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Abstract

Gibbs-type partitions are a wide class of distributions for random partitions introduced in

Gnedin and Pitman [48]. They have become popular also in the Bayesian nonparametrics

literature in the last few years following Lijoi et al. [78]. Within a Bayesian approach,

Gibbs-type partitions can be used to model the random partitioning of observations in

clustering and species sampling problems. The scope of this thesis is to provide both

theoretical and methodological contributions on Gibbs-type partitions, with a particular

focus on their application to species sampling problems. Under the usual setting of a

species sampling model, in Chapter 3 we derive a characterization of Gibbs-type priors

through conditions on the predictive distributions of the observables. This kind of char-

acterizations are usually referred to as Johnson ’sufficientness’ postulates and are helpful

for prior elicitation. In the same chapter, we supply a Polya-type urn scheme representa-

tion for all Gibbs-type priors. Urn schemes provide an intuitive description of the data

generating process and they are useful to build MCMC algorithm for posterior inference.

In Chapter 4, we present a new methodology based on Gibbs-type priors for sample-size

selection in species sampling models. The goal of this methodology is to determine the

minimal size of additional samples needed to observe a prefixed amount a new species.

This result is useful when sampling further observations is expensive and it is important

to design cost-effective species inventories. In Chapter 5, we consider another problem of

species discovery but now in a sequential and partially exchangeable setting. In this sce-

nario, there are multiple populations available and we can choose at every time step from

which population to collect further samples. We propose a sequential strategy with the

goal of discovering as many species as possible. This strategy works for both abundance

and incidence data and its performances are tested through simulations and in a real data

example. Finally, in Chapter 6, we move from partitions to feature allocations, in which

the assumptions of exhaustivity and disjointness of the blocks of a partition are relaxed.

We study the class of Gibbs-type feature allocations, characterizing all its elements as

mixtures of Indian Buffet Processes and Beta-Bernoulli models.
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1

Chapter 1

Overview of the Thesis

Bayesian Nonparametric Statistics (BNP) is the branch of Bayesian statistics dealing with

infinite dimensional parameters or problems in which the dimension of the unknown pa-

rameter increases with the sample size. Examples of infinite dimensional parameters are

cumulative distribution functions, density functions, hazard and cumulative hazard func-

tions, regression functions and Markov transition kernels. The simplest and most natural

nonparametric problem is that with the unknown parameter P being the marginal dis-

tribution of observations sampled from an infinite exchangeable sequence. Within this

framework, by imposing mild assumptions on the predictive distributions of the observa-

tions we recover the so called species sampling models, which will be reviewed in Chapter

2 together with all preliminaries on BNP needed in the following chapters. The classi-

cal and simplest example of prior in a species sampling model is the Dirichlet process,

introduced in the seminal work by Ferguson [40]. Following this pioneering contribution,

many extensions of this process have been proposed in the literature, either trying to add

flexibility or to accommodate some features of particular datasets in applied works. As

recently discussed in De Blasi et al. [27], a class of priors which can be considered the

most natural generalization of the Dirichlet process are the so called Gibbs-type priors,

proposed in Gnedin and Pitman [48] and reviewed in some depth in Chapter 2. This class

includes the majority of well-known priors for discrete distributions, like the Dirichlet

and the Pitman–Yor processes. At the same time, it remains mathematically tractable.

In this thesis, we will provide both theoretical and methodological results on Gibbs-type

priors, with a particular focus on their usage within species sampling models.

In Chapter 3, we start studying theoretical properties and providing motivation for

the usage of Gibbs-type priors within species sampling models. In the Bayesian approach,

one of the main issue is the specification of the prior. This task is even more challeng-

ing in nonparametric contexts, where the parameter space is usually a function space.

However, it is known from the De Finetti’s representation theorem that the law of an

infinite exchangeable sequence of observations is uniquely characterized by the prior dis-
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tribution, and also the converse holds true. Hence, at least in principle, the statistician

can add prior information through assumptions on the joint or predictive distributions of

the observables, rather than directly on the prior. An early discussion of such a problem,

although in a parametric framework, dates back to the seminal work by English philoso-

pher W. E. Johnson, who introduced a noteworthy characterization for the predictive

probabilities of the symmetric Dirichlet prior distribution. This is typically referred to as

the Johnson’s “sufficientness” postulate. An extension of this postulate was carried on to

the nonparametric framework by Zabell, providing predictive conditions to characterize

the Dirichlet, Zabell [125], and the Pitman–Yor processes, Zabell [129]. In Chapter 3, we

further extend these results and we provide a predictive characterization of the Gibbs-

type priors. Specifically, we will show that, given a sample Xn,k = (X1, . . . , Xn) from an

infinite exchangeable sequence of random variables, displaying Kn distinct values in it,

the following two predictive conditions imply a Gibbs-type prior:

1. the probability that the next observation Xn+1 is different from those already ob-

served in the sample is a function only of n and Kn;

2. the probability that Xn+1 is equal to an already observed value depends only on n,

Kn and the number of times this value has been previously observed.

As particular cases, we recover the two characterization theorems of Zabell. Indeed, we

prove that the Pitman–Yor process is recovered when we drop the dependence on Kn in

the probability of observing an old species, while the Dirichlet process is found when we

also assume independence of Kn in the probability of discovering a new species. Finally,

we provide a urn scheme representation for Gibbs-type priors, which generalizes the one

and two parameters Hoppe urns, Hoppe [62].

Chapter 4 is devoted to a statistical application of Gibbs-type priors in species sam-

pling models. Within this class of models, we study the issue of sample size selection,

when the goal is discovering new species. Indeed, a difficult and important challenge in

species sampling problems is the design of cost-effective species inventories. Such a design

necessarily requires to measure the sampling effort in order to ensure an efficient allocation

of time and financial resources along the inventory process. In Chapter 4, we introduce a

collection of Bayesian nonparametric tools for estimating the minimum number of addi-

tional samples that are required to detect a preset amount of new species. Specifically, we

consider a sample Xn = (X1, . . . , Xn), from an infinite exchangeable sequence of random

variables (Xi)i∈N. From De Finetti’s representation theorem, the joint law of the sample

can be written in the following hierarchical form

Xi|P
iid∼ P i = 1, . . . , n

P ∼ µ,
(1.1)
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where P denotes the unknown probability law of Xi and µ is the de Finetti’s measure

governing the exchangeable sequence (Xi)i∈N, which, from a Bayesian point of view, is

interpreted as the prior distribution of P . We choose µ to be a Gybbs-type prior and we

compute the posterior point estimate of Tτ |Xn = min{m ∈ N : Kn+m − Kn = τ}, i.e.,

the minimum number of additional observations needed to observed τ new species, and of

similar quantities. This summary provides an effective and easily interpretable estimate

of the additional cost that we have to incur in order to observe τ further species. The

methodology is illustrated through the analysis of an Expressed Sequence Tags dataset

in genomics.

In Chapter 5, we consider another problem of species discoveries, but now in a context

of partial exchangeability. A samples Xn = (X1,n1 , . . . ,XJ,nJ ) collected from J distinct

populations are available, where Xj,nj = (Xj,1, . . . , Xj,nj) denotes the sample from the

j-th population. We can think of these as samples of animals from different geographical

regions. A priori, it is unknown which species of animals are present in each region and

what are their frequencies. Species are shared among populations and each species can

be present in more than one region with its frequency varying across populations. We

assume the observations to be partially exchangeable. From De Finetti’s representation

theorem for partially exchangeable random variables, the joint law of the observables can

be written in the following hierarchical form

Xj,i|Pj
iid∼ Pj i = 1, . . . , nj, j = 1, . . . , J,

(P1, . . . , PJ) ∼ µ.
(1.2)

The problem explored in Chapter 5 is how to sequentially sample these populations, in

order to observe the greatest number of different species. This problem is relevant, for

instance, in applications in genomics, ecology and biology. We adopt a Bayesian non-

parametric approach and endow (P1, . . . , PJ) with a Hierarchical Pitman–Yor prior. As

a consequence of the hierarchical structure, the J unknown discrete probability measures

share the same random support, that of their common random base measure. Given this

prior choice, we propose a sequential rule that, at every time step, given the information

available up to that point, selects the population from which to collect the next observa-

tion. Rather than simply picking the population with the highest posterior estimate of

producing a new value, the proposed rule includes a Thompson sampling step to better

balance the exploration-exploitation trade-off, inherent in any bandit problem. In addi-

tion, we propose an extension of the algorithm to deal with incidence data, where animals

are sampled in groups. Performances of both algorithms are assessed through simulations

and compared to three other strategies. Finally, we compare these algorithms using a

dataset of species of trees, collected from different plots in South America.

In Chapter 6 we consider a different kind of models, called feature models. This

class of models is very popular and has received lot of attention in the last ten years,

Tesi di dottorato "Gibbs-type priors for species sampling problems and feature models"
di BATTISTON MARCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



4

particularly in the machine learning community. In these models, each observation Xi is

a random vector of unknown, but finite, cardinality. Its values are called features. Any two

observations Xi and Xj can have some of their features in common. Feature models are

generalizations of species sampling and clustering problems. Indeed, these latter models

are the particular case of feature models in which each Xi has only one feature with

probability one. The most popular Bayesian model for feature models is the Indian Buffet

Process (IBP), derived in Griffiths and Ghahramani [55] as a limit of a Beta–Bernoulli

model. In Chapter 2, we recall this model, together with the notions of exchangeable

feature allocations and of exchangeable feature allocation function. In Chapter 6 we

proceed to characterize the class of exchangeable feature allocations assigning probability

Vn,k
∏k

l=1 WmlUn−ml to a feature allocation of n observations, displaying totally k distinct

features and with (m1, . . . ,mk) counts for each of these features. Each element of this

class is parametrized by a countable matrix V and two sequences U and W of non-negative

weights. Moreover, a consistency condition is imposed to guarantee that the distribution

for feature allocations of n−1 individuals is recovered from that for n individuals, when the

last individual is integrated out. In Theorem 6.1.1, we prove that the only members of this

class satisfying the consistency condition are mixtures of the Indian Buffet Process over

its γ parameter and mixtures of the Beta–Bernoulli model over its N parameter. Hence,

we provide a characterization of these two models as the only, up to randomization of the

parameters, consistent exchangeable feature allocations having the required Gibbs-type

product form.

To sum up, the thesis is organized as follows. In Chapter 2, we collect some known

preliminaries on BNP. In Chapter 3, we provide a predictive characterization and a urn

scheme for Gibbs-type priors. In Chapter 4, we use these priors to solve the problem

of sample size selection for discovering new species. In Chapter 5, we continue with

the species discovery problem, but now in a both partially exchangeable and sequential

context. We propose two sequential algorithms to deal with both abundance and incidence

data. Finally, in Chapter 6, we move from partitions to feature models and we characterize

the IBP process and the Beta–Bernoulli model as the only, up to randomization, feature

allocations having a Gibb-type-like structure. Results in Chapter 2 are known, while the

contents of chapters from 3 to 6 are novel.
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Chapter 2

Preliminaries on Bayesian

Nonparametrics

In this chapter, we collect some preliminaries on Bayesian Nonparametrics. The reader in-

terested in a wider and more detailed treatment on BNP is referred to the books by Ghosh

and Ramamoorthi [47], Hjort et al. [61] and Phadia [96]. In section 2.1, we briefly expose

some basic notions, like exchangeability, partial exchageability and their De Finetti’s rep-

resentation theorems. In section 2.2, we introduce the Dirichlet and Pitman-Yor processes.

In section 2.3, we present species sampling models. Section 2.4 deals with Gibbs-type pri-

ors. Section 2.5 describes the Hierarchical Pitman-Yor prior, which will be used in Chap-

ter 5. Finally, in section 2.6 we review feature models, with two separated subsections

dedicated to the Beta–Bernoulli model and the Indian Buffet Process.

2.1 Exchangeability, Partial Exchangeability and De

Finetti’s representation theorems

Let X∞ = (Xi)i∈N be a sequence of random variables defined on a common probability

space (Ω,F ,P), representing the ideally infinite sequence of observations. A probabilis-

tic assumption that is common in many Bayesian applications is exchangeability. This

assumption means that the law of X∞ is invariant with respect to the group of finite per-

mutations of the index set, i.e., (X1, . . . , Xn) is equal in distribution to (X%(1), . . . , X%(n))

for all n ∈ N and for all permutations % of the first n integers. From a statistical point of

view, exchangeability corresponds to the assumption that the order in which observations

arrive is irrelevant for making inference on their law. This assumption of order invariance

is fundamental due to de Finetti’s representation theorem, which, under mild assumptions

on the spate space of X∞, characterizes infinite exchangeable sequences as mixtures of

independent and identically distributed (i.i.d.) sequences. We denote by (X,X ) the state
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space of each coordinate Xi and the regularity conditions needed in the theorem is that

this space is a complete and separable metric space endowed with its Borel sigma algebra.

Under this mild assumption, we can state the celebrated De Finetti’s theorem,

Theorem 2.1.1 (De Finetti’s representation theorem for exchangeable sequences). X∞

is exchangeable if and only if (iff) there exists a probability measure µ such that for all

n ∈ N for all A = A1 × . . .× An × X× . . ., with Ai ∈ X for all i ≤ n,

P(X∞ ∈ A) =

ˆ
P

n∏
i=1

P (Ai)µ(dP ).

Moreover, µ is uniquely characterized by the law of X∞.

In the statement of the theorem, µ is a probability measure on the space P of all

probability measure on X and it usually referred as the De Finetti’s measure. P is assumed

to be endowed with the topology of weak convergence, which makes it separable and

metrizable by a complete metric, and with the corresponding Borel sigma algebra. This

theorem was initially proved by De Finetti [28] for binary variables and then extended to

variables taking values on a complete and separable metric space by Hewitt and Savage

[58]. From De Finetti’s theorem, the exchangeability assumption can also be formulated

in terms of conditional independence, i.e., the law of a sample Xn = (X1, . . . , Xn) from

an infinite exchangeable sequence can be rewritten in the following hierarchical form

Xi|P
iid∼ P i = 1, . . . , n,

P ∼ µ,
(2.1)

where P is an unknown parameter vector, taking values on P , and its probability law µ is

interpreted in a Bayesian framework as its prior distribution. If µ is supported on subset

of P isomorphic to a finite dimensional space, the inferential problem is called parametric.

Otherwise it is called nonparametric.

In many applied contexts, the assumption of exchangeability may be too restrictive.

An example in species sampling problems is when we sample animals from distinct regions.

Even if it may still be reasonable to assume observations to be exchangeable within

each region, it may not be the case when they are grouped all together. Indeed, there

can be strong geographical or climatic differences, which affect the distribution of each

region. An assumption weaker than exchangeability and which can represent well this

kind of contexts is partial exchangeability. This condition implies that observations are

exchangeable within groups but, in general, not across them. An array X = (X1, . . . ,XJ)

composed by J infinite sequences of random variables is partially exchangeable if each of

its elements Xi is exchangeable. A corresponding De Finetti’s representation theorem for

partially exchangeable sequences can be stated as follows,
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Theorem 2.1.2 (De Finetti’s representation theorem for partially exchangeable sequences).

X = (X1, . . . ,XJ) is partially exchangeable iff there exists a probability measure µ on PJ

such that for all (n1, . . . , nJ) ∈ NJ and for all Aj = Aj,1 × . . . × Aj,nj × X × . . ., with

Aj,i ∈ X for all j ≤ J and i ≤ nj,

P (X1 ∈ A1, . . . ,XJ ∈ AJ) =

ˆ
PJ

n1∏
i=1

P1(AJ,i) · · ·
nJ∏
i=1

PJ(AJ,i)µ(d(P1, . . . , PJ)).

Examples of priors µ for partially exchangeable data are the Hierarchical Dirichlet Process,

Teh et al. [112], and the Hiercarchical Pitman-Yor process, Teh [110]. Under this law, the

elements of (P1, . . . , PJ) are conditionally independent given another random probability

measure P0 on X. In section 2.5, we will present in detail the Hierarchical Pitman-Yor

process. The Hierarchical Dirichlet process corresponds to the particular case in which

all αj for j ∈ {0, . . . , J} are set equal to zero.

2.2 The Dirichlet and the Pitman–Yor Processes

Within the framework of (2.1), the classical example of nonparametric prior µ is the

Dirichlet process, introduced in the seminal paper by Ferguson [40]. There are many con-

structions of this process, each of these can be taken as a definition. As in Ferguson [40],

we define the Dirichlet process through a description of its finite dimensional distributions.

Definition 2.2.1 (Dirichlet Process). Let m be a finite measure on (X,X ). µ is a

Dirichlet process if for each measurable partition (A1, . . . , An) of X, the random vec-

tor (µ(A1), . . . , µ(An)) has distribution Dir(m(A1), . . . ,m(An)), where Dir denotes the

Dirichlet distribution, with density function with respect to the Lebesgue measure on

Rn−1 given by

f(µ(A1),...,µ(An))(x1, . . . , xn;m(A1), . . . ,m(An)) =

∏n
i=1 Γ(m(Ai))

Γ(
∑n

i=1m(Ai))

n∏
i=1

x
m(Ai)−1
i ,

on the open (n − 1)-dimensional simplex ∆n−1 = {(x1, . . . , xn) ∈ Rn−1 : 0 ≥ xi ≥
1,
∑n

i=1 xi = 1} and 0 otherwise.

Other possible constructions of the Dirichlet process are by normalizing a gamma

process (Ferguson [40]), by a stick-breaking construction (Sethraman [106]) or by a de-

scription of the Chinese Restaurant process (Aldous [3]). In the rest of this section, we

will focus on the Pitman–Yor process and we will describe some of its properties and of

its possible constructions. The corresponding counterparts for the Dirichlet process are

recovered by setting α = 0.

The Two Parameter Poisson-Dirichlet process introduced in Pitman and Yor [93] is

a generalization of the Dirichlet process. See also Perman et al. [89], Pitman [91], and
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Pitman [94]. Is is also known as Pitman–Yor (PY) process, especially in the machine

learning literature. Like the Dirichlet process, this process is a probability measure on

the space of probability measures on the sample space and it assigns probability one to

the set of discrete distributions. It is parametrized by three parameters, (α, θ, P0), where

P0, called base distribution, is a distribution on the sample space and α and θ are two

scalars satisfying 0 ≤ α < 1 and θ > −α, respectively called concentration and mass

parameters. The Dirichlet process is recovered as a particular case when α = 0, θ = m(X)

and P0(·) = m(·)
θ

.

The Pitman–Yor admits a stick breaking representation, akin to that of Dirichlet pro-

cess. Specifically, a sample P from a Pitman–Yor process can be represented in the

following form

P =
∞∑
i=1

piδX∗i ,

where (X∗i )i≥1 is an i.i.d. sequence of random variables with marginal distribution P0,

and (pi)i≥1 is another sequence of random variables independent of (X∗i )i≥1 and having

the following stick-breaking distribution

pi = Vi

i−1∏
k=1

(1− Vk),

where

Vi
ind∼ beta(1− α, θ + iα),

for all i ≥ 1.

A description of the posterior distribution of the PY process was derived in Pitman

[92]. Given a sample Xn = (X1, . . . , Xn), such that Xi|P
iid∼ P for 1 ≤ i ≤ n and P ∼

PY (α, θ, P0), the posterior distribution of P given Xn satisfies the following distributional

equation

P |Xn
d
=

Kn∑
i=1

wiδX∗i + w0P̃ , (2.2)

where Kn is the number of distinct values in the sample Xn, denoted by (X∗1 , . . . , X
∗
Kn

)

and having multiplicities (n1, . . . , nKn), (w0, w1, . . . , wKn) is a random vector distributed

according to a Dir (θ +Knα, n1 − α, . . . , nKn − α) and P̃ is distributed according to a PY

process with parameters (α, θ +Knα, P0) and it is independent of (w0, w1, . . . , wKn).

Using this posterior representation, it is also possible to derive the so called Chi-

nese Restaurant Representation of the PY process, describing the conditional law of the

observation Xn+1 when the underlying random distribution P has been integrated out,

Xn+1|Xn, α, θ, P0 ∼
Kn∑
i=1

ni − α
θ + n

δX∗i +
θ +Knα

θ + n
P0. (2.3)
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Following this predictive distribution, observation Xn+1 is assigned to an old cluster with

value X∗i with probability proportional to ni − α or it is sampled from P0 and forms its

own cluster with probability proportional to θ +Knα.

The Chinese Restaurant Process can also be described using a Polya urn scheme,

also called the two parameters Hoppe urn, Zabell [128]. This urn scheme generalizes the

popular Blackwell-MacQueen Polya urn scheme for the Dirichlet process of Blackwell and

MacQueen [10]. The two parameters Hoppe urn works as follows. We consider sampling

balls from a urn, initially containing only a black ball of mass θ. Every time the black ball

is sampled, we introduce in the urn a ball of new color of mass 1 − α, we put the black

ball back into the urn and we reinforce its mass by α units. The new color is sampled

from the base measure P0, where with ’colors’ we intend the possible values taken by the

observations. Instead, if a color ball is picked, the reinforcement procedure works as in the

classical Polya urn, i.e., the ball is returned into the urn together with an additional ball

of the same color. It is easy to check that this sampling scheme give rise to the predictive

distribution (2.3).

The interpretation of the hyperparameters of the PY are the following. The base

distribution P0 is the mean of the prior. From the stick breaking representation, it is clear

that it is also the law of the locations of the support points of the random distribution P .

The diversity parameter θ regulates the variance of the prior around the prior mean P0.

With high θ, the prior guess is strong, i.e., the variance of the prior is small. With small

θ, we are more uncertain about possible values of P . A posteriori, a high θ implies more

weight on the prior information, while a small θ more weight on the information provided

by the sample. This fact can also be read from the Chinese Restaurant Representation. In

fact, the weight of the prior mean is larger when θ is large. The concentration parameter

α affects how the total mass of P is spread across its support points. When α is small,

the prior samples with high probability distributions with few points of very high mass.

With a value of α close to 1, distributions with the total mass evenly spread across

many support points are more likely to be sampled. Indeed, from the Chinese Restaurant

Representation, the probability that the next observation is different from all the previous

ones is higher when α is large.

The Pitman–Yor process offers more flexibility than the Dirichlet process and it has

desirable properties when dealing with species sampling problems. In particular, it offers

a flexible predictive structure in which the probability of observing a new species depends

not only on the sample size, like for example in Dirichlet process, but also on the number

of distinct values observed in the sample. At the same time, it maintains mathematical

tractability. Moreover, differently from the Dirichlet process, with a Pitman–Yor prior

the number of distinct observations Kn grows following a power law behavior as the

sample size increases, a feature common to many real world datasets, as observed in

Mitzenmacher [88] and Goldwater et al. [49]. The PY process is a useful prior when the
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population size is large but unknown and the number of species in the population is also

unknown. However, it is not an adequate prior when the goal is estimating the total

number of species in the population. Indeed, from the stick-breaking representation, a

sample from a PY process has an infinite number of atoms with probability one. Hence,

a point estimate for the total number of species in the population is always infinite.

2.3 Species Sampling Models

Species sampling problems refer to a broad class of statistical problems in which samples

are assumed to be drawn from a population of individuals, belonging to a possibly infinite

number of species. Given a sample Xn,k = (X1, . . . , Xn) from this population, featuring

Kn = k species with corresponding frequencies (N1,n, . . . , NKn,n) = (n1, . . . , nk), interest

lies in estimating various population’s features, as well as predicting characteristics of

additional future samples. Quantities of interest are, among others, the number of unseen

species in the population, the fraction of the population belonging to each species, the

probability that further draws yield new species, the number of additional samples to

achieve a desired level of coverage, the probability of replicating species with certain

features, etc. Species sampling problems have originally appeared in ecology, and their

importance has grown considerably in the recent years, driven by challenging applications

arising from bioinformatics, computer science, genetics, linguistics, molecular biology,

networking and data confidentiality, design of experiments, machine learning, etc. A broad

range of statistical approaches, parametric and nonparametric as well as frequentist and

Bayesian, have been proposed for making inference on various species sampling problems.

Important contributions are Good [50], Good and Toulmin [51], Efron and Thisted [34],

Hill [59], Rasmussen and Starr [98], Mao [87], Lijoi et al. [76] and Barger and Bunge [7]

to name a few.

In species sampling problems, we imagine the random sample Xn,k = (X1, . . . , Xn) to

be sampled from a large population of individuals of various species, where Xi denotes

the species of the i-th individual. The state space of the observations, denoted by X, has

to be interpreted as an arbitrary set of colors or tags, which are used to label distinct

species. It is assumed that when a new species is observed its color is sampled from

a diffuse distribution on X, the base measure P0. When these labels are irrelevant for

prediction purposes, we can assume the predictive rule of the observations to have the

following general structure

P[X1 ∈ ·] = P0(·) (2.4)

and

P[Xn+1 ∈ · |Xn,k] = g(n, k, n1, . . . , nk)P0(·) +
k∑
i=1

fi(n, k, n1, . . . , nk)δX∗i (·), (2.5)
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for any n ≥ 1, where g and fi, for any i ≥ 1, are non-negative functions such that

g(n, k, n1, . . . , nk)+
∑

1≤i≤k fi(n, k, n1, . . . , nk) = 1 and (X∗1 , . . . , X
∗
k) denote the k distinct

values observed in Xn,k. This predictive structure is a generalization of the Blackwell-

MacQueen urn and of the two parameters Hoppe Urn. Indeed, in (2.5) we allow the

weights attached to the base measure and to the delta functions of the already observed

species to be generic functions of n, k and of the frequencies (n1, . . . , nk), hence not re-

stricting them to have any specific shape.

Pitman [92] studies the class of probability laws having conditional distributions as

in (2.4) and (2.5) under the further assumption that Xn,k is a sample from an infinite

exchangeable sequence. The members of this class are called species sampling sequences

and the following theorem, providing a description of them, is derived in Pitman [92].

Theorem 2.3.1 (Pitman [92], Proposition 11). Let (Xi)i∈N be a species sampling se-

quence. Then,

1. as n → ∞, (2.5) converges in total variation almost surely (a.s.) to a random

measure

P̃ =
∑
i

p∗i δX∗i + (1−
∑
i

p∗i )P0,

where p∗i is the asymptotic frequency of the i-th species to appear, X∗i ;

2. the X∗i are an i.i.d. sequence distributed according to P0 and independently of the

p∗i ;

3. (Xi)i∈N is a sample from P̃ , i.e., Xi|P̃
iid∼ P̃ for all i.

Also, a converse of this theorem holds true. Let (Xi)i∈N be a sequence of random

variables sampled from a random probability measure defined as

P̃ =
∑
i

piδX̂i + (1−
∑
i

pi)P0, (2.6)

where (X̂i)i∈N and (pi)i∈N are two sequences of random variables, such that pi ≥ 0 and∑
i≥1 pi ≤ 1 a.s. and X̂i are i.i.d. according to the diffuse distribution P0 and independent

of (pi)i∈N. This kind of models are called species sampling models. If
∑

i≥1 pi = 1, then

the species sampling model is said to be proper and in this case (p∗i )i∈N is a size-biased

permutation of (pi)i∈N. Instead, if the model is improper, then P̃ has also a continuous

component of total mass p0 = 1−
∑

i∈N pi, usually referred as the Kingman’s dust.

From a Bayesian nonparametric perspective, species sampling models rely on the spec-

ification of a prior distribution for the unknown species compositions (pi)i≥1 and a choice

of the base measure P0. The classical example is the Dirichlet process in which (pi)i≥1,

when ordered in decreasing order, have a Poisson-Dirichlet distribution, introduced in
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Kingman [71], while their size-biased permutation (p∗i )i≥1 has the stick-braking represen-

tation described above (for the PY process, with α = 0) also called GEM(θ) distribution,

from the contributions of Griffiths, Engel and McClosky. Similar results holds true for

the PY process.

Another, apparently different, way to specify a prior distribution for (pi)i≥1 is by

choosing a distribution for a random exchangeable partition of the natural numbers. A

random partition ΠN of the natural numbers is a random variable taking values on the

space of all possible partitions of N and it said to be exchangeable if its distribution is

invariant with respect to all permutations of a finite number of integers. This means that,

for all n and for all permutations % : N→ N such that all points greater than n are fixed

points, a particular partition πN of the natural numbers has the same probability as the

partition obtained by applying % to all elements in the blocks of πN. As a consequence of

exchangeability, the vector of block sizes is sufficient for the distribution of ΠN. Moreover,

ΠN can be described by a sequences of consistent random partitions (Πn)n∈N, where Πn

is a random partition of the first n integers and with consistent it is intended that Πn

is (a.s.) recovered from Πn+1 by removing the element n + 1. See Pitman [95] for an

excellent treatment on exchangeable random partitions.

A way of obtaining a random exchangeable partition of the natural numbers is by

considering a sequence of exchangeable random variables (Xn)n∈N and to generate the

partition of N by grouping in the same block two integers i and j if and only if the corre-

sponding random variables take the same value, i.e. if Xi = Xj. The following theorem

by Kingman [72] shows that this construction is not so specific and indeed all random

exchangeable partitions can be generated in this way. Kingman’s theorem establishes a

bijection between distributions of random exchangeable partitions of the natural numbers

and distributions for the frequencies (pi)i≥1 of a species sampling model. Specifically, for

a fixed (non-random) infinite vector (pi)i≥1 such that
∑

i≥1 pi ≤ 1, let p0 = 1 −
∑

i≥1 pi

(Kingman’s dust) be added to it, so that the new vector (pi)i≥0 sums to one,
∑

i≥0 pi = 1.

A random partition is said to be a paintbox if it is obtained by sampling a sequence of

random variables (Xn)n∈N from (pi)i≥0 and grouping in the same blocks integers i and

j if Xi = Xj, except when Xi (and so Xj) is sampled from p0, in which case integer i

(and so integer j) forms its own block. Kingman’s representation theorem characterizes

exhangeable partitions as mixtures of paintboxes, mixtured over (pi)i≥0.

Theorem 2.3.2 (Kingman [72]). Let ΠN be an exchangeable partition of the natural

numbers and let Π̃p denotes a paintbox partition obtained from a fixed ordered vector

p = (pi)i≥1 such that
∑

i≥1 pi ≤ 1. Then, there exists a probability measure µ such that,

for all partition πN of the natural number, it holds

P(ΠN = πN) =

ˆ
∇
P(Π̃p = πN)µ(dp),
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where µ is a unique probability measure on the infinite ordered simplex ∇ = {p ∈ [0, 1]∞ :

1 ≤ p1 ≤ p2 ≤ . . . ≤ 0,
∑

i≥1 pi ≤ 1} and it is completely characterized by the law of ΠN.

From this theorem, we can specify a species sampling model by choosing a base mea-

sure P0 and either a prior µ for the frequencies (pi)i≥1 or equivalently a distribution for a

sequence of exchangeable partitions of the natural numbers. An example of a wide class

of such random partitions are the Gibbs-type partitions introduced in Gnedin and Pitman

[48] and presented in the next section.

2.4 Gibbs-type priors

As recently discussed in De Blasi et al. [27], Gibbs-type species sampling models may be

considered as the most “natural” generalization of the Dirichlet process. Indeed, apart of

the well-known conjugacy of the Dirichlet process, Gibbs-type species sampling models

share numerous properties that are appealing from both a theoretical and an applied point

of view: they stand out in terms of mathematical tractability, which allows to study their

distributional properties for finite sample sizes and asymptotically; they admit a simple

and intuitive definition in terms of predictive probabilities; they are characterized by a

flexible parameterization, thus including numerous interesting special cases, most of them

still unexplored. All these properties have made the class of Gibbs-type priors a common

choice in several contexts, such as in hierarchical mixture modeling, species sampling

problems, feature and graph modeling, hidden Markov modeling, etc. In this section we

briefly review Gibbs-type species sampling models, with emphasis towards their predictive

probabilities and sampling properties. The reader is referred to the monographs by Pitman

[95] and Bertoin [9] for a comprehensive account on Gibbs-type species sampling models,

and to Lijoi and Prünster [80] and De Blasi et al. [27] for reviews on their use in Bayesian

nonparametric statistics.

Among various possible definitions of Gibbs-type species sampling models, the most

intuitive is given in terms of their predictive probabilities. These probabilities are of the

form (2.5) for a suitable specification of g and fi. Let Xn,k := (X1, . . . , Xn) denote a

sample of size n from an arbitrary species sampling model P and featuring Kn = k ≤
n species, labelled by (X∗1 , . . . , X

∗
Kn

), with frequencies (N1,n, . . . , NKn,n) = (n1, . . . , nk).

Then P is a Gibbs-type species sampling model if

P[X1 ∈ ·] = P0(·) (2.7)

and

P[Xn+1 ∈ · |Xn,k] =
Vn+1,k+1

Vn,k
P0(·) +

Vn+1,k

Vn,k

k∑
i=1

(ni − α)δX∗i (·), (2.8)
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for any n ≥ 1, where α < 1 and (Vn,k)1≤k≤n,n≥1 are nonnegative weights with V1,1 := 1

and satisfying the triangular recursion Vn,k = Vn+1,k(n − αk) + Vn+1,k+1. We observe

that the class of Gibbs-type species sampling models generalizes the Dirichlet process by

introducing the dependency on k in both the nonnegative functions g and fi in (2.5), for

any i = 1, . . . , k.

A characterization of the de Finetti measure of the Xi’s with distribution (2.7) and

(2.8) was proposed in Gnedin and Pitman [48], and it relies on the notion of Poisson-

Kingman model introduced in Pitman [94]. Specifically, for any α ∈ (0, 1) let (Ji)i≥1 be

decreasing ordered jumps of an α-stable subordinator Kingman [71], let Pi = Ji/Tα where

Tα =
∑

i≥1 Ji < +∞ almost surely, and let PK(α; t) denote the conditional distribution of

(Pi)i≥1 given Tα = t. In particular Tα is a positive α-stable random variable and we denote

by fα its density function. If Tα,h is a random variable with density function fTα,h(t) =

h(t)fα(t), for any nonnegative function h, then an α-stable Poisson-Kingman model is

defined as the discrete random probability measure Pα,h =
∑

i≥1 Pi,hδX∗i , where (Pi,h)i≥1

is distributed as
´ +∞

0
PK(α; t)fTα,h(t)dt and (X∗i )i≥1 are random variables, independent

of (Pi,h)i≥1, and independent and identically distributed as P0. According to Gnedin and

Pitman [48], the predictive probabilities (2.8) are those of: i) the class of α-stable Poisson-

Kingman models, for α ∈ (0, 1), ii) the Dirichlet process with (possibly) randomized mass

parameter, for α = 0; iii) the class of M -dimensional symmetric Dirichlet distributions,

with M being a nonnegative discrete random variable, for α < 0. In other terms, α < 0

implies a finite number M of species in the population, whereas α ∈ [0, 1) implies infinite

species.

The characterization in Gnedin and Pitman [48] implies that, for α ∈ (0, 1), Gibbs-type

species sampling models are parameterized by a nonnegative function h. A representation

of Vn,k in terms of h was provided in Pitman [94]. Specifically, let Ba,b be a Beta random

variable with parameter (a, b) and, for any c > 0, let Sα,c be a random variable with

density function fSα,c(s) = Γ(cα+ 1)s−αcfα(s)/Γ(c+ 1), i.e., Sα,c is a polynomially tilted

α-stable random variable. Then,

Vn,k =
αk

Γ(n− αk)

ˆ +∞

0

h(t)t−αk
ˆ 1

0

pn−1−αkfα((1− p)t)dpdt,

i.e.,

Vn,k =
αkΓ(k)

Γ(n)
E
[
h

(
Sα,k

Bαk,n−αk

)]
. (2.9)

See Chapter 4 of Pitman [95] for additional details. Note that, according to the represen-

tation (2.9), a Monte Carlo evaluation of Vn,k can be easily performed by sampling from

Bαk,n−αk and Sα,k. In this respect, an efficient rejection sampling scheme for polynomially

tilted α-stable random variables has been proposed by Devroye [29].

Among Gibbs-type species sampling models with α ∈ (0, 1), the Pitman–Yor process

certainly stands out. Another noteworthy example is the normalized generalized Gamma
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process, introduced in Pitman [94] and further investigated in Bayesian nonparametrics,

e.g., James [66], Lijoi et al. [78], Lijoi et al. [81] and James [67]. For any α ∈ (0, 1) and

θ > −α, the Pitman–Yor process is a Gibbs-type species sampling model with h(t) =

αΓ(θ)t−θ/Γ(θ/α). In particular, by replacing this function in (2.9), one obtains

Vn,k =

∏k−1
i=0 (θ + iα)

(θ)n↑
, (2.10)

where (θ)n↑ denotes the ascending factorial, i.e., (a)n↑ :=
∏

0≤i≤n−1(a+ i) with the proviso

(a)0↑ = 1. For any α ∈ (0, 1) and τ ≥ 0 the normalized generalized Gamma process is a

Gibbs-type species sampling model with h(t) = exp{τ−τ 1/αt}. By replacing this function

in (2.9),

Vn,k =
αkeτ

Γ(n)

n−1∑
i=0

(
n− 1

i

)
(−τ 1/α)iΓ

(
k − i

α
, τ

)
, (2.11)

where Γ(k − i/α, τ) denotes the incomplete Gamma function, i.e.,

Γ(a, b) :=
´ +∞
b

xa−1 exp{−x}dx. Note that (2.10) may be viewed as a suitable mixture of

(2.11). Specifically, if Gθ/α,1 is a Gamma random variable with parameter (θ/α, 1) then

(2.10) coincides with (2.11) where τ is replaced by Gθ/α,1. In other terms, for θ > 0 the

Pitman–Yor may be viewed as hierarchical generalization of the normalized generalized

Gamma process, with a Gamma prior over τ .

The predictive probabilities (2.8) lead to the distribution of the exchangeable random

partition Πn induced by a sample (X1, . . . , Xn) from a Gibbs-type species sampling model.

As mentioned in section 2.3, Πn is an exchangeable partition and the vector (n1, . . . , nk)

is sufficient for its distribution. Hence, we can denote by p
(n)
k (n1, . . . , nk) the probability

of any particular partition πn of the set {1, . . . , n} induced by (X1, . . . , Xn), and featuring

Kn = k distinct blocks with frequencies (N1,n, . . . , NKn,n) = (n1, . . . , nk), for any n ≥ 1.

Then, by a direct application of the predictive probabilities (2.8), one may easily verify

that

P(Πn = πn) = p
(n)
k (n1, . . . , nk) = Vn,k

k∏
i=1

(1− α)(ni−1)↑. (2.12)

Moreover, by marginalizing the joint distribution of Kn and (N1,n, . . . , NKn,n), P[Kn =

k, (N1,n, . . . , NKn,n) = (n1, . . . , nk)] = (k!)−1
(

n
n1,...,nk

)
p

(n)
k (n1, . . . , nk), with respect to the

frequencies (n1, . . . , nk), one obtains

P[Kn = k] = Vn,k
C (n, k;α)

αk
,

where C (n, k;α) denotes the generalized factorial coefficient, i.e.,

C (n, k; a) := (k!)−1
∑

1≤i≤k

(−1)i
(
k

i

)
(−ai)n↑. (2.13)
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As discussed in Pitman [95] and De Blasi et al. [27], the mathematical tractability of

Gibbs-type species sampling models originates from the product form of the exchangeable

partition probability function (2.12).

The parameter α < 0 has an interpretable influence on the distribution of the ex-

changeable random partition Πn with distribution (2.12). A first interpretation of α

follows directly from the predictive probabilities (2.8). Indeed, α > 0 acts an interesting

reinforcement mechanism in the empirical part of the predictive probability (2.8). Note

that the probability that Xn+1 coincides with the species X∗i , for any i = 1, . . . , k, is a

function of the frequency ni and α. In particular, the ratio of the probabilities assigned

to any pair of species (X∗i , X
∗
j ) is (ni − α)/(nj − α). If α → 0 this ratio reduces to the

ratio of the frequencies of the two species, and therefore the coincidence probability is

proportional to the frequency of the species. On the other hand if α > 0 and ni > nj then

the ratio is an increasing function of α. Accordingly, as α increases the mass is reallocated

from the species X∗j to the species X∗i . In other terms the sampling procedure tends to

reinforce, among the observed species, those having higher frequencies. See De Blasi et al.

[27] and references therein for a detailed discussion on such a reinforcement mechanism.

If α < 0, the reinforcement mechanism works in the opposite way in the sense that the

coincidence probabilities are less than proportional to the species frequencies.

A further interpretation of the parameter α arises from the large n asymptotic behavior

of the random variable Kn with distribution (2.4). This behaviour was first investigated

by Korwar and Hollander [73] for the Dirichlet process, and then extended by Pitman

[94] to the general framework of Gibbs-type species sampling model. See also Gnedin and

Pitman [48] and Pitman [95] for details. The parameter α determines the rate at which

Kn increases, as the sample size n increases. Three different rates may be identified for

Gibbs-type species sampling models. Let

cn(α) :=


1 if α ∈ (−∞, 0)

log(n) if α = 0

nα if α ∈ (0, 1),

for any n ≥ 1. Then there exists a random variable Sα, positive and finite almost surely,

such that
Kn

cn(α)
→ Sα (2.14)

almost surely, as n → +∞. Using the terminology in Pitman [94], Sα is referred to

as the α-diversity of the the Gibbs-type species sampling model. More precisely: i) for

α ∈ (0, 1) the α-diversity coincides, in distribution, with T−αα,h ; ii) for α = 0 the α-diversity

is a random variable degenerate at θ > 0; iii) for α < 0 the α-diversity coincides, in

distribution, with the random number M of species in the population. Of course the

larger α, the faster the rate of increase of Kn or, in other terms, the more new species are
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generated from the sampling mechanism described in (2.8). The result 2.14 shows that

for α ∈ (0, 1), like for example for a PY process with 0 < α < 1, the number of distinct

values Kn in a sample of size n, for large n, increases following a power-law behaviour.

Gibbs-type species sampling models have been extensively used in the context of

Bayesian nonparametric inference for species sampling problems. See, e.g., Lijoi et al.

[76], Favaro et al. [36], Favaro et al. [37] and Arbel et al. [4]. Species sampling problems

represent probably the field in which the mathematical tractably of Gibbs-type species

sampling models can be most appreciated. Indeed a plethora of posterior properties of

Gibbs-type priors, for finite sample sizes and asymptotically, have been derived explicitly,

thus providing fundamental tools for estimating population’s features and predicting fea-

tures of additional unobservable samples. Gibbs-type species sampling models have been

also applied in mixture modeling, thus generalizing the seminal work by Lo [82]. See, e.g.,

Ishwaran and James [65], Lijoi et al. [75], Lijoi et al. [76], Favaro and Walker [39] and

Lomeli et al. [84]. While maintaining the same computational tractability of the Dirichlet

process mixture model, the availability of the additional parameter α allows for a better

control of the clustering behaviour. Most recently, Gibbs-type species sampling models

have been proposed for Bayesian nonparametric inference for ranked data in Caron and

Fox [18], sparse exchangeable random graphs and networks in Caron and Fox [18] and

Herlau [57], reversible Markov chains in Bacallado et al. [6], dynamic textual data in Chen

et al. [22] and Chen et al. [23], and bipartite graphs in Caron [17].

2.5 The Hierarchical Pitman-Yor Model

The Hierarchical Pitman–Yor (HPY) model is a model for groups of partially exchangeable

data introduced by Teh [110], as an extension of the Hierarchical Dirichlet Process of Teh

et al. [112]. For a review of hierarchical models in Bayesian nonparametric statistics,

the reader is referred to Teh and Jordan [113]. This is a useful model in problems in

which multiple groups of data are available and where we wish to introduce probabilistic

dependence across populations. In particular, it is an appropriate model when data

incorporates a discrete variable of unknown cardinality. The discrete variable can either

be at the observations level, as in our case in Chapter 5, or at the latent level, like

when it parametrizes the distribution of continuous observations or when it works as a

classification variable in mixture models settings.

Denoting with Xnj·· = (Xj1, . . . , Xjnj··) the vector of observations from the j-th popu-

lation, each one taking values on a measurable space (X,X ), the HPY model is described
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by the following hierarchical representation

Xj,i|Pj
iid∼ Pj i = 1, . . . , nj··,

Pj|αj, θj, P0
ind∼ PY (αj, θj, P0) j = 1, . . . , J,

P0|α0, θ0, H ∼ PY (α0, θ0, H) ,

where nj·· is the number of observations from the j-th population, H is a fixed and diffuse

probability measure and the J+1 couples of hyperparameters (αj, θj) are chosen to satisfy

the conditions 1 > αj ≥ 0 and θj > −αj for all j ∈ {0, . . . , J}. Also, the hyperparameters

αj and θj are usually assumed to be unknown and endowed with priors.

In this model, observations from the j-th group, when conditioned to the realization

of the unknown Pj, are independent and identically distributed with distribution Pj.

Moreover, they are conditionally independent of observations from other populations.

The Pj’s are treated as random objects and endowed with Pitman–Yor priors with the

same base measure P0. This latter hyperparameter is not fixed by the modeller, but is

considered as a random element to be inferred from data. Another Pitman–Yor prior is

used as nonparametric distribution for P0. Due to the almost sure discreteness of P0, this

recursive construction has the effect that the support of the Pj’s is contained in that of

P0. As a consequence, all populations share the same random support of P0.

The HPY admits a representation in terms of Chinese Restaurant Franchise. See

Teh and Jordan [113] for a detailed description of this culinary metaphor. The Chinese

Restaurant Franchise representation of the HPY is summarized by the following predictive

distributions for the observables and for the cluster values in population j

Xj,i+1|Xj,1, . . . , Xj,i, αj, θj, P0 ∼
mj·∑
t=1

njt· − αj
θj + nj··

δX∗j,t +
θj +mj·αj
θj + nj··

P0 (2.15)

and

X∗j,mj·+1|X∗1,1, . . . , X∗J,mJ· , α0, θ0, H ∼
K∑
k=1

m·k − α0

θ0 +m··
δX∗∗k +

θ0 +Kα0

θ0 +m··
H, (2.16)

where K stands for total number of distinct values (X∗∗1 , . . . , X
∗∗
K ) observed in the joined

sample containing observations from all populations, njtk denotes the number of obser-

vations in population j, belonging to cluster t and having value X∗∗k , while mjk is the

number of clusters in population j with value X∗∗k , (X∗j,1, . . . , X
∗
j,mj·

) are the values of the

mj· clusters in population j. As in Teh and Jordan [113], dots in the indexes denote that

we are summing over that index, e.g. mj· is the total number of clusters in population j.

Formula (2.15) is the Chinese Restaurant Representation of Pj. The new observation

Xj,i+1 belongs to an old cluster X∗j,t with probability proportional to njt· − αj or it forms

a new cluster and it is sampled from P0 with probability proportional to θj +mj·αj. The
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sequence of cluster values is sampled from P0, which, being distributed as a PY process,

also admits a Chinese Restaurant Representation, summarized by Formula (2.16). The

new cluster in population j has the same value as one already observed in the joined

sample with probability proportional to m·· −Kα0 or it has a new value, sampled from

H, with probability proportional to θ0 + Kα0. The hyperparameters (αj, θj) have the

same interpretation as in the Pitman-Yor case. Instead, the hyperparameters (α0, θ0)

regulate the total number and the sharing of cluster values among populations. If θ0 is

low, the average total number of different cluster values K will be very low and, when

a new sample from P0 is needed, it will coincide with high probability with an already

observed one. If α0 is high, the sharing of cluster values across populations is low, while,

with α0 small, there is a small set of popular cluster values which are seen many times

across all populations.

2.6 Feature models

Feature allocations are popular models in machine learning. A feature allocation is a

generalization of a partition in which the assumptions of exhaustivity and disjointness

of the blocks of a partition are relaxed. Indeed, in a feature allocation each element

can belong to more than one block or not belong to any of them, with the only proviso

that each element must belong to at most a finite number of blocks. A random feature

allocation of the set {1, . . . , n} is simply a random variable taking values on the space of

all possible features allocations of {1, . . . , n}. Many of the properties of random partitions

that we presented in section 2.3 have counterparts in the feature allocations context. In

particular, in this section we will recall the definitions of consistent, exchangeable and

ordered feature allocation and of Exchangeable Feature Probability Function (EFPF).

In feature models, we consider a set of n individuals, each one displaying a (possibly

empty) set of features. Specifically, let (X ,B) be measurable space, representing the

collection of all possible features. Each individual is described by a random finite subset

Xi of X , collecting his features. Each feature x ∈ X can be shared by many individuals.

Given a set of n individuals, a feature allocation describes the sharing of features among

these individuals. A way of describing this sharing is to associate to each of the k points in

∪1≤i≤nXi a subset of [n] := {1, . . . , n}, summarizing the individuals having that particular

feature. We denote by (fn,1, . . . , fn,k) the subsets of [n] representing each of the k features

and by (m1, . . . ,mk) the cardinalities of these sets.

A feature allocation is exchangeable when its distribution is invariant under permuta-

tion of the indexes of the individual, i.e. the feature allocation induced by the random

sets (X1, . . . , Xn) is equal in distribution to that induced by (X%(1), . . . , X%(n)), for all

permutation % of [n]. Moreover, as pointed out in Broderick et al. [12], it is usually conve-
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nient to assign an order to the k features present in a feature allocation of n individuals.

A way of achieving this purpose is drawing k values from a continuous distribution and

ordering the k features accordingly. The resulting feature allocation is said to be a ran-

domly ordered feature allocation. In Broderick et al. [12], the authors study the class of

exchangeable randomly ordered feature allocations admitting as a sufficient statistics the

vector (m1, . . . ,mk), i.e., the class of randomly ordered exchangeable feature allocations

of the form

P (fn,1, . . . , fn,k) = πn(m1, . . . ,mk), (2.17)

for a symmetric function πn, called an exchangeable feature probability punction (EFPF),

Broderick et al. [12].

When dealing with random exchangeable feature allocations, we also require consis-

tency conditions that guarantee that the distribution of a feature allocation of n individ-

uals coincides with that of n − 1 individuals, when the last individual is integrated out.

When considering randomly ordered exchangeable feature allocations with EFPF, this

consistency notion specializes to the condition

πn (m1, . . . ,mk) =
∞∑
j=0

(
k + j

j

) ∑
z∈{0,1}k

πn+1(m1 + z1, . . . ,mk + zk, 1, . . . , 1︸ ︷︷ ︸
j

). (2.18)

Feature allocations satisfying this condition are said to be consisent.

The most remarkable example of exchangeable consistent feature allocation with EFPF

is the Indian Buffet Process (IBP), initially introduced in Griffiths and Ghahramani [55],

in its one parameter version, and then extended to its two, Ghahramani et al. [46], and

three parameters versions, Teh and Gorür [111]. The EFPF of a 3-parameter (γ, θ, α)

IBP has the following form

1

k!

( γ

(θ + 1)n−1↑

)k
exp

(
−

n∑
i=1

γ
(α + θ)i−1↑

(1 + θ)i−1↑

) k∏
l=1

(1− α)ml−1↑ (θ + α)n−ml↑ , (2.19)

where (x)m↑ denotes the rising factorial and the parameters must satisfy the conditions

γ > 0, 0 ≤ α < 1, and θ > −α. The 2-parameter IBP is recovered when α is set equal to

zero, and the 1 parameter IBP when we also impose θ = 1. In the subsection 2.6.2, we

provide a concise description of this process.

The IBP is derived as the limit of a Beta–Bernoulli model, in Griffiths and Ghahramani

[55]. This latter model is the counterpart of the IBP when the set of all possible features X
has finite cardinality, N . The EFPF of a Beta–Bernoulli model with parameters (N,α, θ)

is (
N

k

)(
−α

(θ + α)n↑

)k (
(θ + α)n↑

(θ)n↑

)N k∏
i=1

(1− α)mi−1↑(θ + α)n−mi↑, (2.20)

where α < 0 and θ > −α. In the next subsection, we provide a brief description of the

Beta–Bernoulli model and a derivation of its EFPF.
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2.6.1 The Beta–Bernoulli model

The Beta–Bernoulli is described by considering a finite space of features, which can

numbered using the integers in [N ], where N is the cardinality of the feature set. To each

feature we associate a random number qj with distribution Beta(η1, η2). Each individual

Xi possesses feature j with probability qj. Let Zi,j be a binary random variable denoting

the presence or absence of feature j in individual i. Then, the Beta–Bernoulli model can

be written as

Zi,j|qj ∼ Bernoulli(pj) i = 1, . . . , n; j = 1, . . . , N ; (2.21)

qj|η1, η2 ∼ Beta(η1, η2) j = 1, . . . , N. (2.22)

The conditional probability that Z = (Zi,j)i≤n,j≤N is equal to z = (zi,j)i≤n,j≤N given

q = (q1, . . . , qN) is

P(Z = z|q) =
N∏
j=1

n∏
i=1

Bernoulli(zi,j|qj).

Integrating q out, we obtain the probability mass function of Z

P(Z = z) =

(
Γ(η1 + η2)

Γ(η1)Γ(η2)

)N N∏
i=1

Γ(mi + η1)Γ(n−mi + η2)

Γ(n+ η1 + η2)
,

where mi =
∑n

j=1 zi,j. If (m1, . . . ,mN) has k non-zero entries, this probability becomes

( Γ(η1 + η2)

Γ(η1)Γ(η2)Γ(n+ η1 + η2)

)N
(Γ(η1)Γ(n+ η2))N−k

k∏
i=1

Γ(mi + η1)Γ(n−mi + η2). (2.23)

Finally, taking into account all
(
N
k

)
possible uniform orderings of the N − k features

not possessed by any individual, which give rise to the same uniformly ordered feature

allocation, we obtain(
N

k

)(
Γ(η1 + η2)

Γ(η1)Γ(η2)Γ(n+ η1 + η2)

)N
(Γ(η1)Γ(n+ η2))N−k

k∏
i=1

Γ(mi + η1)Γ(n−mi + η2),

which can be be rewritten as in formula (2.20), by using rising factorials and by changing

the parametrization to α = −η1 and θ = η2 + η1, with α < 0 and θ > −α.

2.6.2 The Indian Buffet Process

The Indian Buffet Process was initially derived in Griffiths and Ghahramani [55] in its 1

parameter version, as a limit of the Beta–Bernoulli model (2.23). In this subsection, we

briefly present its 3 parameter version introduced in Teh and Gorür [111]. Rather than

specifying a hierarchical model of the form (2.21) for the IBP, we describe only a simple
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predictive construction of the Zi,j. We remark that a representation of the form (2.21)

is available also for the IBP. It was derived in Thibaux and Jordan [114] and it relies

on notions of Completely Random Measures, which are out of the scope of our work.

This description relies on the fact that the Xis of an exchangeable feature allocations

are exchangeable random variables and consequently they have a De Finetti’s measure.

Thibaux and Jordan [114] shows that the underlying de Finetti’s measure of the IBP is

the Beta process, introduced by Hjort [60] in a context of survival analysis. For a good

review of the IBP, its possible derivations and its applications in machine learning, the

reader is refered to Griffiths and Ghahramani [56].

In the Indian Buffet Process the number of features [N ] is assumed to be infinity. As in

(2.21), each feature has its own random parameter qj which is distributed as a degenerate

Beta distribution. The rows of the matrix (Zi,j)i≤n,j∈N are now infinite vectors. We

describe how to generate a binary matrix (zi,j)i≤n,j∈N distributed according to a IBP, by

describing the conditional probability of row Zi,· given (Z1,·, . . . , Zi−1,·). The generative

process of the rows of (Zi,j)i≤n,j∈N works as follows:

1. Sample a random variable K1 from a Poisson distribution of parameter γ. Construct

the first row Z1,· by setting Z1,j = 1 for j = 1, . . . , K1 and Z1,j = 0 for j > K1;

2. Given that the first i − 1 rows (Z1,·, . . . , Zi−1,·) have Ki−1 non-zero columns (i.e.,

columns with at least one 1 entry), generate the next row Zi,· in the following way:

(a) for j in 1, . . . , Ki−1, sample Zi,j from a Benoulli distribution with parameter
m

(i−1)
j −α
θ+i−1

, where m
(i−1)
j =

∑i−1
l=1 Zl,j;

(b) sample a random variable K+
i from a Poisson distribution with parameter

γ Γ(θ+1)
Γ(θ+i)

Γ(θ+α−1+i)
Γ(θ+α)

. Set Zi,j = 1 for j = Ki−1 + 1, . . . , Ki−1 + K+
i and Zi,j = 0

for j > Ki−1 +K+
i .

By using this predictive rule and multiplying for a combinatorial coefficient account-

ing for all possible random reordering of the columns giving rise to the same feature

allocations (see e.g. Griffiths and Ghahramani [56] or Broderick et al. [12] for details),

the probability of randomly ordered exchangeable feature allocation corresponding to

a matrix (Zi,j)i≤n,j∈N generated in this way and with n rows, k non-zero columns and

(m1, . . . ,mk) 1 entries in each of these k columns, is

1

k!

(
γ

Γ(θ + 1)

Γ(θ + α)

)k
exp

(
−

n∑
i=1

γ
Γ(θ + 1)

Γ(θ + i)

Γ(θ + α− 1 + i

Γ(θ + α)

)
·

[
k∏
l=1

Γ(ml − α)

Γ(1− α)

Γ(θ + n−ml + α)

Γ(θ + n)

]
,

which can be easily rewritten as in formula (2.19) by using factorial coefficients.
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Chapter 3

Sufficientness Postulate and Urn

Scheme for Gibbs-type Priors

3.1 Motivation

In the Bayesian nonparametric framework for species sampling problems, we consider a

random vector Xn,k = (X1, . . . , Xn) of observations to be sampled from an exchangeable

sequence directed by P , namely

Xi |P
iid∼ P, i = 1, . . . , n, (3.1)

P ∼ µ.

An important issue consists in selecting the prior distribution µ. Of course one approach

is to select µ by appealing to prior information about P , and then attempt to incorporate

this information into µ. This is often a difficult task for nonparametric priors, since P

is an infinite dimensional object. Alternatively, we may select µ by assuming that the

predictive probabilities

P[X1 ∈ ·] = P0(·) (3.2)

and

P[Xn+1 ∈ · |Xn,k] = g(n, k, n1, . . . , nk)P0(·) +
k∑
i=1

fi(n, k, n1, . . . , nk)δX∗i (·), (3.3)

obey or exhibit some characteristic or property. Indeed in practical applications it may

be that the form of the functions g and fi may be an adequate description of our current

state of knowledge. An early discussion of this alternative approach, although in a para-

metric framework, dates back to the seminal work by English philosopher W. E. Johnson.

Specifically, assuming T < +∞ possible species that are known and equiprobable prior

to observations, Johnson [69] characterized the T -dimensional symmetric Dirichlet distri-

bution as the unique prior for which g depends only on n and T and fi depends only on
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n, ni and T . As a direct consequence of the parametric assumption that T < +∞, of

course, g = 0 for all k ≥ T . Using the terminology in Good [52], this characterization of

the Dirichlet prior is referred to as the Johnson’s “sufficientness” postulate. We refer to

Zabell [125] and Zabell [127] for a review of the work by Johnson [69]. See also the mono-

graph by Zabell [129] for a more comprehensive account on sufficientness, exchangeability

and predictive probabilities.

Following these initial contributions, some generalizations of the Johnson’s postulate

that arise by removing the parametric assumption of a prespecified number T < +∞ of

possible species in the population have been proposed. In particular, Regazzini [100], and

later on Lo [83], first provided a nonparametric counterpart of the Johnson’s postulate.

Indeed, under the assumption of an infinite number of species in the population, they

showed that the Dirichlet process is the unique species sampling model for which g de-

pends only on n, and fi depends only on n and ni. An extension of this nonparametric

sufficientness postulate was presented in Zabell [128], and it characterizes the Pitman–Yor

process as the unique species sampling model for which g depends only on n and k, and

fi depends only on n and ni. In this chapter, we revisit and discuss the seminal work

of Zabell [128] within the more recent framework of Gibbs-type species sampling models.

Such a framework, which includes the Dirichlet process and the Pitman–Yor process as

special cases, suggests the formulation of a novel nonparametric sufficientness postulate

in which g depends only on n and k, and fi depends only on n, k and ni. Our discussion

also includes an intuitive Pólya-like urn scheme for describing the predictive probabili-

ties of Gibbs-type species sampling models. We show how the sufficientness postulate of

Zabell [128], as well as of Regazzini [100], may be rephrased in terms of this Pólya-like

urn scheme.

The chapter is structured as follows. Section 3.2 reviews the sufficientness postulate

introduced by Zabell [128]. In Section 3.3, we present and prove the extension of this result

to the more general framework of Gibbs-type species sampling models. In Section 3.4 we

provide a Polya-like urn scheme representation for the Gibbs-type models. In Section

3.5, we show how the characterization theorems for the Dirichlet and the Pitman–Yor

processes by Zabell [129] can be recovered and rephrased in terms of the proposed urn

scheme. Finally, Section 3.6 contains a discussion of future work.

3.2 Review of “suffecientness” postulates

With “sufficientness” postulates we intend a class of theorems that characterize (classes

of) priors through conditions on the law of observations. Imposing these conditions is then

sufficient to characterize the prior, but, to distinguish from the usual probabilistic notion

of sufficiency, Good [52] coined the new word “sufficientness”. The first result of this kind
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is the characterization, in a context of exchangeability, of the symmetric Dirichlet prior

in a work of Johnson. This result is even more remarkable because it appeared in 1924,

before the appearance of the notion of exchangeability and of De Finetti’s Representation

Theorem. Indeed, Johnson already introduced the notion of exchangeability, which he

called “permutation postulate”. Following this early work, a series of other “sufficientness”

postulates have been derived. These results usually rely on conditions on the predictive

distributions of the observables, which completely specify the law of the entire process

of observations, thanks to the Ionescu-Tulcea’s theorem. We remark that equivalent

results could be stated using conditions on the finite dimensional distributions of the

process, relying on Kolmogorov’s Extension Theorem. In this section, we recall Zabell’s

characterization of the PY process and we briefly mention a few others “sufficientness”

results.

A generalization of the Johnson’s sufficientness postulate to the PY process prior was

first discussed in Zabell [128]. Specifically, let P be an arbitrary species sampling model

with predictive probabilities (2.5), and consider the following assumptions:

A1) P[Πn = πn] > 0 for all the partitions πn of {1, . . . , n}, that is no scenario is deemed,

a priori, to be impossible;

A2) g(n, k, n1, . . . , nk) = g(n, k), that is the probability of observing a new species de-

pends only on n and k;

A3) fi(n, k, n1, . . . , nk) = f(n, ni), that is the probability of observing the species X∗i
depends only on n and ni.

Zabell [128] showed that if just these three assumptions are imposed, then there exist

three parameters α ∈ (0, 1), θ > −α and cn ≥ 0 such that

i) if k ≥ 2 then

g(n, k) =
θ + kα

θ + n
; f(n, ni) =

ni − α
θ + n

; (3.4)

ii) if k = 1 then

g(n, k) =
θ + α

θ + n
− cn; f(n, n) =

n− α
θ + n

+ cn. (3.5)

In other words, if a species sampling model satisfies A1)-A3), then the functions g and

fi in the predictive probabilities (3.3) must have the expressions (3.4) and (3.5). The

sufficientness postulate of Zabell [128] may be viewed as a nonparametric counterpart

of the classical Johnson’s postulate, in the sense that it removes the assumption of a

prespecified number T < +∞ of possible species in the population.

As detailed discussed in the work of Zabell [128], the parameter cn refers to the prior

probability of observing a unique species in an infinite sequence of trials. In particular
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one has cn = 0 under the following additional assumption: A4) Kn → +∞ almost surely

as n→ +∞, that is the number of species in the population is infinite. Therefore if Xn,k

is a sample of size n from a species sampling model featuring Kn = k ≤ n species, labelled

by (X∗1 , . . . , X
∗
Kn

), with corresponding frequencies (N1,n, . . . , NKn,n) = (n1, . . . , nk), then

under A1)-A4) one has

P[Xn+1 ∈ · |Xn,k] =
θ + kα

θ + n
P0(·) +

1

θ + n

k∑
i=1

(ni − α)δX∗i (·), (3.6)

for any n ≥ 1, which are the precisely the predictive probabilities of the Pitman–Yor

process.

Other examples of sufficientness results under the assumption of exchangeability are

Walker and Muliere [122] and Walker and Muliere [123], which respectively characterize

the Polya tree distribution and the class of Neutral to Right priors of Doksum [32]. See

Fortini and Petrone [42] for a review of predictive characterization theorems of priors in a

setting of exchangeability. We remark that similar sufficientness results can be stated also

outside the context of exchangeability. Indeed, there are many representation theorems

extending De Finetti’s Representation theorem to more general contexts. These theorems

provide mixture representations of classes of probability laws invariant under groups of

transformations, e.g. for exchangeable sequences the group of finite permutations of the

natural numbers. For an abstract treatment of these integral representation theorems we

refer to Dynkin [33]. For a simpler treatment of the same topic see Diaconis and Freedman

[31]. An example of these generalizations of De Finetti’s Theorem is a result by Diaconis

and Freedman [30] which characterizes recurrent Markov exchangeable sequences with

countable state space as mixtures of Markov Chains. Examples of sufficientness results

within this Markovian framework are Rolles [102] and Bacallado et al. [6]. For a review of

predictive characterizations of priors for Markov exchangeable sequences see Fortini and

Petrone [43] and references therein.

3.3 Sufficientness postulate for Gibbs-type priors

Accordingly to the characterization proposed by Zabell [128], the Pitman–Yor process is

the unique species sampling model for which the function g depends only on n and k, and

the function fi depends only on n and ni, for any i = 1, . . . , k. See also the monograph

by Zabell [129] and references therein for a detailed account. For any index α ∈ (0, 1) the

predictive probabilities (2.8) of a Gibbs-type species sampling model generalize the pre-

dictive probabilities (3.6) of the Pitman–Yor process by introducing the dependency on

k in the function f . In particular one may rephrase the sufficientness postulate of Zabell

[128] as follows: for any index α ∈ (0, 1) the Pitman–Yor process is the only Gibbs-type
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species sampling model for which the ratio Vn+1,k/Vn,k simplifies in such a way to re-

move the dependency on the number k of observed species. Note that the normalized

generalized Gamma process, whose predictive probabilities are expressed in terms of the

Vn,k’s in (2.11), provides a representative example of a Gibbs-type species sampling model

for which such a simplification does not occur. The predictive probabilities of Gibbs-type

species sampling models thus suggest for the formalization of a more general nonparamet-

ric sufficientness postulate, where the original assumption A3) of Zabell’s result is replaced

by the assumption fi(n, k, n1, . . . , nk) = f(n, k, ni), that is the probability of observing

the species X∗i depends only on n, k and ni, for any i = 1, . . . , k. Along lines similar to

Zabell [128] the following generalized nonparametric sufficientness can be proved.

Theorem 3.3.1. Let P be an arbitrary species sampling model with predictive probabilities

of the form displayed in (2.5), and let us consider the following four assumptions:

A1) P[Πn = πn] > 0 for all the partitions πn of the set {1, . . . , n};

A2) g(n, k, n1, . . . , nk) = g(n, k);

A3) fi(n, k, n1, . . . , nk) = f(n, k, ni) for any i = 1, . . . , k;

A4) Kn → +∞ almost surely as n→ +∞.

Under A1)-A4) there exists a parameter α ∈ (0, 1) and a collection of nonnegative weights

(Vn,k)1≤k≤n,n≥1 with V1,1 = 1 and Vn,k = Vn+1,k(n− αk) + Vn+1,k+1 such that

g(n, k) =
Vn+1,k+1

Vn,k
(3.7)

and

f(n, k, ni) =
Vn+1,k

Vn,k
(ni − α), (3.8)

for any i = 1, . . . , k. In other terms, if a species sampling model P satisfies the assump-

tions A1)-A4) then P is a Gibbs-type species sampling model with parameter α ∈ (0, 1).

As we pointed out in the Section 3.1, the nonparametric sufficientness postulate of

Zabell [128] extended an analogous postulate of Regazzini [100] by including the depen-

dency on k in the function g. Theorem 3.3.1 provides an even more general framework

by including the dependency on k in both the functions g and fi, for any i = 1, . . . , k,

while maintaining the same structure with respect to the dependency on the frequencies

(n1, . . . , nk). The proof of this new postulate is along lines similar to that in Zabell [128],

and it consists in verifying the following statements

i) the function f(n, k, ni) is a linear with respect to ni, for any n ≥ 1, 1 ≤ k ≤ n, i.e.,

there exist parameters an,k and bn,k such that f(n, k,m) = an,k + bn,km;
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ii) the parameter bn,k is different from zero, for any n ≥ 1 and 1 ≤ k ≤ n, in order to

allow for normalizing f(n, k, ni) and g(n, k) = 1 −
∑

1≤i≤k f(n, k, ni) with respect

to bn,k;

iii) the normalized parameter an,k, which is denoted by rn,k = −an,k/bn,k, does not

depend on n and k, for any n ≥ 1 and 1 ≤ k ≤ n, and in particular rn,k ∈ (0, 1).

iv) the new parametrization Vn,k is introduced and it is shown to satisfy the Gibbs-type

recursion.

It is worth pointing out that the assumption A4) has been imposed only for the sake

of simplicity in our exposition. Indeed, similarly to Zabell [128], an even more general

sufficientness postulate can be derived by removing A4) and including an additional pa-

rameter related to the prior probability that only one species is observed in an infinite

sequence of trials. Of course this would lead to a class of generalized Gibbs-type species

sampling models.

Throughout the rest of this section, we are going to prove Theorem 3.3.1. We denote

by Xn,k a sample of size n featuring Kn = k ≤ n species, labelled by X∗1 , . . . , X
∗
Kn

,

with frequencies (N1,n, . . . , NKn,n) = (n1, . . . , nk). In the next proposition, we start by

showing that the assumptions A1)-A4) imply that fi(n, k, ni) is linear in ni, for any n ≥ 1,

2 ≤ k ≤ n. The special case k = 1 will be considered separately later on.

Proposition 3.3.2. For all n ≥ 1, 2 ≤ k ≤ n and 1 ≤ m ≤ n−k+1 there exist constants

an,k and bn,k such that f(n, k,m) = an,k + bn,km.

Proof. It n ≤ 3 it is immediate that we can set the constants an,k and bn,k in such a way

that the function f(n, k,m) is linear with respect to m. Therefore, let us consider the

case n ≥ 4. If k = n then m = 1 and we can choose an,n and bn,n in such a way that

f(n, n, 1) = an,n + bn,n. Furthermore, if k = n− 1 then 1 ≤ m ≤ 2 and an,n−1 and bn,n−1

are the solutions of the following system of equations

f(n, n− 1, 1) = an,n−1 + bn,n−1

f(n, n− 1, 2) = an,n−1 + bn,n−12.

If 3 ≤ k ≤ n− 2 then 1 ≤ m ≤ n− k + 1 and we can prove the linearity of the function

f(n, k,m) by choosing an,k, bn,k as the solutions of the following system of equations

f(n, k, 1) = an,k + bn,k

f(n, k, n− k + 1) = an,k + bn,k(n− k + 1),

and then showing that f(n, k,m) has constant increments, namely f(n, k,m + 1) −
f(n, k,m) = f(n, k,m) − f(n, k,m − 1) for any 1 < m < n − k + 1. Let us consider
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(n1, n2, . . .) = (2, 2, . . .) with k − 2 groups with a total of n3 + . . .+ nk = n− 4 elements.

Then,

f(n, k, 2) + f(n, k, 2) +
k∑
i=1

f(n, k, ni) + g(n, k) = 1

and

f(n, k, 1) + f(n, k, 3) +
k∑
i=1

f(n, k, ni) + g(n, k) = 1.

By equating these identities we obtain f(n, k, 3) − f(n, k, 2) = f(n, k, 2) − f(n, k, 1).

Along the same lines, for the partition (n1, n2, . . .) = (j, 2, . . .) for any 3 ≤ j ≤ n− k we

obtain f(n, k, ni+ 1)−f(n, k, ni) = f(n, k, ni)−f(n, k, ni−1) for any 1 < ni < n−k+ 1.

Finally, if k = 2 by exchangeability f(n, 2, ni)g(n+1, 2) = g(n, 2)f(n+1, 3, ni). Therefore

f(n, 2, ni) is linear since by the assumption A4) g(n+ 1, 2) > 0.

Lemma 3.3.3. For all n ≥ 1 and 2 ≤ k ≤ n, bn,k 6= 0.

Proof. Since k > 1, for n = 1 there is nothing to prove since we are assuming k > 1. For

n = 2 and k = 2, b2,2 can be arbitrarily selected in such a way to be different from 0.

Now, let us assume that bn,k = 0 for some n ≥ 3 and 2 ≤ k ≤ n. Given Xn,k consider the

following events: i) we observe the species X∗i at the (n+ 1)-th draw and a new species at

the (n+2)-th draw; ii) we observe a new species at the (n+1)-th draw and the species X∗i
at the (n + 2)-th draw. By exchangeability these two events have the same probability,

and from Proposition (3.3.2),

(1− kan,k)(an+1,k+1 + bn+1,k+1ni) = an,k(1− kan+1,k − bn+1,k(n+ 1)),

that is

(1− kan,k)bn+1,k+1ni = an,k(1− kan+1,k − bn+1,k(n+ 1))− (1− kan,k)an+1,k+1.

Therefore (1−kan,k)bn+1,k+1ni is constant as a function of ni in the range 1 ≤ ni < n−k+1.

It follows that if n ≥ 3, so that both ni = 1 and ni = 2 are possible, then either

1− kan,k = 0 or bn+1,k+1 = 0. If 1− kan,k = 0 then an,k = k−1, which implies

0 =
1

k
(1− kan+1,k − bn+1,k(n+ 1)) =

1

k
g(n+ 1, k),

where, from A4), g(n + 1, k) > 0. Hence bn+1,k+1 = 0. Furthermore, given Xn,k consider

the following events: i) we observe the species X∗i at the (n+ 1)-th draw and the species

X∗j at the (n + 2)-th draw; ii) we observe the species X∗j at the (n + 1)-th draw and the

species X∗i at the (n+ 2)-th draw. By exchangeability, one has

an,k(an+1,k + bn+1,kni) = an,k(an+1,k + bn+1,knj).
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Therefore either an,k = 0 or bn+1,k = 0. If an,k = 0 then g(n, k) = 1 against the assumption

A4), hence it must be bn+1,k = 0. Therefore, if bn,k = 0 then it must be bn+1,k = bn+1,k+1 =

0. If bn,k = 0, then also must be bn−1,k−1 = 0. Indeed, one has

(an−1,k−1 + bn−1,k−1ni)g(n, k) = g(n− 1, k − 1)(an,k + bn,kni)

and

bn−1,k−1ni =
g(n− 1, k − 1)

g(n, k − 1)
an,k − an−1,k−1.

Furthermore, by similar arguments, if bn,k = 0 then also must be bn−1,k = 0. Indeed, one

has

(an−1,k + bn−1,kni)(an,k + bn,knj) = (an−1,k + bn−1,knj)(an,k + bn,kni)

and

(an−1,k + bn−1,kni)an,k = (an−1,k + bn−1,knj)an,k

with an,k 6= 0, otherwise g(n, k) = 1 which is against the assumption A4). Accordingly

bn−1,kni = bn−1,knj which implies bn−1,k = 0. Accordingly, if bn,k = 0, then all bm,l = 0

for any n ≥ 2 and 2 ≤ k ≤ n. Arguing as before we see that (1 − kan,k)an+1,k+1 =

an,k(1− kan+1,k). In particular this double recursion admits a solution with all elements

between 0 and 1 only if the initial condition (an,2)n≥2 is constant after some n∗, which in

turns implies that for n large all an,k must be constant. Let us denote by a the common

value of an,k for n large. Since a > 0 it follows that na > 1 for large n. But this is

impossible because 1− an = g(n, n) > 0.

By a direct application of Proposition 3.3.2 and Lemma 3.3.3, we can define a nor-

malized version of f(n, k, ni) = an,k + bn,kni with respect to bn,k, for any n ≥ 1 and

2 ≤ k ≤ n. This is because we showed that bn,k 6= 0. Furthermore, due to the fact that

g(n, k) = 1−
∑

1≤i≤k f(n, k, ni), a normalization of g(n, k) is also obtained. In particular,

for any n ≥ 1 and 2 ≤ k ≤ n, let rn,k = −an,k/bn,k. Then, we can write

f(n, k, ni) = bn,k(ni − rn,k)

and

g(n, k) = 1−
k∑
i=1

f(n, k, ni) = 1− bn,k(n− krn,k).

In the next lemma we show that the parameter rn,k is constant, independent of both n

and k, and it is greater than 0 and less or equal to 1, for any n ≥ 1 and 2 ≤ k ≤ n.

Lemma 3.3.4. For all n ≥ 1 and 2 ≤ k ≤ n, rn,k is equal to constant value α ∈ [0, 1).

Proof. We start by showing that rn,k is constant with respect to variations of n ≥ 1 and

2 ≤ k ≤ n. Then we complete the proof by showing that rn,k ∈ [0, 1). Let n ≥ 3 and
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consider the following events: i) we observe the species X∗i at the (n+ 1)-th draw and the

species X∗j at the (n + 2)-th draw; ii) we observe the species X∗j at the (n + 1)-th draw

and the species X∗i at the (n+ 2)-th draw. By exchangeability these two events have the

same probability. In particular we can write

bn,k(ni − rn,k)bn+1,k(nj − rn+1,k) = bn,k(nj − rn,k)bn+1,k(ni − rn+1,k).

Hence (ni−rn,k)(nj−rn+1,k) = (nj−rn,k)(ni−rn+1,k), which implies that ni(rn,k−rn+1,k) =

nj(rn,k−rn+1,k). In particular, since n ≥ 3 both ni = 1 and nj = 2 are possible. Therefore

rn,k = rn+1,k, namely rn,k = rk for any n ≥ k. Now, consider the following events: we

observe the species X∗i at the (n + 1)-th draw and a new species at the (n + 2)-th draw;

ii) we observe a new species at the (n+ 1)-th draw and the species X∗i at the (n+ 2)-th

draw. As before, by exchangeability

bn,k(ni − rk)(1− bn+1,k(n+ 1) + kbn+1,krk)

= (1− bn,kn+ kbn,krk)bn+1,k+1(ni − rk+1)

i.e.,

ni(bn,k(1− bn+1,k(n+ 1) + kbn+1,krk)− (1− bn,kn+ kbn,krk)bn+1,k+1)

= bn,krk(1− bn+1,k(n+ 1) + kbn+1,krk)− rk+1(1− bn,kn+ kbn,krk)bn+1,k+1.

Note that, since the right-hand side does not depend on the frequency ni, then it must be

ni(bn,k(1− bn+1,k(n+ 1) + kbn+1,krk)− (1− bn,kn+ kbn,krk)bn+1,k+1) = 0 (3.9)

and in turns

bn,krk(1− bn+1,k(n+ 1) + kbn+1,krk)− rk+1(1− bn,kn+ kbn,krk)bn+1,k+1 = 0. (3.10)

Now let us consider Equation (3.9) and Equation (3.10). In particular these equations

lead to
bn+1,k+1

bn,k
=

(1− bn+1(n+ 1) + kbn+1,krk)

(1− bn,kn+ kbn,krk)
(3.11)

and
rk+1

rk
=
bn,k(1− bn+1,k(n+ 1) + kbn+1,krk)

bn+1,k+1(1− bn,kn+ kbn,krk)
, (3.12)

respectively. By combining Equation (3.11) with Equation (3.12) we obtain rk+1/rk = 1.

Accordingly, rk does not depend on k, and we denote by α the value of rk. Finally, since

0 < (n − αk)/((g(n, k)/bn,k) + n − αk) < 1, then for any n ≥ 3 and 3 ≤ k ≤ n it can

be easily verified that α ∈ (0, 1). For n = 2 we can simply choose a2,2 and b2,2 satisfying

−a2,2/b2,2 = α and f(2, 2, 1) = a2,2 + b2,2. This completes the proof.
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Note that so far we considered n ≥ 1 and 2 ≤ l ≤ n. For the case k = 1 the only

possible valued for f is f(n, 1, n). In order to have a common notation it is convenient to

define also the additional parameter bn,1 = f(n, 1, n)/(n− α). We can now introduce, for

any n ≥ 1 and 1 ≤ k ≤ n, the new parameters defined as follows

Vn,k =
n−1∏
i=k

bi,k

k−1∏
j=1

(1− jbj,j(1− α))

with the proviso
∏

m≤l≤m−1 = 1 for any m ≥ 1, which also implies that V1,1 = 1. Observe

that bn,k = Vn+1,k/Vn,k and f(n, k, ni) and g(n, k) can be written as follows

f(n, k, ni) =
Vn+1,k

Vn,k
(ni − α), (3.13)

and

g(n, k) = 1− Vn+1,k

Vn,k
(n− kα). (3.14)

We conclude by showing that for any n ≥ 1 and 1 ≤ k ≤ n the Vn,k’s, with V1,1 = 1,

satisfies the triangular recursion Vn,k = Vn+1,k(n− αk) + Vn+1,k+1.

Proposition 3.3.5. For all n ∈ N and for all k ≤ n, the Vn,k must satisfy the recursion

Vn,k = Vn+1,k+1 + Vn+1,k(n− kα).

Proof. Fix k. We show by induction on n that the property holds ∀n ≥ k.

For n = k, the property holds by simple algebraic calculations. Assume it holds for n+ 1,

we show it holds for n+ 2.

Let us consider the following events: i) we observe a new species at the (n+1)-th trial and

the species X∗i at the (n+ 2)-th trial; ii) we observe the species X∗i at the (n+ 1)-th trial

and a new species at the (n + 2)-th trial. By means of the exchangeability assumption,

the conditional probabilities of these events are the same,

(
1− Vn+1,k

Vn,k
(n− kα)

)(
Vn+2,k+1

Vn+1,k+1

(ni − α)

)
(3.15)

=

(
Vn+1,k

Vn,k
(ni − α)

)(
1− Vn+2,k

Vn+1,k

(n+ 1− kα)

)
,

which implies

Vn+2,k+1

Vn+1,k+1

=
Vn+1,k − Vn+2,k(n+ 1− αk)

Vn,k − Vn+1,k(n− αk)
(3.16)

and the two denominators are equal by the induction hypothesis.
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Finally, from (3.13) and (3.14) and using the recursion of Proposition 3.3.5, we obtain

the predictive of the Gibbs-type priors

f(n, k, ni) =
Vn+1,k

Vn,k
(ni − α) (3.17)

g(n, k) =
Vn+1,k+1

Vn,k
(3.18)

3.4 Urn scheme for Gibbs-type priors

Similarly to the Pitman–Yor process, one can derive an intuitive urn scheme that describes

the predictive probabilities of Gibbs-type species sampling model with α ∈ (0, 1). Let

(Vn,k)1≤k≤n,n≥1 be a collection of nonnegative weights such that V1,1 = 1 and Vn,k =

Vn+1,k(n − αk) + Vn+1,k+1. We consider an urn that initially contains only a black ball

with an arbitrary weight. Balls are drawn successively from the urn with probabilities

proportional to their weights, and the drawing mechanism is described by the following

Pólya-like urn scheme. Assuming that at the i-th draw the black ball has weight M , and

that there are k distinct colors in the urn with weights M1, . . . ,Mk, respectively, at the

(i+ 1)-th draw:

i) if we pick a black ball, then it is returned to the urn together with a black ball of

weight

B∗i+1 = M
Vi+2,k+2Vi+1,k

Vi+2,k+1Vi+1,k+1

−M, (3.19)

and a ball of a new color with weight

A∗i+1 = (1− α)M
Vi+1,k

Vi+1,k+1

; (3.20)

ii) if we pick a non-black ball, then it is returned to the urn together with a black ball

of weight

B̃i+1 = M
Vi+2,k+1Vi+1,k

Vi+2,kVi+1,k+1

−M, (3.21)

and an additional ball of the same color with weight

Ãi+1 = M
Vi+1,k

Vi+1,k+1

. (3.22)

In the next theorem we show that the Pólya-like urn urn scheme described by i) and ii)

provides samples from a Gibbs-type species sampling model with parameter α ∈ (0, 1).

Accordingly, such an urn scheme extends the two parameter Hoppe urn in Zabell [128]

for describing the predictive probabilities of the Pitman–Yor process.
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Theorem 3.4.1. Let Kn be the number of non-black distinct colors after n draws from

the above stated Pólya-like urn scheme, and let Ni,n be the number of balls of color Ci,

for any i = 1, . . . , Kn. The distribution of Kn and (N1,n, . . . , NKn,n) coincides with the

distribution of the random partition of {1, . . . , n} induces by a sample of size n from a

Gibbs-type species sampling model with parameter α ∈ (0, 1).

Proof. We start by proving (3.19) and (3.20). Let Xn+1,k+1 be a sample from a Gibbs-

type species sampling model with α ∈ (0, 1) and featuring Kn+1 = k + 1 species with

frequencies (N1,n+1, . . . , NKn+1,n+1NKn+1+1,n+1) = (n1, . . . , nk, 1). Assume that after the

n-th draw the black ball has weight M , and that there are k distinct colors, labelled by

C1, . . . , Ck, with weights M1, . . . ,Mk, respectively. We denote by M∗ the updated weight

of the black ball, and by M∗
k+1 the weight of the ball with color Ck+1. Then,

i)

P[Xn+1 is a new species |Xn,k] =
Vn+1,k+1

Vn,k
=

M

M +
∑

1≤j≤kMj

(3.23)

ii)

P[Xn+2 is a new species |Xn+1,k+1] (3.24)

=
Vn+2,k+2

Vn+1,k+1

=
M∗

M∗ +
∑

1≤j≤kMj +M∗
k+1

;

iii) for any j = 1, . . . , k

P[Xn+2 is a species of type Cj |Xn+1,k+1] (3.25)

=
Vn+2,k+1

Vn+1,k+1

(nj − α) =
Mj

M∗ +
∑

1≤j≤kMj +M∗
k+1

;

iv)

P[Xn+2 is a species of type Ck+1 |Xn+1,k+1] (3.26)

=
Vn+2,k+1

Vn+1,k+1

(1− α) =
M∗

k+1

M∗ +
∑

1≤j≤kMj +M∗
k+1

.

According to (3.23), and because Vn,k = Vn+1,k(n−αk) + Vn+1,k+1, one has
∑

1≤j≤kMj =

M(n− αk)Vn+1,k/Vn+1,k+1. By means of simple algebraic manipulations,

M∗ =
Vn+2,k+2

(n+ 1− α(k + 1))Vn+2,k+1

(
M∗

k+1 +M
(n− αk)Vn+1,k

Vn+1,k+1

)
(3.27)

and

M∗
k+1 = (1− α)M

Vn+1,k

Vn+1,k+1

. (3.28)
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Then, by combining the identity (3.27) with the identity (3.28), we obtain an expression

for M∗. Specifically, M∗ = MVn+2,k+2Vn+1,k/Vn+2,k+1Vn+1,k+1. Finally, it can be easily

verified that M∗ and (3.28) satisfy (3.25) for any j = 1, . . . , k. Accordingly, M∗ and (3.28)

are the solutions of the system of equations defined by (3.24), (3.25) and (3.26).

The proof of (3.21) and (3.22) is obtained by using the same arguments applied for

(3.19) and (3.20). Specifically, let Xn+1,k be a sample from a Gibbs-type species sampling

model with α ∈ (0, 1) and featuring Kn+1 = k species with frequencies

(N1,n+1, . . . , Ni,n+1, . . . , NKn+1,n+1) = (n1, . . . , ni + 1, . . . , nk). Assume that after the n-

th draw the black ball has weight M , and that there are k distinct colors, labelled by

C1, . . . , Ck, with weights M1, . . . ,Mk, respectively. We denote by M̃ the updated weight

of the black ball, and by M̃i the updated weight of the ball of color Ci. Then,

i) for any 1 ≤ j ≤ k,

P[Xn+1 is a species of type Cj |Xn,k] (3.29)

=
Vn+1,k

Vn,k
(nj − α) =

Mj

M +
∑

1≤j≤kMj

,

ii)

P[Xn+2 is a new species |Xn+1,k] (3.30)

=
Vn+2,k+1

Vn+1,k

=
M̃

M̃ + M̃i +
∑

1≤j 6=i≤kMj

;

iii) for 1 ≤ j 6= i ≤ k

P[Xn+2 is a species of type Cj |Xn+1,k] (3.31)

=
Vn+2,k

Vn+1,k

(nj − α) =
Mj

M̃ + M̃i +
∑

1≤j 6=i≤kMj

;

iv)

P[Xn+2 is a species of type Ci |Xn+1,k] (3.32)

=
Vn+2,k

Vn+1,k

(ni + 1− α) =
M̃i

M̃ + M̃i +
∑

1≤j 6=i≤kMj

.

According to (3.29), and because Vn,k = Vn+1,k(n−αk) + Vn+1,k+1, one has Mi = M(ni−
α)Vn+1,k/Vn+1,k+1. By simple algebraic manipulations, identities (3.30) and (3.32) lead to

M̃ =
Vn+2,k+1

(n+ 1− αk)Vn+2,k

(
M̃i +M(n− ni − α(k − 1))

Vn+1,k

Vn+1,k+1

)
(3.33)

Tesi di dottorato "Gibbs-type priors for species sampling problems and feature models"
di BATTISTON MARCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



36

and

M̃i = (ni + 1− α)M
Vn+1,k

Vn+1,k+1

. (3.34)

Then, by combining the identity (3.33) with the identity (3.34), we can easily obtain an

expression for M̃ . Specifically, M̃ = MVn+2,k+1Vn+1,k/Vn+2,kVn+1,k+1. Finally, it can be

easily verified that M̃ and (3.34) satisfies (3.25) for any j = 1, . . . , k. Accordingly, M̃ and

(3.34) is the solution of the system of equations defined by (3.30), (3.31) and (3.32).

3.5 Recovering the DP and the PY cases

The two parameter Hoppe Urn of Zabell [128] is recovered from (3.19), (3.20), (3.21)

and (3.22) by setting Vn,k of the form (2.10) and M = θ + kα. Note that under this

assumptions the black ball is updated only when the black ball is drawn. Differently, in

the above urn scheme the weight of the black ball is updated when the black ball is drawn

(3.19) and also when a non-black ball is drawn (3.21). According to (3.19) and (3.21), in

order to update the black ball only when the black ball is drawn we must assume

Vn+2,k+2Vn+1,k

Vn+2,k+1Vn+1,k+1

6= 1 (3.35)

and
Vn+2,k+1Vn+1,k

Vn+2,kVn+1,k+1

= 1. (3.36)

By means of (2.8), it can be easily verified that the assumptions (3.35) and (3.36) are

equivalent to

P[Xn+2 is a new species |Xn+1,k+1] (3.37)

6= P[Xn+2 is a new species |Xn+1,k]

and, for i = 1, . . . , k,

P[Xn+2 is a species of type Ci |Xn+1,k+1] (3.38)

= P[Xn+2 is a species of type Ci |Xn+1,k],

respectively. Note that, by the Johnson’s postulate in Zabell [128], for any α ∈ (0, 1) and

θ > −α the Pitman–Yor process is the unique species sampling model for which (3.37)

and (3.38) hold true. The next proposition is a straightforward consequence of these

remarks. We provide an alternative proof of this proposition, which does rely on Zabell’s

characterization.

Proposition 3.5.1. The Pitman–Yor process is the unique Gibbs-type species sampling

model for which the assumptions (3.35) and (3.36) hold true.

Tesi di dottorato "Gibbs-type priors for species sampling problems and feature models"
di BATTISTON MARCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



37

Proof. For any α ∈ (0, 1) and θ > −α, we show that the weight Vn,k =
∏

0≤i≤k−1(θ +

iα)/(θ)(n) is the only solution of (3.35) and (3.36). This is precisely the form of the Vn,k’s

which gives the predictive probabilities of the Pitman–Yor process. Recall the constraints

V1,1 = 1 and Vn,k = Vn+1,k(n−αk)+Vn+1,k+1. By means of simple algebraic manipulations,

(3.36) leads to
Vn+2,k+2Vn+1,k

Vn+2,k+1Vn+1,k+1

= 1 + α
Vn+2,k

Vn+2,k+1

, (3.39)

i.e.,
Vn+2,k+2

Vn+2,k+1

− Vn+2,k+1

Vn+2,k

= α. (3.40)

For any fixed n, let us define gn(k) = Vn,k+1/Vn,k as a function of k. Hence (3.40)

becomes the difference equation gn+2(k + 1) − gn+2(k) = α. Given the initial condition

cn+2 = gn+2(1), where cn+2 is an arbitrary positive constant, the difference equation has

solution

gn+2(k) = cn+2 + (k − 1)α. (3.41)

We show that cn+2 does not depend on n. We start by showing that cn+2 = cn+3. Let us

consider the condition (3.41) with n and k replaced by n+ 1 and k + 1, respectively, i.e.

Vn+3,k+3Vn+2,k+1

Vn+3,k+2Vn+2,k+2

= 1 + α
Vn+3,k+1

Vn+3,k+2

,

that is
gn+3(k + 2)

gn+2(k + 1)
= 1 +

α

gn+3(k + 1)
. (3.42)

By replacing (3.41) into (3.42) we obtain c2
n+3 + cn+3(α(k+ 1)− cn+2)− cn+2α(k+ 1) = 0.

The solution in cn+3 is cn+3 = cn+2. Along the same lines we obtain cn+i = cn+i+1 := c

for any i > 2. Hence, (3.41) can be written as gn+2(k) = c+ (k − 1)α, that is

Vn+2,k+1 = (c+ (k − 1)α)Vn+2,k. (3.43)

Given the initial condition Vn,1 = bn, the difference equation (3.43) has solution Vn+2,k =

bn+2

∏
0≤i≤k−1(c − α + iα). Furthermore, one can write the difference equation bn+3 =

bn+2/(n+ 2 + c− α). Since V1,1 = 1 we have the initial condition b1 = 1 and the solution

of the difference equation is bn = 1/(c−α)n. The proof is completed by setting θ = c−α.

Indeed recall that c is positive while the range of θ is θ > −α.

Let us consider the scenario in which the weight of the black ball is not updated

when the black ball is drawn, and it is not updated when a non-black ball is drawn. In

the Pólya-like urn scheme by Zabell [128], this scenario is obtained by letting α → 0.

According to (3.19) and (3.21), in order to never update the black ball we must assume

Vn+2,k+2Vn+1,k

Vn+2,k+1Vn+1,k+1

= 1 (3.44)
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and
Vn+2,k+1Vn+1,k

Vn+2,kVn+1,k+1

= 1. (3.45)

By means of (2.8), it can be easily verified that the assumptions (3.35) and (3.36) are

equivalent to

P[Xn+2 is a new species |Xn+1,k+1] (3.46)

= P[Xn+2 is a new species |Xn+1,k]

and, for i = 1, . . . , k,

P[Xn+2 is a species of type Ci |Xn+1,k+1] (3.47)

= P[Xn+2 is a species of type Ci |Xn+1,k],

respectively. As before, due to the Johnson’s postulate in Zabell [128], the Dirichlet

process is the unique species sampling model satisfying (3.46) and (3.47). The next

propositions is a direct consequence of these remarks. We also provide an alternative

proof of this proposition, which does not rely on Zabell’s characterization.

Proposition 3.5.2. The Dirichlet process is the unique Gibbs-type species sampling model

for which the assumptions (3.44) and (3.45) hold true.

Proof. Recall that V1,1 = 1 and Vn,k = Vn+1,k(n − αk) + Vn+1,k+1. Let (3.36) hold true,

namely we do not update the weight of the black ball when a non-black ball is drawn. By

means of simple algebraic manipulations, (3.36) leads to

Vn+2,k+2Vn+1,k

Vn+2,k+1Vn+1,k+1

= 1 + α
Vn+2,k

Vn+2,k+1

, (3.48)

that is
Vn+2,k+2Vn+1,k

Vn+2,k+1Vn+1,k+1

= 1

if α = 0. Now, let (3.44) hold true, namely we do not update the weight of the black ball

when a black ball is drawn. By means of simple algebraic manipulations, (3.44) leads to

Vn+2,k+1Vn+1,k

Vn+2,kVn+1,k+1

=
n+ 1− αk

n+ 1− α(k + 1)
, (3.49)

that is
Vn+2,k+1Vn+1,k

Vn+2,kVn+1,k+1

= 1

if α = 0. By combining identities (3.48) and (3.49) it follows that the case α = 0 is the

only case, within the our Pólya-like urn scheme for Gibbs-type species sampling models,

for which the weight of the black ball is never updated. The proof is completed.
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In our discussion thus far, we pointed out a relationship between: i) the dependency on

k of the ratio Vn+1,k+1/Vn,k and Vn+1,k/Vn,k, which appear in the predictive probabilities

(2.8); ii) the updates of the black ball in the above Pólya-like urn scheme. According

to Proposition 3.5.1 the weight of the black ball is updated only when the black-ball is

drawn if and only Vn+1,k+1/Vn,k depends on k and Vn+1,k/Vn,k does not depend on k. The

opposite scenario consists in updating the weight of the black ball when a non-black ball

is drawn, and not updating it when the black ball is drawn. According to (3.19) and

(3.21), this scenario is obtained by assuming

Vn+2,k+2Vn+1,k

Vn+2,k+1Vn+1,k+1

= 1 (3.50)

and
Vn+2,k+1Vn+1,k

Vn+2,kVn+1,k+1

6= 1. (3.51)

In the next proposition we show that the assumptions (3.50) and (3.51) implies that α = 0.

In other terms, the assumptions (3.50) and (3.51) provide a trivial scenario, in the sense

that they lead to the scenario in which the weight of the black ball is never updated.

Proposition 3.5.3. The Dirichlet process is the unique Gibbs-type species sampling model

for which the assumptions (3.50) and (3.51) hold true.

Proof. Recall that V1,1 = 1 and Vn,k = Vn+1,k(n − αk) + Vn+1,k+1. Let (3.50) and (3.51)

hold true, namely we do not update the weight of the black ball when a black ball is

drawn and we update the weight of the black ball when a non-black ball is drawn. By

means of simple algebraic manipulations, Equation (3.50) leads to

Vn+2,k+1Vn+1,k

Vn+2,kVn+1,k+1

=
n+ 1− αk

n+ 1− α(k + 1)
,

i.e.,
Vn+2,k+1

Vn+2,k

=
Vn+2,k+2

Vn+2,k+1

n+ 1− αk
n+ 1− α(k + 1)

. (3.52)

Let gn+2(k) = Vn+2,k+1/Vn+2,k. From (3.52) one has the equation gn+2(k) = gn+2(k +

1)((n+1−αk)/(n+1−α(k+1))), with final condition gn+2(n+1) = Vn+2,n+2/Vn+2,n+1 =

an+2. If we set a = V2,2/V2,1 > 0, the solution of this equation corresponds to

gn+2(k) = a

n∏
i=k

n+ 1− iα
n+ 1− α(i− 1)

i.e.,

Vn+2,k+1

Vn+2,k

= a

n∏
i=k

n+ 1− iα
n+ 1− α(i+ 1)

.
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Therefore, according to (3.49), for any n ≥ 1 and k ≤ n the following identity must be

satisfied

a

n∏
i=k

n+ 1− iα
n+ 1− α(i+ 1)

= a

n+1∏
i=k+1

n+ 2− iα
n+ 2− α(i− 1)

. (3.53)

The identity (3.53) is satisfied if and only if α = 0. In particular if α = 0 then we

obtain the difference equation Vn+2,k+1 = aVn+2,k with initial condition Vn+2,1 = bn+2.

The solution of this difference equation is Vn+2,k = bn+2a
k−1. Furthermore, one has the

difference equation bn+1 = bn/(n + a) with initial condition b1 = 1. The solution of this

difference equation is bn = 1/(a+ 1)(n−1). Hence, Vn,k = ak/(a)n.

3.6 Discussion and future work

In this chapter, we introduced a nonparametric counterpart of the celebrated “sufficient-

ness” postulate by Johnson [69]. Our postulate provides a characterization of a class of

species sampling priors for which the probability of discovering at the next trial a new

species depends only on the sample size n and the number k of observed species. For k ≥ 3

these priors are precisely the Gibbs-type species sampling priors introduced in Gnedin

and Pitman [48]. The proposed characterization extends previous results introduced in

Zabell [125] and Zabell [129] for the Dirichlet process and two parameter Poisson-Dirichlet

process, respectively. Following the parallel with the “sufficientness” postulates for the

Dirichlet process and the two parameter Poisson-Dirichlet process, we paired our pos-

tulate with a simple Pólya-like urn scheme for describing the predictive probabilities of

Gibbs-type species sampling priors. Such a scheme provides a novel and intuitive inter-

pretation of these predictive probabilities in terms of the updates of a sequence of balls

drawn for a Pólya-like urn. We find this interpretation particularly useful in order to

explain differences between the Dirichelet process, the two parameter Poisson-Dirichlet

process, and the more general class of Gibbs-type species sampling models.

The Pólya-like urn schemes for the Dirichlet process and the two-parameter Poisson-

Dirichlet process are often applied in hierarchical constructions. See, e.g, Teh et al. [112],

Teh and Jordan [113] and references therein. In the most basic example of these hierar-

chical constructions a collection of J exchangeable sequences, say (X1,i)i≥1, . . . , (XJ,i)i≥1,

are drawn from the urn scheme independently; however, when a black ball is drawn in

each case, the new color is selected from a latent exchangeable sequence, which is shared

by J exchangeable sequences. Accordingly, the generalization of the usual exchangeable
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Bayesian framework to nonparametric hierarchical modelling can be described as follows

Xj,i |Pj
iid∼ Pj, i = 1, . . . , nj, j = 1, . . . , J

Pj |P0 ∼ µj,

P0 ∼ µ0.

In other terms, the directing probability measure of (X1,i)i≥1, . . . , (XJ,i)i≥1 can be

represented by introducing a random probability measure P0 followed by the conditional

independence of the sequence (X1,i)i≥1, . . . , (XJ,i)i≥1, with directing probability measure

P1, . . . , PJ , respectively, centered on P0. In most cases it is convenient to model P1, . . . , PJ

with Gibbs-type species sampling priors with mean P0. This hierarchical procedure in-

troduces dependence between the random partitions generated by (X1,i)i≥1, . . . , (XJ,i)i≥1,

which is desirable in many applications.

While hierarchical species sampling priors had a tremendous impact on several applied

fields, it still remains difficult to guide a selection of the prior distribution with subjective

arguments, such as the number of species and their variability across populations. On

the other had it also remains challenging the tuning of these hierarchical construction

to optimize the performances of the resulting tools, quantified by classification and pre-

diction error metrics. Our hope, and a motivation for our work, is that “sufficientness”

postulates and urn schemes contribute to a better understanding and interpretability of

hierarchical constructions that builds and combines layers of exchangeable random par-

titions. In particular the study of Gibbs-type exchangeable random partitions has the

potential of contributing to the critical evaluation of hierarchical constructions for data

analysis. When, for example, heterogeneous populations, say in ecology of microbiome

studies, are modeled using dependent random partitions embedded in hierarchical con-

structions, how can we use the imputed layers of partitions generated through Markov

chain Monte Carlo algorithms or other approaches to evaluate the construction of the

prior model? When can we say that the use of hierarchical species sampling priors ap-

pears appropriate? Which type of assumption can we leverage on to tackle this type

of problems? The theoretical understanding of random partitions, and characterization

results for classes of random partitions, appears appropriate tools to allow the statistical

and machine learning communities to approach these problems.

Consideration of hierarchical models defined by layers of species sampling models, such

as the hierarchal Dirichlet and Pitman–Yor processes, raises the interesting problem of

whether there is a “sufficientness” postulate that characterize the resulting model. If we

assume the hierarchical structure described in the previous paragraph, and if we condition

on variables that determine the steps in (X1,i)i≥1, . . . , (XJ,i)i≥1 in which a black ball was

drawn, then it is not difficult to formulate “sufficientness” conditions that characterize

the exchangeable sequences. This would amount to a direct application of the results of
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this chapter. However, this set of conditions is not in the spirit of the Johnson “sufficient-

ness” postulate because, first, the variables that determine when a black ball was drawn

are not observable since the species observed at those steps are not necessarily “new”,

and second, unlike the exchangeability of a random partition the hierarchical structure

assumed does not have an apparent subjective motivation. We also note that model

interpretability, in this case, is provided by the overall probability construction, rather

than by characteristics of the joint distribution of dependent random partitions, which

in most cases presents analytic expression that are far from trivial. With the exception

of the correlations between the random probabilities P1, . . . , PJ , results to quantify and

understand the degree of dependence among (X1,i)i≥1, . . . , (XJ,i)i≥1 remains limited.
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Chapter 4

Sample-size estimation for finding

unseen species

4.1 Motivation

A difficult and important challenge in species sampling problems is the design of cost-

effective species inventories. This is accounted for by concrete applied problems where the

sampling procedure is expensive and, therefore, further samples can be only motivated

by the possibility of recording a certain amount of new species. Sustaining an acceptable

level of cost-effectiveness requires to redirect sampling to more productive sites, methods

or time period, as the probability of discovering a certain amount of new species in addi-

tional samples becomes unacceptably low. Hence, one can fix a possibly small threshold

for the discovery probability such that the sampling procedure takes place until the esti-

mated discovery probability becomes for the first time smaller than the fixed threshold.

This procedure introduces a criterion for evaluating the effectiveness of further sampling,

as well as a tool for assessing survey completeness. A full range of statistical approaches,

parametric and nonparametric as well as frequentist and Bayesian, have been proposed

for estimating the probability of discovering new species in additional samples. Impor-

tant contributions are, e.g., Good [50], Good and Toulmin [51], Efron and Thisted [34],

Rasmussen and Starr [98], Mao [87], Lijoi et al. [76], Zhang and Stern [131] and Barger

and Bunge [7].

While estimates of the discovery probability provide a criterion for evaluating the

effectiveness of further sampling, they do not indicate how much sampling effort would

be necessary to discover new species. Measuring the sampling effort is crucial in the

design of cost-effective species inventories, since it provides guidance for ensuring an

efficient use of time and financial resources during the sampling process. In this chapter

we introduce a Bayesian nonparametric estimator of the minimum number of additional

samples required for discovering new species. Specifically, under the framework of Gibbs-
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type priors introduced in Lijoi et al. [76] for modeling the unknown species composition

(pi)i≥1, we derive an explicit expression of the posterior distribution, with respect to an

initial observed sample, of the minimum number of additional samples required to detect

a preset amount of new species. The corresponding Bayesian nonparametric estimator

under squared loss function is then obtained as the posterior expectation. This estimator

thus provides practitioners with a realistic and easily interpretable expectation of what

differences, in terms of new observable species, may be detected with a reasonable amount

of time and cost. As an illustrative example we focus on the Pitman–Yor prior, which

stands out for its mathematical tractability and, hence, represents the natural candidate

within the class of Gibbs-type priors. Under this prior assumption we apply the proposed

estimator to the analysis of an Expressed Sequence Tags (EST) dataset in genomics.

4.2 Methodology

In this chapter, we assume the vector Xn = (X1, . . . , Xn) of observations to come from

an infinite exchangeable sequence of random variables. From De Finetti’s Representation

Theorem, we can write the model as

Xi |P
iid∼ P, i = 1, . . . , n, (4.1)

P ∼ µ,

where P is assumed to be a discrete distribution and can be rewritten as P =
∑

i≥1 piδX∗i ,

where (pi)i≥1 is a collection of nonnegative random weights such that
∑

i≥1 pi = 1 almost

surely, and (X∗i )i≥1 are random locations, or random labels, independent of (pi)i≥1 and

independent and identically distributed according to a nonatomic probability measure

P0. The distribution of (pi)i≥1 and (X∗i )i≥1 is encoded in µ, which is the prior distribu-

tion of P . Following Lijoi et al. [76], in this Chapter, we select µ to be a Gibbs-type

prior. Throughout this chapter we will use the same notation introduced in the previous

chapters for the number of distinct values Kn in (X1, . . . , Xn) and for their frequencies

(N1,n, . . . , NKn,n).

Given the collection of exchangeable observations (Xi)i≥1, directed by a Gibbs-type

prior, hence having predictive probabilities of the form (2.8), we introduce a new sequence

of random variables (Bi)i≥1 defined as follows: B1 = 1 and Bi =
∏

1≤j≤i−1 1{Xi 6=Xj} for

any i ≥ 2. In other terms Bi = 1 if Xi is a species that does not coincide with any of

the species in (X1, . . . , Xi−1), whereas Bi = 0 if Xi is a species that coincides with some

of the species in (X1, . . . , Xi−1). The binary sequence (Bi)i≥1 thus provides information

on the positions, or times, where new species appears for the first time in the sampling

process (Xi)i≥1. The distribution of (Bi)i≥1 is determined by the conditional distribution

of Bi given (B1, . . . , Bi−1). Specifically, if b(n) :=
∑

1≤i≤n bi then by direct application of
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(2.8) one has

P[Bn+1 = b | (B1, . . . , Bn) = (b1, . . . , bn)] =

{ Vn+1,b(n)+1

Vn,b(n)
if b = 1

Vn+1,b(n)

Vn,b(n)
(n− αb(n)) if b = 0,

(4.2)

for any n ≥ 1. Now, let us assume that the first n ≥ 1 samples in (Xi)i≥1 have

been observed, and they features Kn = k ≤ n species with corresponding frequencies

(N1,n, . . . , NKn,n) = (n1, . . . , nk). If

Ti = min{t :
t∑

j=1

Bn+j = k + i}

then W0 = T1 ≥ 1 is the waiting time for discovering, in additional samples, the first

species that does not coincide with any of the species in the initial observed sample of

size n. In general, the random variable Wi = Ti+1 − Ti ≥ 1 is the waiting time for

discovering the (i + 1)th new species in additional samples, for any i ≥ 0. In the next

lemma we derive an explicit expression for the conditional distribution of (W0, . . . ,Wτ )

given the observable sample (X1, . . . , Xn), for any τ ≥ 0. This expression follows by a

straightforward repeated application of the conditional probability (4.2).

Lemma 4.2.1. Under the framework of Gibbs-type priors, let (X1, . . . , Xn) be a random

sample featuring Kn = k species with frequencies (N1,n, . . . , NKn,n) = (n1, . . . , nk). If

w(τ) :=
∑

0≤i≤τ wi then

P[W0 = w0, . . . ,Wτ = wτ |X1, . . . , Xn] (4.3)

=
Vn+w(τ),k+τ+1

Vn,k

τ∏
i=0

(n+ w(i− 1)− (k + i)α)(wi−1)↑

The conditional distribution (4.3) takes on the natural interpretation of the joint

posterior distribution, with respect to an initial observed sample (X1, . . . , Xn), of the

waiting times for discovering τ + 1 new species in additional samples. Note that, as a

direct consequence of the Gibbs-type prior assumption, Kn is a sufficient statistics for the

posterior distribution (4.3). See De Blasi et al. [27] for details. Posterior distributions of

various statistics of (W0, . . . ,Wτ ) may be obtained by a direct application of Lemma 4.2.1.

Hereafter we consider two statistics of interest in the context of designing cost-effective

species inventories:

i) the total waiting time W (τ) =
∑

0≤i≤τ Wi ≥ τ + 1 for discovering τ + 1 new species

in additional samples;

ii) the conditional waiting time Wτ |W (τ − 1) ≥ 1 for discovering the (τ + 1)th new

species in additional samples given the total waiting time of the previously discov-

ered new species.
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For any n ≥ 1, 1 ≤ k ≤ n, α ∈ [0, 1) and γ < 0 we denote by C (n, k;α, γ) the (n, k)th non-

centered generalized factorial coefficient, i.e. C (n, k;α, γ) := (k!)−1
∑

0≤i≤k(−1)i
(
k
i

)
(−iα−

γ)n↑ with the proviso C (0, 0;α, γ) := 1, C (n, 0;α, γ) := 0 for any n ≥ 1. Furthermore, re-

call that limα→0 α
−kC (n, k;α, γ) = |s(n, k; γ)| where |s(n, k; γ)| :=

∑
k≤i≤n

(
n
i

)
|s(i, k)|(−γ)(n−i)↑

with |s(i, k)| being the signless Stirling number of the first kind. See, e.g., Charalambides

[21] for details. In the next theorem we provide an explicit and simple expression for the

posterior distributions of W (τ) and Wτ |W (τ − 1), for any index τ ≥ 0. Note that, by

definition, for τ = 0 these two statistics coincide.

Theorem 4.2.2. Under the framework of Gibbs-type priors, let (X1, . . . , Xn) be a ran-

dom sample featuring Kn = k species with corresponding frequencies (N1,n, . . . , NKn,n) =

(n1, . . . , nk). Then

i)

P[W (τ) = w |X1, . . . , Xn] =
Vn+w,k+τ+1

Vn,k
α−τC (w − 1, τ ;α,−n+ kα); (4.4)

ii)

P[Wτ = wτ |W (τ − 1) = w(τ − 1), X1, . . . , Xn] (4.5)

=
Vn+w(τ−1)+wτ ,k+τ+1

Vn+w(τ−1),k+τ

(n+ w(τ − 1)− (k + τ)α)(wτ−1)↑.

Expected values of the posterior distributions (4.4) and (4.5) provide Bayesian non-

parametric estimators, with respect to a squared loss functions, of the statistics W (τ) and

Wτ |Wτ−1, respectively. In order to compute explicitly these estimators one needs to spec-

ify an expression for the nonnative weight Vn,k. As an illustrative example we compute

the Bayesian nonparametric estimators of W (τ) and Wτ |Wτ−1 under the assumption of

the Pitman–Yor prior, i.e., Vn,k =
∏

1≤i≤k(θ + iα)/(θ)n↑, for any α ∈ [0, 1) and θ > −α.

With regards to the posterior distribution (4.4), under the assumption of the Pitman–Yor

prior one obtains

P[W (τ) = w |X1, . . . , Xn] =
α(k + θ/α)(τ+1)↑

(θ + n)(w)↑
C (w − 1, τ ;α,−n+ kα) (4.6)

and

Ŵ (τ) := E[W (τ) |X1, . . . , Xn] (4.7)

=

{
1− n− θ +

(θ+n−1)(k+θ/α)(τ+1)↑
(k+(θ−1)/α)(τ+1)↑

if θ + kα > 1

+∞ otherwise.

The Bayesian nonparametric estimator Ŵ (τ) can be easily evaluated for any τ ≥ 0, and

corresponding credible intervals may be determined via Monte Carlo sampling from the
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posterior distribution (4.6). Of particular interest is Ŵ (0) = (θ + n − 1)/(θ + kα − 1),

which provides an estimate of the minimum number of additional samples required for

detecting the first new species, given k species has been observed in the first n samples.

This, in turns, introduces a direct measure of the sampling effort, in terms of time and

cost, for finding a new species in additional samples.

Along similar lines one obtains an explicit expression for the Bayesian nonparametric

estimator of Wτ |W (τ−1). Under the Pitman–Yor prior, due to the product form of Vn,k,

the posterior distribution of Wτ |W (τ − 1) may be expressed in terms of a mixture of

negative Binomial distributions. This representation provides a useful tool for sampling

from the posterior distribution of Wτ |W (τ−1) and, hence, from the posterior distribution

(4.6) with τ = 0. Let Zp,r be a random variable distributed according to a negative

Binomial distribution with success probability p and stopping parameter r, and let fBa,b
be the density function of a Beta random variable with parameter (a, b). Under the

Pitman–Yor prior one obtains

P[Wτ = wτ |W (τ − 1) = w(τ − 1), X1, . . . , Xn] (4.8)

= (θ + (τ + k)α)
(n− (k + τ)α + w(τ − 1))(wτ−1)↑

(θ + n+ w(τ − 1))(wτ )↑

=

ˆ 1

0

P[Zx,1 = wτ − 1]fBn−(k+τ)α+w(τ−1),θ+(k+τ)α
(x)dx

and

Ŵτ := E[Wτ |W (τ − 1) = w(τ − 1), X1, . . . , Xn] (4.9)

=

{
θ+n+w(τ−1)−1
θ+(k+τ)α−1

if θ + kα > 1

+∞ otherwise.

Similarly to the total waiting time, the Bayesian nonparametric estimator Ŵτ can be easily

evaluated for any τ ≥ 0. Furthermore, corresponding credible intervals are determined via

Monte Carlo sampling from the posterior distribution (4.8); this only requires to sample

from a negative Binomial random variable and a Beta random variable. The estimator

Ŵτ provides information of how the wanting time for discovering new species increases

as the number of discovered species increases, that is as τ increases. One may define

R̂τ,c := (Ŵτ − Ŵτ−c)/Ŵτ−c, for some c < τ , in order to measure the growth rate of the

sampling effort for finding a new species in additional samples.

4.3 Illustration with Expressed Sequence Tags

Expressed Sequence Tags (ESTs) were introduced in Adams et al. [1], and they play a

fundamental role for gene discovery and for characterizing expressed genes from a given
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organism. ESTs are generated by sequencing randomly isolated gene transcripts that have

been converted into cDNA. The resulting transcript sequences and their abundances are

the main focus of interest providing the identification and level of expression of genes. As

pointed out in Susko and Roger [108], sequencing is an expensive procedure, and typically

it require to perform difficult “normalization” protocols on cDNA libraries before large

numbers of ESTs are gathered from an organism. Hence, for an efficient use of time

and financial resources, the decision of proceed with sequencing has to balance carefully

between the probability of discovering new genes in further sequencing and the involved

costs of such a sequencing. This decision is necessarily based on the estimation of the

sampling effort for discovering new genes. The dataset we analyze consists of ESTs

samples obtained from a cDNA library from Naegleria gruberi cells grown under different

culture conditions, aerobic and anaerobic. See Susko and Roger [108] for details. Let mi

be the number of genes with frequency i. The Naegleria gruberi aerobic library consists of

n = 959 ESTs with k = 473 genes and mi = 346, 57, 19, 12, 9, 5, 4, 2, 4, 5, 4, 1, 1, 1, 1, 1, 1,

for i = {1, 2, . . . , 12}∪{16, 17, 18}∪{27}∪{55}. The Naegleria gruberi anaerobic library

consists of n = 969 ESTs with k = 631 genes and mi = 491, 72, 30, 9, 13, 5, 3, 1, 2, 0, 1, 0, 1,

for i ∈ {1, 2, . . . , 13}.
We assume a Pitman–Yor prior. In order to implement the posterior distributions

displayed in (4.6) and (4.8), as well as the corresponding estimators, the first issue to be

faced is the specification of the parameter (α, θ). Hereafter, following the approach of

Lijoi et al. [76], we resort to an empirical Bayes procedure. Specifically let (X1, . . . , Xn)

be a sample from a Pitman–Yor process and featuring Kn = k species with frequencies

(N1,n, . . . , NKn,n) = (n1, . . . , nk). The empirical Bayes procedure consists in choosing θ

and α that maximize the distribution of the sample (X1, . . . , Xn). This corresponds to

setting (α, θ) = (α̂, θ̂), where

(α̂, θ̂) = arg max
(α,θ)

{∏k−1
i=0 (θ + iα)

(θ)n↑

k∏
i=1

(1− α)(ni−1)↑

}
. (4.10)

Clearly one could also specify a prior distribution on the parameter (α, θ), and then seek

a full Bayesian inference. However, as discussed in Lijoi et al. [76], there are no relevant

differences between the fully Bayes approach and the empirical Bayes approach. Indeed

it can be verified that for sufficiently large datasets, like the Naegleria gruberi libraries,

the posterior distribution of (α, θ) is highly concentrated. See also De Blasi et al. [27]

for details. The application of the empirical Bayes approach (4.10) lead to the following

estimates for (α, θ): (α̂, θ̂) = (0.669, 46.241) for the Naegleria gruberi aerobic library and

(α̂, θ̂) = (0.656, 155.408) for the Naegleria gruberi anaerobic library.

We first focus on the Naegleria gruberi aerobic library. Table 4.1 shows the Bayesian

nonparametric estimates, as well as the corresponding 95% and 99% credible intervals,

of the minimum number W (τ) of additional samples that are required to detect τ + 1
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new genes for τ = 0, 20, 40, 60, 80, 100. Setting n = 959, k = 473, α = 0.669 and

θ = 46.241, the estimates Ŵ (τ) are obtained by a direct application of (4.7), whereas

credible intervals are obtained by a Monte Carlo evaluation of the quantiles of the posterior

distribution (4.6). Specifically, random variates from (4.6) can be easily obtained by

means of the inverse transform sampling and using the fact that the factorial coefficient

C (w − 1, τ ;α,−n+ kα) satisfies the following triangular recursion:

C (w − 1, τ ;α,−n+ kα)

= (w − 2− ατ + n− kα)C (w − 2, τ ;α,−n+ kα) + αC (w − 2, τ − 1;α,−n+ kα).

Estimates Ŵ (τ) in Table 4.1 provide explicit measures of the sampling effort for the Nae-

gleria gruberi aerobic library, and they can be directly applied in the process of designing

cost-effective sequencing procedures. Table 4.1 also shows estimates of the minimum

number Wτ |W (τ) of additional samples that are required to detect the (τ + 1)th genes

given the number W (τ) of samples used for discovering the previously genes. Estimates

Ŵτ and corresponding credible intervals are obtained from (4.9) and (4.8), respectively,

where w(τ) is replaced by the estimates given by (4.7).

Table 4.1: Real data example: Naegleria gruberi aerobic library.

W (τ) Wτ+1 |W (τ)

τ Ŵ (τ) 95% C. I. 99% C. I. Ŵτ+1 95% C. I. 99% C. I. R̂τ+1,20

0 2.7766 (1, 9) (1, 13) 2.7792 (1, 9) (1, 13) −

20 58.8385 (41, 82) (36, 91) 2.8294 (1, 9) (1, 13) 0.0181

40 115.8966 (88, 149) (82, 161) 2.8787 (1, 9) (1, 13) 0.0174

60 173.9335 (139, 215) (130, 230) 2.9272 (1, 9) (1, 13) 0.0168

80 232.9325 (191, 282) (180, 299) 2.9749 (1, 10) (1, 13) 0.0163

100 292.8781 (244, 349) (231, 369) 3.0218 (1, 10) (1, 14) 0.0158

Figure 4.1 shows the estimates ŴAer and ŴAnaer of W (τ) for the Naegleria gruberi aer-

obic library and for the Naegleria gruberi anaerobic library, respectively. Corresponding

95% credible intervals are also displayed. For each library we set the maximum value of τ

as the observed number k of genes in the library, i.e., τ = 473 for the aerobic library with

sample size n = 959, and τ = 631 for the anaerobic library with sample size n = 969.

The estimated numbers of additional samples that are required to detect τ = 473 and
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τ = 631 new genes are 1564.6353 and 1462.9275, respectively. In general, for any τ ≥ 0,

the behaviour of the estimated sampling effort is apparent from Figure 4.1, in the sense

that the anaerobic library presents a sampling effort that is lower than the aerobic library.

In other terms the anaerobic library systematically produces more new genes along the

sequencing process. This is in agreement with the analysis originally proposed in Susko

and Roger [108] by means of the Good-Toulmin estimator for discovery probabilities.
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Figure 4.1: Real data example: Naegleria gruberi aerobic (blue) and anaerobic (red)

libraries.

4.4 Discussion and future work

In this chapter we have introduced a Bayesian nonparametric analysis of the problem

of designing cost-effective species inventories. This methodology is based on the use of

Gibbs-type priors and provides estimates of the minimum number of additional samples

required to detect a preset amount of new species. This information is useful to design

species inventories and, at the same time, is easily interpretable and implementable by

practitioners and researchers from other fields outside statistics. The proposed strategy is

non-sequential, i.e. we assume a fixed sample of observations and, given this sample, our

Tesi di dottorato "Gibbs-type priors for species sampling problems and feature models"
di BATTISTON MARCO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2017
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



51

approach directly estimates the sampling effort for discovering additional new species.

A different approach which we think is worth exploring is a sequential one, in which

observations arrive one at a time. Within this framework, we may proceed with the

search for new species for as long as we wish, but there is a fixed cost, denoted by c,

associated with each selection. At every time step we can decide to stop the search if the

probability of discovering new species in additional samples becomes unacceptably low.

One can therefore set a low threshold for the discovery probability, as a function of the

fixed cost associated with each draw, and then proceed with the sampling process until

the estimated discovery probability becomes first smaller than the fixed threshold. This

sequential approach was first formalized in Rasmussen and Starr [98].

Rasmussen and Starr [98] studies this sequential problem by introducing an utility

function h defined on the integers and such that, for each k ∈ N, h(k) is the gain of

observing k distinct species. The pay-off of terminating the search after n observations

have been collected is w(n) = h(Kn)−cn, and the goal is to find the stopping time s max-

imizing the expected pay-off, namely E[w(s)]. Under the mild regularity condition that

h is non-decreasing and concave, and under the assumption that the species composition

(pi)i≥1 is known, Rasmussen and Starr [98] found the optimal solution of the above se-

quential problem. Let Xn be a sample from a population of individuals (Xi)i≥1 belonging

to an (ideally) infinite number of species (X∗i )i≥1 with known species proportions (pi)i≥1,

and let u(n) =
∑

i≥1 pi1{X∗i /∈Xn} be the so-called missing mass. Rasmussen and Starr [98]

proved the optimality of the stopping rule defined as

sopt = inf{n ≥ 0 : [h(Kn + 1)− h(Kn)]u(n) ≤ c}. (4.11)

Their proof strongly relies on the fact that monotonicity of u(n) implies monotonicity of

the stopping rule sopt.

However, in species sampling problem, the pi’s are unknown and hence the stopping

rule (4.11) is not computable because u(n) is not observable. In order to overcome this

drawback, Rasmussen and Starr [98] proposed an adaptive strategy in which the missing

mass u(n) in (4.11) is replaced by an estimator of it. As an estimator of the missing mass

they considered the Good-Turing estimator, i.e.,

ũ(n) =
1

n

Kn∑
i=1

1{Ni,n=1} (4.12)

with Ni,n being the frequency of the species X∗i in Xn. Replacing u(n) in (4.11) with

the estimator ũ(n) has the side effect that the resulting adaptive stopping rule is no

more monotone. The monotonicity of a stopping rule is a desired property for proving

its optimality. See the monograph by Chow et al. [24] for a comprehensive discussion.

Due to the non-monotonicity of their adaptive stopping rule, Rasmussen and Starr [98]
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restricted themselves to show through empirical evidence that it compares well with the

optimal one, for various choices of (pi)i≥1.

A Bayesian nonparametric counterpart of the adaptive stopping rule in Rasmussen

and Starr [98] can obtained by replacing u(n) in (4.11) with its Bayesian nonparametric

counterpart. Specifically, under the model (4.1), with µ being a Gibbs-type prior, Xn

a sample of observations and An = X − {X∗1 , . . . , X∗Kn} the set of unseen species, then

the Bayesian nonparametric estimator of the probability of discovering new species at the

(n+ 1)-the draw is

P[Xn+1 ∈ An |Xn] = E[P (An) |Xn] =
Vn+1,k+1

Vn,k
. (4.13)

The probability (4.13) provides a Bayesian nonparametric counterpart of the Good-Turing

estimator (4.12).

In particular, under the special case of a Pitman–Yor prior with α ∈ [0, 1) and θ >

−α, the random variable P (An) |Xn is distributed according to a Beta distribution with

parameter (θ+αk, n−αk), and hence P[Xn+1 ∈ An |Xn] = E[P (An) |Xn] = (θ+αk)/(θ+

n). Hence, a Bayesian nonparametric adaptive stopping based on the two parameter

Poisson-Dirichlet prior is going to have the following form,

sbnp = inf{n ≥ 0 : [h(Kn + 1)− h(Kn)]
(θ + αk)

(θ + n)
≤ c}. (4.14)

A possible direction of research is to study Bayesian nonparametric procedures for

sequential problems. Up to our knowledge, this field of research has not been explored

yet. However, for the specific problem described in this section, we must remark that, as in

the adaptive rule of Rasmussen and Starr [98], the stopping time (4.14) is not monotone.

This fact can complicate the derivation of theoretical results and proving the optimality

of the adaptive rule (4.14) can be a very challenging problem.
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Chapter 5

Multi-armed bandit for species

discovery

5.1 Description of the problem and proposed solu-

tion

In this chapter, we consider a different setting of the species sampling problem, in which

J distinct populations are available and we can choose in a sequential manner from which

of these populations to collect further samples. Specifically, let (P1, . . . , PJ) denote J

populations of animals of distinct regions. Each population Pj is assumed to contain a

large number of species of animals, but both the represented species and their frequencies

are unknown a priori. Also, the J populations are allowed to share the same species

of animals and each species can have different frequencies in distinct regions. In this

chapter we consider the problem of sequentially sampling these populations with the

goal of maximizing the number of distinct species observed. In ecology and biology

this problem arises naturally when different environments are explored in search of new

species. In order for the exploration to remain cost-effective, redirecting it to a different

environment is necessary whenever the probability of discovering a new species at the next

draw becomes unacceptably low in the current environment. Similarly, in genetics the goal

is to increase the number of genetic variants one expect to discover. See, e.g., Ionita-Laza

et al. [63] and Ionita-Laza and Laird [64] where it has been shown that combining data

from multiple populations in a discovery study increase the number of genetic variants

identified relative to studies on single populations. Other applications arise in electrical

engineering, in the context of security analysis of electrical power systems, and in software

engineer, in the context of bugs discovery. See, e.g, Fonteneau-Belmudes et al. [41], Bubeck

et al. [15] and references therein.

The framework of our species sampling problem resembles that of stochastic multi-
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armed bandit (MAB) problems. These are problems in reinforcement learning which can

be described using a gambling metaphor. We imagine a gambler facing J slot machines

(“one armed bandit” is the colloquial term for a slot machine in American slang) with

different unknown reward distribution functions. At every step, given the history of plays

and realized rewards, the player can choose on which machine to play next and he will

receive a random reward from the distribution of that arm. In the bandit literature

the most common formalization of the problem is that of independent rewards from J

unknown distributions. In this setting the two most popular sequential strategies are

the Upper Confidence Bound (UCB) algorithm, introduced in Lai and Robbins [74] and

further developed by Auer et al. [5], and the Thompson sampling (TS), proposed by

Thompson [121]. The former solves the famous exploration-exploitation trade-off inherent

in any bandit problem by constructing deterministic upper bounds for the expected reward

in each arm, and then playing the arm with the highest bound value. The latter is a

Bayesian algorithm which assigns priors to the unknown parameters and plays an arm

according to its posterior probability of being the best one.

The problem analysed in this chapter can be traced back to a similar bandit formal-

ization. In our setting, at every time step, a reward of one unit is received if a new species

is observed and zero otherwise. Hence, rewards are Bernoulli distributed, but, differently

from the usual MAB setting, in our case they are not assumed to be independent. Indeed

every time a new species is observed the probability of observing another one in the next

steps decreases. We propose a sequential rule that, given the information available up

to a point, select the population from which to collect the next observation, with the

goal of discovering as many distinct species as possible. Our sequential rule is made of

two elements: a Bayesian nonparametric procedure for the estimation of the (P1, . . . , PJ),

seen as random discrete probability measures on a suitable space of species of animals,

together with a TS strategy for the sequential choice of the best arm.

We consider a sample of observations Xn = (Xn1·· , . . . ,XnJ··) from the J populations,

where Xnj·· = (Xj1, . . . , Xjnj··) denotes the vector of observations from the j-th popu-

lation, taking values on a measurable space (X,X ), and with nj·· being the number of

observations collected in this population. We assume the populations to be partially ex-

changeable. Hence, from De Finetti’s Theorem for partially exchangeable sequences, their

joint law can written in the following hierarchical form

Xj,i|Pj
iid∼ Pj i = 1, . . . , nj·· j = 1, . . . , J

(P1, . . . , PJ) ∼ µ,

for a probability measure µ on PJ , where P is the space of all distribution functions on

X. We choose a Hierarchical Pitman-Yor process as µ, i.e. (P1, . . . , PJ) has the following
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nonparametric prior

Pj|αj, θj, P0
ind∼ PY (αj, θj, P0) j = 1, . . . , J,

P0|α0, θ0, H ∼ PY (α0, θ0, H) .

for a fixed and diffuse probability measure H and J + 1 couples of hyperparameters

(αj, θj) satisfying the conditions 1 > αj ≥ 0 and θj > −αj, for all j ∈ {0, . . . , J}.
This prior choice induces a prior also for the J mean parameters of the Bernoulli reward

distributions. Given the induced prior and given a set of data from (P1, . . . , PJ), we derive

the corresponding posterior, which is then used to implement the TS strategy. We refer

to the proposed strategy as HPY-TS. In addition, we also propose an extension of it, to

deal with incidence data, in which animals are collected in groups.

We must also remark the connection of our strategy to adaptive sampling techniques.

These are modifications of stratified random sampling, see e.g. Cochran [25] chapter 5,

in which the choice of the sampling units are not fixed prior to making observations, but

units are sequentially chosen, depending on previously observed values of some variable

of interest. Theoretical advantages of adaptive selection designs were already pointed

out in Basu [8] and Zacks [130] and can be remarkable, particularly when dealing with

rare or elusive species. The first successful attempt in proposing an adaptive sampling

procedure is Thompson [115], who proposes the adaptive cluster sampling. With this

technique, biologists search for rare species of interest nearby locations on which the

species was previously observed. Extensions and refinements of his work can be found

in some his following works, e.g. Thompson [116], Thompson [118] and Thompson [117].

Good references for adaptive sampling techniques are Thompson [119] and Thompson and

Seber [120]. Our algorithms have a similar flavor, but rather than focusing on re-observing

a particular rare species, the goal is now to detect new ones.

We assess the performances of the proposed HPY-TS algorithms through simulations

and using a dataset from biology. We compare the HPY-TS algorithms to other three

strategies: an Oracle strategy in which the composition of the (P1, . . . , PJ) are known;

a Uniform strategy that selects at every step a population uniformly at random; a rule

recently proposed in Bubeck et al. [15] based on the Good-Turing missing mass estimator

introduced in Good [50]. Our simulation study considers different scenarios, by varying

the level of heterogeneity in species variety among populations. Simulated results show

that the HPY-TS performs better than the Uniform and the strategy of Bubeck et al. [15]

in all scenarios, discovering more new species both in the abundance and in the incidence

case. These results suggests also that the HPY-TS algorithms are robust to changes in

the level of heterogeneity in species variety across the J populations, without the need

of tuning parameters to regulate the exploration rate. We also compare the algorithms

using a dataset of species of trees, collected in different plots in South America, analyzed

in Pyke et al. [97] and Condit et al. [26].
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To sum up, the rest of this chapter is organized as follows. In Section 5.2, we provide

a brief account of the MAB problem and of TS in particular. Section 5.3 introduces the

HPY-TS algorithm in the case of abundance and incidence data. This section includes also

a subsection about computational issues to implement the algorithm. In Section 5.4, we

present the results of simulations and the real data example. Finally, a discussion section

about future work and an appendix containing further information about the simulated

study close the chapter.

5.2 The Multi-Armed Bandit Problem and Thomp-

son Sampling

A MAB problem is a sequential allocation problem under limited information. We imagine

J slot machines to be available and, at every time step, a decision about which machine to

play next has to be made. The goal is to maximize the expected pay-off. Inherent to this

decision problem is the exploration-exploitation trade-off between exploiting machines

that gave high profits in the past or exploring the ones not played yet. Here we focus

on stochastic MABs only. An updated and detailed review on them is Bubeck and Cesa-

Bianchi [13]. In the stochastic formalization, the J slot machines have unknown reward

distributions functions and, at every time step, a draw from the distribution of the chosen

machine is collected. A strategy is a sequential rule that, given the history up to that point,

chooses the next arm to play. To evaluate its performances, its expected total reward is

usually compared with that of an ’Oracle’ strategy, the strategy that chooses the arm

with the highest expected payoff, when uncertainness about the reward distributions is

removed. The difference from their total rewards is termed regret. The goal is to find

strategies that minimize the expected regret.

Two popular strategies have been shown to effectively address the stochastic bandit

problem: the UCB algorithm and TS. The UCB algorithm was initially suggested by Lai

and Robbins [74] and further developed by Auer et al. [5]. This algorithm constructs a

deterministic upper confidence bound for the expected reward of each arm and then plays

the arm with highest bound. This algorithm has good theoretical guarantees for the i.i.d.

case: Auer et al. [5] proved that its expected regret matches, up to a constant factor, the

lower bound of Lai and Robbins [74]. This is a lower bound for the expected regret of

any strategy satisfying mild conditions, in the i.i.d. context. TS was initially proposed by

Thompson [121] as a randomized Bayesian algorithm to minimize regret in a clinical trial

setting. The idea is to assume a prior for the unknown parameters in the distributions of

each arm and, at every time step, play an arm according to its posterior probability of

being the best one. Its most popular application is for Bernoulli bandits. In this setting,

a Bernoulli distribution with unknown parameter is set as reward distribution for each
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arm, and the unknown reward means are endowed with a Beta prior distributions. TS

thus consists in sampling a draw from each of these J Beta distributed posteriors and

then play the arm with the highest realization.

Even though it was proposed eighty years ago, TS has attracted attention only recently.

Several recent studies have empirically demonstrated the efficacy of TS. Chapelle and

Li [20] have empirically demonstrated that TS achieves regret comparable to the lower

bound of Lai and Robbins [74]. In addition, the algorithm is more robust to delayed or

batched feedback than other methods. Chapelle and Li [20] also show that TS performs

equally or better of popular methods, such as UCB algorithms, in applications like display

advertising and news article recommendation. Other empirical works on TS or randomized

probability matching algorithm (to which TS belongs) are Granmo [53], Scott [105] and

May and Leslie [86]. Theoretical investigations of the TS are in Agrawal and Goyal

[2], Kaufmann et al. [70], Russo and Van Roy [103] and Szabo and Tran-Thanh [109]. A

recent promising theoretical result for TS is in Russo and Van Roy [104], where the authors

provide Baysian regret bounds for a broad range of on-line optimization algorithms, with

TS being a particular case. Their bounds are derived using an information theoretic

approach and they depend on the entropy of the prior distribution of the optimal arm.

Their results are an improvement and a generalization of previous theoretical studies on

TS.

5.3 HPY-TS algorithm

The problem of sequential species discovery in presence of many populations, can be

traced back to a stochastic bandit problem by regarding a discovery as a unitary reward.

We can think of each population to produce a random reward when sampled: one if a new

value is observed, zero otherwise. Hence, the reward distribution of each population is

Bernoulli as in the Bernoulli bandit problem, mentioned above. However, differently from

this latter problem, in the species framework the J unknown means are not constant.

Instead, they are non-increasing functions of the number of draws, because, every time a

new species is observed, the remaining missing mass will be lower in following time steps.

In subsection 3.1, we will derive the distribution the joint posterior of these J Bernoulli

means and we will introduce the HPY-TS algorithm in the case of abundance data. In

subsection 3.2, we propose an extension of this algorithm to deal with incidence data.

5.3.1 Abundance Data

In the abundance data scenario, a single animal is observed at a time. Given a model

choice, TS draws values for each population from their posterior distributions of be-

ing the best arm. As already pointed out, in the species problem with many popula-
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tions, this posterior is the joint distribution of the J random probabilities of observing

a new value in each arm, given all observations. This joint distribution is derived in

Proposition 5.3.1, in the case of a HPY prior for (P1, . . . , PJ). In particular, denot-

ing with Xnj·· =
(
Xj1, . . . , Xjnj··

)T
the vector of observations from population j, with

Xn = (Xn1·· , . . . ,XnJ··) the joint sample (the array containing observations from all pop-

ulations) and with A = {x ∈ X : x /∈ Xn} the set of possible new species, what is needed

is the joint distribution of

(P1 (A) , . . . , PJ (A))|Xn, σ1, . . . , αj, θ1, . . . , θJ , α0, θ0, H.

For ease of notation, from now on we omit the reference to the hyperparameters of the

HPY, αj, θj, α0, θ0, H when conditioning on them. The density of this joint distribution

is provided in the following proposition, whose proof is postponed to Appendix A. In its

statement, we adopt the notation for table counts and distinct values previously intro-

duced for the Chinese Franchise Representation of the HPY. Also, beta (p|a, b) stands for

a beta density function with parameters a and b, evaluated at p.

Proposition 5.3.1. Let Xn denote the joined sample from a HPY and let

A = {x ∈ X : x /∈ Xn}. Then, (P1 (A) , . . . , PJ (A))|Xn admits the following multivariate

density

f(P1(A),...,PJ (A))|Xn (p1, . . . pJ) =

ˆ 1

0

J∏
j=1

fj (pj|β0,mj·, nj··) · f0 (β0|K,m··) dβ0,

where

fj (pj|β0,mj·, nj··) = beta (pj| (θj +mj·αj) · β0, (θj +mj·αj) · (1− β0) + nj·· − αj ·mj·)

and

f0 (β0|K,m··) = beta (β0|θ0 +Kα0,m·· − α0K) .

Proof. From formula (2.16), the franchise-wide distinct values (X∗∗1 , . . . , X
∗∗
K ) are governed

by P0 and P0 ∼ PY (α0, θ0, H). Using formula (2.2), the posterior distribution of P0, given

the observations, satisfies the distributional equation

P0|Xn
d
=

K∑
k=1

βk · δX∗∗k + β0 · P
′

0,

where

P
′

0|Xn ∼ PY (α0, θ0 +Kα0, H)

β|Xn = (β0, . . . , βK) |Xn ∼ Dir (θ0 +Kα0,m·1 − α0, . . . ,m·K − α0) .
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Similarly, from formula (2.15), we can apply formula (2.2) to Pj to find a distributional

equation for Pj, conditionally on P0 and the data. Also, using the distributional equation

for the posterior of P0, we find the following distributional equation for Pj

Pj|β, P
′

0,Xn
d
=

K∑
k=1

πj,k · δX∗∗k + πj,0 · P
′

j , (5.1)

where

P
′

j |P
′

0,Xn ∼ PY(αj, (θj +mj·αj) · β0, P
′

0)

(πj,0, . . . , πj,K) |β,Xn ∼ Dir((θj +mj·αj) · β0, (θj +mj·αj) · β1 + nj·1 − αj ·mj1, . . .

. . . , (θj +mj·αj) · βK + nj·K − αj ·mjK).

So, the distribution of Pj (A) |Yn, P0 satisfies

Pj (A) |β, P ′0,Xn
d
=

K∑
k=1

πj,k · δX∗∗k (A) + πj,0 · P
′

j (A) ,

for all j ∈ {1, . . . , J}, which implies

Pj (A) |β0,Xn ∼ beta ((θj +mj·αj) · β0, (θj +mj·αj) · (1− β0) + nj·· − αj ·mj·) ,

where we made use of the following facts:

1. δX∗∗k (A) = 0 ∀k = 1, . . . , K: since (X∗∗1 , . . . , X
∗∗
K ) = Ac.

2. P
′
j (A)

as
= 1: P

′
j can be rewritten as P

′
j =

∑
i≥1 ψi · δYi for some weights {ψi}i≥1

and atoms {Yi}i≥1

iid∼ H. Then, P (∩i≥1 {Yi ∈ A}) =
∏

i≥1 P (Yi ∈ A) =
∏

i≥1 1 = 1,

since H is diffuse and Ac is a finite set of points. Finally, P (∩i≥1 {Yi ∈ A}) = 1 ⇒
P
′
j (A)

as
= 1.

3. πj,0|β0,Xn ∼ beta ((θj +mj·αj) β0, (θj +mj·αj) (1− β0) + nj·· − αjmj·): by the ag-

gregation property of Dirichlet distribution.

Also, since we are conditioning on P0 (through β, P
′
0), Pj (A) |β0,Xn is independent of

Pi (A) |β0,Xn ∀i, j ∈ {1, . . . J}, i 6= j. Hence, their joint distribution is simply the

product of the marginals. The last step is to integrate β0 out to find the joint density

f(P1(A),...,PJ (A))|Xn(p1, . . . , pJ) =

ˆ 1

0

J∏
j=1

fPj(A)|β0,Xn(pj) · dFβ0 (β0) ,

where the distribution of β0 is another beta (again by aggregation of Dirichlet distribu-

tion). So, (P1 (A) , . . . , PJ (A))|Xn admits a density as stated.
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The following corollary provides a Bayesian nonparametric point estimate of the miss-

ing mass for each populations. This result follows by a direct appellation of Proposition

5.3.1.

Corollary 5.3.2. Under squared loss function, the Bayesian nonparametric point esti-

mate for the probability of discovering a new value in population j,given the joined sample

Xn, is

E [Pj (A) |Xn] =

(
θj +mj·αj
θj + nj··

)(
θ0 +Kα0

θ0 +m··

)
.

With the distribution of Proposition 5.3.1 at hand, HPY-TS prescribes to sample a

draw from it and to select the population with the highest realized value. This strategy

outperforms the greedy one that selects the arm with the highest posterior point estimate,

jgreedy = argmax{E [Pj (A) |Xn] : j ∈ {1, . . . , J}}, since it better balances the exploration

step. Intuitively, suppose to have only a few observations, with an unlucky sample, from

a ’winning’ arm (a population with a very high species variety), resulting in a low point

estimate for its missing mass. This population will not be chosen by the greedy strategy,

which only exploits arms with good past behavior. Whereas, with HPY-TS strategy, the

posterior distribution of the missing mass of this population will have high variability, due

to the small sample size. This implies a positive probability for that arm to be chosen, if

its Thompson draw results in a high value. The HPY-TS strategy for abundance data is

summarized in Algorithm 1.

Algorithm 1: (HPY-TS - Abundance Data)

for i in 1:additional sample do

draw β0 ∼ beta (θ0 +Kα0,m·· − α0K) ;

for j in 1:J do

draw pj ∼ beta ((θj +mj·αj) β0, (θj +mj·αj) (1− β0) + nj·· − αjmj·) ;

end

Compute j∗ = argmax{pj : j ∈ {1, . . . J}} ;

Sample the next observation from population j∗;

Update table counts and estimates of the HPY hyperparameters;

end

Note that in Algorithm 1 the parameters of the beta distributions depend on the counts

in the Chinese Franchise Representation of the HPY process. In particular, they depend

on the number of observations for each population (nj·· : j ∈ {1, . . . , J}), the number of

clusters in each population (mj· : j ∈ {1, . . . , J}) and the total number of distinct species

observed in the joint sample, K. We must remark that the collection clusters counts,

(mj· : j ∈ {1, . . . , J}), are latent variables, namely they are not directly observed. Hence,
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if an initial sample is available, we must estimate these components before running the

algorithm. In subsection 5.3.3, we describe a MCMC procedure to handle this problem,

together with the problem of inferring the hyperparameters ((αj, θj) : j ∈ {0, . . . , J}), in

case they are treated as unknown components.

5.3.2 Incidence Data

There are applications where we cannot sample an animal at a time. Instead, multiple

individuals are jointly collected in the sample. In these situations an extension of Algo-

rithm 1 is needed. Suppose that, as in the case of abundance data, at every time step

we can choose the next population to sample from, but now, instead of one animal, a

collection l animals are observed from that population. In such a context, what must be

maximized is the expected number of new distinct values observed in a additional sample

of size l. In particular, given the array of data Xn, let us denote by K
(l)
j |Xn the random

number of new distinct species observed in a new sample of size l, collected from popu-

lation j. With new distinct species, we mean species that are observed in the additional

sample, but which were not previously observed in any of the J populations. In such a

context, the reward distribution for arm j is the distribution of E[K
(l)
j |Xn]. Note that

E[K
(l)
j |Xn] is a random variable (since Pj is random), but if conditioned to Pj|Xn, it

becomes a number. Another remark is that, when l = 1, we are back to the abundance

case. In fact, E[K
(1)
j |Xn] = E[I

(
Xnj··+1 ∈ A

)
|Xn] = Pj (A) |Xn, where I is the indicator

function and A = {x ∈ X : x /∈ Xn}. In Proposition 5.3.3, we derive the distribution of

(E[K
(l)
1 |Xn], . . . ,E[K

(l)
J |Xn]).

Proposition 5.3.3. Conditionally to

β0|Xn ∼ beta (β0|θ0 +Kα0,m·· − α0K)

and to Pj (A) |Xn, β0 = pj, where

Pj (A) |Xn, β0 ∼ beta (pj| (θj +mj·αj) β0, (θj +mj·αj) (1− β0) + nj·· − αjmj·) ,

E[K
(l)
j |Xn] is a constant, independent of the other arms and E[K

(l)
j |Xn, β0, pj] can be

computed as

l∑
k=0

k ·
l∑

i=k

(
l

i

)
· pij · (1− pj)

l−i
i∑

m̃=k

F (m̃, k, α0, θ0 +Kα0) · F (i, m̃, αj, (θj +mj.) β0) ,

where the function F (n, k, α, θ) is the probability of having k distinct values in a sample

of size n sampled from a Pitman-Yor process with hyperparameters (α, θ), which, from

formula (2.4), has form

F (n, k, α, θ) =

∏k−1
r=1 (θ + r · α)

αk (θ + 1)n−1

C (n, k;α),
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where C (n, k;α) denotes the generalized factorial coefficient.

Proof. Using the distributional equation (5.1) for the posterior of Pj and working condi-

tionally on β0|Xn ∼ beta (θ0 +Kα0,m·· − α0K), we compute P (K
(l)
j = k|Xn, β0).

From the distributional equation, we know that, given

πj,0|β0,Xn ∼ beta ((θj +mj·αj) · β0, (θj +mj·αj) · (1− β0) + nj·· − αj ·mj·) ,

an observation Xnj··+i with i = 1, . . . , l does not coincide with any of the K distinct

species (in the joint sample) with probability πj,0. To have K
(l)
j = k, at least k of the

l data Xnj··+1, . . . , Xnj··+l must be allocated to the k new distinct species that have not

previously observed. Hence,

P(K
(l)
j = k|Xn, β0, πj,0) =

l∑
i=k

(
l

i

)
· πj,0i · (1− πj,0)l−i · P (Ki = k|β0) ,

where Ki is now the number of distinct species in a sample of size i generated by a

PY(αj, (θj +mj·αj) · β0, P
′
0), where P

′
0 ∼ PY (α0, θ0 +Kα0, H).

We need to find P (Ki = k|β0). Using the Chinese Franchise Representation and the

result by Gnedin and Pitman [48], denoting by Mi the number of tables, we have that,

for m̃ = 1, . . . , i, P(Mi = m̃) = F (i, m̃, αj, (θj +mj.αj) β0). Moreover, conditionally

on Mi = m̃, for k = 1, . . . , m̃, P(Ki = k|Mi = m̃) = F (m̃, k, α0, θ0 + Kα0). Finally,

P(K
(l)
j = k|Xn, β0, πj,0) can be computed as

l∑
i=k

(
l

i

)
· πj,0i · (1− πj,0)l−i

i∑
m̃=k

F (m̃, k, α0, θ0 +Kα0) · F (i, m̃, αj, (θj +mj.αj) β0) .

The conditional mean E(K
(l)
j |Xn, β0, πj,0) is found by averaging over {0, . . . , l} and, being

constant, they are trivially independent among arms. Hence, the joint distribution of

(E(K
(l)
1 |Xn), . . . ,E(K

(l)
J |Xn)) is found by integrating β0, (πj,0 : j ∈ {1, . . . J}) out from

the product of these J conditional (constant) distributions.

HPY-TS for incidence data, prescribes to sample a draw from the joint distribution of

{E[K
(l)
1 |Xn], . . . ,E[K

(l)
J |Xn]} and to choose the population corresponding to the highest

value. A schematic description of the algorithm for incidence data is summarized in

Algorithm 2.
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Algorithm 2: (HPY-TS - Incidence Data)

for i in 1: number of new samples do

fix l equal to its posterior estimate ;

draw β0 ∼ beta (θ0 +Kα0,m·· − α0K) ;

for j in 1:J do

draw pj ∼ beta ((θj +mj·αj) · β0, (θj +mj·αj) · (1− β0) + nj·· − αj ·mj·) ;

compute E[K
(l)
j |Xn, β0, pj] as in Proposition 5.3.3 ;

end

Compute j∗ = argmax{E[K
(l)
j |Xn, β0, pj] : j ∈ {1, . . . , J}} ;

Sample the next group of observations from population j∗;

Update table counts and estimates of the HPY hyperparameters;

end

A remark is that, up to now, we considered the additional sample size l as fixed.

However, in some applications it could not be the case. For instance, if we capture

animals using traps, we could not know in advance how many animals will be captured in

the next step. In these circumstances, l is unknown and must be subjected to inference

too. For example, we can assume independence of the rest of the model, adopt a simple

parametric model for l and, at every time step, use its posterior point estimate to compute

E[K
(l)
j |Xn].

5.3.3 Implementation issues

The number of clusters in each population mJ = (mj· : j ∈ {1, . . . , J}) appearing in the

parametrization of the beta distributions in both Algorithms 1 and 2 of Subsection 5.3.1

and 5.3.2, are latent variables. In the next paragraph we describe a simple MCMC scheme

to estimate them in case an initial sample is available. The MCMC algorithm directly

follows from paragraph 5.1 of Teh et al. [112]. Moreover if the hyperparameters of the

HPY model are unknown, they must added to the MCMC sampler too, as outlined in a

separated paragraph.

MCMC for mJ : In principle a Gibbs sampler to estimate mJ should sequentially

draw samples from the full conditionals π(mj·|m1·, . . . ,mj−1·,mj+1·, . . . ,mJ ·,Xn). How-

ever both the joint π(m1·, . . . ,mJ ·|Xn) and the full conditional posterior distributions are

difficult combinatorial objects and cannot be derived in closed form. A possible solution

is a Gibbs sampler that, rather than directly updating mj·|m−j·,Xn, updates the cluster

allocations (tji : i ∈ {1, . . . , nj··}) and then computes mj·|m−j·,Xn. As in Teh et al.

[112], the cluster allocation variable tji specifies the cluster to which the i-th observation

of population j belongs. Let t
(i−1)
−jp denote the array of cluster allocations after iteration
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i− 1 of the sampler and with the p-th observation of the j-th population removed. Then

t
(i)
jp |(Xn, t

(i−1)
−jp ) is proportional to

∑
t:ψjt=ψjtji

njt· − I
(
t = t

(i−1)
jp

)
− σ

θ + nj·· − 1
δt +

θ +m
(i−1,p−1)
j· σ

θ + nj·· − 1

m
(i−1,p−1)
·kjp − α0

θ0 +m
(i−1,p−1)
··

δ
(
m

(i−1,p−1)
j· + 1

)
,

where m
(i−1,p−1)
j· denotes the number of clusters in population j at the i-th iteration after

having updated the first p− 1 cluster allocations of that population, ψjt is a classification

variable that tells us the species of the observations in the t-th cluster in population j

and kjp is the species of the observations in the p-th cluster in population j. If njtjp· = 1

(i.e. the observation is forming its own cluster), before updating t
(i)
jp we must remove its

cluster and subtract one to all the m’s. The updated value for m
(i)
j· can also be taken as

the highest t
(i)
jp for p ∈ {1, . . . , nj··}, rather than the number of distinct values in the t

(i)
jp .

The algorithm is time expensive because at every iteration it re-samples the cluster

allocations of all populations and of all observations. However, we experienced that a

good choice of the starting value makes the chain converge to its stationary distribution

in just a few iterations. We suggest to run a Chinese Franchise given the data to find the

initial point for cluster allocations to start the Gibbs sampler.

When the HPY-TS algorithm is run, the vector mJ can be updated by allocating

new observations to either old or new clusters using the Chinese Restaurant Franchise.

If the observation is new, it forms a new cluster. If it is old, say of type X∗∗k , then the

corresponding observation either will form a new cluster with probability proportional to

((m·k − α0)/(θ0 + m··))(θj + mj·αj)/((θj + nj··)) or it will join an existing cluster (with

dish X∗∗k ) with probability proportional to (nj·k −mjkαj)/(θj + nj··).

HPY Hyperparameters: If the hyperparameters are considered as unknown, they

must be included in the Gibbs sampler for the cluster sizes. Assuming independent priors

for hyperparameters of different Pitman-Yor processes, the full conditional distributions

can be derived from

π(α0, θ0|(mjk : j ∈ {1, . . . , J}, k ∈ {1, . . . , K}), (αj, θj : j ∈ {1, . . . , J}),Xn) =

= π(α0, θ0|m··, K) ∝
Γ( θ0

α0
+K)Γ(θ0)C (m··, K, α0)

Γ( θ0
α0

)Γ(θ0 +m··)
πprior(α0, θ0)

and, for each couple ((αj, θj) : j ∈ {1, . . . J}), from

π(αj, θj|(mjk : j ∈ {1, . . . , J}, k ∈ {1, . . . , K}), σ−j, θ−j, α0, θ0,Xn) =

= π(αj, θj|nj··,mj·) ∝
Γ(

θj
αj

+mj·)Γ(θj)C (nj··,mj·, αj)

Γ(
θj
αj

)Γ(θj + nj··)
πprior(αj, θj).
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5.4 Applications

5.4.1 Simulated Results

In the following simulations, the true distribution of each arm is supported on a subset of

size 2500, randomly chosen from a total number of 3000 possible species, hence allowing

for a partial sharing of the supports. These J distributions are assumed to follow Zipf

laws. The mass assigned to the k-th most common species in population j, is

gj (k; sj) =
1/ksj∑2500

n=1 (1/nsj)
,

where sj > 1 is a real parameter controlling how the total mass is spread along the support

points. When sj is large, the total mass is concentrated on a few points and the ordered

masses steeply decrease toward zero. As sj approaches 1, the total mass is more spread,

with many points of high mass.

In the bandit context, an arm with low parameter sj can be viewed as a ’winning arm’,

an arm with high species variety. Whereas, a high value for sj implies that, after the few

very common species have been discovered, the discovery probability for that arm will be

very close to zero.

The three competing strategies, used as a term of comparison, are the following:

• an Oracle strategy : this strategy knows the (P1, . . . , PJ) that generates the data.

Hence, uncertainty on the underlying data generating process is removed and, at

every time step, this strategy selects the arm with the highest missing mass, so

maximizing the probability of observing a new value in the next observation.

• a Uniform strategy : this strategy, at every time step, picks an arm uniformly at

random, i.e. every arm has probability 1/J of being played next. Another similar

strategy can be a deterministic strategy that cycles through the experts, i.e., at time

t, it draws from population (t mod [J ]).

• a UCB algorithm, recently proposed by Bubeck et al. [15], based on the Good and

Turing missing mass estimator, derived in Good [50]. We refer to this algorithm as

Good-Turing strategy for simplicity. It is an UCB-like algorithm introduced to solve

the issue of security analysis of a power system. This algorithm uses an adaptation of

Good and Turing missing mass estimator of Good [50] to produce a point estimate

of the probability of observing a new item, in each arm. Then, it constructs a

deterministic upper bound for this estimate, inversely proportional to the number

of times that that arm has been played. The chosen arm is the one with the highest

upper bound. More precisely, the adapted Good and Turing estimator counts the

number of items with frequency one in joined sample that has been observed in
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arm j and divides it by the number of plays of that arm. This ratio is the point

estimator of the missing mass in arm j. The upper bound is constructed by summing

C · (log(4n)/nj··)
1/2 to the point estimate, where n =

∑J
j=1 nj·· is the total number

of plays and C is a tuning parameter to be fixed.

We consider three different scenarios, corresponding to different levels of heterogeneity

or homogeneity in species variety across arms. Heterogeneity in species variety depends

on how different the parameters of the Zipf laws are across arms. When heterogeneity is

high, ’winning’ and ’losing’ arms emerge. Winning arms are those with high species variety

(with a low Zipf parameter), while the losing ones (those with high Zipf parameters) are

those in which the mass will be concentrated on just a few dominating species. In presence

of heterogeneity, a good strategy must be able to detect winning arms soon and play them

only. Whereas, in presence of homogeneity, there will not be ’winning’ arms and all arms

will have similar probabilities of producing new species. In this case, a strategy must be

able not to get stuck exploiting only a few arms, but to carefully explore all of them. In

our simulations, we fix J = 8 and consider the following three scenarios:

1. Pure Exploitation, Zipf parameters=(1.3,1.3,2,2,2,2,2,2): in this scenario, there are

two ’winning’ arms. A good strategy should be able to intensively exploit these two

arms, without exploring much the other six suboptimal arms.

2. Pure Exploration, Zipf parameters=(1.3,1.3,1.3,1.3,1.3,1.3,2,2): in this scenario, the

majority of arms are equally profitable. A good strategy should not get stuck

exploiting just a few of them, but continue to explore all the six good arms.

3. Exploration plus Exploitation, Zipf parameters=(1.3,1.3,1.3,1.3,2,2,2,2): in this sce-

nario, there are four good arms and four bad ones. A good strategy should ade-

quately balance exploitation and exploration, by stopping to play the four subopti-

mal arms soon, but continuing to play all the other four.

Figure 5.1, 5.2 and 5.3 report the results of simulations in the three scenarios just de-

scribed for both abundance and incidence data. Each figure displays the average number

of species discovered by the four algorithms, as a function of the additional samples ob-

served. In particular, the results are averages of 60 runs. For each run, we assume an initial

sample of 30 observations per arm to be available and collect further 300 observations,

following the four possible strategies. In the abundance case, new observations arrive one

at a time. In the incidence one, they arrive as 30 bunches of size 10. The hyperparameters

of the HPY are endowed with priors, α0, . . . , αj
iid∼ beta (1, 2) and θ0, . . . , θJ

iid∼ exp (1),

and then estimated using the MCMC described in Subsection 5.3.3. In the appendix of

this chapter, we also provide Tables containing the weights given to each arm by the four

algorithms in the first 20 simulations of each scenario, i.e. the number of times each arm
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Figure 5.1: Simulated results: Pure Exploitation Scenario.

has been chosen by the four algorithms in each simulation.

In the simulations, the HPY-TS algorithm performs well in all scenarios, discovering

fewer new species than the Oracle strategy, but more than the Uniform and the Good-

Turing strategy. Figure 5.1, 5.2 and 5.3 show how these latter strategies seem to balance

the exploration-exploration trade-off worse than HPY-TS. They perform relatively well

only in the two extreme cases of pure exploration or pure exploitation, Figure 5.1 and 5.2.

This guess is strongly confirmed by looking at the Tables in the appendix providing

the weights of each arm. On the one hand, the Good-Turing strategy does too much

exploitation. It selects the arm that seems the most profitable at initial time point and

exploits it only, without exploring the others. This behaviour is evident by looking at

the Tables with the weights. The algorithm performs well only in the pure exploitation

scenario, Figure 5.1, in which exploiting just one arm is a profitable strategy. However,

this strategy becomes suboptimal in presence of more ’winning’ arms, as displayed in

Figure 5.2 and 5.3. On the other hand, as expected, the Uniform strategy does too

much exploration. It continues to play all arms, irrespectively of their past behaviors. Its

performances are very poor, except in the extreme scenario of pure exploration, Figure 5.2.

Instead, the HPY-TS algorithm seems to be robust to changes in species variety across

arms. In all scenarios, it performs well, standing behind only to the Oracle strategy.

In particular, in the intermediate scenario, Figure 5.3, its results are very close to the

Oracle’s ones, while in the extreme cases, Figure 5.1 and 5.2, it is still as good as or

better than both the Uniform and the Good-Turing strategies.
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Figure 5.2: Simulated results: Pure Exploration Scenario.

Figure 5.3: Simulated results: Exploitation plus Exploration Scenario.
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5.4.2 Illustration using species of trees in South America

In this section, we compare the HPY-TS algorithm with the three competing alternatives

previously described, using a dataset of species of trees, collected in South America. This

dataset was studied in Pyke et al. [97] and Condit et al. [26] and contains species of trees

observed in 100 plots near the Panama Canal, in Ecuador’s Yasuńı National Park and in

Perú’s Manu Biosphere Reserve. All plots were in terra firme forests and, in each of these

plots, trees of≥ 10-cm stem diameter were tagged, measured and sorted to morphospecies.

A total of 41688 trees have been censored, with a total of 802 distinct species observed.

The dataset is freely downloadable in the supplementary on-line section of Condit et al.

[26].

In Condit et al. [26], this dataset has been used to study β-diversity in tropical forest

trees. This is a measure of how species composition changes with distance. This notion

was firstly introduced by Whittaker [124] together with the terms α and γ-diversities

to describe species variety in a landscape. In particular, the total species variety (γ-

diversity) can be viewed as the product of the mean species diversity in the habitat level

(α-diversity) times the differentiation among habitats (β-diversity). α-diversity has been

studied in many locations, in particular a high α-diversity has been amply documented

for tropical forests under consideration. Using this dataset, Condit et al. [26] studies

their β-diversity by comparing the actual data with those predicted by a neutral model

in which habitat is uniform and only dispersal and speciation influence species turnover.

The result of their study is that the data is inconsistent with the neutral model and a

high level of β-diversity is observed. In particular, they show that β-diversity is higher in

Panama than in western Amazonia.

We use the same dataset of counts of species to test the performances of the two HPY-

TS algorithms against the three alternative strategies. Differently from Condit et al. [26]

in which the analysis is static, in our context it is a sequential one. This problem is related

to that of detecting rare or elusive species studied in the adaptive sampling literature,

started with Thompson [115]. The difference with their analysis is that we do not have in

advance a particular rare species we want to observe again, but we want to discover new

ones. However, the HPY-TS algorithm can be easily modified to deal with the former

problem. If we have a sample containing a particular rare species, labeled by X∗∗k , that

we are interested to re-observe, we can modify Proposition 5.3.1 and Algorithm 1, by

computing (P1({X∗∗k }), . . . , PJ({X∗∗k }))|Xn. This joint distribution can be derived in the

same manner as in the proof of Proposition 5.3.1 and is still a mixture of a product of

j beta distributions, with mixing measure another beta distribution, but with different

parameters, depending also on table counts relative to the label X∗∗k .

Another possible adaptation of the algorithm is to the case in which we want to

maximize the sum of the distinct values observed in each location. In this problem,
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Table 5.1: Real Data Example: Sorensen Index

Aggr.Plots BCI P S C

BCI 1 0.97 0.358 0.44

P 0.97 1 0.196 0.267

S 0.358 0.196 1 0.134

C 0.44 0.267 0.134 1

Table 5.2: Real Data Example: Shannon and Simpson Indeces

Aggr.Plots Shannon Simpson

BCI 4.27 0.974

P 5.25 0.988

S 3.412 0.936

C 3.953 0.97

the target function is affected when we observe a species that we have not observed in

that location before, irrespectively of the fact that that species has already been ob-

served it in other location. Proposition 5.3.1 and Algorithm 1 can be easily adapted

to this problem. Denoting by Aj =
{
x ∈ X : x /∈ Xnj··

}
the set of species not ob-

served in population j and following the same steps of the proof of Proposition 5.3.1,

we derive the posterior density of {P1 (A1) , . . . , PJ (Aj)} |Xn as a mixture of the prod-

uct of J beta densities with parameters of the j − th factor being (β0(θj + mj·αj) +∑
k:X∗∗k /∈Xnj··

((θj +mj·αj)βk +nj·k−αjmjk),
∑

k:X∗∗k ∈Xnj··
((θj +mj·αj)βk +nj·k−αjmjk)),

and with mixing measure for (β0, . . . , βK) being a Dirichlet distribution of parameters

(θ0 +Kα0,m·1 − α0, . . . ,m·K − α0). A HPY-TS algorithm can easily be implemented by

substituting the joint posterior of Proposition 5.3.1 with this posterior density in Algo-

rithm 1.

In order to test HPY-TS algorithm, we aggregated the 100 individual plots into 4

bigger groups, according to spatial location. In particular, we joined columns in the

dataset with code starting with BCI, P, S and C. In Table 5.1, we computed the Sorensen

similarity index. This similarity index measures the fraction of species shared in two plots

and is computed as 2A/(2A+B + C), where A is the number of species shared between

plots and B and C are the number of species unique to each plot. As a measure of

similarity, the Sorensen index has the feature that it weights all species equally. Also, we

computed in Table 5.2, the Shannon and Simpson indexes for the four aggregated plots.

These two indexes measure species variety in a location and, given a (finite or infinite)

discrete probability vector p = (p1, p2, . . .), are computed as SShan(p) = −
∑

j pjlog(pj)

and SSimp(p) = 1−
∑

j p
2
j . Both indexes suggest a high species variety in the four plots.
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Figure 5.4: Real data example: Species of trees in South America

Given the four aggregated plots, we used their empirical distributions as data generating

process. As for simulated results, we consider a small sample of 30 observations for each

arm as initial sample and then we let the four competing algorithms choose where to

collect further observations. These 300 additional observations are sampled one at a time

in the abundance data case and as 30 bunches of size 10 when dealing with incidence

data. The average results over 60 runs are displayed in Figure 5.4. Tables 5.3 and 5.4

report the weights given to each region by the four algorithms in the first 20 runs.

Figure 5.4 shows how the Oracle strategy outperforms the three other algorithms. The

HPY-TS algorithm performs slightly better than the Good-Turing and better than the

Uniform strategy, discovering on average more new species both in the abundance and

in the incidence case. As shown in Condit et al. [26], the level of species variety in the

four regions is very different, with the plots of Panama having a species variety much

higher compared to the other three locations. Therefore this example is a quite extreme

scenario and it is similar to scenario 1 of the simulated results, what we called pure

exploitation scenario, with the arm P being the ’winning’ one. As in the simulated case

in this scenario results of the HPY-TS algorithms and Good-Turing are not too different,

with the HPY-TS discovering on average just a few species more than the Good-Turing

strategy. However, from the tables with the weights we note that the behaviours of the

two algorithms are completely different. On the one side, the HPY-TS does exploration

until it starts sampling only from region P. On the other side, the Good-Turing picks one

arm at the beginning and exploits it only. Hence, in some simulations the Good-Turing

algorithm selects the suboptimal arm BCI and remains stuck exploiting it, without doing

any exploration and without realizing that indeed the best arm is P. In presence of more

’winning’ arms, this greedy behaviour would turn out to be much less profitable than
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Table 5.3: Real Data Example: Species of trees in South America. Abundance data.

HPY-TS Good-Turing

Runs/Aggr.Plots BCI P S C BCI P S C

1 58 129 41 72 294 3 2 1

2 45 182 13 60 0 299 0 1

3 41 211 23 25 20 273 3 4

4 67 148 20 65 3 292 1 4

5 76 104 51 69 1 296 2 1

6 47 170 14 69 2 296 1 1

7 39 210 8 43 1 297 1 1

8 44 202 4 50 3 289 3 5

9 74 148 1 77 300 0 0 0

10 72 131 26 71 291 5 2 2

11 36 164 13 87 0 0 0 300

12 20 272 0 8 3 292 2 3

13 54 76 65 105 1 294 1 4

14 73 117 11 99 5 288 1 6

15 35 138 65 62 2 289 4 5

16 39 197 20 44 0 300 0 0

17 40 168 38 54 3 294 1 2

18 83 62 50 105 296 1 2 1

19 48 230 1 21 0 0 0 300

20 39 186 20 55 1 1 0 298

Uniform Oracle

Runs/Aggr.Plots BCI P S C BCI P S C

1 75 73 64 88 0 300 0 0

2 72 85 69 74 0 300 0 0

3 93 65 69 73 0 284 0 16

4 86 73 68 73 0 300 0 0

5 73 79 73 75 0 298 0 2

6 78 92 70 60 5 285 0 10

7 81 60 83 76 0 278 0 22

8 84 64 88 64 0 300 0 0

9 60 91 58 91 0 284 0 16

10 77 81 54 88 0 293 0 7

11 76 68 80 76 0 287 0 13

12 78 79 63 80 0 299 0 1

13 76 76 65 83 0 291 0 9

14 68 75 80 77 0 265 35 0

15 64 76 75 85 0 300 0 0

16 76 76 73 75 0 300 0 0

17 89 79 65 67 0 300 0 0

18 74 69 79 78 0 300 0 0

19 72 68 85 75 0 286 9 5

20 77 81 75 67 0 300 0 0
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Table 5.4: Real Data Example: Species of trees in South America. Incidence data.

HPY-TS Good-Turing

Runs/Aggr.Plots BCI P S C BCI P S C

1 8 13 2 7 5 16 4 5

2 7 18 1 4 3 23 2 2

3 7 17 0 6 5 18 3 4

4 7 23 0 0 4 20 3 3

5 4 20 0 6 11 9 4 6

6 5 17 0 8 7 16 4 3

7 7 17 0 6 5 14 4 7

8 8 16 0 6 7 11 5 7

9 6 17 2 5 23 3 2 2

10 5 9 3 13 1 27 1 1

11 4 15 4 7 3 19 4 4

12 7 14 3 6 2 23 1 4

13 12 13 1 4 2 24 2 2

14 4 20 3 3 8 14 4 4

15 8 15 3 4 4 22 2 2

16 7 17 2 4 5 15 3 7

17 10 15 2 3 6 14 5 5

18 3 20 1 6 8 14 3 5

19 0 24 0 6 4 15 4 7

20 6 17 1 6 2 25 1 2

Uniform Oracle

Runs/Aggr.Plots BCI P S C BCI P S C

1 5 12 9 4 0 28 0 2

2 9 8 7 6 0 30 0 0

3 7 7 9 7 1 29 0 0

4 7 5 9 9 0 30 0 0

5 8 8 10 4 0 30 0 0

6 8 10 5 7 0 30 0 0

7 5 9 7 9 0 30 0 0

8 3 13 6 8 1 29 0 0

9 7 6 10 7 0 30 0 0

10 9 8 7 6 0 30 0 0

11 9 8 7 6 0 30 0 0

12 7 11 6 6 0 30 0 0

13 7 7 7 9 0 30 0 0

14 7 5 9 9 0 29 0 1

15 8 13 5 4 0 29 0 1

16 5 9 8 8 0 30 0 0

17 10 4 5 11 0 30 0 0

18 3 11 7 9 2 28 0 0

19 7 6 10 7 0 30 0 0

20 6 6 9 9 0 29 0 1
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in this example. Moreover, we remark that a big advantage of the HPY-TS algorithm

is that it does not require any tuning parameter to regulate the exploration rate, but

it balances exploration and exploitation automatically. This feature is very important

because the right exploration rate depends on the level of heterogeneity in species variety

in the populations, which is usually not known in advance. The HPY-TS seems robust to

changes in the level of heterogeneity among populations and it is able to correctly balance

the level of exploration and exploitation. Finally, as expected, the Uniform strategy

performs worse than all the other strategies. However, the differences in performances

among algorithms are now less remarked than in the simulated results, since, having only

four arms rather than eight, the probability of picking suboptimal arms is lower in this

context.

5.5 Discussion and future work

In this chapter we have introduced a new methodology to choose where to allocate re-

sources when J distinct locations are available. This procedure works sequentially, sug-

gesting at every time step from which location to collect the next sample. This sample

can be composed of one observation only or by a group of them and the group sizes can be

either fixed or random. For both cases we have provided HPY-TS algorithms, based on a

joint use of tools from the Bayesian nonparametric and the multi-armed bandit literature.

In particular a HPY is used to estimate the unknown cumulative distribution functions

and TS for the sequential allocation problem. Up to our knowledge, this is the first in-

stance that such tools have been used together, particularly with the aim of discovering

items from multiple populations. Results from simulated and real data are good, showing

that the HPY-TS algorithms are competitive or better than other strategies already pro-

posed, both when dealing with abundance and with incidence data. These good empirical

results encourage to continue the research in this direction, also in consideration of the

wide applicability of the algorithm in a variety of fields, like ecology, biology or genetics.

What is surely missing is a theoretical analysis of the algorithm, which assures, not

just empirically, its good properties. We think the next step is to analytically study the

behavior of the HPY-TS algorithm, trying to provide a finite time bound for its regret.

However, our context seems to be more challenging than that of the classical multi-armed

bandit problem, due to the dependence of rewards both across time and populations. We

think it could be helpful to substitute TS with an UCB strategy, in which the upper bound

for the missing mass of each arm is constructed as a credible interval around the point

estimate of Corollary 5.3.2, using the joint posterior distribution derived in Proposition

5.3.1. A concentration inequality providing an upper bound for the probability that the

true missing mass of that arm is outside the credible interval, would then be very helpful
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to prove a finite time regret bound for the new HPY-UCB strategy.

Another possible direction of research is to improve the proposed models by including

spatial and covariate dependence. Indeed, the HPY model assumes exchangeability of

the J distributions (P1, . . . , PJ). In applied settings, this assumption may not be ade-

quate, because the marginal distribution of each Pj could be different from place to place,

depending on spatial or environmental factors. A possible extension of the proposed strat-

egy can be to use dependent spatial models. In particular, in Bayesian nonparametric

literature, a set of spatial models have been proposed as particular cases of the general

Dependent Dirichlet Processes (DDPs) of MacEachern [85]. The DDPs are extensions of

the Dirichlet Process to account for spatial or temporal dependence, but the same kind of

generalization can be applied to any nonparametric prior admitting a stick breaking rep-

resentation. The dependence on time or location is introduced by indexing the weights,

the locations or both by a temporal or spatial variable. The most popular bayesian non-

parametric spatial models are the spatial dependent Dirichlet process in Gelfand et al.

[44], and its generalizations in Duan et al. [35] and Gelfand et al. [45], the hybrid Dirich-

let mixture model of Petrone et al. [90], the order-based dependent Dirichlet process of

Griffin and Steel [54], and the spatial kernel stick-breaking prior of Reich and Fuentes

[101]. For a concise description of all of these models, the reader is referred to Steel and

Fuentes [107], section 11.2.

5.6 Appendix - Tables of weights

The tables in the next pages report the weights given to each arm by the four algorithms

in the simulation study. We consider the behaviour of the HPY-TS algorithm and of

the three other competing strategies in the 3 scenarios described in Section 5.4.1. For

each scenario we run the four algorithms for 60 times. We report here only the results

of the first 20 simulations. Each row in the tables is the result of one simulation. The

columns correspond to the possible arms. Finally, we repeat the same simulations both

for abundance and for incidence data.
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Table 5.5: Simulations: Pure Exploitation. Abundance data.

HPY-TS Good-Turing

Runs/Zipf 1.3 1.3 2 2 2 2 2 2 1.3 1.3 2 2 2 2 2 2

1 157 137 4 1 1 0 0 0 3 292 1 1 1 1 1 0

2 147 121 3 5 1 4 13 6 282 11 1 1 1 1 2 1

3 168 125 0 0 0 4 2 1 2 298 0 0 0 0 0 0

4 10 279 2 0 6 0 2 1 5 269 4 4 4 5 4 5

5 216 66 0 0 5 3 0 10 293 1 1 1 1 1 1 1

6 134 150 0 1 0 12 0 3 1 298 0 0 0 1 0 0

7 147 100 1 9 1 35 0 7 291 2 1 1 1 2 1 1

8 137 161 0 2 0 0 0 0 290 5 1 1 0 1 1 1

9 146 149 1 0 0 4 0 0 299 1 0 0 0 0 0 0

10 134 111 8 3 4 6 13 21 288 5 1 1 1 1 1 2

11 78 201 0 0 19 0 1 1 8 279 2 2 3 2 2 2

12 167 132 0 0 0 0 1 0 290 4 1 1 1 1 1 1

13 118 177 0 0 2 0 3 0 275 13 2 2 2 2 2 2

14 85 203 0 1 5 1 4 1 2 291 1 1 2 1 1 1

15 84 192 4 0 7 10 2 1 4 283 2 2 2 3 2 2

16 137 97 53 1 0 5 5 2 1 296 1 0 0 1 0 1

17 166 87 0 2 4 31 5 5 290 2 1 1 1 2 2 1

18 227 58 1 2 2 6 2 2 295 1 0 1 1 1 0 1

19 154 102 2 11 6 2 16 7 293 1 1 1 1 1 1 1

20 60 223 8 0 1 3 5 0 7 282 2 1 2 2 2 2

Uniform Oracle

Runs/Zipf 1.3 1.3 2 2 2 2 2 2 1.3 1.3 2 2 2 2 2 2

1 31 48 34 39 40 32 38 38 139 161 0 0 0 0 0 0

2 45 39 33 43 38 26 39 37 178 122 0 0 0 0 0 0

3 40 39 41 33 41 31 34 41 147 153 0 0 0 0 0 0

4 51 35 40 28 32 27 48 39 157 143 0 0 0 0 0 0

5 40 40 41 36 29 42 30 42 112 188 0 0 0 0 0 0

6 26 45 37 42 39 37 36 38 176 124 0 0 0 0 0 0

7 38 38 56 37 31 29 30 41 126 174 0 0 0 0 0 0

8 29 38 38 40 43 31 47 34 197 103 0 0 0 0 0 0

9 39 30 37 37 47 43 35 32 179 121 0 0 0 0 0 0

10 36 31 34 38 31 39 46 45 120 180 0 0 0 0 0 0

11 36 36 38 37 34 39 33 47 165 135 0 0 0 0 0 0

12 35 34 26 36 37 42 45 45 183 115 0 0 0 0 0 2

13 44 28 43 43 33 33 29 47 154 146 0 0 0 0 0 0

14 40 23 34 32 39 46 45 41 149 151 0 0 0 0 0 0

15 34 28 35 31 37 43 54 38 130 170 0 0 0 0 0 0

16 22 37 35 38 40 47 40 41 147 153 0 0 0 0 0 0

17 46 36 39 39 40 46 28 26 139 161 0 0 0 0 0 0

18 41 39 43 33 38 35 35 36 154 146 0 0 0 0 0 0

19 37 37 39 37 45 36 30 39 122 178 0 0 0 0 0 0

20 41 31 43 43 35 35 40 32 166 134 0 0 0 0 0 0
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Table 5.6: Simulations: Pure Exploitation. Incidence data.

HPY-TS Good-Turing

Runs/Zipf 1.3 1.3 2 2 2 2 2 2 1.3 1.3 2 2 2 2 2 2

1 14 16 0 0 0 0 0 0 5 9 2 2 3 3 3 3

2 15 14 0 0 0 1 0 0 3 15 1 2 2 2 2 3

3 22 6 0 0 0 0 2 0 7 6 3 3 2 3 3 3

4 9 19 0 2 0 0 0 0 24 1 1 1 1 0 1 1

5 11 19 0 0 0 0 0 0 14 3 2 2 3 2 2 2

6 10 20 0 0 0 0 0 0 14 4 1 2 3 2 2 2

7 16 13 0 0 0 0 0 1 4 13 2 2 2 3 2 2

8 17 12 0 1 0 0 0 0 6 11 3 2 2 2 2 2

9 16 14 0 0 0 0 0 0 18 2 2 2 1 2 1 2

10 13 16 0 0 0 0 1 0 11 5 2 3 2 2 2 3

11 11 19 0 0 0 0 0 0 6 9 2 3 3 2 2 3

12 19 11 0 0 0 0 0 0 9 6 3 2 3 2 3 2

13 11 19 0 0 0 0 0 0 6 8 3 2 2 3 3 3

14 18 12 0 0 0 0 0 0 3 20 1 1 2 1 1 1

15 19 10 0 0 0 0 1 0 18 4 2 2 1 1 1 1

16 18 12 0 0 0 0 0 0 3 17 2 1 1 2 2 2

17 18 12 0 0 0 0 0 0 5 11 2 3 2 3 2 2

18 12 13 1 2 0 1 0 1 8 5 3 3 2 3 2 4

19 18 12 0 0 0 0 0 0 6 5 3 3 4 4 3 2

20 15 14 0 0 1 0 0 0 18 2 2 1 2 2 1 2

Uniform Oracle

Runs/Zipf 1.3 1.3 2 2 2 2 2 2 1.3 1.3 2 2 2 2 2 2

1 4 5 6 3 3 0 7 2 15 15 0 0 0 0 0 0

2 4 4 3 3 2 6 4 4 15 15 0 0 0 0 0 0

3 2 4 6 4 3 5 2 4 13 17 0 0 0 0 0 0

4 4 8 3 2 3 2 4 4 20 10 0 0 0 0 0 0

5 5 2 1 3 5 3 6 5 12 18 0 0 0 0 0 0

6 3 10 1 2 4 4 3 3 12 17 1 0 0 0 0 0

7 3 2 2 4 3 4 6 6 15 15 0 0 0 0 0 0

8 7 5 4 0 2 2 4 6 12 18 0 0 0 0 0 0

9 2 2 9 1 2 5 3 6 13 17 0 0 0 0 0 0

10 2 6 4 2 7 5 2 2 16 14 0 0 0 0 0 0

11 2 3 5 4 2 6 5 3 17 13 0 0 0 0 0 0

12 3 3 5 3 5 4 5 2 15 15 0 0 0 0 0 0

13 7 4 4 9 3 1 1 1 19 11 0 0 0 0 0 0

14 7 2 2 5 0 3 4 7 20 10 0 0 0 0 0 0

15 3 5 2 2 3 2 7 6 12 18 0 0 0 0 0 0

16 2 1 1 4 7 4 7 4 15 15 0 0 0 0 0 0

17 3 4 5 2 1 4 7 4 14 16 0 0 0 0 0 0

18 4 6 2 2 3 6 4 3 12 18 0 0 0 0 0 0

19 7 2 4 3 3 3 4 4 15 15 0 0 0 0 0 0

20 2 6 1 4 4 2 6 5 11 19 0 0 0 0 0 0
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Table 5.7: Simulations: Pure Exploration. Abundance data.

HPY-TS Good-Turing

Runs/Zipf 1.3 1.3 1.3 1.3 1.3 1.3 2 2 1.3 1.3 1.3 1.3 1.3 1.3 2 2

1 43 47 41 68 30 71 0 0 2 4 1 1 1 290 1 0

2 1 61 37 15 100 86 0 0 0 2 295 1 1 1 0 0

3 11 40 148 57 40 3 0 1 2 287 4 2 2 1 1 1

4 46 114 15 47 64 14 0 0 298 0 0 0 2 0 0 0

5 4 112 1 43 37 103 0 0 2 286 1 3 2 5 0 1

6 56 47 48 21 100 28 0 0 2 2 289 1 5 1 0 0

7 42 53 9 67 98 31 0 0 6 2 1 3 286 2 0 0

8 58 25 31 51 34 101 0 0 285 2 7 3 1 1 1 0

9 36 68 107 37 1 51 0 0 1 3 293 1 1 1 0 0

10 36 35 44 68 41 76 0 0 2 2 1 2 280 12 1 0

11 8 64 82 37 58 51 0 0 0 0 298 1 1 0 0 0

12 44 60 53 71 35 35 0 2 3 1 1 1 2 291 0 1

13 2 83 73 26 57 59 0 0 1 294 1 1 1 1 1 0

14 53 34 29 90 61 33 0 0 0 0 1 0 299 0 0 0

15 12 89 64 44 29 62 0 0 1 293 2 3 0 1 0 0

16 53 47 44 83 30 43 0 0 1 0 0 4 0 295 0 0

17 23 77 114 23 10 53 0 0 295 2 0 0 1 2 0 0

18 54 15 118 101 10 2 0 0 292 1 3 1 1 1 1 0

19 43 75 2 38 78 64 0 0 1 1 0 0 3 295 0 0

20 12 74 78 62 48 26 0 0 1 1 294 1 2 1 0 0

Uniform Oracle

Runs/Zipf 1.3 1.3 1.3 1.3 1.3 1.3 2 2 1.3 1.3 1.3 1.3 1.3 1.3 2 2

1 31 43 31 34 38 49 30 44 83 41 30 58 54 34 0 0

2 45 24 29 36 32 40 50 44 73 41 74 77 5 30 0 0

3 43 47 32 36 38 28 35 41 38 31 61 78 48 44 0 0

4 27 44 37 45 41 30 41 35 46 30 60 42 54 68 0 0

5 33 40 49 44 34 30 35 35 52 45 42 49 35 77 0 0

6 39 36 42 40 33 36 33 41 75 57 75 36 10 47 0 0

7 31 36 43 54 30 42 30 34 38 60 108 19 51 24 0 0

8 49 32 31 36 39 42 35 36 37 72 19 86 53 33 0 0

9 33 39 42 36 36 40 34 40 53 52 51 17 69 58 0 0

10 40 33 30 33 40 45 39 40 55 73 47 36 61 28 0 0

11 27 39 47 41 43 34 30 39 68 63 31 68 17 53 0 0

12 29 29 50 44 35 39 31 43 43 39 73 61 65 19 0 0

13 46 42 40 24 47 38 26 37 55 60 45 38 50 52 0 0

14 45 37 38 44 37 30 39 30 58 83 31 52 39 37 0 0

15 36 32 38 32 35 41 48 38 51 31 35 33 60 90 0 0

16 40 29 30 56 31 41 43 30 65 49 67 84 25 10 0 0

17 49 36 34 35 46 38 29 33 30 74 45 62 47 42 0 0

18 34 42 31 39 36 39 40 39 60 44 20 55 64 57 0 0

19 33 38 40 40 37 36 47 29 94 42 49 21 45 49 0 0

20 35 32 41 40 31 43 37 41 58 33 56 37 68 48 0 0
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Table 5.8: Simulations: Pure Exploration. Incidence data.

HPY-TS Good-Turing

Runs/Zipf 1.3 1.3 1.3 1.3 1.3 1.3 2 2 1.3 1.3 1.3 1.3 1.3 1.3 2 2

1 0 14 5 6 2 3 0 0 2 2 5 15 2 2 1 1

2 6 8 5 5 6 0 0 0 2 5 15 2 2 2 1 1

3 1 3 4 7 7 8 0 0 3 1 19 1 1 3 1 1

4 7 4 0 5 4 10 0 0 5 2 2 2 8 9 1 1

5 6 8 7 7 2 0 0 0 2 7 6 7 2 3 2 1

6 1 16 2 5 2 4 0 0 1 1 1 25 1 1 0 0

7 10 1 6 1 9 3 0 0 1 1 24 1 1 2 0 0

8 5 12 1 2 2 8 0 0 3 1 1 1 2 21 0 1

9 7 5 10 2 0 6 0 0 4 4 2 1 1 16 1 1

10 3 0 15 0 6 6 0 0 1 1 3 3 18 2 1 1

11 6 3 2 6 5 8 0 0 20 1 2 2 1 2 1 1

12 3 0 7 2 6 12 0 0 1 1 25 1 1 1 0 0

13 8 2 0 6 7 7 0 0 9 3 2 6 3 5 1 1

14 2 4 7 0 11 6 0 0 0 0 28 0 1 1 0 0

15 5 7 7 0 5 6 0 0 1 1 1 1 25 1 0 0

16 1 1 2 12 9 5 0 0 3 3 2 3 9 6 2 2

17 5 9 9 1 4 2 0 0 16 2 3 2 3 2 1 1

18 0 5 4 10 4 7 0 0 2 2 2 18 2 2 1 1

19 4 3 2 7 14 0 0 0 2 3 2 17 2 2 1 1

20 1 0 8 8 5 8 0 0 3 1 3 5 15 1 1 1

Uniform Oracle

Runs/Zipf 1.3 1.3 1.3 1.3 1.3 1.3 2 2 1.3 1.3 1.3 1.3 1.3 1.3 2 2

1 4 4 3 5 4 3 3 4 6 5 1 6 7 5 0 0

2 3 4 4 3 6 4 3 3 5 8 4 4 4 5 0 0

3 4 4 3 5 3 5 2 4 6 10 3 7 2 2 0 0

4 7 0 4 3 6 5 2 3 4 2 5 6 9 4 0 0

5 3 5 3 2 3 6 3 5 3 4 4 3 10 6 0 0

6 4 6 3 3 8 2 1 3 5 5 5 5 6 4 0 0

7 3 3 1 3 5 7 6 2 8 4 3 3 4 8 0 0

8 3 7 5 2 4 3 1 5 3 4 3 6 6 8 0 0

9 3 4 2 7 5 4 2 3 3 7 6 4 6 4 0 0

10 6 3 2 3 6 2 6 2 5 5 7 4 4 5 0 0

11 5 4 5 1 6 2 4 3 3 8 6 4 2 7 0 0

12 4 5 1 7 3 6 2 2 5 4 7 5 4 5 0 0

13 4 7 5 0 1 4 2 7 6 3 4 4 3 10 0 0

14 2 6 5 5 2 3 2 5 2 5 3 6 6 8 0 0

15 6 2 4 5 3 2 6 2 1 5 7 6 4 7 0 0

16 1 1 4 8 1 5 7 3 3 3 4 3 10 7 0 0

17 2 6 3 7 2 1 6 3 3 11 3 4 5 4 0 0

18 2 3 4 6 4 4 3 4 5 8 5 3 5 4 0 0

19 2 3 5 4 4 5 5 2 3 5 10 4 4 4 0 0

20 2 4 3 6 6 4 1 4 4 6 2 9 6 3 0 0
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Table 5.9: Simulations: Exploration-Exploitation. Abundance data.

HPY-TS Good-Turing

Runs/Zipf 1.3 1.3 1.3 1.3 2 2 2 2 1.3 1.3 1.3 1.3 2 2 2 2

1 10 159 74 57 0 0 0 0 0 0 300 0 0 0 0 0

2 81 76 63 80 0 0 0 0 297 1 1 1 0 0 0 0

3 72 60 85 83 0 0 0 0 1 2 4 292 1 0 0 0

4 72 30 129 69 0 0 0 0 1 1 2 294 1 0 0 1

5 107 42 59 90 0 0 2 0 298 0 1 1 0 0 0 0

6 63 105 112 20 0 0 0 0 298 2 0 0 0 0 0 0

7 92 86 42 78 0 1 1 0 4 2 3 290 0 0 1 0

8 79 120 27 73 0 0 1 0 293 5 1 1 0 0 0 0

9 61 49 108 81 0 0 0 1 296 1 1 2 0 0 0 0

10 100 35 57 108 0 0 0 0 300 0 0 0 0 0 0 0

11 21 164 65 50 0 0 0 0 0 0 0 300 0 0 0 0

12 29 54 111 100 5 0 0 1 5 4 13 272 2 2 1 1

13 104 97 25 71 0 3 0 0 3 293 1 1 0 1 0 1

14 20 95 91 86 0 2 6 0 1 2 5 288 1 1 1 1

15 15 153 81 50 0 0 0 1 1 4 2 293 0 0 0 0

16 82 70 89 50 5 0 4 0 0 0 299 1 0 0 0 0

17 3 82 133 81 0 0 0 1 2 4 4 286 1 1 1 1

18 36 92 120 52 0 0 0 0 9 2 286 2 1 0 0 0

19 70 125 77 28 0 0 0 0 1 296 1 1 0 0 1 0

20 47 67 102 84 0 0 0 0 1 1 1 295 1 0 1 0

Uniform Oracle

Runs/Zipf 1.3 1.3 1.3 1.3 2 2 2 2 1.3 1.3 1.3 1.3 2 2 2 2

1 37 35 36 54 36 29 38 35 68 62 82 88 0 0 0 0

2 39 41 28 42 44 30 47 29 33 94 109 64 0 0 0 0

3 42 28 26 48 35 46 33 42 46 103 45 106 0 0 0 0

4 37 39 35 38 41 21 48 41 52 81 66 101 0 0 0 0

5 32 34 41 37 38 28 50 40 55 31 146 68 0 0 0 0

6 35 38 32 35 46 43 36 35 87 63 74 76 0 0 0 0

7 45 33 37 34 45 24 38 44 97 48 61 94 0 0 0 0

8 41 32 36 37 33 32 44 45 62 55 78 105 0 0 0 0

9 30 41 37 47 43 33 33 36 88 107 57 48 0 0 0 0

10 31 44 36 33 44 32 43 37 64 86 97 53 0 0 0 0

11 34 29 41 36 41 39 34 46 46 121 52 81 0 0 0 0

12 28 33 37 43 44 46 32 37 66 81 90 63 0 0 0 0

13 36 49 31 33 36 34 44 37 47 81 73 99 0 0 0 0

14 38 56 38 33 30 39 31 35 61 52 102 85 0 0 0 0

15 45 42 32 28 34 35 39 45 87 97 38 78 0 0 0 0

16 29 44 37 41 36 31 32 50 100 54 55 91 0 0 0 0

17 40 30 33 41 43 44 29 40 76 58 97 69 0 0 0 0

18 37 47 35 34 44 37 35 31 140 72 22 66 0 0 0 0

19 44 28 33 35 42 47 29 42 88 70 54 88 0 0 0 0

20 39 36 29 40 38 45 38 35 66 53 86 95 0 0 0 0
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Table 5.10: Simulations: Exploration-Exploitation. Incidence data.

HPY-TS Good-Turing

Runs/Zipf 1.3 1.3 1.3 1.3 2 2 2 2 1.3 1.3 1.3 1.3 2 2 2 2

1 5 5 6 14 0 0 0 0 3 8 4 9 2 1 2 1

2 5 14 7 4 0 0 0 0 18 2 2 4 1 1 1 1

3 6 6 9 9 0 0 0 0 2 6 2 16 1 1 1 1

4 9 8 1 12 0 0 0 0 3 3 1 18 2 1 1 1

5 1 6 8 15 0 0 0 0 3 3 5 12 2 1 2 2

6 1 9 4 16 0 0 0 0 3 16 3 3 2 1 1 1

7 4 9 9 8 0 0 0 0 2 1 2 21 1 1 1 1

8 5 6 12 7 0 0 0 0 7 2 14 3 1 1 1 1

9 6 7 9 8 0 0 0 0 27 1 1 1 0 0 0 0

10 4 6 8 12 0 0 0 0 4 3 2 16 1 2 1 1

11 0 12 4 14 0 0 0 0 1 2 19 4 1 1 1 1

12 0 13 5 12 0 0 0 0 2 3 2 19 1 1 1 1

13 3 9 12 6 0 0 0 0 4 19 1 2 1 1 1 1

14 7 7 7 9 0 0 0 0 2 21 1 2 1 1 1 1

15 7 6 8 9 0 0 0 0 1 1 27 1 0 0 0 0

16 8 10 5 7 0 0 0 0 18 2 5 1 1 1 1 1

17 7 9 8 6 0 0 0 0 3 11 5 5 1 2 2 1

18 8 6 9 7 0 0 0 0 17 2 2 3 2 1 1 2

19 3 10 7 10 0 0 0 0 3 6 3 11 2 1 2 2

20 4 16 5 5 0 0 0 0 4 3 2 17 1 1 1 1

Uniform Oracle

Runs/Zipf 1.3 1.3 1.3 1.3 2 2 2 2 1.3 1.3 1.3 1.3 2 2 2 2

1 7 2 0 1 7 7 2 4 8 8 7 7 0 0 0 0

2 5 2 4 2 4 3 5 5 7 7 11 5 0 0 0 0

3 4 7 3 3 2 5 6 0 7 5 12 6 0 0 0 0

4 6 4 4 1 2 3 6 4 7 3 10 10 0 0 0 0

5 4 3 4 6 3 3 3 4 8 8 9 5 0 0 0 0

6 4 2 2 6 5 6 4 1 10 6 8 6 0 0 0 0

7 1 3 2 5 9 4 5 1 10 5 10 5 0 0 0 0

8 2 5 2 0 3 8 5 5 5 11 6 8 0 0 0 0

9 4 4 3 5 4 5 2 3 5 8 10 7 0 0 0 0

10 7 4 3 1 2 4 3 6 5 9 8 8 0 0 0 0

11 5 3 7 4 2 3 3 3 14 3 6 7 0 0 0 0

12 4 3 2 3 7 4 2 5 7 6 9 8 0 0 0 0

13 5 4 2 2 7 1 6 3 5 4 13 8 0 0 0 0

14 1 7 4 4 3 4 4 3 6 14 4 6 0 0 0 0

15 4 5 4 1 1 8 5 2 6 6 11 7 0 0 0 0

16 6 4 5 2 2 4 5 2 4 7 7 12 0 0 0 0

17 4 4 3 8 3 4 1 3 5 8 6 11 0 0 0 0

18 6 1 5 1 4 7 4 2 6 7 7 10 0 0 0 0

19 4 3 4 4 7 1 3 4 6 6 10 8 0 0 0 0

20 6 7 7 4 2 2 1 1 6 8 7 9 0 0 0 0
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Chapter 6

Gibbs-type structure for feature

models

6.1 Description of the problem and of the main the-

orem

In this chapter we deal with random feature allocations. As described in section 2.6,

these models are generalizations of partitions in which the assumptions of exhaustivity

and disjointness of the blocks are relaxed. In this chapter, we will proceed to study the

counterpart of Gibbs-type partitions for feature allocations, hence introducing the class

of Gibbs-type feature allocations.

To derive the Gibb-type partitions, Gnedin and Pitman [48] started from the distri-

bution of the random partition generated by sampling observations from a PY process

and considering the corresponding partition of the integers {1, . . . , n} induced by this

sample. This distribution is described by the Ewens–Pitman formula, which is a general-

isation of the famous Ewens sampling formula. In particular, a random partition Πn of

the first n integers having this distribution with parameters (α, θ) assigns to a partition

πn, displaying k block with block sizes (n1, . . . , nk), probability

P(Πn = πn) =

∏k−1
i=1 (θ + iα)

(θ + 1)n−1↑

k∏
j=1

(1− α)nj−1↑. (6.1)

Starting from this distribution, Gnedin and Pitman [48] considers a larger class of dis-

tributions, parametrized by a triangular array V = (Vn,k : (n, k) ∈ N× N, k ≤ n) and a

sequence W = (Wj : j ∈ N) of non-negative weights. In particular, they consider the class

of distributions for random partitions of N such that the restriction of the partition to
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the first n integers, Πn, assigns probability

P(Πn = πn) = Vn,k

k∏
j=1

Wnj (6.2)

to a partition πn, with k blocks and block sizes (n1, . . . , nk), hence maintaining the same

product form as in (6.2). By imposing a further constraint to guarantee the resulting

sequence (Πn)n∈N to be consistent (see section 2.3), Gnedin and Pitman [48] characterizes

all elements of this class of distributions, which are termed Gibbs-type partitions.

In the feature contexts, the two most popular models are the Indian Buffet Process

and the Beta–Bernoulli model. We recall their EFPF from section 2.6. The EFPF of a

3-parameter (γ, θ, α) IBP has form

1

k!

( γ

(θ + 1)n−1↑

)k
exp

(
−

n∑
i=1

γ
(α + θ)i−1↑

(1 + θ)i−1↑

) k∏
l=1

(1− α)ml−1↑ (θ + α)n−ml↑ , (6.3)

while the EFPF of a (N,α, θ) Beta–Bernoulli model is(
N

k

)(
−α

(θ + α)n↑

)k (
(θ + α)n↑

(θ)n↑

)N k∏
i=1

(1− α)mi−1↑(θ + α)n−mi↑. (6.4)

We can notice that both these formulas have a product structure. Specifically, in both

formulas there is a first component depending on the data only through the number of

individuals n and the number of features k displayed among these n individuals and

then there is a product of k factors, each one depending on the data only through the

cardinality of the i-th feature, mi.

Motivated by the work of Gnedin and Pitman [48] in the partition context and by

the similar product structure in the EFPF of the IBP and the Beta–Bernoulli model,

in this chapter we consider the class of distributions for consistent exchangeable feature

allocations Fn assigning to a feature allocation fn of the first n integer having k blocks

and block sizes (m1, . . . ,mk), probability

P(Fn = fn) = Vn,k

k∏
l=1

WmlUn−ml , (6.5)

for an infinite array V = (Vn,k : (n, k) ∈ N× N0) and two sequences W = (Wj : j ∈ N)

and U = (Uj : j ∈ N0) of non-negative weights, where N denotes the set of positive natural

numbers and N0 = {0} ∪ N.

In the feature context, we show that the Indian Buffet Process (IBP) and the Beta–

Bernoulli are the only consistent exchangeable feature allocations with form (6.5), up

to randomization of their γ and N parameters respectively. Imposing consistency and

exchangeability imply that the two sequences of weights, W and U , must have the same
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form as in the IBP and in the Beta–Bernoulli, for two constants α and θ, satisfying α ≤ 1

and θ > −α. In addition, V must satisfy a recursion with coefficients depending on α

and θ and the set of solutions of this recursion forms convex set. For each fixed α and

θ, we describe the extreme points of this convex set. Their form only depends on the

value of α. For 0 < α < 1, the set of extreme points coincide with the family of V of a

3-parameter IBP. For α = 0, this set is still continuous and coincides with the family of

V of the 2-parameter IBP. For α < 0 the set of extreme points is countably infinite and

each extreme point corresponds to the V of a Beta–Bernoulli model. To sum up, we will

prove the following theorem.

Theorem 6.1.1. A consistent exchangeable feature allocation has EFPF of the form (6.5)

iff, for some α < 1 and θ > −α, Wm = (1−α)m−1↑ and Um = (θ+α)m↑ and the elements

of V satisfies the recursion

Vn,k =
∞∑
j=0

(
k + j

j

)(
(θ + α)n↑

)j
(θ + n)k Vn+1,k+j. (6.6)

Moreover, for fixed (α, θ), the set of solutions of (6.6) are

1. for 0 < α < 1, mixtures over γ of the V of a 3-parameter IBP;

2. for α = 0, mixtures over γ of the V of a 2-parameter IBP;

3. for α < 0, mixtures over N of the V of a Beta–Bernoulli model with N features.

We will prove the first part of Theorem 6.1.1 in section 6.2, in which we characterize U

and W and find the recursion (6.6) for V . In section 6.3, we describe how to derive the

extreme solutions of this recursion. Finally, in subsection 6.4, we study the three cases

0 < α < 1, α = 0, and α < 0. Some simple facts and technical lemmas are postponed to

an appendix at the end of the chapter.

6.2 Characterization of W and U

The problem we want to solve is to describe all distributions for exchangeable feature

allocations with EFPF (6.5) subject to the consistency constraint (2.18), which becomes

Vn,k

k∏
i=1

WmlUn−ml =
∞∑
j=0

(
k + j

j

)
U j
nW

j
1

∑
z∈{0,1}k

Vn+1,k+j

k∏
i=1

Wmi+ziUn+1−mi−zi , (6.7)

for all n ∈ N, k ∈ N0, and for all mi ≤ n with i ≤ k. We start by noting that the

representation (6.5) is not unique. Specifically, we can scale the weights in the following

ways, for κ > 0, and obtain the same distribution:
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1. Ṽn,k = κ−kVn,k and W̃j = κWj;

2. Ṽn,k = κ−kVn,k and Ũj = κUj;

3. Ṽn,k = κ−nkVn,k, W̃j = κjWj and Ũj = κjUj;

4. Ṽn,k = κ−k(n−1)Vn,k, W̃j = κj−1Wj and Ũj = κjUj.

By imposing W1 = 1, we avoid the first ambiguity and with U0 = 1 we fix the second one.

These conditions also exclude the third ambiguity, but do not exclude the last one, which

will be fixed following Proposition 6.2.1.

The following Proposition shows that W and U must have a form akin to that of

the IBP and V is constrained to satisfy a particular recursion. In the statement of

Proposition 6.2.1, (x)n↑τ denotes the generalized rising factorial, defined as (x)n↑τ =

x(x+ τ) . . . (x+ τn).

Proposition 6.2.1. The weights V , W , and U , with the normalizations W1 = U0 = 1,

define a consistent random feature allocation of form (6.5) iff for some a, b > 0 and τ ≥ 0

(i) Wm = (a)m−1↑τ , for all m ∈ N;

(ii) Um = (b)m↑τ , for all m ∈ N0;

(iii) For all (n, k) ∈ N× N0, V satisfies∑
j≥0

V1,j = 1,

Vn,k =
∞∑
j=0

(
k + j

j

)(
(b)n↑τ

)j
(a+ b+ τ (n− 1))k Vn+1,k+j.

(6.8)

Proof. The consistent exchangeable feature allocation with no features with probability

one can be represented as in (6.5), with Vn,0 = 1 for all n ∈ N and Vn,k = 0 for k ≥ 1.

The consistency condition (6.7) for k = 1 gives

Vn,1Wm1Un−m1 =
∞∑
j=0

(j + 1)Vn+1,j+1U
j
n (Wm1+1Un−m1 +Wm1Un+1−m1) .

This condition implies that, for all n ∈ N and for all m1 ≤ n,

Wm1+1

Wm1

+
Un+1−m1

Un−m1

=
Vn,1∑∞

j=0 (j + 1)Vn+1,j+1U
j
n

. (6.9)

Since the right hand side of (6.9) does not depend on m1, it follows that, for all n and for

all i, j ≤ n,
Wi+1

Wi

− Wj+1

Wj

=
Un+1−j

Un−j
− Un+1−i

Un−i
.

In particular, considering n = 2, i = 2, and j = 1, we find

W3

W2

−W2 =
U2

U1

− U1 =: τ.
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For n > 1, i = n, and j = n− 1, we also obtain

Wn+1

Wn

− Wn

Wn−1

=
U2

U1

− U1 = τ,

which implies, for all n > 1,

Wn+1

Wn

= τ (n− 1) +W2,

hence Wn = (W2)n−1↑τ . In a similar manner, we consider n > 1, i = 2, and j = 1 and

obtain
Un
Un−1

− Un−1

Un−2

=
W3

W2

−W2 = τ.

As before, this formula implies Un = (U1)n↑τ . The recursion (6.8) follows, by rewriting

(6.7) as

Vn,k =
∞∑
j=0

(
k + j

j

)
U j
nVn+1,k+j

∑
z∈{0,1}k

k∏
i=1

Wmi+zi

Wml

Un+1−mi−zi
Un−ml

,

and by noticing that

∑
z∈{0,1}k

k∏
i=1

Wmi+zi

Wml

Un+1−mi−zi
Un−ml

= (U1 +W2 + τ (n− 1))k .

Also,
∑∞

j=0 V1,j = 1 comes from
∑∞

j=0 V1,jW
j
1 = 1 and W1 = 1. Finally, the reverse

implication easily follows by checking that the probability distribution with form (6.5)

and V , W and U as in the statement of the proposition satisfies the consistency condition

(6.7).

The last possible rescaling can now be fixed by imposing τ = 1. Indeed, let W a

sequence of weights parametrizing a feature allocation of form (6.5). From Proposition

6.2.1, Wj = (a)j−1↑τ for some a > 0 and some τ ≥ 0. If we consider the rescaling

W̃j = κj−1Wj, from W̃j = κj−1 (a)j−1↑τ = (κa)j−1↑κτ and Proposition 6.2.1, we obtain

W̃j = (ã)j−1↑τ̃ , where ã = κa and τ̃ = κτ . Therefore, by imposing τ = 1, we avoid the

last ambiguity on the rescaling since κ must be equal to 1 and W̃ = W .

We now introduce the parametrization, α := 1 − a and θ := a + b, for α < 1 and

θ > −α. Then, Wml = (1− α)ml−1↑ and Un−ml = (θ + α)n−ml↑, which matches the form

of the W and U for the IBP.

6.3 General tools to derive the extreme V

Let Vα,θ be the set of those elements V ∈ RN×N0
+ satisfying (6.8). Endow this set with

the smallest σ-algebra BV that makes the maps V 7→ Vn,k measurable and define the
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barycenter V µ of each measure µ on BV as the pointwise average,

V µ
n,k =

ˆ
Vα,θ
Vn,k µ(dV ). (6.10)

It is easy to check that Vα,θ is a convex set, i.e., for all probability measures µ on BV ,

V µ ∈ Vα,θ (see Appendix 6.6.1). The goal of this section is to check that this set is also a

simplex and to describe its extreme elements.

Given a measurable space of functions with the convex structure just defined, Dynkin

[33] describes a general theory which can be applied to show that this set is also a simplex

and to determine its extreme points. Similar results have been studied or rediscovered by

many works, see references in Gnedin and Pitman [48]. To apply the results of Dynkin

[33] to our problem, we will follow the same strategy used by Gnedin and Pitman [48].

Rather than studying Vα,θ directly, we consider another space, isomorphic to Vα,θ and

easier to study, and we find its extreme points applying the results by Dynkin [33].

Let (N∞0 , C(N∞0 )) be the infinite product space of N0, endowed with its cylinder σ-

algebra. To each V ∈ Vα,θ we associate a Markov law, PV , on this space. Specifically,

writing Kn : N∞0 → N0 for the n-th coordinate projection on the product space, the

Markov law associated to V has the initial distribution given by

PV (K1 = j) = V1,j, (6.11)

and transition probabilities

PV (Kn+1 = j + k|Kn = k) =

(
k + j

j

)(
(α + θ)n↑

)j
(θ + n)k

Vn+1,k+j

Vn,k
, (6.12)

if j ≥ 0 and 0 otherwise. Let PVα,θ = {PV : V ∈ Vα,θ} be the set of Markov laws. The

map T : Vα,θ → PVα,θ , defined by T (V ) = PV is a convex isomorphism (see Appendix

6.6.1 for a proof). Hence, if PV is extreme in PVα,θ , so is V in Vα,θ. We now describe how

to find the extreme points of PVα,θ . Before that, we remark that, given an EFPF with

form (6.5) parametrized by V , it is straightforward to show that Kn corresponds to the

number of features in the corresponding random feature allocation of n individuals, i.e.,

Kn is the cardinality of
⋃

1≤i≤nXi.

As we will see from Proposition 6.3.1, for every n ∈ N, Fn = σ(Kn, Kn+1, . . .) is a

sufficient σ-algebra for PVα,θ . Hence, for each n ∈ N, there exists a common Fn-measurable

regular conditional probability Qn : N∞0 × C(N∞0 ) → [0, 1] for PVα,θ given Fn, such that,

for all PV ∈ PVα,θ and A ∈ C(N∞0 ),

Qn(ω,A) = PV ((Km)m∈N ∈ A|Fn)(ω), (6.13)

for PV -almost all ω ∈ N∞0 . In order to avoid having to repeat uninteresting measure-

theoretic details, when A′ ∈ σ(K1, . . . , Kn), we will take advantage of the Markov property
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of (Km)m∈N to assume that

Qn(ω,A′) = P ((Km)m∈N ∈ A′|Fn)(ω) = P ((Km)m∈N ∈ A′|Kn)(ω) (6.14)

for all ω ∈ N∞0 , where we have dropped the V from the notation PV in order to highlight

the independence of the cotransition probabilities under PV from V itself. This is justified

because the equality holds for all P ∈ PVα,θ .
Associated to each Markov kernel Qn, there is a Markov operator Πn given by

Πnf(ω) =

ˆ
f(ω′)Qn(ω, dω′), (6.15)

for all f bounded Fn-measurable real functions. Henceforth, for every σ-algebra F , we

will simply write f ∈ F to denote that f is bounded and F -measurable. The sequence

(Fn,Πn)n∈N forms a specification in (N∞0 , C(N∞0 )) (see Appendix 6.6.1 for a proof). We

can apply Theorem 5.1 of Dynkin [33], which states that (Πn)n∈N is an asymptotically

H-sufficient statistic, which in turn means (see also Section 4.4 of Dynkin [33]) that, for

all PV that are extreme,

PV ({ω ∈ N∞0 : ∀f ∈ C(N∞0 ), lim
n→∞

Πnf(ω) =
´
f dPV }) = 1. (6.16)

A path ω ∈ N∞0 induces a Markov law PV ∈ PVα,θ and is said to be regular iff for all

f ∈ C(N∞0 ), lim
n→∞

Πnf(ω) =
´
f dPV . The set of point in PVα,θ that are induced by regular

paths is called the maximal boundary. The set of extreme points, also called the minimal

boundary, is the subset of the maximal boundary, corresponding to those points PV that

also satisfy (6.16), i.e., they assign probability 1 to the set of regular paths inducing them.

In our context, to identify the maximal boundary, it is enough to check (6.16) for all

functions f ∈ C(N∞0 ) that are indicators of cylinder sets of the form K−1
n {k} for n ∈ N and

k ∈ N0. That is, the elements belonging to the maximal boundary are those PV̄ ∈ PVα,θ
such that, for some ω ∈ N∞0 ,

lim
m→∞

P (Kn = k|Fm)(ω) = lim
m→∞

P (Kn = k|Km)(ω) = PV̄ (Kn = k),

for all (n, k) ∈ N×N0. To find the extremes measures of PVα,θ , we compute the cotransition

(backwards) probabilities of (Kn)n∈N.

Proposition 6.3.1. The cotransition probabilities are

P (Kn = k|Km = l) =
dm,ln,k

dm,l
dn,k, (6.17)

for n < m and k ≤ l, while the distribution of Kn under PV ∈ PVα,θ is

PV (Kn = k) = Vn,kd
n,k, (6.18)
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where

dm,l = ((θ + 1)m−1↑ +
m−1∑
j=1

(θ + α)m−j↑(θ + 1 +m− j)j−1↑)
l, (6.19)

and

dm,ln,k =

(
l

k

)
((θ + n)m−n↑)

k(
m−n∑
j=1

(α + θ)m−j↑(θ +m− 1)j−1↓)
l−k. (6.20)

Proof. First, note that for m > n and l ≥ k PV (Km = l|Kn = k) = Vm,ld
m,l
n,k , for a function

dm,ln,k independent of V . Indeed, from (6.12), the probability of a path (kn+1, kn+2, . . . , km−1, l)

depends only on the last Vm,l. Summing over all possible paths from Kn = k to Km = l,

we see that PV (Km = l|Kn = k) must be of the form Vm,ld
m,l
n,k . In addition, by considering

PV (Km = l) =
∑l

i=0 PV (Km = l|K1 = i) · PV (K1 = i), PV (Km = l) must be of the form

Vm,ld
m,l. Also, from

PV (Km = l) =
l∑

j=0

PV (Km = l|Km−1 = j) · PV (Km−1 = j) ,

it follows that, for l > 2, the function dm,l must satisfy

Vm,ld
m,l =

l∑
j=0

Vm,l
Vm−1,j

(
l
l−j

)
((α + θ)m−1↑)

l−j (θ +m− 1)j Vm−1,jd
m−1,j,

which gives the following the recursion

dm,l =
l∑

j=0

(
l
l−j

)
((α + θ)m−1↑)

l−j (θ +m− 1)j dm−1,j.

Substituting dm−1,j, we find

dm,l =
l∑

j=0

(
l
l−j

)
((α + θ)m−1↑)

l−j (θ +m− 1)j ·

·
j∑
i=0

(
j

j − i

)
((α + θ)m−2↑)

j−i (θ +m− 2)i dm−2,i.

Grouping together all coefficient multiplying dm−2,k on the right hand side (0 ≤ k ≤ l),

we find
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dm,ln−2,k =
(

l
l−k

) (
(α + θ)m−1↑

)l−k
(θ +m− 1)k (θ +m− 2)k

+
(

l
l−k−1

) (
(α + θ)m−1↑

)l−k−1

(θ +m− 1)k+1
(

(α + θ)m−2↑

)
(θ +m− 2)k

+
(

l
l−k−2

) (
(α + θ)m−1↑

)l−k−2

(θ +m− 1)k+2

(
k + 2

2

)(
(α + θ)m−2↑

)2

(θ +m− 2)k

...

+
(

(α + θ)m−1↑

)
(θ +m− 1)l−1

(
l − 1

l − 1− k

)(
(α + θ)m−2↑

)l−1−k
(θ +m− 2)k

+ (θ +m− 1)l
(

l

l − k

)(
(α + θ)m−2↑

)l−k
(θ +m− 2)k

= ((θ +m− 1) (θ +m− 2))k
(

(α + θ)m−1↑ + (θ +m− 1) (α + θ)m−2↑

)l−k ( l

l − k

)
.

So, the recursion for dm,l becomes

dm,l =
l∑

j=0

(
l

l − j

)
((θ +m− 1) (θ +m− 2))j ·

·
(

(α + θ)m−1↑ + (θ +m− 1) (α + θ)m−2↑

)l−j
dm−2,j.

In the same manner, we find

dm,lm−3,k = ((θ +m− 1) (θ +m− 2) (θ +m− 3))k
(

l

l − k

)
·

·
(

(α + θ)m−1↑ + (θ +m− 1) (α + θ)m−2↑ + (θ +m− 1) (θ +m− 2) (α + θ)m−3↑

)l−k
.

Finally, we obtain,

dm,ln,k =

(
l

l − k

)
((θ +m− 1)m−n↓)

k(
m−n∑
j=1

(α + θ)m−j↑(θ +m− 1)j−1↓)
l−k

=

(
l

k

)
((θ + n)m−n↑)

k(
m−n∑
j=1

(α + θ)m−j↑(θ +m− 1)j−1↓)
l−k.

In addition,

dm,l =
l∑

i=0

dm,l1,i =
l∑

i=0

(
l

i

)
((θ + 1)m−1↑)

i(
m−1∑
j=1

(α + θ)m−j↑(θ +m− 1)j−1↓)
l−i

= ((θ + 1)m−1↑ +
m−1∑
j=1

(α + θ)m−j↑(θ + 1 +m− j)j−1↑)
l.

Note that the cotransition probabilities are independent of V .
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6.4 Characterization of Vn,k

In this section, we study the three cases 0 < α < 1, α = 0, and α < 0 separately. Recall

that a path ω = (ω1, ω2, . . .) ∈ N∞0 is regular and induces V̄ ∈ Vα,θ if the limit

lim
m→∞

P (Kn = k|Km = ωm) = lim
m→∞

dm,ωmn,k

dm,ωm
dn,k = V̄n,kd

n,k (6.21)

exists for all (n, k). In this case, PV̄ belongs to the maximal boundary of PVα,θ . If PV̄ also

assigns probability one to the set of regular paths inducing it, then PV̄ is extreme.

6.4.1 Case 0 < α < 1

For (α, θ) fixed, s.t. 0 < α < 1 and θ > −α, let V 3IBP,α,θ(γ) be the V of the 3-parameter

IBP, defined as

V 3IBP,α,θ
n,k (γ) =

1

k!

( γ

(θ + 1)n−1↑

)k
exp

(
−

n∑
i=1

γ
(α + θ)i−1↑

(1 + θ)i−1↑

)
=

1

k!

( γ

(θ + 1)n−1↑

)k
exp

(
− γ
(Γ(θ + 1)Γ(α + θ + n)

αΓ(α + θ)Γ(θ + n)
− θ

α

))
,

for all γ ≥ 0. Define PV 3IBP,α,θ = {PV 3IBP,α,θ(γ) ∈ PVα,θ : γ ≥ 0}.

Proposition 6.4.1. Let 0 < α < 1 and θ > −α.

a) The elements of the set PV 3IBP,α,θ belong to the maximal boundary of PVα,θ and they

are induced by those paths w ∈ N∞0 s.t. wm
mα
→ c, where c = γΓ(θ+1)

αΓ(α+θ)
;

b) The elements of PV 3IBP,α,θ also belong to the minimal boundary of PVα,θ , i.e., they

are extreme points of PVα,θ ;

c) The elements of PV 3IBP,α,θ are the only extreme points, i.e., PV 3IBP,α,θ coincides with

the maximal and the minimal boundary.

Proof. a) We must check that

lim
m→∞
wm
mα
→c

dm,ωmn,k

dm,ωm
= V 3IBP,α,θ

n,k

(cαΓ(α + θ)

Γ(θ + 1)

)
. (6.22)
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From Proposition 6.3.1,

dm,ωmn,k

dm,ωm
=

(
ωm
k

)[(θ +m− 1)m−n↓

]k [∑m−n
i=1 (α+ θ)m−i↑ (θ +m− 1)i−1↓

]ωm−k[
(θ +m− 1)m−1↓ +

∑m−1
i=1 (α+ θ)m−i↑ (θ +m− 1)i−1↓

]ωm
=

(
ωm
k

)[
(θ +m− 1)m−n↓∑m−n

i=1 (α+ θ)m−i↑ (θ +m− 1)i−1↓

]k

·

[ ∑m−n
i=1 (α+ θ)m−i↑ (θ +m− 1)i−1↓

(θ +m− 1)m−1↓ +
∑m−1

i=1 (α+ θ)m−i↑ (θ +m− 1)i−1↓

]ωm

=

(
ωm
k

) Γ(θ+m)
Γ(θ+n)

Γ(α+θ+m)
α·Γ(α+θ) −

Γ(θ+m)·Γ(α+θ+n)
α·Γ(α+θ)·Γ(θ+n)

k

·

 Γ(α+θ+m)
α·Γ(α+θ) −

Γ(θ+m)·Γ(α+θ+n)
α·Γ(α+θ)·Γ(θ+n)

Γ(θ+m)
Γ(θ+1) + Γ(α+θ+m)

α·Γ(α+θ) −
Γ(θ+m)·Γ(α+θ+1)
α·Γ(α+θ)·Γ(θ+1)

ωm ,
(6.23)

where the third equality follows from the identity

m−n∑
i=1

(α+ θ)m−i↑ (θ +m− 1)i−1↓ =
Γ (α+ θ +m)

αΓ (α+ θ)
− Γ (θ +m) Γ (α+ θ + n)

αΓ (α+ θ) Γ (θ + n)
,

which itself arises from rewriting the sum as a difference of two infinite hyperge-

ometric series evaluated at 1 and applying the Gauss theorem for hypergeometric

series.

Using the asymptotic equivalence Γ(m+δ) ≈ Γ(m)mδ and limit (m+θ)α−mα → 0,

the Stirling formula
(
ωm
k

)
≈ 1

k!
ωkm for the binomial coefficient, and then the limit

ωm
mα
→ c, the first line of (6.23) can be simplified to yield a limiting form:

(
ωm
k

)[ Γ(θ+m)
Γ(θ+n)

Γ(α+θ+m)
α·Γ(α+θ)

− Γ(θ+m)·Γ(α+θ+n)
α·Γ(α+θ)·Γ(θ+n)

]k

≈
(
ωm
k

)[ 1
Γ(θ+n)

mα

αΓ(α+θ)
− Γ(α+θ+n)

αΓ(α+θ)Γ(θ+n)

]k

≈ 1

k!

[
ωmm

−α ·
1

Γ(θ+n)

1
αΓ(α+θ)

− Γ(α+θ+n)
mααΓ(α+θ)Γ(θ+n)

]k
(6.24)

≈ 1

k!

[
c ·

1
Γ(θ+n)

1
αΓ(α+θ)

− Γ(α+θ+n)
mααΓ(α+θ)Γ(θ+n)

]k
→ 1

k!

(
c
αΓ(α + θ)

Γ(θ + n)

)k
.

Similarly, the second line of (6.23) can be simplified by Lemma 6.6.4, using the

asymptotic equivalence Γ(m+ δ) ≈ Γ(m)mδ and the limits (m+ θ)α−mα → 0 and
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ωm
mα
→ c, to yield[ Γ(α+θ+m)

α·Γ(α+θ)
− Γ(θ+m)·Γ(α+θ+n)

α·Γ(α+θ)·Γ(θ+n)

Γ(θ+m)
Γ(θ+1)

+ Γ(α+θ+m)
α·Γ(α+θ)

− Γ(θ+m)·Γ(α+θ+1)
α·Γ(α+θ)·Γ(θ+1)

]ωm
(6.25)

≈

[
mα − Γ(α+θ+n)

Γ(θ+n)

mα − θΓ(α+θ)
Γ(θ+1)

]cmα
→ exp

{
c

(
θΓ(α + θ)

Γ(θ + 1)
− Γ(α + θ + n)

Γ(θ + n)

)}
.

Substituting back into (6.23), we obtain the V of the 3-parameter IBP.

b) From Theorem 4 of Berti et al. [11], it follows that

P
V 3IBP,α,θ(

cαΓ(α+θ)
Γ(θ+1)

)

(Kn

nα
→ c

)
= 1.

c) To check that the only regular paths are those paths ω ∈ NN
0 such that wm

mα
→ c

for some c ≥ 0, suppose otherwise; i.e., let ω ∈ NN
0 be a regular path, but assume

wm
mα

does not converge to some finite c ≥ 0. If (wm
mα

)m∈N has at least two distinct

subsequential limits, then, from the proof of part (a), we see that dm,ωmn,k /dm,ωm has

at least two distinct subsequential limits, a contradiction, and so wm
mα
→ ∞. But

then it follows from equations (6.23), (6.24), and (6.25); the asymptotic equivalence

Γ(m + δ) ≈ Γ(m)mδ and limit (m + θ)α − mα → 0; and finally an application of

Lemma 6.6.5 that
dm,ωmn,k

dm,ωm
→ 0 as m → ∞ for every k ∈ N0. As these limits must

define a probability distribution, this is a contradiction, completing the proof.

In Proposition 6.4.1, the case γ = 0 corresponds to the degenerate feature allocation

with no features with probability one, corresponding to Vn,0 = 1 and Vn,k = 0 for all

n ∈ N and k ≥ 1. This solution is induced by the path ωm = 0 for all m ∈ N, which has

probability one under this degenerate law.

6.4.2 Case α = 0

For θ fixed and positive, the V of the 2-parameter IBP are of the form

V 2IBP,θ
n,k (γ) =

1

k!

(
γ

(θ + 1)n−1↑

)k
exp

(
−

n∑
i=1

γ
(θ)i−1↑

(1 + θ)i−1↑

)
=

1

k!

(
γ

(θ + 1)n−1↑

)k
exp

(
− γ

n∑
i=1

θ

θ + i− 1

)
,

with the convention that, when γ = 0, we recover the degenerate feature allocation with

no features. Define PV 2IBP,θ = {PV 2IBP,θ(γ) ∈ PV0,θ
: γ ≥ 0}.

Proposition 6.4.2. Let α = 0 and θ > 0.
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a) The elements of the set PV 2IBP,θ belong the maximal boundary of PV0,θ
and they are

induced by paths w ∈ N∞0 s.t. wm
log(m)

→ γ;

b) The elements of PV 2IBP,θ also belong to the minimal boundary of PV0,θ
, i.e., they are

extreme points of PV0,θ
;

c) The elements of PV 2IBP,θ are the only extreme points, i.e., PV 3IBP,θ coincides with

the maximal and the minimal boundary.

Proof. a) We must check that

lim
m→∞
wm

log(m)
→γ

dm,ωmn,k

dm,ωm
= V 2IBP,θ

n,k (γ). (6.26)

From Proposition 6.3.1,

dm,ωmn,k

dm,ωm
=

(
ωm
k

) [
(θ +m− 1)m−n↓

]k [∑m−n
i=1 (θ)m−i↑ (θ +m− 1)i−1↓

]l−k[
(θ +m− 1)m−1↓ +

∑m−1
i=1 (θ)m−i↑ (θ +m− 1)i−1↓

]ωm
=

(
ωm
k

)[ Γ(θ+m)
Γ(θ+n)

Γ(θ+m)
Γ(θ)

∑m−n
i=1

1
θ+m−i

]k[ Γ(θ+m)
Γ(θ)

∑m−n
i=1

1
θ+m−i

Γ(θ+m)
Γ(θ)

∑m−1
i=1

1
θ+m−i + Γ(θ+m)

Γ(θ+1)

]ωm
,

where the second equality follows from the identity

m−n∑
i=1

(θ)m−i↑ (θ +m− 1)i−1↓ = (θ)m↑

m−n∑
i=1

1

θ +m− i
.

Using the Stirling formula for the binomial coefficient,
(
ωm
k

)
≈ 1

k!
ωkm, and the identity∑m

i=1
1

θ+m−i =
∑m−n

i=1
1

θ+m−i +
∑n

i=1
1

θ+n−i , we have

dm,ωmn,k

dm,ωm
≈ 1

k!

[
ωm

Γ(θ)
Γ(θ+n)∑m−n

i=1
1

θ+m−i

]k[∑m−n
i=1

1
θ+m−i∑m

i=1
1

θ+m−i

]ωm

≈ 1

k!

[
ωm∑m−n

i=1
1

θ+m−i

Γ (θ)

Γ (θ + n)

]k[ ∑m−n
i=1

1
θ+m−i∑m−n

i=1
1

θ+m−i +
∑n

i=1
1

θ+n−i

]ωm
.

Therefore, by Lemma 6.6.4 and the fact that log(m) ≈
∑m−n

i=1
1

θ+m−i and ωm/ log(m)→
γ, we have

dm,ωmn,k

dm,ωm
≈ 1

k!

[
γ

Γ (θ)

Γ (θ + n)

]k [
log(m)

log(m) +
∑n

i=1
1

θ+n−i

]γ log(m)

→ 1

k!

[
γ

Γ (θ)

Γ (θ + n)

]k
exp

(
− γ

n∑
i=1

1

θ + n− i

)
,

as m→∞, recovering the V of the 2-parameter IBP.
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b) This also follows from Theorem 4 of Berti et al. [11], which establish that

PV 2IBP,θ(γ)

( Kn

log(n)
→ γ

)
= 1.

c) To check that the only regular paths are those paths ω ∈ NN
0 such that ωm

log(m)
→ γ for

some γ ≥ 0, we can repeat the same argument as in the proof of Proposition 6.4.1,

part (c). First, we note that if ( wm
log(m)

)m∈N has at least two distinct subsequential

limits, then ω cannot be regular, because the proof of point (a) shows that there

will be two distinct induced laws, a contradiction. If ωm
log(m)

→ ∞ as m → ∞, then

it follows again from Lemma 6.6.5 that
dm,ωmn,k

dm,ωm
→ 0 as m → ∞ for all k ∈ N0, a

contradiction.

6.4.3 Case α < 0

From formula (2.20), we see that the Beta–Bernoulli is of form (6.5), with V of the form

V BB,α,θ
n,k (N) =

(
N
k

)(−αΓ(θ+α)
Γ(θ+α+n)

)k(Γ(θ+α)Γ(θ+n)
Γ(θ+α+n)Γ(θ)

)N . (6.27)

for all N ∈ N. As before, when N = 0, we consider the feature allocation with no feature

with probability one. Define PV BB,α,θ = {PV BB,α,θ(N) ∈ PVα,θ : N ∈ N0}.

Proposition 6.4.3. Let α < 0 and θ > −α.

a) The elements of the set PV BB,α,θ belong the maximal boundary of PVα,θ and they are

induced by paths w ∈ N∞0 s.t. wm → N ;

b) The elements of PV BB,α,θ also belong to the minimal boundary of PVα,θ , i.e., they are

extreme points of PVα,θ ;

c) The elements of PV BB,α,θ are the only extreme points, i.e., PV BB,α,θ coincides with

the maximal and the minimal boundary.

Proof. a) We must check that

lim
m→∞
wm→N

dm,ωmn,k

dm,ωm
= V BB,α,θ

n,k (N). (6.28)

Starting with Proposition 6.3.1 and following similar steps as for the case 0 < α < 1,

we obtain the approximation

dm,ωmn,k

dm,ωm
≈
(
ωm
k

)( 1
Γ(θ+n)

mα

αΓ(α+θ)
− Γ(α+θ+n)

αΓ(α+θ)Γ(θ+n)

)k(
mα − Γ(α+θ+n)

Γ(θ+n)

mα − θΓ(α+θ)
Γ(θ+1)

)ωm

, (6.29)
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assuming ωm → N and α < 0. Taking the limit as m→∞, we obtain

dm,ωmn,k

dm,ωm
→
(
N

k

)[
−αΓ (α + θ)

Γ (α + θ + n)

]k [
Γ (α + θ + n) Γ (θ)

Γ (α + θ) Γ (θ + n)

]N
.

b) This follows since under a Beta–Bernoulli model with N features, Km → N a.s.

Indeed, the probability of each feature, qj, is a.s. strictly positive, being Beta

distributed. The probability of this feature having all zeros in a m-individuals

allocation is (1− qk)m, which tends to zero as m→∞.

c) By the a.s. monotonicity of regular paths, as m → ∞, the number of features ωm

either diverges or converges to a finite (integer) limit. The divergent paths cannot

be regular for α < 0, because for these paths, (6.29) diverges as m → ∞. Hence,

the only regular paths are those of part (a). .

6.5 Discussion and future work

In this chapter, we have considered the class of consistent exchangeable feature allocations

with EFPF of the form (6.5). While this is a tractable family, the only elements of this

class are mixtures over γ of the 2 and 3-parameter IBP or mixtures over N of the Beta–

Bernoulli model. From both an applied and theoretical perspective, it would be of interest

to have larger but still tractable classes of exchangeable feature allocations. Finding new

tractable priors for feature models is still an active area of research. Some extensions of the

IBP have recently been proposed in Berti et al. [11] and James [68]. In particular, James

[68] describes a very general framework to construct priors and to do Bayesian inference

for (sparse) matrices. These matrices need not to be binary and indeed his theory work for

matrices with general entries. Analytical computations are handled using an adaptation

of the Poisson Partition Calculus to feature models. Another possible direction of research

would be to study a more general class than (6.5), with form Vn,k
∏k

l=1Wn,ml , for a

triangular array W = (Wn,k : n ∈ N, 0 ≤ k ≤ n). However, a characterization of W in

this case would seem to be much more complicated than Proposition 6.2.1.

6.6 Appendix

In this appendix section, we collect proofs of some facts mentioned in this chapter. These

proofs are generally quite simple and have been moved to this separate section to improve

readability of the chapter.
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6.6.1 Some Facts

Proposition 6.6.1. Vα,θ is a convex set.

Proof. We want to show that Vα,θ is a convex set, i.e., for all probability measures µ on

BV , V µ ∈ Vα,θ. We have

V µ
n,k =

ˆ
Vα,θ

Vn,kµ(dV )

=

ˆ
Vα,θ

∞∑
j=0

(
k + j

j

)
((α + θ)n↑)

j(θ + n)kVn+1,k+jµ(dV )

=
∞∑
j=0

(
k + j

j

)
((α + θ)n↑)

j(θ + n)k
ˆ
Vα,θ

Vn+1,k+jµ(dV )

=
∞∑
j=0

(
k + j

j

)
((α + θ)n↑)

j(θ + n)kV µ
n+1,k+j,

for all (n, k), where the first and last equality follow from the definition of barycenter,

and the second from the monotone convergence theorem. In a similar manner,

∞∑
j=0

V µ
1,j =

∞∑
j=0

ˆ
Vα,θ

V1,jµ(dV )

=

ˆ
Vα,θ

∞∑
j=0

V1,jµ(dV )

=

ˆ
Vα,θ

1µ(dV ) = 1.

Proposition 6.6.2. T (V ) = PV is an isomorphism between convex sets.

Proof. According to Dynkin [33, pg 706], the map T (V ) = PV is a convex isomorphism

if T is invertible and T and T−1 are measurable and preserve the convex structure. T

is 1-1 from Proposition 6.3.1 and it is onto by construction. We prove T is measurable

and preserves the convex structure, proving that the same is true for T−1 can be done in

similar way.

PVα,θ is endowed with the smallest σ-algebra BP that makes the maps PV 7→ PV (A)

measurable for all A ∈ C(N∞0 ). A generator of this σ-algebra is composed by sets {PV ∈
PVα,θ : PV (Kn = k) ≤ x} for (n, k) ∈ N × N0 and x ∈ [0, 1]. The inverse image under T

of this set is {V ∈ Vα,θ : Vn,kdn,k ≤ x} (see Proposition 6.3.1 for the definition of dn,k),

which lies in BV . Hence, T is measurable.
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T preserves the convex structure if, for every measure µ on BV , we have T (V µ) = P µ′ ,

where µ′ the push-forward measure of µ on BP (i.e., µ′ = µ◦T−1), and P µ′ is the barycenter

of µ′, defined as

P µ′(A) =

ˆ
PVα,θ

P (A)µ′(dP ), (6.30)

for all A ∈ C(N∞0 ). Using the change of variable formula, it is easy to check that T

preserves the convex structure. Indeed, considering cylinder sets of the form K−1
n {k} for

n ∈ N and k ∈ N0, we have

P µ′(Kn = k) =

ˆ
PVα,θ

P (Kn = k)µ′(dP ) =

ˆ
PVα,θ

P (Kn = k)µ ◦ T−1(dP )

=

ˆ
Vα,θ

dn,kVn,kµ(dV ) = dn,kV
µ
n,k.

Hence, T (V µ) = P µ′ .

Proposition 6.6.3. (Fn,Πn)n∈N forms a specification in (N∞0 , C(N∞0 )).

Proof. According to Dynkin [33], section 5.1, given a directed set L and a measurable

space (Λ,F), a specification on this is space (FΛ,ΠΛ)Λ∈L is a family of sub-σ-algebras and

Markov operators satisfying

(i) FΛ′ ⊆ FΛ, if Λ′ � Λ;

(ii) ΠΛ′ΠΛ = ΠΛ′ , if Λ′ � Λ;

(iii) ΠΛf ∈ FΛ, for all f ∈ F ;

(iv) ΠΛf = f , for all f ∈ FΛ.

In our context, with L = N and the sub-σ-algebras and Markov operators defined in

section 3.1, formula (6.15), (i), (ii), and (iv) follow immediately. To check (ii), it is enough

to check for indicators of measurable sets. In particular, for f = 1A, with A ∈ C(N∞0 ), we

must check ˆ
N∞0

Qn(ω′, A)Qn+1(ω, dω′) = Qn+1(ω,A).

Indeed, it is enough to check this condition for a thin cylinder A of the form K−1
1 {k1} ∩

K−1
2 {k2} ∩ . . . K−1

m {km} for m > n+ 1 and ki ∈ N0 for all i ≤ m,
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ˆ
N∞0
Qn(ω′, A)Qn+1(ω, dω′)

=

ˆ
N∞0

P (K1 = k1, . . . , Km = km|Fn)(ω′)P ((Kl)l∈N ∈ dω′|Fn+1)(ω)

=

ˆ
N∞0

P (K1 = k1, . . . , Kn−1 = kn−1|Kn = kn)

· 1(ω′n = kn) . . .1(ω′m = km)P ((Kl)l∈N ∈ dω′|Fn+1)(ω)

= P (K1 = k1, . . . , Kn−1 = kn−1|Kn = kn)

·
ˆ
N∞0

1(ω′n = kn) . . .1(ω′m = km)P ((Kl)l∈N ∈ dω′|Fn+1)(ω)

= P (K1 = k1, . . . , Kn−1 = kn−1|Kn = kn)P (Kn = kn|Fn+1)(ω)

· 1(ωn+1 = kn+1) . . .1(ωm = km)

= P (K1 = k1, . . . , Km = km|Fn+1)(ω) = Qn+1(ω,A).

6.6.2 Technical Lemmas

We state here two technical results about asymptotic equivalence of functions which are

used in the proofs of 6.4.1 and 6.4.2. Write f ≈ g to denote that f(m)/g(m) → 1 as

m→∞, and note that fi ≈ gi implies f1 + f2 ≈ f1 + g2 ≈ g1 + g2 and f1f2 ≈ f1g2 ≈ g1g2.

In general, it does not hold that f f2

1 ≈ gg2

1 . The following two results characterize special

cases:

Lemma 6.6.4. Let g(m) → ∞ as m → ∞, let f ≈ g and h/g → c for some constant

c ≥ 0. Then, for every p, q ∈ R, we have(
f(m)− p
f(m)− q

)h(m)

≈
(
g(m)− p
g(m)− q

)c g(m)

→ ec (q−p) (6.31)

Proof. We prove only the first equivalence, because the limiting exponential form is well

known. Taking logarithms, we have

log

[(
f(m)− p
f(m)− q

)h(m)(
g(m)− q
g(m)− p

)c g(m)
]

(6.32)

= c g(m) log
(f(m)− p) (g(m)− q)
(f(m)− q) (g(m)− p)

(6.33)

+ (h(m)− c g(m)) log
f(m)− p
f(m)− q

. (6.34)
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The arguments to the logarithms can we written as

(f(m)− p) (g(m)− q)
(f(m)− q) (g(m)− p)

= 1 +
(f(m)− g(m)) (p− q)
(f(m)− q)(g(m)− p)

(6.35)

and

f(m)− p
f(m)− q

= 1 +
q − p

f(m)− q
. (6.36)

Using the fact that z(m)→ 0 implies log(1 + z(m)) ≈ z(m), and that both terms (6.35)

and (6.36) converge to one, it follows that

(6.32) ≈ c g(m)
(f(m)− g(m)) (p− q)
(f(m)− q)(g(m)− p)

+ (h(m)− c g(m))
q − p

f(m)− q
. (6.37)

It is straightforward to show that the r.h.s. converges to 0.

Lemma 6.6.5. Let f(m) → ∞ as m → ∞, let g(m)/f(m) → ∞ as m → ∞, and let

h ≈ f . For every p > q,(
g(m)

f(m)

)k(
h(m)− p
h(m)− q

)g(m)

→ 0 as m→∞.

Proof. Taking logarithms

k log
g(m)

f(m)
+ g(m) log

{
1 +

q − p
h(m)− q

}
≈ k log

g(m)

f(m)
+ (q − p) g(m)

h(m)− q

≈ k log
g(m)

f(m)
+ (q − p) g(m)

f(m)
→ −∞

as m→∞, completing the proof.
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