



Chapter 4

Identifying Subgroups in
Heterogeneous Cancer Classes: a
Semi-supervised Multi-organ

Approach

The previous chapters introduced with detail a Bayesian Normal Model as a possible
so.lution in the general framework of th;a Guided Semi-supervised Clustering. Algo-
rithms.

The current chapter shows how this model works when it is applied to a real situation
having the suitable features.

Identifying subgroups in the heterogeneous lung cancer class will be our main aim.
Our model implementation will allow us to use a multi-organ approach, exporting

a known classification working for breast cancers to guide the identification of lung

121
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cancer subgroups.

Section (4.1) presents the problem. Attention is devoted to underline the important
and still unsolved profblem of tumor classification and the new role of DNA microar-
rays in its solution. Cgeneral details on lung cancer are given and the state-of-the-art
on its morphological 1'38.Hd molecular classification is explained. Our objectives are
presented in detail. Section (4.2) describes the set of data and gives details on how
we extracted a small ii%t of genes to perform a preliminary univariate analysis. Ex-
ploratory analyses on;the subset are introduced. Section (4.3) gives all the details on
model assumptions and a priori distributions. It explains how the model is imple-
mented using MCMC{: techniques. Section (4.4) presents the results, with particular

attention to an even smaller set of three genes. Section (4.5) compares initial objec-

tives and results and introduces possible extensions of the work.
1]
f

4.1 Problem Description

A reliable and preciseﬁ classification of tumors is essential for successful diagnosis and
treatment of cancer. Current methods for classifying human malignacies rely on a
variety of morphologi:éa.l, clinical and molecular variables. In spite of recent progress,
there are still uncerta’jnties in diagnosis and also it is likely that the existing classes
are heterogeneous. It means that the researchers still have to go deeply into the
problem of cancers cl%c'}.ssiﬁcation with new practical and theoretical tools.

DNA microarrays a,re.:;jpart of a new class of biotechnologies that allows the monitor-
ing of thousands of g.ene's simultaneously under different biological or experimental
conditions. DNA microarrays may be used to characterize the molecular variation

among tumors by monitoring gene expression profiles on a genomic scale. This may
l
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lead to a more reliable classification of cancers.

The more the specific type of cancer under exam is widespread and heterogeneous,
the more is important to predict its biclogical behavior and therefore to consider
molecular characteristics, such as gene expression profiles, as alternative classifica-
tion approaches.

This is particilarly true in the case of lung cancers.

If one asks most people what cancer is the leading killer of women, they're likely
to say breast cancer. They’d be wrong. Lung cancer kills more women every year
than any other cancer, though most women know very little about the disease, the
warning signs, or effective new treatment options. Lung cancer deaths among women
skyrocketed about 150 percent over the last two decades, while the number for men
increased by 20 percent. Between 1950 and 1997, deaths from lung cancer among
women increased by more than 600 per cent.

International lung cancer death rates among women vary dramatically, which reflects
the historical differences in the adoption of ¢igarette smoking by women in different
countries. In 1990, lung cancer accounted for about 10 percent of all cancer deaths
among women worldwide and more than 20 percent of cancer deaths among women
in some developed countries. In 1950, lung cancer accounted for only 3 percent of
all cancer deaths among women; however, by 2000, it accounted for an estimated 25
percent of cancer deaths—an estimated 1 of every 4 cancer deaths and nearly 1 of
every 8 newly diagnosed cancers among women.

Lung cancer is currently classified according to morphological patterns (e.g., squa-
mous cell carcinoma, adenocarcinoma, small cell carcinoma, large cell carcinoma).

The classification is frequently ineffective in predicting the biological behavior of
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these cancers.

Using gene array me%;surements of expression profiles, several groups have recently
reported findings to suggest that distinctive molecular profiles could lead to refine-
ment of classification i‘a.nd prognostication of lung cancer {Garber et al. (2001), Beer
et al. (2002), Bhattacharjee et al. (2001), Miura et al. (2002) and Wigle et al. (2002)).
The previous news opened up the issue of systematically integrating and cross-stucdy-
validating the results E“of these various gene expression profiling projects.
Unfortunately, every ia,ttempt is complicated by the use of diverse microarray plat-
forms, sample sets, protocols, and analytical approaches. Furthermore, review of data
summaries from publication yields, in some cases, apparent conflicts of findings. For
example, ornithine djcarboxylase was listed as a gene highly expressed in the good-
outcome class in one ;study and the poor-cutcome class for another. For an example
on how to compare results of existing lung cancer profiling projects, S(;e Parmigiani
et al. (2004).

A slightly different pic:rspective for the refinement of lung classification could be to
examine each study one at a time using new criteria, borrowing strength from the the-
oretical and practicali experience gained in integrating different studies. The Guided
Semi-supervised Clustering Procedure is exactly one of the possible models coming
up in the previous mé..instrea,m.

[t usually deals with .:t‘wo different studies, one for the A-B and one for the U Part.
Lung cancer patients:iwi.fh no group information will form the U Part of the model.
Our main aim will bé to identify suitable clusters of patients according to some rea-

sonable criteria. "
i

For the A-B Part, Wf:;’ll refer to a second study with a known and somehow useful
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classification. In our case, the A-B Part study will deal not only with a different
platform, laboratory and set of patients, but also with a different organ the tissue
comes from.

Qur main aim will be to seek undiscovered subclasses in the lung class, exploiting the
potential connection between this unclassified group, U, and the known classification,
A and B groups, working for a different cancer.

The clusters interpretability constraint described in the general problem setting relies
here on a biological hypothesis to test.

The biological hypothesis under exam is that there exists a molecular program in
cancer such that some oncogenic mechanisms affect different.organs in similar ways
(See, for instance, Vogelstein and Kinzler (1998)). In other terms, some sets of genes
are supposed to have "harmonic” patterns of expression among particular subsets of
tumors, even if these same sets of genes do not have concordant expression patterns
among all tumors overall.

It follows that it is plausible that major cancer subclasses with large remaining hetero-
geneity of prognosis will harbor subclasses that are similar in profile to less prevalent
subgroups, whose genetic origin is better understood, in other organs. -

Our hope is that the previous similarity in profile could lead to a novel better classi-
‘fication of lung cancers.

In detail, one possibility is to cluster the overall heterdgeneous lung cancer class, bor-
rowing information from a selected subgroup of tumors with mutated BRCA1 gene.
BRCA1 and BRCA2 have been identified as genes associated with a syndrome of

heritable breast and ovarian cancer (See for details Hall et al. (1990) and Miki et al.

‘;egu‘, .o i ke v’:t
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(1994)). Breast cancers with BRCA1 and BRCA2 mutations typically occur in rela-
tively young women and the histological characteristics of breast cancers due to their
mutations reportedly differ from those of sporadic (nonhereditary) breast cancer (See
for details Armes et al. (1998), Bignon, Fonck, and Chassagne (1995), Jacquemier,
Eisinger, Birnbaum and Sobol (1995) and Marcus et al. (1996)). Moreover, recently
published studies have: reported differences of gene expression profiles between breast
cancers with BRCA mutations and sporadic breast cancers, though there is minimal
concordance in the spleciﬁc gene markers for tumors linked to BRCA mutations that
were identified in ca.ch study.

For these reasons, BP{;FJAl-linked vs. sporadic breast cancer can be considered as an
effective distinction tc:; filter the genes responsibles for the U-subgroups. And even
the disagreement on ;1 specific set of genes that distinguish BRCA1 mutant breast
cancers from sporadic breast cancers can be thought of as a further challenge our
model can confront with.

In order to conclude, éur main aim will be to seek undiscovered subclasses in the lung
class, exploiting the lljiological connection between the unclassified group, (say, U)
and the known classi;ica.tion working for tumors in breast (say, groups A=sporadic
and B=BRCA1-linked).

"Can we find a lung ria,ncer subgroup which is guided by the same molecular mecha-
nism respounsible for BRCAI breast cancers?”: this is our main research question.

A second research quc%stion our methodology answers deals with the feature selection
- procedure implementtgd both in the A-B Part alone and in the A-B and in the U Part
altogether. li

I
In the supervised part, 4™,~v" and v will allow to select the best set of genes that

i
r
|
[
B

i
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discriminates between groups A and B. This set will be the one for which a mixture
model will be fitted in the U Part.

The information could be thought of as very useful by itself.

It could be a form of check for another set of genes obtained according to the same
criteria but with a different technique or a new independent opinion in the always
challenging debate on which are the specific gene markers for tumors linked to BRCA
mutations. The presence of 4° as an extra indicator to summarize differences in
correlations makes our model much more complete with respect to the ones where
independence between genes is assumed.

In the unsupervised part, ¥{7, v{y and 7y will again allow to select the best set of genes
that discriminates between the U subgroups identified by the clustering procedure.
They could be combined with v™, " and v° coming from the supervised part to give
a clearer picture of the potential role each gene has in the cancer molecular program
ACross organs.

This information could be seen as a new contribution in a different widespread debate
on cancer deep nature.

Roughtly speaking, the traditional perspective used to assume that tumors are organ-
specific in their origin, development mechanism and way to spread over the entire
organism. Most of the physicians share a similar general opinion due to their studies.
In the last decade, the advent of a new era in the way biology is performed and con-
ceived creates the conditions for a new paradigm to catch on. Its main idea is that
there exists a unique molecular program in cancer such that the oncogenic mecha-
nisms affect different organs in the same way. Molecular biologists mainly share this

second perspective.
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An intermediate positi_?n assumes that organs are surely responsible for some specific
behaviors, but it is st:ill true that there exists a molecular program in cancer such
that different organs a;re foected in similar ways.

Our model somehow sjhares the last position.

From one side, it ass{lmes that some "genetic” information can be fruitfully used
across different organs. From the other side, it admits the case where a gene is rele-
vant in distinguishingithé groups A and B, but not in identifying groups in U. And

this behavior could be explained just by the fact the organ is changed.

| |
il
il

The application will déal with two different datasets obtained from the web-based in-

4.2 Data

formation supporting the published manuscripts: van’t Veer et al. (2002) and Garber

et al. (2001).
J

The first study (here é:he "van't Veer” study) used Agilent long-oligo arrays and in-
cluded 18 BRCA1 mut;ation samples, 2 BRCA2 mutation samples and 78 non-BRCA1
cancers.

For our purposes, BR:CA_I mutation samples were considered to create a "germline
mutation group” or "BRCAl-linked group”. It will be the B group hereafter, while
the A group will be tihe sporadic one.

The second study, pe!ffori‘med by scientists at the Dana-Farber Cancer Institute and

the Massachusetts Ins!titute of Technology, (here the "Harvard” study), used Affymetrix
oligonucleotide a.rrays? Hu95a representing 12,600 transcripts to profile 203 samples, J
including 186 lung tugilor samples of various histologic patterns and 17 normal tissue’s 1:
samples. For our purposes, the normal samples were removed from the study. i
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The set of genes under consideration is composed by the intersection of the genes of
the two original studies, after the normal samples were removed,

The set of samples is composed by the samples of both the original studies. They are
284.

A selection is made on the total number of genes in order to identify promising can-
didates to perform the preliminary univariate analysis. In the following sections we
will briefly explain the selection criteria and introduce the genes that will be under

consideration.

4.2.1 An Extraction from the Data

The identification of suitable genes for the univariate analysis was performed follow-
ing an independent procedure.

Referring to Cope et al. (2004), we firstly identified a subset of 69 genes that con-
sistently predict BRCA1 mutational status across two recently published data sets.
The first study is the "van’t Veer”", which will be under exam in our analysis too.
The second study, (here the "Hedenfalk” study), is presented in Hedenfalk, Duggan,
Chen et al. (2001).

The paper conducted an independent cross validation analysis of the data from these
studies, which have reported differences of gene expression profiles between breast
cancers with BRCA1 mutations and sporadic breast cancers. It used a novel statisti-
cal approach that identifies genes with consistent cross study co-expression patterns.

We decided to adopt this paper’s suggestions because:

e its perspective is innovative.

It gives an answer to the new and key issue of integrating studies on the same
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topic at a more meaningful level than simply comparing lists of classifying genes.

e its methodology is reliable.
The subset of genes was not selected empirically based on desired outcome, but

rather by a measure of underlying cross-platform consistency.

¢ its results are pié‘;omising.
The results of th:e cross-validation study provide strong support for the assertion
that BRCA1 mutant cancers do indeed have gene expression characteristics that

!
distinguish then|1 from sporadic breast cancers.

We are aware that the list of consistent classifying genes defined by the analysis is
likely incomplete. Sor¥1e potentially useful genes could have been excluded by one (or
both) array pla.tforms!f and other potentially useful genes would have been discarded
in the analysis if theyl did not show consistent co-regulation across studies.

However, the set of geénes obtained following the previous paper can be considered as
a good starting point.for our analysis.

As a second step, we r%la,tched our list with the complete list of genes in the ” Harvard”
study. :

The new set was composed by 48 genes which are both the best ones in discriminating
between BRCA and s:jporadic tumors and the only ones simultaneously contained in
"van't Veer” and ”Hﬂ;vard” studies.

Thirdly, we selected !jthe final set of genes using a heatmap showing the levels of
expression for the 48 gienes in the "Harvard” study. The normal samples were readded

i
to the set of samples for comparison.
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Figure 4.1: Heatmap of the gene expression levels measured for the intermediate set

of 48 genes in the study corresponding to .the U Part. Genes with Unigene ID’s

"Hs.10247”,” Hs.149846" " Hs.170328” ,” Hs.695” ,” Hs. 75616” " Hs.82237” were selected

for our analysis.

A heatmap is a false color image representil:ig the levels of expression for each gene

(row) and for each patient (column) in a scale of color intensities going from green to

red.

Green spots usually identify under-expressed genes for the patients under examina-

tion, while red spots identify over-expressed genes; black spots refer to genes with

[P

e
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approximately normalﬂ level of expression for each considered sample. Actually, the
term ”expression level"’; stﬁnds for a summary measure of relative red to green channel
intensities in a ﬂuoreséenee—labelled complementary DNA array or a summary differ-
ence of the perfect match and mismatch scores from an oligonucleotide array.
Heatmaps are useful egcploratory tools to depict a complex phenomenon and they are
widely used in genomii':s applications as they make easier comparing the several genes
simultaneously measured on the same array.
In our case, it is stra?ightforWard to identify the six genes which show to be over-
expressed or under-expressed with the best signal.
They are the genes w1|1th Unigene ID’s "Hs. 10247", "Hs. 149846", "Hs. 170328”,
"Hs.” 695”, "Hs. 7561@"’? "Hs. 32237”. Their corresponding HUGO names are: "AL-
CAM”, "ITGBS”, ” MjSN”, "CSTB”, "DHCR24", "TRIM29”.
Finally, it could be worthwhile to notice that the picture shows a relatively low num-
ber of genes with nonl normal behavior. This could be a reasonable consequence of
the fact that the same% set of genes is measured on a different organ.

I

4.2.2 Explorati(')ry Analyses

A suitable series of lllistograms can give a preliminary picture of the genes we are
going to examine.
The first set of pictures shows each gene’s levels of expression plotted according

to patients’ belonging to group A (nonhereditary or sporadic breast cancer) or B

(BRCA1l-linked breast cancer).
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Figure 4.2: Histograms of single genes’ levels of expression plotted according to pa-

tients’ belonging to group A (white bars) or'B (red.bars).

All the chosen genes seem to show differences either in the means or in the variances
or in both of them, comparing groups A and B.

In detail, TRIM29 and ITGB5 are expected iéo show differences both in means and in
variances, ALCAM mainly in means, CSTB and MSN mainly in variances. DHCR24
could show either diiferences in means and in variances or only differences in variances.
The second set of pictures shows each gene's levels of expression plotted for patients

belonging to group U.
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Figure 4.3: Histogranﬁs of single genes’ levels of expression plotted for patients be-

longing to group U.

TRIM29 and MSN are promising genes for our purposes.

TRIM29 has a right tail that is so long to fit at least a mixture model with two
components, the second one with a mean in 7 or 8. MSN has an interesting left tail
too.

Moreover, DHCR24 hli-lb almost a single univariate normal distribution, but it shows

an unusual variability;? behavior.

The rest of the genes seem to be similar to a single univariate normal distribution as
i;

k
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well.

4.3 Methods

Calculations were performed using the open-source statistical computing environment
R (R Development Core Team (2004), Ihaka and Gentleman (1996)), its libraries
MergeMaid, (Zhong et al. (2004)), and MCMCpaek, (Martin and Quinn (2004)) and
a specialized code reflecting the procedure described in chapters 2, 3 and in the current
chapter. The R code was entirely written from scratch and is available upon request.
An R package is planned for the future.

The procedure will be applied in the univariate case.

4.3.1 Brief Summary of the Model Assumptions

In this subsection, we will summarize the model to fit to each gene under exam.

The set of assumptions for the A-B Part is composed by the following ones:

mf'“:‘ho’f& NN(MAJO‘%)? 1= 1:""NSA:

z8|pp, 0% ~ N{up,0%), i =’N3A +1,...,Nss+ Nsp,

where ¢, | = A, B, is supposed to be the unique gene in the intersection of the two

studies corresponding to A-B Part and U Part respectively,

(MA: ﬂ'B) L (Ji, 028):
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L patps

HAB 1l _2‘—1 0" = HB — [ta, HAB 1 6m:

}LAB|U2 ~ N(O,’UQ),

oy e? ol T ") if 4™ =0
’ NE™ 0,6 i ym=1"

Y™ ~ Be(l — ™), = Ppa = pug),

og

2 i
H TaB 1 6 )
ga

0124B|a) ﬁ ~ IG(Q: ﬁ):

I113(6%) if v¥=0

67?'7‘”:0'16 ~ '
IG(6%| a,b) if v'=1

f}”[ﬂ'” ~ Be(l— 7"}, ¥ = P{oa = oB),

where v?, £2, 7™, «, B3, a, b and ¥ are known.

f
For the U Part of thgla model, assuming K., = 3, we have:

3

o lww, o, w7 ~ Y wde (@Y o 08,),  i=1,..

; k=1

NU=(MUU-~"#U3)1 0‘5:(0‘[2}1,...,0%3),

|
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;
w = (wy, ..., W) wy > 0, Ewk =1, w L (py,ol),
k=1 .
w ~ Dir(agp), ag = (a1p,...;630)
. N
pu Lol
( . & : k113
‘N;(JUU1| Oan ) 1_ffYU =0
N(pw| 0,7 )N (pwy| 0,9%) ifyp =1
Ly, Bugs Bus WGP~ S N(pi| 0,7} N (1w, | 0,7%) if7 =2 ,
(IU‘Ull 0 7? ) (JU'U3| 0,??2) if’)'tr? =3
| V(oo | 0,7°)NV (HU:JU )N (s | 0,7) M A7 =4
| Iy if ¥ =0andv' =0
Yolmg, Y™~ , L , :
Multi{1, 77}), otherwise
Pluy, =, = pr)
P(JU‘,UI %k'ﬂUz =M 3)
7wy = | Pluy, = #Ua # Ju’Uz)‘ E
Plpy, = #Uz # i) |
1 (/J'UL 3'& ﬂ'Uz # #Us) i
( 1G(0%, | c,d), - if 4y =0
IG(a,| ¢, d)IG(at,]| ¢, d) ifyy =1
lefﬂgl?fz’o-%shgf’c’d ~ < IG(U?AI c, d)IG(G?Igl ) d) if 7UU =2 !
| I1G(03, | ¢, d)IG(o2, | c,d) ifyy =3
1G(o},| ¢, d)IG(ot,| ¢, d)IG(0F,] c,d) ifyf.=4

i mgm ks b
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v I ify™ =0and 4" =0
7U|7r1[3:7m17u ~ {D} .
Multi(1, 7vp;) otherwise

1 P(og, = o, = of,
| P(o}, # of, = o},
| - mp= | Plod, =of, # 0},
| b P(o}, = of, # of,
|

P(of, # of, # 03,)

)
)
)
)

I
where ao, 7%, 77}, ¢, d and =}, are known.

i , i
According tl',o what v\?as described in chapter 2, it is evident that we decided to make!
| |
different infciependenpe assumptions for the A-B and for the U Part.
’; |
An assumption of dependence of the groups means and variances, respectively, could

seemn suitable for thé A-B Part.

It is well known in the genomic literature that, generally speaking, the variability in
gene exprestsion profiles is higher between any two genes than between the same gene.
measured uj'nder two ildifferent conditions. It follows that having some information on.

| B .
the levels of expression of a certain gene on group A necessarily gives us information
i | :

on its level on group:;B too.
i I . . e '
Reasons of ‘}computaﬁon”al convenience led us to prefer the easier hypothesis of inde--

pendence fgr the U Part of the model.

4.3.2 Weak Pi‘ior Information for the Parameters 5
| |

In this application, we will consider Bayesian estimation in the set-up where we do'
' I

not have strong prior information on the parameters. There are cases where subjec- .

tive priors ?Lre prefer}ablé, and our prior setting could be modified accordingly.

4
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It is worthwhile to notice that being fully non-informative and obtaining proper pos-
terior distributions are not possible in a mixture context. Since there is always the
possibility that no observations are allocated to one or more components, and so the
data are uninformative about them, standard choices of independent improper non-
informative prior distributions for the compbnent parameters cannot be used (Diebolt
and Robert (1994)). Some previous attempts to circumvent this problem, which in-
volve dependent priors, are mentioned in Richardson and Green {1997).

It seems to us that for most purposes of the model there is a case for keeping to the
simple independence prior structure for the u’s and ¢*'s that we have outlined before,
for both the A-B and the U Part, and defining weakly informative priors. There is
no biological information concerning this type of relationship that can be fruitfully
used in the prior specification.

In detail, we always assumed a null mean vector for all the parameters in the model
showing a normal distribution, in order to avoid a proliferation in the number of pa-
rameters. However, there is no need to add extra hyperparameters provided that the
prior distribution is flat enough, i.e. the variances are relatively high. These features
characterize a weakly informative prior for pap and py,, pu,, v, and for §™.

A suitable choice of the fixed hyperparameters makés weakly informative the priors
on the variances o34 and 03 , 0%, , 07, and for &°.

The Bernoulli and Multinomial priors are non-informative in giving the same a priori
probability to all the possible values of 7™, n¥, 77 and 77, in each case.

The Dirichlet prior on the weights, w, is symmetric with ag = (1,1, 1).
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4.3.3 MCMCi| Metropolis within Gibbs

From now on we wi]i adopt the assumptions presented in 4.3.1 and suitable choices
for the ﬁxedi hyperparameters, as described in 4.3.2, for both the A-B and the U Part.
They coope?rate to cc:hstruct the inference procedure that will lead to clusters of sam-
ples and dafta. reduction for both the A-B Part and the U Part.

The main %:ore of ofur procedure is constituted by a Markov chain Monte Carlo
(MCMC) si;mulation.

MCMC meﬁhods play a central role in modern Bayesian computation; see, for exam-
ple, Gelfa.ncii and Smith (1990), Tierney (1994) and Gilks, Richardson and Spiegelhal-
ter (1996). They have been widely used to generate (dependent) samples from distri-
butions whei're the normalizing constant is unknown or intractable, allowing Bayesian
statisticiansi to perform inference in contexts and problem set-ups where it could seem
impossible only twenty years ago. And our case could be considered a further good
example of .fruitful use of MCMC simulations.

Such methods were initially only available for problems where the posterior distribu-
tion has a density with respect to some fixed standard underlying measure, and so
could not be used in caseé, such as mixture estimation, where ”the number of things .
that you do:n’t know is one of the things that you don’t know”. Recently, MCMC
methods f015' varying dimension problem have been discussed (Grenander and Miller
(1994), Gre;an (1994): Green (1995)). i
We'll refer t!o Gottarc"lo and Raftery (2004) for a general formulation for MCMC com- :
putations wéith mixtiﬁres of singular measures.

The charact;;erisation‘of the mixture problem in terms of missing data in the U Part

(see subsection (223)) suggested to adopt for the entire model a data augmentation
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procedure.

The Gibbs Sampler (Geman and Geman (1984), Gelfand and Smith (1990)) is a
special case of the regular Metropolis—Hast';ings algorithm, (Metropolis, Rosenbluth,
Rosenbluth, Teller and Teller (1953), Hastings (1970)), where new observations are
drawn from the full conditional distributions of some variables given all the others
and the acceptance probability is equal to one.

It requires that the full conditional distributions are available in a closed form. As
no full conditional distribution exists for some of the parameters under examination,
we will sample from the full conditionals, when they exist, and we will add steps of
Random-Walk Metropolis-Hastings if theJ:r don’t exist.

It is sometimes possible to refer to the described technique as ”Metropolis within
Gibbs”.

Let us introduce the entire set of the full conditional distributions for our set-up.
The general structure of the data augmentation procedure for the U Part was de-
scribed in subsection 2.2.3.

We refer to chapter 3 for a complete description of how the full conditionals of
(™, 4™, (o s by, Buss 17)s (08, 08, 08,, ) were obtained.

Here we'll derive in detail the full conditional distributions of the remaining parame-
ters, ftap, 045, w and z.

Moreover, we’ll give some notes on the Metropolis-Hastings step for the drawing of
each pair (8%,4").

Indicate with z the vector containing the labels of A and B groups and with Z;, { =
{A, B} the empirical arithmetic means of the observations belonging to groups A and

B respectively.

o e
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Remember the following shorthand notations we introduced in chapter 3 and refer to

them also f(;)r the parameters uap, 0% 5 we didn’t have there. We have:

i
i

—(méqs) = {0™ 9", 0%8:6%7" Y, (0™, 9™) = {pas, 035, 6% 7"},

—(6T) = {uf?*r"‘,via, 87"}, —(™) = {pas, ™, 055, 8", 7"},

—(U.iia) = {nag, 6,7, 6", 7"}, =" 7") = {pas, 8™, 7™, 045},
—(6") = {pas, ™7™, 045,,7"} —(7") = {pap, ™", 0%5,6%, } .

The full corj?ditiona,l distributions for the A-B Part are introduced in the following.

For the mean of the group means, {45, We have:
|

|
|
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2\ 2 %48
v 1
1 Nsp+Nsg .
+ = 5v Z ($i—.'EB)?+NSB(EB—(“AB+§5m))2))}
- 948 Nsa+1

2 Ns Ns 1.
OCEKP{'—— (% A(MAB——J'") 72 g,,(ms +_§5 )2+
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Ns 1., Nsp _ 1
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v
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Zap 450"
1{1 Nsga Nsp 9 1
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which is the kernel of the the following Normal distribution:

2 0% p0°

. anfNssq,_ 1 Nsg ,_ 1 __ « {1 Ns
N(uw =’ (gj‘(a:ﬁ—am o (Zp — =0 )),v2 =(§+2—"+

Tan
év I

|\ -1
NSB‘_
afwd”) ) '

For the group mean: difference parameter and its corresponding indicator, (6™,y™),

we have:

p(‘sml'TmI - (5m17m)1m: z) = p(ém‘ - (5”‘),9;, Z) *p('yml - (5m’7m)1 T, z)

where:

' I (6™ if Y =0
p(d™] -, (&r‘n),m,.z) = {0}( *) 2% . ! !
: N(Jml o™ ,f ) if ’Tm=

with:

« { Nsu Nsg ., _ . 1 1{Ns
™= g2 ( (#AB_:L‘A)‘JF?Z?S%(:EB_#AB)), £ = (_+Z (?A-i-

6!.!

and:
p(’YmI - (‘5m)7m)’m:z) = Be(l - ?Tm*):

with:

,ﬂ.m

1
¢ e iCgpER

i
!
i

‘

exp{ gm(—f(ﬂas -'BA)+TB‘(-TB —paB))?}
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For the variances part, the full conditional distribution of o%y is given by:

P(Ui3| - (aig),m,z)
& P(Ufw| - (0313))10(3’1 - (Uﬁs): Uis,z)

« p(o4g)p(x| — (035), 048, 2)

«drgerareneot -4 (G5)" (a) ()

1 Nay 1 2 1 N3a+Nsp 1 2
ol st (o3 4 5 et

i=1 1=Nga+1

2 y_{atodyNeB 4y 1 v Nsa - 2
o (o%p) T T Wexp § — = |+ 5 Y (#i— ﬂAB——é) +

AB j=l

1 Nsas+Nsg 1 2
+§c§; Z (.’.B,; — ([J.AB + §5m)) ) } y

i=Nga+1

h

which is the kernel of the following Inverse Gamma distribution:

NSA NSB
Ie ( at =t
5 Nsa 2 1 Nsat+Nsp 1 2
B+ 22(33: (#AB‘_—‘SM)) + 550 NZ:H (Ii—(MAB+§5 )) -
i=Nsga

As the posterior distribution of §¥|y” = 1 does not exist in a closed form, we adopt a
Metropolis-Hastings step for the drawing of each pair (8, 7").
The target distribution, 7(-), will be the joint posterior distribution of (6%, ").

Generally speaking we have: -
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p(0%, 7’| = {(&",7"), =, 2) o p(6",7°| = (6", 7" )p(z| - (6°,7%),6",7", 2)
x p(év:ﬂf‘v)p(ml - (60)70)1 51’:7”: Z)

a o< p(v)p(6° I )plx| ~ (6°,7°),6%,7", 2)

which means:

N
p(é" =1,4"= 0| _ ((51:’71;)’3,2) x 7’ ( 1 ) sa+Nsp ,
‘ oaBV2r

f 1 [ Yea 1 2
’ * eXp T202, Z(mi—(#as—éfsm)) +

i=1
Nss+Nsg 2
+ Z ( (ras + &")) )}
i=Nsa+1

and:

. Nsa+Nsg
p(6 > 0,7° =1 = (1), 2,2) o (1-vr")(%1m) .

b (5v)—(a—N—§A+N—;E+1)exp{ 1

Ta) et
1 Nsa+Nag 1 2
* | b+ —3 Z (33;'—([14,43-}-—51")) +
20%p i=Naa+1 2
L 1 Nsa 1 2

Different possibilities are available for the joint proposal distribution, g, -).

Our joint proposal distribution will be built to somehow reflect the same structure of
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the target.

Gottardo and Raftery (2004) confirmed the idea, observing about Metropolis-Hastings
that: "The general result extends to mixtures of {o-finite) s'ingular measures. The
main difference is that the choice of the proposal becomes limited, as mixture com-
ponents put all their mass on different parts of the parameter space”.

Suppose & = (Jz’m),'yf’m)). is the current position of the Markov Chain, ¥ = (y1,¥2) is
the new proposed candidate, and € is a known suitable fixed quantity, € < 1.

The analytic expression of our proposal is:

q(x,y) = e if y1=1,40 =0 Wi

It modifies the usual step of random walk' Metropolis-Hastings in the light of the

target structure in the following way:
e generate y2 from a Bernoulli distribution;
e ifyp=0theny; =1wp. 1;

o if yp = 1 then y; = 6f,,\U(xi;, 1 +¢), where U(a, b) denotes an Uniform distri-

bution between e and b.

The acceptance probability coming from the previous target and proposal distribu-

tions is:

wr
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where r{z,y) has the following composite form: '

Al 8%, = 1,70y = 0,1 = L,y =0
Mgy =4 A2 0 H8m =1 =000 s <u <1+ =1 ,
A3 ifyl%ﬁ<6i’m)<y1(l+e) 'yfm)zlyl:lyg:[}
. (4 3. 2)
and each of the component is given, respectively, by:
Al =1, ,
:
|
I " _(a‘_ﬂA+ﬂﬁ.+1)
1 — P 1— 'ﬂ”” b Yy pl 2
Pl o ol TN *
pd’z’m) 1+‘_1_+¢
{ 1 ( ) Ns,i\’sa 1 2
kexp { ——:| b+ 3 (.’L’i - (pﬂAB -+ —6”‘)) *
% 2045 i=Nsa+1 2
1 = 1,.\°
— _ — 5
*exp{ leO‘iB ; (:1:t (tam 5 )) }*
*eXp § = (Ii ~ (pap — -5m)) + (-’Ei ~ (pag + ‘f5m)) )'} )
20!“?“ =1 2 t=Nag+l 2 K
]
o1
A3 _ ; pyl 1+E—mﬂ' "
(1= p)(1 = )55 (8))" ~(a- A+ 258 1)
]4.‘ WAL 1 2 Nsa+Nsg 1 2:
*eXP T 552 (Z (:L'i — (ras — §5m)) + Z (!Ei — (pas + 55"')) ) } *
948 \io1 i=Nsa+1

1 - 1 Nsa+Nasp 1 2
*exp{ —{ b+ — Z (-’Bi — (paB + —‘Sm)) ) } *
' {6("*) L( 2045 i=Nsa+1 2

l1 N2y 102 - ?
Smy gz~ QUAB 2. ($i — (pap — 39 )) )

i=1
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Gt i
Ad Y

*
—(a—oa  Nep
(EJ))( 2+2+2]

1 1 Nsa+Nsg 1 2
_1 - Zgm
{2 (o, 3 (nta) )}

i=Nsatl
] 4 1 2
enfne o3 )
=1
{ 1 ( 1 N“i" s 1 2
* EXP b+ 55— (931' — (pap + -5m)) ) } *
6Fm) QGAB i=Ngs+1 2
1 Jea 1 2
*exp {ﬁ’myg—ag > (l‘z‘ — (pas - 55’")) } :
t=1

The previous expression for o is obtained through a preliminar identification of all

the possible combinations of target and proposal distributions in:

_ n(y)q(y,x)
r@v) = w(x)q(x,y)

Every target and every proposal can havel. two different expressions depending on
what they are conditioned to.

That’s true for both numerator and denominator in the previous formula.

It follows that we have four possible different combinations for the numerator and
four possible different combinations for the denominator.

However, the conditions regulating numefator and denominator can be suitably com- -
bined themself and it gives birth to the final set of four conditions in (4.3.2). The
values, Al, A2, A3, A4, are just the corresponding expressions of target and proposal.

It is worthwhile to notice that the form o« has is, in some sense, intrinsic to the
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! i
i !
approach v;re are prc")posmg to solve cases where the target distribution reflects a'
mixture-based settmg for the priors.

We thought that the|ea513r case, with only two groups, could be the right example to
show in detail this further consequence of our prior assumptions.

That’s why we introduced all the algebra of the random walk Metropolis-Hastings
step. However, generally speaking, there is no need to combine "by hand” all thei
possible cases of target and proposal, once one has to solve cases where these distri- |
butions reflects a mikture-based set-up.

From a different stqndpoint, the U Part full conditionals on (uy,, pu,, v, 73,
(08,05, 00, 7%) wil!l represent a step forward in understanding how the guided sem-
supervised clustering procedure works.

Let us 1ntr0duce now, the entire set of the full conditional distributions for the U
Part. ll |
In order to do it, it;\ could be useful to start from the joint distribution of all the
variables in the U Pa.rt |
The latent allocatwn varla,ble zy will be present as well.

The independence hypotheses we presented in section (4.3.1), together with further

natural conditional i%ldependences, will lead to develop it in detail.

Suppose 0y = (uu,%",af],'y{’,). It follows:
Is

I
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p(w,zu,0u,zu) = P(W)P(ZUTBU,wUW)
= p(w)p(zu, Oulw)p(zu|by, 2u,w)
= p(w)p(zv, Oulw)p(zulOy, zu)
= p(w)p(Ov|zu, w)p(zulw)p(zu|bu, zu)

= p(w)p(8uv)p(zu|w)p(zu|Ou, 2U),

which will be useful for the full conditional distributions of w and zy.

Moreover, we have:

plw, zy,8u,zy) = plw)p(Ou)p(zulw)p(eulbu, 2u)
= p(w)p{pu, V7, 0F 1)p(zulw)p(ulvu, 10 o ) 2u)
= p(w)p(pu, V)plow 78)p(zulw)p(Eu|tu, 15, o, 15, 2u)
= plw)p(pu V7PV ple M p(1))p(zu|w) *

*p(mU|“U:’YI?! ag;,’YF;,ZU):

which will be useful for the full conditional distributions of the parameters in 8.

Remembering the shorthand notation introduced in chapter 3, we have:
~(pu, 7)) = {op 1wl —(08.70) = {pw, 75, w},

—(pu) = {7310'?}?75!“’}: _(atzj) = {'ﬂjaﬂ'U:'Yal:w}:
—(w) = {6u} = {pu, 0 oW}

From the previous joint distributions, we get:

-
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pluoe(V)p(eu|pu, 73, 08,18, 2u)
p(mU|7[’}110.[2j’7(1}:zU) l

P(MU| - (MU),ﬂ?U,ZU)P(’Y{?I - (MU,’Y?);EU, sz)

p(#U:'Y?l - (”U}’YET)?:BUI ZU) =

]

with:
'4 .
N(pu, | ﬂ?;.23=7?2123) if Yo =0
N (o p5, 1N (| 1,0 1Pas) if v =1
p(rul-(pu), 2u, 2u) = N(uu,| B,y 1P13) N (| 1637,,17%5) ifyp =2,
N(”LU1| #*Ulz’nT]‘.‘?)N(nuU:il ”?13,772;) lf 'Ybn = 3
i | Vol B DN (] s, TN (uos | 0y, m%) 1T = 4
where: ;
2 Ns 1 3 Ns B
* 2% Vol _ o Uk
Ky, = Mo — U, | Tis=|—35+ )
.Ns . (1 Ns )‘1
* 2 Uk _ 2 Uk
By, =T e~ Tui, M= — + 3 k=132:3)
U k 0(2},: k k 772 O'grk
. 21
* Ny, Nsgn 1  Nsy, Nsyyr\:
* 2 Uk = Ug" - 2% Uk Uk i
= foH Ty, + T, |, e = | — Coy
k',k" =1,2,3, K # k", k’,k" # k,
and:

|
I ify*=0and4* =0

p(,},ml - (bu‘U:-’Ym): Ty, ZU) =
v v Multi(1, 7, otherwise

where 7{}* is such that:
; li

3 -3 3 1/ 2\
* T 1 ; NSUk 1 1 lVSUk NSU _
w - B(3eg) (135 ) (B )
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) exp

‘ . )
: NSUk _ I 1 NSU
* ( E p mUk) + 1]'3117—) (_ + ..._2__1

2
k=1 Uk n Tt

:3

m 1 - NSU

D = 'ITUO ("5 + E B k
T = U

1 Ns Ns LN

(_2 J Nova 2ua) ( LER
U] o, o, ot

1

1/1 Nsul)_l(NsUl_ )2 (1

¥exp = | =+ —— —=z — 4+ ——=
{2 (’?.2 7%, of, ) J\n

‘ 4 Novs, 2 +
0[213 Us

B
[ AN
N
Ml'_‘
+
B
9, &
[
=
N——
|
*

-
Nsy, NsU3> 2
2 2
Ty Ty

1
2
. 1
Ns T2 1/1 N -
-t # expd = | =+ 52U2
n : aUg 2 nz 0U2

1
NSUQ _ 2
) $U2 *
a
U

i NSU]. NSUS NSUI_
* €Xp {'2" ( 2 0_2 e o2 )
Uy Us [0
1
1 1 it Ns o2 1 1 Ns
+T (—2 + 2[-}3) expy - (—2 + ——2U3)
T\ g, 2\n7  ag,
. 1
1 Ns Ns T2
NERC
1 T A

1{1  Nsyi  Nsy\ ' (N
¥eXpe 5|l 3+ 2U1+ 2U2) ( zm:?:ul-l—
2\n oty ag, XeiT8

NSU _ 2
— 2.’12(;2) +
C"U2

3 -1 -1 2
1 1 NSUk : 1 1 NSUk NSUk
+R— (—— + ) exp ¢ = (— + — ——3Zy .
o g ( "o o, 2\ df, %G
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plog h)e(vpleuvlv, v8, od. 15, 2v)

2 ] 2 v
o, - (e 1), U, 2 =
Plog, 16l = log ), =v,20) pleuluu, 1,7 2v)
= plod) - (oF), zu, 2u)p(WG| — (05, 70), Tu, 2v),
with:
f i v
‘ IG(“%J Cio3: A1a3), if7y =0
IG(JEQIlI C’Iad;)IG(U?JJ C3, d33) ity =1
ploy| - (o), zu, zu) = § 1G(08,| ¢ta, di3)IG(0t,| 65, d3) ifvyp =2,
IG(of,| €1y A1) IG(0F;,| c3,d3) iy =3
| 1G(o},] ¢, di)IG (o3, ] c3. d5)IG 0B, | c5.d3) i 4 =4
where:
3
NSU 1
C123 =c+ T: 123 =d+ 5 Z Z - JuUk)2)
=1 :zu—k
. Nsyyg "
Cp =C+ 5 d —d+2 Z )U'Uk ) k=1,2,3,
tzuzk
. Nsyp +Nsyypr 1. L ;
ck’k" = C+ Yk D) Vi ) dk"k" = d+§ Z (th - uUkr )2 + Z: (:CU - p’UkM)z
i:z{,:k’ i:zf_,:k"
Kk =1,23 kK £k, K,k" £k,
and:
I ify*=0andvy* =90
(vl _(0.2’,-},'0)7:00,)2[1): \ )
(1 v | Multi(1, 7)) otherwise
where 7r(; is such that:
U ok __ ﬂ‘gﬂ P(C+ N_;LL)
Tve = F * e+ ey
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| Nsuy,
. Dc+ ¥3) .
vk F T(c) A i N
| (d +3 Zi:z;',_—.k (= — 1u,) )
j " F(C+ NSU!"';NSU!”)
*

) C+N5UE'+N’U!" H
“ (d + % (Z.s:k',k" i:z;}:a (9:;} - ”U,)z)) :
" kKK =123 kK £k, K K #k,

2 3 N :
PP N AN P(c + Yaux) :
U.4 F i! F(C) k=1 n . C+i\'_ﬂ_2u‘h ? '
: - (d + 3 2t =Ty — #Uk)Q) '
and:
I'(c + &) de
F =g, : o +W51m*
3 ‘ Z
(d +3 L=t Zi:zgﬁk(zb - #Uk)z) |
il {
I'(c+ f4n) T'(c + NevatNaug)
* 5 C+Nﬂl * o+ N.:![2+Nn;[a‘
- 2 3 . 7
(443 Tiyms (@ = 0 )?) (443 (Thoe Duagmelat - 1u?) )
‘ d° [{c + Xsuz)
* +7] 4 T * 2 —F *
; 2
(4+3 Ty walal — oa)?)
: Nag +N
. i F(C + ﬂlz_‘"fla) o C ,
. il s 1- \ c_i_N.sU]-:Nsm U3 F(C)
(d +3 (Ek:l,k;éz_ Zi:z{,:k(xu — bu,) ))
[(c+ Dovs) D(c + Nowathsyz) |
* - C+Nﬂ& * Nayy+Nayg +
2

(a+4 Sugmaleh =) 7 (44 (Th Ty mslh — )"

i

e AV
.EI + Tergq F(C) *
I

3

1—[ I'{c+ —“532—"&) |

k=1 1 1 9 L Na?
(d' + 5 2oi, = (T — B0 )
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Finally, for the weights and the group labels, the full conditional distributions are the

following ones:

plw| - (W), zy, zu} = plw|zu)
p(w)p(zy|w)
p(zu) ;
— 1 F(Zi=1aU,k)wao.l—lwao,z—l —(w wo)}e0s =1 4
 plzo) T, Dagg) 2 (1= (e + )
Nay

Tfn
=1

3 )
1 F(Zk:l aO,k) L ao1—1 ;o.z—l
1
p(zu) H:l;c:l Iao k)
3
* H(wk)NsUk
k=1 -
o Dz’r(ag,l + NSUI:, ap2 + N sy, o2 + NSU3),

(1 — (w1 +wg))°°’3"1 ¥

where Nsy,, k= 1,2, 3, is the number of observations in group k, and for the generic

group label, 2¥, i =1,..., Nsy, corresponding to the i-th observation in U we have:

p(zf = k|wk)P($?|#Uz,.,U?;zi,sz = k)
p(z¥py, %)

1 ' i 17 2
Wk 75z €XP —5z(70 — )
= 5v2 { 2% } . k=1,23.

3
Y ket Wi g €XP {—ﬁg(fv.'u - mc)Q}

p(z = klwy, 8u,5) =

4.3.4 MCMC: Some Details

EL

The previous subsection gives all the analytical details on how the MCMC is supposed
to work for our model, presenting the entire set of the full conditional distributions.

Now, it could be relevant to suggest some practical notes concerning the application
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7 i
of the MCMC to our model.

Firstly, we performed a pniﬁed MCMC involving both the A-B and the U Pari. Every
iteration comprises the full conditional distributions of both A-B and U in a unique
step.

Secondly, for each pz;trt we referred to the full conditional distributions introduced in%

subsection (4.3.3). For our hierarchical normal ”combined” model, we make use of

eight move types:

1. updating the location parameter, p4p;

2. updating the p:;air_- {&™, ™),

!
3. updating the location parameter, 0% g;

4. updating the pair (§%,v") with a step of random walk Metropolis-Hastings;

5. updating the viector (Lu, YTY;
6. upda.i:ing the vf!ector (o 70);

7. updating the weights w;

8. updating the allocation variables in U, 2.
: i

Bl }
Some move types, like 7. and 8., are conventional, largely following Diebolt and:
Robert (1994).
Some others, like 1. 'and 3., deal with our reparameterization and, then, the corre-

sponding full conditionals are somehow new.

Both of them rely on conjugacy and don't alter the dimension of the complete pa-,

rameter vector. !
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Move types like 2., 5. and 6. reflect this change in dimension.
In detail, (6™,v™), (v, ¥} (0F.7}), respectively, are all drawn.according to the

following strategy. At the m-th iteration, m # 1:

1. sample the parameter regulating the dimension of the parameters space (say,

() ym(m) oy (m)y,

2. conditioning on the previous updated parameter Amlm) fy?(m) , 'y}j,(m) (and on all
the remaining parameters, already updated or not), sample the corresponding

location parameter (say, 8™, pgt™ crf,(m)).

The updating of 8™, py o for fixed values of ™, 77, 7, respectively, and the
remaining parameters makes use of conjugacy and follows Diebolt and Robert (1994)
too. It could be relevant for future uses to notice that gy and o}, have distributions
with the same structure when we condition on the intermediate values of 'y? a.nd'ty[",,
respectively, (say, 77 = 1,2,3, 7 = 1,2,3).

The updating of v™, i, ¥} requires to integrate out the corresponding location
parameters in the vector to get the posterior probability associated with each case of
the v’s. The results have the same structure for the intermediate cases of 77} and v
as well.

Moreover, the link between the A-B and U Part implicit in-the prior assumptions on
¥# and 7}, is mantained in their updating. It follows that the filter mechanism acts
in the MCMC exactly as it is expected looking at the prior assumptions.

In detail, directly from the code we have:

piMUbase <- matrix(0.2,5,1)
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for(i in 2:(nits+1))
{
#updating the A—ﬁiPart

!
#updating the U ﬁért
i
I
##use information coming from A-B

it ((y[1,3]==0) & (y[1,6]==0))
{
piMU <- matrix(c(1,0,0,0,0),5,1)
piVU <~ matrix(c(1,0,0,0,0),5,1)
} i

j
else |

piMU <- piMUbase

piVU <- piVUbase

where y{, 3] and y], 6] are the columns of the matrix y containing the Markov Chain;
! I i
that correspond to 4™ and 4" respectively. 2
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4.4 Results

In this section we describe the results obtained applying our methodology to the
smaller set of six genes identified according to the preliminary analyses introduced in
subsection (4.2.1).

We run six different chains, one for each selected gene.

We report results corresponding to a total number of 20000 iterations with a burn-in
period of 2000 iterations. We believe that t_hese numbers are what is needed for reli-
able results.

Because of the label switching problem, we will not report posterior estimates of in-
dividual parameters. We’ll introduce suitable plots of their marginal distributions.
For all the v's parameters in the model, we will add marginal and joint t;,a.bles repre-
senting their empirical distributions.

The ~'s parameters are not involved in the label switching pfoblem. They only man-
age all the possible equalities and inequalities between the corresponding parameters,
determining in this way the dimension of the parameters space. In case (at least)
one difference exists between the parameters, according to the vy, the label switching
problem can arise. |

The marginal and joint tables concerning the y’s will help to get a clearer picture on
the feature selection procedure contained in our model.

Moreover, as described. in subsection*(2.2.3), we will refer to the ”O’Hagan” matrix,
in its graphical representation, to check how the guided semi-supervised clustering
algorithm works in identifying clusters in the U Part.

Black and white blocks, with dimensions similar to the estimated weights of the mix-

ture, will identify the groups of observations discovered in the U Part. We will see
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how these ‘groups a%e expected to be different also in accordance with the specific
type of difference ex&st'mg between the identified groups.

An overall picture of the behavior of the six genes conclude this section. In the next
ones, we wjll analysg in detail three of our genes. i
Generally speaking, _fhe six genes behave very well.

Each of them, at ler—.;;st, shows a difference either in its means or in its variances for
patients belonging to groups A. and B. |

Some of them are easily able to distinguish U subgroups, while others have quite.

similar behavior of eixpression in the entire U group.
It means that in ew?:ry chain {(4™,7") spend most of the simulation time on combi- 'l
nations of their valu?as that are different from (0,0). And the same could be true for
(¥, 7¥%) in the six chains under examination.

A similar result canj be considered trivial for the A-B Part, as our set of six genes:
was selected startin& from a bigger one containing the best genes in distinguishing%
between BRCAl-linl_fed and sporadic breast tumors. However, it is worthy to notice
that our set-up admi%its every possible combination of difference in means, or not, and
difference in variancé*i:s, or not. In this way, it helps in identifying the true reason for
which a gene is seleci?:ed as having a different distribution in groups A and B.

What is for sure notf,:' trivial is discovering that (97,77 is very different from (0,0)!
for most of its time for some of the six genes considered. ’
Genes that are prom}sing in the A-B Part are still promising in the U Part too.

It implies that the bet‘ we made on the use of information across organs to select
clusters and corresponding genes is partially won. There are set of genes able to,

distinguish groups A'l and B and, at the same time, subgroups in U. '



163

Finally, a common aspect to all detailed analyses that follow deals with the vy 's.
For the U Part of the model to work properly, it is important to list all the possible
comparisons between py,, pu,, pu, and of , o, of, respectively.

" In the case Knor = 3 here considered, it implies that 4{} and +}; are defined as cate-
gorical random variables assuming five different values, from 0 to 4.

All the possible combinations of these valueé can be represented in a 5 x 5 table and
are therefore 25 different cases. )

However, in an unsupervised context, groups of "different” combinations of the indi-
cators can give birth to the "same” scenario.

As shown in chapter 3, the original 25 different cases can be mapped to 10 really
different cases.

Identical scenarios are identified by areas with the same color in the corresponding
joint frequency table.

All the frequencies sharing the same color have to be summed in order to get a more
realistic picture from the inference procedure.

In the following, we will directly adopt the new colored representation of the joint
frequency table.

We will decide the most probable combination of (v, 7};) fitting the data looking at
the ten different frequencies obtained by summing altogether all the cases with the
same color.

We will introduce three detailed analyses.

The first t\.vvo will be cases of promising genes for both the A-B and the U Part. They

will have a different behavior. The third case will show a gene that is useful in the

distinction involving A and B but is completely irrelevant in identifying U subgroups.

———
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4.4.1 TRIM29
. "

TRIM29 (tripartite ;notif—containing 29) or, with a synonym symbol, ATDC (ataxia-.
telangiectasia group} D-associated protein) maps on chromosome 11, at 11q22-q23'
according to RefSeq:

The pfbtein encodedflby this gene belongs to the TRIM protein family. It has multiple!
zinc finger motifs and a leucine zipper motif. It has been proposed to form homo—:
or heterodimers which are involved in nucleic acid binding. Thus, it may act as
a transcriptional regulatory factor involved in carcinogenesis and/or differentiation.

Its basic function is'mediating estrogen action in various target organs. It is highly:
expressed in mouth e;z%nd tongue in the digestive system, in uterus and cervix in femalulei
reproductive systemi'and in the prostate in male reproductive system. It is involved.
in the respiratory syétem mechanisms, being highly expressed in the respiratory tracti
and larynx, and in the urinary system, where it is highly expressed in bladder. It has

been reporFed to be involved in prostate carcinoma where is low expressed. It may ll
also function in the fsuppression of radiosensitivity since it is associated with ataxia’
telangiectasia phenotype.

Multiple alternatively spliced transcript variants have been detected for this gene butl
the full-length nature of all of them has not been described yet.

For our purposes, TEIM?Q can, therefore, be considered a good candidate.
From the previous dé&‘,cription, it could even be that it’s more expressed in lung than‘
in breast.

Let us start from the behavior of the gene in the A-B Part.

Looking at .the following table, showing the joint estimated posterior probabilities of

4™ and Y, it is immé'diately apparent that TRIM29 has a distribution that is different’
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for patients belonging to groups A and B, both in the means and in the variances:

7’0
b 0 |
0 o - |

| 5337 14653

Figure 4.4: Table showing the joint estimated posterior probabilities of (™, ~") as

obtained by the simulation.

The previous conclusion can be confirmed looking at the estimated posterior marginal
distributions of the parameters of interest in the A-B Part, pag, 6™, o‘fm, év.

pag, 6™ and 0% 5, 8" are plotted along with the estimated posterior probabilities of the
corresponding ¥’s. The aim is to monitor the changes in the parameters of interest
in the light of the changes in their 7.

We just plotted one iteration every ten to make the visualisation of the chains easier.

The mean part is represented in the following plots:
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Figure 4.5: Marginé,ll chains of pap and 6™ plotted along with ™ for TRIM29 as’

i I
obtained by the simulation.

T
The variances part is represented in the following plots:
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Figure 4.6: Marginal chains of 6%5 and ' plotted along with v for TRIM29 as

obtained by the simulation.

The estimated posterior densities are highl}r compatible with the red and white his-
tograms we introduced in subsection (4.2.2) for TRIM29 measured on patients be-
. longing to groups A and B.

As expected from previous considerations, v¥ is sometimes equal to 0 and most of the
time equal to 1.

Y™ is almost always equal to 1.

The U Part gives optimistic results for TRIM29 too.
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I .
The estimated jointt posterior probabilities for (v}, 7};) are shown in the following,

table:
I
N0
Yu
0

z

0]
3 ii‘ﬂl
40

= | I B

2039

59%2=J % | @B |

Figure 4.7: Table sh"owing the joint estimated posterior probabilities of (7,75} for’

TRIM29 as obtainec}I by the simulation.

o :
It emerges that in 7664 cases out of 20001 4} = 4 and ~f, assumes intermediate
|

values, v = 1,2, 3. :TAS explained before, we summed over each possible color of the

_ |
table. ! . !
Our model admits th;ree components, with three different means and three varia,nces,j

|
two of which are coll‘apsed.

The second most prbbable combination is given by 7 = 4 and v = 4 with 6273

‘[.

cases out of 20001. | _ ' !

The corresponding r‘[r_lodel has three components with_ both different means and dif-
|

. i
ferent variances. {

The third most proiﬁa.ble combination happens when both {} and ~f; assume the
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same intermediate value.

It presents two components with one component showing two collapsing means and
two collapsing variances. . ’ |

The case v} =0 and v, = 0 1s very rarel.

It happens in only 21 cases, 10 of which are:just direct result of the_ filter.
Considering the 7’s in the A-B Part together with the ones in the U Part, we can
conclude that TRIM29 is a key gene in distinguishing group A from group B and also
in distinguishing U subgroups.

The previous conclusion can be further conflirmed looking at the estimated posterior
marginal distributions of the parameters of interest in the U Part, py,, pu,, ptv, and
0%, 08, 0, respectively.

1y, by, ty, and %, o2 o, are plotted along with the estimated posterior proba-
bilities of the corresponding vy 's.

Again, one iteration every ten is plotted. However, points smaller than 0.002 per--
centile and bigger than 0.998 percentile are not shown in order to help the visualiza-
tion. | |

‘The mean part is represented in the plots shown in the next page. The variances part
is represented in the following too. The weights of the mixture are shown using the
following adaptation of the usual stacked area plot.

The lowest line represents the first weight. The intermediate line represents the sum

of the first two weights. The upper line is the sum of the three weights and therefore

. is always equal to one.

The estimated posterior distributions are hi,ighly compatible with the histogram in-

troduced in subsection (4.2.2). for TRIM29 measured on patients belonging to U.

[



170 !

iy TRIM29
?B.S—' - f-.. - . ., PR vy ®
LN L LK S
P . [y '-.-'.. 0 .« - . -_.'.. .. " .-; .- .0 -
S R N Y
o] ¥ 9 ?%mw,!ﬁ o1 R
§ 55 o
i o 0 1000 1500
i! its num after bun—in (ons every 10 its-zoom plot)
e —
) g . e e = e e
@ 2 -—J‘ - - - - [
1 - - - - - - -
o P | .
o 'i 500 1000 1500

its hum atter bum-in {one avary 10 its—zoom plot)

b
o

Figure 4.8: Marginal chains of uy,, puy,, py, plotted along with 4} for TRIM29 as

obtained by the simulation.

Suppose the corresanding v and 7 admit a mixture with three components, with .

three different means and three variances, two of which are collapsed.

In this case, the three means estimates are at 5.4, 6 and 8, while the corresponding -

variances are 0.09 for the first component and 0.4 for the remaining two.

Means and corresponding variances can be recognized looking for the same color it-
!

. ) o
eration after 1tera,t10?.
i

If the corresponding {7 and 7}, are equal to (4,4), the model has three components
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Figure 4.9: Marginal chains of o3 ,07,, 00, plotted along with 7, for TRIM29 as

obtained by the simulation.

with both different means and different variances and a third higher variance is esti-

mated.

The "first” component, which has mean in.5.4 and variance approximately equal to
0.09, has a weight close to 0.7.

The remaining components have weights equal to 0.15 respectively.

Finally, the situation already described can be depicted in a different way looking at

the O’"Hagan matrix.
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Figure 4.10: Adaptai;ion of the stacked area plot for w;, ws, ws referred to TRIM29 as

obtained by the simllfllat_"ion.

"The grey-white boxe!!s represent the three U subgroups identified by our approach.
The dimension of th;&;a box gives an idea of the corresponding weight of the group.
The first on the left ;:is the one with the smallest mean and variance and the highest
weight. ,‘! ’

The intermed.iate bdx represents the component with mean approximately in 6.

The transition fromithe first to the second component is very smooth.

The component on the right of the picture is the one with mean in 8.

i
|
i
i
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The transition from the second to the third component is less smooth than the pre-

vious one.

!
Both the second and the third group have a weight that is about 0.15.

L)

L
O'Hagan f40r TRIM29
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i 1T i)
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4

Figure 4.11: Graphical representation of the O’Hagan matrix depicting the U sub-

groups identifed by the simulation.

4.4.2 MSN

MSN or Moesin (for membrane-organizing extension spike protein) is a member of

the ERM family which includes ezrin and radixin. ERM proteins appear to function
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as cross-linkers between plasma membranes and actin-based cytoskeletons. Moesin
: : i . : |
is localized to filopodia and other membranous protrusions that are important for
cell-cell recognition and signaling and for cell movement.

It is located on chroT_nosome X at Xql1.2-q12.

It is highly expresse?l in the heart for the cardiovascular system, in the liver for the'

digestive system anc% in the pancreas for the endocrine system.

H

I

Moesin is found to be involved in a case of ALK+ anaplasic large cell lymphoma.
1‘.

and in tuberous sclerosis. It is fused to ALK in anaplastic large cell lymphoma and

] . |l . .
overexpressed in response to tuberous sclerosis gene mutation. i

It is reported to have a role in lymph node metastasis of oral squamous cell carcino-’
T

mana.

Looking at the previous' description, there is no reason to recognize MSN as a rele-

vant gene in distinguishing between BRCA1-linked and sporadic breast cancers or in;
: I . |

identifying subgroups in the heterogeneous class of lung tumors.

l

However, the detaileﬂ analysis that follows leads a potentially different conclusion.

T

Let us start from th% behavior of the gene in the A-B Part.
Considering the follbwing table, showing the joint estimated posterior probabilities

f .
of y™ and +”, it is apparent that MSN has a distribution that is different for patients
: i ; ‘

belonging to groups !A and B, only according to the variances:

|
- H

f
il
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u
,Ym” 0 |
o | 1178 13733
| 1558 ' 3532

Figure 4.12: Table showing the joint estimated posterior probabilities of (y™,+") for

MSN as obtained by the simulation.

The previous conclusion can be confirmed looking at the estimated posterior marginal

distributions of the parameters of interest in the A-B Part. For the mean part, we
t

have:
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Figure 4.13: Margi{lal chains of pap and 6™ plotted along with 4™ for MSN as!

|
obtained by the simulation.

i
!
The variances part is

represented in the following plots:
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Figure 4.14: Marginal chains of 6% 5 and &" plotted along with v* for MSN as obtained

by the simulation.

3

The estimated posterior densities are compatible with the red and white histograms
we introduced in subsection (4.2.2) for MSN measured on patients belonging to groups
A and B.

As expected from previous considerations, ¥ is sometimes equal to 0 and most of the
time equal to 1. Viceversa, Y™ is sometimes equal to 1 and most of the time equal to
0. 4™ is- more often equal to 1 than ¥ equal to 0.

The U Part gives optimistic results for MSN

An byt ams
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S
The estimated jointiiposterior probabilities for (¢7,1{;) are shown in the following

table: i

o e |0 .
Tu 3‘|i3 !
0 513
| 1\280
2 i 159
[
'3 \;244

Figure 4.15; Table showing the joint estimated posterior probabilities of ({7, () for;

MSN as obf.ained by, the simulation.
ii

It emerges that in 7992 cases out of 20001 both 7 and 7}, assume the same inter-
]
mediate values, say ('ru,'ru) (L,1) or (77 8) = (2,2) or (7, 75) = (3,3).

The model admits tvnfp components with one component showing two collapsing means
and two collapsing v;ariances.

The second most probabie combination is given by v} = 1,2,3 and 7}, = 4 with 4873

cases out of 20001. .
The correspondmg anodel has three components with two different means, one of

which is obtained frgjm two means collapsed in the same value, and three different

1
variances. \
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The third most probable combination happens when both 7} and -, assume inter-
mediate values but they are different.

These are the cases: (v7,7%) = (1,2), (%) = (1,3).or (W77 = (2,1),
() = (2,8) or (L E) = (3,1}, (7)) = (3,2).

The corresponding model presents three components, with two collapsing means and
two collapsing variances. Collapsing means and collapsing variances have different
indices and this is the reason why one gets three componenté instead of two.

The case ¥ = 0 and +; = 0 is not so rare as for TRIM29.

It happens in 1513 cases, 1178 of which are‘just direct.result of the filter.
Considering the +’s in the A-B Part together with the ones in the U Part, we can
conclude that MSN is a good gene in distinguishing group A from group B and also
in distinguishing U subgroups. |

Compared to TRIM29, MSN has distributions that differ between groups A and B
only according to the variances. MSN allows to recognize two distinct groups for most
of the simulation time.

The previous conclusion can be further confirmed looking at the estimated posterior
marginal distributions of the parameters of interest in the U Part, py,, pu, fr, and
o3, 08, OF,, Tespectively.

Theplots follow the same rationale introduced for TRIM29. However, this time points

smaller than 0.007 percentile and bigger than 0.993 percentile are not shown.

The mean part is represented in the following:
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Figure 4.16: Margingltl chains of uy,, py,, tu, plotted along with +f} for MSN as ob-

tained by the simulaj;ioﬁ.

The variances part isi represented in the following plots:
|
!
.
i
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Figure 4.17: Marginal chains of of , 0, 03}3 plotted along with ~¥ for MSN as ob-
tained by the simulation. ;

'
The weights of the mixture are shown in th_ie next page as well.
The estimated posterior distributions are in accordance with the histogram introduced
in subsection-(4.2.2) for MSN measured on-patients belonging to U.
Suppose the corresponding v and 7f; admit a mixture with two components.
In this case, the two means estimates are at about 8.75 and at about 10.1, while the
corresponding variances are about 0.8 and 0.3.

If the second most probable combination is assumed (say 77 = 1,2,3 and v}, = 4),
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Figure 4.18: Adaptation of the stacked area plot for wy,ws,ws referred to MSN as

il
obtained by the simulation. , |

the corresponding deel shows a third component with a mean equal to an existing
one, maybe the one ‘1n 1ij, and a different third variance.
The weights vary deeply iteration after iteration. It happens somei:imes that one of
them is almost equa.l%{to*O, and, in general, one is definitely bigger than the remaining’
two. l
Finally, the situatior}i already described can be depicted in a different way looking at.
the O'Hagan ma.trixi-

‘

i
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It is possible to recognize two groups.

The first on the left is the one with mean in 8.75, variance equal to 0.8 and the
smallest weight. It is well defined.

The transition from the first to the second component is very smooth.

The component on the right of the picture is the one with mean at about 10. Its

weight is about 0.85. The group is not so well defined.

O’Hagar} for MSN

scale

Figure 4.19: Graphical representation of the O’Hagan matrix depicting the U sub-

groups identifed by the simulation.

. ——
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4.4.3 ITGBS5I
‘ I
ITGB5 (inﬁegrin bej&a 5) or, with a synonym symbol, EVI129 maps on chromosome.
3 at 3q21.2. 3‘ |
The protein encoded by this gene belongs to the integrin beta chain family whose
categories are the oriies of adhesion, signaling, receptor. .
Its basic function is t.|o be involved in cell-extracellular adhesion and cell-cell-adhesion.
It is implicated in ce%lllular processes like cell communication and motility.
It is highly expresser_j‘l in pancreas involving the endocrine system, in spleen involving
the lymphoid/ immufie system, in lung involving the respiratory system and in kidneys.
involving the urina,ryI system. |
We were not able to”ﬁnd out any sure involvement of ITGB5 in cancer.
Let us start from thé behavior of the gene in the A-B Part.
Considering the folldwing table, showing the joint estimated posterior probabilities of

L | ;
4™ and 7", it is appéirent that ITGBS has a distribution that is different for patients-

belonging to groups IA and B, according to both means and variances:
I- .

N
t % 0 I

|
!l 0 I8 6727

i 730 12526

Figure 4.20: Table s}Hlowing the joint estimated posterior probabilities of (y™,~") for |

ITGBS as obtained by the simulation.
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The previous conclusion can be confirmed looking at the estimated posterior marginal
]

distributions of the parameters of interest in the A-B Part. For the mean part, we

have: -
{ | (TGBS
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Figure 4.21: Marginal chains of p4p and:6™ plotted along with 4™ for ITGB5 as

obtained by the simulation.

The variances part is represented in the following plots:

— - -
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Figure 4.22: Ma,rgin’élxl chains of o%p and ¢ plotted along with 4* for ITGB5 as
obtained by the simu}!ation.

|

The estimated poster!i!or densities are compatible with the red and white histograms |
we introduced in subfsec,tion (4.2.2) for ITGB5 measured on patients belonging to -
groups A and B. i

As expected from prf.:ﬁ.rio,us considerations, ¥ is almost exclusively equal to 1, while
™ is most of the time equal to 1 and sometimes equal to 0.

ITGBS is a good gener in distinguishing group A from group B.

However, the U Part gives not so optimistic results for ITGBS5.
I
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The estimated joint posterior probabilities for ([}, v() are shown in the following

table:

Figure 4.23: Table showing the joint estimated posterior probabilities of (v, 7f;) for

ITGB5 as obtained by the simulation.

f

It emerges that in 11020 cases out of 20001 7 = 0 and 1, assumes the intermediate
values v, = 1,2, 3.

The model admits two components having the same mean and two different variances,
one of which is obtained from two varia.ncés collapsed in the same value.

The second -most probable combination happens when both ~{ and 7 are equal to
0.

It happens in 5267 cases, only 18 of which are just direct result of the filter.

It is not so rare as for TRIM29.

1t is slightly more frequent than for MSN. However, in the case of MSN, the filter

mechanism is directly responsible for 1178 out of the 1513 cases where /' and <}, are

Folimbes e aam o w



188 ' /

equal to 0. , .
l| I

|
The third most prob?.ble combination is given by 77? = 0 and v}, = 4 with 2608 cases -
out; of 20001. o

| .
The corresponding nrfl‘odel has three components with the same mean and three dif-

l
ferent, variances. !

Considering the 7's in the A-B Part together with the ones in the U Part, we can :
conclude that ITGB$ is a good gene in distinguishing group A from group B but it -
is not so good in distlinguishing U subgroups.

The previous concluséon can be further confirmed looking at the estimated posterior

!
marginal distributions of the parameters of interest in the U Part, uy,, piy,, py, and ;

O Otrs O respectively.

The plots follow the same criteria introduced for TRIM29 and MSN., However, this
time points smaller tihan 0.007 percentile and bigger than 0.993 percentile are not ;
shown.

The mean part is represented in the next page.

Our simulation is quite sure that the three means are all collapsed in one value.
|

This value is about 7.5.
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Figure 4.24: 'Marginal chains of py,, piy,, fty, plotted along with 7 for ITGB5 as

obtained by the simulation.

The variances part is represented in the following page.

The two different variances corresponding to the most probable combination of
and f, are about 0.1 and 0.3.

The three different variances corresponding to the third most probable combination

of vf# and 7, are about 0.1, 0.25 and 0.4.

o
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Figure 4.25:

obtained by the simu'llation.
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Marginal chains of o{; , 07,00, plotted along with +f; for ITGB5 as

The weights of the ni_;ixture are shown in the next page as well.

We can conclude that the estimated posterior distributions are in accordance with the

histogram introduced in subsection (4.2.2) for ITGB5 measured on patients belonging
|

to U.
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Figure 4.26: Adaptation of the stacked a,re:‘a' plot for wy,ws, ws referred to ITGBS as

obtained by the simulation.
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i
Finally, the situation already described can be depicted in a different way looking at

the O’Hagan matrix.

Groups are not evident as in the previous cases.

Grey is the dominant color in the plot. In general, it is closer to black than to white.
However, the grey is reasonably slightly lighter on the corners. |

In the case, we have two groups with the ‘same mean but different variances. Two

observations that are very close, but also close to the the common mean of their
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distributions, are more likely to be classified in different components.

Viceversa, it is easuer that two close observations are classified in the same componentl
if they are pretty sma,ll . say close to 6, or pretty big, say between 8.5 and 9.5.

The white _lme clearly 1dent1ﬁes pairs having the same observations on row and col-:

umn. They are always clustered together.

i:

|

i
h

“ O’Hagan for ITGB5

| e

Figure 4.27: Graphi(;:al representation of the O’'Hagan matrix depicting the U sub- '
I

groups identifed by tfle simulation.
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The remaining genes, ALCAM, CSTB a,n:'d. DHCR24, have distributions that are
different according to at least one criterion in A and B groups.

They differ from ITGBS in terms of the type of difference highlighted in the A-B Part.
For instance, ALCAM spends most of the simulation time on the pair (y™,9") =
(1,0), while CSTB on the pair (7™, 7") = (0, 1).

Their behavior in U is quite similar to the one of ITGBS.

All of them admits as the most probable coi__mbination of 4} and ~}; the case v =0

and 77 = 1,2,3.

4.5 Discussion

This application had as its main aim to see_lic undiscovered subclasses in the heteroge-
neous lung cancer class, exploiting the biological connection between the unclassified
group, U, and the known classification, Working for tumors in breast, that distin-
guishes between sporadic, A, and BRCA1-linked, B, breast cancers.

It relied on- the biological hypothesis that there exists a molecular program in can-
cer such that some oncogenic mechanisms affect different organs in similar ways and
made use of genes similarity in profile to lead to a novel better classification of lung
cancers.

A feature selection procedure had to be imﬁfémented both in the A-B Part alone and
in the A-B and in the U Part altogether. i

In the supervised part, a form of check for other sets of genes, obtained in differ-
ent ways, could be guaranteed. In the unsupervised part, the best set of genes that

discriminates between the U subgroups, as simultaneously defined by the clustering

procedure, could be identified.
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Combining these two sources of information was supposed to give us a clearer plcture

of the potential role each gene has in the cancer molecular program across organs.
I|

A selection was made on the total number of genes in order to identify promising.
candidates to perform a preliminary univariate analysis.

The analysis was, th%refore, proposed only for a small set of six genes considered one

at a time.

The criteria we referiLred to select the candidate genes were explained in detail and

seemed reasonable t(i.lo us. However, we are aware that the list of consistent classify-
|

ing genes we sta.rtedi! from to select our set could be likely incomplete. That’s why

I .
this application has to be considered as a preliminary attempt to see how the model
:

works. i |

An application on the entire set of genes obtained by the intersection of the involved

b
studies will be our main interest for the future.

We will always referf!" to the semi-supervised clustering procedure as introduced in .

chapter 2. In particular, as the a priori information on the dependence structure of |

the A-B Part is still?; valid, the multivariate model we will propose will be exactly

the generalization of{the one we introduced in that chapter. Maybe, a dependence |

structure will be ass@med for the U Part too.

A second topic deserving a better understanding deals with the sensitivity of the re-

sults to the overall prior specification.
i a

The values of the pa}ameters in the prior specification are only indicative and it is

well known that they will affect, somehow, the -resulting posterior inferences. Qur
hierarchical approach, therefore, needs to be completed with a detailed study of the

hyperparameters influence.
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Generally speaking, both the sensitivity of the posterior distribution of the v’s and
the sensitivity of the posterior distributions of the remaining parameters should be
investigated and attention has to be devoted to this kind of analysis.

However, our main concern here is to show how the inference on the number of com-
ponents in the U Part is affected by the pri?r information on ;7 and g}, say by the
choices of =} and =y,

For the present purpose, it could be useful to notice that elicitation of the priors and
interpretation of the sensitivity analysis involving =7} and wyp, can be made easier
following the suggestions introduced in the current chapter, commenting on the ta-
bles showing the joint estimated posterior probabilities of (4, ¥g;) (See, for instan;ée,
table 4.7).

In detail, all the events concerning ({7, v{;} can be rewritten in terms of the equiv-
alent ones involving the number of subgroups in U, say k, where k = 1,2, 3.

It implies a further grouping of the colors of the mentioned tables into three differ-
ent groups, and gives birth to the type of _'%a.ble introduced in the next page, where
the number of groups corresponding to eacp scenario is indicated. There is only one
cell representing the case of one group, while two and three groups are represented,
respectively, by nine and fifteen cells.

It follows that all the possible choices for 77} and g, can.be read in the light of their
implications on the number of U-subgrqups_: that they support a priori.

For instance, the general set-up proposed-in‘the analysis, it =[0.2,0.2,0.2,0.2; 0.2]T
and wf, = [0.2,0.2,0.2, 0.2,0.2]T corresponds to the following one: P{l subgroup in
U}=0.04, P{2 subgroups in U}=0.36 and:P{3 subgroups in U}=0.60 (say, case 3

hereafter). The situation where 3 groups are present is a priori favoured.
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Figure 4.28: Table sflowing the number of U subgroups associated to the correspond-:

ing event involving C7§‘, Yo}
h

The other two differe‘nt scenarios considered for the sensitivity analysis a priori favour

either the case of one group or all the three possibilities in almost the same way. They

. |
are respectively such that:

o W = W = i[0.8,0.0_5,0.05,0.05,0.05]T — P{1 subgroup in U}=0.64, P{2-

subgroups in U} ~ 0.25 and P{3 subgroups in U} = 0.11 (say, case 1 hereafter);:

o =7y = [016,0.1,0.1,0.1,0.1]7 « P{1 subgroup in U}=0.36, P{2 subgroups
in U}=0.39 a,né P{3 subgroups in U}=0.25 (say, case 2 hereafter).

The sensitivity analysis gives reasonable results, summarized in the following table.
[ .

It presents posterior probabilities of observing one, two or three groups, respectively.
e

The three different a priori set-ups were examined for each gene. The prior probabil-

ities corresponding to each scenario are added in the left column for comparison. i
2l
il
L
|

h
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It emerges that the sensitivity of the inferer:me on the number of U-subgroups to the
i

prior specification of w{} and ny; is low.

The results are compatible with the behavior of each gene, as it is described in the

current chapter.

TRIM29
case | case 2 _ case 3
'prior posterior prior ' poste}ior prior posteriorr '
I subgroup in U 0.64 0.001449928 036 0.002349883 0.04 0.001049948
2 subgroups in U 0.25 0.3)13844 039 0.4865257 0.36 0.2018399
3 subgroups in U 0.1l 0.6871656 0.25 05111244 - 0.6 0.7971101
' MSN
case | ; case 2 case 3
" prior ) posterior p?rior posterior prior posterior
| subgroup inU 0.64 0.1093945 0.36 0.1131943 0.04 0.07564622
2 subgroups in U 025 0.6259187 0.39 0.5084246 036 0.4711264
3 subgroupsrin U 0.t 0.2646868 0.25 0.3783811 0.6 0.4532273
ITGBS
case | Ccase 2 ; case }
prior posterior | prior | posterior prior B posterior
I subgroup in U 064 0.8486576 0.36 0.6842658 0.04 0.2633368
2 subgroups iny 0.25 0.1234438 039 0.2532373 0.36 0.5750712
3 subgroups in U o1l 0.02789861 0.25 0.06249688 06 0.1615919

b

Figure 4.29: Prior and posterior probabilities of observing one, two or three U-
subgroups for each gene considered under 1,2,3, the scenarios compared in the sensi-

tivity analysis.

5

Finally, our current application still gives a good picture on how the model deals with

the clustering and feature selection objectives previously introduced.

¢
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1]
The clustering objective can:be examined looking at the O’Hagan matrices for each

gene.

In two of the six plofils, groups show up and can be easily recognized as white or grey -

squares. I

The width of each sq’;i;are is an estimate of the weight corresponding to each subgroup
of patients in U. |

TRIM29 aid MSN a?!re therefore able to identify respectively three and two U sub- :
groups reﬂécting thels known distinction between sporadic and BRCA1-linked breast
cancers. :

Generally speaking, it is harder to identify U subgroups when the difference existing 5
between the groups i!nvol‘ves only the variances and not the means. |

The feature selectiorﬁ' objective can be examined looking at the entire set of the 7
parameters .for each éene.

Each gene, at least, éhows a difference either in its means or in its variances for pa- |
tients belonging to bé}th‘A, B.groups and U subgroups. (4™, +"}, jointly taken, spend -
most of the simulatif;m time on combinations of their values that are different from ‘
(0,0); the same is triile for (v, 75)- |
The small s.et under jcor%sideration is therefore composed 'by genes that are relevant |
in distinguishing bOt{‘ between A and B and between the U subgroups.

|
Moreover, our appliczﬁ,tion helps us to understand how the feature selection objective !

is realized.



Conclusion

The current work was aimed to convey the attention on a general class of statistical
problems, arising certainly, but not exclusively, in cancer genomics applications.
The identification of clinically relevant subgroups for major car_ipers including large
heterogeneous classes is one of the most important challenges iﬁfréancer genomics.

In this context, one possible approach is to seek undiscovered subclasses in broad
classes, exploiting a potential biological connection between the unclassified group
and known classifications working for tumors in other organs.

Statistically, the problem to face concerned how to use relevant information, avail-
able in the form of a working known classiﬁ;jcation, to improve standard unsupervised
clustering.

A semi-supervised clustering procedure could therefore be a suitable solution.

In detail, we introduced a Guided Semi-supervised Clustering Procedure, identifying
a mechanism described by a series of minin}a.l requirements.

QOur implementation of the idea o'f a guidance, together with some interesting avail-
able by-products, explain the list of the minimal requirements.

Concerning the idea of the guidance, the presence of a potential biological connection
to exploit suggested to refer to the working classification introduced in the A-B Part

as a distinction to reproduce in the U Part of the model as well.

199
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The known classiﬁca;ition extracted from A-B was used as a filter for selecting a suit-!
able subset of variaﬂies able to identify meaningful subgroups of samples in U.

From this perspectiv;'e, U-subgroups could be thought of as having the same interpre-
tation as A and B. |
Concerning the interesting by-products, they are the feature selection on both A-B-
Part alone and on tﬂe A-B and U Part altogether.

The specific irnplemeéntation of the Guided Semi-supervised Clustering Procedure we
proposed adopted a i3ayesia.n Normal perspective. }
From the theoreticalTpoint of view, the main contribution is represented by a suitable’
new structure for thi;é a priori assumptions, which we refer to as combinatorial miz-
tures of singular distributions. The combinatorial mixtures of singular distributions
represent also an imﬁortant step forward in the modelling of gene expressions profiles
data.

Some doubts can be iI‘ex[')ressed on the idea of the guidance. !
First of all, one ca.nfioblject that discarding some variables in the U Part is always
silly, though they prbifed to be unuseful in the A-B Part.

To reply to'the ob jec;gtion, we can notice that our approach identifies not simply the
best partition for thne U observations, but the specific partition that preserves the
same interpretation éalready given to the existing groups. And there are problems
where the described feature could be crucial, !
The approach can also be really useful in cases where the standard unsupervised clus-
tering procedures have difficulties in identifying meaningful clusters.

Moreover, some extr?lt analyses could be performed to investigate the importance of ;

the A-B clagsiﬁcatioxi for the identification of U-subgroups.
|
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From one side, one can apply the described procedure only on the variables (genes)
that were not selected to be part of the A-B classification, or at least on a random
sample of such genes.

From the other side, one can compare the posterior evidence produced by the method-
ology with that one obtained by collections of datasets showing either random permu-
tations of the A,B labels for the observations in the A-B Part or complete enumeration
of such permutations.

Finally, a possible extension to the model in. the light of the previous objection could
also be proposed.

Suppose to consider the univariate case for semplicity.

Remember the prior distributions assumed for v and ~g:

mr o m v I ify*=0andvy" =0
WInG Y™~ , : :
Multi(1, w3}), otherwise
and:
el v m v Iy ify"=0andy" =0
Yolmg YT~ , _ .
Multi(l, 7)) otherwise

One possible extension could admit that, if v = 0 and y* = 0, the corresponding .
v and v will beequal to 0 with a certain probability p that has‘ to be estimated.
Secondly, one could object that the proposed approach is sensitive to a potential as-
sociation existing between the false positives for A-B and U Parts.

We agree with the previous concern, but we think that the effect is weak.

Thirdly, someone could ask for a perfect correspondence between groups A and B

-
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|
and the U-subgroups, meaning that he/she could want to identify, among the U sub--
groups, the one corresponding to A and the one corresponding to B.

i

However, a similar identification would require a more general experimental design,’

where groups with n‘brmal patients are present both in the A-B and in the U Part.
We could propose su}ch an extension in the future in the presence of suitable data. .
We can stili refer to %he dataset under examination for the development and applica- !
tion of the multivarig,te version of our model.

We will consider the Guided Semi-supervised Clustering Procedure in its Bayesian
Normal implementat;,lion, as introduced in chapter 2. In particular, the proposedi
multivariate model {;rill be exactly the generalization of the one introduced in the .

3

univariate case.

Finally, a positive coiintrol analysis could assess the effects of our methodology on a;

different data set.

The very well known*\lstudy contained in Golub et al. (1999), with its three classes of
leukaemia, could be considered for this purpose.
The hope is that all .the described extensions and checks will contribute to confirm :

that the statistical pﬁoblem here considered is relevant for very different applications

and can be fruitfullyisolved referring to the solution we proposed.

3
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