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Abstract

In this paper we discuss how to define an appropriate notion of weak topol-
ogy in the Wasserstein space (P2(H),W2) of Borel probability measures with finite
quadratic moment on a separable Hilbert space H.

We will show that such a topology inherits many features of the usual weak topol-
ogy in Hilbert spaces, in particular the weak closedness of geodesically convex closed
sets and the Opial property characterising weakly convergent sequences.

We apply this notion to the approximation of fixed points for a non-expansive map
in a weakly closed subset of P2(H) and of minimizers of a lower semicontinuous and
geodesically convex functional φ : P2(H) → (−∞,+∞] attaining its minimum.
In particular, we will show that every solution to the Wasserstein gradient flow of φ
weakly converge to a minimizer of φ as the time goes to +∞. Similarly, if φ is also
convex along generalized geodesics, every sequence generated by the proximal point
algorithm converges to a minimizer of φ with respect to the weak topology of P2(H).

1 Introduction
Opial proved in [10] that weak convergence in a separable Hilbert space (H, | · |) admits a
nice metric characterization.

*Universitätsplatz 2, 38106 Braunschweig, Germany. Email: e.naldi@tu-braunschweig.de
†Via Roentgen 1, 20136 Milan, Italy. Email: giuseppe.savare@unibocconi.it

1



Theorem (Opial). Let (xn)n∈N be a sequence in H weakly converging to x ∈ H. Then

|y − x|2 + lim inf
n→∞

|xn − x|2 ≤ lim inf
n→∞

|xn − y|2. (1.1)

In particular, for every y 6= x

lim inf
n→∞

|xn − x| < lim inf
n→∞

|xn − y|. (1.2)

The proof can be easily obtained by passing to the limit in the identity

|xn − y|2 = |xn − x|2 + |x− y|2 + 2〈xn − x, x− y〉, (1.3)

observing that limn→∞〈xn−x, x−y〉 = 0 by weak convergence. It is worth noticing that
(1.2) shows that the weak limit x of a sequence (xn)n∈N is the unique strict minimizer of
the function

L(y) := lim inf
n→∞

|xn − y|. (1.4)

Opial property (further extended and studied in more general Banach spaces, see e.g. [11])
has many interesting applications. A first one, which already appears as a relevant mo-
tivation in Opial’s paper [10], is related to the approximation of a fixed point of a non-
expansive map T : C → C defined in a closed and convex subset of H. If the set of fixed
points of T is not empty and limn→∞ |Tn+1x − Tnx| = 0 for some x ∈ C, then the
sequence of iterated maps (Tnx)n∈N weakly converges to a fixed point y ∈ C of T as
n→∞.

A second kind of applications concerns the dynamic approximation of minimizers of a
convex and lower semicontinuous function ϕ : H → (−∞,+∞] as the asymptotic limit
of its gradient flow or of the so called Proximal Point Algorithm.

More precisely, if arg minϕ 6= Ø, Bruck [3] proved that every locally Lipschitz curve
x : (0,+∞)→ H solving the differential inclusion (the gradient flow generated by ϕ)

d

dt
x(t) ∈ −∂ϕ(x(t)) a.e. in (0,∞), (1.5)

weakly converges to a minimizer x∞ of ϕ as t ↑ ∞. An analogous asymptotic behaviour
is exhibited by the solutions to the Proximal Point Algorithm: selecting an initial datum
x0 ∈ H and a time step τ > 0, one considers the sequence (xkτ )k∈N which recursively
solves the variational problem

xkτ minimizes y 7→ 1

2τ
|y − xk−1τ |2 + ϕ(y). (1.6)

A result of Martinet [6, 7] (see also Rockafellar [12]) shows that the sequence (xkτ )k∈N
weakly converges to an element x∞ of arg minϕ.
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The aim of the present paper is to study the extension of the Opial Lemma to the metric
space (P2(H),W2) of Borel probability measures on H endowed with the Kantorovich-
Rubinstein-Wasserstein distance W2 and to derive similar applications to fixed points and
to convergence of gradient flows and proximal point algorithms.

Let us recall that a Borel probability measure µ in H belongs to P2(H) if

the quadratic moment
∫
H

|x|2 dµ(x) is finite. (1.7)

The squared Wasserstein distance between µ1, µ2 ∈ P2(H) can then be defined as the
solution of the Optimal Problem with quadratic cost

W 2
2 (µ1, µ2) := min

{∫
H×H
|x1 − x2|2 dµ(x1, x2) : µ ∈ Γ(µ1, µ2)

}
,

where Γ(µ1, µ2) denotes the set of couplings between µ1 and µ2, i.e. the Borel proba-
bility measures in H × H whose marginals are µ1 and µ2 respectively. It turns out that
(P2(H),W2) is a complete and separable metric space, which contains an isometric copy
of H given by the Dirac masses {δx : x ∈ H} (see e.g. [15, 1, 13]).

Since the distance in P2(H) cannot be derived by a norm, a first natural question concerns
the appropriate definition of a suitable weak topology in P2(H), which enjoys at least
some of the most useful properties of weak convergence in Hilbert spaces:

(a) bounded sequences admit weakly convergent subsequences,

(b) the distance function from a given element is a weakly lower semicontinuous map,

(c) the scalar product is sequentially continuous w.r.t. strong/weak convergence of their
factors,

(d) weakly convergent sequences are bounded,

(e) strongly closed convex sets are also weakly closed.

A first approach, adopted in [1], is to work with the Wasserstein distance induced by a
weaker metric on H, which metrizes the weak topology on bounded sets. This provides a
satisfactory answer to the first three questions (a,b,c), at least for bounded sequences.

Here we rely on a different point of view, recalling that the topology of P2(H) could be
equivalently characterized as the initial topology induced by the family of real functions
Fζ : P2(H)→ R where

Fζ : µ→
∫
H

ζ dµ, ζ ∈ C(H), sup
x∈H

ζ(x)

1 + |x|2
<∞, (1.8)

i.e. the coarsest topology such that makes all the functions Fζ in (1.8) continuous. We
thus define the weak topology in P2(H) as the initial topology σ(P2(H),Cw2 (H)) induced
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by Fζ as ζ varies in the set

Cw2 (H) :=
{
ζ : H→ R is sequentially weakly continuous, lim

|x|→∞

ζ(x)

1 + |x|2
= 0
}
,

(1.9)
and we call Pw2 (H) the corresponding topological space

(
P2(H), σ(P2(H),Cw2 (H))

)
. In

this way, Pw2 (H) inherits the weak∗ topology of a subset of the dual of the Banach space
Cw2 (H).

We notice that the topology of Pw2 (H) is strictly coarser than the topology of P2(H) even
if H is finite dimensional: in this case Cw2 (H) contains all the continuous functions ζ :
H→ R such that

lim
|x|→∞

ζ(x)

1 + |x|2
= 0. (1.10)

If we consider, e.g., the sequence of measures µn = (1 − 1
n )δ0 + 1

nδ
√
n in P2(R), it is

easy to check that µn → µ = δ0 in Pw2 (R) since for every ζ ∈ Cw2 (R)

lim
n→∞

∫
R
ζ dµn = lim

n→∞

((
1− 1

n

)
ζ(0) +

1

n
ζ(
√
n)
)

= ζ(0) =

∫
R
ζ dµ,

where ζ(
√
n)/n → 0 thanks to the asymptotic property of (1.10). On the other hand,

choosing ζ(x) = x2, which clearly satisfies (1.8), we have
∫
R x

2 dµn = 1 for every
n, so that the sequence (µn)n∈N+ has no limit points in P2(H). When H has infinite
dimension, the difference between the weak Pw2 (H) and the strong P2(H) topology also
affects sequences of measures with uniformly bounded support: if (en)n∈N is a sequence
of orthonormal vectors in H and µn := δen , we have W2(µm, µn) =

√
2 for every

m,n ∈ N, so that (µn)n∈N has no limit points in P2(H), whereas µn → δ0 in Pw2 (H) as
n→∞ since ζ(en)→ ζ(0) for every sequentially weakly continuous function ζ.

We will show that the weak topology of Pw2 (H) satisfies all the previous properties (a,. . . ,e).
In particular, we will prove that every lower semicontinuous geodesically convex function
φ : P2(H)→ (−∞,+∞] is also sequentially lower semicontinuous w.r.t. the weak topol-
ogy σ(P2(H),Cw2 (H)). As a byproduct, for every µ0 ∈ P2(H) and τ > 0 the Proximal
Point Algorithm in P2(H) (also known as JKO [5] or Minimizing Movement scheme [1])

µkτ minimizes µ 7→ 1

2τ
W 2

2 (µ, µk−1τ ) + φ(µ) (1.11)

has always a solution (µkτ )k∈N.

Property (c) deserves a further comment: at the level of the underlying Hilbert space H,
the scalar product 〈·, ·〉 is a bilinear map defined in H×H, which is sequentially continuous
with respect to the strong/weak product topology of H (we can denote by Hs × Hw the
corresponding topological space). At the level of probability measures, it is then natural
to study the sequential continuity of the map γ 7→

∫
H×H〈x, y〉dγ, defined for γ ∈ P2(H×

H), with respect to a sort of strong/weak topology weaker than the Wasserstein one. Since
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P2(H×H) cannot be identified with the product space P2(H)×P2(H), it is clear that it is
not sufficient to introduce the weak topology Pw2 (H) on a single factor, but a more refined
notion combining moment conditions and convergence in Hs × Hw is needed. We will
call Psw2 (H×H) such a topological space taylored on Hs×Hw, whose properties we will
also address in Section 3.

We will then show that the Opial property holds in Pw2 (H), with the same structure of
(1.1): if (µn)n∈N is a sequence converging to µ in Pw2 (H) then

W 2
2 (ν, µ) + lim inf

n→∞
W 2

2 (µ, µn) ≤ lim inf
n→∞

W 2
2 (ν, µn) for every ν ∈ P2(H). (1.12)

Applications to the asymptotic convergence of the gradient flows of a lower semicontin-
uous and geodesically convex functional φ : P2(H) → (−∞,+∞] can then be easily
derived by the same strategy of [3], by using the metric characterization of a solution
µ : (0,∞) → D(φ) of the gradient flow of φ in P2(H) in terms of Evolution Variational
Inequalities [1] (see [2] for such a metric approach to (1.5) in Hilbert spaces)

1

2

d

dt
W 2

2 (µt, σ) ≤ φ(σ)− φ(µt) L 1-a.e. in (0,∞), for every σ ∈ D(φ). (EVI)

Analogous results hold for the convergence of the Proximal Point Algorithm (here we use
the discrete estimates of [1] for (1.11) assuming convexity along generalized geodesics)
and for the approximation of the fixed point of a non-expansive and asymptotically regular
map T defined in a weakly closed subset of P2(H).

Plan of the paper. We will collect in Section 2 the main facts concerning optimal trans-
port and Kantorovich-Rubinstein-Wasserstein distances; we adopt a general topological
framework, in order to include convergence of Borel probability measures with respect to
non metrizable topologies as the weak topology in a Hilbert space.

Section 3 is devoted to the definition of the weak topologies of Pw2 (H) and Psw2 (H×H). In
view of future possible applications, here we adopt a more general viewpoint, considering
probability measures in product spaces Z = Xs × Yw where Xs is a Banach space with
its strong topology and Yw is a reflexive Banach space endowed with its weak topology
under the general p-q growth condition∫

X×Y

(
‖x‖pX + ‖y‖qY

)
dµ(x, y) <∞

and leading to the space Pswpq (X × Y). This is quite useful to deal with the integration of
bilinear forms; when q = p = 2 and X = Y = H is an Hilbert space, we recover the case
which is particularly relevant for our aims. As a byproduct, we will prove the stability of
optimal couplings w.r.t. the convergence in Psw22 (H× H).

Section 4 deals with the weak lower semicontinuity in Pw2 (H) of geodesically convex
functionals. The Opial property in Pw2 (H) is discussed in Section 5.
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The last Section 6 contains the applications to the asymptotic behaviour of gradient flows,
of the Proximal Point Algorithm, and of the iteration of non-expansive and asymptotically
regular maps in P2(H).
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2 Preliminaries

2.1 Radon measures in completely regular topological spaces
Let (X,T) be a Hausdorff topological space. We will denote by B(X) the Borel σ-
algebra inX and by P(X) the set of all Radon probability measures, i.e. Borel probability
measures satisfying the inner approximation property by compact sets

∀B ∈ B(X), ∀ε > 0 ∃Kε ⊂ B compact such that µ(B \Kε) ≤ ε. (2.1)

Recall that if (X,T) is Polish (i.e. its topology is induced by a metric d such that (X, d)
is complete and separable) or it is Lusin (i.e. X admits a Polish topology T′ finer than T)
then every Borel probability measure on X is also Radon. We notice moreover that if µ
is a Radon measure in a metric space X then its support supp(µ) is separable.

We will mostly deal with Borel probability measures in separable Hilbert/Banach spaces
(or dual of separable Banach spaces), possibly endowed with their weak/weak∗ topology.
Clearly a separable Banach space is Polish; the dual of a separable Banach space with its
weak∗ topology is a Lusin space [14, Theorem 7, page 112].

In order to define the natural weak topology of P(X) in such general settings, let us recall
that a topological space (X,T) is called completely regular if it is Hausdorff and for all

6



closed set F ⊂ X and for all x0 ∈ X \F there exists f ∈ Cb(X) (the space of continuous
and bounded real functions defined in (X,T)) such that f(x0) = 0 and f |F ≥ 1. It is
worth noticing that every metric space (X, d) and every Hausdorff topological vector
space (in particular every Banach space endowed with the weak or the weak∗ topology)
are completely regular topological spaces.

Definition 2.1 (Narrow topology in P(X)). Let (X,T) be a completely regular topolog-
ical space. The narrow topology in P(X) is the coarsest topology in P(X) such that all
the functionals µ 7→

∫
X
f dµ, f ∈ Cb(X), are continuous. In particular, we say that a

sequence (µn)n∈N ⊂ P(X) is narrowly convergent to µ ∈ P(X) if

lim
n→∞

∫
X

f(x) dµn(x) =

∫
X

f(x) dµ(x) ∀f ∈ Cb(X). (2.2)

Narrow topology in P(X) is also often called weak topology; since we will mostly deal
with the case when X is a Banach space endowed with its strong or weak topology (and
the corresponding topologies in P(X)), we will adopt the term narrow in order to avoid
possible misunderstandings.

The Prokhorov Theorem (see [4, III-59] for a proof) provides an important criterium for
relative compactness w.r.t. the narrow topology.

Definition 2.2 (Tightness). A subset K ⊂ P(X) is tight if ∀ε > 0 there exists a compact
set Kε ⊂ X such that µ(X \Kε) < ε for all µ ∈ K.

Theorem 2.3 (Prokhorov). Let K be a tight subset of P(X), then K is relatively compact
in P(X) w.r.t. the narrow convergence. Conversely, if X is a Polish space, then every
relatively compact (w.r.t. the narrow convergence) subset of P(X) is tight.

The following result provides an useful integral condition for tightness.

Proposition 2.4. K ⊂ P(X) is tight if and only if there exists a function ϕ : X →
[0,+∞), with compact sublevels, such that

sup
µ∈K

∫
X

ϕ(x) dµ(x) ≤ C < +∞ (2.3)

2.2 Transport of measures
Let Xi, i = 1, 2, be Hausdorff topological spaces, µ ∈ P(X1) and r : X1 → X2 be
a Lusin µ-measurable map (e.g. a continuous map); we denote by r]µ ∈ P(X2) the
push-forward of µ through r, defined by

r]µ(B) := µ(r−1(B)) ∀B ∈ B(X2). (2.4)

A particularly important case is provided by the projection maps in product spaces. For
an integer N ≥ 2 and i, j = 1, ..., N , we denote by πi and πi,j the projection operators
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defined on the product space X := X1 × ...×XN and respectively defined by

πi : (x1, ..., xN ) 7→ xi ∈ Xi, πi,j : (x1, ..., xN ) 7→ (xi, xj) ∈ Xi ×Xj . (2.5)

If µi ∈ P(Xi), i = 1, ..., N , the class of multiple plans with marginals µi is defined by

Γ(µ1, ..., µN ) := {µ ∈ P(X) : πi]µ = µi, i = 1, ..., N}. (2.6)

In the case N = 2, µ ∈ Γ(µ1, µ2) is also called a transport plan or coupling between µ1

and µ2.

Remark 2.5. To every µ1 ∈ P(X1) and every Lusin µ1-measurable map r : X1 → X2

and we can associate the transport plan

µ := (idX1
× r)]µ

1 ∈ Γ(µ1, r]µ
1), where idX1

: X1 → X1 is the identity map.
(2.7)

If µ is representable as in (2.7) then we say that µ is induced by r.

The following gluing lemma guarantees the existence of multiple plans with given marginals.

Lemma 2.6. Let X1, X2, X3 be Lusin or metrizable spaces and let γ12 ∈ P(X1 ×X2),
γ13 ∈ P(X1 × X3) such that π1

] γ
12 = π1

] γ
13 = µ1 ∈ P(X1). Then there exists γ ∈

P(X1 ×X2 ×X3) such that

π12
] γ = γ12, π13

] γ = γ13. (2.8)

We denote by Γ1(γ1 2, γ1 3) the subset of plans µ ∈ P(X1 ×X2 ×X3) satisfying (2.8).

2.3 Optimal Transport and Kantorovich-Rubinstein-Wasserstein spaces
Let (X, d) be a metric space and let p ∈ [1,+∞). We say that a Radon measure µ ∈ P(X)
belongs to Pp(X) if∫

X

dp(x, xo) dµ(x) < +∞ for some (and thus any) xo ∈ X . (2.9)

Definition 2.7. The Lp-Kantorovich-Rubinstein-Wasserstein distance Wp between two
Radon probability measures µ1, µ2 ∈ Pp(X) is defined by

W p
p (µ1, µ2) := min

{∫
dp(x1, x2) dµ(x1, x2) : µ ∈ Γ(µ1, µ2)

}
.

We denote by Γo(µ
1, µ2) ⊂ Γ(µ1, µ2) the convex and narrowly compact set of optimal

plans where the minimum is attained, i.e.

γ ∈ Γo(µ
1, µ2) ⇐⇒

∫
dp(x1, x2) dγ(x1, x2) = W p

p (µ1, µ2).
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It is possible to prove that Γo is not empty and (Pp(X),Wp) is a metric space. It is easy
to check that a set K ⊂ Pp(X) is bounded (i.e. there exists a measure ν ∈ Pp(X) such
that {Wp(µ, ν)}µ∈K is a bounded subset of R) if and only if

sup
µ∈K

∫
X

dp(x, xo) dµ < +∞ for some (and thus any) point xo ∈ X . (2.10)

The following result shows the relationships the narrow topology and the topology in-
duced by the Wasserstein distance Wp.

Proposition 2.8. If (X, d) is separable (resp. complete) then (Pp(X),Wp) is a separable
(resp. complete) metric space. A set K ⊂ Pp(X) is relatively compact iff it has uniformly
integrable p-moments and is tight. In particular, for a given sequence (µn) ⊂ Pp(X) we
have

lim
n→∞

Wp(µn, µ) = 0 ⇐⇒

{
µn narrowly converges to µ as n→∞,
(µn) has uniformly integrable p-moments.

(2.11)

Proposition 2.9 (Stability of optimality and narrow lower semicontinuity). Let (µ1
n),

(µ2
n) ⊂ Pp(X) be two bounded sequences narrowly converging to µ1, µ2 respectively,

and let µn ∈ Γo(µ
1
n, µ

2
n) be a sequence of optimal plans. Then (µn) is narrowly rela-

tively compact in P(X ×X) and any narrow limit point µ belongs to Γo(µ
1, µ2), with

W p
p (µ1, µ2) =

∫
X2

dp(x1, x2) dµ(x1, x2)

≤ lim inf
n→∞

∫
X2

dp(x1, x2) dµn(x1, x2) = lim inf
n→∞

W p
p (µ1

n, µ
2
n).

(2.12)

3 A strong-weak topology on measures in product spaces
Let us consider a separable Banach space X endowed with the strong topology induced
by its norm ‖ · ‖X (we will occasionally use the notation Xs when we want to emphasize
the choice of the strong topology) and a reflexive and separable Banach space (Y, ‖ · ‖Y).
We will denote by Yw the space Y endowed with the weak topology σ(Y,Y′).

We are interested in Radon probability measures in the topological space Xs × Yw. Since
Xs × Yw is endowed with the product topology of two Lusin and completely regular
spaces, it is a completely regular Lusin space as well; in particular Borel measures are
Radon, the set P(Xs × Yw) coincides with P(Xs × Ys), and narrow convergence in
P(Xs × Yw) is well defined.

Let us set Z := X×Y and let us fix p ∈ [1,+∞), q ∈ (1,+∞); we want now to introduce
a natural topology on the subset

Ppq(Z) :=
{
µ ∈ P(Z) :

∫ (
‖x‖pX + ‖y‖qY

)
dµ(x, y) < +∞

}
. (3.1)
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In order to define such a topology, we consider the space Cswpq (Z) of test functions ζ :
Z→ R such that

ζ is sequentially continuous in Xs × Yw, (3.2)
∀ ε > 0 ∃Aε ≥ 0 : |ζ(x, y)| ≤ Aε(1 + ‖x‖pX) + ε‖y‖qY for all (x, y) ∈ X× Y. (3.3)

We endow Cswpq (Z) with the norm

‖ζ‖Csw
pq (Z) := sup

(x,y)∈Z

|ζ(x, y)|
1 + ‖x‖pX + ‖y‖qY

. (3.4)

Remark 3.1. When Y is finite dimensional, (3.2) is equivalent to the continuity of ζ. It
is worth noticing that if p, q are conjugate exponents, any continuous and bilinear map
β : X× Y → R belongs to Cswpq (X× Y). In fact, it is easy to check that β is sequentially
continuous in Xs × Yw and its continuity yields the existence of a constant L ≥ 0 such
that

|β(x, y)| ≤ L‖x‖X ‖y‖Y for every x ∈ X, y ∈ Y,

so that

|β(x, y)| ≤ Lp

pεp/q
‖x‖pX +

ε

q
‖y‖qY for every x ∈ X, y ∈ Y, ε > 0.

This covers in particular the case when Y = X is an Hilbert space and β coincides with
the scalar product 〈·, ·〉 in X.

Lemma 3.2. (Cswpq (Z), ‖ · ‖Csw
pq (Z)) is a Banach space.

Proof. It is obvious that ‖ · ‖Csw
pq (Z) is a norm, we can thus check the completeness. Let

{ζn}n∈N be a Cauchy sequence in Cswpq (Z) and let ζ its pointwise limit, so that for every
η > 0 there exists Nη ∈ N such that

|ζ(x, y)− ζn(x, y)| ≤ η(1 + ‖x‖pX + ‖y‖qY) for every (x, y) ∈ X× Y, n ≥ Nη. (3.5)

If (xk, yk) is a sequence converging to (x̄, ȳ) in Xs × Yw as k →∞ we know that

‖x̄‖pX + ‖ȳ‖qY ≤ R := sup
k
‖xk‖pX + ‖yk‖qY <∞

so that for every n ≥ Nη
lim sup
k→∞

|ζ(x̄, ȳ)−ζ(xk, yk)| ≤ 2(1+R)η+lim sup
k→∞

|ζn(x̄, ȳ)−ζn(xk, yk)| = 2(1+R)η.

Since η is arbitrary, we conclude that ζ is sequentially continuous in Z. Let us eventually
check that ζ satisfies (3.3). For a given ε > 0 we apply (3.5) with η := ε/2 and we pick
up n ≥ Nη . Since ζn belongs to Cswpq (Z), we find Bε ≥ 0 such that

|ζn(x, y)| ≤ Bε(1 + ‖x‖pX) + ε/2‖y‖qY for every (x, y) ∈ X× Y.

Combining such inequality with (3.5) we conclude that

|ζ(x, y)| ≤ |ζ(x, y)− ζn(x, y)|+ |ζn(x, y)| ≤ (ε+Bε)(1 + ‖x‖pX) + ε‖y‖qY.
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Definition 3.3 (Topology of Pswpq (X× Y)). We endow Ppq(X× Y) with the initial topol-
ogy induced by the functions

µ 7→
∫
ζ(x, y) dµ(x, y), ζ ∈ Cswpq (X× Y); (3.6)

we call Pswpq (X× Y) the topological space
(
Ppq(X× Y), σ

(
Ppq(X× Y),Cswpq (X× Y)

))
.

It is obvious that whenever r ≥ p∨ q the Wasserstein topology of Pr(X×Y) (induced by
the Wasserstein distance Wr generated by any product norm in the Banach space X× Y)
is finer than the topology of Pswpq (X× Y) and the latter is finer than the narrow topology
of P(Xs × Yw). The next proposition collects other important properties and justifies the
interest of the Pswpq (X× Y)-topology.

Proposition 3.4. (a) If (µα)α∈A ⊂ Pswpq (Z) is a net indexed by the directed set A and
µ ∈ Pswpq (Z) satisfy

(i) µα → µ narrowly in P(Xs × Yw);

(ii) lim
α∈A

∫
‖x‖pX dµα =

∫
‖x‖pX dµ;

(iii) sup
α∈A

∫
‖y‖qY dµα <∞,

then µα → µ in Pswpq (Z). The converse property holds for sequences: i.e. if A = N
and µn → µ in Pswpq (Z) as n→∞, then properties (a), (b), (c) hold.

(b) For every compact set K ⊂ Pp(X) and every constant c <∞ the sets

Kc :=
{
µ ∈ Pswpq (Z) : π1

]µ ∈ K,

∫
‖y‖qY dµ ≤ c

}
(3.7)

are compact and metrizable in Pswpq (Z) (in particular they are sequentially com-
pact).

Proof. Let us consider the first claim and let (µα)α∈A in Pswpq (Z) satisfy properties (i),
(ii), (iii) with S := supα

∫
‖y‖qY dµα <∞.

We first observe that π1
]µα → π1

]µ in Pp(X). Let us now fix ζ ∈ Cswpq (Z) and for every
ε > 0 let Aε as in (3.3). The function ζε(x, y) := ζ(x, y) + Aε(1 + ‖x‖pX) + 2ε‖y‖qY
is nonnegative and it is also lower semicontinuous w.r.t. the Xs × Yw-topology: in fact,
the sublevels Xε,c := {(x, y) ∈ X × Y : ζε(x, y) ≤ c} of ζε are sequentially closed and
contained in X × {y ∈ X : ‖y‖qY ≤ c/ε} which is a metrizable space, so that Xε,c is
closed in Xs × Yw. It follows that

lim inf
α∈A

∫
ζ dµα = lim inf

α∈A

∫
ζε dµα −Aε

∫ (
1 + ‖x‖pX

)
dµα − 2ε

∫
‖y‖qY

)
dµα

≥
∫
ζε dµ−Aε

∫ (
1 + ‖x‖pX

)
dµ− 2εS ≥

∫
ζ dµ− 2εS
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and, since ε > 0 is arbitrary, lim infα∈A
∫
ζ dµα ≥

∫
ζ dµ. Applying the same argument

to −ζ we conclude that µα converges to µ in Pswpq (X× Y).

In order to prove the converse implication in the case of sequences, let us observe that if
µn → µ in Pswpq (X× Y) then properties (i) and (ii) are obvious. Since Cswpq (X× Y)
is a Banach space and each measure µn induces a bounded linear functional Ln on
Cswpq (X× Y), the principle of uniform boundedness implies that S := supn ‖Ln‖(Csw

pq (Z))′ <
∞, i.e.∫

ζ dµn ≤ S for every ζ ∈ Cswpq (Z), |ζ(x, y)| ≤ 1 + ‖x‖pX + ‖y‖qY. (3.8)

Let now (eh)h∈N be a strongly dense subset of the unit ball of Y′ (the dual of Y, which is
separable as well) and let

ζk(x, y) :=
(

sup
1≤h≤k

|〈y, eh〉|
)q
∧ k (3.9)

Clearly each ζk belongs to the unit ball of Cswpq (Z) so that∫
ζk(x, y) dµn(x, y) ≤ S for every k, n ∈ N. (3.10)

Since ζk(x, y) ↑ ‖y‖qY as k → ∞, Lebesgue Dominated Convergence Theorem yields∫
‖y‖qY dµn ≤ S for every n ∈ N.

(b) Since K is tight and y 7→ ‖y‖qY has compact sublevel in Yw, the set Kc is tight in P(Z)
and it is also closed, so that it is compact in P(Z). Every net (µα)α∈A in Kc has a subnet
(µα(β))β∈B converging to µ ∈ Kc in P(Z). Since π1

]µα is uniformly p-integrable we
deduce limβ∈B

∫
‖x‖pX dµα(β) =

∫
‖x‖pX dµ. Applying the previous claim, we deduce

that µα(β) → µ w.r.t. Pswpq (X× Y). In order to prove the metrizability we observe that
the bounded distance on Y

d$(y1, y2) :=

∞∑
n=1

2−n(|〈y1−y2, en〉|∧1) where (en)n∈N is dense in the unit ball of Y′,

(3.11)
induces a coarser topology than σ(Y,Y′) in Y, so that the L1-Wasserstein distance asso-
ciated to

d((x1, y1), (x2, y2)) := |x1 − x2|X + d$(y1, y2)

induces a coarser topology than the topology of Pswpq (X× Y), which on the other hand
coincides with the Pswpq (X× Y)-topology on the compact set Kc. Kc is therefore metriz-
able.

As we already observed in the Introduction, it is worth noticing that the topology of
Pswpp (X× Y) is strictly coarser than the Wasserstein topology of Pp(X× Y) even when Y
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is finite dimensional. In fact, Cswpp (X× Y) does not contain the function (x, y) 7→ ‖y‖pY,
so that convergence of the p-moment w.r.t. y is not guaranteed.

The previous construction is useful also in the case of a single space Y (we may think that
X reduces to {0}).

Definition 3.5 (The topology of Pwq (Y)). Let Y be a reflexive and separable Banach space
and q ∈ (1,+∞).

(a) Cwq (Y) is the Banach space of sequentially weakly continuous (continuous, if Y is
finite dimensional) functions ζ : Y → R satisfying

∀ ε > 0 ∃Aε ≥ 0 : |ζ(y)| ≤ Aε + ε‖y‖qY for every y ∈ Y, (3.12)

or, equivalently, lim
‖y‖Y→∞

ζ(y)

1 + ‖y‖qY
= 0, endowed with the norm

‖ζ‖Cw
q (Y) := sup

y∈Y

|ζ(y)|
1 + ‖y‖qY

. (3.13)

(b) Pwq (Y) is the topological space of measures in Pq(Y) endowed with the initial
topology σ

(
Pq(Y),Cwq (Y)

)
(or, equivalently, the weak∗ topology of

(
Cwq (Y)

)′
).

The following result is an immediate consequence of Proposition 3.4.

Corollary 3.6. Let Y be a reflexive and separable Banach space and q ∈ (1,+∞).

(a) The topology of Pwq (Y) is finer than the narrow topology of P(Yw); they coincide
on bounded subsets K of Pq(Y), i.e. satisfying

sup
µ∈K

∫
‖y‖qY dµ <∞. (3.14)

(b) a sequence (µn)n∈N converges to µ in Pwq (Y) if and only if

(µn)n∈N converges narrowly in P(Yw) and sup
n∈N

∫
‖y‖qY dµn(y) <∞.

(c) a set K ⊂ Pq(Y) is relatively sequentially compact in Pwq (Y) if and only if it
satisfies (3.14).

(d) If a sequence (µn)n∈N in Pswpq (X× Y) converges to µ in Pswpq (X× Y) then
π2
]µn → π2

]µ in Pwq (Y) (and π1
]µn → π1

]µ in Pp(X)).

Remark 3.7. All the definitions and results of this Section can be easily extended to the
case when Yw is replaced by the dual Y′w∗ of a separable Banach space endowed with its
weak∗-topology and we deal with the product Xs×Y′w∗. We could therefore consider the
spaces Psw∗pq (X× Y′) and Pw∗q (Y′).
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Let us conclude this section with a useful application of the weak topology of Definition
3.3 to the stability of optimal plans in Hilbert spaces.

Theorem 3.8. Let H be a separable Hilbert space, let (µin)n∈N be two sequences in
P2(H), i = 1, 2 with γn ∈ Γo(µ

1
n, µ

2
n), and let µ1, µ2 ∈ P2(H) with γ ∈ Γ(µ1, µ2). If

(µ2
n) is tight in P(Hw) and γn → γ narrowly in P(Hs × Hw) as n→∞, (3.15)

then µ1
n → µ1 narrowly in P(H), µ2

n → µ2 narrowly in P(Hw) and γ ∈ Γo(µ
1, µ2). In

particular, any limit point γ of optimal plans γn in Psw22 (H× H) is optimal as well.

Proof. The statement concerning the convergence of µ1
n and µ2

n is obvious. Since γ has
finite quadratic moment, in order to check its optimality it is sufficient to prove that γ is
concentrated on a cyclically monotone set, i.e. there exists a Borel set M ⊂ H × H such
that γ(H2 \M) = 0 and for every N ∈ N

(xk1 , x
k
2) ∈M, k = 0, · · · , N, with (x01, x

0
2) = (xN1 , x

N
2 ) ⇒

N∑
k=1

〈xk1 − xk−11 , xk2〉 ≥ 0.

(3.16)
The standard idea, i.e. using the convergence of the supports of γn, should be adapted to
the case of the (non-metrizable) weak topology of H. We thus consider also the metric
space (H$, d$), whose metric has been defined by (3.11) (here Y = H); we recall that
the topology induced by d$ coincides with the weak topology on every bounded subset
of H.

Since (µ1
n)n is narrowly convergent in P(H) it is tight, so that we can find a function ψ1 :

H → [0,+∞] with strongly compact sublevels such that
∫
H
ψ1(x) dµ1

n(x) ≤ S1 < ∞
for every n ∈ N. Since (µ2

n) is tight in P(Hw) we can find a function ψ2 : H→ [0,+∞]
with weakly compact sublevels such that

∫
H
ψ2(x) dµ2

n(x) ≤ S2 < ∞ for every n ∈ N.
Let us set σn := (IdH×H×ψ)]γn ∈ P(H2 × [0,+∞)). We have that∫ (

ψ1(x1) + ψ2(x2) + |r|) dσn(x1, x2, r) ≤ S1 + 2S2 (3.17)

so that the sequence (σn)n∈N is tight in P(H×H$×R) (recall (3.11)). Since Hs×H$×R
is metrizable, we can thus extract a subsequence (still denoted by σn) converging to a
limit plan σ ∈ P(H× H× R) such that π12

] σ = γ.

Since σ is a Radon probability measure in H2×R, we can find an increasing sequence of
compact sets Kj ⊂ supp(σ) ⊂ H2×R such that σ(H2×R \∪jKj) = 0. It follows that
γ is concentrated on M := ∪jMj where Mj := π12

(
Kj) are compact sets.

Let now (xk1 , x
k
2), k = 0, · · · , N , be points in M as in (3.16). There exists j ∈ N

and points rk ≥ 0 such that (xk1 , x
k
2 , r

k) ∈ Kj . Since σn is concentrated on the set
(IdH2 ×ψ)(supp(γn)), we can thus find a sequence (xk1,n, x

k
2,n) ∈ supp(γn) such that

xk1,n → xk1 strongly in H, d$(xk2,n, x
k
2)→ 0, ψ2(xk2,n)→ rk in R as n→∞. (3.18)
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Since ψ2 has weakly compact sublevels, we deduce that xk2,n ⇀ xk2 as n→∞. Since γn
is cyclically monotone, we know that

N∑
k=1

〈xk1,n − xk−11,n , x
k
2,n〉 ≥ 0 for every n ∈ N. (3.19)

We can then pass to the limit as n → ∞ in (3.19) and using the sequential continuity of
the scalar product in H× Hw we obtain (3.16).

4 Weak lower semicontinuity of geodesically convex func-
tions in P2(H)

Let (H, | · |) be a separable Hilbert space and let ϕ : H→ R∪{+∞} be a convex function.
It is well known that ϕ is lower semicontinuous w.r.t. the strong topology of H if and only
if it is lower semicontinuous w.r.t. the weak topology. We want to extend this property to
geodesically convex functions φ : P2(H) → R ∪ {+∞}, an important class of functions
introduced by McCann [8].

Let us first recall that a (minimal, constant speed) geodesic (µs)s∈[0,1] in P2(H) connect-
ing two given measures µ0, µ1 ∈ P2(H) is a Lipschitz curve satisfying

W2(µs, µt) = |t− s|W2(µ0, µ1) for every s, t ∈ [0, 1]. (4.1)

Equivalently, it is possible to prove (see e.g. [1]) that a curve (µs)s∈[0,1] is a geodesic if
and only if there exists an optimal plan µ ∈ Γo(µ0, µ1) such that

µs := (π1→2
s )]µ, π1→2

s (x1, x2) := (1− s)x1 + sx2 x1, x2 ∈ H, s ∈ [0, 1]. (4.2)

Definition 4.1. Let φ : P2(H)→ R ∪ {+∞} be a function with proper domain D(φ) :=
{µ ∈ P2(H) : φ(µ) <∞} 6= Ø. φ is geodesically convex if every µ0, µ1 ∈ D(φ) can be
connected by a geodesic (µs)s∈[0,1] in P2(H) along which

φ(µs) ≤ (1− s)φ(µ0) + sφ(µ1) for every s ∈ [0, 1]. (4.3)

Equivalently, there exists µ ∈ Γo(µ1, µ2) such that

φ
(
(π1→2
s )]µ

)
≤ (1− s)φ(µ0) + sφ(µ1) for every s ∈ [0, 1]. (4.4)

Theorem 4.2. Every lower semicontinuous and geodesically convex function φ : P2(H)→
R∪{+∞} is sequentially lower semicontinuous w.r.t. the (weak) topology of Pw2 (H): for
every sequence (µn)n∈N and µ in P2(H) we have

µn → µ narrowly in P(Hw), sup
n

∫
|x|2 dµn <∞ ⇒ lim inf

n→∞
φ(µn) ≥ φ(µ).

(4.5)
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The proof of Theorem 4.2 (at the end of the present section) is based on two preliminary
results; the first one is an application to the Wasserstein space of [9, Theorems 2.10, 2.17].

Theorem 4.3. Let φ : P2(H) → R ∪ {+∞} be a proper, lower semicontinuous, and
geodesically convex function.

(a) φ is linearly bounded from below: there exists µo ∈ P2(H) and `o, φo ∈ R such
that

φ(µ) ≥ φo − `oW2(µ, µo) for every µ ∈ P2(H). (4.6)

(b) For every µ ∈ D(φ) and τ > 0 there exists µτ ∈ D(φ) such that

1

2τ
W 2

2 (µτ , µ) + φ(µτ ) ≤ 1

2τ
W 2

2 (µ, ν) + φ(ν) +W2(µτ , µ)W2(µτ , ν) (4.7)

for every ν ∈ D(φ),

1

2τ
W 2

2 (µτ , µ) + φ(µτ ) ≤ φ(µ) (4.8)

lim
τ↓0

W2(µτ , µ) = 0, lim
τ↓0

φ(µτ ) = φ(µ). (4.9)

We refer to [9] for the proof, where both properties (a) (Theorem 2.17) and (b) (Theorem
2.10) are stated in an arbitrary complete metric space. (b) is an application of Ekeland’s
Variational Principle and holds for arbitrary proper and lower semicontinuous functionals
satisfying the lower bound (4.6).

Lemma 4.4. Let τ > 0, µ, µτ as in (4.7) and (4.8) of Theorem 4.3 and let µτ ∈
Γo(µτ , µ). For every ν ∈ D(φ) and γτ ∈ Γ(µτ , ν) such that π13

] γτ ∈ Γo(µτ , µ)

and φ satisfies the convexity inequality (4.3) along (π1→3
s )]γ, we have

φ(ν)− φ(µτ ) ≥ 1

τ

∫ 〈
x1 − x2, x1 − x3

〉
dγτ −W2(µτ , µ)W2(µτ , ν). (4.10)

Proof. Let γτ ∈ Γ(µτ , ν) as in the statement of the Lemma and let νs := (π1→3
s )]γτ .

Since φ satisfies the convexity inequality (4.3) along (νs)s∈[0,1] we have

φ(ν)− φ(µτ ) ≥ 1

s

(
φ(νs)− φ(µτ )

)
. (4.11)

On the other hand, (4.7) and the fact that s−1W2(νs, µτ ) = W2(ν, µτ ) yield

1

s

(
φ(νs)−φ(µτ )

)
≥ 1

2τs

(
W 2

2 (µτ , µ)− 1

2τ
W 2

2 (µ, νs)
)
−W2(µτ , µ)W2(µτ , ν) (4.12)

Since π12
] γτ is an optimal coupling between µτ and µ and (π1→3

s )]γτ = νs we have

W 2
2 (µτ , µ) =

∫
|x1 − x2|2 dγτ , W 2

2 (µ, νs) ≤
∫
|x2 − (1− s)x1 − sx3|2 dγτ
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so that (4.12) yields

1

s

(
φ(νs)− φ(µτ )

)
≥ 1

2τs

∫ (
|x1 − x2|2 − |x2 − (1− s)x1 − sx3|2

)
dγτ

−W2(µτ , µ)W2(µτ , ν).

(4.13)

Passing to the limit as s ↓ 0 in (4.13) and recalling (3.15) we eventually get (4.10).

Proof of Theorem 4.2. It is not restrictive to assume that φ is proper and, possibly extract-
ing a subsequence, that the limit L := limn→∞ φ(µn) exists and it is finite, where µn is a
sequence as in (4.5). We set S := supnW2(µn, µ), which is finite since (µn) is bounded
in P2(H).

For every τ > 0 let µτ be as in (4.7) and (4.8) of Theorem 4.3 and let γτ,n ∈ Γ(µτ , µn)
as in the previous Lemma 4.4. (4.10) yields

φ(µn) ≥ φ(µτ )+
1

τ

∫ 〈
x1−x2, x1−x3

〉
dγτ,n−W2(µτ , µ)

(
W2(µτ , µ)+S

)
. (4.14)

Setting Z := (H2)×H, we can apply Proposition 3.4(b) to the sequence (γτ,n)n obtaining
a subsequence (still denoted by γτ,n) converging to a limit γτ ∈ Γ(µτ , µ) in Psw22 (Z).
Since

the map A : Z→ R, A(x1, x2, x3) :=
〈
x1−x2, x1−x3

〉
, belongs to Csw22 (Z), (4.15)

by the very definition of the topology of Psw22 (Z) we get

lim
n→∞

∫ 〈
x1 − x2, x1 − x3

〉
dγτ,n =

∫ 〈
x1 − x2, x1 − x3

〉
dγτ . (4.16)

On the other hand, by Theorem 3.8, π2,3
] γτ is optimal, thus belongs to Γo(µ, µ): it follows

that it is concentrated on the subspace {(x2, x3) ∈ H2 : x2 = x3} so that∫ 〈
x1 − x2, x1 − x3

〉
dγτ =

∫ 〈
x1 − x2, x1 − x2

〉
dγτ = W 2

2 (µτ , µ). (4.17)

Combining (4.14) with (4.16) and (4.17) we eventually get

L = lim inf
n→∞

φ(µn) ≥ φ(µτ ) +
1− τ
τ

W 2
2 (µ, µτ )− SW2(µτ , µ). (4.18)

Passing to the limit as τ ↓ 0 in (4.18) and applying (4.9) we obtain L ≥ φ(µ).

We make explicit two interesting consequences of the previous result.
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Corollary 4.5. Let φ : P2(H) → R ∪ {+∞} be a proper, lower semicontinuous, and
geodesically convex function. Then for every µ ∈ P2(H) and every τ > 0 there exists a
solution µτ ∈ D(φ) of the problem

µτ minimizes ν 7→ 1

2τ
W 2

2 (ν, µ) + φ(ν) ν ∈ D(φ). (4.19)

In particular, the proximal point algorithm (1.12) has always a solution for every initial
measure µ0 ∈ P2(H).

Corollary 4.6. Let K be a geodesically convex set in P2(H), i.e.

for every µ0, µ1 ∈ K there exists µ ∈ Γo(µ0, µ1) : (π1→2
t )]µ ∈ K for every t ∈ [0, 1].

(4.20)
If K is closed in P2(H) then it is also (weakly) sequentially closed in Pw2 (H). In particu-
lar

µn ∈ K, sup
n

∫
|x|2 dµn <∞, µn → µ in P(Hw) as n→∞ =⇒ µ ∈ K.

(4.21)

5 Opial property
Having introduced a notion of weak convergence in Pw2 (H) (see Definition 3.5) which
shares many properties of the weak topology in H, it is natural to investigate if the Opial
property holds in Pw2 (H). This turns out to be true, as stated by the following result.

Theorem 5.1 (Opial property in P2(H)). Let (µn)n∈N be a sequence weakly converging
to µ in Pw2 (H) according to Definition 3.5. Then

W 2
2 (ν, µ) + lim inf

n→∞
W 2

2 (µn, µ) ≤ lim inf
n→∞

W 2
2 (µn, ν) for every ν ∈ P2(H). (5.1)

In particular,

lim inf
n→∞

W2(µn, µ) < lim inf
n→∞

W2(µn, ν) for every ν ∈ P2(H) with ν 6= µ.

Remark 5.2. Notice that (5.1) holds under the (seemingly) weaker assumption that µn →
µ narrowly in P(Hw). In fact, (5.1) trivially holds if lim infn→∞W 2

2 (µn, ν) = +∞. If
the lim inf is finite, then up to extracting a suitable subsequence it is not restrictive to
assume that lim infn→∞W 2

2 (µn, ν) = limn→∞W 2
2 (µn, ν) < +∞ and so µn bounded

in P2(H). In this way we can conclude since, on bounded sets, narrow convergence in
P(Hw) is equivalent to convergence in Pw2 (H).

Proof of Theorem 5.1. Let ν ∈ P2(H). By Corollary 3.6(b) µn is bounded in P2(H). By
Lemma 2.6 for all n ∈ N we can find γn ∈ Γ(µ, ν, µn) such that π13

] γn ∈ Γo(µ, µn) and
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π23
] γn ∈ Γo(ν, µn). We have

W 2
2 (µn, ν) =

∫
X3

|x3 − x2|2 dγn(x1, x2, x3) =

=

∫
X3

|x3 − x1|2 dγn +

∫
X3

|x1 − x2|2 dγn + 2

∫
X3

〈x3 − x1, x1 − x2〉dγn

and therefore

W 2
2 (µn, ν) ≥W 2

2 (µn, µ) +W 2
2 (ν, µ) + 2

∫
X3

〈x3 − x1, x1 − x2〉dγn. (5.2)

Setting Z := (H2)s × Hw, we can apply Proposition 3.4(b) with p = q = 2 to the
sequence (γn)n∈N and find a subsequence (nk)k∈N and γ ∈ P2(H3) such that γnk

→ γ
in Psw22 (H2 × H). By (4.15) and the very definition of the topology of Psw22 (H2 × H) we
can pass to the limit in (5.2) along the subsequence nk obtaining

lim inf
n→∞

W 2
2 (µn, ν) ≥ lim inf

n→∞
W 2

2 (µn, µ)+W 2
2 (ν, µ)+2

∫
X3

〈x3−x1, x1−x2〉dγ. (5.3)

On the other hand π13
] γnk

→ π13
] γ in Psw22 (H × H); since π13

] γnk
∈ Γo(µ, µnk

), by
Theorem 3.8, π13

] γ ∈ Γo(µ, µ) so that

π1,3
] γ = (idH × idH)]µ, (5.4)

thus γ is concentrated on the subset {(x1, x2, x3) ∈ H3 : x1 = x3} and therefore∫
X3

〈x3 − x1, x1 − x2〉dγ = 0.

Inserting this identity in (5.3) we eventually get (5.1).
The second part of the theorem follows because, by boundedness of µn in P2(H), the
quantities in (5.1) are finite.

In the simple finite dimensional case of H = Rd we obtain the following result.

Corollary 5.3 (Opial property in P2(Rd)). Let (µn)n∈N be a sequence in P2(Rd) and
µ ∈ P2(Rd). If µn → µ narrowly in P(Rd), then

W 2
2 (ν, µ) + lim inf

n→∞
W 2

2 (µn, µ) ≤ lim inf
n→∞

W 2
2 (µn, ν) for every ν ∈ P2(Rd). (5.5)

6 Applications
Let us first enucleate the technical core of many applications of Opial Lemma. We state
it in P2(H), where H is a separable Hilbert space as in the previous section.
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Lemma 6.1. Let T ⊂ (0,+∞) be an unbounded set, let µ : T → P2(H) be a bounded
map and let M be the set of limit points of µ in Pw2 (H) along diverging sequences:

M :=
{
ν ∈ P2(Hw) : there exists an increasing sequence (tn)n∈N ⊂ T :

µ(tn)→ ν in Pw2 (H)
}
.

(6.1)

If
for every ν ∈M the function t 7→W2(µ(t), ν) is decreasing in T (6.2)

then there exists the limit lim
t→∞
t∈T

µ(t) in Pw2 (H).

Proof. Since the set K := {µ(t) : t ∈ T} is bounded in P2(H), it is contained in a com-
pact and metrizable subset of Pw2 (H). In particular M is not empty and every (µtn)n∈N
corresponding to a diverging sequence tn ↑ ∞, tn ∈ T, has a convergence subsequence
in Pw2 (H). For every ν ∈M we set

L(ν) := inf
t∈T

W 2
2 (µ(t), ν) = lim

t→∞
t∈T

W 2
2 (µ(t), ν). (6.3)

In order to prove the existence of the limit it is therefore sufficient to show that if sn, tn ↑
+∞ as n → ∞ are diverging sequences in T such that the corresponding sequences
(µ(sn))n∈N and (µ(tn))n∈N respectively converge to ν′ and ν′′ in Pw2 (H) then ν′ = ν′′.

Since ν′, ν′′ ∈M , (6.2) yields

L(ν′) = lim inf
n→∞

W 2
2 (µ(tn), ν′) = lim inf

n→∞
W 2

2 (µ(sn), ν′),

L(ν′′) = lim inf
n→∞

W 2
2 (µ(sn), ν′′) = lim inf

n→∞
W 2

2 (µ(tn), ν′′).

Applying (5.1) of Theorem 5.1 first to the sequence (µ(sn))n∈N and then to the sequence
(µ(tn))n∈N we eventually get

W 2
2 (ν′, ν′′) + L(ν′) ≤ L(ν′′)

W 2
2 (ν′′, ν′) + L(ν′′) ≤ L(ν′)

which imply W2(ν′, ν′′) = 0.

6.1 Convergence of Gradient Flows
Let H be a separable Hilbert space and let φ : P2(H) → (−∞,+∞] be a proper, lower
semicontinuous and geodesically convex functional such that arg minφ is not empty.

We want to study the asymptotic behaviour of the gradient flows of φ.
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Definition 6.2. A locally Lipschitz curve µ : (0,∞) → P2(H) is a gradient flow of φ in
the EVI sense if it satisfies

1

2

d

dt
W 2

2 (µt, σ) ≤ φ(σ)− φ(µt) L 1-a.e. in (0,∞), for every σ ∈ D(φ). (EVI)

Theorem 6.3. Let φ : P2(H) → (−∞,+∞] be a proper, l.s.c. and geodesically convex
functional and let µ : (0,+∞) → P2(H) be a Gradient Flow in the EVI sense. Then
arg minφ 6= Ø if and only if the curve (µt)t≥1 is bounded in P2(H); in this case there
exists µ ∈ arg minφ such that µt → µ in Pw2 (H) as t→ +∞.

Proof. Let us first remark that if ν is a minimizer of φ then (EVI) yields

t 7→W2(µt, ν) is decreasing in (0,+∞). (6.4)

In particular if arg minφ 6= Ø the set K := {µt : t ≥ 1} is also bounded in P2(H)

Let us now show that if K is bounded and µ is a limit point of (µt)t>0 along a diverging
sequence tn ↑ ∞ then µ is a minimizer of φ (this shows in particular that arg minφ 6= Ø).

We integrate the (EVI) equation form 1 to t > 1 and we divide both sides by t − 1,
obtaining

1

2(t− 1)
W 2

2 (µt, σ) +
1

(t− 1)

∫ t

1

φ(µr) dr ≤ 1

2(t− 1)
W 2

2 (µ1, σ) + φ(σ).

Since t 7→ φ(µt) is not increasing (see [9, Theorem 3.3]) we have

φ(µt) +
1

2(t− 1)
W 2

2 (µt, σ) ≤ 1

2(t− 1)
W 2

2 (µ1, σ) + φ(σ)

which yields
lim sup
t→∞

φ(µt) ≤ φ(σ) for every σ ∈ D(φ)

since W 2
2 (µt, σ) is bounded. By the lower semicontinuity of φ in Pw2 (H) we have

φ(µ) ≤ lim inf
k→∞

φ(µtk) ≤ lim sup
t→∞

φ(µt) ≤ φ(σ) for all σ,

so that µ is a minimizer of φ.

The previous argument shows that the setM defined as in (6.1) (choosing T := [1,∞)) is
contained in arg minφ, so that it satisfies (6.2) thanks to (6.4). Applying Lemma 6.1 we
conclude that the curve µt converges to a limit µ ∈M as t→∞ in Pw2 (H); in particular,
µ is a minimizer of φ.
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6.2 Weak convergence of the Proximal Point Algorithm
Under the same assumptions of the previous Section 6.1, we want to study the asymp-
totic properties of the Proximal Point Algorithm (1.11). First we define the (multivalued)
operator

Jτ (µ) = arg min
ν∈P2(H)

{
Φτ (µ, ν)

}
, Φτ (µ, ν) := φ(ν) +

1

2τ
W 2

2 (ν, µ). (6.5)

Thanks to Corollary 4.5, for every choice of µ0 ∈ P2(X) and τ > 0, the PPA algorithm
generates a sequence of points (µkτ )k∈N which solves{

µ0
τ = µ0

µk+1
τ ∈ Jτ (µkτ ) k = 1, 2...

(6.6)

As for the study of the convergence of the Minimizing Movement method in [1], the
crucial property to study the asymptotic behaviour of the PPA scheme relies on the notion
of convexity along generalized geodesics.

Definition 6.4 (Convexity along generalized geodesics). φ : P2(H) → (−∞,+∞] is
called convex along generalized geodesics if for every choice of ν, µ0, µ1 in D(φ) there
exists a plan γ ∈ Γ(ν, µ0, µ1) with π1,2

] γ ∈ Γo(ν, µ0), π1,3
] γ ∈ Γo(ν, µ1), such that

φ(µ2→3
t ) ≤ (1− t)φ(µ0) + tφ(µ1) ∀t ∈ [0, 1].

Remark 6.5. The curve µ2→3
t defined by

µ2→3
t = (π2→3

t )]γ t ∈ [0, 1]

where γ satisfies the conditions of Definition 6.4 is called a generalized geodesic con-
necting µ0 to µ1 with reference measure ν. If φ : P2(H) → (−∞,+∞] is a functional
which is convex along generalized geodesics, then for every choice of ν, µ0, µ1 in D(φ)
the map t 7→ Φτ (ν, µ2→3

t ) satisfies the inequality

Φτ (ν, µ2→3
t ) ≤ (1− t)Φτ (ν, µ0) + tΦτ (ν, µ1)− 1

2τ
t(1− t)W 2

2 (µ0, µ1). (6.7)

Convexity along generalized geodesics implies convexity along geodesics (see [1, Lemma
9.2.7] for a proof).

Theorem 6.6. Let us suppose that φ : P2(H)→ (−∞,+∞] is proper, lower semicontin-
uous, and convex along generalized geodesics, µ0 ∈ D(φ), and τ > 0.

(i) The PPA algorithm (6.6) has a unique solution (µkτ )k∈N.

(ii) For each ν ∈ D(φ) and k ≥ 1 we have

1

2τ
W 2

2 (µkτ , ν)− 1

2τ
W 2

2 (µk−1τ , ν) ≤ φ(ν)− φ(µkτ )− 1

2τ
W 2

2 (µkτ , µ
k−1
τ ). (6.8)
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(iii) In particular for every k ≥ 1 we have

1

τ
W 2

2 (µkτ , µ
k−1
τ ) + φ(µkτ ) ≤ φ(µk−1τ ) (6.9)

and the sequence k 7→ φ(µkτ ) is not increasing.

Proof. See [1, Theorem 4.1.3].

Theorem 6.7 (Convergence to a minimum). Let φ : P2(H) → (−∞,+∞] be proper,
lower semicontinuous and convex along generalized geodesics and let (µkτ )k∈N be a so-
lution to the PPA algorithm (6.6). Then arg minφ 6= Ø if and only if (µkτ )k∈N is bounded
in P2(H). If this is the case, there exists the limit µ := limk→∞ µkτ in Pw2 (H) and
µ ∈ arg minφ.

Proof. If ν ∈ arg minφ, (6.8) yields

1

2τ
W 2

2 (µkτ , ν)− 1

2τ
W 2

2 (µk−1τ , ν) ≤ 0 for every k ≥ 1

so that
the sequence k 7→W2(µkτ , ν) is decreasing; (6.10)

in particular the set K := {µkτ : k ∈ N} is bounded.

Conversely, if K is bounded and µ is the weak limit of a subsequence µk(n)τ in Pw2 (H) as
n→∞, we want to prove that µ ∈ arg minφ.

Notice that since k 7→ φ(µkτ ) is not increasing and φ is sequentially lower semicontinuous
in Pw2 (H) we have µ ∈ D(φ).

By summing both sides of (6.8) from 1 to K and dividing by K, we obtain for every
ν ∈ D(φ)

1

2τ

1

K

K∑
k=1

(
W 2

2 (µkτ , ν)−W 2
2 (µk−1τ , ν)

)
≤ φ(ν)− 1

K

K∑
k=1

φ(µkτ )

and therefore

1

K

K∑
k=1

φ(µkτ ) +
1

2τ

1

K
W 2

2 (µKτ , ν) ≤ φ(ν) +
1

2τ

1

K
W 2

2 (µ0
τ , ν).

Since k → φ(µkτ ) is not increasing by Theorem 6.6(iii), we have

φ(µKτ ) +
1

2τ

1

K
W 2

2 (µKτ , ν) ≤ φ(ν) +
1

2τ

1

K
W 2

2 (µ0
τ , ν).
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Taking the lim sup of this inequality as K →∞ and using the fact that K 7→W2(µKτ , ν)
is bounded and φ is sequentially lower semicontinuous w.r.t. Pw2 (H) convergence, we
obtain

φ(µ) ≤ lim inf
n→∞

φ(µk(n)τ ) ≤ lim sup
K→∞

φ(µKτ ) ≤ φ(ν) for every ν ∈ D(φ)

so µ ∈ arg minφ.

The above argument shows that the set M of the limit points of (µkτ )k∈N in Pw2 (H) (de-
fined as in (6.1) with T := N) is included in arg minφ, so that it satisfies condition (6.2)
thanks to (6.10). We can eventually apply Lemma 6.1 and obtain the weak convergence
of (µkτ )k∈N in Pw2 (H) as k →∞.

6.3 Fixed points of non-expansive and asymptotically regular maps
We conclude this section by proving the weak convergence of the iteration of a non-
expansive and asymptotically regular map T : A → A defined in a (weakly) closed
subset A of Pw2 (H). The proof is a simple extension to the Wasserstein setting of the
original argument of Opial [10].

Definition 6.8. Let A ⊂ P2(H); a map T : A→ A is called non-expansive if

W2(T (µ), T (ν)) ≤W2(µ, ν) for all µ, ν ∈ A

T is called asymptotically regular if

lim
k→∞

W2(T k+1(µ), T k(µ)) = 0 for every µ ∈ A.

Theorem 6.9. Let A be a (weakly) closed subset of Pw2 (H), let T : A → A be a non-
expansive and asymptotically regular map, and let µk := T k(µ), k ∈ N, for some µ ∈ A.
Then T has a fixed point if and only if (µk) is bounded in P2(H); in this case it converges
in Pw2 (H) to a fixed point µ of T as k →∞.

Proof. Let us denote by Fix(T ) the set of fixed points of T . We first observe that

for every ν ∈ Fix(T ) the sequence k 7→W2(µk, ν) is not increasing. (6.11)

In fact

W2(µk+1, ν) = W2(T (µk), T (ν)) ≤W2(µk, ν) for every k ∈ N,

since T is non-expansive. In particular, if Fix(T ) 6= Ø then the sequence (µk)k∈N is
bounded.

Let us now suppose that K := {µk : k ∈ N} is bounded in Pw2 (H) and let us show that if
µ is the weak limit of µk(n) as n→∞ along an increasing subsequence n 7→ k(n), then
µ ∈ Fix(T ). By Opial Lemma we have

W 2
2 (µ, T (µ)) + lim inf

n→∞
W 2

2 (µ, µn) ≤ lim inf
n→∞

W 2
2 (T (µ), µn). (6.12)

24



Since limn→∞W2(µn, T (µn)) = 0 by the asymptotic regularity of T , we obtain

lim inf
n→∞

W 2
2 (T (µ), µn) = lim inf

n→∞
W 2

2 (T (µ), T (µn)) ≤ lim inf
n→∞

W 2
2 (µ, µn).

Combining this inequality with (6.12) we obtain W2(µ, T (µ)) = 0, i.e. µ ∈ Fix(T ).

Still assuming that (µk)k∈N is bounded, we have shown that the set M of its limit points
(defined as in (6.1) with T := N) is included in Fix(T ) and therefore it satisfies (6.2)
thanks to (6.11). An application of Lemma 6.1 concludes the proof.

Remark 6.10. Since the topology of Pwq (H) is finer than the narrow topology of P(Hw),
in all these applications we also obtain the corresponding narrow convergence results.
In particular, in the finite dimensional case H = Rd, we obtain narrow convergence in
P(Rd).
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