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Abstract

The tree edit distance (TED) between two rooted ordered trees with
n nodes labeled from an alphabet ¥ is the minimum cost of trans-
forming one tree into the other by a sequence of valid operations
consisting of insertions, deletions and relabeling of nodes. The tree
edit distance is a well-known generalization of string edit distance
and has been studied since the 1970s. Its running time has seen
steady improvements starting with an O (n®) algorithm [Tai, J.ACM
1979], improved to O(n*) [Shasha, Zhang, SICOMP 1989] and to
O(n®logn) [Klein, ESA 1998], and culminating in an O(n®) algo-
rithm [Demaine, Mozes, Rossman, Weimann, ACM TALG 2010].
The latter is known to be optimal for any dynamic programming
based algorithm that falls under a certain decomposition frame-
work that captures all known sub-n* time algorithms. Fine-grained
complexity casts further light onto this hardness showing that a
truly subcubic time algorithm for TED implies a truly subcubic
time algorithm for All-Pairs Shortest Paths (APSP) [Bringmann,
Gawrychowski, Mozes, Weimann, ACM TALG 2020]. Therefore,
under the popular APSP hypothesis, a truly subcubic time algo-
rithm for TED cannot exist. However, unlike many problems in
fine-grained complexity for which conditional hardness based on
APSP also comes with equivalence to APSP, whether TED can be
reduced to APSP has remained unknown.

In this paper, we resolve this. Not only we show that TED is
fine-grained equivalent to APSP, our reduction is tight enough, so
that combined with the fastest APSP algorithm to-date [Williams,
SICOMP 2018] it gives the first ever subcubic time algorithm for
TED running in n3/29(\/@) time.

We also consider the unweighted tree edit distance problem in
which the cost of each edit (insertion, deletion, and relabeling) is
one. For unweighted TED, a truly subcubic algorithm is known
due to Mao [Mao, FOCS 2022], and later improved slightly by Diirr
[Diirr, IPL 2023] to run in O(n?°1%8) time. Since their algorithm
uses bounded monotone min-plus product as a crucial subroutine,
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and the best running time for this product is (j(n%Tw) < O(n?9857)

(where o is the exponent of fast matrix multiplication), the much
higher running time of unweighted TED remained unsatisfactory. In
this work, we close this gap and give an algorithm for unweighted

TED that runs in (j(naJrTw) time.
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1 Introduction

First introduced by Selkow in the late 1970s [55] as a generalization
of the more than classical (String) Edit Distance Problem (ED), the
Tree Edit Distance Problem (TED) is a problem of significant interest
with applications spanning computational biology [36, 38, 56, 67],
structured data analysis [14, 17, 29], image processing [10, 41, 42,
53], compiler optimization [23] and more.

In the classical formulation of TED, two rooted trees, T and T’,
are given, with nodes arranged in a left-to-right order and labeled
from a set X. The goal is to compute the tree edit distance between T
and T/, denoted by ed(T, T’), defined as the minimum cost required
to transform T into T’ using a sequence of valid operations, which
can be of three types: changing a label ¢ to ¢’ at a cost §(£,¢);
removing a vertex with label ¢ at a cost (¥, ¢), while reattaching its
children to its parent in the original order; or inserting a vertex with
label ¢ at a cost §(¢, £) between an existing node and a subsequence
of consecutive children of that node. In the unweighted tree edit
distance problem, we specify all operations to have cost 1.

Over the past three decades, the algorithms for TED have been
progressively improved, culminating in the current best-known
O(nS) time algorithm by Demaine, Mozes, Rossman, and Weinmann
[23] for two trees on n nodes (see table 1 for a summary).
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For unweighted TED, a slightly subcubic running time O (n%9>4)

was recently shown by Mao [45] and later improved by Diirr [28]
to O(n?9148)_ Nevertheless, even the O(n®) time algorithm for the
more general weighted TED was not easy to obtain. The previous
best [39] ran in O(n® log n) time, and it is unclear whether further
logs can be shaved.

Question 1: Is there an o(n®) time algorithm for TED?

To address this, [12] use fine-grained complexity. They show that
a truly subcubic time (O(n3~¢) for constant & > 0) algorithm for
TED would imply a truly subcubic time algorithm for the All-Pairs
Shortest Paths (APSP) problem, thus refuting the popular APSP
hypothesis of fine-grained complexity (see the survey [63]) which
states that n3~°(1) js needed for APSP on n-node graphs in the
word-RAM model of computation.

This reduction explained why the exponent of the running time
is stuck at 3 but did not address whether any tiny sub-polynomial
improvement can be obtained over n3. More frustratingly, no re-
duction from TED to APSP is known to exist. This makes TED seem
different from the other problems for which APSP-based conditional
lower bounds have been proven (e.g. graph radius, Wiener index,
dynamic maximum matching etc., see [2, 37, 63, 64]) which are
all either known to be fine-grained equivalent to APSP or whose
hardness can be based on even harder problems, such as OMv [37],
or the Exact Triangle problem (which is known to be at least as hard
as both 3SUM and APSP, see [63]). A tantalizing open question is
thus:

Question 2: Is TED fine-grained equivalent to APSP, or can its
hardness be based on a harder problem such as Exact Triangle?

TED was originally conceived as a generalization of string Edit
Distance, and the latter problem has been shown to be very hard
within fine-grained complexity: Edit Distance requires n?=°() not
only under the Orthogonal Vectors conjecture and the Strong Ex-
ponential Time Hypothesis (SETH) [9] but also under even more
believable hypotheses such as NC-SETH, and even O(n?/log®(n))
time algorithms for Edit Distance for large enough ¢ would imply
so-far unattainable Circuit Lower Bounds [1].

Because of all this, it is conceivable that TED is similarly difficult
and that (w.r.t. Question 1) only small polylogarithmic improve-
ments are potentially attainable and (w.r.t. Question 2) it is truly
harder than APSP.

A third question concerns the unweighted TED problem. Mao
[45] showed that a truly subcubic running time is possible for the
problem. The current record for the running time is by Diirr [28]
and is O(n(4@+12)/(@+5) — (n2-9148) 1 Here,  is the n X n matrix
multiplication exponent, where one can multiply two n X n matrices
in O(n®*¢) time for all £ > 0.2 The current bound on w, due to [6],
is w < 2.371339.

There are many structured variants of problems related to APSP
and for a very large number of them, shortly after a truly subcubic

10 hides poly-logarithmic factors.

2Slightly abusing notation, we omit this ¢ from the rest of the paper, which is in
line with the literature. The reader should be aware that in many running times in
the literature that one states in terms of @, a secret ¢ is always hiding. The running
times with a numerical-valued exponent use a strict upper bound on w (such as the
O(n?*>%) running time for unweighted TED of [45]), so this & does not appear.
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time algorithm was found, an O (n(3+©)/2) time (or better) algo-
rithm was also found. There are many such examples, we present a
few:

e The All Pairs Bottleneck Paths [61] and All pairs nonde-
creasing paths [62] problems were first shown to have truly
subcubic time algorithms in the first decade of the century
and are now both known to be solvable in (j(n(3+“)/ 2) time
[24, 25].

e The Min-Plus product of n X n matrices (given A, B, com-
pute C with C[i, j] = ming(A[i, k] + B[k, j]) is known to
be equivalent to APSP in n-node graphs [30] so that under
the APSP Hypothesis it requires n3=°() time. Various struc-
tured variants of the Min-Plus matrix product have been
shown to have truly subcubic time algorithms, e.g. when the
matrices have “bounded differences” [13] or whose entries
are bounded by O(n) and are monotone (non-decreasing
in the rows or columns) [35, 65]. Later, [19] showed that
these variants can be solved in (j(n(3+‘*’)/2) time. These
structured Min-Plus products have many applications for
a variety of fundamental problems, e.g. to many sequence
similarity problems such as Language Edit Distance (aka
Scored Parsing [3, 11, 49]), RNA Folding [5, 47, 49, 66, 69]
and Dyck Edit Distance [11, 22, 31, 48]. All of these problems
now have (j(n(3+“’ )/2) time algorithms.

As TED seems related to APSP and since its unweighted version
is now known to have a truly subcubic algorithm, a natural question
is:

Question 3: Can unweighted TED be solved in (j(n(3+“))/2) time?

Mao’s truly subcubic time algorithm for unweighted TED [45]
can be viewed as a reduction to Bounded Monotone Min-Plus prod-
uct which can be solved in (j(n(3+”) /2) time. The reduction, how-
ever, is not efficient enough to achieve the same running time for
unweighted TED. One way to resolve Question 3 is by presenting a
tight reduction. Is such a reduction possible?

Our Results. We resolve all three questions above. Similarly to
the prior work on TED, we focus on solving the more general edit
distance problem on ordered forests (rather than just single trees):
collections of rooted trees with a left-to-right ordering. Our first
main theorem is a fine-grained reduction from (forest) TED to the
Min-Plus product problem mentioned earlier:

Min-Plus Matrix Multiplication (MUL)

Input: Two m X m matrices A = (a; j) and B = (b; ;).

Output: The distance matrix C = A x B, where C = (c; ;) is
defined as ¢;j = minge[ 1. m{aik + bg j}-

The formal theorem for our reduction is as follows:

TueoreM 1.1. Let F,F’ be forests of sizen = |F|,m = |F’| with
n > m. Then, there is an algorithm computing Tree Edit Distance

between F,F’ in time O ((n/m)1+°(1) . (TMUL(m) + m2+0(1))).

If m = n, the theorem states that TED on n-node forests can
be solved in (j(TMUL(n)). We thus complete the missing direction
in establishing the equivalence between TED and APSP, resolving
Question 2. In fact, because our reduction is very efficient and only
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Table 1: Computational bounds of TED across different works. In the unweighted setting, complexities are computed using the
best known bound on the matrix multiplication exponent v < 2.371339 from [6]. The stated bound for [45] additionally uses
results on Rectangular Bounded Monotone Min-plus Product by Diirr [28].

Work Setting Complexity

Tai [58] weighted 0(n%)

Shasha, Zhang [70] weighted O(n%)

Klein [39] weighted O(n®logn)

Demaine, Mozes, Rossman, Weimann [23] weighted o(n?)

Bringmann, Gawrychowski, Mozes, Weinmann [12]  weighted no O(n®~¢) algorithm under APSP
Mao [45] unweighted O (n(4@+12)/(045)) = 0 (n29148)
This work weighted n3 /2@(Vlogn)

This work unweighted O(n3*©)/2) = O(n2-6857)

adds polylogarithmic factors over the APSP running time, we are

also able to resolve Question 1 using Williams’ [68] m3/ 2Q(Vlogm)
running time for APSP.

Cororrary 1.2. Let F,F’ be forests. Then, there is an algorithm
for TED running in time n3/22(Vlogn) \yhere n = max(|F), |F']).

Beyond providing a faster algorithm for TED, corollary 1.2 un-
derscores once again the difference in nature between ED and TED
by demonstrating that, while we (probably) cannot eliminate an
arbitrary number of logarithmic factors for the former, we can do
so for the latter.

The last several TED algorithms (prior to ours) all use the same
dynamic programming approach which was formalized as a de-
composition framework for solving TED [26, 27]. Formalizing the
framework allowed for proving lower bounds on the running time
of any algorithm that falls into that framework. The first such
lower bound was by [26] who showed such algorithms must take
Q(n?log? n) time. The approach culminated in obtaining an Q(n®)
time lower bound [23] for any algorithm that falls within the frame-
work. Since our algorithm runs faster than cubic time, it falls outside
the framework.

We also resolve Question 3 by providing an O(n3+©)/2) time
algorithm for unweighted TED. This is a significant improvement
over Mao’s result [45]. We achieve our result via a tight reduction
to the Bounded Monotone Min-Plus product problem.

Bounded Monotone MUL. (MonMUL)

Input: An m X n matrix A = (a;;) and an n X £ matrix B = (b; ;)
s.t. either for all i € [m], j € [n], a;j < a; j+1 (‘row-monotone”)
orforalli € [m],j € [n], aij < aj+1,j (“column-monotone”).
Output: The distance matrix C = A % B, where C = (c; ) is
defined as ¢; j = minge1.. n{aik + bg j}-

When m = n = £ and D = O(n), MonMUL can be solved in
O(n3+@)/2) [19].

We denote by TmonmuL (m, n, £, D) the running time for comput-
ing MonMUL. When m = n = ¢ = D, we simply write Tponmur (m)
for the running time of MonMUL.

THEOREM 1.3. LetF, ¥’ be forests of sizen = |F|,m = |F’'| withn >
m. Suppose that T ponmur (N, N, N, D) = O(f(N)g(D)). Then, there

is an algorithm computing Unweighted Tree Edit Distance between
F.F in time O ((n/m)“'"(l) . (TMonMUL(m) + m2+°(1)g(m))).

The best known bound for the MonMUL running time [19, 28]
is TmonmuL (N, N, N, D) = O(N(2+®)/2p1/2) Hence, theorem 1.3
implies that given two forests of equal size, we can compute Un-
weighted Tree Edit Distance in O(m3+©)/2) time, matching the
complexity of bounded monotone min-plus product [19] and re-
solving Question 3.

More generally, we obtain the following result.

COROLLARY 1.4. There is an algorithm for Unweighted TED run-
ning in time n'*°W m(1+©)/2 \here n = max(|F|, |F'|) and m =
min(|F], [F]).

At the Core of Our Results: TED Alignment Graphs. The edit dis-
tance between two length-n strings can be represented by examin-
ing the classical dynamic computationonan[1.. (n+1)]x[1.. (n+
1) ] grid. The solution is then traced by following the shortest path
from (1,1) to (n + 1,n + 1). Such graph-based representation is
commonly referred to as an alignment graph.

The power of this representation is evident in the numerous
results for string ED that have either emerged directly from this
visualization or can be clearly illustrated through it (including but
not limited to [15, 15, 16, 20, 32-34, 43, 44, 59]). Consequently, it is
not surprising that specific properties of alignment graphs, such as
border-to-border distances, play a central role. For string ED, these
distances can be computed in O(n?) time [7, 40, 51, 59].

Alignment graphs for TED were introduced as a counterpart to
those for ED and serve as a visualization tool for TED solutions.
However, they appear predominantly in less recent works [8, 46, 60]
and have played a less central role than in ED.

In this work, we reestablish the alignment graph for TED as
a central tool and demonstrate that it provides a more powerful
language and visualization framework for capturing the combi-
natorial structure of solutions than previously recognized. As a
technical contribution, we show that in the alignment graph for
TED, border-to-border distances can be computed in APSP time,
while for unweighted TED, they can be determined in (j(n(3+“’)/ 2.

Prior Attempts to Reduce TED to APSP and MUL. Atleast two prior
papers have attempted to leverage min-plus products for computing
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TED. The first of these works was by Chen [18], who introduced
a dynamic programming scheme formulated using applications
of MUL. However, this did not result in a true reduction, as the
algorithm ran in O(n*) time (Chen initially claimed a running time
of O(n3?), but this was later corrected in [52]). The second work,
by [45], uses bounded difference min-plus products (a special case
of bounded monotone min-plus multiplication) to achieve truly
subcubic time for the unweighted (and very small weight) tree
edit distance problem. However, Mao’s scheme was not powerful
enough to achieve a fine-grained reduction from the general weight
case of TED to MUL.

Other Related Works. Recently, there has been significant interest
in TED approximation algorithms [11, 54] as well as TED when the
distance is bounded [4, 20, 21].

2 Techical Overview

2.1 Similarity and Alignment Graphs

We examine TED through its mapping formulation (as in [45]). This
means that rather than thinking of TED as finding a least-cost
transformation via insertions, deletions, and matches, we shift our
perspective towards seeking a maximum weight mapping between
two forests.

String Similarity. To ease into this formulation, we first discuss
the mapping formulation of (weighted) string edit distance. In the
(String) Edit Distance Problem (ED), we are given two strings A =
ajay ---ap and B = b1by - - - by, and a cost function 8. The goal is
to find the least cost needed to transform A into B, by substituting,
inserting or deleting characters. The costs d(a;, b;j), 6(aj, €), and
8(e,bj) describe the cost of substituting a; with bj, deleting a;, and
inserting b;, respectively.

We define n(a;, bj) = 6(ai, €) + 8(e,bj) — 6(ai, bj) to be the
weight of matching a; with bj. Determining the string edit distance
between A and B translates into calculating sim(A, B), called the
similarity between A and B, and defined as

max <...cize[1..n] { n(ai;, bj,) +n(aiy, bj,) +- - +n(aig, bj,) }
J1<<jk€[1..m]

Thereby, we obtain sim(A, B) = 3; 6(ai, €) + 2 5(e, bj) —ed(A, B).

String Alignment Graphs. The value sim(A, B) is 0 if |[A] = 0 or
|B| = 0, otherwise it can be computed using the formula

sim(A[2..n],B),
max sim(A,B[ 2.. m]),
sim(A[2..n],B[2..m]) +n(a1,b1)

These computations can be reformulated as finding a longest path
on a directed weighted acyclic graph, commonly referred to as
the alignment graph. This graph has as the vertex set the grid
[1..(n+1)]X[1..(m+1)], where each node (i, j) is connected
with an edge of weight zero to its right and upper neighbors, i.e.,
(i+1,j)and (i, j + 1), if they are within the borders. Additionally,
from each node (i,j) € [1..n] X [1..m], there is an edge to
(i+1, j+1) with weight n(a;, bj). Computing sim(A, B) translates
to finding a longest path between (1, 1) and (n+ 1, m + 1) in this
graph. Each time the longest path traverses an edge from (i, j) to
(i+1,j+1) wemap a; to b;.

2170

J. Nogler, A. Polak, B. Saha, V. Vassilevska Williams, Y. Xu, and C. Ye

It is worth noting that in the literature several studies [7, 40,
51, 59] have focused on computing all longest distances from the
lower-left border to the upper-right border in an alignment graph.
For both weighted and unweighted edit distance, this task can be
accomplished in time O((n + m)?).

Tree Similarity. Similarly, given two forests F and F’, define
n(v,0") = 6(v,¢) + 5(¢,0") — 8(v,0v”). The mapping we consider for
TED corresponds to two sequences of distinct nodes vy,...v € F
andvi,...vl’c € F suchthatforall1 <i< j<k:

e v; is an ancestor of v; in F iff 0] is an ancestor of v’; in F’,

e v; is an ancestor of v; in F iff v/, is an ancestor of v} in F/, and

e if neither v; nor v; is the ancestor of the other, v; comes
before v; in the pre-order traversal of F iff o] comes before

v} in the pre-order traversal of F.

The similarity between F and F’, denoted as sim(F, F’), maximizes
Zi1<i<k 7(vi, ), where the maximum is taken over all such map-
pings.

As before, sim(F,F') = Y ,cp 6(v, €) + X e 6(6,0") —ed(F, F').

Forest Alignment Graphs. Suppose we are given the similarities
sim(sub(v), sub(v’)) for all v € F and v’ € F/, where sub(v) indi-
cates the subtree rooted at node v. Then, the value sim(F,F’) can
be computed using Shasha and Zhang’s recurrence scheme [57].
Given forests F and F with pre-order vy,. . ., u|p| and 0, .. "UI’F’I’
they set sim(F,F’) = 0 if F = @ or F/ = @, otherwise, they compute
sim(F, ") using the formula

sim(F\ vy, F'),
max sim(F, F \ 01),

sim(F \ sub(01),F’ \ sub(v})) + sim(sub(v1), sub(v}))

Once again, these computations can be rephrased as finding
the longest path in a directed acyclic graph with a grid as the
vertex set, but only under the condition that we have the values
sim(sub(v), sub(v”)) for allv € F and v’ € F’. With this condition
in place, we can constructa grid [1.. (JF|+ 1) ] x[1.. (JF'|+ 1) ].
Similar to the case of strings, each node (i,i’) is connected to its
right and upper neighbors with an edge of weight zero, i.e., (i+1,i")
and (i, i’ + 1) (if they are within the borders). Additionally, from
each node (i,i") € [1..|F|] X [1..|F’|], there is an edge to (j, j)
with weight sim(sub(o;), sub(v},)). Here, j and j” are the smallest
integers j > i and j’ > i’ such that v; ¢ sub(v;) and v;., ¢ sub(v},).

2.2 Warm-up: TED on Caterpillar Trees

To better understand our algorithm for TED, let us first examine a
more restricted yet significant case.

Caterpillar Trees. Caterpillar trees consist of a central path with
nodes labeled ¢y, ¢, . . ., cn, where c; is the root. Additional, each
central node c¢; has both a left child /; and a right child ri3

Let us examine the similarity mapping for two such caterpil-
lar trees T and T’, of size |T| = 3n,|T’| = 3n’ with node sets

3In standard literature, caterpillar trees can take a more general form. Here, we focus
on a specific type of caterpillar tree, though we continue to refer to them simply as
caterpillar trees.
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Figure 1: Overlaying the alignment graphs for string edit distance for (L,L”) and (R, R") leads to an intuitive visualization of
TED on caterpillar trees under the assumption that central nodes are only mapped to central nodes, left children only to left
ones, and right children only to right ones (assumption A). The problem can be visualized as two paths in the two graphs,
which, whenever they intersect, allow mapping of central nodes to central nodes.

{lisci,ritier1. . nyand{l},c}, i }ic[ 1. ]- We examine such a map-
ping under an additional simplifying assumption: nodes from one
side of the caterpillar T are always mapped to nodes of the same
side of the caterpillar T’.

AssuMPTION A. The nodes {c;}i, {li}i and {ri}i are always only
mapped by sim(T,T’) to nodes in {c};, {I{}i and {r]};, respectively.

Under assumption A, suppose sim(T, T’) maps c; to cl’., and c;
to c;., for i < j, and no further node c;+1, ..., cj-1 is mapped. Then,
the nodes from I;,. .., 1j_1 are mapped to nodes from llf,, sl
asinsim(L[i..j),L’[i"..j")), where L=l - I,,L" =1}, --- 1,
are strings built from the left children of the central nodes. Similarly,
the nodes from r;, ..., r;_1 are mapped to nodes from rlf,, . Y
asinsim(R[i..j),R'[i"..j")),whereR=r1---rn, R =1], - 17,
are strings built from the right children of the central nodes.

This brings us to the visualization of sim(T, T”) (under assump-
tion A) illustrated in fig. 1. Considera[1.. (n+1) ] x[1..(n +1)]
grid, and overlay on it the alignment graphs for string edit dis-
tance for (L,L’) and (R, R’). Then, sim(T, T’) can be visualized as
two paths from (1,1) to (n+ 1,n” + 1) in the two respective align-
ment graphs. Whenever these paths intersect at a grid point (i, i),
sim(T, T’) has the opportunity to map ¢; to c;,, provided neither c;
nor c;, has been mapped previously.

Henceforth, we denote by sim((x,x”), (y,y’)) the maximum
value achievable by a sum of three terms:

(1) the weight of a path from (x,x") to (n + 1,n’ + 1) in the
alignment graph of sim(L, L");

(2) the weight of a path from (y,y’) to (n + 1,n’ + 1) in the
alignment graph of sim(R,R’); and

(3) a sum of values of the form 5(c;, c},) for (i,i’) where the
two paths intersect, provided each ¢; and ¢, appears at most
once.

By the previous discussion, sim(T,T’) = sim((1, 1), (1,1)) under
assumption A.
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Reduction of Caterpillar TED (under Assumption A) to APSP. To
compute sim((1, 1), (1,1)), we utilize a divide-et-impera scheme.
Given a rectangle in the grid defined by the lower-left corner (a, a’)
and the upper-right corner (b, b’), along with sim((x,x"), (y,y’))
for all (x,x”), (y,y’) on the upper-right border of the rectangle, our
task is to determine sim((x, x”), (y,y")) for all (x, x"), (y,y’) on the
lower-left border of the rectangle. Note that computing the inputs
becomes trivial when the rectangle we are considering is the whole
grid.

Let a < r < b. We split the rectangle vertically into two smaller
rectangles (see fig. 2): one with corners (a,a’) and (r, b”) and the
other with corners (r,a’) and (b,b”). We aim to recurse on those
two subrectangles.

For the right subrectangle, we can directly recurse since its inputs
are a subset of those for the full rectangle.

For the left subrectangle, we must compute its input before re-
cursing on it. First, let us consider sim((x, x’), (y,y")) for all (x, x"),
(y,y’) € [a..r]x b’. These values corresponds to the case where
both paths cross the upper border [a..r] x b’ in fig. 2. Note that
these values are part of the input for the entire rectangle.

Similarly, when both paths cross the right border of the left
subrectangle, i.e. r X [a’..b" ], no work needs to be done, as we
can obtain the inputs from the right subrectangle’s output.

Next, suppose the path in sim(L, L) crosses the upper border
at (x,b’) for some x € [a..r], and the path in sim(R,R’) crosses
the right border at (r,y’) for some y’ € [a’..b"]. Then, we can
decompose the path in sim(R, R") into two parts (see fig. 2), and
compute sim((x,b’), (r,y’)) as

im(R[r.. Ry .. w
(w,w’)e([r..b]n>l<%)’()u(b><[a’..b’]){Slm( [re-w). KTy . w"))

+sim((x,b'),(w,w’))}. (1)

In this maximization, the latter summands are part of the input
for the full rectangle, and the former summands are border-to-
border paths in an alignment graph which can be computed in time
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(n+1,n" +1)
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(x,0")

(w, w’)
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Figure 2: The figure illustrates an instance of the recursive scheme used to solve TED on caterpillars. The inputs can be visualized
as fixing the starting points of the two paths on the upper right border (in orange) of the rectangle, and we are determining the
maximum value achievable from there onwards. We are required to compute the same values for the lower left border (in
purple). The divide-et-impera scheme divides the rectangle vertically into two smaller ones, parameterized by the corners
(a,a’), (r,b’) and (r,d’), (b,b). The figure also demonstrates how to compute the inputs for the scheme on the left subrectangle
for one specific case: one path leaves the upper border, and the other exits from the right border.

O(m?), where m = max(b—a, b’ —a’). Equation (1) can be computed
concurrently for all such x and ¢’ via a max-plus product? in time
O(TpmuL(m)).

The case where the path in sim(L, L’) crosses the right border
of the left subrectangle, and the the path in sim(R, R’) crosses the
upper border of the left subrectangle can be handled symmetrically.
This allows us now to recurse on the left subrectangle as well.

It remains to discuss how to patch together the outputs of the
two subrectangles to get the outputs of the full rectangle. For the
sake of brevity, we omit discussing this here, but it is not difficult to
see that by employing similar calculations to those before (border-
to-border paths in an alignment graph combined with the outputs
of the two subrectangles via max-plus products), we can calculate
sim((x,x”), (y,y")) for all (x,x”), (y,y’) on the lower-left border of
the rectangle, ignoring the contribution arising from ¢4 or ¢/, being
mapped to other central nodes. With some additional computations
(which requires redefining sim((x, x"), (y,y’)) to compute 2% values
instead of one, depending on whether central nodes cg, cp, c;,, c;),
were already mapped or not), we can factor in these contributions
and compute the desired output for the entire rectangle.

This shows how the divide-et-impera scheme can handle vertical
cuts. By symmetry of the problem, the scheme can handle horizontal
cuts as well, allowing us to split a single instance in four roughly
equal parts to recurse on.

For a rough analysis, let us focus on the case when n = n’ = 2%
for which the scheme always recurses on squares. This results in

4In max-plus products, the minimum operator is replaced by a maximum. Note that
min and max products are equivalent, as one can be transformed into the other by
appropriately reversing the signs of the matrices. For the remainder of this paper, we
treat them as equivalent.
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the recurrence relation T(n) = 4 - T(n/2) + O(TpmuL(n)), which
implies T(n) = O(TpmuL (n)).>

Getting Rid of Assumption A. Up to this point, we argued how
to determine the similarity between two caterpillar trees, T and T’,
under assumption A. In the general case, the mapping of sim(T, T')
(when observed from the root downwards) preserves this assump-
tion up to some point, i.e., there exist a, b, a’, b’ such that nodes

. o , .

inly,...,l;—1 are only mapped to nodes in l1’ e la'—l’ nodes in

r1,...,rp—1 are only mapped to nodes in rf,..., r;,_l, nodes in
H ’ ’

€1, - > Cmin(a,b)—1 are only mapped to nodesincy, . . ., Conin(a b)) —1°

Then, one of two cases can occur:

(1) lq is mapped to c,, nodes in lg41,. .., lp_; are exclusively
mapped to nodes r), _,,...,r;, ., and ¢, is mapped to r;,.
The first and third conditions are optional; if they do not

hold, we include lg, r’,, and I, r;,, respectively, in the middle

a/’
condition.
(2) rq is mapped to c/,, nodes in rq-1, . .., 7441 are mapped to
nodes l;'+1’ e llla'—l’ and ¢}, is mapped to l,;,. As before,

the first and third conditions are optional; if they do not
hold, we include rq, 1, and l; - ll’),, respectively, in the middle
condition.

Without loss of generality, we focus on the former case, as the two
cases are symmetric.

This scenario is depicted in fig. 3 and can be visualized by over-
laying an additional string similarity graph onto the existing ones
in the grid (specifically, the one involved in sim(L, rev(R’)), where
rev(R’) denotes the reversed string R’). When overlaying this simi-
larity graph, we ensure that the indices of rev(R’) align with the

SHere, we assume Ty (n) = Q(n?*¢) for some small £ > 0, a reasonable assumption
given the widely accepted conjecture that no truly subcubic algorithms exist for MUL.
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Figure 3: The general case for similarity mappings on cater-
pillar trees.

indexing of the grid, and the paths in this string alignment graph
travel from the upper-left border to the lower-right border. The
two paths that were previously observed now extend from (1, 1)
to (a,a’) and (b, b’), where I, is mapped to ¢/, and c;, is mapped
to ll’),A Within this new alignment graph, we search for a path con-
necting (a + 1, a’) with (b, b’ +1). If I, is not mapped to ¢/, or ¢ is
not mapped to [/, then this path starts/ends at (a,a”) and (b, b’),
respectively.

The details necessary for considering this final path can be in-
corporated into the earlier divide-et-impera framework, although
it necessitates additional inputs and outputs for the scheme. For
the sake of brevity, we omit details here.
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2.3 From TED on Caterpillar Trees to SED

Spine Edit Distance. Our algorithm for TED on caterpillar trees
generalizes to a problem known as Spine Edit Distance (SED), ini-
tially proposed in [11].

In SED, besides two forests F and F’, we are provided with a
spine for each forest. A spine S C F is any root-to-leaf path within
a forest (in cases where the forest contains multiple trees, the spine
can start from any root of a tree contained in the forest). In SED we
are given the similarity between all pairs of subtrees of F and F/,
provided at least one of the two roots does not lie on a spine. The
task is to compute the similarity for all missing pairs of subtrees.
Put more formally:

Spine Edit Distance (SED)

Input: Two forests F,F/, two spines S € F,§’ € F, and
sim(sub(v), sub(v”)) for all (v,0”) € (FXF)\ (SxS’).
Output: sim(sub(v), sub(v”)) for all (v,0’) € S X §’.

As already noticed in [11], TED can be reduced to SED by em-
ploying appropriate tree decompositions. We prove the following:

LEMMA 2.1. Suppose there exists an algorithm for SED on two
forests H,H' running in time Tggp(m,m’) = O(f(m)g(m’)), where
m = |H|,m’ = [H'| and f(m) = Q(m),g(m’) = Q(m’) are some
functions.

Then, there is an algorithm for TED on two forests F, ¥’ running in
time O(f(n)g(n’) log? max(n’, n)), wheren = |F|,n’ = |F’|.

Reducing spine edit distance to APSP. In the remaining part of this
(sub)section, we describe the main ingredients we need to reduce
SED to APSP.

We can assume, without loss of generality, that F and F’ are
trees (by adding a virtual root and defining weights accordingly to
enforce their deletion).

Let us further decompose Fand F’ into L, S, Rand L', S/, R’, where
R is obtained from F by removing all nodes in S and those to the
left of it. Similarly, L is obtained from F by removing all nodes in
S and those to the right of it. We define L’ and R’ symmetrically.
For simplicity, let us make a similar assumption as in the caterpillar
case.

AssuMPTION B. Forall (v,0”) € SX ', nodes fromL, S, and R are
always only mapped by sim(sub(v), sub(v”)) to nodes of L, S’, and
R’, respectively.

At this point, we can attempt to approach the problem simi-
larly to how we did for caterpillar trees. Provided with the values
sim(sub(v), sub(v”)) for all (v,0’) € (FXF’)\(SxS’) in SED, we can
construct the forest alignment graph of sim(L,L’) and sim(R,R’),
aiming to overlay them on top of each other. Refer to fig. 4 for a
visualization and for some more (informal) discussion.

However, this approach presents two challenges:

o The two forest alignment graphs might have different grid
sizes.

e Identifying meeting points of paths in the two alignment
graphs where nodes from S can be mapped to nodes of §’ is
not as straightforward as for TED on caterpillar trees.

Despite these challenges, we prove the following result:
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Figure 4: To compute sim(F,F’) for the two depicted trees T and T’ under assumption B, we can use the same visualization
approach as before. Specifically, we overlay two tree alignment graphs corresponding to the concatenated left and right
subtrees, tracing two paths that, whenever they intersect at two spine nodes, provide the possibility to map them. These graphs
correspond to LiLy - -+ Ly vs. L1Ly -+ - L/, and rev(RiRz - - - Ry) vs. rev(R{R), - - - R/ ,), shown in blue and teal, respectively. Given the
similarity values sim(sub(v), sub(v”)) for all (v,0") € (FxF’) \ (S x S’), we can construct these trees.

In Spine Edit Distance (SED), instead of computing only sim(F,F’), we also need to determine sim(sub(s), sub(s")) for all (s,s”) €
(Sx$§’). Fortunately, by employing a similar divide-and-conquer approach as used for caterpillars, computing sim(F, F') naturally
leads to obtaining these values as well.

When designing such a divide-and-conquer scheme, the subproblems must be indexed by rectangles whose edges align with
coordinates corresponding to spine nodes. This ensures that no diagonal edges in the tree alignment graphs “jump over” the
sides of the rectangle, allowing for a “clean” partitioning into subproblems.

As with caterpillar trees, removing assumption B would introduce a third path between the two existing ones.
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THEOREM 2.2. Suppose there exists an algorithm computing the
min-plus product of two m X m matrices in time Ty (m).

Then, there is an algorithm for SED running in time O(Tpyp (n) +
n2+0() \where n = max(|F), |F’]).

Observe that theorem 2.2 together with lemma 2.1 yields theo-
rem 1.1. Moreover, note that we establish not only the equivalence
between TED and APSP, but also between SED and APSP.

Central to overcome the aforementioned challenges is the nota-
tion introduced by Mao in [45]. This notation allows us to more
directly formalize the problem in terms of forests, without relying
on paths as an intermediary. Additionally, it leads to a more concise
description of the divide-et-impera strategy that we employ to solve
SED. However, this comes at the cost of obscuring the intuitive
understanding provided by the two crossing paths, which remain
essential for visualizing the structure of the problem.

Forest Edit Distance. Generalizing TED on caterpillar trees on
SED involves a shift from alignment graphs on strings to alignment
graphs on forests. While there are algorithms finding border-to-
border paths in the former in quadratic time, we still need to come
up with an efficient way to compute such distances in the latter.
The objective here is to develop either a truly subcubic algorithm
or a reduction to APSP. We call the problem of finding border-to-
border distances in a forest alignment graph the Forest Edit Distance
problem (FED), and we present it here formulated using Mao’s
notation (to be introduced in the next section).®

Before introducing FED, let us briefly introduce some notation
and the bi-order traversal of a forest, already used in [45]. The bi-
order traversal of a forest F is a sequence of length 2|F| generated
by starting a depth-first traversal from the virtual root, and adding
a node to the sequence whenever we enter or leave a node. We then
use F[x..y) to denote the induced sub-forest of F consisting of
nodes that appear twice in the segment [x ..y — 1] in the bi-order
traversal of F. For example F = F[1..2|F| +1). For anodev € F,
we let [(v) denote the first occurrence of v in the bi-order traversal
of F and r(v) denote one plus the last occurrence of v.

Forest Edit Distance (FED)

Input: Two forests F and F’ and sim(sub(v), sub(v”)) for all

(v,0") e FXF.

Output: The following values:

o sim(F[x..y),F)forallx,y e [1..(2[F|+1)],

sim(F[x..(2[F| + 1)),F’[1..¢y")) for all x € [1..(2|F| +

DLy ell..CIFl+1],

o sim(F,F/[x'..y")) forallx’,y’ e [1..(2|F/|+1)], and

o sim(F[1..y),F[x"..(2]F|+1))) forally € [1..(2|F| +
D]x e[1..QIF|+1)].

We demonstrate that FED can indeed be reduced to APSP, and
we prove:

THEOREM 2.3. Suppose there exists an algorithm computing the
min-plus product of two m X m matrices in time Ty (m).

Then, there is an algorithm for FED running in time O(Tpyp(n) +
n2to()) \where n = max(|F|, |F’|).

®We remark that a different variant of FED was introduced already in [11]. There, it is
defined with the same input, but the only required output is sim(F, F’).
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To address FED, we adopt a divide-et-impera approach. Our
recursive scheme presented in theorem 2.3 builds upon Mao’s de-
composition scheme for forests introduced in [45].

2.4 Unweighted Tree Edit Distance

We now discuss our algorithm for Unweighted Tree Edit Distance.
Consider two forests F, F’ with n,n’ nodes respectively. We can
make two simple observations with respect to the similarity matri-
ces involved in max-plus products in our reduction:

e They are row-monotone and column-monotone.

e Their entries are bounded by O(min(n, n")).

Note that the first observation holds even in the weighted setting.
For example, in Equation (1), for a fixed x, sim((x, b’), (r,y")) must
be non-decreasing in y’. In the unweighted setting, the second
observation additionally holds, since the value of any alignment is
at most twice the number of nodes. In particular, in computing FED
(Theorem 2.3) and SED (Theorem 2.2), we can instead use Bounded
Monotone Min-Plus Matrix Multiplication.

Recall that the min-plus (or max-plus) product of an n X n arbi-
trary integer matrix and an n X n bounded monotone matrix can
be computed in time (j(n(3+“’)/2) [19], with subsequent general-
izations to arbitrary rectangular matrices [28, 50].

Directly applying the observation, we have that SED between
two forests of size m and m’, respectively, can be computed in
time (j(max(m, m’) (3+“’)/2) [19]. This running may be improved
to é(\/min(m, m’) - max(m, m')(2+‘”)/2) by our bound on entries
[28].

Let us see the result we can obtain via Lemma 2.1.

Recall that Lemma 2.1 states that given an O(f(m)g(m’)) al-
gorithm for SED, there is an (j(f(n)g(n’)) algorithm for TED on
two forests of size n,n’. Suppose f(x) = O(x%),g(x) = o(xh).
Setting m’ = 1, we have m@+0)/2 = O(mm’?) = O(m?), so that
a > (2 + w)/2. Similarly, we obtain b > (2 + w)/2, so that we only
obtain a TED algorithm running in time O(n?*®) for two forests
of size n. Even if © = 2, the running time O(n?) is prohibitively
expensive.

In general, a running time (j(min(m, m’)€ max(m, m’)%) can be
upper bounded by O (m™2*(¢:4) py/d) Hence, in order to keep the to-
tal exponents of the two formulations the same, we hope to obtain a
running time with ¢ > d without increasing c+d, i.e., we hope for an
algorithm for SED with running time O (min(m, m’)€ max(m, m’)%)
for ¢ > d and ¢ + d = (3 + w)/2. This is achieved by the following
theorem:

THEOREM 2.4. There is an algorithm for unweighted SED running
in time

(/)00 - (Tagampaun () + 17 D))

wheren = |F|,n’ = |F'|,n > n’, and Trpjonmur (7', n’,n’,D) =
O(f(n’)g(D)) for some functions f, g.

We now illustrate the techniques required to obtain the above
result. Suppose we have two trees F,F’ of size n,n’ with spines
S={r,---,q}LS ={r',---,q’'}. Assume without loss of generality
that n > n’. For simplicity, we again assume Assumption B.

We can formulate the SED problem using a divide-et-impera
scheme. Since n > n’, we only decompose the larger tree F. For a
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Figure 5: The alignment whose value is computed in Equation (2) visualized as a Border-to-Border (BBD) distance computation.
The value of the orange path corresponds to the first summand, or the alignment between F[I(s;) .. [(si+1 ) and F'[x" .. w’ ). The
value of the blue path corresponds to the last summand, or the alignment between F[r(si+1)..r(s; ) and F'[2’..y" ). For every
pair of points on the right border, we have the optimal alignment between sub(si+1) and F'[w’..z").

given threshold y, we can efficiently find a subsequence of spine
vertices I = [s1..s4] with r = s1,q = s4 such that for all i < d,
either [sub(s;) \ sub(si+1)| < y or s; immediately precedes sj4+; in
S.

We can then compute SED recursively in a bottom-up manner.
We begin by computing sim(sub(sy), F'[x"..y")) forall x’,y" €
[1..2|F| + 1). Since sub(sy) is a single node, we can compute
this efficiently. Next, for i < d, given sim(sub(si+1), F'[x"..v"))
for all x’, y’, our hope is to compute sim(sub(s;), F'[x"..y")) for
all x”,y’. First, suppose |sub(s;) \ sub(sj+1)| < y. In this case we
recurse on the smaller problem of size (y,n’). Since there are at
most 3n/y sub-problems in I, the total time on the first case is

T(n,n') = (3n/y) - T(y,n')
which yields total time (n/n’)1*0(1) . p/(+®)/2 gince when y =
O(n’), we apply the recursive scheme employed in Theorem 2.2 in
time n/ (3+©)/2,
Thus, it remains to handle the case where s; immediately pre-
cedes s;j+1. Under Assumption B, we can decompose the similarity

when s; is not aligned, by writing sim(sub(s;),F'[x"..y")) as

Ay <16 1ig) ] { SMELIGs) (i) ) P ')
Z'e[r(q’)..r(r') ]
+sim(sub(si+1), F'[w..2"))

(2)
+sim(F[r(sis1) - . 1(s1) ). F[2 ..y )) }

To handle the case where s; is aligned, say to vertex v, we can
add 7(s;,0) to the value of sim(sub(s;), F’[1(v) + 1..r(v))). For
completeness, we also ensure monotonicity after updating the
values in a post-processing step (i.e. sim(sub(s;),F'[x"..vy")) >
sub(s;, F'[1(v) ..r(0) ) if x” < 1(v) < r(v) = y’). The computation
can be written as a max-plus product of three O(n’) X O(n’) matri-
ces with entries bounded by O(n’) since each entry is a similarity
measure between two forests, one of size at most O (n’). Since the
matrices are also monotone, the summands can be combined in
time TmonmuL (1) = O(n/(3+@)/2),
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The second summand is available to us as part of the bottom-up
recursion. It remains to compute the first and last summand. Con-
sider the first summand. Observe that it is exactly the third output
of FED between F[I(s;) .. [(si+1) ) and F'[I(r’) .. 1(¢") ). Similarly,
the third summand is exactly the third output of FED between
Flr(si+1) .. r(si)) and F'[r(q") .. r(r") ). Since none of the forests
contain any spine nodes S,S’, all inputs to the FED instances are
given by the inputs of the SED instance.

Our goal is now to solve these two FED instances. We can bound
the size of the two forests F[ 1(s;) .. [(si+1) ) and F[ r(sj+1) - . r(si))
by [sub(s;) \ sub(s;+1)|. However, it is possible that for this last term
[sub(s;) \ sub(si+1)| = ©(n) holds, in which case directly applying
Theorem 2.3 on the FED instance already takes O(Tpmonmur (1))
time in this one step alone. Even if the entries are bounded by
O(n’), the output of FED instance is already size Q(n?). How can
we reduce the dependence on n? In our SED application, we have
only used the third output of FED. In fact, we show that all outputs
except the first output (which has size Q(n?)) can be computed
efficiently. Formally, we define the Unbalanced Forest Edit Distance
(UFED) problem as computing all but the first output of FED and
show the following theorem.

THEOREM 2.5. There is an algorithm for unweighted UFED running
in time

(/Y0 (Tyomagun () + 120D g(n') )

wheren = |F|, n’ = |F'|,n > n’ and Trpjonmur (7', n’,n’,D) =
O(f(n’)g(D)) for some functions f, g.

In the remainder of the technical overview of the unweighted
algorithm, we give an overview of the proof of Theorem 2.5. Further
simplifying under Assumption B, our previous discussion shows
that it is enough to only compute the third FED output. To this end,
consider the alignment graph G of two forests F, F’ with vertices
F X F” arranged in a grid where both trees are ordered in pre-order
traversal.

The grid contains horizontal and vertical edges of weight 0 (cor-
responding to vertex deletions) and edges from (v,v") to (w, w’)
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of weight sim(sub(v), sub(v”)) where w (resp. w’) is the first ver-
tex after sub(v) (resp. sub(v”)) in pre-order traversal i.e. the first
vertices that can be aligned after aligning sub(v) and sub(v”). The
desired output of FED then corresponds to computing all distances
from the left border to the right border of the grid. In contrast, the
general FED problem asks to compute all distances from the left
and bottom borders to the right and top borders.

The alignment graph G has dimension n X n’, so ideally we hope
to be able to breaking the it into O(n/n’) subgraphs, each of size
O(n’) x O(n’). Then, we can compute FED on each subgraph and
combine the results using O(n/n’) bounded monotone max-plus
products, thus computing the desired FED output in total time
O((n/n") - TmonmuL (n")). However, in reality, it is not simple to
decompose G to O(n/n’) subgraphs and combine the results, as
there can be edges connecting two nodes that are far away in the
alignment graph. Hence, in our actual algorithm, we apply a divide-
et-impera scheme utilizing Mao’s tree decomposition [45], which
incurs an additional (n/n’)°(!) factor. Still, we obtain the desired
almost-linear dependence on the size of the larger forest n = [F|. In
particular, at least under Assumption B, both FED and SED can be
computed in time O(min(m, m’) (1+©) /2 max (m, m’)1+o(D),

To remove Assumption B, we must be able to additionally com-
pute distances from the left border to the top border in BBD in-
stances, corresponding to the second and fourth outputs of the FED
problem. In the SED instance we then proceed by careful case anal-

ysis to ensure that we consider all possible alignments between the
two forests. Applying Lemma 2.1 then yields an n!*0(1) p/ (1+@)/2
time algorithm for unweighted tree edit distance between forests

of size n,n’ and n > n’, proving Corollary 1.4.
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