
DECLARATION FOR THE PhD THESIS

The undersigned, Di Lucca Maria Anna, PhD Registration Number 1287671

Thesis title: Bayesian Nonparametric Autoregressive Models with Applications

PhD in Statistics

Cycle XXIII

Candidate’s tutor Prof. Pietro Muliere

Year of discussion 2012

DECLARES

Under her responsibility:

1. that, according to the President’s decree of 28.12.2000, No. 445, mendacious

declarations, falsifying records and the use of false records are punishable

under the penal code and special laws, should any of these hypotheses prove

true, all benefits included in this declaration are automatically forfeited from

the beginning;

2. that the University has the obligation, according to art. 6, par. 11, Ministerial

Decree of 30th April 1999 protocol no. 224/1999, to keep copy of the thesis

on deposit at the Biblioteche Nazionali Centrali di Roma e Firenze, where

consultation is permitted;

3. that the Servizio Biblioteca Bocconi will file the thesis in its ‘Archivio isti-

tuzionale ad accesso aperto’ and will permit on-line consultation of the com-

plete text;

4. that in order keep the thesis on file at Biblioteca Bocconi, the University re-

quires that the thesis be delivered by the candidate to Societá NORMADEC
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Abstract

Many statistical problem sets are focused on complex phenomena and

involve the idea of dependence, which is the key word of this thesis.

Statistical dependence could be symmetric or asymmetric. Symmetric

statistical dependence is, for example, analysis of variance. Asymmetric

statistical dependence could be expressed by regression models. Our

aim is modeling more levels of dependence and jointly infer on them.

Recent statistical literature proves that previous models are not able to

consider more complicated levels of dependence. This is one of the

reasons of the diffusion of Bayesian methods. We focus on Bayesian

nonparametric methods, such that these are able to keep more differ-

ent levels of dependence, and share more useful information, thank for

strong mathematical supports. We will propose models and applications

for time series analysis.

Tesi di dottorato "“Bayesian Nonparametric Autoregressive Models with Applications”"
di DI LUCCA MARIA ANNA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2012
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



Preface

The aim of this thesis is to find and share information about more aspects of time

series problem sets. Statistical strenght of dependent prior models is share. For

inference, Dirichlet process mixtures procedures achieve more information. We

propose a dependent Dirichlet process prior for complex time series. Specifically,

we assume a collection of random probability measures such that in some way

marginally is a Dirichlet process and across the point masses we introduce de-

pendence as autoregressive fashion-type. Time series analysis is often applied to

financial and economical fields, describing phenomena developed over time. One

of our relevant applications of our methodological innovations is in genetics, in par-

ticular, to a DNA-sequencing dataset.

We analyze density estimation connected to the choice of a dependent Dirichlet

process prior as well as applications are to nonparametric autoregressive mod-

els. Indeed, we discuss about Bayesian hierarchical models, which are able to

describe more levels of dependence. The power of the hierarchy is the introduction

of dependence among model parameters. Prior dependence describes jointly more

parts of the model and shares information among other parts of the same model.

In addition, we introduce dependence among model parameters, using Bayesian

hierarchical modelling.

This thesis is organized as follows. We propose five semi-authonomous chap-

ters, which have the dependent Dirichlet process prior as main theme and are inde-

pendent for some specific characterizations and purposes. Our first Chapter is an

iii
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iv

essential background about the Dirichlet process. We provide a review of the first

definition of the Dirichlet process and its principal properties. We describe some

theoretical results and some empirical applications for our purposes. We motivate

essential reasons of its large employment. In the second Chapter, we focus on ker-

nel density estimation problems and different methodological aspects for time series

analysis. The third Chapter is entirely dedicated to an application for a real dataset,

which is already analyzed in the literature using a Bayesian parametric method.

In this chapter, we discuss about a Bayesian nonparametric method and we pro-

vide a comparison between the two methods for the DNA-sequencing dataset. The

fourth Chapter is focused on possible extentions of the autoregressive models with

more than one lag and variable weights dependent Dirichlet processes. In the fifth

Chapter, we introduce possible further advances of our research.
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Chapter 1

Dirichlet Process and related models

Abstract.

In this chapter we give a brief historical review of the Dirichlet process in Bayesian

nonparametric inference, and of prior construction based on the Dirichlet process.

In particular, we discuss the mixture of the Dirichlet process prior and the Dirichlet

process mixtures, underlying differences and connections. The aim is a brief de-

scription of some relevant notions for our further developments, and a brief excursus

in the Bayesian nonparametric context. We discuss some of the main reasons of

the large employment of the Dirichlet process.

1.1 Introduction

Many models exist for time series problem sets, and most of them use classical in-

ference based on likelihood functions and asymptotic behaviour. In Bayesian non-

parametric inference, we need to place a prior on an infinite dimensional space

such as the space of probability measures. However, a simple prior distribution,

it is not flexible enough to describe complex phenomena. In the last years, sev-

eral authors proposed dependent nonparametric prior models. Here we explore

and motivate our methodological choice and the construction of dependent Dirich-

1
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2

let process prior.

We consider the impact of two alternative Bayesian assumptions: the exchange-

ability and the partial exchangeability on the data. We describe in the next sections

the effects of these two different assumptions and how these influenced on the de-

pendent Dirichlet process definition. For inference, we develop Dirichlet process

mixture models. We introduce dependence across mixtures and, inferring on these,

we share information, which is our purpose. In the last thirty years, the Dirichlet

process played different roles, that we discuss in the next sections.

This chapter is organized as follows. In Section 1.2 we propose the original def-

inition of the Dirichlet process introduced by Ferguson in 1973 and briefly review

the main properties of the DP in Section 1.3. The first version of mixture models in

Bayesian statistics is presented in Section 1.4. In Section 1.5 we study the inferen-

tial impact of the partial exchangeability assumption and in Section 1.6 we discuss

about the exchanchangeability assumption in the DP mixture model. In Section 1.7

we illustrate two models based on DP mixtures, which are the main references for

our statistical developments in the following chapters.

1.2 Dirichlet Process

The Dirichlet process, briefly DP, was introduced in Bayesian nonparametric infer-

ence by Ferguson (1973), and immediatly arose great attention in the literature for

its flexibility and deep theoretical properties. In the recent years, its potential in ap-

plications has been greatly developed in a wide range of fields, also thanks for the

advances in computer science and machine learning.

Ferguson (1973) introduced a class of stochastic processes such that each el-

ement can be used as a prior distribution on a measurable space (X,X). Let

G be a stochastic process indexed by elements A of the σ-field of subsets X.

Let α be a non-null finite measure (nonnegative and finitely additive) on (X,A).
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3

Then G is a Dirichlet process on (X,A) with parameter α, and we write G ∼

DP (α), if for every finite measurable partition (B1, B2, . . . , Bk) of X, the distribution

of (G(B1), G(B2), . . . , G(Bk)) is Dirichlet with parameter α(B1), . . . , α(Bk), denoted

by D(α(B1), . . . , α(Bk)). It could be proved that G is a random probability measure

on (X,A). Its interest in Bayesian statistics is that the DP can play the role of the

prior probability measure for inference in nonparametric problems. To this aim, it

is important to define a sample from the random probability measure G on (X,A).

Roughly speaking, the sampling model of size n is described as:

X1, X2, . . . , Xn | G are independent and identically distributed (i.i.d) according to G,

and G ∼ DP (α(·)).

From the properties of the Dirichlet distribution, it can be easily shown that Xi ∼

E(G(·)) = α(·)
α(X)

; thus, the normalized base measure α(·)
α(X)

has the role of prior guess

on the unknown distribution of the Xi.

The first attractive property of the DP, as a prior in Bayesian inference with ex-

changeble data, is that it is conjugate. That is, if Xi | G
iid∼ G, and G ∼ DP (α(·)),

then it can be shown that the posterior distribution of G is still a DP, with update

parameters, namely, G | X1, X2, . . . , Xn ∼ DP (α(·) +
∑n

i=1 δXi), where δx denotes a

probability measure degenerate on x. It follows that

E(G(A | X1, X2, . . . , Xn) = P (Xn+1 ∈ A | X1, X2, . . . , Xn) =
α(·) +

∑n
i=1 δXi(A)

α(n) + n
,

a weighted average of the prior guess α(·)
α(X)

and the empirical distribution.

1.3 Main Properties of the Dirichlet Process

The theoretical properties of the Dirichlet process explain the central role of the

Dirichlet process in Bayesian inference. Here we review some of the main proper-

ties. As mentioned before, conjugacy of the DP is a crucial property for applications
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in Bayesian statistics.

The discrete nature of the Dirichlet process is described by Blackwell (1973). If G is

the Dirichlet process on the space of probability measures (X,A) with parameter α,

then G is almost surely (a. s.) discrete. In fact, the discrete nature of the Dirichlet

process appears as a drawback in applications to Bayesian inference with continu-

ous variables. We will discuss in the next sections how a ‘continuous prior‘ can be

defined, by means of mixtures of kernel densities with a DP mixing distribution.

An important property for our further developments is the DP characterization

proved by Sethuraman (1994).

Let (X,B) be a measurable space. Let V1, V2, . . .
i.i.d.∼ Beta(1,M) be independent of

X1, X2, . . . ,
i.i.d.∼ F0 and define ω1 = V1 and ωi = Vi

∏i−1
j=1(1 − Vj) for i ≥ 2. Then for

any B ∈ B

G(B)
a.s.
=

∞∑
i=1

ωiδXi(B) (1.1)

where δx(·) stands for the probability measure degenerate at x and δ is the dirac

measure at point mass X and G is a Dirichlet process with total mass M and base

measure F0, G ∼ DP (M,F0).

The proportions Vi are sequentially broken from the remaining length
∏i−1

j=1(1 − Vj)

of a unit length stick. If i increases, these weights stochastically decrease, since

smaller fractions of sticks remain, and so only a small number of the infinite number

of weights have appreciable value. A common approach is to use G ∼ DP (M,F0)

as the mixing distribution with a kernel function as we will discuss later in the DP

mixtures models.

The so called stick-breaking representation of the DP, given by equation (1.1),

was proved by Sethuraman (1994), even if its basis were already contained in the

work of Rolin (1993) see e.g. Müller and Quintana (2004) and before, MacCloskey

(1965); see e.g. Pitman (1996).
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5

A different discrete representation of the DP was given by Ferguson (1973);

where, the weights are ordered in decreasing way, and have a Poisson-Dirichlet

distribution. Both constructions underline important aspects of the DP; however, the

stick-breaking representation appears simpler, and it is mathematically important for

the Pólya urn characterization of the DP. It is a crucial property in the construction

of dependent Dirichlet processes that we will describe later in this chapter, and is

the basis of our proposal in the thesis.

1.4 Mixtures of Dirichlet Processes

The Dirichlet process can be regarded as a particular case of a more general class

of processes introduced by Antoniak (1974). In fact, as remarked by Antoniak,

the Dirichlet process is not flexible enough for modeling some real problems, in

particular in the bio-assay field. This motivates the following extension. Follow his

formal definition.

Definition (Antoniak, 1974) Let (Θ,A) be a measurable space, let (U,B,H) be a

probability space, called the index space, and let α be a transition measure on U×A.

We say that G is a mixture of Dirichlet processes on (Θ,A) with mixing distribution

H on the index space (U × B) and transition measure α, if for all k = 1, . . . and

measurable partition A1, A2, . . . , Ak of Θ we have

P{G(A1) ≤ y1, . . . , G(Ak) ≤ yk} =

∫
U

D(y1, . . . , yk | α(u,A1), . . . , α(u,Ak))dH(u)

where D(θ1, . . . , θk | α1, . . . , αk) denotes a Dirichlet distribution function with param-

eters (α1, . . . , αk).

Roughly speaking, we say that G is a mixture of Dirichlet processes, with mixing
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distribution H and transition measure α, if:

G | U ∼ DP (α(· | u)) (1.2)

U ∼ H.

We will write G ∼
∫
DP (α(· | u))dH(u). Antoniak (1974) proved that mixtures of

Dirichlet processes, properties analogous to those of the Dirichlet process hold. In

particular, a mixture of Dirichlet processes is discrete almost surely. The coniugacy

property of the Dirichlet process still holds for mixtures of the Dirichlet processes.

Furthermore, a mixture of Dirichlet processes has a stick-breaking representation.

Antoniak (1974) elaborated one of the first empirical applications of the mixtures

of the Dirichlet processes and he noted that the extension to mixtures of DPs is

necessary in many applications, especially for bio-assay problems.

1.5 Applications and developments: Bayesian non-

parametric inference for partial exchangeable data

In the previous sections, we briefly reviewed the basic definitions of the DP and of

mixture of DPs. The first applications of these processes in Bayesian statistics were

focused on Bayesian nonparametric inference for exchangeable data. However,

more complex structure of dependence are involved in many applications. The

study of nonparametric inference for dependent data is indicated by the general

aim of this work. Therefore, we present here some developments for dependent

data, starting from the case of partial exchangeability.

Cifarelli and Regazzini (1978) introduced dependence across related random

measures, defining a mixture of products of Dirichlet processes prior. Intuitively,

this is a first version of dependent Dirichlet processes, in the sense that there is

one more level of dependence across random probability measures. This is a bril-
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liant intuition of the use of one more level of dependence in the mixture of Dirichlet

processes defined by Antoniak (1974). In the next sections and chapters, we will

use a more general construction of dependent Dirichlet processes, introduced by

MacEachern (1999; 2001). There is a strong difference between these two defi-

nitions: the mixture of products of the Dirichlet processes is based on the partial

exchangeability assumption and mathematically it is based on the mixture of Dirich-

let processes defined by Antoniak (1974). In the next chapters we will use the

exchangeability assumption and the dependence is introduced on the DP mixture

model. We will discuss in more details in the next sections of this chapter about the

structural differences between these two strong inferential constructions.

Let (G1, . . . , Gk) a vector of random probability measures. The problem consid-

ered by Cifarelli and Regazzini (1978) is to construct a prior for the random vector,

such that the Gi are dependent. Informally, they assume that, conditionally on a

vector of random variables (U1, . . . , Uk), the Gi are independent, with Gi having a

Dirichlet process prior, indexed by Ui. That is, G1, . . . , Gk | U1 = u1, . . . , Uk = uk ∼∏k
i=1DP (α(·;ui)); and (U1, . . . , Uk) ∼ φ. More formally, the vector (G1, G2, . . . , Gk)

is a mixture of products of Dirichlet processes if

P{
k∧
i=1

mi−1∧
j=1

(Gi(Bij) ≤ yij)} =

∫
<k

k∏
i=1

D(yi,1 . . . , yi,mi−1 | αi(Bi,1, ui), . . . αi(Bi,mi ;ui))dϕ(u)

where P is the measure of probability on the space
∏k

1[0, 1]B,
∏k

1 BFB, (Bi,1 . . . , Bi,mi)

for i = 1, . . . , k the generic measurable partition of < and ϕ(u) is the cumulative dis-

tribution function of the random variable (U1, . . . , Uk) = U.

Mixtures of products of Dirichlet processes have been used for partially ex-

changeable data in many applications. Cifarelli (1979) applied them in Bayesian
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nonparametric analysis of variance (ANOVA). Cifarelli, Muliere and Scarsini (1981)

gave an application in Bayesian nonparametric linear regression. Muliere and Scarsini

(1983) illustrated two-way ANOVA through mixtures of products of Dirichlet pro-

cesses.

Partial exchangeability is the first natural extension of exchangeability, introduc-

ing a more structured dependence assumption in Bayesian inference. In a non-

parametric framework, problems with partially exchangeable observations are thus

the basic examples where the need of dependent nonparametric priors arises. Mix-

tures of products of DPs are a first proposal to address this issue, and ANOVA an

important class of problems where they show to be usefully applied. As it is well

known, ANOVA is a special case of the linear regression model and it is indirectly

connected to autoregressive models that we will develop in the next chapters.

In principle, partial exchangeability summarizes jointly homogeneity within clus-

ters and heterogeneity between clusters of the population. ANOVA problems are

a classical example of partially exchangeable data. Lindley (1970 and 1971) stud-

ied Bayesian inference for ANOVA problems, using informative and noninformative

priors in the linear model.

In a nonparametric approach, one wants to avoid parametric assumptions on the

unknown distributions for the different groups. Cifarelli (1979) developed a Bayesian

nonparametric ANOVA model using dependent Dirichlet processes.

The idea is sampling within clusters using Dirichlet processes and introducing

dependence across clusters through the dependence among the random group-

specific distributions expressed in the prior. Thus, a mixture of products of Dirichlet

processes on the random vector (G1, . . . , Gk), where Gi is the random distribution

corresponding to group i, i = 1, . . . , k, is a natural choice. Let U be a random

variable with absolutely continuous distribution function, U ∼ H(·). Then the prior

is expressed hierarchically as

1. G1 | u ∼ DP (α1(·, u)), G2 | u ∼ DP (α2(·, u)). . . Gk | u ∼ DP (αk(·, u)), where
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G1, G2 . . . Gk are independent given u;

2. (G1, G2, . . . , Gk) ∼
∫
µ(G1, G2, . . . Gk | u)dH(u) =∫

DP (α1(· | U)DP (α2(· | u)) . . . DP (αk(· | u)dH(u).

Observe that G1, G2 . . . , Gk are defined as Dirichlet processes and they are in-

dependent given u. In the second stage, the integral is an analytical consequence

of the partial exchangeability assumption. As mentioned before, this prior con-

struction represents the first application of the dependence across DP distributed

random probability measures. These steps are the essential elements of the mix-

ture of products of DPs prior. They are based on Ferguson definition for the DP,

which is used as the de Finetti measure for the exchangeable observations within a

cluster (roughly speaking, it models the variance within clusters), and the mixture of

DPs of Antoniak (1974), which models the variance between clusters in the ANOVA

scheme. Again, the mixture of products of DP’s for the analysis of the variance

represents a first example of dependent DPs.

If the DPs in the above model are centered on a Gaussian distribution, Cifarelli

(1979) calculated the predictive distribution function. Denoting by Y1, Y2 . . . Yk the

results of the future observation for each of the k groups:

P{Y1 ≤ y1, Y2 ≤ y2 . . . Yk ≤ yk | x1,x2 . . .xk} =

=

∫
<k

k∏
i=1

{ α(<)

α(<) + ni
φ(
yi − ui
σA

) +
ni

α(<) + ni
Fi,ni(yi)}ϕ(k)(u | x1,x2 . . . ,xk)du1du2 . . . duk

where for each group we have a weighted mean of the prior and the empirical

cumulative distribution functions. Specifically, φ(yi−ui
σA

) is the standardized normal

cdf; the random cumulative distribution functions, Fi,ni, are selected by the mixture

of products of DPs and are not independent in probability. The weights, α(ui,<) =

α(<) are proportional to the subjective prior and it is completly arbitrary. If the
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elements of the vector, (U1, U2, . . . , Uk), are normal distributed and exchangeables,

but not independent, then the final distribution is ϕ(k)(u | x1,x2 . . . ,xk).

The generic marginal distribution is

P{Yi ≤ y | x1,x2 . . . ,xk} =
α(<)

α(<) + ni
φ(

y − ti√
σ2
i + σ2

A

) +
ni

α(<) + ni
Fi,ni(y) (1.3)

in equation (1.3) we have the mixture of normal cdf centered on the mean ti and

divided by the variance (σ2
i + σ2

A) and the empirical cdf. Note that the cdf depends

from the whole observations x1,x2 . . . ,xk and not only from the i-th population,

this is a consequence of the exchangeability assumption on the subgroups of the

population (U1, U2, . . . , Uk). Observe that Bayesian estimations do not depend from

the single variances σ2
A and σ2

B, but they tend to x̄ if σ2
A

σ2
B
→ 0. Moreover ti is the

weighted average among the mean of distinct observations of i-th population, x̄i and

the general mean x̄. These results are similar to Lindley (1971) when the groups of

the population tend to be homogenous and the hypothesis of partial exchangeability

tends to be close to the exchangeability assumption. Technically, Cifarelli (1979)

obtained distinct observations ri ≤ ni instead of ni and the mean of the clusters

is for distinct observations x̄i. If α(<) → +∞ then ri → ni and only this specific

case Cifarelli’s Bayesian estimators are equal to Lindley’s results. In addition, if the

cdf (F1, F2, . . . , Fk) are normal distributed, then nonparametric model corresponds

to the parametric model defined by Lindley (1971).

1.5.1 Bayesian Nonparametric Linear Model

ANOVA and, more generally, regression models are examples that require one more

level of dependence in the prior for Bayesian nonparametric inference. ANOVA is an

example of symmetric dependence: it describes a relationship across the groups of

a population. Linear regression is an example of asymmetric dependence: the out-

comes depend on explanatory variables. We illustrate an application of the mixture
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of products of Dirichlet processes prior to Bayesian nonparametric regression. Let

(X1, X2, . . . , Xk, Y ) be a (k + 1)-dimensional random vector and (xi1, xi2, . . . , xik, yi)

n observations for i = 1, 2, . . . , n.

Consider the multivariate linear regression model

Y = Xβ + ε (1.4)

where Y is the (n × 1) vector of outcomes, X is the (n × k) design matrix, β is the

(k × 1) vector of parameters and ε the (n× 1) vector of errors.

In classical analysis, the ordinary least squares (OLS) estimator is given by β̂ =

(X′X)−1X′Y, which corresponds to the maximum likelihood estimator, if the errors

vector is normally distributed. Stein (1962) proposed a ridge estimator which is a

Bayesian estimator. Lindley (1962) provided an interpretation of this estimator in a

Bayesian hierarchical model.

Cifarelli, Muliere and Scarsini (1981) described a Bayesian nonparametric esti-

mator for a multivariate linear model, assuming partial exchangeability. Model (1.4)

can be written as the following equations:

y1 = 1n1x
′
1β + ε1

y2 = 1n2x
′
2β + ε2

...
...

...
...

yk = 1nkx
′
kβ + εk

The cumulative distribution functions, F1, F2, . . . Fk, and the vectors y1,y2, . . . ,yk
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are mutually independent. The joint cumulative distribution function is:

P (y1 ≤ ξ1, . . . ,yk ≤ ξk | X,β, F1, F2, . . . , Fk) =

n1∏
j=1

F1(ξ1,j)

n2∏
j=1

F2(ξ2,j) . . .

nk∏
j=1

Fk(ξk,j)

The cumulative distribution functions F1, F2, . . . Fk are random and and they are

given a mixture of products of Dirichlet processes prior. Namely, given xi and β, the

cumulative distribution function Fi is a Dirichlet processes with parameter αi(xiβ, ·)

and F1, F2, . . . , Fk | X,β ∼
∏k

i=1 Di = DP (αi(·; xiβ), where

αi(xi,β, ξ) = α(<)φ(
ξ − x′iβ

σi
)

where φ is the cumulative distribution function of a standardized normal distribution.

The cumulative distribution function for the vector β, ϕ(β), is such that

F1, F2, . . . , Fk | X ∼
∫ k∏

i=1

Didϕ(β). (1.5)

In equation (1.5), the integral is with respect to a cumulative distribution function.

Later in this chapter, we will consider Dirichlet process mixtures, where one has a

distribution instead of a product of DPs inside the integral, and the integration will

be with respect to a random probability measure.

The prior distribution for the parameter β is chosen as the conjugate prior for the

Gaussian base measure of the DP:

β ∼ N(1β0, σ
2
βIp), σ2

β > 0.
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For the conjugacy property, one finds the following posterior density for β:

ϕ(p)(β | β0σ
2
β,y1, . . .yk,x1,xk) ∝

k∏
i=1

ri∏
j=1

φ′(
yij − x′iβ

σi
)ϕ(p)(β | β0, σ

2
β) ∝

e−
1
2

(ỹ−x̃β)′Σ−1(ỹ−x̃β)+(β−1β0)′(β−1β0)σ−2
β

where ri is the number of distinct observations in (Yi1, Yi2, . . . , Yini), ỹ is the vector

of distinct elements of y and it is the same for the design matrix X̃.

Σ is a blocked matrix such that Σi = σ2
i Iri for i = 1, 2, . . . , k and r =

∑k
i=1 ri,Σ1

. . . Σk

.

Therefore, the posterior distribution for the vector of the parameters β is normal and

the mean and the variance are respectively equal to b and V, where

b = E(b | β0, σ
2
β,y1, . . . ,yk,x1, . . . ,xk) = (X̃ ′Σ−1X̃ + σ−2

β Ip)
−1(X̃ ′Σ−1X̃β̂ + σ−2

β 1β0)

where β̂ = (X̃ ′Σ−1X̃)−1X̃ ′Σ−1ỹ and the covariance matrix is

V = Cov(β | β0, σ
2
β,y1, . . . ,yk,x1, . . . ,xk) = (X̃ ′Σ−1X̃ + σ−2

β Ip)
−1.

The Bayesian estimate of β is equal to the weighted average of the least square

estimation b̂ and the expected value of the initial distribution, 1β0.

If σ−2
β → 0 the initial distribution of β is the Jeffreys prior and in this case the poste-

rior distribution is equal to the ordinary least squares (OLS) estimator: b = β̂ and

V = (X̃ ′Σ−1X̃)−1.

If β0 is unknown, there are distinct observations, r1, r2, . . . , rk, and not the sample
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size n1, n2, . . . , nk. The estimation of β0 does not depend apparently from α(<),

which is the initial weight for different normal distributions. In addition, α(<) influ-

ences the number of distinct observations for each class: if α(<) → +∞, than

ri → ni almost surely and in this case these estimations are equal to Korwar

and Hollander’s results. However Cifarelli, Muliere and Scarsini (1981) choose

(F1, F2, . . . Fk) such that the normal distributions and the nonparametric model are

confused in Korwar and Hollander’s parametric model.

Indeed, the predictive distribution function is similar to Cifarelli result.

Let Y1, Y2, . . . , Yk be the results for k future observations in each of the k classes

(or groups): one future observation for each class. The corresponding cumulative

distribution function is:

ψ(y1, y2, . . . , yk) = Pr(Y1 ≤ y1, Y2 ≤ y2, . . . , Yk ≤ yk | y1, . . . ,yk,x1, . . . ,xk).

So the linear equation is

ψ(y1, y2, . . . , yk) =

∫
<p

k∏
i=1

[
α(<)

α(<) + ni
φ(
yi − x′iβ

σi
) +

ni
α(<) + ni

F̂i,ni(yi)]ϕ
(p)(β | ·)

where F̂i,ni(yi) is the empirical cumulative distribution function computed on the

observations of i − th class yi1, yi2, . . . , yini and ϕ(p) is one of the final distributions

for β.

Suppose that

ψ(p)(β | ·) = (2π)−p/2 | V |−1/2 e−
1
2

(β−b)′V −1(β−b)
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where the general p-th conditional posterior distribution for β

b = (X̃ ′Σ−1X̃ + σ−2
β I)−1(X̃ ′Σ−1X̃β̃ + σ−2

β Iβ0)

V = (X̃ ′Σ−1X̃ + σ−2
β I)−1

The predictive cumulative distribution function for the marginal Yi is

ψi(y) =
α(<)

α(<) + ni

∫
<p
φ(
y − xiβ

σi
)ϕ(p)(β | ·)dβ +

ni
α(<) + ni

F̂i,ni(y)

so

ψi(y) =
α(<)

α(<) + ni
φ(
y − xiβ

σ∗i
) +

ni
α(<) + ni

F̂i,ni(y)

where

σ2∗
i = σ2

i (1− x′i(xix
′
i + σ2

iV
−1)−1xi)

−1 = σ2
i + x′iVxi (1.6)

Muliere and Scarisini (1983) considered a Bayesian linear parametric model that

under some conditions correspond to this nonparametric construction that we re-

viewed in this section.

1.6 Dirichlet Process Mixtures

The discretness of the DP and of mixtures of DPs may be a drawback in inference

for continuous data. We present here a further development given by Dirichlet Pro-

cess mixtures, from the beginning untill recent papers. We will intend the central

role of DP mixtures for the developments of the next chapters. The essential stuc-

ture of the DP mixture model is described as follows.
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1. Xi | G
iid∼
∫
f(xi | θ)dG(θ) for i = 1, 2, . . .

2. G ∼ DP (α) where α = MG0

Note the difference with Antoniak definition of mixtures of Dirichlet processes. Here,

the conditional density of the data is a mixture of kernels f(x | θ), and the mixing

distribution is a DP.

Ferguson (1983) studied DP mixtures of Gaussian distributions for Bayesian density

estimation. We report briefly his results as first example of DP mixture models.

Let f(x) be the mixture:

f(x) =
∞∑
i=1

pih(x | µ∗i , σ2∗
i ) (1.7)

where h(x | µ∗i , σ2∗
i ) denotes the density of normal distribution N(µ∗i , σ

2∗
i ) with mean

µ∗i and variance σ2∗. To obtain identifiability it is possible to rewrite equation (1.7) in

terms of

f(x) =

∫
h(x | µ, σ)dG(µ, σ2) (1.8)

where G is the probability measure on {(µ∗, σ2∗) : σ2∗ > 0} that gives point masses

pi at atoms (µ∗i , σ
∗
i ). Ferguson (1983) chose the prior distribution for the hyperpa-

rameters (p1, p2, . . . , µ1, µ2, . . . , σ
2
1, σ

2
2 . . .) such that the distribution function, G, is a

Dirichlet process with base measure α = MG0. Indeed, if G ∼ DP (α,G0), by the

stick-breaking representation, presented in equation (1.1), G is almost surely equal

to G =
∑∞

i=1 piδ(µ∗i ,σ
2∗
i ), where the atoms (µ∗i , σ

2∗
i ) are i.i.d. according to G0, and

the weights (pi) have a stick-breaking prior with parameter α, independently on the

(µi, σ
2
i ). Therefore, the mixture in equation (1.8) reduces to the countable mixture

1.7, with these priors on the weights and components parameters. Ferguson sug-

gested to choose G0 = E(G), as the conjugate prior for (µ, σ2), i.e. Normal-Gamma

distribution. The model can be equivalently reformulated as
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1. Xi
ind∼ h(x | θi), where θi = (µi, σ

2
i ) for i = 1, 2, . . . n

2. θi | G
iid∼ G and

3. G ∼ DP (αG0).

It can be shown that, given (X1, X2, . . . , Xn), the posterior distribution of G is a

mixture of Dirichlet processes in the sense of Antoniak, as we discussed in the third

section of this chapter:

G | X1, . . . , Xn ∼
∫
. . .

∫
DP (α +

n∑
i=1

δθi)dH(θ1, θ2, . . . , θn | X1, X2, . . . , Xn)

Ferguson (1983) suggested to use the normal distribution as kernel function in the

mixture model, and DP as mixing distribution. Lo (1984) described a general con-

tinous kernel function K(·, ·); the case of Gaussian kernel studied by Ferguson

(1983) is thus a special case. However, Lo (1984) analyzed the choice of the

kernel function, which defines the model. In his mathematical description, there

are all the elements of the DP mixture model that we summarized briefly at the

beginning of this section. Indeed, Lo (1984) defined the conditional distribution

f(x | G) =
∫
<K(x, u)G(du), x ∈ X, u ∈ <, where f(· | G) is a density function by

virtue Fubini‘s theorem. Observe that this property will be used in the third Chapter

for two latent variables in our proposal. The other important property is the marginal

density of x,
∫

Θ
f(x | G)Pα, for each x ∈ X, is equal to

∫
<K(x, u)(α(du)/α(<)),

that we will use for inference in the next chapters. Lo (1984) and independently

Kuo(1980) and Ghorai and Rubin (1982) investigated also the conditional expected

value given the observations for f(x | G), which is the core of Bayesian applied

inference.

While theoretically interesting for Bayesian density estimation and many other non-

parametric problems, inference for DP mixture is analytically complicated, and its

application was initially limited to problems with fairly small sample size. The use
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of Markov Chain Monte Carlo (MCMC) simulation techniques in the 90‘s gave great

impulse to the application of Bayesian nonparametric procedures. West (1993) tried

to extend the DP mixture schemes for different kind of kernel functions in dynamic

models. He also discussed the opportunity to evaluate the approximation of the

posterior for the DP mixtures using Monte Carlo methods. Escobar (1994) and Es-

cobar and West (1995) suggested a Gibbs sampling to simulate from the posterior

distribution in DP mixtures of Gaussians. A more efficient Gibbs sampler algorithm

was proposed by Müller and MacEachern (1998) who also extended DP mixtures

to non-conjugate base measures.

1.7 Dependence across a Collection of Random Prob-

ability Measures

In the previous sections, we discussed dependence through random probability

measures, and the different roles played by the Dirichlet process. Here we review

two other possible constructions of dependent random measures. We illustrate the

dependence for a collection of random probability measures. The following two sec-

tions represent the connections between the results that we described briefly in the

previous sections and more recent research literature, which will be the basis for

the structure of the next chapters. We will focus on the definition of the dependent

Dirichlet process (DDP), which is the starting point for our research, and the ANOVA

DDP, that we will extend for modeling time series.

1.7.1 Dependent Dirichlet Process: definition and main proper-

ties

In the previous review of nonparametric priors, we considered only one random

probability measure, which is, in the basic case, a Dirichlet process. We introduce
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a collection of random probability measures, such that, marginally, each element

is a Dirichlet process. MacEachern (1999, 2001) defined as dependent Dirich-

let process, (DDP), underlying the relevance of the dependence between random

probability measures. For the definition of DDPs, there are two basic results: the

stick-breaking representation of the DP and the mixture of Dirichlet processes. The

dependent Dirichlet process is based on the exchangeability assumption on the

data. As we discussed in the previous section, Cifarelli and Regazzini (1978) pro-

posed a DDP prior assuming partial exchangeability.

Mathematically, the dependent Dirichlet process is a prior probability law for a col-

lection of random probability measures, {Gy}, such that each Gy is marginally a

Dirichlet process. Let G be a random distribution function, Gy ∼ DP (M,G0
y), where

M is the total mass parameter and G0
y the base measure. By Sethuraman’s repre-

sentation it is possible to write down G as: Gy =
∑∞

h=1 ωhδθh(y) where
∑∞

h=1 ωh = 1.

The Dirichlet process places a prior on the space of distribution functions by cre-

ating a distribution on θh and ωh. Such distribution is governed by the parameter

of the DP, α, which is the measure absolutely continous with respect to Lebesgue

measure. The total mass of the measure α is denoted by M and the shape of α

is described by the probability measure or the corresponding distribution function

G0(·) = α(·)/M .

The important assumptions for the DDP are:

1. θh and ωh are mutually independent;

2. θh are independent and identically distributed as G0.

There are three kind of different and alternative possible frameworks for depen-

dent prior models. The dependence across the collection of random probability

measures can be chacterized as follows. The simplest case of the DDP model is

the single-p DDP, which has common weights, ωh and dependent locations, θh(y).

The dependence of the random probability measures is modeled only on the loca-
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tions, it means that across the random probability measures can be inserted de-

pendence. The stick-breaking representation of this process is Gy =
∑∞

h=1 ωhδθh(y).

An other form of dependence is the varying weights DDP, note that the locations

are common and dependent weights, ωh(y), it means that on the weights we add

one more level of dependence. In this case the stick-breaking representation is

Gy =
∑∞

h=1 ωh(y)δθh, so the weights are varying with the variable y. The last con-

struction introduces dependence on the weights, ωh(y) and jointly on the locations,

θh(y). This last framework for the DDP is less flexible to respect to the other pro-

posals, for the high level of dependence. Indeed, the weights and the locations are

varying with y, which are modeled as jointly functions of y. For many applications

of the DDP are used the single-p DDP or the varying weights DDP for flexibility and

parsimony of the number of parameters involved in the model and the capacity of

describing dependence. We will use the varying locations and varying weights in

Chapter 4 for an application to a real dataset. Gelfand et al. (2005) illustrated that

the varying weights and varying locations DDP can be seen as a ‘limited‘ Gaussian

process for spatial data. They proposed a nonstationary and neither Gaussian spa-

tial Dirichlet process mixture model such that the varying weights and the varying

locations DDP is a Gaussian process, but the stationary property has to be guaran-

teed.

Here we just mention one of the limits of the three DDP models is to establish the

number of finite mixtures in the stick-breaking representation. Muliere and Tardella

(1998) proposed a method for approximating the distributions also Ishwaran and

Zarepour (2002) advanced a different solution. However, we will illustrate more

details of this aspect in the next chapters.

Some of the main properties of the DDP, which can be used in the next chapters,

has been introduced by MacEachern (1999).

1. The prior distribution on Gy1 , Gy2 , . . . , Gyd has full support, provided by the

stochastic process θy is rich enough.
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2. The DDP models are amenable to simulation based fits.

3. The marginal distribution, Gy follows a well-known distribution. In fact, Gy ∼

DP (My, G
0
y) for each y ∈ Y.

4. The distributions Gy are continous in y. This feature is what produces distri-

butions that evolve as the covariate changes. It can be obtained by working

with stochastic processes which produce continous paths for θy and ωy.

Gy1 and Gy2 tend toward independent distributions as y1 and y2 become more

distant. To accomplish this, we need θy1 to tend toward independence from θy2

and also Vy1 to tend toward independence from Vy2. This can be accomplished

by writing stochastic processes which yield the decay toward independence.

5. In addition, a spectrum of inference can be captured, ranging from nearly

parametric inference (take My nearly ∞ for all values of y) to inference that

relies on a single nonparametric distribution (take the stochastic process θy for

which θiy = θh for all y) to inference that shows a strong dependence between

distributions with nearby y (take slowly varying stochastic processes for θy

and/or Vy) to inference that encourages quick changes in the distributions as

y changes (take θy that change quickly in y).

The dependent Dirichlet process is useful for generalized linear models and can be

also rewritten in terms of a Bayesian hierarchical model, which is an other inferential

aspect for more levels of dependence. In particular, the single-p DDP has easy

implementation in a Gibbs sampler algorithm.

The dependence of the DDP can be modeled as a linear regressive model. Let

Yi = Xiβ+ εi for i = 1, 2, . . . , n be the linear regression and the errors are Gaussian

distributed, εi ∼ N(0, σ2). MacEachern (2001) suggested to replace the random

sample of normal variables by a sample of independent variables, i.e. εi ∼ Fyi for

i = 1, 2, . . . , n. The approximated continuity of the outcome can be adjusted by an

additional hierarchical level and the distribution of the outcome is smoothed.
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An other possible application of the DDP for linear models is the distribution of

the errors as xiβ. The residuals correspond to a sample of independent variables,

where εi ∼ Fxiβ. In this second proposal for linear models, there is a reduction of

the dimension of the space.

1.7.2 ANOVA and Dependent Dirichlet Process prior

One of the most popular variations of dependent prior model is the dependent

Dirichlet process for analysis of variance, briefly, ANOVA DDP. De Iorio et al. (2004)

proposed a model to describe dependence across random probability measures

in an analysis of variance (ANOVA)-type fashion. They defined a probability model

such that marginally the random probability measures follow a Dirichlet process and

the dependent Dirichlet process describes the dependence across the related ran-

dom probability measures.

Here, we introduce more details of this model, which is one of the starting point for

the methodological aspects that we will present in the next chapters.

Let Fy be a random distribution for a p-dimensional vector y = (y1, y2 . . . , yp) of

categorical covariates. De Iorio et al. (2004) defined the model for Fy such that

marginally to respect y the random distribution Fy is defined on the class F =

{Fy, y ∈ Y} and Gy is a Dirichlet process, Gy ∼ DP (M,G0
y) with total mass pa-

rameter M and base measure G0
y. The dependence across y is defined by the de-

pendent Dirichlet process (MacEachern, 1999, 2001) mathematically this is (Gy, y ∈

Y) ∼ DDP (M,G0
y). The random measure Gy has the first property of a DP, being

almost surely discrete with point masses generated marginally from the base mea-

sure G0
y. The choice of a DDP prior means that there is dependence across y in

the distributions of these point masses. The ANOVA model describes dependence

through the trajectories for the point masses 1. This model is based on DP prior

1Note that we indicate as ‘trajectories for the point masses‘ and not the ‘trajectories of the point
masses‘, this small difference means that we study the dependence across the random probability
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distribution and the DP, under these assumptions, is a probability model for random

probability measures. The random measure Gy ∼ DP (M,G0
y) is discrete a. s. and

can be represented as a stick-breaking. In particular, the random probability mea-

sure, Gy, is Gy =
∑∞

h=1 ωhδθh(y), where ωh are common weights for the point masses

and θh(y) the locations, which are the dependent prior model defined as single-p

DDP prior. The usual prior distribution for the weights is a rescaled Beta distribution

ωh/
∏h−1

i=1 (1−ωi) ∼ Beta(1,M) and the locations θh are independent and identically

distributed samples from the base measure G0. However, in a lot of data analysis

applications the discreteness of DP is inappropriate. A solution is the DP mixture

models involving a continous kernel convolution. The DP mixture model is:

yi
iid∼ H, with H(y) =

∫
f(y | µ)dGy(µ),

Gy ∼ DP (M,G0
y)

One of the most used continous kernel functions is the normal distribution for the

conjugacy property:

f(y | µ) = N(µ, σ2)

where µ and σ2 are the average and the variance, respectively. Moreover, the func-

tion H(y) leads a mixture of normals H(y) =
∑∞

h=1 ωhN(µh, σ
2). Note the method-

ological difference of this proposal and Cifarelli’s ANOVA DDP based on the mixture

of the products of Dirichlet processes. In particular, the role of the base measures

G: in the previous work the vector of the base measures were used as products of

Dirichlet processes. Here we have G as mixing distribution. In this proposal there

is the exchangeability assumption and it is an other important difference to respect

measures, in other words, the point masses are represented by the trajectories. More details we will
show through the first plot in the next chapter.
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Cifarelli (1979) which used the partial exchangeability assumption. This is just an

application of the DP mixture. The statistical contribution is an explicit application of

one more level of dependence in the DDP framework. The DDP construction allows

different levels of dependence. MacEachern (2001) proposed a simple linear model

as dependent prior model. The advance of the ANOVA DDP is the dependence of

the dependent Dirichlet process under the exchangeability assumption. This is one

of the most evident differences with Cifarelli (1979).

However, the ANOVA DDP can be seen also in terms of DDP for linear regression

on a covariate y. MacEachern (1999) considered a family of random distributions

on the class F = (Fy, y ∈ Y) indexed by a covariate of y. The probability model for F

is marginally such that Gy =
∑
ωhδ(θyh) follows a DP. De Iorio et al. (2004) added y

on the point masses θyh to indicate dependent point masses in the random measure

Gy. In the basic DDP model the weights ωh are common for all the depending distri-

butions Fys held in the depending locations. The DDP model induces dependence

across y by assuming that θh = (θhy, y ∈ Y) are i.i.d. realizations of a stochastic

process in y. In addition, independence across h and stick-breaking representa-

tion for the weights ωh, garantees that Gy marginally follows a DP. Dependence in

the sample path of the stochastic process θh introduces the desidered dependence

across y. The DDP structure is the base for the ANOVA-like probability model over

an array of random probability measures. They assume on class F = (Fy, y ∈ Y)

an array of random distributions, indexed by categorical covariates y. In the next

chapter we will discuss about the limit of categorical covariates and we will illustrate

that it is possible to use continous variables for time series analysis.

1.8 Discussion

Recent statistical research is focused on complex problem sets such that known

inferential methods are not completly able to produce satisfactory results. More as-
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pects of the same problem can be described introducing dependence. The main

idea of the use of the dependence is to keep jointly more aspects of the same

phenomenon and share information. In Bayesian statistics simple priors can be as-

sumed for simple problems, but for more complex problems depending priors are

the methodological direction. In the last two sections, we underlined recent studies

and applications which involved a collection of random probability measures that

marginally have a DP prior. In addition, we illustrated the relevance of the DP mix-

ture model and its flexible form for our further applications. However, we discussed

the difference of theoretical developments of the beginning of 80’s and the computa-

tional revolution of 90’s. The aim of this chapter is a brief background of the principal

roles of the DP and an historical excursus of the inferential evolution of the Bayesian

nonparametric statistics. We reviewed here also recent statistical literature as the

DDP and the ANOVA DDP which are the basical knowledges for better understand-

ing the next chapters. Here we also clarified the substantial differences between

the mixture of DPs and the DP mixtures, which are the two fundamental types of in-

ferential methods proposed in 80’s and 90’s, respectively. The prediction is the core

of the difference. The mixture of DPs is based on the mixture of distinct random

probability measures, i.e. the ANOVA mixture of the product of DPs. Indeed, the

DP mixture, i.e. ANOVA DDP, is a collection of random probability measures such

that marginally is a DP and across the random probability measures there is depen-

dence modeled as an ANOVA. The ANOVA is not the only possible way to describe

dependence across depending prior models. In the next chapters we will illustrate

autoregressive models such that these are able to depict dependence across all the

three frameworks of DDP.
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Chapter 2

A Bayesian Nonparametric

Autoregressive Model

Abstract.

We propose a Bayesian nonparametric autoregression for a sequence (Yt, t ≥ 1).

We assume (Yt | Yt−1 = y) ∼ Fy for a family of random probability measures

F = {Fy; y ∈ Y }. We define a prior probability model for F using a dependent

Dirichlet process (DDP) prior. Specifically, we use common weights for Fy and

define the point masses as a function of y. We refer to the model as DDP-AR(1). We

illustrate the model and posterior computation using Old Faithful Geyser dataset.

2.1 Introduction

We present a nonparametric extension of autoregressive models in Bayesian anal-

ysis. Let (Yt, t ≥ 1) denote a time series of random variables. The standard autore-

gressive model with one lag, AR(1), for a stationary process assumes Yt | Yt−1 =

y ∼ N(αy;σ2). Instead, we introduce a flexible distribution Fy for Yt | Yt−1 = y. We

define a nonparametric prior probability measure on the class F = {Fy, y ∈ Y} in

such a way that, marginally, Fy is a mixture of Gaussian distributions: Fy | Gy ∼
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∫
N(0, σ2)dGy(θ). We assume a prior on {Gy, y ∈ Y } such that the random mea-

sure Gy follows a Dirichlet process (DP) prior, DP (M,G0
y) where M is the total

mass parameter and G0
y the base measure (Ferguson, 1973). We introduce depen-

dence across y, i.e. dependence for F = {Fy, y ∈ Y}, using the dependent Dirichlet

Process (DDP) as defined by MacEachern (1999, 2001). The random measures

Gy are almost surely discrete with the point masses generated marginally from the

base measure G0
y. The DDP introduces dependence across Gy by imposing de-

pendence in the distribution of these point masses. We use the DDP to define the

desidered nonparametric autoregressive model by assuming AR models for these

point masses. We use this DDP structure to develop an AR like probability model

over an array of random distributions. The DDP model provides a convenient start-

ing point for the discussion. De Iorio et al. (2004) define an ANOVA DDP (as we

described in the previous chapter). They propose a model which describes depen-

dence across random distributions in an ANOVA fashion type. The ANOVA DDP

model requires discrete variables, but this limits the applicability of the model when

we wish to include continous variables for time series analysis. An extention in

these lines is given by De Iorio et al.(2009), who introduce a linear DDP for survival

analysis. The proposed nonparametric AR model can be seen as a special case of

the ANOVA when the linear model for each point mass is an autoregression on yt−1.

Our model is based on the Dirichlet process prior distribution (Ferguson, 1973;

Antoniak, 1974). The DP is a probability model for random probability distribu-

tions. It plays a central role in Bayesian nonparametric inference and it has been

successfully applied in many problems. Sethuraman (1994) gives a constructive

representation of the DP, showing that, if Gy ∼ DP (M,G0
y), then it can be a. s.

represented as Gy =
∑∞

h=1 ωhδθh(y). Here ωh for h ≥ 1 are common weights of the

point masses at locations θh(y), it means that the weights are costant to respect

the point masses. The weights are generated from rescaled Beta distributions,

ωh = Vh
∏h−1

j=1 (1 − Vj) ∼ Be(1,M), and the locations θh are i.i.d. samples from
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the base measure G0
y. We will use a single-p DDP structure (MacEachern, 1999;

2001) for our proposal, while in the fourth Chapter we will use variable weights

abandoning the stick breaking representation. Rodriguez and ter Horst (2008) use

the single-p DDP for time series analysis. They suppose discrete time, and model

the trajectories for the point masses, θh(y) as dynamic linear models. Caron et

al. (2006) consider a time-dependent version of DDPs. Griffin and Steel (2006)

introduce dependence across random permutations on the athoms. They propose

variable weights and a stationary process for the point masses; in particular, they

assume that the Vjs depend over time. Specifically, they define a sequence of times

τ1, τ2, . . . as a Poisson process. The size of V (t) increases at time τj by introducing

an extra variable 0 < V ∗j < 1. This process defines distributions that change in con-

tinous time. Griffin and Steel (2011) extended these results obtaining the ANOVA

DDP as special case. Other approaches that explicitly introduce covariate depen-

dence in the weights include kernal-stick breaking of Dunson and Park (2008), and

the probit-stick breaking of Chung and Dunson (2011). Additional references in

Hjort et al. (2010). An early development of dependent Dirichlet process, as we

discussed in the first Chapter, is in Cifarelli and Regazzini (1978), where the de-

pendence on the covariates is introduced as a regression in the base measure of

marginally Dirichlet process distributed random probability measures. Cruz-Marcelo

et al. (2010) review and compare some covariate-dependent models. For an ap-

proach via parametric mixtures of autoregressive models with common unknown

lag, see Wood et al. (2011).

This chapter is organized as follows. In Section 2.2, we describe our proposal

in more details. In Subsection , we develop posterior distributions for a simple

version of our model (Subsection 2.2.3, when the variance for the observations is

unknown); then we include a prior for the variance of Yt | Yt−1, and we calculate

the conditional posterior distributions of interest. In the last Subsection (2.2.4), we

compute the predictive distribution for our basic model and evaluate the relevance
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of the introduction of a proper prior for the variance. In Section 2.3, we illustrate

the model using the Old Faithful Geyser dataset (available in R software). We study

possible extensions of the basic DDP-AR(1) model: the efficiency of the parameters

for the trajectories for the point masses (Subsection 2.4.1). In Subsection 2.4.3,

we consider a univariate mixture for the trajectories for the point masses, which

is also an introduction for the next chapter. In Subsection 2.4.2, we extend the

model by allowing quadratic trajectories. In Section 2.5, we extend our model to the

multivariate case. We analyze different aspects linked to the covariance matrix. In

Section 2.6, we discuss about possible further extentions of our model.

2.2 DDP-AR(1)

We define an autoregressive model with lag one, AR(1), such that Yt | Yt−1 = y, Fy ∼

Fy(·). The model rises up the dependent Dirichlet process model, by defining a

dependent prior on the class F = {Fy; y ∈ Y} using a DDP prior with common

weights. Let (Gy, y ∈ Y) be a family of random probability measures in the space Y,

where

Gy =
∞∑
h=1

whδθh(y)

is a Dirichlet process. We use a DDP prior for (Gy, y ∈ Y), such that the point

masses θh(y) are trajectories indexed by y. As a starting point, we use the simplest

possible linear trajectories

θh(y) = βh + αhy with (βh, αh)
iid∼ G0 (2.1)

with βh ∼ N(mβ, σ
2
β) and αh ∼ N(mα, σ

2
α). This implicitely defines G0(θh(y), y ∈ <)

with marginal G0(θh(y)) = N(mβ + ymα, σ
2
β + y2σ2

α). In equation (2.1), we define tra-
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jectories across the point masses which describe functional dependence. Clearly,

for the discrete nature, a Dirichlet process cannot be used directly as a prior for the

unknown distribution of continous data, (Ferguson, 1983; Lo, 1984). We slightly

extend the basic model by including an additional residual in the likelihood. The

proposed model is for t ≥ 2

Yt | Yt−1 = y,Gy, σ
2 ∼ fy(Yt | Yt−1 = y,Gy, σ

2) =

∫
N(Yt; | µt, σ2) dGy(µt)

Gy ∼ DP (M,G0
y) (2.2)

In this first simple model, σ2 is known; in the next subsection, we extend to the case

of unknown variance, σ2. In equation (2.2) there is the core of our methodologiacal

contribution for this chapter and in some way this is the base for further develop-

ments of the next chapters. The contribution is the use of a single-p DDP prior in

a DP mixture formalization for time series analysis. This framework has structural

differences with i. e. the mixture of products of DP for Bayesian linear models

proposed by Muliere and Scarsini (1982), (that we reviewed in the first Chapter).

Firstly, we consider in equation (2.2) a mixture of parametric distributions instead of

a product of Dirichlet processes based on the partial exchangeability assumption.

Secondly, the mixing distribution is, marginally, a DP, instead of a mixture of DPs

and we assume exchangeability on the data.

Model (2.2) can be equivalently formulated as a hierarchical model:

Yt | Yt−1 = y, µt ∼ N(µt(y), σ2)

µt(y) | Gy ∼ Gy

(Gy, y ∈ Y ) ∼ DDP (M,G0
y) (2.3)
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where the DDP prior is defined as before. We obtain a flexible model for the condi-

tional density of Yt | Yt−1, given by the mixture of Gaussians (2.2), which resembles

traditional kernel density estimation, as in Lo (1984), who introduced the convo-

lution for continous kernel functions. In equation (2.3) we have replaced the mix-

ture
∫
N(yt | µt, σ2) dFy(µt) by a hierarchical model with a (new) latent process

(µt, t ≥ 1). For the implementation of posterior simulations we find it is convenient

to use an equivalent parametrization using the unique point masses θh and latent

indicators rt = h if µt = θh(y), following that

Yt | Yt−1 = y, rt = h, σ2, {(βh, αh)} ∼ N(βh + αhy;σ2)

p(rt = h) = ωh (αh, βh)
iid∼ G0 for h = 1, 2, . . . , H. (2.4)

For computational simplicity we introduce a further approximation using a finite mix-

ture

Gy(Yt) =
H∑
h=1

whδθh(y). (2.5)

We refer to equation (2.5) as the finite stick breaking approximation of Gy, denoted

by DPH . In particular, we have sticks, ωh, such that ωh = Vh
∏h−1

j=1 (1 − Vj), for

h = 1, . . . , H with prior Vh ∼ Be(1,M), h = 1, . . . , H − 1 and VH = 1,
∑H

h=1 ωh = 1

and marginally Gy ∼ DPH(M,G0
y). According to equation (2.3), we denote the joint

model as (Gy, y ∈ Y ) ∼ DDPH(M,G0
y). This is also the evolution of the hierararchi-

cal structure of the equation (2.3). In summary, we have

Yt | Yt−1 = y, rt = h ∼ N(βh + αhy, σ
2)

p(rt = h) = ωh

(βh, αh)
i.i.d.∼ G0(β, α) (2.6)
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As said here, we suppose that the variance of Yt | Yt−1 is fixed. The i.i.d. prior

on (βh, αh) and the stick-breaking prior for wh together define the DP prior, in this

case truncated as DPH . See Figure 2.1. Note that we propose modeling a se-

quence of continous outcomes by means of a countable mixture of regressions on

lagged terms. This approach differs from previous models for time series (such as

Rodriguez and ter Horst, 2008, or Caron et al., or Contreras-Cristan et al.). We

fix the number of mixtures and it is well distinguished also from random functionals

approximating distributions as in Muliere and Tardella (1998).

Figure 2.1: Stylized representation of the idea beyond the model. Red, pink and
blue colors are for the weights of the point masses. On the top of the lines we
have different point masses. We describe red, pink and blu curves with three dif-
ferent possible Dirichlet processes. The trajectories for the point masses are the
links between the probability distributions and represent autoregressive modeling
dependence across three Dirichlet processes.

2.2.1 Posterior Distributions

Having described our simplest model, we have all the elements to calculate the pos-

terior distributions. We refer to the hyperparameter space and we illustrate the joint

posterior distribution. References on MCMC algorithm for DP mixtures are Escobar
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and West (1995); MacEachern (1994), MacEachern and Bush (1996). MacEachern

and Müller (1996) for the efficiency of a MCMC and MacEachern and Muller (1998)

for the use of the Gibbs sampler algorithm in the case of non conjugate priors.

2.2.2 Bayesian Inference

Let ξ1 be the vector of hyperparameters for the model (2.4), given by

ξ1 = (r1, r2, .., rT , V1, V2, ..., VH−1, α1, α2, . . . , αH−1, β1, β2, . . . , βH−1). (2.7)

It is easy to compute the joint probability distribution

P (y, ξ1) =
T∏
t=1

p(Yt | rt, αh, βh)
T∏
t=1

p(rt | ξ \ {rt})

H∏
h=1

p(Vh | ξ \ {Vh})p(αh | ξ \ {αh})p(βh | ξ \ {βh}) =

=
T∏
t=2

N(Yt | βrt + αrtYt−1, σ
2)

T∏
t=1

ωrt

H∏
h=1

Be(Vh | 1,M)N(αh | mα, σα
2)N(βh | mβ, σβ

2). (2.8)

We approximate posterior inference using Markov Chain Monte Carlo simulation.

We provide the full conditional posterior distributions required for the Gibbs sam-

pler, which are easily computed from (2.8). We define transition probabilities by

generalizing from each of the complete conditional posterior distributions. In partic-

ular, let Qh = {t : rt = h} denote the subset of observations for h = 1, 2, . . . , H with

µt tied to θh(Yt−1). We find the following conditional posterior distributions:

αh : for h = 1, . . . , H. Let y∗t be equal (Yt − βh) for t = 1, 2, . . . , T . Then

p(αh | ξ \ {αh}) ∝ N(αh | mα, σ
2
α)
∏
t∈Qh

N(y∗t | αhYt−1, σ
2).
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Therefore, p(αh | ξ \ {αh}) ∝ N(αh | m1, V1), with

m1 = V1(σ−2
α mα + σ−2

∑
t∈Qh

Yt−1y
∗
t ) and V −1

1 = (σ−2
α + σ−2

∑
t∈Qh

Y 2
t−1)

where nh =| Qh | is the number of observations tied to θh(·).

βh: for h = 1, . . . , H. Suppose y∗∗t = (Yt − αhYt−1) for t = 1, 2, . . . , T , we have

p(βh | ξ \ {βh}) ∝ N(βh | mβ, σ
2
β)
∏
t∈Qh

N(y∗∗t | βh, σ2);

thus, p(βh | rt,Vh,αh) ∝ N(βh | m2, V2) with

m2 = V2(σ−2
β mβ + nhσ

−2 1

nh

∑
Qh

y∗∗t ) and V −1
2 = (σ−2

β + nhσ
−2)

Vh: for h = 1, . . . , H − 1. Let Sh = {t : rt > h} and, as before, Qh = {t : rt = h}

be the subsets for the stick breaking construction. From the joint posterior

distribution, we see that

p(Vh | ξ \ {Vh}) ∝ Be(1,M)
∏
t∈Sh

(1− Vh)
∏
t∈Qh

Vh = Be(1+ | Qh |,M+ | Sh |)

.

rt: for t = 1, . . . , T . The latent indicators rt for the mixture component are discrete

random variables with

p(rt | ξ \ {rt}) ∝ ω∗h

where ω∗h = ωhN(Yt | αhYt−1 + βh, σ
2) and rt ∈ {1...H}.

The Gibbs sampler approximation is illustrated in the next section with an applica-

tion to the Old Faithful Gayser dataset.
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2.2.3 Model with unknown observations variance

Computations in the previous section assume a known value for the variance σ2.

We remove this restriction, and describe the resulting inference. We assume an

Inverse Gamma prior distribution for σ2, σ−2 ∼ Ga(a, b). The parameter space is

ξ2 = (r1, r2, . . . , rT , V1, V2, . . . , VH−1, α1, α2, . . . , αH−1, β1, β2, . . . , βH−1, σ
2), (2.9)

and the previous equation (2.8) becames:

p(y, ξ2) =
T∏
t=1

p(Yt | rt, α, β, σ2)
T∏
t=1

p(rt | ξ \ {rt})
H∏
h=1

p(Vh)p(αh)p(βh)p(σ
−2) =

= p(σ−2)
T∏
t=1

N(Yt | βrt + αrtYt−1, σ
2)

T∏
t=1

ωrt

H∏
h=1

Be(Vh | 1,M)N(αh | mα, σα
2)

N(βh | mβ, σβ
2). (2.10)

The full conditional for σ2 is Inverse Gamma distributed, IG(A,B), where the shape

and rate are: A = (a+ 1
2
T ) and B = (b+ 1

2

∑T
t=1(Yt − βrt − αrtYt−1)2), respectively.

2.2.4 Predictive Distribution

In the previous subsection, we obtained the full conditional distributions that are

used in a Gibbs sampler from the posterior distribution of the parameters. There-

fore, we can compute the posterior predictive distribution, using a Monte Carlo

simulation. The total number of iterations is I and the estimator of the predictive

distribution for our model equal to

p(YT+1 | y) =
1

I

I∑
i=1

[
H∑
h=1

w
(i)
h N(· | α(i)

h y + β
(i)
h , σ

2)]
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This probability represents also a random probability function and if we plug in a

specific point it will be the average for the random posterior distributions and not the

average of posterior distributions and we have

1

I

I∑
i=1

[
H∑
h=1

w
(i)
h N(· | α(i)

h y + β
(i)
h , σ

2)] = E[fy | y] = f̄ (2.11)

In a Markov Chain Monte Carlo the chain gradually forgets the initial state and it

eventually converges (we have to check the convergence) to a unique stationary

distribution. Note that in equation (2.11) above we did not introduce yet the burn

in. This is the number of the initial iterations will be discarded. So the previous

equation will be rewritten as

1

I −R

I∑
i=R+1

[
H∑
h=1

w
(i)
h N(· | α(i)

h y + β
(i)
h , σ

2)] = E[fy | y] = f̄ (2.12)

where R is the burn in. Equation (2.12) is the ergodic average for our model. One

of the problems discussed in the literature is about the definition of the number of

iterations that we have to discard. Geyer (1992) suggests to take out from the total

number of iterations 1%, 2% of the initial iterations. We will explain more details

about our choice in the next section, when we will illustrate our Bayesian predictive

distributions applied to Old Faithful Gayser dataset. Note that Fy(·) is the posterior

mean of the autoregressive model for y corresponding to a first-lag response. Let

F̄y = E(Fy | data) denote the posterior expectation and f̄y(·) be the corresponding

probability density function. The posterior mean F̄y is easiest evaluated as posterior

predictive distribution as well as we illustrate in the application of the next sections.
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2.3 Example: Old Faithful Geyser Dataset

We illustrate posterior inference for the Old Faithful Geyser data, a popular dataset

for kernel density estimate and time series analysis. The dataset describes erup-

tions of the Old Faithful, which is a geyser in Yellowstone National Park, Wyoming

(USA). The Old Faithful Geyser dataset includes three variables: the date of the

gathering of statistical data, the duration of the current eruption expressed in min-

utes and the time between two succeding eruptions also expressed in minutes.

During October 1980, the data were collected by volonteers and provided by R.

Hutchinson et al.. The park services looked for a prediction of the next eruption of

this geyser, which is an attraction for tourists.

Weisberg (1980) employed this dataset for density estimation in a linear regression

model. Silverman (1986) selected 107 observations of the eruptions to illustrate

density estimation. Azzalini and Bowman (1990) conducted several analysis on this

dataset using 299 observations and adding one more variable for different times of

the day (morning, noon and evening). They illustrated several examples about ker-

nel density estimation and time series analysis, focusing on the asymmetric relation

of the duration of the eruptions and the time between eruptions.

We consider 272 observations and two variables: the duration of the eruption and

the waiting time among two succeding eruptions. This is the version of the dataset

given by Härdle (1991), available in R software. In addition, for the first following

applications we consider only the waiting time among succeding eruptions, yt.

The waiting time variable, yt−1,for t = 2, . . . , 272 is the lagged response, which is the

covariate. The number of observations for yt−1 is 271 and we add as first observa-

tion the mean of yt . In Figure 2.2, we show a scatter plot labelling x-axes as yt−1

and y-axes yt, respectively. We distinguish three clusters, which are three possible

subsets to respect x-axes. These three intervals for yt are [45, 55], [60, 70], [75, 85].

Looking at this plot to respect y-axes, we note a different form of clouds of points.
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Figure 2.2: Old Faithful gayser data. We study Bayesian density estimations for
three distinguished subsets. Red lines describe yt−1 ∈ [45; 55]; blue lines are for
yt−1 ∈ [60; 70] and green lines define yt−1 ∈ [75; 85].

In particular, for the third subset in [75, 85], we have a bimodal cloud of points. We

have enough analitical elements to apply our models to this dataset. Specifically

we compute a blocked Gibbs sampler algorithm for the variable waiting time, Yt for

whole observations. We graphically compare posterior density distributions com-

puted on the three subsets for the first model that we illustrated in the Subsection

2.2.2 and the posterior distributions for the second model in the Subsection 2.2.3.

We recall the two models using the vector of hyperparameters. For the first model

we consider the parameters of the equation (2.7) and for the second model we refer

to equation (2.9). We focus on the relevance of the variance σ2. We evaluate if

the variance is useful for better fitting of the predictive distribution. We use a diag-

nostic proposed by Geweke (1992) to decide termination of the simulates Markov

chain. Geyser (1992) proposed a burn in equal to 1 or 2% of runs to guarantee

that the chain reaches the stationary. We fixed 200,000 iterations, burn in 100,000

and thinning 20, in accordance with Geweke, 1992. Therefore, the inspection of the

trace plots revealed slowly mixing, which is the dependence over the total number

of iterations. We augmented the total number of iterations, 450,000, the burn in
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is equal to 200,000 and thinning 50 obtaining a stationary chain and reaching the

convergence. For Bayesian predictive posterior distribution, we refer to the previ-

ous equation (2.12) (which is in the previous Section 2.2.4). Specifically, for the total

number of iterations I = 450, 000, burn in equal to R = 200, 000 and thinning equal

to 20, we used 5,000 samples of the MCMC output. However, we fixed the number

of sticks, H = 20 and the evaluation is on the intermediate point of each intervals

[45, 55] [60, 70] [75, 85] and these are y = 50, 65, 80, respectively

450,000∑
i=200,001

[
20∑
h=1

w
(i)
h N(. | α(i)

h y + β
(i)
h , σ

2)]

fixed variance σ2 is equal to 25 for the first hyperparameter space and random vari-

ance is Gamma distributed with location parameter equal to 2 and rate parameter

equal to 2, σ2 ∼ Inv − Ga(2, 2), i.e. E[σ2] = 2, E[1/σ2] = 1 and V ar[1/σ2] = 0.5,

which implies higher and more dispersed precision than in the case of fixed vari-

ance 1/25 = 0.04. In Figure 2.3, we illustrate a comparison between model 2.8 and

model 2.10. We assume that the variance σ2 is equal to 25 and we plot it using

kernel density estimate (otherwise this is a number and not a distribution) for the

unknown variance we suppose the Inverse-Gamma(2,10)-distributed prior distribu-

tion. We notice that there is not significant difference. Both of the distributions are

centered on the value 25.

One more detail is for the fixed thinning, we selected the values of αh, βh, and

ωh every 20 iterations, such that we have in the new step approximatively the same

predictive posterior distribution. In Figure 2.4, we compare posterior distributions

for two possible initial values for σ2 ∼ IG(2, 2) and σ2 ∼ IG(2, 10). We observe that

there is not a substantial difference and we can conclude that we can choose the

first model which is in equation (2.7).

In Figure 2.5, we illustrate Bayesian estimated posterior predictive distributions

for the values of y = 50, 65, 80 on a grid in [40, 100] similar to the real range,
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Figure 2.3: Comparison between fixed variance σ2 = 25 using a kernel density
estimation (dashed line) and unknown variance assuming prior distribution: σ2 ∼
IG(2, 10) (solid line).
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Figure 2.4: Posterior distribution of the variance σ2 of the normal components in
the nonparametric mixture, under an Inverse-Gamma(2,2), (black continous) and
an Inverse-Gamma(2,10) distributions (red dot-dashed).
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Figure 2.5: Bayesian density estimation, E(Fy(·) | y), for few selected values of
y = 50, 65, 80.

[43, 96]. We checked convergences and choosed the initial values using diagnos-

tics in CODA package for R software. For screaning and final decision of the initial

values we use Geweke’s diagnostics. Note that all these hyperparameters values

were fixed starting from sample values when available (the sample mean and vari-

ance of the data are 70.9 and 184.8, respectively), but a fairly massive robustness

analysis and MCMC performance were also conducted. For instance, we found that

when increasing the fixed Gaussian component variance to 50 or 100, the converge

diagnostics were worse. On the other hand, we assumed a higher prior mean for

σ2, i.e. Inverse-Gamma(2,10)-distributed and we found moderate differences on the

inferences; for instance, see Figure 2.4, where the corresponding distributions of σ2

are depicted.

In Figure 2.5, we illustrate a comparison of Bayesian predictive density estima-

tions. We observe that there is not a substantial difference if the variance of the

likelihood is fixed or random, in particular, when density estimation is y = 80: bi-

modal curves are still present, as in the kernel density estimation.

Graphical comparison of predictive distributions is not statistically enough. We

calculate also the mean square error and the minimum mean square error for nu-
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merical comparison. We evaluate which is the best of the two proposed models

for the three subsets. We propose the following table with the mean square er-

rors, MSE, and the minimum mean square errors, MMSE, for the first model that

we defined in equation (2.8) and for the second model in (2.10). We compare the

predictive distribution function illustrated in equation (2.11), imputed for the two hy-

perparameter spaces. We indicate one step ahead distribution for the first model

as f̄y(y) and f̄ 0
y (y) for the second proposed model. We apply the following formula

for the mean square error: E(
∫

[f̄y(y) − f̄ 0
y (y)]2dy, where the subindex y assumes

values 50, 65 or 80, respectively. For the minimum mean square error estimator,

we compute the variance over the integral: V ar(
∫

[f̄y(y)− f̄ 0
y (y)]2dy.

Model y MSE MMSE
2.8 50 0.01747147 0.0003798467
2.10 50 0.01740426 0.0003625283
2.8 65 0.01899085 0.0001826035
2.10 65 0.01899063 0.0001709452
2.8 80 0.01909110 8.773023e-05
2.10 80 0.01924572 9.8905e-05

Table 2.1: Comparison between two models - the first model has fixed variance,
σ2 = 25 and the second model σ2 is Inverse Gamma(2,10) distibuted.

In Table 2.1, the two models are quite similar. The minimum mean square error

suggests the second model, so the model with random variance σ2 for Yt | Yt−1.

We compare the two models for y = 50, 65, 80 on the two subsets and we introduce

one more prior on the first model which includes more information. In this specific

case, the choice of the fixed or random variance plays a marginal role due to the

framework of the simply initial model, which is able to fit the data, and also for the

differences showed in Figure 2.3 and Figure 2.4. Indeed, for a huge dataset the role

of the variance is crucial as well as the DNA-sequencing dataset that we discuss in

the next chapter.

In the previous methodological sections, we assumed a finite number of dependent

Dirichlet process priors which is related to the total mass parameter. In Bayesian
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Figure 2.6: Bayesian posterior density E(Fy(·) | y = 80) for 4 possible combinations
of the initial values for the total mass parameter, M and the number of sticks, H.

density estimations, we obeserved that the predictive density for y equal to 80 is

bimodal. This result has been useful for the final decision of the initial number of

sticks and for the trade off between the finite number of sticks (of the stick-breaking

representation) and the total mass parameter of DDP-prior model. For the choice

of the finite number of sticks, we analyze different possible combinations of ini-

tial values of the parameters. In Figure 2.6, we show Bayesian density estimate,

E(Fy(·) | y) fixing y equal to 80 and our best solutions considering the number of

sticks H equal to 1 or 10 and the total mass parameter M equal to 20 or 50, respec-

tively. We observe that all these combinations are able to describe the bimodality

of the Bayesian density and these differ from each others for a small distance. For

this reason we plug in specific labels.

In Figure 2.7, we illustrate the posterior mean of fyt−1(·) for yt−1 = 80, choosed all

the initial values for the parameters under the 1/σ2 ∼ InverseGa(2, 2) prior, M = 1

and H = 50, together with 95% pointwise posterior credible bands.
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Figure 2.7: Bayesian estimates of f̄yt−1(·) for yt−1 = 80 (blue semidashed line),
together with point wise 95% credible bands (red dotted lines) and median (solid
black line).

2.3.1 Co-Clustering

In this section we underline some aspects of the estimation of the posterior dis-

tributions using the Gibbs sampler algorithm. We focus on the probability of the

latent variable rt when this is equal to one of the sticks, h, that technically, we de-

fined P (rt = h) = ωh. This is a simplified formalization of the P (rt = h) = E(ωh)

and P (rt = h | ωh) = ωh. The estimation of the posterior distribution of rt can be

obtained by a functional, g1(rt)

g1(rt) =
1

I

I∑
i=R+1

g(r
(i)
t )

where R is the burn in and I is the total number of iterations 1. This is a no-Rao

Blackwellised estimator (Gelfand and Smith, 1990; Bush and MacEachern, 1994).

We count the number of times that rt = rt′ where t 6= t′ for t = 1, 2, . . . T and the

1in the literature, the number of iterations is usually indicated by M , but it could be confused with
the total mass parameter of the DP
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associated probability is P (rt = rt′). Rao-Blackwellised estimator is

g2(rt) =
1

I

R+I∑
i=R+1

E(g(r
(i)
t | ξ(i) \ {rt}))

In this specific case, these two different estimators are equivalent, we have:

E(g(r
(i)
t | ξ(i) \ {r(i)

t })) = E(ωh).

We use the first estimator, g1(rt) to tabulate P (rt = rt′). This implies that we also

analyze the relevance of the posterior distribution of the latent variable rt given all

the other parameters on the subset Qh.

MacEachern et al. (1999) discussed about efficiency of Gibbs sampler algorithm,

which is very important if the model is to be useful in pratice. Dahl (2006) proposed

a least-squares model-based clustering for gene expression data using DP mixtures

model. The advantage of this method is the selection of a sum clustering which

consider the pairwise probability matrix. We applied this method to our posterior

distribution for the latent variable rt and computed our natural number of clusters

obtained via DP mixtures model. We chose the number of mixtures, cheking the

convergences of the parameters (that we discussed in the previous subsection),

here we study the similarities of the estimated mixtures. In Figure 2.8 each square

is a random partition obtained by the closest points. Each point is a probability.

The yellow squares indicate the set of points such that p(rt = rt′) ≤ 0.30. The

green-yellow squares exihibit 0.30 < p(rt = rt′) < 0.60; green squares display p(rt =

rt′) ≥ 0.60. For the conjugacy of the DP mixture model, the pairwise probability

matrix of the latent variables is the posterior predictive distribution for a new vector

rt′ evaluated at rt.
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Figure 2.8: Co-clustering plot on the posterior distribution of the latent variable rt.
Each point in the squares represent p(rt = rt′ | ξ) and a point estimate of the true
clustering is based on squared distances for the pairwise probability matrix.

2.4 Extensions of the base DDP-AR(1) model

In the previous Section 2.2, we proposed a DDP prior for a collection of random

probability measures, indexed by lagged covariates. In this section we discuss

different possible variations of the base DDP-AR(1) model. We focus on different

aspects of the trajectories: in Subsection 2.4.1 we consider the efficiency of the

implemented MCMC algorithm, in Subsection 2.4.2 we extend linear trajectories to

quadratic trajectories. In the last Subsection 2.4.3 we study univariate mixtures of

trajectories, these represent methodological base for the construction of the model

in the next Chapter 3.
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2.4.1 Efficient Trajectories

The trajectories for the point masses in equation (2.4) are two indipendent prior

parameters normal distributed. However, we discuss here a more efficient con-

struction. For parsimony and efficiency of the model and better mixing in the Gibbs

sampler algorithm, we define a bivariate parameter θh such that it will describe

jointly the two parameters of the trajectories, αh and βh, respectively. This method

was introduced by MacEachern and Müller (2000) for an efficient MCMC schemes.

Let αh and βh be two different parameters for the trajectories for the point masses

as we described in equation (2.8). We study jointly these two parameters as:

θh = (αh, βh). The model is:

θh ∼ N2(µθ,Σθ) where the vector of the means is µθ = (mα,mβ) and the covari-

ance matrix is Σθ = diag(σ2
α, σ

2
β). The hyperparameter space is ξ2 = (θh, Vh, rt) and

the full conditionals change only on the new parameter, θh, as

p(θh | rt, Vh) ∝ N2(θh |m3,V3)

with posterior location m3 = V3(Σ−1
θ µθ + X

′
ty
∗
t /σ

2) and posterior variance equal to

V−1
3 = (Σ−1

θ + X
′
tXt/σ

2).

In addition, we indicate design matrix, Xt = (yt−1, 1). As above, the dependent vari-

able is y∗t on the set {t ∈ Qh}. Note that the outcome, y∗t is univariate and its fixed

variance, σ2. We also introduce the common variance random. In this case we es-

timate the posterior distributions when there is one parameter for the trajectory and

the common variance is random. The hyperparameter space is ξ4 = (θh, σ
2, Vh, rt).

Mean and variance of the posterior distributions are formally the same, we have

just substituted in σ2 the full conditional distribution because it is random. So we

compare graphically the random probability distributions considering αh and βh sep-

arated and for θh = (αh, βh) jointly in both cases we assume that also the common

variance is random. The inference on the random posterior distributions gives uni-
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Figure 2.9: Comparison of Bayesian density estimation for αh and βh computed
separately and θh = (αh, βh). We consider the model when σ2 is fixed parameter.

variate distributions and the tails are heavier than the prior densities. In Figure 2.9,

we illustrate how the parameters on the locations differ if they are studied jointly or

separetly, θh or αh and βh, respectively.

2.4.2 Linear and quadratic trajectories

Linear trajectories for point masses are the simplest possible case as we showed in

Section 2.2.2 in equation (2.1). Extensions are clearly possible. Here, we introduce

a quadratic form for the trajectories. The model becomes

Yt | Yt−1 = y, rt = h ∼ N(mt, σ
2)

mt = βh + αhy + γhY
2
t−1

p(rt = h) = wh

(βh, αh, γh)
iid∼ G0(β, α, γ) (2.13)
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Figure 2.10: Last (5000-th) MCMC iteration of all the atoms θh, h = 1, . . . , H in the
linear (left) and the quadratic (right) case. The same color is used for points as-
sociated to the corresponding clusters. Linear and quadratic estimated trajectories
for fixed variance σ2 = 25. In each plot there are 20 different colors for 20 different
values assumed by the latent variable rt.

where βh ∼ N(mβ, σ
2
β), αh ∼ N(mα, σ

2
α), and γh ∼ (mγ, σ

2
γ). We assume known

mean and variances of βh, αh, γh, respectively. Note that in this hypothesis G0 is

defined on <3.

We apply the estimation of the trajectories for whole observations for the variable

waiting time. We illustrate how our trajectories represent dependence among the

athoms.

In Figure 2.10, we plot both the linear and quadratic trajectories. We count four

curves and five lines. The number of lines and curves is the number of activated

clusters. We suppose twenty clusters in the model, but the real number of estimated

clusters is less. The number of clusters is naturally different for the different number

of parameters involved in the models: more parameters as in the quadratic trajec-

tories conducts less clusters; viceversa, less parameters as well as in the linear

model, products more clusters and also more lines in the plot.

2.4.3 Mixture of trajectories

In this section we express the trajectories for the point masses as a mixture of

different functions. There are two kind of motivations. We focus on more flexibility for
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the trajectories and secondly, this evolution of our basic model is the starting point

for the next chapter. In particular, we add one more latent variable for the mixture of

the trajectories kt = j for j = 1,2,..J. In this application we introduce mixtures of four

components, the motivation will become more clear in the next chapter, when we

will apply this model to the DNA-sequencing, where the component will represent

the four labels of the nucleotides. The model is the following

Yt | Yt−1 = y, rt = h, kt = j ∼ N(θjh, σ
2)

θjh = βjh + αjhy

p(rt = h) = wh p(kt = j) = pj

(βjh, α
j
h) ∼ G0

j(β
j
h, α

j
h)

or p(Yt | Yt−1 = y, rt = h) =
J∑
j=1

pjN(θjh, σ
2)

or p(Yt | Yt−1 = y, kt = j) =
H∑
h=1

whN(θjh, σ
2)

The hyperparameter vector is

ξ5 = (k1, . . . , kT , r1, . . . , rT , V1, ...VH , β
1
1 , ..., β

1
H , α

1
1, ..., α

1
H , β

2
1 , ..., β

2
H , α

2
1, ..., α

2
H ,

β3
1 , ..., β

3
H , α

3
1, ..., α

3
H , β

4
1 , ..., β

4
H , α

4
1, ..., α

4
H , p1, p2, p3, p4)

The finite approximation for the stick breaking is the same as in the previous sec-

tions. Note that we now have an additional prior for the common weights of the

mixture of the trajectories. We assume that

(p1 . . . pJ) ∼ Dir( a
J
, a
J
, a
J
, a
J

); in particular, we will take a = 1 and J = 4.
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The joint distribution is:

p(y, ξ) =
H∏
h=1

Be(Vh | 1,M)
H∏
h=1

J∏
j=1

N(αjh | mα, σ
2
α)

H∏
h=1

J∏
j=1

N(βjh | mβ, σ
2
β)p(p1, p2, p3, p4)

T∏
t=1

N(yt | αktrtYt−1 + βktrt , σ
2)p(rt | Vh)p(kt | p1, p2, p3p4)

Let Qj
h = {t : rt = h and kt = j} define the subset of observations with θjh(Yt−1) and

nhj =| Qhj | is the number of observations tied to θjh(.).

So we can impute now the complete conditional posterior distributions for each pa-

rameter involved in this model.

αjh: for h = 1...H and j = 1...J . Let y∗t = (Yt − βjh) for t = 1, 2, . . . , T

p(αjh | rt, kt, Vh, β
j
h) ∝ N(αjh | mα, σ

2
α)
∏

t∈Qhj
N(y∗t | α

j
hYt−1, σ

2) = N(αjh | m
j
1, V

j
1 )

where mj
1 = V j

1 (σ−2
α mα + σ−2

∑
t∈Qhj

Yt−1y
∗
t ) and V (−1)j

1 = (σ−2
α + σ−2

∑
t∈Qhj

Y 2
t−1)

βjh: for h = 1...H and j = 1...J and let y∗∗t = (Yt − αjhYt−1)

p(βjh | rt, kt, Vh, α
j
h) ∝ N(βjh | mβ, σ

2
β)
∏

t∈Qhj
N(y∗∗t | β

j
h, σ

2) = N(βjh | m
j
2, V

j
2 )

where

mj
2 = V j

2 (σ−2
β mβ + nhjσ

−2 1
nhj

∑
t∈Qhj

y∗∗t )

V
(−1)j

2 = (σ−2
β + nhjσ

−2).

The conditional posterior distribution for Vh given all the other parameters and the

data does not change. The posterior distribution for rt jointly with kt is such that,

if (rt = h) and (kt = j) then

p(rt = h, kt = j | Vh, αjhYt−1 + βjh, p1, p2, p3p4) ∝ whpjN(Yt | αjhYt−1 + βjh, σ
2).
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Figure 2.11: Bayesian density estimates for E(F50 | y), E(F65 | y), E(F80 | y).

For Fubini’s theorem, it is possible to integrate with respect to h and j. In the

next chapter we will illustrate that the order of the conditioning is relevant for the

application to the DNA-sequencing. We have

p(rt = h | Vh, αjhYt−1 + βjh, kt = j) ∝ wh

J∑
j=1

pjN(Yt | αjhYt−1 + βjh, σ
2)

p(kt = j | rt = h, Vh, α
j
hYt−1 + βjh) ∝ pjN(Yt | αjhYt−1 + βjh, σ

2)

In Figure 2.11, we show Bayesian density estimate for the mixture of trajectories

on the three subsets for a complete inferential point of view. We used the estab-

lished initial values for the parameters that we discussed in the previous Subsection

2.3, and we check the form of the estimated densities for each subset, which is

similar to the simple model discussed in equation 2.10.

2.5 Multivariate DDP-AR(1)

In this section we extend univariate model for the trajectories for the point masses

to the multivariate case, considering separated equations. More details about this

chice will be clarified in the next chapter, where we will consider single linear equa-

tions for each nucleotide.
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2.5.1 Seemingly Unrelated Linear Equations

Here we illustrate multivariate linear trajectories extending univariate linear trajec-

tories. The equations are

Y1,t = β1 + α1,1Y1,t−1 + ε1,t

Y2,t = β2 + α2,2Y2,t−1 + ε2,t

We do not assume interactions between the variables Y1,t−1 and Y2,t−1; we assume

the seemingly unrelated regressions (S.U.R.). The errors are independent and un-

related and Gaussian distributed, so each of the equations is like the univariate

case, showed in the previous sections. We analyze this special case, even if we

should consider also the dependence between the two variables, waiting time, y1,t

and the eruptions, y2,t. This is a simplified version of the vector of Autoregressive

model (V.A.R).

For this application, we consider the complete dataset. We have two variables the

waiting time between eruptions, y1,t, and the duration of the eruptions for the Old

Faithful Gayser dataset, we call y2,t. We know that the iteraction between the wait-

ing time and the duration of the eruption is not zero, because more authours used

the initial dataset Old Faithful Gayser for asimmetric dependence. In Figure 2.12,

we show the duration of the eruptions (in minutes) at time t − 1 for the x-axis and

the duration of the eruption at time t for the y-axis.

In Figure 2.12, we detect three groups of points as for the waiting time. However,

for this variable we should apply our univariate model. For the variable eruption, we

should think about two possible subsets y2,t−1 ∈ [1.5, 2.5] and y2,t−1 ∈ [3.5, 5.0]. For

this second subgroup, looking through the y-axis we note two separate subgroups

as a possible mixture of two distributions. For the waiting time y1,t−1 ∈ [75, 85] there

were long the y-axis one bimodal distribution. This is the reason that we point

out the example for the univariate DDP-AR(1) using the waiting time and not the
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Figure 2.12: Scatterplot of the duration of the eruptions in Old Faithful Gayser
dataset.

duration of the eruptions.

We estimate the following multivariate model

Yt = XtΘ + εt

where:

Yt = (Y1,t, Y2,t), Yt = (Y1,t−1, Y2,t−1, 1, 1), Θ =

β1

β2

α1,1 0

0 α2,2


and εt ∼ N2(0,Σ).

For our hypothesis the covariance matrix is: Σ = diag(σ2
α1
, σ2

α2
, σ2

β1
, σ2

β2
).

2.5.2 Quadratic Form for the Trajectories

Here we use the properties of the matrices to extend the univariate quadratic tra-

jectories to the multivariate case, assuming unrelated equations. This extension is

useful for checking the number of activated clusters in the MCMC algorithm. When
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we will discuss about this point looking at the inferential results. We have the fol-

lowing structure:

Y1,t = α1Y1,t−1 + β1 + γ1Y
2

1,t−1

Y2,t = α2Y2,t−1 + β2 + γ2Y
2

2,t−1

to respect Y1,t | Y1,t−1 we assume the same priors:

α1 ∼ N(mα1 , σ
2
α1

), β1 ∼ N(mβ1 , σ
2
β1

) and γ1 ∼ N(mγ1 , σ
2
γ1

).

For Y2,t | Y2,t−1 we assume that:

α2 ∼ N(mα2 , σ
2
α2

), β2 ∼ N(mβ2 , σ
2
β2

) and γ2 ∼ N(mγ2 , σ
2
γ2

).

We found more convinient to reparametrize, as follows:

Yt = AYt−1 + εt for t = 1, 2, . . . , T

where

Yt = (Y1,t, Y2,t) in particular, Y1,t is the variable waiting time and Y2,t is the duration

of the eruptions,

Yt−1 = (Y1,t−1, Y2,t−1, Y
2

1,t−1, Y
2

2,t−1)

A = (α1, α2, β1, β2, γ1, γ2)

εt ∼ N3(0,Σ) where Σ = diag(σ2
α, σ

2
β, σ

2
γ)

Moreover we do not consider the interactions between the variables, α12 and α21,

that we suppose equal to zero. In general, we have the following equations for the

model:

Y1t = α11Y1t−1 + β11 + α12Y1t−1 + γ11(Y1t−1 − Ȳ1t)
2

Y2t = α21Y2t−1 + β21 + α22Y2t−1 + γ21(Y2t−1 − Ȳ2t)
2

where A =

α11 α12 β11 γ11

α21 α22 β21 γ21


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Note that in these two subsections we indicate as Y1,t for the generic form of the

trajectories and also for the waiting time, the reason is only for easily notation. In

these equations we consider (Y1,t−1−Ȳ1,t)
2 and (Y2,t−1−Ȳ2,t)

2; if the priors α.t, β.t and

γ.t
1 have mean equal to zero, i.e. mα1t = 0, then the entire equation can simplified

as Y1t = α11Y1t−1 + β11 + γ11Y
2

1t−1. For our application, we checked convergences

diagnostics on the posterior distributions and we conclude that the quadratic form

for the variables are sufficient.
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Figure 2.13: These plot are the linear and quadratic estimated trajectories for fixed
variance of the likelihoods σ2

1 = 25 and σ2
2 = 0.5, respectively.

In Figure 2.13, we use the separation of the equations for a double comparison.

Looking at the plot as rows of a matrix (2 × 2), we estimate linear trajectories for

the two variables, Y1,t | Y1,t−1 and Y2,t | Y2,t−1. If we consider colomn direction, we

can study how the quadratic trajectories are able to fit the real dataset for both the

variables, waiting time between the eruptions and duration of the eruptions.

1the points indicates the case 1 and 2, i.e., α1t, α2t
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2.5.3 Unseparable Linear Equations

We discuss about an other possible extension. Here we show the limits and the

starting points for the assumptions of the next chapter. In the previous two sub-

sections, we always considered the absence of correlation between the errors. The

reason is that we propose a variation of the ANOVA-DDP model for time series. In

the construction, we have two strong assumptions on the errors: uncorrelation and

the normal distribution. We did not consider the linear relation between the waiting

time and the eruptions, y1t = β+αy2t + εt. Considering this variation, general linear

equation is Yt = Yt−1β+εt for the DDP-AR(1) it means that will change the number

of columns and rows of the regression, so we have

Y1,t

Y2,t

 =

1 Y1,t−1 Yt,2 0 0

0 0 0 1 Y2,t−1




β1

α11

α12

β2

α22


+

ε1,t

ε2,t



the corresponding equations are

Yt,1 = β1 + α11y1t−1 + α12Yt,2 + εt,1

Yt,2 = β2 + α22y2,t−1 + εt,2

This kind of framework could hold in classical statistics. However, we cannot apply

this construction to our DDP-AR(1) model, because we supposed that the parame-

ters of the trajectories are i.i.d. in the base measure it means that the errors have

to be unrelated. Nevertheless, we could insert an interaction on the independent

variables as Yt,2Y1,t−1 for the parameter α12, but this is not our case and the prob-

lem it is also the interpretation of a possible result, when it is reached. We assume
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that the errors are normal distributed, εt ∼ N(0,Σ) and in this case the covariance

matrix has to be:

Σ =

V ar(Yt,1) 0

0 V ar(Yt,2)


If we suppose in the covariance matrix of the errors a correlation between the

dependent variable of the waiting time Yt,1 and the eruption, Yt,2 which is the out-

come in the second equation, we do not respect the assumptions of the DDP prior

model in the ANOVA fashion-type. In the next chapter, we propose a multivariate

DDP-AR(1), assuming that the errors are not correlated, but the existing correla-

tions between the outcomes will be described in the prior of the covariance matrix

introducing a fitting Wishart distribution.

2.6 Discussion

In this chapter we considered a single-p DDP prior for an autoregressive lag one

model. We focused on the description of different kind of trajectories for the point

masses. Mathematically, the single-p DDP prior for time series can be seen as a

special case of the ANOVA-DDP proposed by De Iorio et al. (2004). The innovation

is the asimmetric dependence as well as regressive linear model over time. Yet,

we studied more possible forms of trajectories for point masses and we analyzed

possible multivariate extentions. In particular, we analyzed the problem of density

estimates in a Bayesian point of view, applying methodological results to Old Faithful

Geyser dataset. The choice of this dataset is not random. In the literature, Azzalini

and Bowman (1990) used the same dataset as an example for kernel density esti-

mates for classical inference.

We proposed a mixture of the trajectories for the point masses, which has two rel-

evant roles. Firstly, we decided to illustrate this possible extention in this chapter
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because here we based on the trajectories, evenif in terms of inference the mixture

does not look really relevant. Secondly, this simple example of univariate mixture

is the starting point for the next chapter where we will study the DNA-sequencing

dataset. In particular, we will develop a multivariate mixture of the trajectories and

we will illustrate the relevance of the latent variable, kt, which will represent the

label for the four nucleotides of the DNA. The other aspect of our contribution is

that for the first time we introduced costant weights and the trajectories for the point

masses will describe the data, Nieto-Barajas, Müller et al. (2011) introduced vari-

able weights for the description of the data over time. We will discuss more details

in the fourth Chapter.
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Chapter 3

A Nonparametric Autoregressive

Model for DNA-sequencing

Abstract.

We consider the problem of base calling for data from high throughput sequenc-

ing (HTS) experiments. We propose a Bayesian nonparametric approach. The

proposed model generalizes earlier approches based on mixtures of normals to

mixtures of random probability measures. Complication arises from the inherently

autoregressive nature of real data (phasing, fading and cross talk between chan-

nels). We use a variation of dependent Dirichlet process models (DDP) that define

a nonparametric vector autoregressive model for the four-dimensional output from

the four channels of the sequencing experiment.

3.1 Introduction

The term DNA-sequencing refers to sequencing methods which aim to determine

the primary structure of an unbranched biopolymer. Solexa sequencing is the digi-

tal version of the classical microarray technology, it measures the exact number of

gene copies rather than the relative aboundance. This is the new version for the
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new ultra highthrouput sequencing. Solexa sequencing technology breaks a long

genome in fregments of short DNA tags. Each DNA tag gives rises to a set of

quadriple vectors. Each vector contains four fluorescent intensities of nucleotides.

The sequencing method determines the order of the nucleotide bases - Adenine,

Guanine, Cytosine and Thymine - in a molecule of DNA. For simplicity we call them

A, G, C and T respectively. Knowledge of DNA is fundamental for biological re-

search and also for other branches which utilize DNA-sequencing. The determina-

tion of the DNA-sequencing from nucleotides fluorescent intensities is called Base

Calling. Ji et al. (2011) used a DNA-sequencing dataset for a Bayesian parametric

model. We implement a Bayesian nonparametric inference for the same dataset.

The dataset contains 1000 colonies. Each colony corresponds to a DNA segment

with 36 bases. For each base there are four nucleotide intensity measurements.

Substantially, the dataset has 36,000 intensity measurements (observations) and

four nucleotides (variables). The focus is to estimate this sequence of each short

tag. The experiment involves three major sources of noises: fading, phasing and

cross-talk of channels. These three sources of noises represent a motivation for a

different probability model for Ji et al. (2011) and also for our proposal. The ac-

curacy of Base calling is affected also from other kind of noises that we are able

to resolve standardizing the initial dataset, for more details see Rougemont et al.,

(2008). For example, Ji et al. (2011) standardized the initial DNA dataset to respect

the minimum value and dividing by the stardard deviation of the data. The reason

was a methodological and empirical comparison to respect the different methods.

We will operate a traditional stardardization: to respect the vector of the mean of

the data and divide by the stardard deviation of the initial data.

For this dataset is really relevant the accuracy of an initial explorative analysis.

Fading noise refers to the exponential decay in the intensity as a function of cycle

number. Within each colony, as the cycle number increases, the intensity measure-

ment decreases. This is usually caused by material loss during the sequencing

Tesi di dottorato "“Bayesian Nonparametric Autoregressive Models with Applications”"
di DI LUCCA MARIA ANNA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2012
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



73

process.

Phasing noise is an error which involves more than one nucleotide in one cycle,

thus increasing the noise in the signal output for down-stream cycles. The precision

of base calling drops as cycle number increases.

Cross-talk between channels induces high correlations between A and C intensi-

ties, and between G and T intensities, respectively.

Ji et al. (2011) resolved these three kind of problems modeling a four dimensional

mixture of truncated Gaussian distributions. However, we study the same problem

using the same dataset in a Bayesian nonparametric context, because we use the

efficiency and flexibility properties of the nonparametric framework. We assume a

dependent Dirichlet process (DDP) prior for a vector autoregressive lag one, briefly,

DDP-VAR(1). Finally, we compare the two models. Figure 3.1 shows the data for the

first 1,000 colonies, i.e., yt for the first T = 36 ·1000 = 36, 000 bases, for t = 1, . . . , T .

The DNA dataset has 36,000 intensity measurements and four variables. Figure 3.1

illustrates on the left hand side yt2 versus yt1 and on the right hand side yt4 versus

yt3. The first two dimensions correspond to the channels recording A and C. The

last two dimensions correspond to G and T. The plot clearly shows the correlation

between the channels. Phasing and fading noises can not directly be seen in this

plot. Figure 3.2 illustrates two scatterplots of the intensity measurements and we

plug in the labels of the true sequence of these intensity measurements. Ideally,

the true sequence is the dataset with the labels for the four nucleotides with highest

fluorescence intensities. The true sequence is possible for this specific dataset on

enterobactaria phage. The kind of bacteria gives the true sequence. For human

genome is not biological possible, see for more details Ji et al. (2011). We call true

sequence a sequence of tags aligned to phage genome. There is a sequencing

error when the observed nucleotide is coming from the base calling method and

it does not match the nucleotide in the true sequence. In principal, the sequence

is true for two reasons: there is not polymorphism in the phage genome and the
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small genome size makes a mistaken sequence match over 36 nucleotides highly

unlikely. Statistically, we do not have a label switching problem because we have

the true sequence. Follow that we define a variable, kt such that

• kt = 1 if the highest intensity measurement is Adenine

• kt = 2 if the highest intensity measurement is Cytosine

• kt = 3 if the highest intensity measurement is Guanine

• kt = 4 if the highest intensity measurement is Thymine

for t = 1, 2, . . . , T

For example, consider in Figure 3.2 the plot on the left hand side. The x-axis is

the intensity measurements of the nucleotide Adenine and the y-axis is the Cyto-

sine intensity measurement. Each point in the scatterplot represent a couple of the

coordinates of these nucleotides. The color for each point is the label of the true

sequence of the intensity measurements. Indeed, the intensity corresponding to the

correct base is highest. The red color of the points comes from the attributed labels

and corresponds to Cytosine intensity measurement. Assume that a generic point

of Figure 3.2 has coordinates (0,2), this point has bigger Cytosine intensity mea-

surement than Adenine. Follow that the variable kt assumes value 2 and the point

in the scatter plot is red. A counter example is a generic point which has coordinates

(2,0), in this case the color of the point is black because the Adenine intensity mea-

surement is bigger than Cytosine and it corresponds to the label kt = 1. Similarly,

for the scatterplot on the right hand side. Figure 3.2 has also an other important

role. We observe that the form of the clouds is not a mixture of normal distributions.

In particular, the black cloud in the plot on the left hand side which represents the

strong presence of high intensity measurements for Adenine it does not look like

a bivariate normal distribution, but it is closer to a mixture of two bivariate normal
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distributions. This is one more reason that motivated us to develop a Bayesian non-

parametric model. Ji et al. (2011) defined a true sequence in a separate dataset

which is the entire phase genome of 5386 positions to search the best matches.

They used Solexa Software Phage Align. To clarify this point, suppose to have a

tag of DNA which will be aligned to the phage genome, when the tag is aligned to

the phage genome the matched sequence on the phage genome is considered to

be the true sequence and any mismatched nucleotide is considered a sequence

error. Ji et al. (2011) compare the performance of the Base Calling method with

the true sequence and specifically they considered mismatching when there is a

difference between the measurement of the true sequence and the measurement

associated to the observed Base Calling dataset. The Base Calling method pro-

duces the fluorescent intensities measuremtents. Ewing and Green (1998) do not

have the true sequence, so they focus on the error probabilities in the sequence.

Lawrence and Solovyev (1994) used the discriminant analysis to separate the true

sequence by the Base Calling fluorescent intensity measurements. For the Base

Calling of Solexa sequencing data, Rougemont et al. (2008) identified the pres-

ence of phasing noise and cross-talk between channels and they used a mixture of

Gaussian distributions. Each element of the mixture was keeping one of the four

variables but they did not consider the phasing noise. The consequence of this

mistake was reveled in them inferential results: they showed that the limit of them

methodology was in the errors.

We illustrate more explorative aspects for the noises. Phasing noise is present

when the intensity scores at cycle t depend (at least) on the ones at cycle (t− 1).

Figure 3.3 shows strong presence of the dependence between the cycles and

this represents why we introduce an autoregressive model. Specifically, in each

plot of Figure 3.3 we have the intensity scores at time t depending on more than

one cycle. which is one of the caracteristics of a real DNA dataset. We will use a

multivariate autoregressive lag one linear model for each nucleotide, because it is

Tesi di dottorato "“Bayesian Nonparametric Autoregressive Models with Applications”"
di DI LUCCA MARIA ANNA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2012
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



76

-1 0 1 2 3 4 5

-2
-1

0
1

2
3

4

A intensity

C
 in

te
ns

ity

-1 0 1 2 3 4 5
-1

0
1

2
3

4
G intensity

T 
in

te
ns

ity

Figure 3.1: Standardized DNA-sequencing dataset with (35000× 4) observations.

Figure 3.2: Dataset with (35000 × 4) observations. The different colors come from
the true sequences.
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Figure 3.3: The colors of the bars for the autocorrelation function correspond to the
four intensities: black for A, red for C, green for G and blue for T.

the highest level of phasing noise for each intensity scores.

Fading noise is not easy to single out on the data, because the intensities decay

over cycles.

Figure 3.4 and Figure 3.5 show two of the four boxplots for the intensity mea-

surements A and G, respectively on 35 cycles. We choose the boxplot graphical

representation for the presence of outliers in the standardized dataset. On each

plot we indicate dashed line for the average of the standardized data and dotdashed

line for the exponential function. Focusing on Figure 3.5, for example, we observe

positive asymmetry of each boxplot at each cycle, this is the effect of the presence

of the fading noise.

The plan of this chapter is as follows. In Section 3.2, we describe more details

of our methodological choices. In Section 3.3, we illustrate our assumptions and

in Section 3.4 we show posterior distributions for our model. In Section 3.5 we

illustrate our inferential results. A final discussion in Section 3.6 will conclude this

chapter.
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Figure 3.4: Fading noise for Adenine

Figure 3.5: Fading noise for Guanine
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3.2 Multivariate Mixture for DNA-Sequencing

We briefly trace an overview of previous modeling for this dataset, underling the

critical points and the reasons of our decisions of proceeding in a nonparametric

modeling.

3.2.1 Parametric Vector Autoregressive Model

Let y = {y1,y2, ...,y36} denote the 36 quadruples of nucleotide intensity measure-

ments for one colony. The four dimensions of yt are the four channels of the

sequencing machine corresponding to the nucleotides A, C, G, and T. We write,

yt = (yt1, yt2, yt3, yt4) for each cycle t = 1, 2, ..., 36. The (4× 1) vector, yt represents

respectively the intensities of four nucleotides at location t of the DNA tag.

We assume that ytj have been standardized to zero mean and unit standard devi-

ation (across the entire data). Let kt ∈ {1, 2, 3, 4} denote the (unknown) true basis,

i.e. i(t) = (t mod 36) + 1. Conditional on kt we build a sampling model for yt

that represents fading, phasing and cross-talk noises. Fading noise is simple. Let

i(t) ∈ {1, . . . , 36} denote the cycle for the t-th base, when t is obvious from the con-

text we simply write i. We include a term βj · e−λi
γ with parameters βj ∈ R4, and

λ, γ ∈ [0, 1]. The term represents an exponential fading signal. We use βj specific

to the (latent) base kt = j, and common λ, γ across bases. Cross-talk is repre-

sented by allowing for non-zero correlation of the 4-dimensional response yt using

a (4 × 4) non-diagonal covariance matrix Σj. Phasing is more difficult. It requires

modeling of dependence across cycles. We use the simplest possible structure by

assuming a first-order autoregressive process, regressing yt on yt−1. For two vec-

tors x,y ∈ R4, let x∗y denote the elementwise product (x1y1, . . . , x4y4)′. We include

a term αj ∗ yt−1, allowing for different αj for each base j. In summary, we consider
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a vector autoregression with lag one, VAR(1)

Yt | Yt−1 = Y, kt = j ∼ N4(θj(y, i),Σj) with θj(y, i) = βje
−λiγ +αj ∗ y (3.1)

for i = 2, . . . , 36.

Phasing only occurs within the cycles of a colony, i.e., the VAR model only applies

to cycle 2 through 36. One could include a separate model for cycle 1 data. For

simplicity we drop cycle 1 responses, focusing only on data for cycles 2 through 36.

3.2.2 Nonparametric VAR(1)

Comparing with Figure 3.2 we notice that the assumption of a single multivariate

normal distribution, as above, is not sufficient to model this dataset. The normal

assumption for each component of the mixture is too restrictive. This leads us to

consider a nonparametric extension, replacing the multivariate normal modelN4(·, ·)

with a random probability measure G. In other words, we treat G as an unknown

quantity and complete the model with a prior for the unknown G.

Probability models, p(G), for random distributions are known as Bayesian non-

parametric priors. See, for example, Hjort, Holmes, Müller and Walker (2010)

for a recent review. One of the most commonly used prior models for an un-

known distribution is the Dirichlet process (DP) prior (Ferguson, 1973). We write

G ∼ DP(G0,M). One of the important features of the DP prior is the discrete nature

of the random probability measure G. We can therefore write G as a sum of point

masses as a constructive representation of the Dirichlet process

G =
∞∑
h=1

ωhδθh .

The DP model is indexed by two parameters, the base measure G0 and the total

mass parameter M . One of the definiting properties of the DP is that the point
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masses are θh ∼ G0, independent and identically distributed and the weights are

defined as wh = Vh
∏

`<h(1 − V`) with fractions Vh ∼ Be(1,M). This construction

is known as stick-breaking representation (Sethuraman, 1994). For many applica-

tions, the discrete nature of G is inappropriate. An easy and commonly used is a

convolution with an additional (continuos) kernel, for example a Gaussian kernel:

G =
∞∑
h=1

ωhN(θh,Σ) (3.2)

This construction is known as DP mixture model and widely used in the literature

as we discussed in the previous first two chapters.

The challenge in this application is that the multivariate normal model in (3.1)

includes a regression on yt−1, i.e., an autoregression. In other words, rather than

one unknown probability measure F , we need a probability model for an entire

family of unknown probability measures on the class Fj = {F j
y,i(·); y ∈ R4, i =

2, . . . , 36} to replace (3.1) by

Yt | Yt−1 = y, kt = j ∼ F j
y,i(yt).

We use an extension of the DP prior to define a probability model for Fj. The

dependent Dirichlet process (DDP) (MacEachern, 1999; 2001) defines a prior for

a family of distributions F = {Fy, y ∈ Y} indexed by a covariate y as a natural

extension of the stick-breaking construction:

Fy =
∞∑
h=1

ωhN(θh(y),Σ). (3.3)

The point mass θh of the stick-breaking representation for the DP is replaced by a

stochastic process θh(y). In the simplest case θh(y) could be a parametric model,

for example θh(y) = ah + bhy. Many variations are possible, including alternative

constructions with varying weights that replace wh by wh(y). We will discuss about

Tesi di dottorato "“Bayesian Nonparametric Autoregressive Models with Applications”"
di DI LUCCA MARIA ANNA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2012
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



82

varying weights in the next chapter. Here we restrict the model to the simple case of

costant weights wh and a parametric trajectory for the point masses. We construct

a prior for Fj by using a special instance of the DDP

θjh(y, i) = βjhe
−λiγ +αjh ∗ y.

This defines a nonparametric extension of the normal VAR (3.1) by defining

Yt | Yt−1,y, kt = j ∼ F j
y,i with F j

y,i =
∞∑
h=1

whN4(θjh(y, i),Σj). (3.4)

This model resolves jointly these three kind of noises. The autoregression in

the DDP captures the dependence between the consecutive cycles, resolving the

phasing noise. We use an unknown covariance matrix, Σj, for yt, which is able

to capture high correlation between channels and finally for the fading noise we

introduced the exponential function in the trajectories. Note that the trajectories

include two indices: h, j and i. The h indexes the elements of the stick-breaking

(we will clarify this point in the next equation 3.5) and j is the (unknown) base. In

summary, the model for the DNA-sequencing is

Yt | Yt−1 = y, rt = h, kt = j ∼ N(θjh(y, i),Σj) (3.5)

θjh(y, i) = βjhe
−λiγ +αjh × y

for h = 1, 2..., H, j = 1, 2, . . . , J and t = 2, . . . , 36

In equation 3.5, on the left hand side, we only highlight the conditioning on the

latent variables rt and kt, dropping all other variables in the conditioning set for

notational simplicity. For the latent indicator rt the prior is

p(rt = h) = wh.
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The model is completed with a prior for the latent unknown true base, indexed by kt

p(kt = j) = pj.

The DDP model includes a prior for the parameters of the trajectories for the point

masses:

(βjh,α
j
h) ∼ G0

j(β
j
h,α

j
h). (3.6)

We make one more important semplification. We use a finite DP by replacing (3.3)

with

Gy =
H∑
h=1

whδθh(y) (3.7)

with a finite number of H < ∞ terms instead of the infinite discrete measure in

(3.3). The stick-breaking prior for the weights is simply truncated with VH = 1.0, as

we defined in the previous chapter.

Follow that our model (3.5) can be marginalized to respect kt

Yt | Yt−1 = y, rt = h ∼
J∑
j=1

pjN4(αjh × yt−1 + e−λi
γ

βjh,Σj)

or equivalently to respect rt

Yt | Yt−1 = Y, kt = j ∼
H∑
h=1

whN4(αjh ×Yt−1 + e−λi
γ

βjh,Σj).
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3.3 Prior Probability Model

For reference we indicate the full vector of all parameters and latent variables in the

model (3.1) as:

ξ = (r1, . . . , rT , k1, . . . , kT , . . . , V1, . . . , VH−1,β
1
1, . . . ,β

1
H ,α

1
1, . . . ,α

1
H ,

β2
1, . . . ,β

2
H ,α

2
1, . . . ,α

2
H ,β

3
1, . . . ,β

3
H ,α

3
1, . . . ,α

3
H ,β

4
1, . . . ,β

4
H ,α

4
1, . . . ,α

4
H ,

γ, λ, p1, p2, p3, p4,Σ1,Σ2,Σ3,Σ4)

Recall that the fractions Vh define the weights ωh = Vh
∏

l<h(1−Vl). The DP prior

for Gy implies Vh ∼ Be(1,M) for h = 1...H − 1 and VH = 1. The condition VH = 1

arises from the approximation of the finite Dirichlet process truncated at H, DPH ,

as we defined in the previous chapter.

The base measure G0
j of the DDP is defined by

αjh ∼ N4(mα,Σα) for h = 1, . . . , H, j = 1, . . . , J

and

βjh ∼ N4(mβ,Σβ) for h = 1, . . . , H, j = 1, . . . , J

Here mα = (mα1 ,mα2 ,mα3 ,mα4)t and mβ = (mβ1 ,mβ2 ,mβ3 ,mβ4)t are vectors (4 ×

1) mean for α and β, respectively. Also Σα = diag(σ2
α1
, σ2

α2
, σ2

α3
, σ2

α4
) and Σβ =

diag(σ2
β1
, σ2

β2
, σ2

β3
, σ2

β4
) are fixed (4 × 4) covariance matrices. The model for (Yt |

Yt−1 = y, rt = h, kt = j) is completed with priors on the remaining parameters. In

particular, we introduce unknown weights for the elements of the mixture and for the

prior probabilities pj, for j = 1, . . . , 4 we assume a conditional conjugate Dirichlet

prior distribution pj ∼ Dir( a
J
, a
J
, a
J
, a
J

) and we suppose a = 1 and J = 4.
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For the two parameters of the base number, λ and γ, we assume (for each of

them) a prior discrete Uniform distribution, as in Ji at al. (2011): λ ∼ Be(1, 1) and

γ ∼ Be(1, 1), respectively. They describe the exponential function for fading noise.

Finally we use a Wishart random variable for the covariance matrix of the likelihood:

Σ−1
j ∼ W (Ψ−1,m) for j = 1, 2, 3, 4

where Ψ =


Ŝ2
AŜACŜAGŜAT

ŜCAŜ
2
CŜCGŜCT

ŜGAŜGCŜ
2
GŜGT

ŜTAŜTCŜTGŜ
2
T

 is the empirical covariance matrix, the degree

of freedom are m = 6 and i.e. E[Σ−1
j ] = Ψ−1m.

3.4 Posterior Distributions

We start by studying the joint distribution for the parameters described in the hyper-

parameter space.

p(y, ξ) =
H−1∏
h=1

Be(Vh | 1,M)

[
H∏
h=1

J∏
j=1

N4(αjh |mα,Σα)N4(βjh |mβ,Σβ)

]
p(λ)p(γ)

p(p1, p2, p3, p4)
J∏
j=1

p(Σj)
T∏
t=2

p(rt | Vh)N4(Yt | αktrtYt−1+βktrte
−λiγ ,Σkt)p(kt | p1p2p3p4) =

= p(λ)p(γ)p(p1, p2, p3, p4)
J∏
j=1

p(Σj)
H−1∏
h=1

Be(Vh | 1,M)
H∏
h=1

J∏
j=1

N4(αjh |mα,Σα)

H∏
h=1

J∏
j=1

N4(βjh |mβ,Σβ)
T∏
t=2

N4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt)

T∏
t=1

ωrt

T∏
t=1

pkt
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From the joint distribution, we realize that it is not possible to have more analiti-

cal results. To implement an MCMC algorithm, (we use a blocked Gibbs sampler

algorithm,) we calculate the full conditional distributions.

p(λ | ξ \ λ | y) ∝ p(λ)
T∏
t=1

N4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt) =

1 ∗
T∏
t=1

N4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt)

p(γ | ξ \ γ | y) ∝ p(γ)
T∏
t=1

N4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt) =

1 ∗
T∏
t=1

N4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt)

To implement these two complete conditional distributions, we have to use two

Metropolis-Hasting steps in the blocked Gibbs sampler algorithm because they are

not two multivariate normal distributions to respect the two parameters of interest,

λ and γ, respectively. Indeed, we define the two conditional posterior distributions

considering the domain on the interval [0, 1]. Ji et al. (2011) introduced this smaller

domain for the presence of the truncated Gaussian distribution in the model. This

transformation for each parameter will give closer results to the real posterior dis-

tribution. We adopt the logit transformation to reduce the domain on the same

interval, because we believe that the presence of the exponential function, in the

locations of the mixtures, is stronger in a smaller domain than in a bigger domain.

We define: Lλ = logit(λ) so Lλ = logλ − log(1 − λ). The focus is to apply the for-

mula Pλ(λ(L)) | ∂Lλ
∂λ
| and the first derivative to respect the parameter of interest is

∂Lλ
∂λ

= 1
λ

+ 1
1−λ = 1

λ(1−λ)
obtaining PL(L) = Pλ(λ = eL

1+eL
) | λ(1− λ) |. Note that eLλ

1+eLλ
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is the candidate value for the Metropolis-Hasting step. The full conditional posterior

distribution for λ is

p(Lλ | ξ \ {λ | y}) ∝ log(λ) + log(1− λ) +
T∑
t=2

logN4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt)

the equation above is the density for the ratio in the Metropolis-Hastings step. The

presence of the Gaussian distribution semplifies the ratio, because it is a symmetric

density and it is sufficient to substitute the candidate value and the initial value in

this density and check when the ratio is accepted.

Similarly, we compute the conditional posterior distribution function for γ given all

the other parameters. The density for the ratio in the Metropolis-Hastings algorithm

is on the domain [0, 1], obtaining:

p(Lγ | ξ \ {γ | y}) ∝ log(γ) + log(1− γ) +
T∑
t=1

logN4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt).

The next conditional posterior distribution is the covariance matrix, Σj, which plays

a relevant role in the model, this captures the cross-talk between the channels,

p(Σj | ξ \ {Σj | y}) ∝ p(Σj)
∏
t∈Bj

| Σj |−
nBj

2 N4(Yt | αjrtYt−1 + βjrte
−λiγ ,Σj)

We use θjrt :=
[
αjrtYt−1 + βjrte

−λiγ] (hiding the dependence on Yt−1 and i for nota-

tional simplicity). So the complete conditional posterior distribution is

p(Σj | ξ\{Σj}) =
| Ψ |3| Σj |

−
„
nBj

2
+ 1

2

«

2
1
2(nBj+24)π

nBj
2 Γ4 (3)

e
− 1

2

h
tr(ΨΣ−1

j )+
P
t∈Bj

(Yt−θjrt )
tΣ−1

j (Yt−θjrt )
i

(3.8)

We also define Zt := (yt − θjrt) and S =
∑

Zt
tZt then
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∑
t∈Bj(Yt − θjrt)

tΣ−1
j (Yt − θjrt)

so we have:

tr(
∑

i∈Bj Zt
tΣ
−1
j Zt). 1

We rewrite the posterior distribution in (3.8) as

p(Σj | ξ \ {Σj | y}) ∝| Σj |
−
„
nBj

2
+ 1

2

«
e
− 1

2

h
tr(ΨΣ−1

j )+tr(
P
t∈Bj

ZtZttΣ
−1
j )
i

=| Σj |
−
„
nBj

2
+ 11

2

«
e−

1
2 [tr(Ψ+S)Σ−1

j ]

We recognize the kernel of a Wishart distribution for Σ−1
j :

Σ−1
j ∼ W

[
nBj +m, (Ψ + S)−1

]
where we defined Ψ as the empirical covariance matrix, the subset Bj := {t : kt =

j} and nBj :=| Bj |. Note that we introduced the statement p(Σj | ξ \ {Σj}) it

means that we considered all the variables in the hyperparameter space without

the variable of interest.

For the weights of the point masses we supposed the Beta distribution as prior,

due to the stick-breaking representation (see more details in the introduction) with

common weights. So the conditional posterior distribution is

P (Vh | ξ \ {Vh}) ∝ Be(1+ | Qh |,M+ | Sh |)

where Qh := {t : rt = h} and Sh := {t : rt > h}.

1We apply the property of matrices: tr(ABC) = tr(BCA)
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The relevance of the two latent variables, rt and kt in the model, induced us to

calculate them jointly, as follows:

P (rt = h, kt = j | ξ \ {rt, kt}, y) ∝ whpjN4(yt | αktrtyt−1 + βktrte
−λtγ ,Σj).

This distribution is the substantial difference with the parametric model: for each

costant weight of the stick-breaking and for each selected label of the nucleotides

jointly we have for the errors of the vector of the autoregressive lag one, a multivari-

ate normal distribution centred on an exponential function and unknown covariance

matrix.

Hence we marginalize the posterior distribution for each latent variable. In principle,

for Fubini’s theorem is completely irrelevant to marginalize first to respect rt and

then kt, because analitically there is symmetry. Moreover, the motivation is differ-

ent. The model has hierarchical order. We use the latent variable rt across costant

weights, wh and the trajectories for the point masses θjh(y) and then we study the

latent variable kt for the mixture of the trajectories.

1. p(rt = h | ξ \ {rt,y}) ∝ ω∗h

where ω∗h = ωh
∑4

j=1 pjN4(Yt | αjhYt−1 + βjhe
−λiγ ,Σj)

or alternatively

p(rt = h | ξ \ {rt, kt, y}) ∝ ωhN4(Yt | αktrtYt−1 + βktrte
−λiγ ,Σkt)

2. p(kt = j | ξ \ {kt, rt, y}) ∝ pjN4(Yt | αjrtYt−1 + βjrte
−λiγ ,Σj)

We will use step 1. and 2. to define a transition probability in the MCMC. In addition,

we used these two steps to compare the true bases and the simulated bases. More

details are explained in the next section.

To respect the hyperparameter space we have to calculate two more conditional

posterior distributions: these are for the parameters of the trajectories for the point
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masses αjh and βjh.

p(αjh | ξ \ {α
j
h | y}) ∝ N4(αjh |mα,σα)

∏
t∈Rhj

N4(Yt | αjhYt−1 + βjhe
−λiγ ,Σj)

where Rhj = {i : rt = h, kt = j} and nhj =| Rhj | and we also define

y∗t = [Yt − βjhe−λi
γ
]

so we can rewrite the posterior distribution as

p(αjh | ξ \ {α
j
h | y}) ∝ N4(αjh |m1,V1)

where m1 = V1(Σ−1
α mα +

∑
t∈Rhj

T−1
t Ỹt) and V−1

1 = (S−1
α +

∑
t∈Rhj

T−1
t ).

The dimension of the vector of the means m1 is (4× 1) and the covariance matrix

V1 is (4× 4). We introduced the matrix, Tt, which is defined by Tt = LtΣjLt where

Lt is diag
(

1
yt−1,1

, 1
yt−1,2

, 1
yt−1,3

, 1
yt−1,4

)
and ỹ is Lty

∗
t .

The conditional posterior distribution for βjh has easier calculation than αjh here

there is the simply product between scalar values, e−λiγ , and the vector of parame-

ters.

p(βjh | ξ \ {β
j
h | y}) ∝ p(βjh |mβ,Σβ)

∏
t∈Rhj

N4(Yt | αjhYt−1 + βjhe
−λiγ ,Σj).

Define y∗∗t = [Yt −αjh ×Yt−1]eλi
γ to wit

p(βjh | ξ \ {β
j
h | y}) ∝ N4(βjh |mβ,Σβ)

∏
t∈Rhj

N4(y∗∗t | β
j
h,Tt) = N4(βh |m2,V2)

where m2 = V2(Σ−1
β mβ+Σ−1

j

∑
t∈Qhj

y∗∗t
l2t

) and V−1
2 = (Σ−1

β +Σ−1
j

∑
t∈Qhj

1
l2t

) and lt =

eλi
γ . The dimension for the vector of the means, m2, is (4 × 1) and the covariance

matrix V2 is (4× 4).
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3.5 Inference on the Posterior Distributions

The posterior distributions for each parameter are complicate to calculate analiti-

cally. We use the posterior distributions obtained in the last section to implement

a blocked Gibbs sampler algorithm with two steps of random walk of Metropolis-

Hastings algorithm for the parameters λ and γ, respectively. There are a lot of

strategies to do inference.

In this step we do not show many plots about the choice of the initial values choosed

for running the model, but we conduct as in the second Chapter diagnostic analy-

sis, using CODA package in R software. The number of sticks, H, are 10, the

number of labels kt is fixed as 4. The base number i is equal to 10 for the con-

centration of the exponential function and the parameters λ and γ are respectively

equal to 0.2 and 0.5, i. e. e−λiγ = 0.45. We found also mα = (0.30, 0.40, 0.30, 0.40),

mβ = (0.10, 2, 2.5, 5), Σα = diag(0.10, 1, 0.10, 1) and Σβ = diag(2.5, 5, 2.5, 5), respec-

tively. The number of iterations is 100,000. It could be bigger for better results. The

time of running each iteration is around 15 minutes.

One of our first purposes is to check if our model is really able to resolve the prob-

lems for this dataset. So we compute the elipses and we plug-in our posterior

distributions. Then we put the elipses on the real dataset. In Figure 3.6, we show

that the elipses are on the dataset and also they are separated which means that

our nonparametric mixture is more efficient then the former mixture of multivariate

normal distributions proposed by Ji et al. (2011). Furthermore, the triangles are the

centroids of the posterior distributions plugged in the elipses.

An other interesting inferential aspect is the relevance of the latent variable kt. It

plays a central role to determine the elements of the mixture in the locations of point

masses for the DDP prior model. A priori we assume exchangeability between the

weights of the intensities of the mixtures for the trajectories for the point masses, it

means that the probability of each label, kt, is equal for j = 1, 2, 3, 4. We split on the
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Figure 3.6: Yellow elipses represent the estimated DDP-AR(1) for A, light blue
elipses are for C, gray’s for G and pink’s for T.

function for the posterior distribution of kt in two parts. We use for the first half part

only the simply probability pj and for the second half part the posterior distribution

for kt which we obtained in the last section at point 2.

In Figure 3.7 we illustrate that a posteriori the elements of the mixtures on the trajec-

tories for the point masses are not exchangeable. Further Figures 3.7 are simulated

dataset, where the color of the observations depends from the simulated elements

of the label kt. Note that the position of the simulated observations is the same of

the real observations and the color of the observations comes from the simulated

posterior distribution of kt. We conclude that the latent variable kt is able to split the

observations in the same number of groups as in the real dataset and also is able

to assign the same bases as the true bases.

Finally, we calculate how much our simulated dataset is similar to the real dataset.

We consider the last half part of the true bases which comes from Ji et al. (2011)

paper and we compare it with our second half part of the matrix of the simulated

bases. We have the last 17500 labels of our simulated dataset and 17500 labels of
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Figure 3.7: On the left hand side, the simulated dataset shows the same position of
the clusters of the points as in the initial dataset. x-axes is the simulated intensity
measurements for Adenine and y-axes is for Cythosine, respectively. On the right
hand side we illustate the simulated dataset for Guanine and Thymine intensity
measurements.

true bases. We count how many simulated labels correspond to the true bases. Our

simulated labels are the posterior mode.The next table shows numerical results.

kt=1 kt=2 kt=3 kt=4 total
right 26.78% 19.88% 23.42% 21.31% 88.22%

wrong 1.87% 1.37% 2.10% 6.43% 11.78%
total 26.78% 19.88% 23.42% 29.92% 100%

Table 3.1: Comparison between simulated labels and true labels

So we consider for a comparison the posterior mode for kt. In the table above,

we have 17500 labels; each single value represents how many right/wrong labels

are assigned to the simulated dataset. In the next table, we count for each assigned

label, how many times the assignment is right, i. e. (kt = 1 | kt \ {kt = 1}). In

Figure 3.8 we report the following results in the table as a barplot for a graphical

comparison.

The two proposed tables differ for the denominator for a practical interpretation
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kt=1 kt=2 kt=3 kt=4
right 93.00% 93.10% 91.02% 78.51%

wrong 7% 6.89% 8.08% 21.49%
total 100% 100% 100% 100%

Table 3.2: Comparison between simulated labels and true labels for each kind
of label, given the others.

of our obtained results. We had 88.22% of simulated labels out of the total labels. In

the second table, we have that, given the right labels assignments for a nucleotide,

we count how many times our simulated labels are rightly calculated. For example,

in the first table, 88.22% is the percentage of the right number of times that we

assigned the labels. In the second table, 27% of the total number of right assigned

labels is the simulated label for Adenine nucleotide. In other words, given the total

number of times that we assigned the right label to the nucleotide Adenine (which is

about 27%), we want to know for the nucleotide Adenine how many times the sim-

ulated labels are the right labels. So, we have that for kt = 1, (Adenine) 93.00% of

right simulated labels, it means that in 93 cases of 100 we assigned right simulated

labels to right simulated intensity measurements; for kt = 2 (Cytosine) we obtained

93.10%, for kt = 3, (Thymine) 91.02% and for kt = 4, (Guanine) 78.51%.

To appreciate our results we insert Figure 3.8, which is a barplot, where the heights

of the bars are dominated by the true bases so high percentage of similarities be-

tween the true bases and the simulated labels kt. In Figure 3.8, we see only that for

kt = 4 the similarity between true bases and the simulated labels is less good then

in all the other three cases.

Follow also an other straightforward interpretation. Suppose that we want to verify if

there is a misleading when the probability of the true bases is equal to the probabil-

ity of the simulated true bases versus these two probabilities are different. We reject

the hypothesis of misleading and we conclude that we rightly assign our simulated

labels to the real labels, see also Figure 3.9.
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Figure 3.8: Blue color for the labels selected from the true bases dataset and red
color for the labels selected from our simulated labels kt.

Right
Wrong

Right
Wrong

Right

Wrong

Right

Wrong

Figure 3.9: Pie representation of table 3.2. Right vs Wrong labels for each kt. Blue
color for the labels selected from the true bases dataset for each label given the
others and red color for the labels selected from our simulated labels kt.
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3.6 Final Discussion

Our purpose is a steightforword proposal in a nonparametric framework to resolve

the same problem of the DNA-sequencing dataset that Ji et al. (2011) studied in a

Bayesian parametric context. However, one of our points of research was to improve

the model adequacy for this dataset. The mixture of truncated Normal distributions

was not able to represent the real dataset as well as we showed in Figure 3.2 in

particular, for high Adenine intensity measurements. The advantage of our model

is the flexibility of Bayesian nonparametric models and the capacity of fitting the

dataset using the mixtures of random probabilities measures. The huge dataset

had three different kind of problems that we modeled introducing a variation of the

dependent Dirichlet processes. The dependent Dirichlet process is based on the

random probability measures. We characterized the random probability measures

such that the connected trajectories for the point masses resolved the fading and

the phasing noises. The unknown covariance matrix of the errors associated to

the autoregressive likelihood modeled the cross-talk between the channels. The

latent variable kt defined the number of random probability measures and rt the

number of finite dependent Dirichlet process we needed to fit the dataset. In the

second Chapter we proposed a single-p DDP for autoregressive models and we

concentrated on methodological aspects, in this chapter we applied the single-p

DDP autoregressive model to a huge and real dataset. For the DNA-sequencing

we considered a mixture of four multivariate autoregressive DDP model. The latent

variable kt played a central role: from the exploring through the inferential aspects,

to the final results. The label of the true sequence at the beginning was explaining

the high concentration of a specific nucleotide to respect the intensity measurement.

In the modeling kt was a random latent variable such that was characterizing the

components of the mixture. For the inference was also relevant because we had

the true bases and we did not have label switching problems tipical after an MCMC
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algorithm and it was able to show the absence of exchangeability a posteriori.

In this chapter we reveled also a different role of the covariance matrix of the model,

Σj. In the last chapter, the assumption of a random or fixed variance was not

relevant. for the density estimation. In that case, we preferred models with fixed

variance for the parsimony of the construction. Here we showed that the covariance

matrix modeled the high correlations between the channels. A limit of our obtained

results is the number of iterations runned in the MCMC algorithm. We gave a look

to the convergences and to the diagnostics, but more accuracy for the details could

be done. However, we used for this dataset the structure of the multivariate DDP-

AR(1) similar to the construction of the previous chapter. In addition, we inserted

an exponential function in the trajectories for the point masses.
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Chapter 4

A Bayesian Nonparametric Extention

for Autoregressive Models

Abstract We propose a Bayesian nonparametric autoregression for a sequence

(Yt, t ≥ 1). Autoregressive models of order p can be characterized as defining a

family of random probability measures on a class F = {Fy, y ∈ Y} of sampling

models with Yt | (Yt−1, Yt−2) = y ∼ Fy for any t ≥ 3. The traditional linear AR(p)

model restricts F to a family of normal linear models. We relax the parametric

assumption while maintaining the characteristic AR(p) assumption. We restrict the

model to lag 2, keeping in mind that the discussion remains valid almost without

change also for p > 2. We define a prior probability model for F using a dependent

Dirichlet process (DDP) model. Specifically, we use variable weights for Fy and

define the point masses as a function of y = (Yt−1, Yt−2). Referring to the model

as DDP-AR(2), we illustrate the model and posterior computation using the Annual

Canadian Lynx trappings dataset.
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4.1 Introduction

In this chapter, we discuss an extension of nonparametric autoregressive models

developed in the second and third Chapter in two important directions. We will ex-

tend the autoregressive mean function to higher order lagged terms to allow AR(p)

structure, and we will move from single-p DDP models to variable weight DDP mod-

els.

As a motivating application we focus on the representation of harmonic mod-

els as an AR(2) model. We consider a linear autoregression, such that it depends

jointly from the first two lags, Yt | (Yt−1, Yt−2), therefore, conditional on Yt−1 and Yt−2,

we have Yt = β0 +β1Yt−1 +β2Yt−2 + εt for t ≥ 3, where {εt} is the usual sequence of

Gaussian random variables. We assume a white noise process εt | σ2 iid∼ N(0, σ2),

follows that Yt | σ2 ∼ N(β0 + β1Yt−1 + β2Yt−2;σ2). For further application on the an-

nual Canadian lynx, we consider a simplified version of the AR(2) model (as Müller

et al. 1997): Yt | (Yt−1, Yt−2) ∼ N(Yt | βYt−1 − Yt−2;σ2). We indicate the labels y1 for

Yt−1 and y2 for Yt−2 respectively and with y the two lags jointly, (Yt−1 = y1, Yt−2 = y2).

We present a Bayesian nonparametric autoregressive model such that Yt | y ∼ Fy

for any t ≥ 3. Note that Yt | y does not change with t. This represent the first

relevant difference with Griffin and Steel (2006; 2011), here implicitly we assume

homogeneity over time. We define a family of random probability measures on

the class F = {Fy : y ∈ Y}. On the class F, we assume that the family of ran-

dom probability measures is, marginally, a Dirichlet process (Ferguson, 1973). We

indicate G ∼ DP (α,G0), where M is the total mass parameter and G0 is the base-

line distribution. A constructive representation of the DP is given by Sethuraman

(1994), as we described in the equation (1.1). MacEachern (1999; 2000) used the

stick-breaking representation reviewed in the equation (1.1) to propose a family of

dependent Dirichlet processes (DDPs), i.e., a collection of random probability mea-

sures of the form Gy =
∑

h≥1 ωh(y)δθh(y) for y ∈ Y such that each random probability
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measure Gy is in some way marginally distributed as a DP, and with the property

that Gy varies smootly with y. In the litterature there are a lot of variations of the

DDP, for example Rodriguez and ter Horst (2008) proposed a DDP applied to the

dynamic linear models. De Iorio et al.(2004) considered a single-p DDP for the

ANOVA categorical covariates. We organized the contents of this chapter as fol-

lows.

In Section 4.2, we consider the single-p DDP prior and the autoregressive model

with two lags jointly. In Section 4.3, we describe a possible different prior in a varia-

tion of the DDP with costant weights. In Section 4.4, we illustrate an example of the

application for the annual Canadian lynx dataset for the two proposed models and

we evaluate the model adequacy of these two models in Section 4.5. We conclude

this chapter, in Section 4.6, with a discussion about these two proposals and further

possible developments.

4.2 DDP-AR(2)

Autoregressive models of order p can be characterized with a generic nonparamet-

ric distribution Fy. We define a family F = {Fy, y ∈ Y} of sampling models with a

nonparametric distribution Fy and we indicate the label y = (Yt−1 = y1, Yt−2 = y2) for

Yt | y1, y2. The traditional linear AR(p) model restricts F to a family of normal linear

models. We relax the parametric assumption while maintaining the characteristic

AR(p) assumption.

In this subsection we consider the dependent Dirichlet process with costant

weights, it means that the collection of random probability measures can be rep-

resented as Gy =
∑

h≥1 ωhδθh(y) where the point masses θh(y) represent the atoms

corresponding to the random distribution of Yt. They are modeled as trajectories

indexed by y = (Yt−1, Yt−2). Note that G0 defines an harmonic autoregression g(· |

Yt−1 = y1, Yt−2 = y2). Assume that the conditional distribution Yt | Yt−1, Yt−2, . . . , Y1
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depends only on Yt−1 and Yt−2 for any t ≥ 3. Similarly, to the AR(1) that we proposed

in the second Chapter, here we have for t ≥ 3

Yt | Yt−1 = y1, Yt−2 = y2 ∼
∫
<
N(Yt | βy1 − y2, σ

2)dG(β), G ∼ DP (M,G0)

This is equivalent to assume

Yt | Yt−1 = y1, Yt−2 = y2, mt, σ
2 ∼ N(Yt | mt, σ

2), mt ∼ Fy

where y = (y1, y2) and Fy =
∑

h≥1 ωhδθh(y) with

θh(y) = βy1 − y2, βh
iid∼ G0 = N(mβ, σ

2
β)

we assume a Gaussian distribution as prior for βh such that mean, mβ and vari-

ance, σ2
β, are known. The marginal prior is G0(θh(y)) ∼ N(yt−1mβ − yt−2; y2

t−1σ
2
β).

To compute the posterior distribution and implement a bloked Gibbs sampler we

assume the finite Dirichlet process (Iswaran and Zarepur, 2002):

Gy(Yt) =
H∑
h=1

ωhδθh(y). (4.1)

This is a simplified version of this model, with a finite mixture of H components

as mixing measure Fy =
∑H

h=1 ωhδθh(y), where the weights are costant and defined

as in equation 1.1. For the implementation of the posterior inferences we find it

convinient to use the equivalent hierarchical modeling

Yt | Yt−1 = y1, Yt−2 = y2, rt = h σ2 ∼ N(Yt | βhy1 − y2, σ
2)

p(rt = h) = ωh

βh
iid∼ N(mβ, σ

2
β)× σ−2 ∼ IG(a, b)
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Note that we introduced the Inverse-Gamma distribution for the parameter 1/σ2

with known shape and rate parameters, a and b, respectively.

4.2.1 Posterior Inference

The latent variable rt is the link between costant weights of the stick-breaking rep-

resentation (see in equation 1.1) and the trajectories for the point masses (4.2). The

vector of hyperparameters for the single-p DDP-AR(2) is defined as follows:

ξ1 = (V1, V2, ..., VH−1, β1, β2, ..., βH−1, r1, r2, ..., rT , σ
2) (4.2)

The joint posterior distribution is

p(Y, ξ1) =
T∏
t=3

P (Yt | ξ1)
T∏
t=3

p(rt | ξ1 \ {rt})
H∏
h=1

p(Vh)p(βh)p(σ
−2) =

p(σ−2)
T∏
t=3

N(Yt | βrtYt−1 − Yt−2, σ
2)

T∏
t=3

ωrt

H∏
h=1

Be(Vh | 1,M)N(βh | mβ, σ
2
β)

and we compute full posterior distributions for each parameter.

We assume exchangeability, therefore, the order of the posterior distributions in the

Gibbs sampling is not relevant. We illustrate one of the possible orders for full pos-

terior distributions.

This model has a similar structure of the DDP-AR(1), illustrated in second Chapter,

with a prior on the variance for Yt. The substantial difference is in the autoregres-

sive representation of the trajectories. The parameter of the trajectories, βh, which

is random for the first lag and jointly to the second lag describes the harmonic tra-

jectories.

Therefore, the posterior distribution for the parameter Vh has the same result, as in
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the second Chapter, that here briefly, remind, and it is given by

p(Vh | ξ1 \ {Vh}) ∝ Be(1,M)
∏
t∈Sh

(1− Vh)
∏
t∈Qh

Vh =

Be(1+ | Qh |,M+ | Sh |)

where Sh = {t : rt > h} and Qh = {t : rt = h}.

For the latent variable, rt, we have

p(rt = h | ξ1 \ {rt}) ∝ ωhN(Yt | βhYt−1 − Yt−2, σ
2).

Keeping in mind that the autoregressive component has two lags, the posterior

distribution is calculated on the parameter for the trajectories for the point masses,

βh, for h = 1, 2, . . . , H. In principle, we have to consider

Yt = βhYt−1 − Yt−2 + εt εt ∼ N(0, σ2).

and we define Y ∗t = Yt+Yt−2

Yt−1
, obtaining

Y ∗t = βh + εt εt ∼ N(0,Wt)

it means that

Y ∗t | βh ∼ N(βh,Wt)

where Wt = σ2

y2
t−1

. We also define the subset Qh = {t : rt = h} for the link between

the latent variable rt and the trajectories for the point masses, βh. We indicate the
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number of elements in this subset as nh =| Qh |.

p(βh | ξ1 \ {βh}) ∝ N(βh | mβ, σ
2
β)
∏
t∈Qh

N(Y ∗t | βh,Wt)

p(βh | ξ1 \ {βh}) ∝ N(βh | m1, V1)

m1 = V1(
mβ

σ2
β

+
∑
t∈Qh

y∗t
Wt

) V −1
1 = (σ−2

β +
∑
t∈Qh

σ−2

Wt

)

The last posterior distribution is for the variance of the model Yt, σ2, which is very

similar to the result obtained in the second Chapter for the DDP-AR(1)

p(σ2 | ξ1 \ {σ2}) ∝ p(σ−2)
T∏
t=3

N(Yt | βrtYt−1 − Yt−2, σ
2) =

ba

Γ(a)
σ−2(a−1)e−bσ

−2

(
1√
(2π)

)T (σ−2)
T
2 e{−( 1

2
)σ−2

PT
t=1(Yt−βrtYt−1+Yt−2)2}

ba

Γ(a)
σ−2[(a+ 1

2
T )−1](

1√
(2π)

)T e{−σ
−2(b+ 1

2
)
PT
t=1(Yt−βrtYt−1+Yt−2)2}

Therefore, σ2 ∼ IG(A,B) withA = (a+T
2
) andB = [b+ 1

2

∑T
t=1(Yt−βrtYt−1+Yt−2)2] =

{b+ 1
2

∑H
h=1[

∑
t∈Qh(Yt − βrtYt−1 + Yt−2)2]}.

4.3 Varying Weights DDP-AR(2)

Introduce dependence across trajectories for the point masses is not the only one

possible proposal. An other possible point of research is the dependence across

variable weights and fixed trajectories, but this case is not fitting for the application

to the annual Canadian lynx trappings. However, Nieto-Barajas et al. (2011) sug-

gested to use varying weights for autoregressive models, because this structure is

more flexible on the data.

Single-p DDP prior is not able to describe extreme values present in lynx dataset.

More details will be shown in the application. Here we study varying weights de-
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pendent Dirichlet process for autoregressive model with two lags. For further com-

parisons between the model proposed in equation (4.2) and the following model, we

use an AR(2), but we should consider an AR(p) for p > 2.

Let AR(2) be the form of the trajectories for the point masses as in the previous

proposed model in equation (4.2)

Yt = βYt−1 − Yt−2 + εt for t = 3, 4, . . . , T where εt ∼ N(0, σ2)

Yt | Yt−1, Yt−2 ∼ N(βYt−1 − Yt−2, σ
2)

Let Yt be a continous random variable. We define a DP prior for the mixing distribu-

tion on <,

Yt | Yt−1 = y1, Yt−2 = y2, Gy=y1,y2 ∼ fy1,y2(Yt) (4.3)

and fy(Yt) is the density distribution of the trajectories for the point masses and we

write it in terms of DP mixtures

fy1,y2(Yt) =

∫
N(Yt | βy1 − y2, σ

2)dGy(β), Gy ∼ DP (M,G0
y) (4.4)

In the DDP-AR(2) with common weights, we had ωh = Vh
∏h−1

i=1 (1 − Vi) with Vh ∼

Be(1,M). In particular, the weights ωh are invariable across y = (y1, y2). Here we

replace the costant weights ωh by varying weights. We assume variable weights

ωh(y1, y2). We define the variable weights in a variation of the basic single-p DDP

model. We introduce two changes. First, we approximate the infinite sum of point

masses by a finite discrete model (Ishwaran and Zarepour, 2002; Hjort, 2000). Sec-

ondly, we abandon the stick-breaking prior. This is a variation of the DDP prior

model that MacEachern (1999) defined, but it is not often applied. The reason is

that in a lot of applications it is easier for computations to introduce costant weights.

However, for the application on the annual lynx trappings, the single-p DDP prior
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with autoregressive lag 2 is not sufficient to describe this dataset as we will show

in the next Section. Indeed, we allow to the weights ωh to vary with the first two

lagged terms (y1, y2) jointly, in other words we have a process (MacEachern, 1999)

for the weights and a process for the athoms and both of them depending simul-

taneously from the lagged terms. The core of this chapter is the application of a

logistic function, which describes varying weights of the DDP and in the same time

we use an autoregressive model with two lags instead of one lag. The variable

weights DDP model yields more elicitations. Yet, the functional form of the variable

weights is coming from the utility function Uh = α0h + α1hYt−1 + α2hYt−2 + γh such

that p(Uh > Uh̄), for h 6= h̄. Our model will be more close to a parametric solution:

we define more prior distributions reducing the flexibility of the initial model that we

illustrated in equation 4.2. In addition, note that for the following model we consider

the variance of the likelihood, σ2, fixed, we will show in the Section 4.5.1 that warying

weights are sufficient for Yt’s dispersion. The model is

Yt | Yt−1 = y1, Yt−2 = y2, rt = h ∼ N(Yt | βhy1 − y2, σ
2)

ωh(y) = p(rt = h | y1, y2) =
eα0h+α1hyt−1+α2hyt−2∑H
h̄=1 e

α0h̄+α1h̄yt−1+α2h̄yt−2
(4.5)

βh
iid∼ N(mβ, σ

2
β)× α0h

iid∼ N(mα0 , σ
2
α0

)× α1h
iid∼ N(mα1 , σ

2
α1

)× α2h
iid∼ N(mα2 , σ

2
α2

)

for h = 1, 2, . . . , H and t = 3, 4, . . . , T.

The prior of the base measure is still the same, βh
iid∼ N(mβ, σ

2
β) which implies a

marginal prior for the trajectories θh(y1, y2) ∼ N(Yt | mβy1 − y2; y2
1σ

2
β). Prior mean

and variance for α0h, α1h and α2h are known. For this proposal (in equation 4.5) we

illustrate how the hyperparameter space is changed.

ξ2 = (r3, r4, ..., rT , β1, β2, . . . , βH , α10, α20, . . . , αH0, α11, α21, . . . , αH1, α12, α22, . . . , αH2)

(4.6)
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Note that the vector of parameters in equation (4.6) has the same parameters of

the DDP-AR(2) with costant weights (4.2), but in this case we consider, σ2 fixed

(this is Yt’s variance). For the hyperparameter in equation (4.6), the joint posterior

distribution is

p(y, ξ2) =
H∏
h=1

p(βh | mβ, σ
2
β)p(αh0 | mα0 , σ

2
α0

)p(αh1 | mα1 , σ
2
α1

)p(αh2 | mα2 , σ
2
α2

)

T∏
t=3

p(Yt | βrtYt−1 − Yt−2, σ
2)p(rt | ξ \ {rt}) =

H∏
h=1

N(βh | mβ, σ
2
β)N(αh0 | mα0 , σ

2
α0

)N(αh1 | mα1 , σ
2
α1

)N(αh2 | mα2 , σ
2
α2

)

T∏
t=3

N(Yt | βrty1 − y2, σ
2)ωrt(y1, y2)

Observe that even if there are many normal distributions, for the joint posterior dis-

tribution it is not possible to apply conjugacy property and also this is not a close

form, so we can conclude that it is not possible to proceed analitically. Specifically,

it is also not easy the calculation for the product of normals, but the real difficult part

is in the last row: the product of the likelihoods of the parameters on the subset of

rt and the effect of the covariates on the latent variables. For this model we also

assume excheangebility and consequently we marginalize the joint posterior distri-

bution to respect each of the involved parameters and implement a bloched Gibbs

sampler algorithm such that the empirical results will be close to the theoretical

conditional posterior distributions.

4.3.1 Posterior Distributions for Varying Weights DDP-AR(2) Model

We use the new hyperparameter space of the equation (4.6), where the relevant

changes are for the role of the latent variable, rt. The conditional posterior distribu-

tion for the parameter of trajectories, βh for h = 1, 2, . . . , H has the same conditional
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posterior distribution of the trajectories for the costant weights (4.3).

The full posterior distribution for the next three parameters represents the re-

alization of the novel model. Let αh0 be for h = 1, 2, . . . , H the first parameter of

interest for warying weights.

We consider eα0h+α1hyt−1+α2hyt−2 which is the logistic model and the posterior distri-

bution for the intercept is

p(αh0 | ξ \ {αh0}) ∝ N(αh0 | mα0 , σ
2
α0

)
T∏
t=3

eα0rt+α1rtyt−1+α2rtyt−2∑H
h̄=1 e

α0h̄+α1h̄yt−1+α2h̄yt−2

Unfortunally, the parameter, α0h, does not have a conjugate posterior distribution,

even if the prior is a normal distribution and we supposed to use the conjugacy

property. We need to develop for it a Metropolis-Hastings step, which will be in the

Gibbs sampler algorithm.

p(αh0 | ξ \ {αh0}) ∝ N(αh0 | mα0 , σ
2
α0

)
∏
t∈Qh

eα0h+α1hYt−1+α2hYt−2∑H
h̄=1 e

α0h̄+α1h̄Yt−1+α2h̄Yt−2

∏
t∈Qch

eα0rt+α1rtYt−1+α2rtYt−2∑H
h̄=1 e

α0h̄+α1h̄Yt−1+α2h̄Yt−2

where we define Qh = {rt = h} and Qc
h = {rt 6= h}. To simplify some computations

we introduce the logarithm which is a monoton function. The posterior distribution,

for the Metropolis-Hastings step, is

p(αh0 | ξ \ {αh0}) ∝ logN(αh0 | mα0 , σ
2
α0

) +
∑
t∈Qh

(α0h + α1hYt−1 + α2hYt−2) +

−log(
H∑
h̄=1

eα0h̄+α1h̄Yt−1+α2h̄Yt−2) +

+
∑
t∈Qch

(α0rt + α1rtYt−1 + α2rtYt−2)− log(
H∑
h̄=1

eα0h̄+α1h̄Yt−1+α2h̄Yt−2)
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Let αh1 be the slope of the logistic function for h = 1, 2, . . . , H we have a similar

conditional posterior distribution, where the relevant change is on the prior,

p(αh1 | ξ \ {αh1}) ∝ N(αh1 | mα1 , σ
2
α1

)
T∏
t=3

eα0rt+α1rtYt−1+α2rtYt−2∑H
h̄=1 e

α0h̄+α1h̄Yt−1+α2h̄Yt−2

Like in equation (4.7) we use the logarithmic transformation

p(αh1 | ξ \ {αh1}) ∝ logN(αh1 | mα1 , σ
2
α1

) +
∑
t∈Qh

(α0h + α1hYt−1 + α2hYt−2) +

−log(
H∑
h̄=1

eα0h̄+α1h̄Yt−1+α2h̄Yt−2) +

+
∑
t∈Qch

(α0rt + α1rtYt−1 + α2rtYt−2)− log(
H∑
h̄=1

eα0h̄+α1h̄Yt−1+α2h̄Yt−2)

For αh2 for h = 1, 2, . . . , H we have

p(αh2 | ξ \ {αh2}) ∝ N(αh2 | mα2 , σ
2
α2

)
T∏
t=3

eα0rt+α1rtYt−1+α2rtYt−2∑H
h̄=1 e

α0h̄+α1h̄Yt−1+α2h̄Yt−2

p(αh2 | ξ \ {αh2}) ∝ logN(αh2 | mα2 , σ
2
α2

) +
∑
t∈Qh

(α0h + α1hYt−1 + α2hYt−2) +

−log(
H∑
h̄=1

eα0h̄+α1h̄Yt−1+α2h̄Yt−2) +

+
∑
t∈Qch

(α0rt + α1rtYt−1 + α2rtYt−2)− log(
H∑
h̄=1

eα0h̄+α1h̄Yt−1+α2h̄Yt−2)

The conditional posterior distribution for the latent variable rt has the essential vari-

ation on the weights, which comes from the product of the logistic function and the

trajectories for the point masses.

p(rt = h | ξ \ {rt}) ∝ ω∗h(y) for t = 3, 4, . . . ,T and for h = 1, 2, . . . ,H

where
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ω∗h(y1, y2) = ωh(y)N(Yt | βhy1 − y2, σ
2)

4.3.1.1 A variation for varying weights DDP- AR(2) model

We discussed in the second Chapter the relevance of the random variance of the

likelihood, σ2. We illustrated that it is not always relevant, in particular, when there

are small samples. Indeed, in the third Chapter, we showed the use of a prior on the

variance for better modeling the correlation (cross-talk between channels). between

the nucleotides. Here, we refer just as completeness the posterior distribution for

random variance, σ2. We add for the model in equation (4.5) the prior distribution

for σ2 as an Inverse Gamma, IG(a, b), where the slope and rate are known a and

b respectively. The first consequence of this hypothesis is on the hyperparameter

space that we studied above in equation (4.6)

ξ3 = (r1, r2, . . . , rT , β1, β2, . . . , βH , α10, α20, . . . , αH0,

α11, α21, . . . , αH1, α12, α22, . . . , αH2, σ
2)

and the joint posterior distribution is

p(Y, ξ3) =
H∏
h=1

p(σ−2)p(βh | mβ, σ
2
β)p(αh0 | mα0 , σ

2
α0

)p(αh1 | mα1 , σ
2
α1

)p(αh2 | mα2 , σ
2
α2

)

T∏
t=3

p(Yt | βrtYt−1 − Yt−2, σ
2)p(rt | ξ \ {rt}) =

p(σ−2)
H∏
h=1

N(βh | mβ, σ
2
β)N(αh0 | mα0 , σ

2
α0

)N(αh1 | mα1 , σ
2
α1

)N(αh2 | mα2 , σ
2
α2

)

T∏
t=3

N(Yt | βrtYt−1 − Yt−2, σ
2)ωrt(Yt−1, Yt−2)
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The conditional posterior distribution is

p(σ2 | ξ3 \ {σ2}) ∝ p(σ−2)
T∏
t=3

N(Yt | βrtYt−1 − Yt−2, σ
2) =

ba

Γ(a)
σ−2(a−1)e−bσ

−2

(
1√
(2π)

)T (σ−2)
T
2 e{−( 1

2
)σ−2

PT
t=1(Yt−βrtYt−1+Yt−2)2}

ba

Γ(a)
σ−2[(a+ 1

2
T )−1](

1√
(2π)

)T e{−σ
−2(b+ 1

2
)
PT
t=1(Yt−βrtYt−1+Yt−2)2}

Than we have σ2 ∼ IG(A,B) with A = (a+ T
2
) and B = [b+ 1

2

∑T
t=1(Yt−βrtYt−1 +

Yt−2)2] = {b+ 1
2

∑H
h=1[

∑
t∈Qh(Yt−βrtYt−1 +Yt−2)2]} and precision parameter is 1/σ2.

4.4 Example

In this Section we apply the two novel theoretical models (described in Section

4.2 and 4.3) to the annual number of lynx trapped in the Mackenzie River District

of North-West Canada for the year 1821 through 1934 (both years are inclusive,

giving a total of 144 observations). Several authors used this dataset. Some of

them studied the lynx trapping in a different interval, i.e., the observations were for

the years 1749-1924. On this former dataset, Yule (1927), for example, introduced

on the initial dataset an autoregressive model with two lags, but the smoothing was

not satisfying. Bartlett (1966) and than Anderson (1971) improved the smoothing

of the model with a simple transformation. Moran (1953) worked on the dataset

in interval 1821-1934. This author is the first one who thought about an initial log-

arithm trasformation on the dataset. Campbell and Walker (1977) noted that an

initial logarithm transformation on the data is able to give a stationary process close

to the Gaussian process and they added a sinusoidal trasformation of the autore-

gressive process with two lags for goodness of fit of the real observations. They

applied Akaike Information Criterion (AIC) in a classical statistical approach and the
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Figure 4.1: Presence of the trend for the logarithm transformation of the initial time
series, using the quantile-quantile representation.

penalized maximum likelihood was preferable with two lags instead of one lag as

the mentioned authors did before. We will use this dataset reported in Splus default

uploaded by Becker and Chamber (1988) and then available in R software. Müller,

West, MacEachern (1997) used the version of the dataset implemented in R soft-

ware for a Bayesian semiparametric model, considering an autoregressive model

with two lagged terms, assuming a prior only on the first lagged term.

We consider the presence of the trend in Figure 4.1, as well as Campbell and Walker

(1977) observed. To remove the influence of the trend, we use the loss function and

in Figure 4.2 we show the detrended series.

In Figure 4.3, we illustrate the time series that we consider for the applications.

Observing the plot, we note the stationary of the series, but the presence of peaks.

For the DDP-AR(2) with costant weights we propose the posterior distribution of the

trajectories for the point masses βh in a simple transformation λh = 2π/acos(βh/2)

for h = 1, 2, . . . H. In particular, we plot λh versus the initial time series splitted in

two subsets: yt−2 < yt−1 and yt−2 > yt−1. We note two distinguished histograms.

In Figure 4.4, we ideally compare our posterior distribution considering the single-
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Figure 4.2: Extreme values of the trend on the logarithm transformation of the time
series.
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Figure 4.3: Annual Canadian lynx trappings dataset (in the logarithm scale) in the
period 1821-1934. The time series was detrended.
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Figure 4.4: Bayesian posterior distribution for the parameter λ = 2π/acos(β/2) as-
suming a single-p DDP prior model. The histogram is separated for points on the
falling side (i.e. yt−2 > yt−1) (solid line) and points on the rising side (i.e. yt−2 < yt−1)
(dashed line).

p DDP-AR(2) model with posterior computations in West et al. (1997). The initial

log scaled dataset has extreme values and internal division. There is asymmetry in

the dataset and also in our posterior distribution: the time spent on the rising side

(i.e. from trough to peak) is longer than the falling side (i.e. from peak to through).

We conclude that the internal division of the dataset is still present.

To appreciate the relevance of the logistic regression function introduced on the

weights we show the posterior distribution for the variable weights α0h, α1h, αh2 for

h = 1, . . . , 4 over the two subsets yt−1 < yt−2 and yt−1 > yt−2. The main is the

different direction of the posterior distributions and the exponential function for the

variable weights.

In Figure 4.5, we illustrate posterior distributions for varying weights observing

that varying weights DDP-AR(2) model is not affected by the presence of extreme

values and by the falling side and the rising side.
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Figure 4.5: We represent lynx trappings dataset in two subsets: for yt−1 < yt−2

and yt−1 > yt−2 vs four posterior distributions of variable weights for the DDP-AR(2)
varying weights.
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Figure 4.6: This is ŷt = E(yt | y1, . . . , yt−1) and the predictive distribution p(y1918 |
y1820, . . . y1911) at time 1918.

As goodness of fit of the Bayesian estimates in presence of outliers, we consider

the last thirty years of the dataset. In particular, we analyze the period 1904-1934.

We compare the time series with costant and varying weights DDP-AR(2) model

estimates and we plot on these the predictive distribution function at 1918, see

Figure 4.6.

Intuitively, in Figure 4.6, we choose the performance of varying weights DDP-

AR(2) model. However, we extend our previous interesting result to all the time

series using our simulated posterior distributions coming from costant weights and

varying weights DDP-AR(2) (Figure 4.7). Note that for each year, the simulation

of our model with variable weights holds better on the real dataset and it is less

affected by the presence of the real peaks.
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Figure 4.7: Comparisons between models. The solid line is for the observed time
series the dotdashed line is for the posterior distributions with common weights
and the dashed line is for our proposed model with the posterior distributions with
variable weights.One step ahead forecasts for ŷt is ŷt = E(yt | y1, . . . , yt−1and the
predictive distribution p(y1918 | y1820, . . . y1917) at time 1918.

4.5 Model adequacy

In this section, we apply model selection proceedures and we evaluete the ade-

quacy of the choosed model. So, we calculated the Bayes factor for our two pro-

posals. The Bayes factor is the ratio between the posterior distributions of two

models (Kass and Raftery, 1995) . Specifically we have:

B12 =
P (D | H1)

P (D | H2)
=

∫
P (D | ξ1, H1)π(ξ1 | H1)d(ξ1)∫
P (D | ξ2, H2)π(ξ2 |M2)d(ξ2)

(4.7)

whereH1 andH2 are DDP-AR(2) common weights and DDP-AR(2) varying weights,

respectively; ξ1 and ξ2 are the two hyperparameter spaces, defined in equation 4.2

and 4.6, respectively. The Bayes factor is equal to 1.778664, which is in the interval

between 1 and 3 and we conclude that it is better our DDP-AR(2) with varying

weights. However, the Bayes factor is not sufficiently robust for two models with a so

different number of parameters. For this reason, we use the conditional ordinated
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Figure 4.8: Number 1 (red color) indicates the points drawn from a single-p DDP-
AR(2) model. Number 2 is for the points coming from the second model.

prediction (CPO) introduced by Gelfand et al. (1992). The CPO is a Bayesian

diagnostic able to detect outliers. In addition, CPO can be used for model selection

in the following construction:

p(Mj | Y ) =
f(Y |Mj)ωj∑J
j=1 f(Y |Mj)ωj

for j= 1, 2, . . . , J

where Mj f(Y | Mj) is the predictive or marginal distribution of the data under

model Mj. For observed y, the model, yelding the largest p(Mj | y), is selected.

In Figure 4.8, we propose the CPO plot and for each simulated point of the se-

ries, varying weights DDP-AR(2) has higher values, it means that varying weights

DDPAR(2) model is preferable to costant weights DDP-AR(2) model. We analyze

each possible simulated dataset drawn from our model with varying weights does

Tesi di dottorato "“Bayesian Nonparametric Autoregressive Models with Applications”"
di DI LUCCA MARIA ANNA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2012
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



124

!! !" !# $ # " !

$
%$

$
%&

$
%'

#
%"

()*+,*-#.#'

()*+/0*,*-#.#'

!! !" !# $ # " !

$
%$

$
%"

$
%&

$
%1

/2345647,543

*+4/54*)89:,543

Figure 4.9: On the left hand side, the black color is for the Bayesian predictive
density using variable weights model in the point t = 1918 and the red color is the
simulated density without the same point. On the right hand side, we compare the
empirical distribution of the residuals and the theorical distribution.

not contain influent observation for the year 1918. We also conducted analysis of

the residuals using the CPO results. This method is robust to possible presence

of outliers. In Figure 4.9, we illustrate two different aspects of the residuals. We

compare Bayesian density estimates obtained by the simulation of the DDPAR(2)

varying weights considering respectively with and without the year 1918. Then we

observe the influence of the 1918 comparing a theoretical distribution and the dis-

tribution of the residuals without 1918. Each possible simulated dataset drawn from

varying weights DDP-AR(2) does not contain the influent observation at t = 1918.

Gelfand et al. (1992) suggest to interpret the residuals using the CPO from the pos-

terior distribution of a model. So we computed the residuals on our model without

the influent observation at 1918.

Through the comparison between the histogram of the residuals and the prdic-

tive distribution for the year 1918, we can conclude that posterior residuals look like

studentized residuals, which is a reasonable result, due to the CPO theory.
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Figure 4.10: Posterior distribution for α0h, α1h and α2h for h = 1, . . . 4 on the falling
and rising side of yt.

4.5.1 The influence of a modified DDP-AR(2) Varying Weights

We introduced in Subsection 4.3.1.1 a Gamma distribution for the variance of the

model σ2. As in the second Chapter, we analyze the relevance of the prior on

the observation variance in varying weights DDP-AR(2) model. In Figure 4.10, the

variable weights are not influenced by two subgroups, because we should expect

different directions of the points, due to the falling side and rising side, also because

the two subgroups have a different sample size. The direction of this two subgroups

and also the fact that the points are close to each others motivate that the variable

weight prior even if is based on the data in the DDP process doesn’t influence it.

In Figure 4.10, we propose for the last thirty years the real time series with

the DDPAR(2) variable weights with fixed observation variance and the DDPAR(2)

variable weights with random variance.

The distance between the series is not so relevant and also the performance of

the DDP-AR(2) with varying weights for fixed variance is better on the influent point
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Figure 4.11: ŷt = E(yt | y1, . . . , yt−1) for the DDPAR(2) variable weights with fixed
and random variance

at time t = 1918.

4.5.2 Single-p DDP prior for a complete AR(2) sampling model

We discuss in this subsection an extension of nonparametric autoregressive mod-

els to the autoregressive mean function to higher order lagged terms to allow AR(p)

structure. As a motivating application, we assume an harmonic autoregression,

such that it depends jointly from the first two lags, Yt | (Yt−1, Yt−2). Therefore, con-

ditional on Yt−1 and Yt−2, we have Yt = β1Yt−1 + β2Yt−2 + εt for t ≥ 3, where {εt} is

the usual sequence of Gaussian random variables. We consider the single-p DDP

prior for a complete autoregressive lag two priors. We modify the model proposed

in equation (4.2) as follows:
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Yt | Yt−1 = y1, Yt−2 = y2, rt = h ∼ N(Yt | β1hy1 + β2hy2, σ
2)

p(rt = h) = ωh

(β1h, β2h)
iid∼ G0 (4.8)

we suppose that β1
iid∼ N(mβ1 , σ

2
β1

) × β2
iid∼ N(mβ2 , σ

2
β2

) where the averages and

the variances of the priors are assumed known. We observe that the marginal

distribution for the locations is: θ(y1, y2) ∼ N(Yt | mβ1y1 + mβ2y2;σ2
β1
y2

1 + σ2
β2
y2

2).

In this case, the hyperparameter space has H new parameters for β2h and the

variance, σ2, is costant:

ξ = (V1, V2, ..., VH−1, β11, β12, ..., β1H , β21, β22, ..., β2H , r1, r2, ..., rT )

The joint posterior distribution is

p(Y, ξ) =
T∏
t=3

P (Yt | ξ)
T∏
t=3

p(rt | ξ \ {rt})
H∏
h=1

p(Vh)p(β1h)p(β2h) =

T∏
t=3

N(Yt | β1,rtYt−1 + β2,rtYt−2, σ
2)

T∏
t=3

ωrt

H∏
h=1

Be(Vh | 1,M)N(β1h | mβ1 , σ
2
β1

)N(β2h | mβ2 , σ
2
β2

)

given the other parameters, the posterior distribution for β2h is

p(β2h | ξ \ {β2h}) ∝ N(β2h | mβ2 , σ
2
β2

)
∏

t∈Qh N(Yt | β1hYt−1 + β2hYt−2, σ
2) we consider

the autoregressive model as

Yt = β1hYt−1 + β2hYt−2 + εt εt ∼ N(0, σ2).

and we define Y ∗∗t = Yt−β1hYt−1

Yt−2
, (where βh1 is a costant to respect β2h) having that

Y ∗∗t = β2h + ε∗∗t ε∗∗t ∼ N(0, St)

Tesi di dottorato "“Bayesian Nonparametric Autoregressive Models with Applications”"
di DI LUCCA MARIA ANNA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2012
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



128

it means that

Y ∗∗t | β2h ∼ N(β2h, St)

where St = σ2

Y 2
t−2

. We have the same subset, as before, Qh = {t : rt = h} for the link

between the latent variable rt and the trajectories, β2h. We indicate the number of

elements in this subset as nh =| Qh |.

p(β2h | ξ \ {β2h}) ∝ N(β2h | mβ2 , σ
2
β2

)
∏
t∈Qh

N(Y ∗∗t | β2h, St)

p(β2h | ξ \ {βh}) ∝ N(β2h | m1, V1)

m1 = V1(
mβ2

σ2
β2

+
∑
t∈Qh

Y ∗∗t
St

) V −1
1 = (σ−2

β2
+
∑
t∈Qh

σ−2

St
)

The posterior distributions of the other parameters are similar to the obtained solu-

tions for the single-p DDP-AR(2) model, defined in equation (4.2). The latent indica-

tor rt links costant weights of the stick-breaking representation (see in equation 1.1)

and the trajectories for the point masses (4.2).

Therefore, the posterior distribution for the parameter Vh has the same result, as in

the second Chapter and as we discussed before:

p(Vh | ξ \ {Vh}) ∝ Be(1,M)
∏
t∈Sh

(1− Vh)
∏
t∈Qh

Vh =

Be(1+ | Qh |,M+ | Sh |)

where Sh = {t : rt > h} and Qh = {t : rt = h}.

For the latent variable, rt, we have

p(rt = h | ξ \ {rt}) ∝ ωhN(Yt | β1hYt−1 + β2hYt−2, σ
2).
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Keeping in mind that the autoregressive component has two lags, the posterior

distribution is calculated on the parameter for the trajectories for the point masses,

β1h, for h = 1, 2, . . . , H. In principle, we have to consider

Yt = β1hYt−1 + β2hYt−2 + εt εt ∼ N(0, σ2).

and we define Y ∗t = Yt−β2hYt−2

Yt−1
, obtaining

Y ∗t = β1h + εt εt ∼ N(0,Wt)

it means that

Y ∗t | β1h ∼ N(βh,Wt)

where Wt = σ2

y2
t−1

. We also define the subset Qh = {t : rt = h} for the link between

the latent variable rt and the trajectories for the point masses, β1h. We indicate the

number of elements in this subset as nh =| Qh |.

p(β1h | ξ \ {β1h}) ∝ N(β1h | mβ1 , σ
2
β1

)
∏
t∈Qh

N(Y ∗t | β1h,Wt)

p(βh | ξ \ {βh}) ∝ N(β1h | m1, V1)

m1 = V1(
mβ1

σ2
β1

+
∑
t∈Qh

y∗t
Wt

) V −1
1 = (σ−2

β1
+
∑
t∈Qh

σ−2

Wt

)

For these results, we could think about a more general construction for an au-

toregressive p-lagged terms with prior distribution considering a parameter β =

(β1h, β2h . . . βph) for h = 1 . . . H, obta
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4.6 Discussion

The guidelines of this chapter are essentially two possible extentions of the former

models presented in the second and in third Chapter, respectively. We introduced

on the trajectories more than one lag (p ≥ 1) as a simple extension of the usual non-

parametric autoregressive models, just for example we used only two lags. On the

lags we inserted only one prior for an applied comparison with West et al. result for

the lynx trappings. However, it is interesting to check how the solutions will change

if we have more than one prior on th lags. In Bayesian nonparametric prospective

we moved from a single-p DDP to varying weights DDP, which is the core of this

chapter. Specifically, we illustrated variable weights DDP such that the distribution

of latent variable, rt is connected to the lags of the trajectories Yt−1 and Yt−2 and the

utility of a logistic function. Many applications of Bayesian nonparametric models

use the stick-breaking representation with costant weights. The reason is the conju-

gacy property of a Beta distribution as prior allowing fast results in a Gibbs sampler

algorithm. When the weights of the stick-breaking are varying, the model presents

more parameters and more priors and it is not possible to apply the conjugacy even

if the prior is a Gaussian distribution, as we showed in Section 4.3, it is necessary

to introduce Metropolis-Hastings steps in the Gibbs sampler. Here we also skip an

other possible point of research. We could introduce dependence only on varying

weights and fix trajectories. Nieto-Barajas et al. (2011) affirmed that for time series

models can be sufficient introduce varying weights in a DDP prior model. How-

ever, we introduced also two priors in the harmonic autoregression for the single-p

DDP. The core of this chapter is the influence and the effects of the assumptions on

the sticks. For the application on the lynx trappings, we did not consider possible

variations inserting two priors on the lags. This is an open point of research that

we illustrated as methodological framework. It could be interesting for the same

application, apply and compare the performance on the peaks of the time series
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assuming a single-p DDP-AR(2) model with two lagged priors and varying weights

DDP-AR(2) with two lagged prior terms. An other direction can be use bsplines.

About this point we will remand to the next chapter.
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Chapter 5

Further Research

Abstract. In this chapter, we propose an overview of the proposed models. We

discuss about further possible developments of research.

Several authors wrote about dependent Dirichlet processes and Bayesian time se-

ries analysis, i.e., autoregressive models and conditional autoregressive models.

In principle, structural differences are in the assumptions of dependent prior dis-

tributions. The dependent Dirichlet process introduces dependence on the base

measures such that in some way marginally is a DP. The DDP has three possible

different structures: common weights and dependent locations, known as single-p

DDP; dependent weights and common locations; dependent weights and locations.

Griffin and Steel (2006; 2011) and Rodriguez and ter Horst (2008) considered de-

pendence on the weights and common locations as form of dependent Dirichlet pro-

cesses for dynamic linear models as well, involving state space problems and not

traditional autoregressive linear models. Walker and Mena (2005; 2011) focused on

Dirichlet process prior, instead of DDP and resolving the discretness introducing a

Gaussian process construction for a stationary autoregressive lag one model, the

main difference is the presence, in our proposals, of one more dependent level in

the hierarchy.

As methodological statement, we assumed homogeneity over time for random prob-

ability measures. This assumption is not trivial: in particular, for a single-p DDP we
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do not need stationary assumption. As a consequence, we excluded the Gamma

process over time. We analyzed a generic sequence of increasing conditionals

Yt | Yt−1, . . . , Y0 such that the first lag was sufficient to describe asymmetric de-

pendence. A similar process was proposed for a real DNA-sequencing dataset. We

considered more real problems as the noises due to the Base Calling method. In the

third Chapter, we discussed a novel methodological improvement. We introduced

Bayesian mixtures of dependent locations. The sample size of the DNA-sequencing

is equal to 36,000 intensity measurements and 4 nucleotides. Gibbs sampler algo-

rithm was implemented and Bayesian predictive distributions obtained. However,

more robust analysis and massive iterations can be done for the submission of the

related paper.

In the literature, there are different papers concerning about single-p DDP prior

models based on the dependence of the trajectories and others were consider-

ing varying weights DDP prior and fixed locations. The contribution of our fourth

Chapter is to study the relevance of costant and varying weights DDP in an au-

toregressive fashion-type. We introduce dependence on the locations and on the

weights of dependent Dirichlet processes. Previous papers were focused only on

DDP structures with common locations and dependent weights or on dependent

locations and common weights. The use of dependent weights and jointly depen-

dent locations is the main theme of our contribution focused on time series analysis.

For the first time we introduce a different proposal of the stick-breaking representa-

tion. We abandoned traditional rescaled Beta distribution for the weights, and we

added a logistic function for varying weights and Gaussian distributions for the prior

of the parameters. The other relevant assumption in all our proposals and more

clearly discussed in the fourth Chapter is the finite Dirichlet process, (Ishwaran and

Zarepour, 2008). In a Pólya urn schemes is unknown the number of sticks in the

stick-breaking representation of the DP, we infer for a solution. An other open prob-

lem is a random functional for the choice of the number of sticks. MacEachern
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(1999) proved that a DDP holds Muliere and Tardella (1998) result.

In this thesis we based on continous outcomes and equal spaced over time for

autoregressive models. This is one of our points of force, but it is also a limit of

our research: we discussed about only continous outcomes, we could extend to

sequences of binary responses or ordinal outcomes involving the convolution of a

continous kernel, i.e. Gaussian distributions with a countable mixture of regressions

on lagged terms.

We proposed the single-p DDP through linear or quadratic trajectories. These are

only two examples of a large class of models that it can adopt different forms. Other

nonlinear functions of lagged terms can be accomodated under the general frame-

work, for instance b-splines (Eilers and Marx, 1996). We assumed linearity on

the autoregressive coefficients, but the mixture component means can be arbitrarly

specified as we adapted for the DNA-sequencing dataset.

The simplest variation is for the single-p DDP-AR(1) model: in the DP mixture mod-

elling we used a Gaussian kernel distribution function. We could introduce a Skew

Normal distribution (Azzalini, 1985) for the errors of the autoregression lag one

keeping a single-p dependent Dirichlet process prior. This new model will change

the distribution for the depending locations. The Skew Normal distribution has the

same kernel distribution of the normal distribution and it considers in the exponential

function the parameter of skewness. In that case, we could compare if one more

parameter as the skewness is useful for real problems or not. Most probably the

applicability of this type of processes could be useful for financial problems, where

there are stochastic volatility problems and not symmetric distributions can be as-

sumed. This type of modeling can provide a better prediction of the phenomenon

and can be a new solution for high volatiliy problems usually resolved using ARCH

or GARCH models.

In the second Chapter, we discussed abut a multivariate unseparable equations un-

derling the relevance of the ANOVA structure. However, we think about to introduce
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a product of independent variables in the model, and in a classical point of view it

coud be constructed as a Generalized Skew Normal, in that case, our assumptions

have to be reviewed.

An other methodological variation for our last proposal is a Gaussian process.

Gelfand, Kottas and MacEachern (2005) introduced the Gaussian process for spa-

tial problems. They proposed an alternative process at the DDP. We could introduce

this type of process for the DDP structure. The idea is essentially to use a Gaussian

process on dependent locations and varying weights, or for a single-p DDP.
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