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Summary

In the present thesis we consider the application of stochastic processes with

reinforcement and Bayesian methods to the analysis of discrete-time inho-

mogeneous Markov chains and continuous-times queuing processes. The aim

is to use Pólya urn models and generalizations of such models to analyze the

above processes from a predictive perspective. Pólya urn processes in dis-

crete time were introduced under the name Reinforced urn processes (RUP)

in [117]. In [118] the same authors extended to analysis to continuous time

problems. These models provide simple tools for the analysis multiple-states

processes and Semi-Markov processes, although the later approach in [118] is

rather difficult to implement in practice. The thesis is divided into two parts

and a preliminary chapter. The first preliminary chapter reviews some the-

ory on Bayesian non-parametric inference and reinforced stochastic processes

which possess a mixture representation. Both of these tools will be used in

the next two parts. We de not intend to provide an exhaust review of the

complete literature on Bayesian nonparametrics and reinforced stochastic

processes. Especial the literature on reinforced stochastic processes devel-

oped extensively in a varying of different directions. Most of these devel-

opments are not necessarily directly related to Bayesian statistics, meaning

that such processes do not have a mixture representation.

In part one of the thesis we introduce some predictive analysis of discrete-

time inhomogeneous Markov chains using Pólya urn schemes. We focus on

processes that appear in multiple-states models and system reliability. In

chapter 3, the first chapter of part one, we define a particular RUP for the

analysis of multiple-state processes. The multiple-states process is assumed

to have a time-inhomogeneous dependence structure and a finite state-space.
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In the remaining two sections of part one, we extend this analysis to bivari-

ate and multivariate state-spaces. All chapters are papers currently under

preparation for submission to a journal. This unfortunately causes extensive

repetition of definitions and concepts. Also, since chapter 4 and chapter 5

are extensions of chapter 3, the structure of all three chapters will be iden-

tical. We first introduce a particulate Pólya urn process, study the mixture

representation and the mixing measure. In a second step we use a sequence

of hitting times of the process to construct an exchangeable sequences of ran-

dom elements, where each random element is itself a mixture of a finite-length

discrete-time inhomogeneous Markov chain. These random elements are used

to derive predictive estimator for summary measures of time-inhomogeneous

Markov chains.

In the second part of the thesis we analyze one-counter queuing models

with Markov arrival processes using reinforced stochastic processes in con-

tinuous time and Bayesian nonparametric prior processes. In chapter 7, the

first chapter of part two, we construct a continuous-time jump process with

reinforcement in a predictive approach. The process has, under recurrence,

a representation as a mixture of Semi-Markov processes. The random tran-

sition matrix of the embedded Markov chain can be expresses as a function

of a discrete Beta-Stacy random probability. The random holding-time dis-

tribution function can be expresses in terms of two independent Beta-Stacy

random distribution functions. We use the process to to approximate the

embedded Semi-Markov process of the M/G/1 queue. This approach en-

ables us to derive predictive estimator for some performance measures of

queue. In the chapter 8 we apply Bayesian method to a semi-parametric

analysis of the MX/G/1 bulk queue where items enter a system in bathes.

For the arrival rate, the bath size distribution and the service time density we

chose a conjugated Gamma prior, a Beta-Stacy random probability and the

non-conjugated Poisson-Dirichlet mixture models with a gamma-kernel. The

posterior factorizes into three independent probabilities where the posterior

service-time density and the posterior bath-size probability are approximated

by MCMC simulations and a Bootstrap scheme. We predict basic perfor-

mance measures of the M/G/1 queue in the transient- and steady-phase.
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Chapter 1

Some Preliminaries for Part I

and Part II

1.1 Introduction and purpose

In the following chapter we introduce some key concepts and main results

on Bayesian nonparametric statistics, mixtures of stochastic processes and a

particular class of reinforced stochastic processes which we require in the later

chapters. Hence we do not claim to give an objective and exhaust overview

over all three topics, but focus on concepts important for this thesis. For

an overview with a wider range of scope for each of the topics we refer to

[75, 85, 125].

1.2 Bayesian non-parametric inference

In the Bayesian context the process of statistical inference may be summa-

rized by two steps. Suppose we observe a random element Z = (Zv, v ∈ V)
defined on a suitable probability space (Ω,F , P ) and taking values in (Z̃ =

ZV ,B(Z̃)). In a first step, we describe Z by a sampling model P (Z ∈ B|θ)
for measurable sets B ∈ B(Z̃), where the sampling model depends on a pa-

rameter θ ∈ Θ ⊂ Rd for d ∈ N. In a Bayesian framework the model must

now be completed by adding in a further step a prior distribution over the
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14 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

parameter space, which yield the formulation

[Z|θ] ∼ P (dZ|θ) (1.1)

[θ|ϑ] ∼ Π(dθ|ϑ). (1.2)

In a hierarchical model one may add a further step and assumes ϑ ∼ Π(dϑ).

The object of a Bayesian inference will then simply be to estimate functions

of θ and Z by using Bayes theorem

P (h(θ, Z) ∈ A|Z) =
�
h−1(A)∩(Θ×Z̃)

P (Z|θ)Π(dθ|ϑ)Π(ϑ)
�
Θ×Z̃ P (Z|θ)Π(dθ|ϑ)Π(ϑ) . (1.3)

Modern statistical problems can become very complex and it is not always

possible to assume a parametric (finite dimensional) model for (1.1) or (1.2).

A Bayesian non-parametric (or infinite dimensional) model can relax the

parametric assumptions by assuming that some subset of the parameter of θ

and ϑ will be infinite dimensional. For example

P (dZ|θ) = P (d(Zv, v ∈ V1)|θ1, (Zv, v ∈ V2))× θ2(d(Zv, v ∈ V2)) (1.4)

for a partition V1 and V2 of the index set V or

P (dθ|ϑ) = P (dθ1|ϑ1, θ2)× ϑ2(dθ2) (1.5)

for a partition of Θ into Θ1 and Θ2. In both cases θ2 and ϑ2 are probability

measures on some subspaces of Z̃ and Θ. The first case describes a situa-

tion where we are reluctant to specify a single parametric family of sampling

models. The second case represents a situation where we do not trust a single

parametric family of prior distributions. In both cases our parameters θ2 and

ϑ2 belong to infinite-dimensional spaces. If we want to treat infinite dimen-

sional objects such as probabilities as random elements, i.e. introducing a

prior distribution on a space of functions, we need to treat such objects as

stochastic processes.
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1.2. BAYESIAN NON-PARAMETRIC INFERENCE 15

1.2.1 Random probability measures

In the following I will focus on the case where the infinite dimensional random

element will be a random probability, since I will only use such quantities

in the later chapters. Let X denote a generic Polish space (a complete and

separable metric set) with σ-algebra B and denote with M(X ) the set of

all probability measures on X . M(X ) can be made into a topological space

through the topology of weak convergence generated by a neighborhood base

of the from B�(P ) = {Q ∈ M(X ) : |Q(fi) − P (fi)| < �, fi ∈ C(X) for 1 ≤
i ≤ k} for � > 0 and P ∈ M(X ) [70]. One of the cornerstones of Bayesian

non-parametric statistics was the paper of Doksum [46] which was strongly

influence by the work of [62, 47, 96, 31]. According to [46]

Definition 1 ([46]). A M(X )-values stochastic process P = (P (A), A ∈ B)
is called a finite additive random probability if

(i) P (A) ∈ [0, 1] a.s. for all A ∈ B;

(ii) P (X ) = 1 a.s. and

(iii) for any n ≥ 1 and any finite class of disjointed sets (Ai,j , 1 ≤ j ≤ mi)

for 1 ≤ i ≤ n

�
P (

�

1≤j≤m1

A1,j), · · · , P (
�

1≤j≤mn

An,j)
�

L
=

� �

1≤j≤m1

P (A1,j), · · · ,
�

1≤j≤mn

P (An,j)

�

where
L
= denoted equality in distribution.

If in addition the stochastic process also satisfies

(iv) P (Ak) ⇒ 0 whenever Ak ↓ ∅ (’⇒’ denotes convergence in distribution),

then the process P is called a random probability.

Ferguson [54], Lemma 1, showed that if one defines a finite additive ran-

dom probability trough a system of finite dimensional laws for the process
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16 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

(P (A1), · · · , P (Ak)), k ≥ 1 for each measurable partition (A1, · · · , Ak) of X
such that the conditions (i)-(iii) are satisfied, then there exists a probability

measure P on M(X ) 1 with the same system of finite dimensional law.

For random probability measures on ordered spaces, like the real line,

Doksum clarified the relation between a random probability P and the cor-

responding random cumulative distribution function (cdf) F = P ((−∞, ·])
2. He showed ([46], Proposition 3.2) that, if one starts with a random cdf

F on the real line and defines a random probability by an extension of

P0((a, b]) = F (b) − F (a), then one obtains a probability P0 on M(R), such
that P0 ∼ P0. Now, if F = P ((−∞, ·]) then P0 agrees with P, where P ∼ P.
Hence I will sometimes switch between a property of a random probability

measure and corresponding random cdf even those both random elements

take values on a different space.

Neutral-to-the-Right random distribution functions

In the same paper Doksum [46] introduce a rich class of random probabilities

on the real line X = R which he called Neutral-to-the-Right (NTR) random

probabilities. Roughly speaking a random probability measure P is NTR if

the corresponding random cdf F has independent normalized increments. In

a formal way this means that

Definition 2 ([46]). The associated non-decreasing and right-continuous pro-

cess F = (F (t) = P (−∞, t], t ∈ R) of a random probability P is NTR if for

every n and every t1 < t2 < · · · < tn < ∞ there exist independent random

variables (Vj)1≤j≤n with values in [0, 1] such that

�
F (t1), F (t2), · · · , F (tn)

�
L
=

�
V1, 1− (1− V1)(1− V2), · · · , 1−

�

j≤k

(1− Vj)
�
.

(1.6)

1More formal P is defied on [0, 1]B with σ-fields generated by the cylinder sets.
2Any random element X = (X(t), t ∈ Rd) with sample paths that are a.s. (i) non-

decreasing, (ii) right-continuous and (iii) with limits 0 (and 1) if ti → −∞ for some
1 ≤ i ≤ d (and ti → + for all 1 ≤ i ≤ d) will be called a random cdf on Rd)
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1.2. BAYESIAN NON-PARAMETRIC INFERENCE 17

If we forget for the moment a possible division by zero, then one can

informally state the NTR property as

�
F (t1),

F (t2)− F (t1)

1− F (t1)
, · · · , F (tn)− F (tn−1)

1− F (tn−1)

�
L
= (V1, · · · , Vn), (1.7)

which means that the associated hazard process H(dt) = F (dt)/(1 − F (t))

has independent increments. In fact Doksum showed that

Theorem 1 ([46], Theorem 3.1). A random cdf F (and hence P ) is NTR

if and only if F
L
= 1 − exp{−Z}, where Z is a non-decreasing, independent

increment process (IIP) with right-continuous sample paths, which starts at

zero a.s. and converges to +∞ with probability one as t → +∞3.

The definition of a NTR processe is very intuitive, but hard to work with

directly. Instead theorem 1 gives a very suitable equivalent definition of NTR

processes which is simpler to use in the context of Bayesian nonparametrics.
4 Any IIP can be decomposed into a deterministic part and two pure jump

processes 5 (see for example [57, 55, 149])

Z
L
= D + Zd + Zc = D(·) +

�

tj∈J
Zd,jδtj +

�

j

Zc,jδTj
. (1.8)

The jump process Zd has jumps at a countable number of fixed locations

J = {tj} of random size Zj,d ∼ fj(·). Whereas the jump process Zc has

jumps only at random locations Tj of random size Zc,j and is characterized

by the Laplace transform

E[exp{−vZc(t)}] = exp{−
� ∞

0

(1− e−vs)v(ds, t)} t ∈ R (1.9)

with Levy measure v(ds, dt) such that
�
[0,∞)

s(1 − s)−1v(ds, t) < ∞ for all

3Note that Z cannot be interpreted as a random cumulative hazard process since F
(and Z) has a.s. discrete sample paths.

4Although the previous theorem was originally stated for NTR processes on X = R it
is usually quoted for X = [0,∞) since NTR processes are mainly used in survival analysis
where [0,∞) is the natural space for failure times.

5The Gaussian part needs to be zero since an IIP non-decreasing
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18 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

t > 0 (see [55]). Since F is supposed to be a random cdf the deterministic

part D is not very interesting and is usually set to zero.

For the case X = [0,∞) and v([0, t],R+) < ∞ for every t > 0 it is possible

to write Zc directly as a function of a Poisson random measure (PRM), say

N , on R2
+ with intensity v(ds, dt)

Zc(t) =

�

[0,t]

�

R+

N(ds, dt) =
�

s≤t:ΔT (s)=1

J(s) (1.10)

where T is a inhomogeneous Poisson process on [0,∞) with rate λ(t)dt =

v(R+, dt) and compounding variables

[J(t)|ΔT (t) = 1]
ind.∼ v(ds, dt)

λ(t)
(1.11)

(see for example [92, 100]).

If v([0, t],R+) = ∞ this relation does not hold. But in some cases the

former relation holds in a limit-sense. This means that it is possible to find a

PRM, say Nn, with Levy intensity vn(·, ·) satisfying vn((0, t],R+) < ∞ for all

t such that Zc,n =
�
[0,·]

�
R+

Nn(ds, d·) converges weakly to Zc in the Skorohod

topology [92, 100].

The representation of NTR processes as exponential of an IIP gives a

simple way to defined prior probabilities on the spaces M([0,+∞)). James

[81] extended this approach via PRM’s to prior probabilities on M(R+ ×X )

for arbitrary Polish spaces X. All one needs is to ensure that there exists an

IIP, Z say, or a PRM, N say, such that every sample path of F is a.s. a cdf.

Example 1.2.1 (Dirichlet Process, [54]). The first prior probability on a

space of probability measures M(X ) introduced in Bayesian analysis was the

Dirichlet process, with can be define on more general spaces then M(R). For
X = R choose an absolutely continuous probability P0 on R and define the

diffuse measure α = MP0 with total mass M = α(R). The random cdf of a

Dirichlet process F = 1− exp{−Zc} with parameters (M,α) is NTR, where

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



1.2. BAYESIAN NON-PARAMETRIC INFERENCE 19

Zc has Levy measure

v(ds, dt) =
e−sα(t,∞)

1− e−s
dsα(dt). (1.12)

Example 1.2.2 (Beta-Stacy Process,[150] ). Let X = [0,∞) and suppose α

is a finite Borel measure on [0,∞) which can be decomposed into continuous

part αc and discrete part αd with countable discontinuity set J . Let β a

positive piecewise continuous function on [0,∞). Then a random cdf F = 1−
exp{−Zd−Zc} is called a beta-Stacy NTR process with parameters (α, β,J )

if the jump process of Zd =
�

tj∈J Jj,dδtj has jump size

1− e−Jj,d ∼ Beta(αd{tj}, β(t j)) (1.13)

at tj ∈ J and the IIP process Zc has Levy measure

v(ds, dt) =
e−sβ(t)

1− e−s
αc(dt). (1.14)

If β(t) = MP 0(t,∞) and αc = MP0, then the beta-Stacy process reduces

to a Dirichlet process on [0,∞). Hence on the positive real line the beta-

Stacy process generalizes the Dirichlet process. Note that this is generally

true. A Dirichlet random measure can be defined on any Polish space, but

the beta-Stacy random cdf can only be defined on the positive real line.

Now suppose thatDn = (Y1, · · · , Yn) constitutes a potential right-censored

sample from F where F is NTR with Levy measure v, discontinuity set

J = {tj} and jump size distribution fj for tj ∈ J 6. We want to learn from

the data Dn about the functional form of random cdf F , therefore we are

interested in the posterior law L(F |Dn).

Theorem 2 ([46, 55, 58]). Suppose that Dn is a potentially right censored

sample from a NTR random cdf F with Levy measure v, fixed discontinuity

set J and jump size density fj at tj ∈ J , short NTR(v,J , fj). Then Fn =

6A right censored sample means that Yi = min(Xi, Ci) where Xi ∼ F and Ci is a
censoring time independent of F with censoring indicator δi = I(Xi ≤ Ci).
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20 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

[F |Dn] is again NTR with parameters (vn,Jn, fj,n) where

vn(ds, dt) = e−sYn(t)v(ds, dt); (1.15)

with discontinuity set Jn = J ∪ {Yi : δi = 1} and jump size distribution

fj,n(s) ∝




e−s[Yn(tj)−ΔNn(tj)](1− e−s)ΔNn(tj)fj(s) if tj ∈ J
e−s[Yn(tj)−ΔNn(tj)](1− e−s)ΔNn(tj)v(ds, dtj) if tj ∈ Jn \ J

(1.16)

where Yn(·) =
�

1≤j≤n I(Yj ≥ ·) and Nn(·) =
�

1≤j≤n I(Yj ≤ ·, δj = 1).

Example 1.2.3 (Posterior of a beta-Stacy process). For the beta-Stacy pro-

cess F defined in example 1.2.2 the previous theorem shows that Fn has Levy

measure

vn(ds, dt) =
e−s(Yn(t)+β(t))

1− e−s
dsαc(dt). (1.17)

Furthermore the jump size density is give by

fj,n ∝ (1− e−s)ΔNn(tj)+α{tj}−1e−s(β(t j)+Yn(tj)−ΔNn(tj)) (1.18)

for tj ∈ Jn or similar

1− e−Zn,d,j ∼ beta(ΔN(tj) + α{tj}, β(t j) + Yn(tj)−ΔN(tj)). (1.19)

Hence Fn is again a beta-Stacy process with parameters β + Y n and αn =

αd,n + αc where αd,n = αd +
�

j:δj=1 δYj
.

Example 1.2.4 (Posterior of a Dirichlet process). For the Dirichlet process,

give Dn, the Levy measure is given by

vn(ds, dt) =
e−s(Yn(t)+α(t,∞))

1− e−s
dsα(dt) (1.20)
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1.2. BAYESIAN NON-PARAMETRIC INFERENCE 21

and the jump sizes of Zn,d have density

1− e−Zn,d,j ∼ beta(ΔN(tj), Yn(tj)−ΔNn(tj) + α(tj,+∞)). (1.21)

Without censoring the counting process equals ΔN(ti) =
�

1≤j≤n δYj
(ti) and

the measure α is simply updated to αn = α+
�

j δYj
= (M+n)(P0+P̂empirical)

and Fn is again a Dirichlet process with parameter (M + n,αn).

If there are censored observations ΔN(ti) =
�

1≤j≤n:δj=1 δYj
(ti), hence

the random cdf Fn is not a Dirichlet process any more. But since theorem 2

shows that Fn is NTR, the posterior process Fn must belong to some class of

NTR processes. The previous example showed that Fn is a beta-Stacy process

with parameters β n(t) = Yn + α(t,∞) and αn = αn,d + αc = Nn + α.

The last example shows that conjugated NTR prior can be separated into

’parametric’ and ’structural’ conjugated processes [101]. For a ’parametric’

conjugated prior, the posterior can be found by updating the prior parameters

by some summary statistic of the data. A ’structural’ conjugated prior yield

a posterior which belongs again to the class of all NTR random cdf’s, but

does not necessarily belong to the same sub-class of NTR processes as the

prior did [101].

Stick-breaking prior and related random probabilities

The concept of NTR random cdf does not carry over very nicely to more

general spaces X as the real line. An exception is the case X = [0,∞) × Z
where Z is an arbitrary Polish space [81]). Ferguson [54] defined a Dirichlet

process P = (P (A), A ∈ BX ) on more abstract spaces in the following way.

Definition 3 ([54]). Let α = MP0 be a finite measure on a Polish space X
where P0 is a fixed probability measure. A M(X )-valued stochastic process

is called a Dirichlet random probability on X if for every measurable parti-

tion A1, · · · , An of X the random vector (P (A1), · · · , P (An)) has a Dirichlet

distribution with parameters (α(A1), · · · ,α(Ak)).

Ferguson [54] showed that, given a sample of uncensored observations

Dn = (X1, · · · , Xn), the posterior process Pn := (P |Dn) is again a Dirichlet
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22 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

process with αn = (M +n)(P0+
�

1≤j≤n δXj
). Clearly this result agrees with

Theorem 2 if X = R.
A constructive equivalent definition of the Dirichlet process was given by

Sethuraman [142], he established a representation of the Dirichlet process as

P (·) =
�

j≥1

wjδXj
(·) (1.22)

where (Xj)j≥1 is an iid sample from P0 and wj = β j

�
l<j(1 − β l) with β j

iid beta(1,M) distributed for all j ≥ 1. The representation (1.22) is usually

called the stick-breaking representation of the Dirichlet process. The repre-

sentation of the Dirichlet process inspired [78] to introduce a quite general

class of discrete random probability measures, called stick-breaking prior.

Definition 4 ([78]). Let P0 be a non-atomic probability measure on a Polish

space X and a = (ak)k≥1 and b = (bk)k≥1 be two sequences of non-negative

real numbers. Then a M(X )-valued stochastic process P is called a stick

breaking random probability measure if

(i) P (·) = �
j≥1 pjδXj

(·) where (Xj)j≥1 is an iid sample from P0;

(ii) the sequence of random weights (pj)j≥1 has a stick-breaking representa-

tion

pj = ξj
�

l<j

(1− ξl) (1.23)

where ξj are independent beta(aj, bj) random variables and

a and b are chosen such that
�

j≥1 pj = 1 a.s..

Iswaran and James [78] supplied a simple condition

�

j≥1

log(1 + ak/bk) = +∞ (1.24)

which ensures that the random weights sum to one almost surely.
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1.3. MARKOV-/EXCHANGEABLE STOCHASTIC PROCESSES 23

Example 1.2.5 (Dirichlet process). For example the Dirichlet process can

be obtained as a special case for ak = 1 and bk = M for all k ≥ 1.

Example 1.2.6 (Two parameter Poisson-Dirichlet process). Another famous

random probability, called the 2-parameter Poisson-Dirichlet process [128]

with parameter a ∈ [0, 1) and b > −a arises if ak = 1− a and bk = b+ ka.

1.3 Markov-/Exchangeable stochastic processes

1.3.1 Exchangeable processes

A more foundational concept of classical Bayesian statistics is the concept

of exchangeability which date back to work of de Finetti in the 1920s and

1930s [37]. Again assume that X = (Xn)n≥0 is a stochastic process defined

on a probability space (Ω,F ,P) taking values on a Polish space (X ,B). For
simplicity we use a coordinate representation of X by taking Ω = X∞ where

F is generated by the cylinder sets and let X(ω)n = ωn for ω = (ω)n≥0 ∈ Ω

(see [22] p.21-22). The following overview follows closely the work of [95, 5].

An exchangeable sequence of random elements can be seen as a sequence

of random variables such that the joined probability law of the process is

invariant under a finite permutations of coordinates. The invariance property

can be studied for finite and infinite sequences of random elements.

Definition 5. (i) A finite sequence of random elements (X0, · · · , Xn) is

called (n+1)-exchangeable if

(X0, X1, · · · , Xn)
L
= (Xσ(0), Xσ(1), · · · , Xσ(n)) (1.25)

for every permutations σ of {0, · · · , n}.

(ii) An infinite sequence of random elements (Xj)j≥0 is called exchangeable

if

(X0, X1, · · · ) L
= (Xσ(0), Xσ(1), · · · ) (1.26)

for all finite permutations σ of the non-negative integers N0.
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An exchangeable structure can be generated in a variety of ways. A few

simple ways to generate such processes are summarized in the following

Example 1.3.1. (i) Let (Xi)i≥0 be an infinite iid sequence of random vari-

ables on X = {1, · · · , K} and assume P (Xi = k) = pk > 0 for all i ≥ 0

such that
�

1≤k≤K pk = 1. This gives an urn model with sample with

replacement and produces trivially an infinite exchangeable sequence.

(ii) Let (Xi)0≤i≤n be a sequence of random variables on X = {0, 1} and

assume c0 = m, c1 = v for some positive integers such that m + v =

n+1. Now draw successively and without replacement labels xi ∈ {0, 1}
form an urn with an initial composition of c0 balls of color 0; c1 balls of

color 1 and set Xi = xi. Then (Xi)0≤i≤n is a finite (n+1)-exchangeable

but not an iid sequence.

(iii) Let X = MP (R+) be the space of all Radon point measure on the pos-

itive real line (see [133] for a construction of a topology on MP (R+)

and the induced Borel σ-field). Choose a random probability P0 on

(R+,B(R+)) such that P0({0}) = 0. For n ≥ 0 let

λn
iid∼ P0 (1.27)

[(Yi,n)i≥1|λn]
iid∼ Exp(λn) (1.28)

Xn =
�

i≥1

δSi,n
(·) (1.29)

where Si,n =
�

v≤i Yv,n. Then (Xn)n≥0 is an exchangeable sequence of

Point processes which are not independent but identical distributed.

Remark 1. Exchangeability itself is a theoretical concept which is rather

hard to check in practice. In probability theory this concept is well established

and deeply studied [85, 5]. But in the context of statistical modeling a ’true’

sampling model is usually not known. In this context one needs to be careful in

judging a sequence of random objects to be exchangeable or not. For example,

it would be silly to assume that the propensity to budget deficit of all EU states

is exchangeable. Also, judging all US states to be exchangeable may not be a
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1.3. MARKOV-/EXCHANGEABLE STOCHASTIC PROCESSES 25

good idea either [68]. On the other side exchangeability is a very important

concept when no further background information are available to distinguish

(Xn) into subgroups. In such cases a coherent statistical model must assume

probabilistic symmetry among random elements (see [69], pp.121).

The importance of Exchangeability in statistics come from the fact that

an infinite exchangeable sequence can be related via de Finetti’s theorem

to Bayesian inference for an iid sampling model with unknown distribution

function. To make this statement more precise, following Aldous [5], we

define the concept of conditional independence give a sub-sigma field as

Definition 6 (Mixtures of iid). (i) An infinite sequence of random elements

X = (Xn)n≥0, is called a mixture of iid elements with directing random prob-

ability measure P if the power probability P∞ is a regular conditional proba-

bility for X given H = σ(P ). That is for all n ≥ 0 and all Ai ∈ B

P(∩0≤i≤n{Xi ∈ Ai}|H) =
�

0≤i≤n

P (Ai) a.s.. (1.30)

(ii) Let G be a sub-sigma file of F , then X = (Xn)n≥0 are conditional iid

given G if P(Xi ∈ A|G) = P(Xj ∈ A|G) a.s. for all i �= j and all A ∈ B, and
for all n ≥ 1 and all Ai ∈ B

P(∩0≤i≤n{Xi ∈ Ai}|G) =
�

0≤i≤n

P(Xi ∈ Ai|G). (1.31)

The first part of the definitions is equivalent to requiring that, given H,

(X0, · · · , Xn) are independent for each n ≥ 1 and each [Xi|H] ∼ P a.s.. The

second definition does not specify the directing random probability explicitly,

but the random probability can (at least in theory) be recovered as seen in

the next lemma. For de Finetti’s theorem (see below) it is very useful to

know where the directing random probability comes from.

Lemma 1 ([5]). Let X be a conditional iid sequence of random elements

with directing random probability P . Then the directing random measure P

is a.s. equivalent to the following random probability measures
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(i) P̂∞ = limn n
−1

�
0≤i≤n−1 δXi

(ii) P(X0|F∞)

(iii) P(X0|Fn)

where Fn = σ({Xj}j>n), F∞ = ∩n≥1Fn denotes the tail σ-field of X and

the limit in (i) is assumed to be the weak limit of the empirical probability

measure.

A remarkable result first proved in its most generality by Hewitt and Sav-

age [73] states that every exchangeable sequence of random variables can be

represented as a mixture of an iid sample directed by some random proba-

bility P .

Theorem 3 (De Finetti’s theorem). An infinite exchangeable sequence X =

(Xn)n≥0 with values on a Polish space (X ,B) is a mixture of iid random

variables.

Remark 2. de Finetti’s theorem can be interpreted by lemma 1 in several

ways. The simplest way of restating the theorem is that, given the tail σ-field

of X, F∞, all random elements X0, X1, · · · are independent and identical

distributed. Or equally stated: all information contained in F∞ are sufficient

and necessary to make the random elements independent. Hence, given F∞,

we cannot learn anything about Xn from Xi, i �= n, since all relevant infor-

mation from Xi are already summarized in the sufficient statistics F∞. The

directing random probability (sometimes called de Finetti measure) is simple

the conditional probability P (·|F∞).

Remark 3. de Finetti’s theorem holds on much more general spaces than

Polish spaces. A simple change of variable argument can be used to show

that de Finetti’s theorem holds as well on any standard space 7 by using the

fact that such spaces are isomorphic to some Borel-subset of the real line.

7A standard space (S,S) is a space where S = σ(A) can be generated by a standard
filed A =

�
n An from an increasing sequence of finite fields An, such that any decreasing

sequence of atoms Vn ∈ An, Vn+1 ∈ Vn has non-empty intersection ∩nVn (see [71]),
Chapter 2.2.
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1.3. MARKOV-/EXCHANGEABLE STOCHASTIC PROCESSES 27

Diaconis and Freedman [43] showed a more general version of de Finetti’s

theorem for compact Hausdorf spaces which are not necessarily standard.

Remark 4. de Finetti’s theorem does not hold on every space. Durbins and

Freedman [48] gave an example of an exchangeable sequence on a separable

metric space where de Finetti’s theorem does not hold.

Remark 5. De Finetti’s theorem justifies in an abstract sense the use of

prior probabilities on quite general spaces since one can always write down a

mixture representation of the finite dimensional law

P (∩0≤i≤n{Xi ∈ Ai}) = Eµ

� �

1≤i≤n

P (Ai)
�
. (1.32)

where µ is a ’prior’ probability measure on M(X ). Still, we remark that the

sequence X must actually be of infinite length which cannot be assumes for

every statistical phenomena. There are for example only 50 US states and not

an infinite number of states. Furthermore in order to check exchangeability

one would need to know the exact form of the finite dimensional law on the

left hand side of (1.32). But this probability is usually rather assumed (via

the right hand side) than known.

One point mentioned in the last remark can be relaxed in an approximate

way. A quite general result due to Diaconis and Freedman [43] states that the

finite dimensional law of a finite but large sequence of exchangeable elements

can be approximate by some mixture probability.

In particular for a P ∈ M(X ) let P k ∈ M(X k) be the k-power probability

of P and for a probability µ on M(X ) define as in [43] a mixture probability

Pk,µ ∈ M(X k) by

Pk,µ(·) =
�

M(X )

P k(·)µ(dP ). (1.33)

If Pn denotes a probability on X n denote with Pn(k) = Pn(· × X n−k) the

projection of Pn onto X k.

Theorem 4 ([43]). Let (Xi)0≤i≤n−1 be an n-exchangeable sequence of random

elements on X with joined probability Pn. Then there exists a probability µ
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28 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

on M(X ) such that for any k ≤ n− 1

||Pn(k) − Pk,µ||TV ≤ k(k − 1)

n
(1.34)

where ||P1−P2|| = supA∈B |P1(A)−P2(A)| denotes the total-variation metric.

In terms of statistical modeling the last theorem says that, if you have

observations X0, X1, · · · , Xk from a finite, but large exchangeable total pop-

ulation X0, · · · , Xk, · · ·Xn, then the finite dimensional law Pn+1(k+1) of the

sub-sequence (Xi)0≤i≤k can be model quite accurately by some mixture prob-

ability with an approximation error of less than k(k + 1)/(n+ 1).

1.3.2 Partial exchangeable processes

Suppose the stochastic elements (Xi)i≥0 represent the evolution of a random

phenomenon over time, then the judgement of exchangeability will most likely

be not sufficient to catch most of the statistical properties of this phenom-

ena. This is due to the fact that, conditional on the tail sigma field of the

process, the evolution in time would be completely independent. Next to an

iid assumption the most elementary dependence structure in time would be

Markov. A Markov dependence structure will most likely be still unrealistic

but preferable to an iid assumption. A generalization of exchangeability from

mixtures of iid sequences to mixtures of Markov sequences was introduced

by Freedman [63] and studied in deep in [44]. In the following the stochastic

process X takes values in a complete countable metric space X = (xj)j≥1.

For the concept of mixtures of Markov sequences on general Polish spaces

see Fortini el al. [60] and Freedman [65, 66].

The main idea of characterizing mixtures of Markov processes is moti-

vated by the following simple fact. Suppose a stochastic process X with

values in {xj} is Markov with stochastic matrix Π and initial distribution λ.

Then for any n and any tuple v0:n = (vj)0≤j≤n of states in {xj}

PΠ,λ(v0:n) := P(∩0≤j≤n{Xj = vj}|Π,λ) = λx0

�

i,j∈X
π
n(i,j)
i,j (1.35)
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1.3. MARKOV-/EXCHANGEABLE STOCHASTIC PROCESSES 29

where n(i, j) =
�

1≤t≤n I(vt−1 = i, vt = j) denote the number of transitions

from i to j. Hence any two sequences of states τ and η with the same number

of transitions from i to j for all i, j ∈ X and the same initial states will be

equal likely. Such sequences are called equivalent, denoted by τ ∼ η. Clearly

the same property still holds if we integrate over (1.35) with respect to µ,

where µ represents a probability on the space of all transition matrices on

{xj}, say MM(X ), i.e.

Pµ,λ(v0:n) =

�

MM (X )

PΠ,λ(v0:n)µ(dΠ). (1.36)

Freedman [63] expressed this invariance property with respect to equiva-

lent sequences τ ∼ η in terms the sufficient statistics Tn(τ0:n) = (τ0, nτ (i, j) :

i, j ∈ X ). He calls a probability P of the process X ”summarized by (Tn)” if

Tn(τ0:n) = Tn(η0:n) implies that the projection of P satisfies

P(∩0≤j≤n{Xj = τj}) = P(∩0≤j≤n{Xj = ηj}). (1.37)

Since Tn(τ0:n) = Tn(η0:n) implies by definition τ0:n ∼ η0:n the following defi-

nition of Diaconis and Freedman describes the same idea.

Definition 7 (Partial Exchangeable [44]). A stochastic process X defined on

a Polish space (Ω,F ,P) with values in a countable space X = {xi} is called

partial exchangeable if

P(∩0≤j≤|τ |{Xj = τj}) = P(∩0≤j≤|η|{Xj = ηj}) (1.38)

for all equivalent sequences τ ∼ η of state in X .

Clearly, by the previous discussion any discrete time, discrete state Markov

process (we will call such a process a Markov chain) is partial exchangeable.

Also any process with finite dimensional law expresses as a mixture of Markov

processes as defined in (1.36) is partial exchangeable. Writing µ = δΠ(·) for
Π ∈ MM(X ) the first case can be seen as a special case of the second case.

In general not every partial exchangeable process can be expresses as a

mixture of Markov chains with finite dimensional law given by (1.36). But if
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30 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

one adds the assumption of (’weak’) recurrence, i.e.

P(Xn = X0 i.o.[n]) = 1, (1.39)

then only processes with finite dimensional laws of the form (1.36) can be

partial exchangeable.

Theorem 5 (Representation theorem,[44]). Suppose that a stochastic process

X satisfies P(Xn = X0 i.o.[n]) = 1. Then X is a mixture of Markov chains

if and only if X is partial exchangeable.

Remark 6. Freedman [63] proved essentially the same result, but since his

proof was based on ergotic limit theory applied to ergodic statistics he requires

the stochastic process to be stationary. Unless a Markov chains starts at

n = 0 with its invariant distribution, a Markov chain will in not generally

be stationary. The recurrence condition in [44] relaxes this assumption. The

proof in [44] shows the existence of the directing random transition matrix

by using the exchangeability of the blocks of states between successive returns

to the initial state X0. As long as Xn = X0 infinitely often, this is sufficient

to ensure the existence of some directing random measure for such blocks,

which yields by some smart logical considerations the existence of the random

directing transition matrix. This means, that the tail sigma-field of this blocks

make the process a Markov chain.

Mixtures of Markov chains - Alternative Characterization

An alternative access to mixture of Markov chains was given by Fortini et

al. [60] in terms of an infinite sequence of successor states for all states

x in X = {xi}. The idea is again intuitive to understand. Any Markov

chain with stochastic matrix Π can write as [Xn+1|Xn]
L
= f(Un+1, Xn) where

(Un)
iid∼ Uniform(0, 1) and

f(u, xi) =
�

j∈X
xjI

� �

k≤j−1

Πi,k < u ≤
�

k≤j

Πi,k

�
(1.40)
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1.3. MARKOV-/EXCHANGEABLE STOCHASTIC PROCESSES 31

(see for example [132]). Therefore the successor sequence of a recurrence

state i is an infinite iid sequence which is equal in distribution to {f(Un, i)}n.
Intuitively, integrating over the finite dimensional law of a Markov chain with

a probability on MM(X ) should therefore produce a sequences of successor

states that are mixture of iid, i.e. exchangeable successors to state i.

Extent the state-space to X = {xi} ∪ {Υ} where Υ will be used as a

dummy for successors of transitive states and denote with P(X ) the power

sigma algebra of X . Let K ⊂ MM(X ) be the subset of all stochastic matrices

on X such that, if Π ∈ K, then there exists a recurrence set of states AΠ,

depending on Π, containing x0 but not Υ, with Πy,Υ = 1,Πx,y = 0 for all

x ∈ AΠ and y /∈ AΠ.

Furthermore, for every x ∈ X define as usual the sequience of hitting

time to x by τx(n) = inf{n > τx(n − 1) : Xn = x} where inf ∅ = +∞ and

define the matrix of successor states V = (Vx(n); x ∈ X , n ≥ 1) as

Vx(n) = Xτx(n)+1I(τx(n) ∈ N)) +ΥI(τx(n) = +∞) x ∈ X . (1.41)

Definition 8. the matrix of successor states V = (Vx(n);n ≥ 1, x ∈ X ) is

row-wise partial exchangeable if for every n and any x1, · · · , xn in X



Vx1(1), Vx1(2), Vx1(3), · · ·
Vx2(1), Vx2(2), Vx2(3), · · ·

· · · · · ·
Vxn(1), Vxn(2), Vxn(3), · · ·




L
=




Vx1(σ1(1)), Vx1(σ1(2)), Vx1(σ1(3)), · · ·
Vx2(σ2(1)), Vx2(σ2(2)), Vx2(σ2(3)), · · ·

· · · · · ·
Vxn(σn(1)), Vxn(σn(2)), Vxn(σn(3)), · · ·




(1.42)

where for 1 ≤ i ≤ n σi permutes a finite number of coordinates of N.

Fortini et al. [60] showed that one can characterize the class of all mix-

tures of Markov chains alternatively to Diaconis and Freedman [44] as

Theorem 6 ([60]). The matrix of successor states V = (Vx(n))x∈X ,n≥1 is

row-wise partial exchangeable if and only if there exists a MM(X )-valued

random element Π̃ such that (a) X, given Π̃, is a.s. Markov(δx0 , Π̃) and (b)

Π̃ belongs to K a.s..
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Since partial exchangeability and row-wise exchangeability of the succes-

sor state both lead to characterizations of mixture of Markov chains it is

natural to require a relation between the Diaconis and Freedman [44] and

Fortini et al. [60] condition. Fortini et al. showed that

Theorem 7 ([60]). The matrix V of successor states of X is row-wise partial

exchangeable if and only if X is recurrent 8 and partial exchangeable.

From a statistical point, where the object is estimation and not probabil-

ity theory, one usually wants to use such processes for prediction or estimation

rather than studying probabilistic properties. In this case both characteri-

zations of mixture of Markov chains can be equally useful. Dependent on

the context and definition of the actual process, it might be easier to check

Diaconis and Freedman conditions in some cases. In other cases the Fortini

et al. condition might be simpler to check.

1.3.3 Extension to mixture of continuous-time semi/-

Markov processes

We shortly mention an extension of the concept of mixtures of Markov chains

to the case of continuous time and countable state-spaces. For continuous

time processes X = (X(t), t ≥ 0) the concept of exchangeability does not

make much sense, since such processes would have either constant or non-

measureable sample paths. Instead the concept of inter-exchangeable pro-

cesses can be used [23, 65, 64, 5]. For such a process all non-overlapping in-

crements of equal length are exchangeable. Under regularity conditions also

intra-exchangeable processes have a mixture representation, but the mathe-

matics behind such processes becomes much more involved 9.

An alternative approach base on the row-wise exchangeable matrix V =

(Vx; x ∈ X , n ≥ 1), where Vx(n) = (Xτx(n)+1, Tτx(n)) was extended by the

n-th holding time 10 in state x ∈ X if τx(n) is finite (and Vx(n) = (Υ,+∞)

8Recurrence, means again ”weak” recurrence, i.e. P (Xn = x0 i.o.[n]) = 1.
9Freedman [66] for example re-proofed in a simplify way the same results he showed in

his 1963 paper [65].
10For a definition see below.
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1.4. PÓLYA URN SCHEMES 33

otherwise) was proposed by Epifani et al. [51].

Restrict X to be a measurable map from some probability triple (Ω,F ,P)
into the space of all right-continuous step functions on X , say D([0,∞),X ).

Then the sample path t → X(t) can be summarized by the initial state

X0 = X(0) together with the jump chain and holding times of X, say

{(Xn, Tn)}n≥0, where Tn = (Sn+1 −Sn)IR+(Sn)+∞I∞(Sn), for Sn = inf{t >
Sn−1 : X(t) �= X(Sn)} and Xn = X(Sn) (see for example [121], p.67-70).

Furthermore assume X to be minimal, i.e. set X(t) = Υ if t ≥ E = supn Sn

[121]. The X can be written as

X(·) =
�

n≥0

XnI[Sn, Sn+1)(·) (1.43)

where S0 = 0. Assume for simplicity X0 = x0 a.s.. Then for V as defined

above one can characterize mixtures of continuous time Semi-Markov chains11

as

Theorem 8 ([51]). Let X be a minimal D([0,∞),X )-valued random ele-

ments with matrix of successor states and holding times of states in X , de-

noted by V , as defined above. Then V is row-wise partial exchangeable if and

only if there exists a M(X × [0,∞])∞-values random elements Q such that

(a) X, given Q, is a recurrent Semi-Markov process with initial state δx0 and

transition kernel Q and (b) Q belongs to K a.s..

1.4 Pólya urn schemes

In this section I will shortly summarize some basic facts about Pólya urn

schemes. I focus on schemes that will be used in the later chapters. After

some general constructions we focus on Pólya urn schemes, which generate

Markov-/Exchangeable processes. Hence no generality is intended. For an

exhaust treatment of Pólya urn schemes we refer to [106]. For a general

treatment of urn schemes in connection with discrete probability theory see

11A process is semi-Markov if {(Xn, Tn)}n≥0 is a Markov process on X × [0,∞]. Hence
the holding times are not required to be exponential distributed any more.
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[83].

We use the following particular probability space. Let Ω = Σ∞ where

Σ = [0, 1]K+1 with Borel sigma-field (F = B(Ω),P = LEB∞
K+1) for some

fixed K ∈ N ∪ {+∞}, where LEBK+1 denotes the Lebesgue measure on

[0, 1]K+1. Denote with X = {ci}1≤i≤K the state space on which the Pólya

process takes his values. We think of ci as color i of some urn. The initial

number of balls of color ci is denoted by mi ∈ R+ and I assume that the

total mass m =
�

1≤i≤K mi < +∞ is finite. Furthermore for every ci let Fi

be a proper cdf on RK .

Definition 9. A Pólya urn process is a process of the form (X,W ) =

{(Xn,Wn)}1≤n≤V where X denotes the label process and W the weight pro-

cess. For any ω = {(Un, (Vn,i)1≤i≤k)n≥1} ∈ Ω and W0 = (mi/m, i ≥ 1) the

map (X,W ) is defined by the following rule: Set n = 0.

(A) While Wn > 0 iterate as follows,

(A.i) Set

X(ω)n+1 =
�

1≤i≤K

ciI

� �

l≤i−1

W (ω)n,l < Un+1 ≤
�

l≤i

W (ω)n,l

�
. (1.44)

(A.ii) Increase n by one (i.e. n ← n+ 1) and set

W (ω)n,i =
mi +

�n
t=1

�K
l=1 A(ω)

(t)
l,i I(X(ω)t = cl)

m+
�n

t=1

�K
l=1

�K
j=1 A(ω)

(t)
l,j I(X(ω)t = cl)

(1.45)

where for 1 ≤ i ≤ K the row A(ω)
(n)
i = (A(n)(ω)i,j)1≤j≤K = F−1

i (Vn,i).

(B) If n in (A) is finite set V = n otherwise set V = ∞.

The interpretation is straight forward. At any point in discrete time, say

n, check if the measure W̃n−1 =
�

i W̃n−1,iδci , with W̃n−1,i = Wn−1,i

�
j Wn−1,j ,

has only non-negative weights. If the statement is false set n − 1 = V and

terminate the process at V . Otherwise draw a random label Xn ∈ X from

Wn−1, say Xn = ci. Now add a random mass A
(n)
i,j to W̃n−1 for every atom

cj, i.e. W̃n,j = W̃n−1,j +A
(n)
i,j for 1 ≤ j ≤ K and normalize W̃n to obtain Wn.

The matrix A (where A
L
=

�
A

(n)
i,j , 1 ≤ i, j ≤ K

�
) is called the ”re-
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1.4. PÓLYA URN SCHEMES 35

reinforcement” matrix or ”generator” of the label process X (see [106], p.45-

50). The check for non-negativity of the sampling weights Wn is necessary in

order to ensure that the process is well defined. But in many cases, especially

when A is deterministic or every row of A has support RK
+ , one needs to check

”tenability” only once before starting the algorithm [106]. In the following

we give some examples to clarify the scheme.

Example 1.4.1 (Randomized play-the-winner algorithm). Consider the prob-

lem of adaptive allocation of treatments in clinical trials [137]. The aim is

to place future patients to treatments which turn out to be more effective

than other treatments. For K = 2 let X = {c1, c2} where ci denotes treat-

ment i = 1, 2. The initial composition m = (m1,m2) determines the initial

probability of allocation to treatment c1 or c2. Denote with Xn ∈ {c1, c2} the

assignment of the n-th patient to one of the two treatments and let Sn ∈ {0, 1}
denote the failure or success (recovery from the disease or not) after the pa-

tient receivedone of both treatments. Assume

P (Sn = 1|Xn = ci) = P (A
(n)
i = 1) = pi i ∈ {0, 1}. (1.46)

Rosenberger [137] proposed a Pólya urn scheme, which adaptively assigns

patient according to the superiority or inferiority of the treatment. If the

treatment was successful, i.e. [Sn|Xn = ci] = 1 add β balls of color c i to

the urn. If on the other hand [Sn|Xn = ci] = 0 add β balls of color c 1−i to

the urn. The reinforcement matrix can be expressed in terms of the previous

notation as

A = β

�
A1 1− A1

1− A2 A2

�
(1.47)

where β > 0 is a fixed constant and A i
L
= A

(n)
i ∼ Bernoulli(pj) for i ∈ {0, 1}.

The predictive allocation of the (n+1)th patient given the past n experiments
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is defined as

P (Xn+1 = j|Fn) =
mj + β

�n
t=1[I(Xt = j, A

(t)
j = 1) + I(Xt = 1− j, A

(t)
1−j = 0)]

m1 +m2 + βn

(1.48)

for j ∈ {1, 2}, where Fn = σ({Xt, A
(t)}1≤t≤n).

An other example of a Pólya urn scheme of the above form is a scheme

which is called a ”randomly reinforced urn scheme” [114, 113, 6, 108, 19] and

has wide applications in adaptive clinical trials.

Example 1.4.2 (Randomly reinforced urn scheme). The context is similar to

the previous example. Suppose we have K treatment arms instead of two and

we sequentially assign patients to one of the treatment arms in an adaptive

fashion. Hence X = {c1, · · · , ck} and the initial urn composition is give by

{mk, 1 ≤ k ≤ K}. In the previous example all outcomes after the treatment

where Bernoulli distributed. More abstractly, assume now that, given an

allocation to arm 1 ≤ k ≤ K, the outcome of the n-th patient [Sn|Xn = k]

is distributed according to some general probability measure µk with support

contained in 0 < s1 < s2 < ∞. In terms of the general Pólya urn scheme

described above let A
(n)
k,k := [Sn|Xn = k] ∼ µk and A

(n)
k,j ∼ δ0 for j �= k.

Then a randomly reinforced urn scheme is a Polya urn scheme as defined in

definition 9 with generator matrix given by

A =




A1,1 0 · · · 0

0 A2,2 · · · 0

· · · · · · · · · · · ·
0 0 · · · 0 AK,K




(1.49)

where Ak,k
d
= A

(n)
k,k for 1 ≤ k ≤ K. Suppose that higher values of Ak,k denote

a positive treatment effect, like disability free person years or a reduction

on tumor size. Hence Mk =
�
xµk(dx) >

�
xµj(dx) = Mj indicates that

treatment k is on average superior to treatment j. [19] showed that if without

loss of generality M1 > Mk for all k > 1 and the support of all probability
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measures is bounded away from zero, then the proportion of c1 balls in the

Pólya urn converges almost surely to one. This means that asymptotically

all patents are treated with the best treatment arm. Without the assumption

on the first moment of the reinforcement distributions, [114] showed that the

proportion of balls of each color converges almost surely to a random limit on

the K dimensional simplex. This means the sequence of draws from the urn

is asymptotically exchangeable (but not exchangeable) and for n very large

Xn+k, k ≥ 0 is iid Multinomial given limit of the proportion of balls of each

color in the urn.

We stress that the urn scheme in the last example does not produce a

mixture representation for the complete sequence of draws of labels. The

goal of the scheme is to asymptotic allocate each patient to the superior

treatment. Hence the scheme clearly does not intend, and does not need, to

produce a mixture representation or an exchangeable sequence. More recent

papers study the form of the limiting law of the reinforced urn scheme by

a characterization of a unique continuous solution of a functional equation

[6]. Other recent work on the randomly reinforced urn scheme for K = 2

study the asymptotic distribution of the estimators of the mean respond to

the treatment [108].

Example 1.4.3 (Finite Pólya Urn, [50]). A finite Pólya urn scheme for

K ∈ N and for some fixed, deterministic β > 0 has generator given by

A = βI K, where IK denotes the K ×K identity matrix. The reinforcement

scheme is non-random and simply suggest that, after the n-th ball Xn was

drawn, we add the same label together with β additional labels to the urn.

The predictive distribution of Xn+1 given the past is n observations is given

by

P (Xn+1 = j|Fn) =
mj + β

�n
t=1 I(Xt = j)

βn+m
(1.50)

for j ∈ {1, · · · , K}. It is easily seen that the joined law of the first n draws

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



38 CHAPTER 1. SOME PRELIMINARIES FOR PART I AND PART II

is given by

P(∩1≤t≤n{Xt = jt}) =
�

1≤j≤K(mj/β)
[n(j)]

(m/β) [n]
, (1.51)

where n(i) =
�

1≤t≤n I(Xt = i). Since for any permutation σ of {1, · · · , n}
the sequence (Xσ(1), · · · , Xσ(n)) will produce the same transition counts, the

label process X must be exchangeable. Hence the finite dimensional joined law

can be written uniquely as a mixture probability of some random multinomial

probability P =
�K

1 pjδcj , i.e. P(∩1≤t≤n{Xt = jt}) = E[
�

1≤j≤K p
n(j)
j ]. All

joined (k1, · · · , kK)-moments of (p1, · · · , pK−1, 1−
�k−1

1 pj) can be recovered

from (1.51) by

E[
�

1≤j≤K

p
kj
j ] =

�
1≤j≤K(mj/β)

[kj ]

(m/β) [n]
. (1.52)

But this are the (k1, · · · , kK)-moments of a Dirichlet vector on the k-dimensional

simplex with parameters vector (m1, · · · ,mK)/β. Since the moments of all

order of a random vector P with finite support determine uniquely the prob-

ability law of P , can conclude that P ∼ Dir((m1, · · · ,mK)/β).

1.4.1 Pólya urn schemes generating mixture processes

There has been much research on urn scheme which generate mixture pro-

cesses [50, 21, 76, 159, 34, 107, 117, 118, 119, 61]. We will focus on schemes

that will be used in the later part. Mixture of finite multinomial random

probabilities generated by urn schemes were already discussed in example

1.4.3.

A very general scheme that generates a mixture process was introduced

by Diaconis and Copperfield [42] and is called ”Random walk with reinforce-

ment” (RWR). The process is actually not generated by an urn scheme.

But some special cases of the RWR, like the ”Reinforces Urn Process”,

can be described by urn schemes. Again let (Ω,F ,P) be defined as be-

fore and let (X , E) be an undirected graph with vertex set X and edge set

E and some initial edge weights W = {w(e) > 0 : e ∈ E}. One or sev-
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eral loops e = {x, x} around the same vertex x ∈ X are permitted. The

edge set is decomposed into loops and non-loops E = ENL ∪ EL ,where

EL = {e ∈ E : e = {x, x} ∃x ∈ X} and ENL = E \ EL. Assume all neigh-

borhood sets N(x) = {y ∈ X : {x, y} ∈ E} are finite12 and choose an initial

starting vertex X0 = x0 ∈ X a.s..

Definition 10 (Random walks with reinforcement, [34]). Let X = (Xn) be

a stochastic process with value on the graph X starting at X0 = x0 a.s and

for n ≥ 1, given the history Fn−1 = σ({Xt}0≤t≤n−1), let

P (Xn = x|Fn−1) =
wn({Xn−1, x})�

y∈N(Xn−1)
wn({Xn, y})

I(x ∈ N(Xn−1)), (1.53)

where the set of edge weights Wn at time n is given, for e ∈ E, by

wn(e) = wn−1(e) + I({Xn−1, Xn} = e) = w(e) + n(e),

where n(e) =
�

1≤t≤n I({Xt−1, Xt} = e).

The interpretation is as follows. Initially the process moves from vertex

x to vertex y ∈ N(x) via the undirected edge {y, x} with probability propor-

tional to the initial weight w({x, y}). But every time the process cross the

same edge (from x to y or y to x) the edge weight is increased by one. For

simplicity, assume for the moment, that all initial weights are equal. Now,

suppose that the edge {y, x} ∈ E has been traversed more frequently in the

past than any other edges {y, z}, {x, v} ∈ E. In this case, the next time

the process moves to vertex y (or x) it is more likely that the process moves

along edge {x, y} than any other edge adjacent to the neighborhood N(y)

(or N(x)). The transition probability will be a mixture of the initial weights

and the number of times an edge was traversed in the past.

For any admissible path (x0, · · · , xn) on the graph (X , E) the finite di-

mensional distribution of (X0, · · · , Xn) given the weights W and initial state

12In the initial report [42] also the vertex set X was assumed to be finite, but this
assumption is not necessary. As long as one can proof recurrence, all results hold also on
infinite graphs, although the actual ’class’ of unique mixing measure might be different
(see for example [136, 110, 49])
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x0 is easily seen to be (see [87, 45])

P(∩0≤t≤n{Xt = xt}|W,x0) =

�
e∈E w(e)[n(e)]�
x∈X w(x)[n(x)]

, (1.54)

where w(x) =
�

x∈e w(e) and n(x) =
�

1≤t≤n I(Xt = x). Hence, from the

previous section, the random walk with reinforcements is partial exchange-

able and in the case of a finite graph, by definition of W , also recurrent (see

[87]). Therefore by theorem 5 the Random walk with reinforcements is a

mixture of Markov chains.

Theorem 9 ([42, 87, 45]). Suppose the graph (X , E) is finite.

(i) Then X is a mixture of reversible Markov chains, i.e. for any n and any

admissible sequence (x0, · · · , xn) of elements in V

P(∩0≤t≤n{Xt = xt}|W,x0) =

�

Δ(E)

�

0≤t≤n

y({xt−1, xt})
y(xt−1)

f(y|W,x0)dy (1.55)

where Y (x) =
�

e:y∈e Y (e) and the random measure Y on the |E|-dimensional

simplex has absolutely distribution function.

(ii) The density of Y is given by

f(y|W,x0) ∝
�

e∈ENL
y(e)w(e)−.5

�
e∈EL

y(e)w(e)−1

y(x0).5w(x0)
�

x�=x0
y(x).5(w(x)+1)

(det(A(y))).5 (1.56)

where A(y) = (A(y)i,j) is defined in terms of the additive cycle base (ci)1≤i≤l,

l := |E|− |V |− |EL|+ 1, of the H1 homology13

A(y)i,j =





�
e∈ci y(e)

−1 if i = j
�

e∈ci∩cj g(e)i,jy(e)
−1 if i �= j

(1.57)

where g(e)i,j is one if e has the same orientation in the cycle ci and cj, and

zero otherwise.

13For a fixed spanning tree T of X , every non-loop edge e not in T forms, when added
to T , a cycle ce [87, 45]. There are l := |E|− |V |− |EL|+ 1 such cycles ((ci)1≤i≤l) which
need to be oriented in a fixed, but arbitrary way [87, 45].
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The importance of the ”Random walk with reinforcements” comes from

the fact that the mixing measure is supported on the space for reversible

Markov chains.

Remark 7. Rolles [135] argues that, as the natural conjugated prior for a

non-reversible stochastic matrix Π are independent Dirichlet random proba-

bilities for every row of Π, the ”Random walk with reinforcements” (meaning

the actual mixing probability f(·|W,x0) ) constitutes the natural conjugated

prior for reversible Markov chains.

Remark 8. One special case of the ”Random walk with reinforcements”

arises when E = {e1, · · · , en} where ei = {x0, x0} for all i. Looking at

the formula for at the mixing measure (1.56), f(·|W,x0) becomes a Dirichlet

distribution on the n-dimensional simplex.

Example 1.4.4 (Dirichlet Random Probability on N, [42]). Take first (X =

{0, 1, · · · , K} E = {{0, i} : 1 ≤ i ≤ K},W = {w({0, i}) : 1 ≤ i ≤ K}). This

is the star graph (tree) described in [42]. A transition from 0 to i ≤ K, leads

with probability one back to zero at the next transition, i.e. τ0(n) = 2n. In

this cases the mixing measure become a Dirichlet random vector on the k-

dimensional simplex with parameters .5(w({0, 0}), · · · , w({0, k})). Division

by two is necessary since a move 0, i, 0 increases the edge weight of {0, i} by

two, i.e. a Pólya urn scheme with reinforcements matrix A = 2Diag(w).

Now, take (X = N0, E = {{0, i} : i ∈ N},W = {w({0, i}) : i ∈ N}) such
that the initial weights satisfies

�
i w({0, i}) < +∞. This will be sufficient

to ensure recurrence and produces a Markov exchangeable sequence such that

Wn(·)/n converges to a Dirichlet random measure on N0 (to be precise the

random stochastic matrix Π, conditional on which X is Markov, will have

entries πi,j = δ0(j) for i ≥ 1 and the first row π(0,·) will be a Dirichlet

random probability with base measure .5w({0, ·}) )

Pemantle [123] showed that, for a recurrent ”Random Walk with rein-

forcement” on a tree, the directing random measure is given by independent

Dirichlet random vectors for every vertex of the tree.
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Reinforced Urn Processes

Reinforced urn processes (RUP’s) introduced in [117] can be seen as a spe-

cial case or an application of several formerly discussed concepts. A RUP

can generate a variety of processes which are mixtures of non-reversible pro-

cesses. In particular a RUP can be seen as a particular ”Random Walk with

reinforcement” of Coppersmith and Diaconis for a directed graph. RUP’s

can also be studied via an application of the theory of Fortini et al. [60] in

terms of the matrix of successor states.

In particular let X = {xn, n ≥ 0} denote a countable state space and de-

note with C = {c1, · · · , cK} a set of finite labels. Now, connect to every state

xi a finite Pólya urn, with initial urn compositionmi = (mi(1), · · · ,mi(K)) ∈
RK

+ and reinforcements matrix IK (see example 1.4.3). The idea of Muliere

et al. [117] is to separate colors C and states X by an ”urn function” which

plays an equivalent role to the edge set and allows a sparse parametrization.

The urn function is a map from X × C to X . Suppose f(x, c) = y for some

x, y ∈ X and c ∈ C. Now, the urn function can be interpreted as follows.

Give that the process is in state x at time n, then the process moves to state

y at time n + 1 if we draw color c from the Pólya urn connected to state x.

For a consistent definition we clearly require that fx = f(x, ·) is injective,

i.e for each state y there exists at most one color cx,y which leads to a tran-

sition from x to y = fx(cx,y) via color cx,y. A RUP on X with parameters

(m = (mi), C, f) is an algorithm defined as follows.

Definition 11 (Reinforced Urn process, [117]). Let X0 = x0 be a fixed de-

terministic starting point. For n ≥ 1 and given Fn = σ({Xi}0≤i≤j) sample a

label c ∈ C from the Pólya urn connected with state Xn. Set Xn+1 = fXn(c)

and replace two colors of label c to the same urn.

From example 1.4.3, we know that the sequence of draws of colors from

a Pólya urn is exchangeable. Furthermore the sequence of successor states

of xi ∈ C can be mapped by the inverse of fxi
to the sequence of draws of

colors from the Pólya urn which is connected to state xi. This means that,

for xj ∈ fxi
(C), if we hit state xi at time n for the l-th time, the event

{Xn = xj|Xn−1 = xi} occurs if and only if the l-th color drawn from the urn
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connected to state xi has color cxi,xj
= f−1

xi
(xj). Therefore, if X is recurrent,

the sequence of successor states to each x ∈ X is exchangeable. The result

of Fortini et al. [60] tells use also that X a recurrent partial exchangeable

process. Hence a recurrent RUP X is a mixture of Markov chains.

Furthermore let Vx0 denote the subset of recurrent states which are con-

nected with the initial state x0, i.e. for each x ∈ VX0 there exists a path from

x0 to x which has positive probability. For states xi ∈ Vx0 we can find the mix-

ing measure by an application of example 1.4.3. Since {Xn = y|Xn−1 = xi}
occurs if and only if we sample color cxi,y = f−1

xi
(y) from the urn connected to

state x, we know that the mixing measure can assign to at most K elements

of the transition row Πxi
= {Πxi,y, y ∈ X} non-zero mass, namely to Πxi,y

for y ∈ fxi
(C) (remember |C| = K). The remaining elements of Πxi

are zero

a.s.. In fact, for the states fxi
(c1), · · · , fxi

(cK) the random transition sub-

row (Πxi,fxi (c1)
, · · · ,Πxi,fxi (c1)

) must be distributed according to a Dirichlet

distribution with parameters (mi(1), · · · ,mi(K)) 14.

An important point to not that non-recurrent state may

The constructive specification of a RUP makes it fortunately relatively

simple to deduce some properties of the process. Like the a version of the

strong and ordinary Markov property extended to mixture of Markov pro-

cesses. Suppose that we observe a RUP until time n, then the future process

{Xn+k}k≥0 is again a RUP, now starting from state XN , with the same state-

space and urn function, but with updated initial urn compositions. This im-

plies that the process {Xn+k}k≥0 is again a mixture of Markov chains, when-

ever the original process is recurrent. The new mixing measure is now the

posterior, updated for the observed sequence X0, · · · , Xn. Updating means

an update of the Pólya urn compositions, i.e. from mi(j) to mi(j) + #{t <
n : Xt = xi, Xt+1 = fxi

(cj)} for all xi ∈ X and all cj ∈ C. This is of course

equivalent to the statement that, given X0, · · · , Xn, the new mixing measure

is such that the random transition sub-row (Πxi,fxi (c1)
, · · · ,Πxi,fxi (c1)

) is dis-

tributed according to a Dirichlet distribution with parameters (mi(1)+#{t <
14In the original paper the authors proofed a slightly different result. The authors

showed that the transition rows should by independent Dirichlet processes. But these
Dirichlet processes are in fact only Dirichlet vector since only K elements are non-negative
and the elements are identified by the urn function f .
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n : Xt = xi, Xt+1 = fxi
(c1)}, · · · ,mi(K) + #{t < n : Xt = xi, Xt+1 =

fxi
(cK)}).
The RUP has been used for wide range of Bayesian modelling purposes

of discrete structures without covariates. [25, 26] used RUP’s to estimate

bivariate and multivariate survival functions. Whereas [111] used a RUP to

determine the maximum tolerance doze in clinical trials.

All these applications do not consider covariate effects. Extensions to

structures with covariates within the context of RUP’s are non-trivial. Ap-

proaches to models of the form Πxi,xj
(Z) = g(Πxi,xj

, β, z), where g is a known

link function, β is a finite or infinite dimensional effect function of the co-

variate process Z and Πxi,xj
is a random transition probability, usually do

not have a closed form prior or posterior expressions. A RUP essentially

models the marginal transition probability of a Markov chain with respect

to the posterior law under a conjugated prior. Hence the only way to retain

a closed form expression under covariates may be to extend the state space

from X to X ×Z where Z denotes the covariate space. In this case one may

models the outcomes and discrete covariates as one random process itself.

The effect of covariates may be obtained by marginalizing the probability

of Xn+1, Zn+1|Xn, Zn to obtain the probability of Xn+1|Xn, Zn. This will

be possible at least by numerical summation, even does no neat close form

expression will exists. But this approach is clearly unable to provide sim-

ple and interpretable effects β as for example in Bayesian semi-parametric

models like the Cox model [94, 93] or Bayesian parametric models based

on multinomial-regressions [144, 18], which are all implemented by MCMC

simulations.
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Part I

Generalized Pólya-urn schemes

for inhomogeneous Markov

chains

45
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Chapter 2

Some preliminaries on urn

schemes for Markov chains

2.1 Introduction and relevant literature

A stochastic processes with reinforcement is a process with the following

property: the future behavior of the process, given the presence and the

past, should be affected by the complete past and not just by the presence.

This type of dependence structure, usually means that the condition transi-

tion probability ”P (future|past)” depends on a finite or infinite dimensional

statistics which summarizes the past. This may sound very general and non-

specific, but even literature surveys on random processes with reinforcement

avoid to give a precise definition [125].

Processes with reinforcement have a long history in applied modeling

and an urn model is a basic building block for such processes [125]. For

example Pólya developed his famous Pólya urn to model the epidemic spread

of a disease and the famous Stanford economist Brian Arthur developed an

extension of the Pólya’s urn to analyze social and industrial processes [50, 13].

Statistical applications of processes with reinforcement are less frequent.

The most important process with reinforcement for Bayesian statistics is the

random walk with reinforcement (RRW) [34, 42] which we already discussed

in section 1.4.1. [45] used the RRW for a Bayesian analyses of reversible
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Markov chains. The authors also considered model selection via Bayes fac-

tors, which can be done in closed form since the marginal distribution of

the RRW is known in closed form (1.54). More recently, [17] extended the

RRW to statistical analysis of reversible Markov chains with variable-order

dependence. The RRW enables an implicit Bayesian analysis through the

representation as a mixture of Markov chains, provided that the process is

recurrent. The condition of recurrence usually forced the analyst, who wants

to use the model for statistics analysis, to consider a finite or low dimensional

state-space.

Hence much of the recent research on random walks with reinforcement

focusses on recurrence for infinite state-spaces like N0, Z × {1, · · · , d} with

d ∈ N or Zk for k > 1 [36, 87, 110, 136]. For the state spaces N0 and Z
this problem was solved in [36]. A partially positive answer for recurrence

on a two-dimensional graph was given recently in [110] for the graph Vr =

{(x, y) ∈ Z2 : x ∈ rZ, y ∈ rZ} with edge set Er = {{x, y} ⊂ Vr : |x−y|2 = 1}
for r ≥ 130. Recurrence results for reinforced random walks on Zk, k ≥ 3 are

still unknown.

A simple and flexible stochastic process with reinforcement, based on a

system of finite-color Pólya urns, was introduced in [148, 117], the ”reinforced

urn process” (RUP) (see section 3.2). The RUP was used to characterize

discrete-time Neutral-to-the-right processes and to determine the maximum

tolerance dose in drug development [117, 111]. Further analysis bases on

RUP’s include the estimation of bivariate and multivariate survival func-

tions and the estimation of the number of mixture components of Bernstein

polynomial prior [25, 26, 147].

My task in this thesis, and hence the aims of part one, is to study urn

processes for the analysis of inhomogeneous Markov chains and in particular

multi-state models. This restricts the attention to discrete time problems and

in general agreement with the literature we call a discrete-time discrete-state

Markov process a Markov chain [121].

In general a multi-state process is a discrete or continuous time process

X = {X(t), 0 ≤ t ≤ T}, with T ≤ +∞ known and values in a finite state

space X = {1, · · · , K}. Classical areas of application are demography, actu-
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arial science, biostatistics and more recently economics and social science. A

transition into a state i ∈ X represents in most application the occurrence

of an event during a life-time, i.e. emigration into a new geographic region

during the physical life-time, the transition into AIDS after infection with

the HIV virus or the time to death after surgery. A common feature to all

the situations is the fact that all this phenomena is observed for several repli-

cas X1, X2, · · · , Xn and the object of interest is not just if, but also when

an event happens, i.e. some residence of a geographic region may leave the

region at a certain point during their individual life-time and possible return

back later on.

Frequently observations share the same initial state, say 1, for example

the event of surgery or the infection with HIV. Usually one is not interested

in all states of X , but rather focuses on a particular state, say K, (or several

states K − m, · · · , K) in the presence of all other states, for example the

death of an observation or the transition to AIDS. These states are called

absorbing since either no transition to an other state is possible or one is not

interested in the life-time after such an event. A transition into an absorbing

state will terminate each life-time Xi. Sometimes a distinction between bi-

and uni-directional models is important to simplify computations. In a bi-

directional model transitions from i to j permit also transitions from j to i

at least for some states. This is not possible for a uni-directional model.

Part of my task in part I is to analysis such multi-state models using

urn processes, but there are several other, tailored towards the problem ap-

proaches. We briefly mention some of these approaches. If one wants to

evaluate the effect of covariates on the transition rate from state i to state

j, one approach is to model the hazard rate as a Cox’s proportional hazard

model

P (Ti ∈ [t, t+ dt)|Ti ≥ t, Z) = λi,j(t)dt exp{β i,j(t)Z(t)} (2.1)

for i, j ∈ X , where Ti is the holding time in state i if the successor state

to i is state j. In a frequentist approach one estimates the effect β i,j(t)

through the partial likelihood, which leaves λi,j(t) unspecified [131, 1]. An
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estimator for P (Ti ∈ [t, t + dt)|Ti ≥ t, Z) is obtained by estimating the

base-line hazard λi,j(t) by a modified Breslow or Kaplan-Meier method [131,

1] and then use a plug-in estimator for (2.1). In a Bayesian context [93]

introduced very recently the semi-proportional intensity model for Markov

processes. The model is based on a multivariate sub-ordinator prior for the

random cumulative hazard Λi = {Λi,j , j �= i} for i ∈ X of an continuous-

time inhomogeneous Markov chain. The model assume a link between the

transition probability and covariates of the form

P (X(t+ dt) = j|Xt = i, Z) =
Λi,j(dt) exp β

�
i,j(t)Z(t)�

h�=i Λi,h(dt) exp β �
i,h(t)Z(t)

. (2.2)

for j �= i and reduces to the proportional hazard model above if β i,j(t) is

independent of j, i.e. β i,j(t) = β i,v(t) for all j and v distinct from i. The

model is estimated by MCMC simulation. Discrete time multi-state pro-

cesses can be models in a several ways as well. A classical approach in

mathematical demography and life-insurance mathematics is a model based

on stable-population theory. These models assume that the transition rates

change during life-time (i.e. ageing) but are constant across birth-cohorts

[90, 91, 140, 134]. An alternative to stable-population models are multi-

state life-tables. Life-tables are extensively studied in biostatistics and life-

insurance mathematics [30, 29, 90, 91, 141]. A life-table describes the life-

time of a birth-cohort or a hypothetical period-population of initial size l0

from ”birth” (start at state state 1) to ”death” (termination into state K).

In the classical approach of Chaing [30, 29] one needs to distinguish between

period and cohort life-tables since both concepts have very different interpre-

tations. Recent data sources for life-tables shift from census data to survey

data. Furthermore modern life-table estimation is implemented via Poisson

or hazard regression models and micro-simulation [28, 104, 105]. A discrete

time ”version” of (2.1) based on a Multi-logit regression model was proposed

in a Bayesian framework by [144]. The model assumes the form

P (Xt+1 = j|Xt = i, Z) =
exp{β i,jZt}�

h∈X exp{β i,hZt}
(2.3)
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where the baseline hazard rate gets absorbed into the intercept of the regres-

sion parameter. The prior for the time-constant effect parameter is assumed

to be Gaussian and the estimator are obtained by MCMC simulation.

2.2 Outline of Part I

In the following we introduced some particular urn processes for the analy-

sis of some discrete-time inhomogeneous Markov chains. This problem was

analyzed before with RUP’s in [148] and [117]. In [117] the authors intro-

duced the general theory of RUP’s for a very general class of generic Pólya

urn processes first and considered some examples in the remaining sections.

The last example [117], section 5, introduced a RUP for a multi-state pro-

cess which was motivated by the work of [148]. These particular example of

a RUP was aimed towards a very particular kind of multi-state processes.

The authors considered a survival problems, with death as absorbing state

and several non-absorbing states, say 1, 2, 3, · · · . The transition rule among

states during the lifetime takes the form i → i or i → i + 1 which restricts

real life applications. Clearly the aim of the particular example of a RUP was

very specific. We think is is worth to look at other kind of RUP’s, and Pólya

urn models in general, with different transition-structures and a focus on

time-inhomogeneous Markov chains with finite state-spaces. A shortcomings

of the Pólya urn model approach is the disregard of the effect of covariates

on the transition probability operator. This clearly restricts the use of such

models in real-life applications.

The outline of part I is as follows. In chapter 3 we define a particular RUP

for the analysis of multiple-state processes. These multiple-states processes

are assumed to have a time-inhomogeneous dependence structure and a finite

state-space. We will explore results for RUP’s from [117] to provide Bayes

estimator for summary measure, like the t-step prediction probability, the

occupation probability for a given state and the expected lifetime.

This analysis is extended in the remaining two chapters of part one to

bivariate and multivariate state-spaces and towards exchangeable sequences

of multivariate time inhomogeneous Markov chains with distinct and random
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initial states. Each chapter will have the same structure. We first introduce

a particulate Pólya urn process, study the mixture representation and the

mixing measure. Then, we use a sequence of hitting times of the process to

construct exchangeable sequences of mixtures of time-inhomogeneous Markov

chains. These sequences are used to derive predictive estimator for summary

measures of time-inhomogeneous Markov chain. All chapters are papers cur-

rently under preparation for submission to a journal. This unfortunately

causes extensive repetition of definitions and concepts.
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Chapter 3

A Reinforced Urn Process for

the Analysis of Multiple-State

Processes

3.1 Introduction

The reinforced random walk (RRW) was introduced in [34, 42]. A reinforced

random walk describes the random movement of a walker on a countable

state space. Initially the walker moves at random on the state space. But as

time goes on regions that have been traversed frequently in the past become

more likely to be revisited.

One may wonder whether the this property seems reasonable. The RRW

model can be seen as a sequential leaning process for a generic discrete-

state and discrete-time process. In the initial stage of the learning process

the probability of transition among stages is unknown and often no prior

knowledge is available. Hence it is natural to treat transitions from a certain

state x to all neighbour states of x, say y1, · · · , yn, to be uniformly distributes

(i.e. x → yi with probability 1/n). If prior information are available one may

can change the edge weights. With every unite of time the process is observed

one learns more about the process. If one observes a transition x → yi more

often than x → yj it is natural to treat the first event as more likely than the

53
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second and this is what a RRW does. In practice, one observes a discrete-

state and discrete-time process at once or sequential and tries to estimate the

transition probability by keeping track of the number of crossings of every

edge and then use the estimator (1.53). The predictive rule of the RRW

is then use to estimate the likelihood of a path and to estimate the most

likely paths. In theory also other reinforcement schemes could be used, even

random reinforcement schemes. But if yi and yj are not linked to each other

in some interpretable meaning it may not be a good idea to increase the

likelihood of moving from x to yi whenever we observe a transition from x

to yi.

Since introduced by Coppersmith and Diaconis, RRW’s have been ana-

lyzed and further developed in a variety of different ways [36, 123, 124, 87,

135, 136, 110] and became an important tool for statistical modeling and

inference [148, 45, 111, 25, 24, 26, 147]. An important reinforced random

walk in Bayesian statistics is the reinforced urn process (RUP) [117]. A RUP

is a random walk on a space of Pólya urns and is a frequently used tool in

Bayesian non-parametrics [111, 25, 24, 26, 147].

In the following we introduce a particular RUP for the analysis of multi-

state processes which extends the work in [117], section 5, to a general class

of multi-state processes. In [117], the authors introduced a generic RUP and

studies some general properties of the reinforced random walk. As an ex-

ample, the authors introduced also a RUP for the analysis of a multi-state

process for a very specific problem. The described process has the property

that, conditional on the current state, the process may remain in the same

state, moves to the next higher ordered state or terminates. This property

restricts the application of the particular RUP. For instance, in biostatis-

tics the state-space of a multi-state process may correspond to health-states

and non-monotone transitions along both improvement and deterioration are

possible. Such problems require a process that handles arbitrary transition

rules. In the following, we introduce another particular RUP for the analysis

of a general class of multi-state processes. We apply the process to Bayesian

inference for multi-state models with a discrete-time inhomogeneous Markov

structure.
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The paper is organized in the following way. In Section 2 we review some

basic facts about RUP’s used in the sequel. In Section 3 we define a RUP

for the analysis of inhomogeneous Markov chains. In Section 4 we provide

Bayes estimates for the transition array and summary measures. In Section

5 we shortly discuss missing data problems and right censoring. In Section 6

we apply the constructed process to inference in heart-transplantation mon-

itoring. Final comments and further developments are discussed in the last

section.

3.2 A Review of Reinforced Urn Processes

The reinforced urn process (RUP) was introduced in [117]. RUP is a re-

inforced stochastic process which combines two fundamental probabilistic

concepts: a Pólya urn scheme and a random walk. A RUP can be seen as

a random walk on a countable space of Pólya urns. Initially all trajectories

of the RUP are determined by a prior guess only, but the transition proba-

bilities are sequentially updated after each transition step. We will shortly

recall some basic facts of RUP’s which will be used later. Each RUP consists

of four elements,

(i) a countable state space S;

(ii) a finite set of colors C = {cj}1≤j≤k of cardinality 1 ≤ k < ∞;

(iii) an urn composition function, U : S → [0,+∞)k, which assigns to every

state s a Pólya urn U(s) with initial composition {ns(c1), · · · , ns(cK)}
of ns(cj) balls of color cj ∈ C and strictly positive total mass ms =�k

1 ms(cj);

(iv) a law of motion q : S × C → S, which leads from a state s to state

s� = q(s, c) through color c.

It is assumed that for all states s, s� in S, there exists at most one color

c ∈ C such that q(s, c) = s�. A RUP can now be defined by the following

sequentially sampling scheme.
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Definition 12. Fix an initial state X0 = s0 ∈ S and sample a ball from the

Pólya urn associated with s0. Let c ∈ C denotes the color of the ball sampled

from urn U(s0). Set X1 = q(s0, c) and return two balls of color c to the urn

U(s0). Now, conditional on a sample of (n+1) observations {Xi = si}i=0,··· ,n,

sample a ball from the Pólya urn associated with sn. If c∗ denotes the color

of the sampled ball, then set Xn+1 = q(sn, c
∗) and return two balls of color c∗

to urn U(sn).

Now, recall that two finite sequences σ and φ of elements in S are called

equivalent if (i) they start with the same initial state and (ii) for every pair

of states s, s∗ in S the number of transitions from s to s∗ is the same in

both sequences. An important property for a Bayesian analysis of stochastic

processes is the following

Definition 13 ([44]). A stochastic process {Yn} with values in a countable

set I is said to be partial exchangeable if for all equivalent sequences σ =

(w0, · · · , wn) and φ = (v0, · · · , vn) of states in I

P (Y0 = w0, · · · , Yn = wn) = P (Y0 = v0, · · · , Yn = vn). (3.1)

A RUP has the this property. Roughly speaking, a process is partial

exchangeable if the finite dimensional joined distribution of the process de-

pends only on the number of transitions between states but not on the order

of these transitions. An important result, dating back to [44], states that

any recurrent partial exchangeable process can be represented as a mixture

of Markov chains with unique mixing measure.

Now, let Hs = {y ∈ S : ∃c ∈ C y = q(s, c) and ns(c) > 0} be the set

of all states attainable from state s in one transition step. Furthermore set

R(0) = {s0} and define inductively R(n) =
�

s∈R(n−1) Hs. R(n) denotes the

set of all states that the RUP can reach with positive probability within n

steps. Let R =
�∞

n=0 R(n) denote the set of states attainable within a finite

number of transitions. As a consequence of de Finetti’s theorem for partial

exchangeable processes [44], a RUP has the following representation

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



3.3. A RUP FOR THE ANALYSIS OFMULTIPLE-STATE PROCESSES57

Theorem 10 ([117], Theorem 2.16). Suppose the RUP {Xn}n≥0 is recurrent,

i.e. P (Xn = s0 i.o.) = 1.

(i) Then there exists a unique probability measure µ on the set P of stochastic

matrices on R×R such that for all n ≥ 1 and all sequences (s0, · · · , sn) of
elements in R

P (X0 = s0, · · · , Xn = sn) =

�

P

n−1�

j=0

Π(sj, sj+1)µ(s0, dΠ). (3.2)

(ii) The rows of Π are mutually independent random probability distributions

on S and for all s ∈ R the row Π(s) = {Π(s, s∗), s∗ ∈ S} is a Dirichlet

process with base measure αs given by

αs(s
∗) =




ns(c) if s∗ ∈ R and ∃ c ∈ C : s∗ = q(s, c)

0 otherwise.
(3.3)

Theorem 10 states that, for almost all realization of the random transition

matrix Π ∈ P , {Xn} is a Markov chain with transition matrix Π . Where the

transition rows of Π are independent Dirichlet random vectors. This results

will be used in the next section to construct a process for a Bayesian analysis

of multiple-state processes.

3.3 A RUP for the analysis of multiple-state

processes

In this section we define a RUP for inference for multi-state processes that

arise in survival analysis, reliability theory or event-history models. Typically

in such situations we observe several individuals, {Ym}1≤m≤M , repeatedly

over time. Individuals may be judged to be exchangeable. Furthermore, for a

fixed individual m and conditional on a stochastic matrix Π, the sample path

Ym = {Y (m)
1 , Y

(m)
2 , · · · , Y (m)

τm } is assumed to follow a time-inhomogeneous

Markov chain with values in a countable state space G and survival time τm

such that P (τm < ∞) = 1.
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We will construct such a sequence based on the RUP defined below.

From a Bayesian perspective every element Ym will be a mixture of time-

inhomogeneous Markov chains. Conditional on a random stochastic matrix

Π = {Π(t)i,j ; t ≥ 0, i, j ∈ G}, any Ym is a Markov chain with values in G
such that for any i, j in G and any 0 ≤ t ≤ τm

P (Y
(m)
t+1 = j|Y (m)

t = i,Π) = Π(t)i,j a.s. (3.4)

We specify the following state-space, color set and law of motion.

(i) The state space is S = {0, 0}�
(G × N) where G = {1, 2, · · · , k} for

some fixed k ∈ N, where N denotes the set of positive integers;

(ii) the color set is C = {0, 1, · · · , k};

(iii) the set of urn functions will be denoted as U(i,t) = {n(i,t)(0), · · · , n(i,t)(k)}, (i, t) ∈
S.

(iv) Finally, the law of motion is defined for all (i, t) ∈ S by

q((i, t), c) =




(0, 0) if c = 0

(j, t+ 1) if c = j ∈ G;
(3.5)

Now, define the process {Xn}n≥0 inductively as follows

Definition 14. Let {Xn} be a stochastic process with values in S defined

inductively by P [X0 = (0, 0)] = 1 and for any m ≥ 1

P [Xm+1 = (j, s)|Xm = (i, t),Fm] (3.6)

=





n(i,t)(j) +Nm[(i, t); (j, s)]�k
v=0 n(i,t)(v) +Nm[(i, t)]

(j, s) ∈ {(0, 0)} ∪ (G × {t+ 1})

0 otherwise
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3.3. A RUP FOR THE ANALYSIS OFMULTIPLE-STATE PROCESSES59

where Fm = σ({Xi; 0 ≤ i ≤ m}) and for (i, t), (j, s) in S

Nm[(i, t); (j, s)] =
m−1�

v=0

I(Xv = (i, t);Xv+1 = (j, s)) (3.7)

Nm[(i, t)] =
�

(j,s)∈S
Nm[(i, t); (j, s)] (3.8)

denotes the counting processes of transitions from (i, t) to (j, s) and the num-

ber of visits to (i, t) until time m.

The intuition behind the bivariate process {Xn} is the following. The

initial state of the process (0, 0) defines a reference event 0 at time zero.

Then the process moves along the sequence of states (it, t)t≥1 in S \ {(0, 0)}
where t denotes the time since the reference event occurred last and it denotes

a state in G t-units of time after the reference event occurred. The reference

event 0 occurs next at time ζ1. At this point the time since event 0 occurred

last will restart, i.e. (0, 0), and the process moves again along a sequence of

states (vt, t)t≥1 in S\{(0, 0)} until the reference event 0 occurs next, say at ζ2.

The transition probabilities are updated after each transition step according

to (3.6).

The RUP just defined is partial exchangeable, which implies that the

process will be a mixture of Markov chains whenever the process is recurrence.

In order to ensure a mixture representation, we now provide some conditions

which are sufficient of the recurrence of the process. Let {ζn}, denote the

sequence of hitting times to the initial state of the process. That is ζ0 = 0

and ζn+1 = inf{m > ζn : Xm = (0, 0)} where inf{∅} = ∞. The process {Xn}
is recurrent if

P [Xn = (0, 0) for infinity many n] = P

� ∞�

n=0

{ζn < ∞}
�
= 1. (3.9)

Furthermore define the sub-distribution Λ(0)(0) and the sequence of stochas-

tic sub-matrices {Λ(0)(t)}t≥1 by
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Λ(0)(0) =

�
n(0,0)(j)�k
v=0 n(0,0)(v)

�

j∈G
and Λ(0)(t) =

�
n(i,t)(j)�k
v=0 n(i,t)(v)

�

i,j∈G
(3.10)

Lemma 2. Suppose the sequence of stochastic sub-matrices {Λ(0)(t)}t≥1 sat-

isfies the following conditions

(i) ∀(i, t) ∈ G × N ∀j ∈ G such that n(i,t)(cj) > 0 and

(ii) limn→∞
�n

t=1 Π
(0)(t) = 0.

Then the RUP {Xn} is recurrent.

The proof of this lemma and all further proof are given in the appendix.

The recurrence condition essentially requires that after a certain time t ≥ 1

we need to have sufficient positive weight ni,t(0) of balls of color 0 in the urn

connected with state (i, t), for each i ∈ G. As a consequence of the previous

lemma and theorem 10 we obtain the following.

Corollary 1. Suppose condition (i) and (ii) of lemma 2 hold, then

(i) {Xn} will be a mixture of Markov chains on S with random transition

array Π = {Π(i,t)(j,v); (i, t), (j, v) ∈ S}.

(ii) If, for (i, t) ∈ S, Π(i,t) denotes the transition row state (i, t) to states

s ∈ S, then the rows of Π are mutually independent random probability

measures, where Π(i,t) is a Dirichlet process with base measure α(i,t)

equal to

α(i,t)(j, s) =




n(i,t)(j) if (j, s) ∈ {(0, 0)} ∪ (G × {t+ 1}
0 otherwise.

(3.11)

Remark 9. Let Π denote the random transition matrix of corollary 1. For a

fix (i, t) ∈ G × N the base measure α(i,t) assigns positive mass at most to the

states G×{t+1}∪{0, 0}. Hence the random weights of the transition row Π(i,t)

are zero almost surely for all states different from the set G×{t+1}∪{(0, 0)}.

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



3.3. A RUP FOR THE ANALYSIS OFMULTIPLE-STATE PROCESSES61

This implies than Π has the form of a block matrix with an additional first

column vector

Π
a.s.
=




Π(0)0 Π(0)−0 0 0 · · ·
Π(1)0 0 Π(1)−0 0 · · ·
Π(2)0 0 0 Π(1)−0 · · ·
· · · · · · · · · · · · · · ·




, (3.12)

where the random elements of Π are given by

Π(0) = (Π0(0),Π−0(0)) = (Π(0,0)(0,0), Π(0,0)(j,1); j ∈ G) and (3.13)

Π(t) = (Π0(t),Π−0(t)) = (Π(i,t)(0,0); i ∈ G, Π(i,t)(j,t+1); i, j ∈ G), (3.14)

where Π−0(0) =
�
Π(0,0)(j,1); j ∈ G

�
and Π−0(t) =

�
Π(i,t)(j,t+1); i, j ∈ G

�
for

t ≥ 1. Therefore in the sequel we prefer to write Π as a transition array

Π = {Π(t)}t≥0 where the elements Π(t) are defined above.

For prediction purposes later we state the following lemma and corollary.

Both lemmas together state that, given a sample of observations from the

RUP, the process starts again as the same RUP, just with a different initial

state and an updated initial urn composition function.

Lemma 3. Suppose the RUP {Xn} is recurrent. Then conditional on a sam-

ple of (n+ 1) observation {Xk = sk}0≤k≤n from the RUP,

(i) {Xn+k}k≥0 is again a mixture of Markov chains with initial state sn and

random transition array Π(n) = {Π(n)(t); t ≥ 0}.
(ii) The random transition matrices {Π(n)(t); t ≥ 0} are mutually indepen-

dent with respect to t. For a fixed t ≥ 0 the rows of Π(n)(t) are independent

random probabilities and the i-th row of Π(n)(t) is a Dirichlet vector with base

measure

αn,(i,t)(·) = α(i,t)(·) +
k�

j=1

δ(j,t+1)(·)Nn[(i, t)(·)] + δ(0,0)Nn[(i, t)(·)]. (3.15)

Remark 10. We emphasize that the random transition matrix Π(n) =

{Π(n)
s,s∗ ; s, s

∗ ∈ S} in the previous lemma has the same block-form as the ran-
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62 CHAPTER 3. A RUP FOR MULTIPLE-STATE PROCESSES

dom transition matrix Π. Hence, we wrote Π(n) again as a system of transi-

tion matrices defined by

Π(n)(0) =
�
Π

(n)
0 (0), Π

(n)
−0 (0)

�
=

�
Π

(n)
(0,0)(0,0), Π

(n)
(0,0)(j,1); j ∈ G

�

Π(n)(t) =
�
Π

(n)
0 (t), Π

(n)
−0 (t)

�
=

�
Π

(n)
(i,t)(0,0); i ∈ G, Π

(n)
(i,t)(j,t+1); i, j ∈ G

�
, t ≥ 1,

where Π
(n)
−0 (0) =

�
Π

(n)
(0,0)(j,1); j ∈ G

�
and Π

(n)
−0 (t) =

�
Π

(n)
(i,t)(j,t+1); i, j ∈ G

�
for

t ≥ 1.

It is not hard to see that the previous result still holds if we condition on

the history of the process until the n-th hitting time ζn.

Corollary 2. Suppose the RUP {Xn} is recurrent. Then conditional on the

event {ζn < ∞} and the sample {Xk}0≤k≤ζn from the RUP,

(i) {Xζn+k}k≥0 is again a mixture of Markov chains, with initial state (0, 0)

and random transition array Π(ζn) = {Π(ζn)(t); t ≥ 0}.
(ii) The random transition matrices of {Π(ζn)(t); t ≥ 0}, are mutually in-

dependent with respect to t. For a fixed t ≥ 1 the rows of Π(ζn)(t) are in-

dependent random probability distributions and the i-th row of Π(ζn)(t) is a

Dirichlet vector with base measure

αζn,(i,t)(·) = α(i,t)(·) +
k�

j=1

δ(j,t+1)(·)Nζn [(i, t)(·)] + δ(0,0)Nζn [(i, t)(·)]. (3.16)

Recall that the aim of this section was to construct an exchangeable

sequence of random elements {Ym}m≥1 such that, for every fixm, the random

element Ym is a mixture of inhomogeneous Markov chains on G stopped at

a random point in time. We will use the sequence of trajectories between

two successive returns to the initial state (0, 0) of the process {Xn}n≥0 to

construct such a sequence. Denote with S∗ the space of all finite sequences

of elements in S endowed with the discrete topology.

Definition 15. Suppose the process {Xn} is recurrent. Define the n-th (0, 0)-

block for the RUP to be the sequence of states between the (n−1)-th and n-th
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3.3. A RUP FOR THE ANALYSIS OFMULTIPLE-STATE PROCESSES63

return to the initial state (0, 0), that is

Bn = (Xζn−1 , Xζn−1+1, · · ·Xζn−1). (3.17)

Notice that, if {Xn} is recurrent, {Bn} will be a well-defined sequence of

random elements with values in S∗. The next lemma state a useful property

of the blocks {Bn} which will of frequent use in the sequel.

Lemma 4. Suppose the RUP {Xn} is recurrent, then the sequence of (0, 0)-

blocks {Bn} is exchangeable.

Notice that if L is a measurable function from S∗ into another measurable

space, then {L(Bn)}n≥1 is exchangeable too. Now, let L : S → G ∪ {0}
denote the projection onto the first coordinate of S, that is L((i, t)) = i for

all (i, t) ∈ S and let {Yn} be the sequence of projections of {Bn} onto the

first coordinates, that is

Yn = L(Bn) =
�
L(Xζn−1), L(Xζn−1+1), · · · , L(Xζn−1)

�

=
�
Y

(n)
0 , Y

(n)
1 , · · · , Y (n)

τn

�
(3.18)

where τn = ζn−ζn−1−1. By exchangeability of the (0, 0)-blocks and measur-

ably of the map L it follows that {Yn} is exchangeable as well. It is worth

stating the following obvious, but useful property of {Yn}n≥1.

Lemma 5. The sequence of random elements {Yn}n≥1 is exchangeable. Fur-

thermore, conditional on the random array Π = {Π(t), t ≥ 0}, for any n

Yn = {Y (n)
t , 0 ≤ t ≤ τn} is a time-inhomogeneous Markov chain on {0} ∪ G

with initial distribution δ0 and transition matrix Π independent of all Ym,

m �= n.

Remark 11. The sequence of stochastic processes {Ym} is a simple tool

for Bayesian inference for inhomogeneous Markov chains and in particular

multi-state processes.

Suppose information about a process arises from observing the same pro-

cess for several, say M , independent replicates, conditionally on an unknown
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64 CHAPTER 3. A RUP FOR MULTIPLE-STATE PROCESSES

transition array. In such a case we can take G as the state- space of the multi-

state process and let the observed data be the first M blocks {Ym}1≤m≤M .

Bayesian inference for summary measures of the process φ(Ym), with respect

to a square loss function, can now be reduce to computations which involve

only the predictive rule of the RUP (see section 3.4 and 3.6 for a numerical

illustration).

Remark 12. We like to comment on the implication of the partial exchange-

ability property on the behaviour of the sequence {Ym}. Take the x0-blocks

of a generic partial exchangeable process on a general state space X. Call

them {Bm} as well. Take any two sequences of states x1, x2, · · · , xn and

y1, y2, · · · , yn in X, which start with x1 = x0 = y1, have the same transition

counts, and do not contain x0 except at the first coordinate. Then the event

{Bn = (x1, x2, · · · , xn)} and the event {Bn = (y1, y2, · · · , yn)} will be equal

likely. This clearly needs to be the case as the x0-blocks are exchangeable.

Hence it doesn’t matter at which point in time each transition occurs as long

as the overall transition counts are the same in both sequences. Therefore the

transition probability of the partial exchangeable process and the x0-blocks is

stationary. This is an essential part of why a recurrent partial exchange-

able processes is a mixture of Markov chains. The random transition matrix

can be found as the weak limit of the empirical transition probabilities, hence

transitions should be time inhomogeneous.

In the case of modelling a multi-state process a stationary transition prob-

ability is undesirable. This is why we extended the state-space in the rather

unintuitive way from G (which is X in the above notation) to the state-space

S. The RUP we defined above implies the same stationary properties of the

transition probability for the x0-blocks as just described. But the point is that

two sequences of states in S, which start with x1 = (0, 0) = y1, have the

same transition counts, and do not contain (0, 0) except at the first coordi-

nate, now have the form (0, 0), (x2, 1), · · · , (xn, n − 1). Hence in order for

(0, 0), (x2, 1), · · · , (xn, n− 1) and (0, 0), (y2, 1), · · · , (yn, n− 1) to contain the

same transition counts in S (not in X = G) we require that the two sequences

have the same number of transition from (i, t) to (j, t + 1) for each i, j ∈ G
at each t ≥ 0.
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3.3. A RUP FOR THE ANALYSIS OFMULTIPLE-STATE PROCESSES65

The implication for the sequence Yn, derived from the (0, 0, )-blocks {Bm}
is therefore as follows. The fact that two blocks Yn and Ym have the same

number of transitions for each state i ∈ G will generally not be sufficient to

have the same probability. Since both sequences start with the same initial

state, we actually require that Y
(n)
t = it = Y

(m)
t for some state it ∈ G for all

t ≤ τm = τn in order for Yn and Ym to be equal likely. The only case for

which two blocks Yn and Ym will have equal probability, whenever they con-

tain the same number of transitions among states, is when ni,t(j) = ni,t+n(j)

for all t, h ≥ 0 and all states i, j ∈ G, i.e. when the masses ni,t(j) in every

urn are independent of t.

The same fact holds as well for the processes we consider in chapter 4

and 5, since we use the same ideas of extending the actual state-space to the

state-space time the natural numbers.

An other property we want to remark is the possibility of absorbing states

i ∈ G of a multi-state process. In some cases the elements of Ym may remain

constant after some point in time Y
(m)
t = i ∈ G over the remaining lifetime

τm. Such states are absorbing the scene of a multi-state process. But as long

as the lifetime τm is finite, this does not effect the recurrence property of the

RUP. The recurrence property of the RUP only requires and implies that the

each element Y (m) is finite with probability one.

By definition of the (0, 0)-blocks we may simplify the counting processes,

defined in (3.7) and (3.8), to

Nζm(i, j, t) =
m�

n=1

I(Y
(n)
t = i, Y

(n)
t+1 = j) = Nζm [(i, t); (j, t+ 1)] j ∈ G, (3.19)

Nζm(i, t) =
k�

j=0

Nζm(i, j, t) i ∈ G (3.20)

for every i in G ∪ {0} and t ≥ 0. Where Nζm(i, j, t) denotes the number of

times one of the m processes {Ym}1≤m≤M moves from state i to j at time

t. If we wants to predict survival times, τm, of the process Ym, we also need
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the counting processes

Nζm(i, 0, t) =
m�

n=1

I(Y
(n)
t = i, τn = t) for i ∈ G ∪ {0}. (3.21)

3.4 Predictive inference for multi-state pro-

cesses

In this section we derive some general predictive estimator for summary

measure of a multi-state process using the blocks {Ym}m≥1.

In practice, one may observe M trajectories {Ym}1≤m≤M . Each observa-

tion Ym = {Y (m)
n }0≤n≤τm follows a multi-state process on a countable state

space G, observed over a random length of time τm. Call τm the survival time

of the m-the observed trajectories. We want to estimate basic characteristics

of the underling process, like the one-step or n-step ahead transition prob-

ability or the expected time that an observation spends in a certain state

during her lifetime.

As noted in remark 11, we use the exchangeable sequence of mixture

of inhomogeneous Markov chains {Ym}m≥1 of the RUP to model the ob-

served data. A predictive estimator E[φ(YM+1)|Y1, · · · ,YM ] can be derived

through the predictive rule of the RUP. This estimator will be equal to a

Bayesian estimator of E[φ(YM+1)|Π] with respect to a square loss function,

where Π = {Π(t)i,j}i,j∈G,t≥0 denotes the random transition matrix conditional

on which all M observations are independent time-inhomogeneous Markov

chains.

At first, we focus on the estimation of the one- and n-step transition

probabilities and the expected time an observation spend in a fixed state

during the lifetime. Define for an arbitrary m ≥ 1 and for a state j ∈
G the occupation-time to state j during the lifetime Ym by Tj(Ym) =
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�
n≥0 I{Y

(m)
n = j}. To keep expressions simple, let

ΛM(0) = E[Π(0)−0|(Yj)
M
1 ] =

�
n(0,0)(j) +NζM (0, j, 0)
�k

v=0 n(0,0)(v) +M
; j ∈ G

��
, (3.22)

ΛM(t) = E[Π(t)−0|(Yj)
M
1 ] =

�
n(i,t)(j) +NζM (i, j, t)

�k
v=0 n(i,t)(v) +NζM (i, t)

; i, j ∈ G
�

(3.23)

for t ≥ 1 denote the updated version of initial sub-transition matrices {Λ(0)(t)}t≥0,

which are updated according to (3.6) for the observed data {Ym}1≤m≤M .

Lemma 6. For state i and j in G
(i) the predicted one-step transition probability from i to j at time n is given

by

P̂ (Yn+1 = j|Yn = i) =
n(i,n)(j) +NζM (i, j, n)�

v∈G∪{0} n(i,n)(v) +NζM (i, n)
; (3.24)

(ii) the predicted n-step transition probabilities into state j is given by

P̂ (Yn = j) =

�
ΛM(0)

n−1�

v=1

ΛM(v)

�

j

; (3.25)

(iii) the predicted average time spend in state j ∈ G during a lifetime is given

by

Ê[Tj(Y )] =
�

n≥1

�
ΛM(0)

n−1�

v=1

ΛM(v)

�

j

, (3.26)

where we define
�−1

n=0 to be equal to the identity matrix I.

In many situations one likes to estimate the expected lifetime E[τm|Π] or
the survival function {P (τm > n|Π), n ≥ 0} as well. The predictive estimator

for both quantities is given in the following lemma

Lemma 7. (i) The predictive probability of surviving more than n units of
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time is given by

P̂ (τ > n) =
�

j∈G

�
ΛM(0)

n�

v=1

ΛM(v)
�
j
; (3.27)

(ii) the predicted total life-time is given by

Ê(τ) =
�

n≥0

�

j∈G

�
ΛM(0)

n�

v=1

ΛM(v),
�
j

(3.28)

where
�−1

n=0 = I.

In this section we considered some predictive estimator for selected mea-

sures of a multiple-state process. Estimator for further functions may be

expressed in terms of the predictive law of the RUP in a similar way.

3.5 Right censoring and missing at random

In this section we like to discuss how to deal with censoring when we use a

RUP, but the data {Ym} may not be observed entirely.

Each of the blocks Ym = {Y (m)
n }0≤n≤τn terminates after a finite time,

τm, where no assumption was made about the cause of termination. In

practice, one may observes measurements Ym = (Y
(m)
t = it)0≤t≤τ∗m under

right censoring, where τ ∗
m = min (τm, γm) and γm is the censoring time of

observation m. In this case one can adapt to right censoring. Suppose

observation m is censored at time τ ∗
m = min (τm, γm) (hence γm < τm). The

updating mechanism (3.19) and (3.21) for such a sequence is given by

Nζ∗m(it, it+1, t) = Nζ∗m−1(it, it+1, t) + 1 for 1 ≤ t ≤ τ ∗
m − 1 and (3.29)

Nζ∗m(iτ∗m , 0, τ
∗
m) = Nζ∗m−1

(iτ∗m , 0, τ
∗
m) (3.30)

As noted in [152], the (0, 0)-blocks remain exchangeable provided that the

censoring mechanism is independent of the multiple-state process.

Next to right censoring one may also needs to deal with missing at random

(MAR) for some of the repeated measurements. This case corresponds to
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3.5. RIGHT CENSORING AND MISSING AT RANDOM 69

observing some paths Ym only partially, i.e.

Ym =
�
Y

(m)
0 , · · · , Y (m)

c1 ,missing, Y
(m)
c2 , · · · , Y (m)

τm

�
.

Where ’missing’ corresponds to the unobserved string Jm =
�
Y

(m)
c1+1, · · · , Y (m)

c2−1

�

of Ym, which depends on the observed path of observation m and on all other

observations, Yn n �= m, as well.

For such cases we may use the following algorithm. The idea is the

following. Suppose w observations contain a ’missing’ string and denote this

observations with (YM1 ,YM2 , · · · ,YMw) and let W = {M1, · · ·Mw} denote

the corresponding index set of such observations. By exchangeability and

MAR for any permutation σ of {1, · · · , w}

(Y1,Y2, · · · ,YM)
d
= (Yi i /∈ W ,YMσ(1),YMσ(2), · · · ,YMσ(w)). (3.31)

Hence we may draw first for all j = 1, · · · , w the missing string (JMj
|(Yi)

M
1 ,JMi

i �=
j) and complete YMi

for ; secondly we compute all counting processes (3.19),

(3.21); and third estimates the unknown quantities of interest as explained

above. The final estimator will be obtained by repeatedly drawing the miss-

ing strings and then average over the estimator over the total number of draws

(after some burn-in period). The actually draw of JMj
will be implemented

by sampling for t = c1 + 1, · · · , c2 − 1 from

P
�
Y

(Mj)
t = j|(Yi)

M
1 ,JMi

i �= j,JMi,−t

�

∝
�
n
(Y

(Mj)

t−1 ,t−1)
(j) +N∗

ζM

�
Y

(Mj)
t−1 , j, t− 1

���
n(j,t)

�
Y

(Mj)
t+1

�
+N∗

ζM
(j, Y

(Mj)
t , t+ 1)

�

(3.32)

for j ∈ G where JMi,−t =
�
Y

(Mj)
c1+1 , · · · , Y

(Mj)
t−1 , Y

(Mj)
t+1 , · · · , Y (Mj)

c2−1

�
(and for each

t < c2 − 1 we use the required Y
(Mj)
t+1 from the previous iteration) and

N∗
ζM

(i, j, t) =
�

m/∈W
I(Y

(m)
t = i, Y

(m)
t+1 = j) +

�

Ml∈W,l �=j

I(Y
(Mj)
t = i, Y

(Mj)
t+1 = j).
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3.6 Numerical Illustration

In this section we numerical illustrate the statistical procedure outlined in

the last section. Consider the problem of heart transplantation monitoring.

Typically one wants to monitor the health status and the survival time of

a patient after heart transplantation. In this context, cardiac allograft vas-

culophathy (CAV), which is a deterioration of the arterial walls, is a major

cause of death among long term survivors of heart transplantation [143].

Therefore, the analysis of onset and progression of CAV is a major issue in

heart transplantation monitoring.

We used heart transplantation monitoring data from Papworth Hospital,

UK (available within the R package ’msm’, [80]). A total of 622 patients are

yearly re-examined after transplantation. Every re-examination provides for

each patient a CAV measurements in form of three different states; state 1

represents no CAV, 2 denotes moderate CAV and 3 represents severe CAV.

The reference point for each patient is the time of heart transplantation.

This corresponds to state (0, 0) in our previous notation.

We assume that, conditional on a transition array Π, the process of heart

transplantation monitoring follows a time-inhomogeneous Markov chain. Our

aim is to estimate the unknown transition array Π and functions of the

process and not to assess the effects of covariates. Hence, we assume for

simplicity that patients are exchangeable1. We use the exchangeable se-

quence of blocks {Ym} defined in (3.18) of a RUP with state-space S =

{(0, 0)} ∪ ({1, 2, 3} × N) to model the heart transplantation monitoring.

G = {1, 2, 3} denotes the potential CAV states and 0 denotes the event

of heath transplantation at time zero. The first 622 blocks {Ym}1≤m≤622 of

the RUP represent the observed trajectories of all 622 patients.

Figure 3.1 shows graphical the relation between individual trajectories of

three patients Yi,Yj,Yk and the resulting partial exchangeable RUP {Xn}.
For example patient i stays at the first two re-examinations in state 1, moves

1The assumption of exchangeability might be questionable in real applications since
patients have different ages at the time of transplantation. But previous analysis of the
data showed that only CAV and sex have a significant effect on the survival status after
transplantation. Hence one could run a separate analysis for each sex.
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Figure 3.1: Structure of the Papworth Hospital data

to state 3 at the third re-examination. At the fourth and fifth re-examination

he moves back to state 2 and dies after the fifth re-examination. Her lifetime

is τi = 5. Note that in this example transitions of the form i → i− 1, i, i+ 1

are possible for state 2. By exchangeability of the blocks {Ym}m≤622, the

finite dimensional joined likelihood is invariant of the order of observing the

patients. Therefore the predictive distribution of Y623 given {Ym}1≤m≤622 is

also invariant of the order of observing {Ym}1≤m≤622.

Figure 3.2(a) shows the estimated n-step transition probabilities for all

three CAV states, while Figure 3.2(b) shows the estimated discrete survival

function after heart transplantation. The expected time spend in CAV state

1, 2 and 3 are 6.75, 1.8 and 0.99 years respectively whereas the expected

length of survival after transplantation equals 10.54 = 1 + 6.75 + 1.8 + .99

years.
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(a) n−step transition Probability

time since transplantation

n−s
tep

 tra
nsi

tion
 pr

oba
bili

ty

1 3 5 7 9 13 17

0.0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1.0 no CAV
moderate CAV
sever CAV

(b) Survival probability

time since transplantation

Su
rviv

al p
rob

abi
lity

2 4 6 8 12 16

0.0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1.0

Figure 3.2: Predicted n-step transition probabilities of being in CAV state
1, 2 or 3 after transplantation and the predicted survival function. (State 1
denotes no CAV, state 2 denotes moderate CAV and state 3 denotes severe
CAV)

3.7 Concluding Remarks

In the present paper we introduced a particular reinforce urn process (RUP)

for the analysis of multi-state processes. We used the sequence of trajectories

between successive hitting times to the initial state of the RUP to construct

an exchangeable sequence of stochastic processes {Ym}m≥1. Every element

Ym is a mixture of time-inhomogeneous Markov chains stopped at a random

point in time τm. Inference for functions of the multiple-state process can be

implemented through the predictive law of the RUP.

The process can be used for problems in survival analysis, event history

modelling or system reliability where one observes the same underlining pro-

cess for several independent replicas. As a numerical illustration we applied

the RUP to inference in heart transplantation monitoring. A clear weakness

of the proposed method is the missing adjustment for covariate effects, which

reduces the usefulness of the method in practice substantially.

Potential extensions are manly directed towards the construction of mix-
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ture of time-inhomogeneous Markov chains on multivariate state spaces of

an arbitrary dimension. As an example, suppose that one wants to monitor

K potentially correlated health indicators for M patients with varying initial

conditions. The object of interest could be to monitor jointly all K indica-

tors and the survival time with an implicit correlation structure. This can be

done by considering hierarchical urn schemes and will be the object of future

work.
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3.8 Appendix: Proofs

Proof of lemma 2. We show (3.9) by induction on n. By definition of the

RUP {Xn}n≥0

P [ζ1 > n] = P [X0 = (0, 0), X1 �= (0, 0), · · · , Xn �= (0, 0)]

=
�

i1,··· ,in∈G
P [X0 = (0, 0), X1 = (i1, 1), · · · , Xn = (in, n)]

=
�

in∈G

�
Λ(0)(0)

n−1�

t=1

Λ(0)(t)

�

in

where the subscript in stands for the in-th component of a vector. The second

condition implies that

P (ζ1 < ∞) = 1− lim
n→∞

P (ζ1 > n) = 1. (3.33)

Assume that P [∩m
i=0{ζi < ∞}] = 1 for a fixed m ∈ N and set Km =

max1≤j≤m{ζj − ζj−1} + 1. Notice that Km is finite with probability one.

Let V (ζ1, · · · , ζm) = (s0, · · · , sζm) be a trajectory of the process until ζm

such that sj = (0, 0) if j ∈ {ζ0, · · · , ζm} and sj �= (0, 0) if j /∈ {ζ0, · · · , ζm}.
Then for n > Km + ζm

P [ζm+1 > n|V (ζ1, · · · , ζm), Km] =
�

i∈G

�
Λ(m)(0)

Km−1�

t=1

Λ(m)(t)
n−1�

t=Km

Λ(0)(t)

�

i

a.s., where Λ(m)(0) is a sub-distribution and Λ(m)(t) a stochastic sub-matrix,

both defined analogous to Λ(0)(0) and Λ(0)(t) but the elements are updated

according to (3.6) for the sequence V (ζ1, · · · , ζm) = (s0, · · · , sζm). It follows
by condition two that

�n−1
t=Km

Λ(0)(t) → 0. Hence

P [ζm+1 < ∞|V (ζ1, · · · , ζm), Km] = 1− lim
n→∞

P [ζm+1 > n|V (ζ1, · · · , ζm), Km]

= 1 a.s.
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The induction step follows now from

P (ζm+1 < ∞) = E
�
E

�
P (ζm+1 < ∞|V (ζ1, · · · , ζm), Km)

��ζ1, · · · , ζm
��
= 1.

Proof of Lemma 3. Suppose {Xn} is recurrent, by theorem 2.20 in [117] con-

ditional on a sample {Xj = sk}0≤k≤n from the RUP, {Xn+j}j≥0 is again a

RUP on S with initial state sn and initial urn compositions

Ũ(i,t) = {n(i,t)(0)+Nn[(i, t)(0, 0)], n(i,t)(j)+Nn[(i, t)(j, t+1)]; j ∈ G}. (3.34)

Furthermore also {Xn+j}j is recurrent. Let {ζi}0≤i≤kn denotes all hitting

times to (0, 0) of {Xk = sk}0≤k≤n (where ζi ≤ n for 1 ≤ i ≤ kn < n) and

we define {ζ̂n}n≥0 to be the sequence of hitting times to (0, 0) for {Xn+j}j≥0.

By the same argument as in the induction step of lemma 29 it follows that ζ̂1

is finite almost surely (where we condition on ∩i=0,··· ,kn{ζi < ∞}). Assume

that P (∩m
i=1{ζ̂i < ∞}) = 1, and use again the same argumentation as in the

induction step of lemma 29 to show that ζ̂m+1 is a.s. finite, but conditioning

this time on [∩i=0,··· ,kn{ζi < ∞}] ∩ [∩i=0,··· ,m{ζ̂i < ∞}].
Hence, {Xn+j}j≥0 is a recurrent RUP with initial urn compositions given

by (3.34) Now (i) and (ii) follow simply from theorem 10 apply to the RUP

{X̃j}j≥0 := {Xn+j}j≥0, where X̃j := Xn+j , with initial urn compositions

(3.34).

Proof of Corollary 2. The proof follows from the previous lemma by ob-

serving that, give {ζn = l}, {Xk}0≤k≤ζn is determined by {Xk}0≤k≤l and

P (ζn < ∞) = 1.

Proof of Lemma 4. Fix n > 1 and consider the first n blocks {Bm}1≤m≤n of

the RUP. Let σ be a permutation of {1, · · · , n}. We need to show

(B1, · · · ,Bn)
d
= (Bσ(1), · · · ,Bσ(n)). (3.35)
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By definition of the (0, 0)-blocks, we have

P
� n�

k=1

�
Bk =

�
(0, 0), (ik1, 1) · · · , (ikwk

, wk)
���

=P
� n�

k=1

�
Xζk−1

= (0, 0), Xζk−1+1 = (ik1, 1), · · · , Xζk−1 = (ikwk
, wk)

��

=
∞�

t=0

k�

j=0

n(j,t)(0)
[Nφ((j,t);(0,0))]

�k
i=1 n(j,t)(i)

[Nφ((j,t);(i,t+1))]

��k
v=0 n(j,t)(v)

�[Nφ(j,t)]
. (3.36)

The last equality follows from the finite dimensional joined law of a RUP

(equation (2.4) in [117]), where a[n] = a(a+ 1) · · · (a+ n− 1), by convention

a[0] = 1, and Nφ[(i, t), (j, s)] denotes the number of transitions from (i, t) ∈ S
to (j, s) ∈ S within the string

�
(0, 0), (i11, 1) · · · , (i1w1

, w1), (0, 0), · · · , (imwm
, wm)

�
.

Within any block Bm, a transition from (i, t) to (j, t + 1) occurs if and

only if the (t+1)-th and (t+2)-th coordinate of Bm equals (i, t) and (j, t+1).

Now, for 0 ≤ t ≤ max1≤k≤n (wk) and i ∈ G ∪ {0}, j ∈ G, we have

Nφ[(i, t); (j, t+ 1)] =
n�

k=1

I(ikt = i, ikt+1 = j, wk > t)

=
n�

k=1

I(i
σ(k)
t = i, i

σ(k)
t+1 = j, wσ(k) > t)

=: Nµ[(i, t); (j, t+ 1)]

where Nµ[(i, t); (j, t + 1)] denotes the number of transitions from state (i, t)

to (j, t + 1) within the string
�
(0, 0), (i

σ(1)
1 , 1), · · · , (iσ(1)w1 , wσ(1)), (0, 0), · · · ,

(i
σ(m)
wσ(m) , wσ(m))

�
. Similarly for (i, t) ∈ S

Nφ((i, t), (0, 0)) =
n�

k=1

I(i
(k)
t = i, wk = t)

=
n�

m=1

I(i
σ(k)
t = i, wσ(k) = t) = Nµ((i, t), (0, 0)).

For t > max1≤k≤n wk and all (i, t), (j, s) in S, clearly Nφ((i, t), (j, s)) = 0 =
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Nµ((i, t), (j, s)). Consequently also Nφ(i, t) = Nµ(i, t) for (i, t) ∈ S. There-

fore (3.36) equals

∞�

t=0

k�

j=0

n(j,t)(c0)
[Nµ((j,t);(0,0))]

�k
i=1 n(j,t)(ci)

[Nµ((j,t);(i,t+1))]

��k
v=0 n(j,t)(cv)

�[Nµ(j,t)]

= P
� n�

k=1

�
Bk =

�
(0, 0), (i

σ(k)
1 , 1) · · · , (iσ(k)wσ(k)

, wσ(k))
���

.

Since σ and n are arbitrary the result follows.

Proof of Lemma 5. For a fixed n and any sequence (it)0≤t≤k of states in G

P (∩k
t=0{Y (n)

t = it}|Π) = P (∩k
t=0{Xζn−1+t = (it, t)}|Π) a.s

= δ0(i0)
k−1�

t=0

Π(t)it,it+1 a.s,

which shows that, given Π, Yn is an inhomogeneous Markov chain a.s.. Fur-

thermore, Yn is a measurable function of Bn. Now, since given Π, {Bn}n≥1 is

an iid sequence, we deduce that, given Π, Yn are mutually independent.

Proof of Lemma 6. By definition of {Ym}

P̂ (Yn+1 = j|Yn+1 = i) = P (Y
(M+1)
n+1 = j|Y (M+1)

n = i,Y1 · · · ,YM)

= P (XζM+n+1 = j|X0, · · ·XζM+n−1, XζM+n = i)

= E[Π(ζM+n)(n)i,j ]

=
n(i,n)(j) +NζM+n(i, j, n)�

v∈G∪{0} n(i,n)(v) +NζM+n(i, n)
,

where the last two equalities hold by lemma 3 and corollary 2. SinceNζM+n(i, j, n) =
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NζM (i, j, n), this yields (i). Furthermore (ii) can be derived similar to (i),

P̂ [Y (M+1)
n = j]

= P [Y (M+1)
n = j|Y1, · · · ,YM ]

= P [XζM = (0, 0),∩n−1
k=1{XζM+k ∈ G × {k}}, XζM+n = (j, n)|X0, · · · , XζM ]

= E

��
Π

(ζM )
−0 (0)

n−1�

k=1

Π
(ζM )
−0 (k)

�
j

�
=

�
ΛM(0)

n−1�

k=1

ΛM(k)
�
j
,

where last two equalities hold by corollary 2.

Finally, using (ii), the predicted average time spend in state i for observation

M + 1 is given by

Ê(T (Y )j) = E
� �

n≥0

I(Y (M+1)
n = j)

���Y1, · · · ,YM

�

=
�

n≥1

P (Y (M+1)
n = j|Y1, · · · ,YM)

=
�

n≥1

�
ΛM(0)

n−1�

k=1

ΛM(k)

�

j

,

where the second equality hold by the monotone convergence theorem for

conditional expectations.

Proof of Lemma 7. We use again the predictive rule of the RUP and the

definition of {Ym} to express τM+1 as

P̂ (τ > n) = P (τM+1 > n|Y1, · · ·YM)

=P (Y
(M+1)
0 = 0,∩n+1

k=1{Y
(M+1)
k ∈ G}|Y1, · · ·YM)

=
�

j∈G

�
ΛM(0)

n�

v=1

ΛM(v)
�
j

where the last two equalities holds again by Corollary 2. Finally (ii) follows
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from (i) by

Ê[τ ] = E(τM+1|Y1, · · · ,YM)

=
�

n≥0

P (τM+1 > n|Y1, · · · ,YM)

=
�

n≥0

�

j∈G

�
ΛM(0)

n�

k=1

ΛM(k)
�
j
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Chapter 4

Reinforced Bivariate Urn

Processes

4.1 Introduction

Suppose we observe the random movement of a particle on a countable

bivariate state space G1 × G2 over a random length of time, say τ . The

underlying stochastic process is supposed to be Markov, conditional on an

unknown transition operator. The stochastic process will generally not be

time-homogeneous. Suppose we obtain information about the underlying

stochastic process by observing the same stochastic phenomena for a finite

number of exchangeable particles. Frequently one wants to learn from the

observed particle how future particle behave. In the following, we use a par-

ticular reinforced stochastic process to study such a problem and apply this

process to a Bayesian analysis of bivariate multi-state processes.

Reinforced stochastic processes and in particular random walks with re-

inforcement, introduced by Coppersmith and Diaconis ([34] see also [123, 42,

36]), are a class of processes characterized, loosely speaking, by the prop-

erty that trajectories frequently traversed by the process in the past become

more likely to be revisited in the future than trajectories which have not yet

been traversed. A statistical model based on a reinforced stochastic process

can therefore be seen as a sequential learning process. Furthermore classical
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82 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

random walks with reinforcement are partial exchangeable. Therefore a re-

currence reinforced random walk can be represented as a mixture of Markov

chains. This feature links a sequential learning process with a Bayesian anal-

ysis of Markov chains.

In the following paper we study a bivariate urn process, which can be seen

as a random walk on a space of some hierarchical Pólya urns. The process has,

under recurrence, a unique representation as a mixture of Markov chains too.

In a second step we use a sequence of stopping times of the process and the

trajectories between successive stopping times to construct an exchangeable

sequence of stochastic processes {Yn}n≥1, where for every n ≥ 1 the string

Yn = {(Y (n,1)
m , Y

(n,2)
m )}0≤m≤τn is a mixtures of bivariate time-inhomogeneous

Markov chains on G1 × G2 ⊂ N stopped at a random point in times τn.

The hierarchical structure of the hierarchical Pólya urns makes it possible to

model dependence between values taken by the process in G1 and in G2.

The outline of the paper is the following. In section 4.2 we fist motivate

the practical relevance of our process for stochastic modelling. In a next step

we and introduce the actual process. Base of the process, we construct an

exchangeable sequence of mixture of inhomogeneous bivariate Markov chains

in section 4.3. In section 4.3.1 we use the constructed sequence for prediction

for Markov chains. In section 4.3.2 we numerically illustrate the procedure

for some simulated data for one of the motivating examples. In the final

section we give some concluding remarks.

4.2 A Reinforced Bivariate Urn Process.

4.2.1 Motivating examples.

The aim of this subsection is to motivate the construction of the bivariate

urn process (BUP). The first example will also be used in section 4.3.2 as

numerical illustration.

Example 1. Suppose that patients share the same initial event like the oc-

currence of a certain disease or a surgery. Each patient is followed on a
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regular base until death or until a predefined point. The follow-up may con-

tain information on the level of some co-disease D1 and D2 as a consequence

of the initial event (for instance D1 may be hypertension and D2 be diabetes),

where D1 and D2 are potentially correlated. We may measure D1 on a scale

of G1 = {1, · · · , N} and D2 on a scale of G2 = {1, · · · ,M}. One could be

interested in modelling jointly the evolution of D1, D2 during reaming life-

time of a patient. In this situation we have data of the form {Yn}1≤n≤K

where for every 1 ≤ n ≤ K Yn = (Y
(n)
1 , · · · , Y (n)

τn−1, Y
(n)
τn ) ∈ S(G1×G2). Here

S(G1×G2) denotes the space of all finite sequences of elements in G1 ×G2 and

τn denoted the survival time or the end of the observation-period of the n-th

patient.

Example 2. Suppose our interest lies in studying the decision of the first

pregnancy for young women in relation to their current occupational status

and marital status. Hence let G1 = {1 = ’in education’, 2 = ’employed’, 3 =

’self-employed’, 4 = ’unemployed’} and G2 = {1 = ’single’, 2 = ’in committed

relationship’, 3 = ’engaged’, 4 = ’divorced’, 5 = ’widowed’} and let W = {l ∈
N : l = current age − v} ⊂ N, where v is the age of entrance into the bio-

logical fertile lifespan (i.e. set v = 12 or v = 15). Denote with τ the age of

delivery. Clearly the decision for a first child and the age at delivery depends

on both the employment and marital history of a woman. Usually the em-

ployment and marital history are dependent as well. Typical data for such

processes arise from longitudinal surveys or register data in a prospective or

retrospective form. Therefore we have data of the form {Yn}1≤n≤K where

Yn = (Y
(n)
1 , · · · , Y (n)

τn−1, Y
(n)
τn ) ∈ S(G1×G2).

In both examples the simplest form of time dependence would be Markov,

but clearly both processes are most likely not homogeneous in time. It should

be noted

4.2.2 Construction of the BUP

To define a bivariate urn process we will take the following elements. As a

state space we choose S = {(0, 0, 0)} ∪
�
G1 × G2 × N

�
, where N indicates
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the set of positive integers and G1 = {1, · · · , N}, G2 = {1, · · · ,M} for some

finite integers N,M < ∞.

We also fix two sets of labels. C1 = {a0, a1, · · · , aN} will be a color set at

the ’first level’ and C2 = {b1, b2, · · · , bM} be a color set at the ’second level’.

Now, with every state (i, j, t) in S we connect a first level Pólya urn

U (1)(i, j, t) with color set C1 containing N + 1 colors of initial composition

�
n(i,j,t)(a0), n(i,j,t)(a1), · · ·n(i,j,t)(aN)

�
∈ RN+1

+ , (4.1)

where n(i,j,t)(av) denotes the number of balls of color av ∈ C1 initially in urn

U (1)(i, j, t).

Additionally, we connect to every state (i, j, t) and every v ∈ G1 a further

’second level’ Pólya urn U (2) (i, j, t|v) with color set C2 containing M colors

of initial composition

�
m(i,j,t|v)(b1), m(i,j,t|c)(b2), · · · ,m(i,j,t|v)(bM)

�
∈ RM

+ . (4.2)

of m(i,j,t|v)(bl) balls of color bl.

To ensure that the resulting process will be well defined we assume the

following

Assumption 1. For all (i, j, t) in S and all v in G1

|U (1)(i, j, t)| :=
N�

c=0

n(i,j,t)(ac) > 0 (4.3)

|U (2)(i, j, t|v)| :=
M�

c=1

m(i,j,t|v)(bc) > 0 if n(i,j,t)(av) > 0. (4.4)

This basically states that every first level Pólya urn is initially non-empty

and if the number of balls of color av in the first level urn U (1)(i, j, t) is pos-

itive, then the second level urn U (2)(i, j, t|v) will be non-empty too. Infor-

mally speaking, a bivariate hierarchical urns process can be described by the

following recursive sampling scheme.
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Procedure 1. Let the initial state of the process be X0 = (0, 0, 0) and sup-

pose we observe {X0 = (0, 0, 0), Xk = (ik, jk, tk); 1 ≤ k ≤ n} (see figure

4.1(a)). Sample Xn+1 given the first (n+1) observations as follows. Sample

at first a ball from the first level Pólya urn U (1)(in, jn, tn). If the color of the

sampled ball equals a0 set Xn+1 = (0, 0, 0) and add two balls of color a0 to

urn U (1)(in, jn, tn). If otherwise the color of the sampled ball equals av where

v ∈ G1, sample a second ball from the second level Pólya urn connected to

((in, jn, tn), v), that is from U (2)(in, jn, tn|v) (see figure 4.1(b)). If bw (where

w ∈ G2) denotes the color of the ball drawn from urn U (2) ((in, jn, tn)|v)
set Xn+1 = (v, w, tn + 1) and add two balls of color av to the first level

urn U (1)(in, jn, tn) and add two balls of color bw to the second level urn

U (2) ((in, jn, tn)|v).

Figure 4.1: Sampling Scheme of an BUP on S with |G1| = 6 and |G2| = 2. (cji
denotes the index of the color drawn at time i ≥ 0 at hierarchy j ∈ {1, 2}.)
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X4 = (2, 2, 4) U(2, 2, 4)(1) U(2, 2, 4 4)(2)

c4
1 = 4
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2 = 2

X5 = (4, 2, 5) U(4, 2, 5)(1)

c5
1 = 0

X6 = (0, 0, 0) U(0, 0, 1)(1)
...

...

If the process is recurrence, meaning P (Xn = (0, 0, 0) i.o.) = 1, the pro-
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Figure 4.2: Simulation of a trajectory of a BUP on S with |G1| = 6 and
|G2| = 2 until the third hitting time to the initial state.
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cess samples an infinite number of trajectories within the infinite high box

{1, · · · , N} × {1, · · · , N} ×N, say B = {Bn}n≥1. Where the n-th trajectory

consists of the states visited by the process between the n-th and (n+ 1)-th

hit to the initial state (0, 0, 0). Figure 4.2 shows a simulated trajectory of a

process (for |G1| = 6 and |G2| = 2) until the third hit to the initial state. We

will consider this trajectories and related functions in more detail in section

4.3, where we use the trajectories to construct an exchangeable sequence of

mixtures of time-inhomogeneous bivariate Markov chains. For the later anal-

ysis we translate the previous sampling scheme into the following equivalent

definition

Definition 16. The bivariate urn process X = {Xk}k≥0 with values in S is

defined recursively by P[X0 = (0, 0, 0)] = 1 and conditional on the history
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Fk = σ({Xm}0≤m≤k) until process time k ≥ 1 where Xk = (w, v, l) ∈ S

P[Xk+1 = (i, j, s)|Fk] = (4.5)




n(w,v,l)(a0) + tk(w, v, l)(0, 0, 0)�N
c=0 n(w,v,l)(ac) + tk(w, v, l)

if (i, j, s) = (0, 0, 0)

�
n(w,v,l)(ai) + tk(w, v, l)(i, ·, l + 1)]

�N
c=0 n(w,v,l)(ac) + tk(w, v, l)

× m(w,v,l|i)(bj) + tk(w, v, l)(i, j, l + 1)
�M

c=1 m(w,v,l|i)(bc) + tk(w, v, l)(i, ·, l + 1)

�
if (i, j, s) ∈ G1 ×G2 × {l + 1},

0 otherwise,

where

tk(w, v, l)(i, j, s) =
k�

n=1

I(Xn−1 = (w, v, l), Xn = (i, j, s)), (4.6)

tk(w, v, l)(i, ·, s) =
M�

j=1

tk(w, v, l)(i, j, s), (4.7)

tk(w, v, l) =
�

s∈S
tk(w, v, l)(s) (4.8)

denotes the counting processes of transitions between states and transitions

into states until time k.

At first we are going to determine the finite dimensional law of the process.

This will be helpful to explore some basic properties of the process. Since

the transition rule of the process allows only some restricted transitions, we

will call a sequence {(in, jn, sn)}0≤n≤k of (k + 1) elements in S admissible if

(i0, j0, s0) = (0, 0, 0) and, for 1 ≤ n ≤ k, (ik, jk, sk) = (0, 0, 0) or (ik, jk, sk) ∈
G1 ×G2 × {sk−1 + 1}.

Proposition 1. Let {(in, jn, sn)}0≤n≤k be a finite admissible sequence of
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states in S, then

P[X0 = (i0, j0, t0), X1 = (i1, j1, s1), · · · , Xk = (ik, jk, sk)]

=
�

l≥0
i∈G1∪{0}
j∈G2∪{0}

N�

v=1

�
n(i,j,l)(a0)

[tk(i,j,l)(0,0,0)]n(i,j,l)(av)
[tk(i,j,l)(v,·,l+1)]

��N
c=0 n(i,j,l)(ac)

�[tk(i,j,l)]

×
�M

w=1 m(i,j,l|v)(bw)[tk(i,j,l)(v,w,l+1)]

��M
c=0 m(i,j,l|v)(bc)

�[tk(i,j,l)(v,·,l+1)]

�
(4.9)

where a[n] = a(a + 1) · · · (a + n − 1) and a[0] = 1. Furthermore every inad-

missible sequence has zero probability.

The BUP is defined inductively through the system of predictive distri-

butions (4.5) and in the previous proposition we obtained the system of finite

dimensional distributions (4.9). Our object is now to ensure that there ex-

ists as stochastic process on some probability space having (4.9) as finite

dimensional law.

Lemma 8. The BUP exists. That is, there exists a probability space (Ω,F ,P)
and a stochastic process X = {Xn} define on the same space such that the

finite dimensional distribution of X is give by (4.9).

The remaining part to this section will be focused on representing the

process X as a mixture of Markov chains, provided X is recurrent. That is

we want to represent the finite dimensional probability of X as

P(∩n
k=0{Xk = (ik, jk, sk)}

�
= Eµ,i0

�n−1�

k=0

Π(ik,jk,sk),(ik+1,jk+1,sk+1)

�
(4.10)

for some random transition matrix Π is S×S. Where Π is distributed accord-

ing to µ, for some probability measure on the space of stochastic matrices

on S × S. We will proceed as usual and use the theory of partial exchange-

able processes [63, 44]. Hence recall that two strings σ = (s0, s1, · · · , sn)
and µ = (v0, v1, · · · , vn) of elements in S are called equivalent if (i) s0 = v0

and (ii) tn,σ(s, s
∗) = tn,µ(s, s

∗) for all s, s∗ ∈ S where tn,σ(s, s
∗) denotes the
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number of transitions from s to s∗ within σ. An important property for

representing a process as a mixture of markov chains is partial exchangeabil-

ity. A process is partial exchangeable if, under the probability law of the

process, any two equivalent sequences are equal likely. Any recurrent partial

exchangeable process can be represented as a mixture of Markov chains. We

note the following property of the BUP which will be of frequency use in the

sequel.

Lemma 9. The BUP {Xn} is partial exchangeable.

All that remains is to ensure the recurrence of the bivariate urn process.

Recurrence will be the last part to establish a mixture representation. We

proceed as usual through ’regenerative’ cycles. Define the sequence of hitting

times {ζn}n to the initial state by ζ0 = 0 and

ζn+1 = inf{k > ζn : Xk = (0, 0, 0)}, (4.11)

which denote all time points where the process terminates the excursion from

the box G1 ×G1 ×N back to the bottom (see figure 4.2). The process {Xn}
is recurrent if

P(Xn = (0, 0, 0) for infinite many n) = P(∩∞
j=1{ζk < ∞}) = 1. (4.12)

We will assume the following condition.

Assumption 2. There exist an � ∈ (0, 1) and a t� ∈ N such that

n(i,j,t)(a0)�N
c=0 n(i,j,t)(ac)

> � ∀ t > t�, (i, j, t) ∈ S. (4.13)

The assumption is reasonable for our particular purpose. Assumption 2

states that a priory, for some � > 0, there exists some coordinate t� such that

for every state in the space G1 × G2 × {t}, t ≥ t� there is at least an �-risk

to return to the initial state {(0, 0, 0)}. In section 4.3 we will construct an

exchangeable sequence of stochastic processes on G1 × G2 for problems as

described in example 1 and 2 of section 4.2.1 where τn+1 = ζn+1 − ζn − 1
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corresponds to the survival times of the nth observed process. In such cases

the condition merely states that at least at some point t� there has to be

an arbitrary small but positive risk for a failure under any combination of

covariate state (i, j) in G1 ×G2.

Lemma 10. Suppose that the initial urn compositions of the BUP satisfies

assumption 1 and 2, then {Xn} is recurrent.

As discussed before, by [44], a recurrent partial exchangeable process can

be represented as a Mixture of Markov chains. Hence from lemma 4 and the

last lemma we may state the following corollary.

Corollary 3. Suppose that the initial urn compositions of the bivariate urn

process satisfy assumption 1 and 2, then {Xn} is a mixture of Markov chains

with unique mixing measure.

It only remains to determining the mixing measure in the representation

(4.10). Clearly, since we constructed the process through draws from a system

of Pólya urns, the mixing measure must be related to Dirichlet distributions.

And we determine the mixing measure as usual through the weak limit of

the empirical transition probabilities, whenever the limit exists. Hence we

show the mixing measure only for rows of recurrent states.

For this purpose define for every state (i, j, t) in S the set of potential

successor states to (i, j, t), R(i,j,t) = R1
(i,j,t) ∪R2

(i,j,t), where

R2
(i,j,t){(v, w, t+ 1) ∈ S : n(i,j,t)(av)m(i,j,t|v)(bw) > 0}

and R1
(i,j,t) = {(0, 0, 0)} if n(i,j,t)(a0) > 0 and R1

(i,j,t) = ∅ otherwise. The set

R(i,j,t) contains all states in S that are attainable from (i, j, t) with positive

probability within one transition step. Now let S∗ =
�∞

n=0 S
∗
n where S∗

0 =

{(0, 0, 0)} and S∗
n+1 =

�
(i,j,t)∈S∗

n
R(i,j,t) for n ≥ 1. Then S∗ denote all states

in S which are attainable within a finite number of transition steps with

positive probability.

Notice that for every s ∈ S the cardinality of Rs is at most (N ×M)+ 1.

Hence every row of Π will have at most (N ×M) + 1 positive elements a.s..
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The following proposition determines the probability law of the rows of the

random transition matrix Π for every state s in S∗.

Proposition 2. Suppose that the initial urn compositions satisfies assump-

tion 1 and 2. Then for every state (i, j, t) in S∗ the random transition row

{Π(i,j,t),(v,w,s)}(v,w,s), is given by

Π(i,j,t),(v,w,s) =





1− �N
v=1 p(i, j, t)v if (v, w, s) = (0, 0, 0)

p(i, j, t)vp(i, j, t|v)w if (v, w, s) ∈ G1 ×G2 × {t+ 1}
0 otherwise,

where for v ∈ G1

p(i, j, t) ∼ Dirichlet
�
n(i,j,t)(a0), n(i,j,t)(a1), · · ·n(i,j,t)(aN)

�
and

p(i, j, t|v) ∼ Dirichlet
�
m(i,j,t|v)(b1), · · ·m(i,j,t|v)(bM)

�
.

Furthermore, the vectors {p(i, j, t), p(i, j, t|v)}v∈G2 are mutually independent.

Moreover the rows of Π are mutually independent.

As mentioned before every row of the random transition matrix Π under

which {Xn} is a mixture of Markov chains has at most (N ×M)+ 1 positive

elements a.s.. Proposition 2 leaves the probability law of all rows of Π for

states s ∈ S \ S∗ undefined. If s ∈ S \ S∗, there does not exist any finite

admissible sequence of states in S that lead to s with positive probability,

that is

P (Xn ∈ S \ S∗ ∃ n ≥ 0) = E[P (Xn ∈ S \ S∗ ∃ n ≥ 0|Π, X0))] = 0 (4.14)

Hence P (Xn ∈ S \ S∗ ∃ n ≥ 0|Π, X0) = 0 with probability one and any

modification of the probability law of rows of Π for states in S \S∗ leaves the

properties of the process unchanged for the fixed X0 = (0, 0, 0). To ensure

that every rows of Π sums to one, we make the convention that for s ∈ S \S∗

Πs,s� = δ(0,0,0)(s
�). (4.15)
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Now Proposition 2 and the last convention shows that Π is a block matrix

given by

Π
a.s.
=




Π0(0) Π−0(0) O O · · ·
Π0(1) O Π−0(1) O · · ·
Π0(2) O O Π−0(2) · · ·
· · · · · · · · · · · · · · ·




(4.16)

where, for t = 0, Π0(0) = p(0, 0, 0),

Π−0(0) = {Π(0,0,0),(v,w,1)}(v,w,1)∈S (4.17)

and, for t ≥ 1, Π0(t) = {Π(i,j,t)(0,0,0)}(i,j,t)∈S and

Π−0(t) = {Π(i,j,t),(v,w,t+1)}(i,j,t),(v,w,t+1)∈S (4.18)

Notice that, by proposition 2, the sequence {(Π0(t),Π−0(t))}t≥0 are mutually

independent random stochastic matrices.

4.2.3 Properties given a sample of observations

We shortly discuss some properties of the process. In particular let us as-

sume that {Xk}k≤n denotes an observed sampled path of the BUP until time

n. From the sampling scheme 1 and the definition through the predictive

distributions 4.5, it is clear that the process does not restart from Xn, com-

pletely regenerative like Markov chains. The process will restart at Xn and

behave like the original urn process but with initial urn compositions up-

dated according to (4.6), (4.7) and (4.8) for the past {Xk}k≤n. That is, for

all (i, j, t) ∈ S and all v ∈ G1 the ”new” initial urn compositions will be

n∗
(i,j,t)(a0) = n(i,j,t)(a0) + tn(i, j, t)(0, 0, 0) (4.19)

n∗
(i,j,t)(av) = n(i,j,t)(av) + tn(i, j, t)(v, ·, t+ 1) (4.20)

m∗
(i,j,t|v)(bw) = m(i,j,t|v)(bw) + tn(i, j, t)(v, w, t+ 1) (4.21)
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4.2. A REINFORCED BIVARIATE URN PROCESS. 93

for w ∈ G2. Similarly, if the process is recurrent and we observe a trajectory

until ζn, {Xk}k≤ζk , then the future path {Xζn+k}k≥0 will be again a bivariate

urn process which starts at (0, 0, 0). The new urn compositions are updated

according the history {Xk}k≤ζk as before (the counting processes tn(·) above
are replaced by tζn(·)). The statement can be made formal by first condi-

tioning on {ζm = n} and using the case above. Then we may sum over all

events {ζm = n} and use the fact that P (ζm < ∞) = 1. By the previous

reasoning we can see that, conditional on the past, the future of a recurrent

bivariate urn process will be again a mixture of Markov chains. This fact is

stated in the following

Corollary 4. Suppose that {Xn} satisfies assumptions 1 and 2. Let {Xk}0≤k≤vn

be a sample until vn = n (or vn = ζn). Then the future {Xvn+k}k≥0 is again

a mixture of Markov chains with random transition matrix Π(vn). The rows

of Π(vn) are independent, where for (i, j, t) ∈ S∗

Π
(vn)
(i,j,t),(v,w,s) =





1− �N
v=1 p

(vn)(i, j, t)v if (v, w, s) = (0, 0, 0)

p(vn)(i, j, t)vp
(vn)(i, j, t|v)w if (v, w, s) ∈ G1 ×G2 × {0}

0 otherwise

where for v ∈ G1

p(m)(i, j, t) ∼ Dirichlet
�
n∗
(i,j,t)(a0), · · · , n∗

(i,j,t)(aN1)
�

(4.22)

p(m)(i, j, t|v) ∼ Dirichlet
�
m∗

(i,j,t|v)(b1), · · · ,m∗
(i,j,t|v)(bN2)

�
(4.23)

and the random vectors {p(vn)(i, j, t), p(vn)(i, j, t|v)}v∈G1 are mutually inde-

pendent.

We remark that for vn = n (or vn = ζn) the random transitions matrix

Π(vn) conditional on which {Xvn+k}k≥0, given {Xk}0≤k≤vn , is Markov will have

the same form as (4.16), where Π0(t) and Π−0(t) are replaced by Π
(vn)
0 (t) and

Π
(vn)
−0 (t) for all t ≥ 0.
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94 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

4.3 Sequences of Mixtures of bivariate Markov

chains.

In this section, we will use the bivariate urn process to analysis binary multi-

state processes which are similar to the ones in example 1 and 2. We will

focus on the blocks between successive hits to the initial state (0, 0, 0). The

sequence and the predictive definition for the BUP can be used to predict

summary measure for a multi-state process. In the following we assume that

{Xn} is recurrent and satisfies assumption 1 and 2.

To fix some notation let S̃ be the space of all finite strings of elements

of S endowed with the discrete topology. We define on S̃ the sequence of

blocks of excursion from (0, 0, 0). That is, for every n ≥ 1, the element Bn

represents the sequence of states between ζn−1 and ζn

Bn := (Xζn−1 , Xζn−1+1, · · · , Xζn−1) (4.24)

where τn = ζn − ζn−1 − 1 denotes the length of the n-th block.

Under recurrence {Bn} is will be a well defined random element on S̃. The

next lemma states that the sequence {Bn} is invariant under permutation of

coordinated.

Lemma 11. The sequence {Bn} is exchangeable.

Notice that if L is a measurable map from S̃ into another measurable

space, than {L(Bn)} is exchangeable too. Therefore let

L : S → {(0, 0)} ∪ (G1 ×G2) L(i, j, t) = (i, j) (4.25)

be the projection from S onto the first two coordinates of S and let

Yn :=(Y
(n)
0 , Y

(n)
1 , · · · , Y (n)

τn ) = L(Bn) (4.26)

=
�
L(Xζn−1), L(Xζn−1+1), · · · , L(Xζn−1)

�
,

where τn = ζn − ζn−1 − 1. We removed the last coordinate since this is a

deterministic part within any block Bn. It follows that {Yn} is an exchange-
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able sequence of random trajectories observed over a random length of times

{τn}. Notice that {τn} is exchangeable too. Furthermore for any sequence

{(ik, jk)}k≤t of states in G1 ×G1 such that (i0, j0) = (0, 0) and any n ≥ 1

P
� t�

k=0

{Y (n)
k = (ik, jk)}, τn = t|Π

�

=P
� t�

k=0

{X(n)
ζn−1+k = (ik, jk, k)}, Xζn−1+t+1 = (0, 0, 0), ζn − ζn−1 − 1 = t|Π

�

=Π−0(k)(0,0),(i1,j1)

�t−1�

k=1

Π−0(k)(ik,jk),(ik+1,jk+1)

�
Π0(t)(it,jt),(0,0)

where the elements Π0 and Π−0 are given in (4.16). Hence, given the ran-

dom matrices Π = {Π(t)}t≥0, the sequence {Yn} are iid replica of a time

inhomogeneous Markov chain on G1 × G2 with termination probability Π0,

transition sub-matrix Π−0 and initial distribution δ(0,0). Similar to the for-

mer reasoning and from corollary 7 it should be clear that for a fixed n ≥ 1

and given {Yk}1≤k≤n the process Yn+1 is a mixture of time-inhomogeneous

Markov chains on G1 ×G2. This follows from

P[∩k
k=t{Y (n+1)

k = (ik, jk)}|{Yk}1≤k≤n]

= P[∩t
k=0{Xζn+k = (ik, jk, k)}|{Xl}0≤l≤ζn ]

= E
�
Π

(ζn)
−0 (0)(0,0)(i1,j1)

t−1�

k=1

Π
(ζn)
−0 (k)(ik,jk)(il+1,jl+1)

�
.

The mixing measure is given by corollary 4 and the counting process can

be rewritten as

tn[k; (i, j)(i, j)] :=
n�

l=1

I(Y
(l)
k = (i, j), Y

(l)
k+1 = (v, w), τl > k) = tζn(i, j, k)(i, j, k + 1)

tn[k; (i, j)(0, 0)] :=
n�

l=1

I(Y
(l)
k = (i, j), τl = k) = tζn(i, j, k)(0, 0, 0)

Remark 13. Let PΠ(·) := P(·|Π) denote the random transition probability
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96 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

induced by the random transition matrix Π conditional on which elements

{Yn}n are iid replica of a Markov chain. Then for any Yn = {Yt}0≤t<τ =

{(Y (1)
t , Y

(2)
t )}0≤t<τ (where for simplicity we suppress the index n) the previous

reasoning and 2 shows that

PΠ

�
(Y

(1)
t+1, Y

(2)
t+1) = (v, w)

���(Y (1)
t , Y

(2)
t ) = (i, j)

�

=PΠ

�
Y

(1)
t+1 = v

���(Y (1)
t , Y

(2)
t ) = (i, j)

�
PΠ

�
Y

(2)
t+1 = w

���(Y (1)
t , Y

(2)
t ) = (i, j), Y

(1)
t+1 = v

�

where

p(i, j, t)v : = PΠ

�
Y

(1)
t+1 = v

���(Y (1)
t , Y

(2)
t ) = (i, j)

�
and (4.27)

p(i, j, t|v)w : = PΠ

�
Y

(2)
t+1 = w

���(Y (1)
t , Y

(2)
t ) = (i, j), Y

(1)
t+1 = v

�
. (4.28)

Which means that under PΠ (and Π respectively) the joined random transi-

tion probability of {(Y (1)
t , Y

(2)
t )} is specified as the product of the transition

probability of Y
(1)
t+1 given Yt times the conditional transition probability of Y

(2)
t+1

given Yt, Y
(1)
t+1. Which means that the two sequences {Y (1)

t } and {Y (2)
t } are

clearly not independent. The way of expression the joined transition proba-

bility of {Y (1)
t } and {Y (2)

t } as a product of the marginal times the conditional

transition probability is probably the most elementary way of expression a

prior on a random bivariate transition probability.

Remark 14. The sequence {Yn}n≥1 is a useful function for prediction of

bivariate multi-state processes with Markov dependence. Typical in such sit-

uations one may observe longitudinal data of n observation {Yk}1≤k≤n =

{(Y(1)
k ,Y

(2)
k )}1≤k≤n which are conditional independent given an unknown tran-

sition array Π. The object of interest might be to estimate functions of the un-

known transition array and to predict longitudinal trajectories. The sequence

{Yn}n≥1 derived from the BUP might be of some use for such problems.

Remark 15. We want to point out that modelling an observed phenomena,

as described in the previous remark, with a random element Yn does not lead

to causal dependence assessment how one dimension affects the other. In

principle we can predict marginal and conditional probabilities of one of the

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.
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two dimensions give the other dimension but this is no assessment of causal-

ity. It is only an assessment of how likely the probability of one dimension is

given the other dimension after observing both dimension jointedly for several

trajectories Yn≤k.

In the next section we will use the sequence {Yn}n≥1 and their representa-

tion as an exchangeable sequence of mixtures of Markov chains for Bayesian

prediction for time-inhomogeneous bivariate Markov chains.

4.3.1 Inference for inhomogeneous bivariate

Markov chains

In this section we discuss prediction for bivariate Markov chains based in the

BUP. We will use the sequence {Yn}n≥1 defined in the previous section. To

fix some ideas, suppose information about the underlying phenomenon are

obtained by observing bivariate trajectories over a random length of time for

K exchangeable particle where Yk =
�
Y

(k)
l = (i

(k)
l , j

(k)
l ); 0 ≤ l ≤ τk

�
repre-

sents an observed trajectory of particle 1 ≤ k ≤ K. Typically Y
(k)
l ∈ G1×G2

for all l = 1, · · · , τk and all k = 1, · · · , K where G1 × G2 is some bounded

subset of N2. We may assume that a fixed trajectory has a time inhomoge-

neous Markov dependence structure conditional on an unknown transition

array (a system of unknown time dependent transition matrices). Further-

more the particles are not necessarily independent but rather exchangeable,

which implies independents given the unknown transition array.

The object of interest might be to estimate the unknown transition array

and functions of the process like the k-step predictive probability, occupation

probabilities or the expected state of the process at a given point in time.

Furthermore in some case the estimation of the survival time τ or the survival

function might be of some interest as well.

We model the trajectories jointly through the blocks {Yk}1≤k≤K defined

in section 4.3, equation (4.26) for a BUP on S = {0, 0, 0}∪
�
G1×G2×N

�
. We

assume that the initial urn compositions {U (1)(s), U (2)(s|v); s ∈ S, v ∈ G1}
satisfy assumption 1 and 2.
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98 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

Furthermore we will assume that the termination of every observed ran-

dom trajectoryYk is a random variable itself, but this assumption is generally

not necessary.

For every t ≥ 0 denote with Π̂
(M)
−0 (t) = E[Π−0(t)|{Yk}1≤k≤K ] and Π̂

(M)
0 (t) =

E[Π0(t)|{Yk}1≤k≤K ] , where for (i, j), (v, w) ∈ G1 ×G2 and for t ≥ 1

Π̂
(M)
−0 (t)(i,j),(v,w) (4.29)

=
n(i,j,t)(av) + tK [t; (i, j)(v, ·)]�N

c=0 n(i,j,t)(ac) + tK [t; (i, j)]

m(i,j,t|v)(bw) + tK [t; (i, j)(v, w)]�M
c=1 m(i,j,t|v)(bc) + tK [t; (i, j)(v, ·)]

(4.30)

and for t = 0

Π̂
(M)
0 (t)(v,w),(0,0) =

n(i,j,s)(a0) + tK [s; (i, j)(0, 0)]�N
c=0 n(i,j,t)(ac) + tK [s; (i, j)]

. (4.31)

Note that by exchangeability of {Yk} a predictive estimator of an event

ofYk will be equal to a Bayes estimator with respect to a square loss function

for a prior as states in proposition 2.

Lemma 12. Let (i, j) and (v, w) be states in G1 × G2. (i) The predictive

transition matrices at time s is given by Π̂(t) = [Π̂
(M)
0 (t), Π̂

(M)
0 (t)]

(ii) The predictive marginal transition probabilities at time s is given by

P̂ [Y
(1)
s+1 = v|Ys = (i, j)] =

n(i,j,s)(av) + tK [s; (i, j)(v, ·)]�N
c=0 n(i,j,t)(ac) + tK [s; (i, j)]

(4.32)

P̂ [Y
(2)
s+1 = w|Ys = (i, j)] =

1�N
c=0 n(i,j,s)(ac) + tK [s; (i, j)]

×
N�

v=1

[n(i,j,s)(av) + tK [s; (i, j)(v, ·)] ][m(i,j,s|v)(bw) + tK [s; (i, j)(v, w)] ]�M
c=1 m(i,j,s|v)(bc) + tK [s; (i, j)(v, ·)]

.

(4.33)
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(iii) The predictive s-step transition probability is given by

P̂ [Ys = (v, w)] =
�
Π̂

(M)
−0 (0)

s−1�

j=1

Π̂
(M)
−0 (j)

�
(v,w)

(4.34)

P̂ [Y (1)
s = v)] =

M�

w=1

�
Π̂

(M)
−0 (0)

s−1�

j=1

Π̂
(M)
−0 (j)

�
(v,w)

(4.35)

P̂ [Y (2)
s = w)] =

N�

v=1

�
Π̂

(M)
−0 (0)

s−1�

j=1

Π̂
(M)
−0 (j)

�
(v,w)

. (4.36)

Next to the transition probabilities we may also predict some functions

of the process. For example the occupation time in state (i, j) ∈ G given by

T (Yk)(i,j) =
�

s I(Y
(k)
s = (i, j)) might be of some interest. Similarly define

T (Yk)(i,·) =
�

s I(Y
(k)
s ∈ {i} × G2) and T (Yk)(·,j) =

�
s I(Y

(k)
s ∈ G1 × {j})

to be the time a process spend marginal in a state of Gv, v = 1, 2 during the

lifetime.

Lemma 13. The predicted mean occupation time for a given state (v, w) ∈
G1 ×G2 is given by given by

Ê[T (Y )(v,w)] =
�

s≥1

�
Π̂

(K)
−0 (0)

s−1�

j=1

Π̂
(K)
−0 (j)

�
(v,w)

, (4.37)

Ê[T (Y )(v,·)] =
�

s≥1

M�

j=1

�
Π̂

(K)
−0 (0)

s−1�

j=1

Π̂
(K)
−0 (j)

�
(v,w)

(4.38)

Ê[T (Y )(·,w)] =
�

s≥1

N�

i=1

�
Π̂

(K)
−0 (0)

s−1�

j=1

Π̂
(K)
−0 (j)

�
(v,w)

. (4.39)

(ii) The predicted conditional and marginal survival function and the prediced
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survival time are given by

P̂ (τ > s) =

N,M�

v=1,w=1

�
Π̂

(K)
−0 (0)

s�

j=1

Π̂
(K)
−0 (j)

�
(v,w)

(4.40)

P̂ [τ > s|Yk = (v, w)] = 1− n(v,w,s)(a0) + tK [s; (v, w)(0, 0)]�N
c=0 n(v,w,s)(ac) + tK [s; (v, w)]

(4.41)

Ê[τ ] =
�

s≥0

�

(v,w)∈G1×G2

�
Π̂

(K)
−0 (0)

s�

l=1

Π̂
(K)
−0 (l)

�
(v,w)

. (4.42)

Finally we give an expression for the predicted covariance between the

first and the second component of the process at a given time point. We

stress two facts. First the expression if not easy to interpret and secondly

the covariance as a measure of dependence if usually not very useful for

categorical data.

Lemma 14. The predicted covariance between the two joined processes Y (1)

and Y (2) at time (s+ 1) given Ys = (i, j) is given by

Ĉov[Y
(1)
s+1, Y

(2)
s+1|Ys = (i, j)] =

1�N
c=0 n(i,j,s)(ac) + tK [s; (i, j)]�

N,M�

v=1,w=1

(v · w) · [n(i,j,s)(av) + tK [s; (i, j)(v, w)]] · [m(i,j,s|v)(bw) + tK [s, (i, j)(v, w)]]�M
c=1 m(i,j,s|v)(bc) + tK [s; (i, j)]

−
��N

v=1 v · [n(i,j,s)(av) + tK [s; (i, j)(v, ·)] ]�N
c=0 n(i,j,s)(ac) + tK [s; (i, j)]

M�

w=1

w
N�

v=1

[n(i,j,s)(av) + tK [s; (i, j)(v, ·)] ] · [m(i,j,s|v)(bw) + tK [s; (i, j)(v, w)]�M
c=1 m(i,j,s|v)(bc) + tK [s; (i, j)(v, ·)]

��

The last three lemmas gave Bayes estimator for some summary measures

of bivariate inhomogeneous Markov chains which may or may not be use in

practice. Other characteristic can be estimated through the predictive rule

of the process in a similar manner.
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4.3.2 Example and Simulation

In this section we numerical illustrate prediction for a bivariate multi-state

process using a BUP. We simulated data for example 1 section 4.2.1 on

the joined analysis of two disease and the survival time. Let D1 be the

first disease classified on a scale from one to six (1 indicates absence of D1

and 6 denotes a strong form of D1) and let D2 be a second disease with

binary classification (where 2 indicates the presence and 1 the absence of

D2). We simulate lifetimes Yk ∈ S{1,··· ,6}×{1,2} for k = 1, · · · , K patients

from a transition array Π0 = {Π0(t)} and a maximum lifespan of 11 unites

of time for K = 500, 1000 and 5000.

Figure 4.3: Simulation of an R-BHUP on S where |G1| = 6 and |G2| = 2.
(a) shows the trajectories of the first observations; (b) shows the trajectories
of the second observations; and (c) shows the resulting R-(B)HUP until the
second hit to (0, 0, 0).
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To make the sample {Yk} exchangeable we let the transition array Π0 =
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102 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

{Π0(t)} be random, sampled from the probability law described in proposi-

tion 2. Where at time t ≥ 1 the (i, j)-th row of the random matrix Π0(t) has

E[Π0(t)(i,j),(v,w)] ∝ n(i,j,t)m(i,j,t|v) for

n(i,j,t)(av) =





c1 if 1 ≤ v ≤ i− 1

c1 + c2 if v = 0

c1 + c2 + (1− .5I{j=2})
(c3(t)−c2)
(N−i+1)

(v − i) if i ≤ v ≤ 6

m(i,j,t|v)(bw) =





b4
�
1− b1i+b2t

b1i+b2t+b3

�
if j = 1, w = 1

b4
�

b1i+b2t
b1i+b2t+b3

�
if j = 1, w = 2

0 if j = 2, w = 1

b4 if j = 2, w = 2

where c3(t) = c3+(c2− c3)(t−1)/10 with bl > 0 for l = 1, · · · , 4 and c2 > c3,

cl > 0 for l = 1, 2, 3. For all states (i, j) the expected probability of death

between t and t+1 is always proportional to c1 + c2. For states of D1, the

expected probability of transition to a worse health condition is always higher

than the expected probability of a transition into a better health condition.

This effect is reduced with time and by the presence of the second disease.

For D2 there is zero probability to recover from D2. Figure 4.3 (a) and (b)

show two arbitrary lifetime trajectories with a survival time of 6 and 10 units.

Furthermore we define a BUP with G1 = {1, 2, · · · , 6} and G2 = {1, 2},
to estimates the ’unknown’ transition array Π0 = {Π0(t)}, the k-step tran-

sition probabilities and the survival function via the estimator derived in

section 4.3.1. We set the initial urn compositions non-informative, i.e. for

i, v ∈ {0, · · · , 6} and w ∈ {1, 2} we set n(i,j,t)(av) ≡ u1, m(i,1,t|v)(bw) =

m(i,2,t|v)(b2) ≡ u2 and m(i,2,t|v)(b1) ≡ 0 where u1 and u2 are positive constants.

This means no incorporation of any prior information. The initial urn com-

positions must not be confused with the above base measures used to sample

Π0, Π0 is unknown in practice. The observed sequence {Yk, 1 ≤ k ≤ K}
sampled from Π0 is assumed to be the first K blocks of the BUP defined

in (4.26). Figure 4.3(c) shows the resulting BUP until ζ2, the third hit to
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the initial state. Notice that by exchangeability, the joined probability law

of the process is invariant of the order of observing the first K lifetimes and

therefore invariant for the prediction of the (K + 1)th lifetime as well.

We computed the predictive s-step ahead transition probabilities for 500,

1000 and 5000 observations and compare the estimates with the true value in

Figure 4.4 where (a) shows the 1-step, (b) the 5-step and (c) the 10-step ahead

transition probabilities for all states (i, j) ∈ {1, · · · 6} × {1, 2}. We choose

non-informative initial urn compositions, therefore expectedly we observe

that the estimates improve with increasing sample size and are close the true

s-step ahead transition probabilities for a sample size of 5000 observations.

Furthermore we computed the survival function for a patients according

to (4.40) (see figure 4.5). The predicted survival functions are already quite

close to the true function for a sample size of 500 and are practically identical

to the true one for 5000 trajectories. Finally table 4.1 shows the true and

predicted average time spend in a given state. Also in this case the predicted

values come close to the true one as the sample size increases.

Table 4.1: Predicted expected time spend in a given level of disease D1 and
of D2 within a lifetime

E[T (Y )(i,·)] 1 2 3 4 5 6 E[T (Y )(·,j)] 1 2

True 0.84 0.53 0.73 1.05 0.66 0.97 True 1.35 3.42
K=500 0.89 0.59 0.75 1.06 0.72 0.96 K=500 1.23 3.74
K=1000 0.85 0.57 0.76 1.08 0.70 0.92 K=1000 1.25 3.63
K=5000 0.83 0.55 0.75 1.05 0.68 0.97 K=5000 1.32 3.52

Notice that most bivariate multi-state processes will have the same struc-

ture as problem just studied. The statistical analysis based on the BUP will

have always the same steps. Specify the set G1 and G2 and try to figure

out a decent prior guess to specify the initial urn composition. If you don’t

have a concrete prior guess let the initial urn compositions be equal to some

constants and estimate the functions of interest as derived above.
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104 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

Figure 4.4: Estimated k-step ahead predictive probabilities for the bivariate
multi-state disease monitoring model where |G1| = 6 and |G2| = 2
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(c) k=10
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Figure 4.5: Estimated survival function for the bivariate multi-state disease
monitoring model where |G1| = 6 and |G2| = 2
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4.4 Conclusion

In this paper we introduced a bivariate hierarchical urn process through

a sampling scheme from the space of hierarchical Pólya urns {U (1)(i, j, t),

U (2)(i, j, t|v); v ∈ G1}(i,j,t)∈(G1×G2×N)∪{(0,0,0)}. Under regularity conditions,

the process can be represented as a mixture of Markov chains on (G1×G2×
N) ∪ {(0, 0, 0)}. We used the sequence of hitting times to the initial state

and the trajectories between successive excursion from the initial state of the

process to construct an exchangeable sequence {Yn}. Where for every n the

random element Yn = {Y (n)
k , 0 ≤ k ≤ τk} = {(Y (n,1)

k , Y
(n,1)
k ), 0 ≤ k ≤ τn) is

a mixtures of time inhomogeneous Markov chains starting at a dummy state

(0, 0) and with values in G1 × G2 between 1 ≤ k ≤ τn. The constructed

sequence of exchangeable processes provides a simple and flexible tool for

Bayesian inference for bivariate multi-state models.

Extensions of the current work will mainly focus on the construction of an

exchangeable sequence {Yn} of mixtures of non-homogeneous Markov chains

on a general K dimensional state space S = ×K
i=1Gi where for 1 ≤ i ≤ K Gi

is some subset of N. In this case for any n and given the tail sigma-algebra

of {Yn}n≥1

Yn = {(Y (n,1)
s , · · · , Y (n,K)

s ); 0 ≤ s ≤ τn} iid∼ Markov(µ,Π)

where µ is an initial random probability on S and the array Π = {Π(t)} is a

sequence of random stochastic matrices on S×S. Such a process may or may

not be of some use for for Bayesian analysis multivariate time-inhomogeneous

Markov chains.
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4.5 Appendix: Proofs

Proof of Proposition 4.9. Let
�
(i1, j1, s1), · · · , (ik, jv, sk)

�
be a finite sequence

of elements in S. If the sequence is not admissible the joined probability of

the sequence is zero by construction of the process through the system of

predictive distributions defined in (4.5). On the other hand suppose the

sequence is admissible, then by definition of {Xn} through (4.5) we may

write

P[X0 = (0, 0, 0), X1 = (i1, j1, s1), · · · , Xk = (ik, jk, sk)]

=
k−1�

w=0

�
n(iw,jw,sw)(aiw+1) + tw(iw, jw, sw)(iw+1, ·, sw + 1)

�N
c=0 n(iw,jw,sw)(ac) + tw(iw, jw, sw)

× m(iw,jw,sw|iw+1)(bjw+1) + tw(iw, jw, sw)(iw+1, jw+1, sw + 1)
�M

c=1 m(iw,jw,sw|iw+1)(bc) + tk(iw, jw, sw)(iw+1, ·, sw + 1)

�I{sw+1 �=0}

×
k−1�

w=0

�
n(iw,jw,sw)(a0) + tw(iw, jw, sw)(0, 0, 0)]�N

c=0 n(iw,jw,sw)(ac) + tw(iw, jw, sw)

�I{sw+1=0}

(4.43)

Let (i, j, t) ∈ S be an arbitrary state among (iw, jw, sw)1≤w≤k and suppose

that (i, j, t) has at least one successor state. Denote with (i∗w, j
∗
w, s

∗
w)1≤w≤tk(i,j,t)

all successors to (i, j, t). Notice that by admissibility s∗w ∈ {t + 1, 0} and

s∗w = 0 if and only if (i∗w, j
∗
w, s

∗
w) = (0, 0, 0). The product component in the

joint probability (4.43) associated with (i, j, t) can be rewritten as

�
n(i,j,t)(a0)

�I{s∗1=0}

�N
c=0 n(i,j,t)(ac)

�
n(i,j,t)(ai∗1)×m(i,j,t|i∗1)(bj∗1 )�M

c=1 n(i,j,t|i∗1)(bc)

�I{s∗1 �=0}

×
�
n(i,j,t)(a0) + I{s∗1=0}

�I{s∗2=0}

1 +
�N

c=0 n(i,j,t)(ac)

×
��

n(i,j,t)(ai∗2) + I{i∗1=i∗2}
��
m(i,j,t|i∗2)(bj∗2 ) + I{i∗1=i∗2,j

∗
1=j∗2}

�

I{i∗1=i∗2} +
�M

c=1 n(i,j,t|i∗2)(bc)

�I{s∗2 �=0}

× · · ·
(4.44)
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×
�
n(i,j,t)(a0) +

�v−1
w=1 I{s∗w=0}

�I{s∗v=0}

v − 1 +
�N

c=0 n(i,j,t)(ac)

×
��

n(i,j,t)(ai∗v) +
�v−1

w=1 I{i∗w=i∗v}
��
m(i,j,t|i∗v)(bj∗v ) +

�v−1
w=1 I{i∗w=i∗v ,j∗w=j∗v}

�
�v−1

w=1 I{i∗w=i∗v} +
�M

c=1 n(i,j,t|i∗v)(bc)

�I{s∗v �=0}

where v = tk(i, j, t). Therefore the product associated with (i, j, t) reduces

to

n(i,j,t)(a0)
[tk(i,j,t)(0,0,0)]

� �N
c=0 n(i,j,t)(ac)

�[tk(i,j,t)]
N�

l=1

�
n(i,j,t)(al)

[tk(i,j,t)(l,·,t+1)]

×
�M

v=1 m(i,j,t|l)(bv)[tk(i,j,t)(l,v,t+1)]

��M
c=1 m(i,j,t|l)(bc)

�[tk(i,j,t)(l,·,t+1)

�
.

If (i, j, t) has no successor states or is not contained in {iv, jv, sv}1≤v≤k then

tk(i, j, t) = 0 and the produce component associated with (i, j, t) is one. The

result now follows by taking the product over all states (i, j, t)in S.

Proof of lemma 8. We may use the previous proposition to check that the

system of finite dimensional distribution defined by (4.9) satisfies Kolmogorov’s

consistency conditions. But since we define the R-BHUP through the sys-

tem of predictive distributions (4.5) we may rather use the Ionescu Tulcea

extension theorem. Define for every k ≥ 1, every singleton s ∈ S and

any path s0:k = {(0, 0, 0), (Xj = sj)}1≤j≤k in Sk+1 the transition kernel

µk(s0:k, s) = P [Xk+1 = s|σ({Xi = si}i=0,··· ,k)] as defined in (4.5) and for

A ∈ P(S) let µk(s0:k, A) =
�

s∈A µk(s0:k, s).

By construction for a fixed k and s0:k in Sk+1 the map A → µk(s0:k, A) is

a probability on P(S). Furthermore the map s0:k → µk(s0:k, A) is the ration

of two linear functions of the counting processes {tk(sk)(s�)}s∈A defined in

(4.6) and hence is easily seen to be measurable. Which implies that the

system {µk}k are proper transition probabilities and hence the Ionescu Tulcea

extension theorem ensures the existence of a probability space (Ω,F , P ) and a

stochastic process {Xn}n≥0 having (4.5) as system of transition probabilities.

But by proposition 1 this process has (4.9) as its system of finite dimensional

distributions.
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Proof of Lemma 4. Suppose σ =
�
(ik, jk, sk)

�
0≤k≤n

and µ =
�
(vk, wk, tk)

�
0≤k≤n

are two equivalent sequences of elements in S. If σ is not admissible then

either there exists (i, j, t) ∈ S and (v, w, l) /∈ {(0, 0, 0)}∪ (G1 ×G2 ×{t+1})
with tn,µ(i, j, t)(v, w, l) = tn,σ(i, j, t)(v, w, l) > 0 or (i0, j0, s0) = (v0, wo, t0) �=
(0, 0, 0). Which, in both cases, implies that µ is inadmissible too. Therefore

both strings have zero probability.

On the other hand suppose that σ is admissible (and therefore µ too). By

definition, both tk(i, j, t)(l, ·, s) and tk(i, j, t) are functions of tk(i, j, t)(l, v, s)

and will be equal for both sequences. Since the joined likelihood of the

process depends only on tk(i, j, t)(l, v, s), tk(i, j, t)(l, ·, s) and tk(i, j, t) for all

(i, j, t), (l, v, s) ∈ S it follows that

P(∩n
k=0{Xk = (ik, jk, sk)}) = P(∩n

k=0{Xk = (vk, wk, tk)}).

Either way both sequences have the same likelihood.

Proof of Lemma 29. Without loss of generality assume that t� = 1. We prove

the claim by induction on n. By definition of the process

P(ζ1 > t) = P(X0 = (0, 0, 0), Xj ∈ G1 ×G2 × {j}; 1 ≤ j ≤ t)

=
�

i1,i2,··· ,it∈G1
j1,j2,··· ,jt∈G2

t−1�

k=0

n(ik,jk,k)(aik+1
)

�N
c=0 n(ik,jk,k)(ac)

m(ik,jk,k|ik+1)(bjk+1
)

�M
c=1 m(ik,jk,k|ik+1)(bc)

≤ (1− �)t−1
�

i1,i2,··· ,it∈G1
j1,j2,··· ,jt−1∈G2

�
n(0,0,0)(ai1)�N
c=0 n(0,0,0)(ac)

m(0,0,0|i1)(bj1)�M
c=1 m(0,0,0|i1)(bc)

×
t−2�

m=1

m(ik,jk,k|ik+1)(bjk+1
)

�M
c=1 m(ik,jk,k|ik+1)(bc)

�

= (1− �)t−1
�

i1,i2,··· ,it∈G1

n(0,0,0)(ai1)�N
c=0 n(0,0,0)(ac)

= N × (t− 1)× exp{−β(t− 1)} = o(t) as t → ∞
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where β = − log(1− �) ∈ (0,∞). Therefore we obtain

P(ζ1 < ∞) = 1− lim
t→∞

P(ζ1 > t) = 0. (4.45)

Now suppose for a fixed n > 1 that P(∩n
j=1{ζk < ∞}) = 1. Set T =

1 + max1≤k≤n{ζk − ζk−1}. Notice that T is finite with probability one. Let

P∗(·) = P(·| ∩n
j=1 {ζk < ∞}, T ) and P∗

v(·) = P(·| ∩n
j=1 {ζk < ∞}, T, τn = v).

Furthermore on the set {ζn ≤ v} for t > T + v all counting processes of

transition from (i, j, t) to (v, w, s) (with (i, j, t), (v, w, s) ∈ S) are equal to

zero. Hence for t > T + v it follows that (all relations hold in a.s. sense )

P∗
v(ζn+1 > t)

=P∗
v(Xv = (0, 0, 0),∩t−v

j=1{Xv+j ∈ G1 ×G2 × {j}})
≤P∗

v(∩t−v
j=T{Xv+j ∈ G1 ×G2 × {j}})

=
�

i0,i1,··· ,it−T−v∈G1

j0,j1,··· ,jt−T−v∈G2

t−T−v−1�

k=0

n(ik,jk,T+k)(aik+1
)

�N
c=0 n(ik,jk,T+k)(ac)

m(ik,jk,T+k|ik+1)(bjk+1
)

�M
c=1 m(ik,jk,T+k|ik+1

(bc)

≤(1− �)t−T−v−1
�

i0,i1,··· ,it−T−v∈G1

j0∈G2

n(i0,j0,T )(ai1)�N
c=0 n(i0,j0,T )(ac)

m(i0,j0,T |i1)(bj1)�M
c=1 m(i0,j0,1|i1)(bc)

≤Nt× exp{−β(t− T − v)} = o(t) as t → ∞.

which holds of every fixed v ∈ N. Now fix a δ > 0, since by assumption

P (τn < ∞) = 1, choose a k > 1 such that P (τn ≤ k) ≥ 1− δ. Therefore (all

relations hold in a.s. sense)

P∗(ζn+1 > t) = E[P∗
ζn(ζn+1 > t)I(ζn>k)] + E[P∗

ζn(ζn+1 > t)I(ζn≤k)]

≤ δ +N
k�

v=1

t× exp{−β(t− T − v)}

Hence, take the limit as t → ∞ we obtain limt→∞P∗(ζn+1 > t) < δ a.s. and

since δ was arbitrary limt→∞P∗(ζn+1 > t) = 0 a.s.. Finally the induction
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step follows from

P(ζn+1 < ∞) = E
�
P(ζn+1 < ∞| ∩n

j=1 {ζk < ∞}, T )
�

= E
�
1− lim

t→∞
P∗(ζn+1 > t)

�
= 1

This completes the proof.

Proposition 2 will follow directly from the following two lemmas.

Lemma 15. Suppose that the initial urn composition satisfy assumption 1

and 2. Then for every (i, j, t) ∈ S∗ proposition 2 holds if P(Xn = (i, j, t) i.o.) =

1.

Proof. Let (i, j, t) ∈ S∗ and consider the set of possible successor states of

(i, j, t), R(i,j,t) ⊂ {(0, 0, 0)}�
G1 ×G2 × {t+ 1}.

If n(i,j,t)(a0) > 0 and n(i,j,t)(av) = 0 for all v ∈ G1, then R(i,j,t) =

{(0, 0, 0)}) and the process moves from (i, j, t) to (0, 0, 0) with probability

one. Hence we can write the degenerated point mass Π(i,j,t) = δ(0,0,0) in the

required form where p(i, j, t) ∼ Dirichlet(n(i,j,t)(a0), 0, · · · , 0). And since

p(i, j, t)v = 0 a.s. for v ∈ G1 we can choose the random conditional dis-

tribution p(i, j, t|v) arbitrary as a Dirichlet distribution with the required

parameters.

If on the other hand there exists some v ∈ G1 such that n(i,j,t)(av) >

0, then by definition once the process moves to (i, j, t), say Xn = (i, j, t),

the first coordinate of a successor state equals v ∈ {0}∪ G1 if the color

of the ball sampled from the Pólya urn U (1)(i, j, t) equals av. That is, if

φ(i, j, t)tn(i,j,t) = av, where {φ(i, j, t)n}n is the sequence of colors draws from

Pólya urn U (1)(i, j, t). Let In,v =
�n

m=1 I{φ(i, j, t)m = av} for 0 ≤ v ≤ N .

From [21]

p(i, j, t)
a.s.
= lim

n
n−1(In,0, · · · , In,N ) ∼ Dirichlet

�
n(i,j,t)(a0), · · · , n(i,j,t)(aN)

�

φ(i, j, t|v)n iid∼ Multinomial(1, p(i, j, t))

For v ∈ G1 such that n(i,j,t)(v) > 0, p(i, j, t)v > 0 a.s., since p(i, j, t)v ∼
Beta

�
n(i,j,t)(av),

�N
c=0,c�=v n(i,j,t)(ac)

�
. Hence by the Borel-Cantelli lemma

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



4.5. APPENDIX: PROOFS 111

P [φ(i, j, t|v)n = av i.o.|p(i, j, t)] = 1 a.s. and by Fubini theorem P [φ(i, j, t|v)n =

av i.o.] = 1. Which implies that {Xn} moves infinity often from (i, j, t) to a

state in {v} ×G2 × {t+ 1} with probability one.

Now, conditional on the event {Xn = (i, j, t), Xn+1 ∈ {v}×G2×{t+1}},
Xn+1 will be equal to (v, w, t+1) if the color of the ball drawn from the second

level Pólya urn U (2)(i, j, t|v) equals bw. That is, if θ(i, j, t|v)tn(i,j,t)(v,·,t+1) = bw

where {θ(i, j, t|v)n}n denotes the sequence of successive colors drawn from

urn U (2)(i, j, t|v). Since we draw, with probability one, infinitely often from

U (2)(i, j, t|v), let Jn,w =
�n

m=1 I{θ(i, j, t|v)m = bw} for 1 ≤ w ≤ M and again

p(i, j, t|v) a.s.
= lim

n
n−1(Jn,1, · · · , Jn,M ) ∼ Dirichlet

�
m(i,j,t|v)(b1), · · · ,m(i,j,t|v)(bM)

�

This argument holds for all v ∈ G1 such that n(i,j,t)(v) > 0. Conditional of

the event of drawing infinitely often from each urn U (2)(i, j, t|v), such that

n(i,j,t)(v) > 0, the actual draws are independent and the limits as well.

Now, denote with {V (n)}n the sequence of empirical transition matrices

with elements

v
(n)
s,s� =





tn(s)(s
�)

tn(s)
if tn(s) > 0

0 otherwise ,

.

From [44], for every recurrent partial exchangeable process V (n) → V∞ a.s. in

the topology of coordinate-wise convergence where the random element V∞

belongs to the space of stochastic matrices on S×S and, given X0, V∞
d
= Π.

Hence, for each (i, j, t) ∈ S∗, coordinate-wise

Π(i,j,t),s
d
= lim

n→∞
tn(i, j, t)(s)

tn(i, j, t)
s ∈ S. (4.46)

For s /∈ G1 ×G2 × {t+ 1} ∪ {0, 0, 0} clearly tn(i, j, t)(s) = 0 and hence

Π(i,j,t),s
d
= lim

n→∞
tn(i, j, t)(s)

tn(i, j, t)
= 0
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112 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

For s = (v, w, t+ 1) such that n(i,j,t)(av) > 0

Π(i,j,t),(v,w,t+1)
d
= lim

n

tn(i, j, t)(v, w, t+ 1)

tn(i, j, t)

a.s.
= lim

n

tn(i, j, t)(v, ·, t+ 1)

tn(i, j, t)

tn(i, j, t)(v, w, t+ 1)

tn(i, j, t)(v, ·, t+ 1)

a.s.
=

�
lim
k

Ik,v
k

��
lim
k

Jk,w
k

�

a.s.
= p(i, j, t)vp(i, j, t|v)w.

For s = (v, w, t+1) ∈ S such that n(i,j,t)(av) = 0 clearly tn(i, j, t)(v, ·, t+1) =

0 for all n and since 0 =a.s. p(i, j, t)v ∼ Beta(n(i,j,t)(av),
�N

0 n(i,j,t)(au)) we

may write

Π(i,j,t),(v,w,t+1)
d
= lim

n→∞
tn(i, j, t)(v, w, t+ 1)

tn(i, j, t)

= 0
a.s.
= p(i, j, t)vp(i, j, t|v)w

where we used again the fact that we can choose p(i, j, t|v) arbitrary. Finally
for the last case, s = (0, 0, 0), we can write the limit as

Π(i,j,t),(0,0,0)
d
= lim

n→∞
tn(i, j, t)(0, 0, 0)

tn(i, j, t)

a.s.
= 1− lim

n→∞

N�

v=1

tn(i, j, t)(v, ·, t+ 1)

tn(i, j, t)

a.s.
= 1−

N�

v=1

lim
k→∞

Ik,v
k

a.s.
= 1−

N�

1

p(i, j, t)v.

It remains to show that the transition rows of Π are mutually indepen-

dent. Notice that for distinct states (i1, j1, t1), (i2, j2, t2), · · · , (ik, jk, tk) in S∗

the transition rows Π(i1,j1,t1),Π(i2,j2,t2), · · · ,Π(ik,jk,tk) are functions of regular

conditional distributions with respect to the tail σ-fields generated by the
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independent sequences

�
{φ(i1, j1, t1)n}, {θ(i2, j2, t2|v)n}, v ∈ G1

�
,

· · ·
�
{φ(ik, jk, tk)n}, {θ(ik, jk, tk|v)n}, v ∈ G1

�

hence Π(i1,j1,t1),Π(i2,j2,t2), · · · ,Π(ik,jk,tk) are mutually independent. Since k

and the states (i1, j1, t1), (i2, j2, t2), · · · , (ik, jk, tk) in S∗ are arbitrary the re-

sult follows.

Lemma 16. For every s ∈ S∗ P(Xn = s i.o.) = 1

Proof. We show that P (Xm = s i.o.) = 1 for every n and every s ∈ S∗
n.

For n = 0 S∗
0 = {(0, 0, 0)} this follows from Lemma 29. Assume now that

for every s ∈ S∗
n P (Xm = s i.o.) = 1. For s� in S∗

n+1 arbitrary there exists

s ∈ S∗
n such that s� ∈ R(s). Assume that s� �= (0, 0, 0), since otherwise the

recurrence follows from Lemma 29. Hence write s = (i, j, t) and (v, w, t+ 1)

for appropriate v ∈ G1, w ∈ G2 and (i, j, t) ∈ S.

Since by assumption P (Xm = (i, j, t) i.o.) = E[P (Xm = (i, j, t) i.o.|Π)] =
1, there exists a set A ∈ F such that P (A) = 0 and for ω ∈ Ac P (Xm =

(i, j, t) i.o.|Π)(ω) > 0. But by elementary properties for Markov chains for all

ω ∈ Ac P (Xm = (i, j, t) i.o.|Π)(ω) ∈ {0, 1}. Hence P (Xm = (i, j, t) i.o.|Π) =
1 on Ac.

Furthermore, by definition of Rs = R(i,j,t) we have that n(i,j,t)(av) >

0, m(i,j,t|v)(bw) > 0. Now use the previous Lemma to see that P (Xm+1 =

(v, w, t + 1)|Xm = (i, j, t),Π) = p(i, j, t)vp(i, j, t|v)w > 0 on a set Bc ∈ F
such that P (B) = 0. Hence for all ω /∈ A ∪ B the state s is recurrent

and communicates with s�, which by elementary properties of Markov chains

implies that P (Xm = s� i.o.|Π) = 1 on the set Ac ∩ Bc of probability one.

Now the result P (Xm = s� i.o.) = 1 follows from Fubini theorem. Since

s� ∈ Sn+1 was arbitrary the induction step follows.

Proof of Corollary 4. By an arguments similar to the inductions step of lemma

29 one can show that {Xm+n}n is recurrent. Let Zk = Xvn+k. Then by the
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114 CHAPTER 4. REINFORCED BIVARIATE URN PROCESSES

reasoning above {Zk} is a recurrent BUP with initial state Xvn ((0, 0, 0) if

vn = ζn) and initial urn compositions at the first and second level as stated in

(4.19), (4.20) and (4.21) (for vn = ζn the counting processes tn(·) are replaced
by tζn(·)). Now, by corollary 3 {Zn}n = {Xm+n}n is a mixture of Markov

chains where the mixing distribution follows from proposition 2.

Proof of Lemma 11. Fix n ≥ 1 and consider the first n blocks (B1,B2, · · · ,Bn).

Let σ be an arbitrary permutation of {1, · · · , n}. We want to show that

(B1,B2, · · · ,Bn) =
d (Bσ(1),Bσ(2), · · · ,Bσ(n)) (4.47)

Let (i, j), (v, w) ∈ G1 × G2. For any l ≥ 1 the number of transitions form

(i, j, l) to (v, w, l + 1) in Bs is one if τs > l and the (l + 1)th coordinate of

Bs equals (i, j, l) and the (l + 2)th coordinate equals (v, w, l + 1), whereas

it is zero otherwise. Let tB1,··· ,Bn(i, j, l)(v, w, l + 1) denote the number of

transitions from (i, j, l) to (v, w, l + 1) in the ordered string (B1, · · · ,Bn)

and define similarly tBσ(1),··· ,Bσ(n)
for the ordered string (Bσ(1), · · · ,Bσ(n)). It

follows that

tB1,··· ,Bn(i, j, l)(v, w, l + 1) =
n−1�

s=0

I(Xζs+l = (i, j, l), Xζs+l+1 = (v, w, l + 1), τs > l)

=
n−1�

s=0

I(Xζσ(s)+l = (i, j, l), Xζσ(s)+l+1 = (v, w, l + 1), τσ(s) > l)

= tBσ(1),··· ,Bσ(n)
(i, j, l)(v, w, l + 1);

tB1,··· ,Bn(i, j, l)(0, 0, 0) =
n−1�

s=0

I{Xζs+l=(i,j,l),τs=l} =
n−1�

s=0

I{Xζσ(s)+l=(i,j,l),τσ(s)=l}

= tBσ(1),··· ,Bσ(n)
(i, j, l)(0, 0, 0).

Clearly this implies also that tB1,··· ,n(i, j, l)(v, ·, l+1) = tBσ(1),··· ,σ(n)
(i, j, l)(v, ·, l+

1). But since all blocks start with the same initial state (0, 0, 0) this implies

that µ1 = (B1, · · · ,Bn) and µ2 = (Bσ(1), · · · ,Bσ(n)) are equivalent sequences.
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By partial exchangeability of {Xn} we can deduce that

P
�
∩n

s=1{Bs =
�
(isl , j

s
l ); l = 1, ..., τs

�
}
�

= P
�
∩n−1

s=0{Xζs = (0, 0, 0), Xζs+l = (isl , j
s
l ); l = 1, ..., τs}

�

=
�

l≥0
i∈G1∪{0}
j∈G2∪{0}

N�

v=1

�
n(i,j,l)(a0)

[tB1,··· ,Bn (i,j,l)(0,0,0)]n(i,j,l)(av)
[tB1,··· ,Bn (i,j,l)(v,·,l+1)]

��N
c=0 n(i,j,l)(ac)

�[tB1,··· ,Bn (i,j,l)]

×
�M

w=1 m(i,j,l|v)(bw)
[tB1,··· ,Bn (i,j,l)(v,w,l+1)]

��M
c=0 m(i,j,l|v)(bc)

�[tB1,··· ,Bn (i,j,l)(v,·,l+1)]

�

= P
�
∩n

s=1{Bs =
�
(i

σ(s)
l , j

σ(s)
l ); l = 1, ..., τs

�
}
�

(4.48)

Where the last equality holds by equality of all counting processes of (Bs)1≤s≤n

and (Bσ(s))1≤s≤n.

Proof of Lemma 12. Notice first that tK [s; (i, j)(v, w)] = tτK+s(i, j, s)(v, w, s+

1), hence

P̂
�
Ys+1 = (v, w)|Ys = (i, j)

�

= P
�
Y

(K+1)
s+1 = (v, w)|Y K+1

s = (i, j), {Y(l)}1≤l≤K

�

=
n(i,j,s)(av) + tK [s; (i, j)(v, ·)]�N

c=0 n(i,j,s)(ac) + tK [s; (i, j)]

m(i,j,s|v)(bw) + tK [s; (i, j)(v, w)]�M
c=1 m(i,j,s|v)(bc) + tK [s; (i, j)(v, ·)]

if (v, w) ∈ G1 × G2. For (v, w) = (0, 0) the case is similar. (ii) follows from

(i) by marginalizing. Finally the predicted s-step transition probability of

{Y (2)
t } can be computed as

P̂ [Y (2)
s = w] = P

�
Y (K+1)
s ∈ G1 × {w}|{Y(l)}1≤l≤K

�

= P
�
∩s−1

j=1{Y (K+1)
j ∈ G1 ×G2}, Y (K+1)

s ∈ G1 × {w}|{Y(l)}1≤l≤K

�

= E

� N�

v=1

�
Π

(ζK)
−0 (0)

s−1�

j=1

Π
(ζK)
−0 (j)

�
(v,w))

�

=
N�

v=1

�
Π̂

(K)
−0 (0)

s−1�

j=1

Π̂
(K)
−0 (j)

�
(v,w)

,
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The computation of P̂ [Ys+1 = v] and P̂ [Y
(1)
s+1 = v] are similar.

Proof of Lemma 13. We compute the expected time spend in a state w ∈ G2

Ê[T (Y )(·,w)]) = E
�
T (Y(K+1))(·,w)]|{Y(k)}1≤k≤K

�

=
�

s≥1

P(Y (K+1)
s ∈ G1 × {w}|{Y(k)}1≤k≤K

�

=
�

s≥1

E
� N�

v=1

�
Π

(ζK)
−0 (0)

s−1�

t=1

Π
(ζK)
−0 (t)

�
(v,w)

�

=
�

s≥1

N�

v=1

�
Π̂

(K)
−0 (0)

s−1�

t=1

Π̂
(K)
−0 (t)

�
(v,w)

.

The derivation of Ê[T (Y )(i,j)] and Ê[T (Y )(i,·)] are similar. (ii) follows from

P̂ (τ > s) = P (∩s+1
l=1 {Y

(K+1)
l ∈ G1 ×G2}|{Y(k)}1≤k≤K)

= E
� N,M�

v,w=1

�
Π

(ζK)
−0 (0)

s�

l=1

Π
(ζK)
−0 (l)

�
(v,w)

�

=

N,M�

v,w=1

�
Π̂

(K)
−0 (0)

s�

l=1

Π̂
(K)
−0 (l)

�
(v,w)

and

P̂ [τ > s|Ys = (i, j)]

= P (Y
(K+1)
s+1 ∈ G1 ×G2|Y (K+1)

s = (i, j), {Y(k)}1≤k≤K)

= E
�
1− Π(ζK)(s)(i,j),(0,0)

�
= 1− n(i,j,s)(a0) + tK [s; (i, j)(0, 0)]�N

c=0 n(i,j,s)(ac) + tK [s; (i, j)]
.
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Finally

Ê[τ ] = E[τK+1|{Yk}1≤k≤K ]

=
�

s≥0

P (τK+1 > s|{Yk}1≤k≤K)

=
�

s≥0

�

(v,w)∈G1×G2

�
Π̂

(K)
sub (0)

s�

l=1

Π̂
(K)
sub (l)

�
(v,w)

.
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Chapter 5

Reinforced Multivariate Urn

Processes

5.1 Introduction

In the following chapter we extend the analysis of inhomogeneous Markov

chains of the previous sections to the case of multivariate state-spaces. We

focus again on exchangeable trajectories {Yn}, where each element Yn =

{Y (n)
k }0≤k≤τn is a mixtures of Markov chains of random length τn < +∞.

Furthermore each vector Y
(n)
k will take values on a finite product space G ⊂

Nk. The construction will be based on the same idea as before. We will

define first a Random walk on a space of Pólya urns. This time the space

will have a hierarchical dimension as well. Then we will use again a sequence

of hitting times and the sequence of states between successive hitting times

to construct a sequence of random elements {Yn}. Predictive estimator for

time-inhomogeneous Markov chains are implemented through the predictive

law of YM+1, given {Yn}n≤M .

The outline of the paper is as follows. In section 5.2 we introduce the

hierarchical urn process. We study some basic characteristics of the process

which will again lead to a mixture representation. In section 5.3 we will

use the hierarchical urn process to construct an exchangeable sequence of

Mixture of inhomogeneous Markov chains and derive predictive estimator

119
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120 CHAPTER 5. REINFORCED MULTIVARIATE URN PROCESSES

for some characteristics of the process. In the final section we conclude with

some potential direction of future work.

5.2 A multivariate reinforced hierarchical urn

process

The aim of this section is to construct a stochastic process which we use to

derive exchangeable mixtures of Markov chains on a finite multivariate state-

space. We use again a random walk on a space of hierarchical connected Pólya

urns.

To simplify exposure we introduce some notation. In the sequel bold let-

ters i = (i1, · · · , iK) denote integer valued vectors. i1:k = (i1, · · · , ik) denotes
the sub-vector which consists of the first k-coordinates of i. Furthermore, if

V is a set of the form V = (×K
j=1Dj) ×W , we sometimes write elements of

V as v = (d, w) where d = (d1, · · · , dK) ∈ ×K
j=1Dj and w ∈ W . If necessary

we also use v =
�
(d1:k, d(k+1):K), w

�
with d(k+1):K = (dk+1, · · · , dK).

To define the process we introduce a state space and a system of Pólya

urn.

(i) The state space will have the form S =
�
×K

k=1Gk

�
× N0, where the

single set Gk has the form Gk = {1, · · · , Nk} for Nk < ∞ and 1 ≤ k ≤ K.

(ii) We use K sets of labels/colors Ck, k = 1, · · · , K where Ck = Gk for

k = 2, · · · , K and C1 = {0} ∪G1.

(iii) We will use the following system of Pólya urns. Connect with every

state s ∈ S a Pólya urn U (1)(s) with color set C1 and initial composition

�
ms(0), · · · ,ms(N1)

�
∈ RN1+1

+ , (5.1)

where m(i,s)(j) denotes the initial number of balls of color 0 ≤ j ≤ N1 and

m(i,s) =
�N1

j=0 m(i,s)(j) > 0 denotes the total initial mass of urn U (1)(s).

Furthermore, for k = 1, · · · , K − 1 connect to the same state s and

every sub-state j1:k = (j1, · · · , jk) in ×k−1
j=1Gj a (k + 1)-th level Pólya urn
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U (k+1)((i, s)|j1:k) with color set Ck+1 and initial composition

�
m(i,s|j1:k)(1), · · · ,m(i,s|j1:k)(Nk+1)

�
∈ RNk+1

+ . (5.2)

Where m(i,s|j1:k)(j) denotes the number of balls of color 1 ≤ j ≤ Nk initially

in urn U (k+1)((i, s)|j1:k) and m(i,s|j1:k =
�Nk

j=1 m(i,s|j1:k)(j) > 0 indicated the

total mass.

(iv) Finally, similar to (iii) we introduce a second system of urns which

we call return urns. Let U (∗1) be a first level return urn with color set C1\{0}
and initial composition

(m̃(1), · · · , m̃(N1)) ∈ RN1
+ . (5.3)

And for 2 ≤ k ≤ K connect to every sub-state j1:(k−1) in ×k−1
j=1Gj a k-th level

’return’ Pólya urn U (∗k)(j1:(k−1)) with color set Ck and initial urn composition

�
m̃(j1:k)(1), · · · , m̃(j1:k)(Nk+1)

�
∈ RNk+1

+ (5.4)

and initial total mass m̃j1:k =
�Nk+1

j=1 m̃(j1:k)(j) > 0.

The idea is the following. Based on a system of hierarchical Pólya urns we

want to construct a process {Xn}n≥0, where each value of Xn is determined

by a hierarchical sampling scheme. Write the state space S as G×N0 where

G = ×K
k=1Gk. If the process visits a given state (i, s) ∈ G×N0 the next state,

say (j, t), will be sampled in a hierarchical way: (forget for the moment about

the component t)

(1) sample at first j1 conditional on
�
i, s

�
,

(2) sample j2 conditional on
�
(i, s), j1

�
, and continue until

(K) sample jK conditional on
�
(i, s), j1:(K−1) = (j1, · · · , jK−1)

�
.

In the following we show two equivalent way of expressing this idea. The

first one uses a sampling scheme, whereas the second way translates the

sampling scheme into a more formal definition. To ensure that the process is

well defined we will require the minor assumptions that all urns have strictly

positive total mass. Figure 5.1 gives a definition of the process in terms of

a sampling scheme. The same sampling scheme is represented graphically in
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figure 5.3.

Remark 16. The process samples a sequence of trajectories in G× N0, say

{Bn}, where each element Bn starts in G×{0} and moves along G×{t}, t ≥
1. The set G corresponds to a vector of states of Bn visited during the lifetime

which is represented by the second component N0 of S. Figure 5.2 shows a

sample path of the process until the first two blocks B1 and B2 terminate.

If the process is recurrent, in the sense that P (Xn = X0 i.o.) = 1, then

{Bn} will be an infinite sequence and each trajectory will be finite with prob-

ability one. We use this sequence of trajectory in section 5.3 to construct

our target process {Yn} of exchangeable mixtures of inhomogeneous Markov

chains on the multivariate state space G.
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Figure 5.1: Sampling scheme of the process {Xn}n≥0

(A) Sample X0 as follows
(1) Draw a ball from urn U (∗1) and denote the sampled color with i01.

(2) Draw a ball from urn U (∗2)(i01) and denote the sampled color with i02.
· · ·
(K) Draw a ball from urn U (∗K)(i01:(K−1)) and denote the sampled color with

i0K .
⇒ Set X0 = (i0, 0) and for 1 ≤ k ≤ K replace two balls of color i0k to urn
U (∗k)(i01:(k−1)).

(B) Sample Xn+1 given {Xj = (ik, sk), 0 ≤ j ≤ n
�
as follows

(a) Draw a ball from urn U (1)(in, sn) and denote the sampled color with

jn+1.
(b.1) if jn+1 = 0

(1) Draw a ball from urn U (∗1) and denote the sampled color with in+1
1 .

(2) Draw a ball from urn U (∗2)(in+1
1 ) and denote the sampled color with in+1

2 .
· · ·
(K) Draw a ball from urn U (∗K)(in+1

1:(K−1)) and denote the sampled color with

in+1
K .
⇒ Set Xn+1 = (in+1, 0). Replace two balls of color 0 to urn U (1)(in, sn) and
for k = 1, · · · , K replace two balls of the color in+1

k to urn U (∗k)(in+1
1:(k−1)).

(b.2) if jn+1 ∈ G1 set in+1
1 = jn+1

(2) Draw a ball from urn U (2)(in, sn|in+1
1 ) and denote the sampled color with

in+1
2 .
· · ·
(K) Draw a ball from urn U (K)(in, sn|in+1

1:(K−1)) and denote the sampled color

with in+1
K .

⇒ Set Xn+1 = (in+1, sn + 1) and for k = 1, · · · , K replace two balls of color
in+1
k to urn U (k)(in, sn|in+1

1:(k−1)).
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Figure 5.2: Example of the a sample path of the process {Xn} on the cube
{1, · · · , 10}2 × N0 and the resulting trajectories
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We formalize the sampling scheme for the further analysis by defining the

process through a system of predictive distributions.

Definition 17. The process X = {Xk}k≥0, called a reinforced hierarchical

urn process (RHUP), with values in S is defined recursively by

P [X0 = (j, s)] =





m̃(j1)

m̃

�K−1
k=1

m̃(j1:k)(jk+1)

m̃(j1:k)

if (j, s) ∈ G× {0}

0 otherwise

(5.5)
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Figure 5.3: Sampling state Xn+1 given {Xk}0≤k≤n when Xn = (i, t).
U(m)(i, t|j1:(m−1) denotes the urn connected to (i, t) and sub-state j1:(m−1) and

c
(m)
n+1 is the color of the ball extracted from U(m)(i, t|j1:(m−1). Ũ

(m)
(j1:(m−1) de-

noted the return urn connected to sub-state j1:(m−1) and d
(m)
n+1 is the color of the

ball extracted from Ũ
(m)

(j1:(m−1).

❄

❄

❄

❄

❄

❄

❄

❄

❄

U(1)(i, t)

if c
(1)
n+1 = 0

if c
(1)
n+1 = j1 ∈ G

U(2)(i, t|1) U(2)(i, t|j1) U(2)(i, t|N1)· · · · · ·

if c
(2)
n+1 = j2

U(3)(i, t|(j1, 1)) U(3)(i, t|j1:2) U(3)(i, t|(j1, N2))· · · · · ·

if c
(3)
n+1 = j3

· · · · · · · · ·· · · · · ·
if c

(K−1)
n+1 = jK−1

U(K)(i, t|(j1:(K−2), 1)) U(K)(i, t|j1:(K−1)) U(K)(i, t|(j1:(K−2), NK−1))· · ·

Ũ
(1)

if d
(1)
n+1 = v1

Ũ
(2)
(1) Ũ

(2)
(v1) Ũ

(2)
(N1)· · · · · ·

if d
(2)
n+1 = v2

Ũ
(3)
((v1, 1)) Ũ

(3)
(v1:2) Ũ

(3)
((v1, N1))· · · · · ·

if d
(3)
n+1 = v3

· · · · · · · · ·· · · · · ·
if d

(K−1)
n+1 = vK−1

Ũ
(K)

((v1:(K−2), 1)) Ũ
(K)

(v1:(K−1)) Ũ
(K)

((v1:(K−2), N1))· · ·· · ·

Xn+1 = (v, 0)

Xn+1 = (j, t+ 1)

�������

�������
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and conditional on the history Fn = σ
�
{Xl}0≤l≤n

�
where Xn = (i, s), let

P [Xn+1 = (j, v)|Fn] (5.6)

=





m(i,s)(j1) + tn(i, s)(j1, s+ 1)

m(i,s) + tn(i, s)

×�K−1
k=1

m(i,s|j1:k)(jk+1) + tn(i, s)(j1:(k+1), s+ 1)

m(i,s|j1:k) + tn(i, s)(j1:k, s+ 1)
if (j, v) ∈ G× {s+ 1}

m(i,s)(0) + tn(i, s)(·, 0)
m(i,s) + tn(i, s)

×m̃(j1) + t∗n(j1)

m̃+ t∗n

�K−1
k=1

m̃(j1:k)(jk+1) + t∗n(j1:(k+1))

m̃(j1:k) + t∗n(j1:k)
if (j, v) ∈ G× {0}

0 otherwise

where for (i, s) and (j, v) in S

tn(i, s)(j, v) =
n�

l=1

I{Xl−1 = (i, s), Xl = (j, v)}, (5.7)

tn(i, s)(·, 0) =
n�

l=1

I{Xl−1 = (i, s), Xl ∈ G× {0}} (5.8)

denotes the number of transitions form (i, s) to (j, v) and from (i, s) to a

state in G× {0} until time n. Furthermore

tn(i, s) =
�

j∈G,v∈{0,s+1}
tn(i, s)(j, v), (5.9)

tn(i, s)(j1:k, v) =
�

j(k+1):K∈×K
k+1Gj

tn(i, s)(j, v) (5.10)

denote the number of visits to state (i, s) and the number of transition from

(i, s) into a state (j, v) that agrees on the first k components with j1:k ∈
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×k
v=1Gv. Similarly

t∗n(i) =
n�

j=0

I{Xj = (i, 0)}, (5.11)

t∗n(i1:k) =
�

i(k+1):K∈×K
k+1Gj

t∗n(i), (5.12)

t∗n =
�

i∈G
t∗n(i). (5.13)

The definition of the predictive distributions may look a bit confusing.

But is basically translates the sampling scheme described in figure 5.1 into

a transition probability. By construction, if Xn = (i, t) ∈ S then Xn+1 ∈
G×{0, t+1}, hence we call a sequence (ij, sj)0≤j≤n of elements in S admissible

if (i0, s0) ∈ G × {0} and (ij, sj) ∈ G × {sj−1 + 1, 0} for all 1 ≤ j ≤ n. As

usually we determine first the system of finite dimensional distributions of

the process.

Proposition 3. For any n ≥ 1 and every admissible sequence (ij, sj)0≤j≤n

of elements in S

P [X0 = (i0, s0), X1 = (i1, s1), · · · , Xn = (in, sn)] (5.14)

=
�

i∈G,
s≥0

��
m̃(i1)

[t∗n(i1)]

m̃[t∗n]

K−1�

k=1

m̃(i1:k)(ik+1)
[t∗n(i1:k+1)]

m̃
[t∗n(i1:k)]
(i1:k)

��
m(i,s)(0)

[tn(i,s)(·,0)]

m
[tn(i,s)]
(i,s)

�

×
�

j∈G
m(i,s)(j1)

[tn(i,s)(j1,s+1)]

K−1�

k=1

m(i,s|j1:k)(jk+1)
[tn(i,s)(j1:k+1,s+1)]

m
[tn(i,s)(j1:k,s+1)]]
(j1:k)

�

where a[n] =
�n−1

j=1 (a + j) for n > 1 and a[m] = 1 for all integers m ≤ 1.

Whereas every inadmissible sequence of elements in S has zero probability.

We defined the process from a system of predictive distributions (5.5)

and (5.6) and found the finite dimensional distributions define by (5.14).

The following corollary states that there existence of a stochastic process

defined on some probability space which has a finite law given by (5.14).
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Corollary 5. There exists a probability space (Ω,F , P ) and a stochastic

process {Xn}n≥0 defined on the same probability space having (5.14) as its

system of finite dimensional distributions.

5.2.1 Recurrence and mixture representation

In the remaining part of this section we explore some basic properties of

the process. In principle we want to show that the process can be seen as

a mixture of Markov chains on S, provided that the process is recurrent.

Meaning we want to represent the finite dimensional law of the process as

P
� n�

k=0

{Xk = (ik, sk)
�
= δ0(s0)Eµ

�
Λ(i0,s0)

n−1�

k=0

Π(ik,sk);(ik+1,sk+1)

�
. (5.15)

where Λ is a random distribution on S and Π is a random transition matrix

on S such that µ× Π ∼ µ.

Recall that two strings σ and µ of elements in S are called equivalent if

(i) they start with the same initial element and (ii) the number of transi-

tions from state s ∈ S to s� ∈ S is the same in σ and µ. Also recall that

a stochastic process is called partial exchangeable according to [44], if the

finite dimensional law of the process gives the same probability to any two

equivalent strings.

Partial exchangeable processes have good theoretical properties. Most

importantly a theorem due to Diaconis and Freedman [63, 44] states that

every recurrent partial exchangeable process is mixture of Markov chains.

We use this result and show first that the process X is partial exchange-

able and under some assumptions recurrence as well. This gives the desired

representation (5.15). The next proposition states the first property.

Proposition 4. The process {Xn} is partial exchangeable.

In the following part we provide conditions for recurrence of {Xn}, which
will be the last requirement to represent the process as a mixture of Markov

chains. In the sequel the process {Xn} is said to be recurrent if

P [Xn = X0 i.o.] = 1. (5.16)
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To study recurrence we split the problem into two parts. First we require

that the process visits infinitely often the set G× {0}. Secondly we require,

whenever the process hits G× {0}, he visits every (i, 0) ∈ G× {0} infinitely

often. After conditioning on the initial state this shows (5.16).

At first, let us define the sequence of successive hitting times to G× {0}
as usual by ζ0 = 0 and for n ≥ 0

ζn+1 = inf{t > ζn : ∃ i ∈ G Xt = (i, 0)} (5.17)

where inf{∅} = ∞. Furthermore let {Zn} be the sequence of states in G

at the hitting times, that is {Zn = i} = {Xζn = (i, 0)} or equivalently

{ζn = l, Zn = i} = {Xl = (i, 0)}.
Notice that from (5.6)

P (ζn = l, Zn = i|Fl−1) = P (Xl = (i, 0)|Fl−1)

= P (ζn = l, |Fl−1)× P (Zn = i|Gn−1)

where

P (ζn = l, |Fl−1) =

�
m(Xl−1)(0) + tl−1(Xl−1)(·, 0)

m(Xl−1) + tl−1(Xl−1)

�
and

P (Zn = i|Gn−1) =
m̃(i1) +

�n−1
v=1 I{Zv ∈ {i1} × (×K

k=2Gk)}
m̃+ n

×
K−1�

k=1

m̃(i1:k)(ik+1) +
�n−1

v=1 I{Zv ∈ {i1:(k+1)} × (×K
j=k+2Gk)}

m̃(i1:k) +
�n−1

v=1 I{Zv ∈ {i1:k} × (×K
j=k+1Gk)}

where Gn−1 = σ({Xζj = (Zj, 0)}j=1,··· ,n−1). Which implies the independents

of Zn from ζn given (Zj)j=0,··· ,n−1. We will assume in the following, that

Assumption 3. (i) There exists an � ∈ (0, 1] and a t� ≥ 0 such that

m(i,s)(0)

m(i,s)

> � ∀(i, s) ∈ S such that s ≥ t�.

(ii) For all j ∈ G m̃(j1)
�K−1

k=1 m̃(j1,··· ,jk)(jk+1) > 0.
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The meaning of both conditions become clear when we look at a typical

sample path of the process as plotted in figure 5.2. The process starts in

G× {0} and moves along G× {t}, t ≥ 1 until a 0 ball will be sampled from

some urn U (1)(i, t) for some (i, t) ∈ G×N. Hence the first condition requires

that there exists some � risk to return from every state in G × {t} back to

G× {0} for all t ≥ t�.

Whereas the second condition requires that the initial urn composition

of every return urn contains a positive number of balls of every color. This

condition leads a priory to a possibility of sampling any {i, 0} ∈ G × {0},
conditional on the event of returning toG×{0}. Both conditions are sufficient

to ensure the recurrence (5.16).

Proposition 5. Suppose the initial urn compositions of {Xn} satisfy as-

sumption 3, then {Xn} is recurrent.

Combining both recurrence and partial exchangeability we can apply de

Finetti’s theorem for Markov chains and obtain a mixture representation of

{Xn}.

Corollary 6. Suppose that the initial urn compositions satisfy assumption

3, then {Xn} is a mixture of Markov chains with unique mixing measure.

It only remains to determine the mixing measure in the representation

(5.15). This measure is most easily studied by looking at the weak limit of the

transition counts and the empirical transition probabilities. Since recurrent

to the initial state does not imply recurrence for all other states as well, the

limits of the empirical transition probabilities may not exists for all transition

rows of the process.

In fact, the probability law of the transition matrix Π, conditional on

which {Xn} is Markov, needs only to be studied for states (i, t) ∈ S for

which there exists a finite sequence of states, say {(ik, sk)}0≤k≤n such that

(in, sn) = (i, t), which lead with positive probability from the initial state to

(i, t), i.e.

P
� n�

k=0

{Xk = (ik, sk)}
�
> 0. (5.18)
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For an ordinary Markov chain, this would be the disjoint and closed class

of recurrent states which contains the initial state. All other states are ir-

relevant, since the process will not visit any of this states with probability

one.

We will restrict ourselves to the analysis of the transition rows of the set

of recurrent states. For this purpose define for every state (i, s) ∈ S the set

of potential successor states of (i, s) by R(i,s) = R1
(i,s) ∪R2

(i,s), where

R1
(i,s) =

�
(j, s+ 1) ∈ S : m(i,s)(j1)

K−1�

k=1

m(i,s|j1:k)(jk+1) > 0
�

(5.19)

and R2
(i,s) = ∅ if m(i,s)(0) = 0 and R2

(i,s) = G× {0} if m(i,s)(0) > 0.

Furthermore define H0 = G × {0} and for every n ≥ 1 let Hn =

∪(i,s)∈Hn−1R(i,s). Hence Hn denotes the set of all states in S that are at-

tainable by the process within n transition step and H = ∪nHn denotes all

states which are attainable within a finite number of transition steps. For

states in H we find the mixing measure in the following proposition.

Proposition 6. Suppose that the initial urn compositions satisfy assumption

3. Then for every (i, s) ∈ H the transition row Π(i,s) = (Π(i,s),(j,v))(j,s)∈S of

Π, is given by

Π(i,s),(j,v) =





Λj p(i, s)0 if (j, v) ∈ G× {0}
p(i, s)j1

�K−1
k=1 p(i, s|j1:k)jk+1

if (j, v) ∈ G× {s+ 1}
0 otherwise

where Λ = (Λj)j∈G is a distribution on G with Λj = λj1

�K−1
k=1 λ(j1:k)jk+1

for

j ∈ G; and

λ ∼ Dir(m̃(1), · · · , m̃(N1)),

p(i, s) ∼ Dir(m(i,s)(0), · · · ,m(i,s)(N1)),

λ(j1:k) ∼ Dir(m̃(j1:k)(1), · · · , m̃(j1:k)(Nk+1)) for 1 ≤ k ≤ K − 1,

p(i, s|j1:k) ∼ Dir(m(i,s)|j1:k)(1), · · · ,m(i,s|j1:k)(Nk+1)) for 1 ≤ k ≤ K − 1.
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132 CHAPTER 5. REINFORCED MULTIVARIATE URN PROCESSES

Furthermore the random vectors {λ, p(i, s),λ(j1:k), p(i, s|j1:k)}j∈G are mutu-

ally independent.

Lemma 27 in the proof of the previous proposition shows that P (Xn =

(i, s) i.o.) = 1 for all (i, s) ∈ H. On the other hand, by definition of H, if

state (i, s) does not belong to H then

0 = P (Xn = (i, s) ∃n) = E[P (Xn = (i, s) ∃n|Π)]. (5.20)

and therefore P (Xn = (i, s) ∃n|Π) = 0 with probability one. Furthermore

by definition of H it is easily seen that H is a closed class and contains the

initial state. Therefore

1 = P (Xn ∈ H ∀n) = E[P (Xn ∈ H ∀n|Π)]. (5.21)

Hence there exists a measurable set N ∈ F such that P (Xn ∈ H ∀n|Π(ω)) =
1 for all ω ∈ N c and any modification of the probability law of rows of Π for

states in S \ H leaves all characteristics of the process unchanged.

Proposition 6 determines the probability law of the rows of the random

stochastic matrix Π only for states in H, to ensure that all rows of Π are

proper distributions we make the convention that Π(i,s),(j,l) = δ(i,s+1)((j, l))

for all states (i, s) ∈ S \H. By the previous remark, this convention leases all

characteristics of the mixture representation of the process unchanged. Now,

proposition 6 and the previous convention shows that the random matrix Π,

conditional on which {Xn} is Markov, has the block form

Π
a.s.
=




Π0(0) Π−0(0) O O O · · ·
Π0(1) O Π−0(1) O O · · ·
Π0(2) O O Π−0(2) O · · ·
· · · · · · · · · · · · · · · · · ·




(5.22)
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where the elements of Π−0(t) = (Π(i,t),(j,t+1))(i,t),(j,t+1)∈S are given by

Π(i,t)(j,t+1) =




p(i, t)j1

�K−1
k=1 p(i, t|j1:k)jk+1

if (i, t) ∈ H
δ(i,t+1)(j, t+ 1) if (i, t) ∈ S \ H

(5.23)

and the elements of Π0(t) = {Π(i,t),(j,0)}(i,t),(j,0)∈S are given by

Π(i,t)(j,0) =




Λj p(i, s)0 if (i, s)H
0 if (i, t) ∈ S \ H.

(5.24)

Since the elements on the first column of Π share the same random vector

Λ, the rows of Π are not independent. But Π−0 = {Π−0(t)}t≥0 consists of

independent sub-matrices with independent sub-transition rows.

5.2.2 Properties given a sample of observations

In this section we discuss some properties of the process conditional on the

history of the process until a fixed or random point in time. These properties

are neat facts for predicting summary measure of Markov chains. Clearly,

from the sampling scheme 5.1, it is clear that once we observe the process

until a certain point n, {Xk}0≤k≤n, where Xn = (i, t), then the process con-

tinues as an urn scheme from (i, t), just with updated urn compositions.

Even simpler is the case when the process is recurrent and we condition on

the event ζn. In this case the process re-starts in G × {0} where the first

component in G is draws as in step (A) of the scheme 5.1 with updated initial

urn compositions.

The following lemma is an obvious fact, nevertheless we state it

Lemma 17. Let vn = n (or ζn) and {Xk = (ik, tk)}k=0,··· ,vn be a sample

from a recurrent RHUP. Then {Xvn+k}k≥0 is again a RHUP with initial

state (in, tn) (or (iζn , 0) if vn = ζn) and initial urn compositions

Ũ (∗1) = {m∗(i); i ∈ G1}
Ũ (1)(s) = {m∗

s(i); i ∈ G1 ∪ {0}}
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for s ∈ S and for j ∈ G and 1 ≤ k ≤ K − 1

Ũ (k+1)(s|j1:k) = {m∗
(s|j1:k)(i); i ∈ Gk+1}

Ũ (∗(k+1))(j1:k) = {m̃∗
(j1:k)

(i); i ∈ Gk+1},

where for s = (i, t) ∈ S and j ∈ G

m∗
(i,t)(j1) = m(i,t)(j1) + tv(n)(i, t)(j1, t+ 1), (5.25)

m̃∗(ji) = m̃(j1) + t∗v(n)(j1) (5.26)

and k = 1, · · · , K − 1

m∗
(i,t|j1:k)(jk+1) = m(i,t|j1:k)(jk+1) + tvn(i, t)(j1:(k+1), t+ 1), (5.27)

m̃∗
(j1:k)

(jk+1) = m̃(j1:k)(jk+1) + t∗vn(jk+1). (5.28)

The next corollary states that given a sample of vn observations from a

RHUP, the process will be again a mixture of Markov chains. The mixing

measure will have the same form as for the original process but with updated

parameter. Since the statement holds for vn = n and similar for vn = ζn we

state the corollary for vn, where vn can be taken as n or ζn.

Corollary 7. Suppose the RHUP is recurrent. Then for vn = n (or vn = ζn)

and given a sample {Xk}0≤k≤vn, {Xvn+k}k≥0 is again a mixture of Markov

chains.

For (i, t) ∈ H the transition row Π
(vn)
(i,t) of the stochastic matrix Π(vn),

conditional on which {Xvn+k}k≥0 is Markov, is given by

Π
(vn)
(i,t),(j,v) =





Λ
(vn)
j p(vn)(i, t)0 if (j, v) ∈ G× {0}

p(vn)(i, t)j1
�K−1

k=1 p(vn)(i, t|j1:k)jk+1
if (j, v) ∈ G× {t+ 1}

0 otherwise

with Λ(vn) = (Λ
(vn)
j )j∈G and Λ

(vn)
j = λ

(vn)
j1

�K−1
k=1 λ(vn)(j1:k)jk+1

for j ∈ G.

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



5.3. MIXTURES OF INHOMOGENEOUSMULTIVARIATEMARKOVCHAINS135

Where for j ∈ G

λ(vn) ∼ Dir(m̃∗(1), · · · , m̃∗(N1)),

p(vn)(i, t) ∼ Dir(m∗
(i,t)(0), · · · ,m∗

(i,t)(N1)),

λ(vn)(j1:k) ∼ Dir(m̃∗
(j1:k)

(1), · · · , m̃∗
(j1:k)

(Nk+1)) for 1 ≤ k ≤ K − 1,

p(vn)(i, t|j1:k) ∼ Dir(m∗
(i,t)|j1:k)(1), · · · ,m

∗
(i,t|j1:k)(Nk+1)) for 1 ≤ k ≤ K − 1.

The random vectors {λ(vn), p(vn)(i, t),λ(vn)(j1:k), p
(vn)(i, t|j1:k)}j∈G,k=1,··· ,K−1 are

mutually independent.

5.3 Mixtures of inhomogeneous multivariate

Markov chains

Recall that our aim was to construct an exchangeable sequence of random

elements, such that each random element is a mixture of inhomogeneous

Markov chain. We will use the RHUP to define such a sequence. For the

remaining part we assume that the initial urn compositions of the RHUP

satisfies assumption 3. Hence we assume recurrence. We take the sequences

of states between successive hits to the set G×{0}. That is, for every n ≥ 1,

let Bn be define by

Bn = (Xζn−1 , Xζn−1+1, · · · , Xζn−1) (5.29)

where ζn was define in (5.17). We may note the following neat fact.

Lemma 18. The sequence {Bn} is exchangeable.

Note that every Bn is a sequence of elements in S = G × N0 such that

the last coordinate of every element of Bn increases deterministically. Hence

we will remove the last coordinate from each element Bn. Therefore, let

L : S → G, be the projection from S = G × N0 onto G, L((i, n)) = i, and
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define the sequence {Yn} by

Yn := L(Bn) =
�
L(Xζn−1), L(Xζn−1+1), · · · , L(Xζn−1)

�

=
�
Y

(n)
0 , Y

(n)
1 , · · · , Y (n)

τn

�
(5.30)

where τn = ζn − ζn−1 − 1. Clearly {Yn} is exchangeable too. Since {Xn},
given Π, is Markov we find that {Yn}, given Π, is Markov as well. The

following lemma state that the sequence {Yn}n≥1 is an exchangeable sequence

of mixtures of inhomogeneous Markov chains. Recall the definition of Π−1 =

{Π−0(t)}t≥0 and Λ = {Λj}j∈G from proposition 6 and (5.22).

Lemma 19. (i) The sequence {Yn} is exchangeable.

(ii) Given Π−0, {p(i, t)0}i,t≥0 and Λ, Yn is a time-inhomogeneous Markov

chain, with initial distribution Λ, transition matrix Π−0 and termination

probability p0 := {p(i, t)0}i,t≥0, i.e.

P(
k�

t=0

{Y (n)
t = it}, τn = k}|Π) = λi0

�
k�

t=1

Π(it,t),(it+1,t)

�
p(im,m)0 (5.31)

Remark 17. We may clarify the structure of the random transition probabil-

ity ofYn as stated in the last lemma. If we denote with PΠ(·) = P(·|Π−0,Λ, p0),

then for i and j in G the last lemma states that for t ≥ 0

PΠ(Y
(n)
t+1 = j|Y (n)

t = i)

= PΠ(Y
(n)
t+1,1 = j1|Y (n)

t = i)

× PΠ(Y
(n)
t+1,2 = j2|Y (n)

t = i, Y
(n)
t+1,1 = j1)

× · · ·
× PΠ(Y

(n)
t+1,K = jK |Y (n)

t = i, Y
(n)
t+1,1 = j1, · · · , Y (n)

t+1,K−1 = jK−1),

where PΠ(Y
(n)
t+1,1 = j1|Y (n)

t = i) = p(i, t)j1 and for 1 ≤ K − 1

PΠ(Y
(n)
t+1,k+1 = jk+1|Y (n)

t = i, Y
(n)
t+1,1 = j1, · · · , Y (n)

t+1,k = jk) = p((i, t)|j1:k)jk+1
.

Meaning that the transition probability is factorized into K conditional dis-

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



5.3. MIXTURES OF INHOMOGENEOUSMULTIVARIATEMARKOVCHAINS137

tributions, which is the simplest way to express the probability of K events at

the same time. But the disadvantage is clearly that the random probability is

not invariant under reordering of the K components.

Similar to the previous two chapters we may use the sequence {Yn} to

predict operating characteristics of time-inhomogeneous Markov chains. We

may observe M replica of the same underlying phenomena. Information

about the phenomena is not obtained by observing the process over a long

period, but instead we observe several replica. In the following two examples

we look at two rather unusual applications of the sequence {Yn}.

Example 3 (A discrete-time survival model with covariates). Suppose two

health indicators are monitored on a weekly base (or monthly or annually )

for M patients. Each health indicator is measured on a binary scale {1, 2}.
2 indicates the presence and 1 the absence of a health problem. Suppose that

the discrete survival status is recorded as well. A common assumption in

non-parametric Bayesian regression is that the joined vector of regressor and

covariates is exchangeable among patients. This clearly does not imply that

the regressors, given the covariates, are exchangeable as well. We choose

G1 = {1} and G2 = G3 = {1, 2}. Furthermore the event {τn = t} indicates

a failure between the weak t and t+ 1.

Then in the terminology above, for (i1, i2) ∈ G2 ×G3, the element Λ1,i1,i2

denotes the random probability of the initial health conditions. The probability

p(1, i1, i2, t)0 denote the probability for a death between week t and t+1 given

the health condition (i1, i2) in week t. Furthermore for (i1, i2) and (j1, j2) in

G2 ×G3 the random element Π−0(t)(1,i1,i2),(1,j1,j2) denote the change in health

conditions from week t to t+ 1.

Suppose we observe the lifetimes of M patients and we know the health

condition of a new patient at weak t, say (i1, i2) ∈ G2 × G3. The predicted

probability of surviving from weak t to weak t+ 1 for the new patient is now
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given as

P (τM+1 > t|Y (M+1)
t = (i1, i2), {Yn}n≤M )

= E[p(1, i1, i2, t)1|{Yn}n≤M )]

=
m(i1,i2,t)(1) + tv(M)(i1, i2, t)(1, t+ 1)

m(i,t) + tv(M)(i1, i2, t)
.

Similarly the probability of a transition from health state (i1, i2) ∈ G2 × G3

to state (j1, j2) ∈ G2 ×G3, under survival, is given by

P (τM+1 > t, Y
(M+1)
t = (j1, j2)|Y (M+1)

t = (i1, i2), {Yn}n≤M )

=
m(i1,i2,t)(1) + tv(M)(i1, i2, t)(1, t+ 1)

m(i,t) + tv(M)(i1, i2, t)

× m(i1,i2,t)(1) + tv(M)(i1, i2, t)(1, j1, t+ 1)

m(i,t) + tv(M)(i1, i2, t)(1, t+ 1)

× m(i1,i2,t)(1) + tv(M)(i1, i2, t)(1, j1, j2, t+ 1)

m(i,t) + tv(M)(i1, i2, t)(1, j1, t+ 1)
.

Predictive probabilities of other quantities, can be found using the generic

estimator derived in the next section.

The incorporation of some covariates into the model, as shown in the last

example, should be considers with caution. If covariates are constant over

time like the sex of patients we basically have two independent sub-processes

in the model. Hence estimation will be inefficient, since no transition from

one to the other sex is possible. Also, the more covariates we include into

the model, say K−1, the less transition counts can be observed among fixed

states in G2 × G3 × · · · × GK and hence the less efficient and reliable is the

estimator of the survival function given the covariates.

Example 4. Suppose a system consists of K interacting components, where

the state of each component changes on a daily basis dependent on daily

demand. The demand may be different dependent on the day of the week

1, · · · , 5. Suppose that component 1 ≤ k ≤ K of the system runs in {1, · · · , Nk+1}
different states. We take G1 = {1} and Gk = {1, · · · , Nk} for 2 ≤ k ≤ K+1.

Now, let Yn = (Y n
0 , · · · , Y n

4 ) represent the working history of the system in
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week n. Since each block terminates deterministically every Friday we set

m(1,j,t)(0) = 0 for t = 0, · · · 4 and m(1,j,4)(1) = 0 for all j in G. This system

does not satisfy assumption 3(i) but it is not difficult to see that the resulting

urn process is recurrent.

In the following section we derive some general predictive estimator for

summary measures of inhomogeneous Markov chains based on the sequence

{Yn}.

5.3.1 Prediction for multivariate Markov chains

In this section we will use the sequence {Yn} and the predictive distribution

of YM+1 given {Yn}n≤M for prediction of summary measure of multivariate

time-inhomogeneous Markov chains.

In many situations we may observe several replicas of a stochastic phe-

nomenon which evolves over time. In system reliability this might be the

history of a system, which contains K interacting components, between suc-

cessive shut-downs. In event history analysis we may observed lifetimes of

persons, where persons with the same initial conditions are exchangeable.

Or in clinical trials we may monitor several different health indicators of a

patient simultaneously until a random or predefined endpoint.

We may model the phenomena by a trajectory Ym, where for each 1 ≤
k ≤ K we code Gk to represent the set of possible states taken at the k-th

dimension. For example in reliability Gk may represent the distinct working

states of the K-th components of the system or in health monitoring Gk may

represent the different states of the k-th health status.

We start with the predicted transition probabilities.

Lemma 20. Let {Yn}n≤M be a sample from the process defined in (5.30).

Then, given {Yn}n≤M ,

(i) the expected transition probability from j ∈ G to i ∈ G at time t is given

by

E[PΠ(Y
(M+1)
t+1 = i|Y (M+1)

t = j)|{Yn}n≤M ] =
m∗

(j,t)(i1)

m∗
(j,t)

K−1�

k=1

m∗
(j,t|i1:k)(ik+1)

m∗
(j,t|i1:k)

;
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(ii) the expected transition probability at time t, at the d-component from

j ∈ G to v ∈ Gd is given by

E[PΠ(Y
(M+1)
t+1,d = v|Y (M+1)

t = j)|{Yn}n≤M ]

=
�

ik∈Gk,k≤d−1

m∗
(j,t)(i1)

m∗
(j,t)

�
d−2�

k=1

m∗
(j,t|i1:k)(ik+1)

m∗
(j,t|i1:k)

�
m∗

(j,t|i1:(d−1))
(v)

m∗
(j,t|i1:(d−1))

;

(iii) and the expected transition probability from j ∈ G to v ∈ Gd and w ∈ Gd�

(1 ≤ d < d� ≤ K) at time t is given by

E[PΠ(Y
(M+1)
t+1,d = v, Y

(M+1)
t+1,d� = w|Y (M+1)

t = j)|{Yn}n≤M ]

=
�

ik∈Gk;
k/∈{d,d�},
k≤d�−1

�
m∗

(j,t)(i1)

m∗
(j,t)

d−2�

k=1

m∗
(j,t|i1:k)(ik+1)

m∗
(j,t|i1:k)

d�−2�

k=d+1

m∗
(j,t|i1:(d−1),v,i(v+1):k)

(ik+1)

m∗
(j,t|i1:(d−1),v,i(v+1):k)

m∗
(j,t|i1:(d−1))

(v)

m∗
(j,t|i1:(d−1))

m∗
(j,t|i1:(d−1),v)

(id+1)

m∗
(j,t|i1:(d−1),v)

m∗
(j,t|i1:(d−1),v,i(d+1):(d�−1))

(w)

m∗
(j,t|i1:(d−1),v,i(d+1):(d�−1))

�
.

In the next lemma we predict the probability of staying in a certain state

at time t for the complete vector of states and a single component of the

vector. To keep notations simple, for t ≥ 0 let Π̂
(M)
−0 (t) = E[Π−0(t)|Yj, j ≤

M ] and p̂
(M)
0 (t) = E[(p(i, t)0)i∈G|Yj, j ≤ M ]� with elements

Π̂
(M)
−0 (t)i,j =

m∗
(i,t)(j1)

m∗
(i,t)

K−1�

k=1

m∗
(i,t|j1:k)(j1)

m∗
(i,t|j1:k)

for i, j ∈ G,

p̂
(M)
0 (t)i =

m∗
(i,t)(0)

m∗
(i,t)

for i ∈ G.

and let Λ̂(M) = E[Λ|Yj, j ≤ M ] =
�

m̃∗(i1)
m̃∗

�K−1
k=1

m̃∗
(i1:k)

(ik+1)

m̃∗
(i1:k)

; i ∈ G
�
.

Lemma 21. Let {Yn}n≤M be a sample from the process defined in (5.30).

Then, given {Yn}n≤M ,
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(i) the expected l-step transition probability into state i ∈ G is given by

E[PΠ(Y
(M+1)
l = i)|{Yn}n≤M ] =

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
i
,

(ii) the expected l-step transition probability of the d-th component into v ∈ Gd

given by

E[PΠ(Y
(M+1)
l,d = v)|{Yn}n≤M ] =

�

i∈G:id=v

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
i
.

In certain cases we need to predict the survival time of a process and

the expected occupation time in a given state, say T (Yn)i =
�

t≥0 I(Y
(n)
t =

i) and T (Yn)d,id =
�

t≥0 I(Y
(n)
t,d = id). The predictive estimator for both

problems are given in the next lemma.

Lemma 22. Let {Yn}n≤M be a sample from the process defined in (5.30).

Then, given {Yn}n≤M ,

(i) the expected survival function, survival time and failure rate is given by

E[PΠ(τm > l)|{Yn}n≤M ] =
�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
1G

E[τm|{Yn}n≤M ] =
�

l≥0

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
1G

E[PΠ(τM = l)|{Yn}n≤M ] =
�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
p̂
(M)
0 (l)

where IG = (1, 1, · · · , 1)� of dimension |G| = �K
i=1 Ni.

(ii) the expected mean occupation time in state i ∈ G and sub-state v ∈ Gd
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is given by

E[T (YM+1)i|{Yn}n≤M ] =
�

l≥0

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
i
,

E[T (YM+1)d,v|{Yn}n≤M ] =
�

l≥0,
i∈G:id=v

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
i
.

Finally, we give an expression of the covariance between the d� and the

d components of YM+1 at time t given the observed data {Yn}n≤M . Please

notice that for categorical data, the covariance might not be an appropriate

measure of dependent. Nonetheless for some ordinary data structure it might

make scene to consider covariance estimation.

Lemma 23. Let {Yn}n≤M be a sample from the process defined in (5.30).

Then, given {Yn}n≤M ,

(i) the covariance between the d-th and the d�-th component at time t + 1

given the value at time t is given by

Cov(Y
(M+1)
t+1,d , Y

(M+1))
t+1,d� |Y (M+1)

t , {Yn}n≤M )

=
�

ik∈Gk;
k≤d�

idid�

�
m∗

(Yt,t)
(i1)

m∗
(Yt,t)

d�−1�

k=1

m∗
(Yt,t|i1:k)(ik+1)

m∗
(Yt,t|i1:k)

�

−
� �

ik∈Gk,k≤d

id
m∗

(j,t)(i1)

m∗
(j,t)

�
d−1�

k=1

m∗
(Yt,t|i1:k)(ik+1)

m∗
(Yt,t|i1:k)

��

×
� �

ik∈Gk,k≤d�

id
m∗

(Yt,t)
(i1)

m∗
(j,t)

�
d�−1�

k=1

m∗
(Yt,t|i1:k)(ik+1)

m∗
(Yt,t|i1:k)

��

(ii) the covariance between the dth and d�th component process at time t + 1
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is given by

Cov(Y
(M+1)
t+1,d , Y

(M+1))
t+1,d� |{Yn}n≤M )

=
�

i∈G
idid�

�
Λ̂(M)

t−1�

l=1

Π̂
(M)
−0 (l)

�
i

−
��

i∈G
id

�
Λ̂(M)

t−1�

l=1

Π̂
(M)
−0 (l)

�
i

���

i∈G
id�

�
Λ̂(M)

t−1�

l=1

Π̂
(M)
−0 (l)

�
i

�

From the expressions above it is unfortunately not obvious how Y
(M+1)
t+1,d

and Y
(M+1))
t+1,d� are dependent on each other. Furthermore for large M the

elements in transition sub-matrices Π̂
(M)
−0 are dominated by the empirical

transition counts. Hence for large M the covariance will largely agree with

the empirical covariance between components.

5.4 Conclusion

In the present paper we used a sequence of hierarchical Pólya urns to con-

struct an exchangeable sequence of random elements {Yn}, where each el-

ement Yn is a mixture of inhomogeneous Markov chains on a finite multi-

variate state space. The sequence {Yn} and the predictive distribution of

YM+1 given {Yn}n≤M was used to predict summary measure for inhomo-

geneous Markov chains. In this way the process may serve as a black box

model for prediction in discrete event history models or in system reliabil-

ity. In such models information are usually collected through observing the

same underlying phenomena for M observation, where one may assumes that

observations and covariates are jointly exchangeable.

Future extensions will mainly focus on modelling continuous time multi-

state processes though a process with reinforcement. But implementation of

such a problem becomes substantially more cumbersome. Such problems may

be modelled with mixture of Semi-Markov chains and a focus towards the

matrix of successor states and holding time for every state of the state-space

[51].
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5.5 Appendix: Proofs

Proof of Proposition 3. By definition, if (ij, sj)0≤j≤n is inadmissible then by

(5.5) and (5.6),
�n

j=0{Xj = (ij, sj)} is clearly a null event. On the other

hand if (ij, sj)0≤j≤n is admissible

P [X0 = (i0, s0), X1 = (i1, s1), · · · , Xn = (in, sn)]

=
n−1�

u=0

�
m̃(iu1) + t∗u−1(i

u
1)

m̃+ t∗u−1

K−1�

k=1

m̃(iu1:k)
(iuk+1) + t∗u−1(i

u
1:k+1)

m̃(iu1:k)
+ t∗u−1(i

u
1:k)

�I{su=0}

×
n−1�

j=1

�
�
m(i(j),sj)

(ij+1
1 ) + tj(i

(j), sj)(i
j+1
1 , sj + 1)

�I{sj+1=sj+1}

×

�
m(i(j),sj)

(0) + tj(i
(j), sj)(·, 0)

�I{sj+1=0}

m(i(j),sj)
+ tj(i

(j), sj)

�

×
�
K−1�

k=1

m(i(j),sj |ij+1
1:k )(i

j+1
k+1) + tj(i

(j), sj)(i
j+1
1:k+1, sj + 1)

m(i(j),sj |ij+1
1:k ) + tj(i

(j), sj)(i
j+1
1:k , sj + 1)

�I{sj+1=sj+1}

(5.32)

Among {(ij, sj); 0 ≤ j ≤ n} are t∗n ≥ 1 elements which belong to the subset

G × {0}. We re-label this elements as (vu, 0)1≤u≤t∗n and rewrite the first

product in (5.32) as

m̃(v11))

m̃

K−1�

k=1

m̃(v11:k)
(v1k+1)

m̃(i11:k)

×m̃(v21) + I{v11 = v21}
m̃+ 1

K−1�

k=1

m̃(v21:k)
(v2k+1) + I{v11:k+1 = v21:k+1}
m̃(i21:k)

+ I{v11:k = v21:k}

× · · ·

×
m̃

�
v
t∗n
1

�
+

�t∗n−1
j=1 I{vj1 = v

t∗n
1 }

m̃+ t∗n − 1

K−1�

k=1

m̃
(v

t∗n
1:k)

�
v
t∗n
k+1

�
+

�t∗n−1
j=1 I{vj1:k+1 = v

t∗n
1:k+1}

m̃
(i

t∗n
1:k)

+
�t∗n−1

j=1 I{vj1:k = v
t∗n
1:k}

=
�

v∈G

�
m̃(v1)

[t∗n(v1)]

m̃[t∗n]

K−1�

k=1

m̃(v1:k)(vk+1)
[t∗n(v1:k+1)]

m̃
[t∗n(v1:k)]
(v1:k)

�
. (5.33)
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Furthermore let (i, s) be an arbitrary state in S among (ij, sj)0≤j≤n. Let

(i, s) have successor states (vj, lj)1≤j≤tn(i,s). By definition lj ∈ {0, s + 1} for

j = 1, · · · , tn(i, s). The product component associated to successor of (i, s)

in the second product of (5.32) can be written as the product of tn(i, s) terms

each standing for one successor. Successors with lj = 0 are only involved in

this product by the draw of a zero colors from the first level urn U (1)(i, s)

(the remaining part was already accounted for in (5.33). The first terns is

m(i,s)(v
1
1)

m(i,s)

�
K−1�

k=1

m(i,s|v11:k)(v
1
k+1)

m(i,s|v11:k)

�I{l1=s+1}

(5.34)

and the second term is

[m(i,s)(0) + I{l1 = 0}]I{l2=0} [m(i,s)(v
2
1) + I{v11 = v21, l1 = s+ 1}]I{l2=s+1}

m(i,s) + 1
�

K−1�

k=1

m(i,s|v21:k)(v
2
k+1) + I{v11:k+1 = v21:k+1, l1 = s+ 1}

m(i,s|v11:k) + I{v11:k = v21:k, l1 = s+ 1}

�I{l2=s+1}

. (5.35)

And the tn(i, s)-th term is given by

�
m(i,s)(0) +

tn(i,s)−1�

j=1

I{lj = 0}
�I{ltn(i,s)=0}

×
[m(i,s)(v

tn(i,s)
1 ) +

�tn(i,s)−1
j=1 I{vj1 = v

tn(i,s)
1 , lj = s+ 1}]I{ltn(i,s)=s+1}

m(i,s) + tn(i, s)− 1

×
�

K−1�

k=1

m
(i,s|vtn(i,s)

1:k )
(v

tn(i,s)
k+1 ) +

�tn(i,s)−1
j=1 I{vj1:k+1 = v

tn(i,s)
1:k+1 , lj = s+ 1}

m
(i,s|vtn(i,s)

1:k )
+

�tn(i,s)−1
j=1 I{vj1:k = v

tn(i,s)
1:k , lj = s+ 1}

�I{ltn(i,s)=s+1}

.

(5.36)
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Combining all products, we can write the likelihood associated to successors

of (i, s) as

=
�

j∈G

m(i,s)(0)
[tn(i,s)(·,0)]m(i,s)(j1)

[tn(i,s)(j1,s+1)]

m
[tn(i,s)]
(i,s)

K−1�

k=1

m(i,s|j1:k)(jk+1)
[tn(i,s)(j1:k+1)]

m
[tn(i,s)(j1:k+1)]

(i,s|i1:k)

(5.37)

Now take the product of (5.37) over all states in S and combine the product

with (5.33) yields the claim.

Proof of Corollary 5. It is straight forward to show that the system of finite

dimensional distributions defined in (5.14) satisfies Kolmogorov’s consistency

conditions.

Alternative one may check that the sequence of transition probabilities

defined in (5.5) and (5.6) satisfies the requirements of the Ionescu Tulcea ex-

tension theorem. Which yields the existence of a probability space (Ω,F , P )

and a stochastic process {Xn}n≥0 having (5.5) and (5.6) as transition prob-

abilities. But by the previous proposition this process has finite dimensional

distribution as specifies in (5.14).

Proof of Proposition 4. Let µ =
�
(ij, sj); 0 ≤ j ≤ n

�
and σ =

�
(vj, wj); 0 ≤

j ≤ n
�
be two equivalent sequences of elements in S. Denote for all states

in S with tn(i, s)(i
∗, s∗)µ the number of transitions from (i, s) to (i∗, s∗) in µ

and define tn(i, s)(i
∗, s∗)σ similar for σ. By equivalence between µ and σ we

have

(i0, s0) = (v0, w0), and tn(i, s)(i
∗, s∗)µ = tn(i, s)(i

∗, s∗)σ ∀(i, s), (i∗, s∗) ∈ S.

Suppose that µ is inadmissible, than either s0 �= 0 or there exists (ij, sj)

among (ij)1≤j≤n such that sj /∈ {0, sj−1} and 1 ≤ tn(i
j−1, sj−1)(i

j, sj)µ =

tn(i
j−1, sj)(i

j, sj)σ. Which implies that σ is inadmissible too and therefore

P [∩n
t=0{Xt = (it, st)}] = 0 = P [∩n

t=0{Xt = (vt, wt)}].

On the other hand if µ is admissible and hence σ too, then by equivalence
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of σ an µ for any (i, s) and (j, v) in S also

tµ(i, s) = tσ(i, s),

tµ(i, s)(j1:k, v) = tσ(i, s)(j1:k, v),

tµ(i, s)(·, 0) = tσ(i, s)(·, 0)

and furthermore

t∗µ(i) = I{i0 = i}+
�

(j,s)∈S
tµ(j, s)(i, 0) = t∗σ(i),

t∗µ(i1:k) = t∗σ(i1:k),

t∗µ = t∗σ.

Since the finite dimensional law of the process {Xn} depends only on the six

transition counts above which are all equal for µ and σ both sequences have

the same probability.

In order to prove Proposition 5, we need the following two lemmas.

Lemma 24. Suppose assumption 3 holds, then P (∩n{ζn < ∞}) = 1.

Proof. We proof the lemma by induction on n. Without loss of generality

we may assume that t� = 1. For ζ1 we have

P (ζ1 > t) = P (∩t
n=0{Xn ∈ G× {n}})

=
�

in∈G,
0≤n≤t

m̃
�
i
(0)
1

�

m̃

K−1�

k=1

m̃(i01:k)

�
i
(0)
k+1

�

m̃
(i

(0)
1:k)

t−1�

n=0

m(i(n),n)(i
(n+1)
1 )

m(i(n),n)

K−1�

k=1

m
(i(n),n|i(n+1)

1:k )
(i

(n+1)
k+1 )

m
(i(n),n|i(n+1)

1:k )

≤ (1− �)t
�

in∈G,
n=0,··· ,t−1

it1∈G1

m̃
�
i
(0)
1

�

m̃

K−1�

k=1

m̃(i01:k)

�
i
(0)
k+1

�

m̃
(i

(0)
1:n)

t−2�

n=0

K−1�

k=1

m
(i(n),n|i(n+1)

1:k )
(i

(n+1)
k+1 )

m
(i(n),n|i(n+1)

1:k )

= (1− �)t × (N1t)
�

i0∈G

�
m̃

�
i
(0)
1

�

m̃

K−1�

k=1

m̃(i01:k)

�
i
(0)
k+1

�

m̃
(i

(0)
1:n)

�

= exp{−βt} ×N 1t = o(t) as t → +∞
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where β = − log(1 − �) ∈ [−∞, 0). Hence P (ζ 1 < ∞) = 1 − limt→∞ P (ζ1 >

t) = 0.

For the induction step, assume that P (∩n
j=1{ζj < ∞}) = 1 for n > 1. Let

T = 1+max1≤j≤n{ζj − ζj−1} which is finite with probability one. For s ≥ T

all tζn [(i, s); (j, v)] are zero for all states (i, s) and (j, v) in S.

Now, let P ∗
v (·) = P (·| ∩n

j=1 {ζj < ∞}, T, ζn = v). Then for t > T we have

that

P ∗
v (ζn+1 > t)

= P (∩t
l=0{Xζn+l ∈ G× {l}}|{ζj < ∞}, ζn = v, T )

≤ P ∗(∩t
l=T{Xv+l ∈ G× {l}}|{ζj < ∞}, ζn = v, T )

=
�

iT+n∈G,
0≤n≤t−T

t−T−1�

n=0

�
m(i(T+n),T+n)(i

(T+n+1)
1 )

m(i(T+n),T+n)

K−1�

k=1

m
(i(T+n),T+n|i(T+n+1)

1:k )
(i

(T+n+1)
k+1 )

m
(i(T+n),T+n|i(T+n+1)

1:k )

�

≤ (1− �)(t−T )N1(t− T ) = o(t) as t → +∞

Since by assumption P (ζn < ∞) = 1, for every δ > 0 we can find a k ∈ N
such that P (ζn ≤ k) > 1− δ. Then

P (ζn+1 > t| ∩n
j=1 {ζj < ∞}, T )

= E[P ∗
ζn(ζn+1 > t)I(ζn > k)] + E[P ∗

ζn(ζn+1 > t)I(ζn ≤ k)]

≤ P (ζn > k) +
k�

i=0

E[P ∗
i (ζn+1 > t)I(ζn = i)]

≤ δ +
k�

i=0

N1t× exp{−β(t− T )} = δ + o(t) as t → ∞.

Hence limt→∞ P ∗(ζn+1 > t) ≤ δ a.s. and since δ was arbitrary limt→∞ P ∗(ζn+1 >

t) = 0 a.s.. The induction step follows now from the dominated convergence

theorem by

P (ζn+1 < ∞) = E[P (ζn+1 < ∞| ∩n
j=1 {ζj < ∞}, T )]

= E[1− lim
t→∞

P ∗(ζn+1 > t)] = 1.
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Lemma 25. If assumption 3 hold, then P (Zn = i i.o.) = 1 for all i in G.

Proof. Notice first that for any n > 1 and for any sequence (i0, · · · , in) of

elements in G a similar derivation as in (5.33) yields that

P (Z0 = i0, Z1 = i1, · · · , Zn = in) =
�

i∈G

m̃(i1)
[t∗n(i1)]

m̃[n]

K−1�

k=1

m̃(i1:k)(ik+1)
[t∗n(i1:(k+1))]

m̃
[t∗n(i1:k)]
(i1:k)

where for i ∈ G t∗n(i) =
�n

1 δZk
(i) and t∗n(i1:j) =

�
i(j+1):K∈×K

j+1
t∗n(i) for

1 ≤ j ≤ K . Therefore clearly {Zn}n is exchangeable. Furthermore, from

the previous lemma we know that P (∩n≤0{ζn < ∞}) = 1, hence {Zn} is an

infinite exchangeable sequence. By de Finetti’s theorem and using the same

argumentation along the lines of Proposition 6 one can show that

Zn|Λ ∼iid Λ

P (Zn = i|Λ) = λi1 × λ(i1)i2 × λ(i1:2)i3 × · · · × λ(i1:(K−1))iK

with λ ∼ Dir(m̃(1), · · · , m̃(N1)) and for 2 ≤ k ≤ K − 1

λ(i1:k) ∼ Dir
�
m̃(i1:k)(1), · · · , m̃(i1:k)(Nk+1)

�
.

Where the random distributions {λ,λ(i1:k)}i1:k∈×k
j=1Gj ,k=1,··· ,K−1 are mutually

independent. Fix an arbitrary i = (i1, · · · , ik) ∈ G, by assumption

m̃(i1)
K−1�

k=1

m̃(i1:k)(ik+1) > 0.

Since λi1 ∼ Beta
�
m̃(i1),

�
j∈G1\{i1} m̃(j)

�
it follows that λi1 > 0 a.s.. Sim-

ilarly λ(i1:k)ik+1
∼ Beta

�
m̃(i1:k)(ik+1),

�
j∈Gk+1\{ik+1} m̃(i1:k)(j)

�
for 1 ≤ k ≤

K − 1 and therefore λ(i1:k)ik+1
> 0 a.s.. Therefore

P (Zn = i|Λ) = λi1 λ(i1)i2 · · · λ(i1:(K−1)) > 0 a.s..

Since, given Λ, {Zn} are independent and identical distributed such that
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P (Zn = i|Λ) > 0 a.s, we may use Borel-Cantelli lemma conditional on the

σ-filed of Λ to deduce that P (Zn = i i.o.|Λ) = 1 on a set of probability one.

An application of Fubini theorem yields that

P (Zn = i i.o.) = E[P (Zn = i i.o.|Λ)] = 1.

Since i ∈ G was arbitrary the result follows.

Now, using the previous two lemmas we can proof Proposition 5.

Proof of Proposition 5. We need to show (5.16), which by conditioning on

the first state holds if we can show that P [Xn = (i, 0) i.o.] = 1 for all i ∈ G.

Hence, fix an arbitrary i ∈ G. By Lemma 24 and assumption 3

P (∩∞
n=1{ζn < ∞}) = P ({Xn = (jn, 0) ∃jn ∈ G} i.o.) = 1.

Since |G| = �K
k=1 Nk < ∞ there must by a subsequence and some states

j ∈ G such that P (∩∞
k=1{ζnk

< ∞}) = P (Xk = (j, 0) i.o.) = 1. But by

Lemma 25 also P (Zn = i i.o.) = P (∩k{Znk
= i}) = 1. Therefore

P (Xn = (i, 0) i.o.) = P
�
∩∞

n=1{ζn < ∞}
�

{Zn = i i.o.}
�
= 1.

Since i was arbitrary the result follows.

Proof of Corollary 6. Proposition 4 showed that {Xn} is partial exchange-

able and assumption 3 imply the recurrence of {Xn}. An application of

de Finetti’s theorem for recurrent, partial exchangeable processes (see [44],

Theorem 7) yields the claim.

The proof of proposition 6 will follow directly from the following two

lemmas.

Lemma 26. Proposition 6 holds for every (i, s) ∈ H such that P (Xn =

(i, s) i.o.) = 1.

Proof. The proof is rather lengthy and will be given in two steps. The main

idea is the following. Consider that the space of stochastic matrices on S ×
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S with the topology of coordinate-wise convergence. Denote for n ∈ N
with Π̂n = {Π̂n,(i,s)(j,l); (i, s), (j, v) ∈ S} the empirical transition matrix with

element, for (i, s) and (j, v) in S,

Π̂n,(i,s)(j,l) =





tn(i, s)(j, l)

tn(i, s)
if tn(i, s) > 0

0 otherwise

(5.38)

Diaconis and Freedman [44] showed that for recurrent partial exchangeable

processes Π̂n → Π∞ in the topology of coordinate-wise convergence, i.e.

coordinates-wise Π(i,s)(j,v)
d
= limn→∞

tn(i,s)(j,l)
tn(i,s)

for (i, s) and (j, l) in S whenever

the denominator is positive. Step one consists of finding the limit of the scaled

transition counts and in step 2 we use this limits to express the coordinate-

wise limit of the empirical transition probabilities.

Step 1. Let (i, s) ∈ H. By assumption (i, s) is visited infinitely often by {Xn}
with probability one. Now, let ξn(i,s) denotes the n

th hitting time to (i, s), that

is ξn(i,s) = inf{k > ξn−1
(i,s) : Xk = (i, s)} and let {V (i, s)n} be the sequence of

successor states of (i, s), where V (i, s)n = Xξn
(i,s)

+1 ∈ G × {0, s + 1}. Notice

that from the form of the transition probability (5.6)

P (V (i, s)n+1|Fξn
(i,s)

) = P (V (i, s)n+1|{V (i, s)v}v≤n−1, {Zk}k≤t∗
ξn
(i,s)

, ξn(i,s)).

Meaning that the probability of successor states of (i, s) depend on the history

of the process only through the previous successor states and visits to states

in G× {0} and the time of the nth hit to (i, s). This become also clear from

step (B) if look at the sampling scheme 5.1 to sample V (i, s)n+1 = (j, l) ∈
G× {0, s+ 1}.
Let (j, l) ∈ R(i, s) ⊂ G× {0, s+ 1}. Consider the first case, where l = s+ 1,

i.e. m(i,s)(j1)
�K−1

k=1 m(i,s|j1:k)(jk+1) > 0. Denote with {θ(i, s)n} the sequence

of labels drawn from Pólya urn U (1)(i, s) and for 1 ≤ k ≤ K − 1 denote with

{θ(i, s|j1:k)n} be sequence of labels drawn from U (k)(i, s|j1:k). Hence from
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the sampling scheme 5.1

�
V (i, s)n+1 = (j, s+ 1)

�

=
�
θ(i, s)n+1 = j1

� � K−1�

k=1

�
θ(i, s|j1:k)tξn

(i,s)
(i,s)(j1:k,s+1)+1 = jk+1

�
.

We precede recursively as follows. Since P (Xn = (i, s) i.o) = 1 we sample

infinity often from urn U (1)(i, s) and for I(i, s)j,n = #{k ≤ n : θ(i, s)k = j},
by [21], as n → +∞,

n−1
�
I(i, s)0,n, · · · , I(i, s)N1,n

�
a.s.→ p(i, s) ∼ Dir(m(i,s)(0), · · · ,m(i,s)(N1)),

{θ(i, s)n} iid∼ Multinomial(1, p(i, s))

where p(i, s)j1 > 0 a.s since m(i,s)(j1) > 0.

Now, apply Borel-Cantelli lemma to {θ(i, s)n = j1}n to deduce that

P (θ(i, s)n = j1 i.o.|p(i, s)) a.s.
= 1 (5.39)

By Fubini theorem this implies that P (θ(i, s)n = j1 i.o.) = 1 and hence we

sample infinitely often from U (2)(i, s|j1). Since we sample infinitely often

from U (2)(i, s|j1), we may use again [21], to deduce that, for I(i, s|j1)j,n =

#{k ≤ n : θ(i, s|j1)k = j}, as n → +∞

n−1
�
I(i, s|j1)1,n, · · · , I(i, s|j1)N2,n

�
a.s.
= p(i, s|j1)

p(i, s|j1) ∼ Dir(m(i,s|j1)(1), · · · ,m(i,s|j1)(N2)),

{θ(i, s|j1)n} iid∼ Multinomial(1, p(i, s|j1))

where again p(i, s|j1)j2 > 0 a.s since m(i,s|j1)(j2) > 0. Again by Borel-Cantelli

lemma and Fubini theorem we sample infinitely often from U (2)(i, s|j1). Pro-
ceed further this way and use that m(i,s)(j1)

�K−1
k=1 m(i,s|j1:k)(jk+1) > 0 we de-

duce that for 2 ≤ k ≤ K − 1 we sample infinity often from U (k+1)((i, s)|j1:k)
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and

p(i, s|j1:k) a.s.
= n−1(I(i, s|j1:k)1,n, · · · , I(i, s|j1:(K−1))Nk+1,n),

p(i, s|j1:k) ∼ Dir(m(i,s|j1:k)(1), · · · ,m(i,s|j1:k)(Nk+1)),

{θ(i, s|j1:k)n} iid
= Multinomial(1, p(i, s|j1:k)).

Similarly, for the case l = 0, by definition of R2(i, s) and from assumption 3

m(i,s)(0)m̃(j1)
�K−1

k=1 m̃j1:k)(jk+1) > 0 and

�
V (i, s)n+1 = (j, 0)

�

=
�
θ(i, s)n+1 = 0

� ��
α(i, s)t∗

ξn
(i,s)

+1 = j1
� � K−1�

k=1

�
α(j1:k)t∗

ξn
(i,s)

(j1:k)+1 = jk+1

�

where {α} and {α(j1:k)n} denotes the sequence of labels draws from urn Ũ (∗1)

and Ũ (∗k)(j1:k) for 1 ≤ k ≤ K − 1. Using exactly the same argumentation as

before we have

n−1(J1,n, · · · , JNK ,n)
a.s.→ λ ∼ Dir(m̃(1), · · · , m̃(N1)),

n−1(J(j1:k)1,n, · · · , J(j1:k)Nk+1,n)
a.s.→ λ(j1:k) ∼ Dir(m̃(j1:k)(1), · · · , m̃(j1:k)(Nk+1))

for 1 ≤ k ≤ K − 1.

Step 2. We can now use step one to find the coordinate-wise limit of the

empirical transition probabilities and hence the law of the transition row

Πi,s = {Π(i,s),(j,l)}(j,l)∈S .
For (j, l) /∈ R(i,s), tn(i, s)(j, l) = 0 for all n, and therefore

Π(i,s)(j,l)
d
= lim

n

tn(i, s)(j, l)

tn(i, s)
= 0

For (j, l) ∈ R(i,s), l = s+ 1 and by step one we have that

Π(i,s)(j,l)
d
= lim

n

tn(i, s)(j, s+ 1)

tn(i, s)
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a.s
= lim

n

tn(i, s)(j1, s+ 1)

tn(i, s)

K−1�

k=1

lim
n

tn(i, s)(j1:(k+1), s+ 1)

tn(i, s)(j1:k, s+ 1)

a.s
= lim

l

I(i, s)l,j1
l

K−1�

k=1

lim
l

I(i, s|j1:k)k,jk+1

k

a.s
= p(i, s)j1

K−1�

k=1

p(i, s|j1:k)jk+1

and for (j, l) ∈ R(i,s), l = 0 by step one we have that

Π(i,s)(j,l)
d
= lim

n

tn(i, s)(j, l)

tn(i, s)
a.s
= lim

n

�
tn(i, 0)(·, 0)
tn(i, s)

t∗n(j1)

t∗n

K−1�

k=1

t∗(j1:(k+1))

t∗(j1:k)

�

a.s
= lim

n

tn(i, 0)(·, 0)
tn(i, s)

lim
n

t∗n(j1)

t∗n

K−1�

k=1

lim
n

t∗(j1:(k+1))

t∗(j1:k)

a.s
= lim

l

I(i, s)l,0
l

lim
l

Jl,j1
l

K−1�

k=1

lim
l

J(j1:k)l,jk+1

l
a.s.

a.s
= p(i, s)0λj1

K−1�

k=1

λ(j1:k)jk+1
.

Finally if (j, s+1) ∈ S \R(i, s) then m(i,s)(j1)
�K−1

k=1 m(i,s|j1:k)(jk+1) = 0. Let

k� be the first index for which m(i,s|j1:k� )(jk�+1) = 0. Then tn(i, s)(j, s+1) = 0

for all n ≥ 0 and

tn(i, s)(j1:k, s+ 1) > 0 for k ≤ k� and n large (5.40)

tn(i, s)(j1:k, s+ 1) = 0 for k = k� + 1, · · · , K and ∀n ≥ 0 . (5.41)

Hence

0
d
= lim

n

tn(i, s)(j, s+ 1)

tn(i, s)

a.s.
= lim

n

tn(i, s)(j1, s+ 1)

tn(i, s)

k��

k=2

lim
n

tn(i, s)(j1:k, s+ 1)

tn(i, s)(j1:(k−1), s+ 1)
× tn(i, s)(j1:(k�+1), s+ 1)

tn(i, s)(j1:k�), s+ 1)
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a.s.
= lim

l

I(i, s)l,j1
l

k��

k=1

lim
l

I(i, s|j1:k)l,jk+1

l
× 0

a.s.
= p(i, s)j1

k�−1�

k=1

p(i, s|j1:k)jk+1
× p(i, s|j1:k�)jk�+1

×
K−1�

v=k�

p(i, s|(j1:k� , j(k�+1):v))jv+1 .

Where the last equality hold since p(i, s|j1:k�)jk�+1
= 0 a.s. and the random

conditional distributions p(i, s|(j1:k� , j(k�+1):v))jv+1 can be choose arbitrary on

the set

�
Xn = (i, s), Xn+1 ∈ {i1:(k�+1)} ×K

v=k�+2 Gv × {s+ 1}
�
. (5.42)

Lemma 27. If the initial urn compositions satisfy assumption 3, then for

all states (i, s) in H P (Xn = (i, s) i.o.) = 1 .

Proof. It suffices to show that P (Xn = (i, s) i.o.) = 1 for (i, s) ∈ Hm and

all m ≥ 0. For m = 0, H0 = G × {0} and the claim is true by recurrence

of {Xn}. Now, assume that the P (Xn = (i, s) i.o.) = 1 for (i, s) in Hk

for all 1 ≤ k ≤ m. Let (i, s) ∈ Hm+1 =
�

(j,v)∈Hm
R(j,v). If s = 0, then

(i, s) ∈ G× {0} = H0 and hence P (Xn = (i, s) i.o.) = 1.

If s > 0, there exists a (j, v) ∈ Hm such that (i, s) ∈ R(j,v) and s = l + 1.

By the induction assumption P (Xn = (v, l) i.o.) = 1 we may use the previous

lemma and that m(j,l)(i1)
�K−1

k=1 m(j,v|ik)(ik+1) > 0 to write

0 < P [Xm+1 = (i, v + 1)|Xm = (j, v)] = E[p(j, v)i1
K�

k=1

p(j, v|i1:k)ik+1
].

where p(j, v)i1 ∼ Beta(m(j,v)(i1), m(j,v) −m(j,v)(j1)) and for 1 ≤ k ≤ K − 1

p(j, v|i1:k)ik+1
∼ Beta(m(j,v)|i1:k)(ik+1), m(j,v|i1:k) −m(j,v|i1:k(ik+1)).

Since m(j,l)(i1)
�K−1

k=1 m(j,v|ik)(ik+1) > 0, there exists a measurable set N such
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that P (N) = 0 and Π(j,v),(i,v+1)(ω) > 0 for ω ∈ N c. Furthermore

P (Xn = (j, l) i.o.) = E[P (Xn = (j, l) i.o.|Π)] = 1.

hence there exists a measurable set M such that P (M) = 0 and for ω ∈ M c

P (Xn = (j, l) i.o.|Π(ω)) > 0. But, given Π, {Xn} is Markov therefore

P (Xn = (j, l) i.o.|Π(ω)) = 1 for every ω ∈ M c. Now P (Xn = (j, v) i.o.|Π(ω)) =
1 and Π(j,v),(i,v+1)(ω) > 0 and, since the class of recurrence states of Π(ω) is

closes, P (Xn = (i, v + 1) i.o.|Π(ω)) = 1. Hence

P (Xn = (i, s) i.o.) = E[P (Xn = (i, v + 1) i.o.|Π)]
≥ E[P (Xn = (i, v + 1) i.o.|Π)I((N ∪M)c)]

= P ((N ∪M)c) = 1

Proof of lemma 17. The case vn = n follows by construction of the process.

The case vn = ζn follows from the former case, since given {Xk}k≤ζn ∩ {ζn =

t}, {Xζn+k}k≥0 is a RHUP. Take the union over all t ∈ N0 and notice that

P (ζn < ∞) = 1 the result follows.

Proof of Corollary 7. Consider the case where vn = n first. By Lemma 17,

given a sample {Xk = (ik, tk)}k=0,··· ,n, {Xn+k}k≥0 is again a RHUP with ini-

tial state (in, tn). It is not difficult to show that assumption 3 also imply that

{Xn+k}k≥0 is recurrence. Hence, for Zk := Xn+k, {Zn}n is a recurrent partial

exchangeable process and the result follows now by Corollary 6, Proposition

6 and Lemma 17.

The case vn = ζn follows from the first case and Corollary 17 (ii).

Proof of Lemma 18. Fix an n > 1. Consider the first N elements of {Bj}j≥1

and let σ be an arbitrary permutation of {1, 2, · · ·n}. We want to show that

(B1,B2, · · · ,Bn)
d
= (Bσ(1),Bσ(2), · · · ,Bσ(n)). (5.43)

We will express the finite dimensional law of both sides of (5.43) through the
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finite dimensional law of the RHUP. For (i, s) and (j, v) in S let tB1,··· ,Bn(i, s)(j, v)

denote the number of transitions from (i, s) to (j, v) in the string (B1,B2, · · · ,Bn)

and define tBσ(1),··· ,Bσ(n)(i, s)(j, v) similar for the permutation (Bσ(1),Bσ(2), · · · ,Bσ(n)).

Notice that the number of transitions from (i, s) to (j, v) in Bv is one if

v = s+1 and s ≤ ζv−ζv−1−2 and also (Xζv−1+s, Xζv−1+s+1) = ((i, s), (j, s+1))

and zero otherwise. Furthermore let lv = ζn − ζn−1 − 1 denote the length of

the vector Bv. Hence

tB1,··· ,Bn(i, s)(j, s+ 1)

=
n�

v=1

I(Xζv−1+s = (i, s), Xζv−1+s+1 = (j, s+ 1), s ≤ lv − 1)

=
n�

v=1

I(Xζσ(v)−1+s = (i, s), Xζσ(v)−1+s+1 = (j, s+ 1), s ≤ lσ(v) − 1)

= tBσ(1),··· ,Bσ(n)(i, s)(j, s+ 1)

and

tB1,··· ,Bn(i, s)(·, 0) =
n�

v=1

I(Xζv−1+s = (i, s), lv = s)

=
n�

v=1

I(Xζσ(v)−1+s = (i, s), lσ(v) = s)

= tBσ(1),··· ,Bσ(n)(i, s)(·, 0).

This implies that tB1,··· ,Bn(i, s)(j1:k, s+ 1) = tBσ(1),··· ,Bσ(n)(i, s)(j1:k, s+ 1) for

1 ≤ k ≤ K − 1 and that tB1,··· ,Bn(i, s) = tBσ(1),··· ,Bσ(n)(i, s). Furthermore, for

i ∈ G clearly

t∗B1,··· ,Bn
(i) =

n�

v=1

I{Xζj−1
= i} =

n�

v=1

I{Xζσ(j)−1
= i} = t∗Bσ(1),··· ,Bσ(n)(i)
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and therefore also t∗B1,··· ,Bn
(i1:k) = t∗Bσ(1),··· ,Bσ(n)

(i1:k) for 1 ≤ k ≤ K − 1. Now

P
�
∩n

v=1{Bv = bv}]
= P

�
∩n

v=1{(Xζv−1 , · · · , Xζv−1) = bv}
�

=
�

i∈G,
s≤τn

��
m̃(i1)

[t∗B1,··· ,Bn
(i1)]

m̃t∗B1,··· ,Bn

K−1�

k=1

m̃(i1:k)(ik+1)
[t∗B1,··· ,Bn

(i1:k+1)]

m̃
[t∗B1,··· ,Bn

(i1:k)]

(i1:k)

�

×
�
m(i,s)(0)

[tB1,··· ,Bn (i,s)(·,0)]

m
[tB1,··· ,Bn (i,s)]

(i,s)

�

×
�

j∈G

�
m(i,s)(j1)

[tB1,··· ,Bn (i,s)(j1,s+1)]

×
K−1�

k=1

m(i,s|j1:k)(jk+1)
[tB1,··· ,Bn (i,s)(j1:k+1,s+1)]

m
[tB1,··· ,Bn (i,s)(j1:k,s+1)]]

(j1:k)

��

= P
�
∩n

v=1{Bv = bσ(v)}
�

Where the last equality holds by equality of all counting processes of {Bσ(j)}1≤j≤n

and {Bj}1≤j≤n.

Proof of Lemma 5.31. The first part is obvious. For the second part we

simple rewrite the left hand side of (5.31) as

a.s
= P

�
{Xζn−1−1 ∈ S} ∩ ∩k

t=0

�
Xζn−1+t = (it, t)

�
∩

�
Xζn−1+k+1 ∈ G× {0}

����Π
�

a.s
=

�

w∈G,(j,v)∈S
P

�
Xζn−1−1 = (j, v)|Π

�
Π(j,v),(i0,0)

�k−1�

t=0

Π(it,t),(it+1,t+1)

�
Π(ik,k),(w,0)

a.s
=

�

w∈G,(j,v)∈S

�
P

�
Xζn−1−1 = (j, v)|Π

�
p(j, v)0

�
Λi0

�k−1�

t=0

Π(it,t),(it+1,t+1)

�
p(ik, k)0Λw

a.s
= Λi0

�k−1�

t=0

Π(it,t),(it+1,t+1)

�
p(ik, k)0, (5.44)
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where the last equality holds by

�

(j,v)∈S∈G
P

�
Xζn−1−1 = (j, v)|Π

�
p(j, v)0

a.s
=

�

(j,v)∈S,i∈G
P

�
Xζn−1−1 = (j, v)|Π

�
p(j, v)0Λi

a.s
=

�

(j,v)∈S,i∈G
P

�
Xζn−1−1 = (j, v)|Π

�
P (Xζn−1 ∈ G× {0}|Xζn−1−1 = (j, v),Π)

a.s
= P (Xζn−1−1 ∈ S,Xζn−1 ∈ G× {0}|Π) a.s

= 1

Proof of Lemma 20. The computations are straight forward. We demon-

strate only (iii),

P [Y
(M+1,d)
t+1 = v, Y

(M+1,d�)
t+1 = w|Y (M+1)

t = j, {Yn}n≤M ]

=
�

i∈G:id=w,id�=w

P [XζM+t+1 = (i, t+ 1)|XζM+t = (j, t), {Xl}l=0,··· ,ζM ]

=E
� �

i∈G:id=w,id�=w

P [XζM+t+1 = (i, t+ 1)|Xζn+t = (j, t),Π(ζM )]
�

=
�

iv∈Gv ;
v/∈{d,d�},
1≤v≤d�−1

E[p(ζM )(i, t)i1 ]

� d−2�

k=1

E[p(ζM )(i, t|i1:k)ik+1
]

�

× E[p(ζM )(i, t|i1:(d−1))v]E[p(ζM )(i, t|i1:k, v)id+1
]

×
� h−2�

k=d

E[p(ζM )(i, t|i1:k, v, i(d+1):k)ik+1
]

�
E[p(ζM )(i, t|i1:k, v, i(d+1):(h−1))w]

where for the second equality we use lemma 17 and a Corollary 7. Solving

the expectations we obtain (iii).
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Proof of Lemma 21. We compute only (ii)

P [Y
(M+1,d)
l = v|{Yn}n≤M ]

=
�

i∈G:id=v

P [∩t−1
j=0{XζM+j ∈ G× {j} ∩ {XζM+t = (i, t)|{Xj}j≤ζM ]

= E
� �

i∈G:id=v

P [∩t−1
j=0{XζM+j ∈ G× {j} ∩ {XζM+t = (i, t)}|Π(ζM )]

�

=
�

i∈G:id=v

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
i
.

The derivation of (i) is similar.

Proof of lemma 22. We compute the failure rate first

P [τM+1 = l|{Yn}n≤M ]

= P [{τM+1 = l} ∩ ∩l
t=1{Y (M+1)

t ∈ G}|{Yn}n≤M ]

= E
�
P [∩l

t=1{XζM+t ∈ G× {t}} ∩ {Xζm+l+1 ∈ G× {0}}|Π(ζM )]
�

= E
� �

i,j∈G

�
Λ(ζM )

l−1�

t=0

Π
(ζM )
−0 (t)

�
i

�
p(ζM )(i, l)0Λ

(ζM )
j

��

=
�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
p̂
(M)
0 (l).

The computation of the survival function is similar. Furthermore, notice that

E[τM ||{Yn}n≤M ] =
�

l≥0

P (τm > l)|{Yn}n≤M ) =
�

l≥0

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
1G
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For (ii), observe that for v ∈ Gd

E[T (YM+1)d,v|{Yn}n≤M ] = E[
�

l≥0

I(Y
(M+1)
l,d = v)|{Yn}n≤M ]

=
�

l≥0

P (Y
(M+1)
l,d = v|{Yn}n≤M )

=
�

l≥0,
i∈G:id=v

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
i
.

the predicted average occupation time in i can be calculates similar.

Proof of Lemma 23. The expectation of the dth component at time (t + 1),

given {Yn}n≤M is given by

E[Y
(M+1)
t+1,d |{Yn}n≤M ] =

�

id∈Gd

idP (Y
(M+1)
t+1,d = id|{Yn}n≤M )

=
�

i∈G
id

�
Λ̂(M)

l−1�

t=1

Π̂
(M)
−0 (t)

�
i

and the expectation of the product of the dth and the d�th components at

time (t+ 1) is given by

E[Y
(M+1)
t+1,d Y

(M+1)
t+1,d� |{Yn}n≤M ] =

�

i∈Gd,j∈Gd�

ijP [Y
(M+1)
t+1,d = i, Y

(M+1)
t+1,d� = j|{Yn}n≤M ]

=
�

i∈G
idid�

�
Λ̂M

t−1�

l=0

Π̂sub,M (l)
�
i

Hence (ii) follows by definition of the covariance. (i) can be computed simi-

larly.
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Part II

Inference for some one-counter

Queues
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Chapter 6

Some Preliminaries On

Queuing Processes

6.1 Introduction

In the present chapter we shortly summarize the general structure of queu-

ing processes without going into details. A queuing model is a stochastic

description of a service system. The generic term service can be very general

like the digestion of food or a thunder storm which enters a certain area. In

an abstract way this means that items enter into a system to inquire a service

and each item leaves the system after termination of its service. The queuing

process X = {X(t), t ≥ 0} records the number of items in the system, where

X(t) denoted the number if items waiting for a service and in service at time

t ≥ 0. Kendall [88] introduced a standard classification of a queue according

to its main features. A queue is summarized as FB
IA/FS/c/CC/CP/D:

(i) Here FIA denoted the cdf of the inter-arrival times IAn n ≥ 1 (the time

between two successive arrivals) where the arrival time of the n-th bath

of items is given by An =
�n

i=1 IAi. A standard assumption is that

IAn
iid∼ FIA.

(ii) B is random variable with support N, the positive integers. Where

Bn
L
= B are iid copies of B with bath size cdf FB. If An = t then
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166CHAPTER 6. SOME PRELIMINARIES ON QUEUING PROCESSES

Bn = k indicates that at time t a bath of k items enters the queuing

system. It is assumed that the Bn = k items enter are ordered within

the queue, starting with the the first fortunate item in the n-th bath

up to the most unfortunate (k-th) item.

(iii) FS denotes the service time cdf. The n-th item which enters the system

has a service-time of length Sn
iid∼ FS. Here n indicates the index of a

single item not the bath-index.

(iv) c ∈ N ∪ {+∞} denotes the number of counter (service stations) of the

system.

(v) CC ∈ N ∪ {+∞} denote the total waiting space of the system (the

storing space for items which are put on hold).

(vi) Whereas CP ∈ N∪ {+∞} denotes the total number of the items which

can inquire a service (the risk population which can enter the system).

(vi) D denotes the service policy of the system. In most real live systems

this is a FIFO, first in first out policy. But there may be other policies

such as the LIFO, last in first out policy or a RANDOM , choose an

item randomly for a service policy.

Most systems are by default of the form CF = Cp = +∞, D = FIFO and

B ∼ δ1(·). In this case the system is abbreviated as FIA/FS/c. For a system

with exponential distributed inter-arrival times (or service times) the cdf FIA

(or FS) is denoted by M , where M stands for the memoryless property of

the exponential distribution.

The simplest queuing model is the M/M/1 queue. This is a one counter

model with exponential distributed inter-arrival times and service times of

rate µ > 0 and λ > 0. The process is a simple birth-and-death process

with birth rate µ and death rate λ. The model has closed form expression

for the transition probabilities and the invariant distribution, but is usu-

ally fare too simplistic to be of much use in reality. For queuing models

with non-exponential inter-arrival or service times the finite state transition

probabilities or other finite-state characteristics do usually have no closed
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form expression. This is because these models are neither Markov nor semi-

Markov processes. A way to get around this problem is to analyze queuing

processes by their imbedded Semi-/Markov chains or by supplementary vari-

able techniques [89, 121, 14, 109]

6.2 Relevant literature

Queuing models have a broad range of applications in operation research,

electronic engineering, physics, biology and many further fields. Therefore

scientific analysis of queuing models has a long history, starting in the early

1930’s and 1940’s and is still an active field of research. The majority of

these studies are purely probabilistic with little attention to statistical anal-

ysis. Armero and Bayarri [9] gave a complete listed a reference on Bayesian

analysis of queuing models until 1996 which contained seven article, three of

them by Armero itself. In comparison to thousands of papers on Bayesian

analysis of regression models this number is negligible small.

Nonetheless, in recent years there has been a growing interest in sta-

tistical analysis of queuing systems. In principle a queuing process supply

an endless amount of data and any consistent estimation procedure will do

just fine. But unlike most statistical estimation problems a queuing process

produces continuously data. Since queuing process are generally not Semi-

/Markov, different experimental designs and statistical ways of recording or

summarizing the evolution of a queuing process will procure different like-

lihoods. A Bayesian analysis reflects the experimental design trough Bayes

theorem. Hence the same queuing process with two different experimental

designs may lead to different posterior even for identical prior. In most sta-

tistical problems the object is estimation of hypothesis testing. In queuing

models the statistical problem is rather prediction. Prediction does not mean

predicting the next observation, but predicting certain summary measures of

the systems.

Since the mid-1990s also Bayesian analyses of Queuing models have be-

come more popular. The early articles focus mostly on simple Markovian

queuing [7, 10, 8, 9, 11, 12]. Such models involve only two parameters the
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birth and death rate µ and λ usually re-parameterized in terms of the traffic

intensity (ρ = µ/λ,λ) with restricted Gamma prior on {(x, y) ∈ [0,+∞) :

x < y} for µ and λ. Extension to bulk queues are obtains by [11] assum-

ing the bath-size to be Bn
iid∼ Geom(p). Inference was implemented based

on MCMC and numerical-inversion methods. Hence even for the simple

MGeom/M/1 queues , which requires the bath-sizes, inter-arrival-times and

service-times to have the memoryless property, a closed-form Bayesian anal-

ysis is intractable.

There are only a few Bayesian studies for Non-Markovian queuing models.

Most of them focus on the M/G/1 model or the dual model G/M/1, where G

denotes a generic inter-arrival time cdf (or service time cdf). Wiper [155] con-

ducted a Bayesian analysis for inter-arrival times with Erlangen distribution

and memoryless service times, whereas [27] models the service times with an

inverse-Gaussian distribution. A semi-parametric Bayesian approach based

in a finite mixture model of Exponential, Gamma and Erlangen distributions

for the service times was studied in [77, 156, 15]. Semi-parametric analysis

for the G/G/1 models was considered in [16]. They model the inter-arrival

times and the service times with a mixture of convolutions of exponential dis-

tributions (called Coxian distributions). Recently Sutton and Jordan [146]

proposed a simulation based approach to Bayesian inference for queuing net-

works. The only non-parametric Bayesian analysis of queuing models we are

aware of is Conti [32, 33] who analysis the discrete-time Geo/G/1 queue,

where G the discrete service time distribution on N was modeled with the

classical Dirichlet random probability on N.

6.3 Outline of Part II

In the following two chapters we analyze the M/G/1 queue and the MX/G/1

bulk queue in a Bayesian non-parametric framework. In the first chap-

ter we study the M/G/1 queue using as statistical design the imbedded

Semi-Markov chain of the M/G/1 queue and some tools of the theory of de

Finetti’s theorem for Semi-/Markov chains developed in [51, 44]. In particu-

lar we define a continuous-time jump process predictively to approximate the
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Semi-Markov process of the M/G/1 queue. To be of some use for statistical

estimation, we will need to disregard some aspects the Semi-Markov process

of the M/G/1 queue and focus on a simple statistical learning procedure.

The advantage of our procedure is that our statistical estimation procedures

do not require time consuming MCMC simulations. Since for queuing pro-

cesses data-sets ranges easily between 5,000 to 500,000 observations the later

approach can requires several hours or even several days of computing time,

whereas our approach will take a few minutes of computing time regardless

of the sample-size.

In the second chapter we analyze theMX/G/1 queue using non-parametric

prior processes for the batch-size distribution and a semi-parametric model

for the service time distribution. The implementation is similar to paramet-

ric Bayesian models. We use a combination of several simulation tool, like

a Bootstrap scheme, MCMC and numerical inversion methods for Laplace

transforms. The second approach is computational much more demanding,

bit it is also much more flexible. In principle any steady-state performance

measure can be estimated easily. This is not possible with the somewhat

inflexible de Finetti’s theory of Semi-Markov processes.

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



170CHAPTER 6. SOME PRELIMINARIES ON QUEUING PROCESSES

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



Chapter 7

Approximate Prediction in the

M/G/1 model via mixture of

Semi-Markov chain.

7.1 Introduction

In the following we consider a non-parametric framework to the analysis of

the M/G/1 model. The design we consider is the embedded Semi-Markov

process where the process is summarized through the departure times of the

queue and the number of arrivals during successive departures. The statisti-

cal analysis is based on a process constructed in a predictive way with the aim

to approximate the embedded Semi-Markov process of the M/G/1 queue.

Using de Finetti’s theorem we show that this is equivalent to a Bayesian

non-parametric analysis of the M/G/1 using discrete- and continuous time

Neutral-to-the-right processes.

The outline of the paper is as follows. In section 7.2 we recall the well-

known embedded Semi-Markov process of the M/G/1 queue. Section 7.3

introduces a process which we will use to analysis the M/G/1 queue and

establishes some basic properties of the constructed process. In section 7.4

we will use the process for statistical analysis the M/G/1 process. We also

provide a numerical illustration through a simple simulation experiments
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for some simple M/G/1 queues. The final section 7.5 is devoted to some

concluding remakes and some critical aspects of the proposed analysis.

7.2 The M/G/1 Queue and its imbedded

Semi-Markov Process

Consider a one counter queue where customers arrive according to a homoge-

neous Poisson process with rate λ, with independent and identical distributed

service times with service time distributionG on [0,∞). We denote withX(t)

the number of items in the queuing system at time t ≥ 0.

In the special case where the service time law is an exponential distri-

bution G = Exp(µ) with mean 1/µ, the process X = (X(t), t ≥ 0) can be

expressed as a Semi-Markov process through the jump chain and holding

times. Denote the jump chain with Y = {Yn}n≥0 and the holding times with

T = {Tn}n≥1. Let Z = {Zn}n≥1 represents the sequence of time points where

an item enters or departures from the system, i.e. Zn =
�n

l=1 Tl. The jump

chain Y indicates the sequence of states immediately after the time points

T . Then (Y, T ) is semi-Markov and the transition kernel is given by

Qi({j}, [0, t]) = P (Yn+1 = j, Tn+1 ≤ t|(Yj, Tj)
n
j=0)

=





1− e−λt if Yn = 0, j = 1
µ

µ+ λ
(1− e−(λ+µ)t) if j = Yn − 1 ≥ 0

λ

µ+ λ
(1− e−(λ+µ)t) if j = Yn + 1 ≥ 2

0 otherwise .

(7.1)

Furthermore one can recover X at time t ≥ 0 by X(t) = Yn if Zn ≤ t <

Zn+1. If the service time distribution G is not exponential, then (Y, T ) is

unfortunately neither Markov nor Semi-Markov. But one can introduce a

second process Y = (Y (t), t ≥ 0) that equals to X at a certain sequence of

random points in time. Define the process Y = {Y (t), t ≥ 0} as follows.

Denote with Sn the n-th departure epoch, i.e. the random point in time
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7.2. THE M/G/1 QUEUE AND ITS IMBEDDED SMP 173

immediately after the n-th item terminates his service and leaves the system.

Let

Y (t) = Yn if Sn ≤ t < Sn+1 (7.2)

where now Yn = X(Sn) and Sn =
�n

j=1 �Sn such that the random time

�Sn denotes the n-th intra-departure time. The process is well defined if

G(0) = 0, G(∞) = 1 and 0 < λ < ∞. Both X and Y are identical at

departure epochs but differ between departure epochs. By definition of Y ,

the process satisfies the relation

Yn = min(Yn−1 − 1, 0) + An (7.3)

where An denotes the number of arriving items during the n-th service time

(see for example [138], p.89 or [132], p.71).

Since the arrival process of a M/G/1 model is Markov, the number of

arriving costumers between successive service times are iid. If G would

be known, say up to unknown parameters, then aK := P (A1 = k) =

E[(λS)ke−λS]/j ! for k ≥ 0 where S ∼ G. Hence the embedded process

{Yn} is Markov with transition matrix

Π =




a0 a1 a2 a3 · · ·
a0 a1 a2 a3 · · ·
0 a0 a1 a2 · · ·
0 0 a0 a1 · · ·
0 0 0 a0 · · ·
· · · · · · · · · · · · · · ·




. (7.4)

In practice, if the model G is unknown or difficult to determine, we do not

know Π. Still it is possible to determine, at least empirically, whether the

queue is ergodic or transient. Suppose for the moment that G is known and

hence Π is known as well. Then the embedded jump chain is positive recur-

rent if there exists a probability distribution π = (πi) on the non-negative

integers such that πΠ = π. This (see for example [121]) translates into the
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174CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

requirement that

E[A1]





> 1 Y is transient

= 1 Y is null recurrent and

< 1 Y is positive recurrent.

The last requirement can, at least empirically, be check more easily than

finding π if the model G is unknown.

7.3 Approximate analysis of M/G/1 Queues

with mixtures of Semi-Markov processes

The heuristic and somewhat naive idea of this section is to replace the em-

bedded Semi-Markov model of the M/G/1 queue

�
Sn

Yn

�
=

�
Sn−1 +ΔSn

min(Yn−1 − 1, 0) + An

�
(7.5)

where ΔS = (ΔSn)n≥0 and A = (An)n≥0 are two independent iid sequences

by a mixture of Semi-Markov processes. But both ΔS and A are taken to be

exchangeable. For the exchangeable case the transition probability of the vec-

tor (Sn+1, Xn+1) will depends on the whole history Fn = σ({(Xj, Sj)}0≤j≤n).

Hence it is possible to learn sequentially from the past about the future

behavior of the embedded process of the M/G/1 queue. The next subsec-

tion describes the detailed construction of the process whereas section 7.3.2

presents some properties of the constructed process.

7.3.1 Construction of the process

We proceed as follows. For i = 1, 2, let α(i) be a measure on the non-negative

real line equipped with the Borel σ-field B([0,∞)) and β (i) : [0,∞) → (0,∞)

be a measurable step function. For easy of exposure we decompose the

measure α(i) into a discrete part α
(i)
d and a continuous part α

(i)
c . The set
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J (i) = {tj}j≥1 = {t ≥ 0 : α(i){t} > 0} will denote the collection of points of

discontinuity of α(i), i.e. the domain of α
(i)
d . Assume that J (i) is countable,

so that

α(i)[0, t] = α(i)
c (0, t] +

�

j:tj∈J (i),ti≤t

α
(i)
d ({ti}).

For i = 1, 2, we will assume that 0 /∈ J (i) and that α(i) and β (i) satisfy

�

tj∈J (i)

�
1− α

(i)
d {tj}

α
(i)
d {tj}+ β (i)(tj)

�
exp

�
−

�

[0,∞)

α
(i)
c (ds)

β (i)(s)

�
= 0. (7.6)

Furthermore let s = {sn}n≥0 and m = {mn}n≥0 denote two non-negative

functions with domain N0, where N0 consists of the set of non-negative inte-

gers. Assume that for all k ≥ 0 s and m satisfy sk < mk and supj mj < ∞
and also infj sj > 0. Furthermore also assume that

µ(m, s) :=
�

k≥0

k�

j=0

mj − sj
mj

∈ (0, 1). (7.7)

We now define a sequence of increments for a renewal process and a biased

random walk. We start with the renewal process first. For i = 1, 2 and n = 1

let ΔS
(i)
1 be a random variables on [0,∞) with complementary cdf (ccdf)

given by

P
�
ΔS

(i)
1 > t

�

=
�

j:tj∈J (i),tj≤t

�
1− α

(i)
d {tj}

β (i)(tj) + α
(i)
d {tj}

�
exp

�
−

�

(0,t]

α
(i)
c (ds)

β (i)(s)

�
. (7.8)
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Furthermore for n ≥ 1 and given the σ-filed S (i)
n = σ({ΔS

(i)
j }1≤j≤n) define

the random variable ΔS
(i)
n+1 having ccdf

P
�
ΔS

(i)
n+1 > t|S(i)

n

�

=
�

j:tj∈J (i)
n ,tj≤t

�
1−

α
(i)
n,d{tj}

β (i)(tj) + Y
(i)
n (t) + α

(i)
d {tj}

�
(7.9)

× exp

�
−

�

(0,t]

α
(i)
c (ds)

Y
(i)
n (s) + β (i)(s)

�
,

where Y
(i)
n (t) =

�
1≤j≤n I(ΔS

(i)
j ≥ t). Furthermore the discrete part of α(i)

is updated by the counting process N
(i)
n (t) =

�
1≤j≤n I(ΔS

(i)
j ≤ t) via

α
(i)
n,d{tj} = α

(i)
d {tj}+ dN (i)

n (tj), (7.10)

where α
(i)
d {tj} = 0 if tj /∈ J (i) and the set of discontinuity points is updated

to J (i)
n = J (i) ∪ {ΔS

(i)
j }1≤j≤n. Note that assumption (7.6) and 0 /∈ J (i)

assures that all predictive cdf’s are proper and without positive mass at the

origin, i.e P(ΔSn ∈ {0,+∞} ∃ n ≥ 1) = 0.

Parallel to ΔS = {(ΔS
(1)
n ), (ΔS

(2)
n )}n≥1, we define a second sequence

A = {An}n≥1 as follows. For n = 1, let A1 be a discrete random variable

with values in N0 and probability mass function

P(A1 = k) =
sk
mk

k−1�

j=0

�
1− sj

mj

�
for k ∈ N0. (7.11)

For n ≥ 1 we define An+1, given An = σ({Aj}1≤j≤n), by

P(An+1 = k|An) =
sk + vn(k)

mk + wn(k)

k−1�

j=0

�
1− sj + vn(j)

mj + wn(j)

�
(7.12)

where we keep track of the counting process vn(k) =
�n

i=1 I(Ai = k) and the

risk process wn(k) =
�n

i=1 I(Ai ≥ k) for k ∈ N0. We assume ΔS and A to

be independent and use the filtration (Fn)n≥0 where Fn = σ(S(1)
n ,S(2)

n ,An)
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for n ≥ 1 and S(1)
0 ,S(2)

0 ,A0 denote the corresponding trivial sigma-algebras.

Finally, similar to (7.5), define the (Fn)n measurable process (X,S) = ({Xn, Sn};
n ≥ 0) as follows. For n ≥ 1, let

Xn+1 = max(Xn − 1, 0) + An+1 (7.13)

Sn+1 =




Sn +ΔS

(1)
h(n) if Xn = 0

Sn +ΔS
(2)
n+1−h(n) if Xn ≥ 1

(7.14)

where h(n) =
�n

t=0 I(Xt = 0) denotes the number of hits to 0 in the first

n transitions and we set S0 = 0 and X0 = a0 ∈ N0. Hence the sequence

S constitutes a renewal sequence with non-iid renewal increments and X

constitutes a random walk with bias of one (if X is greater than zero) and

non-iid drifts A. The interpretation of the process (X,S) is similar to the

embedded Semi-Markov process of an M/G/1 queue. Even those they are

not the same things. We will stress this fact further in the later part. The

distinction between the holding times for the non-idle and idle case is not

necessary, but has advantages for statistical applications and prediction pur-

poses later on. The definition (7.5) models the departure-epochs marginally

without conditioning on the size of the queue. But (7.5) could have been

written in the same conditional form as ΔS = E +ΔS̃, if the queue is idle,

where E ∼ Exp(λ) and the service time ΔS̃ ∼ G or as ΔS = ΔS̃ of the

queue is non-idle. In the following we shortly deriving a representation of

the process (X,S) as a mixture of Semi-Markov processes and use of this

property for predictive estimation in the M/G/1 model.
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7.3.2 Some basic properties of the constructed process

We consider first the process X separately. The transition probability of

Xn+1 given Fn can be computed by noticing that

P(Xn+1 = j|Fn)

= P(An+1 = j −Xn + I(Xn ≥ 1)|Fn)

=





�
sj + vn(j)

mj + wn(j)

� �j−1
k=0

�
1− sk + vn(k)

mk + wn(k)

�
if j ≥ Xn = 0

�
sj−xn+1 + vn(j − xn + 1)

mj−xn+1 + wj−xn+1(n)

� �j−xn

k=0

�
1− sk + vn(k)

mk + wn(k)

�
if j ≥ Xn − 1 ≥ 0

0 otherwise

where
�−1

j=0 := 1 and we can rewrite the counting- and risk-process as

vn(k) =
�

1≤i≤n

I(Xi = Xi−1 + k − 1 + δXi−1
(0)) =

�

1≤i≤n

I(Ai = k) (7.15)

wn(k) =
�

1≤i≤n

I(Xi ≥ Xi−1 + k − 1 + δXi−1
(0)) =

�

1≤i≤n

I(Ai ≥ k). (7.16)

Since the process X has a restricted set of possible transition, i.e. from

i ≥ 1 to i− 1, i, i+ 1, · · · and from i = 0 to N0, we will introduce admissible

sequence of states to rule out some null events. To be specific we will call a

sequence (jk)
n
k=0 of non-negative integers admissible if for every 1 ≤ k ≤ n

whenever jk−1 > 0, then the successor state satisfies jk ≥ jk−1 − 1. We

will need to determine the finite dimensional law of the discrete process X.

This establishes at the same time an invariance property of the process. We

recall that two integer valued strings of length n + 1, say τ = (τ0, · · · , τn)
and ζ = (ζ0, · · · , ζn), are called equivalent if τ0 = ζ0 and for every pair

of non-negative integers s, v the number of transitions from s to v among

successors in τ equals to the same number of transitions in ζ, i.e. tτ (s, v) :=�n−1
k=0 I(τk = s, τk+1 = v) =

�n−1
k=0 I(ζk = s, ζk+1 = v) =: tζ(s, v).
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Lemma 28. (i) For every n ≥ 1 and every sequence of states (jk)
n
k=0

P(∩n
k=0{Xk = jk}) =





�
l≥0

s
[vn(l)]
l (ml − sl)

[hn(l)]

m
[wn(l)]
l

if (jk)
n
k=1 is admissible

0 otherwise

where a[n] = a(a+ 1) · · · (a+ n− 1) and hl(n) = wl(n)− vl(n).

(ii) The process X is partial exchangeable according [44], i.e. for every n > 0

and every couple of equivalent sequences of length n + 1, say τ and ζ, of

elements in N0

P(∩n
k=0{Xk = τk}) = P(∩n

k=0{Xk = ζk}). (7.17)

The proof of this and all remaining result are given in the appendix.

Partial exchangeable processes have an interesting property which will be

of use for us. If in addition X is also recurrence, meaning P(Xn = X0 i.o.) =

1, then by Diaconis and Freedman’s representation theorem the process X

can be represented as a mixture of Markov chains. To obtain a representation

for (X,S) as a mixture of Semi-Markov chains, we need the following lemma

which states the recurrence of the discrete process X and already yields a

representation of X as a mixture of Markov chains.

Lemma 29. For every fixed initial value x0 ∈ N0, P(Xn = x0 i.o.) = 1.

Having established the fact that X is a recurrent, partial exchangeable

process, we now want to derive a joined mixture representation of (X,S).

For this purpose let us define first, for every state i ∈ N0, the sequence of

hitting times to i by setting τi(1) = inf{m ≥ 0 : Xm = i} and for n > 1

τi(n+ 1) = inf{m > τi(n) : Xm = i}. (7.18)

Hence τi(n) denote the n-th time ar which X visits the state i, where τi(n+

1) = +∞ if Xk �= i for all k > τi(n). Furthermore, following [51], we
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180CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

introduce the sequence of successor states of i by

Vi(n) =




Xτi(n)+1 if τi(n) < ∞
∞ otherwise ;

(7.19)

together with the sequence of holding times to state i

Ti(n) =




Sτi(n)+1 − Sτi(n) if τi(n) < ∞
+∞ otherwise.

(7.20)

The following lemma gives now a simple way to obtain a mixture repre-

sentation of (X,S) using row-wise partial exchangeability as an invariance

property.

Lemma 30. Define the matrix (V, T ) of successor states and holding times

as

(V, T ) =



(V0(1), T0(1)) (V0(2), T0(2)) · · ·
(V1(1), T1(1)) (V1(2), T1(2)) · · ·

· · · · · · · · ·


 =

��
Vi(n), Ti(n)

��
i≥0,n≥1

.

Then (V, T ) is row-wise partial exchangeable, i.e. for all N ≥ 0 and n > 1

P
� �

0≤i≤N

�

1≤k≤n

�
Vi(k) = ji,k, Ti(k) ≤ ti,k

��

=P
� �

0≤i≤N

�

1≤k≤n

�
Vi(k) = ji,σi(k), Ti(k) ≤ ti,σi(k)

��
(7.21)

for any permutation σi of {1, · · · , n} for 1 ≤ i ≤ N .

Now we can proceed identical to [51, 118] and apply de Finetti’s theorem

for row-wise partial exchangeable arrays to obtain a representation of the

probability law of (X,S) as a mixture of Semi-Markov transition kernels.

Recall that a continuous time jump process is Semi-Markov if the Jump

chain and holding time are jointly Markov on S = N0 × [0,∞). Also recall

that a Semi-Markov kernel W = (Wi, i ∈ N0) is a sequence of probability
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measures on S. Denote with W = M(S)∞ the space of all sequences of

probability measures on S. We can make W into a topological space via

the product topology, say W , generated though products of open sets of

M(S). M(S) denotes the topology of weak-convergence on the space of all

probability measure on S.
Corollary 8. (i) There exists an W-valued random element W such that for

any n ≥ 1, every admissible sequence (ik)0≤k≤n of states and all positive real

numbers (tk)1≤k≤n

P
� �

0≤k≤n

{Xk = ik, Sk − Sk−1 ≤ tk}
��X0 = i0

�
= E

� �

1≤k≤n

Wik−1
({jk}, [0, tk])

�
.

(ii) The random Semi-Markov kernel W = {Wi(·, ·)}i≥0 has the form

Wi({j}, [0, t]) =




Π0,jF

(1)(t) if i = 0, t ≥ 0

Πi,jF
(2)(t) if i ≥ 1, t ≥ 0;

(7.22)

where Πi,j = Qj−i+1−δ0(i) if j ≥ i− 1 + δ0(i) ≥ 0 and zero otherwise; and

Qj = θj
�

k<j

(1− θj) k ≥ 0, for θj
ind.∼ Beta(sj,mj − sj). (7.23)

Furthermore, for i = 1, 2, the process F (i) is a Beta-Stacy process on R+ with

parameters (β (i),α(i)), i.e.

1− F (i)(t) = exp{−Z(i)
c (t)}

�

j:tj∈J (i),tj≤t

(1− ζ
(i)
j ) for t ∈ [0,∞]. (7.24)

Where ζ
(i)
j

ind.∼ Beta(α
(i)
d {tj}, β (i)(tj)) random variables and Z

(i)
c is an inde-

pendent increment process on R+ with Levy measure

v(ds, dt) =
exp{−sβ (i)(t)}
1− exp{−s} dsα(i)

c (dt). (7.25)

Remark 18. Given W, our constructed process (X,S) behaves similar to

the embedded Semi-Markov process of the M/G/1 queue, meaning that it
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182CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

mimics the basic relations (7.5) conditional on the distinction between non-

/idle states as described above. But the constructed process purposely lacks

other characteristics of such an embedded process.

Most importantly, in the embedded Semi-Markov process of a M/G/1

model, the distribution function F (1) is the convolution of the service time

cdf G with an exponential cdf of mean 1/λ. Which we do not consider here.

Secondly, in the embedded Semi-Markov process of a M/G/1, the discrete

distribution Q = {Qj, j ≥ 0} is the marginal of a compound Poisson dis-

tribution, compounded over the rate λ × S where S ∼ G. Which we do not

model either.

Disregarding this two points and modeling Q,F (1) and F (2) basically in-

dependent has advantages for statistical applications, discussed in the next

section. These simplification in our process, where we do not model random-

convolutions and random-compounding, retain tractable calculations. Given

the model as stated in the previous corollary and it marginal specification via

the predictive definition, we sequentially learn about our targets (i) Q simply

from X and (ii) about F (2) simply from (Sn) with the additional information

that Xn > 0.

7.4 Statistical Application

In the present section we discuss the application of the process constructed in

the last section to statistical estimation problems of some characteristics of

the M/G/1 model. Suppose data for an M/G/1 process are observed until

the N -th departure epoch SN and summarized into the embedded Semi-

Markov process (X,S)|N := {(Xn, Sn); 0 ≤ n ≤ N}. Based on our prior

information we want to predict some characteristics of the system without

knowing the exact sampling model of service times or the arrival rate. As

new observations arrive we want to update our inferential scheme rather fast.
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Number of items at departure epochs and Service time

Predicting the number of items at the next departure epoch can be done

directly using the predictive rule of the discrete process X. In particulate,

the transition probability from i ≥ 0 items to j ≥ i − 1 + δ0(i) items, given

the past FN , is given by

E[Πi,j|FN ] = P(XN+1 = j|XN = i,Fn)

=





sj−i+1−δ0(i) + vN(j − i+ 1− δ0(i))

mj−i+1−δ0(i) + wN(j − i+ 1− δ0(i))

×�j−i−δ0(i)
l=0

�
1− sl + vN(l)

ml + wN(l)

�
if j ≥ i− 1 + δ0(i) ≥ 0

0 otherwise.

(7.26)

Similar the tail probability of more than j ≥ i−1+ δ0(i) items in the system

at the next departure epoch is given by

P(XN+1 > j|XN = i,Fn) =

j−i+1−δ0(i)�

l=0

�
1− sl + vN(l)

ml + wN(l)

�
. (7.27)

The expected number of items at the next departure epoch, given the infor-

mation Fn, is given by

E[XN+1|FN ] = XN + 1− δ0(XN) + E[AN+1|FN ]

= XN + 1− δ0(XN) +
�

j≥0

j�

l=0

�
1− sl + vN(l)

ml + wN(l)

�
. (7.28)
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The distribution function of the service-times given the current information

can be estimated by

F̂S(t) = E[F (2)(t)|FN ] = 1−
�

j:t≥tj∈J (2)

�
1−

α
(2)
d,N{tj}

β (2)(tj) + Y
(2)
N (tj) + α

(2)
d {tj}

�

× exp

�
−

�

(0,t]

α
(2)
c (dx)

β
(2)
N (x) + Y

(2)
N (x)

�
. (7.29)

The evaluation of (7.29) for varying t is quite tedious in practice. In the

actual numerical implementation, see the next section, we prefer to sample

repeatedly F (2) ∼ P(dF (2)|FN) from the posterior. In this way we can provide

Highest-Posterior-density (HPD) credibility sets for the service-time cdf FS

and the mean service time E[ΔS(2)|FS]. We developed a simple and fast

algorithm to sample from the posterior P(dF (2)|FN). The detailed simulation

steps of the algorithm are described in the appendix.

Traffic intensity and arrival rate

Given that we know the ”true” service time model of the M/G/1 process the

traffic intensity and the arrival rate of the process are given by

ρ = E[An|Q] and λ =
E[An|Q]

E[S|FS]
. (7.30)

The expected traffic intensity, given the current information FN is given by

ρ̂N = E[AN |FN ] =
�

j≥0

j�

l=0

�
1− sl + vN(l)

ml + wN(l)

�
. (7.31)

Since the traffic intensity is a crucial summary measure of a queuing system

we may want to express our uncertainty about ρ as well. Quantification of

the uncertainty connected with the estimator can be obtained by repeatedly

simulate from the posterior: for c = 1, · · · , C
(i) sample θ

(c)
j ∼ Beta(sj + vN(j), mj + wN(j)− vN(j)) for j ≥ 0 and

(ii) set ρ(c) :=
�

j≥0

�j
l=1(1− θl).
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In this way we approximate the posterior law of ρ by L(ρ|FN) and construct

a HPD-credibility interval.

The expected arrival rate E[λ|FN ] of the process, given the current infor-

mation, will in general be different from the plugging-estimator E[AN+1|FN ]/

E[S|FN ]. But, since we already have draws ρ(c) = E[AN+1|Q(c)] and E[S|F (c)
S ]

from the previous calculations at our disposal, we can approximate the pos-

terior probability and point-/interval estimator without any further compu-

tational expense by

L(λ|FN) ≈ C−1
�

1≤c≤C

δ
ρ(c)/E[S|F (c)

S ]
(·). (7.32)

Invariant distribution and lengths of busy periods in equilibrium

Finally, having estimated the traffic intensity ρ = E[A1|Q] = λE[ΔS(2)|FS],

we may formally decide whether the system is stable (meaning ergodic) and

reaches a stationary level as SN → ∞. It P(ρ ≥ 1|FN) ≈ C−1
�

1≤c≤C I(ρ(c) ≥
1) < γ for some predefined small value γ, then we may accept that ρ < 1 1

and want to predict the invariant distribution of the M/G/1 system.

Note that for Poisson arrivals, departing items ”see” the same items left

behind as arriving items ”see” at arrival. And Poisson arrivals ”see” time

averages [109], p.257 and p.273. Hence the invariant distribution of the

M/G/1 queue is the same as the invariant distribution of the embedded

Markov chain (Xn) of the M/G/1 queue (see [109], p.273).

The invariant distribution ψ which solves ψΠ = ψ, for

Π =




Q0 Q1 Q2 · · ·
Q0 Q1 Q2 · · ·
0 Q0 Q1 · · ·
0 0 Q0 · · ·
· · · · · · · · · · · ·




(7.33)

1More formal we may fix a weighted 0−1-loss function first, with weighs a0, a1 for false
rejection of ρ < 1 and false acceptance of ρ < 1 and set γ = a0/(a0 + a1). In this case we
would accept or reject based on a Bayes rule with weighted 0− 1-loss function.
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186CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

with Qk = θk
�

l<k(1− θl), can be computed recursively. After some simple

algebraic manipulations we can express the invariant distribution as

ψ0 = 1− ρ = 1−
�

j≥0

S(j) and (7.34)

ψk =
ψ0Sk−1 +

�k−1
i=1 ψiS(k − i)

Q0

for k ≥ 1, (7.35)

where S(k) =
�

j≥k+1 Qj =
�k

j=1(1− θj).

Hence we may obtain realizations from the law of the random invariant

distributions ψ which corresponds the law of the random transitions matrix

Π simply by using the already simulated realizations Q(c): for c = 1, · · · , C

(i) sample θ
(c)
j ∼ Beta(sj + vN(j), mj + wN(j)− vN(j)) for j ≥ 0 and

(ii) set ρ(c) :=
�

j≥0

�j
l=1(1− θl)

(iii) if ρ(c) < 1, set Q
(c)
0 = θ

(c)
0 , compute S(c) as above and compute ψ(c)

recursively according to (7.34) and (7.35).

Finally, if the ”true” service time law and arrival rate would be known,

then the mean length of the busy period in equilibrium is given by

µ(Q,FS) := E[non-idle Period|FS, Q] =
E[S|FS]

1− E[A|Q]
. (7.36)

Without any further computational expense, we can estimate this quantity,

given our current information FN , by using the already simulated random

quantities

L(µ(Q,FS)|FN) ≈
1

C∗

�

c:ρ(c)<1

δE[S|F (c)
S ]/(1−ρ(c))

(·) (7.37)

where C∗ denotes the number is simulation with ρ(c) < 1.
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Table 7.1: Model characteristics
Model parameters traffic intensity ρ transition row Q

M/Exp(µ)/1 (λ, µ) = (.3, .4) λ/µ = .75 Geom(µ/(µ+ λ))

M/U(t1, t2)/1 (λ, t1, t2) = (.3, 1, 4) .5λ(t1 + t2) = .75 Poisson-Uni(λ, t1, t2)

M/Gam(a, b)/1 (λ, a, b) = (.3, 5, 2) λa/b = .75 NegBi(a,λ/(λ+ b))

7.4.1 Numerical illustration

In this subsection we shortly illustrate the statistical estimation methods

proposed in the last section applied to three simple M/G/1 models. In

particular consider the three models summarized in table 7.1.

The first model is the classical M/M/1 queue with exponential service

time with mean 2.5. The remaining two M/G/1 models have a service time

uniformly distributed between one and five and a Gamma distributed service

time with shape parameter five and rate two. For all models, the mean

service time is identical equal to 2.5 and we take the same arrival rate of

λ = .3. Therefore all three models are ergodic with traffic intensity ρ = .75.

We simulated one M/G/1 trajectory for all tree models for a process

time SN the first departure epoch after t = 1000, 4000 units. For each of

the six cases (tree models for two lengths of observation) we estimate (i) the

transition row, (ii) the service time complementary-cdf, (iii) the mean service

time, (iv) the traffic intensity and (v) the invariant distribution together with

(vi) the mean length of the busy period. For all tree models we center the

service-time cdf on a Weibull model by choosing α(0, t] = αc(0, t] = vta and

β(t) = 1, i.e, P(ΔS
(2)
1 > t) = exp{−vta}. The parameters (a, v) where

determined by an empirical Bayes procedure. Furthermore we center the

initial distribution of (An) on a Geometric distribution with mean .9 by

setting sj ≡ .1 and mj ≡ .19.

Transient-State

Figure 7.1 shows the point estimator and the 95-percent point-wise credibility

intervals (Highest-posterior density) for all three models. In all figures the

first row represents the smaller sample size and the second row the estimates
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188CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

Figure 7.1: Predictive Estimator of Q, the number of new arrivals between
two successive departure times for T = 1000 time units at the first row and
for T = 4000 time units at the second row.
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based on the bigger sample size. The red dots indicate always the true values.

The estimator seems quite all-right especially for the bigger sample size with

a substantial reduction of variation around the true values. The same holds

for the estimated complementary service-time cdf shown in figure 7.2. Even

those the model was initially always centred on a Weibull distribution the

data point very quickly towards the right model. The point estimator are

practically identical to the true values with a higher variation around the

true service time ccdf for the M/M/1 model for the small sample size. For

the bigger sample size almost all simulated trajectories of the complementary

service-time cdf are basically ”identical” to the true complementary service-
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7.4. STATISTICAL APPLICATION 189

Figure 7.2: Predicted complementary-cdf of the service-times, for T = 1000
time units at the first row and for T = 4000 time units at the second row.
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Figure 7.3: Predicted mean service-time of the M/G/1 queue, for T = 1000
time units at the first row and for T = 4000 time units at the second row.
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190CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

time cdf. The same picture can be found for the mean service time. Even for

the small sample size the point estimator are basically identical to the true

value. Again the widest credibility set can be found for the M/M/1 model

and a small sample size. But an increase in sample size reduces the length of

the intervals by more than one third. A somewhat different picture can be

Figure 7.4: Predicted arrival rate of the M/G/1 queue, for T = 1000 time
units at the first row and for T = 4000 time units at the second row.
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found for the estimation of the arrival rates, which are indirectly estimated

trough the relation (7.30) by (7.32). Since we divide at every iteration the

simulated traffic intensities by the simulated service-time means, we require

a higher sample size to reduce variation. Except for the M/M/1 queue, we

generally overestimate the arrival rate. But this bias is reduced when we

increase the sample size. Again the precision of the estimator of the arrival

rate is lower in the M/M/1 model than in the other models.
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Steady-state

We now turn to the estimation of the traffic intensity and the steady-state

performance measure.

Figure 7.5 shows the histogram for the simulated posterior distribution of

the traffic intensity. Recall that the prior mean of the intensity was set to .9.

We observe the same patters as before. The point estimators are closer to the

true estimator for the non-Markovian queues. As the sample size increases

the posterior mean comes again close to the true traffic intensity of .75 except

for the M/M/1 model.

In all six cases the posterior draws concentrate with more that 95-percent

on the interval (0, 1). For the larger sample size all draws lie within (0, 1)

and the maxima are substantially bounded away from one. This explains

the histogram of the MC-draws from the approximate posterior of the mean

busy period at steady state. The histogram for the lower sample size shows

a long tail to the right, which can be explained by the former observation

since (1 − ρ(c))−1 becomes quite large for draws of the traffic intensity close

to one. Since for the larger sample size all MC-draws of the traffic intensity

are bounded away from one the histogram becomes much more symmetric

and close to the true mean busy period.

We close the simulation study by looking at the invariant distribution of

the number of items in steady-state. Incidentally, we recover the invariant

distribution for the M/Uni/1 queue for a lower sample size almost perfectly.

But there is generally a substantial amount of uncertainty around the point

estimator. The increase in sample size improves the quality of estimation,

both variance and precision, substantially. This should be expected, since

the queue will be closer to its steady-state equilibrium at the end of the

observation for the larger sample size compared to the lower sample size.

7.5 Conclusions

In this present paper we used the theory of de Finetti’s theorem for Semi/-

Markov chains and non-parametric prior processes to implement a non-
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192CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

Figure 7.5: Predicted traffic intensity of the M/G/1 queue, for T = 1000
time units at the first row and for T = 4000 time units at the second row.

M/M/1, 1000 time units, N=274

intensity

tra
ffi

c 
in

te
ns

ity

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0
1

2
3

4
5

6

true intensity
prediction
95%−HPD set

M/Uni/1, 1000 time units, N=288

intensity

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0
2

4
6

true intensity
prediction
95%−HPD set

M/Gam/1, 1000 time units, N=320

intensity

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0
2

4
6

true intensity
prediction
95%−HPD set

M/M/1, 4000 time units, N=1153

intensity

tra
ffi

c 
in

te
ns

ity

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0
2

4
6

8
10

12

true intensity
prediction
95%−HPD set

M/Uni/1, 4000 time units, N=1164

intensity

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0
5

10
15

true intensity
prediction
95%−HPD set

M/Gam/1, 4000 time units, N=1224

intensity

0.4 0.5 0.6 0.7 0.8 0.9 1.0

0
5

10
15

true intensity
prediction
95%−HPD set

Figure 7.6: Predicted mean busy period at steady state, for T = 1000 time
units at the first row and for T = 4000 time units at the second row.
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Figure 7.7: Predicted invariant distribution of the M/G/1 queue, for T =
1000 time units at the first row and for T = 4000 time units at the second
row.
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parametric analysis for the M/G/1 queue. We derived estimator for some

main characteristics of the M/G/1 process for transitive- and steady-state

characteristics. The analysis can be implemented with simple MC-simulations

and avoids therefore time-consuming MCMC schemes. The computational

costs are only a few minutes and is basically indifferent to the sample size.

This is clearly superior to other Bayesian semi-parametric approaches based

on Mixture models where the computational time increases substantially with

the increase of sample size. On the down side the non-parametric nature of

our approach requires a certain amount of data to pin-point the estimator

and, more important, the credibility sets to the ”true” model. This may not

be much of a problem in applications since a queuing system produces very

quickly a huge amount of data. A more substantial, steady-state character-

istics, which are often only characterizes through generating functions, like

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



194CHAPTER 7. APPROXIMATE PREDICTION IN THEM/G/1MODEL

the cdf of the waiting in the queue before service, cannot be handled with

our approach easily.

Future research will be directed toward the MX/G/1 bulk queue with

limited population size and to queuing networks. Both problems can be

analyzed using a similar approach as the one suggested in the current paper.

This work is presently ongoing.
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7.6 Appendix

7.6.1 Simulating trajectories from a Beta-Stacy pro-

cess

In this subsection we summarize the computational steps to simulate a tra-

jectory of a random cumulative distribution function (cdf) from a Beta-Stacy

Process (BSP) with parameters α and β. For detailed information on the

BSP see [148]. α will be a positive Borel measure decomposed into an ab-

solutely continuous part αc and a discrete part αd with discontinuity set

J . β will be a positive piecewise continuous function with domain [0,+∞).

A random cdf F on the non-negative real line is called a BSP, denoted by

F ∼ BSP(α, β), if S = 1 − F = exp{−Z c − Zd} where Zc and Zd are

two non-decreasing independent increment processes on R+. The process

Zc =
�

j Zc,jδTj
is an independent increment process (without deterministic

or Gaussian component) on [0,∞) with Levy measure

ν(ds, dt) = k(s|t)dsαc(dt) =
exp{−sβ(t)}ds
1− exp{−s} αc(dt). (7.38)

This means that Zc is a pure jump process with random jumps of sized

Zc,j ≥ 0 at random locations Tj > 0 [57, 158, 157, 149, 99].

Whereas the later process Zd =
�

tj∈I Zd,jδtj is a jump process with

random jumps at fixed locations J = {tj}, such that the jump sizes are

mutually independent and Zd,j has density

fJi(s) =
Γ(αd{tj}+ β(t j))

Γ(αd{tj})Γ(β(t j))
(1− e−s)αd{tj}−1e−sβ(t j). (7.39)

Which is equivalent to Wj := 1− e−Zd,j ∼ Beta(αd{tj}, β(t j)). Therefore we

can represent S = 1− F as

S(t) =
�

tj≤t

(1−Wj) exp{−Zc(t)} for t ≥ 0. (7.40)
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The posterior distribution

Now suppose that X1, · · · , Xn is an iid sample from F and F ∼ BSP (β,α)

then Fn := [F |(Xi)
n
1 ] is again a BSP such that log(1−Fn) = Zn,d+Zn,c. The

continuous part Zn,c has Levy density

vn(ds, dt) = e−sY (t)k(s|t)dsαc(dt) =
exp{−s(β(t) + Y n(t))}

1− exp{−s} dsαc(dt)

where Yn(t) =
�

1≤i≤n I(Xi ≥ t). Whereas the discrete part Zn,d =
�

j:tj∈Jn
Zd,jδtj

has random jumps of size Zd,j at deterministic locations tj ∈ Jn = J ∪
{Xi}i≤n with jump-size density

ftj(s) ∝ (1− e−s)dNn(tj)+αd{tj}−1e−s(β(t j)+Yn(tj)−dNn(tj)) (7.41)

where Nn(t) =
�

1≤i≤n I(Xi ≤ t).

Simulation via Transformation

For simulation purposes we note the following neat fact. Let Zc =
�

j Zc,jδTj

be as described before. Making a change of variable H =
�

j(1 − e−Zc,j)δTj

the new process H has Levy measure vH(ds, dt) given by

vH(ds, dt) =
k(− log(1− s)|t)

1− s
αc(dt) = β(t)s −1(1− s)β(t)−1 αc(dt)

β(t)
. (7.42)

This is the Levy measure of a Beta process [74] with parameters β and α c/β,

sayH ∼ BP(β,α c/β). Hence we can use the same trick as used in [99] for sim-

ulating the homogeneous process. Suppose we want to simulate trajectories of

the posterior cdf Fn. Instead of simulating Fn directly (meaning simulate Zn,d

and Zn,c) we can simulate a Beta process H =
�

j HjδTj
∼ BP(β n,αc/β n)

where β n = β + Y n and set Zc =
�

j Zc,jδTj
where Zc,j := − log(1 − Hj).

We sample the actual Beta process by the �-truncations method of [99]. All

computational steps are summarized in figure 7.8. The algorithm is stated

for generic β,α c. To simulate from the posterior we only need to replace β

by β + Y n and J by Jn.
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Figure 7.8: Simulation of a Beta-Stacy Process F = (F (t), 0 ≤ t ≤ T ) by the
transformation method from a Beta process

1. Fix � > 0 small, T > 0 large and sample M ∼ Poisson(�−1αc(0, T ]).

2. Sample Tj
iid∼ f(t) =

αc(dt)

αc(0, T ]
I(0,T ](t) for i = 1, · · · ,M .

3. Given {Ti}Mi=1, sample Hj ∼ Beta(�, β(T (j))) for j = 1, · · · ,M .

4. Set Zc,� =
�M

j=1 − log(1−Hj)δT(j)
.

5. Sample Wj ∼ Beta(αd{tj}, β(t j)) for tj ∈ J .

6. Set F�(t) = 1−
��

tj<t(1−Wj)
���M

k=1(1−Hj)
I(Tj≤t)

�
for t ∈ [0, T ].

Remark 19. Using theorem 2 in [100], when 0 < inf [0,T ] β(t) ≤ sup [0,T ] β(t)

< ∞, then as � → 0, H� :=
�M

j=1 HjδT(j)
→ BP (β,α c/β) in distribution

on D[0, T ] equipped with the Skorohod topology. Now an application of the

continuous mapping theorem shows that Zc,� → Zc in distribution on D[0, T ]

as � → 0.

7.6.2 Proofs

Proof of lemma 28. (i) Let sn(j) = sj+vn(j) and mn(j) = mj+wn(j). Then

using the transition law (7.15)

P (∩n
k=0{Xk = jk}) =

n�

k=1

P (Ak = jk − jk−1 − I(jk−1 > 0)|Fk)

=
n�

k=1

�
sk−1(jk)

mk−1(jk)

jk−1�

i=0

�
1− sk−1(i)

mk−1(i)

��I(jk−1=0)

×
n�

k=1

�
sk−1(jk − jk−1 + 1)

mk−1(jk − jk−1 + 1)

jk−jk−1�

i=0

�
1− sk−1(i)

mk−1(i)

��I(jk−1>0)

.
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Simplifying the last expression we obtain

=

�n
k=1 sk−1(jk − (jk−1 − 1)+)

�n
k=1

�jk−(jk−1−1)+−1
i=0 [mi(k − 1)− sk−1(i)]�n

k=1

�jk−(jk−1−1)+−1
i=0 mk−1(i)

=
�

j≥0

s
[ṽj(n)]
j (mj − sj)

[h̃j(n)]

m
[w̃j(n)]
j

.

(ii) Let τ and η be defined as in lemma 28 (ii), we need to show (7.17).

Consider first the case where one sequence, say τ , is inadmissible. Therefore,

there exists a 1 ≤ k ≤ n and an element τk−1 > 0 such that τk < τk−1 − 1.

But, since 1 ≤ tτ (τk−1, τk) = tζ(τk−1, τk), there exists some k� such that

ζk� < ζk�−1 − 1 for ζk�−1 = τk−1 > 0 and ζk� = τk. Therefore ζ is inadmissible

too and P (∩k=1{Xk = τl}) = 0 = P (∩k=1{Xk = ζl}).
Now, consider the case where at least one sequence is admissible, which

therefore implies that both τ and ζ are admissible. From part (i) the finite di-

mensional law ofX depends only on the ’counting’ processes vn(i), hn(i), wn(i)

for i ∈ N0 and wn(i) =
�∞

k=i vn(k), hn(i) = wn(i) − vn(i). Therefore, it suf-

fices to show that vτ (i) = vζ(i) for i ≥ 0, where

vτ (i) =
n�

k=1

I(τk = τk−1 + i− 1 + δτk−1
(0))

and vζ(i) is defined similar for ζ. Using the fact that τ and ζ are equivalent

we obtain for i ≥ 0

vτ (i) =
n�

k=1

I(τk = i, τk−1 = 0) +
n�

k=1

∞�

l=1

I(τk = l + i− 1, τk−1 = l)

= tτ (0, i) +
∞�

l=1

tτ (l, l + i− 1)

= tζ(0, i) +
∞�

v=1

tζ(l, l + i− 1) = vζ(i)

This completes the proof.

To proof lemma 29 we need the following lemma.

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



7.6. APPENDIX 199

Lemma 31. For each fix state x ∈ N0 define

S(x)
n =

x�

i=0

mi − si + hi(n)

mi + wi(n)
for n ≥ 0. (7.43)

(i) Then, as n → +∞, we have S
(x)
n

a.s.−→ S
(x)
∞ .

(ii) Furthermore the random variable S
(x)
∞ > 0 with probability one.

Proof. First, we show that for a fixed x ∈ N0 the sequence (S
(x)
n ) is a martin-

gale with respect to the filtration (Fn). We may use the fact that A = (Ak)k≥1

are exchangeable [150, 117]. Hence, given the tail sigma-field of A, say A∞

all (Ak)k≥1 are independent and identical distributed. Now, fix n ≥ 1, then

E[S(x)
n+1|Fn] = E[P[An+2 > x)|Fn+1]|Fn]

= E[E[E[I(An+2 > x)|A∞]|Fn+1]|Fn]

= E[E[I(An+2 > x)|A∞]|Fn] (by tower the property)

= E[E[I(An+1 > x)|A∞]|Fn] (by conditional iid)

= E[I(An+1 > x)|Fn] = S(x)
n .

Since S
(x)
n ∈ [0, 1], an application of the Martingale-convergence theorem

shows that S
(x)
n convergence a.s. to some random variable, say S

(x)
∞ . This

gives (i).

(ii) Furthermore, applying Proposition 5.2 in [59] also gives the con-

vergence in distribution of S
(x)
n , x ∈ N0 to a random complementary cdf

S(·) = (S(x), x ∈ N0). From [150, 117] the limit equals S(x) =
�x

k=1(1 − θk)

where θk are independent Beta(sk,mk − sk) random variables. Therefore

P (S(x) > 0) = P

� x�

k=1

(1− θk) > 0

�
=

x�

k=0

P (θk < 1) = 1

since mk − sk > 0 for k = 0, · · · , x. Since limits are unique a.s., we conclude

that S
(x)
∞ > 0 a.s..

Proof of lemma 29. For any positive integer n define the predictive comple-
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mentary cdf S(·|Fn) of An+1 given Fn as above by

S(k|Fn) =





�k
i=0

mi − si + hi(n)

mi + wi(n)
if k ≥ 0

1 if k < 0.

(7.44)

Since S(·|Fn) is a complementary cdf it is clearly non-increasing. Now fix

x0 ∈ N0 arbitrary. We can bound the predictive law of X from below by

P (Xn+1 = x0|Fn, X0 = x0)

=
sx0−Xn+1−δ0(Xn) + vn(x0 −Xn + 1− δ0(Xn))

mx0−Xn+I(Xn≥1) + wn(x0 −Xn + 1− δ0(Xn))
S(x0 −Xn + 1− δXn(0)|Fn)

≥ inf i si
supi mi + n

S(x0 + 1|Fn) a.s. (7.45)

where the last inequality follows from the fact that Xn ≥ 0 a.s. and S(·|Fn)

is non-increasing. Hence we have that

∞�

n=1

P (Xn = x0|Fn) ≥
∞�

n=1

inf i si
supi mi + n

S(x0 + 1|Fn) a.s. (7.46)

Suppose that the sum on the right hand side of (7.46) divergence with prob-

ability one. Then we can use Levy’s extension of the Borel-Cantelli Lemma

[154] to deduce that

P (Xn = x0 for infinitely many n |X0 = x0) = 1. (7.47)

Choose j > x0. For every finite n S(xn + 1|Fn) ≥ S(j|Fn) > 0 a.s.. Since

the first term in the sum on the right hand side of (7.46) is of order O(n−1)

it suffices to show that

S(j|Fn)
a.s.→ Sj and Sj > 0 a.s.. (7.48)

But both facts follow from the previous lemma.

Remark 20. Note that if we assume that the process starts initially empty,

i.e. x0 = 0, then (7.45) is trivially of order O(1/n) and the process is re-
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current without using any argumentation involving the convergence of the

predictive distribution.

One could have shown the general case also by fixing x0 = 1, showing only

that P (lim infn S(2|Fn) > 0) = 1. The case x0 = {0, 1} would be sufficient

since for all positive integers x0 ≥ 1 we can use the relation

Px0(Xn = x0 i.o.) = P

�
x0 + n+

n�

i=1

Ai − n(0) = x0 i.o.

�

= P

�
(x0 + j) + n+

n�

i=1

Ai − n(0) = x0 + j i.o.

�

= Px0+j(Xn = x0 + j i.o.)

where n(0) =
�

0≤j≤n−1 δXj
(0).

Proof of lemma 30. Lemma 1 (ii) and Lemma 2 state that X is recurrent

and partial exchangeable. By Theorem 2 in [60] this is equivalent to the

row-wise exchangeability of V , i.e.



V0(1) V0(2) · · ·
· · · · · · · · ·
Vk(1) Vk(2) · · ·


 L

=



V0(σ0(1)) V0(σ0(2)) · · ·

· · · · · · · · ·
Vk(σk(1)) Vk(σk(2)) · · ·


 (7.49)

for any finite permutation σk of N every k ≥ 0. Furthermore from [150, 118]

ΔS(i) = (ΔS
(i)
n )n≥1 are exchangeable as well for i = 1, 2.

Note that (V, T ) are tied together only via (τi(n);n ≥ 1, i ∈ N0). We may

assume that j0,k ≥ 0 and ji,k ≥ i− 1 for all 1 ≤ k ≤ N and 1 ≤ i ≤ n, since
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otherwise both sides of (7.21) are equal to 0. Then

P
� �

0≤i≤N

�

1≤k≤n

{Vi(k) = ji,k, Ti(k) ≤ ti,k}
�

= E
�
P
� �

0≤i≤N

�

1≤k≤n

{Ti(k) ≤ ti,k}
���

�

0≤i≤N

�

1≤k≤n

{Vi(k) = ji,k, τi(n)}
�

�����
�

0≤i≤N

�

1≤k≤n

{Vi(k) = ji,k}
�

× P
� �

0≤i≤N

�

1≤k≤n

{Vi(k) = ji,k}
�

By definition of T and using the independent of {(ΔS
(1)
n ), (ΔS

(2)
n )} and X we

can rewrite the conditional probability within the conditional expectation as

P
� �

0≤i≤N

�

1≤k≤n

{Ti(k) ≤ ti,k}
���

�

0≤i≤N

�

1≤k≤n

{Vi(k) = ji,k, τi(n)}
�

= P
� �

1≤k≤n

{ΔS
(1)
k ≤ t0,k}

� �

1≤i≤N

�

1≤k≤n

{ΔS
(2)
τi(k)+1−h(τi(n))

≤ ti,k}
���

�

0≤i≤N

�

1≤k≤n

{τi(n)}
�

= P
� �

1≤k≤n

{ΔS
(1)
k ≤ t0,k}

� �

1≤i≤N

�

1≤k≤n

{ΔS
(2)
(i−1)n+k ≤ ti,k}

���
�

0≤i≤N

�

1≤k≤n

{τi(n)}
�

= P
� �

1≤k≤n

{ΔS
(1)
k ≤ t0,σ0(k)}

� �

1≤i≤N

�

1≤k≤n

{ΔS
(2)
(i−1)n+k ≤ ti,σi(k)}

���
�

0≤i≤N

�

1≤k≤n

{τi(n)}
�

where the second and third equality follow be exchangeability. Applying the
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same steps backward the last equation equals

= P
� �

1≤k≤n

{ΔS
(1)
k ≤ t0,σ0(k)}

� �

1≤i≤N

�

1≤k≤n

{ΔS
(2)
τi(k)+1−h(τi(k))

≤ ti,σi(k)}
���

�

0≤i≤N

�

1≤k≤n

{τi(n)}
�

= P
� �

0≤i≤N

�

1≤k≤n

{Ti(k) ≤ ti,σi(k)}
���

�

0≤i≤N

�

1≤k≤n

{Vi(k) = ji,σi(k), τi(n)}
�
.

For the last equality we used the fact that V is row-wise partial exchangeable.

Now stick the last expression back into the expectation and use again that

V is row-wise partial exchangeable we obtain the result. Note that the result

could have been shown equivalently by stopping-time results from [84] and

its generalization in [5].

Proof of Corollary 1. (i) Since (V, T ) is row-wise partial exchangeable de

Finetti’s theorem for row-wise partial exchangeable arrays (see [102, 38,

51, 118]) gives the existence of a W-valued random element W = (Wi)i∈N0

such that for every state i ≥ 0 the element Wi belongs to M(S). And

given W the sequence (Vi(n), Ti(n))n
iid∼ Wi for any i ∈ N0. And since

{Vi(n), Ti(n)|τi(n) = k} = {Xk+1, Sk+1 − Sk|Xk = i, τi(n) = k} this gives (i).

Furthermore for any i ∈ N0 and for j ≥ i− 1 + δ0(i), t ≥ 0 the empirical

transition kernel converges weakly

limn−1
�

1≤k≤n

δ(Vi(k),Ti(k))(j, [0, t])
L
= Wi({j}, [0, t]) L

= Πi,jFi,j(t). (7.50)

Also, for Ti,j(n) = Sτi,j(n)+1 − Sτi,j(n) if τi,j(n) = inf{k > τi,j(n − 1) : Xk =

i, Xk+1 = j} < ∞ and Ti,j(n) = +∞ otherwise, we have that

Πi,j
L
= limn−1

�

1≤k≤n

δVi(n)(j) and Fi,j(t)
L
= limn−1

�

1≤k≤n

δTi,j(n)([0, t]).
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Form [59, 150, 117]

lim
n

n−1
�

1≤k≤n

I(Ak = j)
L
= lim

n
P (An+1 = j|Fn)

L
= Qj a.s. (7.51)

where Q = (Qj, j ≥ 0) is the random discrete probability stated in the

corollary. Since An ≥ 0 and

{Vi(n) = j} = {Aτi(n)+1 = j − i+ I(i > 0)} (7.52)

d
= {An = j − i+ I(i > 0)} (7.53)

where the second equality follows from a stopping-time result of [84, 5], (7.51)

gives Πi,j = Qj−i+δi(0) if j ≥ i−1+δ0(i) and zero otherwise. This establishes

the distributional form of Π.

Similarly, since ΔS(2) is exchangeable and independent of X, by the same

stopping-time property for exchangeable random variables [5][pp.47], for i >

0

Fi,j
L
= lim

n
n−1|{k ≤ n : ΔS

(2)
τi,j(k)+1−h(τi,j(k))

≤ ·}| (7.54)

L
= lim

n
n−1|{k ≤ n : ΔS

(2)
k ≤ ·}| (

L
= F (2)) (7.55)

L
= lim

n
n−1|{k ≤ n : ΔS

(2)
τi(k)+1−h(τi(k))

≤ ·}| L
= Fi. (7.56)

Provided that τi(n), τi,j(n) < ∞ a.s. for every n, this shows that the limit,

if it exists, does not dependent on i > 0 or j ≥ 0 and is independent of Π as

well.

The fact that the limit, say F (2), exists and is in fact equal the one stated

above, corresponds to the fact that the system of predictive distributions of

ΔS(2) uniquely determines the finite dimensional joined law of ΔS(2). Hence

two sequences with the same system of predictive distributions will have

the same system of finite dimensional laws. But the sequence of predictive

distributions of ΔS(2) correspond to the system of predictive distributions of

an exchangeable sequence of random variable with range space R+ and Beta-

Stacy directing random probability with parameters (α(2), β (2)) [150, 118].
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Hence, by de Finetti’s theorem the limit F (2) is equal in distribution to a

Beta-Stacy process with parameters (α(2), β (2)). The claim F0,j = F (1) for all

j ≥ 0 where F (1) is Beta-Stacy process with parameters (α(1), β (1)) can be

shown in a similar way.

To show that τi(n), τi,j(n) < ∞ a.s. for every n, we use

P
� �

n≥1

{τi,j(n) < ∞}
�
= P(Xn = i i.o.[n], Vi(k) = j i.o.[k]) (7.57)

and P(Xn = i i.o.[n]) = P(∩n≥1{τi(n) < ∞}). Now, given F∞ = ∩n≥0Fn

P (Xn+k = i, ∃k ≥ 0|Xn = x0,F∞) =
�

k≥0

(Πk)x0,i

≥




Qi−x0+1−δ0(x0) if i > x0

(Q0)
x0−1 if i < x0

(7.58)

where Πk = Πk−1Π. Since Qt = θt
�

l<t(1 − θl) and 0 < st < mt < ∞
for all t, both quantities in the last expression are positive (non-zero) a.s..

Similarly P (Xn+k = x0, ∃k ≥ 0|Xn = i,F∞) > 0 a.s.. Hence, given F∞, both

x0 and i commute. Since x0 is recurrence, given F∞, state i is recurrent as

well, i.e. P (∩n≥1{τi(n) < ∞}|F∞) = 1 a.s.. Therefore, by Fubini theorem,

P (∩n≥1{τi(n) < ∞}) = 1.

By a similarly argument

P (Vi(k) = j|F∞) = P (Aτi(k) = j − i+ 1− δ0(i)|F∞) = Qj−i+1−δ0(i) > 0 a.s..

Now, use Borel-Cantelli lemma first and then Fubini theorem, to show that

P (Vi(n) = j i.o.[n]) = 1.
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Chapter 8

Semiparametric Bayesian

Inference for the MX/G/1 Bulk

Queue

8.1 Introduction

Bayesian analysis of bulk queues have be studied previously in [11]. This

analysis focuses on parametric inference for the MX/M/1 queue, where the

inter-arrival and service-times are exponential distributed and the batch-sizes

are geometrically distributed. The model consist only of tree parameters,

hence statistical estimation can be implemented easily. Unfortunately, ser-

vice times and bath-sizes do almost never satisfy the memoryless property.

Hence theMX/M/1 queue may not be sufficient to analysis every one-counter

bulk queue one encounters in applications.

In the following we consider a semi-parametric analysis of the MX/G/1

bulk queue. The bath-size distribution will be modelled non-parametrically

using a discrete-time Beta-Stacy process. The service-time distribution will

be assumes to be absolutely continuous and follows a Poisson-Dirichlet pro-

cess mixture model with gamma kernel. The arrival rate is assumes to follow

the standard conjugated prior. We focus on the prediction of performance

measure in transient- and steady-state.

207
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208 CHAPTER 8. INFERENCE FOR THE MX/G/1 BULK QUEUE

The outline of the paper is as follows. In section 8.2 we shortly introduce

the main quantities of the MX/G/1 process. We will carefully choose a

prior distribution for all unknown quantities of the model and derive the

corresponding posterior distribution.

8.2 Inference for the MX/G/1 bulk queue

Consider the following data generating process. At each arrival time 0 <

A1 < A2 < · · · a batch of B1, B2, . . . items enters a system. By time t a

total of NB(t) =
�N(t)

i=1 Bi items entered the system, where N(t) = sup{n :

An ≤ t}. Each of the single items, in an arbitrary batch, has a service time

Si independently of the arrival process. We assume a first-in-fist-out (FIFO)

service strategy. If we denote with IAn = An − An−1 the n-th intra-arrival

time, then the MX/G/1 process assumes the following probability model

[IAn|λ] iid∼ Exp(λ), (8.1)

[Bn|PB]
iid∼ PB and (8.2)

[Sn|PS]
iid∼ PS (8.3)

for λ ≥ 0 and some probability measures PB and PS on N and [0,+∞), i.e.

P[Bn = k|PB] = PB(k) k ≥ 1 (8.4)

P[Sn ∈ (t, t+ h]|PS] = PS(t, t+ h] t, h ≥ 0. (8.5)

Also assume that given the triple (λ, PB, PS) the sequences (IAn), (Bn) and

(Sn) are independent of each other.

In statistical estimation one frequently considers (for computational con-

venience) an exponential service time distribution (the MX/M/1 queue) or

an Erlangen distributional (the MX/Er/1 queue) or more generally mixture

of Erlangen distribution with a random but finite number of mixture compo-

nents [10, 77, 139, 11, 156, 15]. A typical model for the bath-size distribution

is a geometric law [11]. Apart for computational convenience an exponential

service time law and a geometric bath-size distribution may not be appro-
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8.2. INFERENCE FOR THE MX/G/1 BULK QUEUE 209

priate for most applications involving a MX/G/1 model. Therefore one may

prefers to work with an unspecified batch-size and service time probability.

This is most convenient if the observed empirical distribution functions of

the batch-sizes and the service-times do not match any standard parametric

family of distribution functions.

In the following, we will denote with Θ the parameter space of the

MX/G/1 process, i.e.

Θ = {(λ, PB, PS) : λ ≥ 0, PB ∈ MP (N), PS ∈ MP (R+)} (8.6)

where MP (X ) denotes the space of all probability measures on a Polish space

X endowed with the topology of weak convergence [70].

8.2.1 Prior specification

In a Bayesian analysis of the MX/G/1 batch queue one needs to specify

a prior probability on the parameter space Θ. The prior information are

revised trough the evidence provided by the data, which are sampled from

the data generating process (8.1), (8.2) and (8.3). By definition of Θ, this

involves specifying prior probabilities on spaces of probability measures. Or

differently stated, we treat probability measures as random functions (i.e. as

stochastic processes). In the following we specify the following prior on Θ:

1. The arrival rate is distributed according to a Gamma distribution with

shape parameter u0 and rate v0, λ ∼ Gamma(u0, v0).

2. The batch size distribution PB = (PB(k), k ≥ 1) is assumed to follow

a discrete beta-Stacy process (BSP) with parameters (α, β), that is

PB(k) = Vk

k−1�

j=1

(1− Vj) for k ≥ 1, (8.7)

where Vk are independent Beta(α(k), β(k)) distributed random vari-

ables and α, β : N → [0,∞) are two functions such that
�∞

k=1
β(j)

β(j)+α(j)
=

0 (see [150] for details).
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3. The random service time distribution PS = {PS(A), A ∈ B(R+)} is a

kernel mixture with random mixing distribution G, that is

PS(A) =

�

A

�

(0,∞)2
fGam(t|ν, ν/µ)G(dν, dµ)dt

=
∞�

k=1

wk

�

A

fGam(t|ν∗
k , ν

∗
k/µ

∗
k)dt (8.8)

where fGam(t|ν, ν/µ2) denotes the density of a Gamma distribution

with shape parameter ν and mean µ. Furthermore the random mixing

probability

G(·) =
�

k

wkδ(ν∗k ,µ∗
k)
(·) (8.9)

is a two parameter Poisson-Dirichlet Process (PDP) on MP ([0,∞)2)

with parameter (a, b, G0(·|η)). That is, for k ≥ 1

wk = Vk

�

j<k

(1− Vj) with Vk ∼ind Beta(1− a, b+ ka) (8.10)

(ν∗
k , µ

∗
k)

iid∼ G0(d(ν
∗
k , µ

∗
k)|η). (8.11)

Where (wk) and (θk) are independent and G0 is a probability on [0,∞)2

(see [127, 128] for details on the PDP).

4. The random elements λ, PB and FS are independent.

The gamma prior for λ was chosen for convenience. It is the natural

conjugated prior for the arrival rate of a homogeneous Poisson process.

There are many potential non-parametric prior for PB. The simplest

alternative to the beta-Stacy process would be a Dirichlet process prior on

MP (N)[54, 55], i.e. for all k > 1 (PB(1), . . . PB(k), 1 − �k
1 PB(k)) has a

Dirichlet distribution with parameters (γ(1), . . . , γ(k), γ−�k
1 γ(j)) for some

finite measure γ(·) with total mass γ =
�

j γ(j). For example, [32, 33]

used this prior for the service time law of the Geo/G/1 queue. Our primary

motivation comes from the fact that the Dirichlet prior is a special case of
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the beta-Stacy prior [150]. But whereas the beta-Stacy prior is conjugated

to right-censoring the Dirichlet prior is not [58, 145]. In fact under censoring

a Dirichlet prior would yields a beta-Stacy posterior [150]. Furthermore the

beta-Stacy process can is basically identical the the random weights of a

generic stick breaking prior probability defined in [78], hence it shares many

theoretical properties with this class of prior.

The prior for the random service time distribution was chosen by theoreti-

cal reasoning and for computational simplicity. The service time distribution

is most reasonably modelled as an absolutely continuous distribution. Hence

any ’Neutral-to-the-Right’ (NTR) random distribution (see [46] for a defi-

nition, and [54, 55, 58, 150] for examples) would be inappropriate. NTR

random distributions are a.s. discrete at fixed and/or random locations (see

[46], corollary 3.2). Alternatively we could have choose a Pólya-tree ran-

dom distribution [55, 97, 98] which is in theory continuous for some special

choices of hyper-parameters. But in practice one would need to terminate

an actual infinite partition tree at a fixed level, which makes the random

distribution discrete. Furthermore, our actual object is the probability law

of performance measures of the queuing system. Hence, we will need to work

with the Laplace-Stieltjes transform of the service-time distribution which

for a Pólya-tree random measure is not easy to handle. As a last point we

mention that we could have chosen also the famous Dirichlet-Process mixture

model (DPM) ([56, 103, 52, 53]. But the DPM has a tendency to create a

few dominating cluster 1, which can be resolved by using the PDP-mixture

model. Furthermore the DPM is a special case of the PDP-mixture model

with parameter (a, b, G0) where a = 0. Instead of the usual normal kernel,

we used the gamma kernel to avoid a log-transformation of the data. A

log-transformation would force us to work in the later part with the Laplace

transform of the log-normal distribution which does not have a neat closed

form expression. Furthermore the space of continuous distributions is dense

in the space if gamma mixtures [14]. Hence we can approximate the service-

1In the present context a cluster, say j, represents a mixture components θj and the
corresponding cluster specific service time law Gamma(·|θj) which may or may not have
a physical interpretation as the random service time of the j-th kind of service.
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212 CHAPTER 8. INFERENCE FOR THE MX/G/1 BULK QUEUE

time distribution arbitrary close with a mixture of gamma distributions.

8.2.2 Posterior computation

Suppose that we observe data generated from a MX/G/1 batch queue sum-

marized as {(IAn, Bn)}N1
n=1 and {Sn}N2

n=1. As before IAn denotes the waiting

time between the (n − 1)-th and n-th arrival and Bn denotes the bath size

at the n-th arrival time. Again Sn denotes the n-th service time.

For the prior on the parameter space Θ as specified in the previous sub-

section, we can write the likelihood as

L(Θ|IA,B,S) ∝
�
λN1 exp{−λAN1}

�� ∞�

k=1

V
n(k)
k (1− Vk)

m(k)

�
L(S) (8.12)

where, for i ≥ 1, n(i) =
�N1

1 I(Bn = i) denotes the number of batches of size

i among the first N1 batches and m(i) =
�N1

1 I(Bn > i) denote the number

of batches of size greater than i. The remaining term L(S) =
�N2

1 PS(dSi)

denotes the likelihood of the service-time distribution, where PS is given in

(8.8). Combining the prior and likelihood, the posterior is given by

P(dΘ|IA,B,S)

∝ Ga(dλ|u0 +N1, v0 + AN1)×
� ∞�

k=1

Beta(dVk|α(k) + nk, β(k) +m k)

�

× L(S)Π(dFS). (8.13)

Clearly by construction, given the data, the arrival rate λ, the batch-size

distribution PB and the service-time distribution PS are still independent.

Furthermore the posterior distribution of λ and the batch-size distribution PB

are given in closed form as a Gamma distribution and a beta-Stacy process,

each with updated parameter

(u0, v0) → (u0 +N1, v0 + AN1) and

(α(·), β(·)) → (α(·) + n(·), β(·) +m(·)).
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8.3. APPROXIMATIONS 213

The distribution of the service times is difficult to represent in closed form,

but we can use Monte-Carlo (MC) methods developed for the DPM and

the PDP-mixtrure model in [120, 78, 67, 151, 122, 86] to sample from the

posterior law L(Ps|S) and L(φ(Ps)|S) for functionals φ of the service time

law PS (see section 8.3.2 below for details).

Recall that our targets are performance measure of the queuing system.

Most of these performance measure are characterized directly or indirectly

through the corresponding Laplace-Stieltjes transforms (LTS) or probability

generating functions (PGF). These transforms are functions of the means

and the transform of the batch-size and service-times distribution. Since

the posterior of the service-time distribution does not have a closed form,

we need to implement the inference by MC-simulations. Hence we need to

simulate approximately the mean and the transforms from the posterior of

the bath-size and service time distribution. This is described in the next

section.

8.3 Approximations to simulate from the pos-

terior of performance measures.

In the next two subsection we shortly discuss how to sample functions of the

random batch distribution PB and the random service time distribution PS.

We require this draws to obtain realizations of the transform of the probabil-

ity law of a performance measure in steady-state. In the last subsection we

summaries how to invert the transform to obtain a realization of the actual

probability distribution.

8.3.1 Bootstrap approximation of functional of PB.

The posterior of the batch-size distribution PB(·) is known on closed form

a cirect computation of the random mean µB = E[B|PB] and the random

probability generating function (PGF), say P ∗
B, of PB is intractable. Both

expressions involve a sum over an infinite number of elements. To overcome

this problem we could use a simple approximation and truncate the posterior,
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214 CHAPTER 8. INFERENCE FOR THE MX/G/1 BULK QUEUE

i.e fix � > 0 small and choose H > 1 large such that

E[P (B1 > H|PB)|B] =
H�

j=1

β(j) +m(j)

α(j) + β(j) + n(j) +m(j)
≤ �. (8.14)

Now, we could repeatedly sample PB,H(·) =
�H+1

j=1 wjδj(·) where wj =

θj
�

l<j(1 − θl) for 1 ≤ j ≤ H + 1 and θj ∼ Beta(α(j) + n(j), β(j) +m(j))

for 1 ≤ j ≤ H and θH+1 := 1. A similar strategy was proposed in [67].

We prefer a different random truncation, which is related to computa-

tional strategies used in [115, 78, 116, 79, 33] for the Dirichlet-Multinomial

process, the Dirichlet process and the Gamma process. The main idea is to

approximate the posterior parameter of the beta-Stacy process by an empiri-

cal measure based on an iid sample from the posterior predictive distribution.

The difference to the approach in [78, 79] is that we approximate the posterior

parameter after model-fitting rather than to approximate the prior param-

eter before model fitting, whereas [115, 116, 33] applied a similar bootstrap

approximation to the Dirichlet posterior.

To be more specific, given the observed batches B = (Bj)
N
1 (for simplicity

we set N1 = N), the predictive distribution is given by

PB,N (k) = E[PB(j)|B] =
αN(k)

vN(k)

k−1�

l=1

β N(l)

vn(l)
for k ≥ 1, (8.15)

where αN(k) = α(k)+n(k), β N(k) = β k+m(k) and vN(k) = αN(k)+ β N(k).

Now fix M large and consider the following procedure.

1. SampleB∗
1 , . . . , B

∗
M iid from PB,N and denote withM(k) =

�M
1 I(B∗

j =

k) and M̄(k) =
�M

1 I(B∗
j > k) the counting and risk process.
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2. For k ≥ 1 set

α∗
M(k) =




vN(k)

M(k)

M̄(k − 1)
if M̄(k − 1) > 0

0 otherwise,

(8.16)

β ∗
M(k) =




vN(k)

M̄(k)

M̄(k − 1)
if M̄(k − 1) > 0

0 otherwise .

(8.17)

3. SimulateQB,M = (QB,M (j), j ≥ 1) ∼ BSP(α∗
M , β ∗

M). WhereQB,M (j) =

θ∗M,j

�
l<j(1− θ∗M,l) and θ∗M,j ∼ Beta(α∗

M(j), β ∗
M(j)).

4. Compute the mean and PGF of QB,M , i.e.

µB,M = 1 +
�

k≥1

k�

1

(1− θ∗l ) and Q∗
M,B(s) =

�

k

skQB,M (k) s ∈ [0, 1].

5. Repeat step (1) to (4) C times to obtain a sample of approximate draws

from the posterior L(PB|B), L(µB|B) and L(P ∗
B|B).

The main point of the algorithm is that for any iteration c after sam-

pling (B
∗(c)
i )M1 , the random probability equals Q

(c)
B,M (k) = 0 a.s. for k >

sup((B
∗(c)
i )M1 ). This makes computation tractable. But since we do not

truncated in advance at a fixed H as in (8.14), the Bootstrap will explore

once in a while some value Q
(c)
M,B(j) > 0 a.s. for j > H. Furthermore notice

that since Q
∗(c)
M (·) is a finite polynomial a.s., the map s → Q

∗(c)
M (s) is finite

for any compact interval s ∈ [0, a] for any a ∈ [0,∞) fixed.

We want to justify the proposed method in the sense that, if M becomes

large, then a single bootstrap draw become an exact draw from the true

posterior. The following three lemmas state this fact for QM,B, µB,M and

Q∗
B,M . The proofs of the lemmas are given in the appendix.

Lemma 32. Let QB,M (·) denote the random bootstrap probability measure,

for a sample of M replicas at a fixed bootstrap iteration. Then as M → +∞,

given B, QB,M (·) → PB(·) weakly in MP (N).

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



216 CHAPTER 8. INFERENCE FOR THE MX/G/1 BULK QUEUE

Lemma 33. Denote with QB,M the random bootstrap probability measure

defined above and let µM,B denote the random mean corresponding to QM,B.

Then as M → +∞, given B, µB,M
d→ µB in distribution.

Lemma 34. Let QB,M be the random bootstrap probability measure defined

above and denote with Q∗
M,B(·) the probability generating function correspond-

ing to QM,B. Then as M → +∞, given B, Q∗
B,M (·) → P ∗

B(·) weakly in

C([0, 1]) with respect to the uniform metric.

8.3.2 MCMC approximation of functions of PS.

In this subsections we summarize the computational steps we need to sample

(approximately) from the posterior L(φ(PS)|S) for functions of the random

service-time distribution PS defined in (8.8). Such a function is actually

a function of the posterior law of the random mixing probability G with

respect to the data S, i.e.L(φ(PS)|S) = L(φ∗(G)|S). We need to simulate

the Laplace-Stieltjes transform and the mean from the posterior, i.e.

E[S|FS] ∼ L
��

µG(d(ν, µ))|S
�

and

E[e−(·)S|PS] ∼ L
�� �

(1 + ·µ/ν)−νG(d(ν, µ))|S
�
.

The computational steps of the algorithm are basic modifications of algo-

rithms suggested in [120, 78, 67]. For simplicity we can write the sampling

model of the service-times Si in a hierarchical form as

[Si|νi, µi]
ind.∼ Gam(νi, νi/µi) for i = 1, · · · , N

[χi|G]
iid∼ G for i = 1, · · · , N

G ∼ Poisson-Dirichlet-Process(a, b, G0(·|η)).

where χi = (νi, µi). Furthermore we note that for any measurable and inte-

grable functional φ with domain MP ([0,∞)2) the following relation holds

�
e−uφ(G)P(dG|S) =

� �
e−uφ(G)P(dG, dχ|S) =

� �
e−uφ(G)P(dG|χ)P(dχ|S)
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where χ = (χ1, . . . ,χN) and the last equality holds since G is independent of

S given χ. Hence in theory we can sample from L(φ(G)|S) in tree steps:

1. sample χ ∼ P(dχ|S).

2. sample Ğ := [G|χ] ∼ P(dG|χ)

3. Set φ̆ := φ(Ğ) .

This fact was noted in [78, 67]; and is our main strategy to sample func-

tionals φ(G) approximately from L(φ(G)|S). The description of the first step

is rather long and is therefore given in the appendix. Whereas the second

step is explained in the next subsection.

Sampling Ğ ∼ L(G|χ)

To simulate φ(G) from L(φ(G)|S) we need, in the second step, to sample the

random probability Ğ = [G|χ] from the posterior law L(G|χ). From [127] a

draw from the posterior has the distributional form

Ğ
L
=

kN�

j=1

pjδχ∗
j
(·) + pkn+1G̃(·) (8.18)

where χ = (χi = χ∗
ci
)1≤i≤N , (χ

∗
j)1≤i≤KN

are the unique values among χ which

occur with frequencies (ni)1≤i≤KN
and ci ∈ {1, · · · , kN}. Furthermore G̃ is a

Poisson-Dirichlet process with parameters (a, b+ akn, G0) and

p := (p1, · · · , pkn , pkn+1) ∼ Dir(n1 − a, · · · , nkn − a, b+ kna). (8.19)

Where p, (χ∗
j)

kN
1 and G̃ are independent of each other. Since G̃ is infinite

dimensional, it not possible to draw Ğ exactly. There are several ways to

obtain approximate draws from Ğ. One way would be to use distributional

results for linear functional of the Poisson-Dirichlet process in combination

with perfect simulation as described in [82, 41]. This approach has several

limitations since the support of G0 will be unbounded and perfect simulation

can only be approximated [72]. Instead we use the following result, which

follows directly from theorem 2 of [78].
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Lemma 35. Let Ğ be defined as in (8.18) and define the truncated posterior

random probability

ĞT =

kN�

j=1

pjδχ∗
j
(·) + pkn+1

T�

j=1

δχ̃j
w̃j. (8.20)

where χ̃j ∼iid G0(·|η) and for 1 ≤ j ≤ T

w̃j = Ṽj

�

l<j

(1− Ṽl) with ṼT = 1, Ṽj ∼ Beta(a, b+ a(j + kN)). (8.21)

Furthermore denote with S̃ = (S̃i)
M
i=1 a future exchangeable sample of size

M. Then the L1-distance between the predictive distributions of S̃ given χ =

(χ)N1 ∼ P (χ|S) under Ğ and the truncated version ĞT is bounded by

���
���P(dS̃|χ)− P(dS̃|χ)T )

���
���
L1

≤ 4(b+ kNa)

b+N

�
1−

�
1−

T−1�

j=1

b+ (j + kN)a

b+ (j + kN − 1)a

�M�
(8.22)

where

P(dS̃|χ)T =

� ��

[0,∞)2

M�

j=1

f(S̃j|χ̃)ĞT (dχ̃)

�
P(dĞT |χ) (8.23)

and P(dS̃|χ) is defined similarly with ĞT replace by Ğ.

Since a < 1 a.s. the bound (8.23) shows that even for small T prediction

with ĞT instead of Ğ yield quite accurate results for cases in which the

number of required mixture components kN is substantially smaller than

the sample size N . And most certainly this hold in the context of a queuing

process whereN ranges easily in the area of several thousands of observations.

This fact is also intuitively reasonable. Through sampling [χ|S] in the first

step, without truncating the number of mixture components in advance, we

already obtain a substantial amount of information about [G|χ] from the first

term in (8.18). This term is also shared by ĞT . Whereas the second term of
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G̃ in (8.18) represents the part of information about [G|χ] not jet discovered
by the data. This hidden part of information is quantified by the second

term in the product (8.23) and can usually be represented quite accurate for

T between 50 and 200 dependent in the required precision [78]. Hence, we

monitor the number of clusters kN from the MCMC first and choose a T which

makes the predictive distribution close to the true predictive distribution.

The mean and Laplace transforms are then computed as

µS,T =

kN�

j=1

pjµ
∗
j + pkN+1

T�

j=1

wjµ̃j and (8.24)

F̂S,T (s) =

kN�

j=1

pj

�
1 + sµ∗

j/ν
∗
j

�−ν∗j
+ pkN+1

T�

j=1

wj

�
1 + sµ̃j/ν̃j

�−ν̃j
(8.25)

8.3.3 Numerical Inversion of Transforms

In the implementation of inference for performance measure of the M/G/1

queue we need to invert probability generating functions and Laplace-transforms.

We summarize the algorithms we choose to invert these transforms. For a

general overview and comparison of inversion algorithms see [3].

Numerical Inversion of Probability generating functions

Denote in the following with Ga(·) the z-transform of a real sequence a = (ak)

Ga(z) =
�

k

akz
k z ∈ Ra :=

�
c ∈ C : |

�

k

akc
k| < ∞

�
. (8.26)

If p = (pk)k≥0 is a proper probability mass function then (−1, 1] ∈ Rp and

Gp is analytic for all |z| < 1. Furthermore, if p = {pk} has cdf F = (Fk) and

complementary cdf (ccdf) S = 1−F , then the z-transforms of p,F and S are

related by

GF (z) =
Gp(z)

1− z
and GS(z) =

1−Gp(z)

1− z
(8.27)
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whenever the right hand side exist (which is the case for |z| < 1). The

z-transform can be inverted via the Cauchy contour integral

ak =
1

2πi

� r+∞i

r−∞i

Ga(z)z
−k−1dz =

1

2πrk

� 2π

0

Re(Ga)(re
iu)e−ikudu, (8.28)

whenever we can obtain a closed form expression for the last integral. For

cases we will encounter there does not exist a closed form expression for

the inverse transform. Hence, we need to refer to some numerical inversion

procedure. We use the ”Lattice-Poisson algorithm” [4, 3]. The procedure

can be applied directly to the PGF of the probability mass function p or to

the z-transform of the cdf F or to the ccdf S using the relation (8.27).

For completeness we will describe the main steps of the inversion proce-

dure for a generic real sequence a (having in mind a = p, F, S = 1−F ). The

idea is to approximation (8.28) by a m-point trapezoidal integral with step

size h = 2π/k. Using fact that a is real we can approximate ak by

ak,m =
1

mrk

m�

j=1

Re(Ga)(re
2πij/m)e−2πikj/m. (8.29)

To use this approximation in practice it is important to control the approx-

imation error em = |ak − ak,m| uniformly in k. An alternative derivation of

the algorithm via discrete Fourier transforms and a discrete Poisson summa-

tion formula for a derived in [4] shows that if ak ≤ 1 (which is the case if

a = p, F or S) then em ≤ rm/(1 − rm) ≈ rm. To obtain a precision for ak,m

of 10−γ (meaning |ak − ak,m| ≤ 10−γ) one may choose r = 10−γ/(2k). For

m = 2k formula (8.29) is known at the Lattice-Poisson algorithm [3] which

(since eπji = (−1)j) can be written as

ak,m =
1

2krk

�
Ga(r) + (−1)kGa(−r) + 2

k−1�

j=1

(−1)j Re(Ga)(re
πij/k)

�
. (8.30)
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Numerical Inversion of Laplace Transforms

Denote in the following with Υ the Laplace transform of a non-negative

piecewise continuous function g : [0,∞) → [0,∞), that is

Υ(g)(s) =

�

[0,∞)

e−sxg(x)dx Re(s) ≥ 0 (8.31)

whenever the integral exist. We assume that there exist s0 = x0 + ix0 ∈ C
for which the integral (8.31) exists. This is true if g ≤ 1, which is the case if

g is a cdf or ccdf. Hence Υ(g) exists for any complex number with real part

greater than x0 (see [153], p.37). Furthermore we denote with σc ∈ [−∞,∞)

the abscissa of convergence of Υ(g). Meaning the extended real number such

that, if σc = −∞, then Υ(g)(s) exists for all s ∈ C and, if σc ∈ R, then
Υ(g)(s) exists for all s such that Re(s) > σc, but diverges for all s with

Re(s) < σc (see [153] for more details).

If g is an absolutely continuous density on [0,∞) with cdf F and ccdf

S = 1 − F , then the Laplace transform Υ of all three functions are related

by

Υ(F )(s) =

� ∞

0

e−sxF (x)dx =
Υ(g)(s)

s
(8.32)

Υ(S)(s) =

� ∞

0

e−sxS(x)dx =
1−Υ(g)(s)

s
(8.33)

whenever the right hand side exists.

For a generic piecewise continuous function g which is exponentially

restricted as x → +∞, the inverse of the Laplace transform is given by

Bromwich’s contour-integral [153, 3]

g(x) =
1

2πi

�

Ca

esxΥ(g)(s)ds =
1

2π

� ∞

−∞
e(a+it)xΥ(g)(a+ it)dt, (8.34)

where the range of integration consists of the contour path Ca = {s ∈ C :

Re(s) = a} and a > σc. Again we will not be able to obtain a closed

form expression of this integral and need a numerical approximation. We

use the ’Euler-Inversion algorithm’ [2, 3]. The main idea of the algorithm is
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the following. Replace the integral in (8.34) by an infinite step trapezoidal

integral of step size h = π/(2t) at a = A/(2t) we obtain

gh(t) =
eA/2

2t
Re(Υ)

�A

2t

�
+

eA/2

t

�

j≥1

(−1)j Re(Υ)
�A+ 2jπi

2t

�
. (8.35)

[2] derived gh(t) through a Fourier series and a Poisson summation formula.

The authors showed that, if g(t) ≤ 1, the absolute error can be bounded

uniformly in t by eh ≤ e−A

1−e−A ≈ e−A.

For an implementation one has to truncate the infinite sum (8.35) which

will decrease the quality of approximation. But the higher order terms in

the convergent sum (8.35) do not affect the approximation substantially (es-

pecially if the sign of Re(Υ)((A + 2jπi)/2t) remains constant as a function

of j). As suggested in [2, 3] one may truncate the series and uses ordinary

Euler summation to accelerate the convergence of the alternating sum (8.35).

If we let

gh,k(t) =
eA/2

2t
Re(Υ)

�A

2t

�
+

eA/2

t

k�

j=1

(−1)j Re(Υ)
�A+ 2jπi

2t

�
(8.36)

for k ∈ n, · · · , n+m, then the ”Euler-Inversion” algorithm of [2] is given by

gh,n,m(t) =
m�

k=1

�
m

k

�
2−kfh,n+k(t). (8.37)

The algorithm is quite simple, but our experience shows that even for small

n,m, [2] suggested m = 15, n = 11, the method works extremely well. In

most cases A ≈ 19 yield |gh,n,m(t)− g(t)| in the order of 10−7 to 10−8, which

is more accuracy than we actually need.

Note that stochastic integration would require substantially more com-

putational time to obtain this accuracy. Hence, since we need an inversion

step at every MCMC-iteration, stochastic integration is out of question for

our MC-procedure.
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8.4 Estimating performance measure

In this section we discuss inference for performance measure of the MX/G/1

process. Most of this performance measures are usually studied for the system

in steady-state whenever the system is stable. This is partly due to the fact

that the system should run cost-optimal in the long run, i.e. short idle periods

and an average queuing-length close to one. Furthermore, the distribution of

performance measures is usually only tractable for a system in steady-state.

The probability distribution of the performance measure is usually only

characterized through the probability generating function (PGF) or the Laplace-

Stieltjes transform (LST). In the sequel we denote the PGF for a positive

integer valued random variable X, with probability mass function PX , by

P ∗
X(s) =

�
k s

kPX(k). For a non-negative random variable Y , with cdf FY ,

the LST is denoted by F̂Y (s) =
�
e−syFY (dy).

Although this transforms determine uniquely the probability law of the

performance measure, they are usually note invertible in closed. Hence, we

need to refer to a MC-sampling scheme and then invert the transform nu-

merically. The generic algorithm will consists of the following steps:

1. Sample the random quantities
�
λ, E[S|FS], E[B|PB], P

∗
B(·), F̂S(·)

�
from

the posterior Π[·|IA,B,S, ρ < 1).

2. Compute the transform for the performance measure in steady-state

say P ∗(·) or F̂ (·).

3. Invert the transform numerically to obtain a realization of the random

probability of the performance measures (P (k), k ≥ 1) (or F (t), t ≥ 0)).

4. Repeat step (1) to (3) C times to obtain realizations of the probability

of a performance measure in steady state, P (c) (or F (c)), c = 1, · · · , C.

Compute the point estimator and a credibility interval for the proba-

bility measure P (or F ) based on this sample.

We may use these sample also to estimate further summaries, like the median

number of customers in the system in steady state.
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8.4.1 Performance Measures in transient-state

In this section we discuss the estimation of basic performance measures in

transient state. A usefully summary measure in transient state is the total

number of arrivals until time t > 0 defined as usually by

Nc(t) =

N(t)�

j=1

Yj where N(t) = sup
�
n :

n�

i=1

IAi := An ≤ t
�
. (8.38)

Nc represents an ordinary compound Poisson process. If λ and PB would

be known, then, by elementary properties of conditional expectations, the

probability generating function of Nc at time t is given by

P ∗
Nc(t)(s) = exp{λt(P ∗

B(u)− 1)} where P ∗
B(u) =

�

j≥1

ujPB(j) (8.39)

and the mean number of arrivals by time t > 0 is given by

µNc(t) = E[Nc(t)|λ, PB] = λE[Bi|PB]t. (8.40)

The mean bath size E[BN1+1|B] = E[E[Bi|PB]|B] involves an infinite sum

and the power series P ∗
B(·) has no closed form expectation. Hence, it is

not possible to invert P ∗
Nc(t)

in closed form or compute the predicted mean

number of arrivals explicitly. We will refer to the following MC-estimation

procedure: Fix M and for c = 1, · · · , C repeat

1. Draw λc ∼ Gam(u0+N1, v0+AN1) and sample Q
(c)
M,B(·) with the boot-

strap scheme described in section 8.3.1.

2. Compute the mean µ
(c)
B and the PGF Q

(c)∗
M,B of Q

(c)
M,B.

3. Set µNc(t) = λcµ
(c)
B t and P

(c)∗
Nc(t)

(·) = exp
�
λct

�
Q

(c)∗
M,B(·)− 1

��
.

4. Invert P
(c)∗
Nc(t)

(·) numerically to obtain an approximate realization of

P
(c)
Nc(t)

∼ P[dPNc(t)(·)|IA,B].

We then use P
(c)
Nc(t)

and µNc(t) for c = 1, · · · , C to obtain summary measures

for the arrival process at a fixed time-points t.
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Furthermore, consider the number of completed services in [t1, t1+t], given

that the system is non-idle during the period [t1, t1 + t]. By homogeneity,

this is equivalent (in distribution) to number of completed services in [0, t],

given that the queue is non-idle between [0, t]

NS(t) = sup

�
n :

n�

i=1

Si ≤ t

�
=

�

j≥1

I[0,t]

� �

1≤i≤j

Si

�
. (8.41)

If the service times distribution PS is known, then the renewal function is

given by

MS(t) := E[NS(t)|FS] =
�

j≥1

F
#(j)
S (t), (8.42)

where F
#(j)
S (t) denotes the j-fold convolution of FS(·) = PS[0, ·] [138, 132].

By linearity of the LT, we can express the LT of MS(t) by

ΥMS
(s) =

F̂S(s)

1− F̂S(s)
, (8.43)

where F̂S denotes the Laplace transform of FS [138]. Since the posterior prob-

ability P(dFS|S) is not available in closed form, we cannot take expectation in

(8.43) and invert the transform. We need to refer again to MC-simulations,

in particular we estimate the renewal function by using the following steps:

For c = 1, · · · , C repeat

1. Simulate a service-time cdf F
(c)
S =

�
F (·|θ)Ğ(c)

T (dθ) with ĞT as in

(8.20).

2. Compute the corresponding LST F̂
(c)
S,T (·) as in (8.25) and set Υ

(c)
MS

(·) =
F̂

(c)
S,T (·)/(1− F̂

(c)
S,T (·)).

3. InvertΥ
(c)
MS

(·) numerically to obtain an approximate realization ofM
(c)
S (·)

from P(dMS(·)|S).

Again we use the sample M
(c)
S (·), c = 1, · · · , C to obtain summary measures

of interest for MS(·). For example the predicted renewal function (marginal
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expected number if completed service) by time t is given by

M̂S(t) = E[E[NS(t)|FS]|S] ≈ C−1

C�

c=1

M
(c)
S (t). (8.44)

Traffic intensity of the System

The most important performance measure of theMX/G/1 queue is the traffic

intensity of the system which is given by

ρ =
E[B|PB]E[S|FS]

E[IA|λ] (8.45)

see [109], p. 295. The traffic intensity ρ determines whether the queuing

system reaches a probabilistic equilibrium at regenerative time-points when

time goes to infinity. For the MX/G/1 queue, the sequence of departure

epochs creates a sequence of regenerative time points. An MX/G/1 queuing

system is stable (’ergodic’) if ρ < 1, null recurrence if ρ = 1 and transient if

ρ > 1. For a transient system the number of items on hold will grow without

any limit and is therefore economically speaking cost-inefficient. Whereas for

a null-recurrent system, the average time of return to the same queuing size

just observed will be infinity. This is similarly undesirable.

The Bayesian point estimator for the traffic intensity with respect to a

square loss function is given by

E[ρ|data] = E[λ|IA]E[Bi|B]E[Si|S]

=
N1 + u0

AN1 + v0

�
1 +

∞�

k=1

β(k) +m(k)

β(k) + α(k) + n(k) +m(k)

� �

k≥1

E[wkµ
∗
k|S].

The last two terms in the last expression involve an infinite sum which is

intractable to compute in exact form. Hence, we use an MC-approximation

and estimate ρ by

E[ρ|(S,B, IA)] ≈ N1 + u0

AN1 + v0
× C−1

C�

c=1

µ
(c)
B,M µ

(c)
S . (8.46)
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Where for a fixed iteration µ
(c)
B,M is computed as described in section 8.3.1

and µ
(c)
S is sampled as described in section 8.3.2. Alternatively and from a

computational point inexpensive, one may estimate the complete posterior

distribution of the traffic intensity by a Rao-Blackwellized estimator (after

re-parameterization)

L(dρ|(S,B, IA)) ≈ C−1

C�

k=1

fGam(dρ|u0 +N1, (v0 + AN1)/(µ
(c)
B,Mµ

(c)
S )).

(8.47)

The advantage of approximating the posterior law L(ρ|S,B, IA) over the

point estimator ρ̂ is that we obtain information about the shape of the pos-

terior and a possible multi-modality.

Testing Ergodicity of the Queuing System

Before conducting inference for performance measures in steady-state one

needs to do a formal decision whether such a steady-state equilibrium even

exists for the particular queue under consideration. If the system is unstable,

no such performance measures would even exist. Hence, we need a decision

rule δ(IA,S,B) ∈ {0, 1} based on the current state of information provided

by the data (IA,S,B). We denote with δ(IA,S,B) = 1 the acceptance and

with δ(IA,S,B) = 0 the rejection of the null hypothesis

H0 : ρ < 1 versus H1 : ρ ≥ 1. (8.48)

We may assume a weighted 0-1 loss function of the form

L(ρ, δ(IA,S,B)) =





a0 if ρ < 1, δ(IA,S,B) = 0

a1 if ρ ≥ 1, δ(IA,S,B) = 1

0 otherwise.

(8.49)
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A Bayesian decision rule for accepting or rejecting H0 based on the current

information can be expressed as

δ(IA,S,B) =




1 if P (ρ < 1|IA,S,B) >

a1
a0 + a1

0 otherwise.
(8.50)

Where the Rao-Blackwellized estimator of the acceptance probability is given

by

P (ρ < 1|IA,S,B) ≈ C−1

C�

k=1

FGam(1
−|u0 +N1, (v0 + AN1)/µ

(c)
B,Mµ

(c)
S ).

(8.51)

8.4.2 Performance measures in steady-state

Suppose the date provide sufficient evidence for the hypothesis ρ < 1 and

based on the test outlined above we accept that the system is ergodic. Under

this assumption we may assume that the system reaches a steady-state equi-

librium at departure epochs. Inference for performance measure in steady-

state needs to be implemented by restricting the posterior to the ergodic

parameter space

Θergodic = {(λ, PB, PS) ∈ Θ : λE[B|PB]E[S|FS] < 1}. (8.52)

This is important since even if P (ρ < 1|IA,B,S) =: pρ > a1
a1+a2

, the proba-

bility pρ might still be fare away from one. In this case (1−pρ)×100 percent

of each MC-simulation yields a traffic intensity ρ, which is greater or equal

to one. For such draws (λ, PB, PS) no steady-state performance measure

would exist. Therefore, if we want to do inference of performance measures

in steady-state, we need to make sure that we sample for the right parameter
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space. In practice we sample from Θergodic by using the fact that

P (d(λ, PB, PS)|ρ < 1, IA,B,S)

=
P (d(λ, PB, PS)|IA,B,S)I(ρ < 1)

P (ρ < 1|IA,B,S)

∝ P (dPB|B)P (dPS|S)P (dλ|IA)I(λ < (µBµS)
−1).

Hence we may sample from the posterior of Θergodic by first sampling (PB, PS)

from L(PB, PS|B,S) and then sample λ from a Gamma distribution re-

stricted to the interval (0, 1/(µBµS)). We can draw random variables from

a truncated Gamma distribution with some care with acceptance-rejection

sampling [126] or by slice sampling within the MCMC as proposed in [35].

In practice we prefer the acceptance-reception algorithm of [126] since it

produces independent draws. For the remaining part we will assume that

the MX/G/1 queue is ergodic and an equilibrium distribution at departure

epochs exists with respect to P (·|ρ < 1, IA,B,S).

Number of items in the system at departure epochs

A typical steady-state performance measure of interest is the distribution of

the number of items in the system at departure epochs in steady-state, say

L(XE). Assume first that the ”true” parameter θ = (λ, PB, FS) ∈ Θergodic of

the system is known. In this case, one can characterize the PGF of L(XE)

through the traffic intensity and the transform of PB and FS by Pollaczek-

Khinchin formula for the MX/G/1 system, see [109], p. 295

P ∗
XE

(s) = h(s, ρ,λ, P ∗
S , F̂S) =

(1− ρ)(1− s)F̂S(λ[1− P ∗
B(s)])

F̂S(λ[1− P ∗
B(s)])− s

(8.53)

where ρ, F̂S and P ∗
B are defined as before.

Except for some specific θ, it is usually not possible to invert the PGF

(8.53) in closed form to obtain L(XE) explicitly. The same holds for the

non-parametric model (Θergodic, P (dθ|ρ < 1, IA.B,S)). Therefore we refer

to simulation-based inference and estimate the probability measure of the
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number of items in steady-state as follows: for c = 1, · · · , C repeat the

following steps.

1. Sample a batch-size probability Q
(c)
B,M with the bootstrap scheme as

described in section 8.3.1 and

2. compute the mean µ
(c)
B,M and PGF Q

(c)∗
B,M corresponding to Q

(c)
B,M .

3. Simulate a service-time distribution F
(c)
S =

�
F (·|θ)ĞT (dθ) where ĞT

is defined in (8.20) and

4. compute the mean µ
(c)
S,T and the LST F̂

(c)
S,T as in (8.24) and (8.25).

5. Draw [λ(c)|µ(c)
B,M , µ

(c)
S,T ] ∼ Gam(u0 +N1, v0 + AN2)I(λ

−1 < µ
(c)
B,Mµ

(c)
S,T ).

6. Set P
(c)∗
XE

(s) = h(s, ρ(c),λ(c), P
(c)∗
B,M , F̂

(c)
S,T ) and invert P

(c)∗
XE

numerical as

described in section 8.3.3 to obtain a realization P
(c)
XE

:= L(XE)
(c) from

P(L(XE)|ρ < 1, IA,B,S) .

Again, based on the MC-scheme we compute the predictive distribution

and the median as usually by

P(XE = n|IA,B,S) = E[P (XE = n|λ, PB, FS)|IA,B,S]

≈




C−1

�C
1 P

(c)
XE

(n) if n ≥ 1

1− C−1
�C

1 ρ(c) if n = 0
(8.54)

median(L(XE)||IA,B,S) ≈ C−1

C�

1

median(P
(c)
XE

) (8.55)

Note that we estimated the center of the distribution of XE by the me-

dian instead of the mean. We choose the median since the posterior mean

E[XE|ρ < 1, IA,B,S] does not exists. This is a consequence of the fact that

the posterior density of ρ does not approach zero as ρ approaches one even

for the restriction (λ, PB, FS) ∈ Θergodic (see also [10, 155, 11, 15] for the

same phenomena in the semi-/parametric case).
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Waiting time for service and in the system

So fare we only considered the total number of items in the system at steady-

state. A further quantity of interest is the waiting time from arrival to

processing and the total processing time of an item in steady-state. The

second quantity refers to the waiting time plus the actual service time.

This random variables can be studied for the first fortune item within an

arriving batch, say W1 for the waiting time in the queue and W1 + S for the

total time in the system. The same quantities can also be analyzed for an

average test-item in a batch, say W1 +W2 and W1 +W2 + S. The random

time W2 corresponds to the additional waiting time of the average test-item

until all items, within the batch, in front of the test-item are processed. We

could do the same analysis even for the last item within an arriving bath

(which we do not consider here). The Laplace-Stieltjes transforms of the

three random variables W1, W1 + S and W1 +W2 + S are given by

F̂W1(s) =
s(1− ρ)

s− λ+ λP ∗
B[F̂S(s)]

, (8.56)

F̂W1+S(s) = F̂W1(s)F̂S(s) and (8.57)

F̂W1+W2+S(s) =
1− P ∗

B[F̂S(s)]

µB[1− F̂S(s)]
F̂W1(s)F̂S(s). (8.58)

see [109], p. 297. We will consider only the estimation of the probability

L(W1). The estimation of L(W1+S) and L(W1+W1+S) is straight forward.

We treat the analysis of L(W1) separately since L(W1) is not absolutely

continuous.

If the queuing system is empty at arrival, which happens with probability

1− ρ, then the waiting time before starting the service, for the first item in

a bath, is 0. Hence the cdf of W1 is given by

FW1 = (1− ρ)I[0,∞)(·) + ρFW̃1
= I[0,∞) − ρ(1− FW̃1

) (8.59)

where W̃1 := [W1|W1 > 0] has absolutely continuous cdf FW̃1
. Taking Laplace

transform on both sides and using (8.32) we can express the LT of the ccdf
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of W̃1 as

Υ(SW̃1
)(s) = Υ(1− FW̃1

)(s) =
1− F̂W1(s)

ρs
(8.60)

where F̂W1 is given in (8.56).

Now, we can estimate the cdf FW1 using the following algorithm: for

c = 1, · · · , C repeat

1. Sample a batch-size probability Q
(c)
B,M with the bootstrap scheme as

described in section 8.3.1 and

2. compute the corresponding mean µ
(c)
B,M and PGF Q

(c)∗
B,M (·) of Q(c)

B,M .

3. Simulate a service-time distribution F
(c)
S =

�
F (·|θ)ĞT (dθ) where ĞT

is defined in (8.20) and

4. compute the mean µ
(c)
S,T and the LST F̂

(c)
S,T (·) as in (8.24) and (8.25).

5. Draw [λ(c)|µ(c)
B,M , µ

(c)
S,T ] ∼ Gam(u0 + N1, v0 + AN2)I(λ

−1 < µ
(c)
B,Mµ

(c)
S,T )

and set ρ(c) = λ(c)µ
(c)
B,Mµ

(c)
S,T .

6. Compute Υ(S
(c)

W̃1
) according to (8.60) and invert the LT numerically to

obtain a realization S
(c)

W̃1
(·) = P (c)(W̃1 > ·|ρ(c) < 1,λ(c), Q

(c)
B,M , F

(c)
S ) and

take

F
(c)
W1

(·) = 1− ρ(c)S
(c)

W̃1
(·)

as an approximate realization form P(dFW1 |ρ < 1, IA,B,S).

8.5 Numerical Illustration

The aim of this section is to numerical illustrate the inferential procedures

described in the previous section. In particular we consider aMX/G/1 model

which a true arrival rate of λ0 = .1 and a batch size and service time distri-
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bution as follows

PB(j) = 5/6Pois(j − 1|1) + 1/6Pois(j − 1|7) for j ≥ 1,

FS(t) = .4FExp(t|1) + .4FGam(t|10, 10/3) + .15FGam(5, 5/6) + .05FGam(t|7, 7/10)

for t ∈ [0,∞). The true mean of the batch-sizes and mean service-time is

µB,0 = µS,0 = 3. The corresponding traffic intensity of the system is ρ0 = .9.

We simulated two scenarios with a different sample size. In particular we

draw N1 = 500 and 1000 inter-arrival times and batch size variables together

with N2 = 500 and 1000 service times from the true model. Table 8.5 shows

a summary of the simulated data together with the corresponding maximum

likelihood estimator for the traffic intensity.

Table 8.1: Data Summary for the simulated MX/G/1 queue

sample means
Sample size AN1 Batch-size Service-times ρ̂MLE

500 5072.3 2.928 2.841 0.820
1000 10101.7 2.949 2.969 0.867

Since we know the true models we will choose relatively non-informative

prior. For λ we choose P (dλ) ∝ λ−1dλ. This corresponds to the case where

u0 = v0 = 0. Furthermore we center the beta-Stacy random distribution on

a geometric distribution with mean 2, i.e.

E[PB(j)] =
α(j)

β(j) + α(j)

�

1≤l<j

β(j)

β(j) + α(j)
= p(1− p)j−1 (8.61)

where α(j) = p1, β(j) = p 2 and .5 = p1/(p1 + p2). In particular we assumed

a low precision by setting p1 = p2 = .001. Hence the prior is centered on a

distribution with is rather different from the true batch-size distribution, but

the data will dominate the prior guess quickly. For the Bootstrap approx-

imation we used M = 50000 Bootstrap replicas drawn from the predictive

bath-size distribution.

For the MCMC-simulation of service-time distribution we used a burn-in

period of 2000 iterations. After the burn-in we ran 90 Markov chains (using
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available parallel computing techniques). Each single chain has a total length

of only 60 iterations giving a total of 5400 iterations. The autocorrelation

plots showed very little correlation across iterations. Therefore we do not

use any thinning.

Performance measure in transient state

We first show the estimator of performance measures in transient-state. The

arrival process NC(t) =
�

j≤N(t) Bj will be treated first. The true mean-

function of the arrival process is given by E0[Nc(t)] = .3t. The mean function

was estimated as described in section 8.4.1 and is shown in figure 8.5.

Figure 8.1: Predicted mean-function (solid red and blue lines), 95-percent
point-wise credibility interval (dotted red and blue lines) of the compound
arrival process and the true mean function (solid black line).
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The black line shows the true mean function and the solid blue and red

lines show the posterior mean for 500 and 1000 observations. By construction

the accuracy of the estimator will decrease as time t increases. Even for a

sample size of N1 = 500 the point estimator and credibility intervals are quite

acceptable.

The predicted probabilities of the total number of arrivals Nc(t) at fixed

values t = 20, 40, 60 and 80 are shown in figure 8.5. The probability of no
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arrival until t can be estimates directly from the relation

P (Nc(t) = 0|λ, PB) = P (N(t) = 0|λ) = P (IA1 > t|λ) = exp{−λt}. (8.62)

Taking expectation with respect to the posterior, we get

E[P (Nc(t) = 0|λ, PB)|IA,B] = (1 + tλMLE/N)−N → exp{−λ0t} a.s.

as N → +∞, which is a strongly consistent estimator for the true proba-

bility function P0(NC(t) = 0). The remaining probabilities are estimated as

described in the previous section.

Figure 8.2: Predicted probability of arrivals at t = 20, 40, 60 and 80 (red and
blue crosses), 95-percent point-wise credibility interval (dotted red and blue
lines) of the compound arrival process and the true probabilities (solid black
points).

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ●

0 5 10 15 20 25 30

0.
00

0.
05

0.
10

0.
15

 (b) t=20

P
ro

ba
bi

lit
y,

  n
um

be
r o

f a
rr

iv
al

s 
un

til
 t

● true mean fct
point estimator, N=500
point estimator, N=1000
95%−HPD set, N=500
95%−HPD set, N=500

●

●

●

●

●

● ● ● ●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ●

0 10 20 30 40

0.
00

0.
02

0.
04

0.
06

0.
08

0.
10

 (c) t=40

● true mean fct
point estimator, N=500
point estimator, N=1000
95%−HPD set, N=500
95%−HPD set, N=500

●

●

●

●

●

●

●

●

●

●

●
●

● ● ● ●
●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

0 10 20 30 40 50 60

0.
00

0.
01

0.
02

0.
03

0.
04

0.
05

 (d) t=60

Number of arrivals

P
ro

ba
bi

lit
y,

  n
um

be
r o

f a
rr

iv
al

s 
un

til
 t

● true mean fct
point estimator, N=500
point estimator, N=1000
95%−HPD set, N=500
95%−HPD set, N=500

●●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●●●●●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●
●

●●●●●●●●●●●●●●●●●●●●●●●●●

0 10 20 30 40 50 60 70

0.
00

0.
01

0.
02

0.
03

0.
04

0.
05

 (e) t=80

Number of arrivals

● true mean fct
point estimator, N=500
point estimator, N=1000
95%−HPD set, N=500
95%−HPD set, N=500

The true probability distribution can be recovers quite well. The increase

in sample size helps reducing the length if the credibility intervals.
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Traffic intensity and performance measures in steady-state

We now turn to the analysis of the stability of the system summarized by the

posterior of the traffic intensity ρ. A summary of the posterior distribution

is given in table 8.2. Even for N = 500 the posterior concentrates almost

all its mass on the interval [0, 1). For a sample size of 1000 observations the

posterior become close to normal distributed around the maximum likelihood

estimate. The posterior probability in favor of ergodicity of the system is .980

and .996 for 500 and 1000 observations. Any series couple of weights a0 and

a1 for the weighted loss function would lead to acceptance of the ergodicity

of the system.

Table 8.2: Posterior probability for the traffic intensity (true value ρ0 = .9).

Sample Posterior Quantile MC- P (ρ < 1|data)
Size .025 .25 .5 .75 .975 Mean MLE

500 0.746 0.815 0.858 0.901 0.989 0.860 0.820 0.980

1000 0.786 0.837 0.867 0.898 0.959 0.868 0.867 0.996

The predicted distribution of the number of items in the system at depar-

ture epochs at steady-state is shown in figure 8.3. Note that the predicted

probability of the event of no items in the queue is strongly overestimated.

This may seem unreasonably, but hast to be expected. The true probabil-

ity of no items in the system equals one minus the traffic intensity, which it

therefore .1. But we choose relative non-informative prior. Therefore the pre-

dicted traffic intensity follows closely the MLE of the traffic intensity which

is .86. Hence the predicted probability of no items in the system is given by

.14. This basically means that the data did not provide precise information

about the invariant distribution. And an increase in precision can only be

obtained by better prior information, which we tried to avoid since we know

the true model, or by an increase in sample size.
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Figure 8.3: Predicted probability of the number of items in the system at
steady-state at departure epochs (red and blue crosses) and the true proba-
bility (black dots).
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8.6 Conclusions

In the present paper we proposed a semi-parametric analysis of the MX/G/1

bulk queue. The bath-size and service-time distribution was modelled as

a beta-Stacy process and a Poisson-Dirichlet process mixture model with

Gamma kernel. Prediction for summary measure of the queuing model in

transient- and steady-state are obtained by a combination of Bootstrap ap-

proximations and MCMC simulations. Our approach provides a flexible

model for the unknown service-time and bath-size distribution without a

restrictive assumption on a particular class of parametric models. Possible

extensions will focus on alternative tools to approximate the posterior distri-

bution of the service-time cdf in order to speed up the computational time.

This may be obtained by Approximate Bayes Computations (ABS) or by

variational methods. This will be necessary in order to study more com-

plex data structures where data may be observed from several exchangeable

queuing systems. For such problems hierarchical models of the same form as
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above may be appropriate but this requires a shorter computational time.
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8.7 Appendix

8.7.1 Sampling χ ∼ L(χ|S)
Note that, if G is a Poisson-Dirichlet process with parameters (a, b, G0), then

a draw of χ = (χ1, · · · ,χN) from P(dχ) = E[
�

1≤i≤N G(dχi)] can be obtained

through the generalized Pólya-urn scheme [127]

χ1 ∼ G0(·|η)

[χi|χl, l < i] ∼
ki�

j=1

nj,i − a

b+ i− 1
δχ∗

j,i
+

b+ kia

b+ i− 1
G0(·|η) for 2 ≤ i ≤ N

where (χ∗
j,i)

ki
j=1 are the unique values among (χl)l<i which occurred with fre-

quencies nj,i = |{l < i : χl = χ∗
j,i}| for 1 ≤ j ≤ ki. Since there are ties, one

usually introduces cluster indicators, i.e. cl = j if χl = χ∗
i,j . Hence, a draw of

χ within a Gibbs sampler can be implemented by sampling first the partition

[(ci)
N
1 |(χ∗

j)
KN
1 ,S] and secondly sampling the unique values [(χ∗

j)
KN
1 |(ci)N1 ,S].

The full conditional for the cluster memberships is given by

P[ci = j|c−i,χ
∗
−i,S] ∝




(nj,−i − a)f(Si|χ∗

j,−i) if 1 ≤ j ≤ k−i

(b+ ak−i)
�
f(Si|χ)G0(dχ|η) if j = k−i + 1

where χ∗
−i denote the unique values among (χ)j �=i with frequencies nj,−i =

|{l �= i : χl = χ∗
j}| and f(Si|χ∗

j,−i) stands for the gamma density with shape

parameter ν∗
j,−i, mean µ∗

j,−i and χ∗
j,i = (ν∗

j,−i, µ
∗
j,−i). Unfortunately, for the

gamma distribution the integral is intractable even for the standard conju-

gated prior G0 [112, 130]. One could use numerical integration, but following

[120] there are several reasons against this approach.

Instead we apply algorithm 8 in [120] to the Poisson-Dirichlet process

to sample the clustering step. The algorithm introduces auxiliary variables

which leave the full conditional distribution marginally unchanged. The step

of partition and unique cluster representatives is summarized in the first two

points of table 8.3.

It is not always possible to accumulate sufficient prior information to
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choose appropriate parameters (a, b, η). Especially the parameter η of the

base measure is crucial for a good mixing of the Markov chain. We essentially

choose to open a new cluster in step (i.b) if f(Si|χ) is large as a function of

χ ∼ G0(·|η). Hence we may add two additional steps in the MCMC scheme

and treat η ∼ P (dη) as a random variable itself. Similar we let a ∼ Unif(0, 1)

and b|a be a truncated and shifted exponential distribution with support

(−a, bmax) and rate λ. Therefore we add two more steps to our MCMC

scheme in table 8.3.

The base measure G0(·|η) and the full conditional P(dχ∗|S, c)

Given the data S and a partition c the likelihood for the unique cluster

representatives χ∗
j is given by

�

i:ci=j

f(Si|χ∗
j) ∝

(ν∗
j )

njν
∗
j P (S, j)ν

∗
j

Γ(ν∗
j )

nj
(µ∗

j)
−njν

∗
j exp

�
− 1

µ∗
j

T (S, j)ν∗
j

�

where P (S, j) :=
�

i:ci=j Si and T (S, j) :=
�

i:ci=j Si. The conjugated prior

for µ∗
j is the inverse-gamma prior with parameters (ϑ1,ϑ2) and the full con-

ditional becomes

P(dµ∗
j |ν∗

j ,S, c) = InvGam(dµ∗
j |ϑ1 + ν∗

jnj,ϑ2 + ν∗
j T (S, j)). (8.67)

The full conditional for ν∗
j is given by

P(dν∗
j |S, c) =

P (dχ∗
j |S, c)

P (dµ∗
j |ν∗

j ,S, c)

∝ Γ(ϑ1 + ν∗
jnj)

Γ(ν∗
j )

nj

(ν∗
j )

njν
∗
j P (S, j)ν

∗
j

(ϑ2 + T (S, j)ν∗
j )

ϑ1+njν∗j
P (dν∗

j ). (8.68)

There is no standard conjugated prior for ν∗
j . We take a gamma prior

Gam(ψ1,ψ2) and the full-conditional (8.68) becomes

P(dν∗
j |S) ∝

Γ(ϑ1 + ν∗
jnj)

Γ(ν∗
j )

nj

(ν∗
j )

ψ1+njν
∗
j −1e−v∗j (φ2−logP (S,j))

(ϑ2 + T (S, j)ν∗
j )

ϑ1+njν∗j
. (8.69)
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Table 8.3: MCMC algorithm to sample the partition c, cluster rep-
resentatives χ∗ and hyper-parameter (a, b, η)

• Fix an m > 0 over all iterations and sample at a fixed iteration t as
follows:

(i) for i in 1, · · · , N

(a.1) if c
(t−1)
i = j and n

(t)
j,−i ≥ 1, draw (χ∗

j,−i)
k−i+m
j=k−i+1

iid∼ G0(·|η(t−1)).

(a.2) if c
(t−1)
i = j and n

(t)
j,−i = 0, set χ∗

k−i+1,−i = χ
∗(t−1)
j and draw

(χ∗
j,−i)

k−i+m
j=k−i+2

iid∼ G0(·|η(t−1)).

(b) draw c
(t)
i ∈ {1, · · · , k−i +m} from

P(c(t)i = j|c(t)−i,χ
∗(t−1),S)

=




h(nj,−i − a)f(Si|χ∗(t−1)

j,−i ) if 1 ≤ j ≤ k−i

h
(b+ k−ia)

m
f(Si|χ∗

j,−i) if k−i < j ≤ k−i +m
(8.63)

where c
(t)
−i = {c(t)l }l<i ∪ {c(t−1)

l }l>i and remove all χ∗
j ’s without

cluster members.

(ii) Resample the unique values (χ
∗(t)
j )kN1 , i.e of j = 1, . . . , kN draw

P[dχ∗(t)
j |c(t),S] ∝ G0(dχ

∗(t)
j |η(t−1))

�

i:c
(t)
i =j

f(Si|χ∗(t)
j ) (8.64)

(iii) Given the unique values χ∗ = (χ
∗(t)
j )kN1 sample η(t) from the full condi-

tional

P(dη|χ∗(t)) ∝ P (dη)

kN�

j=1

G0(χ
∗(t)
j |η) (8.65)

(iv) Given the cluster-membership n(t) = (n
(t)
1 , · · · , n(t)

k
(t)
N

) sample

P(d(a, b)|n(t)) ∝ P(d(a, b))
�k

(t)−1
N

l=0 (b+ al)

b[N ]

k
(t)
N�

j=1

(1− a)[n
(t)
j −1] (8.66)
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The density isn’t a standard density and not log-concave either. Hence

we need to sample from (8.69) with a Metropolis-Hastings step within the

Gibbs sampler. As suggested in [139] we propose a candidate νP
j from a

Gamma density with shape r and mean ν
∗(t−1)
j (hence V ar[νP

j |ν∗(t−1)
j ] =

E[νP
j |ν(t−1)

j ]2r−1).

Choice of the prior P (dη) and the resulting P (dη|χ∗)

For the base measure G0(dχ|η) = Gam(dν|ψ1,ψ2)InvGam(dµ|ϑ1,ϑ2) the

hyper-parameter η equals (ψ1,ψ2,ϑ1,ϑ2). The likelihood for η is given by

kN�

j=1

G0(dχ
∗
j |η) ∝ ψkNψ1

2 exp{−ψ2T (ν
∗)}P (ν∗)ψ1

Γ(ψ1)kN
(8.70)

× ϑkNϑ1
2 exp{−ϑ2T (µ

∗)}P (µ∗, 2)ϑ1

Γ(ϑ1)KN
(8.71)

where T (ν) =
�kN

j=1 ν
∗
j , T (µ

∗) =
�kN

j=1 1/µ
∗
j and P (ν∗) =

�KN

j=1 ν
∗
j , P (µ∗) =�kN

j=1 1/µ
∗
j . The likelihood for η is similar to the likelihood of χ∗. The

conjugated prior for (ψ2,ϑ2) are independent Gamma distributions with pa-

rameters (τi,1, τi,2) for i = 1, 2 and the full-conditional for (dψ2, dϑ2) becomes

P(dψ2, dϑ2|ψ1,ϑ1,χ
∗) = Gam(dψ2|τ1,1 + kNψ1, τ1,2 + T (ν∗)) (8.72)

×Gam(dϑ2|τ2,1 + kNϑ1, τ1,2 + T (µ∗)). (8.73)

We use independent prior distributions for (ψ1,ϑ1) and the full conditional

for (ψ1,ϑ1) is given by

P(dψ1, dϑ1)|χ∗) =
P(dψ1, dψ2, dϑ1, dϑ2)|χ∗)

P(dψ2, dϑ2)|ψ1,ϑ1,χ∗)

∝ Γ(τ1,1 + kNψ1)

Γ(ψ1)kN
P (ν∗)ψ1

(τ1,2 + T (ν∗))kNψ1+τ1,1
P(dψ1) (8.74)

× Γ(τ2,1 + kNϑ1)

Γ(ϑ1)kN
P (µ∗)ϑ1

(τ2,2 + T (µ∗))kNϑ1+τ21
P(dϑ1). (8.75)
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ψ1 and ϑ1 are conditionally independent and if P (dψ1) and P (dϑ1) are log-

concave, then the full-conditionals will be log-concave as well (see [130] for a

formal demonstration of this result). In particular we choose ψ1 ∼ Exp(λ1)

and ϑ1 ∼ Exp(λ2) + (1+ �) for � > 0, where the support of ϑ1 was restricted

to (1+ �,∞) in order we ensure that E[µ∗|ϑ1,ϑ2] < ∞. Hence we can sample

first (ψ1,ϑ1) independently by adaptive rejection sampling or by black-box

sampling methods for log-concave densities as developed [39, 40] and then

sample (ψ2,ϑ2) given ψ1,ϑ1 as independent Gamma random variables.

Sampling P (d(a, b)|c) via latent variables

We introduce auxiliary random vectors (V,W,U) which leave the full con-

ditional of (a, b) marginal unchanged. The joined density is given by

P (d(a, b),V,W,U|(nj)
kN
1 )

∝ P (da, db)

kN−1�

l=1

I(Vl < b+ al)
N−1�

l=1

I(Wl < (b+ l)−1)

kN�

j=1

nj−2�

l=0

I(Uj,l < 1− a+ l).

Hence we can sample a, b and the augmented variables as

[Vl|(a, b)] ∼ Unif(0, b+ al) 1 ≤ l ≤ KN − 1

[Wl|b] ∼ Unif(0, (b+ l)−1) 1 ≤ l ≤ N − 1

[Wj,l|a] ∼ Unif(0, 1− a+ l) 0 ≤ l ≤ nj − 2, 1 ≤ j ≤ KN

[a|V,W,U, b] ∼ Unif(amin, amax)

[b|V,W,U, a] ∼ Exp(λ)I(bmin < b < b∗max)

where

bmin = max
1≤l≤K−1

(Vl − al,−a), b∗max = min
≤l≤N−1

(1/Wl − l, bmax), (8.76)

amin = max
1≤l≤K−1

(0, (Vl − b)/l), amax = 1 + min
1≤j≤K

min
0≤l≤nj−2

(l − Uj,l). (8.77)

If N become to large it will be faster and more efficient to sample the full

conditional directly by a Metropolis-Hastings step.
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8.7.2 Proofs

Proof of Lemma 33. Note first that by the strong law of large numbersM(j)/M →
PB,n(j) a.s. and M̃(j)/M → 1− FB,n(j) a.s. as M → +∞. Therefore

M(j)

M̃(j − 1)
→ αN(j)

αN(j) + β N(j)
a.s. and (8.78)

M̃(j)

M̃(j − 1)
→ β N(j)

αN(j) + β N(j)
a.s. as M → +∞. (8.79)

Or equivalently (α∗
M(j), β ∗

M(j)) → (αN(j), β N(j)) a.s. as M → +∞.

Now forM ≥ 1 let QB,M = {QB,M (j), j ≥ 1} be a discrete beta-Stacy process

with parameter α∗
M(·) and β ∗

M(·). The QB,M (j) = θ∗M,j

�
l<j(1− θ∗M,l) where

{θ∗M,j are independent beta random variables with parameter (α∗
M(j), β ∗

M(j)).

Fix j ≥ 1, then

lim
M→+∞

E
�
exp{uθ∗M,j}|B

�
= 1 + lim

M→+∞

�

k≥1

�
k−1�

l=1

α∗
M(j) + l

α∗
M(j) + β ∗

M(j) + l

�
uk

k !

= 1 +
�

k≥1

lim
M→+∞

�
k−1�

l=1

α∗
M(j) + l

α∗
M(j) + β ∗

M(j) + l

�
uk

k !

= 1 +
�

k≥1

�
k−1�

l=1

αN(j) + l

αN(j) + β N(j) + l

�
uk

k !
a.s.

= E
�
exp{uθj}

��B
�
,

where θj ∼ Beta(αN(j), β N(j)) and the interchange of limit and sum fol-

lows from the Dominated convergence theorem ({uk/k !} k is proportional to

a Poisson probability mass function with parameter u and the integrand is

bounded by one for all k). Since {θ∗M,j}j≥1 are independent, we have that for
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every k ≥ 1

E
�
exp{u�(θ∗m,1, . . . , θ

∗
m,k)}|B

�
=

k�

j=1

E
�
exp{ujθ

∗
m,j}|B

�

→
k�

j=1

E
�
exp{ujθj}

��B
�
a.s.

= E
�
exp{u�(θ1, . . . , θ

∗
k)}

��B
�
.

Since [0, 1]∞ is separable and the class of finite dimensional sets is a con-

vergence determining class ([20], p.19), given B, the random element Θ∗
M =

{θ∗M,j}j≥1 converges weakly to Θ = {θj; j ≥ 1} as a random element on [0, 1]∞

as M → +∞.

Now define for every j the map fj : [0, 1]∞ → [0, 1] by → fj(x) =

xj

�
l<j(1 − xl) which is easily seen to be continuous. For a fixed j ≥ 1, by

the continuous mapping theorem ([129], Theorem 12, p. 70), given B,

QB,M (j) = fj(Θ
∗
M)

d→ fj(Θ) = θj

j−1�

l=1

(1− θl) =: PB(j). (8.80)

Similarly for f : [0, 1]∞ → [0, 1]∞ defined by f(x) = (fj(x), j ≥ 1) an

application of the continuous mapping theorem yields that, given B,

{QB,M (j), j ≥ 1} = f(Θ∗
M) =⇒ f(Θ) = {PB(j), j ≥ 1} (8.81)

weakly as a random element on [0, 1]∞. This implies, by definition of con-

vergence in distribution on [0, 1]∞, that for every bounded and continuous

function g we have that

E[g(Q∗
B,M )|B] → E[g(PB)|B] as M → +∞. (8.82)

Furthermore, let QB,M (·) = �
k≥1 QB,m(k)δk(·) be defined as a random ele-

ment on MP (N) and let f : N → [0,∞) be a bounded, measurable function

vanishing outside a compact set. Necessarily f =
�k

j=1 ajδij for some k < ∞,
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positive integers i1, . . . ik and positive real numbers a1, . . . , ak. Form (8.82)

E[exp{
�

fdQ∗
M,B}|B] = E[exp{

k�

j=1

ajQ
∗
B,M (ij)}|B]

→ E[exp{
k�

j=1

ajPB(ij)}|B]

= E[exp{
�

fdPB}|B].

Which shows that Q∗
B,M (·) =⇒ PB(·) weakly in MP (N) as M → +∞.

Proof of Lemma 34. Since for every j the sequence θM,j converges in distri-

bution to θj as M → +∞ and {θM,j}M is uniformly integrable we also have

that E[θM,j|B] → E[θj|B]. Hence for SM(j) :=
�

l≤j(1− θM,j) we have that

E[QM(j)|B] → PB,N (j) and E[SM(j)|B] → SB,N (j) = 1− FB,N (j) (8.83)

as M → +∞. Fix � > 0 and choose δ ∈ (0, �). Since, for every fixed M , we

have that 1 ≥ E[SM(j)|B] ↓ 0 as j increases and
�

j>1 E[SM(j)|B] < ∞ we

can find positive integers K and M0 such that

�

j>K

E[SM(j)|B] < δ2/4 ∀M > M0 and
�

j>K

SB,N (j) < δ2/4 (8.84)

Let t ≥ 0 be a point of continuity of P(µB ≤ ·|B). Now, the following

reasoning starts similar to [32], proof of lemma 1. Observe that for M > M0

P
�
µB,M ≤ t|B

�

= P
�
µB,M ≤ t,

�

j>K

SM(j) > �|B
�
+ P

�
µB,M ≤ t,

�

j>K

SM(j) ≤ �|B
�

≤ P
��

j>K

SM(j) > �|B
�
+ P

�
1 +

�

1≤j≤K

�

l<j

(1− θl,M) ≤ t+ �|B
�

≤ �−1
�

j>K

E[SM(j)|B] + P
�
1 +

�

1≤j≤K

�

l<j

(1− θl,M) ≤ t+ �|B
�
.
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Hence, using the fact that
�

1≤j≤K

�
l<j(1− θl,M) →L �

1≤j≤K

�
l<j(1− θl)

as M → +∞

lim sup
M

P
�
µB,M ≤ t|B

�
≤ �/2 + P

�
1 +

�

1≤j≤K

�

l<j

(1− θj) ≤ t+ �|B
�
.

Let � → 0 and K → +∞ and using the fact that t is a point of continuity of

P(µB ≤ ·|B) we obtain

lim sup
M

P(µB,M ≤ t|B) ≤ P(µB ≤ t|B). (8.85)

On the other hand

P(µB ≤ t− �|B) (8.86)

≤ P
��

j>K

SB(j) > �|B
�
+ P

�
µB ≤ t− �,

�

j>K

SB(j) ≤ �|B
�

(8.87)

≤ �/2 + P
�
1 +

�

1≤j≤K

�

l<j

(1− θl) ≤ t|B
�

(8.88)

and therefore as M → +∞

P(µB ≤ t− �|B) ≤ �/2 + lim inf
M

P
�
1 +

�

1≤j≤K

�

l<j

(1− θl,M) ≤ t|B
�
. (8.89)

Again, let � → 0 and K → +∞, with t being a point of continuity of

P(µB ≤ ·|B), we obtain

P(µB ≤ t|B) ≤ lim inf
M

P
�
µM,B ≤ t|B

�
. (8.90)

Proof of Lemma 3. We show first that (Q∗
M(s1), Q

∗
M(s2), · · · , Q∗

M(sn)) con-

vergence in distribution to (P ∗
B(s1), P

∗
B(s2), · · · , P ∗

B(sn)) for any n and any

0 ≤ s1 < s2 < sn ≤ 1. Secondly we show that {Q∗
M(·)}M is tight which by

theorem 7.5 in [20] gives the result.

We show only the case n = 1 for n arbitrary the computations are similar.
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To show point-wise convergence in distribution we modify the proof of lemma

33. Fix �, choose ν ∈ (0, �). Since E[QB,N (j)|B] → PB,N (j) for every j ≥ 1

and
�

j≥1 E[QB,N (j)|B] = 1 we can find positive integers M0 and K such

that

�

j>K

PB,N (j) < ν2/4 and
�

j>K

E[QB,N (j)|B] < ν2/4 ∀M > M0. (8.91)

Fix s ∈ [0, 1], and without loss of generality we may assume that 0 < t < 1

(since Q∗
M(1) = P ∗

B(1) = 1 and Q∗
M(0) = P ∗

B(0) = 0 a.s.). Let t be a point of

continuity of P(P ∗
B(s) ≤ ·|B), then

P
�
Q∗

M(s) ≤ t|B
�

= P
�
Q∗

M(s) ≤ t,
�

j≥K

QM(j)sj > �|B
�
+ P

�
Q∗

M(s) ≤ t,
�

j≥K

QM(j)sj ≤ �|B
�

≤ P
��

j≥K

QM(j)sj > �|B
�
+ P

� �

1≤j≤K

QM(j)sj ≤ t+ �|B
�

≤ P
��

j≥K

QM(j) > �|B
�
+ P

� �

1≤j≤K

QM(j)sj ≤ t+ �|B
�

≤ �−1
�

j>K

E[QM(j)|B] + P
� �

1≤j≤K

QM(j)sj ≤ t+ �|B
�
.

Hence as M → +∞

lim sup
M

P
�
Q∗

M(s) ≤ t|B
�
≤ �/2 + P

� �

1≤j≤K

PB(j)s
j ≤ t+ �|B

�
. (8.92)

Now, let � → 0 such that K → +∞ and use the fact that t is a point of

continuity of P(Q∗
M(s) ≤ ·|B), we obtain

lim sup
M

P
�
Q∗

M(s) ≤ t|B
�
≤ P

�
P ∗
B(s) ≤ t|B

�
. (8.93)

Similar to the proof of lemma 33 the opposite inequality can be obtained

Tesi di dottorato "Some Reinforced Stochastic Processes in Bayesian Statistics"
di VENTZE STEFFEN
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



8.7. APPENDIX 249

starting from

P(P ∗
B(s) ≤ t− �|B)

≤ P
��

j>K

PB(j)s
j > �|B

�
+ P

�
P ∗
B(s) ≤ t− �,

�

j>K

PB(j)s
j ≤ �|B

�

≤ �/2 + P
� �

1≤j≤K

PB(j)s
j ≤ t|B

�

and therefore

P(P ∗
B(s) ≤ t− �|B) ≤ �/2 + lim inf

M
P
� �

1≤j≤K

QM(j)sj ≤ t|B
�
.

Now, let � → 0 such that K → +∞, we also obtain

P(P ∗
B(s) ≤ t− �|B) ≤ lim inf

M
P(Q∗(s) ≤ t|B). (8.94)

To show tightness we use theorem 7.4 [20] and its Corollary in [20]. We need

to show that for any fixed t ∈ [0, 1) the following condition is satisfied

∀� > 0 ∀δ > 0 ∃ν ∈ (0, 1) ∃M0 :

ν−1P( sup
s∈[t,t+ν]

|Q∗
M(s)−Q∗

M(t)| ≥ �|B) ≤ δ ∀M ≥ M0.

Now, using the fact that (t − ν)j − tj = tν
�j−1

l=0

�
j
l

�
tl−1νj−1−l < ν(t + ν)j−1

we can start similar as [32, 33]. We have

P( sup
s∈[t,t+ν]

|Q∗
M(s)−Q∗

M(t)| ≥ �|B) = P
��

j≥1

QM(j)((t+ ν)j − tj) ≥ �|B
�

≤ P
��

j≥1

QM(j)(t+ ν)j−1 ≥ �/ν|B
�

≤ P
��

j≥1

QM(j) ≥ �/ν|B
�

≤ ν2�−2E
���

j≥1

QM(j)
�2
|B

�
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Since
�

j≥1 QM(j) = 1 a.s. also YM :=
��

j≥1 QM(j)
�2

= 1 a.s. and hence

E[Y 2
M |B] = 1. Therefore

ν−1P( sup
s∈[t,t+ν]

|Q∗
M(s)−Q∗

M(t)| ≥ �|B) ≤ ν/�2 ≤ δ (8.95)

for ν < min{δ�2, 1− t}.
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Chapter 9

Conclusions

In the present thesis we tried to use the theory of stochastic processes with

reinforcement and in particular Pólya urn processes to analyze multiple-state

processes and queuing processes. We used only very simple tools, namely

systems of finite-color Pólya urns. In the first part we started with univariate

state-spaces and extended the analysis to the bivariate and multivariate case.

We used the sequence of states between successes stopping times to model an

exchangeable sequence of mixtures of time-inhomogeneous Markov chains.

This is equivalent to regenerative cycles and the strong Markov property

for ordinary Markov chains. But for ordinary Markov chains there is no

learning about future cycles form past cycles. The use of reinforcement

makes it possible to predict summary measure of future cycles by using the

information from the past cycles summarized by the transition counts. All

models considered in the first are discrete time processes.

In the second part we introduced a continuous time stochastic process

with reinforcement which was used for approximate prediction for theM/G/1

queue. We developed a new technique to simulate trajectories from a Beta-

Stacy random distribution function which simplified the implementation sub-

stantially. The estimation of summary measures of the queue can be done

without the use of a MCMC sampler which is usually required for Bayesian

analysis of M/G/1 queues. The quality of the estimator are quite accu-

rate for a medium sample size. The sample size for queuing problems lies
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usually within several thousand observations. In a second step we used

Bayesian methods to analyze the MX/G/1 bulk queue. A Beta-Stacy ran-

dom probability was used to model the random bath-size probability and a

Poisson-Dirichlet mixture model was used to approximate the service-time

density. For the prediction of summary measures we developed a new Boot-

strap method to sample functions of the random bath-size distribution which

was motivated by Bootstrap techniques developed in [33, 78].

Future work could be directed towards the analysis of multi-state models

in continuous time using reinforced stochastic processes. One very interesting

approach in this direction was proposed in [118]. The authors modelled the

usual semi-Markov transition kernel

P (Tn ≤ t,Xn = j|Xn−1 = i) = Πi,jFi,j(t), (9.1)

where Π is some homogeneous transition matrix and Fi,j is some cdf for each

fixed state i, j, in the very interesting opposite direction

P (Tn ≤ t,Xn = j|Xn−1 = i) = Πi,j(t)Fi(t) (9.2)

where Π(·) is now a time dependent transition matrix, i.e. Π(t) is a transi-

tion matrix for every fixed t. [118] modelled in an elegant way a sequence

of mixture of semi-Markov processes. First, for every state i, a sequence of

exchangeable holding times in state i is generated, (Ti,n)n≥1 say. Suppose

that the holding time to state i at the n-th visit of state i is Ti,n. Then the

successor state to state i is drawn by using a continuum of Pólya urns U(t)i

t ≥ 0 and some time transformation function hi(). In particular the n-th

successor state of state i will be the color of the ball drawn from the urn

U(T̃i,n)i where T̃i,n = hi(Tn,i). There are several way of choosing the func-

tion hi(·). A particular choice could be hi(t) = 1, hi(t) =
�

n≥1 tjI[tj ,tj+1)(t)

or hi(t) = t. Choosing the identity function would probably be the natu-

ral choice. But this choice would have the disadvantage that if the actual

observed holding times are continuous, then every Pólya urn would only be

visited once with probability one. This makes prediction inefficient for the
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case hi(t) = t. This would actually be the case for every continuous function

hi(·). Clearly the choice hi(t) = 1 or hi(t) =
�

n≥1 tjI[tj ,tj+1)(t) are legitimate

choices. The random semi-Markov kernel (9.2) would reduce to Πi,jFi(dt)

for the first choice and Πi,j(tj)Fi(dt), if t ∈ [tj, tj+1), for the second choice.

I personally think that it could be interesting to study if there are other

ways to construct mixture of semi-Markov chains using reinforced stochastic

processes without the need of time-transformation functions like hi.

For the analysis of queuing models, it is possible to extend the process

formulation to more general queues by using a supplementary variable tech-

nique. These technique extends the original process to a higher dimensional

process which can be analysis with a continuous time semi-Markov chains.

One could introduce processes keeping track of the length of the current ser-

vice times for each of the c counter of the M/G/c queue at the arrival- and

departure-times. The analysis of a G/G/1 queue with a non-parametric prior

for the service-time and inter-arrival times could be of interest as well. But it

will be necessary to focus in faster computational tools on order to simulate

from the posterior.
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