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Preface

The present thesis is composed of three main chapters which can seen as independent

works too. The factor that they have in common is the spatial nature of the data

analyzed.

The first chapter deals about a statistical analysis of the innovation in economics in

Italy. Patents’ spatial distribution in Italy seems to show some Innovation’s clusters. A

deeper view needs to consider the multivariate nature of this phenomenon: each patent

belongs to an industrial sector. Considering each of the six sectors individually, they

show, more or less, the same clusters which are present in the global distribution too.

So a kernel regression estimator (as in Diggle et al., 2005, (17)) was applied, putting

each sector relative to the others, to describe the spatial segregation allowing us to

distinguish the proper sectorial districts. Tools for testing the hypothesis of no seg-

regation and the statistical significance of the estimates are provided. The procedure

was easily extended to the temporal dimension using the application’s date allowing to

dectect proper increase or decrease in the specific sectors’ innovation activity.

In the second chapter a semiparametric estimator for the intensity of the Poisson

point process is proposed. It combines a parametric start with a non-parametric kernel

correction factor. It’s not necessarily that the initial parametric estimate provides a

serious approximation to the true intensity. In this case this method work well as the

totally nonparametric kernel one. It works better if the parametric initial estimate is

closed to the true intensity. The value of the optimal bandwidth and the plot of the

correction factor could suggest us if and where the parametric part doesn’t fit well
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allowing us to make a better parametric hypothesis.

The new estimator is very useful for pooled data, typically generated by a multivariate

Poisson point process. In this setting the parametric part is estimated using the whole

dataset, while the non-parametric correction factor just using the specific subdataset.

Here the role of the correction is different: it states if and where the specific component

process departs from the shared common pattern.

The third work shows the use of extreme values theory for exploratory spatial

analysis. The study of the pollutants needs a better understanding of their extreme

behaviours which could potentially cause adverse health effects. Analysing spatial de-

pendence of the pollutant, the dependogram proposed by Arbia and Lafratta (2005,(1))

is to be preferred to the correlogram because it captures non-linear relations in the

tails of the joint distributions to better detect a pattern of spatial regularities. An

advanced inference framework is proposed here to estimate the spatial dependogram:

the estimated conditional distribution function is obtained with the application of a

threshold-model, since we are interested much more in a robust right-tail distribution

estimation. The method is applied to the data collect by 7 monitoring sites in Rome

during the year 2000 e 2001.
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Chapter 1

Statistical Analysis of Innovation’s

Geography in Italy

1.1 Introduction

The recent resurgence of growth studies has indicated technological activities as one

of the most important factors in determining the performance of the economic sys-

tems, and a greater attention has been devoted to the geographical dimension of the

mechanisms of creation and diffusion of technology. According to economics’ tradi-

tion (Jaffe et al., 1993 (20); Jaffe et al., 2000 (19); Thompson&Fox-Kean, 2002 (24);

Breschi&Lissoni, 2004 (7)), we represent Innovation as patents’ production and we take

the inventor’s residence as the patent’s location. In such a way, we can interpret the

spatial pattern of patents as the realization of a spatial point process - more precisely,

of a multivariate spatial point process - because each patent, i.e. each point, is charac-

terized by the industrial sector which it belongsto: so that we have as many component

processes as the number of industrial sectors.

It could be useful to estimate and map the spatial distribution of the total point pro-

cess, or the intensity of each component process, but, we think, it’s more interesting to

study the behaviour of each component process - each sector - relative to the others.
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Therefore, methodological problems of intensity estimation arise from the multivari-

ate nature of the patents point pattern and the answer to this problem can be given

analyzing the Spatial Segregation of the phenomenon under study which becomes the

object of our inference through the so-called type-specific probabilities pk(x) (Diggle et

al., 2005 (17)), representing the conditional probability that a case occurring at loca-

tion x were of type k, which are built starting from ratios of intensities of component

processes. A kernel regression estimator is proposed to make inference about the type-

specific probabilities as in Diggle et al., 2005 (17)

A cluster detected in a single component map could be not informative or not inter-

esting if it is present in other component maps too. Instead, a peak detected in the

type-specific probability map of one sector means a significant and real predominance

of that sector on the others.

We are also able to give a temporal dimension to each patent, the application date,

allowing us to extend the previous analysis to the temporal setting detecting, possibly,

temporal segregation.

A statistical test against the null hypothesis of no segregation is also provided. both

in the spatial and in the temporal cases.

The EPO (European Patent Office) dataset built as CESPRI - Bocconi University is

used to analyse the case of North-Italy.

1.2 Data

The EPO-Dataset shows all patent applications made at the European Patent Office

(born in 1978 by Monaco’s Convention) from 1978 by firms, laboratories, universities
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of all Countries to get intellectual property and protection to their inventions in Eu-

rope. We use its version built at CESPRI - Bocconi University - Milan. The dataset

gives us information about petitioners, inventors, date of request (day-level), Interna-

tional Patent Classification (IPC) code to distinguish the industrial sector and citations

among patents. Using the residence of inventors it was possible to assign a precise spa-

tial location. In this paper we consider the case of Italy in nineties. We omitted to

consider the eighties because this period has been a transitional and experimental one

for the Italian inventors as regard this new type of patent.

We omitted data from Sicily, Sardinia and the other isles: in fact using Euclidean dis-

tance we could have caused problems when interpreting the results, so we consider only

the Italian peninsula. The loss of data is negligible.

The resulting dataset display 44078 inventors but only 25312 patents: this shows the

presence of multi-inventors patents. To avoid any artificial way to assign a unique lo-

cation to that patents, we considered only patents with one inventor leading to 14632

observations. This choice will influence the interpretation of results and our conclu-

sions.

The whole North is very productive and it captures more than 83% of all patents! The

middle-italy captures the 14%, mostly around Rome and Florence. A small share (3%)

is present in the South, almost all around Naples. These fundings don’t surprise us:

the industrial gap among Italian regions is well-known. This consideration suggested

us to restrict to study just the North of Italy where the phenomenon seems to be more

structurated.

Two kinds of temporal dates are available: the publication date and the priority

date, i.e. the date of the earliest filling of an application in any of the patent offices

adhering to the convention. The choice is crucial because the time lag between the
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priority date and the publication date may range from 1.5 years to 2.5 years. We chose

the latter because it is the date that obviously gets closer to the actual timing of the

patented invention.

We said ‘patents as point pattern’ as a result of a multivariate spatial point pro-

cess which is a stochastic mechanism that generates different types of points in two-

dimensional space. The qualitative feature that allow us to distinguish the different

points is the industrial sector to which patents belong. Fig 1.1 gives the overall spatial

distribution of the 12090 "cases". The map suggests a strong aggregation of cases

around some innovative sub-regions: Milan’s area and Triveneto regions are the more

innovative ones. In general a large proportion of inventors live in the main cities’ areas.

Table 1.1 reports the distribution of patents among the six industrial sectors.

sector N patents’ number marginal proportion
ELECTRICITY ELECTRONICS 1 1358 0,11

INSTRUMENTS 2 1129 0,09
CHEMICALS PHARMACEUTICALS 3 893 0,07

PROCESS ENGINEERING 4 1915 0,16
MECHANICAL ENGINEERING MACHINERY 5 4373 0,36
CONSUMER GOODS CIVIL ENGINEERING 6 2422 0,20

TOTAL 12090 1

Table 1.1: Sectors distribution of patents in North-Italy

1.3 Point Processes

1.3.1 Point Process Theory

Stochastic point processes generate points in time, in space (2 dimensions) or in mul-

tidimensional space: we refer to these points as events. Cox & Lewis (1966,(11)) and

Daley & Vere-Jones (1972,(13)) are the body of the theory of one-dimensional point
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processes. The estension to two-dimensional space is due, among others, to Diggle

(2003, (16)). In general we define a Stochastic Point Process, say X, in Rd as:

• a random subset X ⊂ Rd, locally finite, i.e. X ∩ A is finite ∀ bounded region

A ∩ Rd (Borelian of Rd)

• the measurability of X is equivalent to

N(A) ≡ card(X ∩ A)

is a random variable ∀ bounded region A, so we can refer to the process X as the

count process N(·)

• the distribution of X is characterized by the joint distribution of N(A1), . . . , N(An)

∀A1 . . . An disjoint regions and ∀ integer n ≥ 1

As from the classical theory of stochastic processes, a point process is called sta-

tionary if its distribution function in every region A ⊂ Rd is invariant to the traslations

of A; it is called isotropic if the invariance holds for the rotations.

Every point process is characterized by first-order and second-order features. First-

order features are described by the so-called intensity function (Diggle, 2003, (16)),

λ(a) = lim
|da|→0

{
E[N(da)]

|da|

}
, (a ∈ R

d)

da is the infinitesimal region which contains the point a; |da| its area, or better the

Lebesgue measure on this region. The intensity function provides informations on

the mean number of events per unit area. Generally it varies over the space. In the

particular case of a stationary process it assumes a constant value.

In the same way the second-order features are described by the second-order intensity

function (Diggle, 2003, (16)):

λ2(a,b) = lim
|da|→0,|db|→0

{
E[N(da)N(db)]

|da||db|

}
, (a 6= b; a,b ∈ R

d).
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As the previous, the the second-order intensity function varies over the space too,

except for a stationary process where

λ2(a,b) = λ2(a − b);

and for an isotropic process, for which there aren’t direction effects and, therefore, the

dependence among points is due just to the distance:

λ2(a,b) = λ2(t)

where t is the distance between a and b (it often is the Euclidean distance). We can

find information on the second-order features of a point process also in the covariance

density function (Diggle, 2003, (16)), defined as

γ(a, b) = lim
|da|,|db|→0

{
E[{N(da) − λ(a)}{N(db) − λ(b)]}

|da||db|

}
, a 6= b, a, b ∈ R

d;

which is related with the second-order intensity function:

γ(a, b) = λ(a,b) − λ(a)λ(b).

We can estend this definition when a = b assuming the process is orderly: i.e. at one

point just one event can occur; this implies

Pr[N(da) > 1] = o(|da|)

and so

E[{N(da)}2] = E[{N(da)}] = λ(a)|da|.

We can note that the intensity function λ describes the mean number of events occur-

ring in a certain region. Whereas the second-order intensity function λ2 characterizes
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the mean number of additional events given a certain event.

If the orderliness holds, we can compute the conditional intensity. For a orderly point

process

E[N(dz))] − Prob{N(dz) = 1} = o(|dz|)

and

E[N(dz)N(dz′)] − Prob{N(dz) = N(dz′) = 1} = o(max(|dz|, |dz′|));

so we can compute the conditional density given a random variable:

λ(z|Y ) = lim
|dz|→0

E(N(dz)|Y )

|dz|

= lim
|dz|→0

Prob(N(dz) = 1|Y )

|dz|
.

Instead of the random variable, we compute the conditional density given that in z′ an

event occurs, we expect some changes:

Prob{N(dz) = 1|N(dz′) = 1} =
Prob{N(dz) = N(dz′) = 1}

Prob{N(dz′) = 1}
.

So the conditional intensity:

λ(z|N(dz′) = 1) = lim
|dz|→0

[
Prob{N(dz) = N(dz′) = 1}

Prob{N(dz′) = 1}
∗

1

|dz|

]
;

and finally:

λ(z|event in z′) = lim
|dz|,|dz′|→0

E[N(dz)N(dz′)]

|dz||dz′|
∗

[
EN(dz′)

|dz′|

]−1

= λ2(z, z
′) · λ(z)−1.

Just for point processes which are stationaries, isotropics and orderlies, Ripley (1977,

(22)) gives a characterization of second-order features in terms of conditional intensity:

K(t) = λ−1
E[number of further events within a distance t far from an arbitrary event]



8 Statistical Analysis of Innovation’s Geography in Italy

and known as the K function.

Starting from the previous hypothesis of orderliness, stationarity and istropicity and

using the previous results on the conditional intensity we have that:

λK(t) =

∫ 2π

0

∫ t

0

{λ2(a)/λ}a da dθ

= 2πλ−1

∫ t

0

λ2(a)a da

and the inverse relation:

λ2(t) = λ2(2πt)−1K ′(t)

1.3.2 Poisson Point Processes

The benchmark will be the process generating the CSR (complete spatial randomness):

the Homogeneous Point Process. So, we could observe realizations, pattern, of such pro-

cess, or also patterns which present more ‘regularity" o more ‘clustering’ with respect

of the CSR, these departures are captured by the previous tools.

Let be µ a local finite and diffuse measure defined on the regions in Rd; X is a

Poisson Point Process with intensity measure µ if:

(a) independent scattering : N(A1) . . . N(An) are independent for A1 . . . An disjoint re-

gions and for integers n ≥ 2

(b) N(A) ∼ Po(µ(A)) for bounded regions A

(a)-(b) are equivalent to (b)-(c)

(c) ∀A with µ(A) > 0 and integer n ≥ 1, the n points x1 . . . xn in X ∩ A, condiional

to N(A) = n, are independent and each point has distribution in space

µ(A ∩ ·)

µ(A)
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Now we can return to the intensity function. If µ ≪ l, i.e. is absolutely continuous

with respect to the Lebesgue measure, then it has density λ : Rd → [0,∞) so that

µ(A) =
∫

A
λ(x)dx ∀A. As conseguence

λ(ξ) = dµ(ξ)/dξ

defined as intensity function.

The moments of N(·) for a Poisson process are easily computed

EN(A) = µ(A) and Cov(N(A), N(B)) = µ(A ∩ B).

Homogeneous Poisson Point Processes

As above a stationary and isotropic Poisson process is called Homogeneous and it will

display a costant λ. Such process models the CSR (Complete Spatial Randomness).

Definition 1.3.1. Let be λ ∈ R+ fixed, the collection of events x1, x2, x3, . . . in Rd is

a Homogeneous Poisson Process with intensity λ if:

1. For every bounded region A ⊂ Rd the number of events N(A) ∼ Po(λν(A)) where

ν(·) is the Lebesgue measure;

2. ∀A ⊂ Rd bounded region, conditional to the realization N(A) = n, the events

x1, x2, x3, . . . are an i.i.d. survey from a uniform distribution the region A.

(1) and (2) imply

3. ∀A,B ⊂ Rd disjoints, the R.V. N(A) and N(B) are independent.
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Inhomogeneous Poisson Point Process

A general point process assigns its points in a given region with a bigger probability

respect to other one due to the nature and to the features of the intensity function.

Definition 1.3.2. Let be λ : Rd → R+ any function, non-constant, on Rd. The

collection of events x1, x2, x3, . . . in Rd is a Inhomogeneous Poisson Process if:

1. For every bounded region A ⊂ Rd the number of events N(A) ∼ Po(λ(A)), where

λ(A) =
∫

A
λ(x)dz;

2. Conditional to the realization N(A) = n, the locations of events x1, x2, x3, . . . are

i.i.d. survey from the distribution on A with density proportional to λ(x), x ∈ A.

The difference between Inhomogeneous and Homogeneous Poisson process is now

evident: the mean number of events for unit of aerea varies because the intensity

function varies in the first process and it is costant in the second one.

The Inhomogeneity could be due to the characteristics of the phenomenon under study

and we can describe its nature modelling the intensity function using explanatory

variables: a vector Z(x) observed in the location x:

λ(x) = λ(Z(x)′θ), x ∈ R
d, θ ∈ R

dim(θ) unknown parameters vector .

So, variations of the intensity function lead to clustering or to inhomogeneity.

1.3.3 Cox Process

If the point process is not driven by a non-costant λ defined as above, but by a stochastic

mechanism itself, the new point process is a double stochastic point process. The under-

lying stochastic mechanism captures esplicitly the spatial dependence among events.
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Definition 1.3.3.

Let be {Λ(x) : x ∈ R
d}

a stochastic process such that Λ : Rd → R. The collection of events x1, x2, x3, . . . in Rd

is a Cox Process driven by Λ if conditional to the realization of the underlying process,

Λ = λ, the collection is a inhomogeneous Poisson Process with intensity λ.

1.3.4 Remarks: Inhomogeneous Poisson Process and Cox Pro-

cess

A possible source of aggregation among events is environmental (or economics’) hetero-

geneity. Specifically, an inhomogeneous Poisson process whith intensity function λ(x)

will produce apparent clusters of events in regions of relatively high intensity. The

source of such environmental heterogeneity might itself be stochastic in nature. This

suggests investigation of a class of doubly stochastic processes formed as inhomogeneous

Poisson processes with stochastic intensity functions. Such processes, as defined above,

are called Cox processes, following their introduction in one temporal dimension by

Cox (1995, (12)).

The Cox point process is stationary if and only if the intensity process Λ(x) is station-

ary, and similarly for isotropy. A convenient and expressive terminology is to refer to

the Cox process driven by Λ(x).

First-order and second-order properties are obtained from those of the inomohogeneous

Poisson process by taking expectations with respect to Λ(x). Thus in the stationary

case, the intensity is

λ = E[Λ(x)].

Also, the conditional intensity of a pair of events at x and y, given Λ(x), is Λ(x)Λ(y),

so that

λ2(x, y) = E[Λ(x)Λ(y)].
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In the stationary, isotropic case this can be written as

λ2(t) = λ2 + γ(t),

where

γ(t) = CovΛ(x), Λ(y)

and t = ||x − y||. Note that, the covariance function γ(t) of the intensity process is

also the covariance density of the point process.

From a statistical viewpoint, the distinction between clustering and heterogeneity can

only be sustained if additional information is available, for example in the form of

covariates. Note that if we were able to model the intensity surface Λ(x) through a

regression equation in measured covariates, rather than as a realization of a stochastic

process, the resulting point process model would become an inhomogeneous Poisson

process.

Anyway in the absence of independent replication, a non-parametrically specified in-

homogeneous Poisson process is indistinguishable from a Cox process. The equivalence

of the two processes is estabilished formally in Bartlett (1964, (4)).

1.4 Classical Spatial Analysis

Our first exploratory analysis’ aims to identify the spatial structure of the patents’

point pattern in order to give it an economical interpretation. To characterize a spatial

point process we need to model his two features: namely the number of events in any

planar region and where these points are located. For a general Poisson Process, let

λ(x) be a non-negative valued function over the plane, called the intensity function,

• for any planar region A, the number of events, N(A) ∼ Poisson(µ(A)) where

µ(A) =
∫

A
λ(x)dx
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• given N(A) = n, the locations of the n events form an independent random

sample from the distribution on A with pdf proportional to λ(x).

More analitically, the intensity function is defined as the mean number of points for

unit area:

λ(x) = lim
|dx|→0

{
E[N(dx)]

|dx|

}

dx is the infinitesimal region containing point x. |dx| is the area of that region.

The simplest spatial structure - the complete spatial randomness (CSR) - is modelled

by the homogenous poisson process characterized by a costant, over space, intensity

function λ(x) = λ ∀x. One departure from CSR is represented by the case in which

points tend to form local concentrations, as it is diplayed in the patents’ case. This

aggregation could be due to clustering in which points form functional groups strictly

related each other; or due to heterogeneity described by a process in which the inten-

sity function varies spatially, possibly due to enviroment’s features. Empirically we

can’t distinguish these two types of aggregation (Bartlett, 1964 (4), see also section

1.3.4 for futher details). Both types of aggregation could be modelled by the so called

inhomogenous poisson process which presents an intensity function λ(x) that varies

spatially giving to regions different probabilities to receive an event - a patent in our

case. It seems natural to assume for the patents distribution an inhomogeneous Poisson

point process, which can model the aggregation’s feature of patents data.

Starting from the data plotted in Fig 1.1, we are able to make inference on the intensity

of the spatial point process of patents in North-Italy, said region A, which characterizes

the whole spatial distribution. We used a 2-dimensional non-parametric kernel estima-

tor. Dealing with Kernel estimation in two dimensions we can imagine a window, a

moving three-dimensional function called kernel, which weights events within its sphere

of influence according to their distance from the point where the intensity is estimated.
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The method is commonly used in a more general statistical context to obtain smooth

estimates of univariate (or multivariate) probability densities from an observed sam-

ple of observations (Silverman 1986, (23); Wand and Jones 1995, (26)). Estimating

the intensity of a spatial point pattern is similar to estimating a bivariate probability

density, as follows

λ̂h(x) =
1

ph(x)

n∑

i=1

1

h2
K

(
xi − x

h

)

where xi, i = 1, 2, . . . , n are observed data locations and ph(x) =
∫

A
1
h2K

(
xi−x

h

)
is the

edge correction factor for location x (Diggle 1985, (15))

Here, K() represents the kernel weighting function which, for convenience, is expressed

in standardized form and ‘stretched’ according to the parameter h which is referred

to as the bandwidth; the value of h is chosen so as to provide the required degree

of smoothing in the estimate. As to the exact functional form of the kernel, K(),

we require a decreasing radially symmetric bivariate function providing a total weight

of unity over the region of influence. Different choices from amongst the range of

‘reasonable’ candidates have relatively little effect on the resulting intensity estimate.

Typical choices might be the Gaussian Kernel and the Quartic Kernel.

The kernel estimate is sensitive to the choice of bandwidth, h. As this increases, there

is more smoothing of the spatial variation in intensity; as it is reduced we obtain

an increasingly ‘spiky’ estimate. What value, then should we choose? In practice,

the value of kernel estimation is that one that has the flexibility to experiment with

different values of h, exploring the surface λ̂h(x) using different degrees of smoothing in

order to look at the variation in λ(x) at different scales. There are also methods which

attempt automatically to choose a value of h which optimally balances the reliability

of the estimate against the degree of spatial detail that is retained, given the observed

pattern of event locations (Diggle, 1985); some of them will be used in the following
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sections.

Considering just the North of Italy (see Table 1.1), the most innovative and the most

interesting region to study, we can estimate, as described above, and plot the intensity

for the total point pattern of patents and for each component pattern (one for each of

the six economic sectors). The choice of the optimal bandwidth is reached minimizing

the MSE as in Berman & Diggle (1989, (5)). Seeing at results in Fig. 1.1 and in Fig.

1.2 and in Fig. 1.3 (blue points represent some main cities), the clusters detected in the

total process are observed also in each component process indicating non real sector-

district. Aggregation around Milan and Turin and in south-Triveneto that we observe

in any sector are due just to the presence of a very intensive innovation production and

not to a particular sector activity.

1.4.1 Some notes on how I chose the optimal bandwidth

Recall that one definition of the K-function of a stationary process is that

K(t) = 2πλ−2

∫ t

o

λ2(s)s ds (1.4.1)

where λ and λ2(s) are the intensity and the second-order intensity, respectively. It

turns out that several non-parametric inference problems for point process data can be

solved by estimating a weighted integral,

Kφ(t) = 2πλ−2

∫ t

o

φ(s)λ2(s)s ds, (1.4.2)

for suitably defined, problem specific functions φ(s). Before considering the specific ap-

plication, we give the general results from Berman & Diggle (1989, (5)). It is convenient

to re-express (1.4.2) as

Kφ(t) = 2πλ−2J(t), (1.4.3)
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Figure 1.1: a) Spatial Distribution of all patents in ninety b) Kernel Intensity Estima-
tion: All Patents Pattern
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Figure 1.2: Kernel Intensity Estimation: Single Sectors
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Figure 1.3: Kernel Intensity Estimation: Single Sectors
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where

J(t) =

∫ t

o

φ(s)λ2(s)s ds. (1.4.4)

Using integration by parts to evaluate (1.4.3), and substituing from (1.4.1), we obtain

J(t) = λ2(2π)−1

(
K(t)φ(t) −

∫ t

o

K(s)φ′(s)s ds

)
. (1.4.5)

Estimation of J(t) is now straightforward, because φ(·) is a known function and

we can substitute existing estimators for λ and for K(t) into (1.4.5). In practice, the

integration on the right-hand side of (1.4.5) must be carried out numerically, but this

is usually straightforward and numerically stable.

Diggle used this result to derive and estimate the mean square error on the assumption

that the underlying process is a stationary, isotropic Cox process (remember that,

under some assumptions the inhomogeneous Poisson process and the Cox process are

indistinguishable). If the driving intensity of a Cox process has expectation λ and

covariance function γ(u), then the Cox process itself has intensity λ and second-order

intensity λ2 = γ(u) − λ2. Let N(x, h) denote the number of events of the Cox process

within distance h of the point x. Then, temporally ignoring edge effects, the non-

parametric estimator of the realized value of Λ(x) described above can be written as

λ̃(x) = N(x, h)/(πh2). (1.4.6)

We now consider the mean square error of λ̃(x),

MSE(h) = E[λ̃(x) − Λ(x)
2
]. (1.4.7)

where the expectation is with respect to the distribution of the Cox process, i.e. with

respect both to Λ(·) and to the points of the process conditional to Λ(·). After some

considerations and manipulations, Diggle re-writes the (1.4.7) as follows:

MSE(h) = λ2(0) + λ1 − 2λK(h)/(πh2) + (πh2)−2

∫ ∫
λ2(||x − y||)dydx. (1.4.8)



20 Statistical Analysis of Innovation’s Geography in Italy

The first term on the right-hand side of (1.4.8) does not depend on h, and it follows

that the value of h which minimizes MSE(h) also minimizes

M(h) = λ1 − 2λK(h)/(πh2) + (πh2)−2

∫ ∫
λ2(||x − y||)dydx. (1.4.9)

Now, of the two terms on the right-hand side of (1.4.9), one is an explicit function

of K(h), which can be estimated by substituing the standard estimator K̂, whilst the

double integral can be converted to a single integral of the form (1.4.2) using polar

coordinates, and can therefore be estimated as described above.

To introduce the edge effects we just to use as the estimator for λ̂ describe in the

previous section (Diggle, 1985, (15)).

In order to decide which value of h has to be used in the non-parametric kernel estimator

described above, we must just minimize the function M (1.4.9). This framework has

been implemented by Diggle and Rowlingson in the SPLANCS package available for

the R software.

1.5 Spatial Segregation

1.5.1 Spatial Segregation Theory

We deal with multivariate data and our interest falls in detecting the differences among

behaviours of the spatial patterns of different industrial sectors. More precisely, we

want to estimate the spatial segregation in the spatial distribution of patents’ data: if

some particular type of points, typified by different industrial sectors, predominant in

one particular subregions more than in others, we say that segregations occurs. More

precisely a multivariate pattern exhibits spatial segragation if the conditional intensity

of type j points at x given a point of type i at x is less than the marginal intensity of

type j point at x (Diggle et al., 2005 (17)).

The multivariate inhomogeneous Poisson point process hypothesis made above assumes
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for the component processes, one for each industrial sector, independent Poisson pro-

cess distribution with intensity functions respectively λk(x) : k = 1, . . . ,m where k

denotes the industrial sector.

As in Diggle et al. (2005, (17)), pk(x), the type-specific probabilities, denotes the con-

ditional probability that a case known to occur at location x is of type k:

pk(x) =
λk(x)∑m
j=1 λj(x)

.

This tool allows us to study spatial segregation. A costant type-specific probability,

pk(x) = pk, means a completely unsegregated underlying Poisson process. It also means

that different typologies of points show no propensity to occur in a particular subre-

gion. Instead, in the opposite case of complete spatial segregation, for each location x,

pk(x) = 1 for some type and pk(x) = 0 for the others, i.e. at every location, only one

type of point occurs. Between these two extreme situations, there are various forms of

spatial segregation which can be expressed by the spatial distribution of the estimated

functions p̂k(x) : k = 1, . . . ,m. A statistical framework to estimate the type-specific

probabilities was proposed by Diggle et al. (2005, (17)), in which a kernel regression

estimator is used for probabilities surfaces pk(x) as follows: the data are represented

as multinomial outcomes Yi, i = 1, . . . , n, where Yi = k denotes a patent belonging to

k industrial sectors, so:

p̂k(x) =
n∑

i=1

wik(x)I(Yi = k),

where, for each industrial sector k,

wik(x) = wk(x − xi)/
n∑

j=1

wk(x − xj),

with wk(·) a kernel function with band-width hk > 0, thus wk(x) = w0(x/hk)/h
2
k, where

w0(·) is the standardised form of the Gaussian kernel function: wo(x) = exp(−‖x‖2/2).
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The log-likelihood function is

L(p1, . . . , pm) =
n∑

i=1

m∑

k=1

I(Yi = k) log pk(xi), (1.5.1)

where I(·) is the indicator function. In a parametric model for pk, a widely accepted

method of parameter estimation is to choose parameter values to maximise the rigth-

hand side of the previous equation 1.5.1. In the kernel setting, doing so would lead to

the unhelpful band-width choices hk = 0, giving p̂k(xi) = 1 or 0 according to whether

the corresponding Yi is equal to k or not. To circumvent this problem, we use a cross-

validated log-likelihood function. We select a common band-width for all sector and it

is chosen maximising the cross-validated log-likelihood:

Lc(h) =
n∑

i=1

m∑

k=1

I(Yi = k) log p̂k
(i)(xi),

where log p̂k
(i)(xi) denotes the proposed kernel estimator based on all data except

(xi, Yi).

1.5.2 Application and Tests proposed

The first impression we have, watching the spatial point pattern of inventors locations

in Fig. 1.1 and in Fig. 1.2 and in Fig. 1.3 for each of the six industrial sectors, is that

no strong segregation occurs. They seem to have a quite common distribution, but we

will discover that this impression is wrong.

The statistical tools described above allow to check our guess. Firstly, we must

choose the optimal band-width for the proposed kernel estimator. Figure 1.4 shows

the cross-validated log-likelihood and suggests to set an optimal value hopt = 9Km. In

such a way we can read the obtained p̂k-surfaces with their peaks and troughs, and
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Figure 1.4: Cross-validated log-likelihood for the six industrial sectors

assess if there is spatial segregation. However we also want to test how many of them

are statistically significant: some of them could be quite surprising. For this reasons

we implement a Monte Carlo local spatial test : for each point of a given grid covering

the studied region we estimate the type-specific probabilities for each sector. Then, we

perform 99 simulations, re-labelling the data at random whilst preserving the observed

number of cases of each type; for each simulated dataset we thus compute the estimated

type-specific probabilities over the given grid. In this way, we obtain the p-value of

each estimate at each point of the grid, enabling us to plot only the statistically signif-

icant estimated probabilities in order to detect if there were some strange results to be

reworded. The new maps are plotted in Fig.1.5 and Fig.1.6 and Fig.1.7. Estimation

has been carried out using R software (www.R-project.org) with the special package

spatialkernel written by Pingping Zheng. White zones represent omitted unreliable

estimates. We have to admit that most estimates are statistically significant. Now a

strong segregation is evident in some subregions for some sectors.
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In order to detect possibly presence of segregation, we compare, for each sector, the

estimated type-specific probability maps to the corresponding costant theoretical prob-

ability of no segregation (the marginal proportions), which are reported in Table 1.1.

If we don’t expect segregation in a subregion for a given sector, then the type-specific

probability must be equal to the marginal proportion of that sector. So, for istance,

in the sector 1 map in Fig. 1.5 where the estimate exceeds the marginal proportion of

11,23% ( which rappresents the probability of no segregation), there we can detect a

real district of the sector 1 electricity electronics. Instead, where it is lower than the

benchmark, we have to consider a weak innovation’s power for the considered sector. In

such a way, interesting considerations could be made. Electricity and Electronics sector

shows innovative aereas inside the quadrilateral Milan, Turin, Genoa, Parma; further-

more Genoa’s aereas hosts a district of Instruments as the north part of Triveneto. It’s

interesting to underline a tongoe of innovation for the Chemicals&Pharmaceuthicals

sector starting in the south of Turin, moving between Milan and Genoa and ends

between Milan and Parma. A large district for the Process Engineering sector is de-

tected in the middle of north Italy around Milan covering almost the whole area of

Lombardia. For this sector, small but intensive districts are detected near Genoa and

around Bologna. The Mechanical Engineering Machinery sector shows a very strong

segregation and a very powerful district in Emilia along the line Bologna - Parma. It

is a well-known motor district. Piemonte too seems to show a diffuse concentration

of innovation activity in this sector. Consumer goods and Civil Engineering sectors

aggregate in Veneto and in a very small district inside the triangle Turin, Genoa and

Milan.
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Figure 1.5: Statistically Significant Estimated type-specific probablities
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Figure 1.6: Statistically Significant Estimated type-specific probablities
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Figure 1.7: Statistically Significant Estimated type-specific probablities
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1.5.3 Monte Carlo Global Test

Diggle et al. (2005, (17)) proposed the Global spatial test, a Monte Carlo method to

test directly the null hypothesis of no-segregation: H0 : pk = αk for all xi, i.e. costant

type-probabilities. The estimator α̂k = nk/n is proposed, where nk is the number of

cases of type k and n is the total number of cases. So the test statistic proposed is

T =
n∑

i=1

m∑

k=1

{p̂k(xi) − α̂k}
2.

The value of T for the data t1 is compared to the value of T , t2, . . . , ts, for new datasets

obtained via Monte-Carlo simulation under H0, re-labelling the data at random whilst

preserving the observed number of cases of each type. The p-value for this test is

p = (q + 1)/s, where q is the number of tj > t1.

The Global Monte Carlo test described above, rejects the null hypothesis of no segre-

gation with a p-value equal to 0.01: we already supposed this result seeing at maps

and now it is confirmed.

1.5.4 Conclusions

Intensities estimation of each component point process starting from a multivariate

point pattern could lead to detect non interesting clusters just because they should

reflecing the clusters present in the total multivariate point pattern. We solved this

problem analysing the spatial segregation of the patents disrtibution in north-Italy. So

a kernel regression estimator was applied to estimate the type-specific probabilities, we

said the conditional probability that a patent known to occur at location x is of the

sector k. In such a way, many sector districts, which were previously hidden, have been

detected. A Monte Carlo statistical test against the null hypothesis of no segregation

was also provided.

Obtained empirical results have been very interesting, since they have diminished the
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importance of the Milan’s area, which seemed, from the classical spatial analysis, to be

the only source of innovation in Italy. And, more important, these results have discov-

ered explicitly some industrial districts very known among experts, as the motor-district

between Bologna and Modena (firms as Ferrari, Maserati, Lamborghini, Ducati, ect.),

as the Instruments district around Genoa, as the concentration of Process Engineering

innovation activity in the whole Lombardia.

1.6 Temporal Analysis

1.6.1 Monte Carlo Test: same distribution among sectors over

time?

We want to investigate the temporal behaviour of the patents’ production, with a

particular attention to the differences among different sectors. What we can see is a

quasi-common temporal pattern: all sectors show an increase of production’s rate from

mid nineties to the end of nineties, except the chemicals&pharmaceuticals sector that

displayes the fall of its production’s rate in the last two years after a very big expansion

in mid-nineties middle. Empirical cumulative distribution function for each sector is

plotted against the uniform distribution (Fig:1.8): the slope of each curve suggests us

the production rate of that period. It is crucial to test the behaviour of the temporal

pattern with respect the null hypotesis of same distribution over time, which could

exclude any economical interpretation.

We construct a Monte Carlo test to check the null hypothesis of uniform distribution

for all sectors; due the precence of ties we can’t use the Kolmogorov-smirnov test.

We compute the empirical cumulative distribution function - eased by the big size of

dataset - for each sector F̂k(t), k = 1, . . . , 6 and compare it to the uniform’s one FU(t)
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computing the test statistic

T =
6∑

k=1

n∑

t=1

(F̂k(t) − FU(t))2wk

where t is the time (days) and the weigths wk =
number of patents in sector k

number of all patents . We

don’t know the distribution of this statistics, so we implement a Monte Carlo simu-

lation with a random re-labelling of the sector-index k whilst preserving the observed

patents’ number of each sector. We call t1 the value of the statistic of the original data

and t2, t3, . . . , tm the values of the statistic after each random re-labelling. In this way,

the p-value of significance for our Monte Carlo test is p = (q + 1)/m where q is the

number of tj > t1.

In this study, we ran the Monte Carlo test above with m, number of simulation equal to

999. The result is a p-value equal to 0.003 that allows us to reject the null hypothesis

of same distribution over time of the patents, contradicting our first impression. We

could ask ourself if this result is much influenced by the behavior of sector 3 - Chemi-

cals&Pharmaceuticals. So we perform the same Monte-Carlo test for all sectors except

sector 3. This produces as result a p-value equal to 0.018. Also in this case we can’t

say that sectors belongs to same temporal distribution, although the effect of removing

Chemicals&Pharmaceuticals sector is sensible.

1.6.2 Temporal Segregation

Although we can’t say that the different temporal patterns belong to same distribution,

it could be much more interesting to extend the segregation analysis to the temporal

dimension: dealing now with a pure temporal multivariate pattern, segregation occurs

when one or more types of points predominate in particular time-periods more than
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in others. We make the same main hypothesis for the model: a multivariate inhomo-

geneous Poisson point process, now in its temporal version in which each component

process has a temporal intensity function which varies over time,

λk(t) : k = 1, . . . ,m

where k denotes the industrial sector and t ∈ (0,∞), is a time-point.

The objects of our analysis: the type-specific probabilities become the conditional

probabilities that a case, known to occur at time t, is of type k:

pk(t) =
λk(t)∑m
j=1 λj(t)

.

A costant type-specific probabiliy, pk(t) = pk, means temporal unsegregation for the

underlying process. It is natural, in a temporal setting too, to test the null hypothesis

of no-segregation via a time-adapted version of Monte-Carlo test built for the spatial

model. The test statistic

S =
n∑

i=1

m∑

k=1

{p̂k(ti) − α̂k}
2

is computed for the original dataset and for 99 simulated datasets obtained just rela-

belling the sector-index. The rank of S computed at the orginal data relatively to that

computed at simulated datasets gives us the p-value of test.

Estimating methodology for temporal type-specific probabilities is the same used for

spatial analogues: the kernel regression estimator,

p̂k(t) =
n∑

i=1

wik(t)I(Yi = k),

where for each industrial sector k,

wik(t) = wk(t − ti)/
n∑

j=1

wk(t − tj),
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and wk is a Gaussian kernel function whose optimal band-width, common for all sectors,

h is chosen maximizing the cross validated log-likelihood as in spatial setting.

The optimal band-widht for our dataset is 135 days (see fig. 1.9).

The global temporal Monte Carlo test gives a p-value equal to 0.01, which allow

us to reject strongly the null hypothesis of temporal unsegregation. So we want to

investigate and estimate the type-specific temporal probabilities in order to understand

in a better way the differences among sectors. For each sector we plot (Fig. 1.10) the

obtained estimates and their average, both in a gray color and with different colors only

the estimates that are statistical significant (p − value > 0.975 or p − value < 0.025).
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1.6.3 Intensity Kernel Estimator

We supplied a tool capturing the temporal features of each sector pattern relative to

the others. We need now a tool that characterizes the absolute temporal pattern for

each single sector.

We made the temporal Poisson processes hypothesis, so we have to estimate their

intensity functions, i.e the mean number of events in a temporal unit. The statistical

framework is the same used in Diggle (1985, (15)) that provides the kernel estimator:

λ̂k(t) =

∑n
i=1

1
h

ω
(

t−ti
h

)
∫ T

0
1
h

ω
(

t−u
h

)
du

, k = 1 . . . 6 (sectors)

where ω is the kernel function with bandwidth h which determines the amount of

smoothing, t1 . . . tn are the time-events. Note that the numerator is a standard intensity

kernel estimator, instead the denominator is its edge-correction. A Gaussian kernel

function is used, so we have:

λ̂k(t) =

∑n
i=1

1
h
√

2π
exp{− (t−ti)

2

2h2 }
∫ T

0
1

h
√

2π
exp{− (t−ti)2

2h2 }dt

It is well reconognized (Bowman&Azzalini 1997 (6), Diggle 1985 (15), Wand&Jones

1995 (26)) that the choice of the bandwidth h is far more important than the choise of

the kernel’s form. A variety of methods exist with this aim. We used a Cross-Validation

criterium to choose the optimal smoothing parameter which is the minimizer of the

following:

CV (h) =

∫ T

0

λ̂2
h(t)dt − 2

n∑

i=1

λ̂−i
h (ti)

where

λ̂−i
h (ti) =

n∑

j=1;j 6=i

wh(ti − tj)

is the so called leave-one-out intensity estimator. Mathemathically the results of this

procedure are accurate, but in our case they give a very small parameter. So we prefer
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to make an heuristic decision: due to economic considerations, we choose a bandwidth

equal to four months: this window’s width looks to be natural to capture the temporal

pattern’s features which we are interested in. It’s not reasonable using a small window:

it’s not so important understand the variations on a very small temporal scale. The

results for each sectors are reported in Fig. 1.11, in y-axis the unit is the number of

patents for each year.

1.6.4 Conclutions

To better understand the temporal behaviour and to make a comparison among sec-

tors, we plotted in Fig.1.12, Fig.1.13,Fig.1.14, Fig.1.15,Fig.1.16 and Fig.1.17, for each

industrial sector, the estimated temporal type-specific probabilities (the relative pat-

tern) and the estimated intensity function of the underlying temporal Possoin prosess

(the absolut pattern).

Peaks in each sector’s patents’ production in absolute value, captured by the kernel

intensity estimation (on the rigth of Fig. from 1.12 to 1.17) sometimes became less im-

portant if we consider the temporal segregation captured by the temporal type-specific

probabilities (on the left of Fig. from 1.12 to 1.17) maybe due to the fact that in the

period considered all the sectors have seen an increase of their innovation production.

Many of the economists have emphasized the increase of innovation activities at the

end of the nineties. That’s true, but some considerations have to be added due the

implications of the results from the temporal segregation analysis. No sector has been

predominant in terms of innovation activity in this period. Innovative ferment has

been involved all the sectors in the, more or less, same size. It has been a general, little

revolution common to all industrial sectors.
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Figure 1.11: intensities
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Figure 1.12: comparison1
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Figure 1.13: comparison2
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Figure 1.14: comparison3
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Figure 1.15: comparison4
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Figure 1.16: comparison5
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Figure 1.17: comparison6
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Chapter 2

Semiparametric Intensity and Density

Estimation

2.1 From Density to Intensity

So far we estimated the intensity function of the Poisson process non-parametrically

with the kernel type estimator based on X1, X2, . . . , Xn observations:

λ̂(x) =
n∑

i=1

h−1K

(
Xi − x

h

)
.

This procedure is very closed to the non-parametric kernel density estimation which

provides the following estimator of the true density f :

f̂(x) =
1

n

n∑

i=1

h−1K

(
Xi − x

h

)

which differs from the first just by the normalizing factor n in the denominator.

Therefore the next step is to show and to develop a semiparametric procedure for

density estimation and to extend the latter, in a second moment, to the intensity esti-

mation in a very easy way as above; and finally, to apply it to the innovation dataset.

The basic idea (Hjort and Glad, 1995,(18)) of the semiparametric approach is to com-

bine an initial parametric density estimate with a kernel type estimate of the nec-

essary correction factor. This method is designed to work better than the totally
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non-parametric kernel estimator in a broad neighbourhood of a given parametric class

of density, while not losing much in precision when the true density (or intensity in a

second moment) is far from the parametric initial class.

The developed theory consists with to extend this method not only for the intensity

estimation, but also for its use to analyze pooled data as in the innovation dataset.

The parametric initial part is estimated using pooled data as considering it as the

main common behaviour. The non-parametric kernel correction factor is, instead, es-

timated considering just one of the original sub-dataset and it becomes a measure of

dissimilarity from the main behaviour.

2.2 Semiparametric Density Estimation

2.2.1 Introduction

Let X1, X2, . . . , Xn be independent observations from an unknown density f on the

real line. The traditional nonparametric density estimator is

f̂(x) =
1

n

n∑

i=1

h−1K

(
Xi − x

h

)
=

1

n

n∑

i=1

Kh (Xi − x) (2.2.1)

where Kh(z) = h−1K(h−1z) and K(z) is a kernel function, which is taken here to be

a symmetric probability density with finite values of σ2
K =

∫
z2K(z)dz and R(K) =

∫
K(z)2dz. The basic statistical properties are that (see Wand and Jones, 1995, (26)):

Ef̂(x) = f(x) +
1

2
σ2

Kh2f ′′(x) + o(h2) (2.2.2)

V arf̂(x) = R(K)(nh)−1f(x) −
f(x)2

n
+ o((nh)−1). (2.2.3)

The integrated mean square error is of order n−4/5 when h is proportional to n−1/5.

This procedure is totally nonparametric and impartial to any type of shapes of the

underlying true density. The intention of the work of Hjort and Glad (1995,(18)) is to

construct an alternative, but similar method, with same good properties, but better in
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the broad vicinity of a given parametric family. As already written, they start out with a

parametric density estimate f(x, θ̂) and then multiply with a nonparametric kernel type

estimate of the correction factor r(x) = f(x)

f(x,θ̂)
. So their proposal is r̂(x) = n−1Kh(Xi−x)

f(Xi,θ̂)
,

producing the final estimator

f̂(x) = f(x, θ̂)r̂(x) =
1

n

n∑

i=1

Kh (Xi − x)
f(x, θ̂)

f(Xi, θ̂)
. (2.2.4)

It’s not necessarily that the initial parametric estimate provides a serious approxi-

mation to the true density. In this case this method work well as the totally nonpara-

metric kernel one. It works better if the parametric initial estimate is closed to the true

density. The case of a costant start value for f(x, θ̂) corrisponds to choosing a uniform

distribution as the initial description, giving back the classic kernel estimator.

2.2.2 Nonparametric correction on a fixed start

Suppose f0 is a fixed density, perhaps a crude guess of f . Write f = f0r. The idea is

to estimate the nonparametric correction factor r via kernel smoothing as

r̂ = n−1

n∑

i=1

Kh (Xi − x) /f0(Xi)

which gives the estimator

f̂(x) = f0(x)r̂(x) =
1

n

n∑

i=1

Kh (Xi − x)
f0(x)

f0(Xi)
. (2.2.5)

Note that a constant f0 gives back the ordinary kernel estimator 2.2.1. The so-built

estimator for the correction factor r has expected value

E[r̂(x)] =

∫
Kh(y − x)f0(y)−1f(y)dy (2.2.6)

=

∫
K(z)r(x + hz)dz = r(x) +

1

2
σ2

Kh2r′′(x) + O(h4), (2.2.7)
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and variance

V ar[r̂(x)] =
1

n

[∫
Kh(y − x)2

f0(y)2
f(y)dy − {Er̂(x)}2

]
(2.2.8)

=
R(K)

nh

f(x)

f0(x)2
−

r(x)2

n
+ O(h/n) (2.2.9)

and this shows that 2.2.5 has

bias=̇
1

2
σ2

Kh2r′′(x) and variance=̇
R(K)

nh
f(x) −

f(x)2

n
.

Note that the variance is of the same size as that of the traditinal non parametric

estimator 2.2.1 to the order of approximation used, and the bias is of the same order

h2, but proportional to f0r
′′ rather than f ′′. The new estimator is better than the

traditional one in all cases where f0r
′′ is smaller in size than f ′′ = f ′′

0 r + 2f ′
0r

′ + f0r
′′.

In cases where f0 is already a good guess on f, expects r near costant and r′′ small,

this describes a certain neighbourhood of densities around f0 where the new method

is better than the traditional one.

2.2.3 Nonparametric correction on a parametric start

Let f(x, θ) be a given parametric family of densities then, the parametric start esti-

mate is f(x, θ̂) where θ̂ is intented to be the maximum likelihood estimator. Even if

a good choice for the initial start lead the estimator to perform better than the tradi-

tional nonparametrical kernel one, it works well also when f cannot be approximated

by f(x, θ̂).

The task is to estimate the necessary correction function f(x)/f(x, θ̂) by kernel smooth-

ing means and as suggested in the previous section r̂(x) = n−1
∑n

i=1 Kh (Xi − x) /f(Xi, θ̂).

In other words,

f̂(x) = f(x, θ̂)
1
n

∑n
i=1 Kh (Xi − x)

f(Xi, θ̂)
. (2.2.10)
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In order to understand to what extent the parametric estimation makes this esti-

mator quantitatively different from the cleaner version 2.2.5, we bring in facts about

the behaviour of the maximum likelihood estimator outside model conditions. It aims

at a certain θ0, the least false value according to the Kullback-Leibler distance measure
∫

f(x) log f(x)/f(x, θ)dx from true f to approximant f(., θ). Write f0(x) = f(x, θ0)

for this best parametric approximant, and let u0(x) = ∂ log f(x, θ0)/∂θ be the score

function evaluated at this parameter value. A Taylor expansion gives

f(x, θ̂)

f(Xi, θ̂)
= exp

{
log f(x, θ̂) − log f(Xi, θ̂)

}
(2.2.11)

=̇
f0(x)

f0(Xi)
+

f0(x)

f0(Xi)
{u0(x) − u0(Xi)}

′ (θ̂ − θ0), (2.2.12)

leading to

f̂(x) = =̇
1

n

n∑

i=1

Kh (Xi − x)
f0(x)

f0(Xi)

[
1 − {u0(x) − u0(Xi)}

′ (θ̂ − θ0)
]

(2.2.13)

= f ∗(x) + Vn(x). (2.2.14)

Here f ∗ is as in 2.2.5, except for the fact that th f0 function appearing here is not

directly visible, and the Vn(x) term stems from the parametric estimation variability.

Representation 2.2.13, in concert with expressing θ̂ − θ0 as an average of i.i.d. zero

maen variables plus remainder term, can now be used to establish approximate bias

and variance results for f̂(x).

Theorem 2.2.1. Let f0(x) = f(x, θ0) be the best parametric approximant to f , and let

r = f/f0. The semiparametric estimator 2.2.10 has
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E[f̂(x)] = f(x) +
1

2
σ2

Kh2f0(x)r′′(x) + O(h2/n + h4 + n−2) (2.2.15)

V ar[f̂(x)] = R(K)(nh)−1f(x) −
f(x)2

n
+ O(h/n + n−2). (2.2.16)

The detailed proof is in Hjort and Glad (1995, (18))

The result is remarkable in its simplicity; the sizes of bias and variance are only affected

by parametric estimation noise to the quite small O(h2/n+n−2) order. The reason lies

in expression 2.2.12. Not only is θ̂ close to θ0, but the f̂(x) estimator uses only Xis

that are close to x, making u0(Xi) close to u0(x).

Consistency of the density estimator requires both h → 0 (forcing the bias towards

zero) and nh → ∞ (making the variance go to zero). The optimal size of h will later

be seen to be proportional to n−1/5. These observations match the traditional facts

for the classic 2.2.1 estimator. Note also that if the parametric model happens to be

accurate, then the r function is equal to 1, and the bias is only O(h4 + h2/n).

Example: Normal Start Estimate

The normal start estimate is of the form σ̂−1φ (σ̂−1 (x − µ̂)), with φ the density of

a Gaussian random variable, where one can use maximum likelihood estimates µ̂ =

n−1
∑n

i=1 Xi and σ̂2 = n−1
∑n

i=1 (Xi − µ̂)2 (or the de-biased version with denominator

n − 1). In view of generality of the proposition above quite general estimators are

allowed, without changing the basic structure of bias and variance of f̂(x), One might

for example wish to use robust estimates of mean and standard deviation. In any case

the new semiparametric density estimator is
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f̂(x) =
1

σ̂
φ

(
x − µ̂

σ̂

) 1
n

∑n
i=1 Kh (Xi − x)
1
σ̂
φ

(
Xi−µ̂

σ̂

) (2.2.17)

=
1

n

n∑

i=1

Kh (Xi − x)
exp

{
−1

2
(x − µ̂)2 /σ̂2

}

exp
{
−1

2
(Xi − µ̂)2 /σ̂2

} (2.2.18)

Note that its implementation is straighforward.

Example: Log-Normal Start Estimate

One option for positive data is to start with a log-normal approximation and then

multiply with a correction factor. The result is

f̂(x) =
1

n

n∑

i=1

Kh (Xi − x)
exp

{
−1

2
(x − µ̂)2 /σ̂2

}

exp
{
−1

2
(Xi − µ̂)2 /σ̂2

} Xi

x
. (2.2.19)

(2.2.20)

Example: Gamma Start Estimate

A version of the general method which should work well for positive data from per-

haps unimodal and right-skewed distribution is to start with a gamma distribution

approximation. The final estimator is then of the form

f̂(x) =
1

n

n∑

i=1

Kh (Xi − x)

(
x

Xi

)α̂−1

exp
{
−β̂ (x − Xi)

}
, (2.2.21)

for example with moment estimates for the gamma parameters.



50 Semiparametric Intensity and Density Estimation

Remark

This method can be used for any given parametric model. It is intuitively clear that

the method works the best in cases where the model employed is not too far from cov-

ering the truth. One could think of ways of automatising the choice of the parametric

vehicle model, through suitable goodness of fit measures, thereby obtaining an overall

adaptive density estimator, but this aim is not pursued here.

2.2.4 Comparison with the traditional kernel density estimator

In this section the performance of the new estimator is compared to that of the usual

2.2.1 estimator.

Expressions can be found for the leading terms of the integrated mean squared errors of

the usual kernel estimator 2.2.1 and the new estimator 2.2.10, using respectively 2.2.2,

2.2.3 and theorem 2.2.1. So the results for the AMISE (approximate mean integrated

square error) are:

amise for f̂trad =
1

4
σ4

Kh4Rtrad(f) + R(K)(nh)−1 (2.2.22)

amise for f̂new =
1

4
σ4

Kh4Rnew(f) + R(K)(nh)−1 (2.2.23)

featuring ‘roughness’ functionals as

Rtrad(f) =

∫
{f ′′(x)}

2
dx (2.2.24)

Rnew(f) =

∫
{f0(x)r′′(x)}

2
dx. (2.2.25)

The new estimator is better, in the sense of approximate (leading terms) integrated
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mean squared error, whenever Rnew(f) is smaller than Rtrad(f). This defines a non-

parametric neighbourhood of densities around the parametric class. When f belongs

to this neighbourhood, f̂new is better then f̂trad when the same K and the same h are

used in the two estimators. In such a case the new estimator can be made even better

by choosing an appropriate h as suggested later.

2.2.5 Choosing Smoothing Parameter

This method is defined in terms of a kernel function K and a bandwidth or smoothng

parameter h. Choosing h is the more crucial problem, and methods for doing this

parallel, but by necessity become harder than the well-developed ones for the traditional

2.2.1 estimator which is the special case of a costant initial estimator.

Minimising Estimated AMISE

A useful idea related to the previous calculations is to estimate the approximate MISE

of 2.2.23 directly, that is, producing the curve

âmise(h) = bcv(h) =
1

4
σ4

Kh4

{
Rnew(h) −

R(K ′′)

nh5

}
+

R(K)

nh
(2.2.26)

including for emphasis h in the notation for the roughness estimate. This function

must now be computed for a range of h-values, up to some upper limit hos, the ‘over-

smoothing’ bandwidth. Usually this strategy is called biased cross validation, although

nothing seems to be cross validated per-se. The bcv name derives rather from formula-

wise similarity to unbiased cross validation, see below, and the desire to estimate the

biased approximation AMISE to the true MISE.
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Nearly Unbiased Cross Validation

A popular technique for the traditional kernel estimator is that of unbiased least squares

cross validation, minimising an unbiased estimate of the exact MISE as a function of

bandwidth. A version of this idea can be carried out for the new estimator as well.

The crux is to estimate

mise(h) − R(f) = E

{∫
f̂ 2dx − 2

∫
ff̂dx

}
(2.2.27)

with

ucv(h) =

∫
f̂h(x)2dx −

2

n

n∑

i=1

f̂h,(i)(Xi). (2.2.28)

Here h is included in the notation for clarity, and f̂h,(i) is the estimator constructed

from the diminished data set that excludes Xi. The function to compute is

ucv(h) =
1

n2

∑

i,j

1

f(Xi, θ̂)f(Xj, θ̂)

∫
f(x, θ̂)2Kh(x − Xi)Kh(x − Xj)dx

−
2

n(n − 1)

∑

i,j

Kh(Xi − Xj)
f(Xi, θ̂(i))

f(Xj, θ̂(j))
(2.2.29)

where θ̂(i) is computed without Xi. In the case of the normal start method 2.2.17

with normal kernel K = φ a formula for the first term here is given below.

It turns out that ucv(h) is nearly, but not exactly unbiased for mise(h)−R(f). We

have

E

∫
ff̂dx = E

∫
f(x)Kh(X1 − x)

f(x, θ̂

f(X1, θ̂
dx (2.2.30)

= E

∫ ∫
f(x)f(y)Kh(y − x)

f(x, θ̂(y,X2, . . . , Xn)

f(y, θ̂(y,X2, . . . , Xn)
dxdy, (2.2.31)
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which is subtly different from

E
1

n

n∑

i=1

f̂(i)(Xi) = EKh(X2 − X1)
f(X1, θ̂(y,X2, . . . , Xn)

f(X1, θ̂(X2, X2, . . . , Xn)
(2.2.32)

= E

∫ ∫
f(x)f(y)Kh(y − x)

f(x, θ̂(y,X3, . . . , Xn)

f(y, θ̂(y,X3, . . . , Xn)
dxdy(2.2.33)

The difference is minuscule, however, and choosing h to minimise the ucv(h) func-

tion, among h ≤ hos for a suitable over-smoothing upper limit, remains a useful non-

parametric option.

2.2.6 Accuracy of the estimated correction factor

This machinery can be used for model exploration purposes, by inspecting the cor-

rection factor against x for various potential models. A model’s adequacy could be

inspected by looking at a plot of r̂(x), perhaps with a pointwise confidence band, to

see if r(x) = 1 is reasonable.

It is also informative to plot the log-correction factor log r̂(x) , to see how far from zero

it is.

A nice graphical goodness of fit method emerges from the previous results by plotting

Z(x) =
log r̂(x) + 1

2
R(K)(nh)−1f(x, θ̂)−1

{
R(K)(nh)−1f(x, θ̂)−1

}1/2
(2.2.34)

against x, possibly with a more accurate denominator. Under model conditions this

should be approximately distributed as a standard normal for each x, that is, the Z(x)

curve should stay within ±1.96 about 95% of the time.
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2.3 Semiparametric Intensity Estimation

2.3.1 Introduction

The non-parametric estimator for the intensity function of the Poisson process pro-

posed in the previuos section uses a kernel type estimator based on X1, X2, . . . , Xn

independent observations:

λ̂(x) =
n∑

i=1

h−1K

(
Xi − x

h

)

where K is the Kernel, a symmetric density function, and h the smoothing parameter.

The similarity with the kernel non-parametric density estimation is evident. The only

difference is that the normalizing factor n is present in the density estimator. Starting

from this similarity I extended the semiparametric procedure from density to intensity

estimation. In a very simple way as we will see.

The basic idea is the same as for the semiparametric density estimation: view the

intensity as a combination of a parametric function times a correction factor,

λ(x) = g(x)r(x)

which leads to combine an initial parametric start maximum likelihood estimate with

a correction kernel-type estimated factor.

2.3.2 A parametric function corrected by a kernel factor

The intensity function of a Poisson point process can be modeled with a parametric

function λ(x) = g(x, θ). A maximum likelihood approach is possible: here, θ could be

estimated maximising the likelihood of the Poisson point process (2.3.1) with intensity

function λ(x) = g(x, θ).

An istance in which the likelihood function is tractable is the inhomogeneous Poisson

process with intensity function λ(x). Essentially because the distribution associated
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with a partial realization X = X1, . . . , Xn, of this process on a finite region A can be

factorized as the product of a Poisson distribution with mean µ =
∫

A
λ(x)dx for the

number of events n, and a set of mutually indipendent locations xi whose common

distribution has density λ(x)/µ. Hence, the log-likelihood for λ(·) based on data X is

ll(λ) =
n∑

i=1

log λ(xi) −

∫

A

λ(x)dx (2.3.1)

The maximising process could be carried out numerically using the ‘Nelder-Mead’

algorithm.

I want now to introduce a correction factor in order to improve the parametric

estimation procedure. I would like the correction factor supplies a better estimate if

and just where the parametric estimates doesn’t macth the true intensity; but it must

be inactive if my start model is the correct one! The idea is very closed to Hjort and

Glad (1995,(18)). The proposed semiparametric estimator is:

λ̂(x) = ĝ(x)r̂(x) (2.3.2)

= g(x, θ̂)
n∑

i=1

Kh(Xi − x)

g(Xi, θ̂)
(2.3.3)

where ĝ(x) is the initial parametric model and θ̂ is obtained maximising the likelihood

of the Poisson point process (2.3.1) with intensity function λ(x) = g(x, θ). Afterwards

that, the correction factor is applied using a kernel type estimator. It will drive the

parametric model when it can’t supply a good estimate for the intensity of the Poisson

point process. Crucial, as in every non-parametric kernel setting, is the choice of the

bandwidth.
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2.3.3 Choosing the Optimal Bandwidth

The Mean Integrated Square Error (MISE) plays a very important role in non-paramatric

kernel estimation. It is a valid measure of the goodness of our estimator. So, a popular

tecnique is to use this error measure to drive the choise of the bandwidth: we will

choice the value of h which minimize the MISE, better a nearly unbiased estimate of

it. This proceduce is called nearly unbiased cross validation and it is used in density

estimation and, with a very little variation, in intensity estimation. So the next step

is to minimize an unbiased estimate of the exact MISE as a function of bandwidth

ucv(h) =

∫
λ̂h(x)2dx − 2

n∑

i=1

λ̂h,(i)(Xi). (2.3.4)

where λ̂h,(i) is the estimator constructed from the diminished data set that excludes

Xi.

The role of the value of h become more interesting here: if the ucv procedure selects

a small value h, it means that the correction factor must be active very often let the

parametric start be inappropriate. Instead, if a very large value for h selected leads to

a very smooth behaviour of the correction factor, the parametric start chosen is quite

good!

2.3.4 Simulation Study

The new semiparametric intensity estimator is tested here in three different situations.

The value of the optimal bandwidth h and the behaviour of the correction factor will

help us to understand if the parametric start was good or not.

I simulated data from a temporal Poisson point process with intensity function

log λ(x)true = θ1 + θ1x + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx) + θ7 cos(3wx) + θ8 sin(3wx); (2.3.5)
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where w = 2π/365.

In a first simulation study I use the exact parametric start function, so my semipara-

metric estimator overwrites exactly the parametric one and the correction factor is,

consequently, always equal to 1.

In a second simulation study I use a wrong parametric start, so the semiparametric

estimator must be active and the correction factor shows where and how the parametric

form is not correct.

Finally in the third simulation study the parametric start used is wrong and the cor-

rection factor shows that it misses a linear trend in time.

Model 1

Considering a temporal Poisson point process with intensity function as in 2.3.5 with

true parameters reported in table 2.1 in the row called ‘TRUE’ and plotted in fig. 2.1

in black. I simulated points from such process and I use them to estimate the intensity

parametrically making the hypothesis that

λ(x) = g(x, θ) = exp[θ1 + θ1x + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx) + θ7 cos(3wx) + θ8 sin(3wx)](2.3.6)

which corrispond to make the right choice. The estimated θs are obtained maximis-

ing the likelihood of the Poisson point process (2.3.1). Maximum likelihood estimates

are reported in the last row of table 2.1.The ML estimated intensity function is plotted

in fig. 2.1. A full kernel non-parametric estimated intensity is plotted in green. Now I

use the new semiparametric estimator. The first step is to decide from which paramet-

ric model we have to start the procedure. We use the same, correct, parametric form

2.3.6. So we know that our hypothesis is the true one. The semiparametric estimator
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θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8

TRUE 0.1 0.0009 -.055 -0.046 -0.113 0.094 0.13 0.095
ML 0.1269 0.0008 -0.0535 -0.0224 -0.1102 0.1549 0.1595 0.0960

Table 2.1: model 1

becomes

λ̂(x) = g(x, θ̂)
n∑

i=1

Kh(Xi − x)

g(Xi, θ̂)

with (2.3.7)

g(x, θ) = exp[θ1 + θ1x + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx) + θ7 cos(3wx) + θ8 sin(3wx)] (2.3.8)

and it uses the ML estimates for θ already obtained. I need now to find the optimal

bandwidth using the unbiased cross validation procedure which consists in minimizing

the equation 2.3.4. The chosen h is equal to 248 time periods which is a very big value

that suggests that the correction factor didn’t work so well due to the good parametric

start. Now I am able to plot the semiparametrically estimated intensity function (in

fig. 2.1 in blue). We note that it overwrites the parametric red one: the starting model

was already very good, the correction factor didn’t work and the semiparametric esti-

mator worked well as the parametric one since the model hypothesis was correct. For

this reason the correction factor plotted in cyan is always equal to 1.
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Figure 2.1: Model 1. (Residuals sp are the residuals of the semiparametric estimation)
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Model 2

Now I test the behaviour of the new semiparametric estimator starting from a wrong

parametric hypothesis. Data are simulated from the same Poisson point process as

above with same intensity function and same parameters. Intensity plotted in black in

Fig.2.2

The parametric inference was carried out under the following wrong hypothesis:

λ(x) = g(x, θ) = exp[θ1 + θ1x + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx)] (2.3.9)

which doesn’t capture some stagionalities present in the true model. Maximum like-

lihood inference provides estimates in Table 2.2 and the parametrically estimated in-

tensity function is plotted in red in Fig. 2.2. A full kernel non-parametric estimated

intensity is plotted in green.

θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8

TRUE 0.1 0.0009 -.055 -0.046 -0.113 0.094 0.13 0.095
ML 0.0679 0.0009 -0.0132 -0.0647 -0.0943 0.0919281024 XXX XXX

Table 2.2: model 2

I expect the semiparametric estimator recognizes that the parametric start is not

precise and it moves toward the non-parametric estimates giving more weigth to the

non-parametric correction factor. My guess is renforced by the optimal bandwidth

selected: 33 which is a small value which allows the correction factor be active and

suggesting that the parametric part fits the data badly. The semi-parametrically esti-

mated intensity function plotted in blue in Fig. 2.2 validates the expected ideas. And

the plot of the correction factor suggests where it must work more and how and where

we can improve now the parametric starting model.
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Figure 2.2: Model 2
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Model 3

In this last simulation, likewise model 2, a wrong parametric model is used, dropping

from the true model the linear temporal trend. The parametric model assumed is now:

λ(x) = g(x, θ) = exp[θ1 + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx) + θ7 cos(3wx) + θ8 sin(3wx)] (2.3.10)

whose parameters were maximum likelihood estimated and reported in table 2.3. The

red plotted parametric estimated intensity in Fig. 2.3 shows explicitly the lack of the

linear trend in the modeling. As usual a full kernel non-parametric estimated intensity

is plotted in green.

θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8

TRUE 0.1 0.0009 -.055 -0.046 -0.113 0.094 0.13 0.095
ML 0.5762 XXX -0.1042 -0.1064 -0.1201 0.0691 0.2124 0.0630

Table 2.3: model 3

What we expect now from the correction factor is to introduce just temporal trend

allowing the good performance of the parametric start in modeling the stagionalities.

And it works in this direction as we can see in Fig. 2.3 where the semiparametric

estimator performed better than the full non parametric one in allowing the curvatures,

and better than the parametric one in considering the temporal linear trend. The new

semiparametric estimator captures the best behaviours of each of the two other types of

estimators. The plot of the correction factor suggests quite esplicitly what it is wrong

and how we can improve the parametric model.
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Figure 2.3: Model 3
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2.3.5 Conclusions

For each of the previous models I simulated 100 datasets and for each of them I applyed

the three estimators and computed their performances in terms of Integrated Square

Errors (ISE)

ISE =

∫
λ(x) − λ̂(x)dx.

For each of the three scenarios the performances of semiparametric estimator are sta-

tistically significant bigger then the others.

2.4 Semiparametric Intensities Estimation using pooled

data

2.4.1 Introduction

Innovation dataset is a typical example of pooled data: the complete dataset is com-

posed of six sub-datasets, one for each industrial sector, in other words, one for each

of the component process of the multivariate point process.

The idea is to extend the semiparametric intensity estimator in this setting too. I

think that the intensities of the components of the multivariate point process share

a common behaviour but each of them have a specific feature too. This leads us to

consider the parametric part of the estimator as a measure of such common pattern

and the non-parametric part as a description of the specific sector behaviour. So, the

parametric part will use the whole dataset, the pooled data, in the estimation phase,

instead the non-parametric part will consider just data for the specific sector.

2.4.2 Pooled data: the semiparametric approach

Let λk(x) k = 1, . . . ,m be the intensities of the m components of the multivariate

inhomogeneous Poisson point processes:
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λ̂k(x) = g(x, θ̂)r̂k(x)

= g(x, θ̂)

nk∑

i=1

Khk
(Xi − x)

g(Xi, θ̂)
(2.4.1)

Here I want the parametric part to capture the common behaviour, so the estimated

θ̂ is obtained maximising the log-likelihood (2.4.2) of the whole Poisson point process

with intensity function λ = g(x, θ) and using the pooled data: the whole dataset;

ll(λ) =
n∑

i=1

log λ(xi) −

∫

A

λ(x)dx (2.4.2)

The maximising process is carried out numerically using the ‘Nelder-Mead’ algorithm

and can use a large number of observations making the estimation efficient, but just

for the common pattern! Then I need to model the pattern that make the component

processes different from each others. This specific behaviour is captured by the cor-

rection factor and to estimate it, I use just the data that come from the considered

component and the choice of the optimal bandwidth is obtained minimising the ucv

fucntion, but just using the specific subdataset as showed in 2.4.3

ucv(hk) =

∫
λ̂k,hk

(x)2dx − 2

nk∑

i=1

λ̂hk,(i)(Xi). (2.4.3)

where λ̂hk,(i) is the estimator constructed from the diminished data set that excludes Xi.

The logic hence is changed. In the previous section the correction factor r(x)

could supply better estimates when the parametric part is not appropriate. Here the

correction factor r(x) could capture departures of each component process from the

common behaviour estimated by the parametric part using the pooled dataset.
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2.4.3 Simulation Study

I simulated data from a multivariate inhomogeneous Poisson process with 6 component

processes. The main and common pattern is modelled by this intensity:

log λ(x) = θ1 + θ1x + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx) + θ7 cos(3wx) + θ8 sin(3wx) (2.4.4)

w = 2π
365

. Then each of the six intensities from which I simulated data are modelled as:

log λk(x) = log λ(x) + β1,k + β2,kx + β3,kx
2 (2.4.5)

so each intensity λk is different from on anothers while sharing a common pattern

designed by 2.4.4. The resulting intensities are plotted in fig. 2.4 where the black line

is the common behaviour called family.

The first step consists in estimating θ, a vector of parameters of the parametric

start, maximising the log-likelihood (2.4.2) of the whole Poisson point process with

intensity function λ = g(x, θ) and using the pooled data: the whole dataset. Then

I have to choose the optimal bandwidth with the ucv criterium (2.4.3) obtaining six

optimal bandwidths, each for any component. Then I am able to use the correction

factor and plot the estimated intensities. Just as an example I show the procedure for

intensity 1 and intensity 6.

Intensity 1

In fig. 2.5 the common pattern is plotted in black and the true intensity of the first

process in red .

Parametric Estimation: I make the hypothesis (partially wrong) the intensity 1 could
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be modelled parametrically as:

log λ1(x) = θ1 + θ1x + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx) + θ7 cos(3wx) + θ8 sin(3wx) (2.4.6)

which doesn’t consider the specific variations. I optimize the log-likelihood in order to

obtain θ estimated using just the data simulated from the process 1. This traditional

parametrically estimated intensity is plotted in green.

Applying the semiparametric estimator in 2.4.1 we make the hypothesis that

log g(x, θ) = θ1 + θ1x + θ3 cos(wx) + θ4 sin(wx)

+ θ5 cos(2wx) + θ6 sin(2wx) + θ7 cos(3wx) + θ8 sin(3wx) (2.4.7)

which wants to model just the shared features and now θ are obtained as before but

now using the pooled dataset: data which come from all component processes. This

parametric start will be multiply by the non-parametric kernel correction factor which

uses just data from process 1. The semiparametricaly estimated intensity is plotted in

blue and it is very closed to the true density.
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Intensity 6

As for Intensity 1 the procedure is carried out for intensity 6 too, with the same

hypothesis . The semiparametric estimator performed very very well as you can see

in fig. 2.6. Now I want to underline the behaviour and the explanatory capacity of

the correction factor plotted in cyan. In the first half time period the true intensity is

less tall than the common pattern so the correction factor drive down the parametric

estimate. In the second half time period the behaviour is the inverse: Intensity 6

overpasses the common pattern so the correction has to drive up the parametric part

and it does it.

When it is needed, the correction factor is active making the estimates closer to true,

while preserving the possibility to include a parametric part which is more easy to

interpret.
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Chapter 3

Spatial dependence in the tails of NO2

distributions: an extreme value theory

approach

3.1 Introduction

The chemical compound nitrogen dioxide (NO2) is a reddish or orange/brown gas with

a characteristic sharp, biting odor. It’s one of the most prominent air pollutants. Ni-

trogen dioxide is toxic by inhalation. Symptoms of poisoning (liung edema) tend to

appear several hours after one ha inhaled a low but potentially fatal dose. Also, low

concentrations will anesthesize the nose, thus creating potential for overexposure. Long

term exposure to NO2 at concentrations above 40 − 100µg/m3 causes adverse health

effects. The most important source of NO2 are internal combustion engines, which

emit nitrogen oxides near people. Nitrogen dioxide playes a role in the atmospheric

chemistry too, contributing to the formation of acid rains with potentially deep and

adverse effects on the ground and acquatic ecosystems.

In Italy, concern about the level of pollution in many cities led to two important policy

implementetions: the first was the declaration of new legal limits for the tolerance of

high concentration levels of a variety of pollutants. The second was the development of

an extensive network of monitoring stations with the dual aim of checking the respect
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of the legal limits and of providing a database that would permit the study of the

behaviour of the pollutants.

The study of the spatial dimension of the distribution of air pollutants could improve

the knowledge of the underlying stochastic process. In particular we are interested in

modelling the joint spatial risk of the occurrance of extreme cases which are potentially

the most dangerous ones. The results of such spatial dependence analysis may improve

the spatial prediction or design a better reallocation of monitoring sites.

The basic framework is the estimation and the interpretation of the dependogram (Ar-

bia and Lafratta, 2005 (1)) which is a general measure of nonlinear dependence between

two sites restricted to the right tail of their joint bivariate distribution. An improved in-

ference method is proposed here using univariate and bivariate threshold model (Coles

and Tawn, 1996 (10)) to make more accurate the estimation of the probability of ex-

treme outcomes which are the tragets of our research.

The data we examine have been collected by 7 monitoring stations in Rome over a

period of 2 years: 2000 and 2001. The choice of these particular stations is motivated

by their spatial localizations: a great portion of Rome is covered and a wide range of

distances between sites are represented.

3.2 Spatial Joint Risk

Prediction of the risk of the occurrence of pollutants’ extreme cases is one of the

biggest problems in the enviromental studies. Our approach consists in the use of

space and spatial relationship to model such risk avoiding to restrict attention just to

linear dependence but also the analysis of multivariate distributions of the process in

their whole can be misleading: our interests fall in just a portion of them, that is, the
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dangerous cases.

The most popular way of modelling the spatial structure of events is through the notion

of spatial correlation and through related instruments as the semivariogram, but the

use of such instruments, hovewer, are justified under the implicit assumption that:

• the dependence in all the bivariate marginals of the data generating process is

only linear, (hence its study can be restricted to spatial correlation);

• data are distributed as Gaussian (hence linear dependence is the only form of

dependence);

• the whole pairwise bivariate marginals of the generating random field are of in-

terest to the analysis.

This not often the case in environmental studies where phenomena are often non-linear

and non-normal. It is certainly not the case when studying extreme environmental

events where the interest is restricted to phenomena of dependence in the tails of the

distribution.

In studying extreme events it is fundamental the notion of risk: the defition of risk

is very general and finds applications in many different fields, we adopt its Cramer’s

version:

Risku =

∫ ∞

u

fY (y)dy (3.2.1)

i.d. the probability of exceeding (or not exceeding) a certain cut-off quantity perceived

as dangerous .

This measure is more general than a measure based on the variance of the distribution

and taking account of possible asymmetries and other nonnormalities it places a greater

emphasis on the tails of the distribution.
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In the spatial context, let α be the selected level of risk and let ui and uj be the

corresponding critical thresholds at sites i and j for a give variable Y : ui = F−1
Yi

(α) and

uj = F−1
Yj

(α), we can introduce the concept of bivariate spatial risk as the probability

of exceeding the dangerous cutoff at site i, and , simultaneouly, exceeding the analog

threshlod uj in the other site j:

BiRisk(α, i, j) =

∫ ∞

ui

∫ ∞

uj

fYi,Yj
(yi, yj)dyidyj (3.2.2)

The bivariate spatial risk can be interpreted as proportional to the local risk at site i

conditional to Yj ≥ uj:

BiRisk(α, i, j) =

∫ ∞

ui

∫ ∞

uj

fYi,Yj
(yi, yj)dyidyj

= (1 − FYj
(uj))

∫ ∞

ui

fYi|Yj≥uj
(yi)dyi (3.2.3)

∝

∫ ∞

ui

fYi|Yj≥uj
(yi)dyi

3.3 Spatial Tail Dependogram

Now using the general concept of positive quadrant dependence measure between two

random variables which states that in precence of such dependence the following is

true:

Pr(Yi ≥ yi ∩ Yj ≥ yj) ≥ Pr(Yi ≥ yi)Pr(Yj ≥ yj)

which in term of BiRisk becomes

∫ ∞

ui

∫ ∞

uj

fYi,Yj
(yi, yj)dyidyj −

∫ ∞

ui

fYi
(yi)dyi

∫ ∞

uj

fYj
(yj)dyj

and using the 3.2.3:

∫ ∞

ui

fYi|Yj≥uj
(yi)dyi −

∫ ∞

ui

fYi
(yi)dyi
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Thus, the quantity

ξ(α) =

∫ ∞

ui

fYi|Yj≥uj
(yi)dyi −

∫ ∞

ui

fYi
(yi)dyi = FYi

(ui) − FYi|Yj≥uj
(ui) (3.3.1)

is a general measure of nonlinear dependence between site i and site j restricted to

the right tail of their joint bivariate distribution. We can index this quantity with the

distance di,j between site i and site j, so we are able to plot ξ(α, di,j) against di,j and

it is what we will refer to as spatial tail dependogram.

3.4 Nonparametric Spatial Dependogram Estimation

Arbia and Lafratta (2005,(1)) proposed to estimate ξ(α, di,j) nonparametrically using

the emipirical distribution function.

ξ̂(α, di.j) = F̂Yi
(ûi) − F̂Yi|Yj≥ûj

(ûi) (3.4.1)

where ûi and ûj are the sample quantiles of level α respectively estimated from Yi

and Yj and

F̂Yi
(ûi) =

1

T

T∑

i=1

I(−∞,ûi)(yi,t) (3.4.2)

F̂Yi|Yj≥ûj
(ûi =

1
T

∑T
i=1 I(−∞,ûi)(yi,t)I(ûj ,∞)(yj,t)

1 − F̂Yi
(ûi)

(3.4.3)

Simulation Study

Arbia and Lafratta (2005,(1)) showed an empirical example based on a simulated

dataset. The analysis refers to a dataset sampled from a random field for which the

multivariate skew normal distribution (Azzalini and Dalla Valle, 1996, (3)) is used as
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the spatial data generating process to allow non-gaussian effects and to create tail de-

pendencies. The simulation is based on four sampled locations distributed in the space

producing six distances 3.1 at regular intervals (5, 10, 15, 20, 25, 30).

Figure 3.1: Sampled locations

So, the random vector Y = (Y1, Y2, Y3, Y4)
′ has four-dimensional skew-normal dis-

tribution:

fY1,Y2,Y3,Y4
(y) = 2φ4(y; Ω)Φ(θ′y) (3.4.4)

where Ω and θ are parameters, φ4(·; Ω) is the four-domensional Gaussian density having

zero mean and covariance matrix Ω and Φ is the univariate Gaussian stardard distri-

bution. The drawn random sample is: hourly observations for 5 years: a time series of

43200 obersations.

The non-parametric procedure was applied and the estimated spatial tail dependogram
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was plotted in fig. 3.2. The plot of the tail correlogram is also provided for a compar-

ison.

Figure 3.2: Theoretical and empirical dependograms for a probability level of 0.05

Fig. 3.2 shows that the tail correlogram can capture just the linear dependence

among extremes, while spatial tail dependogram is a valid measure of spatial depen-

dence restricted to the right tail of the distribution.

We want now to improve di inference framework.
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3.5 Parametric Inference for Dependogram: an ex-

treme value theory approach

Handling the second term of the spatial tail dependogram 3.4.1:

FYi|Yj≥uj
(ui) =

Pr(Yi ≤ ui ∩ Yj ≥ uj)

Pr(Yj ≥ uj)

=
Pr(Yi ≤ ui) − Pr(Yi ≤ ui ∩ Yj ≤ uj)

Pr(Yj ≥ uj)

=
FYi

(ui) − FYi,Yj
(ui, uj)

1 − FYj
(uj)

(3.5.1)

which leads to

ξ(α, di,j) = FYi
(ui) −

FYi
(ui) − FYi,Yj

(ui, uj)

1 − FYj
(uj)

. (3.5.2)

All the probability presents in 3.5.2 are computed in very high value of the ran-

dom variables: in extreme values. This alloow us to improse the inference using the

extreme values theory (see Coles S. 2001(8)). So FYi
(ui) and FYj

(uj) can be modeled

as univariate threshold model.FYi,Yj
(ui, uj) as bivariate threshold model

3.5.1 Univariate threshold model

To represent the distributional behaviour in the tails, Coles and Twan (9),(10) suggested

the use of a point process characterization of multivariate extremes, which can be

applied to the spatial case by assuming that each (univariate) component represents,

marginally, the polluting process at a given sampled location. Simultaneous estimation

of the spatial dependency structure among extremes and of their marginal parameters

can thus be obtained by using a maximum likelihood procedure under the assumption

of temporal independence.
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Some usefull results from Coles, 2001 (8)

Under suitable conditions the random variable

Mn = max {C1, . . . , Cn}

converges in distribution, as n → +∞, to a member of the Generalized Extreme Value

(GEV) family, in the sense that

Pr (Mn ≤ c) ≈ GEV (c; η, σ, ξ) ≡ exp

{
−

[
1 + ξ

(
c − η

σ

)]−1/ξ
}

, (3.5.3)

which is defined on {c ∈ R : 1 + ξ (c − η) /σ > 0} , with parameters satisfying the con-

straints η, ξ ∈ R and σ > 0

Let us assume that τ0 represents a threshold high enough to guarantee that, for

τ > τ0, ln (Pr (C ≤ τ)) can be approximated in a neighborhood of 1 as follows:

ln (Pr (C ≤ τ)) ≈ Pr (C ≤ τ) − 1, (3.5.4)

Since Pr (Mn ≤ τ) = Pr (C ≤ τ)n, applying equations (3.5.3) and (3.5.4) we have

1 − Pr (C ≤ τ) ≈ n−1

[
1 + ξ

(
τ − η

σ

)]−1/ξ

and thus

Pr (C > τ |C > τ0 ) ≈
1 − Pr (C ≤ (τ − τ0) + τ0)

1 − Pr (C ≤ τ0)

=

[
1 + ξ

(
τ − τ0

σ̃

)]−1/ξ

, (3.5.5)

with σ̃ = σ + ξ (τ0 − η). This is equivalent to state that, conditional on C > τ0, the

distribution of C − τ belongs to the generalized Pareto family, with parameters ξ and

σ̃
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Formula (3.5.5) suggests that, for every τ > τ0, we can state that:

Pr (C > τ) ≃ ζτ0

[
1 + ξ

(
τ − τ0

σ̃

)]−1/ξ

, (3.5.6)

where ζτ0 = Pr (C > τ0), ξ and σ̃ need to be estimated. Applying the Maximum Like-

lihood principle leads to the sample proportion of points exceeding τ0 as an estimator

of ζτ0 , and to estimates of ξ and σ̃ which can be obtained numerically as discussed by

Davison and Smith (1990, (14)).

advanced inference for dependogram 1

Just applying previous results to estimate dependogram, we obtain:

1 − FYi
(ui) = Pr(Yi > ui) ≈ ζuo

[
1 − ξ

(
ui − uo

σ̃

)]
(3.5.7)

and the maximum likelihood based inference for the parameters is as in Coles (2001,

(8)).

3.5.2 Bivariate threshold model

Modelling the bivariate joint distribution in terms of threshold model is instead not so

immediate.

Let us assume for a moment that both the components of the random vector (Cj, Cl)

have marginal unit Fréchet distributions, i.e. Pr (Cj ≤ c) = Pr (Cl ≤ c) = exp (−c−1) ≡

ψ (c), c > 0. Under such condition, if the vector of componentwise maxima rescaled by

n−1,

M
∗
n =

(
n−1Mj,n n−1Ml,n

)
,

converges in distribution to a non-degenerate function, say G (cj, cl), then G can be

characterized as follows:

G (cj, cl) = exp (−V (cj, cl)) , (3.5.8)
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where the function V is such that

V (cj, cl) = 2

∫ 1

0

max

(
w

cj

,
1 − w

cl

)
dH (w) , (3.5.9)

H being a distribution on [0, 1] having mean 1/2. Such result thoroughly specifies the

class of bivariate limit distributions for

Mn =
(

Mj,n Ml,n

)
.

In fact, equation (3.5.9) constrains V to be homogeneous of order −1, which means

that, for every δ > 0,

V
(
δ−1cj, δ

−1cl

)
= δV (cj, cl) ,

so that

FCj ,Cl
(cj, cl)

n = Pr (Mj,n ≤ cj ∩ Ml,n ≤ cl) ≈ G
(
n−1cj, n

−1cl

)
= G (cj, cl)

n ,

and hence

FCj ,Cl
(cj, cl) ≈ G (cj, cl) . (3.5.10)

The approximation in (3.5.10) holds true if both Cj and Cl are unit Fréchet dis-

tributed. Nevertheless, an analog result can be stated for arbitrary marginal distribu-

tions of (Cj, Cl). More precisely, it is always possible to apply, for every j ∈ J , the

transformation

y = θj (c) = ψ−1
(
FCj

(c)
)
, (3.5.11)

so that the vector

(Yj, Yl) = (θj (Cj) , θl (Cl)) ,

has, by construction, marginal unit Fréchet distributions. Hence, we would have, by

(3.5.10),

FYj ,Yl
(yj, yl) ≈ G (yj, yl) ,



84 Spatial dependence in the tails

and thus

FCj ,Cl
(cj, cl) = Pr (θj (Cj) ≤ θj (cj) ∩ θl (Cl) ≤ θl (cl))

≈ G (θj (cj) , θl (cl)) . (3.5.12)

We can now observe that, for a suitable threshold τ > τ0, the marginal distribution

of Y , can be approximated using equation (3.5.6), after marginal estimation of the

corresponding parameter set (ζτ0 , σ̃, ξ):

FY (τ) =≈ 1 − ζτ0

[
1 + ξ

(
τ − τ0

σ̃

)]−1/ξ

.

If such approximations are plugged in equation (3.5.11), we obtain,

θ (τ) = −

(
ln

(
1 − ζτ0

[
1 + ξ

(
τ − τ0

σ

)]−1/ξ
))−1

, (3.5.13)

so that the joint distribution FYj ,Yl
(yj,yl) can be approximated on the region {(yj, yl) : yj > τ, yl > τ}

using equations (3.5.11) and (3.5.12).

advanced inference for dependogram 2

The last results allow us to modeling the bivariate threshold model to estimate the

bivariate probability present in the dependogram.

If we apply the following transformation

Zi = −

(
ln

(
1 − ζu0

[
1 + ξ

(
ui − u0

σ

)]−1/ξ
))−1

(3.5.14)

The Z’s become Frechet’s marginals, and the following result holds:

FYi,Yj
(ui, uj) = exp (−V (Zi, Zj)) , (3.5.15)

where V is a homogeneous function of order −1. In this work I used the logist model

to characterize V as:

V (zi, zj) =
(
z
−1/ρ
i + z

−1/ρ
j

)ρ

(3.5.16)
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where 0 ≤ ρ ≤ 1 measures the strength of the dependence and is an extra parameter

to be estimated.

As for univariate threshold model, here a maximum likelihood approach is carried out

(see Coles, 2001 (8)) to estimate the parameter ρ.

3.5.3 Choice of the threshold

What is the threshold that let be true the GPD approximation for extreme value? How

to choose it?

An explanatory tool is avaible to help us: the Mean Residual Life Plot .It consists in

the plot of the pairs:

{(
u,

1

nu

nu∑

1

(
x(i) − u

)
)

: u < xmax

}
(3.5.17)

where x(i) is the i-th observation exceeding the threshold u and nu is the number of

observations exceeding the threshold u. The mean residual life plot should be approxi-

mately linear in u if we trespass the threshold where the Generalized Pareto distribution

provides a valid approximation to the excess distribution.

3.6 Empirical Application: the NO2 case in Rome

In this section we will illustrate the methodology described in the previous section

by making use of a real data set referred to the distribution of NO2 in Rome. The

obtained estimates of spatial tail dependogram is plotted at varies distances to detect

spatial regularities in the distribution of extremes of NO2.
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NO2 hourly data have been collected by seven monitoring stations in Rome in the

years 2000 and 2001. We consider just the winter months for homogeneity for a total

of 4906 observations. The spatial locations of the seven monitoring sites in Rome are

plotted in fig. 3.3 generating 21 distances.
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Figure 3.3: Spatial locations of the seven monitoring sites in Rome

So we are considering seven random variable Y1, . . . , Y7 whose extremes will be

modelled with univariate and bivariate threshold models. The first step consists in

the choice of the threshold for each of the seven variables. We need to plot the mean
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residual life plot for each monitoring site and check for the value after which the plot

becomes linear in u.

The mean residual life plot for site 3 - Piazza Fermi - is showed in fig. 3.4 and suggests

the use of the value 156 asa critical threshold which correspond to the 97-th percentile.

The critical thresholds for the others sites are smaller than the respective 97-th per-

centiles, so, we can assume, without risk, a common threshold in terms of percentiles,

beeing sure that it is the biggest one for all the seven monitoring sites. So u0,i =

F−1
i (0.97) for i = 1, . . . , 7.

Now we are able to make inference for each of the seven random variables, modeling

their extremes with univariate threshold model as in 3.5.7. The estimated parameters

are reported in table 3.1.

site 1 2 3 4 5 6 7
threshold 92,64 122,58 156,71 136,31 139,08 138,08 147,78

σ̂ 10,830 22,989 21,067 16,476 15,699 12,123 14,064
s.e.(σ̂) 1,516 2,775 2,470 1,966 1,861 1,363 1,621

ξ̂ 0,327 -0,193 -0,063 0,036 0,093 -0,002 0,103
s.e.(ξ̂) 0,116 0,090 0,084 0,087 0,086 0,077 0,081

Table 3.1: Univariate Threshold Model Parameter Estimation

Then for each pair of monitoring sites I estimated the bivariate threshold model;

after done the trasformation 3.5.14 and implemented the logistic model, only the pa-

rameter ρ has to be estimated. And result are reported in tabel 3.2

At this stage we have to estimate the spatial tail dependogram. Let us fix the

dangerous probability at the level, say α = 0.02. We will obtain for each monitoring

site the dangerous cutoff at which compute the univariate and bivariate probabilities

present in the last formula of the dependogram 3.5.2. The probabilities are reported in

Table 3.3 and in table 3.4. All we need now is to combine these univariate e bivariate

probabilities as showed in the formula 3.5.2 for each pairs of monitoring sites which
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Figure 3.4: Mean Residual Life Plot: Site 3 Piazza Fermi

are at distance di,j. The spatial tail dependogram is computed and linked to the

distances as showed in Table 3.5, and finally plotted in Fig.3.5 and compared with

the spatial correlogram. The analysis of the dependence restricted to the right tail of

the distributions through the spatial tail dependogram thus shows a certain decreasing

trend with distance. Although this is only a modest trend, the spatial correlogram (that

considers all values in the bivariate distribution and not only those in the upper tail)

displays the opposite trend which is contrast with any geographical intuition. Values
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site i site j ρ̂ s.e.(ρ̂)
1 2 0,836 0,022
1 3 0,824 0,023
1 4 0,726 0,025
1 5 0,754 0,026
1 6 0,816 0,023
1 7 0,852 0,022
2 3 0,789 0,023
2 4 0,748 0,024
2 5 0,840 0,022
2 6 0,872 0,020
2 7 0,805 0,023
3 4 0,715 0,025
3 5 0,868 0,021
3 6 0,804 0,023
3 7 0,866 0,020
4 5 0,759 0,025
4 6 0,788 0,024
4 7 0,811 0,023
5 6 0,837 0,023
5 7 0,780 0,025
6 7 0,780 0,023

Table 3.2: Bivariate Threshold Model Parameter Estimation

are more similar if they are distant than if they are close together. Thus the spatial

tail dependogram seems to provide a more sensible description of reality. Anyway the

analysis was affected by the presence of just one monitoring site at very short distance

and just one monitoring site at very large distance. A better reallocations of them is

needed.
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Site Threshold P (yi > ui) (Univariate thresold models) Fi(ui

Site 1 97,46 0,019814 0,980186
Site 2 130,87 0,02065 0,97935
Site 3 164,40 0,020742 0,979258
Site 4 143,21 0,019803 0,980197
Site 5 146,43 0,018967 0,981033
Site 6 142,92 0,020131 0,979869
Site 7 154,02 0,019444 0,980556

Table 3.3: Univariate estimated probabilities at dangerous level equal to 0.02

site i site j P (yi > ui, yj > uj) (Bivariate threshold models) Fi,j(ui, uj)
1 2 0,00438 0,96392
1 3 0,00467 0,96412
1 4 0,00690 0,96728
1 5 0,00610 0,96732
1 6 0,00482 0,96487
1 7 0,00385 0,96459
2 3 0,00566 0,96427
2 4 0,00652 0,96607
2 5 0,00417 0,96456
2 6 0,00348 0,96270
2 7 0,00509 0,96500
3 4 0,00729 0,96675
3 5 0,00348 0,96377
3 6 0,00522 0,96435
3 7 0,00359 0,96340
4 5 0,00599 0,96722
4 6 0,00549 0,96556
4 7 0,00485 0,96561
5 6 0,00419 0,96509
5 7 0,00546 0,96705
6 7 0,00563 0,96605

Table 3.4: Bivariate estimated probabilities at dangerous level equal to 0.02
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site i site j ξ(α, di,j) di,j(km)
1 4 0,3287 1,5176
3 5 0,1628 3,9012
4 7 0,2298 3,9907
1 5 0,3019 4,6326
1 6 0,2195 4,8312
1 7 0,1781 5,0415
4 5 0,2960 5,3475
3 6 0,2387 5,3821
5 7 0,2617 5,5949
2 5 0,1993 5,7148
5 6 0,1891 5,9037
4 6 0,2531 6,3395
2 7 0,2411 6,3702
1 3 0,2055 7,2339
2 3 0,2521 8,2799
3 4 0,3476 8,4409
2 4 0,3087 9,1330
1 2 0,1923 9,2613
3 7 0,1638 9,4827
6 7 0,2693 9,4829
2 6 0,1523 11,6184

Table 3.5: Estimated spatial tail dependogram at dangerous level equal to 0.02
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3.7 Conclusions

In this chapter we considered the problem of estimating the spatial dependence between

neighbouring location by looking at what happens in the left tails of the bivariate dis-

tribution. In this way we restrict ourselves to those cases where a certain dangerous

threshold is trespassed simultaneously in two closeby locations.

The analysis reported here considered the exploratory tool termed spatial tail depen-

dogram introduced by Arbia and Lafratta (2005, (1)), but, rather than considering

the non-parametric estimator suggested by the two authors, here we considered a fully

parametric likelihood-based version of it.

The empirical example reported in the paper was aiming at showing how the new es-

timation procedure works in practice. It focused on the spatial distribution of NO2 in

Rome as reported in seven monitoring stations in the years 2000 and 2001. The spatial

tail dependogram was estimated parametrically on the basis of the empirical data and

the results were compared with those obtained by using the more traditional spatial

correlation.

The main finding is that, while the spatial correlogram shows a counter-intuitive in-

creasing behaviour with respect to distance, the spatial tail dependogram conversely

displays a more intuitive decreasing behaviour which accords with the first law of ge-

ography (Tobler, 1970, (25)).

Obviously more work is needed in this field to overcome some of the limitations of the

present analysis. An important aspect concerns the empirical analysis that should be

run on a dataset larger with respect to the spatial dimension. In our case we had only

7 observations giving rise to 21 possible distances. So both the correlogram and the

spatial tail dependogram were interpolated to only 21 points. A larger dataset would

allow a better interpolation and hence more grounded conclusions when comparing the
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two plots. However it is still difficult to avail a large environmental database related

to a large number of monitoring sites and which is also simultaneously rich in terms of

the temporal replication that are required to activate our estimation procedure.
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Figure 3.5: Spatial Tail Dependogram and Spatial Correlogram
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