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Abstract

We introduce and study the class of totally dissipative multivalued probability vector fields (MPVF) F
on the Wasserstein space (P> (X), W») of Euclidean or Hilbertian probability measures. We show that such
class of MPVFs is in one to one correspondence with law-invariant dissipative operators in a Hilbert space
L%(Q, B, P; X) of random variables, preserving a natural maximality property. This allows us to import in
the Wasserstein framework many of the powerful tools from the theory of maximal dissipative operators in
Hilbert spaces, deriving existence, uniqueness, stability, and approximation results for the flow generated by
a maximal totally dissipative MPVF and the equivalence of its Eulerian and Lagrangian characterizations.

We will show that demicontinuous single-valued probability vector fields satisfying a metric dissipativity
condition as in [28] are in fact totally dissipative. Starting from a sufficiently rich set of discrete measures,
we will also show how to recover a unique maximal totally dissipative version of a MPVF, proving that its
flow provides a general mean field characterization of the asymptotic limits of the corresponding family of
discrete particle systems. Such an approach also reveals new interesting structural properties for gradient
flows of displacement convex functionals with a core of discrete measures dense in energy.
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1. Introduction

The theory of evolutions of probability measures is experiencing an ever growing interest from
the scientific community. On one side, this is justified by its numerous applications in modeling
real-life dynamics: social dynamics, crowd dynamics for multi-agent systems, opinion formation,
evolution of financial markets just to name a few. We refer the reader to the recent survey [49] for
a more complete overview of the many applications of control theory for multi-agent systems,
i.e. large systems of interacting particles/individuals. On the other side, dealing with mean-field
evolutions, especially in the framework of optimal control theory in Wasserstein spaces [32,21,



G. Cavagnari, G. Savaré and G.E. Sodini Journal of Differential Equations 470 (2026) 114395

25], provides interesting insights into mathematical research. We mention for instance the recent
contributions [7,10,14] for the study of a well-posedness theory for differential inclusions in
Wasserstein spaces, [3,9,50] for necessary conditions for optimality in the form of a Pontryagin
maximum principle, the references [2,11,26,35,38] for the study of Hamilton-Jacobi-Bellman
equations in this framework. Finally, other contributions devoted to the development of a viability
theory for control problems in the space of probability measures are e.g. [5,13,12,27].

In addition to these studies, we have all the applications of the theory of gradient flows in
Wasserstein spaces [1] which are impossible to summarize here even briefly. In particular, in the
case of geodesically convex (resp. A-convex) functionals [40], the geometric viewpoint and the
variational approach introduced by [45,36] have been extremely powerful to construct a semi-
group of contractions (resp. Lipschitz maps) [1], which provides a robust background for various
applications.

In the present paper, we continue the project, started in [28], to extend the theory beyond
gradient flows. Our aim is to investigate the evolution semigroups generated by a A-dissipative
multivalued probability vector field (in short, MPVF) F in the Wasserstein space (P2(X), W»).
The space P»(X) denotes the set of Borel probability measures with finite quadratic moment on
a separable Hilbert space X. The geometric notion of dissipativity is intimately related to the L?-
Kantorovich-Rubinstein-Wasserstein distance W, between two measures (g, i1 € P2(X), which
can be expressed by the solution of the Optimal Transport problem

W2 (a0, pr) = min | f [xo = 1% dpeCo, x1) : & € (oo, ) . (L.D)
X2

where I" (19, (1) denotes the set of couplings p € P> (X x X) with marginals g and pq. It is well
known that the set I',(wo, ;1) where the minimum in (1.1) is attained is a nonempty compact
and convex subset of I"(ug, ©1).

We refer to [28] for a detailed discussion of the various approaches to such kind of problems;
let us only mention here the Cauchy-Lipschitz approach via vector fields [10,14], the barycentric
approach in [48,47,19] and the variational approach to characterize limit solutions of an Explicit
Euler Scheme for evolution equations driven by dissipative MPVFs in [28].

Let us just recall here the main features of this approach. A MPVF F can be identified with
a subset of the set of probability measures P, (TX) on the space-velocity tangent bundle TX =
{(x,v) € X x X}, with proper domain D(F) := {x;® : ® € F} and sections F[u] := {® € F:
xz® =}, where x(x, v) := x is the projection on the first coordinate in TX. Since every element
® € F has finite quadratic moment in the tangent bundle, the L?-norm of the velocity marginal

|3 :=/|v|2dd>(x,v) is finite.
12

The disintegration {®,},ex of ® € F[u] with respect to u provides a Borel field of probability
measures on the space of velocity vectors, which can be interpreted as a probabilistic description
of the velocity prescribed by F at every position/particle x, given the distribution 1. An important
case, which is simpler to grasp, occurs when F is concentrated on maps and therefore ®, =
8 f(x) is a Dirac mass concentrated on the deterministic velocity f (in this case we say that F is
deterministic): for every measure u € D(F)
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the elements ® € F[u] have the form (ix, f)zu for a vector field f € LZ(X, w; X), (1.2)

where ix denotes the identity map on X. In this case, F is dissipative if for every ®; =
(iX9 fz)tl’Ll € D(F)’ i= 07 1’

Ip € Tp(po, n1)  optimal, such that /(fo(xo) = f1(x1), x0 — x1) dp(xo, x1) < 0. (1.3)
X2

Notice however that, even in the deterministic case, the realization of F[x] as an element/subset
of P, (TX) is crucial to deal with varying base measures u, since for different wg, | € D(F) the
representation (1.2) yields corresponding maps f,, f; which belong to different L? spaces and
therefore are not easy to compare.

When F is not concentrated on maps, the dissipativity condition between two elements
®p € Fluol, @1 € F[e1] guarantees the existence of a coupling # € I'(®g, 1) C Pr(TX x TX)
such that the “space” marginal projection (o, X1)3# is optimal, thus belongs to I', (0, (1), and
moreover

/(Ul — vp, X1 — Xxo) d# (xo, vo; x1, v1) < 0. (1.4)

™2

Such a property appears as a natural generalization of the corresponding condition introduced in
[1] for the Wasserstein subdifferentials of geodesically convex functionals.

The geometric interpretation of this condition becomes apparent by considering its equivalent
characterization in terms of the first order expansion of the squared Wasserstein distance: in the
case (1.2) it can be written as

W3 ((ix +h fo)sio, (ix +hfemr) < W3 (o, 1) +o(h) ash 0.

In principle, one may interpret the flow generated by F in terms of absolutely continuous
(w.r.t. the Wasserstein metric) curves u : [0, +00) — P, (X) in D(F) solving the continuity equa-
tion

s + V- (us fr) =0 in(0,400) x X, (ix, f)iu: €F,

and obeying a Cauchy condition p li—o = MoO- However, the derivation of such a precise formula-
tion is not a simple task and, in general, it requires more restrictive assumptions on F as

D(F) =P>(X), Flu]l=(x, fluDgn (thus F is single-valued), 1.5
pn— i = (ix. flnDzin = (ix. FluDan. '

We introduced in [28] the more flexible condition of EVI solutions, borrowed from the theory
of gradient flows [1] and from the Bénilan notion of integral solutions to dissipative evolutions
in Hilbert/Banach spaces [8]: a continuous curve u : [0, +00) — P> (X) with values in D(F) is
an EVI solution (we say it solves i, € F[u,]) if it solves the system of Evolution Variational
Inequalities
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dl

2 e v) < —[®, il in 2'((0,400)), forevery ® € F[v], v e D(F), (1.6)

where for every ® = (ix, f)sv € F the duality pairing [®, ], is defined by

(@, 1), = min | /(f(xo), x0 = x1) dRCxo, ¥1) 1 € To(v, )|

X2

In [28], we studied the properties of the flow in P, (X) generated by F by means of the explicit
Euler method and we proved that, under suitable conditions, every family of discrete approxi-
mations obtained by the explicit Euler method converges to an EVI solution when the step size
vanishes, also providing an optimal error estimate.

The use of the explicit Euler method is simple to implement and quite powerful when the
domain of F coincides with the whole P>(X) and F is locally bounded [28, Cor. 5.23], i.e. ||
remains uniformly bounded in a suitable neighborhood of every measure u € P2(X) (but much
more general conditions are thoroughly discussed in [28]). Dealing with constrained evolutions
or with operators which are not locally bounded requires a better understanding of the implicit
Euler method.

Maximal totally dissipative MPVFs. One of the starting points of the present investigation (see
Sections 3.3 and 8) is the nontrivial fact that a large class of A-dissipative MPVFs including
the demicontinuous fields (1.5) satisfies a much stronger dissipativity condition, which we call
total A-dissipativity: in the simplest case A = 0 when (1.2) holds and F is single-valued, such a
property reads as

/(f[lto](xo) — flulx1), xo — x1) dp(xo, x1) <0 for every p € T'(o, 1) (L7
X2

and can be compared with the notion of L-monotonicity of [24, Definition 3.31]. Total dissipa-
tivity thus holds along arbitrary couplings between pairs of measures (g, (1 in the domain of
F, whereas the metric dissipativity condition (1.3) involves only optimal couplings. The relaxed
version of (1.7) allowing for A-dissipativity includes the class of Lipschitz probability vector
fields f satisfying

Sliolxo) = flualeen)| = L (ko = 1]+ Wauo, ) - for every x; € X, i € P2(X)

for A =2L (see Example 3.11).

Motivated by this remarkable property, it is natural to extend the notion of total dissipativity
to a general MPVF F. Here there are two possible approaches: the weakest one, modeled on the
general definition of metric dissipativity (1.4), would require that for every ®g € F[uo], @1 €
F[11] and every coupling u € T'(11o, f£1) (1 is not optimal) there exists ¢ € I'(Pg, P1) such that
(X0, X1)4¥ = p and (1.4) holds.

The strongest condition, which we will systematically investigate in this paper, requires that

for every &, ®1 € F and every & € I'(dg, P1) /(vl — vg, X1 — x0) d# (xg, vo; x1, v1) <O0.

™2

(1.8)
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It is clear that total dissipativity for arbitrary MPVFs is much stronger than the metric dissipativ-
ity condition (1.4). We address two main questions:

(Q.1) What are the structural properties of totally dissipative MPVFs satisfying the stronger
condition (1.8) and their relation with Lagrangian representations by dissipative operators
in the Hilbert space

X:=L*(Q,B,P:X),

where P is a nonatomic probability measure on a standard Borel space (€2, B), which
provides the domain of the parametrization. A similar lifting approach has been used
also in e.g. [39,20,34,24,35,38], in particular for functions defined in P»(X) and their
Fréchet differential. This is the content of Part I and in particular of Section 3 and 4, with
applications to the case of gradient flows in Section 5.

(Q.2) Under which conditions a dissipative MPVF is totally dissipative and, more generally, is
it possible to recover a unique maximal totally dissipative “version” of the initial MPVF
starting from a sufficiently rich set of discrete measures. This is investigated first in Sec-
tion 3.3 and then more extensively in Part II, in particular in Section 8, starting from the
results of Sections 6 and 7 on the geometry of discrete measures.

Lagrangian representations. Concerning the first question (Q.1), in Section 3.2 we will show
that

there is a one-to-one correspondence between totally dissipative MPVFEs and law invariant
dissipative operators in the Hilbert space X := L*(2, B, P; X); such a correspondence pre-
serves maximality.

This representation is very useful to import in the metric space (P2(X), W) all the powerful tools
and results concerning semigroups of contractions generated by maximal dissipative operators in
Hilbert spaces, see e.g. [16]. This approach overcomes most of the technical limits of the explicit
Euler method adopted in [28] and allows for a more general theory of existence, well posedness,
and stability of solutions. In particular, even if the results are new and relevant also in the finite
dimensional Euclidean case, the theory does not rely on any compactness argument and thus can
be fully developed in a infinite dimensional separable Hilbert space X. We can in fact lift a totally
dissipative MPVF F to a dissipative operator B C X x X, that we call Lagrangian representation
of F, defined by

(X,V)eB < (X,V);PeF.

It turns out that B is law invariant (i.e. if (X, V) € B and (X', V') has the same law as (X, V),
then (X', V') € B as well) and admits a maximal dissipative extension B which is law invariant
and corresponds to a maximal extension of F still preserving total dissipativity. In particular, F
is maximal in the class of totally dissipative MPVFs if and only if B is a law invariant operator
which is maximal dissipative.

Such a crucial result depends on two important properties: first of all, if the graph of B is
strongly-weakly closed in X x X (in particular if B is maximal) then law invariance can also
be characterized by invariance w.r.t. measure-preserving isomorphisms of €2, i.e. essentially
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injective maps g : €2 — €2 such that ;P =P =g, 'P (Theorem 3.4). The second property
(Theorem 3.12) guarantees that every dissipative operator in X which is invariant by measure-
preserving isomorphisms has a maximal dissipative extension enjoying the same invariance (and
thus also law invariance). Such a result has been obtained in [29] and exploits remarkable results
of [17,18] providing an explicit construction of a maximal extension of a monotone operator.

The equivalence between law-invariance and invariance by measure-preserving transforma-
tions also plays a crucial role to prove that the resolvents of B, its Yosida approximations, and
the generated semigroup of contractions (S;);>0 in X are still law invariant. The family (S;),
thus induces a projected semigroup of contractions in P>(X) defined by

Si(mo) == (S: Xo)zP  whenever (X0)4P = o € D(F), (1.9)

which is independent of the choice of X parametrizing the initial law g, which satisfies the
EVI formulation (1.6) and the stability property (here for arbitrary A € R)

1S: X0 — Si Yol <e|Xo — Yolu,  WalSi(10), S (o)) < e Wa(po, vo). (1.10)
Another crucial property of totally dissipative MPVFs concerns the barycentric projection, which

can be obtained by taking the expected value of the disintegration {®,},cx of an element & € F
with respect to its first marginal p = x; ®:

bo(x) = / vd®d,(v) foru-ae.xeX;, bge L2(X, w; X).
X

The barycenter bg also represents the conditional expectation E[V|X] of V given (the o-algebra
generated by) X, for every (X, V) € F with (X, V);[P = ®:

E[V|X]=bgo X inL*(Q,0(X),P;X).

It turns out that, if F is maximal totally dissipative (or, equivalently, its Lagrangian representation
B is maximal dissipative), then F is invariant with respect to the barycentric projection:

(X, V),P=0ecF = (ix.bo)sucF, (X,E[V|X])<B. (1.11)

Thanks to (1.11), for every ug € D(F), the solution u; expressed by the Lagrangian formula (1.9)
can be characterized as a Lipschitz curve in P> (X) satisfying the continuity equation

%/{ du; = /(v,(x), Vi¢(x))dus(x) forevery ¢ € Cyl(X) and ae. t >0 (1.12)
X X

for a Borel vector field v satisfying

t / |vt(x)|2du,(x) is locally integrable in [0, +00), (ix, v;)sus € F fora.e. t > 0.

X
(1.13)
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We can also characterize the solution u; to (1.12), (1.13) by requiring that there exists a Borel
family &;, ¢ > 0, such that

o, € Flu;] forae.t>0, t+— / |v|2d<I>t is locally integrable in [0, +00),
™

(1.14)
%/{dut = /(v, Vi(x))dd,(x,v) forevery ¢ € Cyl(X) and a.e. t > 0.
X ™

Indeed the validity of (1.12), (1.13) gives that (1.14) holds with ®; = (ix, v;)zu;; on the other
hand, assuming (1.14), we get (1.12), (1.13) with v, = b, which belongs to F[u,] by (1.11).

When F is maximal totally dissipative, a more precise formulation of (1.12) and (1.13) can
be obtained by introducing the minimal selection B° (i.e. the element of minimal norm) of B:
we will prove that for every X € D(B) with X3P = u, B° is associated with a vector field
f° € L*(X, u; X) through the formula

V=B°X, X,P=p < V=flulX). (1.15)

The measure (ix, f°[])spt can be characterized as the unique element ® € F[x] minimizing
|®|, and the solution u : [0, +00) — P> (X) provided by (1.9) is also the unique Lipschitz curve
satisfying the continuity equation

Ome + V- (e folu) =0 in (0, +00) x X (1.16)

with initial datum o € D(F). It is remarkable that a maximal totally dissipative MPVF always
admits a minimal selection which is concentrated on a map.

It turns out that the evolution driven by F preserves the class of discrete measures with finite
support; if moreover o = % Zfl\’: 1 0x, € D(F) (or also in D(F) if X has finite dimension) then
the unique solution of (1.16) can be expressed in the form u; = % Z,Il\;l x, (1) Where t = X, (¢)
are locally Lipschitz curves satisfying the system of ODEs

Xn (1) = oIl (X, (1)) ae.in (0,400), x,(0)=x,, n=1,---,N. (1.17)

Thanks to (1.10), if a sequence of discrete initial measures M(I)V = % Z,]lv:l ‘Sx{," converges to a

limit g in P (X) as N — 400, then the corresponding evolving measures uiv obtained by solv-
ing (1.17) starting from /L(Z)V will converge to u; = Sy (). As a general fact [53], this corresponds
to the propagation of chaos for the sequence of symmetric particle systems (1.17).

Maximality also shows that EVI curves are unique; when they are differentiable (in particular
when po € D(F)) we can recover the representation (1.16) and the Lagrangian representa-
tion (1.9), in an even more refined version involving characteristic curves. This representation
immediately yields regularity, stability, perturbation, and approximation results thanks to the
corresponding statements in the Hilbertian framework.

Among the possible applications, we just recall that we can also use the Implicit Euler Method
(corresponding to the JKO scheme for gradient flows) to construct the flow (Corollary 4.7). Start-
ing from M? = o € D(F), for every step size T > 0 we can find a (unique) sequence (M}),cN
in D(F) which at each step n € N solves
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(x—tv);®" T = M"  for some ®" ! e F[M ). (1.18)

T

Selecting t :=t/N, the sequence (MtA/IN)N N converges to S;(io) as N — 400 with the a-
€

priori error estimate

2t
Wa(S: (10), MYy) < \/—Nllf (011l 22 %, g0 - (1.19)

When D(F) = P,(X) and F is single-valued as in (1.5), it follows that maximality is equivalent to
the following demicontinuity condition: for every sequence (i,),cN converging to w in P (X)
one has

n—-+00

sup /If[un]lzdun <400, (ix, flunDzpn = (ix, fluDgu  in PXx X?),  (1.20)
X

where X* denotes the Hilbert space endowed with its weak topology. Clearly, in this case the
map f representing F coincides with f°. Notice that (1.20) surely holds if F is represented by a
map f : Pr(X) — Lip(X; X) (see also the map F’ in [22, Section 2.3]) satisfying the integrated
Lipschitz-like condition along arbitrary couplings

2

/ ‘f[MO](XO) = flwalGxeD) | dp(xo, x1) = Lz/ |x0 — x11% dp(xo, x1) for every p € T'(no. p1).
X2 X2

(1.21)
On the other hand, this class of regular dissipative PVFs is sufficiently rich to approximate the
minimal selection of any maximal totally dissipative MPVF F: in fact, by using the Yosida ap-
proximation, it is possible to find a sequence of regular PVFs F,, associated to Lipschitz fields
f, according to (1.21) (w.r.t. a possibly diverging sequence of Lipschitz constant L, ) satisfying
the dissipativity condition (1.7) and

n—+00

lim [ | £ul) () = 1)) | du(x) =0 for every € D(F).
X

So, the class of totally dissipative MPVFs arises as a natural closure of more regular PVFs con-
centrated on dissipative Lipschitz maps. This statement (Corollary 3.24) justifies a posteriori the
choice of the strongest notion of total dissipativity given in (1.8).

Construction of a maximal totally dissipative MPVF from a discrete core. We investigate the
second issue (Q.2) in Section 8, i.e. how to recover a (unique) maximal totally dissipative “ver-
sion” of a (totally or metrically) A-dissipative MPVF F defined on a sufficiently rich core C of
discrete measures. This corresponds to the derivation of a mean-field description from a compat-
ible family of discrete particle systems.

Just to give an idea of a simple case of core, we consider a totally convex subset D of the set
P (X) of discrete measures with finite support: total convexity here means that, whenever the
marginals xgu, i=0,1, of p e Pr(XxX)belong to D, then also ((1 — Hx0 4+ txl)ﬁ;/, belong to
D for every t € (0, 1).
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For every N € N we consider the collection Cy of uniform discrete measures wuy =
% Zflv:l 8y, belonging to D, where x = (x1,---,xy) is a vector in XN with distinct coordi-
nates. The set C corresponds to a subset Cy of XN which is invariant under the action of the
group of permutations Sym(N) of the components,

0x :=Xs(1), " »Xs(N)), forevery o e€Sym(N), x =(x1,---,xy) € xN.

We will suppose that Cyy is relatively open in XV for every N € N. Examples of D are pro-
vided by the collection of all the discrete measures w such that supp(u) is contained in a given
convex open subset U of X. Another interesting case, assuming 0 € U, is given by all the discrete
measures such that supp(u) — supp(e) C U. The case of the whole set P ¢ (X) is still interesting.

Suppose that we have a deterministic single-valued PVF F defined in C = Cy (when F
is not deterministic, the construction is more subtle). We can then represent F on each Cy by a
vector field fV : Cy — XV satisfying the invariance property f" (ox) =0 f"(x), so that

N
1
Fluel = ~ Zs(xmf,’lv(x» for every x € Cy,
n=1

and, at least for a short time when no collisions occur, the evolution of discrete measures in Cy
can be described by u; = % Z;V:] 8y, (1) = Mx(r) Where the vector x (t) = (x1(?),---xn (1)) €Cpy
solves the system

(@) = fNx@)). (1.22)

We assume the following A-dissipativity conditions on the maps f: for every pair of integers
M,N e N with M | N,if x € Cy, y € Cy and 6 is an optimal correspondence from {1, ---, N}
to{l,---, M}, i.e.

N
1
5 2 v = o F = W3 e, 1),

n=1
then

N

N
D NG = F @) n = Xom) <A |yn — Xoa |-
n=1

n=1

We will show that F is in fact totally A-dissipative and admits a unique maximal extension F,
whose flow can be interpreted as the unique mean-field limit of the particle systems driven by
(1.22). This fact guarantees two interesting properties: the local in time evolution corresponding
to (1.22) admits a unique global extension which induces a semigroup (S,N )i>0 on Cy which
corresponds to the restriction to Cy of the semigroup S, generated by F (and characterized
e.g. by the continuity equation (1.16) and by (1.17)). Moreover, thanks to (1.10) for every ng €
C and every sequence (,u(l)v )NeN With ,LL(I)V € Cy and converging to ug as N — +oo we have
SN (ud) = S;(110) in P2(X) locally uniformly w.r.t. 7 € [0, +00).

10
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Thanks to the stability properties of the Lagrangian flow, Theorem 4.9 also shows that the
trajectories of the discrete particle system uniformly converge in a measure-theoretic sense to the
characteristics of the mean-field system.

As a byproduct, we obtain that when the domain of a totally dissipative MPVF F contains a
dense core then its maximal extension is unique and can be characterized by a suitable explicit
construction starting from the core itself and its flow has a natural mean-field interpretation.

Our result also provides interesting applications to geodesically convex functionals and their
approximations (see Sections 5, 9).

First of all, if the proper domain of a lower semicontinuous and geodesically convex functional
¢ : P2(X) — (—o0, +00] contains a discrete core C which is dense in energy, then ¢ is totally
convex, i.e. it is convex along all the linear interpolations induced by arbitrary couplings. An im-
portant class is provided by continuous and everywhere defined geodesically convex functionals,
which thus turn out to be totally convex.

The same property holds for any functional ¢ : P (X) — (—o0, +00] which arises as Mosco-
like limit of a sequence of continuous and geodesically convex functionals which are everywhere
finite. In particular, such approximation is impossible for all the functionals which are not totally
convex, as the relative entropy functionals w.r.t. log-concave measures.

Contributions and applications. One reason this study is relevant is that it enables the applica-
tion of the well-developed Hilbertian theory into the framework of dissipative evolutions in the
2-Wasserstein space. In particular, we are allowed to apply the implicit Euler scheme to maximal
totally dissipative MPVFs — an approach not available in general, or at least not yet clearly im-
plementable, for MPVFs that are only metrically dissipative. As in Hilbertian theory, the implicit
scheme does not require local boundedness of the operator, which is instead necessary for the
explicit scheme (cf. [28]). Furthermore, the correspondence between maximal dissipative opera-
tors in Hilbert spaces and maximal totally dissipative MPVFs allows for a refined description of
the evolutions; see in particular Section 4.

Following the same principle — that is the application of Hilbertian techniques to the Wasser-
stein context — we aim to study the following further aspects in a future review paper:

e Regularizing effects under suitable assumptions on F;

e Asymptotic behavior and periodic solutions;

e Error estimates for the Yosida regularization and for time discretizations (see also [28]), Cher-
noff and Trotter formulas;

e Stability and convergence of sequences of A-contractive semigroups;

e Discrete-to-continuous limit and chaos propagation;

e The case of time-dependent MPVFs.

In [30], we initiated this program and compared the explicit approach of [28] and the implicit
approach of the present work. There, we studied the convergence of stochastic time-discretization
schemes for evolution equations driven by random velocity fields, including examples such as
stochastic gradient descent and interacting particle systems. Under suitable dissipativity and
boundedness conditions, we proved that the laws of the interpolated trajectories converge to those
of a limiting evolution governed by a maximal dissipative extension of the associated barycentric
field. This provides a general measure-theoretic study of the convergence of stochastic schemes
in continuous time.

11
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Plan of the paper. The plan of the paper is as follows.

Part I develops the theory of totally dissipative MPVFs and it is devoted to answer (Q.1).
After a quick review in Section 2 of the main tools on Wasserstein spaces used in the sequel,
we summarize in Subsection 2.2 the notation and the results concerning Multivalued Probability
Vector Fields and EVI solutions.

In Section 3, we introduce the notion of fotally dissipative MPVF and we study its conse-
quences in terms of existence and description of Lagrangian solutions: in Subsection 3.1 we
study the properties of the Yosida approximations, the resolvent operator and the minimal selec-
tion of law-invariant operators in the Hilbert space X of parametrizations, Subsection 3.2 deals
with the relation between dissipativity for such law-invariant subsets of X and the corresponding
total dissipativity for their law. These results are used in Subsection 3.3 to study the particular
case of deterministic totally dissipative PVFs.

Section 4 contains the main existence, uniqueness, stability, and approximation results for the
Lagrangian flow generated by a totally dissipative MPVE, together with its various equivalent
characterizations.

In Section 5, we study the behavior of functionals ¢ : P, (X) — (—o0, +00] which are convex
along any coupling, proving the existence of gradient flows (equivalently, EVI solutions for the
MPVF given by their subdifferential) still exploiting their representation in terms of a convex
functional v defined in the parametrization space X.

Part II studies the characterization of maximal extensions of totally dissipative MPVF, their
relation with metric dissipativity, and it is devoted to answer (Q.2). Section 6 is devoted to study
the properties of couplings between discrete measures, in particular showing that such couplings
are “piece-wise” optimal. This property is then exploited in Section 7 where we show that a
dissipative MPVF is totally dissipative along discrete couplings.

In Section 8 we show that starting from a dissipative MPVF F defined on a sufficiently rich
core C of discrete measures, it is possible to construct a maximal totally dissipative MPVF F, in
a unique canonical way.

Section 9 is in the same spirit but in the case of a geodesically convex functional ¢: under
analogous approximation properties, it is possible to show that ¢ is actually totally convex and
then satisfies the assumptions of Section 5.

Finally, Appendix A contains many useful results related to A-dissipative operators in Hilbert
spaces that are more commonly known for A = 0 (the main reference is [16]), while Appendix B
lists some of the results of [29] related to Borel partitions and approximations of couplings that
are used in the present work.
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Part 1. Total dissipativity

2. Preliminaries

In the following table, we provide a list of the adopted symbology for the reader’s conve-
nience. We then recall the main notions and results of Optimal Transport theory and finally, in
Subsection 2.2, we collect the fundamental objects and basic results taken from [28] needed to
develop our analysis. As a general rule, we will use bold letters to denote maps (even multi-
valued) with values in the Hilbert space X or measures/sets of measures in product spaces as
couplings in X x X or probability vector fields in TX.

be

BA

B

BO

cl(F)
co(E),co(E)
D(F)

D(¢)

f°

F,Flu]

m(v)

b

N

Q. B, P)

(Q,B, P, (By)ven)
P(E)

Pr(), Prn ()
Prot, Pam(X)
Pe(2), PoZ)
P (TX)

i i ik
L1 sl

(@, 2], [, P11y
[F, ulrs. [F, mli
S(Q) =S(R, B, P)
Sn(€2)

St. 81

S;

S (X, D), 8 (X)
Wa(u, v)

X

X, Xy, Xoo

X5, X%

1)

x, X, v, vi

XT

i,j.k,l

the barycenter of ® € P(TX) as in Definition 2.3;

the A-transformation of a set B as in Remark A.1;

Yosida approximation of a maximal dissipative B, see Appendix A;

minimal selection of a maximal dissipative B, see Appendix A;

the sequential closure of F, see Proposition 2.20;

convex and closed and convex envelope of a set E in a Hilbert space;

the proper domain of a set-valued function as in Definition 2.14;

the proper domain of a functional ¢;

the map defined in Theorem 3.20;

a multivalued probability vector field and its section at u € P, (X), see Definition 2.14;
the A-transformation of F as in (2.18);

the set of admissible couplings between 1, v, see (2.1);

the set of optimal couplings between ., v, see Definition 2.3;

the maps as in the beginning of Section 3;

the identity map on a set X;

the resolvent operator of a maximal dissipative B, see Appendix A;

the 2-nd moment of v € P»(2") as in Definition 2.3;

the partial 2-nd moment of ® € P, (TX) as in (2.5);

a directed subset of N w.r.t. the order induced by <, see Appendix B;

a standard Borel space endowed with a nonatomic probability measure, Definition B.1;
a I1-refined standard Borel probability space, see Definition B.3;

the set of Borel probability measures on the topological space 2;

the sets defined in (3.19), (3.20);

the sets in (8.2);

measures in P(2") with compact support or finite quadratic moment, see (2.6);
the space P> (TX) endowed with the strong-weak topology as in Definition 2.4;
projections from a product space to one or more factors as in (2.1);

the pseudo scalar products as in Definition 2.12;

the duality pairings as in Definition 2.12;

the duality pairings as in Definition 2.18;

measure-preserving isomorphisms on (£2, B, IP), see Appendix B;

subset of S(€2, B, P) of maps that are By — By measurable;

Eulerian and Lagrangian semigroups, Definition 4.1;

semigroup generated by a maximal dissipative B, see Appendix A;

the subsets of X x P> (X) as in (2.15);

the L2-Wasserstein distance between 1 and v, see Definition 2.3;

a separable Hilbert space;

the Hilbert spaces L3(2, B, P; X), L2(2, By, IP; X) and the union of the Xy respectively;
a separable Hilbert space endowed with its strong and weak topologies;

the tangent bundle to X, usually endowed with the strong-weak topology;

the projection maps defined in (2.2) and in Section 2.2;

the evaluation map defined in (2.4).

13
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In this first section of general measure theory preliminaries, we consider 2", % to be Lusin
completely regular topological spaces. We recall that a topological space 2 is completely regu-
lar if it is Hausdorff and for every closed set C and point x € 2"\ C there exists f : 2~ — [0, 1]
continuous function s.t. f(C) = {1} and f(x) = 0. A Hausdorff topological space is Lusin if its
topology is coarser than a Polish topology. This general setting is convenient for our analysis
which deals with Borel probability measures defined in (subsets of) a separable Hilbert space
Z, which could be endowed with the strong or the weak topology.

We denote by P(Z") the set of Borel probability measures on 2~ endowed with the weak/nar-
row topology induced by the duality with the space of real valued continuous and bounded
functions Cp(Z"). Thus, given a directed set A, we say that a net (ity)gea C P(Z7) converges
narrowly to u € P(Z"), and we write uy — w in P(Z), if

lim/god,ua = /godu for every ¢ € Cp(Z).
o

Given u € P(2") and a Borel function f : 2" — %, we define the push-forward fz € P(¥)
of u through f by

/sod(fuu)=/<pofdu

4 Z

for every ¢ : % — R bounded (or nonnegative) Borel function.
We recall the so-called disintegration theorem (see e.g. [1, Theorem 5.3.1]).

Theorem 2.1. Let W', 2 be Lusin completely regular topological spaces, p € P(#') and
r:W — Z aBorel map. Denote with . = rypt € P(Z"). Then there exists a p-a.e. uniquely de-

termined Borel family of probability measures {jt,}cc 2~ C P(#) such that w..(# \r~'(x)) =0
for p-a.e. x € ', and

/f/)(w)dlt(w)=/ [ p(w)dp, (w) | du(x)
V4 Z r=1(x)

for every bounded Borel map ¢ : W — R.

Remark 2.2. When # = 2 x 25 and r is the projection 7! on the first component, we can

canonically identify the disintegration {gt, },c2; C P(#) of p € P(Z1 x Z3) wrt. = nﬁlu

with a family of probability measures {1y, },,e2; C P(22). We write p = f% M, dpe(xp).
Given u € P(Z), v € P(#), we define the set of admissible transport plans

Puov) i={y P2 x @) | wly =p. 7dy =v}, @.1)

where we denoted by 7/, i = 1, 2, the projection on the i-th component and we call néy the i-th
marginal of y.

14
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2.1. Wasserstein distance in Hilbert spaces and strong-weak topology

From now on, we denote by X a separable (possibly infinite dimensional) Hilbert space with
norm | - | and scalar product (-, -). When it is necessary to specify it, we denote by X* (resp. X")
the Hilbert space X endowed with its strong (resp. weak) topology. We remark that X is a Lusin
completely regular space and that X* and X" share the same class of Borel sets and thus of Borel
probability measures. Therefore, we are allowed to adopt the simpler notation P(X) and to use
the heavier P(X*) and P(X"™) only when we will refer to the corresponding topology.

We adopt the notation TX for the tangent bundle to X, which is identified with the cartesian

product X x X with the induced norm |(x, v)| := (|x|2 + |v|2)1/ % and the strong-weak topology
of X¥ x X% (i.e. the product of the strong topology on the first component and the weak topology
on the second one). The set P(TX) is defined thanks to the identification of TX with X x X and it
is endowed with the narrow topology induced by the strong-weak topology in TX.

We will denote by x, v: TX — X the projection maps defined by

x(x,v):=x, v(x,v)=nv. 2.2)
When dealing with the product space X*> we use the notation
s: X2 X2, s(xo,x1) = (x1,%0), (2.3)
X X2 > X, x(x0,x1):=(1—0xo+1x;, tel0,1]. (2.4)
Definition 2.3. Given u € P(X) and ® € P(TX) we define

mio = [ P, 105 i= [P dee. @5)

X ™
and the spaces
P20 1= (1 € POO [ Ma(w) < o0}, Pa(X|w) = {® € PTX) 1 3 = 1, bl < +00.

(2.6)
Given ® € P> (TX|w), the barycenter of ® is the function b € L%(X, u; X) defined by

bo(x) = / vd®d,(v) forpu-a.e. x€X, 2.7
X

where {®,}rex C P2(X) is the disintegration of ® w.r.t. u. We set bar (®) := (ix, bop)su. We
say that ® is concentrated on a map (or that it is deterministic) if ® = bar (®).

For the following recalls on Wasserstein spaces we refer e.g. to [1, §7]. On P,(X) we define
the L2-Wasserstein distance W, by

W3 (. v) := inf /|x —yPPdye.y) |y €T, v) ¢ (2.8)
X2
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For the sequel, the set I', (i, v) denotes the subset of admissible plans in I'(u, v) realizing the
infimum in (2.8). We say that a measure y € P»(X x X) is optimal if y € I‘O(nuly, rrﬁzy). We
recall that y € P>(X x X) is optimal if and only if its support is cyclically monotone i.e.

for every N € N and {(x;, yn)},]:’=1 C supp py with xo := xy we have

N 2.9)
Z(an Xp — Xp—1) = 0.

n=1

We recall that the metric space (P2(X), W) is a complete and separable metric space and the

Ws-convergence (sometimes denoted with &)) is stronger than the narrow convergence. More
precisely, if (1y)neN C P2(X) and p € P2 (X), the following holds (see [1, Remark 7.1.11])

1% — win P(X5),
Mn—2>lh asn— +o00 < Hon g (X asn — +o00.
ma (i) = ma(u),

In the following Definition 2.4 and Proposition 2.5, we recall the topology of P5" (TX) (see [43,
28]).

Definition 2.4 (Strong-weak topology in P>(TX)). We denote by P35 (TX) the space P»(TX) en-
dowed with the coarsest topology which makes the following functions continuous

¢r—>/§(x,v)d<b(x,v), ¢ e G (TX),
X

where C3” (TX) is the Banach space of test functions ¢ : TX — R such that

¢ is sequentially continuous in X* x X%,
Ve>03A,>0:|0(x,v)| < Ag(1 4 |x|>) +¢|v|> forevery (x,v) € TX.

The following proposition (whose proof can be found in [43]) summarizes some of the prop-
erties of the topology of P5* (TX).

Proposition 2.5.

(1) If (®p)nen C P2(TX) is a sequence and ® € P (TX), then &, — & in P5¥(TX) as n — +00
if and only if
(a) ®, — @ in P(TX) = P(X® x X¥),
(b) lim f [x|?>d®,(x, v) = / Ix|?d®(x, v),
n——+00

D% DY
(c) sup/ |v|2d<I>n(x,v) < 400.
n
D4
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(2) For every compact set X C Po(X*) and every constant ¢ < 400 the sets

K, = |c1> € Pr(TX) 1 x:® € K, f w2 do(x, v) < c}
12

are sequentially compact in P5% (TX).

For the sequel, we recall the concept and main properties of geodesics in P,(X). Given an
interval J C R, we denote equivalently by w(#) or p, the evaluation at time ¢ € J of a curve
w:J— Pr(X).

Definition 2.6 (Geodesics). A curve w : [0, 1] — P»(X) is said to be a (constant speed) geodesic
if forall0 <s <t <1 we have

Waus, pe) = (1 —s)Wa(po, p1)-
We also say that u is a geodesic from g to 1.

Definition 2.7 (Geodesic and total convexity). We say that A C P»(X) is a geodesically convex
set if for any pair g, ;1 € A there exists a geodesic w : [0, 1] — P2 (X) from pg to @ such that
u: € Aforallr €0, 1].

We say that A C P2(X) is totally convex if for any pair wo, 1 € A and any coupling y €
(1o, 1), we have that (x');y € A for any ¢ € [0, 1].

Remark 2.8. Since total convexity will play a crucial role in the present paper, let us recall a
few examples of totally convex sets in P> (X), which are induced by a lower semicontinuous
and convex function P : X — (—00, +00] and a real number c: the sets of measures u € P (X)
satisfying one of the following conditions:

P(/de(X)> <c, /P(x)du(X) <c, /P(x — AR () <c.
X X X2
Clearly, one can replace large with strict inequalities in the previous formulae. Choosing P as

the indicator function of a convex set U C X (i.e. P(x) =0if x € U, P(x) = 400 otherwise), one
obtains conditions confining the barycenter, supp u, or supp i — supp i to a given set U.

The following useful result (see [1, Theorem 7.2.1, Theorem 7.2.2] for the first part and [52,
Lemma 5.29] or the proof of [28, Lemma 3.20] for the last assertion) on geodesics also points

out that total convexity is stronger than geodesic convexity.

Theorem 2.9 (Properties of geodesics). Let o, 1 € Po(X) and p € T'y(po, £1). Then -
[0, 1] — P2(X) defined by

=z, 1€[0, 11, (2.10)
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is a (constant speed) geodesic from [ to (1. Conversely, any (constant speed) geodesic [ from
Ko to w1 admits the representation (2.10) for a suitable plan p € T'p (10, t1)-

If 1 is a geodesic connecting (i to [L1, then for every t € (0, 1) there exists a unique optimal
plan p,o between ; and o (resp. p,, between p, and (1) and it is concentrated on a map
w.r.t. [;, meaning that there exist Borel maps ry, r} : X — X such that

oo = Gx, rodee, ey = (Ex, Fsite-
Finally, the map X! is w-essentially injective.
The following defines the counterpart of C2° (R?) when R? is replaced by X.
Definition 2.10 (The space Cyl(X) of cylindrical functions). Given d € N, we denote by L;(X)
the space of all linear maps = : X — R4 of the form 7(x) = ({x,e1), -, (x,eq)) where

{e1,...,eq} is any orthonormal family of vectors in X. A function ¢ : X — R belongs to the
space of cylindrical functions on X, Cyl(X), if it is of the form

p=vYom
where m € Ly(X) and ¢ € CSO(Rd) for some d € N.

Given v € P, (X), we define the tangent space to P,(X) at v by

L2(X,v; X
Tan, P2(X) := (Vo | g € CYI0] .

If J C R is an open interval and p : J — P (X) is a locally absolutely continuous curve, we define
the metric velocity of pu att € J as

W3 )
.2 . > \Mt+hs Ut
= lim ————,
|/~’Ll | hl—IR) ]’l2
which exists for a.e. r € J.
The following result (see [1, Theorem 8.3.1, Proposition 8.4.5 and Proposition 8.4.6]) char-
acterizes locally absolutely continuous curves in P, (X).

Theorem 2.11 (Wasserstein velocity field). Let u : I — P2 (X) be a locally absolutely continuous
curve defined in an open interval I C R. There exists a Borel vector field v :J x X — X and a set
A(w) C Iwith LI\ A(w)) = 0 such that for every t € A(l) the following hold

(1) v; € Tan,, P2(X);

(2) [y loeldps = gul?;
(3) the continuity equation 0:ius + V - (v: 1) = 0 holds in the sense of distributions in J x X, i.e.

%/{ du, = /(vt(x), Ve (x))dus(x) forevery ¢ € Cyl(X) and a.e. t € J.
X X
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Moreover, v; is uniquely determined in L(X, us; X) fort € A(n) and

Wo((@ hv ,
lim 2((x + hve)spie, en) —0 foreveryte A(u).
h—0 |h|
2.2. Duality pairings
In this subsection we collect the main objects involving duality pairings between measures in

P2 (TX). We report here a summary of the results needed in the sequel and we refer to [28] for a

wider discussion on this matter.

As usual, we denote by x°, v¥, x! : TX x X — X the projection maps of a point (xg, vg, x1) into

X0, vo or xp, respectively (and similarly with x°, v%, x!, v! when they are defined in TX x TX).

Definition 2.12 (Metric-duality pairings). For every ®q, ®1 € Po(TX), 1 € P2(X), # € Pr(X x
X),t€[0,1]and ¥ € sz(TX|xg1?), we set

A@o, 1) i={o € T(@0, 1) | . x')s0 € ToxsPo. )]
A(®o, @) = [© € T(Po, ®1) | (€,x);0 € Ty (x: 00, %:01) ]
(Y, 9) = {a ePa X xX) |, x)so =1, (o, x),V0)0 = \y] .

We set

[cbo,m],::min{f (xo—x1. v0) do [ & € A(®g. 1) | .
TXxX

[P, p1]; == maxl / (xo — x1,v0)do |0 € A(Pg, 1) ¢,
TXx X

[d’o,@l]rl:min{ / (x0 —x1,v0 —v1)dO | O € A(Dg, Py) ¢,
TXXxTX

[@g, D], 1=max{ / (x0 —x1,v0 —v1)dO | ® € A(Pg, Py) ¢,
TXxTX

(W, #],, = min{ / (xo — x1,v9) do (xp, vo, x1) |0 € ' (W, #) ¢,
x X

[V, #];.; := max l / (xp — x1, vg) do (xg, vg, x1) | o € T, (¥, #)
TXxX
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The following theorem summarizes some of the properties of duality pairings analyzed in
[28].

Theorem 2.13. The following properties hold.

(1) (Inversion) For every & € P2(X?), t €[0,1], ¥ € sz(TX|x%17) it holds

[lIJ’ ﬂ]r,t = _[\Ila Sﬁ"]l,]*l‘a

where s is as in (2.3).
(2) (Comparison) For every o, i1 € P2(X) and every &g € Pr(TX|no), 1 € Pa(X|wy), it
holds

[®o, 1], = min [P, #],0, [®o, u1]; = max [P, ] 0,
#elo(o,m1) Bl (1o, 41)

[Po, 1], +[®1, pol, < [Po, P1],,  [Po, u1l; + [P1, wol; = [Po, 1]y,

and

[®o, P1], < [Po, p1], + [P1, mol; < [Po, P1];.

(3) (Restriction) For every # € P2(X?), every 0 <s <t < 1 and every ® € 3’2(TX|X§#), VS
Py (TX|x§1?) we have

1 1 '
[(Da l,]r,s = :[(Ds (Xss Xt)j'}]r,09 [\I/’ ﬂ]l,l = :[‘I’, (st Xt)ﬁﬂ]l,l' (211)

(4) (Trivialization) If 9 € P>(X?), t € [0,1], ¥ € iPz(TX|X;19) and X' : X? — X is #-essentially
injective or V is concentrated on a map, then I'; (W, #) contains a unique element and

[V, #] =V, 2], = f(bw (X' (x0, x1)) , x0 — x1) d# (x0, x1), (2.12)
X2
with by the barycenter of WV as in Definition 2.3. .
(5) (Semicontinuity) Let (®;),en C P2(TX) be converging to @ in Py (1X), i = 0,1, let

(B )neN C Pa(X?) be converging to # in Pa(X2), let (vp)peny C P2(X) be converging to
vin Pr(X) and let t € [0, 1]. Then

1iminf[d>2,vn] z[cbo,v] , 1imsup[®2,vn]l§[¢0,v]l,
r r

n—+00 n—+00

liminf | @), 0] =[o" '] . limsup[CD?l,d),ll][f[CDO, q>1]l,
r

n—>+00 r n—+00

liminf[®), #y1r, > [®°, ]y, limsup[@y, Byl < [0°, Dy,

n——+00
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(6) Let 3 C R be an open interval, let /,Ll, /Lz : I — Pr(X) be locally quOIutely continuous
curves and let v', v? : J x X — X be Borel vector fields such that v} ||L2(X’M§;X) € Llloc(ﬂ),
i =1,2, and such that

Orjuf + V- (Wjup) =0

holds in the sense of distributions in 3 x X, i = 1,2. Let A(u'), A(u?) C I be as in Theo-
rem 2.11. Then

(a) for every v e P»(X) and every t € A(i'), i = 1,2, it holds

20,0 2¢,,i
lim W5 (M;+h’ v) — W, (up,v)
hl0 2h

= [(ix, v, v]r,

20,1 200,10
lim Wy (,U«;+h’ V) — Wy (a1, v)
h10 2h

= [(ix, vl v]l;

(b) there exists a subset A C A(u') N A(u?) of full Lebesgue measure such that s —
WZZ(;L},, u%) is differentiable in A and for every t € A it holds

Sdr 2 (u ) = [(l'x, v)eiy s (ix, vf)nﬂ«?]r = [(ix7 )z s Gix, v?)w?]l :

Proof. We give a few references for the proofs. Property (1) is [28, (3.27)]. Property (2) comes

from the definition and [28, Corollary 3.7]. We sketch the proof only for the last property in (2):
take 0 € A (Do, pt1) such that

[P0, 1], = / (xo — x1, vo) do,
T™XxX

and consider ©® € P,(TX x TX) such that (x°, 0, xl)ﬁ(-) =0 and (x', vl)uG) = &;. Notice that
such a measure ® exists by disintegration and gluing arguments. Then @ € A(®q, ®1), so that

[®g, D], < / (xo — x1,v0 — v1) dO
™XXTX

= / (xo —x1,v0)do + / {(x1 — x0,v1)dO
T™XxX TXXTX
<[®o, 1l +[P1, pol; -
The strategy for proving the remaining inequality in (2) is identical.

Assertion (3) follows from the fact that, if we define 75" : TX x X = TX x X and £ : P»(TX x
X) —> R as

T (x0, vo, x1) := (x* (x0, x1), vo, X' (x0, X1)), L(o):= / {vo, xo — x1) do (xo, vo, X1),

TXxX
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it is clear that
[®. u)rs =inf{L(0) |0 € T(D, w)}, [P, (X, X )zl 0 =inf{L(0) |0 € To(®, (x*,x)p)}.

Then, the first equality in the statement follows noting that T;’I(FS (P, ) =To(D, (x°, x")sp)
and that L(Tﬁ”a) = (t — s)L(o) for every o € P>(TX x X). The second equality follows from

the first one and (1). Item (4) is [28, Remark 3.19]. Item (5) easily follows by [28, Lemma 3.15].
Finally, item (6) is provided by [28, Theorem 3.11, Theorem 3.14, Remark 3.12]. O
2.3. Multivalued probability vector fields, metric dissipativity and EVI solutions

We recall now the main definition of Multivalued Probability Vector Field and of metric dis-
sipativity.

Definition 2.14 (Multivalued Probability Vector Field - MPVF). A multivalued probability vec-

tor field F is a nonempty subset of P>(TX) with D(F) := xz(F) = {x;® : & € F}. Given any
u € Pr(X), we define the section F[] of F as

Flul:={®eF|x;®=pu}.
We say that F is a Probability Vector Field (PVF) if x; is injective in F, i.e. F[u] contains a
unique element for every u € D(F).
A selection ' of a MPVF F is a PVF such that F' ¢ F and D(F') = D(F).
A MPVF F C P(TX) is deterministic or concentrated on maps if every ® € F is deterministic
(see Definition 2.3).

Starting from a MPVF F, the barycentric projection (2.7) induces a deterministic MPVF
which we call bar (F), defined by

bar (F) [u1] := {bar (®) = (ix, bo)sp : ® € Ful}, € D(F). (2.13)

We will also use the notation
map (F) (1] i={ £ € LXK, w3 X0 ix, Hzi e Flul}, weD®,  214)
to extract the deterministic part of a MPVF F: notice that a MPVF F is deterministic if and only if

F =bar (F) = {(ix, Sz femap(F)[ul, pe D(F)}. Conversely, for a given set D C P> (X),
define

SX, D) :={(x,n) eXx D|xesupp()}, SX) :=8X, Pr(X)), (2.15)

and let us consider a continuous map f : 8 (X, D) — X. If, for every u € D, the integral
fx | £ (x, w)|?>du(x) is finite, then f induces a PVF F defined by

F={(ix, f(.u)epn:peD}, DF)=D.
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We often adopt the convention to write f[u] for the function
Slul(x) := f(x,w), x €supp(u),
in particular when f[u] is just an element of L2(X, w; X).

Definition 2.15 (Metrically A-dissipative MPVF). A MPVF F C P,(TX) is (metrically) A-
dissipative, A € R, if

[@o, P11, <AW3 (o, 1) YV ®o, @1 €F, o =x;P0, o1 =x;P1. (2.16)
When A = 0, we simply say that F is dissipative.
Remark 2.16. Thanks to Theorem 2.13(2), (2.16) implies the weaker condition
[®0, w11, + [@1, wol, < AW3 (10, 1), Y @0, @1 €F, no=xPo, 1 =x:d1.  (2.17)
Given a MPVF F C P, (TX), we define its A-transformation, F*, and its opposite, —F, as
P ::LQF:{Lgcb : q>eF}, (2.18)
—F:= {(x, —Vv);d: P e F} , (2.19)
where L* : TX — TX is the bijective map defined by
L= (X, v —AXx).

Similar to Remark A.1 for the case of operators in Hilbert spaces, we recall the following result
(cf. [28, Lemma 4.6])

Lemma 2.17. F C P,(TX) is a A-dissipative MPVF (resp. satisfies (2.17)) if and only if F* is
dissipative, i.e. O-dissipative (resp. satisfies (2.17) with A =0).

Definition 2.18. Let F C P, (TX), uo, 11 € D(F). We define the set
P (0. 11 [F) = { i € Do, 1) | X € D) for every ¢ € [0, 11}
If w € T'(o, w1 |F) and 7 € [0, 1], we define
[F, il = sup {[®, plo | ® € Flu,l},  [F, gl :=inf{[®, uli, | D €Flul}.
In the following theorem we discuss the behavior of duality pairings with F along geodesics.

Theorem 2.19. Let F be a MPVF, let g, w1 € D(F) and let u € T' (o, w1 |F) N Ty (o, 1). IfF
satisfies (2.17), then the following properties hold.

(1) [F, pnly; <[F, puly; for everyt € (0,1);
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(2) [F, wlrs < [F, plis + 2 = 5) W3 (po, 1) forevery0<s <t < 1;

(3) t = [F, wly + At sz(,uo, w1) and t — [F,nl; + At W22(M0, 1) are increasing respec-
tively in [0, 1) and in (0, 1];

(4) [F, ul;; =[F, pulr; at every point t € (0, 1) where one of them is continuous and thus coin-
cide outside a countable set.

Proof. Item (1) immediately follows from the definition. Item (2) is proven in [28, Theorem
4.9], while (3) and (4) follow from (2). O

Proposition 2.20. If F is a A-dissipative MPVF then its sequential closure
CI(F) := {cb € Py(TX):3D, €F: d, — ® in ?;W(TX)}. (2.20)
is A-dissipative as well.
Proof. It follows from Theorem 2.13(5). See also [28, Proposition 4.15]. O
We recall the definition of A-EVI solution for a MPVE.

Definition 2.21 (A-Evolution Variational Inequality). Let F be a MPVF and let A € R. We say
that a continuous curve u : J — D(F) is a A-EVI solution for the MPVF F if

1d
3 EW%(M, x; @) < AW (ir, ;@) — [®, ], in 2’ (int (7)) for every ® € F,

where the writing 2’ (int (J)) means that the expression has to be understood in the distributional
sense in int (J).

Remark 2.22. In the classical theory, if B C J{ x H is a A-dissipative operator in a separable
Hilbert space H, then any differentiable solution to x(¢) € B[x(¢)] satisfies the associated A-EVI,
ie.

1d
SO - yI> <Alx(®) = yI* — (w, y — x(1)), forevery (y, w) € B.

Maximality of B gives also the reverse implication. In our case of the space P, (X), a full char-
acterization of the A-EVI notion of solution in Definition 2.21 with the solution of a continuity
equation formulation of the measure differential equation fi; € F[u,] is done later in Section 4, in
particular in Theorem 4.5, following a Lagrangian approach. This requires appropriate assump-
tions on the MPVF F. We refer the reader to [28] for an alternative, metric-based, approach to
this subject.

Remark 2.23. In light of Theorem 2.13(6a) and recalling [28, Remark 5.2], an absolutely con-
tinuous curve u : J — D(F) is a A-EVI solution for the MPVF F if and only if

W3 (ens v) — W5 (e, v)
lim
10 2h

for every t € A(u) and every ® € F,

<AW3Z (i, x: @) — [®, ],
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where A(u) C Jis as in Theorem 2.11.
3. Invariant dissipative operators in Hilbert spaces and totally dissipative MPVF's

From now on, X will denote a separable Hilbert space; we will also consider a standard Borel
space (€2, B) endowed with a nonatomic probability measure P (see Appendix B and in partic-
ular Definition B.1) and the Hilbert space X defined by

X:=L*Q,B,P: X).

We will use capital letters X, Y, V, ... to denote elements of X (i.e. X-valued random variables).
We denote by ¢ : X — P>(X) and 2 : X x X — Po(X x X) = P»(TX) the push-forward opera-
tors

U(X) := X, P, 2(X, V)= (X, V)P, (3.1
We frequently use the notations tx = ¢(X) and t%m, =2(X, V).

Definition 3.1 (Measure-preserving isomorphisms). We denote by S(2) the class of B-B-
measurable maps g : 2 — Q which are essentially injective and measure preserving, meaning
that there exists a full P-measure set Qo € B such that g is injective on ¢ and g:P = P. Ev-

ery g € S(2) has an inverse g_1 € S(2) (defined up to a P-negligible set) such that g_l og=
gog '=igP-ae. in Q.

In Section 3.1 we report some properties (see [29] for details and proofs) of the resolvent op-
erator, the Yosida approximation and the minimal selection of a maximal A-dissipative operator
B C X x X which is invariant by measure-preserving isomorphisms. In Section 3.2 we study
the relation between A-dissipativity for an invariant subset B of X x X, and corresponding total
A-dissipativity of the image/law F of B in P, (TX). The particular case of deterministic MPVFs is
considered in Section 3.3. These results are then used, in Section 4, to analyze well-posedness of
the Eulerian flow for F generated by the corresponding Lagrangian one for B and the generation
of A-EVI solutions in P, (X).

3.1. Law invariant dissipative operators

Given a set B C X x X (as usual, we will identify subsets of XX x X with multivalued opera-
tors), we define B(X) :={V € X: (X, V) € B} and the domain D(B) :={X € X : B(X) # (}.

When B is maximal A-dissipative, the sections B(X) are closed and convex subsets of X, for
X € D(B), hence they contain a unique element of minimal norm, denoted by B°(X). For every
0 < 7 < 1/A™*, the resolvent operator J; := (i — tB) ' of Bisa (1 — M)’I—Lipschitz map
defined on the whole X, where we set AT := A v 0 and 1/A" = +oo if AT = 0. In particular,
given X € X, J(X) is the unique solution of the inclusion ¥ — X € t B(Y), so that

€ B,

(X)—X
(3200, 2:00-)

or, equivalently, we can write J;(X) = X+ 1V, for some V € B(J.(X)). The minimal selection
B° :D(B) — X of B is also characterized by
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B°(X) —im LX) =X
)0 T

The Yosida approximation of B is defined by B, := JTIJ For every 0 < 7 < 1/A%", B, is

maximal A/(1 — At)-dissipative and ﬁ-upsohitz continuous. We refer to Appendix A for

a recall of the main properties of the operators B°, J ., B, associated to B.

If B is a maximal A-dissipative operator, then there exists (cf. Theorems A.6, A.7 in Ap-
pendix A) a semigroup of eM -Lipschitz transformations (S;);>o with S; : D(B) — D(B) s.t. for
every Xo € D(B) the curve t — S; Xy is included in D(B) and it is the unique locally Lipschitz
continuous solution of the differential inclusion

X, € B(X,) ae.t>0,
X|t=0 = Xo.

By Theorem A.6(3), we also have

i Si+n(Xo) — 81 (Xo)
1im
hl0 h

= B°(S;(Xyp)), forevery Xoe€ D(B) and every ¢ > 0.

Let us now consider the particular classes of operators which are invariant by measure-preserving
isomorphisms or law-invariant.

Definition 3.2 (Invariant operators). We say that a set (or a multivalued operator) B C X x X is
invariant by measure-preserving isomorphisms if for every g € S(R2) it holds

(X,V)eB = (Xog,Vog)eB.
A set B C X x X is law invariant if it holds
(X.V)EB, X'V eX, 15 y=t)y = (X.V)eB.

An operator A : X D D(A) — X, is invariant by measure-preserving isomorphisms (resp. law
invariant) if its graph is invariant by measure-preserving isomorphisms (resp. law invariant).

We recall that «(D(B)) = {[X :Xe D(B)} is the image in P»(X) of the domain of B. The

results in the following Lemma 3.3 and Theorem 3.4 are presented in [29, Section 4] to which
we refer for the proofs.

Lemma 3.3 (Closed invariant sets). Let B C X x X be a closed set. Then B is invariant by
measure-preserving isomorphisms if and only if it is law invariant.

For the following, recall that 8 (X, D) is defined in (2.15).
Theorem 3.4 (Representation of resolvents, Yosida approximations, and semigroups). Let B C
X x X be a maximal A-dissipative operator which is invariant by measure-preserving isomor-

phisms. Then for every 0 <t < 1/AT, t > 0 the operators B, B, J., S;, B° are law invariant.
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Moreover there exist (uniquely defined) continuous maps j, : 8 (X) = X, by : 8§(X) — X, and
s::8 (X, (D(B))) — X such that:

forevery X € X, J:(X)(w) = j, (X (), tx) for P-a.e. w € 2, 3.2)
for every X € X, B;(X)(w) = b (X(w), tx) for P-a.e. w € 2, 3.3)
for every X e D(B), S;(X)(w) = s;(X(w), tx) for P-a.e. w € Q; 34

Furthermore,

e the following invariance and semigroup properties are satisfied

peD(B) = s, wyue(D(B));
neuDB) = s e(DB)); (3.5)

Sen(x, ) =sp(se(x, ), 5:(-, wzp) forevery (x, u) €3 (X, L(D(B))) s, h>0;
e forevery u e L(D(B)), there exists a map b°[j1] € L*>(X, w; X) such that for every X € X

if ix = then X € D(B), B°(X)(w) = b°[n](X (w)) for P-a.e. w € Q. (3.6)

The map b°[ ] is A-dissipative in a set Xg C X of full p-measure and satisfies

2

1
}lii%/‘z(sﬁh(x,u)—&(x,u))—b°[st(wu)w](st(x,u)) du(x)=0, t=0; 3.7
X

e the following regularity properties hold

(1) forevery p € P2(X), the map j (-, ) : supp(p) — Xis (1 — kr)_l—Lipschitz continuous,
for0 <t <1/0%F;

(2) for every u € Pr(X), the map b (-, u) : supp(u) — X is 1(21__)‘);) -Lipschitz continuous, for
0<t<I1/AT;

(3) forevery u € t(D(B)), the map s;(-, 0) : supp(u) — X'is e)"-Lipschitz continuous.

Notice that when p € «(D(B)), (3.5) and (3.7) yield

2

1
]hlfS/ ’z(Sh(x, w) —x) —b°[ul(x)| du(x)=0. (3.8)
X

Remark 3.5. By Theorem A.4(1) and Lemma 3.3, a maximal A-dissipative operator B C X x X,
A € R, is law invariant if and only if it is invariant by measure-preserving isomorphisms. Hence,
in this case, we will simply use the word invariant. Notice moreover that if B is law invariant,
then also D(B) is law invariant in the sense that if X € D(B) and ty = tx then also Y belongs
to D(B). It is an immediate consequence of (3.6).
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3.2. Totally dissipative MPVFs

The aim of this section is to study the properties of MPVFs enjoying a strong dissipativity
property that we call total dissipativity.

Definition 3.6 (Total dissipativity). We say that a MPVF F C P, (TX) is fotally A-dissipative,
A € R, if for every ®@g, ;| € F and every & € I'(®g, P1) we have

f(vl —vp, X1 — xo) d? (xo, vo, X1, V1) < )»f lx1 — x0/d# (xo, vo, X1, v1). (3.9

2 2

We say that F is maximal totally A-dissipative if it is maximal in the class of totally A-dissipative
MPVFs: if F' D F and F’ is totally A-dissipative, then F' =F.

Of course, total A-dissipativity implies A-dissipativity (see Definition 2.15).
Remark 3.7. Notice that for a deterministic MPVF (recall Definition 2.14) total A-dissipativity
is equivalent to the following condition (when A = 0 see the analogous notion of L-monotonicity

of [24, Def. 3.31]): for every u; € D(F) and f; € map (F[u;]),i =0, 1, and every g € I'(eo, £1)
it holds

/(f1(x1, w1) — fo(xo, o), x1 — xo) dp(xp, x1) < )»/ lx1 — xol? dpe(x0, x1). (3.10)
X2 X2

We introduce now the natural notion of Lagrangian representation of a MPVF, based on the
maps ¢, 2 introduced in (3.1).

Definition 3.8 (Lagrangian representations and Eulerian images). Given B C X x X and F C
P, (TX), we say that B is the Lagrangian representation of F if

B="'(F) = [(X, V)eXxX: iy e F}
Conversely, if B C X x X we say that F is the Eulerian image of B if
F=2(B)= {@,V C(X,V) € B}.
Clearly, the Lagrangian representation B of F is law invariant, moreover B is the Lagrangian
representation of F if and only if F is the Eulerian image of B and B is law invariant.
Similarly to Remark A.1 concerning operators in Hilbert spaces, we highlight the following
result which allows a reduction of many arguments to the dissipative case A = 0.

Lemma 3.9. The following hold:

(1) F C Po(TX) is totally r-dissipative if and only if F* (cf. (2.18)) is totally O-dissipative;
(2) F C P>(TX) is maximal totally A-dissipative if and only if F* is maximal totally O-dissipative;
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(3) B C X x X is invariant by measure-preserving isomorphisms (resp. law invariant) if and only
if B* := B — Mi~ is invariant by measure-preserving isomorphisms (resp. law invariant);

(4) B C X x X is the Lagrangian representation of F C P2(TX) if and only if B* is the La-
grangian representation of F*.

Proof. The proof of item (1) is similar to [28, Lemma 4.6] and is based on the bijectivity of
the map L* := (x,v — Ax) : TX — TX. Hence, if ®; € F and &} := LQCD,- eF*, i =1,2, then
# € ['(®g, @) if and only if #* € T(®}, @}), with #* = (0, v — ax0, x!, vl — ax1);#. We can
thus prove only the left-to-right implication, the other will follow from the same procedure. We
have

/(Ul — w0, X1 — x0) d#* (x0, vo, X1, V1) = /(vl — vp — A(x1 — Xp), x1 — x0) di# (xp, vo, X1, V1)
=2 2

=f<v1 v —xo)dﬂ—xf 1 — xol2dd
*?2 x?2

SO’

by total A-dissipativity of F.
Items (2), (3) and (4) are straightforward. O

A first basic fact is stated by the following proposition.

Proposition 3.10. Ler B C X x X be the Lagrangian representation of F C P,(TX) according to
Definition 3.8. Then F is totally A-dissipative if and only if B is A-dissipative.

Proof. By Lemma 3.9 and Remark A.1, it is sufficient to prove the result in the case A = 0. Let
us first assume that F is totally dissipative. Let (Xo, Vo), (X1, V1) € B. Since @9 = L%O’VO eF,

o = l%(hvl e F and ¢ := (X0, Vo, X1, V1):P € I'(Po, P1), (3.9) yields

/(VI_VO»XI —Xo)d]P’=/(U1 —vp, X1 — xo)d# <0.

Q ™2

In order to prove the converse implication, let us assume that B is dissipative and take &g, ®; €
F, % e I'(®g, Py) and (Xg, Vpy, X1, V1) € X* such that (Xo, Vo, X1, V1)3P = #. Since &g, @ €
F, there exist (X, V) € B and (X|, V{) € B such that

2 2 2 2
Lxé,V6=¢0=LX0»V0’ LX’I,V{:q)llel,Vl'
By the law invariance of B, we have that (X, Vo), (X1, V1) € B, so that
/(Ul —vg, X1 — xo)d = (Vi — Vo, X1 — Xo)xx <0
'[Xz

by the dissipativity of B. O
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Example 3.11. Let us consider a map f : 8§ (X) — X (recall (2.15)) such that there exists L > 0
for which we have

[ f(x1, 1) — f(xo, mo)l < L (Walpo, 1) + |xo — x1])  for every (xo, o), (x1, u1) € 8(X).

We can also identify f with the map sending i — f (-, u) € Lip(X; X) (compare with the frame-
work analyzed by Bonnet and Frankowska in [10,14] and with the hypotheses in [21,4]). Let us
define the map B : X — X and the (single-valued, deterministic) PVF F C P, (TX) as

B(X)(w) = f(X(@),1x), XeX weQ,

F[//L] = (iX7 f(s M))ﬁ“’ ME?Z(X)

It is not difficult to check that B is 2L-Lipschitz and that F is maximal 2L-totally dissipative.
Indeed, for every X, Y € X, we have
1/2
|B(X) —B(Y)|x = / |B(X)(@) — B(Y)()|* dP(w)
Q

1/2

= fIf(X(w),tx))—f(Y(w),Ly)lzdIP’(w)
Q

1/2
<L /(Wz(tx,LIV)JrIX(w)—Y(w)l)2 dP (w)
Q

1/2 1/2
<L /sz(tx,cy)dJP’(w) + fIX(w)—Y(w)IzdIF’(w)
Q Q

<2LIX =Y|x

so that B is 2L-dissipative and therefore F is 2 L-totally dissipative as well by Proposition 3.10.
Maximality follows by the maximality of B and the next theorem.

Theorem 3.12 (Maximal dissipativity).

(1) Every \-dissipative operator B C X x X which is invariant by measure-preserving isomor-
phisms has a maximal \-dissipative extension with domain included in ¢o (D(B)) which is
invariant by measure-preserving isomorphisms (and therefore also law invariant).

(2) Let us suppose that B C X x X is the A-dissipative Lagrangian representation of the totally
Ar-dissipative MPVFE F C P2 (TX). Then B is maximal A-dissipative if and only if F is maximal
totally A-dissipative.

(3) If F C Po(TX) is a totally \-dissipative MPVF with domain included in a closed and totally
convex set C, then there exists a maximal totally A-dissipative extension of F with domain
included in C.

30



G. Cavagnari, G. Savaré and G.E. Sodini Journal of Differential Equations 470 (2026) 114395

Proof. By Lemma 3.9 and Remark A.l, it is sufficient to prove the result in case A = 0.
Item (1) is [29, Theorem 4.5]. Notice that, since it is maximal A-dissipative and invariant by
measure-preserving isomorphisms, a maximal A-dissipative extension of B is also law invariant
by Lemma 3.3.

Item (2) follows by the equivalence result of Proposition 3.10 and by item (1). In fact, if B is
maximal dissipative it is clear that F is maximal. Conversely, suppose that F is maximal and B
is its Lagrangian representation. By contradiction, if B is not maximal, Item (1) shows that there
exists a maximal and proper extension B of B which is law invariant. Therefore, B induces a
strict extension of F which is totally dissipative.

Item (3) is a consequence of items (1) and (2). O

Remark 3.13. Notice that if B is the Lagrangian representation of a maximal totally A-dissipative
MPVEF, then (! (D (F)) =D(B). In fact, it is sufficient to prove that if tx =« € D(F) then X €
D(B), since the converse inclusion is trivial. Given such a u = 1y € D(F), we can find a sequence
(n)neN C D(F) converging to u in P2(X). Applying the last statement of Theorem B.5 we can
then find a sequence (X,),ecN C X such that 1y, = u, and lim,_, 4 | X, — X|¢ = 0. We deduce
that X,, € D(B) by Remark 3.5 and therefore X € D(B).

The uniqueness of a maximal totally dissipative extension of a given totally dissipative MPVF
is investigated in Part Part II and, in particular, in Theorem 8.5 of which we report a simplified
version here.

Theorem 3.14. Let U C X be open, convex, non-empty and let ¥ C Pr(TX) be a totally -
dissipative MPVF whose domain satisfies

P ;(U) C D(F) C P2(0).

where P ¢ (U) := {u € P(U) : supp(u) is finite}. Then there exists a unique maximal totally A-
dissipative extension F of F with domain included in P, (U).

We now apply Theorem 3.12 to get useful insights on the structure of totally dissipative
MPVFs. The first result concerns the existence of a solution to the resolvent equation, which
provides an equivalent characterization of maximality and will be the crucial tool to implement
the Implicit Euler method, see Corollary 4.7.

Theorem 3.15 (Solution to the resolvent equation). A totally A-dissipative MPVF F C P, (TX) is
maximal A-dissipative if and only if for every € P(X) and every 0 < T < 1/A™T there exists
® e F such that (x — tv)z ® = . Moreover, if F is a maximal totally A-dissipative MPVF, then
for every € Po(X) and 0 < T < 1/AT, such a ® is unique.

Proof. Let B be the Lagrangian representation of F that is A-dissipative by Proposition 3.10.
If F is maximal A-dissipative, then B is maximal A-dissipative as well by Theorem 3.12(3), so
that for every ¥ € X with ty = and 0 < 7 < 1/A™ there exists a unique (X, V) € B such that
X —tV =Y (cf. Theorem A.2(1)) so that ® := L%(’V € F satisfies (x — tv); @ = . Moreover, we
can prove that such @ is unique. Indeed, assume there exists ®' € F such that (x — tv); ®’ = u.
Let (X’, V') € B such that &' = Li/’v, and Y’ := X’ — tV’. By definition, we have
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J:V)=Y+1V=X, J,Y)=Y+1V =X

By Theorem 3.4, there exists a map j, representing J.. In particular, defining the map a’ :
supp(p) = X X X,

Jo(x, ) —x

ay (x):= (J'f(x,u),

we have that a%' (Y) = (X, V) and a¥ (Y') = (X', V'). Since 1y = ty: = uu, we get ti,,’v, =%y
In particular, &' = ®.

Conversely, we prove the reverse implication of the statement. Let us now suppose that F is
not maximal A-dissipative, so that B is not maximal A-dissipative and it admits a proper maximal
A-dissipative law invariant extension B by Theorem 3.12. Consider the following objects:

(X,V)EE\B, 0<t<l/k+, ?::X—IV, and,u::tf.

We claim that the equation ® € F, (x — tv)3® = u has no solution. We argue by contradiction,
and we suppose that ® € F is a solution: we could find (X, V) € B such that setting Lg( vy =

and setting ¥ := X — vV we have iy = u._ . .
We use the maximal A-dissipativity of B and we denote by J the resolvent associated to B,
by j, the map induced by Theorem 3.4 as in (3.2), and we set

~ 1 -
b (x):= ;(J'T(x, m) —x), x €supp(i).

We have
f( = jTZY) = .;.-[(?7 H’)’
X=J:(Y)=J (Y, p);
V= %(5( —Y)=b,(Y);
1

V=—(X-Y) = b, (Y).

It follows that L%{ = (}’,(-,,u),i)r)w = L%LV = & € F so that (X, V) has the same law of

(X, V) and therefore belongs to B, a contradiction. O

We now show that a maximal totally A-dissipative MPVF is sequentially closed in the strong-
weak topology of P53 (TX), recall (2.20).

Proposition 3.16 (Strong-weak closure). The sequential strong-weak closure cl(F) of a totally A-
dissipative MPVF F is totally A-dissipative as well. In particular, if F is maximal, then c1(F) =F.

Proof. As usual, it is sufficient to check the property for A = 0. Let @', ®” € cl(F) and # €
(@', @”). Denoting by {e;};cy an orthonormal system for X, we introduce on X and on TX
respectively the distances
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“+o00
d” (i, v) ==Y 27 (J(v1 — v, @) A 1),
i=1

172
¢ (et o), (e, v) = (1 =3l + 0" (v1,v2)?) )

whose induced topologies are weaker than the weak (resp. the strong-weak) topology of X
(resp. TX), see also the proof of [43, Proposition 3.4]. Denoting by W5* the 2-Wasserstein dis-
tance on P, (TX) induced by d**, we have

D, —>d inPAX) = WS(D,, D) — 0.

By definition of cl(F) we can find two sequences (®}),eN, (P))qeN in F respectively con-
verging to @’ and ®” in P (TX). We denote by y; € '} (®;,, @) and y,, € T}" (", @))) the
corresponding optimal plans for W5".

Denoting the elements of TX* by (x1, v}, X1, v1, x2, v2, x5, v5) and using the gluing lemma
we can find a plan o, € P>(TX*) such that (X}, V] X1, VD)0, = ¥, (X1, V1, X2, V2)p0, = B,
(x2,V2,X5,V5)z0, = y,. We also have

lim (IXE —x1 2+ 2 = X5 PP +dP (), v)? + d¥ (v, vz)z) do, =0,

n——+0o0
Tx4

sup [ (101 lor + 0aF + 1051 dors < oc,
neN
™4

so that setting 6, := (X}, X3, V|, V;)z0, we have
G, — (X1,%X2, V1, V2)sd  in i]’;“’(X2 x X2).

Since (x, V], X5, V5)z0, € T'(P,, ), the total dissipativity of F yields

(Vi —V2,X] —X2)do, = /(v’1 — V), X] —x3)do, <0 foreveryn e N. (3.11)
X2x X2 x*
Since the function ¢ (xy, x2; vy, v2) 1= (vi — V2, X] — X2) belongs to C3* (X2 x X2) (cf. Defini-

tion 2.4), the convergence in P3* (X2 x X?) is sufficient to pass to the limit in (3.11) and thus
get

f(vl —vVvy,X] —X2)dd# <0. O
-|X2
We can also prove that the sections F[u] of a maximal totally dissipative MPVF are (condi-
tionally) totally convex. In the following statement we consider the space X x X whose variables

are denoted by (x, vy, --,vy) and the corresponding projections are x(x, vy, -+, Vy) = X,
vi(x, v, -+, UN) ==
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Proposition 3.17 (Total convexity of sections of maximal totally dissipative MPVF). If F C
Pr(TX) is a maximal totally A-dissipative MPVF, then for every u € D(F) the section F[u]
satisfies the following total convexity property:

if A € Pa(X x XN) satisfies (x,vi)y A € Fluland o; > 0,i =1,---, N with Y "o = 1, then

(x. ) avi): A € Flul.

(3.12)

Proof. Since F is maximal totally A-dissipative, by Theorem 3.12, its Lagrangian representation
B C X x X is maximal A-dissipative.

We can find (X, Vy, Va,---Vy) € X x XN such that (X, V;, Vs, - V)P = A. We de-
duce that (X, V;) € B since t%m,’_ € F. Since the sections of B are convex, we deduce that
(X, i Vi) € B as well, so that

(x, Xi:aiv,-)ﬁA = (X, Xi:ai‘/i)ﬁ]? eF. O

We can now derive a remarkable information on the structure of a totally dissipative MPVE,
which involves the barycentric projection introduced in (2.13).

Theorem 3.18 (Barycentric projection). Let ¥ be a MPVF and . € D(F) such that F[u] is closed
in P2 (TX) and satisfies the total convexity property (3.12). Then bar (F) [u] C F[u]. In particular,
if F is a maximal totally \-dissipative MPVF, then bar (F) C F.

Proof. We use an argument which is clearly inspired by the law of large numbers.

Let {®,}rex be the disintegration of ® € F w.r.t. its first marginal u € D(F). For a given
integer N and every x € X we define the product measure ®Y := (0,)®N € P,(XV) and the
corresponding plan

AN = /5x ® N du(x) € Pa(X x XM).
X

It is clear that A" satisfies the condition of Proposition 3.17: choosing «; := 1/N we deduce
that WV := (x, & Y, vi)s AN € Flul.

Let now W := (ix, bo)s 1. We can easily estimate the squared Wasserstein distance between
W and ¥V by

1 2 1

Wi o= [ |5 u b aat =5 [0 bewof do
Xx XN ! L

where we used the following orthogonality for i # j
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/ (v — bo(x). vj — bo(x)) dAN
Xx XN

= [ ([ = bot.v; ~ bo)a.w) © @) et
X XxX
=0

and the fact that

[ o= betor an? = [ ([ 1= baco d.) dut = [ 1o~ bocol de.
X 1)

Xx XN X
We deduce that WY — W in P»(TX) as N — 400, so that U € F[u] as well. O

Even in case F is not maximal, or it does not contain its barycentric projection, we can still
derive a compatibility relation between F and bar (F) as follows.

Corollary 3.19. Let F C P>(TX) be a totally \-dissipative MPVE. Then the extended MPVE F
defined by

F:=FUbar(F),

with bar (F) as in (2.13), is totally A-dissipative. In particular, for every ®; e F[u;1,i = 1,2, and
every p € T'(41, 42),

/(bd)l(xl) —bo,(x2), x1 — x2)dp(xy, x2) < ?»/ Ix1 — 22 dp(xr, x2).

X2 X2

Proof. Itis sufficient to consider an arbitrary maximal totally A-dissipative extension F of F: by
the previous Theorem 3.18 clearly F D F. O

In analogy with the Hilbertian theory, in the following theorem we state the existence of a
unique selection of minimal norm for a maximal totally A-dissipative MPVF. It turns out that
such a minimal selection is concentrated on a map which coincides with that coming from the

Lagrangian representation of the MPVF.

Theorem 3.20 (The minimal selection). Let F C P2(TX) be a maximal totally A-dissipative
MPVF.

(1) For every u € D(F) there exists a unique vector field f°[u] € L*(X, u; X) such that

(ix, foluD)zm € Flul, f |folpl)Pdp < f v*d®  forevery ® eFlul.  (3.13)
X 12

We denote the minimal selection of F at u by
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Flul:= Gx, foluDsp. (3.14)

(2) If B is the Lagrangian representation of F, then for every u € D(F), we have

fnl=0b°[u] p-ae.,

where b° has been defined in (3.6) and, if 0 < T < 1/1 7T, the following hold

/|bz(x,u)—f°[u](x)|2duff|f°[M]|2du—(1—2kf)/|br(x,u)|2du, (3.15)
X X X

(1—/\r)Z/!br(x,u«)|2dMT/|f°[M]\2du ast |0 (3.16)
X

X

with by as in (3.3).
(3) The map |F|; : Pr(X) — [0, +00] defined by

/If"[u]lzdu if 1 € D(F),
[Fl2() == { % (3.17)

+00 if u ¢ D(F)

is lower semicontinuous.
(4) Finally, if Y is a Polish space, p € P(X x Y) with marginal v = nﬁzu and the disintegration
{ylyey of p w.rt. v satisfies

/ P dute, y) + / [Fl2(1,) du(y) < 400, (3.18)
XxY Y

then the map f(x,y) := f°[uy](x) belongs to L2(X x Y, w; X) (in particular it is uniquely
defined up to a p-negligible set and it is p-measurable).

Proof. Item (1) is an immediate consequence of the closure of F in P3* (TX) (so that the map
® +— | D], has compact sublevels in the set P,(TX|w)) and of the previous Theorem 3.18.

To prove the second item, it is enough to notice that, trivially, b°(-, u) satisfies (3.13). Esti-
mates (3.15) and (3.16) follow by Theorem A.4(5).

Item (3) still follows immediately by the closure of F in P5¥(TX) and the fact that the map
D - |d>|§ defined by (2.5) is lower semicontinuous w.r.t. the topology of P5% (TX).

Let us now prove item (4). We first notice that (3.18) yields u, € D(F) for v-a.e. y € Y. Let
us now prove that the map b; (x, y) := b; (x, jy) is pw-measurable.

Recall that the set

8o :={(x, ) € X x P(X) : x € supp(1n) }

is a G (thus Borel, cf. [33, Formula (4.3)]) subset of X x P(X). Since the inclusion map of
X x P2(X) in X x P(X) is continuous, we deduce that
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8: =89 N (X x Pr(X))

isa Gg setin X x P, (X).

Since the map j (x, y) := (x, uy) is Borel from X x Y to X x P(Y), we deduce that the set 8’ :=
j_l(S) = ({(x, y)eEXXxY:ixe supp(uy)} is Borel in X x Y and it is immediate to check that
i is concentrated on §'. Since the map (x, ) — b (x, n) is continuous in 8 (cf. Theorem 3.4)
then its composition with j (which is the map (x, y) = b:(x, iy)) is w-measurable. Passing to
the limit as t | 0 and using (3.15) and (3.16) we conclude that b; — f in L2(X x Y, u; X) so
that also f is p-measurable. 0O

We now show that discrete measures are sufficient to reconstruct a maximal totally A-

dissipative MPVFE. For a general Polish space 2", we consider the following set of discrete
probability measures

PHL) = {u € P(2) : supp(u) is ﬁnite}. (3.19)

Given N € N, we denote by P (%) the set of empirical measures with weights in %N,

fPf,N(%):

{/LGTf(%):N/L(A) eN foreveryACX},

3.20
Proo(2) = Prn(2). 20

NeN

Corollary 3.21. Let F C P, (TX) be a maximal totally \-dissipative MPVF and let
D oo(F) :=Pf00(X) ND(F).

Then for every . € D(F) there exists a sequence (fin)peN C D .00 (F) such that F°[ ] — F°[u]
in Pr(TX) as n — 400, where ¥° has been defined in (3.14). Moreover, a measure ® € P,(TX)
with x;® € D(F) belongs to F if and only if for every u € Dy oo (F) and every y € I'(®, u) we
have

/<v—f°(y,u>,x—y>dy<x,v,y)sx / lx — yl*dy(x, v, y).

TXxX T™XxX

Proof. We denote by B C X x X the Lagrangian representation of F and we set D :=
L_I(Tf’oo(X)). Since P f,00(X) is dense in P>(X), by e.g. the last part of Theorem B.5 we have
that D is dense in X and by Theorem 3.4 (see in particular (3.2)) it satisfies J; (D) C D. We can
thus apply Corollary A.17. O

3.3. Totally dissipative PVFEs concentrated on maps

We devote this section to the study of the important case of deterministic MPVFs and, in
particular, of single-valued and everywhere defined PVFs. Recall that a MPVF F C P, (TX) is
deterministic if every ® € F is concentrated on a map (cf. Definition 2.3). Recall also that for a

deterministic PVF, total A-dissipativity can be equivalently stated as in Remark 3.7.
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Definition 3.22 (Demicontinuity). A single-valued PVF F is demicontinuous if the map u +—
F[u] satisfies

pn—>p inPrX) = Flux]— Flul in P3(TX).

A single-valued PVF F is hemicontinuous if its domain is totally convex and, for every y €
P> (X x X) with marginals in D(F), the restriction of F to the set {xtty .t €10, 1]} is demicontin-
uous.

In infinite dimension, hemicontinuity plays a crucial role, as it reduces the problem of verify-
ing continuity to a one-dimensional setting, which is usually easier to handle (see [16]).

Theorem 3.23 (Characterization of deterministic totally dissipative PVFs). Let F be a single-
valued fotally A-dissipative PVF.

(1) IfF is maximal, then it is deterministic and F[u] = (ix, f°[ul)sp for every p € D(F), where
f° is the minimal selection of F as in Theorem 3.20.

(2) If D(F) = P2(X), then F is maximal if and only if it is deterministic and demicontinuous (or,
equivalently, deterministic and hemicontinuous)

(3) If D(F) = P2(X) and F[p] = (ix, fluDsu for every p € P2(X), then F is maximal if and
only if for every ¢ € C3 (TX) and for every sequence i, —  in P (TX)

nl}rfw/ﬂx,f[un](x))dun(x)=/C(x,f[M](X))du(X)~
X X

Proof. Item (1) is an obvious consequence of Theorem 3.18 and of the fact that F is single-
valued.

We prove item (2): let us first assume that F is maximal and let B be its Lagrangian rep-
resentation. Since D(B) = X, B is locally bounded (see Theorem A.4(3)) so that if a sequence
(Mn)neN is converging to u in P (X) and ®,, = F[u,,], we can assume that there exists a constant
C > 0 such that

/ |v|2d<I>n(x, v) <C foreveryneN.
X

The compactness criterion of Proposition 2.5 shows that (®,),cN is relatively compact in
P3¥(1X). On the other hand, since F = cI(F) by Proposition 3.16, we know that any accumu-
lation point of @, belongs to F and therefore it should coincide with F[u].

In order to prove the converse implication, it is sufficient to consider the case A =0 and F
deterministic and hemicontinuous; we reproduce the argument of [16] in the measure theoretic
framework.

We first observe that the Lagrangian representation B of F is everywhere defined and single-
valued, since txy = u, and L%LV =F[ul=(ix, fHrpnyield V= fo X.

Let (Y, W) € X x X satisfying

(B(X)—W,X—Y)x <0 forevery X € X.
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Replacing X with ¥; := (1 —#)Y +tX, t € (0,1) and setting u; :=ty,, f, := flu:), Vi ==
fioYr=B(Y;), we get

1—1¢
(Vi =W, X = Yj)x=——(V; = W.%, = ¥)x <0 forevery X €,

so that

(Vi =W, X —Y)x <0 forevery X € X. 3.21)

Let us now set #; := (X, ¥;, V;):P € P»(X? x X). Denoting by x, y, v the projections of the points
of X3 to their components, since (y, v)3¥; = F[1;], by hemicontinuity assumption we know that

(y, V) — (Y, foo Y):P =Flupl, inP¥(XxX)asz|O0.

On the other hand, (x,y):%; = L%L y, converges to L%(’ y in P> (X?) so that by compactness, we

can also find a sequence (¢ (n)),cN, With #(n) | 0, such that #;(,) — # in fP%w (X% x X). Clearly
(v, vV)p? = (ix, fo)z 1o is concentrated on a graph, so that # = (X, Y, f oY) P.
Since

(Vth_YthC: / <U’x_y>d'7t
XZxX

and the function ¢ (x, y, v) := (v, x — y) belongs to C3* (X% x X) we deduce that

nETooW’(”)’ X—Yiwx= / (v,x =y)d? = (fo(¥Y), X = Y)x.
X2xX

Thus, we can pass to the limit in (3.21) obtaining
(fo¥)—W,X —Y)x <0 forevery X € X,

in particular it holds for X = fo(Y) — W + Y. We deduce that W = fyoY = B(Y) so that B is
maximal and F is maximal as well.

Finally, item (3) is just the equivalent way to express the demicontinuity of F, recalling Defi-
nition 2.4. O

An important example of single-valued, everywhere defined demicontinuous PVF is provided

by the Yosida approximation: starting from a maximal totally A-dissipative MPVF F and its
Lagrangian representation B, for every © € (0, 1/A") we consider its Yosida approximation

B, = w and define the corresponding (single-valued) PVF
F, :=/*(B,). (3.22)

Notice that F; is maximal totally 1/(1 — At)-dissipative (see Theorem A.4). Moreover, by The-
orem 3.23(1), (3.3) and (3.22) we get that
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Folul = @x, foluDzw, forall u e Pr(X),

where f.:8(X) — X are given by f, [u](-) := b (-, ) with b, as in (3.3); notice that f
admits a continuous version defined in § (X) and f (-, ) belongs to Lip(supp(u); X) for every
u € Pr(X) and clearly admits a Lipschitz extension to X (see Theorem 3.4). Setting L, := %(2 —

AT)/(1—ATt), by L. -Lipschitz continuity of B, and the representation (3.3), we get the following
Lipschitz condition

2
/‘ff(xo,u«o)—ft(xum) dﬂ(Xo,m)§L§/|xo—x1|2du(xo,x1)
X2 X2

for every u € I'(10, 1), (3.23)

which clearly implies demicontinuity of F;. We have thus proved the following result, recalling
also Theorem 3.20(2).

Corollary 3.24. Let F C P, (TX) be a maximal totally A-dissipative MPVF. There exist sequences
An, Ly € R and a sequence of maps f, : P2(X) — Lip(X, X) satisfying the Lipschitz condition
(3.23) with L, in place of L, inducing a sequence of single-valued maximal totally A, -dissipative
PVEFEs F,,, and satisfying

nl}gloo/ | £l —f°[u](x)\2du(x)=0 Jor every u € D(F),
X

where f° is as in Theorem 3.20.

To conclude this section, devoted to deterministic MPVFs, we anticipate a result which gives
a sufficient condition to pass from dissipativity to total dissipativity in the deterministic case. Its
proof, in a more general framework, is deferred to Section 8§ (see in particular Theorem 8.6). We
will see how the required condition on the dimension of X will allow us to play with measures
with finite support so to slightly perturb non-optimal couplings into optimal ones, at least for
a small interval. This perturbation argument is presented in Section 6 and then applied later in
Section 7 to get first interesting relations between metric and total dissipativity.

Theorem 3.25. Assume that dim(X) > 2. Let U C X be an open, convex, non-empty subset of X
and let F C P(TX) be a deterministic A-dissipative MPVF with domain D(F) = P ¢ (U). Then F
is totally A-dissipative.

4. Lagrangian and Eulerian flow generated by a totally dissipative MPVF

In this section, making use of the results obtained in the previous Section 3, we study the
well-posedness for A-EVI solutions driven by a maximal totally A-dissipative MPVF F. These
curves are characterized (time by time) as the law of the unique semigroup of Lipschitz transfor-
mations S, of the Lagrangian representation B of F. As in the previous section, we will consider
a standard Borel space (€2, B) endowed with a nonatomic probability measure P and the Hilbert
space X := L2(Q, B, P; X).
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Definition 4.1 (Lagrangian flow). Let F C P,(TX) be a maximal totally A-dissipative MPVF. We
call Lagrangian flow the family of maps s; : S(X, D(F)) — X defined by Theorem 3.4 starting
from the Lagrangian representation B of F.

The Lagrangian flow induces a semigroup of (P2(X), Wa)-Lipschitz transformations S; :
D(F) — D(F) defined by S;(10) := s: (-, to)zHo-

We say that the continuous curve w : [0, +00) — P2(X) is a Lagrangian solution of the flow
generated by F if u; = S; (o) = s: (-, o) o for every ¢ > 0.

Notice that, if x is a Lagrangian solution, the semigroup property (3.5) of the Lagrangian flow
s yields in particular

e =8i—s(-, us)gpts forevery O <s <t.

In particular, to construct a Lagrangian solution starting from o € D(F) it is sufficient to choose
an arbitrary map X € X satisfying tx, = o and set u; := tx, for the (unique) locally Lipschitz
solution X € Lip;,. ([0, +00); X) of

d o )
EXI:B(Xt) ace. in (0,4+00), X,_, = Xo.

An immediate consequence of Theorem 3.4 is the following result.

Theorem 4.2 (Existence of Lagrangian solutions). If F C P>(TX) is a maximal totally -
dissipative MPVF then for every po € D(F) there exists a unique Lagrangian solution | :
[0, +00) — P2 (X) starting from .

If no € D(F), then u; € D(F) for every t > 0, the curve w : [0, +00) — Pr(X) is locally
Lipschitz continuous, and

/ 20 ) P dpas () < € / oG o) duo(x) for every = 0, @.1)
X X

where f° is defined in Theorem 3.20 and induces a map (x,t) — f°(x, u;) which is -
measurable with respect to p = [ 1, dt in every set X x (0, T), T > 0.

Moreover, 1 is the unique Eulerian solution of the flow generated by F in the following sense:
w2 [0, 4+00) = P2(X) is the unique distributional solution of

Opr + V- (e fOC, 1)) =0 in (0, +00) x X 4.2)
among the class of locally absolutely continuous curves satisfying p;—o = po € D(F) and

T

//|f°(xsﬂr)|2dﬂzdl<+w forevery T > 0. 4.3)
0 X

Finally, for every 1o € D(F) and t > 0 we have
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(1) if supp(po) is finite, then supp(u,) is finite and its cardinality is nonincreasing w.rt. t. In
particular, if wo € Py n(X) for some N € N (recall (3.20)) then u; € Py n(X) for every
t>0;

(2) if supp(uo) is compact, then supp(i;) is compact;

(3) if supp(uo) is bounded, then supp(u;) is bounded and diam(supp (i) < eM diam(supp(uo));

(4) if [y |x|P dpo(x) < +o0 for some p > 1, then [y |x|P du(x) < +o00 and

/ e = y|" dps ® pr < P / [x = |” duo ® po.
XxX XxX
Proof. The existence and the regularity properties of Lagrangian solutions follow by Theo-
rem 3.4, while (4.1) follows by Theorem A.6(4).

Property (3.7) clearly implies (4.2). Indeed, by definition of Lagrangian solution, we have
e =8¢ (-, no)tio. Thus, by (3.7) we have

1
Liig E(st—&—h('v 10) =+ (- 10)) = b° [t 1(s1 (- 10)) = FOLial(s: (o o)) in LA(X, 0 X), (4.4)

where the last equivalence is provided in Theorem 3.20(2). Thus u; satisfies
d d _ 4 d
E/K(X) Mt(x)—aff(st()ﬁllo)) Ho(x)
X X
= /(VC(Sz(x, #0))s S Lieel(s¢ (x5 po))) dpeo(x)
X
=/(Vé(X),f"[uz](x))dut(x)
X

for every ¢ € Cyl(X) and a.e. r > 0. Hence (4.2).
Concerning uniqueness of solutions to (4.2) satisfying (4.3), we have

d
Wl ) < 2/<f°(x1, 1) = o 1), 1 — x2) dps

X2

<2 / lx1 — x2|*dp,
X2

=2.WHu!, u?)

for a.e. + > 0 and every u, € Fo(/L}, /,Ltz), by Theorem 2.13(6b) thanks to (4.3), the total A-
dissipativity of F and (3.13). Hence, by Gronwall inequality, we get

Wa(ul, u2) < e Wwaud, ud).

42



G. Cavagnari, G. Savaré and G.E. Sodini Journal of Differential Equations 470 (2026) 114395

The p-measurability of the map (x, ) — f°(x, u,) follows by continuity of ¢ — u, together
with Theorem 3.20(4) with Y = [0, T']. Indeed, (3.18) holds thanks to (4.1).

The last assertions (1-4) come from the fact that wu, = s;(-, o)spto and this map is e
Lipschitz continuous (cf. Theorem 3.4(3)). O

i

Remark 4.3 (A sticky-particle interpretation). We may interpret property (1) of the previous
Theorem 4.2 by saying that the flows of totally dissipative MPVFs model sticky particle evo-
lutions, (see also [42]). This fact reflects at a dynamic level the barycentric projection property
stated in Theorem 3.18. In contrast, we immediately see that the example of %-dissipative PVF,
with X = R, analyzed in [48, Section 7.1], [19, Section 6] and later discussed in [28, Section
7.5, Example 7.11], cannot be maximally total %-dissipative since it produces a %-EVI solution
which splits the mass for positive times if e.g. ;o = 8g. Notice indeed that, as highlighted in the
following Theorem 4.4, if F is maximal totally dissipative then Lagrangian and EVI solutions
coincide.

It is remarkable that the Lagrangian flow s; provides an explicit representation of the flow of
Lipschitz transformations generated by the unique A-EVI solution, see [28, Definition 5.21] and
Definition 2.21.

Theorem 4.4 (EVI solutions and contraction). If F C P, (TX) is a maximal totally A-dissipative
MPVF, then for every g € D(F), the curve p : [0, +00) — P2(X), u; := S; (o), is the unique
A-EVI solution starting from o and S, is a semigroup of e*' -Lipschitz transformations satisfying

Wa (S (o), Si (1)) < e Walpo, 1) for every uo, wy € D(F), t > 0.

Proof. The proof is an immediate consequence of [28, Theorem 5.22(e)] and Theorem 4.2. In-
deed notice that [28, Theorem 5.22(e)] can be applied even if the absolutely continuous curve p
satisfies the differential inclusion

(@x, v)epr € Fluy] 4.5)

w.r.t. any Borel vector field v, s.t. (i, v) solves the continuity equation and ¢ — |v;| L2X, %) €
L }OC(O, ~+00). For instance it holds for the vector field f°. Indeed, the proof of [28, Theorem
5.22(e)] relies on [28, Theorem 5.17(2)] which holds even if the differential inclusion (4.5), with
v the Wasserstein vector field, is replaced by a general velocity field v as above. See also [28,

Remark 3.12]. O

As a further consequence, in the case of maximal A-totally dissipative MPVF all the various
definitions of solutions coincide.

Theorem 4.5. Let F C P>(TX) be a maximal totally \-dissipative MPVEF, let o € D(F) and
let [0, +00) = P2(X) be a continuous curve starting from [ro. The following properties are

equivalent:

(1) wis a Lagrangian solution.
(2) wis a A-EVI solution.

43



G. Cavagnari, G. Savaré and G.E. Sodini Journal of Differential Equations 470 (2026) 114395

If moreover o € D(F) or there exists a sequence t, | 0 for which u(t,) € D(F), the above
conditions are also equivalent to the following ones:

(3) there exists a Borel vector field w, satisfying

t— / |wt(x)|2 dus(x) is locally integrable in (0, +00),
X

4.6)
(Ix, w;)spus €F fora.e t >0
and the pair (u, w) satisfies the continuity equation
Oy + V- (urw)) =0 in (0, +00) X X; 4.7)

(4) there exists a Borel family ®;, t > 0, such that
®;, e Flu;] foraet>0, t— / |v|2d<I>, is locally integrable in (0, +00), (4.8)
1

+00

/ (/8,§(t,x)d,u,+/(v,Vg“(t,x))ddD,(x,v))dt:O

0 X x
for every ¢ € Cyl((0, +00) x X); 4.9)

(5) ur € D(F) for every t > 0, u is locally Lipschitz in (0, 400), it satisfies (4.2) and

t— / | f°(x, ,u,)l2 du; is locally bounded in (0, +00).
X

Proof. The equivalence between (1) and (2) is a consequence of Theorem 4.4.

We can now consider the case when o € D(F) (the argument for the case () € D(F) along
an infinitesimal sequence ¢, is completely analogous). Theorem 4.2 clearly yields (1) = (5). The
implication (5) = (3) is obvious. Theorem 3.18 shows that (3) and (4) are equivalent. Indeed
(3) implies (4) by choosing ®; := (ix, w;)zu,; and (4) implies (3) by choosing w; := bg,. The
implication (3) = (2) follows by Theorem 5.4(1) of [28]. O

In the case when o € P ¢(X) has finite support (recall (3.19), (3.20)), we can obtain a more
refined characterization, which also yields a regularization effect when X has finite dimension and
recovers the characterization (1.17) anticipated in the Introduction. Recall that by Theorem 4.2(1)
any Lagrangian solution starting from g € P 7, x (X) must stay in P ¢, 5 (X) for every time ¢ > 0.

Corollary 4.6 (Regularization effect and Wasserstein velocity field for discrete measures). Let
F C P2(TX) be a maximal totally A-dissipative MPVF, let 1o € D(F) NP ¢ n (X) for some N € N
and let p : [0, +00) — P s n(X) be a continuous curve starting from L. Assume moreover that
at least one of the following properties holds:
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(a) o € D(F),
(b) D(F) NP N (X) has non empty relative interior in P 7,y (X),
(c) X has finite dimension.

Then conditions (1),...,(5) of Theorem 4.5 are equivalent and, in this case, the minimal selection
f° of F (cf. Theorem 3.20) coincides with the Wasserstein velocity field v of u (cf. Theorem 2.11)
and p also satisfies the right-differentiability property

1
v = lim Z(ti‘”’ - ix) — Folud in L2, w; X)  foreveryt >0, (4.10)

where t§+h is the optimal transport map pushing (s into (syp.

Finally, 1 is a Lagrangian solution for F starting from g if and only if there are curves
Xp € C([0,+00); X), n = 1,---, N which are locally Lipschitz in (0, +00) such that p; =
% Zﬁ/:l Oy, (1) for every t > 0 and the curves {x, (z‘)}rll\':1 solve the system of ODEs

50 (1) = fO(%n (D), e)  ace. in (0, +00). @.11)

Proof. Case (a) is part of Theorem 4.5. In order to prove the first equivalence statement in cases
(b) and (c), we briefly anticipate an argument that we will develop more extensively in Section 8:
we introduce the standard Borel space €2 := [0, 1) endowed with the Lebesgue measure (still
denoted by P), the Lagrangian representation B of F, and we consider the closed subspace Xy C
X of maps X : Q — X which are constant on each interval [(k — 1)/N,k/N),k=1,---,N.

Thanks to Theorem 3.4, X is invariant with respect to the action of the resolvent map J-,
i.e.if X € Xy then J;(X) € Xy. Indeed, by Theorem 3.4, if k € {1,..., N} and w, ' € [(k —
1)/N,k/N), then

J:(X) (@) = j (X (@), X:P) = j (X (@), X;P) = T (X) ().

We can thus apply Proposition A.10 obtaining that the operator By := B N (Xy x Xy) is max-
imal A-dissipative in Xy and, if we select a Lagrangian parametrization Xog € D(By) of uo,
still by Proposition A.10(ii), we get that S; Xy, the semigroup generated by B, coincides with
S;V (Xo), the semigroup generated by By and, under any of the conditions (b) and (c), SV has a
regularizing effect (see Theorem A.8, Corollary A.11 and notice that, in case (c), Xy has finite
dimension) so that SﬁV(Xo) € D(By) C D(B) for every t > 0. We immediately obtain that the
conditions (1), ..., (5) of Theorem 4.5 are equivalent.

In order to check (4.10), we can use (3.8) observing that, for sufficiently small %, (ix, $5)s 1
is an optimal coupling between p; and (i, 5, since u; € P, n(X), see the next Lemma 6.1.

Finally, in order to check the last representation formula, it is sufficient to write g as
% Zfl\’:l x, for suitable points x, € X and to set x, (¢) := s;(x,, o). O

A further application concerns the convergence of the Implicite Euler Scheme (also called
JKO method in the framework of gradient flows, see Proposition 5.4). We just recall here the
main Crandall-Liggett estimate, referring to [44,41] for more refined a-priori and a-posteriori
error estimates.
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Corollary 4.7 (Implicit Euler Scheme). Let ¥ C P2(TX) be a maximal totally A-dissipative
MPVF, u € P>(X), and 0 < t© < 1/AT. Then, denoting by ® € P>(1X) the unique element of
F such that

X=tVv)®=pn 4.12)
coming from Theorem 3.15, we have My :=xy® = j (-, W)z, where j. is as in Theorem 3.4

applied to the Lagrangian representation of F. If 1o € D(F), then setting M? := o, M+ =
J: (o M M?, n e N, we have

. N
NLm+loo M)y = i for every t >0, (4.13)

where u; = St (o) with Sy as in Definition 4.1. Moreover, for every T > 0 there exist N(A, T) €
Nand C(A, T) > 0 (with C(0,T) =2T ) such that

CO.T)
VN

forevery0 <t <T,n> N(A,T) and every ug € D(F), where f° is as in Theorem 4.2.

WZ(MIA//N’ /’Lt) S |f0[MO]|L2(X,M0;X)’ (414)

Proof. The approximation in (4.13) follows by the Lagrangian one
Si(X)=lim (J,yw)™ (0
N—400

holding for any X € D(B) (see Theorem A.7), B the Lagrangian representation of F.
Finally, (4.14) follows by Theorem A.7. O

We conclude this section with two results concerning the uniqueness and the stability of the
characteristic system representing the solution of (4.6) and (4.7).

Using the notation of Theorem 3.4, we preliminarily observe that choosing o € D(F)
the maps s;(x) := s;(x, o) belong to Lip(supp(ro); X) and the curve ¢ + s, is Lipschitz in
L2(X, po; X) with derivative b7 (s;) where b7 (-) :=b°(-, (s;)z10). It follows that for every T > 0

and for pp-a.e. x the curve ¢ — s;(x) belongs to H(0, T; X) and satisfies §;(x) = b7 (s:(x)). We
can thus associate to (s;);>0 a (Lo-measurable map

s:X— HY0,T;X), s[x](t) :=s:(x, po). (4.15)
In a similar way, if Xo € X with tx, = 1o, we can define
X(w, 1) :=5;(Xo(w), o), X[w]:=so Xop, (4.16)
obtaining a distinguished Caratheodory representative of S;(Xo) which satisfies
X(w, 1) = (S:(Xp))(w) forP-a.e. we 2, foreveryt >0 “4.17)
and
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T
X(w,) € H'(0,T:X) for P-ae. o, /(/lB,X(a),t)|2dt) dP () < Te?+T|B°(X)|%.
0

Q
(4.18)

since

T T
/(/|8;X(a),t)|2dt) dJP(w)zf(/|b;(X(w,r))|2dr) dP (o)
Q 0 0

Q
T

° 2
Z/yB (X 1)) dr
0
< Te*+T|B°(Xo)l%,

where we have used Theorem A.6(4). It follows that X can be identified with a IP-measurable
map w — X[w] which belongs to LZ(Q, B,P: H! 0, T; X)).

Theorem 4.8 (Uniqueness of the characteristic fields). Let F C P2(TX) be a maximal totally -
dissipative MPVF, let us fix T > 0 and let us suppose that (ju, v) is a solution to (4.6) and (4.7)
in the interval [0, T] starting from py € D(F). Let n € P(C([0, T1; X)) be a probability measure
concentrated on absolutely continuous curves and satisfying the following properties:

(1) (er)sn =, for every t € [0, T, where e;(y) :=y (t) for every y € C([0, T]; X);
(2) m-a.e. y is an integral solution of the differential equation y(t) = v,;(y (t)) a.e. in [0, T].

Then n = syo, where s is defined as in (4.15). In particular 3 is unique and v;(x) = b7 (x)
Ue-a.e. in X.

Proof. We can find a Borel map Z: 2 — C([0, T]; X) such that Z;[P = 5. Let B be the La-
grangian representation of F. We can then define X; := e; o Z. Since tx, = u; € D(F) by
Theorem 4.5(5), recalling Remark 3.5 we see that X; € D(B) C X. It is also clear that for P-
a.e. w we have

t+h
Xitn(@) — Xi(w) = / s (Xs(w)) ds

t

and therefore | X,y — X¢|lx < f;+h lvsllz2(x,pus:%) ds so that 7 — X, belongs to HY(0,T;X).
At every differentiability point we have X, = v;(X;) so that Li v = (Ix, vo)zur € Flu,] and
st

eventually Xt € B(X;). We conclude that X;(w) = s;(Xo(w)) and therefore n =szup. O

Theorem 4.9 (Stability of the Lagrangian flows). Under the same conditions of the previous
Theorem 4.8, let (juy)neN be a sequence in D(F) satisfying the following properties:

(1) (ug)neN converges to g in Pr(X), as n — +oo;
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(2) sup, |F|2(u8) < +o00, where |F|(-) is defined in (3.17).

Ifs",s: X — C([0, T]; X) are the Lagrangian maps defined as in (4.15) starting from ju; and o
respectively, then (ix, s")sugy — (ix, S)gio in P2(X x C([0, T]; X)) as n — +o0.

Proof. By the last part of Theorem B.5, we can select a sequence (X{j),en in X strongly con-
verging to X such that ¢ xn = ug and tx, = po. We now consider the family of P-measurable
maps X" : Q@ — H'(0,T;X) C C([0, T]; X) defined as in (4.16) starting from X{ and the
corresponding X defined starting from Xo. Our thesis follows if we prove that X" — X in
L3(Q,B,P; C([0, T1; X)).

The equivalence (4.17) and the contraction estimates on S; (cf. (A.9)) show that

T
||X”_X||i2<sz;L2(o,T;x)):/(/D(n(w’t)_X(w’mzdt)dp(w)
0

Q
T
:/([|X”(w,t)—X(w,t)|2dIP’(w)) dt
0 Q
T
=f|st(xg>—st(xo)|%cdr
0

< TezMTng — X0|%C —0 asn— +oo.
Moreover, recalling (4.18), we have

< T62A+T

sgp ||X"||22(Q;L2(O’T;X)) < Slnlp |B°(X8)|%C <+oo foreveryn e N,

so that (X"), N is uniformly bounded in LY(Q,B,P; H (0, T; X)) by some finite constant S >
0. The interpolation inequality (cf. [15, p.233 (iii)])

”Y”%([O,T];X) <ClYll201:x) 1Y lg10,7:x) foreveryY e H'(0,T;X),

gives that the sequence (X"),eN strongly converges to X in LZ(Q, B, P; C([0, T1; X)), since

2 2
”Xn - X”LZ(Q,B,]P’;C([O,T];X)) = / ”Xn [w] - X[w] “C([O,T];X) dP
Q

<c f 1X" (0] = XI0lll 20,730 X" 0] — X[l 110 725 AP
Q

1/2 12
< ([ 1X7101 = X013 7y 0P) ([ 1X"10] = X011 7., P
Q Q

<C(S+ Xl 2n.P a1 0.7:x)) IX" =Xl 2@ 120.7:%)- B
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5. Totally convex functionals in 5 (X)

In this section we analyze the case of a proper and lower semicontinuous functional ¢ which
satisfies a strong convexity property.

Definition 5.1 (Total (—A\)-convexity). Let ¢ : Pr(X) — (—o0, +00] and let A € R. We say that
¢ is totally (—)\)-convex if it is (—A)-convex along any coupling, i.e.

A
POGR) = (1= DPOCH) + 19 () + S1(1 = 1) / lx — y[*dp(x. y)
XxX

for every p € Po(X x X), t € [0, 1].

Notice that, in particular, if ¢ is totally (—X)-convex then it is (—X)-convex along generalized
geodesics [1, Definition 9.2.4] and thus also geodesically (—A)-convex. It is also easy to check
that ¢ is totally (—A)-convex if and only if

A
() :=d(n) + 3 / Ix|?dp s totally convex.

Referring to [1, Definition 10.3.1], we recall that the Wasserstein subdifferential 3¢ (i) C P (TX)
of ¢ at p is defined as the set of W € P,(TX) such that x; W = . € D(¢) and

¢(V)—¢(M)za€1i\rz\fpv) f (y —x,v)do(x,v,y) +0(Wa(u,v)) asv— pinPr(X). (5.1)
T™XxX

Equivalently, using the notation of duality pairings introduced in Definition 2.12, we can write
(5.1) as follows

P(v) — @) = —[W, vl + 0o (Wa(u,v)) asv— pin Pr(X).

When ¢ is geodesically (—A)-convex, then it is possible to show that W belongs to d¢ if and only
if Wand u =xz ¥ € D(¢) satisfy

A
$(v) = () = = [W, vl = S W3, v) forevery v € Pr(X). (5.2)

It is easy to check that —d¢ (cf. (2.19)) is a A-dissipative MPVF (see also [28, Section 7.1]), but
in general not totally A-dissipative, as shown in the following remark.

Remark 5.2 (A non totally dissipative subdifferential). We show that the (opposite of the)
Wasserstein subdifferential of the Shannon’s entropy functional € in R4, d > 2, is not totally
dissipative. We recall that € : Py (RY) — (—00, +00] is defined as

f plog(p)de? if p=pLd < L9,
+00 else,

w e Pr(RY). (5.3)
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The MPVF F := —9¢€ is O-dissipative, see [28, Theorem 7.1]. We show that we can find &g, ;| €
F and y € I'(x; Po, x;P1) such that

(v1 — vo, X1 — x0) d?#(x9, vo, x1,v1) >0, forany # € I'(Pg, ®1) s.t. (xo, xl)ﬁﬂ =y.

TRI xTR4

Let T :RY — RY, T (z) := —z, i.e. the reflection w.r.t. the origin. Define f : [0, +00) — [0, 1] by

1 if r € [0, 1],
fry:=32—-r ifrell,2],
0 if r €2, +00).

Let ag € R? be any point such that |ag| > 3 and consider the density po(z) := co f(|z — aol), z €
R4, with corresponding probability measure (g := p0L? € P>(R?), and ¢y > 0 a normalization
constant such that [pa po dLd = 1. We set

pri=pooT, ui=pm~L & :=(igs,—Vpi/pi)ztti, i=0,1, y:=(iga, T)sfto.

By [1, Theorems 10.4.6, 10.4.13], we have that ¢, & € F with x;®; = u; fori =0, 1, and so
y € I'(no, i£1). Since &;, i =0, 1, and y are induced by maps, then the set of ¥ € I'(Pg, 1)
with (x°, x');# = y is a singleton, whose unique element is given by

# =", (=Vpo/po) o X, x', (=Vp1/p1) o x ).

We have

(v1 — vo, x1 — xo) d¥} (xo, vo, X1, V1)

TRI xTR4

= —4/(VPO(XO)/,00(XO),XO)dMo(Xo)
R

=—4 / (Vp(x0), x0) dL9 (x0)
B(ap,2)\B(ap, 1)
_ ey <M

,XO> dL?(xo)
|xo — aol

B(ap,2)\B(ap,1)
2

1
= deowy—1 / rd dr + 4c / w<ao,x0>cwd(xo)

1 B(0,2)\B(0.1)

_ 4cowa-1 (2d+!

—1)+0>0,
d+1 )+0>

where wg_1 is the surface area of the unit sphere in R4,
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Let us now consider a totally A-convex, proper and lower semicontinuous functional ¢. We
fix a standard Borel space (€2, B) endowed with a nonatomic probability measure P, with X :=
L%(2, B, P; X) and we consider the Lagrangian parametrization of ¢ given by

Y : X — (—o0o,+00] definedas ¢ (X):=¢(x) forevery X € X. 5.4

Clearly, ¥ is proper, L.s.c. and (—X)-convex, i.e. X — ¥ (X) + %|X|2 is convex.

As a preliminary result, we study the (opposite of the) subdifferential of i, showing in par-
ticular that it is an invariant maximal A-dissipative operator. This allows to consider its resolvent
operator J, and compare, in Proposition 5.4, the scheme generated by J, with the Wasser-
stein JKO scheme ([37]) for the functional ¢ in P,(X). We then show relations between —dyr
and —d¢, dealing in particular with the respective elements of minimal norm. Finally, in The-
orem 5.7, we show that the Lagrangian solution to the flow generated by the maximal totally
A-dissipative MPVF (% (—dv/) is the unique Wasserstein gradient flow for ¢ and the unique A-EVI
solution for —d¢. Analogously to Theorem 4.4, this Wasserstein semigroup can be characterized
as the law of the semigroup of Lipschitz transformations S; of —d.

Proposition 5.3 (Total subdifferential). Let ¢ : P2(X) — (—00, +00] be a proper, lower semi-
continuous and totally (—A)-convex functional and let  be as in (5.4).

(1) The opposite of the subdifferential of W, —0V, is an invariant maximal A-dissipative opera-
torin X x X.

(2) The total subdifferential —d.¢p := 12(—3v) is maximal totally i-dissipative.

(3) An element W € P»(TX) satisfying p = xzW € D(¢) belongs to —d¢ if and only if for every
v € D(¢) and every plan ¢ € T'(\V, v) we have

A 2
60 =90 = [ (=)= Fix=5F) doce v, 55
T™XxX

In particular 3¢ C 9¢.

Proof. As usual it is sufficient to check the case A = 0.

We prove item (1): by maximality of the A-dissipative operator —dv in X x X (cf. Theo-
rem A.4(1) and Corollary A.5) and thanks to Theorem 3.4, it is enough to prove that —dv is
invariant by measure-preserving isomorphisms.

Let (X, V) € —0y and let g € S(£2). We have

Y(¥)—yY(X)>=(V,X=Y)x foreveryY e X.

1

For every Z € X, choosing Y :=Z o g7 we get

V(Z)—Y(Xog) =y (Zog ) —¥(X)
>(V,X~-Zog N
=(Vog,Xog—2Z)x.
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This shows that (X o g, Vog) € —dvy.

Item (2) follows immediately by Theorem 3.12(3).

We prove item (3): let us first show that an element W satisfying (5.5) belongs to —d¢: it
is sufficient to take a pair (X, V) € X x X such that L%LV = W. For every Y € D(v), setting
v:=1y € D(¢) and ¥ := (X, V, Y)3P, we get

V() - (X)=9¢v) —o(n) = / (v,x —y)dd(x,v,y) =(V, X —Y)x,

™XxX

which shows that V € —3y (X) and therefore W € (2(—3v) = —8.¢.

In order to prove the converse implication, we just take W = t%,’ y € 2(—dy) for some
(X',Y") € =3¢, v € D(¢), and # € I'(¥, v). We can find elements X, V,Y € X such that
(X, V,Y)yIP =&. Inparticular ty = v so that ¥ (Y) = ¢(v) and t%m, = Wsothat (X, V) e —oy,
since —dv is law invariant and the law of (X, V) coincides with the law of (X’,Y’). Since
V(X)=¢(x) =¢(w) and (X, V) € =3¢, we get (5.5)

W) —p(u) =y ¥) —y(X)=(V, X -Y)x = / (v, x —y)dd(x,v,y). O
™XxX

In view of the invariance and the maximal A-dissipativity of —d, by Theorem 3.20(1,2)
we have that the subdifferential of ¥ contains elements concentrated on maps, in the sense that
for every X € D(9v) there exist f € L?(X, tx: X) such that f oX e -0y (X). An analogous
result has been obtained in [34, Theorem 3.19(iii)] for real-valued functionals when X has finite
dimension (cf. also [38, Lemma 8, Proposition 5]).

The next result gives a correspondence between the minimal selection and the resolvent oper-
ators of —dy and —d¢. It is remarkable that the minimal selection d°¢ of d¢ is an element of
the smaller set 3¢ and therefore coincides with d;¢. This fact guarantees that the “Eulerian-
Wasserstein” approach to the gradient flow of ¢ coincides with the “Lagrangian-Hilbertian”
construction.

In the following, J. denotes the resolvent of the invariant maximal A-dissipative operator
—3 for 0 < T < 1/A™ with the corresponding map j, introduced in Theorem 3.4.

Proposition 5.4 (JKO scheme, Wasserstein and total subdifferential). Let ¢ : Pr(X) — (—o0,
4-00] be a proper, lower semicontinuous and totally (—A)-convex functional and let  be as in
(5.4). Then:

(1) Forevery u € P2(X) and 0 < t < 1 /A" the measure jur := j, (-, L)z 1 is the unique solution
of the JKO scheme for ¢ starting from , i.e. |4y is the unique minimizer of

1
v o WE(, ) + ). (5.6)

Equivalently, if u = tx for some X € X, then pu; = 1(J(X)).

(2) For every = 1x € D(31¢), the element of minimal norm 3;¢[u] (equivalently, the law of
the element of minimal norm of 0y (X)) is the element of minimal norm of d¢[].
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(3) We have that 1(D(0vr)) = D(9¢) = D(3¢) and the minimal selection —3°¢ of —d¢ is con-
centrated on a map and it is totally A-dissipative.

(4) The MPVF (2(—9v) is the unique maximal totally \-dissipative extension of —3°¢ with
domain included in D(¢).

Proof. By Theorem 5.3 and Theorem 3.4, we have that u, does not depend on the choice of
X € X such that tx = p; if v € Pa(X), v # ur, we can thus find (X', Y) € X? such that L%(/ y =€

Co(i, v), e = t(J (X)), and Y # J(X'), since ty = v # pu; = 1(J:(X")). By the properties
of the resolvent operator J, (cf. Corollary A.5), we have that

1 2 1 1 / 12
d(ue) + ZW2(MT,M) <Y (J (X)) + ZlJT(X )— X |x
1 /
<YW+ Y = X'l
—¢(U) + E 2(#7 V),

which shows that p; is a strict minimizer of (5.6).

To prove (2), first of all notice that, thanks to [1, Lemma 10.3.8], ¢ is a regular functional
according to [1, Definition 10.3.9]. Let —3°¢/(X) be the element of minimal norm in —adyr(X)
and let us denote by u :=tx and @, := (X, —9°¢¥ (X)):P € —9¢[u] by Proposition 5.3. We
have

YO YU (X)) _ L dGn) — $lur) _

T 70 T

[®ul3 = 1= 0"y (O = lim | = 3°¢ (3. (5.7)
where —3°¢ () denotes the unique element of minimal norm in —ad¢[u] (cf. [1, Theorem
10.3.11]), the last equality comes from [I, Remark 10.3.14] and the second equality comes
from Corollary A.5. Since ®,, € —d¢[u] and by uniqueness of the element of minimal norm
in —d¢[u], we conclude that the slope identity (5.7) proves (2).

Also (3) follows by Corollary A.5, while the fact that —d°¢ = —d7¢[u] is concentrated on
a map follows by Theorem 3.20(1) since —ad¢[x¢] is maximal totally A-dissipative by Propo-
sition 5.3(2). To prove (4) it is enough to notice that, if G is a maximal totally A-dissipative
extension of —3°¢ with domain included in D(¢), then its Lagrangian representation B has do-
main included in D(y) and it is A-dissipative with every element of the minimal selection of
—3y (cf. Theorem 3.12). By (A.3) we thus get that B C —dy and thus, since they are both
maximal A-dissipative, they coincide. O

Remark 5.5 (Comparison with similar notions of subdifferentiability). Part of Proposition 5.4
can be compared with the deep results obtained by [34] for the Fréchet subdifferential of gen-
eral (not necessarily A-convex) real-valued functionals when X has finite dimension. Using our
notation, [34] restricts the analysis to elements of the Wasserstein-Fréchet subdifferential d¢ of
¢ which can be expressed by maps; it is proven in [34, Theorem 3.21, Corollary 3.22] that such
a subset of d¢ (1) is nonempty if and only if the Fréchet subdifferential of i at X with u =x
is nonempty. Moreover in [34, Theorem 3.14] it is proven that, given u € D(¢), all the maps f
belonging to Tan,, P>(X) for which (ix, f)zu belongs to d¢ (1) correspond to elements f o X in
0y (X); in particular [34, Corollary 3.22] shows that the element of minimal norm of the Fréchet
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subdifferential of ¥ at X can be written as f° o X, where f° is the element of minimal norm
of the Fréchet subdifferential of ¢ at tx (compare in particular with items (2), (3) in Proposi-
tion 5.4). On the other hand, working with general MPVFs and elements in 91 (X) which not
necessarily have the form f o X allows to prove the law invariance of 9y and to work with
functions ¢ whose proper domain D(¢) is strictly contained in P, (X).

We also mention that the lifting technique we are using here is of fundamental relevance for
the concept of L-derivative considered in [24, Definition 5.22], [20, Definition 6.1], and inspired
by [39]. Using our notation, in [24,20] a function ¢ : P>(X) — R is said to be L-differentiable at
u=1tx € Pr(X), for X € X, if the lifted function ¥ : X — R is Fréchet differentiable at X. The
notion of L-differentiability can also be used to define a notion of convexity (called L-convexity)
for functionals ¢ : P>(X) — R which are continuously differentiable: we refer the interested
reader to [24, Section 5.5.1, Definition 5.70] and we only mention that for such a class of regular
functionals this definition is equivalent to total convexity.

For clarity of explanation, we anticipate here a result linking geodesic convexity to total
convexity whose proof, in a more general setting, is deferred to Section 9 (see in particular
Theorem 9.1).

Theorem 5.6. Assume that dim(X) > 2. Let U C X be open, convex, non-empty and let ¢ :
Pr(X) = (—00, +<] be a proper, lower semicontinuous and geodesically (—\)-convex func-
tional whose domain satisfies P y(U) C D(¢) and such that P y(U) is dense in energy, meaning
that for every € D(¢) there exists (up)peN C P r(U) such that

Pp = and  d(uy) = d(u).

Then ¢ is totally (—X)-convex. In particular, every continuous and geodesically (—A)-convex
Sunctional ¢ : P2(X) — R is totally (—1)-convex.

Theorem 5.7 (Gradient flows of totally convex functionals). Let ¢ : P2(X) — (—00, +00] be a
proper, lower semicontinuous and totally (—)\)-convex functional and let \ be as in (5.4). For
every o € D(¢), let us denote by (S;);>0 the family of semigroups in P2(X) induced by the
Lagrangian flow associated to the maximal total A-dissipative MPVF —3¢ = (>(—V) (cf. Def-
inition 4.1). Then the locally Lipschitz curve w : [0, +00) — P2(X), w := S; (o), is the unique
gradient flow for ¢ starting from g, in the sense that

@Ax, v)ppr = —0°@P[ el = —07¢[us]  forae t >0,

where v is the Wasserstein velocity field of iu coming from Theorem 2.11 which therefore satisfies
all the properties of [1, Thm. 11.2.1].

Moreover, t — S; (o) is also the unique (—A)-EVI solution for the MPVF —a¢ starting from
wo € D(¢) and S; is a semigroup of e -Lipschitz transformations satisfying

Wa (S (1o), Si(11)) < €M Walo, 1) for any wo, w1 € D(@).

Proof. Since ¢ is lower semicontinuous and (—A)-convex along generalized geodesics, in par-
ticular it is coercive thanks to [43, Theorem 4.3]: we can apply [1, Theorem 11.2.1] to get that
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there exists a unique gradient flow w : [0, +00) — P2 (X) for ¢ starting from . By [28, The-
orem 5.22(e)] this also shows that p is the unique (—A)-EVI solution for —d¢ starting from
Ho-
Since 3°¢ = ;¢ by Proposition 5.4, we can apply Theorem 4.2 and Theorem 4.4 to show
that u coincides with S;(wg), first for every o € D(d¢) and then also in its closure, thanks to
the regularization effect. O

We conclude the section with a pivotal example of a functional ¢ to which the results of this
section can be applied.

Example 5.8. Let P, W : X — (—o00, +00] be proper, lower semicontinuous and (—A)-convex
functions, with W even. We define the functional ¢ : P> (X) — (—o0, +0o0] as

1
¢(u):=/Pdu+§ / W — A ® ) y), e PrX).
X XxX

Notice that W (0) is finite so that, if xo € D(P), then ¢ (8y,) = P(xp) + %W(O) < 400, so that ¢
is proper. Moreover, by [1, Propositions 9.3.2 and 9.3.5], we have that ¢ is lower semicontinuous
and totally (—X A 0)-convex.

Part II. Metric dissipativity, total dissipativity and maximal extensions
6. Local optimality and injectivity of couplings

In this section, we study the local optimality and injectivity of several classes of couplings.
These properties will be relevant for the analysis of the relation between metric dissipativity and
total dissipativity in Section 7. First, the fact that any coupling between discrete measures is
piecewise optimal, as established in Theorem 6.2, implies that a metrically dissipative MPVF F
is piecewise dissipative along such discrete couplings. To combine these piecewise dissipativity
conditions and deduce that F is dissipative along the full coupling, a key tool is the injectivity of
the interpolation map x’, which allows one to trivialize the duality pairings as in Theorem 2.13(4).
This injectivity can either be assumed as a hypothesis (see Lemma 7.1) or derived via the pertur-
bation argument presented in Proposition 6.4 (see Theorems 7.3 and 7.6).

We first start with arbitrary couplings between discrete measures.

6.1. Local optimality of couplings between discrete measures
We want to show that the linear interpolations induced by arbitrary couplings between discrete
measures can be decomposed in a finite union of geodesics.

The main quantitative information is contained in the following lemma.

Lemma 6.1. Let 1o, i1 € P2(X), y € T'(o, i1). If 1o has finite support S = {xy, -+, Xy} with
S:=min{|x; —X;|:i,j€{l,-- M}, i #j}>0and

sup{|y—x| : (x,y)esuppy] <§/2
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then y € To(po. 1) and W3 (uo, p1) = [ |y — x|*dy.
Proof. It is sufficient to prove that the support of y satisfies the cyclical monotonicity condition

2.9).
If {(x,, y,,)}fyzl are points in supp y with xo := xy and x,, # x,_1 then

(Vs Xn — Xn—1) =A{¥n — Xn, Xn — Xn—1) + (Xn, Xp — Xn—1)
) 1 1 1
> =5 Pn = Xntl 5 Pon = Xt 12 Sl = S o P

1
2 2
Z 5 lxnl” = S xn1l

N =

since |y, — x| <6/2 and |x;, — x,—1| > 6. If x,, = x,—1 we trivially have (y,,x, — x,—1) =

$1xal? = Axa—112, so that
N N
1 1 1 1
2 2 2 2
D =1} = Y Sl = Sl P = lav* = Slxo*=0. O
= = 2 2 2 2

As a consequence we obtain the following result.

Theorem 6.2 (Local optimality of discrete interpolations). Let 19, 11 € P2(X) be two measures
with finite support, y € I'(no, 1) and p; := (xX')sp, t € [0, 1]. Then the following properties
hold.

(1) For every s € [0, 1] there exists § > O such that for every t € [0, 1] with |t —s| <6y, =
(<, X")gy is an optimal plan between s and i, so that

W2 (s 1) =/|y—x|2dys,, _ |r—s|2/ ly —xPdy(x. y).
X2 X2

2) There exist a finite number of points tc =0 < t] <tp) <--- < tg = 1 such that for eve
4 ry
k=1,---, K, puly_y,5 is a minimal constant speed geodesic and

W32 (e, ) = |t — 1) f ly —xI?dy(x,y) foreveryt 1" €lti_i,t].
X2

1/2
(3) The length of the curve t — 1; coincides with (fxz ly —x|? dy)

Proof. The first statement follows by Lemma 6.1, since every measure (i has finite support and
for every ¢t € [0, 1]

sup {|y — x| : (x,y) esuppy,,} =1t —s|sup{|y — x| : (x,y) esuppy}

< |t —s|max{|y — x| :x € supp o, y € supp i1 }.
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In order to prove the second item, we define an increasing sequence (f,),eN C [0, 1] by
induction as follows:

o 1p:=0;

e if 1, <1 then f,4 := sup {t € (tn, 11: Wi (g, o) =1t — a1 [y |y — XIzdy};

e ift,=1thent,y;=1.

The sequence is well defined thanks to item (1). It is easy to see that there exists K € N such
that rx = 1. If not, #, would be strictly increasing with limit 7o, < 1 as n — +4-00. By item (1),
there would exist r > 0 such that the restriction of u to [foc — 1, foo] 1S @ minimal geodesic, so

that whenever f,, > to, — r we should get #,,+| = -, a contradiction.
Item (3) follows immediately by item (2). O

6.2. Injectivity of interpolation maps
Given two pairs of points (a’, »’) and (a”, b”) in X2 it is easy to check that
(A=t)d' +1b £ (1—1)a" +1b" foreveryre(0,1) « b'—b' ¢ { _s(@ —d):s> 0}.

6.1)
In particular, given a set A C X we consider the set of directions

dir(A) := {s(a/ —d"y:seR, d,d" € A} = Js(a-a). (6.2)
seR

Definition 6.3. Given A, B C X we say that the chords of B are not aligned with the directions
of A if

(B — B)Ndir(A) = {0}. (6.3)
In this case, for every ¢ € (0, 1) the map x : X> — X is injective on A x B.

When X has at least dimension 2, it is remarkable that in the discrete setting, it is always
possible to perturb the elements of a finite set B in order to satisfy condition (6.3) with respect
to a fixed finite set A. In particular, we can always find a suitable small perturbation of the points
in B, so that the chords of the perturbed set are not aligned with the directions of the fixed set A.
Proposition 6.4 (Injectivity by small perturbations). Assume that dimX > 2 and A C X be a finite

set. For every finite set of distinct points B = {bn}fl\]:l C X there exists a finite set B’ := {b,g}flv:l
of distinct points with |b], — b,| < 1 such that, setting

b, (s) =1 —s)b, + sb;,, B(s) :={b, (s)}flvzl, (6.4)
we have that #B(s) = N for all s € [0, 1] and
(B(s) — B(s)) Ndir(A) = {0} foreverys e (0, 1]. (6.5)
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In particular, for every t € (0, 1) the restriction of the map x' to A x B(s) is injective for every
s €(0,1].

Proof. We split the proof of the proposition in two steps.
Claim 1. there exists a finite set of distinct points B .= {b”}N | with b, — b,| < 1 satisfying
(B" — B") N dir(A) = {0}. (6.6)

We can argue by induction with respect to the cardinality N of the set B. The statement is
obvious in case N = 1 (it is sufficient to choose b{ := by).

Let us assume that the property holds for all the sets of cardinality N — 1 > 1. We can thus find
a finite set of distinct points By, = {b”}N ! satisfying (B N_1— By_)Ndir(A) = {0}. We look
for a point by, € U \ By,_,, where U := {x € X:|x —by| < 1}, such that By, := By,_, U {b}}
satisfies (6. 6) The point b}(, should therefore satisfy

by €U, by —b, ¢dir(A) foreveryne{l,---,N—1}.

Such a point surely exists, since dir(A) is a closed set with empty interior (here we use the fact
that the dimension of X is at least 2) and the union Uflvz_ll (b;l’ + dir(A)) has empty interior as
well, so that it cannot contain the open set U.

Claim 2. If B” satisfies the properties of the previous claim, then there exists § € (0, 1] such that
setting

b :=(1—8)b, + 8b]

n’

6.7)
the set B = {b), }N | satisfies the thesis.

We denote by a the cardinality #A4 of A and we first make a simple remark: for every z, z” € X

#sel0,1]:2(s):= (1 — )z +s7" edir(A)} >a® = z,7/ edir(A). (6.8)

Indeed, the set A — A contains at most a2 distinct elements, so that if the left hand side of (6.8)1s
true, then there are at least two distinct values s, s, € [0, 1], r;,7 € R and a vectorw € A — A
such that (1 —s1)z + 512" =rjw, (1 —s2)z + 52z7” = row. We then get

(z(sz) —z(s1)=riw+ Ww e dir(A) for every s € [0, 1],
2— 81

z(s) —z(S1)+

hence (6.8). As a particular consequence of (6.8) we get that if z” does not belong to dir(A), then
the set {s € (0, 1]: z(s) := (1 — s)z + 57" € dir(A)} is finite, so that

Vz,7" eX: 7/ ddir(A) = 36>0: (1 —s)z+s7 ¢dir(A) foreverys € (0,8]. (6.9)
Let us now apply property (6.9) to all the pairs (z, z”) of the form z = b, — by, 2" =b — b,
n,me{l,---, N}, with n # m. Since b, — bl; ¢ dir(A) we deduce that there exists 8, , > 0

such that
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(1 = 8)(by — by) + s — bl ¢dir(A) forevery s € (0, 8,.m]- (6.10)
Setting
§:=min{|b, —by| :n,me{l,...,N},n#m}>0

and choosing 8 := miny, ;, {8, m, 3/3} > 0, then it is not difficult to check that B’ satisfies the
thesis, with b}, as in (6.7). Indeed, |b, — b),| = §|b, — b]/| < 1, and for every s € [0, 1] and n we
get

bn(s) := (1 — $)by + sb), = (1 — $)by + s(1 — 8)by, + 58b), = (1 — 8s5)by, + Ssb)
so that
bp(s) — by (s) = (1 — 85)(by — b)) + 8s(b), — b)) & dir(A)
thanks to (6.10) and the fact that s6 <§,,,,. O
7. Total dissipativity of MPVFs along discrete measures

In this section, we begin our analysis of the relationship between metric and total dissipativity,
defined respectively in Definitions 2.15 and 3.6. Leveraging the piecewise optimality of discrete
couplings established in Theorem 6.2, we deduce that metrically dissipative MPVFs are piece-
wise dissipative along such couplings. To combine these piecewise dissipativity conditions, we
need to trivialize duality pairings as in Theorem 2.13(4). This is achieved either by assuming that
the map X' is essentially injective along the discrete coupling, or by assuming that the MPVF
is concentrated on a map along the discrete coupling. This is the content of Lemma 7.1. By an
approximation procedure, we show in Theorem 7.2 that suitably continuous dissipative MPVFs
concentrated on maps are totally dissipative. Finally, under suitable hypotheses on the geome-
try of the domain of the MPVF and using the perturbation argument of Proposition 6.4, we can
recover the injectivity of the map x’. This is the content of Theorems 7.3 and 7.6.

We will consider the following subsets of the space P ¢(2") of probability measures with
finite support in a general Polish space 2Z": for every N € N

PrN(Z) = {M €PH(Z):Nu(A) eNVAC 3{}
Pun (2) :={Me?f(%):NM(A)e{o,l}VAc%} (7.1)
= {u € Py n(Z) : #supp(n) =N}.

Notice that every measure u € Py y(2£") can be expressed in the form

N
1 .
w= ~ ZSX” for some points xy, .-+, xy € 2.
n=1
The measure u belongs to Puy (Z") if the points xy, - -+ , x,, are distinct.
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If F is a MPVF, g, 11 € P(X), we correspondingly set
Di(F) :=D(F) N Pu(X),  Tulpo, 1) :=T'(po, n1) N Pu(X x X), (7.2)

where « is replaced by one of the symbols f, (f, N), #N above.
For every o, n1 € P (X) we introduce the L>°-Wasserstein distance by

Woo (g0, 1) = min | [ = X! gox o0 < € Do, ). (73)
Before proceeding, we recall the main objects introduced in Section 2.2, which will play a

central role in what follows. We refer to Section 2.2 for their main properties. For every # €
Pr(X x X),t€[0,1]and ® € ng(TX|X§17), we set

T(®, #) = {0 e Py X x X) | 0, xeo =, & o, x)),v0)s0 = \y} .

and

[, #],., := min / (X0 — %1, v0) do (x0, v0, x1) | & € Ty (W, ) §
TXx X

[b, 91, := max f (x0 — x1. v0) do (x0, v0, x1) | & € Ty (W, )
IXx X

If F C P, (TX), uo, 1 € D(F), recall that the set I' (g, w1|F), introduced in Definition 2.18, is
defined as

P (0. 1) = {1 € Do, 1) | X € D) for every 1 € [0, 11}
Given p € I'(ug, n1|F), we recall the following definitions

[F, wlr; :=sup {[®, ] | P eFlul},  [F,ply :=inf{[®, pli, | P ecFlul}.

In the following, we investigate the results of Theorem 2.19 in the case of marginals g, ;1 with
finite support, but removing the optimality requirement over the coupling p.

Lemma 7.1. Let F be a MPVF satisfying (2.17) and let 1o, ;11 € D ¢ (F) with p € I'(1o, 11|F)
satisfy at least one of the following conditions:

(1) foreveryt € (0,1), X is w-essentially injective;
(2) foreveryt € (0, 1), there exists an element ®, € F[XI’: L] which is concentrated on a map.

Then
[F. nlrs — [F.pli <A —)Wp, W, ::/|xo—x1|2du, forevery0<s <t <1. (7.4)
X2
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In particular, t — [F, pl.; + )LW,% tandt— [F,pnl; + )»Wit are increasing respectively in
[0, 1) and in (0, 1], [F, ul;, = [F, nl., at every t € (0,1) where one of them is continuous,
hence they coincide outside a countable set of discontinuities.

Proof. By Theorem 2.19, it is not restrictive to assume A = 0; moreover, thanks to (2.11), we
may also set s =0 and ¢ = 1. Indeed, if the statement of the present lemma holds for A = 0,
s =0, and r = 1, then for any 0 < s < < 1 we can define u*' := (x*, Xt)ﬁ[l, and observe that
X = xgu” and Xlt:”“ = x; p*! belong to D¢ (F), with u*’ € F(xgu”, xé 13! |F). Moreover, if ei-
ther condition (1) or (2) above holds for u, the same holds for u*’. Consequently we can apply
(7.4) to the coupling u*!, and have

(t - S)[F, M]r,s = [Fv ”’Xt]r,o =< [Fv M’Sl]l,l = (t - S)[F, ”’]l,h

where the equalities follow by (2.11) and the definitions of [F, u], s and [F, p]; ;. Dividing both
sides by (t — s) > 0 yields the desired inequality in (7.4) for the general case 0 <s <t <1 and
A=0.

We then devote the remainder of the proof to establishing the result in the case A = 0 with
s=0andr=1. We set u; := XI’I;L and we select an element ®; € F[u,] (in case (2) we can also
suppose that ®, is concentrated on a map).

Applying Theorem 6.2, we can find points fo =0 < #; < --- < tx =1 such that

= O X m€ Ty g [F) N Doy, ) forevery k=1, K.

In particular, from (2.11) and Theorem 2.19(2), we get

1 1
(D s Mg, = ———[ D1y #¥1r0 < ———— [Py, m¥ 111 = [P, -
I — the—1 t — t—1

Since, for 1 <k < K, x* is p-essentially injective (if assumption (1) holds) or &, is con-
centrated on its barycenter (if assumption (2) holds), Theorem 2.13(4) yields [®, pl;, =
[, ],z so that

[©o, wlr0 < [Py, iy, =[Py gy <o S Prg s iy = [Prgeys Bt < [P1, 1101

Taking the supremum w.r.t. &g € F[10] and the infimum w.r.t. ®; € F[iu1] we obtain (7.4). The
last part of the statement follows as in the proof of Theorem 2.19. O

The following result shows that in case of a deterministic demicontinuous PVF (recall Defi-
nition 3.22) A-dissipativity yields total A-dissipativity. Similarly, we can lift the Lipschitz conti-

nuity along optimal couplings to arbitrary couplings.

Theorem 7.2 (Deterministic demicontinuous dissipative PVFs are totally dissipative). Let F C
P2 (TX) be a deterministic demicontinuous \-dissipative PVF with D(F) = P> (X), of the form

foramap f:8(X) = X, where 8§ (X) is as in (2.15). Then F is maximal totally A-dissipative.
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If moreover there exists L > 0 for which the following condition holds: for every [, (L1 €
P2(X) there exists p € Ty (10, L1) satisfying

f (e i) = £ (xos 1) di(xo. x1) < L2 f w1 —xoPduGo.x),  (716)
XxX XxX

then (7.6) holds for every p € I'(uo, £1).

Proof. By Lemma 7.1(2) and the fact that F is single-valued and concentrated on a map
[ :8(X) = X, recalling Theorem 2.13(4) we know that F is totally dissipative on finitely sup-
ported measures, i.e. it satisfies (3.9) (or, equivalently, (1.7)) for every uo, 1 € P ¢(X). We use
an approximation procedure to get the general formulation for every o, 11 € P2(X) and ev-
ery p € I'(io, pt1): we take sequences (jug)neN» (])neN C Py (X) such that Wa (g, o) — 0
and Wa(u7, n1) — 0 and optimal plans y{ € o1, i0) and y7 € Ty (1, u). Let o, € PXH

2 2,3

be such that n;’ 0n=Yp SO =N and 71’;’40’,1 =y Notice that we also have that u, :=

nﬁl’46n belongs to I" (1, i} ) and converges to g in P, (X2) as n — +00. Thanks to the demicon-

tinuity of F and the fact that F is concentrated on f, we obtain that #, := (ixxx, f (xo, ug) ¥

S, wW))gm, converges to # := (ixxx, f(xo, o) X f(x1, 41))gh in (P;"J(X2 x X2). We can
then pass to the limit in the inequality

/(f(XLM'f)—f(xo,ug),xl—Xo)dltn(xo,xl)= / (v1 —vo, x1 —x0) dt, (x0, X1, vo, v1) <0
X2 X2x X2

obtaining

/(f()%/ﬁ) — f(x0, o), x1 —x0) dp(xg, x1) = / (v1 — v, x1 — x0) dt (x0, X1, vo, v1) < 0.

X2 X2 x X2

We can eventually apply Theorem 3.23 to get the maximality of F.

Concerning the second part of the Theorem, let us first show that the condition (7.6) holds for
every uo, 41 € P r(X) and every p € I'(uo, 01): by Theorems 6.2 and 2.9 there exists some K €
N and points 0 =1y <] < --- < fg_1 < tg = 1 such that (xi-1, X" )z p is the unique element of
I‘O(xg’lﬂ, xgu) foreveryi =1,..., K. We thus have forevery i =1, ..., K that

1/2 12
. 2
/ \f(x’f,xg W= fFE T W dr | <L —1im1) / 1 — xol* dpe(xo, x1)
2 X2
Summing up these inequalities for i = 1, ..., K and using the triangular inequality in L*(X x

X, p; X), we get that (7.6) holds for every uo, 1 € P (X) and every p € I'(uo, p1).

By using the same approximation procedure (and the same notation) of the first part of this
proof, we show that (7.6) holds for every pg, 1 € P2(X) and every u € I'(io, £1): in fact we
have the estimate
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1/2

/ |f e, ) = f (o, w0 drxo, x) | = 1F G, 1) — £ 1ol 2x.0,:%0
2

<IFEP ) = FEt mDllzpe.o, 00 + 1@ 1D = FE wl2o.0,:x

+If@t wd) — F@2 1ol 20¢.0,0%
12

fL(Wz(u’f,mHWz(uo,uS))+L /Ix—ylzdlbn(x,y)

X2

Passing to the limit as n — +o00, we get that (7.6) holds for every o, 1 € P2(X) and every
wel(uo, u1). O

While the dissipativity obtained in Lemma 7.1 is based on assumptions granting the trivi-
alization of the duality pairings (cf. Theorem 2.13(4)), we can improve such result using the
perturbation argument developed in Proposition 6.4. This requires to assume dimX > 2 and to
work with a finite set of N distinct points.

Theorem 7.3 (Self-improving dissipativity along discrete couplings). Assume that dimX > 2. Let
F be a MPVF satisfying (2.17), N € N, let jo, 11 € Dy (F), p € I'(no, 1) and let p, = xéu,
t € [0, 1]. Assume that one of the following conditions is satisfied:

(1) mePrn(XxX) and for every t € (0,1) u; belongs to the relative interior of D s n(F) in
PrnX);
(2) foreveryt € (0, 1) u; belongs to the interior of D ¢ (F) in the metric space (P r(X), Weo).

Then

(F, mwlys — [F, wli <A@ — S)WZ, Wi = / |xo — x1 |2 du, foreveryO<s<t<1. (7.7)

X2

Proof. We carry out the proof in case (1), the proof in case (2) is analogous. By Theorem 2.19 it
is not restrictive to assume A = 0; we can also assume s = 0 and 7 = 1 thanks to (2.11) (see the
beginning of the proof of Lemma 7.1 for more details). By Theorem 6.2 we can find 0 < § < 1/2
and 7 € (8,1 —§8) s.t. x%, x" and x' % are j-essentially injective and x°, X’S)ﬁ[l,, (x'9, x)sp are
optimal: indeed by Theorem 6.2, we find K > 1 and points 0 =1y <#; <t) <--- <tx =1 such
that (x’-1, xtk)nu is optimal for every k = 1, ..., K it is then enough to take any §, 7 € (0, 1)
such that

K
O<s<nAl—tg_)Al/2, te@. 1=\ .
k=0

In this way, 0 <d<t<1—-8<1,8€(0,11),1 —38 € (tk—1,1), and t € (tx_1, t) for some
kel,...,K. In particular, P, X‘S)j/L (resp. (x' 9, Xl)ﬁ[l,) is a restriction of the optimal plan
OO, x" ) (resp. (x'%-1,x!);p) hence optimal. Moreover, by Theorem 2.9, we see that x*/"
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is (x, x1), u-essentially injective; since (x°, x')(supp(p)) C supp((xX°, x")zp) (cf. [1, formula
(5.2.6)]) and x? = x3/1 o (x0, x1), we conclude that x® is u-essentially injective. An analogous
argument shows that x' =% and x? are p-essentially injective.

In this way, since by Theorem 2.19 the relation (7.7) is true both for the case s =0, = § and
s=1—4,t=1, we only need to prove itfors =5 and t =1 — §.

We set A = supp(ues) U supp(ui—s) and B = supp(u;). By compactness, we can find ¢ >
0 such that every measure in Pz v (X) in the W;-neighborhood of radius & > 0 around p, is
contained in D(F) forevery 6 <t <1 —3.

Applying Proposition 6.4 we can find a map b : B — X with values in the open ball of radius
¢ centered at O such that setting b° (x) := x + sb(x) for every s € [0, 1] and x € B, the set B* :=
b* (B) satisfies (B* — B*) Ndir(A) = {0} and #B* = #supp(u) for every s € (0, 1]. Considering
the measures vy  := (b*)su,, we can pick Wy ; € F[vs ] with barycenter v ; : B — X, i.e.

V5o (y) = / vd¥  (y,v).

™

N

Now, for a = %, we define maps b7, v*7 : supp((x®, x! 7%); ) — X as

bt :=b"ox®, vV i=v5,0b"".

Notice that x“(supp((x‘s, xl"s)ﬁu)) C B =supp(i¢), so the above definitions are well-posed. Let
us consider @5 € F[us], ®1_s € F[u1—s] and o5 € P(TX x TX) s.t. (XO, xl)uag = (X‘S, xl_‘s);u,
(XO, Vo)ﬁag = &4 and (xl,vl)ﬁag = ®;_s. On supp(os), we have

1—a

1 ) ‘
_i__(v()_vs,r’bs,r _Xa) + (Vl _vs,r’bs,r _Xu)

a l1—a

=—(V0—vS’T,X0—bS’f)+ (V] —US’T,X] _bs,r)

a 1—a
1 Lt _ 87T 35,7 _ a 1 _ 0 1 1t ps,t _ a
+ ——7 RN/ XY+ — (1 —a)v’ +av —v-", b x4)
a(l —a) a(l —a)
1 1
— —(VO _ vs,r’ XO _ bs,r) + (Vl _ vs,r’ Xl _ bs,?.')
a 1—a
s 1,7 s, pl,T S, T s 0 1 Lt plt a
—_— (" =", b = b — (1 —a)v vi—ovot bt —xY).
IRTES T A It i eV - )
(7.8)

We have that
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/ (V0 =057 X0 = b"T) dos = [@5, 1" )0 — [ Wy, 570111,
2
/ (o T =BT dos =015, 1T 0 — (W, 850010, (79
sz
/ (' =0T BT — b5 T) dos = (W1, 30700 — [y, 900,
2
where pu* 7% = (x9, b0, L = x!, p% Deos, 900 b= "7, " ")405 and the equalities
with the pseudo scalar products come from the fact that all those plans are concentrated on a map
w.r.t. their first marginal. Indeed, we can use Theorem 2.13(4) thanks to the p-essential injectivity
of x3,x7, x!7% and use the fact that the cardinality of B® is constant w.r.t. s. By construction,

these plans satisfy the hypotheses of Lemma 7.1 so that all the expressions at the right-hand side
of (7.9) are nonpositive. Combining this fact with (7.8), we end up with

/(vo—le )daa_ﬁ/(l—a)v +av! —ob7 BN — x,) dos.
1-)(2
Passing to the limit as s |, O we obtain
/(vo—vl,xo—xl)da,g <0. (7.10)
TX2

Recalling (2.3) and using the same notation for the map s : TX? — TX2, s(xo, vo, X1, V1) =
(x1, v1, X0, Vo), we can write the left-hand side as follows (cf. Definition 2.12)

/(VO—V1 X0 —x! ng—/<V X —x)d05+/(v x' —x% dos

TX2 sz
=/(v0 X —x)d65+/( X0 —x1yd(sza5)
sz sz

> [Ds, 0, X1 70)apl0 + [P1-s, 5:0¢, X! 7050,

indeed (x°, v, x")05 € To(®s, 0, x!0)p) and (O, V0, x1)s(ss05) € To(P1—s, se[(x°
x!=8);u1). Thus, by (7.10) and Theorem 2.13(1)(3), we can write
0> [®s, (x°, X' )splr0 + [ P15, 5: (%, X' )zplr0
=[@5, (. x' D)splr0 — [P1—s. &, x' )i
=(1—-26) ([®s, wlrs — [P1-s. ml11-s5) -

Dividing by 1 — 2§ > 0 and passing to the supremum w.r.t. &5 € F[us] and ®;_s € F[t1_s], we
get (cf. Definition 2.18)
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[Fv "L]r,a - [F’ ,"]l,l—ﬁ S O»
whichis (7.7) withs =§andr=1—-6. O

Remark 7.4. If F C P,(TX) is a A-dissipative MPVF with D(F) = P,(X), then F is A-dissipative
along discrete couplings thanks to Theorem 7.3 and Theorem 2.13, i.e.

(&, W], < A / x — y2dy(x. y)
XxX

for every @, W € F and any y € I"(x; @, x; W) such that x; ®, x; ¥ belong to P ¢ (X).

The same perturbation argument in the proof of Theorem 7.3 can be applied in a similar
situation, when we know that the MPVF is dissipative along discrete couplings w.r.t. which the
map x’ is essentially injective. This leads us to the following definition.

Definition 7.5 (Convexity along collisionless couplings). Let po, 1 € Py (X). We say that p €
(o, 1) is collisionless if X' is p-essentially injective for every ¢ € [0, 1].

We say that a set C C P ¢ (X) is convex along collisionless couplings if for every collisionless
I E fPf(Xz), with Xgﬂ, xéu € C,and every t € (0, 1) we have x;u, eC.

Notice that if ©g, 11 € Pay (X) a coupling g in I'(ug, 1) is collisionless if and only if

e Ty (X3, X € Pun(X) forevery t € (0, 1). (7.11)
Theorem 7.6 (Self-improving dissipativity: the collisionless case). Assume that dimX > 2, N €
N, let F be a MPVF satisfying (2.17) and such that Dyy (F) is convex along collisionless cou-

plings, let po belong to the interior of Dy (F) in the metric space (Pgn (X), W2), w1 € Dy n (F),
and € Tyn (Lo, 01). Assume that one of the following conditions is satisfied:

(1) 1 € Dy (F);
(2) foreveryr € (0, 1) there exists t € (r, 1) such that xéu e D(F).

Then

(@, plro — [¥, mli <AW,, W, :Z/le—X1|2d/L (7.12)
X2

for every ® € Flugl, ¥ € Flu1].
Proof. We divide the proof into two claims, proving the result respectively in case (1) or (2).
Claim 1. Case (1).

The proof is very similar to the one of Theorem 7.3, we keep the same notation.

Since u € Pay (Xz), x0, x! are J-essentially injective, so that we can select § = 0. Since g

is in the interior of Dgy (F), we can find 7, ¢ € (0, 1) small enough such that the W,-ball of
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radius ¢ centered at p; := x; i is contained in Dyy (F) and x* is p-essentially injective. We
can then apply the same perturbation argument as in the proof of Theorem 7.3, and consider the
measures $g, 1,00, V.7, Y 7, [LS’T’O, [L‘Y’T’O, #5700 as defined therein. We can proceed with
exactly the same computations and arrive at (7.9). The right hand sides of the equations in
(7.9) are again non-positive because the hypotheses of Lemma 7.1(1) are satisfied: for any
y € {;L”’O, fLS’T’O, 19”’0}, its marginals belong to Dy (F) by construction, x” is y-essentially
injective also by construction, and y € F(xgy, xé y |F) because of the convexity of Dy (F) along
collisionless couplings. Then we get (7.10) which gives immediately (7.12).

Claim 2. Case (2).

We can assume that 1 ¢ Dy (F) and 1 = 0. Let us denote p;, :=x;p, ¢ € [0, 1]; we claim
that there exists © € (0, 1) such that u, € Dgy (F), x* is p-essentially injective, and (x7, xl)ﬁu
is optimal. Indeed, since u € Pyy (X2), xg 1 is supported on less than N distinct points only for
a finite number of times 0 < #; < --- < tg_| < tg = 1; on the other hand, by Theorem 6.2, we
can find 7 € (0, 1) such that (x, x')sp is optimal. Applying condition (2) with » = max{, tx 1},
also using the last part of Theorem 2.9, we get the existence of the sought r. We can apply Claim
1to wo, ¢, and (XO, x")pp to get

[®, (6O, xT)ep)r0 — [Wr, O, X )spli1 <0

for every ® € Fluol, ¥, € F[u.]. Since (x7, xl);u is optimal and F satisfies (2.17), by Theo-
rem 2.19(2) (more precisely, its finer version in [28, Theorem 4.9(2)]) we also have

(We, (¢, xDeplro — [¥, (¢, xepli <0,

for every W; € Flu], ¥ € F[u1]. Applying Theorem 2.13(3), summing the two expressions
above, and using the m-essential injectivity of x* together with Theorem 2.13(4), we get
(7.12). O

8. Construction of a totally A-dissipative MPVF from a discrete core

We have seen at the end of Section 3.2 (Corollary 3.21) that a maximal totally A-dissipative
MPVF is determined by its restriction to the set of uniform discrete measures.

In this section, we want to investigate the closely related question (Q.1), which leads, in a
sense to the converse procedure. In other words: if we assign a MPVF F on a sufficiently rich
subset of discrete measures, is it possible to uniquely construct a maximal extension of F? The
answer to this question is the content of the main Theorems 8.3, 8.4, 8.5, and 8.6.

In the Hilbert setting, such kind of problems are well understood if the domain of the ini-
tial operator is open and convex (see in particular [51], Proposition A.13 and Theorem A.14).
However, dealing with open sets at the level of P,(X) will prevent the use of discrete measures.
We will circumvent this difficulty by a suitable localization of the open condition in each subset
Paun (X), which relies on the notion of discrete core.

Before giving the precise definition of core, let us fix some notation related to discrete mea-
sures: in order to allow for the greatest flexibility, we consider collections of discrete measures
indexed by an unbounded directed subset )1 C N with respect to the partial order given by
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msn < m|n, 8.1)

where m | n means that n/m € N. We write m < n if m < n and m # n. Typical examples are
the set of all natural integers 91:= N or the dyadic one 91:= {2" : n € N}. We set

PronX) = [ Prnv0,  Pem:= [ Pen (), (82)
NeN NeNn

observing that, for every N € 91, Pz v (X) is closed in P> (X) and Pyy (X) is a relatively open and
dense subset of Pz, v (X).
We can now give the definition of core.

Definition 8.1 (91-core). Let 91 be an unbounded directed sugset of N w.r.t. the order relation <
asin (8.1). A discrete 91-core is a set C C Pugr(X) such that C C P (X) is totally convex and the
family Cp := C N Pyy (X), N € N, satisfies the following properties:

(1) Cy is nonempty and relatively open in Pyy (X) (or, equivalently, in P ¢, x (X));
(2) Cy coincides with the relative interior in P 7, 5 (X) of C N Pun(X).

Example 8.2 (A simple core). A simple cexample of MN-core is C := Pumn (U), where U C X is a
convex, open, non-empty subset, so that C = P, (U) and Cy = Pyp (U) for every N € .

We list here the main results of the section, which contain the answer to (Q.1) and whose
proof will be provided in Section 8.4. The first one shows how to recover a totally A-dissipative
MPVF starting from a general (metrically) A-dissipative MPVF F whose domain is a 9t-core C.

Theorem 8.3 (From dissipativity to total dissipativity). Let X be a separable Hilbert space, let
F C P>(TX) be a MPVF and let C C Pun(X) be a N-core. Let us assume either one of the
following hypotheses:

(i) F is A-dissipative, D(F) = C and dim(X) 2_2;
(ii) F is totally A-dissipative and C C D(F) C C.

For every N € M consider the MPVF Fy defined by the following formula: ® € FN[M] if and
only if ® (Pf,N(TX), w € Cy and for every v € Cy, ¥ € F[v], # € 'y v (P, v) we have
(vo — bw(x1), xo — x1) d# (x0, vo, x1) <A / lxo — x1/*d# (x0, vo, x1).  (8.3)
TXxX XXX

Then, we have the following properties:

(1) For every N € N, for any &g, ; € f‘N and any coupling # € I'(®g, 1) NPy n (TX x TX),
we have

/<v1 — 09, X1 — X0) d# (x0, vo, X1, V1) < A/ lx1 — xol*d®,
2 x?2
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and D(FN) contains Cy.
(2) Forevery u € Cy, let

map (B ) (1] = {f € L20¢ 10 2 i, Pz € Bl

then, f € L*(X, w; X) belongs to map (f?N) [u] if and only if for every v € Cy, W € F[v],
el sn(u,v) we have

/(f(xo) — by (x1), x0 — x1) dp(xg, x1) < )»/ lxo — x1 1% dp(xo, x1). (8.4

X2 X2

Moreover, in order for f to belong to map (IAT'N> [u], it is sufficient to check (8.4) only for

all the measures v € Cy and all the couplings p € T'(i, v) such that w is the unique element
of Do, v). )

(3) M| N implies D(Fp;) C D(Fp).

(4) The MPVF

Foo := U ﬂ Fy  with domain D(Foo) = UD(FM)DC (8.5)
MeN NeM:M|N Men

is totally \-dissipative. . .
(5) There exists a unique maximal totally A-dissipative MPVFE F extending Foc whose domain is
contained in C. For every u € C, F[ ] consists of all the measures ® € P, (TX|w) satisfying

f(v—f(yxx—y)d#(x,v,y)sx / I — y[d? (8.6)

™XxX T™XxX

for every # € T'(®D,v) with v € D(f?OO) and (ix, fzv € ﬁ‘m. The MPVF F also coincides

with the strong closure of Foo in P> (TX). Finally, if u € C then the minimal selection F° of F
satisfies

Folu] € Foolul.

The construction of I:‘oO follows a “restrict, then refine, then unite” strategy to build a single,
consistent multi-particle field that works for all particle numbers.

e The core for a fixed scale (restriction). For a given number of particles N, we first define
Fy. This is the unique maximal extension of the original field F when restricted to the core
Cy (cf. Proposition 8.15 and Theorem 8.24), characterized by condition (8.3). It represents the
“largest” field at level N that still satisfies the dissipativity condition against all barycenters of
elements of F inside Cy.

e The consistency problem (refinement). A configuration with M particles can be seen as a
configuration with N particles whenever N is a multiple of M (by treating the M particles
as being made of smaller subunits). To be consistent, the field at level M must be compatible
with the field at every finer resolution N.
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e Ensuring compatibility (inner intersection). To enforce consistency as above, we do not
take Fy, directly. Instead, for a fixed M, we consider all finer scales N that are multiples of
M . We then take the inner intersection

R

NeMt:M|N

This yields the part of the field at level M that is compatible with the fields at all higher resolu-
tions. This step makes the field more restrictive but guarantees consistency under refinement.

e Combining all scales (union). After performing this compatibility intersection for every M,
we have a family of fields, one for each particle number, that are all mutually compatible. We
can now safely take the union over all M to obtain

- U N

Ment M|N

In the next result, we specify, in the general case, how F and F are compatible in terms of
A-EVI solutions. We show that F indeed generates A-EVI solutions starting from every point of
its domain — which was not known a priori, since F generally does not satisfy the hypotheses of
[28] or those of Section 4. These A-EVI solutions coincide with those generated by the maximal
totally A-dissipative MPVF F constructed from F; moreover, when starting from a point in the
core C, they can be characterized purely in metric terms involving only F. Since C is dense in
D(F), characterizing the Lagrangian solutions of the flow generated by F starting from every
measure in C allows us to recover all other evolutions by approximation.

Theorem 8.4. Assume the hypothesis of Theorem 8.3, let uy € Cy for some N € . Then there
exists a »-EVI solution  : [0, +00) — Cy C PN (X) for the restriction of F to Cy, starting
from o, which is locally absolutely continuous in (0, +00). Moreover, | can be equivalently
characterized by the following two properties:

(1) wis a Lagrangian solution of the flow generated by F (cf- Definition 4.1);
(2) w is locally absolutely continuous in [0, +00) and locally Lipschitz continuous in (0, +00),

there exists a constant C > 0 such that the Wasserstein velocity field v of u (cf. Theorem 2.11)
satisfies

Ik(t)(/ |v,|2d,u,>l/2 <C aein(,1), (8.7)

U € D(l:“N) C D(ﬁ‘) for every t > 0, and it holds

= folus) for L -ae.t>0, (8.8)

where J‘o is the minimal selection map induced by (IA?‘)O as in Theorem 3.20 and I, (t) is as
in (A.13).
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We discuss two particular cases in more detail: the first one occurs when F is totally A-
dissipative.

Theorem 8.5 (Unique maximal extension of a totally dissipative MPVF). If F is a totally M-
dissipative MPVF whose domain contains a dense MN-core C. Then the MPVF F constructed as
in Theorem 8.3 provides the unique maximal totally \-dissipative extension of F with domain
included in C.

A second case occurs when we know that F is a deterministic A-dissipative MPVF: as in
Theorem 7.2 we obtain that A-dissipativity implies total A-dissipativity; here however, we deal
with a MPVF (not necessarily single-valued) defined in a much smaller domain.

Theorem 8.6 (Deterministic dissipative MPVFs on a core are totally dissipative). Let us suppose
that dimX > 2 and F C P> (TX) is a deterministic M-dissipative MPVF whose domain is a Jt-core
C. Then F is totally A-dissipative, Foo (cf. (8.5)) is a totally A-dissipative extension of ¥ and, for

every w € Jyeo Cn, f € map (FOO) [u] if and only if

/(f(XO) —g(x1), x0 — x1) dp(x0, x1) 5)»/ Ixo — x1 1% dp(xo, x1) (8.9

X2 x2

for all the measures v € C, g € map (F) [v], and all the couplings p € T'(u, v) such that p is the
unique element of ', (i, v). The MPVF F of Theorem 8.3(5) provides the unique maximal totally
A-dissipative extension of F with domain included in C. If moreover F is single-valued and the
restriction of F to each set Cy, N € N, is demicontinuous, then the restrictions of Foo and ¥° 1o
C coincide with F.

We devote the remaining part of this section to the proof of the above main theorems. We
adopt a Lagrangian viewpoint, lifting the MPVF F to the Hilbert space X := L*($2, B, P; X) and
parametrizing probability measures by random variables in X as we did in Section 3.2.

We proceed as follows:

(1) In Section 8.1, we introduce the framework used for our construction, in particular the study
of 91-cores. We start from a Lagrangian description of discrete measures, viewed as elements
of X that take only finitely many distinct values. From this perspective, we derive several
equivalent characterizations of 9t-cores in Propositions 8.9 and 8.13. These characterizations
will be used repeatedly in the proofs of the results that follow.

(2) Section 8.2 is devoted to the construction of Fy as in Theorem 8.3. We start by using the
91-core—compatible Lagrangian representation B of F given in (8.28) to define a suitable
Lagrangian restriction of F to discrete measures with exactly N € 91 distinct atoms. This
restriction is denoted by By, defined in (8.28), and its properties are studied in Proposi-
tion 8.14. In the subsequent Proposition 8.15, we define its maximal extension B N, which
will turn out to be the Lagrangian representation of Fy (cf. Theorem 8.24), and analyze
its properties. The final three results of the section provide additional characterizations and
properties of By the first, Proposition 8.16, under the general assumptions of Theorem 8.3,
and Corollaries 8.17 and 8.18 under the stronger hypotheses of the main Theorems 8.5 and
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8.6, respectively. These three results are used directly in the proofs of the corresponding
main theorems.

(3) Section 8.3 is devoted to the construction of Fo, and F as in Theorem 8.3. We begin by
showing in Proposition 8.19 and Corollary 8.20 that the resolvent and the minimal selection
operators of B N are compatible, in a suitable sense, across different values of N. We then
introduce in (8.48) the Lagrangian representation B of Fu, and recast in Corollary 8.21
the properties of the resolvent and minimal selection in terms of Boo. Thanks to these re-
sults, in Corollary 8.22 we are able to define B, which will turn out to be the Lagrangian
representation of F (cf. Theorem 8.24), and to study some of its properties.

(4) Section 8.4 contains Theorem 8.24, which includes the main Theorem 8.3 and its proof, and
the proofs of the remaining main Theorems 8.4, 8.5, and 8.6.

(5) Section 8.5 contains a few examples of the theory just developed.

8.1. Lagrangian representations of N-cores

In this section, we initiate a Lagrangian approach to the description of discrete measures. To
this end, we fix a standard Borel space (€2, B) endowed with a nonatomic probability measure P
(see Definition B.1).

Given 91, an unbounded directed subset of N w.r.t. the order relation < as in (8.1), we consider
a J-segmentation of (2, B, P) (see Definition B.3) that we denote by (Bn)yem. We define
By =0 (Py), N € N, and we denote by (2, B, P, (Py)nem), with Py = {Qn nlnery and
Iy :={0, ..., N — 1}, the 91-refined probability space as in Definition B.3 induced by (Pn)nen
on (2, B, P). We set

X:=L*Q, B, P:X), Xy:=L*Q By,P;X), NeN, xm:ZUxN,
NeN

and we recall that X, is dense in X by Proposition B.4.
Even if the choice of a general standard Borel space allows for a great generality, it would not
be restrictive to focus on the canonical example below, at least at a first reading.

Example 8.7. The canonical example of 91-refined standard Borel probability space is

(10, ), B([0, D)), &, (Gn)nem),

where A is the one dimensional Lebesgue measure restricted to [0, 1) and Iy = {Iy k}kery With
INx:=I[k/N,(k+1)/N),k € Iy and N € 91. The space Xy can then be identified with the class
of functions which are (essentially) constant in each subintervals Iy i, k € Iy, of the partition
IN k-

As in Section 3, we parametrize measures in P(X) by random variables in (€2, B, P) and we

use the notation ¢ : X — P, (X) for the map sending X € X to ((X) = X3P =1x € P»(X). Recall
that

Wa(tx,ty) <|X —Y|y forevery X,Y € X. (8.10)
If (X, V) e X x X, recall the notation L%LV = (X, V)P € Po(X).
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We can identify Xy with the space X": indeed, each X € Xy is associated with a vector
x : Iy — X such that x(n) = X (w) whenever w € Qp ,. In this case, we set

Iy(x) =X.

Clearly («(Xy) =P 7 n(X) and ¢ (Xo) = P g (X).
The isomorphism .#y preserves the scalar product on XV

N-1

(x, y)yv = N"" D (x(n), y() =E[( Iy (), In))] = (I x), In()x x, y e XV,
n=0

The conditional expectation I1y = E[-|By] provides the orthogonal projection of an arbitrary
map X € X onto Xy :

My (X)(@) = N / XdP ifwe Q.. 8.11)
QN.n

Notice that
if M| N then By C By and Iy =TTy o I y.
For every X = .y (x) € Xy, the probability measure tx = X3P takes the form

N—-1

1
Ly = N rg Sx(n) S fPf’N(X).

We denote by Oy C XV the subset of the injective maps and by
On :=In(Opn) C Xy. (8.12)

Clearly, t(Oy) = Pun (X). Since the complement of Oy is the union of a finite number of proper
closed subspaces with empty interior S;; := {x € XN x(@) =x(j)}, i # j, of XV, then Oy is
open and dense in XV

Every permutation o € Sym(/y) acts on XN via ox(n) := x (o (n)) and can be thus extended
to Xy via o (Fy(x)) := Fy(o(x)). It is not difficult to see that, for every X,Y € Xy, tx =ty
is equivalent to Y = o X for some o € Sym(/y).

As in Section 3, we denote by S(£2) the class of B-B-measurable maps g : 2 — Q which
are essentially injective and measure-preserving, meaning that there exists a full P-measure set
0 € B such that g is injective on Q2 and gzP = P. Moreover, for every N € 9, we denote by
Sy (2) :=S(2, B, P; By) the subset of S(2) of By-By measurable maps.

Remark 8.8. Clearly, if X = #y(x) € Xy and g € Sy(2) then X o g € Xy and there exists
a unique permutation o = o, € Sym(/y) such that X o g = 0,X = Fy(x o g,). Conversely,
if o € Sym(ly) there exists g € Sy(2) such that 0 = o,, as shown in Lemma B.2. We set
Glol:={geSN(Q) :0,=0}.
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As anticipated, the aim of this subsection is to prove equivalent characterizations of 91-cores.
The main result is the following.

Proposition 8.9 (Equivalent characterizations of M-cores). Let C C Py (X); then the following
properties are equivalent:

(a)

(b)
(c)

(d)

the family of sets Cy = C N Pyy (X) satisfies

(1*%) Cy is relatively open in Pgn (X) (o1, equivalently, in P s n (X)),
(2*%) Cy is convex along collisionless couplings (cf. Definition 7.5),
(3*) if M,N €M, M | N then Cpy = Cn NP1 1 (X),

(4%) Cy is convex along couplings in PrnXxX);

Cis a N-core;
there exists a subset D of P o (X) such that C =D N Pyn (X) and, for every N € N, the set
Dy :==DNPgn(X) satisfies the following two conditions:

(1) Dy is relatively open in P 7 n (X),
(2°) Dy is convex along couplings in P g, n (X x X);

there exists a totally convex and closed subset E of P2(X) such that C =y ey Ex NPyn (X)
and

(1) for every N € N the sets
Ey := relative interior of (E N Tf,N(X)) inPrn(X)

are not empty,
27y ENP gy (X) is dense in E.

In the above cases the sets Cy, Dy, Ey, C, D and E are linked by the following relations

Cy =Dy NP (X) =Ey NPuv(X). C= [ Cw. (8.13)
NeM
Dy =Ey = relative interior of Cy in Pz n(X), D= | J Dy= (] Ev. (8.14)
NeMn NeM
Cy=Dy=ENnPyy, (8.15)
C=D=E. (8.16)

Example 8.2 (continued). I the simple case of C = Pyn(U), we have Dy = Ey = P n(U),
D =P ;n(U), and E =P, (U).

The proof of Proposition 8.9 requires two preliminary lemmas. The first one establishes an in-
teresting relation between projections and permutations. We denote by rel-int(A; B) the relative
interior of a set A in B.
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Lemma 8.10. Let N, M € 0N be such that M | N. If X is a convex subset of Xy invariant by the
action of Sym(Iy), then

HM(J{)ziKﬂf)CM. (8.17)

Moreover,

KNy =KNXy (8.18)

and, if rel-int(X; Xy ) is not empty, we have
rel-int(J; Xn) N Xy = rel-int(K N Xps; Xpg). (8.19)

Proof. Let us first compute the explicit representation of the orthogonal projection ITs(X) for
every X € Xy. If K := N/M we consider the cyclic permutation o : Iy — I defined by

mK+k+1 iftn=mK+k, mely, 0<k<K-—1,

o) := )
mK ifn=mK+ K —1, m e Iy,

and its powers o ?, p € Ig. It is not difficult to check that oK =00=i 1y and for every ¥ € Xy

we have 0?Y =Y forevery p € Ix. Therefore, by (8.11), forevery X € Xy and @ € Qs 1, with
m € Iy, we obtain the representation

My (X)(w) =M / XdP

QM,m

_N / XdP
K

K-1
Up—o @N.mK+p

K—-1
N 1
= KN Z X|QN,mK+p
p=0

K—-1
=— Z(opxxw)

pO

If K is a convex subset of X invariant by the action of Sym(/y), we get T/ (X) € K for every
X € K, so that Iy (K) = K N Xy, hence we proved (8.17).

In order to check (8.18), we observe that in general X N Xy C XN Xr; on the other hand
JCQDCM HM(fK)CHM(fK) K NXp by (8.17).

Slmllarly, if we denote AM =rel-int(KX N Xys; Xpr) and B N = rel-int(K; Xy), as a general
fact BN NXy C .AM so that .AM is not empty, since nce by (8.17) BN NXy = HM(CBN) is not

empty. On the other hand, by (8.18), BN NXy = BN NXy=KNXy =KNXy = AM )
that the open convex sets By N Xps and Ajs have the same closure and therefore coincide. O
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We introduce the following Lagrangian representation of a 91-core: if C is a 9l-core and
N e, we set

GNZZ{XEDCN:L)(GCN}, GOOZZ{XEDCOOZL)(EC}Z U Cn

- (8.20)
Dy :=co(Cy), Doo:= ] D, Eoo:="Cro.
NeN

Notice that Cy is in fact a subset of Oy (cf. (8.12)), and Dy is a subset of X . In the next results
of this section, we investigate the properties of the sets defined in (8.20), inherited by those of
N-cores. These sets will play a crucial role in the next Sections 8.2 and 8.3, where we will study
suitable Lagrangian representations of F restricted to subsets of the 21-core C.

Example 8.2 (continued). In the simple case of C = Py (U), denote by U C X the set of maps
taking values in U. Then, we have that Cy = On N'U, Coo is the set of injective maps in Xoo NU,
Dy =XnNU, Doo =X NU, and E is the set of maps in X taking values in U.

In this second preliminary lemma (together with its immediate corollary), we prove several
properties of the Lagrangian representations of 91-cores in (8.20). These will also contribute in
proving the equivalence results stated in Proposition 8.9.

Lemma 8.11. Assume that C C Pugn(X) satisfies property (a) in Lemma 8.9. Then for every
N e N it holds:

(1) Cy and Dy are relatively open subsets of Xy, invariant with respect to the action of permu-
tations of Sym(Iy).

(2) The relative interior ofﬁ in Xy coincides with Dy, in particular Cy is dense in Dy and
€y =Dy.

(3) DvyNOy=Cnand, if X €Cn and Y € Dy, there exists € > 0 such that X; := (1 — )X +
tY € Cy foreveryt e (1 —¢g,1).

(4) IfM € Nand M | N then Dys = Dy NXps = Tpr(Dy) and Dag = Dy N Xps = nM(ﬂ_N).

(5) Coo CDoo C Do =Coo = € and E is convex.
(6) Dy :%OX_N: My (Do) and Dy = Eoo N Xy = TN (Exo).
(7) Eco = Doo = Co is law invariant.

Proof. (1) It is clear by construction that both Cy and Dy are invariant w.r.t. the action of
permutations in Sym(/y). The set Cy is relatively open, since the map X + ¢y is Lipschitz
from Xy to P ¢, v (X), thanks to (8.10), and Cy is relatively open in PP s,y (X) by assumption (1%).
The set Dy = co(Cy) is relatively open in Xy since it is the convex hull of the relatively open
set Cy.

(2) Since Dy is open by item (1) and convex by construction, it coincides with the interior of
its closure. Therefore, we only need to show that Dy = Cu. Obviously, €y C Dy by construc-
tion, so that a C Dy. To show the reverse inclusion, it is enough to prove that a is convex:
indeed Dy = co(Cy) is the smallest convex set containing Cy and then it must be contained in
@, if the latter is convex. Let us show it: we take X, Y € a, so that tx, ty € Cy, and we choose
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the coupling p := L%K y €Prn(XxX). Lett €0, 1], since Cy is convex along p by assumption
(4%), we get

Xép =Ll(1-1)X+tY € Cy.

Thus, there exists ((,),eN C Cn such that Wo (s, t(1—)x+:y) — 0 as n — +o00. Recalling
Theorem B.5, there exists (Z,),eN C Xn, tz, = in,suchthat Z, — (1 —¢)X +1¢Y. In particular,
since Z, € Cy, we conclude that (1 — )X +tY € Cy. By arbitrarity of X, Y and ¢, this gives the
sought convexity.

(3) As noted just after (8.20), we have Cy C Dy N Op. Let now show that any element
X = #y(x) € Dy N Oy belongs to Cy. If By is the open unit ball in XV, since Dy N Oy is
open by item (1), there exists a sufficiently small & > 0 such that the open set A, := {(In(x +

€z7), IN(x —ez)) : z € By} is contained in (DN N ON)z. Since Cy is relatively open and dense
in Dy N Oy by item (2), the intersection of A, with (8 N)2 is non-empty.

It follows that we can find z € By such that Xg := .#y(x +¢z) and X| := .#n (x —2) belong
to Cu. In particular, noting that X = (X¢+ X)/2 and denoting by p the coupling p := L%O,Xl , we

see that p is collisionless (cf. Definition 7.5) with xgp =X, xép =1y, €Cy, and x:lt/zp =1x.
Since, by assumption (2*), Cy is convex along collisionless couplings, we deduce that ty € Cy,
which gives X € Cy.

Now, we prove the second part of item (3). Let X € Cy and Y € Dy. Since Cy C Dy by
construction and Dy coincides with the interior of the convex set Dy by (2), we deduce that all
the points X; belong to Dy fort € [0, 1).

Since for ¢ in a neighborhood of 0 we have that X; € Cy C Oy, we deduce that X, € O with
possible finite exceptions (observe that if two lines r — (1 — #)x; + ty;, i = 1,2, in X coincide
at two distinct values of ¢ then they coincide everywhere). Therefore there exists ¢ > 0 such that
X, €Oy forevery t € (1 —g, 1). Since Dy N Oy = Cy as just proved, we deduce that X; € Cy
foreveryt € (1 — ¢, 1).

(4) The set Dy is convex by construction and invariant w.r.t. the action of Sym(Iy) by (1).
These properties are clearly preserved by closure, so that we can apply Lemma 8.10 to both Dy
and its closure Dy to get

My (Dy) =Dy NXy, Ty (Dy) =Dy N Xy.

Moreover, assumption (3*) gives that a NXy = @; using this and the density of Cy in Dy
(resp. the density of Cjps in D) coming from (2), we get

Dy N Xy =CyNXyr=Cp =Dy (8.21)
Applying (8.19) to D, we obtain that
Xy Nrel-int(Dy; X)) = rel-int(Dy N Xar; Xar). (8.22)

By (2), we have rel-int(Dy; Xy) = Dy and we have just shown above in (8.21) that DNNXpy =
D . Therefore (8.22) can be rewritten as

Xy N Dy = rel-int(Dys: Xag).
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Again by (2), we have rel- int(Dyps; Xar) = D, so that the above equality reads Xyy NDy =Dy
__(5) The only non-trivial facts to be proven are the inclusion Do C Coo and the convexity of
Goo To show the inclusion, we observe that

U®NC UD_N: Uﬁc U@NZ@,

NeNn NeN NeNn NeN

where the first equality follows from (2). In particular, we deduce that Uﬁ = @ Hence, to
prove that @ is convex, it is enough to show that UCy is convex. If X, Y € Ua and 7 € [0, 1],
we can find M, N € 91 such that X € a and Y € Gy, so that by (4), both X and Y belong to
Cumn. Since Cyy = DMN by (2) and Dy is convex by construction, also GMN 1S convex, SO
that (1 — )X +1tY € GMN C UQN

(6) The first property follows by the identity Dy = Dy N Xy = Ny (D) for any L € N
such that N | L, coming from (4), and the fact that D, = U[@L :LeN, N| L}, since M is a

directed set.

Setting D’ := U ~nemDy and starting from the second identity of (4), the same argument shows
that Dy = D' N Xy = [Ty (D). Taking into account the equality €4, = D’ coming from (5), the
conclusion follows if we show that

My(D)=TN(D), DNXy=D NXy. (8.23)

The equality Dy = Iy (D) gives that Ty (D) is closed, so that Ty (D) C My <ﬁ> C

Iy (D) =Ty (D), where the inclusion Iy (W) C My (D) is true by continuity of ITy. This
shows the first identity in (8.23). Finally, since D’ N Xy is trivially a subset of X, we have

D'NXy C DN Xy = HN(W(.\ Xn) C HN(@) =TIN(D) =D Ny,
which shows the second identity in (8.23).
(7) The fact that € is law invariant follows from Lemma B.6 and (6), which shows that
Eco N X3y = Dy which is invariant w.r.t. Sym(/yy) by (1). O
As an immediate consequence of Lemma 8.11 we have the following result.
Corollary 8.12 (Cores are totally convex). If C is as in Lemma 8.11, then C is totally convex.
Proof. Let u,v e C and y € I'(, v). Consider X, Y € X such that y = LX ys in particular, (x =

w and ty = v. Hence, there exists (4n)neN, (Vn)neN C C such that Wz(u,,,,u) and W) (v,, v)
both tend to zero as n — +o00. By Theorem B.5, there exist (X,),eN, (Yn)neN C X such that

Xpn—> X, YWw—Y x,=u, and iy, =v,.
Hence, by definition, (X;),eN, (Y2)neN C Coo and thus we have X, Y € o = Coo. L
By the convexity of €, (cf. Lemma 8.11(5)), we have that X; := (1 — )X + tY € Cx, for

t € [0, 1]. Thus, for any ¢ € [0, 1] there exists (Z,),cN C Coo such that Z, — X,. In particular,
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tz, €C, and Ws(iz,,tx,) — 0,
thus ty, € C. Hence the conclusion, noting that tx, = xéy. a

We can now prove Proposition 8.9 and state and prove Proposition 8.13, the two main results
of this subsection describing equivalent characterization of 91-cores.

Proof of Proposition 8.9. We divide the proof in several claims.
Claim 1. (a) implies (b), (¢) and (d).

The fact that (a) implies (c¢) and (d) follows by setting D := ((D,) defined in (8.20) and
E:=C,asa consequence of Lemma 8.11 and Corollary 8.12. We prove that (a) implies (b): by
Corollary 8.12, we have that C is totally convex. Notice that the sets Cy are nonempty for every
N € 91 thanks to (3*) and the fact that C is nonempty. Finally, by Lemma 8.11, we have that the
relative interior in P £,y (X) of CNPyy (X) is given by Dy N Pyn (X) = Cy (cf. Lemma 8.11(3)).

Claim 2. (c) implies (a).

If D is a subset of P, (X) satisfying conditions (1"), (2') and C = DN Py, we see that Cy =
Dy N Pun (X) for every N € . Clearly Cy is relatively open and convex along collisionless
couplings in P 7 x (X). Also, since Pyy (X) is obviously dense in P 7 (X) and Dy is open, we see
that Cy is dense Dy i.e. Cy = Dy . Itis also clear that Cp is convex along couplings in P s v (X x
X). Finally Dy N P4 (X) = Dy thanks to the convexity of Dy and Dy, as an application of
(8.19) to their Lagrangian representations.

Claim 3. (d) implies (c).

Let E be a totally convex and closed subset of P,(X) satisfying conditions (1”), (2”) and
C=UnenEn NPy (X). We define Dy and D as in (8.14). The only thing to check is that

DN Py (X)=Dy. (8.24)

Denote by € the Lagrangian parametrization of E (hence, law invariant) and denote by
EN = Ex N Xy, which is closed and convex. The relative interior & Ny of Ex in Xy provides
a Lagranglan parametrization of Ex = Dy. Hence, proving (8.24) is equlvalent to prove that
D'NXy =&y, where D 1= Unen én. Using (8.19), if M | N we get En N Xy =&y, also
observing that €y is invariant by the action of Sym(Zy), as a consequence of the law invariance
of €. Therefore we deduce that D' N Xy = En.

Claim 4. (b) implies (d).

It is clear that setting E := C we have that E it totally convex and closed. Moreover, since Ey
contains the relative interior in P ¢, 5 (X) of E N Py (X) (coinciding with Cy), Ex is not empty.
Since the intersection of EN with Pgy (X) is given by Cy, we immediately see that U N(IOEN N

Pyn (X)) = C. Finally
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ENPrq(X) = UNENPyy(X) = UyCy =C,

where we have used again that the intersection of B ~N with Pyp (X) is given by Cy and that the
closure of E N Puy (X) coincides with the closure of its (relative) interior. O

Proposition 8.13. Let C C Pun (X); if dim(X) > 2, then condition (4*) in Lemma 8.9 follows by
(1%)-(3%).

Proof. Assume that (1*)-(3*) hold. We need to prove that Cy is convex along couplings in
Py (X x X) for every N € M. This is equivalent to prove the convexity of Cy so that it is
sufficient to show that, for every Xo, X| € Cy and ¢ € [0, 1], their linear interpolation X; :=
(1 —1)Xo + X belongs to Cy. By Proposition 6.4, we can find small perturbations X (s) of
X1, s € [0, 1], such that X (s) € Cy, X1(s) = X1 as s | 0, and the perturbed interpolation
Xs.r:= (1 —1)Xo + tX1(s) belongs to Cy for every ¢ € [0, 1] and s > 0. It follows that the
coupling pu, = L%(O’ X1(s) belongs to Puy (X x X) and it is collisionless for every s > 0 and therefore
Wt = XQILS belongs to Cy for every ¢. Since 5, = tx,, we have X, ; € Cy. Passing to the limit

as s | 0 we conclude that X, € G O
8.2. Lagrangian representations of discrete MPVFs: construction of Fy

Let us now study in more detail the Lagrangian representations of a MPVF F C P, (TX) de-
fined on a 91-core. If ® € F we can consider the (non-empty) set of all the maps (X, V) € X?
such that ‘§(,V = &. A particular case is obtained when the first marginal u = x3® of ® belongs

to P 7 n(X). In this case, X has the form X = #y(x) € Xy, so that u =1x = % ZkE,N Sx (k)
and we can construct V from the representation of ® given by

1
C=— ) P XePh= 0o,
kEIN

for a family {®x}res, C P(TX), by setting V() := Vi (o) if w € Qu x, where Vi € L*(Q k,
Plqy s X) are maps such that (Vi):P|g, , = % vy Dp.

Recall that (cf. Definition 2.12), given # € Po(X x X) and & € P, (TX|x§17),

o € Pr(TX x X),

[®@, #]0 :=min f (xo — x1, vo) do (x0, vo, x1) o, x)0 =2, (0,00 = b

TXx X

Thus, in the general case when ® € P, (TX), it is easy to check that if L;V =@PandY e€X
then

[@, 1% ylro < (V. X —Y)x. (8.25)
A particular important case occurs when X € Oy and Y € Xy in this case &y is uniquely deter-
mined by the disintegration of ® w.r.t. u, and Vg, coincides with Vi, where Vj is as above.

Thus,
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My (V)(w) =be(x(k)) ifweQpycx, (8.26)

where bg is the barycenter of @ as in Definition 2.3 and Iy (-) is defined in (8.11). Moreover,
since X —Y € X and Iy (V) is the orthogonal projection of V onto Xy, we have

(V.X=Y)x=(Iy(V), X = Y)x
It is easy to check that, in this case,

[@, 1% ylro=(TIN(V), X = V)x =(V.X = Y)x ifi, =, XeOy, Y eXy, (827

where the first equality follows by (2.12) since the map x° is L%(’ y-¢essentially injective.

We define now one of the main objects of study of this subsection: the operator By whose
maximal extension By (defined in Proposition 8.15 below) is the Lagrangian counterpart of the
operator Fy in the main Theorem 8.3: for every N € 1, we set

B::{(X, V)GGOOXDC:L%’VGF}, By ::{(X,HN(V)):XGGN, (X,V)eB}. (8.28)

We stress that they are essential tools in the proofs of the main Theorems 8.3, 8.4, 8.5, and 8.6 as
most of the properties of Fy, Foo, and F will be derived by the correspondlng properties of their
Lagrangian representations By, Boo, and B, which we obtain using the Hilbertian structure of

X.
In the following result, we study some immediate properties of By .

Proposition 8.14. Assume the same hypotheses of Theorem 8.3. Then By C Xy X Xy as in
(8.28) is A-dissipative, has open domain D(By) = Cy, and it is invariant by permutations: if
(X,V)e By and o € Sym(ly), then (c X,oV) € By.

Proof. We take (X, V), (Y, W) € By; by definition, we can find V, Wy € X such that, defined
b= LX Vo and V.= L%W , we have that &, W e F and V =TIy (Vy), W = I1ny (Wp). Since by
definition X YeCyC ON, we can use (8.27) and Theorem 2.13(1), to obtain

(V=W X =Y)x=[D, % ylro— [ % yl1.

In case (ii) of Theorem 8.3, the total A-dissipativity of F immediately gives that the above quan-
tity is bounded above by A|X — Y |%C. In case (i) of Theorem 8.3, we can apply Theorem 7.6(1)
to get the same bound: indeed, Dyy (F) = Cy is convex along collisionless couplings by Propo-
sition 8.9(2x), Cy is open in Pyy(X) by Proposition 8.9(1x) so that tx,ty are indeed in the
interior of Dgy (F), and t%LY € I'yn (tx, ty) by construction. Overall, we obtained

(X, V), ¥, W)eBy = (V-W,X-Y)x<AX-Y[%, (8.29)

so that By is A-dissipative. In any of the cases (i) and (ii) of Theorem 8.3, if (X, V) € By and
o € Sym(Iy), then there exists W € X such that L%K w € Fand V =TIy (W). By Lemma B .2,

we can write 0 X = X o g € Cy for some g € G[o] and Liog,wog € F. To conclude, it suffices to
notice that [Iy(Wog)=0V. O
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We can now define the maximal extension of By, the operator By. As we will prove in
Theorem 8.24, the Eulerian image of By is the MPVF Fy defined in Theorem 8.3.

Proposition 8.15. Under the same assumptions of Theorem 8.3, for every N € 0N the A-

dissipative operator By admits a unique maximal A-dissipative extension By in Xy x Xy with
Dy C D(B ~N) C Dn. The operator B N can be equivalently characterized by

(X, V)eBy & XeDy, VeXy, (V-W,X—=Y)x <AX—Y}% V(,W)eBy,

and, whenever X € Dy, I}N(X) =co (BN(X)), where (830
By (X) = {v €Xn:3Xn, Vidpen C By : X — X, Vy — V}. (8.31)
B N is invariant with respect to permutations, i.e.
(X,V)eBy, 0 €Sym(ly) = (0cX,0V)eBy (8.32)
and for every X, Y € Dy, we have
VeByNX), VeFiy] = (V,X—Y)yx +[¥, t%’X]r,() <AlX-— Y|%C. (8.33)

Finally, ifAM | N, X € Dy, and (X, V) € I}N then Ty (V) € EM(X). Conversely, if X € Dy
and W € B y;(X) then there exists V € Xy such that

(X,V)e By, W=Ty(V). (8.34)

Proof. (8.30) and (8.31) follow from the fact that D is convex and open and the domain of By
is dense in Dy, see Lemma 8.11 and Theorem A.14 in the Appendix.

Using (8.30) it is immediate to check that f?N satisfies (8.32), since for every (X, V) € BN
and (Y, W) e By

OV —-W,0X -Y)x=(V-0"'W,X—07'V)x <AX -0 'Y i =AloX - VI3,

since By and the scalar product in X are invariant by the action of permutations in Sym(/y).
We now take W € F[iy], Y € Dy, and prove (8.33) first in case (X, V) € By. Then (8.33)
follows immediately since there exists W € X such that ® := L%LW eF,V =TIy(W),and (8.27)

yields (V, X — Y)x = [®, % y 1.0 so that

(V.X = Y)x + W, 13 x 1o =[®. & ylro + [W, 13 x 10 < AIX — Y5 (8.35)

Notice that in case (ii) of Theorem 8.3, the last inequality is obvious; while, in case (i) of Theo-
rem 8.3, the last inequality in (8.35) follows by Theorem 7.6(2) and recalling Theorem 2.13(1):
indeed Dyy (F) = Cy which is convex along collisionless couplings by Proposition 8.9(3*), open
in Pyn (X) by Proposition 8.9(1%), tx € Cn, ty € Dy (F), L%LY € I'un (tx, ty) and condition (2)
in Theorem 7.6 is satisfied thanks to Lemma 8.11(3).
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If X € Dy and V € By (X) according to (8.31), then there exist (X,,, Vy)pen C By, X, €
Cn, such that X, — X and V,, — V. We can pass to the limit in (8.35) written for (X,, V,;)
and using Theorem 2.13(5) we obtain that (X, V) satisfies (8.35) as well. Finally, since (8.35)
holds for every V € By(X), it also holds for every V € co (l_i N(X )). This completes the proof
of (8.33).

Let us now suppose that M | N, (X,V) € f?N and X € Dj,. We want to show that W :=
ITy (V) belongs to f?M(X) by using (8.30). If (Y, U) € By with Y € Gy, we have U =TT (U")
with L; yr =: ® €F, so that (8.33) yields

(V.X = Y)x +[®,15 xlro <AIX — Y[%. (8.36)

Since Y € Oy and X € Xy, we have [D, L%X]r,o =(U,Y — X)x by (8.27); since X — Y € Xy,
we also have (V, X — Y) = (ITyy(V), X — Y ) and we get

(WX —Y)x + (U.Y = X)x = (V. X = YV)x +[®, y]r0 < AIX — Y 3. (8.37)
Hence, by (8.30) (X, W) € By.In particular, the above property shows that if G : Dy — Xy is

an arbitrary single-valued selection of By, the restriction G := (ITy o G) |p,, is a selection of
B . We fix such a selection. To conclude we need to prove that the property holds also if X €

Dy Recall that by Lemma 8.11(3), D(By) = Cy = Dy Then if X € Dy, by Corollary A.15
we have that W belongs to B, (X) if and only if

(W—G(Y),X —Y)x <A|X — Y|} foreveryY e Dy,
i.e., if and only if

(W—GY),X —Y)x <iX-Y[} foreveryY eDy. (8.38)
If V € By(X), then using Corollary A.15 we have

(V-—G¥),X —Y)x <AX Y[} foreveryY € Dy D Dy,

hence (8.38) holds and we get [Ty (V) € I}M(X). .
Let us now show the converse implication. If X € Dy; and W € By (X), we need to prove

that W € Tl (B N(X)). Since D(G) = Dy, by Corollary A.15 and Theorem A.14 applied to
G, we get Ty (EN(X)) — Ty (G(X)) = M (€0 (G(X))), where

G(X)={Z € Xy :3(Xalery C Dy : X > X, G(X) = Z}.
Similarly, by Corollary A.15 and Theorem A.14 we get

Bu(X) =500 =5(5(X)) =5 (Z € X :3(Xaden € Dar s X > X, G(Xo) = Z))

C My (c0(G(X))).,
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where the proof of the last equality can be pursued as follows. We first observe that

{(ZeXy:I3Xuen CDy 1 Xy — X, G(X,) — Z}
Cly ((WeXy:3(Xppen CDy: Xy — X, G(X,) = W} =TIy (G(X)) ,

by using the local boundedness of G as a selection of G (see Theorem A.4(3)) and the fact that
T3 is a linear and continuous operator. Then we notice that

& (My (G(X))) = My (co(G(X))) = My (5 (G(X))).

where the first equality follows by linearity of Iy and, for the second, we exploit again the
local boundedness of G as a selection of G and the linearity and continuity of I13s. Hence the
conclusion. O

It is remarkable that, under the general assumptions of Theorem 8.3, B n can also be charac-
terized by those (X, V) € Dy x Xy satisfying inequality (8.30) restricted to those Y € Cy for
which L%(’y is the unique optimal coupling between tx and ty. This is stated in the next Proposi-
tion 8.16 and it is directly used in the proof of Theorem 8.3.

Proposition 8.16. We assume the same hypothesis of Theorem 8.3. Let X € Dy and V € Xy be
satisfying
(V—W,X—=Y)x <AIX—Y[}

(8.39)
for every (Y, W) € By s.t. tg(,y is the unique element of I'y(tx, ty).

Then (X, V) € By.
Proof. Let us consider an arbitrary element (¥, W) € B y; by Lemma 8.11(3), there exists ¢ > 0
such that ¥; := (1 — )X 4+ 1Y € Cy forevery t € (0, ¢).

By Theorem 6.2, we can thus find T € (0, €) such that Y; € Cy and Li y, is the unique optimal
coupling between ty and ty,. Let W, € By (Y;), then by (8.39) we have

(V =W, X —Yo)x <AX - Yol%. (8.40)

Moreover, since (Y, W), (Yz, W;) € By, we can apply the A-dissipativity of By (cf. Proposi-
tion 8.14) and get

(We =W, Yy —Y)x <AIY: — Y[, (8.41)
Combining (8.40) and (8.41), we finally get

(V=W X-Y)x=(W; =W, X=Y)x+(V-W, X -Y)x

1 1
:1_r<Wr_Wer_Y)DC‘i‘;(V—WT,X—YT)x

<AMX —Y)5.
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Since (Y, W) is an arbitrary element of By, we deduce that (X, V) € f?N by (8.30). O

In the next two corollaries, we work separately under the additional assumptions of Theo-
rems 8.5 and 8.6 to provide additional properties of By which will be used in the proofs of the
aforementioned main theorems. We work first under the assumptions of Theorem 8.5, i.e. assum-
ing that F is a totally A-dissipative MPVF whose domain contains a dense 9i-core C. Let us recall
that, by Corollary 3.19, if F is totally A-dissipative also F := F U bar (F) is totally A-dissipative.

Corollary 8.17. Under the assumptions of Theorem 8.5, let B be the Lagrangian representation
of F =F Ubar (F), and let B' be any A-dissipative extension of B. For every N € 0, Y € D,
(Y, W) € B, we have (Y, 15 (W)) € By and, in particular,

(V—TIN(W),X —Y)x <AX —Y|} forevery(X,V)e By, Y eDy, (Y,W)e B, (842)
where By is constructed as in Proposition 8.15 starting from the restriction of F to C.

Proof. Observe that, by constru~ction, B (constructed starting from the restriction of the MPVF
F to C) and B are subsets of B hence of B’; this implies that By is dissipative with B’ in the
sense that

(X =Y,V —W)x <i|X Y|} forevery (X,V)e By, (Y,W)ecB. (8.43)

Restricting (8.43)to Y € Dy, the very definition of ﬁN in (8.30) yields (Y, [Ty (W)) € f?N; in
particular, we get (8.42). O

Let us now show that, if we work under the assumptions of Theorem 8.3, also requiring
that F is deterministic, then B ~ coincides with B on Cp. This occurs in particular under the
assumptions of Theorem 8.6, i.e. when dimX > 2 and F C P, (TX) is a deterministic A-dissipative
MPVF whose domain is a 91-core C.

Corollary 8.18. Under the assumptions of Theorem 8.3, assume also that the MPVF F is de-
terministic. Then By is an extension of By = B on Cy, for every N € M. Under the further
assumptions that F is a single-valued PVF and demicontinuous on each Cy, then By coincides
with B N on Cy.

Proof. The first statement is an immediate consequence of Proposition 8.15; the equality By =
B on Cy follows from the fact that F is a deterministic MPVF by assumption. Let us now assume
that F is single-valued and its restriction to Cp is demicontinuous. Let X be an element of Cy,
w = tx; F[u] contains a unique element ® which may be represented as bar (®) = (ix, bo)z i
so that there is a unique element V = bg o X € Xy such that [%(’V = ®. This shows that B(X)
is single-valued. Recalling the definition of By in (8.31), if W € By(X), we can find a se-
quence (X, B(Xn)),en = (Xn, f, 0 Xu)neN converging in the strong-weak topology of X x X
to (X, W), for maps f, € L2(X, pn; X) with p, = tx,- On the other hand, since F is demicon-
tinuous and deterministic, we have that Ftx, | = (x, f,)¢mn = @x, e =Flix] in P3¥(TX)
for a map f € L2(X, u; X). If ¢ € Cp(X; X), we can test the convergence in P3P (TX) against
¢(x,y) == (¢¥(x),y) so that
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(U (Xn), frnoXn)x Z/id(ix’ Sr)etn — /Ed(ix, P =W (X)), foX)x.
X X

On the other hand ¥ (X,,) — ¥ (X) and f, o X,, = W so that we deduce that

(V(X), foX)x=(Y(X), W)x forevery ¢ € Cp(X; X).
By arbitrariness of ¥, we deduce that W = f o X = B(X). We thus deduce that B N(X) co-
incides with B(X) and then it contains a unique element V, and therefore by (8.31) By (X) =
o (By(X))=Vaswell. O
8.3. Lagrangian representation of the maximal extension
_ This section is devoted to the construction of Bo and B, the Lagrangian representations of
F~ and F, as in Theorem 8.3. We start with an important invariance property of the resolvents

of By with respect to N.

Proposition 8.19. We keep the same assumptions of Theorem 8.3. For every X € Xoo and every
0 < 1t < 1/AY there exists a unique X, € X, such that, for any N € N,

XeXy= X eD(By)CXy and X; — X € T BN (X7). (8.44)

Moreover

1X: (@) — X. ()] < X () — X (@) forevery o, 0" € Q. (8.45)

1—At

Proof. Since X € X, there exists N € 91 such that X € Xy. Since B NAis maximal A-
dissipative, recalling Theorem A.2(1), there exists a unique solution X, xy € D(By) of

X.n—XetBy(Xen).

The invariance of B ~ by permutations, stated in (8.32), shows that (o X). v = o (X¢,n) for every
o € Sym(Iy). In particular, by A-dissipativity of By we have

(XN —0X —(Xen —X),0Xen — Xen)x <ATIoXon — Xenl
so that
(1 —=At) |0 XN —Xenlx <|oX —X|x forevery o € Sym(Iy).

If o' € Qpn,i, 0" €Qn j, 1, j€ Iy, and we choose as o the transposition which shifts i with j,
we get

2 2
51 AT X v (@) — Xy (@")* < ~|X@) - X (")
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which yields (8.45).

Let us now suppose that X € Xj; with M | N. Then X, y belongs to Xy by (8.45), so that
XN € DNNXy =Dy by Lemma 8.11(4). By Proposition 8.15, for every ¥ € Dy; and W €
EM(Y) we can find V € éN(Y) such that W = T1y;(V), so that by A-dissipativity of I}N we
have

(Xen =X =TV, Xy —Y)x <At Xenw — Yk (8.46)

Since X y —Y € Xy, we can replace V with W = I1, (V) in (8.46), thus obtaining that X, y —
X e rlAiM(XT,N) by Corollary A.15, i.e. X; v = X u, by the uniqueness of the resolvent (see
also Theorem A.2(1)). If M, N are arbitrary and X € X N Xy, then setting R := MN the
previous argument shows that X; y = X, p =X, n. O

As a corollary, we obtain the corresponding invariance property for the minimal selection.

Corollary 8.20. We keep the same assumptions of Theorem 8.3, let M € Yt and let X € D(B ).
Then

(1) X eD(By) for every N € Ns.t. M| N. ) A

(2) B°(X) :=lim; o X=X € By (X). In particular B°(X) € By(X) for every N € N s.t. M |
N.

(3) |B°(X)|xx < |V|x for every V € By(X) and for every N € N s.t. M | N.

(4) 1 —A10)|X: — X|x <t|B°(X)|x forevery 0 <t < 1/A7.

Moreover, for every X,Y € UNe{Yt D(BN), we have
(B°(X) — B°(Y), X —Y)x <AlX —Y[}. (8.47)
Proof. By Theorem A.4(5) there exists the limit

X —X
lim

=B°(X) e Bu(X)
70 T

and (4) holds. If N e Niss.t. M | N, then X € D(i)M) Cc Dy C Dy, by Lemma 8.11. Moreover
by Proposition 8.19, we have that

X —X

eBy(X;) VO<t<I1/AT,

In particular

<X,—X

~ W, X —Y)x <AX,—Y5 Y(,W)eBy VO<t<l/AT,
so that, passing to the limit as t |, 0, we get
(B°(X)—W,X —Y)x <AX—Y[} Y(Y,W)eBy,
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since X; — 2( as 7 | 0 by Theorem A.4(4). This proves that (X, I§°(X ) € B ~ and, in particular,
that X € D(By). This proves (1) and (2). .
Concerning item (3): let N € 9t be s.t. M | N; since X € D(B ) C Xy, by (8.44) we have

JBv(x)=x..

where J f N is the resolvent operator of B ~N. In particular, by (2) we have that B° =
By . R “ N ~
lim; 1o J’N%’x in D(By). Since by (2) we have B°(X) € By (X), we can conclude that B°(X)
is the element of minimal normAin B ~ (X) by Theorem A.4(2)(5). . .
Finally, if X, Y € UNem D(By), then there exist N, M € 0is.t. X e D(By) and Y € D(Byy)
so that, taking R := M N, we have

(x.B°0). (Y. Bo(1)) € Br
by (2). The A-dissipativity of Br gives (8.47). O

Thanks to the above results, we are now able to define the operator éoo cCXxxX

A

Bo = {(X, V) € Xoo X Xog:AM €N: (X, V) e By YN €N, M| N}. (8.48)
Equivalently, B has domain D(B) = Uwnemn D(By) and

EOO(X) = U ﬂ lA?N(X) for every X € D(I}oo). (8.49)
MeM M|N

Notice that B is the Lagrangian representation of the MPVF Foo defined by Theorem 8.3.
We can recast the previous results in terms of B, in the following statement.

Corollary 8.21. We keep the same assumptions of Theorem 8.3. The operator Boo defined by
(8.48) or (8.49) satisfies the following properties:

(1) f?oo is A-dissipative with domain D(ﬁoo) = UNe‘)’t D(i?N) and Coo C Doy C D(f?oo) C
D(Bx) =Coo = Do .
(2) The map B° defined by Corollary 8.20 provides the minimal selection (B )°.

(3) For every X € Xoo and every 0 < T < 1/A" there exists a unique X, € D(iioo) such that
X —XetByo(Xy).

Proof. Item (1) follows by Proposition 8.15 and Lemma 8.11. Item (2) comes by (8.48) and
Corollary 8.20. Item (3) is a consequence of Proposition 8.19. O

In the following corollary, we are finally able to define the Lagrangian representation B of F
as in Theorem 8.3 as the maximal extension of B .

Corollary 8.22. Under the assumptions of Theorem 8.3, there exists a unique maximal extension
B of Boo with D(f?) C D(f?oo) and it satisfies the following:
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(1) D(B) CD(Bx) = Cc,

Xy ND(B)=D(By), XooND(B)=D(B), (8.50)

and, if X € Xoo and 0 < © < 1/A7, then

J:(X) =X, (8.51)

where J ; is the resolvent operator ofl} and X is as in Proposition 8.19.

(2) When restricted to D(BN) (resp. D(Boo)) the minimal selection of B coincides with the
minimal selection BN ofBN (resp. (Boo)O =B°asin Corollary 8.21(2)).

(3) The following characterization holds

A X € Coo,
X,V)eB A 8.52
( ) < (V—W,X—Y)x§X|X—Y|%Cforevery Y, W) e By, ( )

or, equivalently,

X € Coo,

X,V)e B X .
X V) <:>(V—BO(Y),X—Y)x§A|X—Y|%CforeveereD(Boo).

(8.53)

(4) B=B

Proof. Thanks to Corollary 8.21, the existence and uniqueness of the maximal extension B of

l}oo with domain D(ii) C D(iloo) and characterized by (8.52) follows by Lemma A.16, with
D =Xw.

Notice that (8.51) holds since, by Corollary 8.21(3), when X € Xoo then X = plays the role of
the resolvent for Bs, and we just proved that B is a maximal extension of Bo,. We prove the
equivalences in (8.50): let X € Xy N D(B) and 0 < 7 < 1/A7T, then

JX—-X
T

belongs to B ~N(X7) thanks to Proposition 8.19 and (8.51), moreover it is bounded since X €
D(i?) (cf. Theorem A.4(5)). By maximality of B ~ and applying again Theorem A.4(5), we
deduce that X € D(BN), hence Xy N D(B) - D(EN). The reverse inclusion is trivial.

Item (2) comes from item (1) and Theorem A.4(5). The assertion involving Boo comes from
Corollary 8.21(2) and the proof of Lemma A.16.

The characterization in (8.53) is a consequence of Corollary A.17, with D = X, and of
(8.50).

Finally, item (4) comes by Lemma A.16 and the density of Xoc in X. O

Remark 8.23. Notice that Corollary 8.22(2) makes the notation B°, used in Corollary 8.20,
coherent with the one used in Appendix A to denote the minimal selection of B.
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8.4. Proofs of the main Theorems 8.3, 8.4, 8.5, 8.6

We collect here the proofs of the main Theorems 8.3, 8.4, 8.5, 8.6, whose statements appear
at the beginning of Section 8. We start with Theorem 8.3, whose statement is contained in the
following.

Theorem 8.24. Under the assumptions of Theorem 8.3, B is a law invariant maximal -
dissipative operator according to Definition 3.2 and the Eulerian images Fy,Foo, F of
By,Bo, B respectively (cf. Definition 3.8) satisfy the properties stated in Theorem 8.3.

Finally, if X € Cy for some N € Wt and ® € Fitx], then

BOR < / bo > duy. (8.54)
X

where by is the barycenter of @ as in Definition 2.3.
Proof. We divide the proof in several claims.
Claim 1. B is a law invariant maximal A-dissipative operator.

The operator B is maximal by definition (cf. Corollary 8.22), we need to prove it is law
invariant. To this aim, it is sufficient to prove that A := B 0o C Xoo X Ao satisfies the assumptions
of Lemma B.6 (see also Remark B.7). Indeed, since B is the closure of f?oo by Corollary 8.22(4),
this yields that B is law invariant. We prove that I}oo N (X x Xypr) are invariant with respect to
Sym(1y), for every M € 9. By definition of B in (8.48), if (X, V) € Boo N (Xpr X Xar), there
exists some M’ € M such that (X, V) € By for all N multiple of M’. In particular, choosing
M" := MM’ €N, we have (X, V) € By for all N multiple of M”. On the other hand, any
permutation o € Sym(/p) induces an admissible permutation of Sym(/y), for all N multiple of
M"; therefore, by (8.32), we have that (0 X, oY) belongs to By for every N multiple of M”.
We deduce that (6 X,0Y) € B so that Bog N (Xpr x Xpy) is invariant by Sym(1yy).

Claim 2. f‘N = LZ(I}N).

We prove the two inclusions. Let ® € LZ(BN) andlet (X, V) e BN be s.t. L%( v = ®. Recalling

the properties of B N in Proposmon 8.15, we see that, since B N C Xy x Xy, we have & €
fPfN(TX) and, since X € D(BN) C Dy = Cy (see Lemma 8.11(2)), we have u := =xP=1x €
Cy. Let now W € F be such that v :=x; W € Cy and # € 'y, (P, v). Let (X', V', Y') € 3C3 be
s.t. (X', V', Y')yP =4, since tg(,’v, = ® € P s n(TX), up to a permutation in Sym(/y) and by the
invariance by permutation of By in (8.32), we can assume that (X', V') € By and Y’ € Cy. By
the discussion at the beginning of Section 8.2, we can construct W’ € X such that L%,,,W, = U; by
(8.26) and Cy C Oy, we deduce that TTy (W’) = by o Y’, so that, by definition of By in (8.28),
we get that (Y, by oY) € By. By (8.30) we deduce

/ (v — B (1), x0 — x1) d (x0, v, 51) = (V/ — by o ¥/, X' — V')
XXX
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2
<AX — Y/|x

= f xo — x1 1% d#* (xo, vo, V1),
T™XxX

which is (8.3). This proves that LZ(BN) C FN. Let us show the reverse inclusion: let ® € ﬁ'N;
since ® € Py n(TX) and p :=x3P € Cy, we can find (X, V) € Dy x Xy = Cny x Xy (see
Lemma 8.11(2)) such that L%m, = &. Let (Y, W) € By; by definition of By in (8.28), we can
find W/ € X such that (Y, W) € Cy x X, ¥ := L%,’W, €F,and W =TIy (W’). In particular, v :=
x: W € Cy. Again by (8.26) and the fact that Cy C Oy, we deduce that W =TIy (W) =byo Y.
Setting # := (X, V, Y):IP € I'f,n (D, v), (8.3) gives

(V-W,X-Y)x=(V-byoV,X—-Y)x

= / (vo — bw(x1), x0 — x1) ddt (x0, vo, X1)
T™XxX
<2 f |xo — x1|* d#* (xo, vo, v1)

T™Xx X

=AMX — Y%,
which, by (8.30), gives that (X, V) € BN ie. de L2(i)‘N). This proves that ﬁN C Lz(iIN).
Claim 3. F satisfies property (1) in Theorem 8.3.

First 9f all we observe that, if u € Cy, then there exists X € Cu such that 1y = . IP particular
X € D(By) by IA)ropositAion 8.15; hence there exists V € Xp such that A(X, V) € By, so that
D= Lg(’v € *(By) = Fy by Claim 2. Therefore 1 = tx = x;® € D(Fy). This proves that

Cy CD(Fy).
If g, @1 € Fy and & € I'(Pg, 1) NPy v (TX x TX), we can find X, X1, Vo, Vi € X such that
(Xo, Vo, X1, V1)P = #; since L%(O Vo = Dy, L§(1 v, = ®, and FN is invariant by permutations in

Sym(Iy) by (8.32), we can assume that (Xgp, Vo), (X1, V1) € I}N. The A-dissipativity of BN
stated in Proposition 8.15 gives

/(vl — vp, X1 — x0) d# (x0, vo, X1, v1) = (Vi — Vo, X1 — Xo)x
-|X2

<AXo— X1

2
=/|x0—X1| det (xo, vo, x1, v1).

TX2
Claim 4. Fy satisfies property (2) in Theorem 8.3.
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Suppose that u € Cu, f € map (FN> [u], ¥ € F with v :=x3W € Cy, and p € I' ;v (e, v).

Set @ := (ix, f)su € Fy and # := (X, f ox?,x)zp € [ (@, v). Then, by (8.3), we get (8.4).
To get the opposite implication, take u € Cy, f € L?(X, u; X) and assume that (8.4) holds for
every W € F such v :=x;W € Cy and all u € I'(u, v) such that g is the unique element of
L', v). Set @ := (ix, f)1u, and take X € @N such that tx = u, so that, setting V := f o X, we
have & = [%(’V. Let (Y, W) € By be such that u := L‘%(’Y is the unique element of I',(tx, ty); by
definition of By in (8.28), we can find W’ € X such that (Y, W) € Cy x X, ¥ := L%,’W/ €F, and
W =TIn(W'). In particular, v := x4 ¥ € Cy and, again by (8.27) and Cy C Oy, we deduce that
W =TIy(W)=byoY.By(8.4), we get

(V-W,X-Y) /f(XO) by (x1), x0 — x1)dp(xo, x1)

X2
< /\/ Ixo — x11% dp(xo, x1)
XZ
=X~ Y%,

which, by arbitrariry of (¥, W) and Proposition 8.16, gives that (X, V) € B y l.e. that & € FN,
hence that f € map (I:‘N) [u].

Claim 5. Fy satisfies property (3) in Theorem 8.3.

This follows from the inclusion D(B ;) C D(B ) in Corollary 8.20(1) and the equality Fy =
2(By) in Claim 2.

Claim 6. Fo, = (2(Boy) and Foo satisfies property (4) in Theorem §8.3.

We prove the two inclusipns to show the equality ﬁ‘oo = Lz(fi'oo). Let & € ﬁ'oo; then there
exists M € 91 such that ® € Fy for every N € 91 such that M | N. By Claim 2, for every N € N
such that M | N, there exists (X, Vn) € By such that L%(N vy = ®. Set (X,V):=Xm, Vi)

and let N € 91 be such that M | N. Then (X, V) € iIM CXyxXpy CXyxXn, Xy, VN) €

f)N C Xy x Xy, and Liv v = l%(N vy = ®. In particular, there exists a permutation o € Sym(/y)

such that (X, V) = (6 Xy, 0 V). The invariance of BN w.r.t. permutations of Sym(/y) in (8.32)
gives that (X, V) € B n. By arbitrariness of N, we have proven that (X, V) € B n for every
N € Dt such that M | N Wthh by deﬁmtlon of BOQ in (8.48), gives (X, V) € B . Therefore
o e LZ(BOO) This s proves that F C l (Boo) Let us show the reverse inclusion: let ® € LZ(BOO)
and let (X, V) e B be such that (2 %.v = ©. By definition of BOO in (8.48), we have that there

exists M € N such that (X, V) € By for every N € 9 such that M | N. By Claim 2, we have
that ® € FN for every N € 91 such that M | N so that € FOo This proves that LZ(BOO) C Foo
Since By is A- -dissipative by Corollary 8.21 and we have proven that Foo =1 (Boo) by
Proposition 3.10, we get that Foo is totally A-dissipative.
The equality D(f?‘oo) =U MGmD(lA?‘ ) follows from the identity ﬁoo = 12(300) just proven and
the corresponding characterization of the domain of B in Corollary 8.21(1).
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The inclusion C C U MEmD(IA*‘M) can be proven as follows: if u € C, then there exists M €
I such that u € Cyy, see also (8.13); thus there exists X € Cyps such that ty = u. Therefore,
X e D(EM) since, by definition of Dy, in (8.20) and by Proposition 8.15, we have Cy C Dy C
D(B ). By Claim 2, we deduce 1 € D(F ).

Claim 7. F = 2(B).

By Corollary 8.22, B is the unique maximal A-dissipative operator extending B, with do-
main included in Cy. By Theorem 3.12(2), the MPVF LZ(IA?) is maximal totally A-dissipative
and, since B extends ﬁw, it extends ﬁ‘oo. If ue D(LZ(B)), then we can find X € D(I}) C @
such that 1y = w; therefore, there exists a sequence (X,),cN C Cx such that X,, — X. In par-
ticular, 1y, € C (see (8.20)) and Wa(tx,, ) — 0 as n — +o0; hence u € C. This proves that

12(B) is a maximal totally A-dissipative extension of Foo with domain included in C. Uniqueness
can be proven as follows: suppose G C P2(TX) is another maximal totally A-dissipative exten-
sion of Fu, with domain included in C, and let B C X x X be its Lagrangian representation.
By Theorem 3.12(2), we get that B is maximal A- dissipative. Now assume that (X, V) € Boo,
then LX v € Foo C G, so that (X, V) e B. This shows that B extends BOo On the other hand,
if X € D(B), then tx € D(G) C C; hence there exists (in)neny C C such that Wa (i, 1) — 0
as n — +00. By definition of C in (8.20) and Theorem B.5, we can find (X,),cN C Cx such
that X, — X and tx, = . In particular, X € @, this shows that D(B) C @ We have proven
that B is a maximal A-dissipative operator extending B<>Q with domain included in_ (3 . By the
uniqueness part of Corollary 8.22, we deduce that B = B, hence that G = 2(B) =

Claim 8. F satisfies property (5) in Theorem 8.3.

Let u € C and let ® € P>(TX|) be such that (8.6) holds for every v € D(f?‘oo), fe
map (EX,> [v], and # € T'(®,v). We take (X,V) € Coo X X such that Lg( vy = @ and any
Y € D(By) so that v := 1y € D(Fx). By Corollary 8.22(2), we have that (Y, B"(Y)) € B, so

that LY P € f‘oo by Claim 6. Moreover, by equation (3.6) in Theorem 3.4, BO(Y) =b°[v]oY;

in particular b°[v] € map (Fm) [v]. Setting ¢ := (X, V, Y):P e I'(, v), by (8.6), we have

(V=B°(Y), X -Y)x = / (v=0°[VI(y), x — y)d¥(x,v,y)
TXxX

< / x — y[2dd(x. v, y)

™XxX

2

which, by arbitrariness of ¥ € D(f?oo) and (8.53), gives that (X, V) € B. Hence, by Claim 7, we
have that ® € F. The converse implication simply follows by the total A-dissipativity of F and
the inclusion I:’oo cF.

The fact that F coincides with the strong closure of Foo in P2(TX) follows from the analogous
property for B and B, stated in Corollary 8.22(4). Indeed, if ® belongs to the strong closure
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of Foo in P> (TX), we can find a sequence (D,),cN C Foso such that ®, - @ in P(TX). By

Theorem B.5 and Claim 6, we can find a sequence (X, V;),eN C ifoo and (X, V) € X x X such
—XxX
that i, = ®,, 1%y = P, and (X,, V) — (X, V). In particular (X, V) € B which

coincides with B by Corollary 8.22(4). Thus ® € F by Claim 7. On the other hand, if ¢ € F,
by Claim 7, we can find (X, V) € B such that ‘%(,V = &. By Corollary 8.22(4), there exists a

sequence (X, Vy)neN C Boo such that (X,, V) — (X, V). In particular, &, := L%(H’Vn € ﬁ‘oo

by Claim 6, and ®,, — @ in P,(TX). This proves that ® belongs to the strong closure of Fo, in
Po(TX).
Now, let u € C and let X € Cy be such that ¢y = . By Theorem 3.20(2) and (3.6), we have
Folu] = (ix. b°[uDzp = 2 (X, b°[n] 0 X) = (X, B° (X)).

Moreover, by (8.5), we have u € D(I:’oo) so that, using Corollary 8.22(2), we get that
(X, B°(X)) € Boo. In particular, £°[11] € Fog by Claim 6.

Claim 9. (8.54) holds.
Let X € Cy C Dy for some N € 1, and observe that, since D is open by Lemma 8.11, then

J:(X) e QNAfor 0 < T < 1/A™ sufficiently small, since J,(X) — X as t | 0, where J, is the
resolvent of B. We can thus apply (8.33) and get

1
—(Je(X) = X, Je(X0) = X)x + (D, % 1, 3010 < MX = Je (O

Since we have shown that B is an invariant maximal A-dissipative operator, by Theorem 3.4,
there exists a Lipschitz function f such that J,(X) = f o X; thus L§( 7.0X) is concentrated on a
map so that, by Theorem 2.13(4), we have

[CD, L%(’_]r(x)]r,o = <b<I>» X - Jr(X)>3C

We hence get

1
21 (X) — X% < IX = J:(X)|x (|b¢| +AIX - Jr(X)|x>;

dividing by |X — J;(X)|x and passing to the limit as t | 0, we obtain (8.54) (cf. Theo-
rem A.4(5)). O

We conclude this section with the proofs of Theorems 8.4, 8.5 and 8.6.

Proof of Theorem 8.4. The existence oan curve as in (1) comes from the fact that Cy C D(F)
and the maximal total A-dissipativity of F. Let us collect the properties of u, as they are in the
first part of the statement, in the following item:

(0) 1 :[0,400) — Cy is a A-EVI solution for the restriction of F to Cy, which is locally
absolutely continuous in (0, +00).
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We devote the rest of the proof to prove the equivalence between (0), (1), and (2).
Claim 1. (1) & (2).

To see that (2) implies (1), it is sufficient to notice that by (8.8) u satisfies the inclusion
(Ix, ve)eps € F[Mt] for a.e. t > 0, so that it is clearly a A-EVI solution for F (see also [28,
Theorem 5.4(1)]); by Theorem 4.5, we get that u is a Lagrangian solution of the flow generated
by F. We are left to check that (1) implies (2).

Since o € Cy, we can represent (o as ty, for some Xo € Cy =Dy = D(fIN) (cf.
Lemma 8.11 and Proposition 8.15); if (S;);>0 is the semigroup generated by B we have Wy =1Lx,
where X; = S;(Xp).

By Corollary 8.22(1), the restriction of the resolvent J, of B to Xy coincides with the re-
solvent of B N using the exponential formula (cf. (A.10)), we obtain that the restriction of the
semigroup (S;);>0 to Dy coincides with the semigroup generated by B ~ - Since the interior of
the domain of By in Xy is not empty (cf. Proposition 8.15 and Lemma 8.11), we can apply
Theorem A.8. We thus obtain that S;(Xg) is locally absolutely continuous in [0, +00) and it
is locally Lipschitz in (0, +00). Moreover, it satisfies L(1)|X¢|x < C in (0, 1) for a suitable
constant C (so that we get (8.7)), it belongs to D(if n) for every ¢t > 0, and it solves the equation

X, = E;,(X,) for £'-ae.t >0,

where ij denotes the minimal selection of B ~. Corollary 8.22(2) then shows that Xt =
(B)°(X,) as well, so that we get

e + V- (e £, 1)) =0 in (0, +00) x X,

and therefore (8.8): indeed the tangent space Tan,, P>(X) (cf. Theorem 2.11 and [1, Theorem
8.3.1, Propositions 8.4.5, 8.4.6]) coincides with L2(X, w3 X) since supp(u;) has finite cardinal-

1ty.
Claim 2. (2) = (0).

We know that p solves the continuity equation with velocity field v; = fc’[u,] so that, by
Corollary 8.22(2), we have (ix, v/)sus € FN. Let ® e Fwithv:=x:® €Cy andlett € A() C
[0, +00), where A(u) is the full .Z _measure set given by Theorem 2.13(6a). By Theorem 8.3(2)
we have that

[twix=yame = [ (~Bary =0 +ar—yP) dmtey) 659
X2 X2
for every u; € I' v (111, v). Choosing u, optimal, by Theorem 2.13(6a) we have that

a1,

35 W2 (ue ) = [x. v)ze,v], < /(vz(X),x — y)dp,(x, y).

X2

On the other hand, since u, is concentrated on a map w.r.t. v, (2.12) gives that

95



G. Cavagnari, G. Savaré and G.E. Sodini Journal of Differential Equations 470 (2026) 114395

f(b®(Y)» y - )C) d”’t(xv y) = [CD7 SﬁlLt]r,Ov
X2

where s : X> — X2 is defined by s(xo, x1) := (x1, x0). So that, using (8.55), we obtain that

dl1

o 2W2 (e, v) < =[P, sap:lr0 +)\W2 (Ut v).

Noting that sgu, € T’y (v, 1;), we have

[P, S]j/"z]r,O = min [®, }’t]r,() =[P, usl,,
vi€lo(v, )

where the last equality is given by Theorem 2.13(2). We finally obtain

d1_, 2
— =W (s, v) < =[P, el + AW (1, v);
dr2
this implies that u is a A-EVI solution for the restriction of F to Cy .
Claim 3. (0) = (1).

We apply [28, Lemma 5.3, (5.5a)] obtaining that for every ¢ in a set A() C [0, +00) of full
Z!-measure, every v € Cy and @ € F[v], we have

[Gx. v)ape, V], + [ @, 0], < AW (s, v), (8.56)

where v; is the Wasserstein velocity field of p. Let + € A() be fixed; restricting (8.56) to all
the measures v for which I',(14;, V) contains a unique element (denoted by u), Theorem 2.13(4)
yields

[(iX9 vt)ﬁ#[s v]r = /(vt(xo)’xo _xl)dll’(-x()v-xl)s
X2

[®. ], =/<bq>(x1),x1 — x0) dp(x0, X1).

X2

Proposition 8.16 and (8.56) then yield that (ix, v;)s i, € f‘N[M,]

Let us now consider the Lagrangian solution (i, := S;(io) of the flow driven by F. By the
Claim 1, we know that [ is absolutely continuous, [i; € D(FN) C D(F) NCy for ¢ > 0, and
satisfies (8.8).

We can then compute the derivative of W22(,u,, i;): for & L_a.e.r >0, we can choose an arbi-
trary u; € I'y (s, fis), in particular a coupling in P 7, 5 (X x X), obtaining, by Theorem 2.13(6b),

1 A
o 2W2(//Ltvl'bt)—/<vt(x0)_fo[llt](xl)JCO_xl)d”vt(XO»xl)S)\sz(ﬂtvv)

X2
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by A-dissipativity of FA‘N, since (ix, }"[ﬁ,])jﬂt € FN by Corollary 8.22(2). We thus have that
wy = fi; forevery t > 0 and v; = fo[,u,]. O

Remark 8.25. Consider the example of %—dissipative PVF F, with X = R discussed in Re-
mark 4.3. We already know that F cannot be maximal totally 1/2-dissipative, since the evolution
driven by F splits mass, a contradiction with Theorem 4.2. Thanks to Theorem 8.4 we can also
deduce that it is not even totally 1/2-dissipative: the evolution driven by F and the one driven
by the maximal totally 1/2-dissipative MPVF F should coincide, but this is again impossible by
Theorem 4.2. In particular, Theorem 8.4 can fail when dim(X) = 1 and F is not totally dissipative.

Proof of Theorem 8.5. Let B’ be a law invariant maximal A-dissipative extension of the La-
grangian representation of F with domain included in the convex set Coo, Whose existence is
given by Theorem 3.12. Notice that (*(B’) is maximal totally A-dissipative and contains F so
that it also contains bar (F) by Theorem 3.18. We deduce that B’ is the Lagrangian representa-

tion of a A-dissipative extension of F U bar (F).
We want to show that B’ C B and we split the argument in a few steps.

Claim 1. For every Y e D(B') N (UNe‘ﬁ Q—N) and W € B'(Y), we have W € B(Y).

Let Y and W be as above and let X € D(iloo). We can find some M,Le I such that Y €
D(B’) N Dy and X € D(B). In particular Y € D(B’) N Dy and X € D(By) for every N € N
such that ML | N (cf. Corollary 8.20 and Lemma 8.11). By (8.42) we have

(X-Y, I}°(X) —TMIxyW))yx <AIX — Y|%C for every N € 91 such that ML | N. (8.57)
Passing to the limit as N — +o0 in 91 and using (8.53) we deduce that (Y, W) € B.

Claim 2. D(B') N (UNEmD_N) —D(B') N Xeo.

It is sufficient to prove that D(B’) NDy =D(B')NXy for every N € 91 and since Dy C Xy
it is sufficient to prove the inclusion

D(B)YNXy C Dy. (8.58)
We first show that
D(B)NXy C Dy. (8.59)

Indeed, by Proposition 8.19 and Corollary 8.22, for every X € @N and T > 0, J.(X)
belongs to D(EN) c Dy: passing to the limit as t | 0, since X € D(l}), we conclude that X
belongs to D_Nﬂell, thus proving (8.59). Since D(B’) C m = D(f%), by (8.59), we get
DBYNXy C D(E) N Xy C Dy, which shows (8.58).

Claim 3. B’ C B.
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Setting B, := B’ N (Xoo x X), Claims 1 and 2 yield B, C B. On the other hand, the maximal
A-dissipativity and the law invariance of B’ show (cf. Theorem 3.4) that X« is invariant under the
action of the resolvent of B’; since X is also dense in X, we can apply (A.26) of Lemma A.16
obtaining that B” coincides with the strong closure of By, in X x X which is also contained in B,

since B is maximal A-dissipative. O

Proof of Theorem 8.6. Let us first check that F C ﬁ'oo. It is sufficient to prove that if u € Cyy
and M | N, M, N €N, then every element ® = (ix, f)zu € F[u] belongs to lATN[,u] Adopting
a Lagrangian viewpoint (thanks to Theorem 8.24), if X € €y we want to show that V = f o X
belongs to BN(X) This follows easily from the fact that Cy; C Dy, the A- -dissipativity of F
and Proposition 8.16. Since Foo is totally A-dissipative, the inclusion F C Foo shows that F is
totally A-dissipative and Foo is a totally A-dissipative extension of F. By construction, Fisa
maximal totally A-dissipative extension of F and its uniqueness follows as a particular case of
Theorem 8.5. The characterization in (8.9) follows by definition of Foo and Proposition 8.16.
Let us now check the second statement, under the assumptions that F is also single-valued and
demicontinuous in Cy. By Corollary 8.20, we know that, on each €y, the minimal selection B°
is a subset of By and therefore, by Corollary 8.18, if"(X) =B(X) forevery X € C,. O

8.5. Examples and applications

This subsection is devoted to several examples to which the developed theory applies. In
particular, in the following examples, we provide some MPVF to which Theorem 8.3 and 8.4
apply. More specifically, for these examples we have existence of A-EVI solutions without the
boundedness assumptions required in our previous work [28]; we also have and a fine description
of the solutions coming from the Lagrangian perspective.

We can now fully justify the example given in the Introduction.

Example 8.26. Assume that dim X > 2 and that F is a A-dissipative single-valued deterministic
PVF induced by a map f :8(X,C) — X, where C is a core as in Definition 8.1. This means
that f induces a vector field fN :Cny — XN defined on Cy := fﬁl(GN) (where Cy is as
in (8.20)), which is an open subset of X", whose vectors have distinct coordinates: for every
x = (x1,...,xy) € Cy we have

IV @) = (f ns t 0 INE)) )=t

Clearly £V is invariant with respect to permutations, in the sense that f" (ox) = o fV (x), for
every x € Cy and every o € Sym(Iy). If F is demicontinuous in Cy, f” is demicontinuous
(i.e. strongly-weakly continuous) in Cy.

Theorem 8.4 shows that starting from =% Z —1 xN € Cy the evolution ,ut =S, (uM),
at least for a short time when no collisions occur, has the form

N
1 . _
ul = NE Sovgy where &Y (1) =fY V@), VO =x":=G, ... %)

n=1

Such an evolution admits a unique extension (see Theorem 8.6) which in fact corresponds to the
unique maximal (and invariant by permutation) extension of the A-dissipative vector field £ to
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Cy. It is then possible to follow the path of each single particle by using the Lagrangian flow
starting from f1o € C and defining N locally Lipschitz curves x € Lip;,.([0, TT; X), xN (t) =
Sy (x,]lv , o). If now uN — o as N — +oo with a uniform control of the initial velocities, i.e.

N
1 SNy 2
sup ﬁ; NEVP < 400,

then the measures M,N will converge to u; = S;(ug) for every t > 0 in P»(X) and, by Theo-
rem 4.9, the measures carried on the discrete trajectories % ZN 8.~ € Pr(C([0, T]; X)) will

n=1“x,
converge to syio where s is the Lagrangian map starting from o as in (4.15).

Example 8.27 (A kinetic model of collective motion). Consider in the phase space X :=R? x R¢

the evolution of N-particles characterized by position-velocity coordinates (x,, v,) € X, n =
1,..., N, satisfying the system [31,23]

Xn (1) = v, (1),

N 8.60
B (1) = (ot — Blua ()P (1) + % 3 B (6) = xn (1), (560

m=1

with >0, 8 > 0 and h : R? — R< a given Lipschitz vector field. For a given i € P»(X) we can
consider the lower semicontinuous and (—«)-totally convex functional ¢ : P (X) — (—o0, +00]

s i= [ (§iort = S1P) duc. s.61)
X

whose proper domain is D(¢) := {u e Pr(X): / |v|4 du(x,v) < +oo}. The minimal selection
X
of —9(¢ () is given by (ix, g)yp with
g, v i= (0, (= BloPyv) (8.62)
with proper domain D(d¢) = [M ePr(X): / lv]®du(x, v) < +oo}.
X

We can also define the deterministic PVF induced as in (7.5) by h : $(X) — X

h(x,v: @) = (v, f h(x — y)du(y, w)). (8.63)
X

It is easy to check that a collection of N particles (x, (¢), v, (t)) satisfies (8.60) if and only if the
measure (; = % ZVZLV: 1 80xa (1), v, (1)) 18 @ Lagrangian solution of the system

(Xn (1), X (1)) = f (Xp (), Va (1), ) a.e.in (0, +00)
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associated with the deterministic PVF

Sfovsp) =g, vipn) +hx,vin), neD@@). (8.64)

Since the Lagrangian representation of f corresponds to the sum of a maximal «-dissipative
operator (the subdifferential of ¥ = ¢ o () and a Lipschitz operator, it is maximal «-dissipative
thanks to [16, Lemma 2.4, Chapter II], so that the deterministic PVF associated with (8.64) is
totally o-dissipative and we can apply all the results of Section 4.

In the following we give an example of totally dissipative MPVF F having a core contained
in its domain.

Example 8.28. Let W : X — (—o00, +00] be a proper, lower semicontinuous, even and convex
function and denote by D(W) its proper domain. Let B C X x X be a maximal dissipative set
(see Appendix A) and suppose that O € int (D(W)) and int (D(B)) # . Possible examples of W
and B are given by the indicator of a convex set in X (or a function diverging at the boundary of a
convex set) and the gradient of a convex function in X (or its sum with a linear and antisymmetric
function) respectively. Let u be an odd single-valued measurable selection of dW and let vp
be an arbitrary single-valued selection of B. We define the set

E:={n € Pc(X) : suppu Cint(D(B)), supp . — supp pu C int (D(W))},

where P.(X) denotes the subset of measures in P(X) with compact support. We define the single-
valued probability vector field F as follows:

(ix, —(uw *p) +vp)yspu, ifuekE

, € Pr(X).
? otherwise H 2(X)

Flu]:= {

Notice that the convolution between uw and u is well posed since the support of u is compact
and by definition of E; moreover (wyw * ) + vg € L>(X, u; X) if u € E; indeed vp and uy
are both locally bounded in the interior of the respective domains (see Corollary A.5 and Theo-
rem A.4(3) and recall that int (D(d W)) = int (D(W))), so that D(F) = E and F C P, (TX). It is
not difficult to check that F is totally dissipative: for every y € I'(u, v) and every u, v € E,

1 1
E/W(yl —yz)d(V®V)(y1,yz)—§/W(x1 —x2)d(pu ® w)(x1, x2)
X2 X2

1
> 3 /(uW(X1 —x2), (y1 — y2) — (x1 — x2)) d(y ® y)(x1, ¥1, %2, ¥2)

x4

2
X3

1
== /(uW(X1 —x2),y1 — x1)du(x2) dy (x1, y1)

1
+ 3 f(uW(XZ —x1), y2 — x2) du(x1) dy (x2, y2)
X3
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:/((uw*u)(x),y—x)d}’(x»)’),

X2

where we have used Fubini’s theorem and the fact that uw is odd. This immediately gives that

/((—uw * ) (x) + (uw *v)(y),x — y)dy(x,y) <0. (8.65)

X2

Thus

[(—(MW * 1) (x) +vp(x) + (@w *v)(y) —vp(y), x —y)dy(x,y)

X2
=f<<—uw*m<x>+(uw*v><y>,x—y>dy(x,y>
X2
+/<v3<x> — o). x — y)dy(x, )
XZ
<0,

where we have used (8.65) and the dissipativity of B.
Given any unbounded directed subset 91 C N, we can define D as

D:= {/L € Prm(X) : suppu Cint (D(B)), supp 4 — supp . C int (D(W))} .

Trivially, since D C P.(X), then D C D(F) N Pz, (X). Moreover, for any N € 91, the set DN
P n(X)is openin P g y(X) and convex along couplings in P r, y (X x X), since both int (D(d W))
and int (D(B)) are convex sets (see Corollary A.5 and Theorem A.4(3)). Thus, setting C :=
D N Pugr (X) and recalling Lemma 8.9, then Definition 8.1 is satisfied for C.

Example 8.29. Assume dim X > 2. Let U C X be an open convex subset of X containing 0 (e.g. an
open ball of radius r > 0 centered at 0) and let A be the set of all measures u € P, (X) such that

supp . — /xd,u(x) cu.
X

In the case U is an open ball, A imposes the constraint that the support of w is contained in
the ball with same radius as U centered at the barycenter of . We can then consider the set
D :=Jyen (AN P ) and inducing a corresponding core C as in Lemma 8.9.

Let f : 8 (X) — X be a map as in Theorem 7.2 inducing a A-dissipative demicontinuous PVF
F by (7.5).

The restriction of f to 8 (X, C) induces a unique maximal totally A-dissipative MPVF F/,
whose evolution corresponds to the evolution driven by f and constrained by A.
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We conclude with an example of two probability vector fields F, G generating the same evo-
lution semigroup. The assumptions could be considerably refined: we just discuss a simple case,
for ease of exposition.

Example 8.30 (Superposition of PVFs). Let (0, T, m) be a probability space and let f : X x
® — X be a B(X) ® T-measurable map satisfying the properties

f(,0):X— X is A-dissipative and demicontinuous for m-a.e. 6 € ®,

there exists A > 0 such that | f(x,0)| < A(1 + |x|2) for every x € X and m-a.e. 6 € ®.

We denote by 7% : X x ® — X the projection on the first component, 7X(x, #) := x, and we set

Flul:= ", flr(n@m), pePaX). (8.66)

Clearly

LR = [ ([ 176 0P ) duta) = A+ mdG) < +00

X ©

so that D(F) = P,(X). Using the plan X := (X, f(x°,ig),x!, f(x!,ig)):( ® m) where p €
Iy (o, 11), we see that F is A-dissipative. Its barycentric selection (cf. (2.13)) G :=bar (F) is a
deterministic PVF induced by the demicontinuous map

g(x) = f f(x,0)dm(®). (8.67)
®

G is a maximal totally A-dissipative PVF (cf. Theorem 3.23). Whenever f (-, 6) is not constant in
aset ®g C O of positive m-measure (and therefore F # G), then F cannot be totally A-dissipative
since this would lead to a contradiction with the maximality of its barycentric projection G.
Applying [28, Corollary 5.23, Theorem 5.27], we know that F generates a unique A-EVI flow
whose trajectories have the barycentric property, and therefore coincide with the Lagrangian
solutions of the flow generated by G, i.e. F and G generate the same evolution semigroup. It
would not be difficult to check that G coincides with the operator F of Theorem 8.3 constructed
from the restriction of F to the core of discrete measures.

9. Geodesically convex functionals with a core dense in energy are totally convex

In this section, we provide sufficient conditions for the total (—A)-convexity property (cf. Sec-
tion 5), A € R, of a functional ¢ : P»(X) — (—o0, +00] which is proper, lower semicontinuous
and geodesically (—X)-convex (see [, Definition 9.1.1]) with proper domain D(¢) := {u €
Pa(X) : ¢ () < 400}, where we assume dim(X) > 2. This ensures the applicability of the results
of Section 5, in particular Theorem 5.7.

Recall that ¢ : Pr(X) — (—o0, +00] is geodesically (—A)-convex if for any g, i1 in D(¢)
there exists u € 'y (o, 1) such that
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A
d () = (1 =) (o) + 1 (1) + Et(l — W3 (ko, 141) Vi el0,1],
where 11, 1= X, 1.

Theorem 9.1 (Geodesic convexity vs total convexity). Assume that dimX > 2, ¢ : Pr(X) —
(=00, 400] is a proper Ls.c. geodesically (—A)-convex functional such that D(¢) contains a
N-core C (see Definition 8.1) which is dense in energy, meaning that for every u € D(¢) there
exists (y)n C C such that

pn = and () = G ().

Then ¢ is totally (—A)-convex (cf. Section 5).

Proof. Notice that ¢ is geodesically (resp. totally) (—A)-convex if and only if ¢, := ¢ + %m%(-)
is geodesically (resp. totally) convex. Moreover the assumptions of the present Theorem hold
for ¢ if and only if they hold for ¢,. We can thus prove the Theorem only in case 1 = 0. We
proceed in a few steps, keeping the notation of Section 8.1. First of all, we introduce a standard
Borel space (€2, B) endowed with a nonatomic probability measure P as in Definition B.1 and
let X := L3(Q, B, P; X). We lift ¢ to the 1.s.c. functional ¥ : X — (—o00, +00] defined as

Y (X):=¢(x) forevery X € X. ©.D
Claim 1. The restriction of ¥ to Cy is continuous and locally convex.

By construction the function ¢ is finite and lower semicontinuous in Cy. It is also clear,
recalling Lemma 6.1, that for every X € Cy there is an open ball U of Xy and centered at X
such that U C Cy and the restriction of ¥ to U is convex. Since U is open, it follows that ¥ is
locally convex and continuous in Cy.

Claim 2. For every Xg, X| € Cn we have

V(1 =0)Xo +1X1) < (1 =)y (Xo) + 1 (X1). 9.2)

Let Xo, X1 € Cy; setting A := supp(tx,) and B := supp(tx,) we can apply Proposition 6.4
and use the fact that Cy is relatively open to find Xi € Cy suchthat X (s) :=(1 —85)X| + sX’l €
Cy for every s € [0, 1] and X, := (1 — )Xo + X1 (s) belongs to Oy for every ¢ € [0, 1] and
s € (0, 1]. Since Cy is convex along collisionless couplings, we deduce that X ; € Cy for every
s,t €(0,1) and ¥ (X5 ;) < (1 — )Y (Xo) + t(X1(s)). Passing to the limit as s | 0, using the
lower semicontinuity of ¥ and its continuity in €y we deduce (9.2).

Claim 3. Let K € N, X, X,,---Xg € Cy and By,---, Bk = 0 with Zleﬁk = 1. For every
€ > 0 there exist X; € Cy with | Xy — X;| <&, k=1,---, K, such that Z,le B X, € Cy.

It is sufficient to observe that the map Sk : XX > X, Sk(X1,---, Xg) = Zle Bi X 1s
linear, continuous, and surjective, in particular it is an open map. If X, X5, --- Xg € Cy and

U, is an open ball of radius & around the corresponding vector in XX and contained in (Cy)X,
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Sk (us) is open in Dy = co(Cy) so that its intersection with the open and dense subset Cy (see
Lemma 8.11(2)) is not empty.

Claim 4. For every K € N, X, X3,---Xg € Cy and oy, -+ ,ag > 0 with Z,leoek: 1 we
have

K K
¥ (Zakxk) <>y (Xp). 9.3)
k=1 k=1

We argue by induction on the number K. By Claim 2 the statement is true if K = 2. Let us
assume that it is true for K € N and let us consider X; € Cy, 1 <k < K + 1 and corresponding
coefficients ay. It is not restrictive to assume 0 < ag+1 < 1 and we set B := o /(1 — ag+1),
1 <k<K,sothat fx >0and Y&, S = 1.

We can use Claim 3 and for every ¢ > 0 we can find X (¢) € Cy with | X} (¢) — Xi| < & such

that X' (e) := Y r_, Bk X, (¢) € Cn.
Using Claim 2, we get

U((1—ag )X (&) +ag41Xk+1) < (L —ak+ DY (X' (@) + ek 1¥ (Xk41)-

Using the induction step we also get

K
A —ak )Y (X'(©) <Dy (Xp(2).

k=1

Combining the two inequalities and passing to the limit as ¢ | 0 using the lower semicontinuity
of ¥ and its continuity in Cy we conclude.

Claim 5. v is convex in Dy.

Let us consider the convex envelope of the restriction of ¢ to Dy = co(Cy) defined by

K K

K
YN (X) ::inf{ Y (X Xe€Cy a2 0. Y =1, X =X. K € N}, XeDy.
k=1 k=1 k=1

By the Cla_im 4, ¥ (X) < ¥n(X) for every X € Dy . We then consider the lower semicontinuous
envelope ¥y : Dy — (—o00, +00] of ¥ defined by

Ty (X) = inf{ liminfyy (X,) : (Xadpe C D, Xo— X asn— +oo}, X cDy.
n—+0oo
Since ¥ is lower semicontinuous and vy is continuous in Cy, we have

Y (X) <yn(X) forevery X €Dy, PnX)=ynX)=y(X) ifXeCy. (94

We want to show that ¥ = ¥y in Dy. Let us suppose that X € Dy, with ¥ (X) < +oo0. We
take Y € Cy, so that X; := (1 — )X +tY € Dy for every t € (0, 1] (since Dy is convex and its
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relative interior coincides with D by Lemma 8.11) and X, € Cy with possibly finite exceptions.
Therefore, possibly replacing Y with X, for a sufficiently small 7y > 0, it is not restrictive to
assume that X; € Cy for every ¢t € (0, 1] and L%m, is the unique optimal coupling between its
marginals (see Lemma 6.2), so that ¢ is convex along (X;);¢[0,1] since ¢ is geodesically convex.
We deduce that

YN (X)) =¥ (X)) < (1= D)y (X) + 19 (Y)  forevery 7 € (0, 1],
so that ¥y (X) < liminf, o ¥n (X;) < ¥ (X).
Claim 6. ¢ is convex.

Let X,Y e D(¢), and let u = 1x, v =ty € P2(X). We thus have that i, v € D(¢) C C.

By density, we can find sequences (i4y)neN, (Vn)neN C C such that Wo(u,, u) — 0,
Wo(vy, v) = 0, ¢(uy) = ¢(u) and ¢ (v,) — ¢(v) as n — 4o00. By the last part of Theo-
rem B.5, we can find sequences (X,),eN, (Yn)neN C Coo such that iy, = pp, ty, = vy, Xy > X
and Y, — Y. Since X,, € Cyr(n), Yu € Cyn) for some M (n), N(n) € 9 and I is a directed set,
we can find P(n) € 91 such that M (n) | P(n), N(n) | P(n); so that X,,, ¥, € Dp(,). By Claim 5,
we have that

lﬂ((l - t)Xn +tYn) = (1 - t)l/f(xn) +“ﬁ(Yn), for any n € N.

Passing to the limit as n — +00 and using the lower semicontinuity of v yield the sought con-
vexity. 0O

Remark 9.2 (Geodesic convexity implies total convexity for continuous functionals). Let ¢ :
P>2(X) = R be a lower semicontinuous and geodesically (—X)-convex functional which is ap-
proximable by discrete measures, i.e. for every u € P> (X) there exists a sequence [, € Pun (X)
converging to w such that ¢ (u,) = ¢(u) (e.g. ¢ is continuous). Then ¢ satisfies the assump-
tions of Theorem 9.1 with C = Py (X). This in particular gives that such kind of functionals are
totally (—A)-convex and locally Lipschitz.

As a consequence, we notice that non totally (—A)-convex functionals cannot be approximated
in the Mosco sense by everywhere finite, continuous and geodesically (—A)-convex functionals
defined on P, (X) (this is because total (—A)-convexity is preserved by the Mosco limit).

Remark 9.3. An analogous result as in Remark 9.2 has been obtained independently in [46].
There, the author proves the equivalence of geodesic convexity and total convexity, assuming
that the functional is additionally differentiable, with no restrictions on dim X. Notice that, if the
functional is just continuous, the result doesn’t hold in general if dimX = 1, as shown in [46,
Example 3.9].

As previously mentioned, thanks to Theorem 9.1 we are allowed to apply all the results ob-
tained in Section 5 to the totally (—A)-convex functional ¢. In particular, we get existence and
uniqueness of the A-EVI solution for the MPVF F := —d¢ starting from 9 € D(¢) and its La-
grangian characterization as the law of the semigroup generated by —dv, where ¢ is defined as
in (9.1).
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We conclude thfe section by showing that the total subdifferential —d¢ := 12(—81//‘) coincides
with the operator F obtained by the 1-core construction of Theorem 8.3.

Proposition 9.4. Let us suppose that dimX > 2, ¢ : Pr(X) — (—o0,+00] is a proper,
Ls.c. geodesically (—A)-convex functional such that D(d¢) contains a N-core C which is dense
in energy in the sense that for every u € D(¢) there exists (itn)eN C C s.2.

Mn = 1, O(Up) = ¢(1).

The maximal totally A-dissipative MPVF F, obtained by Theorem 8.3 starting from the minimal
selection —d° ¢ restricted to C, coincides with —3:¢ defined as in Section 5. Equivalently, if
Yi=¢otand B is the Lagrangian representation of F, then

B =—dvy.

Proof. By Theorem 9.1, we have that ¢ is totally (—1)-convex so that we can apply the results of
Section 5. By Propositions 5.3 and 5.4 we know that 3°¢ coincides with d7¢ and 97¢ is totally
A-dissipative.

Theorem 8.5 shows that F provides the unique maximal totally A-dissipative extension of
the restriction of 37¢ to C with domain included in C. Therefore, F must coincide with ¢,
since 9¢¢ is max1ma1 totally A-dissipative as well (cf. Proposition 5.3) and observing that by
Proposition 5.4(3) we have D(d;¢) =D(3¢) CC. O

Appendix A. Dissipative operators in Hilbert spaces and extensions

This appendix recalls and establishes useful results on A-dissipative operators in Hilbert
spaces, which are used throughout the paper. We divide the appendix into three parts. Section A.1
lists classical results on A-dissipative operators; these are stated for the case A = 0 in the mono-
graph [16]. We stress that the proofs for a general A € R are adaptations of the A = 0 case, and the
emphasis should be placed on the statements rather than on the proofs, which we include only for
completeness. In the short Section A.2, we state and prove two results concerning the behavior
of A-dissipative operators when restricted to closed subspaces of the ambient space, and when
the space is finite-dimensional. Finally, in Section A.3 we discuss the problem of uniqueness and
characterization of the maximal extension of dissipative operators in several situations; the only
non-original result here is Proposition A.12.

A.l. Classical results on \-dissipative operators

In this section, we recall useful definitions, properties and results on A-dissipative operators
in Hilbert spaces used in Sections 3 and 8, with A € R. Our main reference is [16].

Let 3 be a Hilbert space with norm | - | and scalar product (-, -). Given E C J, we denote by
co(E) the convex hull of E and by co (E) its closure. Given an operator B C H x H (which we
identify with its graph) we define its sections B(x) := {v € I : (x, v) € B}, its domain D(B) :=
{x € H: B(x) # #}, and its inverse B~! := {(v,x) € H x H : (x,v) € B}. An operator B C
H x H is A-dissipative (A € R) if

(v—w,x —y) <Alx — y|2 for every (x,v), (y, w) € B. (A.1)
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A A-dissipative operator B is maximal if it is maximal w.r.t. inclusion in the class of A-dissipative
operators or, equivalently, (see e.g. [16, Chap. II, Def. 2.2]) if

(x,v) e K x X, (v—w,x—y)f)»|x—y|2 forevery (y,w)e B = (x,v)e B. (A.2)

Remark A.1 (Dissipativity, monotonicity). Let B C H x H; we define —B := {(x, —v) : (x,v) €
B} and we say that B is A-monotone if —B is (—\)-dissipative. It is easy to check that B
is A-dissipative if and only if B* := B — Aig¢ is O-dissipative (or simply, dissipative) if and
only if —B” is 0-monotone (or simply, monotone). The same holds for maximal A-dissipativity,
maximal dissipativity and maximal monotonicity (with analogous definition). Observe also that
D(B) = D(B*) =D(—B").

We list in the following theorems a few well known properties of A-dissipative operators that
have been extensively used in the previous sections. Since these results are more commonly
known for A = 0 (cf. [16]), we prefer to state them here in the general case. For this reason, in the
proofs, we point out only the changes that have to be made compared to the case A = 0. Recall
that AT :=A Vv 0 and we set 1/AT =4oc0if AT =0.

Theorem A.2. Let B C H x H be a A-dissipative operator. Then:

(1) B is maximal if and only if the resolvent operator J, := (ig¢ — By lisa (1 —ar)7L-
Lipschitz continuous map defined on the whole H forevery0 <t <1 JAT;

(2) there exists a maximal extension B of B (meaning that B C B and B is maximal .-
dissipative) whose domain is included in co (D(B)).

Proof. (1) We can use Remark A.1 and apply [16, Proposition 2.2] to —B* and then obtain that
B is maximal A-dissipative if and only if ((1 4+ A89)igc — 9 B)~! is a contraction on H for every
® > 0. Since x — x/(1 — Ax) is a bijection between (0, 1/A") and (0, +00), this is equivalent
to saying that ((1 — A2t) " Y9 — tB))~! is a contraction on H for every 0 < T < 1/AT which is
to say that J is a (1 — At)~!-Lipschitz map defined on the whole .

(2) This follows immediately from Remark A.1 and [16, Corollary 2.1]. O

Remark A.3 (Characterization of the resolvent). Property (1) in Theorem A.2 can be equiva-
lently stated saying that, for every x € H and 7 € (0, 1/A"), J;(x) is the unique solution y of
the inclusion (y — x)/t € B(y) or, equivalently, that (J;(x), (J;(x) — x)/7) is the unique pair
(v, v) satisfying y =x + tv, v € B(y).

Theorem A.4. Let B be a maximal A-dissipative operator. Then:

(1) B is closed in the strong-weak (or the weak-strong) topology in H x JH;
(2) for every x € D(B), the section B(x) is closed and convex so that it contains a unique
element of minimal norm denoted by B°(x);

(3) if int(co(D(B))) # &, then int(D(B)) is convex, int(D(B)) = int (D(B)) # @ and B is
locally bounded in the interior of its domain;
(4) D(B) is convex and for every x e D(B), J:(x) > x ast | 0;
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(5) for every 0 <t < 1/, the Moreau-Yosida approximation of B, B := @, is maximal

lj‘T—dissipative and %—Lipschitz continuous. Moreover, for every x € D(B),

(1=21)[B: ()| 1 |B°(x)|, ast 0,
B.(x) > B°(x), astl0,

|B.(x) — B°()|> < [B°(0)|" = (1 —227) B, (x)]>, forO <7 <1/27F.
If x ¢ D(B), then |B,(x)| — +oc. Finally, B; — B in the graph sense:
for every (x,v) € B there exists (x;)r~0 C H such that x; — x, B;(x;) > v, ast | 0.
(6) B° is a principal selection of B i.e.

(x,v) eD(B) x H, (U—Bo(y),x—y)5)»|x—y|2 foreveryy e D(B) = (x,v) € B.
(A3)

Proof. (1) and (2) follow immediately from (A.2).
(3) follows immediately by Remark A.1 and [16, Proposition 2.9].
(4) follows by Remark A.1 and [16, Theorem 2.2] observing that

_ . ; =l —
1{1&)1];()6)_1191%(1+M9)(t}c+19( B"))" (x) =x.

(5) The Lipschitz constant of B, can be estimated by %(L + 1), where L is the Lipschitz constant
of J, so that the value of the constant follows by Theorem A.2(1). The fact that B; is A/(1 — A7)
dissipative is a consequence of the inequality

1 1
(Br(x) = Br(),x = y) = —(Jo(x) = Je (), x = y) = —lx =y < T——x =P,

where we used the Lipschitz continuity of J,. Maximality of B, follows by Remark A.1 and [16,
Proposition 2.6]. The fact that (1 — At)| B, x| is increasing and bounded from above by |B°(x)|
follows precisely as in the proof of [16, Proposition 2.6]: exploiting the dissipativity inequality

(B°(x) — B (x),x — J-(x)) < Alx — J-(x)]

one gets that IBT(x)I2 (1 —Xit) < (B°(x), B;(x)) for every x € D(B). Substituting to B, in the
same inequality, the A /(1 — An)-dissipative operator B,, we get that

2
|Byic ()" (1 = A(x + 1)) < (1 = An)(B,(x), Byi:(x))
for every x € H and every 0 < n, 7 < 1/A%.
This shows that the quantity (1 — At)|B(x)| is nondecreasing as t |, O for every x € H{. This
means in particular that there exists the limit £ := lim; o | B; (x)| € [0, +00]. The above estimate

also gives that
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1—-x(n+27)

Y |B,]+r()c)|2 foreveryx e H, (A4)
— AN

By () — By(0)|* < [B, (0] -
so that (B;(x)), is Cauchy whenever it is bounded. Thus, if x € D(B), then (1 — A7) |B,(x)| <
|B°(x)| so that B;(x) — v for some v € . By (1), (x,v) € B and |v| < |B°(x)| which im-
plies that v = B°(x). On the other hand, if x ¢ D(B), we have that |B;(x)| — +o00: indeed,
if by contradiction |B;(x)| is bounded, then we have shown that B;(x) must converge to
some v € H so that we also have J;(x) = tB;(x) + x — x. Since (J;(x), B;(x)) € B and
(J:(x), By (x)) = (x,v), by (1) we deduce that (x, v) € B, a contradiction. Observe that passing
to the limit as n | 0 in (A.4), we get that | B (x) — B°(x)|2 < |B°(x)|2 —(1—=2A7) |B,(x)|2. To
conclude the proof of (5) we only need to show the graph convergence of B; to B. Let (x,v) € B
and let us define x; := x — tv. Then x; — x and J;(x;) =x. Then B;(x;) = (x —x;)/T = v.

(6) Follows exactly as in [16, Proposition 2.7]: performing similar computations, we get

1

S = Y20 = 22) < =y 2,0 = T () AT () = x1 P+ [T (1) = xal?)
for every (x1, y1), (x2, y2) € M, where

M ={(y,w)eD(B) x H:(B°(z) —w,z—y) <Alz—y|*> forevery z € D(B)},

and x := (x1 +x2)/2. Passing to the limit as 7 |, 0 we obtain that M is A-dissipative so that, since
BCcM,wegetthat M=B. O

For the next result, we recall that a proper functional ¢ : H — (—o00, 4-00] is said to be A-

convex if the map x — ¥ (x) — %|x|2 is convex. Its Fréchet subdifferential 9 is characterized
by

(x,v)edy < xeD(w)andw(y)—l/f(x)z(v,y—x)+%|x—y|2 for every y € JH.

In the next corollary, for 0 < T < 1/A™, we connect the resolvent J, of the (opposite of the)
subdifferential —dys with the Moreau—Yosida regularization of , i.e.

Yo (x) := inf WU(r,x;y), xelH,
yeXH
where
1
W(,x;y) = E|x—y|2+w<y). (A.5)

Corollary A.5. Let  : H{ — (—o00, +00] be a proper, lower semicontinuous and (—A)-convex
function, 0 < T < 1/A". Then —0vr is a maximal \-dissipative operator. Moreover, denoting by
B := —09y, we have that

lim &) — ¥ U (x))
m

=|B°(x)|> foreveryx e D(B),
70 T

1 1
o JrOP + 9y (J-(x) < oelde Y4y foreveryx,y eI, y# Jo(x).
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In particular, ¥ (x) = V(z, x; J(x)), for every x € H.

Proof. Notice that * := 1 + 4|+ |? is convex and that 3y* = 9y + Ai so that by [16, Example
2.3.4] and Remark A.1, the operator —31* is maximal dissipative and thus —31 is maximal A-

dissipative. By definition of subdifferential of a (—X)-convex function, we have that for every
0 <1 < 1/A% itholds

A 2 2 A 2
w(x)—w(Jr(x))z(Bf(x),Jf(x)—x)—ElJr(x)—xl =T[B(x)] —EIJI(X)—XI,

A
Y (Je@) =Y (0) = (B°(), x = e (1) = S (x) - x|?

o A 2
=—1(B°(x), B (x)) — §|Jr(x) —x|%

Dividing the first (resp. the second) inequality by 7 > 0 (resp. —7 < 0) and passing to the liminf
(resp. to the limsup) as 7 | 0, gives the desired equality thanks to Theorem A.4(5). The fact
that the limit diverges outside the domain of B follows again by Theorem A.4(5) and the first
inequality above. The last assertion follows simply observing that y + W(z, x; y), defined in
(A.5), is proper and strictly convex, so that z is a strict minimum point for W(z, x; -) if and only
if 0 € 3¥(z, x; z), which is satisfied if and only if z = J,(x). O

Theorem A.6. Let B be a maximal A-dissipative operator and let xo € D(B). There exists a
unique locally Lipschitz function x : [0, +00) — H, with x(0) = x¢, such that:

(1) x(t) € D(B) for every t > 0;

(2) x(t) € B (x(t)) fora.e.t >0;

(3) the map t — B° (x(t)) is right continuous, t — x(t) is right differentiable at every t > 0 and
its right derivative at t coincides with B°(x(t)) for every t > 0;

(4) the function t — e~ |B° (x(1)) | is decreasing in [0, +-00).

Moreover, if x, y : [0, 4+00) — H are solutions of the differential inclusion in (2), then

(1) = y()] < M |x(0) — y(0)|  forevery1>0.

Proof. The proof of the last assertion is trivial. The proof of the points (1), (2), (3) and (4) is
completely analogous to the one of [16, Theorem 3.1] with only few differences that we point
out in case A # 0. In what follows, we take 0 < 7,7 < 1/A™. To prove existence one starts from
the approximate problems

Xe(t) =B (x: (1)) =0, x:(0)=x,

which have unique smooth solutions thanks to e.g. [16, Theorem 1.6] together with the estimate

At

. Y eT-x
|Br (x: (1)) | =[x ()] < eT77 [ B (x0)| < s |B®(xo)|  forevery =0, (A.6)
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still provided by [16, Theorem 1.6] and Theorem A.4(5). Performing the same computations of
the proof of [16, Theorem 3.1], using A-dissipativity instead of monotonicity, one obtains

lxe (1) — xy(1)] < C (A, 1) |B°(x0)| /T+1 foreveryt >0,

where C(A,t) is a positive constant that depends in a continuous way only on A and ¢. This
proves that x; converges locally uniformly to x on [0, +00) with the estimate

lx: (1) — x(t)] < C(A,1) |B°(x0)| ~/T foreveryt>0. (A7)

Since

At

el-x
[J(xz) = x| =1|B(xo)| =T
1—AXt

| B°(x0)

)

we also get that J, (x;) converges to x locally uniformly in [0, +00) and this, together with the
estimate (A.6) and Theorem A.4(1), shows that x(r) € D(B) and |B°(x(r))| < e* | B°(x0)| for
every ¢t > 0; in particular this proves (1). Since |x;| is uniformly bounded on every interval [0, T']
by (A.6), it converges weakly* in L*°([0, T']; H) (and thus also weakly in L?([0,T]; H)) to a
function v € L*°([0, T']; H) which turns out to be the almost everywhere derivative of x in [0, T']
(cf. [16, Appendix]) so that, applying Theorem A.4(1) to the extension of B to L2([0, T1; H) (see
[16, Examples 2.1.3, 2.3.3] and Remark A.1), we obtain (2) and also the inequality

l$()| < e |B°(xp)| forae.r>0. (A.8)

Observing now that, for every 7y > 0, t — x (¢ + o) is a solution of (2) with initial datum x (¢p),
we get that |B° (x(r +19))| < ¢ |B° (x(fp))| which proves (4). It remains only to prove (3).
The right continuity of # — |B° (x(¢))| follows precisely as in [16, Theorem 3.1]: it is enough
to prove it at t = 0; if 0 < 1, < 1 is such that ¢, | 0, then |B°(x(t,))| < M | B°(xo)| by (4),
so that, up to a unrelabeled subsequence, B°(x(t,)) converges weakly to some v € J. Since
x(t,) = xo and thanks to Theorem A.4(1), v belongs to B(xg). However |v| < |B°(xp)| so that
it must be v = B°(xg). The strong convergence follows observing that limsup |B°(x(#,))| <
|[v| = |B°(xp)|. Since the limit is independent of the subsequence, we obtain convergence of the
whole sequence. We still follow the proof of [16, Theorem 3.1] to prove the right differentiability
of x and the inclusion for its right derivative: for every g, # > 0 we have that

to+h
Ix(to + ) — x(t0)| = /m)ds <

fo

kh_l

|B° (x(10))1,

where we have applied (A.8) to t — x (¢ + tp). If 9 is a point of differentiability for x(¢) such
that x(tp) € B (x(1p)), dividing by & and passing to the limit as / | 0 in the above inequality, we
get that |x(f9)| < |B° (x(fo))| so that x(¢f9p) = B° (x(ty)). We can thus integrate this equality in
[?0, to + k] for every tp > 0 and every 0 < h < 1 to obtain that
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1
. x(to+h) —x() .

1 B :1 BO = Bo

hlﬂ)l Y hlﬂ)l (x(to +sh)) ds (x(10)),
0

where we used the right continuity of ¢ — B°(x(¢)) and the dominated convergence theorem
that we can apply since |B° (x(to + rh))| < e*+ |B° (x(t))| by (4). This concludes the proof of
3). 0O

Theorem A.7. If B is maximal A-dissipative, there exists a semigroup of Lipschitz transforma-
tions S; : D(B) — D(B) such that, for every x € D(B), the curve t — x(t) := S;(x) is the
unique solution of the differential inclusion x(t) € B (x(t)), for a.e. t > 0, starting from x. More-
over, we have

1S:(x) —S:(y)| < e“|x —y| foreveryx,y eD(B) and everyt > 0. (A.9)
Finally, for every x € D(B) we have that
;’/n(x) — S;(x) asn— +o0 (A.10)
and for every T > 0 there exist N(A, T) e N, C(A, T) > 0 (with C(0, T) = 2T ) such that

|B°(x))|
Jn

Proof. The first assertion follows by extending by continuity the semigroup (whose existence
follows by Theorem A.6) from D(B) to the whole D(B) (see also [16, Remark 3.2]). The second
assertion for A < 0 follows immediately from [16, Corollaries 4.3, 4.4] applied to —B. We only
prove the second assertion in case A > 0 following the same strategy of [16, Corollaries 4.3, 4.4].
We fix xg € D(B) and we consider as in the proof of Theorem A.6 the approximated problems

|7/ () =S () < CQ, T) forevery0<t<T,n>N(,T), xeD(B). (A.11)

Xe () = B (xc (1)) =0,  x¢(0) = xo,

where we are assuming from now on that 0 < t < 1 /1. By [16, Theorem 1.7] we have that

2 1/2
_qn o —n At o _ ! !
e (1) — J2(x0)] < (1 — A7) "M |xo Jf<xo>|((n T(l_m> +T(1_m>

; 2 ; 1/2
< BO 1_)\‘ —n—1 At _ T ,
<|B°(r)|(1 —2r) e ((m 1_M) +

where we have also used that J is (1 — At)~'-Lipschitz continuous (see Theorem A.2(1)) and
Theorem A.4(5). Using this inequality together with (A.7) with t = ¢/n we get that for every
T > 0 we can find an integer N (A, T') and a positive constant C (A, T') such that

| B (x0)|

[J:(x0) — Si(xp)| <C(A, T) NG

foreveryn > N(A, T) and every t € [0, T].
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n

This proves (A.11) and also the convergence of J; n

(x0) to S;(xp), whenever xg € D(B). In case
yo € D(B) and xo € D(B) we can estimate

17710 (30) = S:(0) | < 17, (30) = T 7, x0)| + 181 (30) — ¢ (x0)] + 1S (x0) — T}, (x0)]
<Ix0 = yol (1 = 2/m) ™" + &™) + 18, (x0) — J 7, (x0),

where we have used again Theorem A.2(1). Passing to the limit as n — 4-00 gives that

limsup | J7,,, (yo) — S: (y0)| < 2¢* [xo — yol

n—-+00

ans passing to the inf w.r.t. xo € D(B) gives the sought convergence. 0O

The following result corresponds to [16, Theorem 3.3] and concerns the regularizing effect
for the semigroup generated by maximal A-dissipative operators whose domain has nonempty
interior.

Theorem A.8. Let B be a maximal A-dissipative operator such that int (D(B)) # 0 and let xg €
D(B). Then the curve x(t) := St(x0), t > 0 (cf. Theorem A.7) has the following properties:

(1) x is locally absolutely continuous in [0, +00) and locally Lipschitz in (0, +00);
(2) x(t) € D(B) for every t > 0;
(3) there exists a constant C > 0 (depending solely on xg, A and B) such that

Lx@®)| <C forae te(0,1), (A.12)
where
p 1—e M f)\’#o
L.(1) ;=/e“5‘*’) ds=1{ * ¢ T t>0. (A.13)
t ifA=0,
0

Proof. The proof closely follows the one of [16, Theorem 3.3] and it is divided in several claims.

Claim 1. For every y € int (D(B)) there exist o, M > 0 such that

olvl < (. y —x) + M(lx —y|+0) + 21 (Ix —y| +0)*  forevery (x,v) € B.
Let y € int(D(B)) and let (x,v) € B be fixed. By Theorem A.4(3), there exist o, M > 0

such that, for every z € H with |z] = 1 and every w € B(y — 0z), it holds |w| < M. Testing the
A-dissipativity of B with (x, v), (y — 0z, w) € B, we get

(v—w,x—y+gz)§k|x—y+gz|2
so that
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0v,2) < v,y —x) + AT (Ix =y +20(x — y,2) + 0*Iz*) + M(Ix — y| + olz])
<{(v,y —x)+M(x —y|+0)+ArT(Ix — y| +0)*

Passing to the supremum in z € J{ with |z| = 1 proves the claim.

We consider, as in the proof of Theorem A.6, the approximated problems

X (t) = B:(x: (1)) =0,  x:(0) =xo,
where we are assuming from now on that 0 < 7 < 1/A™T.

Claim 2. For every T > 0, the curves x; and J(x;) converge to t — S;(xo) uniformly in [0, T']
ast | 0.

Let us first show that x, converges to ¢ — S, (xp) uniformly in [0, T']: let us denote by (S7);>0
the semigroup associated by Theorem A.7 to the maximal ﬁ—dissipative operator B (cf. The-
orem A.4(5)), so that in particular x.(t) = S7 (xo) for every ¢ > 0. For every yo € D(B) and
t € [0, T], we estimate

Xz (t) — 8¢ (x0)| < 187 (x0) — S7 (vo) | + 187 (30) — S+ (y0)| + |S:(y0) — 8¢ (x0)]

A °
< e xg — yo| + C(x, )| B°(y0)|v/T + € |x0 — yol

.
§<ew+eﬂr> Ixo — yol + sup C(r,1)|B°(0)I/7,
t€[0,T]

where we have used (A.9) for B and B and (A.7). Passing first to sup, (o 7}, then to the limit
as 7 | 0 and finally to the infimum w.r.t. yop € D(B), gives the sought uniform convergence of
X7 to t — S;(xp) in [0, T']. The argument for J,(x;) is similar: for every ¢ € [0, T] and every
yo € D(B) we estimate

[Jz (xc (1)) — Si(x0)|

< e (e (@) = T2 (S:(x0)) | + [T« (S:(x0)) — S« (S:(y0)) |

+ 1J 2 (S:(y0)) = S:(yo)| + 18:(yo) — Si (xo0)|
by

Ixz(t)—St(XO)l-i-( +€M> Ixo — yol 4+ 7|B+ (S:(y0)) |

<
“1-At 1—At

At

1—AT

At

<
- 1—At

Ixr(t)—Sz(XO)|+( +€M> lxo — yol + |B°(y0)]

1
1—At

1 e)L*T .L,eAJrT
< sup |x: (1) — S (x0)| + +T ) 1xo — yol + |B°(y0)|
- l—)\‘f tE[O,T] 1—)\,7,' 1—)\,7,'

where we have used the (1 — )\r)’l-LipschitZianity of J; coming from Theorem A.2(1), (A.9)
for B, the definition of B;, Theorem A.4(5) and Theorem A.6(4) applied to B (notice that this
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is possible since yp € D(B)). Passing first to sup, (o 7, then to the limit as 7 | 0 and finally to
the infimum w.r.t. yg € D(B), concludes the proof of the claim.

Claim 3. For every T > 0 there exists a constant M > 0 (not depending on t) such that
|B; (x:(T))| <M forevery0 <t < 1/A7.

We fix some y € int (D(B)) and we apply Claim 1 to (x, v) := (J¢ (x¢(¢)), By (x:(?))) € B,
witht €[0,T]and 0 < T < 1/A™ so that

1d
0 |B: (xc ()] < 3@ — P+ Mo+ M| J: (xc() — I+ 47 (1T (5 (1)) — ¥l +0)*.
Integrating in [0, T'] and using Theorem A.6(4) applied to B, we get

0 |Br (xo(T)I'I 1 _(T)
T

1 2 =+ 2
< b0 =3P+ MoT + [ [M1c () = 51437 (1T o) = 1 0]
0

By Claim 2, the right hand side of the previous inequality is uniformly bounded (w.r.t. T €
(0, 1/A™)) so that we conclude the proof of the claim.

Claim 4. Proof of items (1), (2) and (3).

By Claim 3, we have that for every 7 > 0, up to an unrelabeled subsequence, B; (x(t)) — v
for some v € H. By Claim 2, we have that J. (x;(¢)) — S;(xp) so that we deduce by Theo-
rem A.4(1) that S;(xg) € D(B); this proves (2). We can then fix some y € int (D(B)) and apply
Claim 1 to (x, v) := (x(t), x+(¢)), t > 0, where x (¢) is the right derivative of ¢ — x(¢) at . In-
deed, since S;(xp) = S:—s (Ss(x0)) and Ss(x0) € D(B) for every 0 < § < t by (2), we can apply
Theorem A.6(3) to get that (x(f), x4 (¢)) € B. We then obtain

. 1d
oli4 ()] < =5 —1x(0) = Y24+ Mo+ Mx(t) — y| + 2T (1x(6) — y| + 0)*.

Integrating the above inequality in [s, 1] for any 0 < s < 1, we get

1 1
1
o [ eldr = 5lvo—yP+ Mo+ [ [Mixe) = v+ 27 (x0) 51 + 0] .

N

Thanks to (A.9) and Theorem A.6(4) we have that for every ¢ € [s, 1] it holds

() — yl < ' lxo — yl 4+ 18, (y) — yl < & (Ixo — y| + |B° ).

This proves that there exists some constant C > 0 (depending solely on xg, A, y, 0 and M) such
that
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1
/ X4 (®)|dt <C foreverys € (0, 1).
N

Since the constant is independent on s, we conclude that x is absolutely continuous in (0, 1);
using also Theorem A.6, this proves (1). To prove (3), it is enough to use the above estimate with
Theorem A.6(3), (4). O

Corollary A.9. Let B| and B, be maximal \-dissipative operators with D(B1) = D(B3) and let
St1 and St2 be the semigroups of Lipschitz transformations associated to B1 and B, respectively
given by Theorem A.7. If for every x € D(B1) = D(B>) there exists § > 0 such that St1 x) =
Stz(x)for every 0 <t <4, then B| = B».

Proof. This can be proven as in [16, Theorem 4.1]: let x € D(B1) and let y € D(B>); by hypoth-
esis, we can find some § > 0 such that S,1 x) = Slz(x) and St1 (y) = S,z(y) for every 0 <t < é.
Thus, for every 0 <t < §, we have

(St(x) —Xx S:(y)—y

1 1
=y <18, (x)— S = =y
; p X )’)_t|z(x) M x =yl t|X ¥
eM—1

2
< lx —y|,

where we have used that S; := S,1 = St2 is e’ -Lipschitz by (A.9). Passing to the limit as ¢ |, 0
and using Theorem A.6(3), we get that

(BS(x) — BS(y),x — y) < Alx — y|*.

By (A.2) we get that D(B|) = D(B>) and thus that B} = Bj. By (A.3) we thus get that B| =
B,. O

A.2. Dissipative operators and closed/finite-dimensional spaces

Proposition A.10. Let B be a maximal A-dissipative operator, let Y C H be a closed subspace
and suppose that Y is invariant for the resolvent of B, i.e. J;(x) €Y for every x €Y. Then the
operator By := B N (Y x Y) has the following properties:

(i) By is maximal A-dissipative in'YY;
(i) the resolvent (resp. the semigroup) of B coincides with the resolvent (resp. the semigroup)
of By when restricted to Y.
(iii) D(By) =D(B) NY;
(iv) D(By) =D(B)NY;
(v) (By)°(x) = B°(x) for every x € D(By).

Proof. It is clear that the restriction of J;, the resolvent of B, to Y provides the resolvent oper-
ator for By anditisa (1 — A7)~ !-Lipschitz map defined on the whole Y: by Theorem A.2(1),
By is maximal A-dissipative in Y. This proves (i) and (ii), also using the exponential formula
(cf. Theorem A.7). To prove (iii), it is enough to show the inclusion “>”: if x e D(B) NY,
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then (J;(x) — x)/t €Y is bounded by Theorem A.4(5) and, by the same result together with
(ii), it must be that x € D(Bvy). The inclusion “C” in (iv) follows by (iii), while the inclusion
“D” follows simply noticing that, if x € D(B) N'Y, then J,(x) — x by Theorem A.4(4) and
J:(x) e D(B)N'Y =D(By). Assertion (v) follows again by Theorem A.4(5). O

Corollary A.11. Let B be a maximal A-dissipative operator and suppose that 3 has finite di-
mension. Then the conclusions of Theorem A.S hold.

Proof. Up to a translation, we can assume that 0 € D(B). Let Y be the subspace generated by
D(B). Since I is finite dimensional, then Y is closed. We can thus apply Proposition A.10 and
obtain that By := B N (Y x Y) is maximal A-dissipative in Y, has the same domain of B and
its semigroup coincides with the semigroup generated by B. Since I is finite dimensional, the
relative interior of co(D(By)) in Y is nonempty and thus we conclude by Theorem A.4(3) that
the relative interior of D(By) in Y is nonempty, so that we can apply Theorem A.8 to By and
obtain the conclusion of such theorem for the semigroup generated by B. O

A.3. Extensions of dissipative operators

The following proposition is a slight generalization of [6, Lemma 2.3] but we report its proof
for the reader’s convenience.

Proposition A.12. Let B C H x H be maximal \-dissipative and let G C B be s.t. D(G) is
dense in D(B). Then for every x € int (D(B)) it holds

B(x)=co({ve X |I(xn, Vvn)neN C G s.8. Xy = X, Uy = V}). (A.14)
Proof. Let x € int (D(B)) and let us define

M(x):=co({v e H|I(xy, vp)yeN C G s.t. X, > x, v, — V}).
If (xn, vy)neny C G C B with x,, — x and v, — v, by A-dissipativity of B, we have that

(Un = w, Xy — y) <Alxy —yI* V(y,w) € B.
Passing to the limit we get
(w—w,x —y)<ilx—y> V(.w)eB,

so that v € B(x) by (A.2). This, together with the closure and convexity of B(x) given by Theo-
rem A.4(2), proves that M (x) C B(x). Let us prove the other inclusion by contradiction: suppose

that there is some v € B(x) s.t. v ¢ M (x). The sets {v} and M (x) are disjoint, closed, convex
and {v} is also compact. By Hahn-Banach’s theorem we can find some z € 3 with |z] = 1 s.t.

(v,2) >(u,z) YueM(x). (A.15)

Since x € int (D(B)), if we define z,, :== x + z/n, we have that z,, € int (D(B)) for n sufficiently
large. We can thus find x, € D(G) s.t. |x, — z,| < n~2. Clearly x, — x and it is easy to check
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that (x,, — x)/|x, — x| — z. Since x, € D(G), we can find v, € G(x,). Since B is maximal, it
is locally bounded (cf. Theorem A.4(3)) at x. Given that G C B and since x, — x, the sequence
(vn)neN is bounded so that, up to an unrelabeled subsequence, it converges weakly to some point
u € J. By A-dissipativity of B we have

(V—vy,x —x,) < Alx —xn|2 VneN,
so that, dividing by |x, — x| and passing to the limit, we obtain
(v—u,z) <0,
a contradiction with (A.15) since, obviously, u € M(x). O
The following proposition is an immediate consequence of [51, Theorem 1] and Remark A.1.
Proposition A.13. Let B C H x H be A-dissipative with open non empty convex domain. Then

there exists a unique maximal A-dissipative B O B with D(B) C D(B) and it is characterized
by

ii:{(x,v)emxﬂﬂ(v—w,x—y)f)»|x—y|2 V(y,w)eB}.
As a consequence of Propositions A.12 and A.13 we can prove the following.
Theorem A.14. Let B C J{ x H be A-dissipative with
C :=D(B) convex, int(D(B)) # .

Then there exists a unique maximal \-dissipative B > B with D(i)) C C and it is characterized
by

= {(x,v)eC X H | (v—w,x—y) <ilx—y? V(y,w)eB}. (A.16)
Moreover, for every x € int (D(B)) it holds

B(x)=co({veH|3I(xn, vipeN C B s.t. xp — x, Uy — v}). (A.17)
Finally
int(C) = int (D(iz)) cD(B)cD(B)=C. (A.18)

Proof. Let B’ be a A-dissipative maximal extension of B with D(B’) C C, whose existence is
granted by Theorem A.2(2); by A-dissipativity of B’ and since B C B’, then B’ C B, where B
is defined as in (A.16). We need to prove the other inclusion.

Since D(B) C D(B’) C C, we have that D(B’) = C. Moreover, given that B’ is maximal
A-dissipative and since the interior of its domain is nonempty, we have by Theorem A.4(3) that
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int (D(B')) is convex , int (D(B')) = int (D(B/)) —int(C).
It is then clear that By := B’ N (int (D(B’ )) x H) is A-dissipative with open and nonempty convex

domain so that, by Proposition A.13, there exists a unique maximal A-dissipative B” D B with
D(B") Cc D(By) = int (D(B’)) =int(C) = C (C is convex) and it is characterized by

B’ = {(x,v) ECXH|(w—w,x—y)<ix—y> Y(y,w) eBo]. (A.19)

Since B’ O By, B’ is maximal A-dissipative and D(B’) C C, it must be that B’ = B”.
By (A.19), we need to prove that

i;c{(x,u)er}u<v—w,x—y>gx|x—y|2 V(y,w)eBo}. (A.20)

To this aim we apply Proposition A.12 to the maximal A-dissipative B’ and its subset B noticing
that D(B) is dense in D(B’). In this way, we obtain that

By(y)=co(B(y)). yeD(By), (A21)
where
B(y)={u€H|3I(yn, un)neN C B s.t. yu =y, up — u}.

If (x,v) € B and (y,w) € D(By) x H is such that w € E(y), we can find a sequence
(Vs Un)neN C B s.t. y, = y and u, — w; then, by the very definition of B, we have

(V—tun, x = yu) SAx —yal*> VneN,
so that, passing to the limit, we get
(v—w,x —y) <ilx —y*
This proves that, if (x, v) € B, then
(w—w,x—y)<Alx—y|> YweB(y), VyeD(By). (A.22)

Finally, if (x, v) € B and (y, w) € Bg, we can find a sequence (N,),cN C N, numbers (a?);vz”l -
[0, 1] and points (w?)f-v:”1 C B(y) s.t.

N)‘l Nl'l

Za{':l‘v’neN, lim o w! = w.

n——+o00
i=1 i=1

By (A.22)
(v—wl,x—y)<ilx—y* Vi=1,...,N,, VneN,
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so that, multiplying by ¢ and summing up w.r.t. i we obtain

U—Za wl,x —y <)x|)c—y|2 Vn € N.

Passing to the limit as n — 400, we obtain
(v—w,x —y) <l =yl

so that (A.20) ho}ds. Finally notice that (A.17) is already stated in (A.21) since we just proved
that B =B"=B. O

As a consequence, we have the following corollary.
Corollary A.15. Let B C H x H be as in Theorem A.14 and let G : int (C) — H be a single-

valued selection of the maximal \-dissipative extension B of B. Then the unique maximal A-
dissipative extension of G with domain included in C, G, coincides with B and in particular

(x,v) € Bsxec, (v—GO»),x —y) <Alx — y|2 Vy eint(C). (A.23)

Let us consider a different situation when we do not assume that D(B) contains interior points

but there exists a subset D dense in D(B) which is invariant with respect to the resolvent map
J:,le.

DODB)and VxeD, 0<t<I1/AT 3x,eD: x; —tB(xy) 3 x. (A.24)

Since B is A-dissipative, the point x; solving the inclusion in (A.24) is unique and defines a map
J::D— DND(B).

Lemma A.16. Let B C H x H be A-dissipative with C := D(B) convex, let us assume that
D C H satisfies (A.24), and let us set By := B N (D x H). The following hold:

(1) B admits a unique maximal A-dissipative extension B with D(B ) C C characterized by
= {(x, V)eEC XH|(v—vg,x —xg) < Alx — x0|2f0r every (xg, Vo) € BO]. (A.25)
(2) If moreover the interior of D contains C, we have
B= H(x, v)eH xH:I(xy, vpeN CBo:xy > x, v, > v asn— —i—oo]. (A.26)
Proof. We first prove item (1). Let B’ be any maximal A-dissipative extension of B with domain
included in C (whose existence is granted by Theorem A.2(2)) and let J ’t be the resolvent asso-
ciated with B’. By dissipativity of B’ and since By C B C B’, we have that B’ C B defined as

in (A.25). We need to prove the other inclusion.
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Clearly, the restriction of J/, to D coincides with J; since J/, is Lipschitz and D is dense in
C, itis the unique Lipschitz extension of J to DDOC.

If (x,v) € B, (A.25) and the fact that for every y € D, 1 (Jz(y) —y) € B(J(y)) yield by
density that

W=t ') =y x =T () <Ax = J, ()P VyeD(B), V0<t<I1/AT, (A27)

and passing to the limit as t | 0 we obtain that
(v=B"°(y),x —y) <Alx =y VyeD(B), (A28)

where we also used Theorem A. 4(4) (5) We can then apply (A.3) and conclude that (x, v) €B.

We prove item (2). Since Bo C B, it is sufficient to prove the opposite inclusion B C By.
Let (x,v) € B, let 0 < 7 < 1/A% and set y := x — tv. Clearly J/.(y) = x; since D contains a
neighborhood of every element of D(B) C C, for sufficiently small T > O there exists a sequence
(¥n)neN C D converging to y as n — +o0. Setting x, := J(yn) and v, 1= (x, — yu)/T €
B(x,), we clearly have lim;,_, 4 5o X, = x, lim, 4o v, =v. O

Corollary A.17. Let B C 3{ x H be maximal A-dissipative, let us assume that D C I satisfies
(A.24) and the interior of D contains C := D(B). The following hold:

(1) For every x € D(B) there exists a sequence x, € D N D(B) converging to x such that
B°(x;) — B°(x) as n — +o0.
(2) B can be determined by the restriction of the minimal section B° to D i.e.

B= {(x, v) € D(B) x K | (v — B°(x0), x — x0) < Alx — xo|2 for every xo € D mD(B)].
(A.29)

Proof. We first prove item (1). Since B is maximal A-dissipative, the closure of its domain C is
convex (see Theorem A.4(4)). We can thus apply the second item of the previous Lemma A.16
(in this case B = B) to find a sequence (x;, vy),eN C B N (D x H) such that x, — x and

— B°(x). Let us first prove that B°(x,) — B°(x) weakly in H as n — 4-00: extracting an
unrelabeled subsequence, since |B°(x,)| < |vy,| is bounded, we can suppose that there exists an
increasing subsequence (n(k)),cn and an element v € J( such that B° (x,,(k)) —vask— +oo.
Since the graph of B is strongly-weakly closed (cf. Theorem A.4(1)), we deduce that (x,v) € B
so that |[v| > | B°(x)|. On the other hand, the lower semicontinuity of the norm yields

|B°(x)| < |v| < hmmf}B (xXn)| < hmsup}B (Xni)| < hmsuplvn(k)| =|B°(x)|.
+

k—+00

We deduce that B° (xn(k)) — B°(x) and limg_, 4 |B° (xn(k))| = |B°(x)| so that the conver-
gence is also strong. Since the starting (unrelabeled) subsequence was arbitrary, we deduce the
strong convergence of the whole sequence.

Item (2) now follows easily by approximation using the item (1) and Theorem A.4(6). O
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Appendix B. Borel partitions and almost optimal couplings

In this appendix we summarize some of the results of [29] related to standard Borel spaces,
Borel partitions and optimal couplings between probability measures that have been used
throughout the whole paper. We refer to [29, Section 3] for the proofs.

Definition B.1. A standard Borel space (£2, B) is a measurable space that is isomorphic (as a
measurable space) to a Polish space. Equivalently, there exists a Polish topology T on €2 such
that the Borel sigma algebra generated by 7 coincides with B. We say that a probability measure
P on (€2, B) is nonatomic if P ({w}) = 0 for every w € 2 (notice that {w} € B since it is compact
in any Polish topology on €2).

If (2, B) is a standard Borel space endowed with a nonatomic probability measure P, we de-
note by S(2, B, P) the class of B-B-measurable maps g : 2 — 2 which are essentially injective
and measure-preserving, meaning that there exists a full P-measure set ¢ € B such that g is
injective on ¢ and g3IP =P. If A C B is a sigma algebra on 2 we denote by S(2, B, P; A) the
subset of S(L2, B, P) of A — A measurable maps.

We will often use the notation

In:={0,....N—1}, NeN,N>1

while Sym(/y) denotes the set of permutations of Iy i.e. bijective maps o : Iy — In. We will
consider the partial order on N given by

m<n <& m|n
where m | n means that n/m € N. We write m < n if m < n and m # n.

This first result shows a correspondence between permutations and measure-preserving iso-
morphisms.

Lemma B.2. Let (2, B) be a standard Borel space endowed with a nonatomic probability mea-
sure P, and let Py = {Qn r}kery C B be a N-partition of (2, B) for some N € N, i.e.

U @vi=9. QvinQni=0ifhkely, h#k;

kEIN

assume moreover that P(Qy k) = P(R)/N for every k € In. If 0 € Sym(Iy), there exists a
measure-preserving isomorphism g € S(Q2, B, P; o (Bn)) such that

(gk)ﬁPkZN.k =P|QN,J(/{) Vk € ]N3
where g is the restriction of g to Qp .

We introduce now the notion of refined standard Borel measure space which turns out to be
useful when dealing with approximation of general measures with discrete ones.
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Definition B.3. Let (2, B) be a standard Borel space endowed with a nonatomic probability
measure P, and let 91 C N be an unbounded directed set w.r.t. <. We say that a collection of par-
titions (P )vem of 2, with corresponding sigma algebras By := o (P ), is a N-segmentation
of (2, B, P)if

(1) Py ={2n k}kery is a N-partition of (€2, B) for every N € N,
2) P(Qy.x) =P(2)/N forevery k € Iy and every N € N,

(3) if M| N and K := N/M then ;"' QN mk+x = Qut.ms m € I,
4) o ({Bn | N €M})="B.

In this case we call (22, B, P, CBn)nem) a N-refined standard Borel probability space.

Proposition B.4. For any standard Borel space (2, B) endowed with a nonatomic probability
measure P and any unbounded directed set Yt C N w.r.t. <, there exists a I-segmentation of
(2, B, P). If 1 C N is an unbounded directed subset w.r.t. %, then there exists a totally ordered
diverging sequence (b,),cN C N satisfying

e b, < by foreveryn € N,
e for every N € N there exists n € N such that N | by,.

In particular, for every N-refined standard Borel measure space (2, B, m, (Pn)nem) it holds
that (Bp,)neN is a filtration on (2, B),

for every N € WM there exists n € N such that By C By, , (B.1)

and o ({Byp, |n e N}) =B.
For every separable Hilbert space X, we thus have that

U L*(Q2, By, m; X) is dense in L>(, B, m; X). (B.2)
NeNn

The next theorem contains approximation results for couplings by means of maps in different
situations.

Theorem B.5. Let (2, B, P, (Pn)nen) be a N-refined standard Borel probability space. Then:

(1) Forevery y € I'(P, IP) there exist a totally ordered strictly increasing sequence (Np),eN C

N and maps g, € S(Q, B, P; By,) such that, for every separable Hilbert space X and every

X,Y € L3(Q, B, P; X) it holds

(X, Vglin, g):P — (X @ Yy in P2 (X%). (B.3)

(2) If X is a separable Hilbert space and X,X' € L*(Q, B,P;X), then for every p €

rx;P, Xili]P) there exist a totally ordered strictly increasing sequence (Ny),n € N C N
and maps g, € S(Q, B, P; By, ) such that

(X, X 0 gn)sP — win P2(X3). (B.4)
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In particular, if XyP = XQJP’, there exist a totally ordered strictly increasing sequence

(Nu)neN C N and maps gn € S(2, B, P; By,) such that X' o g, — X in Lz(Q, B, P; X)
as n — +o0.

Finally, if (2, B) is a standard Borel space endowed with a nonatomic probability measure P,
X is a separable Hilbert space, i, v € Pr(X) and X € Lz(Q, B, P; X) is s.t. XsP = u, then, for
every ¢ > 0, there exists Y € L2(Q, B, P; X) s.t. Y3IP =v and

|X — Y|L2(Q,B,P;X) < Wz(ﬂ, U) +&.

Before stating the next result, we fix a 91-refined standard Borel probability space (€2, B, P,
(BN)nem) and we set

Xy =L By, P:X), Ne® Xoo:= | Xn.
NeNn

We show that a sufficient condition for a set A C X to be law invariant according to Defini-
tion 3.2 is that its sections A N Xy are invariant by the action of Sym(/y), meaning that, for
every N € tand g € S(R2, B, P; By), it holds

XeANAy=XogeANXy.

Lemma B.6. Let A C Xoo be a set such that Ay := AN Xy are invariant w.r.t. Sym(Iy) for
every N € . Then A is law invariant.

Remark B.7. The same statement applies to subsets of Xso X Xoo-

Proof. Since A is a closed set, by Lemma 3.3, it is sufficient to prove that it is invariant by
measure-preserving isomorphisms: for every X € A and g € S(Q2, B, P) we want to show that
X o g € A. It is enough to prove that there exist (Z,),eny C A s.t. Z, — X o g. Let (X,)),eN be
a sequence in A such that X,, — X; since A C X, for every n € N, there exists some N,, € N
such that X, € Ay, . Let (br)ren C 1 be the sequence given by Proposition B.4; by Theo-
rem B.5(1) applied to (2, B, P, (B, )xeN) and p := (i, g)zIP, we can find a strictly increasing
sequence (M) jen C N and maps g; € S(2, B, P; Bij) such that

U, W)lia, 8)):P — (U, Win, &):P in P(X*)
for every U, W € X. Since (M) jeN is strictly increasing and (B.1) holds, then we can find a
strictly increasing sequence (j(n)),eN such that g;¢,) € S(Q, B, P; By, ). Thus setting g, :=

gjm)» " € N, by the invariance of Ay, , we get that Z,, := X, o g, € Ay, C A and of course we
have

U, W)s(ia, g):P — (U, W)z(ig, &):P in P2(X*) (B.5)
for every U, W € X. We are left with showing that
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Z,—> XoginX. (B.6)

Since |Z, — X o g, |xx = | X — X|x, in order to get (B.6) it is enough to show that X o g, — X og
which, on the other hand, is implied by X o g, = X o g, since | X o g, |x = |X|x = |X o g|x. Let
Y e X andletustake U =Y, W = X in (B.5) so that

(Xog,ﬁ,Y)x=/(x,y>d((Y, X)o(ia, g,)):P — /(x,y)d((Y, X)o(iq, &) = (Xog, Y)x,
X2

X2

since @ (x, y) := (x, y) is a real valued function on X? with less than quadratic growth (see e.g. [1,
Proposition 7.1.5, Lemma 5.1.7]). This shows that X o g/, — X o g as desired, thus (B.6) and so

XogeA. O
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