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Abstract. In recent years statistical physics has proven to be a valuable tool
to probe into large dimensional inference problems such as the ones occurring
in machine learning. Statistical physics provides analytical tools to study funda-
mental limitations in their solutions and proposes algorithms to solve individual
instances. In these notes, based on the lectures by Marc Mézard in 2022 at the
summer school in Les Houches, we will present a general framework that can be
used in a large variety of problems with weak long-range interactions, including
the compressed sensing problem, or the problem of learning in a perceptron.
We shall see how these problems can be studied at the replica symmetric level,
using developments of the cavity methods, both as a theoretical tool and as an
algorithm.
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1. Introduction

Equilibrium statistical physics that explores high-dimensional probability distributions,
has significantly evolved over the past fifty years due to advances in the theory of dis-
ordered systems. This has led to its application across a wide spectrum of problems.
Our discussion will initially focus on two illustrative examples: one from the field of
machine learning and the other from information processing, both of which exemplify
this category. Subsequently, we will describe a broader class of problems that not only
incorporate the above examples, but also a variety of other scenarios involving numerous
variables engaging in weak long-range interactions. We will systematically detail how
this inclusive set of problems can be examined at replica symmetric level. This examina-
tion employs the cavity method, alternatively known as belief propagation (BP), which
gives rise to a suite of algorithms referred to as approximate message passing (AMP).
We will provide an in-depth discussion on how numerous problems, which typically
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require an exponential computational expense relative to the number of variables, can
be addressed more efficiently with polynomial complexity using these techniques.

1.1. An example from machine learning: the generalized perceptron in ridge regression
setting

How can one address some issues of machine learning problems using techniques inspired
by physics? We first give a simple example of that in an emblematic setting: the gen-
eralized perceptron solving a ridge regression task. The problem can be summarised as
follows: assume you have a dataset D of P samples D = {y",F*},_; _p, being F# the
N-dimensional data while y* the set of labels for these. The generative recipe according
to which data are labelled can be enforced by introducing some ‘teacher’ structure. In
practice, for each data point F*, the teacher generates the label according to the rule

y' =0 (F"-x*) + 0 (1)

where ¢ (-) is called activation function while x* are the parameters that characterize
the teacher. We have also incorporated some random Gaussian noise in the expression
by adding n* ~ N(0,A?), which models the situation in which it is possible for the
student to infer the teacher rule even if it is corrupted independently of the examples.
A simple way to rephrase the problem is that the student network with parameters x

would like to recover the parameters x* of the teacher by minimising an error function
E(x,D)

min £ (x,D) = min |3 (4"~ 6 (F*-x))* +V (x) (2)

which measures the average squared difference between the actual and predicted values
of the labels for each patterns. Precisely, in the expression (2), the first term pushes the
student vector x to learn the generative process while the second one, commonly called
regularisation, restricts the space of parameters that x can take. The function ¢(-) is
usually non-linear and depending on the task may reduce to commonly used versions:
the sign(z) in the standard perceptron case, while generalised variations can account
for smoother version like tanh(-) or sparsity-enhancing functions like the rectified linear
unit ReLU(z) = max (0,2). We refer to [1] for an introduction to perceptrons with a
statistical physics perspective.

Given the prescription, we can reformulate the learning problem in a probabilistic
setting as Bayesian estimation: extract F* ~ P¥, x* ~ PX and generate {y"} through
the process (1), then given D the objective is to recover x that minimises on average
the error function E(x,D) using the posterior probability

1
P(x|D) = lim Ze_ﬁE(X’D) (3)

[B—o0

and given some prior distribution that is factorized on the parameters [[, Py(x;).
Resorting to a statistical mechanics formulation of the problem, this is the well-known
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Figure 1. A binary alloy crossed by a measurement ray.

Boltzmann distribution and we can think of the parameters of our model as the ‘spin’
variables while the § parameter is the inverse of temperature. In practice, S controls
the distribution over the parameters, that in the limit 5 — oo will concentrate on the
values that minimise the error function for a fixed instance of the problem. We will
typically study the high-dimensional regime where F* is of dimension N > 1. The ther-
modynamic limit is defined by taking a large number of samples P > 1, keeping the
density of constraints a = P/N finite.

The dataset plays the role of the quenched disorder in the system, and motivates the
use of techniques from spin glass physics to deal with the problem setting, e.g. replica
or cavity methods [2, 3]. Precisely, the typical questions in machine learning are then
equivalent to questions one asks in physics: computing the optimal error is equivalent to
finding the ground state energy and finding an efficient algorithm to reach the optimal
configuration is equivalent to having an efficient sampling procedure.

1.2. An example from information theory: compressed sensing

Compressed sensing [4, 5] is another interesting problem in information theory and sig-
nal processing where we can apply the standard workflow of statistical physics [6]. It has
found numerous applications, including image and video compression, medical imaging
or spectral analysis and it is based on the simple idea that, through optimization, the
sparsity of a signal can be exploited to recover it from far fewer samples than required
by the Nyquist-Shannon sampling theorem. Indeed, in many practical applications, sig-
nals are sparse or compressible in a known basis or dictionary, meaning that they can
be accurately represented with only a few non-zero coefficients.

With that insight in mind, let us start by a simple physical example which is a
problem of tomography. Imagine you are studying a 2D binary alloy like the one in
figure 1 which would be a slice of a three-dimensional material. This is an object that
is made of two materials: A and B. We can give a geometrical description of the alloy
by defining it as a compact region such that to each point in the interior is given a
binary value in {0,1} that will tell whether it is made of material A or B. The task is
to describe the interior of the alloy non-destructively.

To do so we can use synchrotron light: if we shine a ray of light across the material
we can measure how much the intensity decreases between the entrance and exit points
of the ray in the alloy. We assume that yhe light is absorbed differently by the two
materials, each measurement will essentially give a ratio of portions of material A over
B along the ray.

https://doi.org/10.1088/1742-5468 /ad292e 4
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The alloy we are going to study will have typical size L and let us suppose our light
device is able to see pixels of size a < L. This means there will be a total of N oc (L/a)?
pixels, so the maximal entropy, defined as the number of possible alloys that our device
can measure is in principle S o« Nlog2 given that the model is binary. We thus expect
to fully recover our information about the alloy by doing approximately a number N
measurements, for example by measuring in parallel L/a parallel rays, each for L/a
different orientations. This is the standard way of analysing a sample: we measure the
absorption along (L/a)? rays, and reconstruct the composition by a Radon transform.

However, having some information on the alloy allows to devise some more clever
strategies. If for example the alloy is made of mostly material A with some spots of
material B with characteristic length (, we know that the number of possible samples
is much reduced and the entropy is of order (L/¢)* which is much less than (L/a)?. In
such a case we can proceed with the measurements in a more efficient way.

It should therefore be clear that the length ¢ indicates the difficulty of our problem:
if ( =~ a the spots are too small to be seen and we are in the case without information, so
the object is hard to analyse but we cannot do better than the naive procedure. Instead,
if ( = L the object is almost homogeneous so the problem is easy. The intermediate case
a < ( < L is the most interesting.

This problem of tomography can be studied (see [7]), but it is somewhat complicated
and requires some approximations. So we will introduce here a simplified version which
can be solved in all detail. This will allow us to understand the basic mechanisms of
compressed sensing. We now have N variables z;, generated with a factorized prior
measure P,(x) = [[; P;(x;) which would have the role of describing our sample of alloy.
As before, we do not know the variables but we perform P independent measurements
obtaining different results {y*} derived from the protocol

y' =Y Fuzi +1" =F" x40, (4)

So, in the simplified version of the problem, we know the apparatus F* = {F;} that
is a N-component vector such that the measurement number y is the projection onto
F# being i the index of the pixels, and n* ~ N (0,A?) the white noise corrupting the
information to be recovered. Then, the probability of obtaining a measurement y* given
a certain alloy configuration x is simply

P(yx) = —— exp{—%} (5)

V2r A2

In a Bayesian approach, we must combine this probability, obtained from the meas-
urements, together with a prior that describes our a-priori knowledge (for instance, it
could be a binary distribution in the binary alloy setting). Using Bayes theorem we get
the posterior probability or Boltzmann measure

P
Py} = 5 P () exp{—ﬁZ(yﬂ—Fﬂ-xf}. (6)
u=1

https://doi.org/10.1088,/1742-5468 /ad292e 5
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We have thus written the compressed sensing problem in a way that is amenable
to statistical physics tools. Given a measurement device F¥, and the results of the
measurements y*, we need to study the probability (6) over the possible compositions
x of the variables. We could aim either at sampling from this probability, or at finding
the most probable composition x. Note that this is a complicated problem as we are
looking at a probability in a large dimensional space. Furthermore it is a disordered
system, since the probability depends on a number of parameters F# and y* which is
of order N.

For practical reconstruction we need to address the algorithmic problem of studying
the probability (6) for a given set of F* and y*. On the other hand, in order to gain some
insight, we might want to study analytically cases in which F* is obtained from a random
ensemble. This will allow us to study the ultimate information-theoretic reconstruction,
as well as the performance of classes of algorithms, for typical cases of F¥. For instance,
it is natural to consider F# as sparse random vectors extracted independently from a
distribution PF.

Let us focus first on the noiseless A — 0 case, in which

yh=Fh s, (7)

In this limit the compressed sensing is simply a problem of linear algebra, i.e. from
the P measurements {y"} one wishes to recover the vector s by assuming the vector
of measurements {F*} to be linearly independent, which is a weak requirement when
dealing with random vectors in high dimension. If P < N then the problem is impossible:
it is equivalent to trying to solve a system of P equations in N variables when it is
under-determined. If P > N the problem instead is solvable: the linear system is over-
complete, so we can simply choose N equations and use linear algebra techniques to
find x (note that the system always has a solution, which is the sample from which the
measurements were obtained).

If we do not have any information on x we thus need at least P = N measurements,
and if we have them the problem is easy. As before instead, if there is a prior information
on x we expect to need less measurements. Consider the case in which only R = pN
elements of x are non-zero, so that we have some sparsity measured by p. If we also
knew which elements of x are non-zero the problem would be equivalent to one with
R pixels, so the reconstruction is for sure impossible when P < R. On the other hand,
having P = R we can list all the (%) vectors of dimension N and sparsity p, try to solve
all of these linear systems and in the end one of the choices will give us the solution
(while the others will generically have no solution). Thus the sparsity information made
the problem solvable for P > R.

So far, we have limited ourselves to considerations of whether or not the problem
can be solved in certain regimes, but in practice this is certainly not enough: we want
also to have an algorithm that solves the problem efficiently. More precisely we work in
the P,N,R — oo with « = P/N and p = R/N finite and hope to find an algorithm that
(when possible) solves the problem with polynomial complexity in N. Our reasoning
from before shows the problem is impossible for a < p, and if « > 1 we are essentially
inverting a matrix, so we have efficient algorithms for it. The region p < a <1 is more

https://doi.org/10.1088,/1742-5468 /ad292e 6
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interesting, as we would like to find the algorithm which allows us to solve the prob-
lem with the lowest a. The enumerative procedure above solves the problem, but it is
exponentially expensive in N, as

NY_ (N N[—plogp—(1—p)log(1—p)]
() = (o) e | g

One can instead construct a non-optimal but polynomial algorithm by minimising
an error function with L; regularisation, such as

P
minZ(y“—F“-s)Q—F)\\s\ 9)

p=1

since the L; constraint reduces the effective allowed configurations for the problem.
This is a convex function that can be minimized with efficient algorithms. Indeed, for
fixed p this procedure allows for perfect recovery for o> ar,(p) [8-10] but it turns
out that ar,(p) > p, meaning that this algorithm obtained from a convex relaxation is
sub-optimal. There exists an intermediate phase ar,(p) > a > p where we know that
we have enough information to reconstruct the sample fully, using exponential time
enumeration, but the polynomial algorithm based on convex relaxation fails.

In the next sections we will give a procedure to describe the optimal error of the
problem as a function of «, p, as well as an algorithm that is derived as a consequence
of the data model. But let us first put these preliminary examples in a broader context
of inference, that encompasses some of the standard problems of machine learning.

2. A general model

In what follows we will study a general model of N variables {x;};en with a factorised
prior measure P*(x) = Hf\le PX(z;), interacting through couplings W#(-) that can be
seen as a set of uy=1,..., P constraints, where U# is a positive function of a linear
combination of all the variables. The joint probability of that model for a given choice
of F turns out to be

Po(x) = Z [] 2 [T (7 ). (10)

We assume U#(-) >0 while the measurement coefficients F); are as usual quenched
random variables drawn from a i.i.d. distribution with first two moments
1

This ensures F,; ~ O(\/LN) and, as a consequence, » . Fz; ~ O(1). The analysis will
be carried on in the thermodynamic limit N, P — oo, with a = P/N finite.

https://doi.org/10.1088,/1742-5468 /ad292e 7
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Typically we will be interested in computing properties of this measure. For instance
in computing the marginal probability of a single variable m;(z;) = > (2} P(x) or the
free entropy density & = limy_. ., %E[log Z], where the average is taken over the choice
of the F coefficients. The marginal probability will allow us to do a point estimation,
meaning what we can find the best guess for z; in our problem. As an example, with Lo
error the best estimation is obtained by averaging over the posterior

P = (x;) = /wmi (z) dx . (12)

The free entropy instead can give useful information on the complexity of the problem in
the typical case since it concentrates in the N — oo limit if F),; are generated with such
an ensamble. It helps understand the phase diagram and it gives us exact asymptotics for
the typical error [11, 12], even if we will mostly focus on the marginals in the treatment.
Before proceeding, it is instructive to identify specific problems that we can examine as
special instances of this overarching model. Notably, the initial two examples discussed
in our introduction represent such special cases within this broader framework.

2.1. Perceptron

Let us consider again the problem of perceptron learning, as described in the intro-
duction. Considering the description that we derived in (3), we see that, whenever the
regularization term is additive, V(z) =), v(z;), the perceptron problem can be cast
into a special case of the general model, with

PX(z;) = e V@) (13)

3

UH (FH - x) = e*ﬁ(y“*<1>(F”’-X))2_ (14)

The minimisation problem will be recovered in the zero-temperature limit 5 — oo
once sending N, P — oo. One can study the phase diagram for learning random clas-
sifications (for instance y* = +1 with probability 1/2) [13-15], or for learning from an
underlying ‘teacher’s’ rule where the y* are generated from a teacher perceptron with
its own weights = = ¢, as mentioned in the introduction [16].

2.2. Compressed sensing

The model of compressed sensing that we described in the introduction is obviously an
example of our general model, with

B (B x) = ¢ o (15)

The distribution P* should impose a level of sparsity. For instance one can use a Gauss—
Bernoulli prior of the form

N‘N.w

PX () = (1= p) & (i) + p=

s (16)

https://doi.org/10.1088,/1742-5468 /ad292e 8
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2.3. Generalized linear regression

This is a simple generalization of compressed sensing. Imagine you have P patients
and patient p has a level of expression of a disease y*. On the other hand, for each
of them one has measured the values of N parameters, like the age, the concentration
of some molecules etc; the set of measurements being summarized in a P x N matrix
F. One might want to do some regression and find the best linear combination of the
parameters that fits the data y. An exact fit would be found if there exists a set of values
z, 1 €{1,...,N} such that Vu: y" = F".x.In general, one can expect that the measured
y* is a noisy version of F#-x. This can be expressed by assuming the existence of a
noisy channel P.(y"|F*-x). Then the generalized linear regression amounts to finding
the most probable value of the x; where the probability law is

P@) = [P TP F %) )

where P includes our prior knowledge on z;.

2.4. The Hopfield model

Hopfield’s model of associative memory [17] is based on a set of binary spins (cor-
responding to neuron activities) interacting by pairs, with an energy function E[x| =
—% ZZ j Jijziz;. It depends on a symmetric matrix of coupling constraints J; with zero
diagonal elements (J; = 0), aaimplying there are no self-interactions). In that setting,
one can store as stable fixed points a number P of random patterns £#, which are binary
spin configurations £# = {&/,...,&k}, by choosing the J;; as

1 P
iy =5 D& (18)

p=1

that is called the Hebb rule. In practice, once defined the time evolution rule of the
system

z; (t+ At) = sign Z Jijxi(t) (19)

J

one can verify the stability of each stored patterns as fixed points of the dynamics
if the state of the system is in perfect coincidence with the pattern p at time t, i.e.
z;(t) = &' Vi. For what is of interest to us in the discussion, however, the probability
distribution of the spins at inverse temperature S is

1 N Koo 1 B N v x 2
PJ (X) — ZH p(l-i)e(ﬁ/Q)Zi,jzlJij iTi ZHp(xi)em‘ Zuzl(f X) (20)

https://doi.org/10.1088,/1742-5468 /ad292e 9
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where p(x) is the Ising measure, enforcing x = +1 with probability 1/2. This is again of
our general type with a function W(t) = e/ 2" Recent generalizations of the Hopfield
model, with a larger storage capacity, use rather W(t) = eV with k>2 [18], or
even exponential functions [19-21].

Note that in the large P limit the elements of the coupling matrix become inde-
pendent and one recovers the well-known Sherrington-Kirkpatrick model [22], which is
thus a limiting case of our general model.

2.5. Code division multiple access (CDMA)

In wireless communication, one uses a communication system from the user devices to a
base station where the information is coded in order to share the same communication
medium. In CDMA, this sharing is represented as

y=Fx"+n, (21)

where x° € RV are the information symbols to be sent by N devices, F € RFP*V is
the mixing matrix, and y € R” is the signal received at the base station. Each device
i€{l,...,N} uses its own mixing vector F; = {F},;} that characterizes what it sends
through each channel p. Here we have supposed that the communication between the
user and the base has an additive noise 77, but more general models can be considered.

Having received y, the base must infer from the received messages y and the know-
ledge of the mixing matrix F, what where the information symbols x; sent by each of the
users. If these information symbols are generated i.i.d. from a probability distribution
p(x) =, and the P components of the noise are i.i.d. distributed with a distribution p,
the Bayesian inference of the z; amounts to studying the posterior probability

N

p(x|y,F)= ﬁ [Ir@) 1 (y“ - Z Fuiv"?i) (22)

-

which is again an instance of our general model. The statistical physics formulation and
solution of CDMA is due to Tanaka [23, 24] and Kabashima [25]. A nice review can be
found in [26].

3. BP: general introduction

In this section we give a short introduction to the study of general graphical models using
mean field equations called BP (for a more extensive presentation, see [27]). Consider
a set of random variables x; € y where x is a finite space. We define a factor graph,
that is a bipartite graph whose nodes are either variable nodes associated to variables
x; or factor nodes associated to the probability factors ,. If a factor acts on a variable

https://doi.org/10.1088/1742-5468 /ad292e 10
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Figure 2. Pictorial representation of the messages.

the corresponding nodes are connected as in figure 2. In formulas we are asking that x
obeys the joint probability distribution

P(x) = 5 [ [ vaxan) (23)

a=1

being xy, = {z;|i € Ja} the set of variables appearing in the factor 1, which is a positive
function of the the variables {z;}, i € da to which it is connected. Of course the graph
does not represent the full value of the probability distribution (23) but it says what
variables appear in what factors and complemented with the information about the
kind of function implemented in each factor completely characterize the problem.

For the derivation of the mean field equations we suppose the factor graph to be
a tree, so our computation will be exact. This means the graph is acyclic, i.e. there is
no way to start at a node, move along the edges, and return to the same node without
retracing your steps. There are several examples where this occurs: in coding theory, for
instance, linear block codes like Hamming codes can be represented as a tree-structured
factor graph. In that case the variables are the code symbols, and the factors represent
the parity-check relations between the symbols. In any case, these equations can be used
in more general settings, and their validity can be controlled when the factor graph is
locally-tree like (modulo possible effects of ‘replica symmetry breaking’).

Now, suppose we are interested in computing the marginal m;(z)

m;(x)= Y P(x). (24)

{itiy

A priori, to compute this quantity, supposing we are dealing with a binary system
{x;}}¥., = £1, we need to implement a number 2V ! of sums. The claim is that there
is a smarter way to do that which instead of an exponential operation is just linear in
the size of the system. To explain how, let us define messages, or beliefs, on the factor
graph. They are probability distributions with support on x associated to the edges of

https://doi.org/10.1088/1742-5468 /ad292e 11


https://doi.org/10.1088/1742-5468/ad292e

Sparse representations, inference and learning

the graph. In the following we will write j — a to indicate that we cut the edge (j, a)
from the graph. Define the messages m;_,,, 1,-,; from the variables to the factor and
from the factor to the nodes. They are the marginal probability distributions of the
variable z; in the ‘cut’ factor graph from the variable and the factor side respectively. In
tree factor graphs, it is possible to write self-consistent relations between the messages,
commonly called BP equations (figure 2)

mjsa(z) o [ oy (2))
bedj\a

Moy (@) o< Y Ya(xoa) [ mia (@)

(%o} k€da\j

(25)

where the symbol o means ‘proportional to’ (all messages are probabilities and should
thus be normalised). If 0j\a is the empty we have

1
Mjsa () = ™k (26)

similarly, for an empty da\ j:

ma%j ($J> X g (xj) : (27)

The marginal probability m; has a simple expression in terms of the messages

my () oc [ ] i (). (28)

bedy

It is also possible to derive the following expression for the free entropy [27]

O =logZ = ZlogZa + Z log Z; — Z log Z;, (29)
a i (i,a)eE

where

log Z, = Z H mija (xj) (8 (Xﬁa)

{Xﬂa}jeaa
logZi =3 []mawi(e) (30)
{.E,} a€di
log Z;, = Zmiaa (@) Mgi (25) -
{z:}

Clearly ®; =1In Z; is a site term, that measures the free energy change when the site i
and all its edges are added; ®, =log Z, instead is a local interaction term that gives
the free energy change when the function node a is added to the factor graph. Finally
®,, =log Z,, is an edge term, which takes into account the fact that in adding vertex i
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and a, the edge (i, a) is counted twice. The BP equations can be used as a fixed point
scheme: we start by randomly sampling the initial messages m’_,. and then we iterate

a—1

t+1
]~>CL H mb*}] .I']

bedj\a

31)

ittt 2 : t+1 (
a—>] wa Xaa H mk:—>a

{X()a\]} keda\j

If the factor graph is a tree the number of iterations to converge from the leaves towards
the centre is exactly the diameter of the tree.

4. BP for the general model: ‘Reduced-BP’

Let us write the BP equations for the general model (10), that is a fully connected
graph in which each interaction involve all the variable nodes as in figure 3. There are
two kinds of factors: PX(z;), that depends only on a single variable, and ¥*(F* - x), that
couples different variables. We rewrite the BP equations as

My, () = P (x;) H 15 () (32)
1y () / H [d g, (2)] O | Fumi + Z Fujxj | . (33)
J(9) J ()

There are two main differences between these equations and the ones in the previous
section: one is the use of continuous variables instead of discrete ones, the other one is
the fact that the interacting factors W# typically involve a linear combination of many
variables. It would seem that these equations are not tractable anymore, as they involve
high-dimensional integrals which are hard to compute in practice. However, it turns out
that, in some cases, the messages can be simplified in the large N limit, using the central
limit theorem. For this we basically need that the number of variables appearing in each
factor ¥ diverges in the large N limit, and that the coefficients F" be balanced, i.e. all
of the same order and with balanced signs. We shall reason here for simplicity in the
case where F!" are i.i.d. random values with mean zero and variance 1/N.

In this case, equation (32) contains the sum w,_,; = Zj i Fujxj, in which the vari-
ables z; are independent, each one being distributed according to m;_,,. When N — oo
becomes a Gaussian random variable.

In order to characterize it, let us introduce the first and second moments of messages

mi—,
Qi = /da:mHu (x) z

2 2
Viyy = /dmm My, () —aj,,
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Figure 3. The general model of a fully-connected graph.

Then the mean and variance of u,,; , denoted respectively w,_,; and V,_,;, are given by

Wy—i = Bl ] = E :FMG’J—W
JF#i

(35)
VM—>i =E [ui—n] - Uu—n Z Vi—p -
JFi
The messages 71,i(z;) then simplify to
duy, . _ .
mu_)i (CEZ) X ;Le_(uuaz—wuaz)Q/QVqu PH (FP«Z‘T'L + uu—)i) . (36)
W‘/;t—n'

As F,; =O(1/+/N), this equation can be expanded to second order in F;z; and re-
exponentiated. An easy way to perform this step is to introduce the Fourier transform
UH(k) of the factor W

UH (k) = / da U (z) e, (37)
Then one gets

mu—)i (wl) o< /%/Me_[(“’/fr—ﬂ'_wu—ﬂ)z]/[QVN—H?]\i]ﬂ (k:) Zk( ;zll’z+u;14>z)

27 vV 2m V;L—n'
X / Z_ke_‘/p—wkz/Q“F’k(EnI? “Fwy,—)i) i],u (k) . (38)
s
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We can now expand this expression to second order in F,; (which is of order 1/vN),
and re-exponentiate it. This shows that the message takes a Gaussian form in the large
N limit, a consequence of the central limit theorem. Precisely, one gets

. 1
My—i (T5) X exp |:F,ulxz Gl (Visiswusi) + §F315012G§ (Visiswpusi) (39)

where we have introduced the functions

Gg (V,w) _ /%e—VkZ/Z—H‘kw@u (]{)

2w
1 dGH (V,w)
G (V,w) = L
1 ( 7"‘)) Gg (V,W) dw (40)
dGY (V,w) 1 dGH(V,w) 5
Gy (V,w)=—1—"2= = GV
2 ( 7(.()) dw GS (V,W) dw2 [ 1 ( ,(AJ)]
we finally arrive at
A 1 B _izi—iA, 22
mu—)i (1.2) = — ePn—iTi T3 =iy (41)
U1
with
Apsi = _FiiGg (Viisis Wyisi) (42)
Bu—)i = FmG/f (Vu—n'yw,u—n')
Inserting this expression into the equation for the message m;_,, we find
1
mia,u (xz) — = sz (5171) el‘i Eu#u Bu—n—(l‘?/Z) Eu#u Auﬁi. (43)
Tl
For convenience we rewrite m,;_,, as
1 _ (Ri—fn_‘ri)Z
M (2i) = Z—F (zi)e . Hr (44)
T—>

where we defined ¥;,,,, R ,:

-1

-1
Ei—m = ZAu—nZ ) Ri—m = ZAV—n' ZBV—)i . (45)
VER VL VL
The equations (41) and (44), where Z;_,,, 2,1% are normalisation constants, provide
a set of self-consistent equations for the messages A, B, and w, i, V,—;. We can
try to solve them by iteration; we thus have a fixed point scheme in term of the moments
of the messages.
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The equations were first written in the case of the perceptron in [28]. They are actu-
ally the cavity equations obtained by applying the cavity method (initially introduced
to deal with the SK model [29], to the perceptron, following the strategy developed for
Hopfield’s model [2]). As an algorithm, these equations have been introduced for CDMA
in [25], and developed under the name of reduced BP (r-BP) in many works [30, 31].
While r-BP is surely much more effective than applying the BP equations blindly, for
many applications it is still an ‘expensive’ algorithm, as it uses O(IN?) messages as the
number of edges in the graph. In the next part we will show how it can be simplified
into an algorithm on the nodes, which will have complexity O(N). This is the step that
one takes when going from the cavity equations (which use ‘cavity messages’, i.e. mag-
netizations defined in absence of a neighboring site) to TAP equations (which use the
standard magnetizations).

5. ‘TAPification’: from reduced-BP to AMP

Let’s be tempted for a moment by the following, very intriguing, approximation w,_,; ~
Wy V;L—Ml ~ V;L

Wy—i = E :Fwajﬁu ~ E :Fw%%u =Wy
JFi

Visi = E : jUj—p ~ E : jVj—p =

J7Fi

(46)

This would be enough to obtain a O(IN) algorithm, as we can redefine ¥;,,, R;_,, as
%, R;, hence the messages m;_,, will just depend on the nodes and be replaced by m;,
which are then also the marginals

1 7(1»713,-)2
m;(z) = — P (z)e = . (47)

It is in fact possible to do this simplification, but we need to be careful. By keeping
correctly the leading terms in 1/N we will obtain a correction, called Onsager reaction
term. Let’s look at how this reaction term appears. We first consider ¥;_,,

—1 _1

S |- RGE(Vn [ 3G (Vi s)
VFEL
We thus define ¥;
-1
ZFQG“ Vi, wy) (49)
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Notice that at order 1/N we have

U 1 dGH" (V. , W
Bosi = FuGl (Viststpss) ~ FuGl (Vi) — Fia; S W),

a; 50
2ay (50)

We can now expand R;_,, to leading order

-1

z—),u ZF2 GV V—)Z?wV—H) ZFMZG u—nyw,u—n) F/fz a;
VF# L VFW

Roap + X ZFZ/LGll/ (Vuawu) (51)

so we have that
Ri=a; + %) FuiG! (Viw,). (52)
I

It is convenient to introduce the first two moments of m; at leading order:

a; :/dwmi(a:)x%/wpmi (Ri, %)

(53)
v; = /d:v:vaZ- (z) —a? = /x2Dmi (Ri, %)) —al =%,

da;
OR;

where Dm,;(R;,3;) is the message measure:

1 (T,*Ri)z

Dm; (RZ,Ez): mdl’ﬂx(aﬁ)ei A (54)

We can finally write the leading order of a;_,,, vi-,

66%‘

iy R a; — FuiGY (Vi wy) Ziﬁ

= _F/”Git (Vﬂ’wﬂ) Ui (55)

Visp ~ V.

As a consequence we obtain the relations

= 3 Fuga = G (Viw,) 3 Fho
j J

V=) Fou,
J

This concludes the derivation of the TAP equations, which are a set of auto-coherent
equations relating the variables a;,v;,%;, R; and w,,V, given in (53), (49) and (56).

(56)
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These are site variables, and therefore the total number of variables (and of equations)
scales linearly with M.

One can try to solve these equations above by iteration, which can be done in the
following way

t+1 _ Z
V wi 7
f+1 2 : ot
Iz J /t MJ Yj

-1

,u

ELH*I — [ ZFZ G/t Vt+1 t+1)

R =al+%,) FuGH (VI Wit

I3
altl = /xDmi (RIS
it = /x2Dmi (RUH ni) — (a?l)?.
This is a O(N) algorithm for solving compressed sensing, usually called AMP
[8, 30]. The specific choice of time indexes is crucial for convergence [32].

6. State evolution and phase transitions

We shall present this section in the specific case of compressed sensing, as we believe it
paints a clearer picture. In the compressed sensing case the r-BP equations read

1

Ty (zi) = = eBumiti =5 Auia? (58)
U1
with:
F2

A;L—)i = +

Fuls (59)
B,.i= Fui (Y = @yusi)

L1 A2 T ‘/;1_)]

wy—i and V,,_,; are the first two moments of Z#i F,;x; averaged over the messages, as
defined in (35). We would like to analyse the asymptotic performance of AMP in the
N — oo limit. In particular, we would like to study the asymptotic error £

.1 N 2
E = lim NZ(:EZ —8;)7, (60)

N—oo -
=1
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where Z is the estimator obtained by running the algorithm. As a matter of fact the
tracking of this metric is already embedded in the equations, but we need to exploit the
way in which y, is generated. First, we define z,_,; = ot F,;s; in analogy with u,_,;.
Then we have:

Yu = Zu—i T+ Fuisi + Ny (61)

In fact we can take the r-BP equations and notice that

E [(Z;Hi - W;Hi)Q] = ZE [Ei Eun) (s p @y — 28585y + S5k
J#i
ki
1
:N Z (a?_ﬂ — 28]'&]'%2' + 8?)
J#i

N
Z (i:? —28;%; + sf)
i=1
N
D (& —s)
i=1

where we used that a;_,, and v;_,, are, up to small corrections, the mean and variance of
the estimates Z;, as well as the weak coupling hypothesis on F),;. In the N — oo limit the

==

==

quantity above will converge to the error E. In particular, (2,_,; — cuu_n-)2 will concentrate
on E in the limit of large N, as the variance is subleading. It will be convenient in the
following to introduce another parameter of interest, namely the squared distance of
two components of &

N
1 L N2
v=oam > (@ —2)° (63)
ij=1
In particular V,,_,; will concentrate on v
1
E[Visil = ZE [Fij] Vimn =N Z”j—m ~U. (64)
J#i i

We are ready for the main calculation. Let’s look at the asymptotics of ZMA/Hi,
Zu BN‘”':

F2 o
Api = M
z,; " ;A”Vu AT+ (%5)

Fli (Y, — wu—i) Fli(yy —wusi)
B, = pi \Yp = Dui) pi Yy = Wyi) 66
XM: o %: A4V, ZM: At (66)
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The expression we just derived has a hidden dependence on F),; inside y,, so to proceed
we insert its definition:

ZFM (Y — wpsi) = ZFM (2psi + Flisi + 0y — wpsi)
1 #
) (67)
- ZFilSl + ZFM (Zu—si + My — Wysi)
[ [

The first piece concentrates to a deterministic value:

§ : 2
F}Li Si
w

The second one converges to a Gaussian variable. Let’s compute its mean and variance:

E

1
= —Zsi = as;. (68)
N p

E ZFM'(ZM%*‘%_WM—M)] :ZE[FM]E ZFuij+77u_wu—>i =0 (69)
L w I J#i

E ZF; (Zp—si + 1M — w,H,L-)2] = %ZE [(nu)Q] +E [(leZ- — w/Hi)2
L u 1

:%E}(A%E)

:a(A2+E).

(70)

We conclude that the messages m;(x;) are sampled from randomly distributed
Gaussian variables, with mean R; and variance X;:

A2+ FE A?
R7:S7—|—Z * s Ez: v
« [0

(71)

where z ~ N (0,1) is a normal Gaussian variable. We can finally obtain an expression
for the order parameters. Calling Dz the normal Gaussian measure:

dz _:2
Dz = e 2 72
or (72)

and Dm(v, E) the belief measure:
2
Dzdxds P* (x) P*(s) a A2+ FE
Dm (v, E) = S P ,

m (v, E) Z(s0,B) Py 2azro (T TV T (73)
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Figure 4. Asymptotic performance of noiseless A — 0 compressed sensing solved
using AMP. On the right: asymptotic error as a function of the sparsity p and the
sample complexity a. White is zero error. On the left: free energy as a function
or the error for p=0.4 and several values of the sample complexity. The dot is
the value where AMP would converge from a random initialisation. This figure is
reproduced independently from [6].

By using the definitions of the order parameters we have:

o[- (foomc)] owi

E=pE[s*] + / (2° —2zs) Dm (v, E)

Equation (74) can again be turned into an algorithm called state evolution, which
can be used to reveal the expected performace of AMP. In fact, state evolution can be
seen as a gradient ascent method in the two-dimensional space v, E, trying to reach
the maximum of a free-entropy function ®(v, F). This free-entropy can be derived from
the equations, but, interestingly, it can also be obtained by the replica analysis of the
next section. We give an example of this in figure 4, where we analysed the noiseless
A — 0 limit of compressed sensing. From the free energy plotted as a function of F we
can clearly see that for each p there is a minimal sample complexity aayp(p) above
which the problem is solved exactly by AMP, as the gradient ascent state evolution
flows towards E — 0. Notably, this AMP threshold is aayp(p) > p: the algorithm is
suboptimal, it is not able to find the zero error state when p < o < axnmp(p), even if we
know that the problem is solvable in that regime by exponential algorithms. The free
energy tells us why this is not happening: for values of a that are too low a local maxima
appears. This prevents a randomly initialised AMP to reach zero error, generating a
hard region. This is how aamp(p) is computed
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It is possible to derive the state evolution of AMP for the general model in a very
similar way to what shown above. First, with the same argument as in equation (62)
we find that z,,; and w,_,; converge jointly to a Gaussian distribution:

(@)= (@) (a5 3) ™

with m and ¢ defined as:

SL.’%Z

3
I
2| ~

@
Il
_

(76)

q:

=z =
2,

@
Il
_

As before V),_,; will concentrate on v. In the general model the asymptotics of i A
is

ZE [Asi] = _% ZGl; (Visirwpsi) = @By, 6, [=Ga (v,w)] = 0 (77)
It 1

where the last expectation is taken over w and all sources of randomness inside Go,
as for example y* in the perceptron or compressed sensing case. We thus include the
dependence on z in G and G, leading to the definition:

v =ak, . [-G:(v,w,z2)]. (78)

Similarly, we can look at >  Busi

ZE [B/1—>7] = —F/u Z Glf (‘/,u—wia Wi—iy Zpu—i + ELISZ)
u o

oGY
~ Eli Z Glf (V,uﬁi) Wy—is Z,U,Hi) + S F/%Z Z azl (V;L%ia Wy—sis Zuﬁ)i) (79)
1 1
with ¢ ~AN(0,1) and
m=ak, . [% (v,w,z)}
0z . (80)

§=akE,. [G12 (v,w,2)]

The messages m;(x;) have mean R; and variance ¥; with:

7 7 1
R, =¢ %—f—si%, 27::5- (81)
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We can finally close the equations by recalling the measure (54)

m=LE,, s/:cDm(R,E)}

q=E (/xDm(R,E))2

: (82)

v=E,, /acsz(R,E)] —q

So for the general model we would iterate equations (78), (80) and (82) until conver-
gence, then the observables would be written as a combinations of m, ¢ and v.

7. Replica method for the general model

It is possible to obtain equivalent expressions for the overlaps derived though state
evolution by using the replica method. Recall the partition function of the general
model (10):

P
Z= /dxHPZ-X (i) [T & (F* %) (83)

We will assume here for simplicity that all matrix elements F* are chosen independently
from a Gaussian distribution with mean zero and variance 1/N (in fact all our reasoning
applies to any i.i.d. distribution with these first and second moment, provided higher
moments are well defined). Our goal will be to compute the free entropy by using the
replica method:

limy oo +E[Z2"] — 1

n

(84)

1 :
Vo P los 21 =y

where [E denotes the average with respect to the distribution of F.
Let’s thus compute the n-th moment of the partition function by considering n
independent replicas of the system indexed by a € {1,...,n}:

EZ"] =E ( J TP | TTTT fasg v ()5 (4 " x“)u) (55)

a=1li=1 a=1p=1

were we introduced the P X n auxiliary variables 2. The average in this case is over F/.
In some cases there is another source of randomness like the labels in the perceptron
or the data in the compressed sensing case. We can account for it by considering it an
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extra replica with index a =0. Now, using the central limit theorem we find that z,, are
joint Gaussian variables with mean and covariance:

[ N
E|Y Flaf| =0,

Li=1

- . (86)
E | F'Flaia —ﬁz ) = 6,,Q",

_i,] i=1

where Q™ = (1/N) 3", z¢a? is going to be our order parameter. Notice that while the
replicas were 1ndependent they all became coupled after averaging over the disorder.
We can now write:

E [Zn] - H /anb Iprior (Q) Icoupling (Q) (87)
1<a<bn
where:

Lsior ( / HH [dzf P ()] [0 (Q“b Z x?xf) (88)

a=1li=1 a<bh

1
. | | apr (,0)] T =32, Qu 2
Icouphng i [/ dZ \11/ /‘ QWthQe 2 s Qap 2 ] . (89)

Notice that the quantity Ieoupiing(Q) is a product of P independent integrals. As for
Iior(Q), it can also be written as N independent integrals if one first introduces integral
representations of the ¢ functions. Neglecting prefactors that are non-exponential in N,
we get

Iprior /Hd@abe 7 ZMQ‘”Q“H [/deapx a e;zatanbxaxb] (90)

a<b

in order to keep notations simple, let us assume that P is independent of ¢ and U*
is independent of p (the results can be easily extended to the more general case). We
obtain:

E[2"] = /H Qabanb} No(Q.Q) (91)

a<b

where

2(Q.Q) = 51 (QQ) + Pyie (Q) + 0 (Q) (92)

(I)prior (Q) = log (/ﬁ [dxan (xa)] eéza,béal)l'aﬂﬁb) (93)
a=1
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- 1 iy gt
(I)coupling (Q) = log (/H [dZa\IJ (Za)] me_i 20 @y 247 ) (94)
a=1 \%

and a = %. The form (91) gives the expression of the average of Z" for the general
model. At large N, it can be computed with the saddle point method: one needs to find
two n X m symmetric matrices Q and Q which are a stationary point of the function

2(Q.Q).
In the ‘replica symmetric Ansatz’, one restricts the search to matrices which are
symmetric under permutation of the replicas. Then

Qur =16 +q(1—6u) Qup = —70u+ G (1 — 6). (95)

Essentially we traded an optimisation over the entire matrices Q and Q for one over
four scalar quantities. It is a good exercise to check that this general formalism gives
back the known replica symmetric expressions for the various applications of the general
model described previously. For instance, in the Hopfield model where z; are Ising spins
and UH(z) = e?*/2 one can check that our general formalism gives back the standard
replica symmetric formulation of the glassy phase found by Amit et al.

We might of course take much more general ansatz [33], this one will be sufficient
for the problem at hand. All the quantities above simplify. Starting with the trace term
we have:

Tr <QQ> =—nir+n(n—1)4q. (96)
To compute the determinant of Q we notice that
Q=q+(r—q)duw. (97)

The eigenvalues of Q are thus r + (n — 1)g with multiplicity 1 and r — ¢ with multiplicity
n — 1, leading to:

detQ=(r+(n—1)q)(r—q)" . (98)
Noticing that 12 = nl, where 1 is the matrix with all ones, we get:

q Lt
(r—q)(r+qn-1)) r—gq

The prior integral becomes

n A A n 2
D prior (Q) =log /H[dx“PX ()] |exp —T;q (z)? +g (Zaﬁ“)

=nlog (E$7¢ [exp{—% r?+ dw{H) (101)
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where we used the identity E.[exp(y/c()] = e2. The constraint integral is done similarly.
At the saddle point we can take the limit n — 0, giving the free entropy ®:

qq Tr S
B =5+ 5+ Dpvior (6.7) + 0Poouping (47) (102)

B prior (G, 7) = E¢ log <IE [exp {— ’ ; T2 4 \/gxgH ) (103)
ds— L) {—(’H—\/@C)?}D (104)

\/27T(r—q)exp 2(r—q)

evaluated at the solutions of the following system:

(I)coupling <Q7 T) = EC 1Og (

0P, 0P oupline
- 9 prior 5 9 coupling 105
0P, 0P coupli
-9 prior ) coupling ' 106
" aF Ty, (106)

Including the a =0 replica will just change the procedure above slightly. The replica
ansatz in this case will be:

ro, m ... m —Tfg m ... m
mor ... ... A m =T ... ...
= , = . . 107
Q=" T a=| " T (107
m q T m q -—r

The auxiliary quantities are:
Tr <QQ> = —roro —nmm —nrr+n(n—1)4q (108)
detQ = (r — q)"i1 [7“0 (r+(n-1)q)— nmg} (109)

and for the inverse matrix Q'

To m m

1 n T
— 5 110
Q T (110)

m q T

with:

~ r+(n—1)q
— 111
"o ro(r+ (n—1)q) —nm? (111)

m

n=— 112
m ro(r+(n—1)q) — nm? (112)
G=— 4 mm (113)

(r—q)(r+q(n—-1)) r+q(n—1)
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- 1 q mm
T = — — .
r—q (r—q)(r+qn-1) r+qn-1)

(114)

The prior and coupling integrals become:

A

B prior (11,4, 7) = E¢ log (Em* [exp {—7"2—0 (%) + 1z * 2 — %:ﬁ + \/ExgH ) (115)

q)coupling (m7 q, T’)

=E.log (/dzdz* Mexp{—@(z*)2 — ez - (7;_6)%24_ \/EZC}>

V271 detQ 2
(116)
Leading to the system:
(= 28%?“ ’ i— 20 aq)c(;;pling (117)
r= —Qaqg;fi‘“‘ , P = —204—8(1)‘311’“% (118)
m= 822:‘” , = a—%gghng. (119)

The order parameters found with this replica approach are simple functions of the
ones found in the state evolution section, upon setting v =r —¢q and v =7+ q. The
equations for m, ¢ and v are easily obtained by taking a derivative, the other three are
less immediate, and we just show as an example how to derive the equations in the case
without the a =0 replica, leaving the rest as an exercise.

The first step is to rewrite the channel integral in a more manageable form. Notice
that:

U(z) o) 1 // T(E) 2 ey a
dz e = — [[ dedk———te T TRV V)=aC/ V) 120
/ V21V 2m V21V (120)

Upon integrating on z we find that the expression above is Go(r — ¢, /q¢). The coupling
integral thus becomes:

(I)coupling <Q7T) = EC lOg GO (T -4, \/&C) . (121)

We are ready to take the derivative with respect to r and ¢. Recall the identity:

dGo(V,w) _ 187Gy (V,w)

dVv 2 dw? (122)
We thus have
8<I>prior 1 dGo (V,w) C 1 dGo (V,w)
=F |— 12
Jq TG (Vw)  dV V=r—q * 2,/qGy(V,w)  dw V=r—q (123)

w=,/q¢ UJ:\/%C
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To proceed we need Stein’s lemma. Let ¢ ~ N (0,1) be a normal Gaussian variable,
then:

Ec[f(€) ¢ =Ec[f' (O] (124)
hence:

Ec[¢G1(r—4,/a0)] = VaEc (G2 (r — ¢,1/4C)]- (125)
In conclusion we have:

G=aE [Gi*(r—q,v/a¢)] .- (126)

Similarly we have:

= aE¢[-Ga(r —q,v/q()] - (127)

As anticipated we obtain exactly the state evolution equations by setting after a redefin-
itionv=r—qgand o =r+4q.

8. Outlook: dictionary learning and matrix factorisation

We conclude this exposition with a brief discussion on dictionary learning. Suppose you
have a M x P matrix of samples y"* generated by:

Yy = FHX . gF s (128)

where n** is i.i.d. noise, F* ~ P¥ s* ~ P5. We wish to recover both F and x. We can
think of this problem as a generalisation of compressed sensing in which we also try to
recover the measurement matrix,t thus the case in which the apparatus is unknown. In
the noiseless case this is also a matrix factorisation problem. We could try to use the
same approach as before and write the posterior distribution P(s,F|y)

Ry
(s, Fly) HdPF F) HdPX J e s (v~ B Pt (129)

If N is finite, while M, P — oo then this problem is extensively studied, see [34] and
references therein. Indeed, if y** is a planted signal, my best estimate for the underlying
signal and the apparatus will be given by the expectation values (xf) and (F). If
however also N is infinite, while

a=M/N, ¢ =P/N (130)

are finite the naive AMP approach fails [35]. A number of approaches have been
attempted [36, 37], but at the present time extensive rank matrix factorisation remains
an open problem.
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