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Abstract

Despite the prediction of standard models, recurring crises happen every

decade or so, with suf�cient ferocity to overwhelm the statistical assump-

tions embedded in traditional models used for trading, portfolio manage-

ment and derivative pricing. These crises seldom have discernible eco-

nomic causes or warnings, and tend to propagate across the world with

little regard for economic fundamentals in the affected markets. The idea

of independent and stationary increments proposed by the usual class

of driving process employed in the literature, the Lévy processes, seems

not be a valid assumption for capturing these phenomena in certain mar-

kets: stationary stochastic processes with independent increments, in-

deed, even if discontinuous, do not allow for any type of dependence.

Other scenarios, where the hypotheses of independence and stationar-

ity hold, might be characterized by a particular jump structure, inconsis-

tent with the compound Poisson process, main reference in the literature

for modelling jumps. Discontinuities in prices can be clustered in space

and time: a previous jump might affect, for instance, the probability of

a future jump in asset returns. To model all these different scenarios,

the widely applied class of Lévy jumps should be abandoned, since it

seems to fail in explaining all this type of �nancial propagation; and dif-

ferent approaches and models proposed as an attempt to describe and
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capture some particular features of the �nancial markets. This disser-

tation enriches the class of stochastic processes, used to model secu-

rities, by following a dual path. The �rst trajectory consists in relaxing

the idea of "independent increments" and "semimartingale" by propos-

ing random paths, whose principal difference with respect to previous

literature stems in considering the "Non-Markovian" property as an em-

bedded in the �nancial time series. The route is crossed into two dif-

ferent ways. The �rst road proposes a stochastic differential equation

for the continuous-time framework, where the innovation term belongs

to the class of Gaussian processes. Differently with respect to the ex-

isting literature that picks, as benchmark for this particular group, the

Brownian motion, the Gaussian process might not be a semimartingale,

allowing the dynamics of the stock return to incorporate the idea of non-

stationary and dependent increments. The other way departs from the

"Normality" and leads into the "Leptorkutosis" world. A linear fractional

stable model is proposed as innovation term in the stochastic differen-

tial equations. A fractional process is chosen, because of the possibil-

ity of modelling some particular phenomenon, arising in the analysis of

spatial or time series data: different values of its Hurst parameter char-

acterize the dependence structure of the process, ranging from long-

range dependence to negative dependence. The self-similarity property

is combined with heavy-tailed distributions. Even if fat tails are con-
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sidered undesirable because of the additional risk they imply, traumatic

"real-world" events (such as an oil shock, a large corporate bankruptcy,

or an abrupt change in a political situation) might be better explained by

a process characterized by in�nite variance: historical examples include

the Black Monday (1987), Dot-com bubble, Late-2000s �nancial crisis,

and the unpegging of some currencies. The second path, instead, aims

at the jump structure of the stochastic differential equation, driving the

stock returns. The compound Poisson process, as innovation term able

to capture point of discontinuity in the prices, is generalized and substi-

tuted in the stock's dynamics by an additive process, whose integral form

is de�ned with respect to a compensated Poisson randommeasure. The

kernel function inside the stochastic integral provides enough �exibility

in modelling the jumps, particularly with respect its dependence struc-

ture. The jump structure is allowed to be "self-excite" itself: the best

process belongs to the class "self-exciting point processes". They are

an extension of temporal Poisson processes, being dependent on the

past event history, i.e. possessing after-effects of previous point events,

unlike Poisson processes. Their intensity process takes a constant value

for a homogeneous Poisson process and a deterministic function for a

not-homogeneous Poisson path; and the probability of point event oc-

currences can be in�uenced by past point events. Similar to territory

characterized by seismic quiescence, a scenario where �nancial pri-
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mary shocks generate secondary after-shocks is modelled, deriving a

theoretical pricing formula for the contingent claims.
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i

Introduction

The First Fundamental Theorem of Asset Pricing states that "No arbi-

trage1 holds if and only if there is a probability measure Q with Q(!) >

0 8! 2 
, such that every discounted price process S�(t) is a Q �

martingale. Such a measure Q is called an equivalent martingale mea-

sure (EMM)". A contingent claim Y is a contract between a seller and

a buyer. Since the seller promises to pay the buyer the amount Y at time

T , the buyer normally pays some money to the seller at a certain time

t < T , when they make the agreement. Y is said to be marketable or at-

tainable if there exists a self-�nancing trading strategy h whose value at

T satis�es V (T ) = Y . In this case, h is said to replicate or generate Y .

The Risk neutral valuation principle claims that "Assuming no arbitrage,

the time t value of a marketable contingent claim Y is equal to V (t), the

time t value of the portfolio that replicates Y . Moreover, the discounted

value process V �(t)

V �(t) = EQ[Y jB(T )jFt]
1A portfolio is self-�nancing if there is no exogenous infusion or withdrawal of money;

the purchase of a new asset must be �nanced by the sale of an old one. An arbitrage
opportunity is said to exist if there is a self-�nancing strategy h whose value
function V (�) satis�es
(a) V (0) = 0;
(b) V (T ) � 0;
(c) P (V (T ) > 0) > 0:
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ii

where
�
B(T )�1 = exp(�

R T
t
r(s)ds

�
is the discount factor. In 1973,

Fisher Black and Myron Scholes published in the Journal of Political

Economy an innovative article whose title was �The Pricing of Options

and Corporate Liabilities" to govern the prices of the securities in the

continuous-time framework. The Black�Scholes model of the market for

a particular stock makes the following explicit assumptions:

� no arbitrage opportunity, i.e. no opportunity to make a riskless

pro�t;

� it is possible to borrow and lend cash at a known constant risk-free

rate;

� it is possible to buy and sell any amount, even fractional, of stock

(this includes short selling);

� The above transactions do not incur any fees or costs (i.e., friction-

less market);

� The stock price follows a geometric Brownian motion with constant

drift and volatility;

� The underlying security does not pay a dividend.

From a mathematical point of view, they assumed the following diffu-

sion, under the historical probability, for the stock return
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iii

dXt = �dt+ �dBt

whereBt is a one dimensional Brownian motion, and its pathwise unique-

ness is guaranteed by the boundedness of � and its Holder continuity of

order greater than or equal to 1
2 . A change of measure by means of Gir-

sanov theorem de�ned the dynamics under the risk-neutral probability;

and a closed-form expression for the stock, by means of Ito's lemma.

Once derived a risk-neutral expression for the stock, they derived the

price �t of a contingent claim with payoff function � (�) as

�t(S;K; r; �) = E
Q
h
e�r(T�t)� (ST ) jFt

i

Many doubted the validity of the model; in particular criticism picked

up the following drawbacks:

1. the risk-free rate and the stock's volatility are constant; while the

risk free rate and volatility �uctuates according to market condi-

tions;

2. the stock prices are continuous and that large changes (such as

those seen after a merger announcement) do not occur;

3. the stock pays no dividends until after expiration;
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iv

4. the stock's volatility is not directed observed, but estimated;

5. the model overvalues far out-of-the-money calls and undervalues

deep in-the-money calls; it tends to misprice options that involve

high-dividend stocks

Among all these �aws, the constant volatility is the most relevant

issue. Take a European call option, whose payoff function is � (ST ) =

(ST �K)+ ; the pricing functional becomes

�t(S;K; r; �) = S(t)N(d1)� e�r(T�t)KN(d2)

where N(�) is a standard normal cumulative distribution function, and

d1 =
ln StK +

�
r + 1

2�
2
�
(T � t)

�
p
(T � t)

d2 =
ln StK +

�
r � 1

2�
2
�
(T � t)

�
p
(T � t)

The theoretical value of a vanilla option is a function of the following

set of parameters � = fT;K; r; S; �g ; while N(�) stems from using the

Brownian motion as innovation term in the stochastic differential equa-

tion. All the parameters in the model (other than the volatility �) � the

time to maturity T , the strike price K, the risk-free interest rate r, and

the current underlying price S � are unequivocally observable: all other
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v

things being equal, an option's theoretical value is a monotonic increas-

ing function of implied volatility and is possible to compute a unique im-

plied volatility from a given market price for an option. If the assumption

of constant volatility of the underlying is correct, by plotting the implied

volatility against the strike price, a �at line must describe the volatility,

parallel to the X-axis, the strike price. Empirical results are, instead,

different:

� equity markets have typically downward sloping graph of the im-

plied volatility, and the more familiar term"volatility skew" is often

used;

� currency markets are characterized by valley-shaped implied volatil-

ity;

� in other markets, such as foreign exchange options, the typical
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graph turns up at either end, justifying the term "volatility smile".

Figure A: Implied volatility surfaces of the S&P500 Index

Options [July 2007-December 2007]

It is often useful to plot implied volatility as a function of both strike

price and time to maturity. The result is a three-dimensional curved sur-

face whereby the current market implied volatility (Z�axis) for all options

on the underlying is plotted against strike price and time to maturity (X

& Y�axes). If the assumption of constant volatility holds, the implied

volatility surface must be a �at plane with respect toK and T . Figure (A)

plots the implied volatility surfaces of the S&P500 Index Options for six

different days, ranging from July 2007 to December 2007. Not only does
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the implied volatility surface represent a �at with respect to strike price

and time to maturity, but it shows both volatility skew and term struc-

ture of volatility. Large-scale effort in the continuous-time framework has

been model in order to propose more accurate stochastic differential

equation, able to capture and better explain the implied volatility struc-

ture. Innovations have been proposed in the structure of the drift and

diffusive coef�cient. Constant parameters � = [�; �] have been replaced

�rst with time-varying parameters � (t) = � (t) ; � (t) ; and later with sto-

chastic drift and random diffusive coef�cient � (t;Xt) and � (t;Xt) : Re-

searchers and practitioners have been focused also on proposing dif-

ferent innovation terms with respect to the Brownian Motion; discontinu-

ities have been modelled through compound Poisson processes, mainly.

Even if agreement on the mechanism driving the historical data has not

been reached, many models make their strongest assumption in impos-

ing random paths belonging to the class of semimartingales: particularly

the class of Lévy processes. This speci�c class imposes a particular

structure in the dynamics of the �nancial securities: the innovation term

has independent and stationary increments. This dissertation points at

proposing a generalization of the problem by applying different classes

of random path in the option pricing �elds . It has been shown that of-

ten the semimartingale assumption is not re�ected in the historical data,

and this anomaly in pricing contingent claims must be considered. The
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work is structured in the following way. Chapter 1 describes some sta-

tistical properties of the �nancial time series, by pointing out some styl-

ized facts, quite common to wide markets. After a short review of the

existing literature in the continuous-time framework, two different paths

are suggested to be followed, in order to generalize the problem, with-

out imposing, necessarily, as starting point, the semimartingale prop-

erty. The two paths are not necessarily mutually exclusive, since there

might be some space in future for combining them in a more general

approach; and some possible theoretical explanations for generalizing

the problem are provided, ranging from economic and �nancial reasons

to cognitive mechanisms. The appendix brie�y summarizes the three

most relevant theories about �nancial markets: the ef�cient market hy-

pothesis, the most dominant in the literature; the fractal market hypoth-

esis and the coherent market hypothesis. The �rst path is tackled in

Chapter 2 and 3, where different stochastic differential equations with

respect to the literature are proposed to model the dynamics of �nancial

securities. Two classes of random paths are taken into consideration

for modelling the innovation term in the stochastic differential equation;

their main difference stems in their dispersion measure: the �rst group

has �nite variance; while the second unit is characterized by in�nite vari-

ance. The �nite-variance processes are introduced in Chapter 2, where

de�nes the class of Gaussian processes, their canonical representation
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and main properties. An integral representation with a Gaussian process

is then provided; and some restriction on the kernel function of the inte-

gral are introduced, in order to use all the powerful machinery provided

by the stochastic calculus: the differential of a time-dependent function

of a stochastic process can be computed, by means of Ito's lemma. An

entropy argument, combined with the tightness property, establishes a

connection among different families of Gaussian processes; and derives

a closed-form formula for the stock's expression and contingent claims,

even if the stochastic differential equation, under the historical probabil-

ity, is not a semimartingale. A speci�c random element of the Gaussian

class, characterized by long-range dependent and nonstationarity in-

crements, the sub-fractional Brownian motion (SFBM ), is then consid-

ered to model the stock's behavior and price some contingent claims: a

closed-form formula for a European call option is provided. An empirical

analysis on the Standard & Poor's (S&P) 500 Index Options concludes

the chapter by comparing theoretical prices and market quotes and re-

gressing the pricing errors on some explanatory variable, suggested by

the existing option-pricing literature. Chapter 3 selects a speci�c sto-

chastic process, inside a particular class of in�nite-variance process, the

alpha-stable family. Stationary alpha stable processes (S�S) are char-

acterized by means of conservative and dissipative �ows, and a funda-

mental decomposition of S�S is provided. After de�ning the properties
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of long-range and negative dependence, a speci�c process inside the

class of stable processes is selected: the linear fractional stable motion

(LFSM ). This speci�c random path combines heavy tails and depen-

dence: its Hurst parameters H models different dependence structures,

ranging from negative to long-range dependence. class of self-similar

processes with in�nite variance by de�ning their main properties. A

stochastic differential equation where the innovation term is the linear

fractional stable motion is proposed to model the stock's return under

the historical probability. A minimum distance technique is used to pro-

vide a link between the linear fractional stable motion and a family of

stable motions; and by means of Fourier analysis a theoretical pricing

formula for contingent claims is provided. An empirical analysis on the

S&P100 Index Options suggests the existence of negative dependence

in the �nancial data. The last part of the analysis compares theoretical

prices and market quotes and tries to explain the pricing errors, as in the

previous chapter. The second path very relevant is to generalize the dis-

continuities by moving from the class of Compound Poisson processes

to the group of Poisson random measures. Chapter 4 de�nes an addi-

tive process, whose integral representation form might be associated to

a certain Poisson randommeasure and its compensated measure. Pois-

son processes are characterized by constant intensity function; while in

more general point processes the probability of a jump is not constant
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over time, but time-varying. The class of self-exciting process, i.e. ran-

dom paths where the stochastic intensity is an increasing function of the

past evolution of the process, is de�ned and a particular element of this

group, the Hawkes process, is described by pointing out its main differ-

ences with respect to the Poisson process. The massive machinery of

the stochastic calculus with respect to point processes, permits to com-

pute the differential of a time-dependent function of the process. By Ito's

lemma, a closed-form expression for the stock price is derived when

its dynamics is described by a stochastic differential equation whose its

jump are modelled through a Poisson random measures. A speci�c ex-

ample is provided by using a Hawkes process as innovative term, and

simulation of the process are shown at the end of Chapter 4. Chapter

5 concludes the work, summarizes the main results and draws some �-

nal conclusions regarding theoretical and empirical approach, adopted

in this work. It has also the intent to suggest some possible ways to

extend the analysis, either by taking the two paths and moving further,

or suggesting alternative routes to be followed.
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Chapter 1

The two paths

The study of statistical properties of �nancial time series has revealed a

wealth of interesting stylized facts which seem to be common to a wide

markets, instruments and periods:

� Excess volatility: many empirical studies point out to the fact that it

is dif�cult to justify the observed level of variability in asset return

by variations in "fundamental" economic variables. In particular,

the occurrence of large (negative or positive) returns is not always

explainable by the arrival of the new information on the market.

� Heavy tails: the (unconditional) distribution of returns displays a

heavy tail with positive excess kurtosis.

� Absence of autocorrelation in returns: (linear) autocorrelation of

asset returns is often insigni�cant, except for very small intraday

time scale (' 20 minutes) where microstructure effects come into

play.
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� Volatility clustering: as noted by Mandelbrot, "large changes tend

to be followed by large changes, of either sign, and small changes

to be followed by small changes". A quantitative manifestation of

this fact is that, while returns themselves are not correlated, ab-

solute returns jrtj or their squares displays a positive, signi�cant

and slowly decaying autocorrelation function: corr (jrtj ; jrt+� j) > 0

for � ranging from a few minutes to a several weeks.

� Volume/volatility correlation: trading volume is positively correlated

with market. Moreover, trading volume and volatility show the

same type of "long memory" behavior.

This empirical evidence has intrigued many researchers and oriented

in a major way the development of stochastic models in �nance, primar-

ily intended to model all these phenomena. A large number of empirical

studies have investigated the failure of the idea of "independent as-

sets returns". The concept of self-similarity, scaling, leptokurtosis have

been repeatedly used to describe properties of �nancial time series such

as stock prices, foreign exchange rates, market indices and commodity

prices. A typical display of daily log-returns is shown in Figure (1): the

volatility clustering-feature is seen graphically from the presence of sus-

tained periods of high or low volatility. While there is a vast literature

on dependence in asset prices, most authors tackle the questions ei-
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Figure 1: Standard & Poor's (S&P) 500 index daily log returns. �= 1 day

ther from a purely theoretical perspective or from a purely empirical one,

rarely both. This work attempts to discuss the relevance of these notion

in the context of �nancial modelling, in the particular area of continuous-

time processes and stochastic differential equations, in relation with the

basic principles of �nancial theory, and empirically, by comparing them

to properties of market data. Step by step, different types of random

processes very relevant are proposed in order to model different sce-

narios in the �eld of option pricing. Section 1.1. brie�y summarizes the

option pricing literature; while the next section de�nes some possible

paths to follow in order to perform the analysis. Section 1.3. discusses

some possible explanations for the presence of such properties in �nan-

cial time series. The appendix provides some alternative theories to the
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ef�cient market hypothesis (EMF).

1.1. Lévy processes as benchmark for the op-

tion pricing literature

Standard models for portfolio allocation and option pricing both assume

that continuously compounded returns are normally distributed. The

central limit theorem is often invoked as a primary motivation for this

assumption. By this theorem, the normal distribution arises as the lim-

iting distribution for the sum of n independent random variables, when

the sum is divided by
p
n: A normal distribution arises by assuming �-

nancial returns, as a sum of a large number of independent in�uences.

Unfortunately, it is well documented that normality of the return distri-

bution is violated in both time-series and in option prices. The Brown-

ian motion emerged as benchmark process for describing asset returns

in continuous time, given that the key to developing successful strate-

gies for managing risk and pricing assets is to parsimoniously describe

the stochastic process governing asset dynamics. However, many stud-

ies of the time series of asset returns and derivatives prices have con-

cluded that there are at least three systematic and persistent depar-

tures from this benchmark for both statistical and risk-neutral process.
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First, prices jump, leading to non-normal return innovations. Second,

return volatility varies stochastically over time. Third, returns and their

volatilities are correlated, often negatively for equities. New sophisti-

cated processes have been proposed in the option pricing literature to

capture all three facts. Merton (1976) has adopted a compound Pois-

son processes to model jumps; while Heston (1993) a mean-reverting

square-root to model stochastic volatility. Duf�e et al. (2000) has pro-

posed a model where the asset return and variance are driven by a �-

nite number of potentially correlated state variables. More general jump

structure occurring within any �nite time interval have been investigated

by the inverse Gaussian model of Barndorff-Nielsen (1998), the gener-

alized hyperbolic class of Eberlein et al. (1998), the variance-gamma

(VG) model of Madan et al. (1998), the generalization of VG in Carr et

al. (2002), the �nite moment log-stable model of Carr and Wu (2003).

Empirical work by these authors has been generally supportive of the

use of in�nite-activity process as a way to model returns in a parsimo-

nious way. A further step has been done by Carr and Wu (2004) where

time-changed Lévy process have been used in order to address simulta-

neously these three issues. The classical Black&Scholes model, step by

step, has been substituted by more general Lévy processes, relatively

easy to manage because of their structure and, more important, the mar-

tingale property, not violating the �rst fundamental theorem of �nance.
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Figure 2: Relation between Self-similar processes, Lévy processes and
Gaussian Processes

Carr et al (2005) have proposed the additive processes: a slight general-

ization of Lévy processes, with independent but time-inhomogeneous in-

crements. Figure (2) describes the relationship among different classes

of stochastic processes; while Figure (3) points out what has been the

most relevant class in the option pricing literature.

1.2. Beyond Lévy processes: possible depar-

tures

A common element among all these processes considered in the litera-

ture lies in generating process whose increments are independent. Phe-
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Figure 3: Most relevant class in the option pricing literature

nomena such a stochastic volatilities and correlation are taken into con-

sideration by these processes but clustered inside independent blocks.

Independent increments are the main core of the theory of rational ex-

pectations theory; but this assumption can be released to verify the ex-

istence of some deviations. The idea of this dissertation is to overcome

the barrier created by the all these processes by working with random

processes belonging to different classes. The �rst idea, presented in the

second chapter, consists in relaxing the assumption of independent and

stationary increments in order to verify the existence of some distortions

in prices. Stochastic processes, not belonging to the Lévy classes, are

used to deliver a theoretical pricing formula in the option pricing con-

text and capture the existence of deviation from rationality. The sto-
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Figure 4: From Brownian motion to Gaussian processes

chastic process proposed keeps the Gaussian properties but it is not

strictly characterized by independent and stationary increments. Figure

(4) shows how to move from the class to the Lévy process to the generic

class of Gaussian processes, where stationarity and independence of

increments are not anymore relevant properties.

Financial data might be also self-similar. Self-similarity can have very

different origins: it can arise from high variability, in situations where in-

crements are independent and heavy tailed (stable Lévy processes) or

from strong dependence between increments even in absence of high

variability. These two mechanisms for self-similarity have been called the

"Noah effect" and the "Joseph effect" by Mandelbrot. By mixing these

effects, one can construct self-similar processes where both long range
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Figure 5: From the Stable class to Self-similar processes

dependence and heavy tails are present: the third chapter tries to ana-

lyze this particular scenario by picking inside the class of fractional stable

processes. Figure (5) outlines the path to followed in order to move from

the Lévy-stable class to the group of self-similar processes. Economic

crisis, war, decisions of the central banks, credit crunches might affect

the �nancial data. All these unexpected events might cause a sudden

shift in the stock's price, so evident and impossible to be justi�ed by

continuous diffusion like the following

dXt = � (t;Xt) + � (t;Xt) dBt

where Bt is a one dimensional Brownian motion, even if its pathwise
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uniqueness is guaranteed by the boundedness of � and its Holder con-

tinuity of order greater than or equal to 1
2 . The classical stochastic dif-

ferential equation with respect to Brownian motion has been, therefore,

replaced by a stochastic differential equation so de�ned

dXt = a (Xt�) dZt

where Zt is a Lévy process. Zt might be for instance a symmetric stable

process of index �. A further step has been made by considering the

following dynamics

dXt = � (t;Xt) + � (t;Xt) dBt + a (Xt�) dZt

where the stock's price is driven by a continuous component and a jump

component. The main critique to the previous dynamics is that the jump

size might not be appropriate for certain markets. The previous diffusion

assumes that if Zt has a jump of size z; then the jump of Xt would be

a (Xt�) z; whereas the jump size could depend on Xt� and z; but not

necessarily linear in z: the behavior of X might be qualitatively different

from the case where the underlying randomness has a small jump. Fig-

ure (6) shows how to face this particular process in the fourth chapter of

this dissertation.
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Figure 6: From Lévy processes to the group of Additive processes

1.3. Economic, �nancial and cognitive mecha-

nisms for relaxing the idea of independence

Many stochastic processes mimic volatility clustering and dependence

in �nancial time series but do not provide any economic explanations

for it. The fact that these observations are common to a wide variety of

markets and time periods suggest that common mechanisms may be at

work in these markets. Many attempts have been made to trace back

the phenomenon of dependence, particularly long-range dependence,

to some mechanisms present in the market generating this volatility.
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1.3.1. Heterogeneity in time horizon of economic agents

Heterogeneity in agent's time scale has been considered as a possi-

ble origin for various stylized facts. Long-term investors, for instance,

focus on long-term behavior of prices, whereas traders aim to exploit

short-term �uctuations. Long memory in economic time series might be

due to the aggregation of a cross section of time series with different

perspective levels. This phenomenon can explain volatility clustering in

terms of aggregation of different information �ows.

1.3.2. Evolutionary models

Several studies have considered modelling �nancial markets by analogy

with ecological systems where various trading strategies coexist and

evolve via a "natural selection" mechanism, according to their relative

pro�tability. A �nancial market can be seen as set of agents, charac-

terized by their (set of) decision rules. A decision rule is de�ned as a

mapping from an agent information set (price history, trading volume,

other economic indicators) to the set of actions (buy, sell, no trade)

1.3.3. Switching between trading strategies

Dependence might be caused by switching agents trading behavior be-

tween two or more strategies. Examples where switching of economic
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agents between two behavioral patterns are quite common in the litera-

ture: in the context of �nancial markets, these behavioral patterns can

be seen as trading rule and the resulting aggregate �uctuations as large

movements in the market price, i.e. heavy tails.

1.3.4. Behavioral �nance

Many studies investigated how people depart from rationality, not whether

consumers depart from rationality. "Observed departures from perfect

rationality in judgment under uncertainty" have been conceptualized by

Kahneman and Tversky by noting that "people rely in "heuristic princi-

ples" which reduce the complex task of assessing probabilities and pre-

dicting values to simpler judgmental operations. These heuristics are

quite useful, in general, but sometimes they lead to severe and system-

atic errors. Many judgments are all based on data of limited validity,

which are processed according to heuristic rules. For example, the ap-

parent distance of an object is determined in part by its clarity, the more

sharply the object is seen, the closer it appears to be. This rule has

some validity, because in any given scene the more distant objects are

seen less sharply than nearer objects. However, the reliance on this

rule leads to systematic errors in the estimations of distance. Speci�-

cally, distances are often overestimated when visibility is poor because
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the contours of objects are blurred. On the other hand, distances are of-

ten underestimated when visibility is good because the objects are seen

sharply. Thus, the reliance on clarity as an indication of distance leads

to common biases. Such biases are also found in the intuitive judgment

of probability. An economic agent could indeed infer:

1. "too much" because she thinks she knows more than she does

(Overinference);

2. "too little", not absorbing all the evidence that should tell her things

with high con�dence(Underinference);

3. the wrong things altogether (Misinference).

Failure in inference might be caused singularly or jointly by:

� errors in processing some information (Lonely Errors);

� the thinking and behavior of other volitional agents involved in rea-

soning (Social Errors);

� from data engaged with (Active Errors)

� inattentiveness to the world, not extracting info that you should ex-

tract (Passive Errors).

Phenomena like "Overcon�dence", where (private) signals are over-

weighted, can be easily associated with "Under-extraction", where an
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economic agent gather too little information from the environment around

you because she does not notice relevant events ("Inattention") or is not

able to extract the right information content ("Cursedness"). She might

perceive more streaks of good or bad performance that there really is,

in the sense that she perceives long streaks of recent performance sig-

nal repetition of the same performance (Hot-Hand Fallacy").1 Once she

forms a strong assumption, she simply stop being attentive to relevant

new information that contradicts or support her assumptions ("Anchor-

ing"): she becomes convinced that one investment strategy is more lu-

crative than another and does not pay attention to every freely avail-

able additional information.2 The same agent might, once adopted an

opinion, draw all things else to support and agree with it ("Con�rmatory

Bias"); or mispredicts her future tastes ("Projection Bias"). Other sam-

pling errors might also arise because she erroneously believes that:

1. a fair coin that has come up 3 heads in a row is "due" for a tails

("Gambler's Fallacy");

2. a mutual fund she is absolutely con�dent is only average but has
1Some might believe that if a basketball player has made several shots in a row that he

is "hot"/ in the zone/ on �re, and is likely to continue making shots (till he turns cold).
2People who use weak evidence to form initial hypotheses have dif�culty correctly inter-

preting subsequent better information that contradicts those initial assumptions. Perkins
(1981) supports for the perspective that fresh thinkers may be better at seeing solutions to
problems than people who have meditated at length on the problems, because the fresh
thinkers are not overwhelmed by the inference of old hypotheses.
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outperformed the market 3 quarters in a row is "due" for underper-

fomance ("Law of Averages");

3. short subsequences of long sequences are more likely that they

are to resemble proportions of the overall sequence ("Local Rep-

resentativeness"), i.e. she is �ipping a coin 200 times,and exag-

gerates the frequency of 4-�ip sequences containing 2 heads and

2 tails (and hence she underestimates the frequency of streaks);

4. unusual events might be followed by usual events ("Misuderstand-

ing regression to the mean");3

5. there is more variance across in performance from different sources

than there really is ("Fictitious Variation"), f.i. an economic agent

might think that there is more variation in the long-run or expect

performance of different mutual funds than there really is.

Most of the time, a rational agent does not get just how much she

learns from large data sets (Non Belief in the Law of Large Numbers)

and believes she is learning more from small samples that they really

are ("Law of Small Numbers"). Not only does she believe that large-

sample means might not be close to population proportion; but she also
3"Israeli �ight instructors observed that after praising trainess for unusually good land-

ings, the trainess tended to do worse on their next landing. So they stopped praising."
(Kahneman and Tversky ).
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exaggerates how likely it is that the proportions in small random sam-

ples closely resembles the proportions of the overall population: she

over-infers from small samples and under-infers from large samples by

exaggerating, f.i., the likelihood that 4 �ips of fair coin will be 2 heads/2

tails; or the likelihood that 6 quarters of an average mutual fund will

beat the market 3 times and underperform 3 times. So often, then, she

might face situations where she infers too much from his friend's bad

experience with a car; or is not convinced by falseness of a theory she

believes, even with in�nite evidence. These are all clearly related: com-

pared to how truly i.i.d. the world around us is, she expects too much

balance/negative autocorrelation in the small sample she observes and

either she fails to �gure out the truth despite large sample of signals

revealed in behavior ("Bernoulli Failure"); or thinks she knows the truth

even though she is wrong ("Socratic Failure").

Appendix

A. The ef�cient market hypothesis

De�nition 1 A �nancial market is (informational) ef�cient when market

prices re�ect all available information about value
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The observations have to be independent or, at best, must have a

short-memory: that is, the current change in prices could not be inferred

from previous changes. This could occur only if price changes are a

random walk and if the best estimate of the future price is the current

price. The process should be "a martingale", or fair game. Future price

changes could not be inferred from past price changes. The current

prices re�ect this information because all investors have equal access

to it, and being "rational", they would, in their collective wisdom, value

the security accordingly. Thus investors, in aggregate, could not pro�t

from the market because the market "ef�ciently" valued securities at a

price that re�ected all known information.

B. The fractal market hypothesis

The fractal market hypothesis emphasizes the impact of liquidity and in-

vestment horizons on the behavior of investors. To make the hypothesis

as general as possible, it does place no statistical requirements on the

process. Its purpose is to give a model of investor behavior and mar-

ket price movements that �ts the observations. Market exists to provide

a stable, liquid environment for trading. Investors wish to get a good

price, but that would not necessarily be a "fair" price in the economic

sense. Short covering rarely occurs at a fair price. Market remains sta-

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



19

ble when many investors participate and have many different horizons.

When a �ve-minute trader experiences a six-sigma event, an investor

with a longer investment horizon must step in and stabilize the market.

As long as another investor has a longer trading horizon than the in-

vestor in crisis, the market stabilizes itself. For this reason, the investor

must share the same risk levels (once an adjustment is made for the

scale of investment horizon) and the shared risk explains why the fre-

quency distribution of returns looks at the same at different investment

horizons. This proposal is called the fractal market hypothesis because

of this self-similar statistical structure. Market becomes unstable when

the fractal structure breaks down. A break-down occurs when investor

with long investment horizons either stop participating in the market or

become short-investor themselves. The fractal market hypothesis pro-

poses the following:

1. The market is stable when it consists of investors covering a large

number of investment horizons. This ensures that there is ample

liquidity for traders.

2. The information set is more related to market sentiment and tech-

nical factors in the short term than in the longer term. As investor

horizons increase, longer-term fundamental information dominates.

Thus, price changes may re�ect information important only to that

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



20

investment horizon.

3. If an event occurs that makes the validity of fundamental question-

able, long-term investors either stop participating in the market or

begin trading based on the short-term information set. When the

overall investment horizon of the market shrinks to a uniform level,

the market becomes unstable. There are no long-term investors to

stabilize the market by offering liquidity to short-term investors.

4. Prices re�ect a combination of short-term technical trading and

long-term fundamental valuation. Thus, short-term price changes

are likely to be more volatile, or "noisier", than long-term trades.

The underlying trend in the market is re�ective of changes in ex-

pected earning, based on the changing economic environment.

Short-term trends are more likely the result of crowd behavior.

There is no reason to believe that the length of the short-term

trends is related to the long-term economic trend.

5. If a security has no tie to the economic cycle, then there will be no

long-term trend. Trading, liquidity, and short-term information will

dominate.
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C. The coherent market hypothesis

This capital market theory looks at a market's progressions as complex

dynamic processes similar to those explained by chaos theory. Accord-

ing to this model, as government policy, investor expectation and sen-

timent, technological and �nancial innovation, and other such factors

change over time, four types of markets emerge during different phases

of economic cycle:

(a) steady state random walk;

(b) unstable transition;

(c) chaotic dynamics;

(d) coherent cycles.

Investor sentiment and the prevailing bias in economic fundamentals

control the state of the market. When investor sentiment is not conducive

to "group think" or crowd behavior, the market is likely to be in a random-

walk state (ef�cient market): the stock market is least likely to outperform

�xed dollar and �xed income alternatives. The second step would be an

unstable transition, where the random-walk model would be no longer

valid. As time passes, the market will reach the third step, i.e. the chaotic

dynamics where there is a possibility of abrupt sentiment shifts from

bullish to bearish. Then, the coherent-cycle stage, where depending
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on polarization, comes up on his bullish or bearish form: a coherent

bull market can be thought of as a chaotic market in which the bearish

side of potential well is high, and the associate lobe of the probability

distribution becomes small; while coherent bear is the mirror image.
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Chapter 2

Markovian approximation of

Gaussian processes

2.1. Introduction

Chapter 2 suggests a generalization of Brownian motion as a model

for the dynamics of the logarithm of the stock prices. A new class of

processes, termed the class of the generic Gaussian pricing processes

(CGGPP ) is obtained by assuming, under the historical probability, a

generic Gaussian process, where dependence and nonstationarity across

the increments are taken into consideration. By choosing a process

inside this class, a "not-necessarily-Markovian process for pricing" is

derived by generalizing the Ito's formula, under some restrictions on

the kernel function. The process is then approximated by a Markovian

random element in order for the market to derive a no-arbitrage pric-

ing formula of a contigent claim at some �xed time: the aim of adjust-

ment is to correct the dependence structure of the true process, gener-

ated by some distortions and the consequent failure in the No-Arbitrage

theory. A generic Gaussian process should improve accuracy in pric-
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ing with respect to a Brownian motion and, eventually, explain the "im-

plied volatility bias" in pricing options. The parameters of the market-

approximating Markovian process, derived by minimizing the distance

between the two process, depend on the dependence structure of the

process taken into consideration under the historical measure. Sec-

tion 2.2. de�nes the statistical and mathematical framework de�ning

the main features of the Gaussian family; and provides speci�c condi-

tions on the kernel function in order to generalize the Ito's formula to a

general Gaussian process. An information theory argument completes

the section; while the long-range dependence is de�ned in the section

2.3. The sub-fractional Brownian motion is characterized in the section

2.3.1. A generic Gaussian pricing formula is provided in the section 2.4.

and the speci�c case of sub-fractional innovation term applied to derive

the theoretical price for a contingent claim. The data are described in the

next section ; while the section 2.6. provides some empirical �ndings.

Section 2.7. concludes and suggests some future research.

2.2. Gaussian processes: some basic elements

A canonical Gaussian process is de�ned through its canonical repre-

sentation and its main properties. A generalized version of Ito's formula

is derived in order to show how possible it is to transform a Gaussian
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path, assuming some regularity condition on the kernel function. Once

the process and his probability space are de�ned and it is possible de-

rive some (proper) transformation of its, the framework can be applied

to investigate an investor's problem who might face some rationality fail-

ures. After a small digression on tightness and information theory, the

section is concluded by exploiting the relationship between a long-range

dependent process and the Gaussian measures.

2.2.1. Canonical representation

A system of random variable X = fX� : � 2 �g is called Gaussian, if

any �nite linear combination
P
akX�; ak 2 R is a Gaussian random vari-

able.4 If, in particular, X is a stochastic process, it is called a Gaussian

process, where the mean vector � is the mean function, and the covari-

ance matrix � the covariance function.

De�nition 2 Let X = fXt : t 2 Ig ; I � R be a Gaussian process. De-

note by FXt = � (Xs; s � t) the � � field generated by Xs; s � t. Set

FXt+ =
T
u>t

FXu and FXt� =
W
u>t

FXu :
W
u>t

FXu denotes the smallest ��field

4A n-dimensional real-valued random elementX (!) is called Gaussian if its probability
distribution is absolutely continuous and is de�ned by the density function

p(x) =
1

(2�)
n
2
p
j�j

exp

�
�1
2
(x� �)0 ��1 (x� �)

�
x 2 Rn

where is � (2 Rn) the mean vector and where � is a positive de�nite n�nmatrix called
the covariance matrix.
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containing all the FXt with u < t. Assume that there exists a Gaussian

process B = fBt : t 2 Ig with independent increments such that

Bt =
�
Bi (t) ; 1 � i � N ; Blj (t) ; 1 � l � Lj ; 1 � j � J

�
B0 = 0; N � 1; Lj � 1; J � 1

for which the following conditions are satis�ed:

1. EachBi (t) has independent increments andE
�
jdBi (t)j2

�
= mi (dt)

de�nes a continuous measure. In addition,mi+1 is absolutely con-

tinuous with respect to mi : mi (dt) >> mi+1 (dt) for every i.

2. Each Blj (t) is a process of the form

Blj (t) =

8><>: 0; t � tj (or t < tj)

Blj ; t > tj (or t � tj)

where each Blj is subject to the standard Gaussian distribution.

3. The Gaussian process Bi and the Bji are independent

4. For every t; X(t) has the same distribution as eX(t) given by
eX(t) = NX

i=1

Z t

0

Ki (t; u) dBi (u) +
X
tj�t

LjX
l=1

blj (t)B
l
j (t) (2.1)
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where the kernel functions Ki (t; u) satisfy, for every t; the condi-

tions
NX
i=1

Z t

0

Ki (t; u)mi (du) <1 i = 1; 2; :::; N

and where the function blj (t) vanishes for tj < t and satisfy, for

every t X
tj�t

LjX
l=1

blj (t)
2
<1

Then
�
Ki (t; u) ; Bi (u) ; b

l
j (t)B

l
j (t)

	
is called representation ofX:5

Furthermore, if the equalities F eX
t = FBt ; F

eX
t� = FBt� and F

eX
t+ = FBt+

hold for any t, then X is said to be represented canonically or X has

the canonical representation relative to B. If Xt itself can be repre-

sented canonically in the form (2.1) (i.e. eX(t) = X(t) a.s.), then the

process B is called the innovation process for X. The number N in

the above representation is called the continuous multiplicity of X. Lj

is the discrete multiplicity at tj and L = sup1�j�J Lj is simply called

the discrete multiplicity of X. The (total) multiplicity M of X is de�ned

by M = max fN;Lg :The measure mi (dt) = E
�
jdBi (t)j2

�
is called a

continuous spectral measure of X and the system mi (dt) is called the

system of continuous spectral measures. The following theorem states
5A Brownian motion, f.i., is canonically represented by itself. Indeed B(t) =R t

0 1dB(u); t 2 I with N = 1; L = 0;m1 (dt) = dt.
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the uniqueness of the canonical representation.

Theorem 3 For a Gaussian process, a canonical representation of the

form (2.1) exists. If X has another canonical representation of the form

X(t) =
NX
i=1

Z t

0

Ki (t; u) dBi (u) +
X
sk�t

LkX
l=1

b
l

k (t)B
l

k (t)

then N = N; mi � mi with mi (du) = E
���dBi (u)��2�, the set ftjg is

the same as fskg and Lj = Lk if tj = sk:
6

Proof. See Hida, T. and M. Hitsuda, 1993, pages 59-65.

Let E (X (t)) = 0 and take the covariance function R(t; s). Since

R(t; s) is nonnegative de�nite, there exists a reproducing kernel Hilbert

space H with reproducing kernel R(t; s): That is, H is a vector space

involving functions (f = f (t) ; t 2 I) satisfying the conditions:

1. R(�; s) 2 H for every s 2 I;

2. For any f 2 H and any s 2 I; hf (�) ; R(�; s)i = f(s); where h; i

denotes the inner product in H;7

3. H is generated by the family fR(�; s); s 2 Ig :
6In the case I = (�1;1) ; the statement needs a slight modi�cation: the innovation

process is and the integral sign has to be replaced with noting square integrability of the
kernels over (�1;1), and so forth.

7By taking f (�) = R(�; s) the equation hf (�) ; R(�; s)i implies the interesting relation
hR (�; t) ; R(�; s)i = R(t; s) where R looks like a factor of itself.
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Theorem 4 LetR(t; s) be the covariance function of a Gaussian process

having canonical representation, and let H be the reproducing kernel

Hilbert space with kernel R(t; s): Then, an element f of H is expressed

in the form

f(t) =
NX
i=1

Z t

0

Ki (t; u)�i (u)mj (du) +
X
tj�t

LjX
l=1

blj (t)�
l
j

where
NX
i=1

Z 1

0

�j (u)mi (du) +
X
j

LjX
l=1

�
�lj

�2
<1

The �i; 1 � i � N; and �lj ; j � 1; 1 � l � Lj are uniquely determined

by f .

Proof. See Hida, T. and M. Hitsuda, 1993, page 68.

2.2.2. Stochastic calculus with respect to Gaussian processes

Suppose that X = fXt; t 2 [0; T ]g is a centered continuous Gaussian

process, of multiplicity equal to one, with the following integral represen-

tation

Xt =

Z
K (t; s) dBs (2.2)
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where B = fBt; t 2 [0; T ]g is a Brownian motion and K (t; s) is a square

integrable kernel. Its covariance function can be be expressed as

R(t; s) =

Z t^s

0

K (t; r)K (s; r) dr (2.3)

Suppose now that K (t; s) satis�es the following condition:

(a) K (�; s) has bounded variation on any interval (u; T ] ; u > s:

Consider the following seminorm on �; the set of the step functions

k'k2K =
TZ
0

' (s)
2
K (T; s)

2
ds+

TZ
0

0@ TZ
s

j' (t)� ' (s)j jKj (dt; s)

1A2

ds

The completion of � with respect to this seminorm is denoted by HK .

The space HK is the class of functions ' on [0; T ] such that k'k2K and

it is included in L2
�
[0; T ] ;K (T; s)

2
ds
�
. Moreover HK is continuously

embedded in H because k'kH �
p
2 k'kK . Let u = fut; t 2 [0; T ]g be a

stochastic process in D1;2 (HK), i.e. u veri�es the following conditions

(i) E kuk2K = E
TR
0

usK (T; s)
2
ds

+E
TR
0

 
TR
s

jut � usj jKj (dt; s)
!2

ds <1;

(ii) E
TR
0

kDruk2K dr = E
TR
0

TR
0

(Drus)
2
K (T; s)

2
dsdr
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+E
TR
0

TR
0

 
TR
s

jDrut �Drusj jKj (dt; s)
!2

dsdr <1:

These conditions imply that the adjoint operator K�u belong to L1;2

and, as a consequence, u belongs to the domain of �X and �X(u) =
TR
0

(K�u)s �Bs. For a process u inD1;2 (HK) the notation �X(u) =
TR
0

us�Xs

is used, and, therefore, it is possible to write

TZ
0

us�Xs =

TZ
0

(K�u)s �Bs

Notice that if u satis�es conditions (i) and (ii), then u1[0;t] also satis�es

these conditions for any t 2 [0; T ]. Moreover for s � t

K� �u1[0;t]� = usK(T; s) +

Z
(s;t]

(ur � us)K (dr; s)�
Z
(t;T ]

usK (dr; s)

= usK(t; s) +

Z
(s;t]

(ur � us)K (dr; s)

and for s > t, clearly, K� �u1[0;t]� = 0. Denote K� �u1[0;t]�s by (K�
t u)s

whereK�
t is the adjoint operatorK in the interval [0; t]. So, for a process

u in D1;2 (HK) the inde�nite integral Zt =
R t
0
us�Xs is given by

Z t

0

us�Xs =

Z t

0

usK(t; s)�Bs +

Z t

0

�Z t

s

(ur � us)K (dr; s)
�
�Bs

=

Z t

0

(K�u)s �Bs
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In order to show an Ito's formula for the Gaussian process Xt the follow-

ing conditions must be satis�ed:

(a) K (�; s) has bounded variation on any interval (u; T ] ; u > s;

(b)
TR
0

(
TR
s

kBt �Bsk2 jKj (dt; s))2ds <1;

(c) The function R (s; s) and
sR

t^s
K(s; r)dr have bounded variation in

s 2 [0; T ] for any t 2 [0; T ] :

Let F be twice continuously differentiable function satisfying the growth

condition

max fjF (x)j ; jF 0(x)j ; jF 00(x)jg � c exp
�
� jxj2

�
(2.4)

where c and � are positive constants such that � < 1
4

�
sup0�t�T Rt

��1.
This condition implies

E

�
sup
0�t�T

jF (Xt)jp
�
� cpEep� suptjXtj2 <1

for all p < 1
2�

�
sup0�t�T Rt

��1 and the same property holds for F 0 and
F 00. As a consequence of condition (b), for any function F of this type,

the process F 0(Xt) belongs to the space L2 (
;HK).
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Indeed, if 2 < p < 1
2�

�
sup0�t�T Rt

��1, applying Holder's inequality
E kF 0(Xt)k2K = E

TZ
0

F 0(Xt)
2K (T; s)

2
ds

+E

TZ
0

0@ TZ
s

jF 0(Xt)� F 0(Xs)j jKj (dt; s)

1A2

ds

< E

�
sup
0�t�T

jF 0(Xt)j2
�
R (T; T )

+c

�
E

�
sup
0�t�T

jF 0(Xt)jp
�� 1

p

�
TZ
0

0@ TZ
s

kXt �Xtk2 jKj (dt; s)

1A2

ds

< 1

Theorem 5 Let F be a function of class C2 (R)satisfying (2.4). Sup-

pose that X = fXt; t 2 [0; T ]g is a zero mean continuous Gaussian

process whose covariance function R (t; s) is of the form (2.3) with a ker-

nel K (t; s) satisfying condition (a), (b) and (c).8 Then for each t 2 [0; T ]

the process F 0(Xt)1[0;t](s) belongs to Dom(�X) and the following for-

8Note that any condition on the regularity of the kernel function is imposed. If the
Gaussian process has a regular kernel, the following condition is suf�cient to implement
Ito's formula is the following:

1. For all s 2 [0; T ) jKj (�; s) has bounded variation on interval (s; T ] and
TR
0

jKj ((s; T ] ; s)2 ds <1:
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mula holds:

F (Xt) = F (0) +

tZ
0

F 0(Xt)�Xs +
1

2

tZ
0

F 00(Xt)dRs

where Rs = R(s; s):

Proof. See Alos, E. , Mazet, O. and D. Nualart, 2001, pages 775-776.

2.2.3. Tightness and information theory

An important property for certain family of probability measures is the

tightness. A family � of probability measure on a metric space (S;X) is

tight, if for every "; there exists a compact set K such that P (K) > 1� "

for every P in �: Take the space of the continuous function C; and

endow it with the uniform topology, de�ning the distance between two

point x and y as

� (x; y) = kx� yk = sup
t
jx(t)� y(t)j

to make C a complete and separable metric space.

Theorem 6 Let Pn; P be two probability measures on the complete met-

ric space (C;X). If the �nite-dimensional distributions of Pn converges
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weakly to those of P , and if fPng is tight then Pn =) P .

Proof. See Billingsley, P., 1999, pages 80-86 .

Information theory deals with a basic challenge in communication:

how to transmit information ef�ciently? In addressing that issue, infor-

mation theorists have created a rich mathematical framework to describe

communication processes with tools to characterize so-called funda-

mental limits of data compression and transmission. When it goes to

statistics, it provides a constructive criterion for setting up probability

distributions on the basis of partial knowledge and leads to a type of

statistical inference which is called the maximum entropy estimate. Not

only is it concerned with the measure of the uncertainty associated with

a random variable; but also focuses on the statistical problem of dis-

crimination, by considering a measure of the "distance" or "divergence"

between statistical populations. For the statistician two populations differ

more or less according as to how dif�cult it is to discriminate between

them with the best test. Suppose it is given the space V of all densi-

ties of probability measures on the real line equipped with its Borel �eld,

which are absolutely continuous w.r.t. the Lebesgue measure. The most

well-known information criterion regarding theoretic divergence between

two probability density functions pi (x) ; i = 1; 2; is the Kullback-Leibler
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information divergence (KLID)

D(p1kp2) : =

Z
p1 (x) log

p1 (x)

p2 (x)
dx

: = Ep1 flog p1 � log p2g � 0; p1; p2 2 H

where in general

Epi f�g =
Z
� (x) pi (x) dx p 2 H

In statistics, the KLID arises as an expected logarithm of the likelihood

ratio and is a measure of the inef�ciency of assuming that the distribution

is p2 when the true distribution is p1: The KLID is always non-negative

and is zero if and only if p1 = p2 a:e: Even if it is a true metric, being not

symmetric and not satisfying the triangle inequality, it is often used as

the quanti�cation of "how close are" two density functions. The KLID

assumes a particular form in case of an exponential family. A family of

probability measure � is said to be an exponential family provided there

exists a � � finite measure � on 	, a positive integer k, real-valued

functions on and real-valued measurable functions b, t1::::tk on 	 such

that � is dominated by �; b � 0 and for every P 2 �

dP

d�
(x) = a(P )b(x)e�(P )t(x) (2.5)
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where � = (�1; :::�k) ; t = (t1; :::tk) : In this case equation (2.5) is called

an exponential representation of the densities of � with respect to �:

Consider a �nite dimensional manifold of exponential probabilities den-

sities such as

EM (c) = fp(�; �) : � 2 � � Rmg ; � open in Rm

p(�; �) = exp [�1c1(�) + ::::+ �mcm(�)�  (�)]

expressed w.r.t. the expectation parameters � de�ned by

�i(�) = Ep(�;�) fcig = @�i (�) i = 1; :::m

De�ne p(x; �(�)) = p(x; �); and, given a density p 2 H, and approximate

it by a density of the �nite dimensional manifold EM (c). It seems rea-

sonable to �nd a density p(�; �) in EM (c) which minimizes the Kullback-

Leibler information

min
�
D(p; p(�; �)) = min

�
Ep flog p� log p(�; �)g

= Ep log p�max
�
f�1Epc1 + ::::+ �mEpcm �  (�)g

= Ep log p�max
�
V (�)

V (�) : = �1Epc1 + ::::+ �mEpcm �  (�)
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It follows immediately that a necessary condition for the minimum to be

attained at �� is

@�iV (�
�) = 0 i = 1; :::m

which yields

Epci � @�i (��) = Epci � Ep(�;��)ci = 0 i = 1; :::m

Epci = �i(�
�) i = 1; :::m

i.e. the best approximation of p in the manifold EM (c) is given by the

density of EM (c) which shares the same ci expectations (ci-moments)

as the given density p: it means that in order to approximate p only its

ci-moments, i = 1; 2:::;m are needed.

2.3. Long-range dependence

Assuming that a process Xt has �nite variance, the long range depen-

dence is de�ned by looking at autocorrelation function of the process

De�nition 7 A stationary process Xt is said to have long-range depen-

dence if its autocorrelation function C (�) = corr (Xt; Xt+� ) decays as a

power of the lag � :

C (�) = corr (Xt; Xt+� ) �
�!1

L (�)

�1�2d
0 < d <

1

2
(2.6)
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where L is a slowly varying function at in�nity, i.e. 8a > 0; lim
t!1

L(at)
L(t) = 1: By contrast, a stationary process is said to have short-range

dependence if the autocorrelation function decreases at a geometric rate

9K > 0; c 2 ]0; 1[ ; jC (�)j � Kc�

The long-range dependence property depends on the behavior of the

autocorrelation function at large lags, a quantity which may be dif�cult

to estimate empirically. Models with long-range dependence are often

formulated in terms of self-similar processes, which allow to extrapolate

across time scales and deduce long time behavior from short time be-

havior.

De�nition 8 A stochastic process Xt is said to be self-similar if there

exists H > 0 such that for any scaling factor c > 0, the processes have

the same law

(Xct)t�0
d
=
�
cHXt

�
t�0

where H is called the self-similarity exponent of the process.

Fractional Brownian motion is a typical example of self-similar process

whose increments exhibit long range dependence: it is a real centered
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Gaussian process with stationary increments with covariance function

corr
�
BHt ; B

H
s

�
=
1

2

�
jtj2H + jsj2H � jt� sj2H

�

where, depending on the value of the Hurst parameter H, some par-

ticular dependence might arise. A Hurst parameter greater than 1
2 leads

to long-range dependence; whereas H < 1
2 pops up short-range de-

pendence. For H = 1
2 , B

H
t becomes a Brownian motion. Note that a

self-similar process cannot be stationary, but the de�nition of long-range

dependence, even if it cannot hold for the process itself, might hold for its

increments (if they are stationary). By removing the idea of stationarity,

the above de�nitions might become inappropriate. The next subsection

addresses the idea of long-range dependence with a non-stationary ran-

dom process.

2.3.1. Non-stationarity and long-range dependence in the Gaussian

class: the sub-fractional Brownian motion

De�ne a stochastic process Xh =
�
Xh(t); t � 0

	
; h 2 (0; 2) obtained by

the following transformation

Xh =
1p
2

�
Bh (t) +Bh (�t)

�
t � 0 (2.7)
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where Bh (t) is a fractional Brownian motion on the whole real line with

covariance function Rh (s; t) = 1
2

�
sh + th � js� tjh

�
. The Fractional

Brownian motion in (2.7) is de�ned in terms of h, and not H. The rela-

tionship between h and H is the following

h = 2H

The following theorem summarizes the main of properties of Xh:

Theorem 9 The process Xh is called sub-fractional Brownian motion

and whose main properties are:

1. Self-similarity

�
Xh(at); t � 0

	 d
=
n
a
h
2Xh(t); t � 0

o
for each a > 0

2. Covariance: for all s; t > 0 with 0 � s � t; its covariance function

Ch (s; t) = sh + th � 1
2

h
(s+ t)

h
+ js� tjh

i
: Moreover

Ch (s; t) > Rh (s; t) if h < 1

Ch (s; t) < Rh (s; t) if h > 1

Ch (s; t) > 0
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3. Second moment of increments: for all s; t > 0

E
�
Xh (t)�Xh (s)

�2
= �2h�1

�
th + sh

�
+ (t+ s)

h � (t� s)h�
2� 2h�1

�
(t� s)h � E (Xh (t)�Xh (s))

2 � (t� s)h if h > 1

(2.8)

(t� s)h � E (Xh (t)�Xh (s))
2 �

�
2� 2h�1

�
(t� s)h if h < 1

(2.9)

4. Holder continuity: Xh has a continuous version for each h, and for

each 0 � � � h
2 ; and each T > 0 there exists a random variable

K�;T such that

��Xh (t)�Xh (s)
�� � K�;T jt� sj

h
2�� s; t 2 [0; T ] a.s.

5. Correlation of increments: For 0 � u < v � s < t; let

Ru;v;s;t = E
�
Bh (v)�Bh (u)

�
Bh (t)�Bh (s)

��
and

Cu;v;s;t = E
�
Xh (v)�Xh (u)

�
Xh (t)�Xh (s)

��
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then

Cu;v;s;t =
1

2

264 (t+ u)
h
+ (t� u)h + (s+ v)h + (s� v)h

� (t+ v)h + (t� v)h + (s+ u)h + (s� u)h

375
Cu;v;s;t > 0 if h > 1

Cu;v;s;t < 0 if h < 1

De�ned Du;v;s;t as

Cu;v;s;t = Ru;v;s;t +Du;v;s;t

then

Du;v;s;t < 0 if h > 1

Du;v;s;t > 0 if h < 1

For u � 0; r > 0 let �Bh

u;rand �X
h

u;r denote the correlation coef�cients

of Bhu+r � Bhu ; B
h
u+2r � Bhu+r and Xh

u+r � Xh
u ; X

h
u+2r � Xh

u+r, re-
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spectively. Then

����Xh

u;r

��� � ����Bh

u;r

���
lim

s;t!1
Cu;v;s;t = 0

Cu;v;s;t < 2
h�2vh if h > 1

Cu;v;s;t > �
1

2
vh if h < 1

Cu;v;s+�;t+� �
h (h� 1) (2� h)

2
(t� s)

�
v2 � u2

�
�h�3

as � !1 if h 6= 1

6. Xh is not a Markov process if h 6= 1; 9

7. Xh is not a semimartingale if h 6= 1;

8. Integral representation (for h 6= 1):
9Let be a probability space (
; F ; P ) with a �ltration (Ft; t 2 T ), for some (totally

ordered) index set T ; and let (S; S) be a measurable space. An S-valued stochastic
processX = fXt; t � 0g, adapted to the �ltration, is said to possess the Markov property
with respect to the fFtg if, for each A 2 S and each s; t 2 T with s < t,

P (Xt 2 AjFs) = P (Xt 2 AjXs)

A Markov process is a stochastic process which satis�es the Markov property with re-
spect to its natural �ltration.
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(a) Moving average representation

Xh(t) =

1

C1 (h)

Z
R

K(t; s)dB(s)

where B is the Brownian measure on R and

K(t; s) =

"�
(t� s)+

� (h�1)
2

+
�
(t+ s)

�
� (h�1)

2 � 2
�
(�s)+

� (h�1)
2

#

C1 (h) =

�
2

Z 1

0

�
(1 + s)

(h�1)
2 � s

(h�1)
2

�2
ds+

1

h

� 1
2

(b) Spectral representation:

Xh(t) =
1

C2 (h)

Z
R

cos (ts)� 1
is

jsj
(1�h)
2 d eB(s)

where eB = B(1) + iB(2) is a complex Gaussian measure on

R such

B(1) (A) = B(1) (�A)

B(1) (A) = B(1) (�A)

E
�
B(1) (A)

�2
= E

�
B(2) (A)

�2
=
1

2
jAj
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where j�j denotes Lebesgue measure on R), and

C2 (h) =

 
�

h� (h) sin
�
�h
2

�! 1
2

Proof. See Bojdecki, T., Gorostiza, L.G., and A.Talarczyk, 2004, pages

3�8.

The derived process Xh is characterized by not being either a semi-

martingale or a Markov process. It arises from occupation time �uctua-

tions of branching particle systems for h � 1 and exhibits the long mem-

ory effect of the initial condition. Its increments are neither self-similar

nor stationary but these properties are replaced by the inequalities (2.8)

and (2.9). Its long-range dependence decays faster than a FBM: its de-

cay rate, for increments separated by distance � ; is �h�3; instead of �h�2

as � goes to in�nity. Figure (7) visualizes its main properties by show-

ing how the sub-fractional Brownian stands in the intersection among

Gaussian processes, long-range dependence random paths and sto-

chastic processes whose increments are non-stationary.

2.4. Generic Gaussian pricing formula

Fix a �ltered probability space f
;F ;Pg ; FXt = � (Xs; s � t) : Assume

that a representative agent under the historical probability P considers
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Figure 7: Sub-fractional Brownian Motion as possible synthesis between
Gaussianity, Long-range dependence and Nonstationarity

the following dynamics for the stock return:

dSt = St� (t) dt+ St� (t) dXt (2.10)

where the innovation process X = fXt; t � 0g is a centered Gaussian

process, with the following integral representation

Xt =

Z t

0

K (t; s) dBs

where B = fBt; t � 0g is a Brownian motion, K (t; s) is a square inte-

grable kernel, and R(s; t) =
R t^s
0

K (t; r)K (s; r) dr: By applying the Ito's

Lemma to the diffusion process, the dynamics of the stock can be easily
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derived. Indeed taking Yt = F (St) = lnSt;

dYt =
@f

@St
dSt +

1

2

@2f

(@St)
2 (dSt)

2
=

=
1

St
(St� (t) dt+ St� (t) dXt)�

1

2S2t

�
S2� (t)

2
dRt

�
= (� (t) dt+ � (t) dXt)�

1

2

�
� (t)

2
dRt

�

Yt = Y0 +

Z t

0

� (s) ds+

Z t

0

� (s) dXs �
Z t

0

1

2
� (s)

2
dRs

and

St = S0 exp

�Z t

0

� (s) ds+

Z t

0

� (s) dXs �
Z t

0

1

2
� (s)

2
dRs

�
= S0 exp

�Z t

0

� (s) ds+

Z t

0

� (s) dXs �
Z t

0

1

2
� (s)

2 @Rs
@s

ds

�
= S0 exp

�Z t

0

� (s) ds+

Z t

0

1

2
� (s)

2 @Rs
@s

ds+

Z t

0

� (s) dXs

�
= S0 exp

�Z t

0

�
� (s) dt� 1

2
� (s)

2 @Rs
@s

�
ds+

Z t

0

� (s)K (t; s) dBs

�

given initial condition Y (0) = Y0 and S (0) = S0: Assuming an innova-

tion process with not-necessarily stationary and independent increments

gives a process where the semimartingale properties are not granted.
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Therefore given a contingent claim whose �nal payoff is � (ST ) ; it is

possible conjecture that its (generalized) pricing formula can be

�t (ST ; r; �
0) = g [mT� (ST ) jFt] : (2.11)

for some functional g; withmT being the stochastic discount factor. If the

market prices do not allow for pro�table arbitrage, the prices are said to

constitute an arbitrage equilibrium or arbitrage-free market. An arbitrage

equilibrium is a precondition for a general economic equilibrium. The

existence of arbitrage opportunities, instead, pushes the market away

from equilibrium, since the arbitrage drives the demand up to in�nity.

The following doubts might, then, arise:

(QA) Is this an arbitrage-free price?

(QB) Is the market aware of the existence of some distortions?

(QC) What if the market tries to correct these fallacies?10

Finding a functional g; able to clear all the market inef�ciencies, in

the equation (2.11) would answer, immediately, from a normative point

of view, the three previous questions; this work, instead, wants to con-

tribute to the debate if the market is arbitrage-free or correct the inef�-

ciencies, by suggesting an alternative approach, more practical and less

normative.
10This might be similar to the idea of "paternalism" in economics; but here the market

tries to correct some rationality failures to avoid arbitrage.
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Consider another probability space
�

0;FBt ;M

	
;FBt = f� (B�t ; t � T )g :

The following family of diffusion has been de�ned in this probability

space to describe the dynamics of a �ctitious stock:

dS0�t = S0�t �
0 (t; �) dt+ S0�t �

0 (t; �) dBt

where Bt is a Brownian motion, and all the possible sample paths are

function of � (t) = [�0 (t; �) ; �0 (t; �)]. The log-transformation of the diffu-

sion gives the classical dynamics of the stock's return

dY 0�t =
@f

@S0�t
dSt +

1

2

@2f�
@S0�t

�2 �dS0�t �2 =
=

1

S0�t

�
S0�t �

0 (t; �) dt+ S0�t �
0 (t; �) dBt

�
� 1

2S20�t

�
S20�t �0 (t; �)

2
dt
�

= (�0 (t; �) dt+ �0 (t; �) dBt)�
1

2

�
�0 (t; �)

2
dt
�

that gives

Y 0�t = Y0 +

Z t

0

�0 (s; �) ds+

Z t

0

�0 (s; �) dBs �
Z t

0

1

2
�0 (s; �)

2
ds

and
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S0�t = S0 exp

�Z t

0

�0 (s; �) ds+

Z t

0

�0 (s; �) dBs �
Z t

0

1

2
�0 (t; �)

2
ds

�
= S0 exp

�Z t

0

�0 (s; �) ds�
Z t

0

1

2
�0 (s; �)

2
ds+

Z t

0

�0 (t; �) dBs

�
= S0 exp

�Z t

0

�
�0 (s; �) ds� 1

2
�0 (s; �)

2

�
ds+

Z t

0

�0 (s; �) dBs

�

Once a family of diffusions is de�ned, this work proposes the following

procedure to answer (QA), (QB) and (QC):

1. The market knows that the true dynamics of the stock's return is

represented by the evolution of Yt. Its only concern is that, Yt is

not necessarily a semimartingale;

2. a No-arbitrage (NA) pricing formula is not always possible;

3. a good strategy to overcome the problem is the following:

(a) among all the possible sample paths of S0�t ; all semimartin-

gales, the market selects the "optimal trajectory", i.e. that

one, given the events A1; A2; :::At 2 B (R) ; A01; A02; :::A0t 2

B (R) ; whose joint probability density function is the closest
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to the dynamics of the equation (2.10), i.e.

P (S1 2 A1; :::; St 2 At) 'M��(t)

�
S0�1 2 A01; :::S0�t 2 A0t

�
(2.12)

(b) Once the optimal parameters able approximate the process

St up to time t with S0�t and correct the distortions; the markets

might use them to simulate S0�t from t onward, and provide

No-Arbitrage price11 for contingent claims.

How to determine the optimal drift and diffusive coef�cient able to

approximate the non-Markovian process with a Markov random path?

St and S0�t are log-normal distributed, while

Yt =

�
Y0 +

Z t

0

�
� (s)� 1

2
� (s)

2 @Rs
@s

�
ds+

Z t

0

� (s)K (t; s) dBs

�
11By moving into the diffusion world, the functional g that rules out arbitrage opportuni-

ties in the market is the expected valueE [�]. Equation (2.11) becomes, under the historical
probability P;

�t
�
ST ; r; �

0� = g [mT� (ST ) jFt]

= EP [mT� (ST ) jFt]

A change of measure into the risk-neutral measure Q; assuming a deterministic interest
rate r; gives the following pricing formula

�t
�
ST ; r; �

0� = EQ he� R T
t r(s)ds�(ST ) jFt

i
:
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and

Y 0�t =

�Z t

0

�
� (s; �)� 1

2
� (s; �)

2

�
ds+

Z t

0

� (s; �) dBs

�

are Gaussian processes. Indeed their marginal distributions are

logSt � N

�
log s0 +

Z t

0

�
� (s)� 1

2
� (s)

2 @Rs
@s

�
ds;

Z t

0

� (s)
2 @Rs
@s

ds

�
logS0�t � N

�
log s0 +

Z t

0

�
�0 (s; �)� 1

2
�0 (s; �)

2

�
ds;

Z t

0

�0 (s; �)
2
ds

�

Information theory provides the link to connect the true dynamics of the

stock and its �ctitious counterpart. An entropy argument suggests that,

minimizing the distance between the two log-normal distribution St and

S0�t is the same as minimizing the distance between Yt and Y 0�t : Since

Gaussian measures are element of the exponential family, the approach

suggested by the section 2.2.3. holds: the approximation can be easily

done by matching the moments. Figure (8) compares a non-Markovian

Gaussian process with a family of Brownian motion: the idea is to ap-

proximating step by step a certain Gaussian process by selecting the

best �t in the class of the Brownian motions. The probability density of
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Figure 8: Generic Gaussian Process (above) vs Family of Brownian Mo-
tions (below)

St at any time t, can be then expressed as

pSt (x) = p(x; � (t)) = exp

�
�1 (t) ln

x

s0
+ �2 (t) ln

2 x

s0
�  (�1 (t) ; �2 (t))

�

where

�1 (t) =

R t
0
�0 (s; �) dsR t

0
�0 (s; �)

2
ds
� 3
2

�2 (t) = � 1

2
R t
0
�0 (t; �)

2
dt

 (�1 (t) ; �2 (t)) = � (�1 (t) + 1)
2

4�2 (t)
+
1

2
ln

�
��s20
�2 (t)

�

where x is clearly in the exponential class with c1 (x) = ln
�
x
s0

�
; c2 = c21:
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The expectation parameters can be easily computed as follows

�1 = E� ln
x

s0
= @�1 (�1; �2) = �

�1 + 1

2�2

�2 = E� ln
2 x

s0
= @�2 (�1; �2) =

�
�1 + 1

2�2

�2
� 1

2�2

The parameters � can be computed back from the � parameters by in-

verting the above formulae

�1 =
�1

�2 � �21
� 1

�2 = � 1

2 (�2 � �21)

 (�1; �2) =
1

2

�
�21

(�2 � �21)
+ ln

�
2�
�
�2 � �21

�
s20
��

i.e.

�1 =
log s0 +

R t
0

h
� (s)� 1

2� (s)
2 @Rs

@s

i
dsR t

0
� (s)

2 @Rs

@s ds
� 1

�2 = �
1

2
R t
0
� (s)

2 @Rs

@s ds
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and (denoting by � the best approximating parameters)

R t
0
�0� (s; �) dsR t

0
�0� (s; �)

2
ds
� 3
2
=
log s0 +

R t
0

h
� (s)� 1

2� (s)
2 @Rs

@s

i
dsR t

0
� (s)

2 @Rs

@s ds
� 1Z t

0

�0� (s; �) ds� 1
2

Z t

0

�0� (s; �)
2
ds =

�Z t

0

�0 (s; �)
2
ds

�

�

0@ log s0 + R t0
h
� (s)� 1

2� (s)
2 @Rs

@s

i
dsR t

0
� (s)

2 @Rs

@s ds

1A
Z t

0

�0� (s; �) ds�1
2

Z t

0

�0� (s; �)
2
ds = log s0+

Z t

0

�
� (s)� 1

2
� (s)

2 @Rs
@s

�
ds

(2.13)

provided that
�R t

0
�0 (s; �)

2
ds
�
is �nite and, given

� 1

2
R t
0
�0 (s; �)

2
ds

= � 1

2
R t
0
� (s)

2 @Rs

@s dsZ t

0

�0� (s; �)
2
ds =

Z t

0

� (s)
2 @Rs
@s

ds (2.14)

Then at time t; the best approximating marginal distribution is

logS0�
�

t � N

�
log s0 +

Z t

0

�
� (s) ds� 1

2
� (s)

2 @Rs
@s

�
ds;

Z t

0

� (s)
2 @Rs
@s

ds

�

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



59

and

S0�
�

t = s0 exp

�Z t

0

�
�0 (s) dt� 1

2
�0 (s)

2

�
ds+

Z t

0

�0 (s)
2
ds

�
= s0 exp

�Z t

0

�
� (s) dt� 1

2
� (s)

2 @Rs
@s

�
ds+

Z t

0

� (s)
2 @Rs
@s

ds

�

At time t; the �nite-dimensional joint distribution of the two processes

St and S0�
�

t are the same, but what is going to happen at time ti > t;

with t0 = t; ::::tN = T? Assume that the market selects the coef�cient

�(t) =
hR t
0
� (s) dt;

R t
0
� (s)

2 @Rs

@s ds
i
in order to simulate the dynamics of

S0�
�

t until time T . The expression of the stock at time T would be

S0T = St exp

"Z T

t

�Z t

0

�0 (s) ds� 1
2
�0 (s)

2

�
du+

Z T

t

�Z t

0

� (s)
2 @Rs
@s

ds

�
du

#

with St = S0t:
12 By Girsanov theorem the risk neutral dynamics Q of the

process S0�t can be determined: a change of measure gives the following

closed-form formula:

S0T = St exp
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12The general expression will be, if we approximate from ti�1 to ti
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where

dWQ = dWP � vtdq

and

vs =
�0s � rs
�0s

and �0s and �0s are given by expressions (2.13) and (2.14). The value of

a contigent claim, expiring at time T would be given by

�t (S
0
T ; r; �

0) = EQ [� (S0T ) jFt]

where � (S0T ) is the payoff function of the contigent claim; Q is the risk-

neutral probability, where the optimal parameters [�0; �0] were taken by

the market for approximating the non-Markovian process S. The price of

a European call option ct is the same as the standard Black and Scholes

framework with time-dependent coef�cient, i.e.

ct(t; S
0
T ; r; �

0) = EQ
�
(S0T �K)+ jF0

�
=

= StN (d1)�KN (d2) e�
R T
t
r(u)du
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where

d1 =
ln StK +

�R T
t

hR t
0
r(s)ds+ 1

2

R t
0
�0(s)2ds

i
du
�

�R T
t

�R t
0
�0(s)2ds

�
du
� 1
2

d2 =
ln StK +

�R T
t

hR t
0
r(s)ds� 1

2

R t
0
�0(s)2ds

i
du
�

�R T
t

�R t
0
�0(s)2ds

�
du
� 1
2

The volatility used in the option prices is an adjustment made in order

to approximate the dynamics of a non-Markovian process by a diffusion:

a correction done to avoid arbitrage opportunities. The implied volatil-

ity pro�le extrapolated by the No-Arbitrage price ct(t; S; r; �0) should as-

sume a different form with respect to the constant �at curve in the Black

& Scholes model, since it depends on the extremes of integration inside

the No-Arbitrage pricing formula. Its behavior should depend on the ef-

fort done by the market to clear the dependence bias, generated by a

process whose true behavior is not Markovian.

2.4.1. Stochastic differential equation driven by a sub-

fractional innovation term

Imagine a scenario the stock's movements is strongly in�uenced either

by relying too heavily on a past reference or one trait or piece of infor-

mation when making decision, i.e. "anchoring"; or by some "availability
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heuristic", in other words estimating what is more likely by what is more

available in memory. Clearly, in this scenario, a Markovian model, with

independent and stationary increments, might not be considered as best

representation of the real world. A long-range dependent process, with

increments not-necessarily stationary, might represents a better choice

to model this situation. A good candidate as innovation term in a sto-

chastic differential equations might be represented by the sub-fractional

Brownian motion, because of its nonstationarity and quasi-self similarity.

Under the historical probability P; equation (2.10) assumes the following

dynamics:

dSt = St� (t) dt+ St� (t) dX
h
t

The Ito's Lemma provides the tools to derive the dynamics of the stock,

under the assumption that the process is driven by the sub-fractional

Brownian motion. The transformation Yt = F (St) = lnSt

dYt =
@f

@St
dSt +

1

2

@2f

(@St)
2 (dSt)

2
=

=
1

St

�
St� (t) dt+ St� (t) dX

h
t

�
� 1

2S2t

�
S2� (t)

2
dRt

�
=
�
� (t) dt+ � (t) dXh

t

�
� 1
2

�
� (t)

2
dRt

�
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Yt = Y0 +
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0
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The process is not a semimartingale, then it fails to satisfy the No-

Arbitrage assumptions. Proposing a No-Arbitrage price for contingent

claims expiring at time T > t, based on this model, would be impossible

under this dynamics. How does the market act? Among the approximat-

ing family of diffusions

S0�t = S0 exp

�Z t

0

�
�0 (s; �)� 1

2
�0 (s; �)

2

�
ds+

Z t

0

�0 (s; �) dBs

�
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the optimal drift and diffusive coef�cients are

Z t

0

�0� (s; �) ds� 1
2

Z t

0

�0� (s; �)
2
ds = log s0 +

Z t

0

� (s) ds

�h
2
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� (s)
2
(2� 2h�1)� (s)2 sh�1ds

and Z t

0

�0� (s; �)
2
ds = h(2� 2h�1)

Z t

0

� (s)
2
sh�1ds (2.15)

Then at time t; the best approximating marginal distribution of a sub-

fractional BM driven model is

logS0�
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From time t onward, using the best-approximation parameter at time t; a

�ctitious stock's return is simulated in order to derive a price for time T .

S0�T would be given by

S0�T = St exp
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and in a risk-neutral scenario

S0�T = St exp
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Figure 9: Volatility approximation for sub-fractional Brownian motion.

given St = S0t: Figure (9) showing how the approximating volatility might

increase or decrease, when both diffusive coef�cients are assumed to

be constant. The price of a European call option would be under this

model

ct(T; S
0
T ; r; �

0) = EQ
�
(ST �K)+ jFT

�
=

= StN (d1)�KN (d2) e�
R
r(u)du
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where N (�) is a standard normal cumulative distribution with

d1 =
ln StK +
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2.5. The option data

The prices used in this study are for the Standard & Poor's (S&P) 500

Index Options listed at the Chicago Board of Option Prices (CBOE). The

data for the study were obtained from the Option Metrics, whose access

is provided by the Wharton Research Data Services (WRDS); and in-

clude all index prices from September 2000 to September 2007. The

index behavior and its daily return are shown in Figure (10). Option Met-

rics contains also bid and ask European option quotes on the S&P 500
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Figure 10: S&P 500 Index (above) vs Daily Return (below)

index, across different strikes and maturities and dividend yield inferred

from the theoretical no-arbitrage relationship between the spot and fu-

ture index r. All options contract are viewed as written on the underlying

spot index. The WRDS interface has "market" section where it is possi-

ble to obtain daily data on the three month Treasury Bill rate. At the 16th

of September, the total number of contract is 2014; and universe of op-

tion prices is composed by thirteen different maturities and one-hundred

and twenty-two strike prices. As summarized in Figure (11), a signi�cant

amount of contract is characterized by short time to maturity and a strike

price close to the index value. To enlarge the analysis to the last quarter

of the year, option prices are selected at October 17, November 15 and

December 17. The sample is quite homogenous for the entire period.
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Figure 11: Scatter plot of option prices

The main differences stems in November 2007, period with 26 different

expiration period, instead of thirteen. The �nal sample consists of 10382

bid-ask quotes.

2.6. Empirical analysis

2.6.1. Parameter estimation and simulations

Parameter values of the statistical densities underlying the Geometrical

Brownian Motion are estimated, in order to have some reference value.

The data employed were the 1768 daily observation of log spot price

relatives covering the period from September 2000 to September 2007.
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Figure 12: Simulated Index Value (solid lines) vs True Market Behavior
(black dotted line)

For the stock price dynamics a maximum-likelihood estimation of the drift

and diffusive coef�cient is computed; and the same procedure repeated

for the month of October, November and December.

Table 1: Parameter estimation for GBM.
Month Nobs Drift Volatility
September 1768 -0.00018 0.0341
October 1790 0.000075 0.0341
November 1812 -0.000234 0.0341
December 1832 -0.000242 0.0341

Assume that the diffusive coef�cient is right but there is some un-

certainty regarding Xt: the true data might be driven by an innovation

process whose increments are dependent and nonstationary. Particu-
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larly

dSt = St� (t) dt+ St� (t) dXt

is such that Xt :

1. independent and stationary increments Xt = Bt; i.e. a Brownian

motion (BM);

2. short-range dependent nonstationary increments Xt = SB3t ; i.e.

a sub-Fractional Brownian motion with Hurst parameter H = 0:3

(SFBM3);

3. short-range dependent and nonstationary increments Xt = SB4t ;

i.e. sub-Fractional Brownian motion with Hurst parameter H =

0:4 (SFBM4);

4. long-range dependent and nonstationary increments Xt = SB6t ;

i.e. sub-Fractional Brownian motion with Hurst parameter H =

0:6 (SFBM6);

5. long-range dependent and nonstationary increments Xt = SB7t ;

i.e. sub-Fractional Brownian motion with Hurst parameter H =

0:7 (SFBM7):

By the No-Arbitrage assumption, dependence/nonstationarity in de-

livering option prices are corrected by (2.15).
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71Table 2: Volatility approximation for different models.
Month Xt=Bt Xt=SB3t Xt=SB4t Xt=SB6t Xt=SB7t

September 0.0341 0.00851 0.01715 0.0664 0.12550
October 0.0340 0.00847 0.01708 0.06635 0.12544
November 0.0342 0.00850 0.01716 0.06681 0.12649
December 0.0343 0.00851 0.01719 0.06708 0.12714

Once the approximation of diffusive coef�cient is done,N�Geometrical

Brownian motion are simulated, with the approximating diffusive coef�-

cient; and the �ctitious data compared with the true market movements.

Data ranges from September 2007 to December 2010.

Figure (12) plots the �ve different simulated scenarios against the

true behavior of the index. The �rst scenario, where a sub-fractional

Brownian motion with short-term dependence, H = 0:3, has been cor-

rected in order to satisfy the No-Arbitrage assumption, does not capture

the true market behavior. The second set of simulated paths still approx-

imates short-range dependence, but H increases to 0:4: the majority of

the paths are still above the market data. The third �gure describes a sit-

uation where no approximation is required, i.e. a simulation N -Brownian

Motion with constant volatility. By increasing H, long-range dependence

starts to be taken in consideration. The fourth graph provides simula-

tions of long-range dependent approximated processes with Hurst Pa-

rameter equal to 0:6. The last �gure compares the empirical data with
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�ctitious data where long-range dependence, H = 0:7, and nonstation-

arity have been approximated. The previous set of �gures shows how

accuracy in simulations improves with an increasing Hurst parameter.

By approximating a long-range dependence process with nonstationary

increments, theoretical values are more in line with empirical data, with

a smaller probability of mispricing contingent claims with longer time to

maturities. By simulating �ctitious data for the month of October, Novem-

ber and December, nothing changes: longer dependence, higher volatil-

ity approximation, smaller probability of mispricing contingent claim with

higher time to expiration.

2.6.2. Option prices and regression analysis

2.6.2.1 Option prices

For the �ve different scenarios above assumed, the theoretical prices of

European call and put models are computed by the "corrected" Black

and Scholes formula, where volatility is the parameter in charge of cor-

recting dependence and nonstationarity in data, for all different time to

maturities and strike prices. Figure (13) compares the different theo-

retical prices of two European contingent claims. Data are sorted by

expiration date and, then, keeping maturity �xed, by strike price. For

call options, the models deliver quite similar values for short maturities.

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



73

Figure 13: Theoretical Call Option Prices (above) vs Theoretical Put
Option Prices (below)

As expiration time increases, some differences arise. Dissimilarities in

pricing are evident when, for longer maturities, the strike price is bigger.

Processes with high volatility, due to the approximation of long-range de-

pendence, deliver higher call option prices. Similar behavior is shown by

put options with the main difference that, for longer maturities, smaller

the strike price, higher the difference in pricing. The section is completed

by comparing the theoretical option prices with the bid-ask quote. Figure

(14) plots the theoretical values of our approximating models against the

bid-offer quotes. The right part of the plot, corresponding to options with

long time to maturity, shows no consistency between theoretical prices

and true data: the market prices positively long-term contingent claims;
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Figure 14: Theoretical Call Option Prices vs Bid-Ask Quotes.

whereas our model delivers long-term contingent claims with zero value.

The scenario does not change if the sub-fractional motion is de�ned with

Hurst parameter equal to 0:4: the failure of the model in the long-term

is evident. Long-term failure occurs also when no correction is required.

Some negligible improvement in pricing accuracy arises around "middle-

term" maturities; while in the long-term the model delivers zero-value

option prices. The situation starts to improve, when the diffusive coef�-

cient of the Black and Scholes formula corrects long-range dependence.

Approximating a SFBM6 might deliver positive prices in the long-term.

As H increases, so does the long-range dependence to be corrected,

prices become more and more accurate. The SFBM7 prices shown are,

indeed, in line with bid-ask quotes given by the market. Similar conclu-
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Figure 15: Theoretical Put Option Prices vs Bid-Ask Quotes.

sions can be derived for the put options. Figure (15) shows no consistent

between prices derived from a model correcting short-term dependence

and market data. No signi�cant improvement is seen when consider-

ing a Brownian Motion; while accuracy in prices increases if correcting

for long-range dependence: better results, especially in "medium term"

(median values in the plot). Similar results occur when the same analy-

sis is extended to the other periods of the sample.

2.6.2.2. Regression analysis

The quality of the correcting models is investigated by comparing the

pricing errors, computed as relative distance between model price and

market midquote, in the different scenarios. Deviations in pricing should
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not exhibit any consistent patterns and not be predictable. With a view to

assessing the estimated models in this way a regression analysis is per-

formed on the pricing errors obtained from each model. The explanatory

variables for the regression summarize the characteristics of the option.

The presence of implied volatility smiles suggests that pricing errors are

systematically related to the degree of moneyness, measured by the

ratio of the spot index level to the option strike. To allow for the possi-

bility that both-out-of-the money puts and calls may have higher implied

volatilities, both the degree of moneyness and its square are introduced

in the set of the explanatory variables. Implied volatility is also know

to rise with the option maturity as an explanatory variable. In addition,

the level of interest rates is added as an additional regressor. Consis-

tency with the implied volatility surface suggests that the coef�cient of

the degree of moneyness should be negative, while the coef�cients for

the square of moneyness and the option maturity should be positive.

The perfect model should have a low R2, with lack of predictability, i.e.

not signi�cant F � stat. Even if SFBM6 has a higher R2 with respect

to the other models, it is the only one with a not signi�cant F � stat: It

has a negative moneyness bias; while the coef�cient of the square of

the moneyness is positive and the smallest among the different mod-

els. Together with the other models, it has no maturity bias. Based on

these orthogonality tests, SFBM6 appears to be the best model about
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delivering acceptable option prices.

Table 3: OLS results on the predictability of the S&P500 pricing errors.
Regressors BM SFBM3 SFBM4 SFBM6 SFBM7
Const �0:1637

(0:7275)
�0:2149
(0:6513)

�0:2012
(0:6713)

�0:0522
(0:9094)

0:3521
(0:4042)

Moneyness �0:7022
(0:0023)

�0:6979
(0:0027)

�0:6988
(0:0026)

�0:7216
(0:0013)

�1:0128
(0:0000)

Moneyness2 0:2643
(0:0012)

0:2687
(0:0012)

0:2678
(0:0012)

0:2542
(0:0015)

0:2930
(0:001)

TimetoMaturity �0:0341
(0:3972)

�0:0387
(0:3420)

�0:0380
(0:3499)

�0:0169
(0:6661)

0:0464
(0:1998)

InterestRate 0:0048
(0:9532)

0:0112
(0:8920)

0:0093
(0:9096)

�0:0063
(0:9372)

�0:0176
(0:8094)

R2 0.0047 0.0058 0.0055 0.0032 0.0270
F-stat 3:3783

(0:0092)
3:9156
(0:0036)

3:7927
(0:0045)

2:6395
(0:0323)

14:9465
(0:000)

2.7. Conclusions and future extensions

This Chapter investigates possible departures from rationality in the �eld

of continuous option pricing. The stock's returns might deviate from the

classical �nance idea of independent and stationarity increments, mostly

because of the existence of some distorsions. The structure of its dy-

namics might be different: the innovation term in the stochastic differen-

tial equation could not necessarily belong to the class of Lévy processes.

A stochastic differential equation is taken into account; and its random

error, even if normally distributed, is not necessary a Brownian motion.
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By assuming some regularity condition of the kernel function, it is pos-

sible to derive a closed-form expression for the stock, by means of Ito's

Lemma. Prices are not necessarily martingales; and arbitrage oppor-

tunities might arise in the setting. At this point, a dual solution to the

problem is possible: either by means of random functions, the process

is transformed into a "fundamental semimartingale", as assumed by Nor-

ros et al. , for the fractional Brownian motion framework; or the market

selects from a family of Markovian processes, Brownian motion family in

the Gaussian case, the best �t to the stock dynamics. The correction is

done to clear biases in the market and deliver no-arbitrage contingent

claims prices. An entropy argument shows that for the Gaussian family

the approximation is done by matching the moments. For European op-

tions, this implies that the volatility used in the Black & Scholes formula

should be function of the process approximation. The sub-fractional

Brownian motion case, where long-range dependence comes along with

nonstationarity in the increments, is then studied. Data on the S&P500

Index option from the last decade are used for the empirical analysis.

Three different scenarios and �ve different subcases are imagined for

the true dynamics of the index: short-range and nonstationarity, inde-

pendence and stationarity of increment, long-range dependence. The

volatility is corrected, assuming that the market knows and corrects the

distortions in the data; and then theoretical prices of European contin-
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gent claims are computed. Option prices seems to have higher volatility

with respect to that one inferred from the market in the Brownian Motion

framework: most accurate prices arise when the market corrects the

long-range dependence bias, especially in the long-term, as suggested

by comparing them with bid-ask spread. A �nal regression analysis on

the pricing error, in order to check the existence of any consistent pat-

terns and their predictability, seems to give additional strength to the

idea that distorsions might exist and be corrected by the market. This

idea of market-correction should be further investigated because it can

represent a good starting point to develop an alternative explanation to

the implied volatility bias of options; moreover, it is possible to re�ne it

either by extending it to more complex contingent claims, where the cor-

rection might be taken not only modifying the volatility; or by relaxing the

normal scenario, moving to more complicated stochastic processes, like

in�nite-variance random vectors.
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Chapter 3

Approximation of in�nite-variance processes

3.1. Introduction

The normal distribution arises as the limiting distribution for the sum of

n independent random variables, when the sum is divided by
p
n: Trans-

lating it in �nancial terms, by assuming returns, as a sum of a large

number of independent in�uences, a Gaussian distribution should de-

scribe accurately empirical data. Unfortunately, it is well documented

that normality of the return distribution is violated in both time-series and

in option prices. Recall that the pointwise Holder exponent of a stochas-

tic process fX(t)gt2Rd whose trajectories are continuous and nowhere

differentiable is the stochastic process f�X(t)gt2Rd de�ned for every t

as

�X(t) = sup

�
�; lim sup

h!0

jX(t+ h)�X(t)j
jhj� = 0

�
It allows to measure the local variations of regularity of fX(t)gt2Rd : Fig-

ure (16) describes the behavior of the Holder exponent for the daily

return of the Standard & Poor's (S&P)100 index in the last ten years.

The nice, continuous version of Brownian motion actually satis�es a
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Holder condition of exponent � so long as 0 < � < 1
2 ; but the thresh-

old is exceeded by the exponent in Figure (16). A stationary alpha-

stable process should be more accurate for pricing options given its

leptokurtosis. Its skewness and kurtosis, joint with a speci�c depen-

dence structure, must be implemented in order to study the effects of

some distortions in the stock. Rosinski (1995) decomposed a station-

ary alpha stable process in three different components: a part capturing

the short-term behavior; a second component describing the long-range

dependence and a residual process. The �exibility, implied by the de-

composition, could be really helpful in modelling all these departures

from normality. This chapter proposes a stationary alpha stable process

as building block of the stock dynamics. A stochastic differential for the

stock's return is assumed to be driven, under the historical probability,

for a representative agent, by a stable innovation term, where depen-

dence across increments is assumed to exist: the speci�c case of linear

fractional stable motion is introduced to model self-similarity. The in�-

nite variance of the process causes some huge problems in deriving a

closed-form expression for the stock, by means of stochastic calculus;

and the non-Markovian structure violates the No-Arbitrage conditions.

The path, suggested by this work, attempts to solve the previous issues

by de�ning on an alternative probability space a family of stable motions,

in charge of describing the dynamics of a �ctitious securities. The idea is
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to approximate the true stock with some imaginary securities, and to de-

rive a No-Arbitrage pricing formula, under the risk-neutral probability, by

posing some restriction on the drift coef�cient of the process. The aim of

this work is to show how self-similarity is considered and corrected by the

market in pricing contingent claim. The correction should improve accu-

racy in pricing: the parameters of the approximating Markovian process,

derived by minimizing the distance between the two processes, depend

on the dependence structure of the process taken into consideration

under the historical measure. The distance between the characteris-

tic functions of the two random paths is minimized for a dual reason:

stable process might not have density functions; and the set of �nan-

cial instruments to be priced is restricted to European contingent claims.

Section 3.2. de�nes a stationary alpha stable process, introducing also

the Rosinski's decomposition and the de�nition of conservative and dis-

sipative �ow. The idea of long and short memory is presented in the

section 3.3.; and is discussed in scenarios where variance is in�nite and

for a selected class of deterministic functions f under which stochastic

integrals with respect to a linear fractional stable are well-de�ned. Sec-

tion 3.4. derives a pricing formula for a generic asset whose dynamics

is driven by a not-necessarily Markovian process, the fractional-stable

motion. Data are described in the section 3.5.; while some empirical

�ndings are presented in the section 3.6. Section 3.7. concludes and
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Figure 16: Holder exponent of the Standard & Poor's (S&P)100 index,
September 2000- August 2008

suggests some future research paths.

3.2. Stationary alpha stable processes

3.2.1. Preliminaries

A non-degenerate distribution X is a stable distribution if it satis�es the

following property:

De�nition 10 Let X1 and X2 be independent copies of a random vari-

able X. Then X is said to be stable if for any constants a > 0 and b > 0

the random variable aX1 + bX2 has the same distribution as cX + d for
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some constants c > 0 and d. The distribution is said to be strictly stable

if this holds with d = 0:

The stable random variableX is characterized by the a speci�c char-

acteristic function has the following form

E exp fiuXg =

8><>: exp
�
��� juj�

�
1� i� (sign u) tan ��2

�
+ i�u

	
if � 6= 1

exp
�
�� juj

�
1 + i� 2� (sign u) ln juj tan

��
2

�
+ i�u

	
if � = 1

The parameter �; 0 < � � 2 is the index of stability and

sign u =

8>>>><>>>>:
1 if u > 0

0 if u = 0

�1 if u < 0

The parameter �; �; � are unique and they capture covariation, skew-

ness and location, respectively with � � 0;�1 � � � 1. X is charac-

terized by four parameters and is possible to denote stable distributions

by S� (�; �; �) and write X � S� (�; �; �) : Denote X � S�S when X is

symmetric �� stable; i.e. when � = � = 0:

3.2.2. Characterization

A real (complex, resp) stochastic process fXtgt2T is said to be a S�S

process if any �nite linear combination
P
ajXj has a S�S (isotropic �-
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stable, resp.) distribution (T is an arbitrary parameter set). Let (S;B) be

a Borel space equipped with a �-�nite measure �: A countably additive

set function M : B0 7�! L0 (
; P ) is said to a S�S random measure if

M is independently scattered and

E exp fiuM(A)g = exp f� juj� �(A)g u 2 R; A 2 B0

where B0 = fA 2 B0 : �(A) <1g :13 Every (separable) S�S process

fX�
t gt2T admits an integral representation14

I(f) = fX�
t ; t 2 Tg

d
=

�Z
S

f(s; t)M�(ds)

�
t2T

where M is a S�S random measure with control Lebesgue measure �

and fftgt2T � L� (X;�) is a family of deterministic functions.

Theorem 11 (Minimal Integral representation) Let T be a separable

metric space and � 2 (0; 2). Suppose that

�Z
S1

f
(1)
t dM1

�
=

�Z
S2

f
(2)
t dM2

�
(3.1)

where for fi = 1; 2g ; Mi is a S�S random measure on a Borel space
13A complex S�S random measure is de�ned analogously with the symmetry assump-

tion replaced by isotropy.

14This representation can be extended to an enlarged probability space.
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(Si;BSi) with a �-�nite control measure �i and
n
f
(i)
t

o
t2T

� L� (Si; �i)

is such that the mapT�S 3 (t; s)! f
(i)
t 2 R (or C ) is Borel measurable

(i = 1; 2). Then , for every �-�nite Borel measure v on T; there exists

Borel functions � : S2 �! S1 and h : S2 �! R (or C ) such that

f
(2)
t (s) = h(s)f

(1)
t (�(s)) v 
 �2 � a:e:

Proof. Rosinski, J., 1995, 1167-1172

Any separable in probability S�S process admits an integral repre-

sentation (3.1). The stationarity property implies

�Z
S

fu+tdM

�
u2R

=

�Z
S

fudM

�
u2R

for every t 2 R. By the minimal integral representation theorem, for each

�xed t

fu+t(s) = ht(s) (fu � �t(s)) �
 �� a:e: (3.2)

Suppose equation (3.2) holds for all s; t; u. and de�ne f�g (t) = f (g (t)) :

Putting u = 0

ft(s) = ht(s) (f0 � �t(s)) t 2 R; s 2 S
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Is it possible to derive an integral representation in such a way to recog-

nize almost sure a stationary S�S process? De�ne additive �ow and

cocycle.15

De�nition 12 (Additive Flow) A measurable additive �ow on a Borel

space S is a jointly measurable map R�S 3 (t; s) 7! �t(s) 2 S such that

for every t1; t2 2 R; and s 2 S

�t1+t2(s) = �t1 � �t2(s)) (3.3)

�0(s) = s (3.4)

A �ow is said to be nonsingular if � � ��1t is absolutely continuous with

respect to �, for every t.

Let A be a locally compact second countable group.16

De�nition 13 (Additive Cocycle) A measurable map R�S 3 (t; s) 7!

at(s) 2 A is said to be a cocycle17 for the �ow f�tgt2R if

at1+t2(s) = at1 (s) (at2 � �t1(s)) 8t1; t2 2 R;s 2 S
15Please note that, from now onward, T = R:
16A group is said to be second-countable if its topology has a countable base.
17For istance, the Radon-Nikodyn derivativemt(s) =

d(���t)
d�

is a cocycle (taking values
in A = (0;1)) for a nonsingular �ow f�tgt2R :
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Once de�ned additive �ows and cocycle, it is possible to characterize

a stationary S�S process

Theorem 14 (Representation of stationary S�S processes) Let

fftgt2R � L� (S; �) be a measurable spectral representation of a

measurable stationary S�S process fXtgt2R. Then there exist a unique

modulo � nonsingular measurable �ow f�tgt2R on some Borel �-�nite

measure space (S; �), a cocycle fatgt2R for f�tgt2R, with values in

f�1; 1g 18 such that, for each t 2 R

ft = at

�
d (� � �t)

d�

� 1
�

(f0 � �t) �� a:e: (3.5)

Proof. See Rosinski, J. , 1995, pag.1167-1169.

The stable integral of a stationary S�S process fXtgt2R can be rewrit-

ten as

Xt =

Z
S

atm
1
�
t f � �tdM a:s: t 2 R

In ergodic theory there are some classical decomposition of measure

generated by nonsingular �ows. The most trivial one is obtained by con-

sidering the set of �xed points

S1 = fs 2 S : �t (s) = s 8t 2 Rg
18fjzj = 1g in the complex case.
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The �ow instantaneously moves the points on S n S1 and is constant on

S1. Both these sets are invariant under the �ow. Now, S n S1 admits the

Hopf decomposition into the dissipative S2 and conservative S3 parts,

which are invariant under the �ow

S2 =

�
x 2 S :

Z
T

jf � �tj
�
mt�(dt) <1

�
a:e:

S3 =

�
x 2 S :

Z
T

jf � �tj
�
mt�(dt) =1

�
a:e

where � (dt) is the Lebesgue measure if T = R, and a counting measure

if T = Z: Thus it is possible to decompose S into three invariant sets

S = S1 [ S2 [ S3

This decomposition yields a decomposition by Rosinski of the stochastic

integral in expression (3.5) into three independent parts, say X(1)
t ; X

(2)
t

and X(3)
t

Theorem 15 (Decomposition of stationary S�S processes) Every sta-

tionary S�S process fX�
t gt2R has a unique decomposition into the sum

of three mutually independent stationary S�S processes

X�
t

d
= X1

t +X
2
t +X

3
t t 2 R
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(on a possibly enlarged probability space) such that
�
X1
t

	
t2R is a har-

monizable process,
�
X2
t

	
t2R is mixed moving average, and

�
X3
t

	
t2R

does not admit harmonizable or mixed moving average components.

Proof. See Rosinski, J. , 1995, pag.1186.

A speci�c representation for the independent processes X1
t and X2

t ;

is characterized as follows:

De�nition 16 (Harmonizable process) A S�S process is said to be

harmonizable if there exists a complex random measure M on R with

�nite control measure � such that

fX�
t gt2R =

�Z
R
eitsM� (ds)

�
t2R

with f = 1, �t(s) = s; at(s) = eits 8t; s 2 R:

De�nition 17 (Moving average process) A S�S is a moving average

if there exists a function f 2 L� (R; �) with Lebesgue control measure �

such that

fX�
t gt2R =

�Z
R
f (t� s)M� (ds)

�
t2R

with �t(s) = s� t; at(s) = 1; � = � 8t; s 2 R:
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A stationary S�S process can be easily decomposed into a dissipa-

tive part and a conservative one, i.e.

X�
t = XD

t +X
C
t

where XD
t , the mixed moving average process, is generated by a dis-

sipative �ow, while XC
t , given by the harmonizable process X1

t and the

residual process X3
t , is generated by in�nitely recurrent �ow: an iden-

tity �ow for the "never-ergodic" harmonizable process; a conservative

�ow without �xed points for the residual process. The decomposition

into dissipative and conservative �ow permits to study the dependence

of the process along time. The conservative part XC
t must capture the

long-range dependence structure of the process; whereas XD
t should

account for the short-range dependence or i.i.d. observations.

3.3. S�S processes and kernel functions

Let X be a stationary process with spectral density f . X is said to be

a long-memory process only if, for some number d in the interval (0; 1) ;

f (!) is asymptotically equivalent to !�d times a slowly varying function
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L (!) ;19 as ! approaches zero, i.e.

lim
!!0

f (!)

L (!)!�d
= 1 8 some slowly varying function L

Consider a process Xt with the following integral representation

Xt =

Z
S

ft (x)M(dx)

where M(dx) is a a stable Lévy motion. Is it possible to assess some-

thing about the dependence-structure of the process?

1. If the kernel function is the indicator function, i.e. ft (x) = 1(x2S) ,

Xt would be still a stable Lévy motion;

2. a different kernel would plug-in some particular form of depen-

dence into the process.

The importance of the kernel function is evident looking at its re-

lationship with the exceedance probability. Let a claim process X =

fX(t); t � 0g be a continuous-time measurable stationary S�S process

X(t) =

Z
R
f(x� t)M(dx) t � 0 (3.6)

19A slowly varying function of ! is a function L such that
lim
!!0

L(t!)
L(!)

= 1 8t > 0:
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where f 2 L�(R;B ;�) and M is a S�S random measure on (R;B) with

Lebesgue control measure �; and � 2 (1; 2) : Also for a positive constant

� > 0 let the cumulative premium process be a non-random linear drift

� = f�(t) = t�; t � 0g ; and de�ne

S(t) :=

Z t

0

X(s)ds s � 0 (3.7)

as the total amount claimed until time t: Set

ht (x) =

Z t

0

f(x� s)ds:

The process S = fS(t); t � 0g described by (3.7) is well de�ned and

S(t) :=

Z t

0

ht(x)M(dx) t � 0

Now, for u > 0 write the ruin probability as

 (u) = P

�
sup
t�0

(S(t)� �(t)) > u

�
u > 0

The following theorem proves that, as far as the ruin probability is con-

cerned, there is a strong relation between a speci�c dependence in

continuous-time stationary S�S processes generated by ergodic dissi-

pative �ows and integrability of the kernel function in their integral repre-
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sentation.

Theorem 18 Let f : R! R given in (3.6) be a nonnegative function.

(1) Let f =2 L1 (R; B; �), then

lim
u!1

u��1 (u) =1

i.e. the claim process X has long-range dependence

(2) Suppose for some positive real L and R, the function

f� (x) :=

8>>>><>>>>:
supt�0 f (x� t) ; x � �L

f(x); x 2 (�L;R)

supt�0 f (x+ t) ; x � R

is in L1 (R; B; �) \ L� (R; B; �). Then,

lim
u!1

u��1 (u) =
C� kfk�L1(R;B;�)
2 (�� 1)� <1

In particular, the claim process X is short-range dependence.

Proof. Alparslan, U.T., and G. Samorodnitsky, 2007, pages 7-19

Once shown the importance of the kernel functions, it is immediate to

study the features of a fractional process belonging to the class of stable

processes: the linear fractional stable motion.
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3.3.1. Fractional S�S process: the linear fractional sta-

ble motion

3.3.1.1. Characterization

For 0 < H < 1 and 0 < � � 2 such that H 6= 1
� , de�ne a linear fractional

stable motion f�H;� (t) ; t 2 Rg as a stochastic process characterized

by the following integral representation

�H;�(t) =

Z 1

�1
f�;HdZ� (s) (3.8)

=

Z 1

�1
a
��
(t� s)+

�H� 1
� �

�
(�s)+

�H� 1
�

�
+b
��
(t� s)�

�H� 1
� �

�
(�s)�

�H� 1
�

�
dZ� (s)

where a; b are real constants, jaj+ jbj > 0; 0 < � < 2; 0 < H < 1; H 6= 1
�

and Z� (s) is an �� stable random measure on R with Lebesgue control

measure and skewness intensity � (x) ;�1 < x <1 satisfying:

1. � (�) = 0 if � = 1;

2. for all integers d � 1 and real �j ; tj ; j = 1; :::; d

Z 1

�1

0@ dX
j=1

�j (f�;H (a; b; tj ; x)� a; b; 0; x)

1Ah�i

� (cx+ h) dx

is independent of c > 0 and -1 < h <1:
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The previous representation of the linear fractional Stable motion

(LFSM) is quite similar to the characterization of the fractional Brownian

motion: the main difference is that here the exponent isH� 1
� : Therefore,

when � = 2; expression (3.8) reduces to a fractional Brownian motion.

Theorem 19 The process �H;�(t) is:

1. well de�ned;

2. a symmetric alpha stable (S�S) process when � (�) = 0;

3. is self-similar with index H and has stationary increments;

4. its increments have long-range dependence ifH > 1
� and negative

dependence when H < 1
� :

Proof. See Samorodnitsky, G., and M. S. Taqqu, 1994, chapter 7.

Figure (17) describes the relationship between the Linear Fractional

Stable Motion (LFSM), the fractional Brownian Motion (FBM), the Brown-

ian Motion (BM) and the Lévy-Stable Motion (LSM). By restricting a =

b = 1; LH;�(t) becomes the (well-balanced) linear fractional stable mo-

tion

�H;�(t) =

Z 1

�1

��
(t� s)+

�H� 1
� �

�
(�s)+

�H� 1
�

�
dZ� (s)

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



100

Figure 17: Relations between the class of Gaussian processes, the
Lévy class, the set of Stable processes and the group of Self-Similar
processes.

Figure (18) shows different behavior of LFSM, depending on the Hurst

parameter and the stability index (H;�). As shown in the plot, the be-

havior of the process changes dramatically by varying the couple of pa-

rameters.

3.3.1.2. Linear fractional stable motion as a convolution with re-

spect to a stable motion

Denote with � the following operation (f � g) (s) =
R1
�1 f (s� u) g (u) du

for measurable function f and g. Cambanis and Maejima (1989) have

proposed a class of deterministic function for which is possible to deter-
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Figure 18: Simulation of different Linear Fractional Stable Motion as
function of (H;�)

mine the stochastic integral with respect to d�H;�(t): De�ne for  > 0

� (x) =  jxj�1 1(�1;0) (x)

Then since

(t� s)H�
1
�

+ � (�s)H�
1
�

+ =

�
H � 1

�

�Z 1

s

1[0;t) (u) � (u� s)(H�
1
� )�1 du

=
�
1[0;t) � ��

�
(s)

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



102

De�ne  = H � 1
� ; the previous characterization of the process can be

rewritten as

�H;�(t) =

Z 1

�1

�
1[0;t) � �

�
(s) dZ� (s)

On the other hand, for the simple function of the form

f(u) =

nX
k=1

fk1[uk;uk+1) (u) fk 2 R uk < uk+1 k = 1; ::::; n

De�ne the following identity

Z 1

�1
f(u)d�H;�(t) =

nX
k=1

fk (�H;�(uk+1)��H;�(uk))

However the right-hand side can be rewritten as

Z 1

�1

�
f � �

�
(s) dZ� (s)

Thus the de�nition of I (f) ; linear with respect to f , is the following:

De�nition 20 Let

��;� =
�
f : jf j � � 2 L�

	
For f 2 ��;� de�ne I(f) to be

I(f) =

Z 1

�1
f (u) d�H;� (u) =

Z 1

�1

�
f � �

�
(s) dZ� (s)
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Here, notice that the right-hand side is well de�ned thanks to the

assumption that jf j � �� 2 L� and it holds

E
h
ei�I(f)

i
= exp

n
j�j� :

f � ��L�o ; � 2 R

i.e.

E

�
exp

�
i�

Z 1

�1
f (u) d�H;�(u)

��
=

exp

�
� j�j� �

Z 1

�1

����Z 1

s

f (u) (u� s)�1 du
����� ds�

3.4. Stochastic differential equation driven by

a linear fractional stable motion

Fix a �ltered probability space f
;F ;Pg ; F�t = � (X�
t ; t � T ) : Con-

sider a single investor, and assume that she is the representative agent.

Under the historical probability P; the true dynamics of the the stock's

return is governed by the following stochastic differential equation up to

time t :

dRt =
dSt
St

= � (t;X (t; !)) dt+ � (t;X (t; !)) d�H;�(t) (3.9)
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A restriction on the drift and diffusive coef�cients is considered: they are

not stochastic but time-dependent. Equation (3.9) becomes

dRt = � (t) dt+ � (t) d�H;�(t)

By following the approach of the previous section, the stochastic differ-

ential equation can be rewritten as

dRt = � (t) dt+
�
� (s) � �

�
(s) dZ�s

= � (t) dt+

�


Z t

s

� (u) (u� s)�1 du
�
dZ�s

i.e.

Rt =

Z t

0

� (s) ds+

Z t

0

�Z t

s

� (u) (u� s)�1 du
�
dZ�s

with R(0) = 0 and dZ� (s) � S�

�
(ds)

1
� ; 0; 0

�
; � (u) is a positive com-

pactly supported function. Its characteristic function is given by

E
�
ei�Rt

�
= E

�Z t

0

� (s) ds+

Z t

0

�Z t

s

� (u) (u� s)�1 du
�
dZ�s

�
= exp

"
i�

Z t

0

� (s) ds�
(
� j�j� �

Z t

0

����Z t

s

� (u) (u� s)�1 du
����� ds

)#
= [i��t � j��tj

�
]

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



105

i.e. Rt � S� (�t; �t; �t) with the following parameters

�t =

 
�
Z t

0

����Z t

s

� (u) (u� s)�1 du
����� ds

! 1
�

�t =

Z t

0

� (s) dt

�t = 0

The in�nite variance of the process might cause some troubles in de-

livering a closed-form expression of the the stock price St: The power-

ful machinery of Ito's lemma, in stochastic calculus, cannot be applied,

given the statistical structure of the process. Not only is the process

characterized by in�nite variance, but it does not have independent in-

crements: the semimartingale properties are not granted. The price of a

contingent claim whose �nal payoff is � (ST ) ; even if a closed-form ex-

pression St might exist, should be conjectured with (generalized) pricing

formula can be

�t (ST ; r; �
0) = g [mT� (ST ) jFt] : (3.10)

for some functional g; withmT being the stochastic discount factor. If the

market prices do not allow for pro�table arbitrage, the prices are said to

constitute an arbitrage equilibrium or arbitrage-free market. An arbitrage

equilibrium is a precondition for a general economic equilibrium. The

existence of arbitrage opportunities, instead, moves the market away
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from equilibrium, since the arbitrage drives the demand up to in�nity. At

the end, the following doubts might be faced:

(Q1) Is this an arbitrage-free price?

(Q2) Is the market aware of the existence of some distortions?

(Q3) What if the market tries to correct these fallacies?

A normative approach, delivering a functional g; when a closed-form

expression of ST exists, would provide unambiguous answers to the pre-

vious questions. The main concern is the existence of both a closed-

form expression for the stock, and a functional g, able to clear all ar-

bitrage opportunities. The approach suggested by this work follows an

alternative route. The idea is to contribute to introduce in�nite-variance

in modelling �nancial securities, with a more positive approach and less

rigorous way. Consider another probability space
�

0;FZt ;M

	
; FZt =

� (Z�t ; t � T ) :The following family of diffusion has been de�ned in this

probability space:

dT �t = �0 (t; �) dt+ �0 (t; �) dZ�t

i.e.

T �t =

Z t

0

� (s) ds+

Z t

0

� (s) dZ�s

given T �0 = 0; and dZ� (t) � S�

�
(dt)

1
� ; 0; 0

�
; and all the possible sam-

ple paths are function of � (s) = [�0 (s; �) ; �0 (s; �)]. Its characteristic
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function is given by

E
h
ei�T

�
t

i
= E

�
exp

Z t

0

�0 (s; �) ds+

Z t

0

�0 (s; �) dZ�s

�
= exp

�
i�

Z t

0

�0 (s; �) dt�
�
� j�j�

Z t

0

j�0 (s; �)j� ds
��

= exp
h
i��0�t �

����0�t ���i

i.e. T �t � S�0
�
��A; �

�
A; �

�
A

�
and the following parameters

�0�t =

�Z t

0

j�0 (s; �)j� ds
� 1

�

(3.11)

�0�t =

�Z t

0

�0 (s; �) ds

�
(3.12)

��t = 0

Figure (19) compares the dynamics of a linear fractional stable mo-

tion (upper part) and a family of stable motions (lower part). Assume the

following path to clear all the doubts in (Q1), (Q2) and (Q3):

1. The market knows that the true dynamics of the stock's return is

represented by the evolution of Rt: The only concern is that, Rt is

not a semimartingale;

2. Taking its log to derive a no-arbitrage pricing formula for the stock

is not possible.
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Figure 19: Linear Fractional Stable Motion (above) vs Family of Stable
Motions (below)

3. A good strategy to overcome the problem is the following:

(a) among all the possible sample paths of T �t ; the market se-

lects the "optimal trajectory", i.e. that one, given the events

A1; A2; :::At 2 B (R) ; A01; A02; :::A0t 2 B (R) ; whose joint prob-

ability density function is the closest to the LFSM, i.e.

P (R1 2 A1; :::Rt 2 At) 'M��(t) (T1 2 A01; :::Tt 2 A0t) (3.13)

(b) Given the optimal parameters, the markets uses them to pro-

vide a no arbitrage price for a contigent claim and correct for

dependence across increments.
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The approximation, (3.13) given the structure of the increments of

the two processes, might not exist but, if restricting the attention to Eu-

ropean contingent claims, i.e. without path-dependence, the third point

becomes much easier. Really important is to �nd the closest marginal

distribution between Rt and Tt at time t, i.e. the optimal parameters

�0�
�

t ; �0�
�

t . A good way to �nd the optimal parameters might be to com-

pute the minimum distance method between theoretical characteristic

function � (T ) and the sample characteristic function b� (t) : De�ne
D (�; �; �; �) =

� (t)� b� (t) (3.14)

the method �nds b� = argmin
�2�

D (�)

where � = (�; �; �; �) is a point in the parametric space, k�k is a norm,

� is the parameter space. By choosing as norm the Lr weighted norm

(alternatively it's possible to choose L1)

Lr (�) =

Z t

0

���� (s)� b� (s)���r J (s) ds
where J (s) is the weight making the integral convergent. Set r = 2 and

J (s) = exp
�
�s2

�
:Once the optimal �0�; �0� are computed, the following

proposition can be applied to derive a close formula for the the approxi-
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mating process from time t onward. Since At is a semimartingale, ST 20

is an exponential Lévy model

ST = St expT
�
t = St exp

Z
�0

0� (u) du+

Z
�0� (u) dZ�u

The fundamental theorem of �nance states that, under the risk-neutral

measure, the discounted stock price, must be a martingale. Sato (1999)

provides the necessary and suf�cient condition in terms of generating

triplets for a density transformation.

Theorem 21 Let
�
fXtgt�T ; P

�
and

�
fXtgt�T ; P#

�
be Lévy processes

on Rd with generating triplets (A; v; ) and
�
A#; v#; #

�
respectively.

Then the following two statements are equivalent:

1. [P ]Ft �
�
P#
�
Ft
for every t 2 (0;1)

20The property that expected payoffs on assets and call options are in�nite under most
log-stable distributions led both Paul Samuelson and Robert Merton (1976) to conjecture
that assets and derivatives could not be reasonably priced under these distributions, de-
spite their attractive feature as limiting distributions under the Generalized Central Limit
Theorem. Carr and Wu (2003) are able to price options under log-stable uncertainty, but
only by making the extreme assumption of maximally negative skewness, i.e. � = 1: This
work does not impose any restriction on the skewness coef�cient �: A paper by McCul-
loch (2003) show that the restriction is not necessary and that the concerns of Samuelson
and Merton were in fact unfounded. The work demonstrates that when the observed dis-
tribution of prices is log-stable, the Risk Neutral Measure (RNM), under which asset and
derivative prices may be computed as expectations, is not itself log-stable in the problem-
atic cases. The RNM is determined by the convolution of two densities, one negatively
skewed stable, and the other an exponentially tilted positively skewed stable. The result-
ing RNM gives �nite expected payoffs for all parameter values and enables options on
log-stable assets to be computed easily by means of the Fast Fourier Transform (FFT)
methodology of Carr and Madan (1999).

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



111

2. The generating satisfy

A = A#

v � v#

with the function ' (x) de�ned by dv#

dv = e'(x) satisfying

Z
Rd

�
e
'(x)
2 � 1

�2
v (dx) <1 (3.15)

and

# �  �
Z
jxj�1

x
�
v# � v

�
(dx) 2 < (A)

where < (A) =
�
Ax : x 2 Rd

	
Proof. See Sato, K., 1999, page 230.

The discounted stock price has generating triplet

 
0; �

1

jxj�+1
dxdu;

Z T

t

(��(u)� r(u)) du
!

The existence of an equivalent martingale measure depends on the ex-

istence of '� (x) such that

Z T

t

�� (u)

Z
Rnf0g

�
e'

�(x;u) � 1
�
x�

1

jxj�+1
dxdu = �

Z T

t

(�� (u)� r(u)) du

(3.16)
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provided that condition (3.15) is satis�ed. The existence of '� (x; u) is,

then, strictly dependent on the expression of (u) = �� (u)� r(u); i.e. it

should exist '� (x; u) such that the integral on the left-hand side of (3.16)

would be equal to the right-hand side. By assuming (u) = ��� 1
� f 0(u);

then

' (x; u) = log

�
1 + ���

��1
�
2� �
2

f 0(u)x1fjxj�1g

�
(3.17)

with ' (x; s) well de�ned since

���
��1
�
2� �
2

jf 0(u)j < 1 for almost all u 2 [0; 1]

A change of measure from the historical probability P into the risk-

neutral measure Q is possible and the risk neutral dynamics of the stock

price is

ST = St exp

 Z T

t

r (u) du+

Z T

t

�� (u) dZQu

!

where ZQu is a transformed process, with Lévy triplet is
�
0; 0; �e'

�(x;u) dx
jxj�+1 du

�
;

and '� (x; u) is given by (3.17). The price � of a contingent claim is then

given by

� (t; r; �) = EQt

h
e�

R T
t
r(u)dug (ST )

i
(3.18)

where g (ST ) is the payoff function of the �nancial security. The payoff
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Figure 20: S&P 100 cumulative return, Sept. 2000- Aug. 2008 (above)
vs S&P 100 daily return, Sept. 2000- Aug. 2008 (below)

structure of the contingent claim could simplify expression (3.18). For a

European call option, it is relatively easy to compute the Fourier trans-

form of an option price, as suggested by Carr et al. (1999). Let k denote

the log of the strike price K, and let CT (k) be the desired value of a

T maturity call option with strike exp(k). Let the risk-neutral density of

the log price sT be qT (s). The characteristic function of this density is

de�ned by

�T (s) �
Z
R

eiusqT (s)ds
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and

CT (k) = exp
(��k)
�

Z 1

0

exp(�ivk) (v)dv

= exp
(��k)
�

Z 1

0

exp(�ivk)
�

e�rT�T (v � (�+ 1) i)
�2 + �� v2 + i (2�+ 1) v

�

where exp (��k) is introduced to obtain a square integrable function,

with � > 0:21

3.5. The option data

The prices used in this study are for the Standard & Poor's (S&P) 100

Index Options listed at the Chicago Board of Option Prices (CBOE). The

data for the study were obtained from the Option Metrics, whose access

is provided by the Wharton Research Data Services (WRDS); and in-

clude all index prices from September 2000 to August 2008. The index

behavior and its daily return are shown in Figure (20). Option Metrics

contains also bid and ask European option quotes on the S&P 100 in-

dex, across different strikes and maturities and dividend yield inferred
21By the Put-Call parity it is possible to derive the price for the put options

Ct (K)� Pt (K) = S(t)�K �B(t; T )

where CT (K) is the value of the call at time t; Pt (K) is the value of the put of the same
expiration date; S(t) is the forward price of the underlying asset; K is the strike price;
B(t; T ), the present value factor for K, the present value of a zero-coupon bond that
matures to $1 at time T .
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Figure 21: Call Options (above) vs Put Options (below)

from the theoretical no-arbitrage relationship between the spot and fu-

ture index. r. All options contract were viewed as written on the un-

derlying spot index. The WRDS interface has "market" section where

it is possible to obtain daily data on the three month Treasury Bill rate.

At the 18th of August, 2008, the total number of contract is 520 and

the universe of option prices is composed by thirteen different maturities

and one-hundred and twenty-two strike prices. As summarized in Fig-

ure (21), a signi�cant amount of contract is characterized by short time

to maturity and a strike price close to the index value.
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3.6. Parameter estimation and empirical per-

formance of the linear fractional stable motion

The Hurst parameter, the index of stability and the covariation of the

S&P100 index are computed, in order to �nd if the index is driven by the

linear fractional stable motion and verify its dependence structure.

Table 1: Parameter estimation for LFSM.
Month Nobs Value
Hurst Exponent H 2600 0.48
Index of Stability � 2600 1.6
Location � 2600 -0.41
Covariation � 2600 0.0092

A stochastic process is normally distributed if the index of stability

� is equal to 2:22 A stability index �, lower than 2; and equal to 1:6;

suggests that the S&P100 index is not normally distributed: it has a

�nite-�rst moment, since � > 1;23 but in�nite variance. Some strange

peaks are evident in Figure (20) Having a Hurst exponent equal to 0:48

suggests a negative dependence, being H < 1
� =

1
1:6 = 0:62:

22A normal distributions X is a special case of stable distributions: X � S2 (�; 0; �) ;
where the index of stability is equal to 2 and the skewness to 0.
23A stable distribution X � S� (�; �; �) has �nite �rst moment if the index of stability is

not lower than 1. Otherwise, also, his expected valued is not �nite.
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Figure 22: Linear fractional Stable motion (above) vs family of Lévy mo-
tions (below)

Once estimated the parameters, three different Monte Carlo simula-

tions can be run on the index behavior and compared with the true data.

The following scenarios have been considered:

1. The market knows the underlying process is a linear fractional sta-

ble motion; and maintains, regardless of arbitrage opportunities, a

process with negative dependence to price contingent claims ("No

Approximation" Scenario): its pricing formula is still the expected

value, instead of a generalized pricing kernel.

2. The market, instead, does not recognize the underlying process as

a linear fractional stable motion; it does consider, instead, a Lévy

motion as process driving the index ("Independent increments"
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Scenario).

3. The market is aware of some distortions in the prices; but it is

conscious as well of possible arbitrage opportunities. Therefore, it

decides to pick the best approximating L�evy motion in a family of

stable process to approximate the past behavior of the index: this

is done by the minimization (3.14) ("Approximation" Scenario).

Figure (22) describes the three different scenarios against the cumu-

lative return of the S&P 100 from August 2008 to April 2011. The solid

lines represent the simulated data in the three different scenarios, while

the dotted line describes the market data. The upper part describes 100

simulated linear fractional stable motions: the simulated processes do

not seem to capture very well the index behavior, especially in the last

period. The middle plot, 100 simulated L�evy-stable motions, seems to

capture much better the index behavior, especially in the �rst part of the

graph. A better scenarios arises in the third scenario, where the market

is aware of the negative dependence structure of the index, but decides

to clear the distortions in the security. The lower �gure provides better

result, after an initial period: the middle and the last period are very well

captured by the �ctitious data.
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Figure 23: Theoretical Call Prices in the "No Approximation Scenario"
for T=f0:011; 0:0888; 0:1162; 0:1667; 0:2610; 0:338g

3.6.1. Option prices

For the three different scenarios the theoretical prices of European call

options are derived by applying the Fast Fourier Transform (FFT ); as

suggested by Carr et al. The technique is able to deliver different values

for different maturities and strike prices. Call options on the index have

twelve different time to maturities T , from immediate execution, T equal

to 0:011 years, to a longer expiration time, T equal to 2:333 years. Given

that, the three different situations are divided into six subgroups, differ-

entiating between short and long time-horizon. Strike prices are varying

from 0 to 800. Figure (23) describes the different theoretical prices in the

"No Approximation Scenario" with respect to different expiration dates,
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Figure 24: Theoretical Call Prices in the "No Approximation Scenario"
for T=f0:3689; 0:5916; 0:6189; 0:8662; 1:3361; 2:333g

traded by the market for short maturities. Negative dependence is de-

tected in this scenario, but the market does not correct it. The value of

the call options is clearly negatively correlated to the strike price K: it

does decrease when K increases. Even if the time to maturity is really

small, the contingent claim reaches very fast its lower boundary, zero,

especially when T is bigger or equal to 0:1162 years. An immediate time

to maturity, i.e. T equal to 0:0011 or 0:0888 years, produces a slight dif-

ferent behavior of the call value: the two lines, representing it in Figure

(23) have a bigger starting point when K is equal to 0. Figure (24) plots

theoretical call prices in the same scenario for longer time to maturities.

Longer the time to maturity T , the call prices converges fast to its zero
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Figure 25: Theoretical Call Prices in the "Independent Increments Sce-
nario" for T=f0:011; 0:0888; 0:1162; 0:1667; 0:2610; 0:338g

boundary, as the strike prices increases. The behavior of the call is quite

similar to previous graph, by the way, even with a longer expiration time,

i.e. T equal to 2:333 years. Excluding the two immediate times to matu-

rity Ts equal to 0:0011 or 0:0888 years, the call values follow a homoge-

neous behavior for the other ten cases, as described by the curves, es-

pecially when pushing the strike price to the limit. The second scenario

is detected in Figure (25) for short time to maturities, and in Figure (26)

for longer time horizons. The market does not detect the negative de-

pendence of the index, considering a Lévy-stable motion as innovation

term. The stock is a semimartingale, even in the historical probability

space, and no correction on the parameter is required, since there is no
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Figure 26: Theoretical Call Prices in the "Independent Increments Sce-
nario" for T=f0:3689; 0:5916; 0:6189; 0:8662; 1:3361; 2:333g

need to consider another probability space, with �ctitious stock's values.

The threshold between short and long horizon is set to be, as above, T

equal 0:338 years. Figure (25) and (26) are quite similar, in the sense

that the behavior of the values is quite homogeneous. No signi�cance

different values between short and long time horizon is evident from the

two plots, even when the time to maturity is immediate, i.e. T equal to

0:0011 or 0:0888 years. The speed at which the call option approaches

its lower boundary for the call price, zero value, is lower with respect to

the previous scenario. The starting points are different, the convexity

level of the graphs are different, and the curves less steeper. Moreover,

the behavior of Figure (24) and (26), as strike prices increase, are com-
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Figure 27: Theoretical Call Prices in the "Approximation Scenario" for
T=f0:011; 0:0888; 0:1162; 0:1667; 0:2610; 0:338g

pletely different; by pushing K to the limit, it is immediate to notice that,

while the call price in Figure (26) is above 100, the value in Figure (24)

is really close to zero. The third scenario is where the market is aware of

the negative dependence, but, constrained by the No-Arbitrage assump-

tion, decides to clear all the distortions by approximating it with a stable

motion. The parameters of stocks' return, driven a linear fractional stable

motion innovative term, are modi�ed in such a way to create a connec-

tion with a family of Lévy motion, and derive a No-Arbitrage formula. As

before, two subperiods are considered in the simulation of �ctitious data.

Figure (27) plots theoretical call prices for short-term time horizon. The

behavior of the simulated data is quite similar to the second scenario and
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Figure 28: Theoretical Call Prices in the "Approximation Scenario" for
T=f0:3689; 0:5916; 0:6189; 0:8662; 1:3361; 2:333g

completely different with the �rst situation. Convexity is less marked, and

all the theoretical values are quite homogeneous, even with an immedi-

ate expiration time. Convergence is less fast with respect to the "No

approximation" scenario. Figure (28) considers longer horizon. The plot

is consistent with what said above. Dissimilarities arise by comparing it

with respect to the �rst scenario. The convergence to the lower bound-

ary is much lower as T increases; while the convexity of the theoretical

prices is quite similar to the previous scenario. At the end, it is possi-

ble to conclude that the call values follows a homogeneous and similar

behavior for the second and third scenario; while the �rst scenarios pro-

vides different and heterogeneous result, when considering immediate
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Figure 29: "No Approximation Scenario": Theoretical Prices vs Bid-Ask
Quotes

maturity. In order to assess what is the true behavior of the market, it

is necessary to compare theoretical data and market quotes. The entire

spectrum of strike prices for the theoretical prices consists of 4096 differ-

ent values; while in the market data 68 different strike prices are given,

ranging from 400 to 850: A unique database, containing between �cti-

tious values and market quotes, is created, by using the strike prices as

connection point between the two different sets of data; then the graph

of theoretical prices against bid-ask quotes is drawn. Data are sorted

by time to maturity, and then strike prices. The number of observations

and the path in the following �gures are signi�cant different, especially

the �rst one, because theoretical prices, whose value is higher or lower
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Figure 30: "Independent Increments Scenario": Theoretical Prices vs
Bid-Ask Quotes

than the bid-ask quote with respect to a certain threshold, are not to

shown graphically. The �rst case to be considered is the "No Approxi-

mation Scenario", i.e. when the underlying process is a linear fractional

stable motion; and the market maintains a process with negative depen-

dence to price contingent claims. Figure (29) plots theoretical values

against the bid-ask quotes. Not only are prices affected by arbitrage

opportunities, but the model is not able to capture the market behavior.

The model delivers a relevant number of call prices close to zero, and

is not consistent with market prices, even when increasing the threshold

to 100: only 20 observations seem to be in line with the market and the

distance between them and market quotes is quite evident. The theoret-
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ical price is always below the bid-ask quote; and the gap is too marked

to be easily explained by the commission cost or other market frictions.

The situation does improve in the second scenario, i.e. when the market

does not recognize the underlying process as a linear fractional stable

motion; it does consider, instead, a Lévy motion as process driving the

index. As shown in Figure (30), the number of observations increases

and the distance between the path of the theoretical values and the mar-

ket quotes decreases signi�cantly. The threshold has been reduced to

10; and, differently than the previous scenario, "out-of-the market" call

prices have been ruled out of the sample. Not only have observations

increased in numbers, but also the amount of zero prices is smaller: the

difference between bid-ask quote is less marked with respect to the pre-

vious scenario. In the "Approximation Scenario", the market is aware of

some distortions in the prices; but is conscious as well of possible arbi-

trage opportunities. In order to overcome the problem, it chooses to pick

the best approximating L�evy motion in a family of stable process to ap-

proximate the past behavior of the index by the minimizing the distance

between characteristic functions. Figure (31) plots the theoretical prices

of the approximating models against the bid-offer quotes. The threshold

is set to be 10 again. The scenario is quite similar to the "Independent

Increments Scenario". Differently than the previous scenario, it seems

to follow more the market's quotes for short maturities: the gap between
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Figure 31: "Approximation Scenario": Theoretical Prices vs Bid-Ask
Quotes

theoretical prices and market quotes is smaller than above. In the long-

term no signi�cative differences arise. It should be said, by the way, that

some differences in the two graphs might be due to the threshold and

the way data are sorted. The previous set of �gures represent the mar-

ket situation at August 2008, 18. The analysis is repeated for an entire

semester, in order to increase the database. At the end, from a descrip-

tive point of view, the paths, drawn by the second and the third scenario,

seem to be consistent. A predictive analysis is needed in order to see

and assess what really the market does. The next subsection presents

the regression results based on the three models' pricing errors.
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3.6.2. Regression analysis

The quality of the correcting models is investigated by comparing the

pricing errors, computed as distance between model price and market

midquotes, in the different scenarios. Deviations in pricing should not

exhibit any consistent patterns and not be predictable. With a view to

assessing the estimated models in this way, a regression analysis is per-

formed on the pricing errors obtained from each model. The explanatory

variables for the regression summarized the characteristics of the option.

The presence of implied volatility smiles suggests that pricing errors are

systematically related to the degree of moneyness, measured by the ra-

tio of the spot index level to the option strike. The set of regressors is

composed by the degree of moneyness and its square as explanatory

variables. Implied volatilities are also know to rise with the option matu-

rity as an explanatory variable. In addition the level of interest rates is

included as an additional regressor. Table 3 shows the beta coef�cients

and their p-values of the ordinary least squares (OLS) estimator for the

three different scenarios. The table is completed by the coef�cient of

determination R2 and the F�statistics. The perfect model should have

a low R2, with lack of predictability, i.e. not signi�cant F � stat. The "No

Approximation Scenario" is characterized by having a really high R2.

Moreover the beta coef�cient are signi�cantly different than zero, show-
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130Table 3: OLS results on the predictability of the S&P100 pricing errors.
Regressors "No Approximation Independent Increments "Approximation

Scenario" Scenario" Scenario"
Const 166:55

(0:00)
�93:84
(0:131)

�89:24
(0:1469)

Moneyness �6:91
(0:00)

0:2959
(0:91)

0:3991
(0:891)

Moneyness2 �368:29
(0:00)

171:68
(0:18)

163:43
(0:1981)

TimetoMaturity 183:09
(0:00)

�75:051
(0:2540)

�71:23
(0:23)

InterestRate 4:534
(0:00)

0:7143
(0:7818)

0:6461
(0:81)

R2 0.6294 0.0103 0.0084
F-stat 149:13

(0:000)
1:90

(0:1085)
1:74
(0:141)

ing that there exists a consistent pattern and predictability in the errors.

As suspected in the descriptive analysis of the previous section, it is not

consistent with what the market does. The second situation, "Indepen-

dent Increments Scenario" delivers more appropriate results. The beta

coef�cients are not signi�cant and the coef�cient of determination of the

linear regression R2 is only 0:0103. Better results arise in the "Approxi-

mation Scenario", where the pricing errors do not exhibit any consistent

patters, and the coef�cient of determination is even lower than 0:01: The

results suggest that the market is aware of the negative dependence in

the index, and, driven by the no-arbitrage constraints, decide to correct

this bias by selecting a �ctitious process to price contingent claims.

Tesi di dottorato "No semimartingales and clusters in financial markets"
di TARZIA DOMENICO
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2013
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



131

3.7. Conclusions and future extensions

This Chapter investigates possible departures from rationality in the �eld

of continuous option pricing. The stock's returns might deviate from the

classical �nance idea of independent increments, mostly because of the

existence of some distortions, f.i. cognitive biases. The structure of

its dynamics, under its historical probability, might be different, and the

innovation term in the stochastic differential equation could not neces-

sarily belong to the class of Lévy processes: normality might not even

hold, as suggested in Figure (16). A stochastic differential equation,

whose random error is stable distributed, is selected to model securi-

ties; and, by considering a linear fractional stable motion as error term,

a particular dependence structure is imposed. Prices are not necessar-

ily martingales; and arbitrage opportunities might arise in the setting. At

this point, a dual solution to the problem is possible: either by means of

random functions, the process is transformed into a "fundamental semi-

martingale"; or the market selects from a family of Markovian processes

the best �t to the stock dynamics. The correction is done to clear biases

in the market and deliver no-arbitrage contingent claims prices. By mini-

mizing the distance between the characteristic function of the stochastic

processes, the connection between the linear fractional stable motion

and the Lévy motion is established. By imposing speci�c conditions on
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the drift coef�cient of the stochastic differential equation, a change of

measure into the risk-neutral world is performed; and the Fourier analy-

sis is employed to deliver theoretical option prices for European contin-

gent claims. Data on the S&P 100 Index option from the last decade

are used for the empirical analysis. As suggested by the Hurst parame-

ters, the index has negative dependence and three different scenarios

for the true dynamics of the index: "No Approximation scenario" where

the negative dependence is considered; "Independent increments"; "Ap-

proximation scenario" where the negative dependence is corrected. A

descriptive analysis seems to rule out the "negative dependence" sce-

nario; while a predictive analysis based on the pricing errors picks the

"corrected" negative dependence as the best model in the stable family

to deliver accurate option prices. This idea of market-correction should

be further investigated because it can represent a good starting point to

develop an alternative explanation to the implied volatility bias of options;

moreover, it is possible to re�ne it either by extending it to more complex

contingent claims, where the correction might be taken not only modify-

ing the volatility; or by applying generalized pricing formulas instead of

using expected values as prices.
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Chapter 4

Generalization of the jumps:

additive processes

4.1. Introduction

The peculiar properties of �nancial transaction data, such as the irreg-

ular spacing in time, the discreteness of price changes, the bid-ask

bounce as well as the presence of serial dependence, induce the surge

of new approaches. One important string of the literature deals with the

irregular spacing of data in time. It is indispensable whenever the full

amount in �nancial transaction data has to exploited and no loss of in-

formation due to �xed-interval aggregation schemes can be accepted.

Moreover, it has been realized that the timing of trading events, such as

the arrival of particular orders and trades, and the frequency, in which the

latter occur, have information value for the state of the market; and play

an important role in market microstructure analysis, for the modelling

of intraday volatility as well as the measurement of liquidity and implied

liquidity risks. The irregular occurrence of transaction data requires to

consider it as a point process, a so-called �nancial point process. De-
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pending on the type of �nancial "event" under consideration, it is possi-

ble to distinguish between different types of �nancial point processes or

processes of so-called �nancial durations. The most common types are

trade durations and quote durations as de�ned by the time between two

consecutive trades or quote arrivals, respectively. Price durations corre-

spond to the time between absolute cumulative price changes of given

size and can be used as an alternative volatility measure. Similarly, a

volume duration is de�ned as the time until a cumulative order volume of

given size is traded and captures an important dimension of market liq-

uidity. One important property of transaction data is that market events

are clustered over time, implying that �nancial durations follow positively

autocorrelated processes with strong persistence. Actually, it turns out

that the dynamic properties of �nancial durations are quite similar to

those of daily volatilities. All these properties cannot be captured by

continuous diffusion process. Modelling them through compound Pois-

son processes might fail in exploiting the full amount of information em-

bedded in the stock's movement. An additive process, de�ned as an

integral form with respect to compensated Poisson random measure, is

then considered in the stochastic differential equation, with the speci�c

intent to describe the jump's activity. Section 4.2. de�nes the class of

additive and its integral representation through compensated Poisson

random measures. The class of additive process, who might be repre-
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sented as integrals with respect to the compensated Poisson random

measures, is selected to model the points of discontinuity. The group of

self-exciting processes is then described by means of its conditional in-

tensity function, that is time-dependent, differently than Poisson process.

Section 4.3. gives some technical conditions for computing the differen-

tial of a time-dependent function of an additive process; while section

4.4. provided a closed-form expression for the stock, under the condi-

tion that its points of discontinuity are described by an additive process.

Hawkes process are used to model a speci�c scenario where the inten-

sity of jumps is similar to the earthquakes activity, since its conditional

intensity function increases over time. Simulations of the stock, under

the hypothesis that kernel function of the Hawkes process decays ex-

ponentially, are performed in Section 4.5. Section 4.6. concludes and

suggests some possible extensions.

4.2. Additive processes

Assume a �ltered probability space
�

;F ; (Ft)0�t�+1

�
; such that

1. Ft contains all null set of F ; for all t such that 0 � t < +1

2. Ft = F+t ; where F+t = \u>tFu; for all t such that 0 � t < +1;i.e.

the �ltration is right continuous.
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An additive process on
�

;F ; (Ft)0�t�+1 ; P

�
with values in (E;B (E))

can be de�ned as

De�nition 22 A process (Xt)t�0 with state space (E;B (E)) is an

Ft�additive process on (
;F ; P ) if:

1. Xt�0 is adapted to (Ft)0�t�+1

2. X0 = 0 a.s. ;

3. (Xt)t�0 has increments independent of the past, i:e. is indepen-

dent of Xt �Xs is independent of Fs;

4. if 0 � s < t; (Xt)t�0 is stochastically continuous;

5. (Xt)t�0 is càdlàg.

The intent of this section is to present and construct compensated

Poisson random measure; and de�ne additive processes as integral

forms with respect to them.24 The class of self-exciting processes would

be then characterized, and, inside this group, the Hawkes processes

selected.
24See Rudinger (2004) for more details.
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4.2.1 Compensated Poisson random measure

Let A 2 B (E) ; 0 2
�
A
�c
; and de�ne

NA
t :=

X
0<s�t

1A (�Xs) =
X
n�1

1t�TAn

where

TA1 := inf fs > 0 : �Xs 2 Ag

TAn+1 := inf
�
s > TAn : �Xs 2 A

	
; n 2 N

NA
t is an adapted counting process without explosions and, moreover,

is a Poisson random measure:

1. P
�
NA
t = k

�
= exp (�vt (A)) (vt(A))

k

k! where vt (A) := E
�
NA
t

�
;

2. ifA1; A2; :::Ak 2 B (E)with v (Ai) <1 are disjoint, thenN ([0; t]�Ai)

are independent.

An important predictable measure associated to the Poisson random

measure NA
t is its compensator25

vt (A) := E
�
NA
t (!)

�
25The compensator encodes the stochastic structure of a point process: it describes the

dynamics of event arrivals relative to the available information.
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Theorem 23 Let B (En f0g) be the trace ��algebra on En f0g of the

Borel ��algebra B (E) on E; and let

F (En f0g) :=
n
A 2 B (En f0g) : 0 2

�
A
�co

then F (En f0g) is a ring and for all ! 2 
 the set function

Nt := Nt (!; �) : F (En f0g)! R+ A! NA
t (!)

is a ���nite pre-measure. The set function vt (A) := E
�
NA
t (!)

�
2 R;

A 2 F (En f0g) ; ! 2 
 satis�es:

vt : F (En f0g)! R+ A! E
�
NA
t (!)

�
and is a ���nite pre-measure on ((En f0g) ;F (En f0g)) :26

Proof. See Albeverio, S. and B. Rudinger, 2004.

Once the Poisson random measure and the compensator are de-

�ned, it is possible to characterize the compensated Poisson random

measure. De�ne S (R+) as the semi-rings of sets (t1; t2] ; 0 � t1 < t2;

26Both measure are unique on B (En f0g) and vt (A) is a Lévy measure. A ���nite
positive measure v on ((En f0g) ; B (En f0g)) is a Lévy measure if there is a probability
measure � on (E;B (E)) such that the Fourier transform b� (F ) ; F 2 E0 satis�es

b� (F ) = exp Z
Enf0g

exp
�
iF (x)� 1� iF (x)1kxk�1

�
v (dx) :
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and S (R+) � B (En f0g) as the semi-ring of the product sets (t1; t2] �

A;A 2 B (En f0g) : Let N ((t1; t2]�A) (!) = Nt2 (A) (!) � Nt1 (A) (!)

8A 2 B (En f0g) be the adapted counting process, 8! 2 
. For all

! 2 
 �xed N (dt; dx) (!) is a ���nite pre-measure on the product

semi-ring S (R+) � B (En f0g): de�ne with N (dt; dx) (!) the measure

which is the unique extension of the pre-measure to the ���nite algebra

B (R+) � B (En f0g) generated by S (R+) � B (En f0g) : Let the com-

pensator vt (A) to be characterized as v ((t1; t2]�A) = vt2 (A)� vt1 (A)

8A 2 B (En f0g) ; v (dt; dx) is a ���nite pre-measure on the product

semi-ring S (R+) � B (En f0g): denote by v (dt; dx) the ���nite mea-

sure which is the unique extension of this pre-measure on B (R+) �

B (En f0g) : The unique extension of N (dt; dx) (!) and v (dt; dx) gives

the opportunity to characterized the compensated Poisson randommea-

sure in the following way:

De�nition 24 Call N (dt; dx) (!) the Poisson random measure associ-

ated to the additive process (Xt)t�0 and v (dt; dx) as its compensator.

De�ne

q (dt; dx) = N (dt; dx) (!)� v (dt; dx)

as the compensated Poisson randommeasure associated to the additive

process (Xt)t�0 :
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4.2.2. Self-exciting processes

A natural class of point processes, for which the stochastic intensities

are increasing functions of the past evolution of the processes, is con-

sidered; that is, for such processes larger (in some sense) realizations

before t imply that the corresponding intensities of having a point just

after t are also larger. Let.@ = @(E) be the space of Radon (i.e. locally

�nite) measures on a locally compact second countable Hausdorff space

E. Let B = B (E) be the class of Borel sets generated by the topology

of E, and let zC = zC(E) be the class of nonnegative continuous func-

tions E ! R with compact supports. The space @ can be endowed with

the vague topology, for which the class of all �nite intersections of sets

of the form f� 2 @ : s <
R
E
fd� < tg for s; t 2 R and f 2 zC , may

serve as a base. The space @ with the vague topology is metrizable as

a Polish space. Call any .@-valued random element M a random mea-

sure on E. The distributions of vectors (M(B1); :::;M(Bn)), n > 1, for

arbitrary bounded sets B1; :::; Bn 2 B; entirely determine the distribution

of a random measure M . De�ne a point process N on the space E as

a random measure con�ned with probability 1 to the subset N = N (E)

of @ consisting of all integer Radon measures on the space E. Assume

E = R+: Denote the following partial order �@ in @(E): For �; r 2 @ let

� �@ r if and only if � (B) � r (B) for all (topologically) bounded sets
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B 2 B (E) : The ordering �@ordering restricted to N ; often called thin-

ning, is be denoted by � �N r for �; r 2 N . Denote D (R+) as the space

of real-valued functions on R+; which are right-continuous with left-hand

limits. The natural ordering in D (R+) is (�t) �D (rt) iff �t < rt 8t > 0.

Consider, however, a point process as a random element of N (R+) and

for 8 �; r 2 N (R+) de�ne � �D r iff (�t) �D (rt) for the corresponding

functions �t; rt 2 D (R+) : De�ne Fs, as the history of N(s) at time t.

De�nition 25 Let N be a simple point process with a compensator �

and a stochastic intensity �; where � (t) = lim
�t!0

E[dN(t)jFs]
�t

1. N is positively self-exciting w.r.t. �N if, 8 �; r 2 N (R+) ; n � 1

� �N r =)
�
8t2R+� (t; �) � � (t; r)

�

2. N is positively self-exciting w.r.t. �D if, 8 �; r 2 N (R+) ; n � 1

� �D r =)
�
8t2R+v (t; �) � v (t; r)

�

or equivalently.
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4.2.2.1. Hawkes processes

Kwiecinski and Szekli (1996) have shown that positively self-exciting

processes are "increasing" transformations of Poisson processes, where

monotonicity is related to the underlying ordering of point processes.

Quite used in seismology to model the occurrence of earthquakes are

the Hawkes process, belonging to the class of self-exciting processes,

since their intensity is driven by a weighted function of the time distance

to previous point of the process. A general class of univariate Hawkes

processes is given by the following intensity function

� (t) = lim
�t!0

E [dN(t)jFs]
�t

= '

 
� (t) +

X
ti<t

w (t� ti)
!

where ' denotes a possibly nonlinear function, � (t) denotes a determin-

istic function of time and w (s) is a weight function. Its most basic form,

in the one dimensional case, is characterized by being a linear function

and

� (t) = �+
X
ti<t

w (t� ti) = �+

Z t

�1
�t�sdNs (4.1)

where � > 0 is a constant background rate, Ns is the cumulative count-

ing process and � is a positive real function called decay kernel. Hawkes

processes can be seen as clusters of Poisson processes, where each
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Figure 32: The branching structure of the various generations of events
in a cluster (top), and the events on the time axis (bottom)

event is one of two types: an immigrant process or an offspring process.

Its clustering size is

c =
1

1�
R1
0
g(t)dt

The immigrants follow a Poisson process and de�ne the centers of so-

called Poisson clusters. Conditioning on the arrival time, say ti, of an

immigrant, then, independently of the previous history, ti is the cen-

ter of a Poisson process, 	(ti), of offspring on (ti;1) with intensity

function � (ti) = � (t� ti) where � is a non-negative function. The

process 	(ti) de�nes the �rst generation offspring process with respect

to ti. Furthermore, by conditioning on the process 	(ti), then each of

the events in 	(ti), say ti, generates a Poisson process with intensity
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� (ti) = � (t� ti). These independent processes build the second gen-

eration of offspring with respect to ti. Similarly, further generations arise.

The set of all offspring points arising from one immigrant are called a

Poisson cluster. The immigrants and offsprings can be referred to as

"main shocks" and "after shocks" respectively. This admits an inter-

esting interpretation which is useful not only in seismology but also in

high-frequency �nance: the cluster structure implied by the self-exiciting

nature of Hawkes processes seem to be a reasonable description of the

timing structure of events on �nancial markets. Figure (32) describes the

branching structure of the process. The main difference with respect to a

simple Poisson process are summarized by the following set of �gures.

Figure (33) compares the different arrival times of a Hawkes process

with respect to a homogeneous Poisson process. As you can observe,

the number arrivals is more uniform for a Poisson process; while it is

clustered for a linear Hawkes process, due to dual effect of main shocks

and after shocks. Figure (34) describes the different behavior of the con-

ditional intensities for the two processes. The intensity in the homoge-

neous Poisson process is a �at line, while it has some spikes and peaks

for the linear Hawkes process, due to the integral term in the right-hand

side of (4.1). The different behavior is evident by looking at the particu-

lar form of the conditional intensity (4.1). The conditional intensity of a
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Figure 33: Number of arrivals in time for the point processes: linear
Hawkes processes (top), Poisson process (down)

linear Hawkes process can be decomposed into two parts

� (t) = �+
X
ti<t

w (t� ti)

= �c (t) + �a (t)

where

�c = �

is the conditional intensity of the primary events, Poisson distributed with

rate �; while �a is the conditional intensity of an aftershock. Before clos-

ing this section, it is important to recall the Doob-Meyer decomposition.

In martingale-based point process theory, an Ft�adapted point process
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Figure 34: Conditional intensity for the occurrence times of the point
processes: linear Hawkes processes (top); Poisson processes (down)

N(t) is a submartingale, it can be decomposed into a zero mean martin-

galeM(t) and a (unique) Ft�predictable increasing process, v (t),which

is called the compensator of N(t) and can be interpreted as the local

conditional mean of N(t) given the past. De�ne � (t) as a scalar, pos-

itive, Ft�predictable process, i.e. is adapted, and left-continuous with

right hand limits. Then, � (t) is called the (Ft�conditional) intensity of

N(t) if

v (t) =

Z t

0

� (u) du (4.2)

where v (t) is the (unique) compensator of N (t) : For a linear Hawkes

(4.2) becomes
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v (t) =

Z t

0

�
�+

Z s

�1
�t�sdNs

�
du

4.3. Stochastic calculus for additive processes

Let F be a separable Banach space with norm k�kF . Let Ft := B (R+)�

B (En f0g) 
 Ft be the product ��algebra generated by the semi-ring

B (R+) � B (En f0g) � Ft of the product sets A � F; A 2 B (R+) �

B (En f0g) ; F 2 Ft where Ft = � (Xs; s � t) :Let T > 0; and de�ne the

class:

MT (E=F ) :=

8><>: f : R+ � (En f0g)� 
! F; f is FT =B (F ) measurable

and f (t; x; !) is Ft � adapted 8x 2 En f0g ; 8t 2 (0; T ]

9>=>;
The section de�nes the stochastic integration of random functions f (t; x; !) 2

MT (E=F ) with respect to the compensated Poisson random measures

q (dt; dx) � (!) = N (dt; dx) (!) � v (dt; dx) associated to an additive

process (Xt)t�0.

4.3.1. Stochastic integral

In order to de�ne an integral with respect to a compensated Poisson

point process, it should be provided, �rst, the de�nition of Bochner inte-
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gral, applied to any generic ���nite measure v on B (R+ � En f0g) of a

function f : R+ � E ! F which is B (R+ � En f0g) =B (F ) measurable.

Let f : R+ � (En f0g) ! F be B (R+ � En f0g) =B (F ) measurable and

�nite valued, i.e.

f (t; x) :=
NX
k=1

ak1Ak
(t; x) ak 2 F; Ak 2 B (R+ � En f0g)

Then 8 A 2 B (R+ � En f0g) the Bochner integral of f w.r.t. v on A is

Z
A

f (t; x) v (dt; dx) =
NX
k=1

akv (Ak \A)

The following condition is suf�cient for Bochner-integrability:

De�nition 26 Let f : R+ � (En f0g) ! F be B (R+ � En f0g) =B (F )

measurable; f is said to be Bochner-integral w.r.t. v, if there exists a

sequence of �nite valued functions ffngn2N such that fn ! f v � a:s:

and

lim
n!1

Z
kfn � fk dv = 0

the Bochner-integral of f on any A 2 B (R+ � En f0g) is

Z
A

f (t; x) v (dt; dx) = lim
n!1

Z
A

fn (t; x) v (dt; dx)

and is independent of the sequence fn ! f as long as the previous limit
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holds.

A natural integral with respect to a compensated Poisson process is

de�ned by:

De�nition 27 Let t 2 (0; T ] ; � 2 F (En f0g) : Assume that f (�; �; !) is

Bochner integrable on (0; T ] � � w.r.t. �; for all ! 2 
: The natural inte-

gral of f on (0; T ]�� w:r:t: the compensated Poisson random measure

q (dt; dx) is, 8! 2 


Z t

0

Z
�

f (s; x; !) (N (ds; dx) (!)� v (ds; dx))

: =
X
0<s�t

f (s; (�Xs) (!) ; !) 1A (�Xs (!))�
Z t

0

Z
�

f (s; x; !) v (ds; dx)

The stochastic integral could be interpreted as follows: if N assigns

mass one to the point (t; x) then the additive process Xt jumps at this

time t and the size of the jumps is f (t; x). It is more dif�cult to de�ne

stochastic integral on those sets (0; t] � A; A 2 B (En f0g) such that

v ((0; t]�A) =1: Therefore for this particular case additional condition

for the stochastic integral must be provided.

De�nition 28 Let p � 1; t > 0: f is strong p-integrable on (0; t] � A;

A 2 B (En f0g) ; if there is a sequence ffngn2N belonging to the set

� (E=F ) of simple function s.t. fn is Lp�approximating f on (0; t]�A�
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w:r:t: �
 P; and for any such sequence the limit of the natural integrals

of fn w:r:t: q (dt; dx) exists in 2 LFp (
;F ; P ) for n!1; i.e.

Z t

0

Z
A

f (s; x; !) q (ds; dx) (!) :=
p

lim
n!1

Z t

0

Z
A

fn (s; x; !) q (ds; dx) (!)

i.e.

lim
n!1

Z t

0

Z
A

E [kfn (s; x; !)� f (s; x; !)kp] dv = 0

The previous limit is the strong p-integral of f w.r.t. q (dt; dx) on (0; t]�A:

De�ne

MT;2
v (E=F ) :=

(
f 2MT (E=F ) :

Z T

0

Z
A

E
h
kf(s; x)k2

i
v (dt; dx) <1

)

Theorem 29 Suppose that F is a separable Banach space of type 2.27

Let f 2 MT;2
v (E=F ) ; and f be a deterministic function, i.e. f (t; x; !) =

f (t; x) ; then f is strongly 2-integrable w.r.t.q (dt; dx) on (0; t]� A for any

0 < t � T; A 2 B (En f0g) : Moreover

E

Z t

0

Z
A

f(s; x)q (dt; dx)

2 � 4K2

Z t

0

Z
A

E kf (s; x)k2 v (ds; dx)

27A separable Banach space F is of type 2, if there is a constant K2; such that if
fXigni=1 is any �nite set of centered independent F�valued random variables, such that
E kXik2 <1; then

E


nX
i=1

Xi


2

� K2

nX
i=1

E kXik2 :
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holds with K2 being de�ned in the de�nition of type 2-Banach spaces.

Proof. See Rudinger, B., 2004, page 231.

4.3.2. Stochastic differential equation: Ito's lemma

Consider a stochastic differential equation that has a jump component

dXt = b (Xt) dt+ � (Xt) dBt ++

Z
f (Xt�; z) dq (4.3)

i.e.

Xt = x0 +

Z t

0

b (Xs) ds+

Z t

0

� (Xs) dBs ++

Z t

0

Z
f (Xs�; z) dq (s; z)

(4.4)

with Bt being a standard Brownian motion and X0 = x0: If the non-

random measure is de�ned as v ([0; t]�Ai) = t� (A) where � is the

Lebesgue measure, N would become the classical Poisson process,

and if � (A) ; q (dt; dx) = N (dt; dx) (!) � t� (dx) is the same as a Pois-

son process minus its mean, hence is a (square integrable) martingale.

Bass (1998) de�nes the conditions for a unique pathwise solution of the

previous stochastic differential equation. If � and b are bounded and

Lipschitz, and the two following conditions hold

Z
sup
x
jf (x; s)j2 � (dz) <1
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sup
x
jf (x; z)� f (y; z)j2 � (dz) � c1 jx� yj2

for all x, y, then the standard Picard iteration procedure works to prove

there exists a solution to the previous SDE and that solution is pathwise

unique. By setting b = 0 and � = 0; Xt is be a pure-jump process,

i.e. a stochastic integral de�ned with respect to a compensated Poisson

process. Expression (4.4) is a semimartingale. The following theorem

de�nes Ito's formula for this particular class of processes.

Theorem 30 Suppose X is a semimartingale and f 2 C2 is function.

Then f(Xt) is also a semimartingale and

f(Xt) = f(X0)+

Z t

0

f 0(Xs�)dXs+
X
s�t

[f(Xs)� f(Xs�)� f 0(Xs�)�Xs]

(4.5)

Proof. See Meyer, P. A., 1976.

Note that is f 0(Xs�) a left continuous process, hence predictable.

For d�dimensional processes, each of whose components is a semi-

martingale, the obvious generalization holds. A transformation of the

semimartingale is obtained by applying the previous equation. Expres-

sion (4.5) can be re�ned for pure-jump process.28

Proposition 31 Suppose that f 2 C2 with bounded �rst and second
28It's possible to generalize this approach with the deterministic part and the stochastic

continuous component of the process, i.e.b 6= 0 and � 6= 0:
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derivatives and that Xt is the solution to

dXt =

Z
F (Xt�; z) dq (s; z)

then

f(Xt) = f(X0) +

Z t

0

f 00(Xs)dXs +

Z t

0

Lf (Xs) ds (4.6)

where the stochastic term is a martingale and

Lf (x) =
Z t

0

[f (x+ F (x; z))� f (x)� f 0(x)F (x; z)]� (dz)

Proof. By Ito's formula

f(Xt) = f(X0)+

Z t

0

f 0(Xs�)dXs+
X
s�t

[f(Xs)� f(Xs�)� f 0(Xs�)�Xs]

The stochastic integral term is a martingale. Rewrite f(Xs) as

f(Xs) = f(Xs� +�Xs)

The jump of Xt at time s is given by F (Xs�; z) if N assigns mass one

to the point (s; x) ; f(Xs)� f(X0) is equal to a martingale plus

Z t

0

Z
[f (Xs� + F (Xs�; z))� f (Xs�)� f 0(Xs�)F (Xs�; z)]N (ds; dz)
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i.e. a martingale plus

Z t

0

Z
[f (Xs� + F (Xs�; z))� f (Xs�)� f 0(Xs�)F (Xs�; z)] v (ds; dz)

=

Z t

0

Z
[f (Xs� + F (Xs�; z))� f (Xs�)� f 0(Xs�)F (Xs�; z)]� (dz) ds

De�ne

LF (x) =
Z t

0

�
f (x+ F (x; z))� f (x)� @f (x)

@x
F (x; z)

�
� (dz)

so that

f(Xt)� f(X0)�
Z t

0

Lf (Xs�) ds

is a martingale. Since X has only countably many jumps, then the

Lebesgue measure of the set of times where Xs 6= Xs� is zero and

hence

f (Xt)� f (X0)�
Z t

0

Lf (Xs) ds = f (Xt)� f (X0)�
Z t

0

Lf (Xs�) ds

Therefore

f (Xt)� f (X0)�
Z t

0

Lf (Xs) ds

is a martingale.
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4.4. Stochastic differential equation driven by

an additive process

Fix a �ltered probability space f
;F ;Pg ; Ft = � (Xs; s � t) : Assume

the following dynamics, under the risk-neutral probability P; for the stock

return:
dSt
St

= � (t) dt+ dXP
t (4.7)

where Xt = fXt; t � 0g de�ned as

dXt =

Z t

0

f (Xt�; s) dq(z; s)

is an additive process de�ned with respect to a compensated Poisson

point process, that describes the jumps. By applying the Ito's Lemma

to the stochastic differential equation the dynamics of the stock can be

easily derived. Indeed taking Yt = F (St) = lnSt;

Yt = Y0 +

Z t

0

@F (Ss�)

@Ss�
dSs +

X
s�t

�
ln (Ss)� ln (Ss�)�

@F (Ss�)

@Ss�
�Ss

�

= Y0 +

Z t

0

1

Ss
Ss (� (s) ds+ dXs) +

X
s�t

�
ln (Ss)� ln (Ss�)�

1

Ss
�Ss

�
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i.e.

Yt = Y0 +

Z t

0

� (s) ds+

Z t

0

dXs

+

Z t

0

Z �
ln (Ss� + f (Xs�; z))� ln (Ss�)�

1

Ss
f (Xs�; z)

�
dq (s; z)

+

Z t

0

Z �
ln (Ss� + f (Xs�; z))� ln (Ss�)�

1

Ss
f (Xs�; z)

�
v (ds; dz)

= Y0 +

Z t

0

� (s) ds+

Z t

0

Z
f (Xs�; s) (N (ds; dz)� v (ds; dz))

+

Z t

0

Z �
ln (Ss� + f (Xs�; s))� ln (Ss�)�

1

Ss
f (Xs�; s)

�
dq (s; z)

+

Z t

0

Z �
ln (Ss� + f (Xs�; s))� ln (Ss�)�

1

Ss
f (Xs�; s)

�
� (dz) ds

= Y0 +

Z t

0

� (s) ds+Mt +

Z t

0

L ln (Ss�) ds

and

St = S0 exp

�Z t

0

� (s) ds+Mt +

Z t

0

L ln (Ss�) ds
�

= S0 exp

�Z t

0

� (s) ds+

Z t

0

L ln (Ss�) ds+Mt

�
(4.8)

given some initial condition Y (0) = Y0 and S(0) = S0: The �rst funda-

mental theorem of �nance states that, in order to avoid arbitrage, the

discounted-stock price should be a martingale. Assume that the interest
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rate is not random but time-dependent, i.e. R(t) =
R t
0
r (s) ds; and de�ne

the discounted-stock price as

eSt = St expR(t) =

= St exp

Z t

0

r (s) ds

Its dynamics under the historical probability is represented by the follow-

ing stochastic differential equation

deSteSt = (� (t)� r (t)) dt+ dXt

The process is an additive process with the following triplet

(� (t)� r (t) ; 0; � (t))

Theorem 32 Let
�
fXtgt�T ; P

�
and

�
fXtgt�T ; P#

�
be Lévy processes

on Rd with generating triplets (A; v; ) and
�
A#; v#; #

�
respectively.

Then the following two statements are equivalent:

1. [P ]Ft �
�
P#
�
Ft
for every t 2 (0;1)

2. The generating triplet satis�es

A = A#
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v � v#

with the function ' (x) de�ned by dv#

dv = e'(x) satisfying

Z
Rd

�
e
'(x)
2 � 1

�2
v (dx) <1

and

# �  �
Z
jxj�1

x
�
v# � v

�
(dx) 2 < (A) (4.9)

where < (A) =
�
Ax : x 2 Rd

	
Proof. See Sato, K., 1999, page 230.

The existence of ' (x) guarantees a change of measure into the risk-

neutral world, and a no-arbitrage price for contigent claims would be

possible. The stochastic differential equation has no continuous diffu-

sive component, i.e. � = 0: Introducing a non-zero diffusive coef�cient

into the stochastic differential equation does not change dramatically the

analysis. A closed-form expression for the stock would be still possi-

ble to derive: a continuous integral with respect to the Brownian motion

and its correction should be added to (4.8). The process would have

generating triplet (� (t) ; � (t) ; � (t)) : Some dif�culties may arise when

moving into the risk-neutral world. In�nite equivalent martingale mea-

sures (EMM) exist since equation (4.9) might have in�nite solutions. By

the second fundamental theorem of asset pricing, the market would be
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free of arbitrage and incomplete. By imposing some structure on ' (x) ;

a particular EMM could be selected and no-arbitrage prices for contin-

gent claims derived.29 The expression (4.6) could be easily applied in a

stochastic differential equation where the innovation term is not a semi-

martingale, but a submartingale by means of the compensator function.

Take Lt � S�S; � 2 (1; 2) : The operator LF (�) is de�ned by

LF (x) =
Z �

F (x+ z)� F (x)� 1(jzj�1)
@f (x)

@x
s

�
v (x; ds)

where v (x; ds) = a
jsj1+� ds:

30 Assume f 2 C2 with bounded �rst and

second derivatives, and

Xt =

Z t

0

HsdLs

29The change of measure for the jump-diffusion model, proposed by Merton, for istance,
depends on two parameter (�; �) ; where � is the risk premium for the diffusive risk, and
� describes the risk aversion of the investors to the jump risk. Merton select a particular
EMM among the in�nitely many by claiming that no risk premium for the jumps are re-
quired: � = 1 and the jump intensity is the same under the historical probability and the
risk neutral world. Therefore

� =
�� r + (�Y � 1)�P

�
:

30LF (�) is the in�nitesimal generator of the stable process.
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where Hs is a bounded predictable process. Then

f (Xt) = f (X0) +Mt +

Z t

0

jHsj� Lf (Zs�) ds

where

Mt =

Z t

0

f 0 (Xs�) dXs +

Z t

0

Z
K (s; y) (N (dy; ds)� v (dy) ds)

K (s; y) = [f (Xs� +Hsy)� f (Xs�)� f 0 (Xs�)Hsy]

N (A� [0; t]) =
X
s�t

1A (�Ls)

�(A) = E [N (A� [0; t])] =
Z
A

1

jzj1+�
dz

Set Hs = �s and consider the following stochastic differential equation

d
St
St

= �tdt+ dXt =

= �tdt+ �tdLt
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and f = lnSt; then

lnSt = lnS0 +

Z t

0

1

Ss
dSs +

X
s�t

�
ln (Ss)� ln (Ss�)�

1

Ss�
�Ss

�

= lnS0 +

Z t

0

� (s) ds+

Z t

0

dZs +

+
X
s�t

�
ln (Ss)� ln (Ss�)�

1

Ss�
�Ss

�

= lnS0 +

Z t

0

� (s) ds+

Z t

0

�(s)dLs +

Z t

0

Z
K(s; y)N (dy; ds)

= lnS0 +

Z t

0

� (s) ds+

Z t

0

�(s)dLs +

+

Z t

0

Z
K(s; y) (N (dy; ds)� v (dy; ds)) +

Z t

0

Z
K(s; y)� (dy) ds

= lnS0 +

Z t

0

� (s) ds+

Z t

0

�(s)dLs +Z t

0

Z
K(s; y) (N (dy; ds)� v (dy; ds)) +

Z t

0

j� (s)j� Lf (Ss�) ds

4.4.1. Pricing formula with respect to Hawkes processes

Imagine a market where the number of large jumps is �nite in number

over any �nite interval, and the large jumps do not affect the existence

or uniqueness of solutions.31 In the �ltered probability space f
;F ;Pg ;

Ft = � (Xs; s � t) ; the stock dynamics (4.7) becomes, under the risk-
31In this scenario, one wants not to worry about the integrability of

R t
0 jsj f(x)� (ds) :
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neutral probability P:

dSt
St

= � (t) dt+ dXP
t

where Xt = fXt; t � 0g is a stochastic process de�ned with respect to a

compensated Hawkes process

dXP
t =

Z t

0

f (Xt�; s) dq
P (u; s)

=

Z t

0

g (s) dq(u; s)

=

Z
g (s)

h
dN(u; s)� �P (u)ds

i
=

Z
g (s) dN(u; s)�

Z
g (s)

�
�+

Z u

�1
�s�udNu

�
ds

By applying the Ito's Lemma to the stochastic differential equation the

dynamics of the stock is easily derived. Indeed taking Yt = F (St) =

lnSt;
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Yt = Y0 +

Z t

0

@F (Ss�)

@Ss�
dSs +

X
s�t

�
ln (Ss)� ln (Ss�)�

@F (Ss�)

@Ss�
�Ss

�

= Y0 +

Z t

0

1

Ss
Ss (� (s) ds+ dXs) +

X
s�t

�
ln (Ss)� ln (Ss�)�

1

Ss
�Ss

�

= Y0 +

Z t

0

� (s) ds+

Z t

0

dXs

+

Z t

0

Z �
ln (Ss� + f (Xs�; z))� ln (Ss�)�

1

Ss
f (Xs�; z)

�
v (ds; dz)

= Y0 +

Z t

0

� (s) ds+

Z t

0

Z
g (s) dNs �

Z
g (s)

�
�+

Z s

�1
�t�sdNs

�
ds

+

Z t

0

Z �
ln (Ss� + g (s))� ln (Ss�)�

1

Ss
g (s)

� �
�+

Z u

�1
�s�udNu

�
ds

and

St = S0 exp

0B@ R t
0
� (s) ds+

R t
0

R
g (s) dNs �

R
g (s)

h
�+

R u
�1 �s�udNu

i
ds

+
R t
0
L ln (Ss�) ds

1CA
= S0 exp

�Z t

0

� (s) ds+

Z t

0

L ln (Ss�) ds+Mt

�

where

Mt =

Z t

0

Z
g (s) dNs �

Z
g (s)

�
�+

Z s

�1
�t�sdNs

�
ds
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given some initial condition Y (0) = Y0 and S(0) = S0: The �rst funda-

mental theorem of �nance states that, in order to avoid arbitrage, the

discounted-stock price should be a martingale. By considering the inter-

est rate being not stochastic, but time-dependent, i.e. R(t) =
R t
0
r (s) ds;

the discounted-stock price is

eSt = St expR(t) =

= St exp

Z t

0

r (s) ds

Its dynamics under the historical probability is represented by the follow-

ing stochastic differential equation

deSteSt = (� (t)� r (t)) dt+ dXP
t

The process is an additive process with the following triplet

�
� (t)� r (t) ; 0; �P (t)

�

The expression (2.9) de�nes the condition for a change of measure into

a probability measure where the discounted stock price is characterized

by the following triplet �
0; 0; �Q (t)

�
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The condition to be satis�ed for a moving into the risk-neutral probability

measure Q is then

Z t

0

g (s)

Z
Rnf0g

u
�
e'

�(x;u) � 1
�
u�P (du)ds = �

Z t

0

(� (s)� r(s)) ds

(4.10)

i.e.

Z t

0

� (s) ds =

Z t

0

r(s)ds�
Z t

0

g (s)

Z
Rnf0g

u
�
e'(x;u) � 1

�
�P (du)ds

(4.11)

The dynamics of the return in the risk-neutral world is therefore de-

scribed by

dSt
St

=

 
r (t)� g (s)

Z
Rnf0g

u
�
e'(x;u) � 1

�
�P (du)

!
dt+ dXQ

t

The stock expression, under the risk neutral measure, is

St = S0 exp

0BBBB@
R t
0

�
r (s)� g (s)

R
Rnf0g u

�
e'(x;u) � 1

�
�P (du)

�
ds

+
R t
0

R
g (s) dNs �

R
g (s)

h
�+

R u
�1 �s�udNu

i
ds

+
R t
0
L ln (Ss�) ds

1CCCCA
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i.e.

St = S0 exp

0B@ R t
0

�
r (s)� g (s)

R
Rnf0g u

�
e'(x;u) � 1

�
�P (du) + L ln (Ss�)

�
ds

+Mt

1CA
(4.12)

The price � of a contingent claim written on St is then given by

� (0; r; g) = EQ0

h
e�

R t
0
r(s)dsg (St)

i

where g (ST ) is the payoff function of the �nancial security.

4.5. Simulations of an exponential Hawkes process

Monte Carlo experiments are run to describe the behavior of the equa-

tion (4.12). Hawkes processes are restricted to belong the case of ex-

ponential decay, where the kernel �t�s is given by

� (x) = �e��x

The expression (4.1) for the intensity of the process becomes

� (t) = �+

Z t

�1
�t�sdNs

= �+
X
ti<t

�e��(t�ti) (4.13)
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The choice of the parameters � = [�; �] is fundamental in modelling the

chances of point event occurrence, and how this probability is in�uenced

by past point events. The intensity process increases or decreases si-

multaneously where a point event occurs and then recovers exponen-

tially as time proceeds, if the magnitude � � �1 and the recovery time

� � 0 are set appropriately. If � is positive, the intensity process in-

creases after point event occurrences and the process belongs to the

class of the self-exciting point processes; while if 0 > � � �1 the inten-

sity process decreases after point event occurrences, characterizing a

self-inhibiting point process. Self-exciting point processes are an exten-

sion of temporal Poisson processes, having a dependency on the past

event history, i.e. possessing after-effects of previous point events, un-

like Poisson processes. The intensity process takes a constant value for

a homogeneous Poisson process and a deterministic function for a non-

homogeneous Poisson path. The connection is immediate and if � = 0;

the intensity of the stochastic process becomes

� (t) = �

i.e. the standard Poisson case. The intent is to show how �exible is the

closed-formula provided in the previous section and how by modifying

the parameters � = [�; �; �] ; it is possible to model different scenario. A
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Figure 35: Low Lambda � = 0:1

continuous innovation term has been added to the stochastic differential

equation (4.7), �0 (s) dBs, where dBs is the classical Brownian Motion

and g(s) set equal to the indicator function. N�random paths, whose

intensity is provided by (4.13) have been simulated. The starting point

is 0, and the drift coef�cient and diffusive are kept constant in the sim-

ulations. The magnitude �; the recovery time � are allowed to vary;

whereas the intensity of the Poisson process � is kept constant. The

number of jumps are not �xed; and the �nal time T is set to be equal to

30, with a number of grid point equal to 1000. Figure (35) describes a

situation where the intensity is low. Depending on the number of jumps,

recovery rate � and magnitude �; the behavior of the �ctitious values is

different. Higher recovery rate implies a less trendy process, especially
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Figure 36: High Lambda � = 0:8

when the number of jumps increases signi�cantly. Differences become

much more evident as the conditional intensity increases. Figure (36)

plots a scenario where the probability of a jump occurring is signi�cantly

high. In this scenario, the number of jump is clearly fundamental in de-

scribing the process behavior. A small number of jumps, associated with

a high probability of occurring, implies that they occur immediately and

the process is not anymore affected by these discontinuities. Its behavior

depends on the deterministic part and the continuos innovation term: the

parameters have been set in such a way to drive downward the path. A

small recovery rate � exacerbates the behavior. By increasing the num-

ber of jumps, the path �uctuates more around zero, especially when � is

high. Figure (37) describes the behavior a stochastic differential equa-
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Figure 37: Self-exciting process (� > 0) vs Self-inhibiting process (� <
0)

tion, driven by a Hawkes process as innovation term for its discontinuity

points. As before, the initial seed is 0, and the drift coef�cient and dif-

fusive are kept constant in the simulation. The intensity function � is

kept constant, � = 0:35; while the magnitude � can vary: the process is

self-exciting or self-inhibiting, depending on the magnitude value �: The

number of jumps is important for the behavior of the random paths. As

before, the diffusive and drift coef�cient pushes down the process; the

self-inhibiting process goes down much faster than the self-exciting in

case of a large number of jumps; the behavior is the opposite with large

jumps.
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4.6. Conclusions and future extensions

This Chapter investigates alternative point processes for modelling dis-

continuities in the continuous-time framework. It has been testi�ed that

unexpected events like economic crisis, war, have a huge impact in the

stock's price, leading �nancial data to irregularity of spacing in time. Not

only is the impact so evident for being modelled by a continuous diffu-

sion; but also the classical jump-diffusion model, where the compound

Poisson process is in charge of modelling discontinuities, fails to exploit

the full amount of information embedded in the stock's movement. A

stochastic differential equation is proposed, with the peculiarity of hav-

ing jumps' behavior captured by a particular additive process, associated

to a compensated Poisson random measure. After de�ning the Poisson

random measure and its compensator, additive processes are de�ned

as integral forms with respect to the compensated Poisson random mea-

sure. A particular class of Poisson measures is de�ned and proposed

for its particular properties: the class of self-exciting processes. These

random paths are characterized by having a conditional intensity func-

tion, whose increases or decreases along time. Its intensity can be de-

composed into a constant term, the intensity of homogeneous Poisson

process, and an integral term with respect to a counting process: jumps

are now clustered over time, similarly to earthquakes. Stochastic cal-
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culus with respect to Poisson random measure derives the differential

of a time-dependent function of a stochastic process. By means of Ito's

lemma, a closed-form expression for the stock's price is computed, un-

der the conditions that its dynamics is described by expression (4.7).

The stochastic differential equation does not have a continuous inno-

vation term, but introducing it does not make the analysis much more

dif�cult: the only difference is that, when changing the measure to move

into a risk-neutral world, the market would be not complete. An addi-

tive process, de�ned with respect to a compensated Hawkes process

is assumed to the random error in expression (4.7); and a closed-form

formula for a stock's price, where jumps are affected by a self-exciting

process, is computed. The Chapter is closed by simulating diffusions,

driven by a speci�c Hawkes process, the random path with exponential

decay, to show the �exibility of the stochastic equations in modelling �-

nancial data. The idea of jumps clustering over time, similarly to seismic

quiescence, should be further investigated either by an empirical analy-

sis, or by proposing alternative Poisson random measure. Expected-

maximization (EM) literature has been developed, recently, parametric

and non-parametric approach to estimate the conditional intensity of

Hawkes process. Estimating the parameters from �nancial data and

check the pricing performance of the model might be a good way to at-

test the validity of the closed-form stock's expression. Alternatively, it
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is possible to model jumps with additive process,de�ned with respect

to more sophisticated compensated Poisson random measures, like the

epidemic-type aftershock sequence model, whose intensity function

� (t) = �+
X
ti<t

g (t� ti;mi)

the space�time�magnitude distribution of earthquake occurrence, since

where the history of the process also includes earthquake magnitudes

mi.
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Chapter 5

Conclusions

The primary intent of this work has been to discuss some stylized facts in

�nancial and propose alternative approach to capture and model them.

Statistical methods have been combined with �nancial modelling in order

to propose different stochastic differential equations in the continuous-

time framework. This need stems from the empirical evidence that �-

nancial data might be affected by excess volatility, serial dependence,

clusters or leptokurtosis. The demand to combine statistics and �nance

has led to follow a dual approach in this study. From a statistical point, a

normative approach has been considered: a generic class of processes

has been selected, by de�ning its main properties and providing its in-

tegral representation. Mathematical techniques and information theory

have been used to perform speci�c modi�cations of our random paths.

This rigorous approach has been substituted by a more positive view

when moving into the �nancial world. A speci�c random path, inside

the generic class de�ned previously, has been selected to model some

speci�c scenarios: particular emphasis has been focused on long-range

dependence, heavy tails and seismic quiescence. New innovation terms
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have been proposed to change the structure of the stochastic differen-

tial equation, driving the underlying under the historical probability. This

Chapter concludes the work by summarizing what done previously and

suggesting alternative approaches. Section 5.1. summarizes and re-

views, brie�y, the statistical and mathematical framework used to de-

liver a closed-form expression for the stock and some speci�c contingent

claim. The work cannot explain the entire spectrum of anomalies exist-

ing in the �nancial markets; and needs to be extended in order to cover

a bigger set of �nancial irregularities. Section 5.2. points at providing

some possible ways to extend and generalize the work, either by taking

the two suggested paths and moving further; or by proposing alternative

and speci�c routes to be followed.

5.1. Summary

The Black�Scholes model is a mathematical model of a �nancial mar-

ket containing certain derivative investment instruments. The Black and

Scholes market consists in imposing that the stock's movements are de-

scribed by a continuous diffusion, with constant drift and diffusive coef�-

cient. Everything is in line with the �rst fundamental theorem of �nance:

the discounted stock is a martingales and there are no arbitrage op-

portunities existing in the market. The existence of replicating portfolios
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gives the opportunity to price contingent claims in a risk-neutral sce-

narios. Normality is assumed to hold and completes this perfect world,

where all the theoretical assumptions, implied by the literature, are per-

fectly satis�ed. This idyllic environment, unfortunately, fails when mov-

ing into the real world. Phenomena, like excess volatility, heavy tails,

volatility clustering and jumps affect every day the �nancial markets. A

continuous diffusion with constant coef�cients, whose innovation term

is a standard Brownian motion does not capture all this empirical evi-

dence, because all these distortions cannot be recognized by its statis-

tical structure. The literature tried to provide some answers and innova-

tion to this puzzle either from a purely theoretical perspective or from a

purely empirical one. A minority group, doubting ef�cient market hypoth-

esis (EMF), proposed alternative theories: the fractal market hypothesis

and the coherent market theories. The majority, instead, did not deviate

from the idea of ef�cient markets and no-arbitrage theory, and modelled

all these phenomenons, step by step, by Lévy processes, relatively easy

to manage because of their structure and, more important, their martin-

gales and Markovian properties. Stochastic differential equation, char-

acterized by having a continuous innovation term and a discontinuous

error term, modelled through a compound Poisson process, have been

proposed to described the dynamics of securities; and imposing more

sophisticated drift and diffusive coef�cient, often random functions, has
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led to more general conditional Lévy processes. There is no clear empir-

ical evidence on which is the best stochastic process in absolute terms;

and the intent of this work is to suggest two possible alternative trajec-

tories to be considered in �nancial modelling. Innovations are possible

by:

1. Relaxing the idea of an innovation term, characterized by being

martingale and Markovian, and proposing a different random error;

2. Generalizing the jumps structure by modelling discontinuities with

more general additive process than the compound Poisson process.

The �rst departures from the �eld of Lévy processes consists in

proposing �nite-variance processes, not martingales: speci�cally, the

class of Gaussian processes. A canonical representation is provided an

their main properties are derived. Restrictions on the kernel functions

make possible to derive the differential of a time-dependent function by

Ito's lemma. Financial securities have their own dynamics described by

a stochastic differential equation, whose is not necessarily a Markov-

ian process. An entropy argument provides conditions to approximate

this stochastic differential equation with a Markovian process and price

contingent claims, under the risk-neutral probability. A sub-fractional

Brownian motion innovation term, where long-range dependence comes

along with nonstationarity in the increments, is selected to model situ-
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ation where serial dependence might affect the market. A theoretical

price for European contingent claims is derived; and empirical analysis

on the Standard & Poor's (S&P) 500 Index option performed. Empirical

results suggest that the market knows that the true dynamics of the se-

curity is affected by long-range dependence, but corrects this bias in de-

livering prices for contingent claims. The Gaussian distribution is, then,

replaced, in Chapter 3, by heavy tails. An innovation term, belonging

to the class of stationary alpha stable processes (S�S), substitutes the

Brownian motion in the stochastic differential equation, describing the

dynamics of the securities. By imposing the random error to be a linear

fractional stable motion, the security is characterized by having serial de-

pendence, under its historical measures. A distance-minimization prob-

lem between the true process and a class of semimartingales permits,

combined with the Fourier techniques, to deliver no-arbitrage prices for

contingent claims under this speci�c scenario. An empirical analysis on

S&P 100 Index option is performed and three different scenarios for the

index are considered: negative dependence; independent increments;

corrected negative dependence. Empirical results suggest that the mar-

ket rules out the "negative dependence" scenario; while correcting neg-

ative dependence seems to best way to deliver more accurate option

prices. The second path consists in modelling points of discontinuity

through more general additive processes. Financial data are irregular in
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space and time and the magnitude of unexpected event like economic

crisis might be different. Modelling them through compound Poisson

processes might fail in exploiting the full amount of information embed-

ded in the stock's movement. An additive process, de�ned as an in-

tegral form with respect to compensated Poisson random measure, is

then added to a continuous diffusion, with the speci�c intent to describe

the jump's activity. By means of stochastic calculus for point processed,

a closed-form expression for the stock is derived. A speci�c scenarios,

where the intensity of jumps is similar to the earthquakes activity, is mod-

elled by means of self-exciting processes, Hawkes process, whose con-

ditional intensity function increases over time. Simulations of the stock,

under the hypothesis that jumps decays exponentially, are performed to

show how �exible might be the use of compensated Poisson random

measures in the option pricing �eld.

5.2. Extensions

This work can be extended by following multiple directions. Some im-

provements can be done to the two paths simply by extending the analy-

sis to some particular data or areas. Changing the time-horizon of the

empirical data or selecting a different security would check the robust-

ness of the work. Challenging tasks for future research would be to use
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the framework to:

1. Extend the analysis towards other asset classes like bonds, plain-

vanilla options, variance contracts, or pension funds;

2. Quantify the magnitude of the tails of the asset returns and eval-

uate, f.i. the joint tails over the typical ten-day horizon that is em-

ployed in Value-at-Risk (VaR) calculations

3. Derive the optimal composition of an investor's portfolio or price

much more sophisticated contingent claims.

Other extensions, instead, are speci�c, because they depend on the

structure of the processes. The next subsections propose alternative

and relative routes that must be taken into account. For the �rst path,

i.e. possible departure from Lévy process by using a "not-necessarily"

Markovian stochastic process, a different solution to approximating the

true process with a family of �ctitious processes would consist in mod-

ifying the structure of the process and its main properties. The class

of Poisson random measure, focal point of our second path, might be

generalized by:

� modelling discontinuities through alternative additive processes,

de�ned with respect to different compensated Poisson measures
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� extending the work to a multi-dimensional setting in order to cap-

ture cross-effects.

5.2.1. First path: departure from Lévy processes

The following stochastic differential equation has been considered, un-

der the historical probability, to model the stock's dynamics

dSt
St

= � (t) dt+ � (t) dZt

where Zt could have been a generic Gaussian process Xt, or a linear

Fractional Stable motion �H;�(t): The process, not necessarily Markov-

ian, has been then approximated by a family of semimartingales. The

most immediate extension would be to enlarge the analysis into a multi-

dimensional setting, taking into the account many dif�culties arising in

a N�dimensional scenario. An alternative way, much more fascinating,

would be, instead, to consider a speci�c diffusive coef�cient, most likely

a random function, such that the product between this speci�c-form co-

ef�cient and the innovation term would be a martingale. Its existence

depends on the structure of the stochastic processes, andmight be re-

ally hard to derive it, when dealing with in�nite-variance process. The

scenario becomes much easier in case of a Gaussian process, espe-

cially when the random path has an integral representation with a "nice"
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kernel function. The way has been suggested by Norros, when de�ning

a fundamental martingaleM for a fractional Brownian motion. The intent

of next subsection is to provide some intuition for deriving a fundamental

martingale for a generic Gaussian process.

5.2.1.1. Fundamental martingaleM

The Gaussian processXt is characterized by having a variance-covariance

function R(t; s): Assume that Xt is differentiable and denote the integral

operator

�f(t) =

Z
R

f(s)
@2R(t; s)

@t@s
ds

By using the central Hilbert spaces isomorphism in the integration of

Gaussian process, the usual inner product is de�ned as

hhf; gii� = hhf;�gii = E

�Z
R

f(s)dXs

Z
R

g(t)dXt

�
=

Z Z
R�R

f(s)g(t)d2R(t; s)

=

Z Z
R�R

f(s)g(t)
@2R(t; s)

@t@s
dsdt

A generic Gaussian process is not a semimartingale unless it is a Brown-

ian motion. Its paths are continuous with locally unbounded variation.

The fundamental martingaleMt is de�ned to be the (centred) Gaussian
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process

Mt =

Z t

0

w (t; s) dXs (5.1)

with independent increments and variance function

EM2
t = f(t) (5.2)

It turns out that the process Mt satis�es condition (5.2) if and only if

there exists a function w (t; s) such that

�w (t; s) =

8><>: 1 for s 2 [0; t)

k �
R t
0
h (s; u) du for s > t

Let �w (t; s) be de�ned as previously, then for s < t

Cov(Ms;Mt) = hhw(s; �);�w (t; �)ii

=



w(s; �); 1[0;t)(s)

��
=

Z s

0

w(s; u)du

= f(s)
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Vice versa, let Mt =
R t
0
w (t; s) dXs; and s < t; be a centred Gaussian

process.

Cov(Ms;Mt) = E

�Z
R

w(s; u)dXu

Z
R

w(t; u)dXu

�
=

Z s

0

Z t

0

w(s; u)w(t; u)
@2R(t; s)

@t@s
dsdt

The independent increment property and the normality imply that the

Cov(Ms;Mt) is only function of s: Then

f(s) =

Z s

0

Z t

0

w(s; u)w(t; u)
@2R(t; s)

@t@s
dsdt

is possible if
R t
0
w(t; u)@

2R(t;s)
@t@s dt = 1; i.e. �w (t; �) = 1 for u 2 [0; t) : The

existence and the expression of w (t; s) is strictly connected to the struc-

ture of the variance-covariance function R(t; s) and thus to the kernel.

Norros has derived the random function w (t; s) such that

Mt =

Z t

0

w (t; s) dXs

=

Z t

0

w (t; s) dBHs

is a fundamental martingale, when it is represented as an integral form

with respect to the fractional Brownian motion BHs . The random function
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should have the following expression

w (t; s) =
1

2HB
�
3
2 �H;H + 1

2

�s 12�H (t� s) 12�H 1(0;t) (s)
where B

�
3
2 �H;H + 1

2

�
is the beta function.32

5.2.2. Second path: Poisson random paths

The second path has been to consider the following stochastic differ-

ential equation, under the historical probability, to model the stock's dy-

namics
dSt
St

= � (t) dt+ dXt

where Xt is an additive process, de�ned as an integral from with re-

spect to a compensated Poisson random measure. A �nancial world

with jumps similar to earthquakes has been considered, and a closed-

form expression for the stock proposed, by imposing the compensated

Poisson measure to belong to the class of self-exciting point processes.

This particular class is an extension of temporal Poisson processes, be-

ing dependent on the past event history and possessing after-effects of

previous point events. New technologies, globalization raised up the in-
32This subsection has the intent of "only" suggesting the approach that must be followed.

Other theoretical conditions must be satis�ed in order to claim Mt is a fundamental mar-
tingale: the most importan is about the �ltration generated by the process. Norros proves
all of them for the fractional Brownian motion, and suggest possible applications of Mt:
the maximum-likelihood estimation (MLE) theory; the Black-Scholes market.
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terdependence among the �nancial markets. Unexpected events could

be not self-excited and restricted to a speci�c segment; the magnitude

of jumps might be along time and space. Departing from a seismic-

quiescence scenario would be then a crucial point in extending the work.

5.2.2.1. Different additive processes

From a theoretical and computational point of view, extending the pro-

cedure to an integral form with respect to a compensated measure does

not introduce too much complexity, as long as our integral form satis�es

the conditions imposed in Section 4.3., i.e. being an element of a spe-

ci�c group: an epydemic-type aftershock sequence, for instance, has

been suggested at the end of the chapter as alternative point process.

Dif�culties might arise when it goes to estimating the parameters. Due

to the fact that neither the stochastic volatilities nor the jumps and jump

intensities are directly observable, the corresponding inference problem

is particularly challenging, and some restrictions should be imposed.

Assume that the probability of a jump occurring is function of a set of

parameter � and some covariates x =
�
x(1); x(2); :::; x(N)

�
, i.e.

Pr
�
�Nkj�; x(1); x(2); :::; x(N)

�
= f

�
�Nk; x

(1); x(2); :::; x(N)
�
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It is possible to restrict the relationship between �k; �;and x(i) to follow

the GLM framework for a Poisson distribution. This means simply the

following

log(�k) = �0 +
JX
j=1

�jfj (x (k))

where � = f�0; �1; �2:::; �jg ; x (k) =
�
x(1)(k); x(2)(k); :::; x(N)(k)

	
; f =

ff1; f2; :::; fjg is a set of general functions of the covariates. Note the

log of �k is linear in �, and that the functions can be arbitrary nonlinear

function. This makes the GLM model class quite broad. In addition,

if different types of covariates (e.g. extrinsic vs intrinsic) independently

impact the �ring probability, then the GLM can model these separately

as follows:

log(�k) = �0 +
JX
j=1

�jfj (extrinsic (k)) +
MX
m=1

mgm (intrisic (k))

5.2.2.2. Contagion and cross excitation

Claessens, Dornbusch, and Park (2000), used the following sentence

to de�ne contagion: "The causes of contagion can be divided concep-

tually into two categories. The �rst category emphasizes spillover from

the normal interdependence among market economies. This interde-

pendence means that shocks, whether of a global or a local nature, can

be transmitted across countries because of their real and �nancial link-
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age. [...] The second category involves a �nancial crisis that is not linked

to observed changes in macroeconomic or other fundamentals but is

solely the result of behavior of investors or other �nancial agents. Un-

der this de�nition, contagion arises when a co-movement occurs, even

when there are no global shocks and interdependence and fundamen-

tals are not factors.[...] This type of contagion is often said to be caused

by "irrational" phenomena, such as �nancial panics, hear behavior, loss

of con�dence and increased risk aversion". Imagine the following sce-

nario:

1. Contagion can (but need not) be triggered by an initial shock. This

may be a reduction in global economic growth, a change in com-

modity prices, or a change in interest rates or currency values.

Any of these shocks can lead to increased co-movement in capital

�ows and asset prices.

2. Through a fundamental transmission mechanism, other institutions

in the system are affected in the aftermath of the initial shocks.

Shocks may also be transmitted without any obvious linkages, e.g.

due to investor irrationality. Investor behavior may be individually

rational ex-ante, but can lead to excessive co-movement in market

prices, in the sense that market prices are not explained by real

fundamentals.
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3. Whether or not propagated through market linkages, systemic risk

goes along with a change in the (perceived) risk-return trade-off in

the economy. This implies that contagion has a time dimension,

the risk of adverse events in the �nancial markets is increased for

a certain time period: systemic risk, stated differently in terms of

the asset allocations and asset pricing literature, in�uences the

investment opportunity set.

4. Contagion does not only manifest in the degree of risk in the econ-

omy, but may also be accompanied by a large amount of uncer-

tainty. Market participants do not only fear subsequent losses in

some asset prices, but there is also a large dispersion about the

magnitude of a current crisis. Investors may have different beliefs

about future growth rates in the economy so that very pessimistic

traders seem to behave irrationally from the point of view of rather

optimistic traders.

5. The link between time series of stock prices and systemic risk is

worked out properly, by looking at probability of jumps occurring in

the same region. Due to region interdependence, the jump in that

speci�c region might affect the intensity of jumps occurring in other

region (cross-sectional dependence).
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A suitable stochastic model for asset return dynamics should capture

the cross-sectional and serial dependence observed across stock mar-

kets around the world, in such a way that the type of jump clustering is

observable empirically. Mutually jumps should be employed to capture

discontinuities, caused by speci�c crises, while the remaining compo-

nents are there to represent the evolution of the asset returns in nor-

mal times. Mutually exciting jump process, like the Hawkes processes,

for instance, might be natural candidates for modelling the case where

a jump in a speci�c segment increases the intensity of jumps occur-

ring both in the same segment (self-excitation) as well as in other areas

(cross-excitation).
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