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Abstract

We propose a framework for speeding up maximum flow computation by using predictions. A prediction is a flow,
i.e., an assignment of non-negative flow values to edges, which satisfies the flow conservation property, but does not
necessarily respect the edge capacities of the actual instance (since these were unknown at the time of learning).
We present an algorithm that, given an m-edge flow network and a predicted flow, computes a maximum flow in
O(mn) time, where 7 is the £; error of the prediction, i.e., the sum over the edges of the absolute difference between
the predicted and optimal flow values. Moreover, we prove that, given an oracle access to a distribution over flow
networks, it is possible to efficiently PAC-learn a prediction minimizing the expected ¢; error over that distribution.
Our results fit into the recent line of research on learning-augmented algorithms, which aims to improve over worst-
case bounds of classical algorithms by using predictions, e.g., machine-learned from previous similar instances. So far,
the main focus in this area was on improving competitive ratios for online problems. Following Dinitz et al. (NeurIPS
2021), our results are among the firsts to improve the running time of an offline problem.

Keywords: combinatorial optimization, maximum flow, algorithms with predictions

1. Introduction 22 Warm-starting maximum flow algorithms has been
2s  studied in the past experimentally (e.g., in computer vi-
2« sion, where maximum flow is often used to compute
»s minimum cuts in subsequent frames of a video [19, 18]).
26 In contrast, we propose an approach with theoretical
27 guarantees.’

28 Learning-augmented algorithms (also called algo-
2 rithms with predictions) are the subject of a recent line
s of research that aims to improve over worst-case bounds
a1 of classical algorithms by using possibly imperfect pre-
s dictions. So far, the main focus in this area was on im-
s proving competitive ratios for online problems. Dinitz
a et al. [6] took a first step to explore improving the run-
s ning times of offline problems. They gave an algorithm
s for the weighted bipartite matching problem that uses a
a7 learned dual solution to improve over the running time
s of the classic Hungarian algorithm. Our approach draws
s inspiration from their work, but it differs significantly in
w0 two aspects. First, we learn a primal, not a dual so-
41 lution. Second, we impose an additional restriction on
«2 the learned solution, namely the flow conservation prop-

Computing a maximum s-¢ flow in a flow network
(i.e., in a directed graph with nonnegative edge capac-
ities and designated source and sink nodes) is a basic
problem in combinatorial optimization. It is a building
block of a number of more advanced algorithms, with
relevance both in theory (e.g., in graph algorithms and
scheduling) and in practice (e.g., in computer vision and
transport).

Imagine we are to solve multiple similar instances
of the maximum flow problem, e.g., the instances are
drawn at random from a distribution, or they are snap-
shots of a single underlying instance changing over
time. Can we learn what a typical optimal solution looks
like, and then use it to speed up further computations?
Or, to put it differently, assume we have a solution —
e.g., obtained from past data or computed by a very fast
heuristic — that is not necessarily optimal, maybe not
even feasible, but close to an optimal solution. How can
we use such an imperfect solution to warm-start a max-
imum flow algorithm and get a better running time?

!Interestingly, while the theoretical guarantees of our algorithms

*Corresponding author are linear in the ¢; error of flow predictions, the empirical perfor-
Email addresses: apolak@mpi-inf.mpg.de (Adam Polak), mance of the heuristic warm-starting approaches [19, 18] happens to
max.zub@student.uj.edu.pl (Maksym Zub) be roughly linear in the £y change in edge capacities.
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erty. This restriction makes our learning problem harder
and the subsequent algorithmic problem easier. In Sec-
tion 1.2 we discuss these differences in greater depth.

1.1. Our results

We propose a framework for speeding up maximum
flow computation by using predicted flow values. Here,
by prediction we mean a flow, which satisfies the flow
conservation property, but does not necessarily respect
the edge capacities of the actual instance (since these
were unknown at the time of learning). We present an
algorithm that, given a flow network G = (V, E) with
edge capacities ¢ € Z‘;O, and a predicted flow f € Z’;O,
computes a maximum flow f € Z‘;O in O(|E| - ) time,
where n = ||f = filh = Xeee |f(e) — fZ(e)l is the £; er-
ror of the prediction. Moreover, we prove that, given an
oracle access to a (joint) distribution over edge capaci-
ties, it is possible to efficiently PAC-learn a prediction
minimizing the expected ¢; error over that distribution.

To formally state our results, let us first define the
maximum flow problem and related concepts.

Definition 1. Given a directed graph G = (V, E), source
and sink nodes s,¢ € V, and nonnegative integral edge
capacities ¢ : E — Z>o, the maximum flow problem
asks to find a function f : E — Z3, assigning nonneg-
ative integral flow to the edges, that satisfies

e capacity constraints: Y. f(e) < c(e), and

o flow conservation:

Yoev\(s.) Zf(u, v) = Zf(V, u)

u:(u,v)ekE u:(vu)ekE

s

and maximizes the flow value defined as val(f) =
Yswee J(s,u). We denote by £ a maximum flow for
given capacities c.

Let us note that we have made the decision to focus

on the integral version of the problem for two reasons.
First, in many applications edge capacities are integral
anyway, and hence there always exists an integral solu-
tion as well, see, e.g., [1]. Second, the error measure
we work with, namely the £; distance, is meaningless if
one allows arbitrary scaling without changing the prob-
lem, as it would be the case for rational edge capacities.
Finally, we remark that all the fastest maximum flow al-
gorithms, including the almost-linear time one [4], are
only weakly polynomial, i.e., their running times de-
pend polylogarithmically on the maximum edge capac-
ity value and, in particular, they work only with integral
edge capacities.
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In Section 2, we prove the following theorem giv-
ing an algorithm that can be seen as the Ford-Fulkerson
method with a warm start.

Theorem 2. Given a directed graph G = (V, E), source
and sink s,t € V, edge capacities ¢ : E — Zx, and
a predicted flow function f : E — Zxq satisfying flow
conservation, one can compute a maximum (s, t)-flow in
G, in time

O(IET-IIf = fZ1h).

Note that the above bound holds simultaneously for
every maximum flow f;, which might not be unique. In
other words, the prediction is good if it is close to at
least one optimal solution.

One of the sought-after properties of learning-
augmented algorithms is robustness, i.e., retaining
worst-case guarantees of classic algorithms even for
arbitrarily bad predictions. However, in the case of
running time bounds, robustness comes essentially for
free (up to a multiplicative factor of 2, vanishing in
the asymptotic notation). Indeed, one can always run
step-by-step an algorithm with predictions alongside the
fastest known classic algorithm, stopping when either of
them stops. Therefore, Theorem 2 paired with the recent
O(|E|'**(M) time algorithm for the maximum flow prob-
lem [4] actually leads to a robust learning-augmented
algorithm with running time

O(IE| - min{||f — £:ll1, |EI"V}).

Naturally, a similar bound but with the ¢, error (in-
stead of the ¢, error) would be more desirable, but let
us argue that such a bound is unlikely. Indeed, the
maximum flow problem with unit edge capacities is not
known to be significantly easier than the general prob-
lem, yet for that special case the £, prediction error can
trivially be bounded by a constant, and hence a mean-
ingful bound of the desired form would mean that it is
an easier problem. Let us also remark that our choice of
the ¢; distance as the prediction error metric is consis-
tent with related works [6, 3].

The proof of Theorem 2 that we give at the beginning
of Section 2 uses a simple algorithm that calls the Ford-
Fulkerson method (see Section 1.2) as a black-box but
also spends O(|E| - ||f — f]l1) time on top of that. Later,
in Section 2.1, we prove the following stronger result
that implies Theorem 2.

Theorem 3. Given a directed graph G = (V, E), source
and sink s,t € V, edge capacities ¢ : E — Zx,
and a predicted flow function [ : E — Zxq satisfying
flow conservation, one can reduce computing a maxi-
mum (s, t)-flow in G to computing maximum flows in two
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graphs, each with O(|E|) edges and the maximum flow
value bounded by O(||f — fll1). The reduction works in
O(|E)) time.

Composing Theorem 3 with the Ford-Fulkerson
method gives the same worst-case running time bound
as Theorem 2. However, the alternative approach has
the advantage that all the computations that take more
than linear time can be delegated to one of many avail-
able highly optimized implementations of maximum
flow algorithms, and therefore this approach might be
more efficient in practice

Next, we want to argue that predictions required by
the above algorithm can be efficiently learned, in a PAC-
learning sense. We assume that the underlying graph,
as well as the choice of the source and sink nodes, are
fixed. (This assumption is almost without loss of gener-
ality, because one can take the underlying graph to be a
clique, with capacities zero for nonexistent edges; that,
however, may cause a running time overhead, because
of the increased number of edges.) Our goal is to prove
that, given a joint distribution over edge capacities, we
can efficiently learn a flow approximately minimizing
the expected £, error over that distribution. We do it in
two steps. First, in Section 3, we prove Theorem 4, giv-
ing an algorithm that finds a prediction that minimizes
the error on a given set of samples. It works under the
assumption’ that Jfe’s are unique (or, arbitrarily fixed)
solutions to the maximum flow problem instances given
by capacities ¢;’s. Then, in Section 4, we prove The-
orem 5, which states that if the number of samples is
large enough, then such a prediction for these samples
also approximately minimizes the error for the whole
distribution.

Theorem 4. Given a directed graph G = (V, E), with
source and sink s,t € V, and a collection of k lists of
edge capacities c1,¢,...,Ci € Zgo, one can find an in-
tegral flow prediction that minimizes the prediction er-

ror on this collection, i.e.,

A . (1 .
f = argmin{z 3 1F = |
i€lk]
[ E — Z3 satisfying flow conservation},

in time O(T (k - |E|)), where T(m) < m'™W" denotes the
min-cost flow complexity in graphs with m edges.

2This is a standard assumption for PAC-learnability results in the
literature on (static) algorithms with predictions, see, e.g., [6, 25, 5].
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Theorem 5. Let G = (V,E) be a directed graph,
with source and sink s,t € V, and let c|,ca,...,c, €
Zgo, for k = (*D(CTZMXIEI3 log(cmax|El)), be indepen-
dent samples from a distribution D, where Cp,x =
MaXcesupp(D).eck C(€). Let f € Zgo be a flow that mini-
mizes the prediction error on this collection of samples,
as in Theorem 4. Then, with high probability over the
choice of the samples, the expected €, error of f over D
is approximately minimum possible, i.e.,

Ee-pllf = £ < H}inEcwllf = fell+ O,

where the minimum is taken over functions f € ZEO
satisfying the flow conservation property.

1.2. Related work

Maximum flow algorithms. There are numerous algo-
rithms for the maximum flow problem. The Ford-
Fulkerson method [12] is a starting point for many
of them, and its vanilla version runs in weakly poly-
nomial O(|E| - val(f;)) time for integral edge capaci-
ties. The strongly polynomial time algorithms, which
also work for rational edge capacities, can be roughly
split into three groups: augmenting paths algorithms
(e.g., [9, 7, 13]), push-relabel algorithms (e.g., [14]),
and pseudoflow algorithms (e.g., [15]). Each of these
groups contains algorithms with running time 5(|V| -|E])
that are widely used in practice, see, e.g., [2, 11]. A long
line of research on Laplacian solvers and interior-point
methods, initiated by [26], culminated recently with a
(weakly polynomial) almost-linear O(|E|'*°V) time al-
gorithm [4].

In the light of this new development, it may seem
that our learning-augmented algorithm is only relevant
for very small prediction errors, namely [|f — fli <
|E|'+°(M . However, at this point it is not yet clear if the
new almost-linear time algorithm will lead to practical
developments.’

Learning-augmented algorithms. The idea of using
predictions to improve the performance of algorithms
is not a new one, see, e.g., [22]. However, the recent
systematic study of such methods — under the umbrella
term of learning-augmented algorithms, or simply algo-
rithms with predictions — seems to have started with the
works of Lykouris and Vassilvitskii [21], and Purohit,
Svitkina, and Kumar [24]. Since then, the field devel-
oped rapidly, see [23] for a survey. So far, the majority

3See https://codeforces.com/blog/entry/100510 for a
relevant discussion with an author of [4].
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of the works focus on online algorithms, where predic-
tions help reduce uncertainty about the yet unseen part
of the instance. There are, however, also works on, e.g.,
data structures [20], streaming algorithms [17], and sub-
linear algorithms [8]. Apart from a simple example of
binary search [21], until recently there were no works on
improving algorithms running times using predictions.
This has changed with the work of Dinitz et al. [6], the
recent followup works of Chen et al. [3], and Sakaue
and Oki [25], as well as the work of Ergun et al. [10]
(which is however concerned with approximation algo-
rithms and uses a significantly different approach).

Learning-augmented weighted bipartite matching. A
direct inspiration for our approach is the work of Dinitz
et al. [6]. They study the maximum weighted bipar-
tite matching problem and predict the dual* solution.
They give a learning-augmented algorithm that solves
the matching problem in O(|E| VIV]-min{z, V|V]}) time,
where 1 is the £, error of the predicted dual solution —
our Theorem 2 is an analogue of that result. They also
show that, given an oracle access to a joint distribution
over edge weights, one can efficiently learn a prediction
minimizing the expected ¢; error over the distribution —
our Theorems 4 and 5 are together an analogue of that
result.

The most apparent difference between their approach
and ours is that they use a predicted dual solution and we
use a predicted primal solution. The reason they state
for focusing on the dual solution is that the primal so-
lution is very volatile to small changes in the input. Let
us note that this argument clearly applies to weighted
problems (in particular, e.g., to the minimum cost flow
problem) but it is not clear if it also applies to the maxi-
mum flow problem. Moreover, it is also not clear if the
dual solution is indeed less volatile, even for weighted
problems.

The second important difference is that they do not
impose any constraints on predictions, while we require
that the predicted solution satisfies the flow conserva-
tion property. This difference has the following con-
sequences. First, their learning algorithm can be very
simple — the best possible prediction is just a coordinate-
wise median over the solutions for the samples — while
we need to solve the minimum cost flow problem in-
stead. Second, turning a prediction into a feasible so-
lution is also harder for us, as we want to maintain the
flow conservation property. On the other hand, once we

“#Recall that the matching problem can be formulated as a linear
program, and every linear program has a corresponding dual program.
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have a feasible solution, the remaining part of our max-
imum flow algorithm is simple and easy to analyse, in
contrast with their tailored primal-dual analysis for the
analogous part of their algorithm.

Other algorithmic speedups using predictions. In their
recent work Chen et al. [3] improve the running time
of Dinitz et al. for the matching problem, and extend
their framework to a couple of other graph problems:
the negative weights single-source shortest paths prob-
lem, the degree-constrained subgraph problem, and the
minimum cost 0-1 flow problem. For all these problems
they use predicted dual solutions. They also propose
general learnability theorems, which imply a result sim-
ilar to Lemma 8 (see also the discussion below the proof
of Lemma 8 for a comparison of such results with The-
orem 5).

Sakaue and Oki [25] propose a general framework for
augmenting discrete optimization problems with pre-
dictions. Their approach leads to faster algorithms for
three problems: weighted bipartite matching, weighted
matroid intersection, and discrete energy minimization
for computer vision. It is notable that their guarantees
hold with respect to the ¢, prediction error, compared
to the ¢; error in previous works [6, 3] and ours. In-
terestingly, their framework allows working with both
primal and dual predictions. They analyse what proper-
ties of a problem make it more suitable for one type of
predictions or the other, and they end up using primal
predictions for the discrete energy minimization prob-
lem.

Ergun et al. [10] study k-means clustering, and use
predictions to achieve in near-linear time approxima-
tion factors that are impossible to achieve without pre-
dictions even in polynomial time. They also propose a
very general learnability framework, based on relating
the VC-dimension of a class of functions to their com-
putational complexity, which implies bounds similar to
ours, but with a worse sample complexity.

Dropping flow conservation constraints. In the concur-
rent and independent work [5], Davies, Moseley, Vas-
silvitskii, and Wang propose a similar framework for
speeding up maximum flow computations by using pre-
dictions. The key difference is that in their setup the
prediction does not necessarily need to satisfy the flow
conservation constraints. They prove analogs of our
Theorems 2-5 for their notion of prediction. In particu-
lar, they also use the ¢; distance between the predicted
and the maximum flow as the prediction error, and they
achieve the same running time as in our Theorem 2.
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Their analog of our Theorem 2 also follows the two
step approach consisting of a feasibility step and an op-
timization step. Their optimization step is identical to
ours, the key technical difference lies in the feasibility
step. In this step, our algorithm only needs to fix vi-
olated capacity constraints, while their algorihtm fixes
both capacity and flow conservation constraints. It first
fixes the capacity constraints by just decreasing the flow
on oversaturated edges — possibly violating additional
flow conservation constaints, which however are going
to be fixed next. Then, it fixes the flow conservation
constraints using a reduction to a maximum flow com-
putation in an auxiliary graph — similar to our proof of
Theorem 3.

On the other hand, learning (Theorem 4) in their setup
is much easier. Since the prediction for each edge can
optimized independently, it boils to down to selecting —
for each edge — the median of optimal flow values along
that edge among samples.

1.3. Limitation and open problem

We do prove that a prediction with a small ¢; error
can be used to speed up maximum flow computation,
and that given a distribution over flow networks one can
learn a prediction minimizing the ¢; error. However,
we do not answer the question of what makes a dis-
tribution have such a minimum that is actually small.
There seems to be no standard approach to address this
type of representation error question, and the related
works [6, 10, 3] do not address it either.

2. Warm-starting Ford-Fulkerson

Theorem 2. Given a directed graph G = (V, E), source
and sink s,t € V, edge capacities ¢ : E — Zxo, and
a predicted flow function f : E — Zxq satisfying flow
conservation, one can compute a maximum (s, t)-flow in
G, in time

O(ET-IIf = fZ1h).

Proof. At first, the predicted flow f does not necessarily
satisfy the capacity constraints imposed by c, i.e., for
some edges e € E it might happen that f(e) > c(e).
The algorithm consists of two steps. In the first step,
it turns f into f that satisfies the capacity constraints,
while maintaining the flow conservation property. In
other words, f is a feasible flow. Then, in the second
step, the algorithm augments f to an optimal flow.
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First step: feasibility. Recall that every integral flow
decomposes into cycles and s-t paths® (see, e.g., [1,
Theorem 3.5]). The algorithm initializes f = f. While
there is an edge e € E with f(e) > c(e), the algorithm
uses, e.g., depth-first search to find a cycle or an s-t
path containing e (at least one of them is guaranteed to
exist because of the integral flow decomposition), and
decreases the flow f along this cycle/path by one unit.
This keeps the invariant that f satisfies the flow con-
servation property. When the process is done, f also
satisfies all the capacity constraints.

Second step: optimization. Now, the algorithm con-
structs the residual network with respect to f , i.e.,
the flow network G; = (V,Ej) with edge set E; =
{(u,v) | (u,v) € E or (v,u) € E} and residual capacities6
cpu,v) = (c(u,v) — Fa,v) + fo,u). He{e, for nota-
tional simplicity, we assume that c(u, v) = f(u,v) = 0 if
(u,v) ¢ E. Then, the algorithm runs the Ford-Fulkerson
method [12] on G to find a maximum flow fj} in time
O(|E| - val( fjf,)). Finally, f + fjf, is a maximum flow for
the original edge capacities c, see, e.g., [ 1, Property 2.6].

Running time analysis. Leto = ) ,.p max{f(e)—c(e), 0}
be the total amount by which the flow prediction vio-
lates the capacity constraints. The algorithm makes at
most ¢ iterations in the first step, and each iteration de-
creases the flow value val(f) by at most one. We con-
clude that the first step runs in O(|E| - 6) time, and that
val(f) — val(f) < 6.
The second step of the algorithm runs in time

O(E| - val(f7)) = O(E| - (val(f) — val(f))) =
= O(E| - ((val(f)) = val(f)) + (val(f) = val(f))).

Let 7 = ||f — f|l; denote the prediction error. It is easy
to see that | val(fy") — val(f)| < n, and that § < 7, so, in
particular, val(f) — val(f) < § < n. Therefore, the run-
ning time of both steps of the algorithm can be bounded
by O(E] - ). O

2.1. Alternative variant of the first step

In this section we give an alternative variant of the
first step of the above algorithm. The asymptotic run-
ning time remains the same, but, as we explained when

51.e., there exists a collection P1, ..., pr such that each p; is either a
(simple) cycle or a (simple) s-¢ path in G, and f(e) = #{i € [k] | e € p;}
for every edge e € E.

5The amount of extra flow that can be sent from u to v equals the
sum of remaining capacity for edge (u, v), i.e., c(u, v) — f(u, v), and the
flow sent from v to u, which can be reversed, i.e., f(v, u). Usually we
expect only one of these two summands to be non-zero.
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introducing Theorem 3 in Section 1.1, this alternative
algorithm might be more efficient in practice, because it
allows delegating most of the work to any existing well-
optimized maximum flow solver. See Algorithm 1.

Algorithm 1: Computing maximum flow

Input: flow network G = (V, E), source s, target
t, edge capacities c, predicted flow f
Output: maximum flow for edge capacities ¢
/* Step 1: Feasibility
E—0; Ge— (VU{3DE)
foreach (u,v) € E do
E—EU {(v, n)}
if f(u,v) < c(u,v) then
L c(v,u) « f(u,v)
else
c(v,u) « c(u,v)
60— 0+ f(u,v) —c(u,v)
E «— EU{(,u), v, 7
(5, u), (v, 1) « f(u,v) —c(u,v)

*/
0«0

E—EU{sn) st <0
f < max flow from 3 to 7 in G with capacities ¢
foreach (u,v) € E do

| fu,v) — min(f(u, v), c(u, v)) = f(v,u)
/* Step 2: Optimization
G « residual network with respect to flow f
f:j < max flow from s to 7in G

*/

return f + 1

Consider graph G= W, E) with E = {(v,u) e VX V|
(u,v) € E}, i.e., a copy of G with reversed edges. Set
capacities to ¢(v,u) = f(u,v). Note that the first step
of the original algorithm essentially finds an integral ¢-s
flow fin G such that

@) if f(u,v) > c(u,v), then f(v, u) = f(u,v) —c(u,v),
for every (u,v) € E;
(i) val(f) < 6.
At the end of the first step f(u,v) = f(u,v) — f(v,u). In
this section we give a different way to compute such f.

Add to G edge (s,1), and set ¢(s,f) = 0. Now, the
problem of finding a #-s flow satisfying (i) and (ii) be-
comes the problem of finding a circulation’ satisfying
(i). This problem — of finding a circulation with lower
bounds — can be reduced to a problem of finding a

7A circulation is defined similarly to a flow. The only exception is
that there are no designated source and sink nodes, and hence the flow
conservation property has to be satisfied for all the nodes of the graph
(see, e.g., [1, Section 1.2]).
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maximum flow (without lower bounds) in a graph with
the maximum flow value equal to the sum of all lower
bounds, see, e.g., [1, Section 6.7]. The reduction works
as follows.

First, add to G two new nodes § and 7. N ext, for each
edge e = (u,v) € E that violates the capacity constraint
let 6, = f(u,v) — c(u,v) > 0 be the excess flow for
this edge; add to G two edges, (5,u) and (v, 7), set their
capacities to &(5,u) = ¢(v,f) = d., and decrease the ca-
pacity of edge (v, u) by 6., so that &(v, u) = c(u, v). This
ends the description of the graph constructed in the re-
duction.

Note that the total capacity of edges leaving § equals
the total capacity of edges entering 7, which also equals
0 = Yeep max{f(e) — c(e),0}. As we will see in a mo-
ment, the existence of a flow saturating these edges is
equivalent to the existence of a circulation satisfying the
lower bounds — which is guaranteed to exist because the
original first step of the algorithm finds such a circula-
tion.

After constructing G as above, the alternative first
step proceeds as follows. The algorithm computes a
maximum §-7 flow f in 5, using a Ford-Fulkerson
method. Then, for each edge e = (u,v) € E that vi-
olates the capacity constraint (in the original graph G),
the algorithm first removes the saturated edges (8§, u) and
(v, f) from G. Note that now nodes u and v do not sat-
isfy the flow conservation property, namely node v has
an excess of d, units of incoming flow and node u has a
deficit of d, units of incoming flow. The algorithm re-
stores the flow conservation property by increasing flow
f (v, u) by d, units, and therefore it ensures that the lower
bound for this edge is satisfied. This procedure essen-
tially proves the equivalence of the existence of a flow
saturating the sink and source edges and the existence
of a suitable circulation.

This ends the description of the alternative algorithm.
Let us analyse its running time. Graph G has O(|E))
edges and can be constructed in O(|E|) time. Since
val(f) = ¢, the Ford-Fulkerson method runs in O(|E| - §)
time. Finally, transforming f to f takes O(|E|) time.
Therefore, the total running time of O(|E| - §) remains
unchanged compared to the original first step of the al-
gorithm. This proves Theorem 3.

Theorem 3. Given a directed graph G = (V, E), source
and sink s,t € V, edge capacities ¢ : E — Zxy,
and a predicted flow function f : E — Zxq satisfying
flow conservation, one can reduce computing a maxi-
mum (s, t)-flow in G to computing maximum flows in two
graphs, each with O(|E|) edges and the maximum flow
value bounded by O(||f — f|l1). The reduction works in
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O(|E)) time.

Finally, we remark that a similar trick — for handling
edges initialized with a flow exceeding their capacities
— was already proposed, albeit without provable running
time guarantees, in the context of repeatedly solving
similar minimum cut instances in a computer vision ap-
plication [19]. That trick however only allows comput-
ing the maximum flow value and a corresponding mini-
mum cut, but not the flow itself.

3. Learning a prediction that minimizes error

Theorem 4. Given a directed graph G = (V, E), with
source and sink s,t € V, and a collection of k lists of
edge capacities c¢1,¢3,...,Cy € Zgo, one can find an in-
tegral flow prediction that minimizes the prediction er-
ror on this collection, i.e.,

f = argmin{ 2 0 - £ |

ielk]

f 1 E — Zx satisfying flow conservation},

in time O(T(k - |E|)), where T(m) < m'*°W denotes the
min-cost flow complexity in graphs with m edges.

Proof. The first step of the learning algorithm (see Al-
gorithm 2) is to compute a maximum flow f; for each
i € [k]. This step can be completed in k - T(|E|) <
O(T (k - |E|)) time in total.

Now, the goal is to find an integral flow f (satis-
fying the flow conservation property) that minimizes
2ictk] 2ieck [ (@)= fo (Ol = Xeck Diepi 1/ (€)= f;(e)]. For
an edge e € E, let cost,(x) = Y lx — f;(e)| denote
the contribution of f(e) to the minimization objective,
which now can be written simply as ) g cost.(f(e)).

Let us analyse how the function cost.(x) behaves.
Let x; < xp < -+ < x; denote the sorted elements
of the (multi-)set {f7(e), f (e),..., fr(e)}. Clearly,
cost,(0) = ey xi- For x € [0, x;], the contribution
cost,(x) is a decreasing linear function with slope —k.
For x € [xy, x;], the slope is —k + 2. More generally,
for x € [x;, x;41] the slope is 2i — k, because increasing
the flow by ¢ increases also by ¢ each of the first i sum-
mands, and decreases by the same amount each of the
remaining (k — i) summands in the sum ;¢ [x — x;l.
Hence, cost.(x) is piecewise linear and convex, and the
overall goal is to find a flow minimizing a separable
piecewise linear convex cost function.

The above problem can be reduced to the standard
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xo = 0 and x3,; = +oo. Replace each edge e € E with
k + 1 parallel edges ey, ..., e, and let edge e; have ca-
pacity x;.; — x; and cost (of sending one unit of flow)
equal to 2i — k. It is easy to observe that any opti-
mal solution to the minimum cost flow problem in the
constructed multigraph uses some prefix of the cheapest
parallel edges for each e € E, and the total cost of such
prefix behaves exactly like cost,. Since all the intro-
duced capacities are integral, it is guaranteed that there
exists an optimal integral solution. The multigraph has
(k + 1) - |E| edges, hence the minimum cost flow can be
found in O(T'(k - |E])). O

Algorithm 2: Learning prediction from samples
Input: flow network G = (V, E), and sampled
edge capacity functions cy, ¢, .. ., Ck
Output: flow f minimizing } e IIf = £:1h
foreachi € {1,2,...,k} do
L compute maximum flow f; for capacities c;

foreach e € E do
xp < o0 < < sorted set {f7 (e), ..., £ (e)}
xo « 0, Xpq1 <« +00
replace e with k + 1 parallel edges ey, . . .
foreachi € {0,...,k} do

capacity of ¢; «— x;41 — X;
L costofe; «— 2i —k

7ek

return minimum cost flow in the modified graph

4. Sample complexity

Theorem 5. Let G = (V,E) be a directed graph,
with source and sink s,t € V, and let c|,ca,...,c; €
Zgo’ for k = O(c2|EP log(cmax|E), be indepen-
dent samples from a distribution D, where cpayx =
MaX ccsupp(D).ecE C(€). Let f € Zgo be a flow that mini-
mizes the prediction error on this collection of samples,
as in Theorem 4. Then, with high probability over the
choice of the samples, the expected €, error of f over D
is approximately minimum possible, i.e.,

Ee-ollf - £l < rxgnEc~9||f—ﬁ||l +0(1),

minimum cost flow problem [1, Chapter 14]. The re- 47 where the minimum is taken over functions f € ZEO

duction works as follows. For notational simplicity, let
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satisfying the flow conservation property.
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E

200 let us use
=

For a flow prediction f € Z

1
CO8ter...ol(f) = 7 D I = Filh.

i€[k]

costp(f) = Ec-ollf = fi1h

to denote the £; error of f on the samples and on the
distribution, respectively. We will use Hoeffding’s in-
equality to prove that the number of samples in The-
orem 5 is large enough for cost., . (f) to be a good
approximation of costp(f), with high probability for all
f’s simultaneously.

Theorem 6 (Hoeffding’s inequality [16]). Let
Xi,.... X be independent random variables with
values from 0 to U, and let S = X| + -+ + X denote
their sum. Then, for all t > 0,

P(IS —ES| > 1) < 2-exp(—=212/kU?).

To use the inequality, first we need a bound on the
values of the considered functions.

Lemma 7. Any flow prediction f that minimizes the er-
ror must satisfy || flli < 2¢max|El-

Let us note that Lemma 7 is actually nontrivial. Even
though [|f]lc < cmax for every i € [k], it may happen
that || f|lcc > cmax because of the flow conservation con-
straint, e.g., when multiple disjoint paths end at a single
node and force a single edge going out of that node to
have a flow larger than cpqx.

Proof of Lemma 7. For every ¢ € supp(D), we have
llelli < cmaxlEl, and, since 0 < f* < ¢, then also
If71li < cmax|El. Moreover, by the triangle inequal-
ity, [If = fZll + 12 = 1fl, and thus [|f = fXll >
Ifll = cmaclEL IEIfIl > 2cmalEl, then If = £l >
cmax|E| for every ¢ € supp(D), and thus also costp(f) =
Eenllf = fZllh > cmaxlEl.

At the same time, if we consider the all-zero vector
as a flow prediction, we have [|0 — f7|l; = 5l <
cmax|E|, for every c € supp(9D), and thus also costy(0) =
Ecoll0 = fXlli < cmax|El. It follows that f could not
minimize the error if || f||; > 2cmax|E|. [

Now we are ready to apply Hoeffding’s inequality in
order to prove the following lemma.

Lemma 8. With high probability over the choice of the
samples, for all € Zio satisfying the flow conserva-
tion property and such that || f||; < 2cmaxlE| it holds that

| coste,,..c.(f) — costp(f) < 1.
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Proof. For a fixed f, satisfying the conditions of the
lemma, let X; = 1[lf — f:ll;. We have that ||f — fi]l; <
If 1 +11/2 11 < (2+ 1) cmax|E], so the random variable X;
has values from O to 3cmax|E|/k. Clearly, cost,, . (f) =
X+ -+ X, and Ecost, ., (f) = costp(f). Applying
Hoeftding’s inequality, with ¢ = 1, we get that

P(|coste,,...,(f) = costp(f)l = 1)
2
s e"p( Tk <3cmax|E|/k>2)
= eXp(—OF/ (cmul EN?))
= exp(—®(|E| log(cmaxlED))-

Let ¥ denote the set of all f’s satisfying the
conditions of the lemma. We can upper-bound the
number of such f’s by |F| < QemalEl + DEI =
exp(O(|E| log(cmax|El)))- To finish the proof, note that

|71 - poly(cmax| EI)
< exp(O(|E| 10g(cmax E))) - exp(@(log(camax ED))
= eXp(®(|E| log(cmaxlED))v

and hence we can take the union bound to conclude
that with high probability it holds that | cost,, . (f) —
costp(f)| < 1 forall f € ¥ simultaneously. O

Let us remark that the above proof of Lemma 8 cru-
cially relies on the fact that it suffices to consider a finite
set of possible flow predictions — because they are inte-
gral and bounded — and therefore we can use the union
bound. Dinitz et al. [6, Section 3.3 in their supplemental
material] give a proof of an analogous result regarding
learning optimal dual solution for the weighted bipar-
tite matching problem. Their proof is more complex
than ours, it uses the notion of pseudo-dimension, but
thanks to that it works also for fractional predictions.
We note that it is possible to prove alternative version of
Lemma 8, in the spirit of Dinitz et al., that would gen-
eralize to fractional flows but would lose a small factor
log |E| in the sample complexity.

With Lemma 8 at hand, it takes a standard argument
to prove Theorem 5.

Proof of Theorem 5. Let f and f be flow predictions
that minimize the error on the samples and on the whole
distribution, respectively. By Lemma 7, || Al AL <
2cmax|El, and hence Lemma 8 applies. Note that it is
crucial that Lemma 8 holds with high probability for all
f’s, because f is chosen after the samples are drawn
from D. We finish the proof with the following chain of
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inequalities.

Lemlma 8
costp(f) < coste, . o, (f) +1
< coste,. o (f) + 1 < costp(f) + 2.
T

because f minimizes the error
oncy,...,Ck

Lemma 8
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