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Introduction

Multidimensional Scaling (MDS) refers broadly to a set of spatial models utilized to
discover hidden structures in various types of multidimensional data, including dissim-
ilarity data. A dissimilarity indicates how dissimilar two objects are. A small score
indicates that the objects are similar, a high score that they are dissimilar. Based
on dissimilarities between objects MDS produces a spatial representation, consisting
of a geometric configuration of points, as on a map. Each point in the configuration
corresponds to one of the objects. This configuration reflects the “hidden structure”
in the data since the smaller the dissimilarity between the two objects the closer they
should be on the spatial map.

Typical application areas for MDS are, among others, social and behavioral sciences
and marketing. MDS techniques are often used to understand how people perceive and
evaluate certain signals and information. Political scientists use MDS techniques to
understand why political candidates are perceived by voters as being similar or dissim-
ilar. In marketing researchers use MDS techniques to shed light on the way consumers
evaluate brands and to assess the relationship between product attributes. They are
interested in understanding how several brands are perceived in relationship to each
other by consumers. They use MDS solution to position new products appropriately,
to modify an existing product image to emphasize brand differentiation.

If only one dissimilarity matrix is considered, MDS is referred to as two-way MDS (the
ways correspond to the arrangement of the matrix, rowsxcolumns). There are many
iii
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two-way MDS techniques in the literature. Oh and Raftery (2001) have developed
a Bayesian approach to two-way multidimensional scaling using Markov chain Monte
Carlo. This approach provided good estimates of the object configuration in the cases
studied, as well as a Bayesian criterion for choosing the object dimension.

If more than one dissimilarity matrix are considered the technique is referred to as
three-way MDS. In many situations we have information on dissimilarities between
n objects for S subjects but the S matrices may also represent different occasions
on which the dissimilarities are measured, different conditions under which they are
taken, or dissimilarities with respect to different characteristics. For the sake of expo-
sition, in the following we will assume that the S matrices refer to subjects rather than
any other objects. The simplest way of dealing with several dissimilarity matrices is
to perform a separate MDS for each subject and then attempting a comparison. A
second way is to perform a single MDS for the average subject. In order to perform an
aggregate MDS analysis, the S single dissimilarity matrices can be combined by com-
puting the average value for each cell and a single MDS is performed for the average
subject. In this way we obtain a compromise configuration but we do not investigate
individual differences. Another strategy between these two extremes is the Weighted
Multidimensional Scaling (WMDS). Weighted MDS, or Individual difference scaling
(INDSCAL), was first introduced by Carrol and Chang (1970). It postulates a com-
mon object configuration that applies to all individuals, but that dimensions in the
common configuration are differentially weighted by different individuals to give rise
to differences in dissimilarity judgments. Its basic assumption is that each individual
responds to all the dimensions of the objects but may utilize the dimensions in varying
degree. The weights are interpreted as the importance, relevance, or salience of each
dimension to each subject. Other methods for fitting the WBMDS model are ALSCAL
(Takane et al. 1977), which optimizes the fit of squared distances to the dissimilarities
and the SMACOF algorithm (De Leeuw 1977), which optimizes the fit of distances to

dissimilarities by a convergent algorithm.
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We propose an extension of the Bayesian approach to MDS in Oh and Raftery (2001)
in order to analyze several matrices of dissimilarities. We develop four models with
several levels of aggregation. In the first and simplest model, a Replicated Bayesian
Multidimensional scaling, we assume that individual differences are attributable only
to differences in measurement errors in observations. In this way a single scaling solu-
tion captures the dissimilarity data of all matrices.

To investigate the individual differences we develop a Bayesian Weighted Multidimen-
sional Scaling in which we assume that several dissimilarity matrices differ from each
other in systematically ways. We compute S MDS solutions, but they are required to
be related to each other. More specifically, we assume that all subjects use the same
dimensions when evaluating the objects, but that they can apply individual weights
to these dimensions.

A problem in Weighted Multidimensional Scaling is that the weights are rarely in-
terpreted for individual subjects, and the improvement in goodness-of-fit measures
seldom seems to justify so many additional parameters. Therefore, we propose two
models in which individual differences are attributable to the difference in importance
that groups of individuals attach to the various common scale. In the first model,
Group Bayesian Multidimensional Scaling, we partition the subjects according to one
or more categorical variables and the aim is to investigate if the variables considered
are useful to explain the dissimilarities matrices. For example, we can analyze if there
are differences in perception among specific subject’s group as for instance male or
female or single and married.

In the last model, Cluster Bayesian Multidimensional Scaling, we assume that each
subject belongs to one and only one clusters or subpopulation but it isn’t known in
advance to which cluster a particular subject belongs. In order to identify such groups,
we propose a model that combine a fuzzy form of cluster analysis with Weighted Multi-
dimensional Scaling. This model is based on a finite mixture of distributions, in which

each mixture component is taken to correspond to a different cluster or subpopulation.
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An important issue in all MDS methods is dimensionality, i.e., the number of signif-
icant attributes. Despite its importance in many applications, there is no definitive
method for determining dimension for dissimilarity data. For this reason we develop in
each model a Bayesian selection criterion for dimension determination and in the last
model we provide a Bayesian criterion to select the dimension of the configuration and
the number of clusters. Since the Cluster Bayesian Multidimensional scaling is a gen-
eral model that includes Replicated Bayesian Multidimensional Scaling and Weighted
Bayesian Multidimensional Scaling as special cases, in this way we may compare these
three models and study the heterogeneity among subjects.

The thesis is organized as follows. Two way MDS and three way MDS are briefly
reviewed in Chapter 1. Replicated Bayesian MDS is described in Chapter 2, Weighted
Bayesian MDS is described in Chapter 3, Groups Bayesian MDS is described in Chap-
ter 4 and Cluster Bayesia MDS is described in Chapter 5. For each model we illustrate
the Bayesian framework including prior specifications, likelihood function, joint pos-
terior distribution, and an estimation procedure using a MCMC algorithm. Detailed
descriptions of the full conditional distributions are also provided. For each model
we also describe a Bayesian selection criterion and to better emphasize the contribu-
tions of the proposed methods we present the results of simulation studies. Finally, in

Chapter 6 our procedures are applied to real datasets.
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Chapter 1

Multidimensional scaling

Multidimensional scaling (MDS) is a set of methods for discovering hidden structures
in multidimensional data. Based on dissimilarities between objects MDS produces
a spatial representation of the objects. The derived spatial representation consists
of a geometric configuration of points on a map, each point corresponding to one of
the objects. The smaller the dissimilarity among the objects the closer the objects
will be on the map. By “objects”, we mean stimuli, political candidates, biological
entities, variables, or whatever other objects the user seeks to position in a spatial
representation.

The multidimensional scaling can be “metric” or “nonmetric”. Metric scaling assumes
that the dissimilarity data are measured at the interval or ratio levels of measurement
and the spatial representation attempts to preserve the distance among the objects.
Nonmetric scaling assumes that the data are at the ordinal level of measurement and
the spatial representation only preserves the rank order among the dissimilarities. We
will focus on metric multidimensional scaling in which one or more full symmetric

dissimilarity matrices are considered.
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1.1 Two-way Multidimensional Scaling

To formalize MDS, we need some notation. Let n be the number of different objects
and let the observed dissimilarity for objects i and j be given by d;;. D = (d;;) de-
note the n x n matrix of dissimilarities between the n objects. We assume that the
dissimilarity matrix D (or a series of them in Three-way Multidimensional Scaling)
contains entries that are symmetric about the main diagonal; that is d;; = dj; for
i,7 =1,...,n. When the raw data satisfy this requirement, it is only necessary to read
in a lower half matrix (or series of them in Three-way Multidimensional Scaling) d;;
(1t =1,...n;5 = 1,...,i — 1), since the upper triangular matrix would only contain
redundant information.

The main assumption in MDS is the existence of an underlying multidimensional space
that describes the objects displayed in the space and that the dissimilarity between
objects is related to the distance of the corresponding points in the multidimensional
space. The n x p matrix of objects coordinates X is a set of n points in p dimen-
sional space and it denotes the underlying object configuration. Row i from X gives
the coordinates for object i, namely x; = (21, ..., 2;») denotes an unobserved vector
representing the values of the attributes possessed by object i. We define ¢;; as the

Euclidean distance between x; and x;:

p
0ij = (Tik — 1)

k=1
The aim of multidimensional scaling is to find a configuration such that the estimated
distances &j “match”, as well as possible, the dissimilarities d;;. It is the different
notions of “matching” that give rise to the different techniques of multidimensional
scaling. There are many two-way MDS techniques in the literature. A commonly used
MDS method was developed by Torgerson (1952, 1958). Maximum likelihood MDS
methods have been developed by Ramsay (1982) and Takane (1982) among others.
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Least squares MDS methods have been proposed by De Leeuw and Heiser (1982) and
Groenen, Mathar, and Heiser (1995) among others. Oh and Raftery (2001) proposed
a Bayesian MDS (BMDS) method using Markov chain Monte Carlo.

1.1.1 Classical Multidimensional Scaling

Classical scaling originated in the 1930s when Young and Householder (1938) showed
how starting with a matrix of distances between points in a Euclidean space, coordi-
nates for the points can be found such that distances are preserved. Torgerson (1952)
brought the subject to popularity using the technique for scaling.
The basic idea of classical scaling is to assume that the observed dissimilarities are
Euclidean distances and then find coordinates that explain them.

Formally, classical scaling assumes that the observed dissimilarity measure, d;;, is the

37

distance between objects ¢ and j in a p-dimensional Euclidean space, i.e.,

p

di; = 045 = Z(i’flk — xj)?

k=1

where x;; is the k-th element of x; = (%, ...,%;). The elements x;; are unknown,
and the goal of MDS is to recover them from the dissimilarity data. Construct a

double-centered matrix A with elements a;; defined by
aij = —5(8% — 67 — 0% + %),

where

= Zglz]? - = Zzllj’ "7n221 12]11]

It was shown by Togerson (1952, 1958) that

p
a;; = lek - xjg, foralli,j, ie, A=XX (1.1)
k=1
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where X is the n X p matrix of objects coordinates. The coordinates of X can recovered
from the spectral decomposition of the matrix A in (1.1).

Because Euclidean distance is invariant under translation, rotation, and refection
about the origin, there is no unique set of coordinate values that give rise to these
distances. In other words, we cannot uniquely determine either the location or the ori-
entation of the configuration. The location problem is usually overcome by placing the
mean vector of the configuration at the origin. The orientation problem means that
any configuration derived can be subjected to an arbitrary orthogonal transformation.
Such transformations can often be used to facilitate the interpretation of solutions.
Several methods have been proposed to choose the dimensionality of the MDS solu-
tion. However, no definite strategy is present for choosing the effective dimension of x;,
the number of object attributes that contribute significantly to the dissimilarities. A
common way of assessing dimension is to look at the eigenvalues of the scalar product
matrix A. The usual strategy is to plot the ordered eigenvalues (or some function of
them) against dimension and then identify a dimension at which the eigenvalues be-
come “stable” (i.e., do not change perceptively). At that dimension, we may observe
an “elbow” that shows where stability occurs. Also a measure of fit, called stress,
is commonly used to determine the dimensionality. Several definitions of stress have
been proposed; in classical multidimensional scaling the mostly commonly used one,

1S

S, (dij = 035)?

STRESS =
Zi>j dzzj

(1.2)

where &j is the Euclidean distance obtained from the estimated object configuration.
One approach to determine the dimensionality is to compute MDS solutions for a range
of dimensions, plot the STRESS against the dimension and identify a dimension at
which the STRESS become “stable”.

Both methods rely on detecting an elbow in a sequence of values, that is, a point where

the plot levels off. However, in real data that do not conform exactly to the model
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or in which there is a significant amount of measurement or sampling error, an elbow
may be difficult to discern.
One way to incorporate measurement error into MDS is to adopt a more explicit

modeling framework, such as a Bayesian viewpoint (Oh and Raftery, 2001).

1.1.2 Bayesian Multidimensional Scaling

Oh and Raftery (2001) have developed a Bayesian approach to multidimensional scal-
ing in which they assume the dissimilarity, d;; > 0, between objects ¢ and j is observed
with Gaussian error:

dij = 51']‘ + Eij

where 6;; is the true dissimilarity and € ~ N(0,0?), i,7 = 1,2,...,n. Thus, given
di;, the observed dissimilarity d,;, which is assumed to be functionally related to the

unknown x;, follows the truncated Gaussian distribution,
dijNN(éiﬁo-Z)[(dij >O)7 Z#]azaj:Lan

The likelihood function of (X = {x;},¢?), given D = (d;;), is given by

1(X,0%) o (%)~ 7% exp —% Z(dij —0i)° — Zlog@ (%)]
i>j i>j
where ®(-) is the standard Gaussian cdf, and m = n(n — 1)/2 is the number of
non-diagonal elements in the lower triangle of the dissimilarity matrix. The second
term in the exponent of the likelihood function is the modification to the normalizing
constant due to the truncation. Next, they assume that the x; are iid with a common
multivariate Gaussian prior density, with mean 0 and a diagonal covariance matrix
A, ie., x; ~ N,(0,A). They assume that the error variance o2 has the (conjugate)
prior 0* ~ IG(a,b) where IG(a,b) is the inverse Gamma distribution with mode

b/(a + 1). Similarly, the prior for Ay is taken to be A\ ~ IG(«, fBx) independently for
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each j = 1,2,...,p. Finally, the prior densities of X, A, and ¢° are assumed to be

independent. The joint posterior density of (X, 02 A), given the dissimilarity matrix

D:(dij),is
7(X,0%AD) o« (0%)"(5+at1) HA Frat)

exp 2122(4-— Zlogq>(>

i>7 1>]
1<, b & G
i=1 k=

The posterior distribution (1.3) is a complicated function of the unknown quantities
(X, 02, A). The numerical integration necessary to compute Bayes estimates of these
quantities is best accomplished using Markov chain Monte Carlo (MCMC) methods.
Oh and Raftery used a random-walk, Metropolis-Hastings algorithm. Initial values
for X and the other unknown parameters, o2 and A, of the posterior distributions
are taken from a classical scaling solution. They also proposed an easily computed

Bayesian criterion called MDSIC for choosing object dimension.

1.2 Three-way Multidimensional Scaling

In three-way multidimensional scaling the observed dissimilarities data are obtained
from a sample of S subjects and they are denoted by d;; s, where s = 1,...,.S indexes
subjects, and i, 5 = 1,...,n indexes pairs of objects. There were two basic approaches
in the early work in this area. The first was to perform a two-way MDS for the average
subject, the second to compare results subject by subject. A strategy between these
two extremes to obtain a common object configuration that applies to all subjects and
to analyze variation among subjects is the Weighted Multidimensional Scaling which
assumes that all the subjects use the same dimensions when evaluating the objects

but that dimensions can be differentially weighted by different subjects.
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1.2.1 Weighted Multidimensional Scaling

Weighted Multidimensional Scaling assumes that for each individual the object config-
uration can differ from X and hence X() denotes the object configuration for subject

s. The Euclidean distance between object ¢ and 7, for the s-th subject is

p

Bizs = 4| D _(aly) — 22,

k=1

The matrix X©®) is assumed to be related to X. The assumption is made that all
subjects use the same dimensions when evaluating the objects, but that they might
apply individual weights to these dimensions, wy s (s = 1,...,5; kK = 1,...,p). Then
ml(z) = /W s, Where the weights wy, s are required to be nonnegative wy s > 0 and

the weighted Euclidean distance between object i and j, for subject s is

p
0ijs = Z Wi s(Tik — Tjx)?.
=1

The output of the analysis consist of two matrices, an n X p matrix of coordinates
(X) of the n objects on p dimensions (Group Space) and an S X p matrix of weights
(W) of S subjects on the p dimensions (Subject space). Points in the group space
represent the objects. The subjects are represented as points in the subject space. The
coordinates of each individual are the weights required to give the weighted Euclidean
distances between the points in the objects space, the values that best represent the
corresponding dissimilarities for that individual. The weights are interpreted as the
importance, relevance, or salience of each dimension to each subject. A large weight
means that the dimension is important to the subject, a small weight means the
dimension is unimportant.

A geometric interpretation of the role of weights in the Weighted Multidimensional

Scaling model, using artificial data is given in Figure 1.1. The two-dimensional group
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Figure 1.1: Hypothetical example illustrating the Weighted Multidimensional Scaling
model. Weights from the Subject Space are applied to dimensions of the “group”
object space to produce “private” spaces for subjects 2 and 4.
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object space in the upper left panel of this figure shows nine objects, labeled A through
I, in a lattice configuration, based on the X matrix of object coordinates. In the upper
right panel, the W matrix of weights has been realized as a set of coordinates of nine
hypothetical subjects, whose two-dimensional positions are indicated by the Arabic
numerals.

A “Private Space” for each subject can be constructed, by applying (square roots of)
the subject weights to object dimensions. The weights can be regarded graphically as
stretching factors applied to the dimensions of the common object configuration. A
“Private Space” is simply the group space with its dimensions stretched or contracted
by the weights which that subject has assigned to them. In Figure 1.1, for example,
the weights fitted for subject 3 are equal along the two dimensions. This subject’s
“private” object space would look much like the group object space, except for an
overall rescaling factor applied uniformly to both dimensions, and thus leaving their
relative importance or salience unchanged. The private object spaces for subjects
2 and 4 are shown in the left and right lower corners, respectively, of Figure 1.1.
Subject 2, with greater weight for Dimension 2 than for 1, has a private space that is
compressed along the axis of Dimension 1, or, equivalently, stretched along Dimension
2. This situation is reversed for subject 4, whose estimated weight is higher on the

first dimension than on the second.

1.2.1.1 INDSCAL (INdividual Differences SCALing)

The first WMDS method, called INDSCAL (INdividual Differences SCALing), was
developed by Carrol and Chang in 1970. The model assumes that the subject’s data

dissimilarities are a linear function of the distances of the solution

dij,s = L<5ij,s)
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where

p
5ij,s = Z wk,s(ﬂﬁz‘k - xjk)z
k=1

As with classical multidimensional scaling, dissimilarities d;;, are converted to dis-
tances 0, s and then wy, 5, x;;, are found by least squares.

The first step in INDSCAL method is to convert each subject’s dissimilarities into
estimates of euclidean distances by calculating an additive constant. Under “metric”

assumptions we may assume, without loss of generality, that
Oijis = dijs + Cs.

Dropping the (s) subscripts for the moment, the smallest constant ¢ guaranteeing
satisfaction of the triangle inequality (d; < d;; +d;;) for all triples (i, j, ) can easily be
shown to be:

Cmin = maxi,j,l<6i - 5ij - 5j )

This is the “additive constant” scheme, for converting “comparative distances” (i.e.,
interval scale distance estimates) into absolute distances (i.e., ratio scale distance
estimates).

Then, these distances are converted into scalar products in a three-way manner. As
shown in Torgerson (1958), given a set of Euclidean distances, these may be converted
into scalar products of vectors about an origin placed (arbitrarily) at the centroid of

all the points by the equation:

Qij,s = _%(62 - 5i2~,s - 5~2j,s + 5%,5)7

17,8

where

2 1 n 2 2 1 n 2 2 1 n 2
51’-,3 —n Zj:l 5ij,s? 5-]’,3 —n Zi:l 5ij,s7 5--,5 - nZ Zi:l Zj:l 5ij,s‘
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These scalar products can easily be shown to be of the form:

p
Aij.s = thsxik - x;,, for alli,j, s. (1.4)
k=1
This is the three-way scalar products formulation of the INDSCAL model. A least-
squares procedure is iteratively used to arrive at the optimal set of objects coordinates
X and subject space W. It consists of finding a preliminary estimate for the two
objects coordinates (z;, and i), fixing them, and then estimating (by least squares)
the subject weights wy . Then the z;; are estimated, with the wy, and z;; fixed,
and so on. When a satisfactory approximation to the data is obtained, the process
terminates, the two estimates of the objects coordinates are set equal, a final estimate
of subject weights is made and the weights are then appropriately normalised before
being output.
INDSCAL produces a unique orientation of the axes of the group space, in the sense
that any rotation will destroy the optimality of the solution and will change the values
of the subject weights. Because of this, it is not legitimate to rotate the axes of a
Group Space to a more “meaningful” orientation, as is commonly done in the basic

multidimensional scaling model.

1.2.1.2 ALSCAL (Alternating Least Squares SCAling)

Another method for fitting the Weighted Multidimensional Scaling is ALSCAL (al-
ternating least squares scaling). It was developed by Takane, Young and De Leeuw
(1977). ALSCAL can accommodate a wide variety of different models and data. It
can be used either for two-way MDS or for fitting three-way MDS to data that may
be defined on nominal, ordinal, interval or ratio scale, may be symmetric or asym-
metric, and may have missing elements. ALSCAL uses an alternating least-squares

algorithm to perform multidimensional scaling. We describe various technical aspects

of ALSCAL in fitting the INDSCAL model for the case in which the data are assumed
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symmetric, ratio scale, and without missing data or replications.
ALSCAL’s optimization problem for this case can be generally stated as attempt-
ing to estimate X, W and the “disparity” array A* to minimize a measure called

S —STRESS, given as:

S — STRESS = Z > 057 6% (1.5)
s=1 i>j
where
1]7 Zwks ik — 'T]k)
and
672, = fld; ). (1.6)

The function f in expression (1.6) is specified according to the restrictions that occur
in the particular model and type of data.

S—STRESS in (1.5) is minimized using an alternating least squares algorithm. Each
iteration of the algorithm has two phases: an optimal scaling phase and a model es-
timation phase. The optimal scaling phase finds the least squares disparities A* for
fixed X and W, which is followed by the model estimation phase which calculates new
coordinates X and weights W for fixed A*.

Note that S — STRESS uses squared distances and dissimilarities for computational
convenience. However, squaring dissimilarities and distances causes S — STRESS to

emphasize larger dissimilarities over smaller ones, which may be viewed as a disadvan-

tage of ALSCAL (Borg and Groenen 1997).

1.2.1.3 SMACOF (Scaling by MAjorizing a Complicated Function)

Another method for fitting the Weighted Multidimensional Scaling is SMACOF (Scal-
ing by MAjorizing a Complicated Function). This method based on the majorization
algorithm was initially proposed by De Leeuw (1977). SMACOF is as flexible as
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ALSCAL in the types of models it can fit and data it can analyze.

The SMACOF algorithm is based on the iterative majorization method for reducing a
function of stress using the Guttman transform. The idea of the majorization method
is to minimize a complicated function f(z) by using a more simple function g(z, y) that
can be easily minimized. The function g has to satisfy the inequality f(z) < g(x,y),
for a given y such that f(y) < ¢g(y,y). Thus, for graphs of f and g, the function g
is always above the function f, and ¢ touches f at the point x = y. This leads to
an interactive algorithm for minimizing f. First, an initial value xy is given, and a
function g(x1, o) is minimized to get z;. Next is minimized g(z,x;) to get the next
value (x). The process is repeated until convergence.

The SMACOF algorithm satisfies the requirements for minimizing a function using
majorization, as described above. We describe the three-way SMACOF for the case in
which the data are assumed symmetric, ratio scale, and without missing data. In this
case the main purpose is looking for a object configuration X and a subject space W
that minimize the raw stress o that measures the squared differences between weighted

euclidean distances and observed dissimilarities:

0= (dijs = 0ijs)° (1.7)

s=1 i>j

where

P
52’]’,5 = Z wk,s(l“ik - xjk)2-
k=1

Thus, using the majorizing method for finding minimum stress ¢ simply has the
Guttman transform as its updating equation. The algorithm gives rise to a non-
decreasing sequence of stress values, which converge linearly. Its major feature is that
it guarantees lower stress values in each iteration. However, it shares the problem of

not necessarily finding the global minimum, but can get stuck at a local minimum.
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1.2.1.4 Maximum likelihood MDS methods

Maximum likelihood MDS methods have been developed for handling measurement
errors. Ramsay (1977) proposed a maximum likelihood methodology for the MDS anal-
ysis of either two or three-way dissimilarities in his MULTISCALE approach. In the
three-way case Ramsey assumes that the Sn(n — 1)/2 observations are independently
and identically distributed with a probability density function given by f(d;;s|d;;.s, 02),
where 0;; s represents the weighted Euclidean distance between two objects ¢ and j for
subject s, and o is the standard error of a given input data value d;;. Given this
assumption of independence, the general form of the log likelihood function can be

written as 5

lOgl = ZZlng(dij78‘5ij7s,0'2). (18)

s=1 i>j

Ramsay promotes the use of the lognormal distribution for the density function f as-
sumed in (1.8). The objective of this maximum likelihood formulation is to maximize
(1.8) with respect to X, W and the dispersion parameter 2.

Winsberg and De Soete (1993) have observed that the subject weights included in
Weighted Multidimensional Scaling model are rarely interpreted for individual sub-
jects, even though these are useful for removing the rotational invariance. They have
proposed to classify these weights into a reduced set of groups in order to obtain a more
parsimonious model still preserving the rotational invariance property. The model has
been called CLASCAL. It assumes that each of the S subjects belongs to one and only
one of a small number T' (1" < S) of latent classes or subpopulations. The probability
that a subject belongs to latent class ¢ is p; (1 < ¢ < T'). For those individuals in
latent class ¢, their dissimilarities d;; s are assumed to follow a common multivariate
normal distribution. The coordinates of the points in the common object space and

the weights in the subject space are then found by maximum likelihood.
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Chapter 2

Replicated Bayesian

Multidimensional Scaling

In this chapter, we generalized the Bayesian Multidimensional Scaling introduced by
Oh and Raftery in order to analyze several matrices of dissimilarities. In this first and
simplest model, a Replicated Bayesian Multidimensional Scaling (RBMDS), the indi-
vidual differences are assumed to be due only to measurement errors. If no systematic
individual differences exist, a single common Euclidean distance model may be fitted
to all of them simultaneously. A single scaling solution captures the dissimilarity data
of all matrices through separate relationships for each matrix.
We briefly describe the Bayesian framework including prior specifications, likelihood
function, joint posterior distribution, and an estimation procedure using a Markov
Chain Monte Carlo method. We also provide a Bayesian criterion to select the dimen-
sion of the configuration. Finally, some simulated examples are given.
15
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2.1 Model and Prior

Let 0;; denote the dissimilarity measure between objects ¢ and j, which is assumed to
be functionally related to p unobserved attributes of the objects. Let x; = (241, ..., i)
denote an unobserved vector representing the values of the attributes possessed by

object i. We define §;; as the Euclidean distance between x; and x;:

P
Oij = Z(Izk — )2
k=1

The observed dissimilarities data are obtained from a sample of S subjects and they
are denoted by d;; s, where s = 1,...,.S indexes subjects, and ¢,j = 1,...,n indexes
pairs of objects. Let m = n(n — 1)/2 the distinct number of objects pairs the m-
component column vector dy = (dias, di3s, -, dnn—1),s) contain the m dissimilarity
values for subject s (s = 1,...,5). The total data set will be indicated by the S x m
matrix D = (dy, ...,dg)".

Following Oh and Raftery (2001), we assume that the observed dissimilarity mea-
sure, d;; s is equal to the true distance, d;;, plus a Gaussian error. In addition, since
dissimilarity measures are typically given as positive values we restrict the observed
dissimilarity to be always positive. Thus, given the Euclidean distance d;;, the observed

dissimilarity measure d;; s is assumed to follow the truncated normal distribution
dijs ~ N(0i,0°)(dijs > 0),  i#jd,j=1..,n s=1,.,8

and conditionally to d;;, the d;;s’s are independent.

IRl
From this, the likelihood function of the unknown parameters X = {x;}, called the

object configuration, and o2 is:

s
_Sm 1 5Z
(X, 0%) o< (0°)7 72 exp T 552 > > (dije— 65 =S log® <FJ)]

s=1 i>j i>j
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where 0;; = /> v, (zir — zj5)%, m = n(n—1)/2, and ®(-) is the standard normal cdf.
For Bayesian analysis of the model, we need to specify priors for X and 2. For the
prior distribution of x;, we use a multivariate normal distribution with mean 0 and
a diagonal covariance matrix A, i.e., x; ~ N,(0,A), independently for i = 1,2, ...n.
For the prior of the error variance o2, we use a conjugate prior, that is the inverse
Gamma distribution o? ~ IG(a,b) with mode b/(a + 1). Similarly, for a hyperprior
for the elements of A = Diag(\i, ..., \,), given dimension p, we assume a conjugate

prior A\, ~ IG(a, Bx), independently for each k = 1,2, ..., p.

FOulA) = (2m) 72 A 2 exp |- A

o) = pg @) e |-
FOW) = Fgg O exp |-

We assume prior independence among X, A and o2.

2.2 Posterior Inference (MCMC)

From the likelihood and the priors, the posterior density function of the unknown

parameters (X, 02, A) is

p
7(X,0%, AD) o« (o) (% +atl) HAk gotl)
k=1

exXp [ — % Z Z (dij,s - 5ij)2 - S Z logq) (%)

s=1 i>j i>7

_liX{Alx._ﬁ_zp:& (2.1)
2 Lot k:l)\k. .
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The full conditional distributions of the parameters involved in the model given all

the other parameters and the data are:

7w (0?]) o (02)*(%’”+a+1 exp [ ZZ ijs — 0ij)° — % - SZIogi) (%)] ;

s=1 i>j i>7
S n
1
7 (x;]+) o< exp [_ﬁz Z (dij’s—éijf__x/\ X, — S Z logCID( )]
s=1 j#i,j=1 Jj#i,j=1

Finally 7 (Ax|-) is IG (a + n/2, B + 32", 2%,/2)

—( 24« 1 - ZL‘2 ﬁk
) o (Z+a+1) 1 Vi B
™ (al-) o Ay R Z@'l Ak Ak

[terative simulations of the unknown parameters from their full conditional distribu-
tions for a sufficiently long time yield samples of the parameters from the joint posterior
distribution, and posterior inference can be done by using the samples. Simulation
of samples from the full conditional distributions of the parameters Az, £ = 1,....p
is straightforward since the full conditional posterior distributions all have convenient
forms. However, the full conditional posterior distributions of x; and ¢? do not have
closed forms, and so we apply the Metropolis-Hastings algorithm to generate samples
of x; and 02. Oh and Raftery (2001) suggested a random walk Metropolis-Hastings
algorithm for generating samples of x; and 0? when S = 1. Thus, we can easily
modify the algorithm of Oh and Raftery (2001) for generating samples of x; and o?.
Specifically, we use a normal proposal density in the random walk Metropolis-Hastings
algorithm for generation of x;. To choose the variance of the normal proposal den-
sity we remember that m(x;|-) o exp [—3 (Q1 + Q2) — S s oy log ® <%J)] where

1= 25:1 > i (dijs — 6;;)? and Qo = x]A7'x;. Because (d;j s — 0;5)?/0? is a
quadratic function of x; with leading coefficient equal to 1/0?, and Q; has S(n —1) of

this kind whereas ()5 has only one quadratic term with coefficient A, J; would dom-
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inate the full conditional posterior density function of x; unless there is strong prior
information. Thus we can consider (), only, approximate the full conditional variance
of x; by 62/S(n — 1) and choose the variance of the normal proposal density to be
proportional to o2/S(n — 1).

As concerns % we found that 7 (¢2|-) can be well approximated by an inverse Gamma
distribution IG (Sm/2 + a, SSR/2 + b) where SSR = 37 | 3", (d;s — 6;;)?, which
can, in turn, be approximated by a normal distribution, since the number of observed
dissimilarities, Sm = Sn(n — 1)/2, is generally large. Hence, the Metropolis-Hastings
algorithm is applied with a normal proposal density with variance proportional to that
of the inverse Gamma above: (SSR/2+b)*/ [(Sm/2+a— 1)*(Sm/2 +a — 2)].

To initialize the algorithm it is necessary to specify suitable starting values. For ini-
tialization of X we can use the classical scaling solution, X, for the average subject.
The resulting can be centered at the origin and then transformed by using the spectral
decomposition so as to have a diagonal sample covariance matrix, thus conforming to
the prior. For ¢2, as in Oh and Raftery (2001), we can use the adjusted X© to calcu-
late SSR®) | and set 02 = SSR® /Sm. For A, we can use diagonal elements of the
covariance matrix of the adjusted X(©).

Turning now attention to the parameters characterizing the prior distributions, we
follow Oh and Raftery (2001), and assume that the prior distribution of ¢% is IG(a, b)
with @ = 5, and b = (a — 1)02 so that the prior mean of 02 matches with SSR/Sm.
For the hyperprior of Ay we choose a« = 1/2 and §;, =|| x,(vo) | /2n so that the prior
mean of Ay matches with the k-th diagonal element of the sample covariance matrix

of X0,

2.3 The problem of indeterminacy

Euclidean distance is invariant under translation, rotation, and reflection of objects.

Thus as emphasized by Oh and Raftery (2007),“the dissimilarity data provide infor-
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mation only about the relative locations of X. In a Bayesian context, X is identified,
strictly speaking, but the absolute location and orientation of X are defined only by
the prior distribution, and in practice are very weakly identified”. To get around this
problem of weak identification, they propose a Procrustean similarity transformation
(Sibson 1979; Borg and Groenen 2005) in order to obtain a stable estimate of the final
configuration. Let X* be a fixed ‘reference’ matrix of coordinates, the initial solution
obtained from a preliminary run. In order to fix the orientation and location of the
points, the sample of X at each iteration of MCMC is transformed so that coordinates
of X are as close as possible to the corresponding coordinates of X*, where the trans-
formation is restricted to be a composition of some or all of a translation, a rotation,

and a reflection. The steps to compute the considered transformation are:

e Step 0: Let J be the centering matrix, that is, J =1 — 1/n11’, where I is the

identity matrix and 1 is the vector of all 1’s.

e Step 1: Compute C = X*'JX.

e Step 2: Compute the singular value decomposition of C; that is, C = P®Q/,

where P and Q are orthogonal matrices and & is a diagonal matrix.

e Step 3: Let T = QP’ be the optimal rotation matrix.

e Step 4: Let t = 1/n(X* — XT)'1 be the optimal translation matrix.

e Step 5: Transform X by X = XT + 1t'.

Since the transformation does not change the Euclidean distances between pairs of
x;’s, it does not change the likelihood but it approximately fixes the location and

orientation of samples of X so that X itself can be stably estimated.
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2.4 Choice of dimension

One important decision that has to be made in MDS concerns the dimensionality of
the solution space. The dimensionality refers to the number of coordinates needed to
locate a point in the spatial representation of objects. Posterior inference as described
in the previous section presumed that the dimension, p, of the object configuration,
is given. In most cases, the dimension of the objects (the number of significant at-
tributes) is unknown.

Following Oh and Raftery (2001) we propose a Bayesian criterion to select the dimen-
sion of the configuration. We cast choice of dimension as a model selection problem.
Bayesian approach to choosing between models M, and M, on the basis of data D
is to compare models on the basis of the posterior probability of the model given the
data. Using Bayes’rule, this is proportional to the prior probability for the model,
multiplied by the likelihood of the data given the model. Thus the choice between
model p and model p + 1 can be made on the basis of the ratio of posterior model
probabilities.

T(Mp1|D)  w(D[Mpy1)  7(Mpya)

7(4,D) ~ wDPL) < x(M,) (2:2)

where

ﬂmMﬁz/ﬂDmJMﬂmMmm

is the integrated likelihood of model M,, &, is the vector of parameters in model M,
and m(&,|M,) is its prior density. A large value of the ratio (2.2) gives support for
My, over M,. However, in MDS we seek a best configuration rather than a best
model, so the choice between dimension p and dimension p + 1 is based on the ratio
of the marginal posteriors of the configuration of dimension p and that of dimension

p+ 1.
T(XFHD|D, M)
m(X®|D, M,)
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where

(X" |D, M,) :/”(X(p)IA,UQ,D,Mp)W(A,UQ\D,Mp)dAdUQ

Hence we cast choice of dimension as a model selection problem in which the choice
of the dimension p corresponds to the choice of the configuration X, obtained by
applying the algorithm described in the previous section with dimension p. The aim
is then to choose the best configuration across p, which is considered as an unknown
random variable, taking values between 1 and p,,., with the same prior probability.

Including p in the model, the posterior distribution is given by:

(X, 0% A,pD) o X, 0%, p|D)m(X|A, p)m(o®)m(Alp)
= 2m) F (o) (%) exp [—%SSR ~5Y log® (%)]

i>j
p

szAkzeXp[ ZZ;;;" ]
XT(a) 10" (02) " exp {_i}

0-2
<rley T e |-

where

SSR ZZ 5,8 1] )

s=1 i>j

p
A(p) _ (27T)—(Sm+np)/21*\( 1ba —p Hﬁ a+1
k=1

h (0%, X) = (0%)~ /2t exp [—% (@ ) S;logq)( )] (2.4)
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- n/2+a+1 1 Z?fl xzzk
gMXop) =] N exp | = =5 8| (2.5)
k=1

Note that 7 (X, p|D) « f(D|X,p) 7 (X,p). Thus, one needs only to compute the
marginal likelihood and the marginal prior of X for each p. The integral of g (A, X, p),
given in (2.5) with respect to A is

/g (A, X, p)dA = I (g + @> I1 (%ﬁ?’“ + ﬁk>(g+a) (2.6)

k=1

The integral of the function & (02, X) given in (2.4) with respect to o2 is is not straight-
forward. However, in most cases, Sm = Sn(n — 1)/2 is very large and the likelihood

of 0% dominates the prior and hence h(c? X) is approximately proportional to the

likelihood
Oii
og @ (—J>] .
.4 g
1>)

In addition, because of the large Sm, the likelihood [ (62, X) is well approximated by

_ SSR

(0%, X) = (o)~ 5m/2) exp

a normal density function. Thus, applying a Laplace approximation to the integral of

[ (0%, X) gives

/h(JQ,X) do® ~ /z (0%,X) do? =~ (27)"/* HY/?1 (X, 6?) (2.7)

where H is the minus Hessian of the log-likelihood and 62 is the MLE of o2.
The probability ® (%) is unlikely to have much effect on the model comparison and
can safely be ignored. Thus, following Oh and Raftery (2001) we use the approximation

(2.8)

(0%, X) ~ 1" (0%, X) = (02)" ™/ exp {_ S;if}

Replacing [ by [* and H by the minus Hessian H* of [* in (2.7) and letting 6% =
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SSR/Sm, which maximizes [*, gives the formula

/h (0%, X) do? ~ (2r)? (%m) E (%) o exp {_57’”} (2.9)

The above results lead to:

m(X,p/D) = c-A(p)-/h(oz,X) daQ-/g(A,X,p)dA

where

Ap) = Ap)- )} - (P + ) (7>_5 o[-

As pointed out by Oh and Raftery (2001, 2007) there is a difficulty in directly compar-
ing (X®,p) and (X®+Y p+1) because the marginal posterior 7(X, p|D) is dependent
on the scale of X. The term [[}_, (%ﬂz’“ + 5k> Ui may change with the dimen-
sion p, even without improvement in the fit. This shrinking effect would provide larger
7(X, p|D) for larger p even when the likelihoods are the same and hence would favor
larger p.

To avoid this scale dependency, Oh and Raftery (2001) suggested that two configura-
tions with different dimension should then be compared in the same dimension. More
precisely let X*+1) = [X®) : 0], (p + 1)-dimensional configuration which has the first
p coordinates equal to X and the last coordinates all equal to 0. Then X*®+ pro-
vides the same Euclidean distances and the same fit as X® and may be considered an
implantation of X® in (p 4+ 1)-dimensional space. If p is the correct dimension, the
optimal solution in (p + 1)-dimensional space would be (close to) X*®+Y_ Hence, the

comparison between the two dimensions p and p + 1 is conducted by the ratio of the
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marginal posteriors of X*®+1) and X@+1.

T (X(P+1),p + 1‘]))
7 (X0 p 1 1D)

m 5 +a
— (SSRpﬂ)SQH ﬁ Ziz 5 Zi v + Bk (i)
SSR;+1 ZZ 1 1k +/B

R,

m x(er _(%‘*‘0‘) n(gPtDy2 _(%"’a)
_ (SSRerl)—SQ—H ﬁ Z 1(2 ) T Bk Zz 1( zp+1 4 /Bp—i-l
SSRP k1 ( (p) + Bk ﬁerl

Clearly, the ratio R, depends on the choice of the hyperparameters a and f§; of A.

n (p+1)y2
Since we have assumed that in (p 4 1)-dimensional space a = % and [0 = Tinloy )

2n )
we obtain:
—Smyy /p o (p+1) -
R, = <SSRP+1) HTk; (n+1) <n+1>—"T+l
P SSRp i} n 4+ r(erl)
n ( +1)\2

n ( (P))

i=1
Taking minus twice the logarithm of the ratio we define the criterion to choose between

pand p+ 1:
LR, = —2logRp
SSR,1
= (Sm—2)log (—p) (2.11)
SSR,
p (p+1)
+1
+{(n+ )y llog% + (n+1)log(n + 1)} (2.12)
—1 n—+ry

Term (2.11) corresponds roughly to the log-likelihood ratio and would be negative
because higher dimension results in a smaller SSR. The others terms, in (2.12),
play the role of penalty on the increase of dimension by 1 and would be positive if

(n/r,~C P 1) < (n+ 1)P*. In the case when there is no significant change

in X between p and (p + 1)-dimensional spaces, the penalty term is approximately
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(n+1)log(n+1). If LR, is positive we would prefer dimension p to p+ 1. Hence, the
dimension can be chosen as the first p where LR, shows a positive value.
Alternatively, as in Oh and Raftery (2001, 2007) we propose a selection criterion,
which we call MSR, as follows.

MSRl = (Sm — 2) log SSRl,

MSRP = MSRp_l — 210g Rp—l

The dimension p that achieves the minimum of MSR is favored.

2.5 A Simulation Study

In this section, we present the results from a simulation to evaluate the performance
of the model.

In the design of the simulation study, for n = 30 objects, S = 100 (subjects) dissimilar-
ity matrices were generated from Euclidean distances with Gaussian errors. We gener-
ated 30 random samples of x; from a 10- dimensional multivariate normal distribution
with mean 0 and variance I, the identity matrix. We used the Euclidean distances
between pairs (x;,x;) as distaces d;;. Given these 0;;’s, we generated the observed dis-
similarities d;; ; from a normal distribution with mean ¢;; and standard deviation 0.3,
truncated at 0. In this way we generated dissimilarities in which individual differences
are attributable only to differences in measurement errors in observations and there
are not systematic individual differences.

We applied classical multidimensional scaling on the average dissimilarity matrix
(CMDS) and Replicated Bayesian Multidimensional Scaling (RBMDS) for various val-
ues of the dimension p. We ran the MCMC for 10000 iterations for various values of
the dimension p. The first 3000 iterations were used as burn-in, and the last 7000 iter-

ations were used for generating model estimates. Convergence was checked by starting
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the chain from multiple starting points and by inspecting time series plots.

The performance of the method has been evaluated by using the R squared correla-
tion (RSQ) and STRESS index. The RSQ value is the squared correlation coeffi-
cient between the distance obtained from the estimated object configuration Sij and
the observed dissimilarities d;; s, and it is the variance accounted for in the solution.
STRESS index is used to evaluate how well (or poorly) a particular configuration

reproduces the observed dissimilarities. It can be calculated as follows:

PRNED P (dz’j,s - 52’]')2

STRESS = S .
Zs:l Zi>j dij,s

where &-j is the distance obtained from the estimated object configuration. Unlike
the goodness-of-fit measure, RSQ, which increases as the fit to the data improves,
STRESS is a badness-of-fit measure which decreases as the fit to data improves.

Since we used simulated data we can calculate also a measure of fit between the
Euclidean distance obtained from the estimated object configuration and the Euclidean

distance obtained from the true object configuration.

Dis (%’ - 5ij>2
> ini 0

ST =

where 0;; is the true distance and Sl'j is the Euclidean distance obtained from the
estimated object configuration.

In Table 2.1 are summarized RSQ, STRESS and ST from CMDS and RBMDS.
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Table 2.1: Analysis of Simulation Data

CMDS RBMDS
dim (p) RSQ STRESS ST RSQ STRESS ST MSR
1 0.4441  0.6253  0.6234 0.4792  0.4614 0.4576 524430.8
2 0.6611  0.4326  0.4286 0.6708  0.2721  0.2642 479364.2
3 0.7564  0.3220  0.3159 0.7640  0.1908  0.1788  448556.8
4 0.8404  0.2265 0.2168 0.8588  0.1336  0.1158 417344.1
) 0.8847  0.1708  0.1575 0.8989  0.1048  0.0801 396164.2
6 0.9079  0.1307  0.1126 0.9230 0.0883  0.0568 381846.2
7 0.9310  0.1006  0.0763 0.9375  0.0781  0.0405 370904.0
8 0.9407  0.0808  0.0471 0.9450 0.0724  0.0286 365138.9
9 0.9481  0.0717  0.0297 0.9494  0.0695 0.0196 361520.3
10 0.9508  0.0686  0.0221 0.9513  0.0680  0.0135 360060.3*
11 0.9508  0.0682  0.0225 0.9514 0.0681 0.0151 360166.6
12 0.9508  0.0684  0.0240 0.9515 0.0681  0.0159 360280.9

*Minimum MSR

Results show that the RBMDS performs much better than do CMDS. The improve-
ment in performance of RBMDS is more pronounced when the dimension is too small
than when the dimension is close to the true dimension 10. It is interesting because
dimension p = 2 is often chosen for visualization purposes. In reality, the number of
dimensions that can be perceived and interpreted is limited. We computed MSR for
various values of p to select the dimension of the configuration. We may observe from

Table 2.1 that MSR assumes a minimum at the correct dimension, 10.
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Chapter 3

Weighted Bayesian

Multidimensional Scaling

In Chapter 2 we have showed a model that can analyze several matrices of dissimilar-
ity, but it treats the differences among the matrices as due to random errors only. In
many situations, this assumption of no systematic individual differences is unrealistic.
In such case, each dissimilarity matrix may be analyzed separately, yielding as many
object configurations as there are dissimilarity matrices. A natural question is how
they are related. In most cases, there are both common and unique aspects in dissimi-
larity judgments obtained from different subjects. If we want investigate relationships
among objects as well as individual differences in perception of those objects (capture
both commonality and individual differences in dissimilarity judgments) we have to
choose a strategy to obtain a common object configuration that applies to all subjects
and to analyze heterogeneity among subjects.
In this chapter we propose a model that captures both commonality and individual
differences in dissimilarity judgments. As INDSCAL model we interpret difference be-
tween the subjects as arising from differences in the weights ascribed to the dimensions
of common configuration. More specifically, we postulate a common object configura-
29
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tion that applies to all subjects, but the dimensions in the common configuration are
differentially weighted by different subjects in order to better fit model distances to
the set of observed dissimilarities.

We assume that for each subject the object configuration can differ from the common
object configuration X and hence X denotes the coordinate matrix for individual s.

The Euclidean distance between object ¢ and j, for the s-th individual is

p
_ (s) (s)
Oij,s = Z(xzk — Tjk )

k=1

The matrix X®) is assumed to be related to X. The assumption is made that all
subjects use the same dimensions when evaluating the objects, but that they may uti-
lize the dimensions in varying degree. Each subject weights the dimensions separately
and, maybe, differently. Each subject might apply individual weights to these common
dimensions, wi s (s = 1,...,S; k = 1,...,p). Then xf,‘z) = /Wi, where the weights
wy, s are required to be nonnegative wy s > 0 .

The weighted Euclidean distance between object ¢ and 7, for subject s is

p
5ij,s = Z wk,s(%‘k - xjk)Z
k=1

The output of the analysis consist of the common configuration given by a n x p matrix
X and a S x p matrix of weights W for S subjects on p dimensions. The weights are
interpreted as the importance of each dimension to each subject. A large weight means
that the dimension is important to the subject, a small weight means the dimension is
unimportant. If the dissimilarity matrices correspond to experimental conditions, say,
rather than to people, the interpretation is that the weights reflect the importance of
each dimension in the various experimental conditions.

In this way we produce a unique orientation of the axes of the common configuration,
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in the sense that any rotation will destroy the optimality of the solution and will
change the values of the subject weights. Because of this, it is not legitimate to rotate
the axes of a common configuration to a more ‘meaningful’ orientation, as is commonly
done in two-way multidimensional scaling model.

In this chapter we develop a Weighted Bayesian Multidimensional scaling (WBMDS)
in which observed dissimilarities are modeled as equal to Weighted Euclidean distances
plus a Gaussian error. We use Markov Chain Monte Carlo to obtain a Bayesian solution

and we provide a Bayesian dimension selection criterion based on the WBMDS output.

3.1 Model and Prior

As in the previous chapter, the observed dissimilarities data are obtained from a sam-
ple of S subjects and they are denoted by d;;s, where s = 1,...,.S indexes subjects,
and 7,7 = 1,...,n indexes pairs of objects. The total data set will be indicated by the
S xm matrix D = (dy, ...,dg)" where the vector d, = (di2s, di35, ..., dn(n—1),s) contain
the m = n(n — 1)/2 distinct dissimilarity values for subject s (s = 1,...,5).

Let ¢;5 s indicate the dissimilarity measure between objects ¢ and j for subject s, which
is assumed to be functionally related to p unobserved attributes of the objects and p un-
observed attributes of the subject. Let x; = (21, ..., z;») denote an unobserved vector
representing the values of the attributes possessed by object i, and wy = (wg1, ..., wsp)
denote an unobserved vector representing the weight associated with the p dimensions
for the subject s. Unlike previous model,we model the true dissimilarity measure ¢;;
as the Weighted Euclidean distance between the i-th and the j-th objects for the s-th
subject: 0;; s = \/Zizl Wi,s(Tik — Tji)2.

We assume that the observed dissimilarity measure, d;; s is equal to the true distance,

dijs, plus a Gaussian error. In addition, since dissimilarity measures are typically given
as positive values we restrict the observed dissimilarity to be always positive. Thus,

given the Weighted Euclidean distance d;; s, the observed dissimilarity measure d;;  is
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assumed to follow the truncated normal distribution
dijs ~ N (045, 0%)(dijs > 0), i#j4,j=1..n s=1,..,8

and conditionally to ¢;; s, the d;;s’s are independent.
From this, the likelihood function of the unknown parameters X = {x;}, W = {w},

and o2 is

w20 oS3 ()

s=1 1>7 s=1 i>j

where m = n(n — 1)/2 and ®(-) is the standard normal cdf.

As in the previous chapter we assume that the x; are iid with a common multivariate
Gaussian prior density, with mean 0 and a diagonal covariance matrix A, i.e., x; ~
N,(0,A). We assume that the error variance o has the (conjugate) prior o ~ IG(a, b)
where IG(a,b) is the inverse Gamma distribution with mode b/(a + 1). Since the
weights wy, s have to be nonnegative wy s > 0 for the prior distribution of wy, s, we use
a negative exponential distribution, wy s ~ Exp(6) independently for k =1, ..., p and
s = 1,...,S. For a hyperprior for the elements of A = Diag(\y,...,)\,), following a
standard approach, given dimension p, we assume a conjugate prior A\, ~ IG(«, B),

independently for each k =1,2,....p

FolA) = (2 A exp |- i

f(wk,s) = O exp [—Opwy 5],

F0%) = s (79 e {—ﬂ ,
f) = %(/\k)_a_lem [—)\—J

Finally, the prior densities are assumed to be independent.
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3.2 Posterior Inference (MCMC)

From the likelihood and the prior, the posterior density function of the unknown

parameters is

p
(X, W,0%, AD) o (02) (% +etl) HA EA

k
k=1
S S 5ii s
exp 20_2 ZZ 15,8 z]s _Zzlogq)(#)
s=1 i>j s=1 i>j
n p
A - Z B ekwk,S] |
i=1 s=1 k=1

The full conditional distributions of the parameters involved in the model given all

the other parameters and the data are:

r(02) o (02 (Fr) exp ZZ s — Gij) ZZlg@(”sﬂ

s=1 i>j s=1 1>j
W(Xi") X €exp Z Z 1], - zgs 2__XA X; — Z Z IOg(I)< US)]
s=1 j#i,j=1 s=1 j#i,j=1
1 1/]7
T (wis|) o< exp | — 252 2 (dij,s — 0ijs) ;logq) < ) — kak’s],

Finally m (Ag|-) is IG (a4 n/2, B + Y1y 23./2)

We use an MCMC algorithm to simulate from the posterior distributions. For gen-

2

eration of A, 0%, and X we can easily modify the algorithm of Replicated Bayesian

Multidimensional Scaling. The full conditional posterior distributions of wy, s do not

have closed forms, and so we apply a random walk Metropolis-Hastings algorithm to
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generate samples of wy ;. To choose the variance of the normal proposal density we
remember that 7 (wy,s|-) o< exp|—527 D ini(dijs = 0ijs)? = D2 log @ ( ks ) — Opwy.s].
Because (d;j s — 0;j5)?/0? is a quadratic function of wy s with leading coefficient equal
to 1/0?, 5> i(dijs — 6ijs)? would dominate the full conditional posterior density
function of wy, ;. Thus we can consider - 5D s J( ii.s — 0ij.¢)% only, approximate the full
conditional variance of wy, s by 0?/m and choose the variance of the normal proposal
density to be proportional to o?/m.

To initialize the MCMC algorithm, we can run one WMDS methods such as IND-
SCAL or the SMACOF algorithm as a preliminary run to obtain starting values for
X and W. For 02] as in Oh and Raftery (2001), we can set 02 = SSR() /Sm where
SSR = Zle > is;(dijs—0dijs)?. For A, we can use diagonal elements of the covariance
matrix of X©

The prior parameters are chose as in the previous model. For the prior of wy s we

choose 0 = S/ Z i wk so that the prior mean of wy ; matches with Zf (0)/5

3.3 Choice of dimension

In this section we propose a Bayesian criterion with which to choose an appropriate
dimension of the configuration. The choice of the dimension p corresponds to the
choice of the configuration (X,, W,) obtained by applying the algorithm described
in the previous section with dimension p. We base our model selection criteria on
7 (X, W, p|D), the posterior density function of X, W and p given data D, evaluated
at X =X, and W = W,,.

7(X® WP |D) :/ (X®) WP\, 02 D, M) (A, 0% D)dAdo?

Consider the dimension p as an unknown variable, and assume equal prior probability

for all values among p,,;n, and Ppaz-

Tesi di dottorato " Bayesian three-way Multidimensional Scaling”"

di CUGNATA FEDERICA

discussa presso Universita Commerciale Luigi Bocconi-Milano nell'anno 2012

Latesi e tutelata dallanormativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni € modifiche).

Sono comungque fatti salvi i diritti dell'universita Commerciale Luigi Bocconi di riproduzione per scopi di ricercae didattici, con citazione della fonte.



35

Then the posterior is given by:

T(X,W,0% A, p|D) o (X, W, 0% pD)r(X[A, p)m(WIp)m(o®)m(Alp)
Sm

= ) F ) P e [_T;m >3 toser (% )]

s=1 i>j

Rt exp[ S IR

p
_ ay —(a ﬁk
rle) [ e -2
= Alp)-h(0®, X, W) - g(AX, W,p), (3.1)
where
SSR ZZ 15,8 ZJS
s=1 i>j
p

A(p) _ (271') (Sm+np)/2r lba pH,BOL)\ (a41)

S
h (0‘2,X,W) — (0.2)—(Sm/2+a+1) exp [_% (SgR n b) ZZlogCI) ( z]s)]
g

s=1 i>j

p

n S p
YT \-(n/2ta+1) Ly ),
9N X, p) = H Ak exp [—)\—k (T + ﬂk)} X g ;H Or. exp [—Owy,s]

k=1

Note that 7 (X, W, p|D) x f (D|X, W, p)n (X, W,p). Thus, one needs only to com-

pute the marginal likelihood and the marginal prior of X and W for each p. The
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marginalized likelihood term increases as p increases and it is approximately equal to:

1 Sm
L/ Sm\ "2 (SSR\ 2 ! Sm
2 2~ 2 - _
/h(U,X)dO’w(Qﬂ') (2) <S ) exp{ 2].

The marginal prior term decreases as p increases, so this term penalizes more complex

models, and it is approximately equal to:

/g (A, X, W,p)dA =T7? (g + oz) ﬁ (M + gk) (&) f[f[ (O exp [—Orwy s])

k=1 s=1k=1

From the above results,

™ (X, W,p|D) = C-A(p)-/h(OQ,X,W) d02-/g(A,X,W,p)dA

SSR\ !
- ca)- (50
P no2 ~(3+a) S
X H (@ + ﬁk> H H (Or exp [~ Orwy,s)) ,
k=1 s=1 k=1

where

2= Ap)- ot (1 (5 +0)) (57) rew

Nl
|
nn
Sk

There is a difficulty in directly comparing (X® W®) p) and (X®P+) WE+HD p 4 1),
The marginal posterior m(X, W|D) can be larger in a higher dimension, although
there is no change in the distance and the fit. Then to avoid shrinking effect, we
compare configurations in the same dimensional space. Let X*®*+) = [X®) : (] and
W) = [W® : 0] in (p + 1)-dimensional space, which have the first p coordinates
and weights equal to X® and W) and the last coordinates and weights all equal to
0. Then (X*®+) 'W*@+1)) provide the same Weight Euclidean distance and the same
fit as (X®, W) and may be considered as an embedding of (X®, W®))in (p + 1)-
dimensional space.

We base the choice between dimension p and dimension p + 1 on the ratio of the
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marginal posteriors of (X*®+1) W*P+1)) and (XP+1) Wr+D)

T (X(p“), WEHD 4 1|D)
T (X*(p+1)’ WP+ p 4 1|D)

(S8R, E ﬁzllzwﬁk (gt ﬁﬁexp ERE
~ \SSR:, E - exp|—6jwy |

R,

i= 1 7,k +/8k
—Sm (p+1)y2 _(5+0‘) n (P2 —(%—l—a)
_ (SSRP—H) 5 +1 f[ z:zl(T + By 2171(2117-%1) +/8p—|—1
SSRP =1 Z? 1(1‘ _|_ /Bk Bp+1

P (expl—0: Y0 wi Y]
% ) P
eXp[ ek Zs 1 wk: s]

)
k=1
fa=1 6 = M and 0, = S/ Zs ) wkpjl) we obtain:
SSR —Smyl /P (pt1) 1 -
R - (_H) LA
4
SSR, e n+r(p+1)
k1 (p+1)
)2 H (exp [—S + Sz" ]) exp [—95]
k=1

where

n +1

2?:1<x§z>>2

S (p)
Lot _ pIp wk:ps

S (p+1)°
Zs:l wk,s
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Taking minus twice the logarithm of the ratio we define the criterion to choose between

pand p+ 1:
LR, = —2logRp
SSRyi1
= (Sm —2)log (—p) (3.2)
SSR,
p (p+1)
+1
+{(n+1)z log% +(n+1)log(n+1)} (3.3)
k=1 n+ Ty
p
—28Y 2P 4 28(p + 1) (3.4)
k=1

A positive value of LR, would lead to prefer dimension p to (p + 1). The (3.2) term
correspond to the log-likelihood ratio and would be negative because higher dimension
results in a smaller SSR. The terms (3.3) and (3.4) play the role of penalty on
the increase of the dimension from p to p + 1. The term (3.3) would be positive if
Zzl(n/r,(fﬂ) +1) < (n+ 1)P"'. When there is no significant change in X between
p and (p + 1)-dimensional spaces, this penalty term is approximately (n + 1)log(n +
1). The term (3.4) would be positive if >7_, z,(fﬂ) < p+ 1. When there is no
significant change in W between p and (p + 1)-dimensional spaces, this penalty term
is approximately 2S.
Alternatively, it is possible to define MSW as:

MSW; = (Sm —2)log SSRy,

MSWP = MSWpfl - 21Ong71

then the optimal dimension is the one that achieves the minimum of MSW,,.
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3.4 A Simulation Study

In this section, we present the results from a simulation to evaluate the performance
of proposed method. The purpose is to recover the underlying classification structure
of subjects together with the common object configuration.

Two datasets with S=60 subjects and n=8 objects in p=4 dimensions each were gen-
erated. In the first case, we generated dissimilarities in which there isn’t systematic
individual differences. We generated 8 random samples of x; from a 4-dimensional
multivariate normal distribution with mean 0 and variance I, the identity matrix. We
used the Euclidean distances between pairs (x;,x;) as dissimilarities d;;. Given these
0i;’s, we generated the observed dissimilarities d;; s from a normal distribution with
mean d;; and standard deviation 0.3, truncated at 0. Thus, the data consist of 60
8 x 8 symmetric matrices of dissimilarities computed from Fuclidean distances with
Gaussian errors.

In the second case we postulate a common object configuration that applies to all sub-
jects, but the dimensions in the common configuration are differentially weighted by
different subjects. We generated a random configuration in 4 dimensions for 8 objects
and the weight vectors for 4 subjects’ groups. 60 subjects were assigned to one of the
4 groups. Once the coordinates of parameters and the weights were randomly gener-
ated we used the Weighted Euclidean distances as dissimilarities d;;,. We generated
the observed distances d;;; from a normal distribution with mean d;; and standard
deviation 0.3, truncated at 0. Thus, the data consist of 60 8 x 8 symmetric matrices
of dissimilarities computed from Weighted Euclidean distances with Gaussian errors.
CMDS, Replicated Bayesian MDS and Weighted Bayesian MDS were applied to each
generated data set for various values of the dimension p. In all the examples, for each
Bayesian models we ran the MCMC for 10000 iterations. The first 3000 iterations were
used as burn-in, and the last 7000 iterations were used for generating model estimates.
Convergence was checked by starting the chain from multiple starting points and by

inspecting time series plots.
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As in the previous chapter the performance of the methods has been evaluated by

using the R squared correlation (RSQ), the STRESS index

2
P ;
Dom Ding (dz’j,s — 5z’j,s>
S
Dot D B

STRESS =

and a measure of fit between the Euclidean distance obtained from the estimated object

configuration and the Euclidean distance obtained from the true object configuration

Zsszl Zi>j (52'3'75 - Sij,s>2

ST = S 5
Py Zi>j 5ij,s

Table 3.1 displays the results of the simulation experiment for the first data sets. The
table shows that the two Bayesian Multidimensional Scaling procedures are character-
ized by better fit as compared to the standard ones, and are more or less characterized
by the same fit. This is expected since in our simulations all individuals have a com-
mon object configuration, that is all subjects consider the dimensions in the common
configuration to have equal importance. The improvement in performance of RBMDS
and WBMDS is more pronounced when the dimension is too small than when the
dimension is close to the true dimension 4. For each Bayesian models we computed
the Bayesian selection criteria for various values of p and in all cases the Bayesian
selection criteria correctly identified the true dimension p=4.

Figure 3.1 displays the subject space obtained from Weighted Bayesian MDS with four
dimensions. Examination of this figure reveals that the subjects are quite homoge-
neous in their perceptions, because the weights show few substantive differences on
either dimension and no distinct “clusters” of subjects emerge.

Table 3.2 displays the results of the simulation experiment for the second data set. In
order to compare WBMDS with an other Weighted Multidimensional Scalings model
we also applied SMACOF algorithm. Results in Table 3.2 show that the WBMDS
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performs much better than do CMDS, RBMDS and SMACOF.

Table 3.1: Results of the simulation experiment 1

Classical MDS (CMDS)

p=1 p=2 p=3 p=4 p=5

RSQ 0.5055 0.8784 0.9211  0.9419 0.9420
STRESS 0.5171  0.2011 0.1345  0.1083 0.1083
ST 0.4145 0.1262 0.0728  0.0590 0.0654

Replicated Bayesian MDS (RBMDS)

p=1 p=2 p=3 p=4 p=>5
RSQ 0.5426 0.8910 0.9290 0.9420 0.9420
STRESS 0.4127 0.1598 0.1210 0.1079 0.1079
ST 0.4067 0.1184 0.0532 0.0532 0.0532
MSR 12776.06 9606.219 8765.663 8337.433* 8355.076

*Minimum MSR

Weighted Bayesian MDS (WBMDS)

p=1 p=2 p=3 p=4 p=5
RSQ 0.6013  0.8920  0.9305 0.9460 0.9464
STRESS 0.3853  0.1604  0.1200 0.1044 0.1041
ST 0.3745  0.0964  0.0481 0.0442 0.0401

MSW 12546.34 9536.985 8481.381 8045.292* 8094.993

*Minimum MSW
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Figure 3.1: Estimated Subject Configuration of the simulation experiment 1
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Table 3.2: Results of the simulation experiment 2

Classical MDS (CMDS)

p=1 p=2 p=3 p=4 p=>
RSQ 0.6626 0.7674 0.8466 0.8512  0.8512
STRESS 0.4153 0.2895 0.2047 0.2004  0.2005
ST 0.4034 0.2801 0.1901 0.1826  0.1818

Scaling by MAjorizing a Complicated Function (SMACOF)

p=1 p=2 p=3 p=4 p=5
RSQ 0.8535 0.9193 0.9373 0.9391
STRESS 0.2124 0.1465 0.1399 0.1426
ST 0.2006 0.1461 0.1391 0.1398
Replicated Bayesian MDS (RBMDS)
p=1 p=2 p=3 p=4 p=>
RSQ 0.7208 0.7992 0.8476 0.8506 0.8512
STRESS 0.3223 0.2383 0.2027 0.2004 0.2005
ST 0.3137  0.1839 0.1227 0.1419 0.1261
MSR 13391.55 12390.9 11855.62 11853.36* 11874.2
“Minimum MSR
Weighted Bayesian MDS (WBMDS)
p=1 p=2 p=3 p=4 p=>
RSQ 0.7285 0.8692 0.9223 0.9486 0.9592
STRESS 0.3207 0.1683 0.0795 0.0716 0.0714
ST 0.3020 0.1540 0.0708 0.0692 0.0690
MSW 11278.06 9197.607 6772.744 6598.226* 6699.826

*Minimum MSW
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For each Bayesian models we computed the Bayesian selection criteria for various
values of p and in all cases the Bayesian selection criteria correctly identified the true
dimension p=4.

Figure 3.2 is a plot of the true dissimilarities versus the estimated distances. It is a
scatterplot of true dissimilarities against output distances for every pair of items scaled
and for every subjects. The X-axis corresponds to the true dissimilarities and the Y-
axis corresponds to the MDS distances. A perfect fit would yield a 45-degree line. The
estimated Euclidean distances from WBMDS are represented as red dots. Black dots
in (a) represent the estimated distances from CMDS and in (b) from SMACOF. One
can see that WBMDS provides points very close to the 45-degree line.

o 3
T ©
E < E <
g 2
N ~ -
o - o -
T T T T T T T T T T
0 2 4 6 8 0 2 4 6 8
true true
(a) CMDS and WBMDS (b) SMACOF and WBMDS

Figure 3.2: True and Estimated Distances. Red dots represent the estimated distances

from WBMDS, black dots in (a) from CMDS, and black dots in (b) from SMACOF

Examination of the weights in Figure 3.3 reveals that in this case the subjects are not

homogeneous in their perceptions and we can clearly detect the four subjects’ groups.
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Figure 3.3: Estimated Subject Configuration of the simulation experiment 2
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Chapter 4

Groups Bayesian Multidimensional

Scaling

In Chapter 3 we have presented a Weighted Bayesian Multidimensional Scaling. The
output of this model consist of a common object configuration and a subject config-
uration that contains the weight for each individual on each dimension of the object
configuration. The weights are rarely interpreted for individual subjects, and the
improvement in goodness-of-fit measures seldom seems to justify so many additional
parameters. When we have to analyze data sets where the number of subjects S is very
large the resulting subject space tends to be cluttered often rendering interpretation
impossible. Given the traditional role of market segmentation in marketing strategy,
marketers are rarely interested in the particular responses of consumers at the individ-
ual level but they are more concerned with identifying and targeting market segments
- homogeneous groups of consumers who share some designated set of characteristics
(e.g. demographics, psychographics, consumption patterns, etc.) - that are relevant
to the purchase of the brand under study (DeSarbo, Manrai, and Manrai, 1994).

In this chapter, we consider differences among preselected groups of subjectst = 1, ...7T".
The subjects are classified into groups according to the categories of one or more qual-
47
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itative variales. Each group of subjects is assumed to have his own configuration
space of objects, which is the common configuration with its dimensions stretched or
shrinked in proportion to the relevance that group gives to dimensions. The aim is to
investigate if the qualitative variables considered bias the difference importance sub-
jects attach to the various common scale, namely, if the partition of subjects is useful
to explain the dissimilarities matrices. In essence, what we obtain is a Weighted Mul-
tidimensional solution where the Subject Space does not represent individual subjects
but groups of subjects. Subjects can be grouped together based on a wide variety of
factors. For example, in marketing research individuals can be grouped together based
on their gender and we can investigate if there are differences in perception among
brands between male and female.

We develop a Group Bayesian Multidimensional scaling using Markov Chain Monte
Carlo to obtain a Bayesian solution and on the basis of the GBMDS estimate of object
and subject configuration over a range of dimensions, we propose a Bayesian criterion

with which to choose an appropriate dimension.

4.1 Model and Prior

The observed dissimilarities data are obtained from a sample of S subjects and they
are denoted by d;; , where s = 1, ...,.S indexes subjects, and ¢, 7 = 1, ..., n indexes pairs
of objects. The total data set will be indicated by the S x m matrix D = (dy, ...,dg)’
where the vector dg = (di2,5, 13,5, - .-, dpn—1),s)" contain the m = n(n —1)/2 dissimilar-
ity values for subject s (s =1, ...,5).

Let x; = (@1, ..., ;) denote an unobserved vector representing the values of the at-
tributes possessed by object i, and w; = (wy, ..., wy,) denote an unobserved vector
representing the weights associated with the p dimension for the subjects belong to

group t. We define d;;; as the Weighted Euclidean distance between the i-th and the
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j-th objects for subjects belong to group ¢,

p
5ij,t = Z wk,t(lfik - -’Ejk)z-
k=1

We assume that, given the Weighted Euclidean distance d;;,, the observed dissimilarity

measure d;; s follows the truncated normal distribution
dijs ~ N(0ijusers o) (dijs > 0), i#j,4,j=1,..,n s=1,...8 t=1,...T T<S

From this, the likelihood function of the unknown parameters X = {x;}, W = {w;}

and o2 is

I(X, W,0%) (02)—32 exp ZZ ij,s — z]t\set Zstzlog(b( m)]

s=1 i>j 1>]

where m = n(n —1)/2, S; is the number of subjects belong to group ¢, and ®(-) is the
standard normal cdf.

We use the following priors for the model parameters:

FOxilA) = @m) " A UZ@Xp{ ;fo—lxl}

f(wit) = Ok exp [—Orwi 4]

0%) = s (0o |-
FOW) = s O e |-

The prior densities are assumed to be independent.
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4.2 Posterior Inference (MCMC)

From the likelihood and the prior, the posterior density function of the unknown

parameters (X, W, o2 A) is

p
T(X,W,0%, AID) o« (o%) (F+ )] A, (g+o+1)
k=1

k
S
exp 20222 ij,8 z]t|s€t Zstzlogq) ( Ut)
s=1 i>j >
S SrTE A zz]
2 — o =1 Ak t=1 k=1

where D is the matrix of observed dissimilarities.
The full conditional distributions of the parameters involved in the model given all

the other parameters and the data are:

Sm 1 5 b t
T (02|-) o (0’2)_(T+a+1) exp [ 22 Z Z (dij.s — 5ij,t‘5€t =i Z S, Zlogcb ( ij, )]

s=1 i>j i>j
1 _ n 5
™ (i) oc exp [ Z Z dij,s zgt\set)2 - §X§A x; — Zst Z log ® <%>] 5
o=t dF=l =1 jij=1
1 ;i
T (Wry|-) < exp | — 252 Z Z(diﬂls - 5ij,t)2 -5 Z log ® < ;71:) — kak’t] .
s€t i>j i>j

Finally 7 (A|-) is IG (o +1/2, B + sp = 27, 22./2)

<2+0‘+1) exp | —= @
T (Agl) o< A, P[ Z . )\k]~

1=

We use an MCMC algorithm to simulate from the posterior distributions. For genera-
tion of A, 02, and X we can easy modify the algorithm of Weighted Bayesian Multidi-
mensional Scaling. For generation of wy; the proposal density used in the Metropolis

Hastings algorithm is a normal proposal density with variance proportional to o2 /S;m.
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To initialize the MCMC algorithm, we can use the solution obtained by applying one
WMDS methods such as INDSCAL or the SMACOF algorithm for the average sub-
jects for each group.

The prior parameters are chose as in the previous models. For the prior of wy; we

choose 0, =T/ Zthl w,(;,)t) so that the prior mean of wy; matches with ZtT LW (0) /T

4.3 Choice of dimension

Posterior inference as described in the previous section presumed that the dimensional-
ity of the solution space, p is given. As in the previous models we propose a Bayesian
criterion with which to choose an appropriate dimension among pmin € Pmaz- Let
X*P+) = [X®) : 0] and W*P*+D) = [W(P) : 0] in (p + 1)-dimensional space, which have
the first p coordinates and weights equal to X® and W®_ and the last coordinates
and weights all equal to 0. We base the choice between dimension p and dimension

p-+1 on the ratio of the marginal posteriors of (X*®+1) W*r+1)) and (XF+D) Wr+h)

T (X(zwrl)7 Weh 1|D)

Rp = 7_(_()(*(;D-H)’VV>|<(p—',—1)’p<|> 1|D)
Sm nox2 —(5+a
_ (SSRP+1>_2+1 M Lt 4 gy (3+) ﬁﬁexp[—ﬁkwk,t]
. " (222 “(3te n o (p+D) —(%+a)
_ (SSRP_,_l)SQJrl f[ % +ﬁk >z 1p+1) +5p+1
SS51y oo Sl | g Byt
P [ exp|— kat 1wp+1)]>
(p+1)
X H eXp p+1 Zw +1 t
Pl ( exp[—0 Zt 1w(p)] p
where

s
SSR = Z Z(dij,s — Oijaiset)”

s=1 i>j
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If =1 g ==

(p+ )2
:1(2? and 6, = T/ Zt LWy p“) we obtain:

Sm —ndtl
SSR —=5+1 p (p+1) 1 2
R, = ( p+1> H Tk (7(1 i’l) )
SSRy 1 N+ Tkp
P
X (n+ 1)JLT+1 H <exp [—T + Tz,(cpH)D exp [T
k=1
n (p+1)y\2 w(P)
where 7T = 2z i and AP = —th L

n (@) i w

Taking minus twice the logarithm of the ratio we define the criterion to choose between

pand p+ 1:
LR, = —2logRp
SSR
= (Sm —2)log <Wz§+l) (4.1)
p (p+1)
1
—l—{(n—kl)z log% —i—(n—i—l)log(n—i—l)} (4.2)
—1 n—4+ry
—QTZ ") L 2T (p + 1) (4.3)

A positive value of LR, would lead to prefer dimension p to (p +1). The (4.1) term

correspond to the log-likelihood ratio and would be negative because higher dimension

results in a smaller SSR. The terms (4.2) and (4.3) play the role of penalty on

the increase of the dimension from p to p + 1. The term (4.2) would be positive if

_(n/rf (p+) 4 1) < (n+1)P*! and when there is no significant change in X between

p and (p + 1)-dimensional spaces, it is approximately (n + 1)log(n + 1). The term

(4.3) would be positive if Y 7_, zkp ™) < p+1 and when there is no significant change

in W between p and (p + 1)-dimensional spaces, it is approximately 27
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Alternatively, it is possible to define MSG as:
MSG; = (Sm —2)log SSRy,

MSGP = MSGp_l — 210g Rp_l

then the optimal dimension is the one that achieves the minimum of MSG),.

4.4 A Simulation Study

In this section we consider the second data set introduced in Section 3.4. Groups
Bayesian MDS was applied for T" = 4 groups which correspond with the four cases we

have generated.

Table 4.1: Analysis of Simulation Data

WBMDS GBMDS
dim (p) RSQ STRESS ST RSQ STRESS ST MSG
0.7285  0.3207  0.3020 0.7332  0.3158 0.3194 13311.56
0.8692  0.1683  0.1540 0.8614 0.1691  0.1583 11802.14
0.9223  0.0795  0.0708 0.9370  0.0798  0.0725 10797.69
0.9486  0.0716  0.0692 0.9414  0.0725 0.0686 10385.56*

0.9592 0.0714 0.0690 0.9412 0.0726 0.0694 10582.03
*Minimum MSG

[ O N

Results in Table 4.1 show that true to form the WBMDS and GBMDS are more or less
characterized by the same goodness of fit. This means that the partition of subjects
is significative to explain the dissimilarity matrices. Indeed, when we have generated
the data we have postulated a common object configuration, and differential weighting
of the dimensions in the common configuration by each subjects’ groups. Since the

GBMDS is a model more parsimonious than WBMDS in this case would be better use
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the GBMDS than WBMDS.

The output of the analysis consist of a common object configuration, and a matrix of

weights of the 4 groups on the p dimensions. With these obtained results, we applied

MSG described in Section 4.3 to select the dimension of the solution space. MSG

assumes a minimum at the correct dimension p = 4.
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Pairwise Scatterplots of the Estimated Subject Configuration

Figure 4.1 gives pairwise scatterplots of weights when we consider four dimensions.

We can see the importance of each dimension for each group of subjects.

A Private Space for each group can be constructed, by applying (square roots of) the

weights to object dimensions. The estimated private spaces are presented in Figure

4.2.
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Figure 4.2: Scatterplots of the Estimated Private Spaces for simulation data.

Examination of this figure reveals the differences among the groups. We can note, for
example, that group 1, with a smaller weight for Dimension 2 than other groups, has

a private space that is compressed along the axis of Dimension 2.
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Chapter 5

Cluster Bayesian Multidimensional

Scaling

In Chapter 4 we have showed a model in which individual differences are attributable
to the difference in importance that groups of individuals attach to the various com-
mon scale. We have assumed that each subject s belongs to one and only one group
t =1,...,T or subpopulation and it is known in advance to which group a particular
subject belongs. In this chapter, we assume that each subject belongs to one and only
one cluster but it isn’t known in advance to which cluster a particular subject belongs.
In order to identify such groups, we propose a model that combines a fuzzy form
of cluster analysis with Weighted Bayesian Multidimensional Scaling. This model is
based on a finite mixture of distributions, in which each mixture component is taken
to correspond to a different cluster or subpopulation. The clustering is then done by
assigning each observation to the cluster to which it is most likely to belong a posteri-
ori, conditionally on the selected model and its estimated parameters. If the number
of clusters, T', is equal to 1, Cluster Bayesian Multidimensional Scaling corresponds
to Replicated Bayesian Multidimensional Scaling. If 7' = S, Cluster Bayesian Multi-
dimensional Scaling corresponds to Weighted Bayesian Multidimensional Scaling. For
57
Tes i dotiorato  Bayesien hreeway Multdimensional Scaling'™
discussa presso Universita Commerciale Luigi Bocconi-Milano nell'anno 2012

Latesi e tutelata dallanormativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni € modifiche).
Sono comungque fatti salvi i diritti dell'universita Commerciale Luigi Bocconi di riproduzione per scopi di ricercae didattici, con citazione della fonte.



o8

1 < T < S, Cluster Bayesian Multidimensional Scaling estimates the probability that
each subject belongs to cluster 7' and, furthermore, computes a private space MDS
solution for each cluster separately. In this model we obtain the cluster from respon-
dents judgments about the dissimilarity of objects. It does not depend on researchers
judgments.

We describe the Bayesian framework including prior specifications and an estimation
procedure using a Markov Chain Monte Carlo method. Finally, we provide a Bayesian
criterion to select the dimension of the configuration and the number of clusters. Since
the Cluster Bayesian Multidimensional scaling is a comprehensive model that includes
the Replicated BMDS and the Weighted BMDS as special cases, in this way we may

compare these three models and study the heterogeneity among subjects.

5.1 Model and Prior

Let the m-component column vector &; = (124, 0134 .-, On(n—1))’ contain the m =
n(n — 1)/2 dissimilarity values among n objects for a subject belonging to group
t, which are assumed to be functionally related to p unobserved attributes of the
objects and p unobserved attributes of the subject. Let x; = (241, ..., ;) denote an
unobserved vector representing the values of p attributes possessed by object 7, and
w; = (wy, ..., wy,) denote an unobserved vector representing the weights associated
with the p dimensions for subjects belong to group ¢t. We define §;;; as the Weighted
Euclidean distance between the ¢-th and the j-th objects for the t-th group:

p
5z‘j,t = Z wk,t(l‘ik - Ijk)z-
k=1

The observed dissimilarities data are obtained from a sample of S subjects and they

are denoted by d;; s, where s = 1,...,.S indexes subjects, and ¢,j = 1,...,n indexes
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pairs of objects. Let the m-component column vector dy = (dios, 13, -, An(n-1y,s)’
contain the m dissimilarity values for subject s (s = 1,...,.5). The total data set will
be indicated by the S x m matrix D = (di,...,dg)’. Conditionally on s € ¢, the

distribution of d; is assumed to be a multivariate truncated normal
dee; ~ Np(64, 1063 1(dy > 0), s=1,..,8, t=1,...T,T < S

Because it is not known in advance to which class a subject belongs, the p.d.f. of
the random variable d, becomes a finite mixture of multivariate truncated normal

densities. The mixture distribution can be expressed as
d, ~ ZTt (81,10%)1(d, > 0),

where 7, are the mixture weights s.t. = > 0 V¢ and Zthl 7, = 1. The parameter 7
is the unknown probability for a subject to belong to group t. We need to specify
priors for X, W, o2 and 7, ..., 7p. For the prior distribution of 7,..., 7 we use a
conjugate prior 7y, ..., 7p ~ Dirichlet(gy, ..., or). For the prior distribution of x;, we
use a multivariate normal distribution with mean 0 and a diagonal covariance matrix
A, ie., x; ~ N,(0,A), independently for i = 1,2,..n. For the prior of the error
variance o2, we use a conjugate prior 6 ~ IG(a,b), the inverse Gamma distribution
with mode b/(a + 1). For the prior distribution of wy, we use a negative exponential
distribution, wy: ~ Exp(f;) independently for k = 1,...,p and ¢t = 1,...,7. For a
hyperprior for the elements of A = Diag(\, ..., A,), given dimension p, we assume
a conjugate prior A\, ~ IG(«, fx), independently for each k£ = 1,2, ...,p. Finally, we

assume prior independence among the prior densities.
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5.2 Posterior Inference (MCMC)

In order to avoid the computational problems, we introduce latent variables (labels)
J1, ..., Js which indicate the group memberships of subjects. We define latent variables

Js such that P(Js; =t) = 7, and d; belongs to class t if J; = t, so that
d,|J, =t ~ N, (8, 162)I(d, > 0),

From the prior and the model, the full conditional posterior distributions given all the

other unknowns are as follows:

S n T 2
1 1
7 (x;]") o< exp [— By g E <dij,s — < E 5ij,tI(Js = t))) — §X/Z-A_1X7;
=1

s=1 j#ij=1
T n 5
— Zigt
S 3 g (1 )]
t=1 j#i,j=1

7 (i) o exp [—2%2 3 (Z(dij,s 5P I(T, = t)) (1)} log @ (@) —ekwk,t]

. g
1>

S T 2
™ (0-2|.) X (UQ)_(STm-i-a—l-l) exp [— 2%‘2 Z Z (dij,s — (Z 51‘3'7,5[((]8 = t)))

s=1 i>j

_%_ r n@)Zlog@(%)],

t=1 i>j

7 (71, ...7r|") &< Dir (o1 + n(1), ..., or + n(T)),

n 2
POul) o 16 (0 .+ Z2 )
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T

7 (Jo=t]-) < ¢(dy; 6,,10°)/ > ¢(d.; 6, 10%)
t=1

where ¢ is the probability density function of the multivariate truncated normal dis-
tribution, n(t) = Zle I(Js =t) and [ is the indicator function.

Simulation of samples from the full conditional distributions of the parameters 7, and
i is straightforward since the full conditional posterior distributions all have conve-
nient forms. However, the full conditional posterior distributions of x;, wy; and o? do
not have closed forms, and so we apply the Metropolis-Hastings algorithm to generate
samples of x;, wy; and o%. Given the latent indicator variable .J,, we can easily modify
the algorithm of Weighted Bayesian Multidimensional Scaling for generating x;, wy4
and o? from their full conditional posterior distributions.

When Bayesian approach is applied to parameter estimation and clustering analysis
for mixture models, the so-called label switch problem might occur. A mixture of den-
sity functions is invariant with respect to the permutation of the component labels.
Thus, the posterior density function would be invariant under arbitrary permutation
of component labels unless strong prior information is used (Stephens 2000). This may
cause label switching during the MCMC iterations, hence typical averages of MCMC
samples of the parameters may yield unreasonable estimates of the mixture parame-
ters. To avoid this problem, we adopt the relabeling procedure suggested by Celeux,
Hurn, and Robert (2000) at each iteration of MCMC. By relabeling, we obtain stable
samples of the unknown parameters from which posterior estimates can be computed.
Initial values for X, W, o2 and A, of the posterior distributions can be taken from a
WMDS solution and the subjects may be grouped randomly to start. Alternatively,
we can group the subjects into clusters on the basis of the derived individual subject

weights.
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5.3 Choice of dimension and the number of clusters

Until now, we’ve worked with a given dimension p, of the object configuration, and a
given number of clusters, T'. These are typically unknown. We develop a way of choos-
ing both the dimension p and the number of clusters 7" in one step. Since CBMDS is
a general model which includes RBMDS and WBMDS as special cases, in this way we
can compare these three models. We can investigate if subjects weight differently the
dimensions when evaluating the objects and if subjects can be grouped according to
these differences.

We base our model selection criteria on 7 (X, W, p, T'|D), the posterior density func-
tion of X, W, p, T given data D, evaluated at X = X® and W = W®T) the best
configuration given p and T

Under equal prior probabilities for all p in pin < p < Pmaee and for all T in T,,,;, <
T < T,

m(X®P WD p TID) = f(DIXPD, WD p T)r(XP) WD) [ T)

Thus, one needs only to compute the marginal likelihood and the marginal prior of X

and W for each p and T. We have showed that the marginal prior is

T p

/W(/\,X(p),vv(z7 ) HH (Or exp [—Orwi¢]) (F (g —i—oc))p

t=1 k=1

T (Zn)

Now consider computation of the marginal likelihood. f(D|X® W®?) is not given

in closed form and needs to be estimated.
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We do this using the Laplace-Metropolis estimator (Raftery, 1996; Lewis and Raftery,
1997). It holds

FIDIXT, WD) — [ F(DIe, X0, WD) r(¢[X0T, W) g

where £ = (7,0?). The Laplace method for integrals is based on a Taylor series
expansion of the real-valued function. Thus, applying a Laplace approximation to the
integral gives

F(DIX® WEDY = (270)Y2| W)V 22 (D)7 (€)

where d is the dimension of &, € is the posterior mode of ¢ and ¥ is minus the inverse
Hessian of h(¢) = logm(D|¢)7(€) evaluated at &€ = £. Thus the Laplace method re-
quires the posterior mode é and |¥|. The idea of the Laplace-Metropolis estimator is
to avoid the limitations of the Laplace method by using posterior simulation to esti-
mate the quantities it needs. The simplest way to estimate f from posterior simulation
output, and probably the most accurate, is to compute h(§) for each draw from the
posterior simulation output and take the value ¢ for which it is largest. The other
quantity needed for the Laplace Metropolis estimator is ¥. This is asymptotically
equal to the posterior variance matrix, as sample size tends to infinity, and so it would
seem natural to approximate ¥ by the estimated posterior variance matrix from the
posterior simulation output.

There is a difficulty in directly comparing (X®7), W®T) » T) and (XP+17) WEHT) 5y
1,T). The marginal posterior 7(X, W|D) can be larger in a higher dimension, although
there is no change in the distance and the fit. To circumvent this scale dependency, a
dimension selection criterion should compare configurations in the same dimensional
space. Let X*®+1T) = [X®T) . 0] and W*PHT) = [W®T) . 0] in (p + 1)-dimensional
space, which have the first p coordinates and weights equal to X?7) and W®T) and
the last coordinates and weights all equal to 0. Then (X*®+17) W*P+11)) provide
the same Weight Euclidean distance and the same fit as (X®7), W®T)) and may be
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considered as an embedding of (X®7) W®™)in (p + 1)-dimensional space.
We base the choice of p and T" on the ratio of the marginal posteriors and we define a

selection criterion, which we call MSC, as follows.

MSCyr = —2log f(D[XM, W) — 21og 7 (X1, WD)

S a(xenn, WD)
MSCyr = MSCir+ Z —2log W(X*(qul ), W*(qulT)‘D)

q=1
p—1 17) (q+1T)
_ f(D[XEHT W )
= MSCir+ ; ~2log | = ST wWaD)
r(X@HT) WetiT)) (X W)
W(X(‘JT)’ W(QT)) W(X*(Q+1 T), W(g+1 T))
p—1 T) (g+17) (g¢+17) (g+17)
B f(D[XEHD W ) m(X , W )
— M501T+Z;—210g F(DIX@T, W) (X W) —2log A,
q:
p—1
= —2log f(D|X®"), W) — 2log (X&) WD) — 2 "log 4,
qg=1

W(x(q ) waT))
m(X*(a+1T) WH(a+1T))"

—2log f(D|X® WD) can be considered as a measure of fit, —2log 7 (X®, W)

where A, =

plays the role of a penalty for complexity, and —2 ZZ;} log A, is a cumulative correc-
tion factor for the shrinking effect. The values of p and T' that yield the minimum of

MSC are viewed as best.

5.4 A simulation study

In this section, we present the results from a simulation to evaluate the performance of
the model. The two main purposes of the simulation are: to demonstrate the proposed
model ability to uncover the true dissimilarity structure and to understand whether
model selection criteria based on derived solutions point to the true structure.

We consider the two data sets introduced in Section 3.4. In the first dataset all subjects
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evaluate in the same way the dimensions of the common object configuration while
in the second dataset subjects in different groups attach different importance to the
various dimensions.

We applied the Cluster Bayesian MDS for various values of p and T" to each generated
dataset. Table 5.1 presents values of STRESS and Table 5.2 presents values of the
Bayesian selection criteria to choose the number of dimensions and number od clusters

in the first case.

Table 5.1: CBMDS Stress values for Simulation 1

T 1 2 3 4 5 60
p=1 0.3799 04130 0.4137 0.4145 0.3796 0.3818
p=2 0.1598 0.1597 0.1597 0.1596 0.1596 0.1595
p=3 0.1210 0.1209 0.1206 0.1205 0.1198 0.1192
p=4 0.1079 0.1075 0.1071 0.1071 0.1070 0.1045
p=5 0.1079 0.1076 0.1070 0.1071 0.1063 0.1046

Table 5.2: Bayesian selection criteria for Simulation 1

T 1 2 3 4 5 60
p=1 4827.1207 5115.5893 5135.9477 5138.1112 4849.1241 5145.385
p=2 1904.4904 1914.4863 1920.8581 1939.5998 1954.3293 3000.83
p=3 967.4546  984.1919  986.8433 1005.4640 1035.4849 2627.916
p=4 594.5149* 610.7422  619.5565  653.6447  658.0260 2518.435
p=5 995.0351 615.7886  625.7075  641.0854  679.4327 3113.639

*Minimum Bayesian selection criterion

The Bayesian selection criteria chooses the correct dimension p = 4 and correctly select
T = 1. So in this case as we expected the best model is the aggregate model.

Table 5.3 and Table 5.4 show the results obtained from the second dataset.
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Table 5.3: CBMDS Stress values for Simulation 2

T 1 2 3 4 5 60
p=1 0.3222 0.3219 0.3189 0.3187 0.3199 0.3189
p=2 0.2354 0.1791 0.1696 0.1650 0.1651 0.1655
p=3 0.2026 0.1192 0.1063 0.0797 0.0796 0.0794
p=4 0.2003 0.1155 0.1023 0.0724 0.0728 0.0720
p=5 0.2004 0.1155 0.1021 0.0725 0.0727 0.0718

Table 5.4: Bayesian selection criteria for Simulation 2

T 1 2 3 4 ) 60
p=1 5733.755 5733.023 5722.226 5696.6270 5736.8639 5965.601
p=2 4683.540 3812.208 3778.072 3657.1252 3925.8788 4675.068
p=3 4143.780 2453.116 1791.680 1241.1810 2144.3472 2890.701
p=4 4108.505 2347.539 1604.685 935.4417* 941.5958 2761.145
p=>5 4110.127 2348.891 1997.857 970.6540 2056.2413 3337.408

The Bayesian criterion (MSC) correctly identifies the true dimension p = 4 and the
correct number of clusters T' = 4 and the posterior probabilities classify each subject

correctly for each dimension. Figure 5.1 shows plots of MSC for various p. The choice

*Minimum Bayesian selection criterion

of T seems to depend not on p but on the clustering structure of the data.

To evaluate the effect of having a much greater measurement error variance for the
dissimilarities, o2, we repeated the same experiment with larger standard deviations,

namely o? = 0.6, 0.9, 1.5, 3.0. The optimal values of (p,T) for each o

(4,4).
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Figure 5.1: Plots of MSC in Simulation 2. MSC chooses the correct number of clusters

in each dimension.
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Chapter 6
Empirical application

In this chapter, two applications of our procedures are discussed. At first, data on
consumer perceptions of various automobiles are studied. Secondly, patent applica-
tions data are investigated to study the relationship among technological fields.

We applied our algorithms, with 10000 MCMC iterations, the first 3000 of which were
discarded for burn-in. The Bayesian selection criterion was used to select the best

configuration.

6.1 The Ford Ka Case

We consider data on n = 10 small cars. The survey was conducted in 1995 by Ford
France on a sample of S = 188 potential small car buyers.
Ford’s decision to develop the Ka was response to the changes in the small car market.
Ford had long been present in the market with the Fiesta. In 1992, however, Ford
had to re-evaluate its strategy because of the dramatic success of the newly launched
Renault Twingo. Within 12 months, the Twingo had gained market share of 8.9 and
become the third best-selling model in the small car market in France. The Twingo
changed the characteristics of the category, forcing other manufactures to offer more
than basic transportation to remain competitive. The Twingo gave customers a very
69
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distinct, original style, flashy colors, greater functionality and more interior space than
cars of similar size. The Twingo was the pioneer that confirmed a demand for an urban,
stylish car. Ford management felt that the Fiesta brand line did not have the appeal
to compete with the Renault Twingo and decided to lunch a new small car, the Ford
Ka.

In the market research to identify target customers for the Ka, personal interviews
of potential customer were used to better understand the competitors in the small
car market and customer perceptions of the Ka relative to its potential competition.
Marketing researcher conducted a series of studies among potential small car buyers.
In this occasion the names of two automobiles were presented each time to the subjects,
who were asked to indicate the degree of dissimilarity between them on a nine point
scale, with one being Very similar and nine being Very different. The ten automobiles

are:

Opel Tigra

Ford Ka

Toyota Rav4
Renault Twingo
Opel corsa

Ford Fiesta
Volkswagen Polo
Peugeot 106

R A T

Nissan Micra

10. Fiat500

The 45 pairs of cars were presented to 188 subjects. Thus our dataset consists of
S = 188 dissimilarity matrices between n=10 cars.

Marketing researchers also asked potential target consumers to choose their three
most preferred and three least preferred cars from the list of 10 small cars. We call

“Choosers” respondents who put the Ka among their top three choices and “Non-

Tesi di dottorato " Bayesian three-way Multidimensional Scaling”"

di CUGNATA FEDERICA

discussa presso Universita Commerciale Luigi Bocconi-Milano nell'anno 2012

Latesi e tutelata dallanormativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni € modifiche).

Sono comungque fatti salvi i diritti dell'universita Commerciale Luigi Bocconi di riproduzione per scopi di ricercae didattici, con citazione della fonte.



71

choosers” respondents who put the Ka among their bottom three choices.

Our main purposes in this particular application are to understand the customer per-
ceptions of the Ford Ka relative to its potential competition and to investigate the
existence of pereptual heterogeneity among customers using the proposed methodol-
ogy.

At first, we applied Classical MDS on the average occasion, Replicated Bayesian MDS
and Weighted Bayesian MDS. The Table 6.1 shows that the Weighted Bayesian MDS
is characterized by lower STRESS as compared to the others models.

Table 6.1: Stress values for the Ford Ka Data

CMDS RBMDS WBMDS GBMDS
dim (p) STRESS STRESS STRESS STRESS
0.3399 0.3091 0.3066 0.3076
0.2380 0.2333 0.2264 0.2286
0.2305 0.2294 0.2031 0.2090
0.2299 0.2284 0.1973 0.2035
0.2308 0.2285 0.2001 0.2058

Tt = W N

For each Bayesian model we computed the Bayesian selection criteria for various val-
ues of p and in all cases the Bayesian selection criteria identified the dimension p=4.

Figure 6.1 displays the common objects configuration obtained from Weighted Bayesian
MDS with dimension p=4. In this figure, we can see the position of the Ford Ka re-
spect with the others small car. In the first two dimensions we can see a group made
of Ford Ka, Renault Twingo and Opel Tigra, in the third dimension the Ford Ka is
isolated and in the last dimension is near all the others automobiles except Opel Tigra

and Toyota Rav4.
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Figure 6.1: Estimated Object Configuration from WBMDS for the Ford Ka Data

Figure 6.2 displays the subject space obtained from Weighted Bayesian MDS with
four dimensions. In this figure, we can see the estimated weights for each subject on
each dimension of the common object configuration and different groups of subjects
can be detected. Since we can clearly detect the two subjects groups, “Choosers” and
“Non-choosers” we applied Group Bayesian MDS for 7' = 2 groups which correspond
Results in Table 6.1 show that true to form

with “Choosers” and “Non-choosers”.

GBMDS and WBMDS are more or less characterized by the same goodness of fit. The
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bayesian criteria (MSG) selects a four dimensional representation.
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Figure 6.2: Estimated Subject Configuration from WBMDS for the Ford Ka Data.

Red dots represent “Choosers”, green dots “Non-choosers”

From Groups Bayesian MDS with 7" = 2 we obtained the common object config-

uration, the subject space and two private spaces that map the automobiles under

consideration for “Choosers” and “Non-choosers”. Private space is obtained for any

group by applying the square root of his weights on dimensions to the associated

dimensions in the Group objects space. As expected, there are differences in the per-

ceptions between “Choosers” and “Non-choosers”. The private spaces obtained for
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Figure 6.3: (a) Private Space for “Choosers” (b) Private Space for
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“Choosers” and “Non-choosers” with the Groups Bayesian MDS model are displayed
in Figure 6.3. Upon examining Figure 6.3 it is noted that the first dimension have the
same importance for both groups. Indeed, the two groups are distinguished by the
weights on the others three dimensions. The second dimension is important only for
“Choosers”. In this dimension the Ford Ka is near Renault Twingo and Opel Tigra.
The Dimension 3 in which Ford Ka is separated from the rest of the automobiles
and the Dimension 4 are important only for “Non-choosers”. The subjects who put
the Ka among their top three choices consider Ford Ka, Renault Twingo and Opel
Tigra highly similar while the subjects who put the Ka among their bottom three
choices consider Ford Ka is most closely associated with Fiat 500 and Micra. In order
to provide a clear answer about the target customers a demographic description of
“Choosers” and “Non-Choosers” should be necessary.

Lastly, we applied the Cluster Bayesian MDS for various values of dimension p and
number of clusters 7' in order to see whether potential consumers in the small car
market can be grouped into clusters and to choose the best model. The MSC selects a
four dimensional configuration and it yields four as the appropriate number of clusters,
which means that the subjects are not homogeneous in their perceptions. Figure 6.4
shows plots of MSC for various p. The choice of T" seems to depend not on p but on the
clustering structure of the data. The first cluster is identical to the group “Choosers”
while the subjects belong to group “Non-choosers” are divided among the others 3

clusters.

6.2 Technological diversification

In this section we analyze the relations between fields of technology. We intend to
examine whether firms extend their innovative activities across related technological
fields. We intend to examine whether knowledge relatedness remains stable or relations

between fields of technology change over time, and whether knowledge relatedness is
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Figure 6.4: Plot of MSC. MSC chooses p =4 and T' = 4.
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affected by differences among countries or whether it is relatively invariant across
countries.

We used patent applications to measure the dissimilarity between different techno-
logical fields. We considered the PATSTAT database (i.e. EPO Worldwide PATent
STATistical Database). It provides raw patent data coming from around 90 patent
offices worldwide, including of course the most important and largest ones such as the
European Patent Office (EPO) and the United States Patent and Trademark Office
(USPTO). The dataset includes a set of variables concerning each patent application
as for example the country of residence of inventor for the technologies for which
patent protection is sought, the year and exact date of application of the patent and
the technological class to which the patent belongs.

The International Patent Classification (IPC) is a system in which the whole area of
technology is divided in 30 different fields of technology. This classification has been
elaborated jointly by Fraunhofer Gesellschaft-ISI (Karlsruhe), Institut National de la
Proprit Industrielle (INPI, Paris) and Observatoire des Sciences and des Techniques
(OST, Paris) and it is reported in the Table 6.2.

All patent documents are classified at least by one (main or primary) classification
code of the International Patent Classification (IPC) during their examination by the
patent office based on the technological nature of the underlying invention, but usually
more classification codes (secondary or supplementary) are assigned to the documents.
When different codes of the International Patent Classification (IPC) exist in a single
patent document we call this a case of co-occurrence. We measured the dissimilarity
between fields of technology analyzing the co-occurrence of classification codes assigned
to individual patent documents. The assumption which is made is that the frequency
by which two classification codes are jointly assigned to the same patent document
measures the strength of the similarity, in terms of knowledge links and spillovers,
between the technological fields which the codes refer to. That is, it represents an

inverse measure of the technological distance between the two fields.
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Table 6.2: Technology classification (30 fields) based on the IPC

0OST30-code OST30-name
1 Electrical engineering
2 Audiovisual technology
3 Telecommunications
4 Information technology
5 Semiconductors
6 Optics
7 Technologies for Control/Measures/Analysis
8 Medical engineering
9 Nuclear technology
10 Organic chemistry
11 Macromolecular chemistry
12 Basic chemistry
13 Surface technology
14 Materials; Metallurgy
15 Biotechnologies
16 Pharmaceuticals; Cosmetics
17 Agricultural and food products
18 Technical processes (chemical, physical, mechanical)
19 Handling; Printing
20 Materials processing, textile, glass, paper
21 Environmental technologies
22 Agricultural and food apparatuses
23 Machine tools
24 Engines; Pumps; Turbines
25 Thermal processes
26 Mechanical elements
27 Transport technology
28 Space technology; Weapons
29 Consumer goods
30 Civil engineering
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The procedure we followed to build a measure of similarity was originally proposed by
Engelsman and van Raan (1992).

Formally, let us indicate with M the universe being studied, e.g. all patent applica-
tions to the EPO in a certain period of time. Each of the M patent applications has
been assigned by patent examiners to one or more classification codes. Let Fj,, = 1
if patent document m contains the classification code i (i = 1,...,30) and 0 other-
wise. The number of patents assigned to technological field 7 is thus N; = ) F,.
We can, therefore, indicate the number of observed joint occurrences of classification
codes i and j as: Cj; = > FyFjm. By applying the latter to all possible pairs of
classification codes, we built a square (30 x 30) symmetrical matrix of co-occurrences
(C), whose generic cell C;; represents the number of patent documents classified in
both technological fields ¢ and j, which represents the fundamental input to derive a
measure of similarity between technological fields.

We used the the cosine index \S;;, which measures the angular separation between the
vectors representing the co-occurrences of technological fields 7 and j with all the other

fields: 0
j=1 CirCik

Sij - 30 2 30 2
\/Zk:l Ozk \/Zk:l Ojk

The cosine index is a measure that reflects the similarity between two technological

fields in terms of their mutual relationships with all the other fields. S;; is the greater
the more the two fields ¢ and j co-occur with the same technological fields. It is equal
to one for pairs of technological fields with identical distribution of co-occurrences
with all the other technological fields, while it delivers a value close to zero for pairs
of technological fields that do not overlap.

Applying the cosine index calculation to a 30 x 30 matrix of the joint occurrences,
we generated a new matrix of the same size, whose elements are the various S5j;
(1=1,...,30; j = 1,...,30), which describe the level of similarity between technological

fields. Dissimilarity measures were obtained from the similarities simply considering
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the dissimilarity index d;; =1 — 5;;.

We extracted all the patents filed from 1978 to 2003 by inventors from five countries:
United States, Germany, Japan, Great Britain and Italy. The three main inventors
are Japan, United States and Germany. United States account for over 30% of the
world’s patents filed from 1978 to 2003. Japan and Germany account for about 19%.
Great Britain accounts for about 5% and Italy accounts for about 3%.

Since it was intended to verify stability of knowledge relatedness over time and across
countries we calculated 15 dissimilarity matrices based on patent applications filed
during the periods 1978-1987, 1988-1997 and 1998-2007 by inventors from the five
considered countries.

We applied the Cluster Bayesian MDS to these 15 dissimilarity matrices for an in-
creasing number of dimensions (p) and an increasing number of clusters (7°). Then we
applied the Bayesian selection criterion (MSC) to select the best fitting model. This
is one of the main advantages of our approach over the others approaches where no
criterion is provided to select the model. Results of model selection criteria suggest
that the best model for this data is the aggregate model with p = 30, which is the true
dimension. Since MSC leads us to select 7" = 1 for each dimension we can conclude
that there is not difference among countries and the relationships among technological
fields remain stable over time. To prove these conclusions further in Figure 6.5 we
present the results with 7' = 15 clusters in two dimensions for visualization purposes.
This case corresponds to the Weighted Bayesian Multidimensional Scaling. The left
panel of this figure displays the common object configuration which visualizes rela-
tions between fields of technology. The right panel displays the subject space which

visualizes the weights and reveals that the sample is rather homogeneous.
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Figure 6.5: (a) Estimated Object Configuration and (b) Estimated Subject Configu-
ration from CBMDS with p =2 and T = 15.
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Conclusion

The work in this thesis dealt with problems in three-way multidimensional scaling
that is the situation where the data consist of dissimilarity measures between pairs
of objects for more than one subject. We have proposed four models with different
levels of aggregation. First, we have proposed a Replicated Bayesian MDS in which
individual differences are attributable only to differences in measurement errors in ob-
servations, and a Weighted Bayesian MDS, in which difference between the subjects
are attributable to the differences in the weights ascribed to the dimensions of a com-
mon configuration. These methods fit much better than Classical MDS and SMACOF.
An important issue in MDS methods is dimensionality so we have proposed a Bayesian
dimension choice criterion for each model.

The weights are rarely interpreted for individual subjects, and the improvement in
goodness-of-fit measures seldom seems to justify so many additional parameters. Then,
we have proposed two models in which individual differences are attributable to the
difference in importance that groups of individuals attach to the various common scale.
We have introduced a model with known groups, a Groups Bayesian MDS, and a model
with unknown groups, a Cluster Bayesian MDS based on a finite mixture of distribu-
tions, in which each mixture component is taken to correspond to a different cluster.
This last model is a comprehensive model that includes the Replicated Bayesian MDS
and the Weighted Bayesian MDS. We have proposed a Bayesian criterion, MSC, for
simultaneously selecting the object dimension and the number of clusters of subjects.
In this way, we are able to compare the cluster based model (CBMDS), the aggregate
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model (RBMDS), and the Weighted Bayesian MDS. The proposed Bayesian selection
criteria performs well in our simulations and in real examples. The results demon-
strate the proposed models ability to uncover the true dissimilarity structure and the

Bayesian selection criteria ability to choose the true configuration.
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