UNIVERSITA COMMERCIALE “Lurici Boccont”
PuD ScHOOL

PhD program in: Economics and Finance
Cycle: 350
Disciplinary Field (code): SECS-P/01

Essays in Microeconomic Theory

Advisor: Fernando VEGA-REDONDO

PhD Thesis by

Francesco MASSAZZA
ID number: 3112135

Year: 2025






Abstract

This dissertation consists of three essays in microeconomic theory. The first chapter,
co-authored with Daria Stepushina, develops a buyer—seller model in which the seller
may voluntarily disclose partially verifiable evidence of product quality and the buyer
can pay for a potentially noisy authentication test. Each technology’s precision ranges
from uninformative to perfectly accurate. We fully characterize all pure- and mixed-
strategy equilibria under natural refinements on off-path beliefs and seller payoffs. Our
analysis reveals that (i) full separation is attainable only when seller evidence is suffi-
ciently precise relative to the quality gap or with a perfect (and free) authentication: no
positive-cost authentication, however accurate, can substitute for weak seller disclosure;
(ii) authentication can never fully eliminate fraud, yet perfectly accurate tests minimize
it; and (iii) when disclosed evidence is sufficiently uninformative, forgoing authentication
yields higher welfare than a perfect (but costly) authentication, despite high fraud lev-
els. These findings deliver clear prescriptions for designing certification regimes. The
second chapter analyzes Bayesian persuasion in a network context, focusing on hetero-
geneous receivers and correlated messages. The sender aims to maximize the adoption
of her preferred action by skeptical receivers without dissuading believers. This chapter
introduces a novel definition for soft news strategies in networks and presents results on
their characterization. The third chapter investigates the influence of pre-electoral polls
on electoral outcomes. It considers strategic behavior among voters and pollsters and
addresses empirical discrepancies between poll predictions and actual results. By propos-
ing a theoretical model, this chapter aims to explain the mechanisms behind bandwagon
and underdog effects, study competition among pollsters with misaligned interests, and

explore the potential for polls to influence electoral outcomes.
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Introduction

This dissertation comprises three essays in microeconomic theory. While each essay ex-
plores distinct environments, they collectively investigate how information provision in-
fluences key economic outcomes. The first chapter, co-authored with Daria Stepushina,
examines equilibrium dynamics in a seller-buyer scenario where private information about
product quality can be disclosed and acquired by the respective party. The second chapter
analyzes Bayesian persuasion in a network context, focusing on heterogeneous receivers
and correlated messages, with the sender aiming to maximize adoption of her preferred
action by sceptical receivers while not dissuading believers. The third chapter proposes to
investigate the influence of pre-electoral polls on electoral outcomes, considering strategic
behavior among voters and pollsters, and addressing empirical discrepancies between poll

predictions and actual results.

Chapter 1 develops a unified framework that bridges the seller-driven disclosure liter-
ature (Grossman, 1981, Milgrom, 1981, Dye 1985) and the buyer-driven certification lit-
erature (Matthews and Postlewaite 1985, Bester and Ritzberger 2001, Stahl and Strausz
2017) by allowing both parties to choose information technologies of varying precision.
A privately informed seller simultaneously selects a price and a level of partially verifi-
able evidence, generating a noisy public signal of quality; a buyer then observes price,
evidence, and its realization, and decides whether to purchase outright, pay for a costly
authentication test, or walk away. By letting evidence precision and authentication ac-
curacy range from uninformative to perfect, we characterize every separating, pooling,
and mixed-strategy equilibrium under an intuitive-criterion refinement and a seller-payoff
maximization refinements, derive sharp existence conditions, and compare each regime’s
impact on trade volume, welfare, and fraud incidence. We show that full efficiency arises

only when seller evidence is sufficiently precise, that perfect (but costly) authentication
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can never fully substitute for weak disclosure, and that—paradoxically—foregoing authen-
tication can sometimes raise total welfare when disclosure is uninformative. These findings
elucidate the fundamental trade-offs between voluntary disclosure and authentication, and
yield clear policy prescriptions for designing verification mechanisms in quality-uncertain
markets.

In Chapter 2, I consider a model of Bayesian persuasion with one sender and multiple
heterogeneous receivers connected in a network. To persuade the receivers to take her
favored action, the sender commits to a signaling policy that sends private correlated
messages to receivers, who observe all realizations in their neighborhood. The receivers
differ in their priors and are divided into believers and skeptics. I analyze the sender’s
optimal strategies when her objective is to maximize the expected probability that skeptics
take her favored action while never dissuading the believers. In this context, I consider
soft news strategies (Innocenti, 2021). I provide a novel definition for soft news strategies
in networks and present preliminary results about the characterization of the set of all
such strategies.

In Chapter 3, presented as a research proposal, I address the question, "Can electoral
polls affect voter behavior and, ultimately, election outcomes?" The bandwagon and un-
derdog effects are two debated and complementary explanations for why electoral poll
predictions might significantly differ from actual electoral results (e.g., Trump’s election
in 2016, and the 2022 US midterm results that pointed toward a close election). I propose
a theoretical model to explain the mechanisms behind these effects, study competition
among pollsters with misaligned interests, and explore the potential for polls to influence
electoral outcomes. Finally, I intend to test the theoretical predictions with empirical data

to provide a comprehensive understanding of the impact of opinion polls on elections.



Chapter 1

Trust but Verify: Quality Evidence

and Authentication

1.1 Introduction

Asymmetric information about product quality generates market inefficiencies, providing
sellers with an incentive to disclose information and buyers with a motive to acquire it.
High-quality sellers seek to credibly convey their product’s attributes, while consumers
invest in trustworthy signals to avoid overpaying for lower-quality goods. To mitigate
these frictions, sellers may voluntarily disclose evidence—Ilab reports, provenance certifi-
cates, or third-party attestations—although such signals are often only partially verifiable.
Symmetrically, buyers can pay for third-party authentication—paid inspection services or

platform-provided guarantees—that yield valuable, but possibly noisy, information.

Second-hand e-commerce platforms clearly illustrate these trade-offs. They offer sellers
a broader customer base, and the ability to resell used products, while buyers benefit from
lower search costs, access to more listings, and competitive pricing. However, the inability
to physically inspect used goods beforehand exacerbates information asymmetries. To
overcome this, sellers can post photos, ratings, or test reports that vary in credibility,

while buyers may subscribe to paid authentication services—ranging from Al checks on

7



8 CHAPTER 1: QUALITY EVIDENCE AND AUTHENTICATION

item images to in-person laboratory tests—that come with their own fees and error rates.

Despite the prevalence of disclosure and authentication in markets with opaque prod-
uct quality, key questions remain about how the verifiability of seller-provided evidence
and the precision of authentication jointly shape overall relevant economic outcome and,
ultimately, affect trade gains and fraud probability. The classic disclosure literature
(Grossman 1981; Milgrom 1981; Dye 1985) and the buyer-signal literature (Matthews
& Postlewaite 1985) typically analyze only one side of the market: either how sellers
reveal information or how buyers pay for signals. Moreover, they often assume costless,
perfectly precise verification, thereby sidestepping real-world frictions of noisy tests, lim-
ited verifiability, and endogenous pricing of authentication services. Those simplifications
leave aside whether imperfect information technologies—available both to sellers and to
buyers—can jointly mitigate market inefﬁcieneies.ﬂ

To fill this gap, our model allows for both seller-provided evidence and buyer-purchased
authentication, each of which can range from uninformative to perfectly preciseE| Given
the motivation of the paper, we evaluate equilibrium outcomes along two key dimensions.
Total welfare is the combined surplus of the agents when trade occurs, and fraud probabil-
ity is the likelihood that a low-quality good sells at a price above its full-information value.
An equilibrium is fully efficient if it maximizes total welfare and ensures the probability
of fraud is zero.

The equilibrium analysis yields three principal findings. First, market efficiency—via
full revelation—is attainable only when the evidence signal is sufficiently precise relative
to the quality gap, independently of authentication. Indeed, authentication cannot by
itself foster full separation because it only becomes valuable when sellers pool their types.
Buyers will pay for costly authentication only if equilibrium pooling leaves them uncertain
about quality. Were sellers fully separated, authentication would serve no purpose and its
fee would never be paid—so any positive demand for quality testing simply signals that
pooling persists, meaning authentication cannot by itself enforce separation. Conversely,

when evidence is sufficiently precise it sustains separation by making misrepresentation

! As a recent exception in a signaling framework, see Bester et al. (2021) on a competitive labor market
in which workers signal ability through education and firms audit to learn about their productivity.

2By allowing each technology’s accuracy to range from totally uninformative to perfectly precise, the
model nests and generalizes previous analyses that consider only one side or treat the two sides separately
(e.g. Stahl and Strausz, 2017).
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too costly, which in turn deters untruthful pricing.

Second, when evidence precision is too low for separation, authentication accuracy
tends to reduce fraud probability, but cannot restore full efficiency. Authentication only
partially disciplines sellers when it is purchased with positive probability, and higher
accuracy strengthens that effect. However, it never fully eliminates pooling: precisely
because some sellers pool, buyers find authentication worthwhile. Even perfect testing
cannot change this, as the resulting equilibrium still ties welfare gains to reductions in
fraud. By contrast, when no authentication is available, welfare is maximized by ex-
panding trade—even if that means more fraud—since total surplus increases with every
transaction regardless of its fraudulent content.

Finally, and perhaps most remarkably, whenever evidence is sufficiently imprecise,
foregoing authentication can yield higher welfare than perfect authentication. In par-
ticular, if the evidence signal is completely uninformative, any form of authentication is
strictly detrimental to welfare. This last result reveals a strong complementarity between
disclosure and authentication: in the absence of any credible, verifiable evidence, even
flawless authentication lowers welfare relative to the no-authentication case—although
skipping authentication altogether comes at the cost of a very high fraud probability.

When evidence becomes less precise, both the authentication and no-authentication
regimes experience rising fraud alongside higher total welfare, but for distinct reasons.
With authentication in place, lower precision makes it easier for low-quality goods to pass
the test and spurs more buyers to authenticate, so the incentives to cheat and to reveal
truthfully partially offset one another. In contrast, when no authentication is available,
neither buyer behavior nor seller strategy adjusts as precision falls, so every additional
act of fraud simply generates more trades and thus more surplus. Consequently, beyond
a critical level of imprecision, the no-authentication regime yields strictly greater welfare
despite—or indeed because of—its higher fraud incidence.

Crucially, these conclusions rest only on the assumption that perfect authentication
requires paying a strictly positive price. In particular, they hold even when the actual
cost of providing authentication is zero; any positive provision cost of authentication
would only widen the welfare advantage of foregoing authentication when evidence is
uninformative.

Formally, these results derive from the analysis of an augmented one-seller, one-buyer
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adverse-selection framework that incorporates both seller disclosure and buyer authenti-
cation. The seller, privately informed of her good’s quality (high or low), simultaneously
chooses a price and an evidence level (high or low). The buyer observes the price, the evi-
dence level, and the resulting evidence signal, and chooses to either buy outright, pay the
authentication fee to obtain a potentially noisy verification (and buy only if positive), or
walk away. We abstract from any production costs associated with the good, the evidence
disclosure process, and the authentication service.

Our framework, like many signaling models, admits multiple equilibria. To focus on
the outcomes that rest on reasonable beliefs, we apply Cho and Kreps’s intuitive criterion
(as extended by Bester and Ritzberger) and further restrict attention to equilibria that
are not strictly worse for both seller types. Under these refinements, every surviving equi-
librium features the high-quality seller choosing the more precise evidence level, thereby
guaranteeing her a payoff above that of the low-quality seller.

In pure-strategy equilibria, full separation arises only when the seller’s evidence is
sufficiently precise; otherwise, both types pool at a single price and evidence level. When
authentication is perfectly accurate, buyers never purchase it in these pooling outcomes,
anticipating that low-quality sellers could never safely overprice, buyers optimally save
the fee. By contrast, if authentication is both noisy and inexpensive, pooling can coexist
with buyers always paying for testing, which tempers but does not eliminate fraud.

Between these extremes lie mixed-strategy or “semi-separating” equilibria, which ap-
pear whenever evidence precision is too weak to sustain full separation yet too strong
to enforce pure pooling. In these cases the high-type seller always signals at the top
tier, while the low-type seller randomizes between mimicking and conceding her type just
enough to keep the buyer indifferent. The buyer, unable to fully infer quality, likewise
randomizes her decision to test.

A comparison of welfare and fraud across these equilibria yields a clear hierarchy: sep-
arating outcomes achieve the first-best, pooling without authentication maximizes trade
volume (and hence welfare when separation is impossible) but also fraud, and pooling
with testing lies in between. Mixed equilibria perform strictly worse than pooling with
authentication on both dimensions, though when evidence is very uninformative, forgoing
testing can paradoxically raise welfare even though it allows more fraud. If authentication

were costless, perfect testing would restore full efficiency; but under positive fees, it can
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sometimes reduce social surplus by suppressing fraud-generating trades.

Related literature. Extensive research has been done on information acquisition by un-
informed buyers [} Jackson (1991) tries to deal with the Grossman and Stiglitz paradox:
when buyers are price takers and can acquire information about quality while prices are
fully revealing, information acquisition does not occur in equilibrium. He relaxes the
price-taking assumption to solve the paradox and get fully revealing prices and costly
info acquisition. Bester and Ritzberger (2001) study a trade model with multiple buyers
who have the option of perfect information acquisition upon observing the price of the
good. They prove the Grossman—Stiglitz Paradox in the equilibrium with pure strategies
under the Intuitive Criterion of Cho and Kreps, but show that mixed strategies allow
to approach the full information prices. Gertz (2016) analyses a similar model with a
single buyer who can choose the amount (precision) of acquired information. He shows
that information acquisition can lead to more efficient outcomes, but that there are limits
to how much information can be acquired. Martinez-Gorricho (2020) studies the same
problem where information acquisition is costless but always imperfect. Voorneveld and
Weibull (2011) also study a case with incomplete information on both sides of the market
where the buyer does not know the exact quality of the good but receives a private cost-
less signal. Similarly, Figueroa and Guadalupi (2015) study a bilateral trade model where
the quality of the good is not known to either but the seller holds a more informative
prior about the quality while the buy can acquire a costly but imprecise signal about
the quality. Hauswald and Marquez (2006) analyze a screening problem where competing
decision-makers can invest in acquiring private information about the agents. Argenziano
et al. (2016) study an environment where uninformed decision-makers can acquire private
information from a biased expert showing that it is not always more efficient than direct
information acquisition by the decision-maker. Persico (2000) studies the acquisition of
information about the value of the object for sale in an auction by the bidders and sees in
which auction format such acquisition occurs. Martin (2017) studies the pricing strate-
gies when sellers face two types of irrational buyers who can be rationally inattentive and

naive and finds that in both cases there are equilibria where information revelation fails.

3Dranove and Jin (2010) provide a comprehensive review of quality disclosure and certification liter-
ature up to 2010.
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Similarly, Gabaix et al. (2006) study how the information acquisition process differs in
limited rationality models compared to standardly assumed agents with full rationality
and test the predictions in a lab experiment. Roesler and Szentes (2017) analyze a bilat-
eral trade environment with take-it-or-leave-it offers where the buyer is uncertain about
her valuation of the object but can be signaled about it. Stahl and Strauz (2017) add
a third-party certification device available both for the seller and the buyer but not at
the same time and find that seller-induced certification is more efficient in terms of total
welfare when transparency of the market is beneficial for the welfare. Metthews and Per-
sico (2005) study a bilateral trade of refundable goods, that is, a dissatisfied buyer can be
reimbursed for a good if she is not satisfied with the quality. Bergemann and Véliméki
(2002) see if information can be acquired efficiently in a mechanism before agents decide
to participate in it finding that it is generally achievable in private-value environments but
not with common values. Moscarini and Ottaviani (2001) characterize prices and profits
in separating, pooling, and mixed-strategy equilibria in a Bertrand competition with the
buyer’s private information about her valuation when there is a common prior shared by
the sellers and the buyer and a private signal only for the buyer. Liu (2011) studies a dy-
namic game where uninformed buyers can costly learn about sellers” product quality from
their past trades. Guan and Chen (2017) analyze a two-sided information asymmetry in
the producer-retailer problem: the producer knows the exam quality of the product while
the retailer holds a prior about it; the buyer privately knows the preference of consumers
for quality. The producer can acquire information (publicly) about the preferences at one
cost and disclose information truthfully about the quality at a different cost. For a more
detailed review see Capozza et al. (2021) who provide a survey on information acquisition
literature across all the subfields of economics. Finally, one of the two closest papers to
our model is Bester et al. (2019) who study a competitive labor market application where
both the workers can provide a costly (unlike our model) signal of their ability a la Spence
while the firms can learn at a cost (audit) the exact ability of the workers. Although their
model also endows both sides with costly information technologies, its competitive signal-
ing framework and the nature of the signals differ fundamentally from our bilateral-trade

setting with partially verifiable seller disclosure and noisy buyer authentication.
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Contribution and Relevance This chapter contributes to the literature on both evidence
provision and costly information acquisiton by embedding both seller-provided disclo-
sure and buyer-purchased authentication in a single adverse-selection framework. Unlike
earlier analyses that treat these channels in isolation or assume perfectly precise tests,
our model lets each technology’s accuracy vary from uninformative to perfect and traces
out exactly when seller evidence alone can achieve full separation and when—even flaw-
less—authentication cannot substitute for credible disclosure. In particular, while previ-
ous work has shown that a costly, perfectly precise authentication can be acquired only
with probability less than one (Bester and Ritzberger 2001; Stahl and Strausz 2017), we
demonstrate that a fallible authentication technology may in fact be purchased with cer-
tainty in pure-strategy equilibria. Moreover, by fully characterizing pooling, separating,
and mixed-strategy outcomes under varying combinations of evidence and authentication
precision, we pinpoint the precise parameter regions in which each regime prevails and

clarify how they discipline fraudulent sellers.

The relevance of this work lies in its normative implications. Our findings make
clear that improving the verifiability of seller disclosures is the only reliable route to
eliminating fraud, since authentication—even if perfect—cannot on its own guarantee full
market efficiency. At the same time, we uncover the surprising fact that when seller
evidence is very noisy, perfect testing can actually lower total welfare compared to a
no-authentication regime, because suppressing some surplus-generating trades outweighs
the gains from reduced fraud. By quantifying how evidence precision and authentication
accuracy jointly shape welfare and fraud incidence, our analysis offers concrete guidance
for platforms and regulators seeking the optimal balance between verification rigor and

trade volume.

The rest of the paper is structured as follows. In Section 2, we present the model and
introduce the necessary notation. In Section 3, we describe the optimal behavior of the
seller and the buyer. Section 4 provides the equilibrium analysis and the main results. In
Section 5, we perform the welfare-fraud analysis under different authentication regimes.

Section 6 includes comments and conclusions. All proofs are relegated to the Appendix.
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1.2 Model

We consider an asymmetric information model with a buyer and a seller. The latter
holds private information over the actual quality of a good. While setting the price, the
seller can also provide some evidence about the quality of the product which generates a
quality signal prior to the trade. This evidence technology is costless and monotone in
quality so that, for a given level of evidence, a high-quality signal is more likely when the
actual quality is high than when it is low. We will make this assumption explicit in the
next paragraphs.

Upon observing the price and the evidence, the buyer has a few decisions to make.
Firstly, she can order, for a fee, a quality authentication from an intermediary to check,
at least to some extent, the value of the good. We consider two different types of au-
thentication technology: perfect authentication, which always signals the actual quality,
and imperfect authentication, which entails some degree of error. Then, whether she has
acquired the authentication or not, she decides if she wants to buy the good.

In an extension of the game, we will consider an augmented game in which a third
player, a profit-maximizer authenticator, can commit to an authentication structure,
defining both the precision and the price of the authentication, before the seller-buyer
subgame takes place/]

We now provide a formal outline of the setting and the assumptions of the model.

Preliminaries. We consider a good whose quality can be either low or high. Let 6 €
© = {6,,0,} denote the low and high quality, respectively, with 0 < 6, < 6, < oo, and
Af = 0, — 0,, representing the quality difference between the two types of good. Both
the seller and the buyer are risk-neutral. The seller does not value the good per se but
is only interested in selling the good at the highest price p possible, while the buyer gets
utility from the value of the product minus the price she pays, net of any other additional
costs. The reservation utility in the case of non-trade is zero for both players. There is
no cost of production for the good of either quality. Furthermore, we normalize both the
costs of evidence disclosure and authentication provision to zero. Clearly, efficiency would

require that the trade always takes place.

4Results and proofs will be provided in the definitive version of the paper.
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The realization of the quality @ is private information of the seller, while the buyer
holds a prior over its distribution, with ug := P(6 = 6,). Moreover, the buyer uses

Bayesian updating to form her posterior belief about the seller’s type.

Seller’s strateqy and partially verifiable evidence. After observing the quality of the good,
the seller needs to choose both a price p € R, and an evidence level e € {e;, e,} where
e; represents evidence of the good being of quality ;. Allowing for mixed strategies, we
define a strategy for the seller as a probability distribution over price-evidence vectors,
and we denote by o;(p, e) := o(p, e|0;) the probability assigned by the seller strategy to the
vector (p, e) by the seller of type 6;. Providing any type of evidence is costless regardless
of the actual quality. However, the evidence can, in certain conditions, reveal the type of
the seller, or equivalently, be verified.

We model this idea by assuming that the buyer not only observes the (p,e) vector
prescribed by the seller strategy but also the realization of a binary (evidence) signal
S¢ € {5, S5} whose probability distribution depends jointly on the actual seller’s quality
0 and on the evidence e provided by the seller. In particular, we denote the conditional

probability distributions of S° by

P(Shlen, 0n) = ¢ P(Silen, 01) = x
P(S,ﬂel, Hh) = ¢ P(S§|el, ‘91) = W

and, accordingly, P(Sfle,0) = 1 —P(Sse, 0) for every e and 6. Without loss of generality,
we assume ¢ € [%, 1] so that when the high-type seller provides high evidence, S}, is more
likely to occur than Sf.ﬂ As stated above, we also assume the evidence technology to be
monotone in the actual quality, i.e. ¢ > y and ¥ > w. For the same level of evidence, the
high-type seller sends the high signal (weakly) more often than the low-type seller.

To simplify the analysis, we assume that when high evidence is provided, the high-type
seller always conveys the high signal, while the low-type seller does not. Moreover, we

assume the low evidence to be completely uninformative[f]

5Otherwise, we could simply relabel the signal realizations.
6This last assumption is not substantial, as the main results will hold without it, but it drastically
increases readability.
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Assumption 1 (Evidence signal). The conditional distribution of the evidence signal S°

is characterized by:

(i) x < ¢ or, equivalently, x = ag with a € (0,1),

(i) ¢ =1,

(iii) ¥ = w.

We can interpret providing evidence e; as if the seller does not disclose evidence,
meaning that the buyer cannot get any additional information about the good’s quality
by observing e;. On the contrary, e, generates a different probability of a high signal
depending on the actual type. In particular, the buyer is able to detect a low seller
providing inconsistent high evidence whenever S} realizes, which happens with probability
P(Sflen,0)) = 1 — « since the high-quality seller never induces a low signal with high

evidence. We will see that the parameter o plays a key role in the analysis.

Beliefs. Given a strategy of the seller (o,,0;) and an evidence signal realization S¢,
the buyer updates his belief about the good being of high quality following Bayes’ rule
whenever possible. Hence, the posterior beliefs upon observing a price p, given (o, 0y)

are

,UOO-h(pa eh)¢

w(p; en, Sy,) = Loon(p, en)d + (1 — po)oy(p, en)x
o ,uoah(p, Gh)(l - ¢)
(s en: S7) = 100 (ps en)(1 = @) + (1 — po)ou(p, en) (1 = x)
w(p, e, Sg) = b, v
CUTM woon(py ) + (1= po)au(ps en)w
w(p, e, Sf) = i =

poon(p; er)(1 =) + (1 = po)or(p, &) (1 — w)
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depending on the evidence provided and its signal realization whenever oy,(p, €)+0,(p, €) >

0 for the corresponding (p,e). Given assumption , the posterior beliefs simplify to
M(p en Se) _ Noah(p, €h> (11)
T oo (psen) + (1= po)ou(p, en)ar
p(p,en, S;) =0 (1.2)
toon(p, €1)
toon(p, e1) + (1 — po)ou(p, er)

,u(p, €1, Sli) = ,u(p, e, Sle> = (13)

whenever they are defined. Clearly, low evidence ¢; is uninformative on the type of the
seller since the posterior belief is independent of the signal realization. On the other hand,
high evidence can be fully informative whenever the signal realization is low, indication

a low-quality seller.

Quality authentication and buyer’s strategies. In addition to the evidence provided by
the seller, the buyer has available a product authentication technology for a fee ¢ > 0,
which reveals additional information on the quality of the good. In particular, if the
buyer purchases authentication, she receives a binary authentication signal S* € {Sf, S¢'}
whose distribution depends only on # and is independent of the realization of S¢. The

conditional distribution of S* is defined by:
P(S310k) =n P(Sp16:) =€

Similarly to the evidence-signal case, we assume, without loss of generality n € [%, 1},
and the authentication technology to be monotone in the good’s quality, i.e. n > .
Moreover, we limit our analysis to the case in which the authentication of the high-quality
good always reveals the actual high type, while we consider two different outcomes when

the authentication is ordered on a low-quality good.

Assumption 2 (Authentication signal). The conditional distribution of the authentica-

tion signal S is characterized by n = 1 and, alternatively,
(i) € =0, in which case we define the authentication technology as perfect.

(ii) € € (0,1), in which case we define the authentication technology as imperfect.
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Clearly, when ¢ = 0, acquiring the authentication fully reveals the type of seller to the
buyer. When ¢ is positive, instead, there is a positive probability that a low-quality good
passes the test, sending an authentication signal Sj. In this regard, we can consider ¢ as
the authentication imprecision level, or error term.

Given this additional technology, the buyer has three alternatives upon observing
(p, e, S¢): buying the good without authentication, action b, not buying the good, action n,
acquiring the authentication technology and then buying the good if and only if S¢ = S”,
action ba.|Z| Therefore, given any realization (p, e, S¢) and the corresponding posterior
w(p, e, S¢), we define a strategy for the buyer as a probability distribution over the set
of actions {b,n,ba}, and we denote by [3(x|p, ) the probability assigned by the buyer’s
strategy to action x € {b,n,ba}.

Timing, payoffs, and solution concept. The game unfolds as follows:
1. Nature chooses the quality of the good 6 according to the prior distribution py.
2. The seller observes 6 and chooses a probability distribution over vectors (p, e).

3. The evidence signal S°¢ is realized according to its conditional probability distribu-

tion.

4. The buyer observes (p, e, 5¢), (possibly) updates her belief according to (1.1)), (1.2)),
and (|1.3), and chooses a probability distribution over her available action set {b, n, ba}.

5. If x = ba, the authentication signal S is realized.
6. Finally, buyer’s payoff v and seller’s profits 7 are realized as follows:

o If x = b, the trade takes place and payoffs are: © =60 — p and © = p.
e If x = n, there is no trade and payoffs are: u =7 = 0.

o If z = ba and S* = S}, the buyer bears the price of the authentication, the

trade takes place and payoffs are: u =60 —p —cand ™ = p.

" As already pointed out in Stahl and Strausz (2017) for a perfect authentication technology environ-
ment, any other action, namely, acquiring the authentication and always buying the good, acquiring the
authentication and never buying the good, acquiring the authentication and buying if and only if §¢ = S'
are dominated by the first three alternatives and hence are disregarded in the analysis.
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o If v = ba and S* = S}, the buyer bears the price of the authentication but

there is no trade and payoffs are u = —c and 7 = 0.

The game can be solved by backward induction and our analysis considers (weak)
Perfect Bayesian Equilibria (PBE) which specifies the optimal strategies of the agents
and the system of equilibrium beliefs consistent with the strategies and Bayes’ rule.

We focus first on pure-strategy equilibria, and then move our focus to a specific class of
mixed-strategy equilibria. The procedure adopted to solve the model involves a series of
steps. We specify candidate price-evidence strategies for low- and high-type sellers. Then,
we determine the equilibrium posterior upon observing the equilibrium price-evidence vec-
tor of the buyer and her optimal strategy. This allows us to determine the optimal pricing
posted by the two types of sellers in equilibrium. Finally, we check for possible deviations
and, potentially, find necessary conditions determining the subset of the parameter space

allowing for such equilibria.

1.3 Buyer’s Behaviour and Seller’s Profits

Let us first analyze what happens in the last stage of the game, when the buyer is called
to play. Given any vector realization (p, e, S¢) and seller strategy (o, 0;), the buyer holds
beliefs p(p, e, S¢) on the good being of high quality according to (L.1)), (1.2), and (1.3).
Similarly to Gertz (2014), we define the expected quality of the good given some belief /i

as

05 = 10 + (1 — 1),

and, accordingly, we denote the unconditional average quality given prior g as éﬂo.
Assume that the buyer holds posterior fi after observing (p, e, S¢). Then, the expected
utility attainable by each action of the buyer is:

u(blp, p) = 0 —p (1.4)
u(n) =0 (1.5)
u(balp, fi) = (0n — p) + (1 — f)e(h — p) — ¢ (1.6)

While (1.4) and (1.5) are straightforward, let us interpret (1.6). When the buyer buys
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the good requiring the authentication, the probability of receiving a high authentication
signal Sj' and the trade taking place is 1 when 6 = 6, while it is ¢ when 6 = 6;. When
the authentication technology detects a low quality good, which happens with probability
1—¢ when the quality is actually low, there is no trade. Note that we can rewrite u(ba|p, 1)

as

bu—p+ (-1 —2)p—0) —c.

Comparing the latter to u(b|p, i) highlights the benefit of authentication with respect to
an unauthenticated purchase: it permits to avoid a deceiving acquisition of a low-quality
good thus saving the amount p — 6, whenever the good is perceived to be be of low quality
and the authentication recognize it as such, event with probability (1—/)(1—¢), by paying
the authentication price c. Clearly, the authentication value decreases in the precision of
the S® signal and so decreases in ¢.

The following lemma characterizes the optimal strategy of the buyer as a function of

p and belief /i held after observing a vector (p, e, S€).

Lemma 1. Suppose the strategy 3 is optimal for the buyer given price p and belief [i.
Then,

Bblp, 1) 20 <= p< min{ég, o+ —,1)6(1 _6)} (1.7)
R c [0 + (1 — fi)eb; — ¢
B(balp, 1) >0 <:>pelel+(1—ﬂ)(l—&?)’ e ] (1.8)
T — el —
B(nlp,fi) >0 <= pZmaX{Gﬂ, & h;frl(l f);); C} (1.9)

While the proof of the lemma is straightforward, its implications are twofold. First,
there exist three price thresholds that determine the optimal strategy of the buyer. Sec-
ond, there exists an upper bound for the authentication price above which acquiring the

authentication is not optimal independently of the good’s price.

Corollary 1. Acquiring the authentication can be optimal for a buyer holding posterior
i only if
¢ < (1 - f)(1— )0, (1.10)

or, equivalently, ¢ <1 — ﬂ(l—iil)M'
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When the price of the authentication is too high, in a sense specified by the corollary,
acquiring the authentication is not optimal independently of the price, and the best of
the other two alternatives, simply buying or not buying, yields a higher payoff to the
buyer. The threshold for ¢ depends positively on three different elements: i) the quality
differential, which measures the opportunity cost of receiving 6, instead of y; ii) the
posterior diffusion, which measures uncertainty on the true quality; iii) the precision of
the signal, 1 — ¢, as the authentication technology becomes more valuable to the buyer.
Clearly, whenever the uncertainty about the type is resolved, i.e. i € {0,1}, buying the
authentication is dominated since the buyer is already fully informed on the quality of

the good.

The expression in Corollary [1| determines two thresholds for the buyer’s posterior
belief. This ensures that purchasing authentication is not strictly dominated, provided the
posterior belief falls within that specific interval. Specifically, buying the authentication

can be optimal for a buyer holding posterior i only if i € [[_L, ﬂ}, where

1 1 c _ 1 1 c
=i N L

The set [H? ﬂ} is nonempty if and only if

c < w =:c (1.12)
or ¢ < % =: &. The quantity ¢ represents the maximum feasible authentication price,
regardless of the good’s price posted by the seller. Note that ¢ corresponds to the threshold
specified in Corollary (1| when j = %: the value of authentication for the buyer increases
with the uncertainty about the seller’s type, reaching its maximum when the posterior
probability is one half. Moreover, the expression for ¢ reveals the negative relationship
between ¢ and c: there is a trade-off between the imprecision of the authentication signal
and its price to ensure that authentication can be potentially optimal. Finally, let us

highlight the difference between conditions (1.10) and (1.12)): condition (1.10]) implies
that a generic i lies in {Hv ﬂ}, while condition (|1.12]) implies that {H? ﬂ} is non-empty.

Clearly, the first one implies the second one.

Unless stated otherwise, in what follows, we will consider condition ((1.12)) to be satis-
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fied, as the opposite would be equivalent to a setting without the authentication option.
With this in mind, the buyer’s optimal behavior can be conveniently expressed as a

function of her posterior belief as follows.
Lemma 2. Suppose the strategy [ is optimal for the buyer given price p and belief [i.

Then, (i) if i & . fi]

B(blp, iv)
B(nlp, fr)

AV
3 i)
VAN
Cb|

Y
‘g>

0 <
0 <

v

() if e o]

Bblp,p) >0 <= p<6,+

(1- )(1 £)
& [0y, + (1 — f1)ed, — ¢
G-mi-e  h+(-Ae
,U,eh—i-( ﬂ)gel—c
fi+ (1= f)e

B(balp,fi) >0 < pe |6, +

B(nlp, ) >0 <= p>

The lemma underlines the importance of the posterior beliefs in determining the op-
timal action of the buyer and proves to be extremely convenient in the analysis. In
particular, it specifies the buyer’s optimal behavior based on price p given a fixed belief /i.
Extreme posterior beliefs, i ¢ [;_z, ﬂ} , do not allow for authentication to be optimal, so that
the maximum price attainable by the seller is the conditional average quality éﬂ. When
beliefs are intermediate, fi € {/_i, ﬂ} , authentication is possibly optimal and two fundamen-
tal prices arises: a price for which the buyer is indifferent between b and ba, 6, + W

1—e)?

and another price for which she is indifferent between ba and n, %. Let us

define those quantities as

py(f) == 0 +

c
(1= —e¢)
and

a0 + (1 — f1)eb; — ¢

fi+(1—fe

as the maximum price for which the buyer holding posterior & buys without authentication

pba(/:l)

and with authentication, respectively, where we make explicit the dependency of these

two threshold prices on a generic posterior i € [, ii]. Clearly, both are increasing in 6,
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0;, and i since all these parameters determine a higher expected quality of the good for
sale. However, py, (/1) decreases, while py(j1) increases, in € and ¢ since a lower precision
and a higher fee decrease the value of the authentication technology for the buyer, making
the other two alternatives, b and n more proﬁtableﬁ

Finally, note that x4 and g determine two quantities: ég and éﬁ, i.e., the expected
quality of the good given posterior belief u and [, respectively. In the appendix, we
provide the counterpart of Lemma [2] which describes the optimal behavior of the buyer
based on her posterior belief given a fixed price. Symmetrically to Lemma [2| when the
price is either sufficently high or low, p & {9_,_“ 9_,1}, acquiring the authentication is never
optimal. When, instead, the price is intermediate, p € [éy, éﬁ}, all the available actions of
the buyer can be optimal depending on her posterior beliefﬂ In particular, the buyer is
indifferent among her available actions only for the specific combinations of price-posterior
(H_H,H) and (05, 71). In fact, ppa(72) = ps(2) = 0 when i = ji, and ppa (1) = po(t) = 9_!1
when fi = p.

Consider now a seller with strategy (o;,05) and a buyer with belief system p and
strategy 5. Choosing a price-evidence vector (p,e) when the object quality is 6, yields
the following expected profits:

m(p,e,ulB,0) =Y. P(Se,0) [B(blp, n(p, e, S)) + P(Si|0)5(balp, u(p, e, S))] p
See{sg,5¢}

(1.13)

which depends on the conditional probabilities of the evidence signal, the probability
assigned to b by the buyer strategy, the conditional probability of the high authentication
signal times the probability assigned to ba by the buyer strategy, and the price p. Given
our assumptions [1|and |2{and the expressions for the posteriors derived in , , and

8 0 (@nt(-@eti—c\ _ (1—p)(c—pAb) < (1-0)(c—A0)
Note that £ (“HiT 520 ) = GRENAgE S0, bus (RIS el <0
PE |,

9We rely on this to establish the restrictions on out-of-equilibrium beliefs.
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(1.3)) we have

T(p, en, il B, 0n) = [B(0lp, u(p, en, Sy)) + B(balp, u(p. en, Sp))] p

m(p, er, p|B, 0n) = [B(blp, u(p, €1, Sy)) + B(balp, u(p, er, Sy))] p

(P, en, |3, 00) =a [B(blp, u(p, en, Sy,)) + eB(balp, u(p, en, Si))] p
+ (1 — o) [B(blp, 0) + eB(balp, 0)] p

m(p, e, |8, 00) = [B(blp, u(p, €1, Sy)) + eB(balp, u(p, er, Sy))] p

The high-quality seller is able to trade the object whenever the buyer decides to acquire
it, with or without authentication. Hence her profits correspond to the product of the
probabilities of b and ba prescribed by the buyer’s strategy 3 and the selling price p. The
profit function of the low-quality seller is more complicated and depends on the kind of
evidence e provided. If a low seller provides evidence of high quality, trade takes place
in three cases: i) S5 realizes, which happens with probability «, and j prescribes to buy
the good without authentication with positive probability; ii) S§ realizes, which happens
with probability «, [ prescribes to buy the good along with authentication with positive
probability and S realizes, event with probability ¢; iii) Sy realizes with probability 1—«,
the low quality of the good is detected and /3 gives positive probability on buying when g
is equal to 0. If, instead, the low seller provides low-quality evidence, she is able to sell to
the buyer when [ prescribes to buy without authentication or to buy with authentication
and the authentication test fails to detect the low quality good, which happens with
probability €.

By adopting a strategy (o, 0;) the high and the low types expected profits are then

equal to:

m(onlB,0n) = D onlp,e)m(p,e, plB,0,)  w(ou|B,0) = oulp,e)m(p, e, p|B,060)

(pse) (pre)

Finally, we say that {o}, o}, 5%, u*} represent a PBE of the game if o}, and o] maxi-
mizes the expected payoffs of the high and the low-quality seller respectively, §* maximizes
the expected payoffs of the buyer, and the system of belief p* is consistent with o}, o/,

£* and Bayes’ rule whenever possible.
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1.4 Equilibrium Analysis

1.4.1 Benchmark: no evidence or authentication

Before we proceed with the fully-fledged analysis with evidence and authentication,
let us describe the equilibrium in pure strategies where no such technology is available.
Firstly, under complete information, the two types clearly set their prices equal to their
respective qualities: with an abuse of notation, we say o04(6,) = 0,(0;) = 1 and the buyer
buys whenever the price offered is weakly lower than the observed quality. The trade
always takes place and the outcome is efficient.

Under incomplete information, separation is no longer possible and any price weakly

below the unconditional expected quality can be sustained in a pooling equilibrium.

Proposition 1. In equilibrium, under no evidence and no authentication, which is equiv-

alent to a = ¢ = 1, it holds: on(p*) = oy(p*) = 1 with p* € [0,,60,,] and posterior belief

p(p) < X2, for every p > p*.

Indeed, separation cannot be achieved since the low type will always mimic the high
type by setting a higher price. Pooling on a price lower than #; or higher than the
unconditional average quality would result in forgone sure profits in the first case, and
rejection of the offer and zero profits in the second case. On the other hand, any price
between these two can be sustained in equilibrium by a system of posterior beliefs that

are sufficiently pessimistic.

We now turn to the equilibrium analysis in the original model. First, we analyze
equilibria in pure strategy, with both perfect and imperfect authentication technology.
Then we considered the same cases when extending the possibility of mixing between

strategies.

1.4.2 Pure-strategy equilibria with perfect authentication tech-

nology

In the first part of this section, we study the model where the authentication tech-

nology acquired by the buyer is perfect, that is ¢ = 0. When the buyer requires the



26 CHAPTER 1: QUALITY EVIDENCE AND AUTHENTICATION

authentication, a low-quality good is detected with probability one since P(S;'0;) = 1.
We begin by characterizing the pure-strategy equilibria and providing the necessary con-
ditions for their existence. We consider first separating and then pooling PBEs. The
main result is that authentication is never bought in pure-strategy equilibria. Moreover,
the sets of possible equilibrium prices charged by the high-quality seller in separating and
pooling-on-high-evidence equilibria are not overlapping.

A note on out-of-equilibrium beliefs: To fully characterize the equilibria of the model,
we must specify which restrictions apply to the buyer’s belief for price-evidence vectors
that are never chosen in equilibrium. First, note that for any vector of price and high
evidence (p, ep,), it holds that u(p, es, S5) = 0, regardless of whether (p, ey,) is played with
positive probability by either type of seller in equilibrium. Second, by we have that
w(p, e, S5) = p(p, e, S5) for any vector of price and high evidence (p, ;) since the evidence
technology is ineffective when low evidence is provided. Therefore, when discussing out-
of-equilibrium beliefs for (p, e) such that oy, (p, €)+0y(p, e) = 0, we will always be referring
to u(p, e, S;) with e € {e;, e }. To ease the notation, we define

! = u(p, en, ) 1y = p(p, e, Sp)

as the out-of-equilibrium belief over price-evidence vectors when the evidence provided
is high and low, respectively.m This means that the buyer evaluates the likelihood of
facing a high-quality good off-path given both the price and the evidence provided. This
is consistent with the fact that not only the evidence disclosed by the seller but also the
price can, in principle, reveal information about the quality of the good, as is standard in
the literature.

Finally, let us define equilibrium specific ig" and fi;! as the maximum out-of-equilibrium
belief that does not make (p, ep,) and (p, ¢;), respectively, a profitable deviation from the
equilibrium strategies for any type of seller. This means that in any equilibrium, it must
hold puph < jigh and gt < gt for every out-of-equilibrium price p. In other words, any

equilibrium requires out-of-equilibrium beliefs over (p,e,) and (p,e;) to be at least as

1ONote that analyzing out-of-equilibrium beliefs is not strictly necessary in a signaling setting such as
the one we consider, as it is always possible to sustain a large number of equilibria by defining sufficiently
pessimistic out-of-equilibrium beliefs. However, specific conditions on out-of-equilibrium beliefs are re-
quired for a full characterization of the equilibria and will prove useful when adapting the refinement
criterion developed in Bester and Ritzberger (2001) to this setting.
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pessimistic as it and i, respectively, to be sustainable.

Separating equilibrium

In a separating equilibrium, the two types of sellers provide different price-evidence com-
binations, which reveal the quality of the good to the buyer. Let (p", e?) and (p!, )
represent the equilibrium vectors for the high-type and low-type sellers, respectively,
ie., on(p" e") = oy(p',e) = 11T Then, in a separating equilibrium, it must hold that
(p",eh) # (p',e!) so that u(p", e") = 1 and u(p',e!) = 0. For this and all the following
types of equilibrium we present, we relegate the out-of-equilibrium belief requirements to
the proofs in the appendix.

A natural candidate for a separating equilibrium is the one in which the high-type seller
provides high-quality evidence, and the low-type seller provides low-quality evidence. We

will now characterize such separating equilibria.

Proposition 2. The following strategies of the agents and beliefs of the buyer characterize
separating PBEs when ¢ = 0: a,(p*,en) = 0y(0,e;) = 1, p(p*,en, S¢) =1, pu(0;, e, 5¢) =
0, ¥S¢ € {S, S}, Bblp*, 1) = B(b]6,,0) = 1, with p* € (6, min {6; /v, 0, }].

First, a separating equilibrium in which the two types provide truthful evidence always
exists whenever the evidence technology is able to detect a lying low-type seller with
positive probability, i.e., a < 1. The buyer can identify the quality of the good so that
the low type is forced to charge a price equal to ;. In contrast, any price p* charged by
the high type is sustainable in equilibrium as long as it is incentive-compatible for the
low type, given sufficiently pessimistic out-of-equilibrium beliefs on prices above p*. The

incentive compatibility constraint of the low type requires 7(o;|0;) > m(0y|6;) or
0, > ap”, (1.14)

where the right-hand side represents the expected utility of the low type deviating to
(p*,en): he passes the evidence test and receives p* with probability a and gets zero

otherwise. The more precise the evidence technology, i.e., the smaller «, the larger the

HNote that e’ refers to the evidence provided by the seller of the i-type in equilibrium, while e; refers
to the i-type of evidence, i € {h,l}.
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set of prices for the high type that can be sustained in equilibrium. Finally, equilibrium
prices can never exceed 6, since they make not buying strictly dominant for the buyer.

Secondly, authentication is not acquired in equilibrium. This is not surprising since
perfectly updated posteriors make buying the authentication strictly dominated, as spec-
ified by Lemma 2] The authentication parameters only enter the out-of-equilibrium belief
restrictions and do not shape the behavior of either the buyer or the seller. In a sense,
the product authentication fails to discipline the seller in a separating equilibrium, and
the same results would hold in a setting without the authentication option.

Finally, we left the full interpretation of the out-of-equilibrium belief restrictions for
the appendix, but let us highlight two facts. First, since deviating to evidence of the high-
type, ep, is costly only for the low type, the general out-of-equilibrium restrictions on pg"
are solely determined by the no-deviation conditions of the high type and no restrain is
necessary for prices below p*, as they are not profitable for the high type. Second, the
restrictions on out-of-equilibrium beliefs when low evidence is provided, are determined
by the low type as long as the deviating price is below p* and by the high type in the
remaining case. In general, the low-type finds deviating less appealing than the high type
for two reasons: i) it is more costly since she can be detected when providing high-quality
evidence, thus getting zero; ii) it is (weakly) less profitable since he cannot propose prices
triggering the authentication purchase, which are higher than those for which the buyer
simply buys the good, as she would be detected with probability one and the trade would
not take place.

The main result is that partially verifiable evidence can (partially) overcome the
Grossman-Stiglitz paradox: prices can be perfectly informative of the quality of the good
for sale, even if no information is acquired in equilibrium, provided that sellers have the
option to voluntarily disclose verifiable information. In fact, a fully informative equilib-
rium exists as long as the buyer can detect false information about the quality of the good

with positive probability.

The next proposition clarifies that the set of separating equilibria characterized in
Proposition [2] is not the unique set of such equilibria. Indeed, equivalent separating
equilibria in which both types provide e; are possible given the same restriction on the

price posted by the high-quality seller in equilibrium.



1.4. EQUILIBRIUM ANALYSIS 29

Proposition 3. In any separating equilibrium, the high-type seller provides high evidence,
en. In particular, the set of separating equilibria is fully characterized by Proposition [3,

up to the quality of evidence provided by the low-type seller in equilibrium.

In summary, the low type is constrained to post a price equal to #; while the high type
charges a higher price in any separating equilibrium. Therefore, the high type cannot
offer low-quality evidence and set a higher price than the low type since the latter would
always find it profitable and safe to mimic the high type’s strategy. On the other hand,
the low type’s choice of evidence is irrelevant for the buyer in a separating equilibrium
since she can detect the type of the seller independently of the evidence signal realization.
The equilibrium conditions and the out-of-equilibrium analysis remain the same when

both types of sellers provide ey,.

Pooling Equilibria

We now turn our attention to equilibria in which the two types of sellers provide
the same price-evidence vector. Unlike the separating case, the buyer might have the
incentive to buy the authentication when purchasing the good in order to avoid disguised
low-quality goods. However, the perfectly precise nature of the authentication technology
prevents this from happening in equilibrium. We show that this result holds for pooling
on high-quality evidence equilibria first, and then we do the same for the pooling on

low-quality evidence counterpart.

Pooling on high-quality evidence. First, we consider pooling equilibria in which
both types of sellers present evidence of high quality. In this case, the evidence technology
sends signal S}, with probability one if the seller is of the high type, and with probability

«a if the seller is of the low type. Bayes’ rule then implies that the posterior after observing

(p7 €h, Sli) 1S
Ho
po + (1 — po)ax

M(pv €h,; Slez) =
which we denote by ji.

Proposition 4. The following strategies of the agents and beliefs of the buyer represent
the set of pooling PBEs on e, when ¢ = 0: op(p*,en) = o(p*,en) = 1, u(p*, en, S5) = f,
p(p* en, S5) = 0, BOlp*, i) = B(nlp*,0) = 1, with p* € |%,p|, and p = 0 if i & [, i)
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andp = 0, + lfﬂ if e [H> ﬂ]. The necessary condition for the existence of such equilibria

is o > 6;/p.

Pooling equilibria in which both types send evidence of high quality exist as long as the
evidence technology fails to detect a lying low-type seller with a relatively high probability.
When providing high-quality evidence, the low type passes the test with probability «
so the posterior belief when observing S; equals i as defined in the proposition. It is
determined by po and «, and univocally pins down the maximum price p that can be set
in equilibrium by both types. When i is extreme, i.e., ji & {H’ ﬂ}, the buyer either buys
the good without authentication or not so the maximum price attainable is the expected
quality given posterior pu, i.e. é,i. Instead, when [i is intermediate, i.e., i € [/_L, [L},

the threat of the authentication is credible, and the sellers cannot set a price above

0,+ 1fﬂ in equilibrium, as any price above the threshold would induce an acquisition with
authentication or no trade at all, leaving the low type with zero profits in any case.
Differently from the separating case, the equilibrium price p* is bounded below by the
participation constraint of the low type. In fact, the profit of both sellers cannot be lower
than 6, since the buyer would always find optimal to buy at that price independently of

her beliefs. Therefore, m(oy|6;) > 6, or
ap” >0, (1.15)

since the low type gets p* when S¢ = S}, which happens with probability «, and 0

o
23 Y

otherwise. The necessary condition is that a > which means that the probability of

the low type passing the evidence test when lying about the quality of the good needs to
be sufficiently high, otherwise it would be beneficial to ask for and surely get the lowest
price ;. Note, however, that % is negative: clearly, if the chance of facing a low-quality
good when observing high evidence is higher, the quality the buyer expects from the
good decreases, and so does the maximum price she is willing to pay. There is then a

trade-off for the low-type seller between the probability of selling when providing false

c
1—

evidence and getting a higher price in equilibrium. However, since both éﬂ and 6, + 5 are

weakly larger than 6;, there always exists a non-empty set of values for a that guarantees

condition (|1.15) holds.
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The authentication is not acquired in this case either, even when fi is not extreme.
Since the authentication is perfect, a price inducing the acquisition of authentication is
not sustainable by the low type in equilibrium. We will see that this need not be the
case when the authentication technology is not perfect, meaning it might fail to detect
a lying low seller with positive probability. Finally, note that, in this type of equilibria,
the buyer always extracts some rent whenever her posterior is intermediate. In fact, the
price charged in equilibrium is necessarily lower than the good’s expected quality, éﬁ.
Therefore, the possibility of acquiring authentication is beneficial to the buyer, although
indirectly. In this sense, the authentication technology represents a threat and serves to
discipline the low-type seller’s pricing strategy.

Finally, the restrictions on the out-of-equilibrium beliefs are determined by the no-
deviation conditions of the high type when deviating to evidence of the high type, as in
the separating case, since deviation is always costlier for the low type. The same applies
to deviation to the low-type evidence, except for the prices above ap* and below the
equilibrium price p*: those prices are appealing only to the low type, so the conditions
are less stringent, i.e., beliefs need not be as pessimistic, or low, compared to those prices
representing a profitable deviation also for the high-quality seller.

However, pooling on high evidence is not the unique pooling strategy that can arise

in equilibrium.

Pooling on low-quality evidence. We characterize the pooling equilibria in which

high and low-type sellers provide evidence of low quality.

Proposition 5. The following strategies of the agents and beliefs of the buyer represent
the set of pooling PBEs on e¢; when ¢ = 0: on(p*, ) = o(p*,e) = 1, p(p*, e, S¢) =
po, V8¢ € (S5, St} B(blp* o) = 1, with p* € [01,p], and p = Oy if pro & |p 1] and
p=0+ 1" ifpo € [H,ﬁ]

The equilibrium outcome when pooling on the low-quality evidence is similar to the
previous pooling case. The main difference is that the evidence technology is ineffective
since the low type provides low-quality evidence and cannot be detected. Therefore, the
evidence signal does not carry any information, and the posterior upon observing price

p* and low evidence is equal to the prior pg. Consequently, the upper bound of the
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equilibrium price is lower than the pooling on high-evidence case since g < fi. In turn,
the low-quality seller is never detected, so he enjoys the same expected utility as the high-
quality seller. This implies that the out-of-equilibrium conditions are fully determined by
the high type, for whom deviations are always less costly than for the low type. Again,
perfect precision of the authentication technology prevents its acquisition by the buyer
independently of the prior, as in the previous cases, but guarantees a positive rent to the

buyer whenever she holds intermediate beliefs.

Notice that, by combining the results of all pure-strategy equilibria, we derive a series
of important implications. First, authentication is never acquired in equilibrium since it is
always sub-game dominated for the buyer. The intuition is simple: if any equilibrium price
induces the buyer to acquire authentication, it is necessarily a price set by the high type,
as the low type is always detected by the authentication technology and would always
find it profitable to deviate to the lowest price 6, > 0. This implies that upon observing
a price triggering the acquisition of the authentication, the buyer attributes probability
one to the good being of high quality and thus finds it optimal to buy the good without
authentication. Nonetheless, the authentication serves the role of disciplining the low
type from choosing a higher price in both in and off-equilibrium paths, and benefits the
buyer whenever the equilibrium posterior is not extreme.

Second, for any given set of model parameters, the intersection of the set of prices that
can be posted by the high type in a separating equilibrium and the set of prices that can be
posted by the high type in a pooling equilibrium on the high evidence is always empty. In
fact conditions and are mutually exclusive so that [ow prices can be sustained
only in separating equilibria, and high prices only in separating equilibria, regardless of
the restrictions on out-of-equilibrium beliefsE The reason is that the incentive to deviate
from a separating equilibrium for a low-quality seller increases together with the price
proposed by the high type, while the profitability of providing high evidence in a pooling
equilibrium decreases with it. This potentially explains why providing verifiable evidence
is more effective in markets with moderately expensive objects with a relatively little
quality variation (e.g. clothes in online re-sale platforms), compared to markets of more

valuable goods (e.g. used cars, etc.) where other separating mechanisms are necessary.

12Here, low (high) prices are defined as those prices that are below (above) the threshold %.
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Third, two preliminary welfare measures to rank equilibria naturally ariseﬂ. Since
trade is always optimal in our setting, we can first rank the different equilibrium types
by the probability that trade takes place. However, trades are not all equivalent, as the
distribution of the surplus between seller and buyer can vary significantly. In particular,
we focus on those equilibria generating a negative utility for the buyer, i.e., fraudulent
equilibria. Following Martinez-Gorricho (2020), we define a fraud as the act of selling a
good at a price which exceeds the buyer’s willingness to pay for it under full information.
In our setting, a fraud occurs whenever the low-quality good is sold for a price above QZE
When authentication is perfectly precise, the ex-ante probability of trade is equal to 1 for
separating and pooling on low-evidence equilibria, while it is equal to po + (1 — po)a for
pooling on high-evidence equilibria. Moreover, the ex-ante probability of fraud is equal to
0 for separating equilibria, (1 — po)a for pooling on high-evidence equilibria, and 1 — pg
for pooling on low-evidence equilibria.

Separating and pooling on the low-type equilibria always lead to trade since the low
type does not provide evidence of high quality, and the buyer does not acquire the au-
thentication. Instead, when a low-quality seller provides high evidence in a pooling equi-
librium, the evidence signal indicates a low-quality seller with probability 1 — «, so that
the transaction only occurs if the seller is of the high type or the evidence technology
fails to detect a lying low type, which happens with probability po + (1 — po)a. However,
pooling on the low-evidence equilibria induce a fraudulent outcome whenever the seller is
of the low type, so with probability 1 — ug, while pooling on the low-evidence equilibria
are frauds with probability (1 — p)a. Clearly, separating equilibria are optimal from a
social point of view when taking into account the fraudulent nature of an equilibrium
outcome.

The first important implication of the results in this section is that achieving separa-
tion is generally possible if the evidence technology is relatively precise, or if the quality
dispersion of the products for sale is not too high. Separation is optimal, and any en-
hancement in the verifiability of the information provided by the seller can potentially
increase welfare. This is because it increases the set of parameter that allows for separat-

ing equilibria and reduces the set allowing for pooling equilibria. Nonetheless, the model

13We will study the welfare implications of the model in depth in Section 5
14This is the case since there cannot be an equilibrium price above 6y,; thus, the high-quality good can
never be the object of a fraud.
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suffers from the usual multiplicity of equilibria common in the signaling-games literature.
In particular, the equilibria in which both types pool on low-quality evidence seem un-
realistic since it is costless for the high type to provide high-quality evidence and signal
the high quality of the good to the buyer. Therefore, drawing punctual welfare implica-
tions would benefit from a reduction of the possible equilibria by means of an appropriate
refinement criterion. We will provide insights on this in the next sections.

The second implication relates to the impossibility result regarding the acquisition
of authentication in equilibrium, which seems rather counterintuitive. Why should the
authentication option be offered if it is never purchased? Who offers the authentication
and why? In the next section, we show that authentication can possibly be bought in

equilibrium if the authentication technology is imperfect.

1.4.3 Pure-strategy equilibria with imperfect authentication tech-

nology

The main result when considering a setting in which the authentication technology is not
perfect, i.e. € > 0, is that the authentication can be acquired in equilibrium with positive
probability. Purchasing the authentication remains a dominated action in separating
equilibria even in this context, since the equilibrium beliefs are degenerate. However,
pooling equilibria on high (and low) evidence are characterized by two different outcomes.
The first one is the imperfect-technology counterpart of the pooling equilibria defined in
Proposition 4 (and 5) in which the buyer buys the good without authentication. The

second outcome, instead, allows for authentication acquisition in equilibrium.

Proposition 6. Any pure-strateqy PBE under imperfect authentication, i.e. € > 0, be-

longs to one of the following categories:

(i) Separating, where oy,(p*, ex) = 01(6;,¢') = 1, €' € {er, e}, B(bp*, 1) = B(0]6;,0) =
1, and p* € (0, min{6,/a, 0,}].

(ii) Pooling(ep)-b, where o,(p*, en) = ou(p*, en) = 1, B(blp*, 1) = 1, and p* € [0/, O]
if i & [p, 1), and p* € [0)/a,pp()] if i € [p,11); The necessary condition for
existence is o > 0,/0; if i & [p, 1], and o > 0;/py(1) if i € [, fi].
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(iii) Pooling(ep)-ba, where oy(p*,en) = oi(p*,en) = 1, B(balp™ i) = 1, i € [, il
and p* € [max{py(i1),0;/(ce)}, pva(it)]; The necessary conditions for existence are

o > 0,/ (epra(i1)), and fo € [p, i)

(v) Pooling(e;)-b, where oy(p*,e;) = oi(p*,e)) = 1, B(blp*, o) = 1, and p* € [6;,0,,]
if o & (i, i), and p* € [0y, po(o)] if po € [, 1]

(v) Pooling(e;)-ba, where o,(p*,e;) = oi(p*,e1) = 1, B(balp*, o) = 1, po € [p, 1],

and p* € [max{py(1o),0:1/€}, pva(tto)]. The necessary condition for existence are

€ > 01/pva(pto), and fi € [y, fi].

Separating equilibria, as characterized in point (7) are always possible under imperfect
authentication because neither the authentication’s precision nor its price plays any role
when posterior beliefs perfectly determine the seller’s type. Hence, the outcome remains
identical to the perfect authentication technology case (i.e., ¢ = 0): the low type charges
the minimum price 6, regardless of the evidence provided, while the high type charges a
larger price p* which is weakly lower than 6;/«, preventing any profitable deviation of the
low type. The buyer recognizes the quality of the good and buys it without authentication.

Points (4) and (iv) generalize the results of Proposition [4 and [5} Pooling equilibria in
which the buyer buys without authentication are always feasible when pooling on ¢;. In
this case, the posterior equals the prior py and the equilibrium price is bounded above by
po(po) or H_MO. An equivalent outcome is attainable when sellers pool on ej. Pooling on ey,
triggers the evidence technology so that the low type is not detected with probability a.
The posterior is then i > g, and the common price is constrained by an upper bound
that depends on fi. Specifically, if fi € [, 1], the price cannot exceed py(fi), the price
for which the buyer is indifferent between buying with and without authentication when
holding posterior ji; otherwise, it cannot exceed éﬁ, the expected quality given posterior
it which corresponds to the price for which the buyer is indifferent between buying and
not buying when holding posterior i for which authentication is domiated. However, to
prevent the low type from deviating to a safe price of 6;, the equilibrium price must be
weakly above 6;/a.

The main implication following the proposition is that authentication can be bought in
equilibrium when the authentication precision is not perfect and when the posterior beliefs

is intermediate, i.e., it belongs to [y, fi]. On the one hand, the value of the authentication
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for the buyer decreases since the informativeness of the authentication is lower. On the
other hand, the low type may be willing to face the authentication process since the
equilibrium price when the buyer acquires the authentication is higher than the price
without authentication for the same posterior, since py, () > py(p) for any p € (p, ).
In particular, an equilibrium price is sustainable provided it is high enough to prevent
the low-quality seller from deviating, yet low enough so as not to deter the buyer from
acquisition. Points (ii7) and (v) specify the novel outcome under imperfect technology
highlighting the distinct pricing requirements and the different posterior based on the
evidence provided by the two types. If sellers pool on e, the equilibrium price cannot
be lower than 6;/(ae) since the low type faces the scrutiny of both the evidence and the
authentication technology and receives the common price with probability ae. When
pooling on ¢; instead, only the authentication test binds and the equilibrium price needs
to weakly exceeds 6, /¢.

Proposition [ implies that equilibria in which no test takes place are feasible for any pa-
rameter configuration; these include separating and pooling(e;)-b equilibria. In contrast,
when either the authentication or the evidence technology is triggered—as in pooling(ey,)-
ba, pooling(ey)-b, and pooling(e;)-ba equilibria—certain necessary conditions must be
met for existence. These conditions, specified in Proposition [6] guarantee that the set of
equilibrium prices for these equilibria is nonempty. In particular, the conditions can be
specified as requirements that the parameters o and € be sufficiently large to prevent the
low-type seller from deviating to a price—and, consequently, obtaining a payoff—of 6;,
which is always attainable by both types. In fact, both technologies must be sufficiently
imprecise for the low-quality seller to be willing to face them, potentially enabling her to
secure the common price p* > 6,.

Let us focus on the pooling(ey,) equilibria.ﬁ As will become clear in the next sections,
it is convenient to express the necessary conditions for each equilibrium in terms of the
parameter . The proof of Proposition [6] includes the explicit expression for the lower
bound for a necessary for pooling(e;)-b equilibria. For fi & [u,ji] the condition is the
same as for pooling on e, when ¢ = 0 (Proposition , while, if /i € [, 1], it is equivalent

to the perfect technology case once we account for the general definition of py, (). The

15We will see in the next section that pooling(e;) equilibria do not survive the out-of-equilibrium belief
restriction we impose.
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result is that for any combination of the other parameters, is it always possible to find
an « for which the necessary condition for pooling(ey,)-b is satisfied. However, the same

result does not hold true for pooling(ey,)-ba equilibria.

Corollary 2. Under imperfect authentication, i.e., € > 0, pooling(ep, )-ba equilibria ezists

only if ¢ < ¢y, where

Gpa = min {ﬂ(1 )1 — ), i, — U= ’;)8(1 - 0‘5)505} . (1.16)

The corollary provides the necessary condition for pooling(e,)-ba equilibria in terms
of ¢. On the one hand, the authentication price negatively affects the maximum price that
can be posted so that the good is bought together with the authentication in equilibrium,
Poa(f2). On the other hand, it negatively affects the range of posterior beliefs for which
authentication is not dominated, fi € [u, ], since du/dc > 0 and 0ji/Oc < 0. The
first term of the min function defining ¢, ensures i € [u,ji] so that authentication is
potentially optimal, while the second term guarantees that « is greater than 6;/epy,(f),
so that the low type has no incentive to deviate. The non-negativity condition on the
authentication price ¢ requires that both thresholds be weakly positive. Although the
first threshold always satisfies this condition, the second does not, so it is not possible to
guarantee the existence of pooling(e)-ba equilibria in general. However, we prove that,
given any set of parameters (1o, 0;,05), it is always possible to find some pair («, €) such
that ¢, is positive, which implies that both the necessary conditions for pooling(ey)-ba

hold.

Proposition 7. For any given primitives (o, 0;,0y), there exists a pair (a,g) € (0,1)?

such that ¢y > 0.

A pooling(ep,)-ba equilibrium is not sustainable for all parameter combinations. How-
ever, we proved that given any (uo, 6;,0y,) there always exists ¢, > 0, such that for any
¢ € [0, ¢pa) we can find some combination of valid a and € for which that type of equilib-
rium is feasible. Note also that the first term of the min function in the definition of c,,
ensures Cp, < C.

The authentication price plays a pivotal role in making authentication acquisition

optimal. All else being equal, lower authentication prices increase its value for the buyer,
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thereby increasing the instances in which it is chosen in equilibrium, and enabling the
seller to charge higher prices that induce authentication acquisition. However, a low
authentication price is not sufficient to ensure authentication acquisition, but it relaxes

the requirements on the imprecision level of the two tests, a and .

The main implication of this section is that when the authentication’s signal is im-
perfect, authentication may not only serve to discipline the low type from choosing
higher prices when posterior beliefs are not extreme—pooling(ey,)-b and pooling(e;)-b
equilibria—but can also be acquired in equilibrium—as in the pooling(ey, )-ba and pooling(e; )-
ba equilibria—, thereby revealing low types misrepresenting the quality of their good with
a positive probability equal to 1 — . Nonetheless, the latter type of outcome can be sus-
tained only if the signals of the two tests are sufficiently imprecise so as not to incentivize
the low type to deviate toward safe option, #;. Therefore, the welfare implications are not
obvious. Moreover, without stronger requirements on the out-of-equilibria beliefs and the
equilibrium prices, it is not simple to draw welfare conclusions given the multiplicity of
equilibria that arises in this setting. However, we can extend the conclusions from the
previous section, observing that the three equilibrium types under e = 0, i.e., separating,
pooling(ey) and pooling(e;), fall within the definition of their direct counterpart under
e > 0, i.e, separating, pooling(ey)-b and pooling(e;)-b, once we account for the general
definitions of py, (@) and py(u).

Under imperfect authentication technology, the ex-ante probability of trade is equal to
one for separating and pooling(e;)-b equilibria, po+ (1 — po)a for pooling(e,)-b equilibria,
o+ (1—pip)e for pooling(e;)-ba equilibria, and po+(1— o) e for pooling(ey, )-ba equilibria.
Moreover, the ex-ante probability of fraud is equal to 0 for separating equilibria, (1 —
o)ae for pooling(ep,)-ba equilibria, (1 — pg)e for pooling(e;)-ba equilibria, (1 — po)a for
pooling(ep,)-b equilibria, and 1 — pg for pooling(e;)-b equilibria.

Regardless of the imprecision of the authentication signal, separating equilibria max-
imize the probability of trade and preclude any fraud, thanks to their fully revealing
nature. Consequently, they represent the preferred outcome on both fronts. In contrast,
pooling equilibria exhibit an obvious trade-off between the probability of trade and the
probability of legitimate exchange: any instance in which nature selects the low type

constitutes a fraud attempt, since the common equilibrium price is always strictly higher
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than 6;. The higher the probability that this attempt is successful, the higher both the
probability of trade and the incidence of fraud. Therefore, depending on the welfare crite-
rion of interest, we could be interested in ranking each type of pooling equilibrium based
on the precision (or imprecision) of the evidence and/or authentication signals. Note,
however, that each equilibrium type may have necessary conditions that are not always
satisfied, which makes direct comparisons difficult. We will provide a full welfare analysis

in Section 5.

Overall, extending the analysis to the imperfect authentication case provides new
insights into the possible outcomes that can arise in equilibrium. When the authentication
signal is not perfectly precise, buying authentication can be an equilibrium outcome when
the sellers pool to a common equilibrium. All the results from the special case ¢ = 0 still
hold, so that separating equilibria are always possible and remain the most desirable both
in terms of probability of trade and probability of fraud. In addition, when imperfect,
authentication acquisition can actually improve the outcome in terms of fraud incidence
whenever represents a feasible equilibrium otcome.

Despite some sharp results, the multiplicity of equilibria and the indeterminacy of
equilibrium prices drastically reduce the model’s predictive power. This issue, typical of
signaling games, is further exacerbated by the large parameter space under considera-
tion. However, some equilibrium outcomes are sustained by rather implausible out-of-
equilibrium beliefs. To enhance the robustness of our predictions, we rely on two different
refinement criteria, which allow us to limit equilibrium indeterminacy and perform a more

thorough welfare analysis.

1.4.4 Refinement Criteria

In order to narrow down the set of possible equilibria, we rely on two distinct refinement
criteria. The first restricts the buyer’s out-of-equilibrium beliefs to prevent implausible
outcomes from being sustained by extreme and unreasonable beliefs. The second selects
only those equilibrium outcomes that are Pareto optimal for the sellers both within each
equilibrium type and across different equilibrium types (among those that are feasible for a
given set of model parameters). Combined, these two criteria ensure a unique equilibrium

outcome for most parameter configurations.
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First, we adapt Bester and Ritzberger (2001)’s extension of the Cho and Kreps (1987)
intuitive criterion to intermediate posterior beliefs that are not in {0,1} (as also used in
Stahl and Strauz (2017)) by accounting for the richer strategy space available to the seller
in our model, which includes both price and quality evidence. Since the definition of PBE
is silent regarding out-of-equilibrium beliefs, many equilibrium outcomes—some involving
rather implausible pricing strategies—can be sustained in signaling games by assuming
sufficiently pessimistic beliefs about unplayed strategies. The following refinement limits
this arbitrariness by disallowing somewhat unjustified pessimism, i.e., overestimating the

likelihood of the seller being of the low type.

Assumption 3 (Belief restriction). A PBE {o},07, 8", u*} satisfies the belief restric-
tion if, for any posterior fi € [0,1] and any out-of-equilibrium price-evidence pair (p,e),

m(p, e, fl5*,0n) > (04| 57, 6n) and w(p, e, il B, 0) < (o7 |8, 00) implies p*(p, e, S5) = fi.

The intuition behind the belief restriction is as follows: if, under belief i, deviating to
a price-evidence pair (p, e) yields a profitable deviation relative to the equilibrium payoff
only for the high type, then the actual belief should not fall below i, meaning it should
not be even more pessimistic. The next lemma provides a simple criterion to determine
which equilibria do not survive the belief restrictions in terms of equilibrium payoffs of

the two types of sellers.

Lemma 3. A PBE exhibiting equilibrium payoff 7}, for the high type and ©w; for the low

type does not survive the refinement criterion of Assumption[3 if and only if at least one

of the following holds:

*
(i) 7 < min {Z,Gh};

*

0 * n & n .
(ii) m;, € [6),0,] and a—lg > 0,

*

(iii) 7}, € (0, 05) and % > .

In addition to providing a sharp criterion for determining which equilibrium does not
survive the belief restrictions, the lemma offers important insights regarding the equi-
librium payoffs of the two seller types. First, the high type can exploit the evidence
technology to secure a higher payoff than the low type, and the gap between their payoffs
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widens as « decreases. The belief restrictions underscore the role of evidence as an effi-
cient signaling device, since any price below 7/« is unprofitable for the low type (when
required to provide high evidence). It follows that, in equilibrium, the high type must
always choose high evidence (since it is costless for her) to secure a superior profit. More-
over, all equilibria in which the high-quality seller’s payoff is at least éﬂ, survive, because
G_p represents the maximum price at which authentication acquisition can be optimal,
regardless of the buyer’s beliefs. Consequently, for prices above this threshold, the high
type cannot further leverage the authentication technology to obtain additional profits
by demonstrating that they are the only type willing to undergo authentication scrutiny.
Instead, if the high type’s profit falls below éﬁ, then either both types obtain relatively
low payoffs—making deviations to prices that trigger authentication also profitable for
the low type—or the high type’s profit exceeds that of the low type by such a margin that
any price in [7*,0;) becomes a profitable deviation despite the authentication test.

The next proposition characterizes the equilibrium categories specified in Proposition

[6] that survives the belief restriction assumption.

Proposition 8. Any pure-strateqgy PBE satisfying the belief restriction (Assumption @)

belongs to one of the following categories:

(i) Separating, p' = 0), either p* = 0;/«, with necessary condition o > 91/(50_;}), or

p* = min{0;/a, 05}, with necessary condition o < 6,/0;.
(ii) Pooling(ep)-b:
(a) iffi € (0, ), p* € [0/, min{B;,0,,}], with necessary condition o > max{,/6,60,/(£0,)}.

(b) if i € [p, 1), p* € [0i/a,€0,], with necessary condition a > 6,/(c6,).

(c) if i € [, 1), p* € [Hl/a,séy], with necessary condition o > 01/(5@), or p* €

[max{6,/a, 05}, ;] with necessary condition o > 6,/0;.

(iii) Pooling(en)-ba, p* € [max{py(i),0/(ce)}, poa(ft)], with necessary conditions for
existence o > 0 /epya(fi), and fi € [y, [1].

Equilibrium strategies are those provided in Proposition [0,

The proposition highlights three main implications of the out-of-equilibrium belief

restriction. First, pooling(e;) equilibria do not survive the refinement criterion. These
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equilibria require counterintuitively pessimistic beliefs for out-of-equilibrium combinations
of high evidence and prices slightly above the common equilibrium price, p*. In pooling(e;)
equilibria, both types obtain a payoff equal to the common equilibrium price p. When
providing high evidence, only prices above p*/a represent a profitable deviation for the
low type, while any price above p would be profitable for the high type, as she is not
deterred by the evidence technology. Therefore, pooling(e;) equilibria require unjustified
pessimistic beliefs over pairs (p,e;) for p € (p*,p*/a), and thus they do not survive
the belief restriction. In equilibrium, the high type always provides costless high-quality

evidence.

Moreover, the out-of-equilibrium belief requirement tends to reduce price indetermi-
nacy and, consequently, imposes much stricter necessary conditions for the existence of
each equilibrium. Under the belief refinement, the equilibrium price of separating equi-
libria is uniquely determined and equals the minimum between 6;/« and 6. In fact, any
price below 6;/a would require unjustified pessimistic beliefs, since such prices represent
a profitable deviation only for the high type when high evidence is provided. Further-
more, the restriction on price in separating equilibria is even stronger: not only is the
price uniquely determined, but it must also lie either above éﬁ or below ség. This is
because any price p € (6@,_“ 9_,;) can be sustained in equilibrium only by pessimistic out-of-
equilibrium beliefs over prices in (p, 0,/(«e))—prices that represent a profitable deviation
for the high type and not for the low type when they trigger authentication acquisition. A
similar argument implies that the minimum threshold for p* to be 69_H. Therefore, under
the belief restriction, separating equilibria are possible only for extreme values of «, that
is, for a & [0,/ ép,gég]. On the one hand, small « is required to allow the high type to
receive a payoff larger than the maximum price for which authentication can be optimally
purchases; on the other large o limit the high type payoff so that any price within the

authentication range are attractive for the low type as well.

Finally, while all pooling(e,)-ba equilibria survive the refinement criterion, Pooling(ey,)-
b equilibria are strongly limited by it: common equilibrium prices must be above 6;/«,
to prevent deviations of the low type to 6;, and below 56& whenever i € (0, 1), following
the same reasoning as for separating equilibria. When i € [f, 1), higher prices can be
sustained since, for posterior beliefs above [, authentication acquisition is never optimal

and out-of-equilibrium restrictions for both the high and the low type coincide.
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Overall, the out-of-equilibrium belief refinement narrows the set of possible equilibria
to those that highlight many interesting features of the model, eliminating many counter-
intuitive outcomes and significantly reducing multiplicity. Note that all surviving equilib-
ria characterized in Proposition [§ depend on certain necessary conditions involving « and,
possibly, fi—the posterior belief held by the buyer after observing (p*, ey, S;). H For ex-
ample, when « < 6;/6), the unique outcome is separating, regardless of the posterior; the
same is true for pooling(ey,)-ba when a € [6,/(6,), 6;/Pba()] and i € [, i]. However,
for other combinations of parameters, the belief restriction is not sufficient to uniquely
determine equilibrium outcome. For example, if fi € (0, ) and a > max{6;/ (ség), 01/0:}
then both pooling(ep)-b and separating are feasible outcomes. Similarly, if fi € [u, ji]
and a > 6,/ (ség) all surviving outcomes are possible. Moreover, price indeterminacy still
affects pooling equilibria since the belief restriction is not able to pin down exact pricing
strategies when prices lie (far) outside of the authentication range, as in b-equilibria, or all
prices above the common equilibrium price inducing authentication represent a profitable
deviation for both types, as in ba-equilibria.

Given these considerations, we adopt an additional refinement criterion to strengthen
the model’s predictive power and reduce price indeterminacy. The rationale is that some
equilibrium outcomes, whether within or across categories, appear counterintuitive. As a
motivating example, consider the case in which all equilibrium outcomes are technically
possible—that is, when i € [p, ] and o > 6;/ (55,}). However, the profits for each type
differ across these outcomes. In a separating equilibrium, the low type is forced to accept
0, while the high type earns at most 5@; in a pooling(ep,)-b equilibrium, the low type
does slightly better, achieving a profit that is weakly higher than #; but still no more than
aeég, while the high type remains capped at aég. By contrast, pooling(ey,)-ba equilibria
guarantee strictly larger payoffs for both seller types, with 7 > aep,(ii) > aeéH and
7 > pe(fn) > ég. Moreover, suppose i € [i,1) and a > 01/(5@). In this case, two
outcomes are possible within the pooling(ey)-b category, which constitutes the unique

feasible equilibrium in that specific parameter region. In both outcomes, the high type

6The second observation rests on the fact that for any equilibrium outcome surviving the belief
restriction, either the buyer holds a perfect posterior—as in separating equilibria or when she observes
(p, en, Sy) in a pooling(er) equilibrium (thereby recognizing a cheating low type), so that the prior plays
no role—or the buyer holds a posterior equal to fi, as when she observes (p,ep,S5) in a pooling(es)
equilibrium (since pooling(e;) equilibria do not survive the belief restriction).
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receives p* and the low type receives ap*; however, in one outcome the common price p*
lies in [0,/ v, 5@], while in the other it is at least as high as éﬁ, yielding a necessarily larger
payoff. The following refinement restricts the analysis to equilibria that are not strictly

payoff-dominated from the perspective of the sellers.

Assumption 4 (Seller-optimality restriction). A PBE satisfies the seller-optimality cri-
terion if there does not exist another feasible PBE, either within or across equilibrium
categories, that yields a strictly higher payoff for at least one seller type while providing
at least as high a payoff for the other seller type.

This second criterion enables sharper analytical conclusions by explicitly identifying
outcomes that sellers would collectively prefer. Although not innocuous, focusing on
the equilibria that are most beneficial from the sellers’ perspective allows us to discard
some unnecessarily negative and implausible outcomes. In particular, it eliminates the
inefficient separating equilibrium in which the high type is forced to post a price much
closer to 6; than the ), she could attain, even though the buyer perfectly recognizes her
as the high-quality seller. Note also that such separating equilibria are not guaranteed to
exist, as they require € to be sufficiently large so that the minimum threshold for o, namely
0,/ (591), is less than 1. Moreover, selecting the equilibrium with the highest payoff within
a pooling category is both intuitive and inconsequential for the analysis, as all outcomes
within that category share the same fundamental characteristics.m Finally, focusing on
the seller-preferred equilibria appears especially reasonable given the timing structure of
the game: first, sellers choose their price-evidence combinations, and subsequently the
buyer responds. This approach could also be interpreted as capturing the sellers’ first-
mover advantage.

Given the above refinement criteria, it is possible to provide a complete and sharp

characterization of the pure-strategy equilibria that survive the restrictions.

Proposition 9. Consider any pure-strateqy PBE that satisfies both the belief restriction
and the seller-optimality restriction (Assumptions @ and . Then:

(i) If @ < min{6,/0;, Hl/éﬂ it is a separating equilibrium with p* = min{6,/a, 0;,}.

17Clearly, this criterion is distinct from a Pareto efficiency argument, as maximizing the payoff for
both seller types entails minimizing the payoff for the buyer.
18With strict inequality for 6;/6;.
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(i) If o« > 60,/0; and i € [i, 1), it is a pooling(ey)-b equilibrium with p* = 0.
(iii) If o > 0;/eppa(f) and i € [y, 1), it is a pooling(ey)-ba equilibrium with p* = py,(jt).

(v) If a > max{@l/ee_g,ﬁl/éﬂ} and fi € (0,p), it is a pooling(ey)-b equilibrium with
P = min{ét@_l_“ 0:}.

(v) If a € [Ol/eég, Gl/éﬂ] it is a separating equilibrium with p* = 6;/c.
Moreover, these conditions are also necessary.

Overall, the combination of the two refinement criteria allows for sharp predictions
based on the parameters o and fi. A separating equilibrium is attainable—regardless of
the buyer’s prior— when the evidence technology is sufficiently accurate, that is, when
« is small. In this case, the low type is forced to post the minimum price ¢, while the
high type earns a payoff that is weakly larger than éﬁ. The inefficient separating—the
counterintuitive outcome that requires a large a and yields a small payoff for the high
type—residually survives the criterion as the only feasible equilibrium when i is too low
to sustain a pooling equilibrium. When fi is sufficiently high (namely, larger than ) but
a separating equilibrium is not feasible, the sellers pool at a price equal to the expected
quality given the posterior fi (i.e., éﬂ), and the buyer opts not to purchase authentication.
This equilibrium is sustained by large prior probabilities of the high type, particularly
when the evidence technology is imprecise. Conversely, when both the precision of the
evidence signal and the posterior are sufficiently low, the only outcome is a pooling equi-
librium with a common price bounded above by Eég; here, the buyer’s posterior is too low
to justify purchasing authentication, yet she still secures a rent whenever the expected
quality exceeds the price. Finally, whenever the posterior lies in the interval where au-
thentication can be optimal (i.e., (u, 1)) and the imprecision of the evidence technology
precludes separation, the unique outcome is a pooling equilibrium in which the seller
charges the maximum price for authentication (given the posterior) and the buyer opts
to purchase it.

In general, the higher the initial probability that quality is high—and hence the higher
the posterior fi—the higher the equilibrium payoffs for both seller types, if separating is
not feasible. Moreover, the high type always benefits from a reduction in «, since this

not only increases the likelihood of reaching the separating region but also raises the
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equilibrium common price in pooling, which the high type fully enjoys, thereby shifting
the posterior i toward more profitable outcomes. Conversely, an increase in the precision
of the evidence technology is not always harmful to the low type, as the reduced likelihood
of passing the evidence test can be offset by both higher common prices and a larger
posterior, leading to more profitable equilibria. Overall, the effect of o on the low type’s
payoff is non-monotonic, at least as long as a remains above the threshold that results in

a separating equilibrium.

Finally, the authentication technology strongly affects the equilibrium outcome. When
its precision level is high, in the limit ¢ = 0, the only feasible outcomes are separating
equilibria and pooling equilibria without authentication acquisition (although the set of
posterior values allowing for pooling decreases, since 0ji/0e > 0). This result is consistent
with our findings in the perfect authentication technology section and generalizes those
results to cases where ¢ is sufficiently small. In contrast, when the authentication preci-
sion is sufficiently low (i.e., for larger €), pooling equilibria with authentication acquisition
become feasible because they make the low type willing to face authentication in order to
secure a larger payoff. The price of authentication has effects similar to those of impreci-
sion: lower authentication prices expand the range of ji values that lead to authentication
acquisition, since authentication is cheaper; however, lower fees also require a higher level
of o to sustain a pooling-ba equilibrium, because a reduced authentication fee negatively

affects ppa(ft).

Note that Proposition [J] is silent on what happens in some parameter regions. In
particular, pure-strategy equilibria are not sustainable for some combinations of medium
to low posteriors i and medium to high evidence imprecision levels a. In these cases, a
is too high to achieve separation but too low to prevent deviations of the low type from
pooling. The next section fills this gap by providing a characterization of a specific class
of mixed-strategy equilibria—consistent with those found in the literature—in which the
high type chooses a specific price along with high-quality evidence with probability one,
the low type randomizes between the high-type combination and the lowest price 6;, and
the buyer randomizes among her optimal actions, which are determined by the seller’s

strategies.
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1.4.5 Mixed-strategy Equilibria

Following Bester and Ritzberger (2001), Stahl and Strausz (2017), and Martinez-Gorricho
(2020), we examine a specific class of mixed-strategy equilibria and illustrate how they
integrate into our overall analysis of pure-strategy equilibria. In particular, Stahl and
Strausz (2017) show that in a comparable setting with perfect authentication (and without
evidence) the equilibrium outcome is unique. In that equilibrium, the high-quality seller
deterministically sets the highest price that makes the buyer indifferent among all her
actions while the low-quality seller randomizes between the lowest price and the price
set by the high type, and the buyer mixes between purchasing authentication and not
buying the good at all. A similar result arises in Bester and Ritzberger (2001), while
Martinez-Gorricho (2020) shows that this type of mixed-strategy equilibrium is one of the
possible outcomes in a binary-price setting when an imprecise signal about the quality of
the good is received by the buyer before taking action.

The contemporary presence of potentially imprecise evidence and authentication tech-
nologies in our model yields a richer set of mixed-strategy equilibria in addition to
the pure-strategy equilibria analyzed in previous sections. Thus, the class we present
now—consistent with those previously found in the signaling literature—is not exhaus-
tive of all possible mixed-strategy equilibria. Nevertheless, any alternative type of mixed-
strategy equilibrium either fails to simultaneously satisfy both the belief and seller-payoff
restrictions or is equivalent to a corresponding, simpler mixed equilibrium. We will present
the formal results and provide some supportive examples in the next subsection. For now,
we begin by defining and examining mixed-strategy equilibria in which the high type does
not mix, the low type randomizes, and the buyer (possibly) randomizes.lr_g] We refer to

these as standard mixed equilibria.

Definition 1. A standard mized equilibrium is a PBE {o}, o}, 3%, u*} in which:
on(p*,en) = 1, op*en) € (0,1), 0y(0;,e) + oi(p*,en) = 1, with e € {e,en}, and
>, Bx|p*, 1w (p*, en, S5)) = 1, with x € {b,ba,n}.

The high type sets a price p* and provides high evidence with certainty, while the low

Differently from the literature, we observe that under certain parameter configurations the buyer
might not mix between her actions. This occurs for specific combinations of a and ¢, such that choosing
ba with certainty leaves the low type seller indifferent between cheating and pricing correctly.
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type randomizes between (p*,e;) and (6;, e), where e is irrelevant since p*(6;,e,5¢) = 0
because only the low type charges §; with positive probability. Upon observing (p*, ey, S;),
the buyer (possibly) randomizes among a set of available actions that is determined by
p*. Mixing, to be optimal, requires an agent to be indifferent among the actions she
randomizes between. Therefore, the expected payoff of the low type in this equilibrium
must equal 6, since charging 6, leads the buyer to buy the good with certainty. To
make the low type indifferent between cheating and pricing honestly, the buyer must
use a strategy that limits the probability that the low type receives the high price p*.
Conversely, the low type’s pricing strategy must ensure that the buyer’s posterior—upon
observing (p*, ep, S, )—leaves her indifferent between the actions she randomizes between.

The set of actions on which a buyer randomizes depends on p*. If p* & [_l_“ _ﬂ],
then the buyer can only be indifferent between n and b. This occurs when p* = éu’ =
@', + (1 — p/)0;, and the buyer holds posterior p’. In contrast, if p* € (ég,éﬁ), the
buyer can be indifferent either between n and ba (if p* = pp, (1)) or between b and ba (if
P = pra(p')), provided that in both cases she holds posterior p/. Finally, if p* = é& or

" —

p* = 0z, the buyer is indifferent among all her three actions when she holds posterior
or fi, respectively. The next lemma characterizes the equilibrium strategies in standard

mixed equilibria depending on the price p*.

Lemma 4. Suppose {0}, of, 5%, u*} represents a standard mized equilibrium with o}, (p*, en) =

1, where p* € (0;,0;,) and let 1’ be the posterior belief for which the buyer is indifferent

between at least two of her actions given p*. Then, o|(p*,ep) = Z,((lli’g and:

(i) If p* € [0,,0z], p* = 0,0, and B(blp*, 1) = 6,/ (ep*), B(balp*, 1) = 0.

(i) If p* € ( s g), either

(a) p* = pea(t), and B(blp*, ') = 0, B(balp*, ') = 6,/ (aep®); or

(b) p* = po(p), and Bblp", i) = Lok, B(balp®, i) = SPS

(1) 1" = By, BbI0,12) = 00/ (00, ~eB(balf, ), Blbalfs o) € [0, min { St 2],

a(l—a)@ ’ aséH

(iv) Ifp* = O, B(0|0, 1) = 01/ (aby) —€B(bal0z, 1), B(balts, 1) € O,min{;;f“;)%u,aﬁgu} :
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The proof of the lemma is straightforward once we note that the low-quality seller’s

indifference condition between (6, e!) and (p*,e;) requires

0p = a[B(blp*, 1) + B (balp”, 1)]p* (1.17)

while the buyer’s indifference condition requires her posterior to equal the belief for which

randomization given p* is optimal, i.e.,

r_ Ho Ia

po + (1 — po)aoi(p*,en) i+ (1— p)o(p*,en)

Note that the last condition requires fi < p’ for o;(p*, ep) to be in (0, 1), so that any stan-
dard mixed-strategy equilibrium can be sustained only if fi is lower than the equilibrium
posterior that makes the buyer indifferent between some of her actions given p*.
Similarly to the pure-strategy case, without further restrictions on out-of-equilibrium
beliefs and agents’ payoffs, any price p* € (6;,0;,) can be sustained in equilibrium in a
standard mixed equilibrium, yielding an infinite number of possible outcomes. We there-
fore restore to Assumptions [3| and 4] to limit our attention to the more plausible standard
mixed equilibria yielding the highest payoff to both sellers. The following proposition

characterizes the standard mixed-strategy equilibria that survive both restrictions.

Proposition 10. The standard mized-strateqy PBEs that satisfy both the belief restriction
and the seller-optimality restriction (Assumptions @ and are the following:

(i) Miwed(Q_H): Uh(égaeh) =1, Ul(e_;_ueh> - = 5(b|é_a/_i) =0, ﬁ(ba\e_g,/_;) = afigﬁ;
with necessary conditions: « > 91/(€§H) and fi < p. Moreover, w = 0/(ac) €
[0,/¢, ég] and T} = 0.

(v’ en) = ﬁl i, 5(blp M) =0, B(balp 1) = 0,/ (aep®), with necessary condi-
tions: a > 91/(59,;) and i < i'. Moreover, m; = 0/(ae) € [0,/2,0,) and 77 = 0.

(Z“) Mimed(éz_m éﬂ)-pb' p* = Ql/(OZE) = pb(lu/) € (ély éﬂ) fO?” some MI S (Ha ﬂ); Uh(p*7 eh) =
1, o(p*,en) = “(11 “M , B(blp*, ') = 0, B(balp*, 1) = 1, with necessary conditions:
a € (6[/(€(§ﬁ),91/(€9H)) and fi < . Moreover, m = 0/(ae) € (ée,éﬁ) and 7 = 6.
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(iv) Mized(s): on(0p,en) = 1, 0u(fa, en) = 58:537 B0, 1) = O%lﬂ — B(balby, ),
5(ba|§ﬁ, fi) = min {ao(‘f‘_‘s)gé_ , aglé_ }, with necessary conditions o > Ql/éﬁ and i < [i.

Moreover, m; = 0/(ae) € [0,/2,0,) and 77 = 6,

(v) Mized(0;,0;): p* =6,y € (65,04) for some i’ € (i, 1), on(p*,en) = 1, o1(p*, en) =
Z/((lliuflga B(blp*, ') = a%l#,, B(ba|p*,,u’)_: 0, with necessary conditions: o € (9;/91,, 91/9_ﬁ)
and fi < p'. Moreover, ) = 6/a € (8z,05) and 7 = 6.

Each standard mixed equilibrium category is defined by its semipooling price p*, as
the name of the category indicates either the unique price p* or the set to which p*
belongs. Moreover, when p* € (u, ), we further specify whether the price renders the
buyer indifferent between ba and n, py,, or between b and ba, py, similar to the pooling
equilibria discussed in the previous section. In general, the beliefs and seller-optimality
requirements restrict the set of sustainable prices p* to the interval [ég,ﬁh), with the
exact range depending on «. When « is sufficiently high, namely « € [,/ (5%), 1] all
prices in [5,_“ éﬂ] are feasible, as even low prices can be attractive enough for the low type
given the higher probability of passing the evidence test. As a decreases, however, the
minimum feasible semipooling price increases because a low p* might not be sustainable
even under the most optimistic buyer behavior from the seller’s perspective—that is, when
the buyer purchases the good at p* with the highest probability. In fact, in every standard
mixed equilibrium, the buyer’s behavior forces the low type to be indifferent between
setting a high price p* and facing the evidence test, and posting the minimum price ;. If
the probability of passing the test decreases, then the reward must be sufficiently high;
otherwise, #; becomes the better option even under the most favorable buyer’s behavior.
Then for o above 6,/ 9_;“ but below 6,/ (a%), the only feasible price is éﬁ, since the unique
feasible standard mixed equilibrium is the mixed(d;)F° Finally, for sufficiently small
values of a, namely when o € (6,/0,/,0,/0), the feasible set of prices p* lies within
(6_[“ 01), with the lower bound decreasing in «, following the same reasoning as above.

When considering standard mixed equilibria, the restrictions usually fail to yield
a uniquely determined equilibrium price p*, in particular when « is sufficiently large,

a > 0,/(20,)), or sufficiently small, o € (6,/0,,6,/;). This is because, unlike in the pure-

20This result is consistent with Stahl and Strausz (2017), as in a setting with perfectly precise authen-
tication, i.e., € = 0, and without evidence technology, i.e., & = 1, the unique outcome of the model, when
the prior is below fi, is the equivalent of a mixed(6;).
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strategy case, the payoff of the high type does not correspond to the equilibrium price p*.
In fact, the indifference condition for the low-quality seller shapes the buyer’s purchasing
behavior such that the high type becomes indifferent between different equilibrium prices.
In fact, as the price increases, the probability that the buyer purchases the good (whether
with or without authentication) decreases, thereby affecting both seller types. Conse-
quently, the equilibrium payoff of the high type is given by 7} = min{6,/(asc),0;} when-
ever the semipooling price p* lies in the interval [ég, 0], and by 7 = 0;/c if p* € (0,04).
Therefore, the payoff refinement criterion, which is based on equilibrium payoffs and not
on equilibrium prices, lacks bite in most cases, and price indeterminacy arises across dif-
ferent categories. Note also that while 7} is fixed at 6;, 7} is weakly increasing in a. In
particular, when p* lies within the authentication interval (i.e., values at which authen-
tication is potentially optimal), the high type can exploit both technologies to achieve a
payoff that increases with the precision of the signal (i.e., as « and & decrease), resulting
in even larger gains.

Overall, the two refinement criteria seem to have limited power in reducing the set
of feasible standard mixed equilibria, with some noteworthy exceptions. First, standard
mixed equilibria featuring p* € (0, éH) do not survive the payoff restrictions because they
yield a strictly lower payoff for the high type than other equilibria with higher semipooling
price p*. Second, the seller-optimality requirement forces the buyer to assign the highest
possible probability to ba (i.e., the probability of acquiring authentication) whenever the
buyer’s purchasing behavior is not uniquely determined—as in mixed(ég) and mixed(6;)
equilibria. The reason lies in the indifference condition for the low type: although
the condition holds for various combinations of S(b|p*, i) and S(ba|p*, i), a decrease in
B(blp*, 1) must be offset by a larger increase in 5(ba|p*, i'), since when a cheating low
type acquires authentication, a trade occurs only with probability €. Moreover, since b
and ba are equivalent from the high type’s perspective, the combination of probabilities
that maximizes the weight on ba yields the highest payoff for the high type.@ Third, the
belief restriction imposes stricter conditions on the values of a required to sustain each

equilibrium. In particular, it determines an upper bound for « in the case of mixed (6, 6

21Tn any mixed equilibrium with semipooling price p*, the high-type payoff is given by w} =
[B(blp*, ') + B(balp*, p)]p*. Condition implies 8(bl0,,p) = 0,/(ab,) — eB(balf,, p). Substitut-
ing this into the payoff expression yields 7} = 6;/(af,,) + (1 —€)B(balp*, i')]p*, which is maximized when
B(ba|p*, ') is maximized. )
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equilibria. The rationale is that higher values of o imply a lower probability assigned to
b and a higher probability assigned to n in order to satisfy the low type’s indifference
condition. This, in turn, results in a lower payoff for the high type. If m; were below éﬁ,
then the high type would have a greater incentive than the low type to deviate to a price
slightly higher than 7}, which triggers authentication acquisition. Therefore, in this case,
o cannot exceed 6;/0;.

A final consideration is that, for any equilibrium to be sustainable, the posterior belief
when both types provide high evidence and charge the same price, i, must be lower
than the target posterior belief 1/, which is the posterior at which the buyer is indifferent
between some of her actions when the price is p* (i.e. p* € {0, poa(it'), po()}). In
particular, the buyer’s indifference condition requires that the probability that the low
type assigns to pricing dishonestly, o;(p*,ey,), decreases as the gap between the initial
posterior i and the target posterior p’ widens; that is, the buyer will only be willing to
purchase at a price p* much higher than the maximum she would pay—whether with or
without authentication—when holding posterior fi, if the probability that the low type
cheats is sufficiently small.

Despite the limited effectiveness on the price side, the refinement criteria yield an
important result: we can identify three distinct regions in the (f, ) space, each char-
acterized by a unique standard mixed equilibrium type. In fact, when a > 6,/(c0,), all
feasible standard mixed equilibria that survive the belief and payoff restrictions—namely,
mixed(ég), mixed(6;), mixed(ég, 0:)-py and mixed(ég, 0)-Pba—are equivalent in terms of
both the buyer’s purchasing strategy and the sellers’ payoffs, once the different equilib-
rium price p* is taken into account. We therefore define an encompassing category of
standard mixed equilibria, mixed[ég, 0], with p* € [6’1‘, 0], characterized by purchasing

strategy [ such that B(b|p*, i') = 0 and B(ba|p*, 1') = 0,/(acp®).
Corollary 3. Given Proposition [10:

(i) if i € (0,1) and a € (0,/04,6,/0,), the unique standard mized equilibrium category
is mized(0,0) with 75 = 0;/a € (05, 04,).

(i) if i € (0,/2) and a € [0,/0,,0,/(05)), the unique standard mized equilibrium is

mized(6y) with m; = 6.
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(iii) if i € (0, i) and € [91/(6(5,1), 1], the unique standard mized equilibrium category is
6,0

mived[d,,, 0] with 7} = 0,/ (ag) € [6,/¢,05).

The main result of the corollary—that the surviving standard mixed equilibria, for
sufficiently large «, are equivalent—is only apparently straightforward, since the four
equilibrium types within the mixed[ég,éﬂ] category have very different characteristics.
When the semipooling price p* is either G_H or 9_,1, an indifferent buyer randomizes among
all three available actions; when p* = py, (1), she randomizes between ba and b; and
when p* = py(1'), she randomizes between ba and n. Nevertheless, the two refinement
criteria force the buyer to assign maximum probability to ba in order to maximize the high
type’s payoff and/or ensure the plausibility of the out-of-equilibrium belief sustaining an
equilibrium. As a result, the equilibrium strategies and payoffs are equivalent across all

equilibria in this category, despite their different natures.

Finally, by combining the results for the pure-strategy equilibria (Proposition @[) and
the standard mixed-strategy equilibria (Corollary [3)) that satisfy both the belief and payoff
restrictions, we can fully characterize the equilibrium outcome for each region of the (f, «)

space.

Proposition 11. Consider all pure-strategy and standard mized-strateqy PBEs that sat-
isfy both the belief restriction and the seller-optimality restriction (Assumptions@ and .
Then:

(i) If « < 0,/0y it is a separating equilibrium with p* = 6.

(ii) If a € (0,/0y, min{0,/0,,0,/0,}) it is either a separating equilibrium with p* = 0;/a
or a mized(0;, 05) equilibrium with p* € (04, 04).

(ii) If a > 6,/0; and fi € [ji, 1), it is a pooling(ex)-b equilibrium with p* = 0.
() If o € [6,/05,0,/(e05)) and i € (0, 1) it is a mized(0,) with p* = 0.

(v) If @ > O1/eppa(ft) and fi € [p, j1), it is a pooling(ey)-ba equilibrium with p* = peq(f1).

(vi) If o € [0,/ (e0), max{0;/(0,,),61/0:}) and ji € (0,11), or a € [61/(£07),61/cppa(ft))

and fi € [y, 1), it is a mixed[_g,eﬁ] with p* € [0,,, 04].
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(vit) If o € [max{@l/(eég),Gl/éﬂ},max{el/(gég),Gl/(séﬂ)}) and fi € (0, ) it is either a
pooling(ey,)-b equilibrium with p* = min{gég, 0.} ora mz’xed[ég, 0:] equilibrium with

p* < [éAM éﬁ]

(viii) If o > max{&l/(é?QG_g), 0,/(c0z)} and fi € (0, ), it is a pooling(ey)-b equilibrium with
p* = min{gég, 0:}.

Standard mixed equilibria complete the characterization of equilibrium outcomes in
the (fi, ) space, ensuring that at least one equilibrium exists in every region. They
arise when « is intermediate to high—that is, when the evidence technology is sufficiently
imprecise—and when the posterior /i is sufficiently low, with lower i becoming increasingly
necessary as « increases. Under these conditions, the no-deviation condition for the low-
quality seller cannot be satisfied in pooling equilibria: either a is too low to ensure a
high enough probability of passing the evidence test, or the pooling price is unattractive
because a low fi limits the buyer’s maximum willingness to pay when confidence in quality
is low. Conversely, the evidence technology is not precise enough to sustain a separating
equilibrium, because a high « fails to prevent the low type from deviating to the high
type’s price p*. The insights from Proposition [J] remain applicable: for intermediate f
and moderate values of «, pooling with authentication acquisition is the only feasible
outcome; when fi is large, pooling without authentication emerges; and when « is small,
separating equilibria prevail, regardless of the posterior belief@

Therefore, we can interpret the standard mixed equilibria as semi-separating equilib-
ria: the buyer’s purchasing strategy—Dby assigning maximum weight to authentication
acquisition—disciplines the low type by confining him to the minimum payoff, 6;, while
allowing the high type to secure a higher payoff. However, this payoff is lower than that of
a fully separating equilibrium, since the buyer does not purchase the good with certainty
as in pure-strategy equilibria, thereby preventing the high type from always receiving the
full price p*.

The refinement criteria provide an almost fully sharp prediction about the equilib-
rium outcome, with two exceptions—regions where a pure-strategy equilibrium and a

standard mixed equilibrium overlap for different reasons. First, as highlighted in point

22Note that the inefficient separating equilibrium for high values of o and low values of ji does not
satisfy the payoff requirement when compared to standard mixed equilibria.
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(i) of the proposition, when a € (6;/60,, min{6,/0;,6,/0;}) the equilibrium outcome can
be either separating or a mixed(6, ;) equilibrium. Remarkably, the mixed(6;,6)) equi-
librium replicates the payoffs of the efficient separating equilibrium (in the region where
it yields strictly less than ) by requiring a semipooling price p* that is higher than the
price charged by the high type in a separating equilibrium, and by inducing the buyer to
purchase the good with a probability that decreases as the gap between 6; and p* widens.
Second, when a € [max{&l/(gég),Ql/éﬂ},max{él/(ezég),Ql/(eéﬁ)}) and i € (0,p), the
equilibrium outcome can be either a pooling(e,)-b equilibrium or a mixed[Q_H, éﬂ] equilib-
rium. Note that standard mixed equilibria always yield a payoff of 8, to the low type,
whereas pooling equilibria yield a payoff that is weakly larger. Consequently, according
to Assumption [4] the pooling equilibrium always satisfies the payoff condition when com-
pared to the mixed equilibrium. However, in the specified interval, the mixed equilibrium
yields a higher payoff for the high type, so it also meets the payoff condition—and both
outcomes are actually feasible.

One final remark before we move to the characterization of non-standard mixed equi-
libria. In our overview, we have described equilibrium feasibility in the (f, «)-space while
holding the other primitives (o, 05, 0;, ¢, ¢) ﬁxedFj Although one could use other parame-
terizations, this choice aligns directly with the existence conditions we derived throughout
this section and will prove especially convenient for the welfare comparisons in Section 5.

Notice also that not every equilibrium type is guaranteed to be feasible for any (f, «).
Our overview has assumed an implicit “balance” among the primitives.@ The separat-
ing equilibrium is clearly one of the exceptions. For example, if ¢ < 6;/ éﬁ, then the
lower bound on « required for a mixed[ég, 5,;] equilibrium exceeds one, making both that
equilibrium and pooling(e,)-ba infeasible across the entire (ji,«) domain. In the next
subsection, we will show how these equilibrium regions expand, contract, or disappear as

we vary key parameters, before proceeding with the welfare analysis.

Non-standard mixed equilibria

As mentioned above, standard mixed equilibria—where the high type posts price p* and

provides e;, with certainty while the low type randomizes between pricing ¢; and mimicking

Z3Note that fi is itself a function of a.
24The separating equilibrium is clearly one of the exceptions.
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the high type—are not the only mixed-strategy equilibria that can arise in the model.
Alternative mixed equilibria may vary along different dimensions; first, the high type
might not provide high evidence along with p*; second, the high type might (possibly
as well) randomize among two or more different price-evidence combinations. We will
show in this section that non-standard mixed equilibria cannot satisfy both the belief and
payoff restrictions unless they replicate a corresponding standard mixed equilibrium—that
is, unless they are payoff equivalent and share the same fundamental nature.

Let us first consider a couple of examples of PBEs that follow the same structure as

a standard mixed equilibrium, except that the high type provides low evidence.

Example 1. Let p* = é,, € (01,@) for some p' € (0, ), with on(p*, e;) = 1, o(p*, 1) =

ZgJ((ll:;/jog’ and 0'[(6[,6) = p’#(/l_f:fo) fOTe € {el7eh}' MOTeOU@T, letﬁ(b|p*nu,) = %7 ﬁ(n|p*7/“l’/) =

% and B(bl6;,0) = 1. Then, for uo < ', these strategies o and B can be sustained in

a PBE yielding payoffs 7y = n} = 0,. However, by Lemma [, any such PBE does not

survive the belief refinement since wj, = 0, < 0;/a = 7}/ cv.

In this case, by providing low evidence, the high type cannot exploit the evidence tech-
nology to secure a higher payoff and ends up receiving ¢;. Moreover, any price in (6, 0;/«)
is a profitable deviation exclusively for the high type—even under perfectly optimistic
out-of-equilibrium beliefs—so the PBE fails to satisfy the belief restriction. Nonetheless,
providing e; does not automatically imply a failure to meet the belief restriction as it does

in the case of pure-strategy equilibria, as the next example shows.

Example 2. Let p* = pba(:u,) S (0_}_1«79_/1) fO’l” some ,LL, € (H?/j’)7 Uh(p*uel> = 17 Ul(p*uel> =
Z?((lljiég, o(0,e) = 1 — o/p*,e) for e € {e,en}. Moreover, let B(balp*, ') = E%*,

B(nlp*, 1) = 'Sp;%al and B(b0;,0) = 1. Then, for py < ', these strategies o and 3

can be sustained in a PBE yielding payoffs 7 = 0,/¢ and 77 = 0,. If a > {91/(€§H),€},

any such PBE survives the belief refinement, but it does not survive the payoff restriction
when compared to any feasible mixed[ég,éﬁ], pooling(ey, )-b or pooling(ey, )-ba equilibrium,

which yield at least 7, = 6;/(ae).

In this second example, the fact that the semipooling price falls within the authenti-
cation range (5,_“ éﬁ) enables a PBE with semipooling vector (p*, ¢;) to satisfy the belief

refinement criterion, yielding 7y = 6,/¢, for sufficiently low ¢ so that the high type’s payoff
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exceeds 0;/a. However, this outcome fails to satisfy the payoff restriction because, in the
same parameter region, the high type can secure a profit of at least 6;/(«e) in any alterna-
tive feasible equilibrium (which depends on the prior 1) by fully leveraging the evidence
technology through the provision of high evidence. The following lemma formalizes this

intuitive result.

Lemma 5. Any mized-strateqy PBE {oy,, 01, B, u} in which on(p*,e;) = 1 fails to simul-
taneously satisfy both the belief and the payoff restrictions.

While ruling out equilibria in which the high type does not randomize and provides ¢;
is relatively straightforward, there is no clear, intuitive reason why instances in which the
high type randomizes among different prices should fail to satisfy any of the refinement
criteria.

Suppose there exists an equilibrium in which the high type randomizes among k& > 2
different prices p; < pa < ... < p, and define P, = {p | Je € {e;,en} : (p,e) € supp(o;)}
as the set of prices on which type i assigns positive probability. Then, the high type’s

indifference condition, necessary for having her mixing among different prices, is given by

[8(blp1, p1)+B(balpr, 1) ]p1 = [B(blpa, p2)+B(balpa, p2)lp2 = ... = [B(blpw, pu)+B(balpr, i) pr
(1.18)
where p1; is the buyer’s belief that renders her indifferent among some of her actions at
price p; € P,
The next lemma derives some properties of the equilibrium outcome that hold in any

PBE in which the high type randomizes.

Lemma 6. In any mized-strateqy PBE {op, 0, 3, u} with P, = {p1,pa,...,px}, where

P <p2 <..<ppandk > 2, we have:

(i) The low type mizes at least among the k — 1 highest prices: {ps,...,px} C P,.

(ii) In general (unless a =€), either o (p;,en) > 0 for all p; € P,N Py, or op(pj,e;) >0
for all p; € P, N P,

(iii) B(blp2, po)p2 = ... = B(blpk, k)i and B(balps, pe)p2 = ... = B(balpk, fu)pk-

(iv) Either B(blp2, p2) = ... = B(blpw, ux) = 0, or B(balps, p2) = ... = B(ba|p, p) = 0.
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(v) If on(pj,en) > 0 for some p; € P, N Py, then i < p; if and only if on(p;,en) >
oi(pj,en), and fu > p; if and only if op(p;, en) < oi(pj, en). Likewise, if oy (p;,er) >0
for some p; € P, N By, then the same relationship holds with po and e; in place of i

and ey, respectively.

The lemma highlights some important characteristics of any PBE in which the high
type randomizes among k£ > 2 different prices. First, the low type must necessarily
randomize over at least the & — 1 highest prices po, ..., pr. Suppose, to the contrary, that
there exists a price p; > min P, such that p; ¢ F,. Then, when the buyer observes p;,
she recognizes the good as being of high quality and buys it without authentication (i.e.,
B(blpj, 1) = 1). However, condition ([1.18) would then be violated, since any price lower
than p; in P, can yield a profit equal to p; only if the purchasing probability exceeds one,
which is impossible.

Second, the indifference conditions of the two types can be simultaneously satisfied
only if, for every common price p; € P, NP, both types provide one and only one evidence
type—either ¢; or e,. The reason is that the high type secures the charged price regardless
of the evidence provided, whereas the low type’s payoff is diluted by the probability of
successfully passing the evidence and authentication tests. The only exception is when
a = e: only in that case, is it possible to construct strategies in which both evidence
levels are provided by requiring purchasing with authentication for prices posted along
low evidence, and aquisition with authentication when the price is accompanied by high

evidence@ Therefore, the indifference conditions for the low type can be written as

[B(blp2, p2) + B(balpa, p2)lp2 = ... = [B(blpk, px) + €B(balpk, pur)pr, (1.19)

since for all prices only one between e; and e;, is provided: if ¢; is provided, the low type
faces only the authentication technology if the buyer selects ba with positive probability;
whereas if e, is provided, she also encounters the evidence technology, and the payoff at

each price is multiplied by «, which can therefore be factored out giving the same result

25In general, « is not equal to . Moreover, any mixed-strategy equilibrium in which sellers provide
a mix of evidence levels has a payoff-equivalent counterpart in which only ej, is provided. Therefore, we
assume from now on that o # €. This assumption does not affect the subsequent results, except for the
uniqueness of the evidence level. Finally, note that Proposition (??) remains valid even without this
restrictive assumption.
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as in the ¢;-case.

Moreover, this and the fact that the considered price and posterior belief can make the
buyer indifferent between different sets of actions imply two additional features of this type
of equilibrium. First, we have B(blps, u2)p2 = - -+ = B(blp, px)pr and B(balps, p2)p2 =
-+« = B(ba|py, t)pr, meaning that the buyer’s probability of purchasing the good—whether
with or without authentication—must decrease as the price increases. Second, for every
price p; € P, N P, either B(b|p;, ;) = 0 or B(balp;, ;) = 0. Consequently, equilibria in
which the buyer randomizes between ba and b are unsustainable.

Finally, the buyer’s indifference condition requires that the strategies o, and o, satisfy,

for any p; € P, U P, either

fion(pj, en)
M» = — = ].20
T fon(pj,en) + (1 — )oi(py, en) (1.20)
if op,(pj, en) > 0, or
i = ,an'h(pjael) (1‘21)

~ hoon(pyser) + (1 — po)ou(p, en)
if o(pj,e;) > 0, where p; is the belief that satisfies p; = pa(pt;) or p; = pp(p;) if
pj € [@,6’}], or p; = 01,7. if p; ¢ [§H, 0s). Clearly, if oy, (p;,en) > o1(p;,en), then condition
(1.20) can only be satisfied if i < p;; conversely, if oj,(pj, en) < oi(pj, en), then it must
be that fi > p;. The same relationship holds symmetrically for 1o when ¢; is provided
instead of ey,.

Building on these observations, consider the implications for the low type’s equilibrium
strategy when the high type randomizes among different prices. Lemma [f] establishes
that in any PBE the low type must randomize among at least the & — 1 highest prices
pa < --- < p¥, but it does not pinpoint the exact set F;. The additional prices that the
low type can potentially randomize over are limited to two: p; = min P, and 6,;. In fact,
any other price would result in the buyer assigning a posterior belief of zero, thereby
ensuring no acquisition and zero profit. Depending on whether the low type assigns
positive probability solely to these & — 1 prices or also to p; and 6, three distinct cases

arise in equilibrium, as specified by the following lemma.

Lemma 7. In any mized-strateqy PBE {op, 01, B, u} with P, = {p1,pa,..., 0k}, where
p1 < p2<..<pgandk > 2, we have that P, C P, U{6,} and either:



60 CHAPTER 1: QUALITY EVIDENCE AND AUTHENTICATION
(i) P, = Py \ {p1} with necessary condition fi > pa (1o > p2) if en (e1) is provided;
(i) P, = P, with necessary condition fi € (p1, ptx) (o € (p1, pr)) if en (er) is provided;
(iii) P, = P, U{6,} with necessary condition i < py. (o < ) if en (e1) is provided.

In addition to characterizing the set of prices over which the low type can mix when the
high type also randomizes, the lemma explicitly states conditions on the corresponding
buyer belief, namely, ji when the common evidence provided is e, and py when it is
e;, that are necessary to sustain each type of equilibrium. In particular, for equilibria
in which the low type assigns greater probability weight than the high type to common
prices (case (i)), the initial belief must exceed the induced belief that renders the buyer
indifferent at the lowest common price. That is, a sufficiently high initial belief is required
to sustain mixed-strategy equilibria in which the low type mixes more than the high type
on common prices. Conversely, when the high type allocates more probability weight to
common prices than the low type (case (iii)), the equilibrium can be sustained provided
that the initial belief is lower than the belief that makes the buyer indifferent at the
highest common price,—even if the initial belief is arbitrarily low.

We are now ready to provide the counterpart to Lemma [5| for the case where the high
type assigns positive probability weight to more than one price. Specifically, this result
shows that under the belief and the payoff restrictions, the high type always provides high

evidence in equilibrium.

Proposition 12. Any mized-strateqy PBE {0y, 01, B, 1} in which on(p,e;) > 0, for any
p € Py, fails to simultaneously satisfy both the belief and the payoff restrictions.

The intuition behind the proposition is that providing e; prevents the high type from
taking full advantage of the costless evidence technology thus maximizing her payoff. Even
if some equilibrium of this type satisfies the belief restriction, when the authentication
technology is sufficiently precise—thus offering a high payoff for the high type—it will fail
the payoff restriction compared to the case where the high type chooses ey,.

The following examples examine cases where the high type provides high evidence
and randomizes among multiple prices, while the low type—whether she randomizes or

not—always satisfies P, C P,. In other words, the low type assigns zero probability to 6;.
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Example 3. Let p' = 0, and p" = 0, for some y' < p" with i/, " € (ji, 1), so that

— "1—_p ~
0, <p' <p' <. Assume thaton(p’, ep) = Z(l(—/ﬁ;’ on(p',en) = %, and o(p”, ep) =
1. Moreover, let B(blp”, n") = 1%’ Bn|p”, 1) = ppT,p and B(blp', ') = 1. Then, for

fi > " and a > 0,/0,, these strategies o and B can be sustained in a PBE yielding
payoffs mp = p' = éu’ and 7 = ap’ = aéu/. Any such PBE survives the belief refinement,
since ) = /o > 8_;“ but it does not survive the payoff restriction when compared to the
feasible pooling(ey, )-b equilibrium which yields 7 = 05 > 0,y and 77 = af; > af,, since
o> >

In this example, the high type randomizes between two prices, p’ and p”, while the
low type always chooses the higher price, p”. When the buyer observes the lower price,
she recognizes the good’s high quality and buys with certainty. To make the high type
indifferent between posting p’ and p”, the buyer must purchase at p” with a reduced
probability, namely p’/p”, which also deters the low type from deviating to p”. However,
the high type’s payoff equals the lower price p’ while the low type receives ap’. Since
the buyer’s indifference condition requires g > p” > p/, this outcome fails the payoff
condition: without mixing, the high type could secure a payoff of éﬁ (which is greater
than éur = p') by pooling with the low type on éﬁ. A similar result arises in the final

example where both sellers randomize.

Example 4. Let p' = ppo(p') and p" = puo(p”) for some p' < p" with p', " € [p, i,

so that 9_/1 < p < p' <0, Assume that on(p,en) = Zl(;(tff:z:;, on(p',en) = Z;Eﬁ:;‘f;,
o(p” en) = %, and oy(p', ep) = % Moreover, let B(ba|p”, ") = ﬁ(ba]p’,u’)]f—,/,,

with B(balp’, 1) € (0,1]. Then, for i € (¢, p") and o > 0,/ (eppa(')), these strategies o
and [ can be sustained in a PBE yielding payoffs 7; = B(blp’, u")p' = B(|p', 1 )pra (') and
7 = aeB(blp’, 1 )p = acB(blp, 1 )ppa(i'). Any such PBE survives the belief refinement,
since 7 = 7} [(«ae), and meets the intra-category payoff restriction when B(blp',u') =1,
which implies that © = p' = ppa(p') and 7 = acp’ = aepp(p'). However, it does not
satisfy the inter-category payoff restriction when compared to the feasible pooling(ey )-ba
equilibrium, which yields 7} = pea(ft) > Poa(p') and 7 = aeppa(fi) > acppa (1) because
>

When both seller types mix over two prices p/,p” above the authentication range,

the indifference conditions for the low and high types coincide, leaving a single degree
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of freedom in determining the buyer’s optimal strategy. Accordingly, we can define the
equilibrium purchasing strategy B(ba|p”, 1) as the product of S(b|p’, ') and 5—,/,, ensuring
that the purchasing probability decreases as the price increases. To satisfy the payoff
restrictions, we then require 5(balp’, p') = 1, which maximizes the payoff for both seller
types. Nevertheless, even the highest possible payoffs in this outcome, py, (') for the
high type and aepy, (1) for the low type, are lower than what the sellers would obtain by
simply pooling on py,(ft). This is analogous to the third example, and it is feasible since
the proposed equilibrium requires that g € (¢/, u”).

Examples |3| and {4] illustrate that mixed-strategy equilibria where the low type does
not mix at #—and hence obtains a weakly larger payoff—are suboptimal for the seller
whenever they are feasible. In fact, for any parameter configuration that permits such
equilibria, there exists an alternative pure-strategy pooling equilibrium based on the pos-
terior belief i, either with or without authentication acquisition, that yields a higher
payoff for both types. The intuition is that whenever the high type randomizes and the
low type excludes 6, from her support, the sellers’ equilibrium payoffs are capped at the
smallest common price, say p;. However, because the initial belief requirement for such
equilibria is that i > uq, these non-standard mixed strategies can be interpreted as a sort

of “backward” randomization: instead of pooling exclusively on the highest possible price

given ji—i.e., ppo(ft) or éﬂ the sellers randomize over at least one lower price, namely py,
which nonetheless limits their maximum attainable payoff. Consequently, these equilib-
ria are not rationalizable under the proposed seller-optimality restriction. The following

proposition formalizes this result.

Proposition 13. Any mized-strateqy PBE {0, 01, 5, u} with P, = {p1,p2, ..., pr}, where
P < p2 < ... < pp and k > 2, that satisfies both the belief and the payoff restrictions
ezhibits: P, = P, U {6;}, on(pj,en) > 0 for every p; € Py, m = 6,, and necessary
condition i < p1. Moreover:

(i) either p; € (04,04) for every p; € Pu, B(blp;, j1j) = 2=, B(balpj, ;) = 0, 7 = 0,/ a,

ap;’

with necessary condition o € (6,/01,6,/05);

(ii) orp; € [H_H,éﬂ] for every p; € Py, B(balp;, pj) = az;j, B(blpj, ;) =0, 7 = 0,/ (ae),

with necessary condition o € [0;/(20,),1].
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The only non-standard mixed-strategy PBEs that satisfy both restrictions are those in
which the low type assigns positive probability to #;. Their essence is very different from
that of the non-standard mixed equilibria illustrated in Examples [3] and [4] where the low
type never reveals her type but always mimics the high-quality seller. Similarly to the
standard mixed equilibria, we can interpret the surviving non-standard mixed equilibria
of Proposition [I3] as "semi-separating,” emphasizing their role in differentiating the two
types when pure separating equilibria are not feasible.

Moreover, the similarity between these selected non-standard mixed equilibria and the
previously considered standard mixed is not merely superficial but essential. In fact, by
examining Corollary [3| (points (i) and (iii)), it is clear that any non-standard equilibrium
with |P,| > 2 described in Proposition [13] whenever feasible, is equivalent to a corre-
sponding standard mixed equilibrium in which the high type assigns probability one to
the minimum common price in Py, i.e. p;; in particular, the buyer’s strategy, relative to

(p1, p1), and the payoffs are identical in the two equilibria.m

Corollary 4. For any non-standard mized-strategy PBE {6461, 53,0} with |Py| > 2
that satisfies both the belief and the payoff restrictions, there exists a corresponding stan-
dard mized-strategy PBE {o},, 07, 8, u*} with oj(pr,en) = 1, 8°(blpr, ) = Sblps, ),

B*(balp, 1) = f?(ba|p1,,u1), where py = min Py, that is payoff-equivalent, i.e., m = 7y,

and T = 7.

In particular, the non-standard mixed equilibria identified in Proposition point
(i) are equivalent to the standard mixed(y,6)) equilibria, while those defined in point
(ii) correspond to the mixed[ég, 0] equilibria. Note that standard mixed(d;) equilibria
do not have a non-standard counterpart. This is because the simultaneous presence of
indifference conditions for both seller types restricts the buyer’s purchasing strategy from
assigning positive probability to both ba and b at the same price—a feature that is, instead,
characteristic of those standard mixed equilibria.

In what follows, we will take advantage of Corollary 4] and, for simplicity, refer only
to pure-strategy and standard mixed-strategy equilibria, since the latter encompass all

surviving non-standard mixed-strategy equilibria.

26Note that p*, the price uniquely posted by the high type in standard mixed equilibria, need not be
strictly equal to p;, the minimum price posted with positive probability by the high type in non-standard
mixed equilibria, for the two equilibrium types to be equivalent: in fact, any price within the same interval
to which p; belongs, either [6,,,0;] or (6;,6), would suffice.
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1.5 Welfare Analysis

Having identified the equilibria that survive our refinements and mapped out their feasibil-
ity regions, we now turn to their economic consequences. In particular, we are interested
in understanding how the precision of the evidence and authentication technologies influ-
ence welfare and fraud incidence, and, ultimately, which equilibria maximize total welfare
and minimize fraud and under which conditions. We define welfare as the sum of buyer
and seller surplus, and fraud probability as the chance that a low-quality good sells at a

price above its full-information value (Martinez-Gorricho) [

Definition 2. For any PBE E = {o},0},*, u*} characterized in Proposition total

welfare, i.e., the ex-ante equilibrium gains from trade, is given by

Wi =po [B7(blp", w*) + 87 (balp”, 1*)] On + (1 — po)o; (61, €)0,

(1.22)
+ (1= po)oy (p"s en)a [B7(blp™, %) + €57 (balp®, n7)] 01,
while the probability of fraud is given by
Fg = (1= po)oy (p*, en)a (8% (blp”, 1) + €57 (balp®, 1)) - (1.23)

Full efficiency corresponds to welfare equal to o8, + (1 — po)6; and fraud probabil-
ity zero. This occurs only under a separating equilibrium, i.e. *(b | p*,u*) = 1 and
o/ (0;,e) = 1, which forces o} (p*, e, = 0. When the outcome differs from full separation,
meaning o/ (p*, e,) > 0, fraud probability is strictly positive, and welfare falls below its
maximum. However, the relationship between welfare and fraud varies with the type of
equilibrium under consideration. Using the equilibrium characterizations from the previ-
ous section, we now derive expressions for both welfare and fraud probability under each
equilibrium type. From now on, we will label pooling equilibria solely by the buyer’s equi-
librium action—"“pooling—b” when she declines authentication and “pooling-ba” when she
purchases it—omitting the explicit “e;,” denomination, given that no pooling equilibria

where sellers provide low evidence satisfy the belief refinement.

2"Here, welfare excludes any authentication price paid by the buyer or provision costs; the latter are
normalized to zero throughout the paper, the former are omitted since they represent pure transfers, as
it will become clear once we introduce the authenticator as a strategic player.
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Lemma 8. For any PBEs characterized in Proposition[11], welfare and probability of fraud

are given by:

(i) separating: Ws = uoby, + (1 — )6, Fs =0;

(ii) pooling-ba: Wy, = uobn + (1 — po)acty, Fro = (1 — po)ae
(iii) pooling-b: Wy = oy + (1 — po)aby, F, = (1 — po)ay;

_ 6,60 po(1=p") (Pra (1) —01)0 _ o po(l=por .
(iv) mzxed[ ik Wi, a. = aa,?bl([:ﬁ(l )0 — =2 it F800 = appm)

(v) mized(0,): W,y = pobh + (1 — o) — 17”M01, Fa, = uo(l—p)6y .

afify

. . n 0;
(vi) mized(0y, 0p): W(é,;,eh) = “0791 + (1 = po)0r, F(éﬁ,eh) = 7“0&/9“,) ,

where p' = ppo (i) is the semi-pooling price in standard mized strateqy equilibria, and

1s the corresponding target posterior belief.

Although Proposition pinpoints a unique equilibrium for most (ji,a) pairs, the
fact that multiple equilibrium types occupy different regions makes comparative-statics
nontrivial: the same parameters we wish to vary—in particular the precision levels a and
e—also appear inside the very existence conditions for each equilibrium. For example,
lowering authentication precision (higher ¢) shrinks the range of i in which a pooling—ba
equilibrium exists, while at the same time loosening the minimum « needed for that
equilibrium. Thus, any statement about how welfare or fraud responds to a change in one
parameter must be read as “all else equal—and within the same equilibrium regime.”

Let us consider now how welfare and fraud probability respond as evidence preci-
sion (a) and authentication precision (¢) vary. Separating equilibrium is full efficient
independently of either precision parameter. Instead, pooling outcomes exhibit a similar
comparative statics. Raising the precision of the relevant signal (evidence in pooling—b;
evidence and authentication in pooling—ba) reduces the chance that a cheating low type
succeeds, so fraud falls—but because every high-quality good trades with probability one,
welfare also falls: in a pooling equilibrium more low-type sales always correspond to more
fraud, and hence to higher welfare. Therefore, maximizing welfare comes at the expense
of increased fraud.@ Crucially, note that, since authentication is never purchased in equi-

librium, in pooling-b equilibria neither welfare nor fraud ever depends on its precision.

28This insight is consistent with the results in Martinez-Gorricho (2020).
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Mixed-strategy equilibria display the reverse pattern on fraud, confirming their "semi-
separating" nature. As evidence becomes more precise (lower «) fraud increases. The
reason for this counterintuitive result lies in the fact that a more precise evidence signal
reduces the probability that a cheating low type passes the test. However, it also increases
both the probability of purchasing the good (with or without authentication depending
on the specific mixed equilibrium) by the buyer, and the probability of cheating: a more
precise evidence increases buyer confidence, which in turn induces the seller to pool more
aggressively so that she reveals his type less often.

Improved authentication precision, by contrast, only reduces fraud for mixed(éﬂ), be-
cause there the buyer always buys the good, either with or without authentication (with
a probability of buying it with authentication that increase in its precision). Therefore,
when authentication signal becomes more accurate, the increased probability of acquiring
the authentication does not compensate and the overall probability for a cheating low
type of selling the good decreases, meaning lower frauds.

The effect of evidence precision on welfare is subtler; in particular higher evidence
accuracy increases fraud and possibly the probability of buying without authentication,
while it reduces the incentives for the low quality seller to behave fraudulently. The latter
dominate, so that welfare decreases, for mixed(éﬁ) where the high-quality good is always
bought and a increased probability of a plain purchase carries no effects; however, it is
dominated, so welfare increases, for mixed(éﬁ, 01) since the high-quality is traded more
often.

Notably, greater authentication precision (lower ¢) never reduces welfare in any mixed
equilibrium and in fact strictly raises welfare in both mixed(§;)) and mixed[6,, ;] equi-
libria while leaving mixed(éﬂ, 61) equilibria unaffected since in that case authentication
remains off the equilibrium path.

Lemma 9. In both mized(0;) and mixed[ég, 0] equilibria, welfare is strictly increasing in

Wy MWi,.6, <0
e Oe :

the authentication precision, i.e.,

A naive welfare—fraud comparison, in that it abstracts from each equilibrium’s fea-
sibility constraints, delivers three immediate insights. First, the separating equilibrium
strictly dominates on both dimensions: it maximizes welfare and drives fraud to zero.

Second, between the two pooling outcomes, pooling—b yields both higher welfare and a
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higher fraud probability than pooling-ba. Third, matching pooling—b’s welfare under
pooling—ba would require e = 1—but Corollary [T] shows that £ = 1 is incompatible with
any nontrivial authentication technology unless ¢ = 0, in which case pooling—ba collapses
into pooling-b. Hence, for all admissible ¢ < 1, pooling-ba unambiguously implies a
lower welfare level relative to pooling—b. Combining this observation with Lemma [9] sug-
gests that total welfare is maximized only at the extremes of the authentication precision
spectrum: either with perfectly precise authentication (¢ = 0) or with authentication so
dc

noisy—namely € > 1 — {5—that it is effectively never purchased, or equivalently not

present.

We now pose the planner’s problem. Take as given the prior yy and the quality levels
0;, 0;,. A social planner would like to choose the two imprecision parameters—evidence
imprecision o and authentication imprecision e— and the authentication price—c— so
as to maximize total welfare and minimize fraud. Two trivial corner solutions guarantee
full efficiency: either reduce a below the separation threshold 6;/6, in which case the
separating equilibrium obtains regardless of €; or set ¢ = 0 and ¢ = 0, so that perfectly
precise and free authentication restores separation. Both of these, however, sidestep
the real trade-offs when authentication carries a strictly positive fee. Accordingly, we
focus on the more interesting and realistic case in which evidence precision a > 6,/6,
and the authentication price ¢ > 0 are exogenously given, and ask: how should the
planner choose authentication precision £ to best improve welfare and cut fraudﬂ In
the next subsection we will motivate this assumption—and endogenize both € and ¢—by
introducing an authenticator as a strategic player.

As noted, varying model parameters shifts feasibility thresholds and can alter the equi-
librium outcome. This sensitivity is especially pronounced for authentication precision,
e. We therefore focus on two extreme cases: perfect authentication, where ¢ = 0; and
effectively no authentication—i.e. ¢ > 1 — %, which ensures that authentication is never
acquired in equilibrium.

In the perfect-authentication case, i and 9_,1 attain their maximal values; denote these

by p* and éﬁ*. Then, by Proposition , in addition to the separating equilibrium for

2 Equivalently, one could allow the planner to subsidize authentication (driving ¢ toward zero) or to
invest in evidence, but holding both a and ¢ fixed sharpens the trade-off over ¢ and highlights the limits
of authentication as a stand-alone remedy.
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a < g—;, the equilibrium outcome is:
(i) pooling-b, whenever a > 6,/0; and fi € [ii*,1);
(i) mixed(f;-), whenever a € [6;/0;-,1] and i € (0, i*];
(iii) mixed(f;,,) or a separating, whenever a € (6,/6, min{6,/0;-,6,/0;}).

In the no-authentication case, u, f, G_H and G_ﬂ are not defined, and clearly there is
no authentication-region for the prior. Proposition then implies, in addition to the

separating region for a < 6,/0y,, the equilibrium outcome to be:
(i) pooling-b, whenever o > 6,/0;;
(ii) mixed(0y,0;) or a separating, whenever a € (6,/0),,6,/05).

Because equilibrium is overall indeterminate when « € (6,/6,6,/0;), we henceforth re-
strict our analysis to o > 6,/ H_ﬁ Moreover, since the outcome is equivalently a pooling-b
when fi € [ii*,1), we will restrict our analysis to o > 6,/ and fi € [0, ii*].

One might hope that an authentication technology of intermediate precision could
outperform both the perfectly precise and the no-authentication cases. However, when
a > 0 /éﬁ and 1 € [0, %], Proposition |11] limits the feasible equilibria to exactly four

types—pooling-b, pooling-ba, mixed(f;) and mixed[@, 0s). It can be shown that even
the best possible mixed[ég,éﬂ] outcome delivers no more welfare than the mixed(f;-)
equilibrium or the pooling-ba equilibrium at their respective boundary values, and that
whenever the authentication-fee c is strictly positive, pooling-ba is strictly welfare-inferior
to mixed(éﬂ*) Lemma @ together with this observation implies that the mixed (6 ji*)
equilibrium delivers strictly higher welfare than any equilibrium with intermediate authen-
tication precision. Indeed, reducing ¢ both raises total welfare and raises the maximum
a allowed for mixed(6;), thereby expanding its feasible region. Consequently, no authen-
tication technology short of perfect accuracy can outperform flawless authentication in

terms of welfare.

39Note that in this omitted region, perfect authentication may deliver higher welfare and lower fraud
incidence than mixed(éﬁ, 0r), or it may be dominated—both in welfare and in fraud minimization—by
the separating equilibrium. Given this strong indeterminacy, we avoid further detail.

31Here “best” mixed[éu,éﬁ] refers to choosing p,» = 6;/(ae), and “best” pooling-ba corresponds to

settinge = 1— min each case maximizing welfare subject to the equilibrium’s existence conditions.
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Finally, we state our main welfare result: perfect authentication is optimal for mini-
mizing fraud, while in certain parameter regions a no-authentication regime can achieve

strictly higher total welfare.
Proposition 14. Given (po, 0y, 0;, a, ¢) such that o > 01/6_;“ i€ [0, u*], and ¢ > 0, then:

(i) the perfect authentication technology, € = 0, outcome, mz’xed(éﬂ* ), minimizes fraud

probability;

(7i) the no-authentication outcome, pooling-b, maximizes welfare if and only if

(1.24)

Our welfare analysis delivers two complementary policy insights. First, perfect authen-
tication unambiguously minimizes the probability of fraud—mno other level of accuracy can
reduce cheating from the low-quality buyer more. Second, however, when the evidence
technology is too imprecise to sustain full separation, forgoing authentication entirely
can yield strictly higher total welfare than any imperfect-authentication regime. In other
words, while flawless authentication is best at deterring fraud, a no-authentication policy
may better maximize surplus whenever seller-provided evidence remains uninformative.
In particular, we have an even stronger welfare result whenever the evidence signal is

completely uninformative.

Corollary 1. If the evidence technology is completely uninformative, o = 1, then perfect

authentication yields strictly lower welfare than the no-authentication case.

The key insight comes from comparing how welfare responds to rising fraud under
the two equilibria: the semi-separating mixed(éﬁ*) outcome with perfect authentication,
and the pooling-without-authentication outcome. In both cases, as the seller’s evidence
precision falls, cheating becomes easier, fraud rises, and total welfare increases. But the
welfare gain is smaller under the mixed equilibrium than under pooling.

With perfect authentication, lower evidence precision not only makes it more likely
for a low-quality seller to pass the test, but also dampens her incentive to cheat—because

buyers acquire authentication more often and honest pricing becomes more attractive—so

these opposing forces partially offset one another. By contrast, in a pooling equilibrium
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without authentication, a drop in evidence precision leaves buyer behavior and the seller’s
strategy unchanged; the only effect is more fraud, which mechanically boosts trade volume
and welfare.

At the extreme, when evidence is entirely uninformative, pooling without authentica-
tion achieves the full-separation welfare benchmark—every trade occurs—but at the cost
of maximal fraud. Perfect authentication can never reach that benchmark, since it always
leads some goods to be rejected by the authentication technology. Therefore there exists a
threshold level of evidence imprecision above which perfect authentication delivers strictly
lower welfare than the no-authentication regime.

Note that the key assumption driving this result is that authentication must carry
a strictly positive price for the buyer. We did not rely on any cost-minimization mo-
tive—indeed all production, evidence and authentication prices were normalized to zero—so
allowing for any positive provision cost would only strengthen the welfare advantage of a
no-authentication regime, since it avoids that extra outlay altogether.

These findings carry straightforward policy lessons. Once evidence precision and buyer
priors fall into the region where perfect authentication still leaves welfare strictly below
the no-authentication benchmark, a social planner would be better off banning paid au-
thentication (or forcing it to be provided at zero price). Conversely, when evidence is
precise enough to sustain at least semi-separating outcomes, ensuring access to a high-
precision authentication technology (even at positive cost) becomes the optimal tool to
minimize fraud. In this way, our analysis directly inform when regulators should promote,

limit or eliminate buyer-purchased authentication.

1.6 Discussion and Conclusions

Our analysis reveals a subtle complementarity—and at times conflict—between seller
disclosure and buyer authentication. Although perfect authentication is highly effective
at deterring fraud, it does not necessarily maximize social surplus when seller-provided
evidence remains imprecise. These findings provide a clear framework for platforms and
regulators to calibrate authentication requirements alongside transaction volume, so as to
control fraud without unduly suppressing beneficial trade.

In this chapter, we examined a simple bilateral-trade setting in which a seller, privately
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informed about her good’s quality, may disclose noisy evidence, and a buyer may purchase
a noisy third-party authentication before deciding whether to trade. Our goal was to tease
out how these two imperfect information channels interact to shape equilibrium prices,
the likelihood of fraud, and overall welfare.

We begin by showing that precise seller disclosure is irreplaceable: no matter how
accurate or cheap the authentication technology, it cannot on its own sustain full sepa-
ration unless the seller’s evidence signal is already sharp enough to distinguish high from
low quality. Authentication can only deter low-quality sellers if buyers buy the test with
positive probability, and that very act undermines the test’s credibility as a threat.

When seller evidence falls short of this precision threshold, introducing an imperfect
authentication service does help reduce the incidence of fraud, but it can never restore the
first-best outcome. In every equilibrium where disclosure is too noisy, total welfare remains
strictly below its maximum, and some low-quality goods continue to sell at inflated prices
regardless of how buyers pay to verify.

Perhaps most surprisingly, we find that perfect authentication—while minimizing
fraud to the greatest extent possible—can actually harm welfare whenever seller evidence
is highly uninformative. In that regime, aggregate surplus rises with total trade volume,
even if much of it comes from fraudulent transactions, and any positive testing fee sim-
ply suppresses mutually beneficial exchanges. Thus a market without authentication can
deliver strictly higher welfare than one offering flawless but costly verification.

To sharpen our comparative-statics and pin down exactly when each of these regimes
arises, we refine equilibrium selection by ruling out implausible beliefs and discarding
equilibria that both types of seller would jointly prefer to avoid. This exercise yields
a nearly complete map of six robust equilibrium patterns—ranging from full separation
through pure pooling to three semi-separating mixed-strategy outcomes—across the two
key parameters governing evidence and authentication precision.

Taken together, these results offer clear guidance for platform designers and regulators.
Improving the verifiability of seller disclosures is the only surefire way to eliminate fraud,
whereas buyer-paid testing can at best serve as a partial backstop. When disclosure
remains weak, perfect authentication is the most effective tool against deception but may
come at the cost of lost surplus. Capping authentication fees can expand the range in

which testing is both attractive to buyers and welfare-enhancing, up to the point where
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its marginal benefit in fraud reduction outweighs its marginal cost in foregone trade.
Looking ahead, it would be natural to endogenize both the precision of seller evidence
and the accuracy and price of authentication by introducing profit-maximizing intermedi-
aries or platforms. Extending the model to many sellers or a dynamic setting would also
allow reputation and competition to shape incentives for disclosure and testing. Finally,
enriching the quality distribution beyond two types or allowing more complex signal struc-
tures could bring the framework even closer to the realities of large-scale trade platforms.
By weaving together voluntary disclosure and buyer authentication in one unified
framework, we hope to clarify when these two imperfect tools reinforce one another and
when they work at cross-purposes, and to provide concrete lessons for striking the right

balance between authentication and trade volume in markets beset by low transparency.
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1.8 Appendix

1.8.1 Buyer’s optimal behavior given p

Lemma [2] specifies the buyer’s optimal behavior based on price p given a fixed belief ji.
The next lemma reverses the approach and describes the buyer’s best response to any

posterior belief given a specific price. Let us define

_ctelp—0) . o
1) = T s e o] a
and
1-— ¢ if pe [7,“ 7/1}
w(p)y=4 (I=a)p—0) : (1.26)
pAel it p & [0, 0s)

The lemma below proves that B (p) is the posterior, given a price p, for which the buyer
is indifferent between ba and n, while /:Lb(p) for which she is indifferent (i) between b and

nif p & [égéﬂ} and (ii) between b and ba if p € {9_,_“ 9_,1]

Lemma 10. Suppose the strategy B is optimal for the buyer given price p and belief fi.
Then, (i) if p & [Q_H,Q_ﬁ},

Proof. Consider expressions (1.4)), (1.5) and (1.6)). First, u(b|p, i) > wu(n) if and only

if p < by + (1 — )6 or i > 2. Moreover, u(blp, i) > u(balp, i) if and only if
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> (1= —-e)p—0)orp>1- G9Gay- Hence, b is optimal whenever both

conditions are satisfied:

N p—QZ C
> 1— .
“—max{ AG <1—e><p—ez>}

Second, u(ba|p, i) > u(n) if and only if [0, —0,— (1—¢)(p—6))]i > c+p—6,—(1—¢)(p—6))

or fi > #’;&@Gl). Moreover, u(balp, i) > u(blp, it) if and only if i <1 — 505
Hence, ba is optimal whenever both conditions are satisfied:
ﬂel c+elp—0) 1 c ]
Gh—p+€(p—91) (1—5>(p_91>
Finally, u(n) > u(blp, i) if and only if i < 220, while u(n) > u(balp, i) if and only if

cte(p—0;)

i< B0 Hence, n is optimal whenever both conditions are satisfied:

4 < min p— 06 c+e(p—6)
B A0 O —ptelp—0) )
Clearly, ba is optimal only if the interval ehc—;ii (_pei)@l)’ 1— (1—5)((:;:—91)} is not empty or
equivalently, % <1- m. The inequality of the second order in p is satis-

fied when p € [py, po] with p; = ehwl —\/5- 5 MAQ and py = 9”91 +1/5 = E)MAH
Condition is the necessary and sufficient condition for the existence of p; and ps.

Note that the thresholds p; and p, are equivalent to the expected quality given posterior
p and [, respectively:

0, = pby + (1 — p)b,
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and

Therefore, when p ¢ [ég,éﬂ}, ba is dominated, and b (n) is optimal if and only if

> (< )p;—gl, thus proving point (ii). If, instead, p € {9_,_“ 9_,1} then

c c+elp—06)

1-e)p—0) O —p+elp—0)

(L=e)p—O0)bh —p+elp—0)] =l —p+elp—0)] = (1—¢)(p—0)[c+elp—06)
(L=¢e)(p—0,)(0n — p) = cAl

1—

which implies both

c p— 0
T-00—0) A6
cAf
1—¢)(p—01)
(1 =e)(p—0)(6n — p) = cAb

1—

O —p >
(

and
p— 0 S c+e(p—6)
A0 T Oh—pt+elp—0)
(p—0)[0h —p+e(p—01)] > A +<(p — 0,)AY
(1 —=¢e)(p—0)(0n — p) = cAf

which proves point (ii). O
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1.8.2 Out-of-Equilibrium Beliefs Requirements

The next lemma specifies the general requirements for out-of-equilibrium beliefs necessary
to sustain any equilibrium. We will resort to it extensively when characterizing the

different equilibrium types and applying the refinement criterion over out-of-equilibrium

beliefs.

Lemma 11. Given equilibrium payoffs 7 and w/ for the high and the low type of seller,
and any out-of-equilibrium price p > 6;, any PBE requires the following type-based re-

e

strictions on out-of-equilibrium beliefs st = p(p, e, Sp) and ph = p(p, en, Si):

(i) (On-e1) If p < w0, then pet < 1; if p > mh and p & [0,,05], then pst < p, (p); if p > =,
and p € [ég, 0], then fy <, (p)-

(ii) On-en) If p < 77, then ph < 1; if p > 77 and p & [0,,05), then pr < p,(p); if
p>my andp € [ég, 0], then ppt <, (P)-

(i) (0r-e;) If p < 7f, then gt < 1;if p> 7 and p ¢ [G_H,H_ﬂ], orp € (nf, 7 /e N[0, 0],
then pi) <, (p); if p > /e and p € [0, 05], then pit < p, (p).
(iv) (Or-en) Ifp < 77 fav, then gt < 1;if p > mf Ja andp & [0,,, 0], orp € (xf /v, 77 /()]

[ég,éﬁ], then pgh < p,(p); if p> T/ (ae) and p € [0, 0], then pgh < . (P)-

Proof. We apply Lemma [10] case by case.

(i) and (ii) Regardless of the precision of the two technologies and the type of evidence
provided, the high-type seller gets p whenever the buyer chooses b or ba, and 0 otherwise.
Therefore, the requirements for p;! and pg* must coincide, and any price representing a
profitable deviation should induce n to the buyer. Any price p < 7} is not a profitable
deviation, hence pg', pp* < 1, while any price p > 7} requires !, uph < p, (p)ifp & [ég, 02,
and gt pet < p, (p) ifp € [0, 65)-

(iii) When providing e;, the low-type seller may face only the authentication test,
which she passes with probability ¢, i.e., the probability of receiving signal S;, when 6 = 6.
Therefore, deviations to (p,e;) guarantees a payoff of p if the buyer chooses b, ep if the
buyer chooses ba, and 0 otherwise. Clearly, any price p < 7/ is not a profitable deviation,
hence p} < 1. Prices above 7} for which authentication is never optimal, i.e. p ¢ [é,_“ éﬂ]

requires n in order not to be profitable, so p;* <y, (p). Any p € (7}, 7/ /€] is a profitable
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deviation only if the buyer chooses b so they require j;» < 1 (p) whenever authentication
can be optimal i.e. when p € [ég, éﬁ]. Instead prices above 77 /e represents a profitable
deviation if the buyer chooses b or ba that they require pg" < p, (p) if p € [0, 65)-

(iv) Same as the previous case, but, since the low-type seller passes the evidence test
with probability «, i.e, the probability of S¢ when €' = ¢;, only prices above 7} /o might
be profitable. In fact, deviations to (p, e,) guarantees a payoff of « if the buyer chooses b,
aep if the buyer chooses ba, and 0 otherwise. In particular, prices p € (7 /a, 77 /(ae)] are
profitable only if authentication is not acquired, while prices above 7/ /(ac) provides a
larger payoff regardless of whether the authentication is bought or not. The result follows

immediately.
O
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Proofs
Proof of Lemma

Proof. Consider expressions ((1.4]), (1.5]) and (1.6]). First, u(b|p, 1) > u(n) if and only if p <
0. Moreover, u(blp, 1) > u(balp, it) if and only if 0, —p > 0, —p— (1— 1) (1—¢) (6, —p) —c
orp < 6+c(1—p) ' (1—¢e)"!. Hence, b is optimal whenever both conditions are satisfied:

p < min {(9,1, 0, +

Second, u(balp, i) > u(n) if and only if [4 + (1 — f)elp < 10n + (1 — 1)ed, — c or p <
(20, + (1 — p)eb; — c|[i + (1 — p)e]~'. Moreover, u(balp, i) > u(b|p,ft) if and only if

p>0+c(l—p)"'(1—e)"t. Hence, ba is optimal whenever both conditions are satisfied:

0, +

pE

C ﬂgh + (1 — ﬂ)E@l - C‘|
Q-1  a+(-pe

Finally, u(n) > wu(blp, 1) if and only if p > 6,, whileu(n) > u(ba|p, i) if and only if
p >[40, + (1 — p)eb; — ][t + (1 — f)e] " Hence, n is optimal whenever both conditions

are satisfied:

_ 0o — )b —
pzmax{eﬂ7ﬂh+ fi)eb; c}'

(1
pt+(1—p)e

Proof of Corollary 1

Proof. Given Lemma 1, the set of values of p for which ba is optimal is non-empty if and

only if:
6+ Ac S/wh:l—(l—,u)f@l—c
(I=a)(1—¢) fit(1—f)e
1= )ele < (1— @)1 — 2)[h + (1 — A)ety —

which proves the claim. O
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Proof of Lemma 2

Proof. From corollary [I, we have that ba can be optimal, when holding posterior f,
only if 1 € [[_L, ﬂ}. Hence, when 1 ¢ [;_L, ﬂ}, the only options available are b and n.

Expressions 1) and 1' immediately prove point (i). Instead, if i € [H,ﬁ}, then
¢ < (1= p)(1 —e)Af which implies both

(1—pa)(l—e¢)
A= )1 —£)A0 > ¢
and
ég < 0, :f‘ (1- M)jfel —C
fit+ (1= p)e
. a0 + (1 — f1)eb, — ¢
0, + A0 < - i
S e
0+ (1 — )b, + A0 + (1 — f) A < iy + (1 — f1)eb; — ¢
c < AAO — pPA0 — (1 — p)AG
c < A0l — j—e — pe)
¢ < (1= f)(1—e)Ab.
This, together with Lemma |1 proves point (ii). ]

Proof of Proposition

Proof. Let us denote by p” and p' the price proposed by the high-type and the low-type
seller respectively, so that o;,(p") = o;(p!) = 1. Suppose p" # p' so that p(p") = 1 and
u(p') = 0. The buyer buys if p < Q_H which means p"* < @), and p' < ;. Clearly, any price
strictly below 6, and above 6, is dominated for either type, so we limit our analysis to
the price interval [6;,6,]. This implies p! = 6, and p* € (6, 0,] which is not sustainable
since the low type has an incentive to mimic the high type and deviate to p". Hence,

any PBE must be a pooling equilibrium in which p" = p' = p*. Then, w(p*) = po and
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the buyers only buys for prices p < 9_#0 so it must hold p* € {9;, éuo}. Any deviation to a
price p < p* would not be profitable for either seller. Deviating to p > p* is not profitable
whenever the buyer decides not to buy the product at price p. Therefore, it must hold
éu(p) —p < 0 for every p > p*, where u(p) is the posterior belief on the high-type assigned

after observing price p. The condition can be written as:

éu(p) —p<0

w(p)On + (1 — u(p))br < p
O+ pu(p) A8 < p

p— 0,
n(p) < N

O

Note: The following proofs characterize the equilibrium outcomes when € = 0. In such a

case, the following hold:

R c
polft) = 01+ —
C
paﬂze - %
ba (1) = On i
&
to(P) = 5
C — —
1— iftpe |6,,0;
o) =< b= e
- p_= tp¢ 6,0

Proof of Proposition

Proof. Consider a separating PBE in which the high-quality seller chooses (p",e;), and
the low-quality seller chooses (p', ¢;). Given the assumptions on the evidence technology,
(p", er,) induces signal S¢ with probability one, while (p', ¢;) induces either S¢ or S¢. The
posterior beliefs of the buyer upon observing these two vectors and the evidence signal are
w(p™ en, S§) =1 and p(p', e, S5) = u(p', e, S¢) = 0, respectively. The evidence signal is
irrelevant since the two types choose different price-evidence combinations. From Lemma

we have that for any price p and posterior /i, in a pure-strategy equilibrium with € =0
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it must hold 5(z|p, i) = 1 with

b ifp<0, )
x = B if o & {H’M} (1.27)
n if p > 0y;
and
b ifp<0+ 5
T={ba ifO+ 15 <p<f— < if € [p, (1.28)
n 1fp>9h—§

Since both posterior beliefs are extreme, i.e. they do not belong to the interval [H> ﬁ], ac-
tion ba is dominated. Hence, the best response of the buyer to (p”, e;,) and u(p", ey, S§) = 1
requires

b ifph <o,

n if p" > 6,

while the best response to (p', ¢;) and p(pl, e;, S¢) = 0 with S¢ € {S¢, S¢} requires

booif pf <6,

n ifpl>91

Since we assume no cost of production for either good, any price above 8}, or below 6,
is strictly dominated. Any price above 6, leads to no trade and zero profits, while all
prices below 6, lead to trade without authentication. Thus, both types could always
deviate to (6;,¢;) and get 6, > 0 for sure, so that all equilibrium prices must lie in the
interval [0;,0,]. Therefore, the optimal strategy for the seller requires p" = p* € (6, 6,]
and p' = @), which imply 7(o1|3,0,) = 7 = p* and 7(0y|3,0;) = 77 = ;. Note that,
in principle, any price of the high-quality seller above 6; can be sustained in equilibrium
given sufficiently pessimistic out-of-equilibrium beliefs. However, neither type of seller

should have an incentive to deviate.

On-path deviations for the high type are clearly not profitable since mimicking the low
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type would lead to a profit of 7(oy|3,6,) = 0, < p* = 7(on|3,0). However the expected
profit of the low type from deviating to (p*, ep) is w(o4|5,60;) = ap* + (1 — )0 since with
probability 1 — « the evidence technology detects the low quality of the good leading the
buyer not to buy the good. The incentive compatibility constraint for the low type, then,
is #; > ap* which implies an upper bound to the equilibrium prices charged by the high
type in equilibrium. Specifically, this upper bound for p* is the minimum between 6;/«
and 6,,.

Let us now consider the off-equilibrium belief restrictions. The equilibrium payoffs for
each seller type are given by 7 = p* and 7} = 6;. Applying Lemma we have that the
necessary out-of-equilibrium restrictions for the high type are p;! < gb(p) if p & [ég, 9_,;}
and pg!, < Hba(p) if pe {G_H, G_ﬁ} for all p > p*; there are no restrictions for prices p < p*,
ie., pt < 1. The exact same conditions apply to pg on the high type side. Instead, since

e = 0, the conditions for the low-type seller are simply p! < /_Lb(p) for all p > 6;, and
pp < i, (p) for all p > 6;/a.

Since p* < 6;/a and p, (p) < p,(p) on [_l_“ 0, figh is determined by the high-type
restrictions for p > p* and is unrestricted, i.e. equals 1, otherwise. Conversely, pig! is
determined by the restrictions of the low type for any p < p*, and by the high type

restrictions for any p > p*, so that:

iyt =) ifp e (p*,0]

76l —

Proof of Proposition

Proof. A separating equilibrium in pure-strategy requires (p”, e*) # (p', €') with o, (p", e) =
o1(p", en). Hence, there are four possible separating alternatives when considering the type

of evidence provided by the two types of sellers in equilibrium:
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—_

(" en), (s er),
2. (0" er), (0, en),
3. (p" en), (1!, en), with p" # pf,
4. (p" @), (' ), with p* # p,

where the first vector corresponds to (p”,e”) and the second one to (p',e!). As shown in
the proof of Proposition 2, the optimal strategy of the buyer in any separating equilibrium
is characterized as follows: regardless of the actual realization of the evidence signal S¢,

the best response to (p”, ") and u(p", e", S¢) = 1 is the optimal action

b ifph < Gh

n if p" > 6,
while the best response to (p!, ') and pu(p!, e, S¢) = 0 is

b ifpl§91

n ifpt > 6,

This holds independently of the price posted or the evidence provided by the two types,
since the difference in the two price-evidence combinations allows for full disclosure of the
quality type to the buyer. Therefore, the equilibrium prices must satisfy p" € (6;,6,] and

p' = 0;. Let us consider the four cases above separately.

1. The first case corresponds to the equilibria characterized by Proposition

2. Suppose the equilibrium price-evidence combinations of the high-quality and low-
quality seller are (p", ¢;), (p', ex), respectively. The equilibrium payoffs are 7 (o] 3, 0;) =
p* and (0|3, 0,) = 0,. However, the incentive compatibility constraint for the low
type cannot be satisfied since w(o4|53,6,) = p* > 0, = ©(0y|5,6;). If the low type
deviates to (p", e;) the evidence technology cannot detect him and therefore he gets
p* with probability one. Therefore, there cannot be an equilibrium where both high-

and low-quality sellers provide untruthful evidence.
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3. Suppose the equilibrium price-evidence combinations of the high-quality and low-
quality seller are (p", e;), (p!, ), respectively, with p" # p'. The equilibrium payoffs
are 7(op|f,0,) = p* and 7(0y|B, ;) = 6,. Similarly to the previous case, the incentive
compatibility constrained for the low type cannot be satisfied since w(o,|5,0;) =
p* > 0, = w(0y|3,6;). Even in this case, if the low type deviates to (p", e;) the
evidence technology cannot detect him and he thus gets p* with probability one.
Therefore, there cannot be an equilibrium where both high- and low-quality sellers
provide low-quality evidence. Together with the conclusion in point 2, we conclude

that there cannot be a separating equilibrium in which the high type provides e;.

4. Suppose the equilibrium price-evidence combinations of the high-quality and low-
quality seller are (p", er,), (p', ex), respectively, with p* # p'. The equilibrium payoffs
are 7(oy,|8,05) = p* and (09| 3,6;) = 6. If the low type deviates to (p", ey,), he gets
p* it S¢ = S;, which happens with probability «, and 0 otherwise. Therefore, the

incentive compatibility constraint of the low type is

m(on|B,01) = ap* < 6, = w(0y|3,6)

which holds as long as p* < 6;/«. This is the same condition for the separating equi-
librium described in Proposition 2] Moreover, the rest of the equilibrium analysis
is identical to that presented in the proof of Proposition2] thus proving the claim

that separating equilibria in which both types of seller provide e;, can exist.

Since we exhausted the set of possible separating equilibria in pure strategies, we proved

the proposition.@ O

Proof of Proposition

Proof. Consider a pooling PBE in which both high- and low-quality sellers choose to
provide high-quality evidence in equilibrium so that (p",e") = (p!,e!) = (p*,en) where

p* is the common equilibrium price. Given the assumptions on the evidence technology,

32Note: In the previous version of the model, we assumed that untruthful reporting by the low-quality
seller would lead to no trade whenever detected by the evidence technology, even when the equilibrium
price-evidence vector differentiated the two types of sellers. With this stricter assumption, the only
surviving equilibria would be those characterized by Proposition
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(p*, en) induces signal Sf; with probability one when 6 = 6,; instead, when 6 = 6, (p*, ep,)
induces signal Sj with probability a and Sf with probability 1—«. Therefore, the posterior
belief of the buyer upon observing (p*, ey, S5) is

Ho

p(p”, en, Sp) = = [,
(8", en, 51) po + (1 — po)a

while after observing (p*, ep,, Sf), it is u(p*, en, S§) = 0. In this case, the evidence technol-
ogy is able to detect a low-type providing untruthful evidence with positive probability.
From the proof of Proposition [2] we have that for any price p and posterior fi, in a pure-

strategy equilibrium with ¢ = 0, the optimal 5 satisfies (1.27) and (1.28]). Clearly, the
best response of the buyer to u(p*, e, Sf) = 0 requires

booifpt <0,

n if p* > 0,

We will show that 6; is not a possible value for the equilibrium price so the optimal action
of the buyer after observing S} is always not to buy the good. The best response to
u(p*, en, S5), instead, is

and

b 1fp*§0l+1fﬂ

v=3ba {6+ <pt <G & if i € [,

n ifp*>9h—§

Ifip¢ [Hv /Z} , inducing b over n is optimal for the seller so any price p* € [61, H_ﬂ} can poten-
tially be an equilibrium price. If, instead, i € {/_L, ﬂ}, prices inducing the acquisition of the
authentication cannot be sustained in equilibrium: since the authentication technology is

perfect, the low type would always be detected thus receiving zero profit. Hence, in this
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Cc
—al

case, potential common equilibrium prices must satisfy p* € [0;, po(ft)] = {01, 0, +

In summary, p* needs to be lower than p with

=
=

0 it i ¢
S

The equilibrium payoffs for the high- and the low-quality seller are, respectively,

*

7w(on|B,0n) = 7 = p* and w(0y|5,0,) = 7 = ap*. Neither type should have an in-
centive to deviate. In particular, the profit of the low type should be at least #;, which is
the seller’s lower bound for profits, always achievable by simply setting a price equal to
0,. Therefore, it must hold 7 (0y|3,6;) > 6, or p* > 6;/a. The necessary condition for this
type of equilibrium is o > %, ensuring that the set of equilibrium prices is nonempty. If
i & {/f’ ﬁ}, this requires

(1.29)

=&

which, becomes

O pobn + (1 — po)at
a ™ po+ (1= po)o

or

(1 — p0)01® + (o6 — (1 — po)0i)cx — paoby > 0

The second-degree inequality in « has solutions a < a; and a > ay with

(1= 10)00 — o6 — /(100 — (1= 110)1]2 + Ao (1 — 110)0?

a1 =

2(1 — [L())Ql
(1 — 120)0 — 100 + /{108 — (1 — 10)60]2 + g1 (1 — 110)67
g =
2(1 — ,uo)él

Since \/[,uoeh — (1 — 10)0))? + 4po(1 — 10)0? > |1200n—(1—p10)8;], the sign of the numerator

corresponds to the sign of the square root term. Thus, a; < 0 and o < «; has no valid
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solutions. However, ay is lower than 1 since:

g < 1

\/[Mo‘% — (1= p10)0h] + 4puo
(100 — (1 = 110)0,)% + 4410
—2/,60(1 — /L())ehel + 4#0

Therefore, when i & {;_L, ﬂ}, pooling equilibria on e, exists only if a > as.

If, instead, i € [,l_i, /l}, the necessary condition becomes

(1.30)

Under € = 0, this corresponds to

o 1—pn
l -« fo + (1 — pwo)ax
a (1 — po)
(1= a)(1 = po)bh < [po + (1 — po)ae
(1= po)(6r + c)or =

>
IN

(1 — po)0r — pioc
o> (1 — p20)0; — poc s
(1 — p10)(01 + )

which is lower than 1 if ¢ > 0, and equal to 1 otherwise. Therefore, when i € [,t_L, [L},
pooling equilibria on ey exist only if & > 3. These results imply oy = 6;/0;(a,) and
az = 0,/pp(ii(as)). When i & [H,ﬁ}, we have 0; < py(fi) implying oy > aj. Since
(o is the relevant threshold, in this case, we can write the condition as a > as > as.
Symmetrically, when i € {[_J,, ﬂ}, we have p,(ji) < éﬂ implying a3 > as. Since ag is
the relevant threshold, in this case, we can write the condition as @ > a3 > ay. Putting

everything together we get that the overall necessary condition for the existence of pooling
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equilibria on e;, when € = 0 is @ > max{as, as3}.

Let us now consider the off-equilibrium belief restrictions. The equilibrium’s payoffs
for the types of sellers are 7, = p* and 7/ = ap*. Applying Lemma [I1 we have that
the necessary out-of-equilibrium restrictions for the high type are: for all p > p*, if
pé [G_H, G_p], then pyt < p, (p); if p € [él,“ G_p], then i), < y1, (p). There are no restrictions
for prices p < p* (i.e., pyt < 1). The exact same conditions apply to p on the high type
side.

Instead, since ¢ = 0, the conditions for the low-type seller are: if p > ap*, then
py < g, (p); if p > p*, then pgn <y, (p). There are no restrictions otherwise.

Since p, (p) < gb(p), fir is determined by the high-type restrictions for p > p* and is
unrestricted, otherwise. Conversely, ji;! is determined by the restrictions of the low type
for any p € (ap*,p*], by restrictions of the high type for any p > p*, and is unrestricted

otherwise. Overall, this implies:

1 if p € [0, p*]

' =qu,p)  ifpe(p, 0]

and

1 lfp S [917ap*]

7€l —

fp =, (p) ifp € (ap®,0h] N [L,é—]c or p € (ap*,p*| N [01“97,;}
{,

,l_/bba(p) lfp € [p*aeh] N o 7;2}

Proof of Proposition

Proof. Consider a pooling PBE in which both high- and low-quality sellers choose to
provide low-quality evidence in equilibrium so that (p", e") = (p', e!) = (p*, ¢;) where p* is
the common equilibrium price. Given the assumptions on the evidence technology, (p*, ¢;)

induces an uninformative evidence signal since P(S5|e;, 0,) = P(S5|er, 0;). Therefore, the
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posterior belief of the buyer upon observing (p*, e;, S5;) or (p*, e;, Sf) is simply the prior
Lo, since the evidence technology is not able to differentiate high- and low-type of sellers.
From the proof of Proposition [2] we have that for any price p and posterior f, in a pure-

strategy equilibrium with e = 0, the optimal 5 satisfies (1.27) and (1.28]). Clearly, the
best response of the buyer to posteriors u(p*, e, S5) = u(p*, e, S5;) = po is

ﬁuo€&5ﬂ

and

b if p* < 0[ + 1_C#0
T=1{ba O+ <p <Oh— & if 1o € [,

n ifp*>9h—ITCO

If po & {H’ ﬁ}, inducing b over n is optimal for the seller so any price p* € {91, éuo} can po-
tentially be an equilibrium price. If, instead, ug € {/_1, ﬂ}, prices inducing the acquisition of
the authentication cannot be sustained in equilibrium: since the authentication technology

is perfect, the low type would always be detected thus receiving zero profit. Hence, in this

C
I-po]”

case, potential common equilibrium prices must satisfy p* € [6;, py(10)] = {91, 0, +
In summary, p* needs to be lower than p with
. Oro if 1o & [,
O+ ifue [Haﬁ]

The equilibrium payoff is the same for the high- and the low-quality seller and equals
7(on|B,0n) = 7(0y|B,6;) = p* since any equilibrium price induce the buyer to buy without
authentication and the evidence technology is not able to detect the low type. Differently
from the previous equilibrium types, there are no in-equilibrium profitable deviations for
either type, since the common equilibrium profit is (weakly) larger than ¢;. This implies
that there are no necessary conditions for the existence of pooling equilibria on e;, so that

this kind of equilibrium exists for any combination of the parameters of the model.
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We are left to determine the restrictions on the out-of-equilibrium beliefs necessary to
sustain the equilibrium. The equilibrium’s payoffs are 7; = 7/ = p*. Applying Lemma
we have that the necessary out-of-equilibrium restrictions for the high type are: for
all p > p* if p & [ég,éﬂ}, then pet < [_Lb(p); if pe [éy,éﬂ}, then pt, < /_Lba(p). There are
no restrictions for prices p < p* (i.e., 7! < 1). The exact same conditions apply to s’
on the high type side.

Instead, since ¢ = 0, the conditions for the low-type seller are: if p > ap*, then
gt < L_Lb<p); if p > p*a, then pgh < ;_J,b(p). There are no restrictions otherwise.

Since p, (p) < p,(p) and p* < p*/a, both pg* and fiy are fully determined by the

high-type restrictions for p > p* and are unrestricted, i.e. equals 1, otherwise. Therefore,

1 if p € [0, p]

i Hel

M;h =My = Hb(p) iftpe (p*’eh] M [7/9 }L}

Proof of Proposition|§|

Proof. (i) The proof of the optimality of the proposed strategies follows the same argument
as in Proposition [2| once we account for the general definitions of py, (1), pp(p) with
e > 0, and the fact the he evidence provided by the low type in equilibrium, €' could
be either e; or e,. Equilibrium payofts are 7; = p* and n} = 6;, with equilibrium price
p* € (0, min{0;/«, 0, }]. No conditions are required to ensure existence.

From Lemma [11] we have that the necessary out-of-equilibrium restrictions for the
high type are as follows: for all p > p*, if p & [ég,éﬁ}, then gt < p, (p); if p € [ég,éﬁ},
then 7!, < Hba(p). There are no restrictions for prices p < p* (i.e., it < 1). The exact
same conditions apply to pg on the high-type side. Instead, since £ > 0, the conditions
for the low-type seller are as follows. First, consider deviations to out-of-equilibrium
(p,e): for all p > 6, if p & [ég,éﬁ}, then ! < p, (p); if p € [ég,éﬁ} and p € (0,,0,/¢],
then ! < /_Lb(p); if p e {91“97,1} and p > /e, then p7 < /_Lba(p). Second, consider
deviations to out-of-equilibrium (p, e;,): for all p > 0,/«, if p & {9_,_“ 9_,;}, then ppt < 1, (p);
if p e {ég,éﬁ} and p € (6i/c, 0i/(ag)], then pgh < p, (p); if p € [Q_H,éﬁ} and p > 0;/(ae),
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then i < g1, (p). There are no restrictions for prices p < 6;/a (i.e., pp* < 1). Overall, it
implies:
1 if p € [0, p]

iy =) i p e (p% 04 0 [0, 0]

,t_zb(p) if p& [éy, éﬁ} or p € [0;, min{p*,0,/e}] N [91“ éﬁ}
1, (p) i p € (min{p*, 0,/¢},04] 0 [0, 0]

7€l —

Hp

Finally, note that the same reasoning that led to Proposition [3| applies when ¢ > 0, so
that in every separating equilibrium, the high type provides high evidence e;,, while the
low type is indifferent between e; and e, since the different prices posted by the two types

lead to a degenerate posterior regardless of the evidence provided by the low type.

(ii) The proof of the optimality of the proposed strategies follows the same argument
as in Proposition [4] once we account for the general definitions of py, (1) and p,(p) with
e > 0. The only difference is that when ¢ = 0, authentication acquisition cannot be
sustained in equilibrium, whereas in a pooling(e) equilibrium with ¢ > 0, it is one of
the two possible equilibrium outcomes. In this case we are considering §(blp*, 1) = 1.
Equilibrium payoffs are 7} = p* and 7} = ap*, with equilibrium price p* € [0,/«, p] with
D= éﬂ if it & [p, 1], and p = py(fi) if fi € [p, j1]. The necessary and sufficient condition

for equilibrium, ensuring the equilibrium price set is non-empty, is % < p. If i ¢ [H, ﬂ},

«

the condition becomes o > g—f, which corresponds to condition (|1.29) in the proof of
o

Proposition [} From there, we have that the condition is satisfied if and only if a > as,

with

(1 — p0)0r — p1o6n + \/[Noeh — (1 = p0)01]* + 4o (1 — pao)07
Oy = )
2(1 — ,uo)él

which we proved to be strictly lower than one. If i € [u, ﬂ}, the necessary condition

corresponds to

(1.31)
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or

‘9[ C
R T
1—oz(9 < c
'S a-p-e)
-« po + (1 — po)ax
o NS ) —eat
(1= a)(1 = po)(1 = £)6; < 1o + (1 — po)ale
(1= po)(1 =)0 — poc < [(1 = po)e + (1 — po)(1 — €)bi]a

(1~ po)(X =€) — poc . _
(I—p) (1= +c

o
1

a >

which is lower than one whenever ¢ > 0, and one otherwise. Therefore, when i €
{;_L, ﬂ}, pooling(ep,)-b equilibria exist only if @ > ay4. Unsurprisingly, as, from the proof
of Proposition 4, and «y are equivalent when £ = 0. Moreover, no conditions on ¢ are
required to guarantee the existence of pooling(ep,)-b equilibria. Similarly to the proof
of Proposition [ it can be shown that the overall necessary condition for the existence

of pooling equilibria on e, when € > 0 is a > max{ay, oy}, which encompasses both

i € [/f,ﬂ} and /i ¢ [g,ﬁ]

From Lemma [11] we have that the necessary out-of-equilibrium restrictions for the
high type are as follows: for all p > p*, if p & [ég,éﬁ}, then st < Hb(p); if p e [ég,ﬁ_ﬂ},
then pgt, < Hba(p). There are no restrictions for prices p < p* (i.e., put < 1). The exact
same conditions apply to pg on the high-type side. Instead, since € > 0, the conditions for
the low-type seller are as follows. First, consider deviations to out-of-equilibrium (p, ¢;):
for all p > ap*, if p & {G_H, éﬁ], then pst < Hb(p); if pe {G_H, éﬁ} and p € (ap*, ap*/e], then
gt < L_Lb(p); if pe {81“ éﬁ} and p > ap*/e, then pft < /_Lba(p). There are no restrictions for
prices p < ap® (i.e., u;t < 1). Second, consider deviations to out-of-equilibrium (p, ep):
for all p > p*, if p & [ég,ﬁ_ﬂ}, then pg < p,(p); if p € [ég,éﬁ] and p € (p*,p*/e], then
gl < gb(p); if pe [ég, éﬁ} and p > p*/e, then pst < Hba(p). There are no restrictions for
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prices p < p* (i.e., puy» < 1). Overall, it implies:

1 if p € [0, p*]

iyt =) ifp e (p*,0]

and

76l —

i = u,p) it p € (ap*,01 N [0,,0:) or p € [ap*, min{p*, ap*/e}] N [0, 0]

1, (p) it p € (min{p*, ap*/e}, 6, N |6, 6]

(iii) Consider a pooling PBE with ¢ > 0, in which both high- and low-quality sellers
provides e, in equilibrium so that (p" eh) = (pl,e!) = (p*,e,) where p* is the com-
mon equilibrium price. The posterior belief of the buyer upon observing (p*, ey, S5;) is
wu(p*,en, S5) = Miﬂuo)a = [i, while after observing (p*, e, Sf), it is u(p*, en, Sf) = 0.
From Lemma [2[ we have that the best response of the buyer to u(p*, es, Sf) = 0 requires

booif pr < 6,

n if p* > 0,

We will see that equilibrium must be strictly above 6;, so the optimal action following S}

is n. The best response to u(p*, es, S5;) = fi, instead, is

boifpt <0, )
T = ifag [u,u]
n if p* > 0y
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and

b if p < py(fi)

v=1Cba i pylfi) < p < pral)) HAE |0 (1.32)

n if p Z pba(ﬂ)

Let us consider the case in which i € {,L_L, ﬂ} and ba is the optimal strategy of the buyer.
In fact, when € > 0, prices inducing authentication acquisition can possibly be sustained
in equilibrium; an imperfect authentication technology allows the low type not to be

detected with positive probability when authentication is acquired. Potential common

c A0 +(1—f1)ef;—c
1-p)(1-¢)’  p+(1-p)e

The equilibrium payoff for the high-quality seller is 7 (oy|3,0,) = 7 = p*, while the

equilibrium prices belong to the interval [py(/i), pea(fi)] = |0 + ¢

equilibrium payoff of the low-quality seller is w (0|3, 6;) = 7] = aep*. Indeed, a low type
providing high evidence induces S; with probability «, and authentication acquisition
generates signal Sj with probability €. The no-deviation condition for the low-quality
seller requires a payoff of at least #;. Therefore, it must hold acp* > 6;. A necessary

condition for the existence of pooling(ey,)-ba equilibria is then

a > 61/epea(it), (1.33)

which corresponds to

0, [0y, + (1 - /1)891 —cC
Qe a4 (1—j)e

ol + (1 — po)aceh,
‘9[ < Mo + (1 - ,U,())Oé

ag po + (1 — po)ae

po + (1 — po)x
O _ pobn + (1 = po)acth — [po + (1 — po)ale
ag fo + (1 — po)ae

(1o + (1 = po)acll < acpofy + (1 — po)a’e?0 — agluo + (1 — po)ale.
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This, in turn, corresponds to the following second-degree inequality in a:
(1 — po)e(el; — c)a? + elpo (0 — ¢) — (1 — po)b;)a — oy >0

The corresponding equality has roots:

—elpa0(B — &) = (1= p0)8i] — / [e(oBh — ) — (1 = 1)) + depol1 — o) (s — )

a5 =

—¢elpo(On — ¢) — (1 — po)0i] + \/ e(po(0h — ¢) — (1 — 110)0))]* + 4epto(1 — o) (€6, — )6,

Qg =

) —

2e(1 — o) (b, — ¢)
) —
(

2e(1 — po) (b — ¢)

Since the sign of the coefficient of the squared term is undetermined, it is not clear
a priori which solutions of the quadratic inequality are valid. We will now show that
the only relevant threshold is ag. To simplify notation, define A = (1 — pg)e(eb;, — ¢),
B = ¢elpuo(0y, — ¢) — (1 — po)0;] and C' = —puob;. There are three cases:

(a) Suppose €6, — ¢ > 0, so that A > 0. Then, a5 < ag and the solutions are o < a
and a > ag. A > 0 implies —4AC > 0, so that /B2 —4AC > |B|, and ensures
the discriminant of the quadratic equation is strictly positive. Moreover, A > 0 and
VB2 — 4AC > |B| imply that the sign of the thresholds is determined by the sign
of the square root. So as < 0, so that no valid solutions come from o < a5, while

ag > 0, which requires ag < 1 to have valid solutions.

(b) Suppose £6; — ¢ = 0, so that the inequality simplifies to

fof

o >
~ g[pobn — poc — (1 — p10)0i]

The initial assumption implies € = 9%. Substituting into the inequality yields

o> pobi _ 1100} — lim a
= efpobn — poc — (1 — )6y cfpobn — poc — (1 — p0)6]  e—c/an

In fact, by defining K = (0, — ¢) — (1 — )6, we can rewrite ag as

—eK + \/€2K2 + depio(1 — po) (6, — )6,
2e(1 — o) (g6, — ¢)

Qg =
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As e — ¢/0,;, both the denominator and the numerator tend to 0 since €6, —c = 0 and

—c/0,K+,/(c/6,)>?K? = 0, since K > 0. Define the numerator and the denominator

of ag as
N = —eK +\/e2K2 + depio(1 — o) (e — )6,
D =2e(1 — po) (el — ).
Then,
ON _ K4 26 K? + 8o (1 — po)0fe — depo(1 — p10) 0,
e 2\/52K2 + depo(1 — po) (g6, — )6, 7
and
oD

e = 46,(1 — po) — 2¢(1 — o).

At e = 7, we have €0, — ¢ = 0, so that substituting in %—N and %—D we get
1 € €

ON _ _K+2(C/91)K2 + depo(l — o)t —K+K2 + 2p0(1 — po)07 _ 2p0(1 — 10)07
Oe 2(c/0)K K K ’
and

oD

e = Ae(1 — pg) — 2¢(1 — po) = 2¢(1 — po).

Therefore, by applying L’Hospital’s rule, we have:

AN 2p0 (1—p0)67

lim ag= 25 = — K _ pobli 1100? |
e—c/0; %% 20(1 — ,uo) cK Is [/J/()(eh _ C) _ (1 o Mo)ez]

Thus, case (b) is equivalent to case (a), so that the only valid solutions are o > «v,
requiring ag < 1.

(c) Suppose €0, — ¢ < 0, so that A < 0. Then a5 = %@ and ag = @
so that as > ag whenever the discriminant B? —4AC > 0. Therefore, the condition
is satisfied if and only if ag < o < a5 and B? — 4AC > 0. To have valid solutions,
it must hold that ag < 1 and as > 0. Now, since A < 0, we have —4AC' < 0, so
that /B2 — 4AC < |B|: whenever the discriminant B2 — 4AC > 0, the sign of the
thresholds is determined by the sign of B. Note, however, that if a solution exists,

then it must be that B? — 4AC > 0, which implies B > 0, and, in turn, as > 0.
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Therefore, the condition on a5 is redundant. Thus, valid solutions satisfy a > ag,

which again requires that ag < 1.

We proved there is only one relevant threshold for a: condition is satisfied if
and only if @ > ag. Note, however, that ag is not necessarily lower than 1 for all other
parameter combinations, which is a necessary condition for the set of possible solutions
to be nonempty.

We are left to determine the restrictions on the out-of-equilibrium beliefs necessary
to sustain the equilibrium. Applying Lemma [11, we have that the necessary out-of-
equilibrium restrictions for the high type are: for all p > p*, if p & [9_!,“ Q_ﬁ}, then pfl <
Hb(p); if p € {01“ éﬁ], then pt, < Hba(p). There are no restrictions for prices p < p* (i.e.,
pet < 1). The exact same conditions apply to ug* on the high type side.

Instead, the conditions for the low-type seller are as follows. First, consider deviations
to out-of-equilibrium (p, e;): for all p > aep*, if p & [ég,ﬁ_ﬁ}, then ) < p, (p); if p €
{ég,éﬂ} and p € (agp®, ap*], then puf < ;_Lb(p); if p e [ég,éﬁ] and p > ap*, then p;t <
ft,,(p). There are no restrictions for prices p < easp™/ (ie., y;! < 1). Second, consider
deviations to out-of-equilibrium (p, e,): for all p > ep*, if p & [ég, éﬁ}, then pgh < p, (p);
if p € {é ,éﬁ} and p € (ep*,p’], then pr < Hb(p); if p € {ég,éﬁ} and p > p*, then
< py, (p). There are no restrictions for prices p < ep* (i.e., pgh < 1). Overall, it

implies:
1 if p € [0, ep’]
fiy" = Hb(p) if p € (ep*,0,] N [ 7,1} or p € (ep*, p*| N {égvéﬁ}
m,, (p) ifp € (p*,0n] N [é }
and

1 if p € [0}, aep*]

}C or p € (agp”, ap*| N [0, 0]

i —

iy = m,(p) i p e (asp, 6,10 [6,,0;
Hba(p) lfp € (ap*veh [9_ ]

(iv) The proof of the optimality of the proposed strategies follows the same argument
as in Proposition , once we account for the general definitions of pp, (1), pp(p) with e > 0.

The only difference is that when £ = 0, authentication acquisition cannot be sustained in
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equilibrium, whereas in a pooling(e;) equilibrium with € > 0, it is one of the two possible
equilibrium outcomes. In this case we are considering 5(b|p*, po) = 1. Equilibrium payoffs

are m; = m/ = p*, with equilibrium price p* € [0}, 0,,,] if po & (i, i1}, and p* € [0y, py(p0)] if

to € [p, j1]. No conditions are required to ensure existence.

We are left to determine the restrictions on the out-of-equilibrium beliefs necessary
to sustain the equilibrium. Applying Lemma [11] we have that the necessary out-of-
equilibrium restrictions for the high type are: for all p > p*, if p & [91“ éﬁ}, then ! <
,t_zb(p); if pe [ég, éﬁ], then pl, < Hba(p). There are no restrictions for prices p < p* (i.e.,
pgt < 1). The exact same conditions apply to ps" on the high type side.

Instead, since € > 0, the conditions for the low-type seller are as follows. First, consider
deviations to out-of-equilibrium (p, ¢;): for all p > p*, if p & [ég,ﬁ_ﬁ}, then gt < p, (p);
if p e {ég,éﬁ} and p € (p*,p*/e], then pst < Hb(p); if p e {ég,éﬁ} and p > p*/e, then
! < Hba(p). There are no restrictions for prices p < p*/ (i.e., ;' < 1). Second, consider
deviations to out-of-equilibrium (p, ep,): for all p > p*/a, if p & [ég, éﬂ}, then i < pu, (p);
if p e {Q_H,éﬁ} and p € (p*/a,p*/(ag)], then g < p, (p); if p € [ég,éﬁ] and p > p*/(ae),
then p < p, (p). There are no restrictions for prices p < p*/a (ie., py* < 1). Overall,

it implies:

7€l —

iyt =y = p,(p)  ifp € (p*, 0]

Hy,(P) i p € (17,6211 |6, 0]

(v) Consider a pooling PBE with ¢ > 0, in which both high- and low-quality sellers
provides ¢; in equilibrium so that (p”,e) = (p!,e!) = (p*, e;) where p* is the common
equilibrium price. Given the assumptions on the evidence technology, (p*,e;) induces an
uninformative evidence signal since P(S5|e;,0,) = P(S5|er, 6;). Therefore, the posterior
belief of the buyer upon observing (p*, e;, S5;) or (p*, e;, Sf) is simply the prior po. From
Lemma [2| we have that the best response of the buyer to u(p*, e, S5) = u(p*, e, Sf) = po,

is
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and

b if p < py(po)
T=ba i pylio) < p < pralpo)  if o € |1l (1.34)

nif p > ppa(po)

Let us consider the case in which pg € {/_i, ﬁ} and ba is the optimal strategy of the buyer.
In fact, when € > 0, prices inducing authentication acquisition can possibly be sustained
in equilibrium; an imperfect authentication technology allows the low type not to be de-

tected with positive probability when authentication is acquired. Potential common equi-

c p0On+(1—po)ed—c
I—po)(1—€)’  po+(l—po)e

The equilibrium payoff for the high-quality seller is 7 (oy|3,0,) = 7 = p*, while the

librium prices belong to the interval [py(io), Poa(tto)] = [Ql +1

equilibrium payoff of the low-quality seller is 7 (0|5, 6;) = m; = ep*. Indeed, when sellers
pool on e;, S¢ is uninformative, while authentication acquisition generates signal S} with
probability €. The no-deviation condition for the low-quality seller requires a payoff of
at least 6;. Therefore, it must hold ep* > ;. A necessary condition for the existence of
pooling(ey,)-ba equilibria is then

€ Z Hl/pba(uo), (135)

which we do not study further since pooling(e;) equilibria do not survive the first refine-
ment criterion 7

We are left to determine the restrictions on the out-of-equilibrium beliefs necessary
to sustain the equilibrium. Applying Lemma [11] we have that the necessary out-of-
equilibrium restrictions for the high type are: for all p > p*, if p & [91“ éﬁ}, then ! <
,t_zb(p); if p € [91“ éﬁ], then pl, < Hba(p). There are no restrictions for prices p < p* (i.e.,
pst < 1). The exact same conditions apply to ps* on the high type side.

Instead, since € > 0, the conditions for the low-type seller are as follows. First,
consider deviations to out-of-equilibrium (p,e;): for all p > ep*, if p & [ég,éﬁ}, then
py < p,(p); if p € {ég,éﬂ] and p € (ep*, p*], then ! < p, (p); if p € {ég,éﬂ} and p > p*,
then pet < gba(p). There are no restrictions for prices p < ep* (i.e., put < 1). Second,
consider deviations to out-of-equilibrium (p,ep,): for all p > ep*/a, if p & [ég, éﬁ}, then

33Tt can be shown that there exists values of ¢ such that the condition is satisfied only if ¢ < uoA#.
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gl < Hb(p); if p e {O_H,éﬂ} and p € (ep*/a,p*/al, then psr < Hb(p); if p € {é 9_—} and
p > p*/a, then psh < gba(p). There are no restrictions for prices p < ep*/a (i.e., us» < 1).

Overall, it implies:

1 if p € [0;, min{ep*/a, p*}]

T p,(p) if p € (min{ep™/a, p*}, 0] N { s ﬁr or p € (min{ep*/a, p*},p*/alN {_H’ _ﬁ]
/_Lba(p) if p € (p*/a, 0, N [9_&“ éﬁ}

and
1 ifpe(fep]

7€l —

Hp =, (p) ifpe (ep,0p] N

(0,:65) or p € (ep*,p°] 01 [0, 03]
1, (p) i p € (p*,01] 0 [0,,0;]

Since we exhausted the set of pure-strategies combinations that can be sustained in

equilibrium, we proved the proposition. O

Proof of Corollary

Proof. The necessary conditions for pooling(ep,)-ba equilibria are a > 6;/eppa(ji) and
TS {H, ﬂ} From the results following Corollaryl the latter condition is equivalent to

c<i(l—p)Ad = HA@ The first condition, instead, corresponds to

ﬁ<,&9h+(1—ﬁ)591—c
ag g+ (1—fp)e

f+ (1= pe

C S ,&Qh + (1 - ,&/)5‘91 - 91

¢S i = %S

poBn ~ po+ (1= po)(1 — ae)ae
po + (1 — po)a poae + (1 — pg)ae

C S (9[.

Since both necessary conditions must hold, ¢ must be weakly lower than min{/(1 —

i) AG, 6, _MQ} []

ag
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Proof of Proposition

Proof. Suppose a = 1—4, and € = 1 —d,, with d4,d. > 0 such that (a,¢) € (0,1)%. Then,

Ho
po + (1 — o) (1 = da)

p= E<071)

which implies

il = ) (1 =)A= (1 — 2)0:A0 > 0

so that the first term of the min function in the definition of ¢, is strictly positive.

Now, we know from the proof of Corollary [2| that

o+ (1—a)(1— aa)ael oBn ~ po+ (1 —po)(1 — oza)ozee

0 _
Hon ae po + (1 — po)a poae + (1 — pp)ae

When ¢,,0. — 0, we have a,e — 1. Consequently, the above expression tends to

trobh o+ (1—pe)(1—1)
po + (1 — po) po + (1 — po)

01 = pobn — 1oty = oAb > 0.

By continuity of this expression with respect to o and €, there always exist d,,d. > 0 such

that the second term of the min function is strictly positive, which implies that ¢, > 0.

]

Proof of Corollary 77?7

Proof. The proof is straightforward once we account for the definition of each equilibrium:

(i) In separating equilibria, the high type charges p* < 6}, and the low type charges

a price of 6;. Therefore, the probability of fraud is 0. Moreover, the buyer has
degenerate posterior and buys regardless of whether they are zero or one, so that

the probability of trade is 1.

(ii) In pooling equilibria, the low type charges a price p* > 6;, so any time a trade

involving a low type takes place it is fraudulent:

(a) In pooling(es)-b equilibria, the trade takes place if the type is high or the

type is low and the evidence technology fails to recognize the low type («).
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Thus, the probability of trade is uo + (1 — po)a and the probability of fraud is
(1 = po)av.

(b) In pooling(ey)-ba equilibria, the trade takes place if the type is high or the
type is low and both the evidence and the authentication technologies fail to
recognize the low type (ae). Thus, the probability of trade is po + (1 — po)ae
and the probability of fraud is (1 — pg)ae.

(c¢) In pooling(e;)-b equilibria, the trade always takes place since no test is trig-
gered. Thus, the probability of trade is 1, and the probability of fraud corre-
sponds to the probability of the type being low, (1 — pp).

(d) In pooling(e;)-ba equilibria, the trade takes place if the type is high or the type
is low and the authentication technology fails to recognize the low type ().

Thus, the probability of trade is po + (1 — ug)e and the probability of fraud is
(1 — po)e.

Proof of Proposition 77

Proof. Given (o, 0y, 01, v, €), if fi € [p, o] and o > max{6;/eppa(fi), 01/ps(f1)}, then both
pooling(ep,)-ba and pooling(e,)-b are feasible. Given corollary ?? the probability of fraud
for pooling(ey)-ba equilibria is (1 — py)ae while the probability of fraud for pooling(e,)-b
equilibria is (1 — ug)ca, which prices the claim since € € (0, 1].

]

Proof of Lemma

Proof. Consider a PBE with maximum out-of-equilibrium requirements i and . From

Assumption [3| an equilibrium does not survive the belief restriction if there exists a

belief i € [0,1] and an OOE pair (p,e) such that m,(p,e, i) > 7, m(p,e, i) < w7 and

pw*(p,e, Sg) < fi. Recall the definitions of pr and pol, as the maximum, i.e., the least
e

pessimistic, uch = p(p, e, Sy) and pgt = u(p, e, Si) necessary to sustain an equilibrium.

From Lemma [I1], we have that the restrictions on OOE beliefs for the high type are always
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of the form:

1 if p € [0, p]

fy (On) = 1 (0n) = Y, (p)  if p € (p*, 64] N [ _ﬁr (1.36)

p, (p) ifpe (0N [9_ ﬁ}

where we explicitly denote the dependency on the seller’s type, and we use the fact
that 7 = p* in every pure-strategy equilibrium. Note that necessary restrictions are
independent of the evidence type. For the low type, however, the restrictions on OOE
beliefs are less stringent for deviations to OOE pairs (p, ;) than for those to (p, ¢;); that
is, for any OOE price p, pp» > pl. This means it is sufficient to check for deviations
to OOE (p, ey) pairs since they require less pessimistic (i.e., larger) beliefs to sustain an

equilibrium. Therefore, we focus on

1 if p € [0, 7 /a]

A (0) = S, (p) i p € (a7 /0,01 0 [0,,0,]" or p € (n}jov. 7} /()] N [0,.6,] (137)

1, (p) if p € (75 /(ae), 04 0 [0y, 0]

Importantly, the definitions of fi¢" () and fiz" (6;) imply that for any OOE p, if fi > pzr (6))
then m,(p, en, 1) > mj;, while conversely, if 4 < ji;*(0n) then m(p,en, i) < m Thus,
for any i € (ji;"(0n), i (01)) (if the set is nonempty), we have 7, (p, ex, i) > 7 and
m(p,en, 1) < m . Therefore, we can express the refinement condition as follows: an

equilibrium does not survive the belief restriction if there exists an OOE p such that

iy (On) < fi) (01).

A direct comparison of figh (0;,) and i (6;), together with the fact that p, (p) <y, (p) for

[9117 0,;] shows that this inequality holds if and only if at least one of the following
conditions is met: (i) p* < 7} /a; (i) p* > 77 /o and the set (p*, 0, N (77 /(ae), 7} [(ae)] N
[04,0;) is nonempty. This nonemptiness requires p* < min{f;, 7; /(ae)} and 7} /(ag) > 6,
or, equivalently, 7/ /(ae) > max{p*,ég} and p* < 6. Since ég < 0, and 7 = p*, the

statement of the lemma is proved. O
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Proof of Proposition

Proof. We prove the proposition by applying Lemma 3| to the equilibrium types charac-

terized in Proposition [6] and recalling that for all of them 7} = p*.

*

(i) In separating equilibria, we have p* € (6;, min{6,/a, 0,}] and 7 = 6,. According to

point (i) of Lemma [3] the unique equilibrium price is p* = min{6;/a, 6),}. Moreover,

since T < 7 /(ae), point (iii) implies that p* must not lie in (9,,, #-). This, combined
h [ 7p p p MV p )

with point (i), implies that either p* > 6 or p* < 6; and 6,/(ac) < ,. In the first

case, we have p* = min{6;,/a, 0} € [0, 0] with the necessary condition a < 6;/0;;

in the second case, p* = 0;/a < 9_11 with the necessary condition 6,/(ag) < 6. Note

that if 6;/a € (ég, 0:), then no separating equilibria survive.

(ii) In pooling(es)-b equilibria:

(a)

o> max{@l/éﬁ, 01/(5@)}.

If i € [p, i), we have p* € [0/, py(fi)] with 6; > 6, and 7} = ap*. Point
(i) does not have bite. Given point (iii), if p* € (9_,_“5,1) then it must be
7 /(ag) = p*/e < éH or p* < 65/! which is impossible. Given point (ii), if
p* € [0,,0,] then it must be 7} /(ae) = p*/e < 6, or p* < eb,. Therefore,
p* € [0/, 6,] (since 6; > 60, > £0,,) with necessary condition o > 6,/(e6,,) is
the only surviving solution in this case.

If i € [ji,1), we have p* € [0;/a,0;]. Now, if ;/a < a‘ég then, following
the same argument for (b), we find one solution namely p* € [6;/cv, £0,] with
necessary condition o > 6,/ (5§H)' Instead, regardless of 6,/ there is always an
additional solution namely p* € [max{f;/a,0,},0;] with necessary condition
a >0/ Q_ﬁ. In fact, if p* > 0_;“ the lemma does not have bite. This, together
with the fact that p* € [6)/a, 0;] provide the second solution.

(iii) In Pooling(ep)-ba equilibria, we have p* € [max{60,/(ae), pp(ii)}, poa(ft)], 7 = acep®,

with fi € [p, i) Since, [max{6;/(ac), ps(f1)}, Pra(ft)] C [ég,éﬂ], only point (iii) ap-

plies. Moreover, 7j/(ag) = p* so that any equilibrium of this type survives the
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belief restriction. So, it implies p* € [max{6;/(ac), pp(i1)}, Pra(ji)] With necessary
conditions for existence a > 0;/(eppa(f)), and fi € [, f1].

(iv) In Pooling(e;)-b, p* = 7/ < 7/ /a, therefore, given point (i), no equilibrium of this

type survives the belief restriction.

(v) In Pooling(e;)-ba, we have p* € [max{py(o), 01/}, pva(pto)] an 7 = ep*. Note that
point (i) only has bite if ¢ > « as it would imply 7/ /o > ep*/a > p*. Suppose,
then, ¢ > «. Since, [max{py(0), 0/}, Pva(pto)] C [éH,H_ﬂ], only point (iii) applies,
and the fact that 7 /(ce) = p*/a > p* implies no equilibrium of this type survives

the belief restriction.

Proof of Proposition|§|

Proof. Proposition |8 characterizes the equilibria that survive the belief restrictions. First,
we examine which equilibria within each category satisfy the seller-optimal restrictions.
Then, if more than one category is feasible for a given parameter combination, we select
the equilibria that survive across categories. Clearly, within each category, the equilib-
rium that meets the seller’s payoff restrictions is the one exhibiting the highest price p*.

Therefore, the surviving equilibria within each category are as follows:

(i) Separating: regardless of fi, the equilibrium price is unique and depends on a: if
a > 6,/(e0,) then p* = 0;/c; if a > 6,/6;, then p* = min{6;/c,6),}. Let us denote
them as the inefficient and efficient separating, respectively. Note that p! = 6; in

either case.
(ii) Pooling(ep)-b:
(a) if @ € (0,u) and o > max{6,/0;,6,/(¢0,)}, then p* = min{f;,20,}, with
p* >0,/ _ _
(b) if fi € [, /i) and o > 6,/(6,,), then p* = €6, with p* > 6/«

(c¢) if g €[p,1) and > 91/(5§H)7 then p* = EH_H; if i € [fi,1) and o > 6,/0;, then

*

p* = _ﬁ. Since the second price is larger and the necessary condition is less
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stringent, the only equilibrium surviving the criterion is p* = _ﬂ > 0,/a, with

p* > 0/, whenever fi € [ji,1) and a > 6,/0;.

(iii) Pooling(es)-ba, if fi € [p, ] and o > 0;/eppa(ft), then p* = ppa(fi).

There are four regions with unique equilibrium outcome: if a € [0, min{6;/0;,6,/0;}) it
is an efficient separating; if o € [0, /eppa(fi), 6,/(€6,)) and fi € (p, 1) it is pooling(ey)-ba;
if @ € (0,/0;,60,/(0,)) and fi € (11, 1) it is pooling(es)-b; if o € [6;/(6,),0,/6), and

i € {O, 502;91]7 it is inefficient separating.

Finally, there are four parameter regions, in terms of a and fi, with multiple equilib-

rium outcomes:

(i) If « € [0,/0,6,/0;) and ji € [ji, 1), the only feasible equilibrium outcomes are
efficient separating and pooling(ey,)-b: for separating, 7} = min{6,/a,0,} = 6;/«
and 77 = 0; for pooling(es)-b 75 = 0; > 6;/a and 7} = af; > ), with strict
inequalities except at the boundary, i.e., when 6,/ = éﬂ. Thus, only pooling(ey)-b

survives the seller-optimal criterion.

(i) If o € [max{6,/6z,6,/(c6,)}, 1) and i € (0, p), If o € [max{6;/6;,6,/(£6,)},1], then
the two feasible equilibrium outcomes are inefficient separating and pooling(ey,)-b:
for separating, 7; = 60,/ and 7} = 6;; for pooling(e,)-b 7 = min{éﬂ,eég} >0/«
and 7 = ozmin{@_ﬁ, ség} > 0, with strict inequalities except at the boundary, i.e.,
when §;/ac = min{6;,26,}. Thus, only pooling(ej)-b survives the seller-optimal

criterion when they are both feasible.

(ili) If a € [6,/(c6,,),1] and fi € [u, 1), the feasible equilibrium outcomes are inefficient
separating, pooling(ep)-b, and pooling(es)-ba: for separating, 7; = 6,/a and 7} =
0;; for pooling(e,)-b 7 = 5@ > 0;/a and 7} = aséH > 6;, with strict inequalities
except at the boundary, i.e., when 6;/a = 5@; for pooling(ey)-ba p* = ppa (i) > EQ_H
and 7 = aepy,(fi) > aeb,. Thus, only pooling(e,)-ba survives the seller-optimal

criterion.

(iv) If a € [6,/(e6,),1] and i € [i1,1), the only feasible equilibrium outcomes are inef-
ficient separating and pooling(ep)-b: for separating, 7} = 6;/a and 7 = 6;; since
a> 91/(5@) > 0,/0s, 7i = 0; > 0,/a and 77 = af; > 6. Thus, only pooling(e,)-b

survives the seller-optimal criterion.



110 CHAPTER 1: QUALITY EVIDENCE AND AUTHENTICATION

Considering all cases analyzed above for the («, p)-regions with and without multiple

feasible outcomes, the statement of the proposition follows. n

Proof of Lemma

Proof. Since {07, 07, B*, 1*} is a standard mixed equilibrium with oy (p*,e;) = 1, with
po= p*(p*,en, Sy), the following indifferent conditions for the low type and the buyer
must hold:

r_ i * _ i _
(1) H' = s iewren O 0P er) = With = wipa

(2) 6 = a[B(blp™, 1) + eB(balp™, 1)]p*, or B(blp", 1) = 61/ (ap™) — eB(balp™, 1).

Condition (1) forces the buyer to hold the specific belief for which mixing is optimal given
p*. Condition (2) equates the expected utility for the low type of posting (6, ¢;), which
guarantees 0, with that of posting (p*, e;), where the payoff is p* multiplied by the overall
probability of receiving p*. This overall probability depends on the probability of passing
both the evidence and the authentication tests, as well as the relative probabilities that
the buyer purchases the good with and without authentication.

The first condition pins down o;(p*, ep,) for any price p* and requires i < p/. From

the second condition, we can derive the buyer’s optimal strategy as a function of p*.

(i) If p* & [é,_“ ép], ba is dominated, i.e., S(ba|p*, ') = 0, and the buyer can optimally
randomize over b and n only if she holds posterior i/ and p* = 5#/. In that case, (2)

and B(balp*, 1) = 0 imply B(blp*, ') = 6;/(ap*) and B(n|p*, ') = 1 — B(blp*, /).

(i) If p* € (6,,0;), the buyer randomizes either between ba and n, only if she holds
posterior ¢’ and p* = py, (i), or ba and b, only if she holds posterior i/ and p* =
po(i). In the first case, (2) and S(blp*, i) = 0 imply B(ba|p*, 1) = 6,/ (aep*) and
B(nlp*, 1) = 1—pB(balp*, ). In the second case, (2) and 5(blp*, &) +B(balp*, ') = 1
imply B(blp*, i) = 2729 and B(balp™, 1) =

(iii) If p* = ég, the buyer is indifferent among all her actions only if she holds poste-
rior 4/ = p. In that case, (2), B(blp*, ') + B(ba|p*, ') < 1, and weak positivity
constraints require that ﬁ(b|§g,/f) = 91/(0461_) - sﬁ(balég,g), given ﬂ(ba!ég,/j) €

. af,—0 % )
oo {5 2] 0, ) = 1= 50160~ 5160,
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(iv) If p* = 9_;“ the statement is proved following the same reasoning as in case (iii) by

substituting Q_ﬁ and i in place of §H and p, respectively.

Proof of Proposition

Proof. First, recall that in any standard mixed equilibria, 7} = ; by construction, while
= [B(blp*, 1) + B(balp*, i')]p*. Then, from Lemma[d] and Lemma 3] a standard mixed
equilibrium surviving the belief restriction of Assumption [3| must belong to one of the

following categories depending on p*:

(i) Mixed(6,,0,,), if p* € (6;,6,). From Lemma {4 we have p* = 0, B(b|p*,1/) =
6,/ (ap*), and B(ba|p*, ') = 0. A necessary condition is p* > 6;/a or a > 6,/0,,.
Moreover, 7} = 0;/(ap*)p* = 0;/ac < 0,0 < 6, since p* € (6,,6,). Therefore, the
belief restriction requires 7/ /(ac) = 6;/(ae) < é/_t or equivalently o« > 6,/ (567,}).
Taking both conditions into account, we have the overall necessary condition: o >

max{6,/(c0,), 61/, }.

(ii) Mixed(ig), if p* = éﬂ. From Lemma {4 we have that B(b|§g,/f) = 91/(aég) —

sﬂ(balég, ), with B(ba|§,_“ 1) € [O,min {a?f:)ealu’ agl@ }] A necessary condition is

0, > 61/a or a > 6,/6,. Moreover, 7y, = [6;/(af,) — eB(bal,, 1) + B(balf,, 1)]6, =
[01/(06,)+(1—¢)B(balb,, 11)]0, € [6;/c, min{6,/(ce),,}] and 7}, is strictly increasing

in 5(ba|9_,_“ ). Since 7y < 91_“ the belief restriction requires 7/ /(ag) = 6;/(ae) < Q_H

>

or equivalently o > 6;/(£6,,). Taking both the latter and the initial condition into ac-

count, we have the overall necessary condition: o > max{6,/(c6,.),6,/0,} = 6,/(6,.).

(iii) Mlxed(Qi n), if p* e (é z). From Lemma {4 we know there are two cases. If
P = pea(p), B(balp*, ') = 0;/(aep*) and B(b|p*, ') = 0. A necessary condition is
Pra(pt') = O/ (ag) or o = 61/ (epra()). Moreover, m = 01/ (aeppa(i'))poa(pt') =

0;/(ae) = = /(ae) so that the belief restriction does not have bite. If p* =

po(i), BOlp* 1) = J2s and 5(balp* W) = S, which require py(p/) €
/o, 0/ (ae oreover, 7y, = py(1t o, 0,/ (ae owever, since 75 € (0,,0,),
0/, 0 .M ; €l6/a,0 . H i i€ (0,05

the belief restriction requires 7} /(ae) = 6,/(ae) < m;; which, together with the re-
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strictions on p,(u') means 7 = py(p') = 0;/(ae). Therefore, the necessary condition

(n
in this case is pp(') = 0/(ce) € (9_ 1) or a € (6,/(0,), 91/(89_H)).

(iv) Mixed(f,), if p* = 0. From Lemma {4 we have that 8(b|0s, 1) = 6,/(af;) —
eB(bal0y, i), with B(balfy, i) € [O,min{ b0 0 }] A necessary condition is

a(l-)0n * asby
0; > 0,/a or a > 6,/0;. Moreover, m; = [0,/(af;) — eB(ba|0y, ii) + B(ba|0y, 1)]0; =
[0,/ (a8,) + (1 —)B(balbs, 1)]04 € 01/, min{6;/(ae),0,}] and 7} is strictly increas-
ing in B(ba|0, p1). Since 7} < 6, there are two possibilities. If } > é& the belief
restriction requires that either m;/(ag) = 6;/(ae) < 7} or 7} = ; which implies
75 = min{6,/(azg),0;} since 7} < min{6;/(ae),d;}. This means that if 6,/(ae) > élf

b0 O } so that 7} is

a(l-e)0z ashy
maximum. If, instead, 7 < 6, the belief restriction requires 7} /(ac) = 0;/(ac) < 0,

or, equivalently, o < 91/(5@), then ﬂ(ba!éﬂ,ﬁ) = min{

or a > 6;/ (6@). Overall, considering also the initial necessary condition, we have
that: either a > max{@l/({—:ég)ﬁl/@_ﬁ} = 01/(5%) or a € [9;/%,9;/(59_,})) with

75 = min{6,/(ag),0;} which requires 3(ba|0y, 1) = min{ O(‘f 6)09]”7 agle }

(v) Mixed(;,0,), if p* € (Q_H,Hh). From Lemmawe have p* = 0, and B(blp*, i) =
6,/ (ap*), B(balp*, ') = 0. A necessary condition is then p* > 6,/a or a > 6,/0,,.
Moreover, 7 = 0,/(ap*)p* = 6;/a. Now, there are two possibilities. If 7; =
O/a > 0, or a < 6,/0; the belief restriction does not have bite, so that over-
all requirement is o € [60,/0,s,0,/0;]. 1f, instead, 7; = 6 /a < 6, the belief
restriction requires 7;/(ag) = 6;/(ac) < max{m},0,} = max{6;/a,0,} or equiv-
alently a > 6,/ (EH_H), since 0,/(ac) > 6;/a. Taking the latter and the initial
necessary condition into account, we have that in the second case it must hold
a > max{6,/(e0,),60,/0,} = 6,/(¢0,) since p* = b,y € (6,,0;). Therefore, either
a>0,/(c0,) or o € [6,/0,s,6,/0;]. Since p* € (6,,,0y,), the second condition becomes
a € (0,/01,0,/0,).

Then we apply the seller’s optimality restriction within each equilibrium type. Recall
m; = 6, in every equilibrium, so we focus on 7. Note that mixed(d;, 6,), mixed(f,,
éﬂ)-pba, and mixed(éﬂ, 1) equilibria can be sustained by different prices—as specified
by their category names—but yield fixed profits for both the high and the low types.

Thus, any equilibrium satisfying the type-specific necessary conditions survives the profit
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restriction. The same holds for mixed(ég, éﬂ)—pb equilibria, which, however, are char-
acterized by a unique high price 7} = py(1') = 6;/(ae). Instead, in mixed(ég) and

mixed(f;) equilibria, 7 depends positively on [(ba|p®, i’), so that the only equilib-
rium in each category that survives the seller’s optimality restriction is the one for
which S(balp*, '), and hence 7, is maximized. In particular, the surviving equilibria

are mixed(ég) with ﬁ(ba!ég,g) = min{ ohb o } and 7} = min{@l/(a&t),ég}, and

a(l;s)e_‘f ? aely

mixed () with B(balfs, i) = min {a‘z‘fﬁjgu, agleu} and 75 = min{6;/(ae),0;}, respec-
tively.
Finally, comparing the high-type payoff 7} of the surviving equilibria in each category

at each level of a, we obtain the following:

e If a €10,/ (5«%), 1], then all types of standard mixed equilibria, except mixed(fg,

05)-py, are feasible, assuming they satisfy the posterior requirement. Mixed(6;, 6,)
and mixed(égﬁh) yield 7} = 0,/ «; mixed(é,_“ 0:)-Poa yields m; = 0,/(ag); mixed(éﬁ_b)
and mixed(6;) yield 7 = min{6;/(ae), ég} and 7 = min{6;/(ag), 0}, respectively,
which both equal 6;/(az) when a € (6;/(¢0,),1]. Therefore, the last three equilib-

rium types yield a higher 7} and survive the seller’s optimality restriction.

« Ifa € (6,/(c0),0,/(c6,)), three types of equilibria are feasible and all yield the same
payoff for the high type, namely 7} = 6,/(ae): mixed(ég, éﬂ)—pba, mixed(ég, 0:)-py
and mixed(6;) since min{6;/(ae),d,} = 0;/(ae) when o € (8,/(¢6,), 91/(69_H)].

o If a € [0,/0,,0,/(c0,)], the only feasible mixed equilibrium is mixed(i,ib) yielding
T = min{0,/(ag),0,} = 0,.

e If a € (6,/0,0,/0;), the only feasible mixed equilibrium is mixed(f, 6;) yielding

7'(';; = 91/0&.

Proof of Corollary

Proof. Points (i) and (ii) follow directly from the proof of Proposition [10] after recalling
that i must be lower than p/, i.e., the target posterior belief, which lies in (f, 1) for

mixed (6, 0),) equilibria, and ji for the mixed(f,) equilibrium. We now prove point (iii).
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If a =8,/ (55,;), we know from Proposition |10| that the unique feasible mixed equi-

librium is the mixed(f;) which is characterized by p* = 05, ' = j, B(balfy, i) =
min{ a0 6 }, and B(b|0;, ji) = a% — eB(balfy, ji). When a = 6,/(c0,), we get

a(l—)8z asl;

aé’—el o ] _ : * / _ [ _ 0 * / _
ot = aeéﬁ = 1, so we can write B(ba|p*, ') = aeléﬁ = 5o and B(blp*, i) =
0 by _ 6 0 _

ﬁ —eB(balby, j1) = ﬁ - 5agé‘ﬂ =0.

If a € (6,/(e0y), 01/(8§H)) we know from Proposition (10| that the only feasible mixed

equilibria are mixed(ég,éﬁ)-pb and mixed(ég,éﬂ)—pba. The latters are characterized by

p* € (ég,éﬂ), o€ (p ), Blbalp*, p') = ag;*, and B(blp*, ') = 0. The formers are

characterized by p* = 6,/(ag) € (0,,6:), ' € (u, iv), B(blp*, 1) = 0, B(balp*, 1) = 1.

0,
agp*”

Ifaelh/ (EQ_H), 1] we know from Proposition that the only feasible mixed equilibria

However, p* = 6;/(ae) implies ;/(acp*) = 1 so we can write S(ba|p*, p') =

are mixed(@) and mixed(e_g, 0:)-Poa- We know from the previous paragraph that the latter
satisfy §(balp*, 1) = ag;*, and [(blp*, ') = 0. The former, is characterized by p* = ég,
W= pt, B(bl6,, 1) = 0, and B(balf,, p) = %-. Thus, we can write (balp*, i) = 2,

_ g aadE L QE W Qg
and S(b|p*, 1) = 0.

Therefore, any standard mixed equilibrium feasible in the range o € [6;/(c0,), 1] ex-

hibits the same strategy for both the buyer and the seller when the semipooling price is
p* and the target posterior is p/. Moreover, Proposition |10] implies that 7} = 6,/(ae) in
every case. Hence, all the feasible standard mixed equilibria in this range of o are not

only payoff equivalent but also strategically equivalent. O]

Proof of Proposition

Proof. From Proposition [10] and Corollary , we can identify four regions in the (i, «)
space with a unique feasible equilibrium outcome, either pure-strategy or standard mixed-

strategy:
(a) if a« < 6,/0), it is a separating equilibrium with p* = min{6,/«, 0,} = 6y,.
(b) if a > 6,/0, and i € [j1,1), it is a pooling(ey,)-b equilibrium with p* = 6.
(c) if a € [01/04,0,/(e0,)) and ji € (0, ji) it is a mixed(6;) with p* = 0.

(d) if a € [91/(69_,;),min{@l/(zsé&),91/(€pba(ﬂ))}) and i € (0,p), it is a mixed|[0,,, 0]
equilibrium with p* € [6,,,0;].
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Moreover, there are five regions in the (i, o) space with two feasible equilibrium outcomes,

one pure-strategy and one standard mixed-strategy:

(e) if o € (6,/0,, min{0,/0;,0,/05}) it is either a separating equilibrium with p* = 6,/a
or a mixed (6, 0),) equilibrium with p* € (0;,6,). Since both yield payoffs 7} = 6,/a

and 7 = 6;, both equilibria survive the payoff restriction.

(f) if @ € [6,/05,6,/0,] and i € [ji, 1), it is either a pooling(es)-b equilibrium with
pF = G_ﬂ or a mixed(éﬂ, 01,) equilibrium with p* € (éﬂ, 01). The former yields payoffs
T = p* = 0; and 7} = ap* = af;, while the latter yields payoffs 7} = 6;/a < 0;
and 77 = 60, < afj since a > 6,/0;. Therefore, only the pooling(e,)-b equilibrium

survives the payoff restriction.

(g) if @ > O;/eppa(ft) and i € [, 1), it is either a pooling(ep)-ba equilibrium with
P = pra(ft) or mixed[é/_“ éﬁ] equilibrium with p* € [é,_“ éﬂ}. The former yields payoffs
75 = p* = pra(ft) and 77 = aep* = aeppa(ji), while the latter yields payoffs 7 =
01/ (ae) < pro(ft) and 7} = 0; < aeppa(ft) since o > 6;/(eppa(ft)). Therefore, only

the pooling(ep,)-ba equilibrium survives the payoff restriction.

(h) if a € [9;/5§H,9l/§ﬂ] it is either a mixed[ég,éﬂ] equilibrium with p* € | H’e_ﬂ] or
separating equilibrium with p* = 6;/«. The former yields payoffs 7} = 7} = 0,/(«ae)
and 77 = 6, while the latter yields payoffs 7; = 6;/a < 60,/(ae) and 77 = 0,.

Therefore, only the mixed[ég, éﬁ] equilibrium survives the payoff restriction.

(j) if @ > max{6,/(e6,),6,/0;}, it is either a pooling(ey)-b equilibrium with p* =
min{ed,, 0} or a mixed[f,,0;] equilibrium with p* € [6,,60;]. The former yields
the low type payoff 77 = ap* = amin{eéﬁ}, while the former yields 7 = 6, <
amin{ed,} since a > max{6,/(c6,),6,/6:}. Therefore, the pooling(e;)-b equilib-
rium survives the payoff restrictions. However, when comparing the high type’s pay-
off does not yield a unique result. The pooling(ep,)-b equilibrium yields 7 = p* =
min{eég, 0:}, whereas the mixed[ﬁ_g, 0] equilibrium yields 7 = 6,/(ag). The pool-
ing equilibrium yields a larger payoff for the high type than the mixed equilibrium
only if 5§H > 0,/(ag) and 0; > 6,/ (ag), or equivalently, if o > max{@l/(ezég), 01/(05)}.
Therefore, if a > maX{Gl/(SQ«%), 01/(0;)} only the pooling(e,)-b equilibrium sur-

vives the payoff restrictions; otherwise, both equilibria survive.
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Finally, (a) proves point (i); (e) proves point (ii); (b) and (f) prove point (iii); (c) proves
point (iv); (g) proves point (v); (d) and (h) prove point (vi); (j) proves points (vii) and
(vii). O

Proof of Lemma

Proof. First, since we are considering mixed-strategy equilibria, the low type must ran-
domize. In this case, the only set of prices available for the low type to randomize over
is {0, p*}. This is because any price—evidence pair (p,e) # (p*, ;) would imply that the
buyer’s belief u(p,e, S¢) = 0 (for any e € {e;, e,} and corresponding signal S¢)—thereby
forcing the buyer to choose not to buy—unless p = 6;. Consequently, it must be that
01(0;,e) > 0 and o;(p*, ;) > 0, with 0,(6;,e) + o,(p*, ¢;) = 1 for each e € {e;, ep}.

Second, using the same reasoning as in the proof of Lemma[4] the following indifference

conditions must hold in equilibrium for the low type and the buyer:

, L " _ po(1—p)
(1) @' = Mo+(17u0(3oz(p*,el) or ay(p*, e1) = #(1—po)’

(2) 0, = [B(lp*, 1) 4 eB(balp*, p')]p*, or B(blp*, 1) = O1/p* — eB(balp*, ).

where p is the posterior belief for which the buyer is indifferent between at least two of her
actions given p*. The first condition requires pg < p'. The second condition determines

buyer’s optimal strategy as a function of p*.

(i) If p* ¢ [é,_“ 9_,;], ba is dominated, i.e., S(ba|p*, ') = 0, and the buyer can optimally
randomize over b and n only if she holds posterior ' and p* = 9_#/. In that case,
B(blp*, ') = 0,/p* and 7 = nf = B(b|p*, ' )p* = 6, which means the PBE does not
survive the belief restriction by Lemma |3| point (i).

(ii) If p* € (é,_“ 0:), the buyer randomizes either between ba and n, only if she holds

posterior 1/ and p* = py, ('), or ba and b, only if she holds posterior ' and p* =
Po().

In the first case, B(ba|p*, i) = 0,/(ep*), 7, = B(balp*, i )p* = 6;/c and 7] = 6,
with necessary condition 6;/c < ppo(i') < ;. From Lemma , the PBE survives
the belief restrictions only if 6;/e > 0,/a and 6;/(ac) < 9_11 which requires o >

01
max{e, 0,/ (EH_H)}. However, when a > 6,/ (gég) and po < ', any alternative feasible
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equilibrium (which depends on the value of 1) yields at least 6;/(ag) > 6;/¢ for the
high type and at least 6, for the low type. Therefore, the PBE under consideration

does not survive the payoff restriction.

In the second case, S(blp*, 1) = ((il:j)f - and S(balp*, ') = (f:)@;* which requires
p* € [01,6,/¢]. Then, 7} = [B(blp*, i) + B(balp*, 1')|p* = p* < 07 so that, by Lemma
, this equilibrium survives the belief restrictions only if 0,/(ag) < H_H. However,
this condition is impossible since, by construction, 7; < 6,/ < 6;/(ae) < ég, while
simultaneously 7} = py(1t/) > 6,. Therefore, the PBE under consideration does not

survive the belief restriction.

(iii) If p* = ég, the buyer is indifferent among all her actions only if she holds poste-
rior 4 = p. In that case, 3(b|6,, 1) = 6,/6, — eB(balf,, 1), given B(balb,,u) €

[O,min{ 0.0 91}]. Then, 7, = [B(balf,, 1) + B(bl6,, )]0, which is equal to

(1—£)6, 7 €,
[Hl/ég—aﬁ(baw_g,H)+5(ba|§H,H)]§H = [Hl/ﬁ_g—l—(l—g)ﬁ(ba@g,,L_L)]G_H € [Ql,min{ﬁl/g,ég}}.
As for the corresponding standard mixed equilibrium, 7} is strictly increasing in
5(ba|9_g,g); therefore, to satisfy the intra-category payoff restriction we require
ﬂ(ba!ég,g) = min{(fi)eég, 8901&}, which implies 7} = min{&l/&‘,e_g}. Consequently,
as in the first part of point (ii), the belief restriction requires a > max{e, §,/(c6,)}

since 6;/(ae) < élf implies 0,/ < ég so that eventually 7; = 6;/c. However, when
a >0,/ (5@) and po < g/, any alternative feasible equilibrium (which depends on
the value of f1) yields at least 6;/(ae) > 6;/¢ for the high type and at least 6, for
the low type. Therefore, the PBE under consideration does not survive the payoff

restriction.

(iv) If p* = 05, the same reasoning as in case (iii) applies by substituting 6, and f
in place of é& and p, respectively. After applying the intra-category payoff re-
striction, we have 7 = min{f,/¢,0,}, and again the belief restriction requires
a > max{e,0,/(0,)} since 6,/(ac) < 6, implies 6;/e < 6, so that eventually
7y = 0;/e. The same reasoning as the previous points leads to the conclusion that

the PBE under consideration does not survive the payoff restriction.
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Proof of Lemma@

Proof. (i) Suppose there exists p; € P, \ {p1} (so that p; > p;) such that the low type does
not randomize, i.e., p; ¢ P. Then, since oy(p;,e) > 0 for some e € {e;, ey}, the buyer
would assign a belief of 1 at (p;,e), i.e., u(pj, e, S¢) = 1, regardless of S¢, which implies
B(blp;, 1) = 1. But then, condition requires [3(b|p1, p1) + S(balpr, )] = pj/p1 > 1
which is impossible. Therefore, the low type must assign positive probability to ps, ..., p.

(i) If | P, N P| = 1 the claim is trivially proved. Assume |P, N F)| > 2 and suppose,
contrary to the claim, there exist p;,p; € P, N P such that o, (pi, en), o(pi,en) > 0
and o,,(pj,e1), 01(pj,er) > 0. To ease the notation let us write b; = 5(b|p;, i), ba; =
B(bal|p;, i), b; = B(blp;, 1tj), and ba; = B(ba|p;, 1t;). Depending on how p; and y; relate,
we have three scenarios: (a) if p; = ém then b; > 0 and ba; = 0; (b) if p; = ppa(;) then
b; = 0 and ba; > 0; (c) if p; = pp(p;) then b; > 0 and ba; > 0 and b; + ba; = 1, so that
ba; = 1—0b,. Clearly, equivalent conditions hold for p; and p;. In total there are 9 possible
combinations given the nature of p; and p;. Since we are assuming that p; is associated
to e, while p; is associated to e, the indifferent conditions of the high and the low types

are, respectively:

(b, + bai)pi = (b] + baj)pj, (138)
a(b; + eba;)p; = (b + €ba;)p;. (1.39)

First, consider p; < p; and note that if b; + ba; = 1 then condition (1.38)) has no

solutions; hence, we only need to check the following six remaining combinations.

1. b; >0, ba; =0, b; >0, ba; = 0: from (|1.38)) we have b; = b;p;/p;, and substituting
into (1.39)) yields ab;p; = b;p;, which is impossible for o € (0, 1).

2. b;=0,ba; >0,b; >0, ba; = 0: from (1.38) we have ba; = b;p;/p;, and substituting
into ([1.39) yields aeb;p; = b;p;, which is impossible for a € (0,1) and ¢ € (0, 1).

3. bi+ba; =1, b; >0, ba; = 0: from (1.38) we have b; = p;/p;, and substituting into
(1.39)) yields a[b; 4+ (1 —b;)]p; = pi, which is impossible for o € (0,1) and € € (0, 1).

4. b; >0, ba; =0, b; =0, ba; > 0: we have b; = ba;p,/p;, and substituting into ([1.39)

yields aba;p; = eba;p;, which is not true in general (unless a = ¢).
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5. bi=0,ba; >0,b; =0, ba; > 0: from (1.38]) we have ba; = ba;p;/p;, and substituting
into (1.39)) yields aeba;p; = eba;p;, which is impossible for a € (0, 1).

6. b +ba; =1,b; =0, ba; > 0: from (1.38) we have ba; = p;/p;, and substituting into
(11.39) yields a[b; +¢e(1 —b;)|p; = p;, which is impossible for a € (0,1) and € € (0, 1).

Therefore, p; cannot be lower than p;.
Second, consider p; > p; and note that if b; + ba; = 1 then condition (1.38) has no

solutions; hence, we only need to check the following six remaining combinations.

1. b; >0, ba; =0, b; > 0, ba; = 0: from ([1.38)) we have b; = b;p;/p;, and substituting
into (1.39)) yields ab;p; = b;p;, which is impossible for a € (0, 1).

2. b; >0, ba; =0, bj =0, ba; > 0: we have ba; = b;p;/p;, and substituting into ([1.39)

yields ab;p; = €b;p;, which is not true in general (unless a = ¢).

3. b; >0, ba; =0, bj + ba; = 1: from (1.38)) we have b; = p,/p;, and substituting into
(1.39) yields p; = [bj + (1 —b;)]p;, which is impossible for o € (0,1) and ¢ € (0, 1).

4. b; =0, ba; >0, b; > 0, ba; = 0: from (1.38) we have b; = ba;p;/p,, and substituting
into ((1.39) yields aeba;p; = ba;p;, which is impossible for a € (0,1) and ¢ € (0, 1).

5. b; =0, ba; >0, b; =0, ba; > 0: we have ba; = ba;p;/p;, and substituting into (1.39)
yields aeba;p; = eba;p;, which is impossible for a € (0,1).

6. bi =0, ba; >0, b; + ba; = 1: from (|1.38)) we have ba;, = p,/p;, and substituting into
(1.39) yields aep; = [bj 4 (1 — b;)]p;, which would require b; = §=* < 0 which is

1—

impossible.

Therefore, p; cannot be higher than p;. Since p; # p;, we reached a contradiction.

(iv) Given (ii), either all prices {ps, ..., pr} = P, N P, are posted with high evidence, or
all are posted with low evidence. In both cases the indifference condition of the low type
is

[B(blpa, p2) + eB(balpy, p2)lp2 = ... = [B(b|pk, ix) + €B(balp, pu)|pr- (1.40)

If |P, N P| =1 the claim is trivially proved. Assume |P, N P)| > 2 and consider any two

different prices p;,p; € P, N P. Then, using the same notation as the previous point, the
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indifferent conditions for the high and the low type imply:

(bl + bal)pl = (bj + baj)pj, (141)
(bz + 5bai)pi = (b] + 6baj)pj. (142)
which, in turn, imply

&_ bj‘i‘b(lj - bj+€baj
Dpj N bz—i‘b&Z N bi—i‘&“bai.

By cross-multiplying the last two terms we get

bibj + bibaj + Ebaibj + €baibaj = bzb] + ebibaj + baibj + ebaibaj
bibaj + Sbaib]‘ = 5bibaj + b(libj
(1 - e)bibaj = (1 - e)baibj
bibaj = baibj (143)
Now, without loss of generality, let us assume p; < p; so that b; + ba; = 1 is not possible
given condition ([1.41). Then, we have the following six remaining combinations:
1. b; >0, ba; =0, b; > 0, ba; = 0: condition (|1.43) is satisfied as 0 = 0.
2. b; =0, ba; >0, b; >0, ba; = 0: condition (1.43)) is not satisfied since ba;b; > 0.
3. b +ba; =1, b; >0, ba; = 0: condition (1.43)) is satisfied as 0 = 0 only if ba; = 0.
4. b; >0, ba; =0, b; =0, ba; > 0: condition (1.43]) is not satisfied since b;ba; > 0.
5. b; =0, ba; >0, b; =0, ba; > 0: condition (1.43)) is satisfied as 0 = 0.
6. b; +ba; =1, b; =0, ba; > 0: condition (1.43)) is satisfied as 0 = 0 only if b; = 0.

Therefore, the indifferent conditions (1.41]) and (1.42)) are simultaneously satisfied if and
only if either b; = b; = 0 and ba;,ba; > 0, or ba; = ba; = 0 and b;,b; > 0. Since the

conditions must hold between any two generic prices in P, N P}, it must be that either (a)

by = ... = by =0 and bay, ...,bay > 0; or (b) bag = ... = bay = 0 and by, ..., by > 0.
(iii) Given (iv), condition (|1.40) yields either: 5(b|ps, po)pe = ... = B(b|pk, px)pr > 0
and B(balpa, p2)p2 = ... = B(balpk, pe)pr = 0, or B(blp2, p2)ps = ... = B(blpk, pw)pr = 0

and [(ba|pa, p2)p2 = ... = B(ba|pk, ux)pr > 0, thus proving the claim.
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(v) Suppose o, (pj, e,)>0 with p; € P, U P. To ensure the buyer’s indifference, strate-

gies oy, and o; must satisfy

oo (D, €n) fion(pj, en)
iy — ) _ ; (1.44)

100k (pj en) + (1 — po)ou(pj,en)e  fion(pj,en) + (1 — i)oi(p;, en)

Suppose f; > fi then

,ELUh(pj, €h>
fon(ps, en) + (1 — fi)oi(pj, en

fon(pj,en) + (1 — fi)oi(py, en)

>
> (1 — f)ou(py, en)
>

Therefore, o4 (p;,en) > oi(pj,en), if and only if i < p;; conversely, o(p;,en) <
o1(pj, en), if and only if i1 > p;.

Suppose, instead, oy (p;, €;)>0 with p; € P, U F,. In this case, the buyer’s indifference,
requires:

1 = ,UOO'h(pjvel) (1‘45)

T woon(py,e) + (1 — po)ou(p;, 1)

Analogous reasoning leads to the conclusion that oy(p;,e;) > oi(pj, ) if and only if

to < pj; conversely, o, (pj, e1) < o1(p;, e;) if and only if py > p;. m

Proof of Lemma

Proof. From Lemma |§| we know that P, D {ps,...,pr} and that only one type of evidence
can be provided along with all prices in P, N P, in equilibrium. Let e* € {¢;, e} be this
unique evidence type. Suppose there exists some p; € P, such that p; ¢ P, U{6;}. Then,
there is some e € {e;, e,} with o;(p;,e) > 0. However, since p; ¢ P, the buyer’s belief
must satisfy p(p;,e, 5¢) = 0 for any signal S°¢, implying that 5(n|p;,0) = 1 (because
p; > 0;). Since the low type can always guarantee a payoff of at least §; in equilibrium,
p; cannot belong to P. Therefore, P, C P, U {6;}. Now, there are three possibilities
depending on weather p; and 6; are played with positive probability by the low type:

(i) o1(p1,€') = ou(0;,¢) = 0, for any €', e € {e;, e, }: in this case P, C Py, and 0(py,€') =
0 implies B(b|p1,1) = 1. Consequently, by condition (L.18), 7} = p;. From Lemma [f]
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the buyer’s equilibrium strategy exhibits either: (a) S(b|p,u;) > 0 and B(balp;u;) = 0 or
(b) B(blp;u;) = 0 and B(ba|p;pu;) > 0 for all p; € P, N P. Then, by condition (1.18)), for
every p; € P, \ {p1}: in case (a), B8(blp;, /) = p1/p;; if e* = ey, then 77 = ap; with the
necessary condition a > 6;/p;, while if e* = e;, 7 = py; in case (b), 8(balp;, ) = p1/p;;
if e* = ey, then 7 = aep; with the necessary condition a > 6,/(ep1), while if e* = ¢,
then 7 = ep; with the necessary condition € > 6;/p;.

Now, consider e* = e;,. Since condition (1.20) must hold for all p; € P, \ {p1}, a
necessary condition for such equilibria is i > uo. In fact, suppose to the contrary that
fi < po. Then, by Lemma [6] point (v) we have o4(p2, en) > 0y(p2, €5). However, because

on(p1,en) > 0 and oy(p1, e) = 0, it follows that

Y onlpjen) = Y onlpj,en) <1= Y aipj en).

p;€P\{p1} pjeh PjE€P,

Combined with oj,(ps, en) > 0y(p2, en), this implies there exists at least one p; € P, \
{p1,p2} such that oy,(p;,en) < o1(pj,en). This, in turn, implies i > @/ > ps > fi, a
contradiction. If instead we consider e¢* = e; and condition , the same reasoning
applies with pg in place of fi, so that a necessary condition is pg > po.

(i) oy(p1,e*) > 0,00(0;,e) = 0, for some €” € {e,en}: in this case P, = B, and
oi(p1,€e*) > 0 implies that condition does not uniquely determine (5(b|py, p1) or
B(ba|py, p1). In fact, by condition , for every p; € P, = P in case (a), B(b|p;, it;) =
B(0lp1, pu1)p1/pj, with B(blpr, 1) € (0,1], m; = B(blpr, pa)pr; if €* = ey, then 77 =
af(b|p1, 11)p1 with the necessary condition o > 6,/(5(b|p1, p1)p1), while if e* = ¢, 7} =
B(b|p1, p1)p1 with the necessary condition B(b|ps, p1) > 6;/p1; in case (b), B(balp;, pj) =
B(balpy, p1)p1/pj, with B(balpr, 1) € (0,1], m, = B(balpr, pu)pr; if €* = ey, then 7 =
aefB(b|p1, u1)p1 with the necessary condition o > 6;/(¢f(b|p1, pu1)p1), while if e* = ¢,
7 = ef(b|p1, 11)p1 with the necessary condition 5(b|p1, 1) > 6;/eps.

Following the same reasoning from point (i), we can show that, if e* = e, in this
case the requirement on the posterior belief is i € (u1, pr). Specifically, suppose to the
contrary that i < p;. Then, by Lemma |§| point (v) we have oy, (p1,en) > o1(p1,en) and,
for some p; € Py \ {p1}, on(pj,en) < oi(p;,en) leading to the contradiction i > p; >
p1 > fi. Conversely, if fi > py, then op,(pg, en) < o1(pk, en) and, for some p; € P, \ {pr},
on(pj,en) > oi(pj,en) leading to the contradiction g < p; < pp < f. If instead we
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consider e* = ¢; and condition , the same reasoning applies with pg in place of i,
so that a necessary condition is g € (11, f)-

(iii) oy(p1,€*) > 0,01(6;,e) > 0, for some e € {e,e,}: in this case P, D P, and
01(0;,€) > 0 implies 3(b|6;,0) = 1 so that 7} = 6,. From condition (1.40)), we determine
the equilibrium purchasing strategy of the buyer and the payoff of the high type. In
fact, for every p; € P\ {0} = Py: in case (a), if e* = ey, then B(b|p;, ;) = 01/ (ap;),
;= 0/, with the necessary condition o > 6;/py, while if e* = e;, 5(blp;, 1t;) = 01/p;,
and 7} = 0;; in case (b), if e* = ey, then B(ba|p;, ;) = 6i/(acp;), 7 = 0,/ (ae), with the
necessary condition o > 6;/(ep1), while if e* = e;, 5(ba|p;, ptj) = 01/ (ep;), 7}, = 6;/¢ with
the necessary condition € > 6;/p;.

Similarly to the previous points, we derive conditions on the posterior belief of the
buyer. Consider first e* = ej. Since condition must hold for all p; € P}, a necessary
condition for such equilibria is ji < uy. In fact, suppose to the contrary that i > pg. Then,
by Lemma@point (v) we have o, (pg, en) < o1(pk, en). However, because o4 (6;,¢) = 0 and

o1(0;,e) > 0, we have

> alpjen) = D aulpjen) <1= > onlpj en).
p;€EPN\{61} PjEP, pj€F,
Combined with oy, (pk, en) < 0u(pg, €r), this implies there exists at least one p; € P, \ {px}
such that o, (pj, en) > 01(p;, en), which in turn implies i < p; < i < fi, a contradiction.
If instead we consider e¢* = ¢; and condition ((1.21)), the same reasoning applies with pg in

place of ji, so that a necessary condition is pg < pi.

]

Proof of Proposition

Proof. Lemmaproves the claim when |P,| = 1. Suppose instead that P, = {p1, p2, ..., Px}
with £ > 2 and p; < py < -+ < p. From Lemma |§| point (ii), we know that the common
prices in P, N P, must be provided with the same type of evidence; and from point (iv)
we deduce that for every p; € P, N P, either (a) B(blpj, ;) > 0 and B(ba|p;, i) = 0,
or (b) B(b|p;, ;) = 0 and B(balp;, 1) > 0. Moreover, by Lemma [7| we know that either
P, = P, \ {p}, or P, = Py, or P, = P, U{6,}. Combining these prescriptions, we see

that sixteen possible strategy combinations can arise in equilibrium (with respect to the
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type of evidence provided with each price by the two types and the purchasing action of

the buyer), of which ten include e;. In each case we will use the characterization of the

equilibrium strategies derived in the proof of Lemma [7] Recall we define e* as the unique

evidence type provided along with common prices in P, N P,.

(i) =

P\ {p1}: 7 = p1, and in case (a), B(blpj,u?) = p1/p;, while in case (b),

B(balp;, 1i?) = p1/p;-

(i)
(i.ii)

(i.iii)

(i.iv)

on(p1,en), on(pj, en) > 0 for every p; € P, N P (e* = ep,): no type provides e;.
on(p1,er), on(pj,en) > 0 for every p; € P, N P, (e* =ep): (a) m = ap;, which
is not sustainable since the low type could deviate to (p1, ;) and obtain py; (b)
7 = aepy, which is not sustainable since the low type could deviate to (p1,€;)
and obtain p;.

on(p1,en), on(pj,er) > 0 for every p; € P, NP (e = ¢): (a) 7 = p1 = 7},
which is not consistent with the belief restriction since 7} < 7' /«; (b) 7} = epy,
but the belief restriction requires 7} > 7/ /o <= p1 > (ep1)/a <= a > ¢.
However, this in turn implies the low type could deviate to (p;,€;) and obtain
ap; > ep; (since we are assuming o # €).

on(p1,er),on(pj,er) > 0 for every p; € P, NP (e = ¢): (a) nf = p1 = 7},
which is not consistent with the belief restriction since 7}, < 77 /a; (b) 7/ = epy,

which is not sustainable since the low type could deviate to (pi, ;) and obtain

D1

(i) B = Py in case (a), B(b|pj, p;) = B(blp1, p1)p1/pj, with B(blp1, ) € (0,1], 75 =
B(blp1, p1)p1, while in case (b), S(balp;, ;) = B(balp1, p1)p1/p;, with B(ba|pi, 1) €
(0’ 1]7 ﬂ-;; = B(ba|p1, ,M1)p1.

(ii.i) on(p;,en) > 0 for every p; € P, N P, (e* = ep,): no type provides e;.

(ii.ii) on(pj,e) > 0 for every p; € P, NP (e = ¢): (a) mf = B(blp1, p1)p1 = 7*

which is not consistent with the belief restriction since 7} < 7//a; (b) 7w} =

V

eB(b|p1, p1)p1, but the belief restriction requires 7 > 7/ /a <= B(b|p1, p1)p1 >

(eB(blp1, p1)p1) /v <= « > . However, this in turn implies the low type

could deviate to (p1, e;) and obtain ap; > ep; (since we are assuming a # ¢).
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(111) Pl = Ph U {0[}3 ’/'('l>k = 61.

(ili.i) on(pj,en) > 0 for every p; € P, N P (e* = e;): no type provides e;.
75 = 0, = 7/, which is not consistent with the belief restriction since 7}, < 7/ /«;
(b) B(balpj, pj) = 6i/(ep;), m};, = 6;/¢ but the belief restriction requires both
> 7w ja <= 0/e > 0/a <= o >c¢cand 7//(ac) < é,_, However, since
we know that this type of equilibrium requires pg < g, it fails to satisfy the
payoff restriction—because the high type could secure at least 6;/(ae) in any
alternative feasible equilibrium (be it a standard mixed, pooling-b, or pooling-

ba equilibrium).

Since we exhausted the set of equilibria in which oy (p,e;) > 0, for any p € Py, we proved

the claim. O

Proof of Proposition

Proof. To ease the notation, let us write b; = B(b|p;, itj), ba; = B(balp;, p;) for j =
1,2, ..., k. Moreover, recall from and the definition of 1, (p) and p,(p) as the
posterior beliefs that makes the buyer indifferent between ba and n and between b and ba,
respectively, at price p. By Lemmal[7]and Proposition [I2| we know that any non-standard
mixed equilibrium with |P,| > 2 that satisfies both the belief and the payoff restrictions
must exhibit common evidence e* = ej, and either: (a) P, = Py, (b) B, = P, \ {p1}, (¢)
P, = P, U{0,}. Now, we fully characterize the PBEs with (a) and (b) ad show they fail
to satisfy the payoff restrictions whenever they satisfy the belief restriction.

(a) First, consider a PBE with P, = P, with e* = ¢;,. The indifference conditions of

the high and the low type are

(b1 + bay)pr = (by + bag)ps = ... = (by, + bay)pg, (1.46)
a(by + ebay)py = a(bs + ebag)ps = ... = a(by + bag)py. (1.47)

Depending on p; = min P, we have three possible cases:

(a.1) p1 € (6, ég): the buyer can be indifferent only between b and n, meaning p; = G_M
with yi; = p,(p1); hence, it must be b; > 0 and ba; = 0, for every j = 1,2,.... k.
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Therefore, (1.46|) and (1.47) are equivalent and imply b; = byp, /p; for every p; € P.

Note that b; < by necessarily mean p; = H_M, with p; = /:Lb(pj), and p; ¢ [ég, éﬁ] for
every p; € Pj,. Indeed, for any p; € [ég,éﬁ], the requirements b; > 0 and ba; = 0
imply p; = pp(pt;) and b; = 1, which would contradict (1.46|) for any p; > ps.

Then, 7} = bypr and 77 = abyp;. By Lemma [3| the belief restriction requires
75 = bipy > bipy = 7]/, which is always satisfied; and, since 7* € (0, éH)’ we must
also have 7} /(ag) < 6,, implying b; < £6,/p;. Moreover, the payoff restriction
requires b; to be maximum since both 7}, and 7} are strictly increasing in b;. Thus,
we get by = min{ség/pl, 1}, so that 7} = min{pl,ee_&b} and 7 = min{apl,asé,f}
with necessary condition o > max{6;/ (5@), 0,/0,,} since p; = 0,,. From Lemma
[7, we know that the buyer’s indifference condition requires i > p;. However,
this implies that whenever the considered PBE is feasible, there exists a feasible
pooling(ey,) equilibrium—depending on ji—that yields a larger payoff for both types.
For example, if i € (1, 1), a pooling(ey)-b equilibrium would be feasible under the
necessary conditions described above, and it would guarantee éﬁ to the high type
and aéﬂ to the low type, respectively. Consequently, the considered PBE does not

satisfy the payoff requirement.

p1 € [ég, 9_,;]: the buyer can be indifferent either between ba and n, if p; = ppa(141)
(with pin = p, (p1)), or between ba and b if py = py(p1) (with i = p, (p1)).

First, we consider p; = ppo(p1). In this case, it must be that ba; > 0 and b; = 0,
which implies p; = ppa(ft5), With p; = /:Lba(pj) and p; € [ég,éﬁ] for every p; € P,
as p; = pp(p;) would require ba; = 1, thus contradicting for any p; > p.
Then, 7 = ba;p and n] = aebaip;. By Lemma , the belief restriction requires
T = baip; > ebaypy = 7 /a, which is always satisfied; and, since 7* € (6;,0,], we
must also have 7 /(ae) < max{n;, ég}, which is always satisfied since 7} /(ag) =
baip; = 7. Moreover, the payoff restriction requires ba; to be maximum since both
7, and m are strictly increasing in ba;. Thus, we get ba; = 1, so that 7} = p;
and 7 = aep; with necessary condition o > 6;/(eppa(p1)) since we are considering
P1 = Pea(pt1). From Lemma , we know that the buyer’s indifference condition

requires fi > ;. However, this implies that whenever the considered PBE is feasible,

there exists a feasible pooling(ey,) equilibrium—depending on ji—that yields a larger
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payoff for both types. For example, if ji € (i1, j1], a pooling(ey, )-ba equilibrium would
be feasible under the necessary conditions above, and would guarantee py,(ft) to the
high type and aepy,(fi) to the low type, respectively. Consequently, the considered
PBE does not satisfy the payoff requirement.

Second, we consider p; = py(p1). Now, either by = 1 or ba; = 1. In the first case,
from we have b; = p1/p; < 1, for every p; € P, \ {p1} which implies p; = H_Mj,
with p; = Hb(pj)7 and p; € (6;,0,) for every p; € P, \ {p}, as proved in point
(a.1). Then, 7; = p; and 7} = ap;. By Lemma , the belief restriction requires
7 =p1 > p1 = 7 /a, which is always satisfied; and, since 7* € [ég, éﬁ], we must also
have 77 /(ae) < 7, or p;/e < p; which is impossible. In the second case, we have
ba; = p1/p; < 1 and, by symmetric reasoning as above, it must be that p; = pp(115),
with p; = p, (p;) > p,(p1) and p; € [0,,65) for every p; € P, \ {p1}. Then, = py
and 7] = aep;, which clearly satisfy the belief restriction, and require o > 6;/(epy).
Now the same reasoning for the case py = py,(p1) With piy = p, (p1) applies here: in
fact, p1 = py(p, (1)) = Pralpr, (p1)) so that in this case Lemma m requires an even
larger fi since fi > ;_Lb(pl) > ,L_Lba(pl) meaning even larger payoffs from alternative
and feasible pooling equilibria. Therefore, the considered PBE does not satisfy the

payoff requirement.

(a.3) p1 € (03,0,): the buyer can be indifferent only between b and n, meaning p; = 6,
with u; = Hb(pl); hence, b; > 0 and ba; = 0, forevery j = 1,2, ..., k. From 1} and
we have b; = bip1/p; for every p; € P,. Note that p; > p; > éﬁ necessarily
implies p; € (éﬂ, ) and p; = éup with p; = Hb(pj), for every p; € P,

Then, 7} = byp; and 7 = ab;p;. By Lemma , the belief restriction requires
7 = bipr > bip1 = 7]/, which is always satisfied; and, either 7} > 91—“ which
requires by > 0;/p1 or 77 /(ae) < ég, implying b; < 5§H/p1. Clearly, the payoff
restriction requires b; to be maximum. Thus, we get b; = 1, so that m; = p; and
7/ = ap; with necessary condition o > 6,/ ém since p; = ém. From Lemma , we
know that the buyer’s indifference condition requires ji > p;. However, this implies
that, under the necessary conditions described above, there exists a pooling(ey)-b

equilibrium which guarantees 0_,1 > H_M to the high type and aéﬂ > aém to the low
type, respectively. Consequently, the considered PBE does not satisfy the payoft
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(b) Second, consider a PBE with P, = P, \ {p1} with ¢* = e,. The indifference
conditions of the high and the low type are

(bl + bal)pl = (bg + bag)pg =..= (bk + bak)pk, (148)
a(by + ebay)py = ... = a(by + cbay)pg. (1.49)

The only difference with case (a) is that now o;(p, 1) = 0 implies b; = 1 since the buyer
recognizes the high type with certainty when she observes (pi,e,). Therefore, 7; = p;.
The full characterization of this type of equilibria depends, on the smallest common price,

i.e., pp =min P, N P,.

(b.1) p2 € (01,0,): as in point (a.1), the buyer can be indifferent only between b and n,
hence, it must be b; > 0 and ba; = 0, for every j = 2,..., k, and also p; = éﬂj with

pj = gb(pj), and p; & [ég,ép] for every p; € P, \ {p1}. Therefore, 1} and (|1.47)
are equivalent and imply b; = p;/p; for every p; € P,.

Then, 7, = p; and 7 = ap;. By Lemma [3] the belief restriction requires mj; >
mf o, which is always satisfied, and p; < e, since it must hold 7} /(ae) < 6,.
Since, 1 = ap; < ae@ with have as necessary condition o > 6,/p; = 01/5“1 =
max{@l/(ség),el/ém} since p; = 0, < 5%. From Lemma , we know that the
buyer’s indifference condition requires i > ps > pq, which implies 0_,1 > H_MQ > pr.
The same reasoning as in point (a.1) applies, so that the considered PBE does not

satisfy the payoff requirement.

(b.2) py € [ég, 9_,;]: the buyer can be indifferent either between ba and n, if ps = ppa(p2)
(with pio = p, (p2)), or between ba and b if py = py(p2) (With ps = p, (p2)).

First, we consider ps = ppa(pt2). As in point (a.2), it must hold ba; > 0 and b; = 0,
pj = Pealpy), with p; = p, (p;) and p; € [ég,éﬁ] for every p; € P, \ {p1}. From
(1.48), we have ba; = p/p; or every p; € P, \ {p1}, and 7}, = p; and 7} = aep,
since by = 1. The belief restriction is always satisfied since 7, = 7} /(ag). The
no-deviation condition for the low type requires a > 6;/(eppa(pt1)) since we are

considering p; = pp(p11). From Lemma m, we know that the buyer’s indifference
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(b.3)

condition requires i > ps > 1, which implies py (1) > ppa(p2) > p1. The same
reasoning as in the first part of point (b.1) applies, so that the considered PBE does

not satisfy the payoff requirement.

Second, we rule out po = py(p2). Indeed, this would imply that either by = 1 or

bas = 1, but then condition (1.48) would force p; = po, which is impossible.

P2 € (9_,;, 0r): the buyer can be indifferent only between b and n, and it must hold
p; € (04,0,) and p; = éup with p; = p, (p;), for every p; € P\ {p1}. From (1.46)
and (1.47) we have b; = p,/p; for every p; € P, \ {p1}

Then, 7j = p; and 7 = ap,, and, by Lemma [3] the belief restriction requires that
either 7/ /(ae) < G_H or T > H_p, which imply, respectively, p; < 50_/} or p; > éﬁ. From
Lemma [7], we know that the buyer’s indifference condition requires i > ps > iy
so that the level of i determines which of the two conditions above holds. The
first case is equivalent to (b.1). In the second case, by applying the same reasoning
as in point (a.3), we conclude that the considered PBE does not satisfy the payoff

requirement when compared to the feasible pooling(ey,)-b equilibrium.

(¢) Finally, we consider PBEs with P, = P,U{6;} and show that, under certain specific

conditions, they survive both the belief and the payoff restrictions. The indifference

conditions of the high and the low type are

(bl + b&l)pl = (b2 + bag)pg = .. = (bk + bak)pk, (150)
0, = a(by + ebay)p1y = a(be + cbas)ps = ... = by + bay)py. (1.51)

Depending on p; = min P, N P, = P, we have three possible cases:

(c.1)

p1 € (Gl,ég): in this case we know it must hold b, > 0 and ba; = 0 with p; = ém
and iy = ;_Lb(pl); in turn, this implies b; > 0 and ba; = 0, for every j = 1,2, ..., k,
and, by following previous arguments, it must be p; & [éﬁ_b, éﬂ] and p; = éﬂj, with
pj = 1, (p;) for every p; € Pp. From we get b; = 6;/(ap;) for every p; € P.
Since b; must be lower than one for every j = 1,2,..., k, a necessary condition is

that « > 6;/p; or, equivalently, 0;/a < p.

Then, 7}, = 6;/a and m; = 6. Note that By Lemma [3] the belief restriction requires
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75 > 7/ /o, which is always satisfied; and, since 7} = 6;/a < 9_,_“ we must also
have 7/ /(ag) < ég, implying o > 6,/ (5@). Hence, the overall condition on «
is o > max{6,/(c6,),6:/0,,} since p; = 6,,. From Lemma , we know that the

buyer’s indifference condition requires fi < p.

However, whenever the considered PBE is feasible, we know from Corollary [3 and
Proposition that there exists either a feasible standard mixed[ég,éﬁ] equilib-
rium—yielding 7; = 6;/(ae) when i € (0, i)—or a feasible pooling(es)-b equilib-
rium—yielding 75 = 0 when ji € (0, ji). In either case, the considered PBE fails to
satisfy the payoff restriction.

(c.2) p1 € [H_H, 9_,;]: the buyer can be indifferent either between ba and n, if p; = ppa(p41)

(with pin = p, (p1)), or between ba and b if py = py(p1) (with i = p, (p1)).

First, we consider p; = ppo(pt1). In this case, it must be that ba; > 0 and b; = 0.
From ([1.51) we get ba; = 6;/(aep;) for every p; € Py, which implies p; = ppa (i),
with p; = /_Lba(pj) and p; € [Q_H,éﬁ] for every p; € Py, as p; = py(pt;) would require
ba; = 1, thus contradicting for any p; > pi. Since ba; must be lower than one
for every j = 1,2, ..., k, a necessary condition is that o > 6;/(ep1) = 0;/(eppa(pt1))-
The payoffs are 7} = 0;/a and 7} = 6,. Since 7}, = 7/ /(ae), the belief restriction is

always satisfied.

From Lemma [7] we know that the buyer’s indifference condition requires i < py,
and we know that p, =y, (pr) < fi. Therefore, whenever a > 0;/(eppa(pn1)), if
L € [p1, pr) a pooling(ey)-ba equilibrium—ryielding a larger payoff to both types,
namely py, (1) for the high type and aepy,(ji) for the low type—would be feasible,
since a > 0;/(eppa(pt1)) > 61/ (eppa(ji). Thus, the considered PBE would fail the
payoff requirement. Consider, instead, the case i € (0,p1). If a > 0,/(eppa(pi1)),
then the pair of ({1, «) belongs to one of the regions (v), (vi), (vii), and (viii) defined
in Proposition If (fi, @) falls in regions (v) or (viii), the considered PBE does
not satisfy the payoff restriction, however, if it falls in regions (vi) or (vii), the PBE
yields the same payoff as a standard mixed [ég, H_Q] equilibrium, thus satisfying both

restrictions. In such cases, the non-standard mixed equilibrium survives.

Second, we consider p; = py(p1). Now, either by = 1 or ba; = 1. In the first case,

from (1.51)) we necessarily have p; = 6;/c, and b; = p1/p; = 0;/(ap;) for every
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p; € Pp\ {p1} which implies p; = éuj’ with p; = gb(pj), and p; € (éﬂ, 0y,) for every
p; € Py \ {p1}, as proved in point (a.1). Then, 7} = p; = 6;/a and 7} = ap; = 6,.
By Lemma , the belief restriction requires 7;; > 7/ /c, which is always satisfied;
however, since 7 = 0;/a = p; € [91“ 0], we must also have 77 /(ag) < 7}, or 6/ <
0, which is impossible. In the second case, from we necessarily have p; =
6,/(ag), and ba; = p1/p; = 0,/ (cep;) for every p; € P, \ {p1} which, again, implies
Pj = Pea(py), With p; = p, (p;) and p; € [0,,65] for every p; € Py \ {p1}. Then,
7 = p1 = 0;/(ae) and 7 = aep; = 0;, which clearly satisfy the belief restriction.
Since p; = 6;/(ae) € [5,_“ 0], a necessary condition is « € [0;/(0,), 91/(5@)]. From
Lemma [7} we know that the buyer’s indifference condition requires fi < u, and we
know that py, = p, (pr) < ji. Now, ifa € [61/(£6;),0,/(6,,)], and fi € (0, z), the pair
(fi, ) falls either within region (v) or within region (vi) as defined in Proposition
In this case, the fact that p; = 0,/(cae) implies that « is exactly equal to
0u/(epr) = 61/ (eps(p2,(p1))) = Ou/ (epva(pty, (p1))) With g, (p1) < g, (p1). This, in turn,
implies that if i € [u, (p1), ), the pair (7, ) lies in region (v) where a pooling(ey,)-
ba equilibrium—yielding a larger payoff to both types, namely py,(ft) for the high
type and aepy, (1) for the low type—would be feasible. Thus, the considered PBE
would fail the payoff requirement. If instead, i € (0, Hba(pl))’ then the pair (fi, «)
belongs to region (vi), where the only feasible outcome is a standard mixed[ég, 0]
equilibrium. Since the proposed equilibrium and a standard mixed[ég, 9_,;] yield the
same payoffs to the sellers, the non-standard mixed equilibrium satisfies both the

belief and the payoff restrictions.

(c.3) p1 € (0,,065): in this case it must hold b; > 0 and ba; = 0 with p; = 6, and
[y = Hb(p1)5 in turn, this implies b; > 0 and ba; = 0, for every j = 1,2,..., k, and,
by following previous arguments, it must be that p; € (ég, 6y) and p; = éuj, with
pj = 1, (py) for every p; € Py,. From (1.51)) we get b; = 0;/(ap;) for every p; € Pp.
Since b; must be lower than one for every j = 1,2,..., k, a necessary condition is

that o > 6,/p;.

Then, 7} = 0;/a and 7} = 6;, and, by Lemma , the belief restriction requires that
either 7/ /(ae) < é& or T > éﬂ, which imply, respectively, o > 69_H or a < Hl/éﬂ.

Hence, there are two possibilities for the PBE to survive the belief restriction. In
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the first, the overall condition on « is a > max{@l/(eég), 01/0,,} = ‘91/(59_11)’ since
P = ém and p; > G_p > 5§H' Clearly, the same reasoning used in point (c.1) applies
here so that in this case the PBE does not satisfy the payoff restriction. In the
second case, the overall condition on «a is a € (6;/p1,60,/0;) = (0,/0,,,60,/0;). From
Lemma [7, we know that the buyer’s indifference condition requires i < py. In this
case, the pair (fi, ) falls either within region (ii) or within region (iii) as defined in
Proposition . In particular, if fi € [u1, px) and o € (6,/0,,,,60,/0;), then (j1, ) falls
in region (iii), where a pooling(e,)-b equilibrium—yielding a higher payoff to both
types, namely 9_,1 for the high type and aéﬂ for the low type—would be feasible.
Thus, the considered PBE would fail the payoff restriction. However, if i € (0, u1),
then the pair (fi, @) belongs to region (ii), where the two feasible outcomes, namely
separating and mixed(éﬂ, 01) equilibria, yield the same payoffs to the sellers as the
proposed PBE. Therefore, in this case, the non-standard mixed equilibrium satisfies

both the belief and the payoff restrictions.

Therefore, from (a) and (b) we obtain that any non-standard mixed-strategy PBE with
|P,| > 2 and P, = P, or P, = P, \ {p1} does not satisfy both the belief and the payoff
restrictions. Moreover, point (c) shows that non-standard mixed-strategy PBEs with
P, = P, U {6} imply 7f = 6, and must exhibit: either p; € (6;,0,) for every p; €
Py, B(blp;, ;) = 6,/(ap;), B(balpj, uij) = 0, mp = 6;/a, with necessary condition o €
(01/9h,91/§ﬂ) since p; € (é,;,@h) (thus, proving (i)); or p; € [9_,_“5,1] for every p; € P,
B(balpj, 1) = 60i/(aep;), B(blpj, ;) = 0, 7 = 6;/(ce), with necessary condition a €
[0,/(0,),1] (thus, proving (ii)). Note, in fact, that sub-case (c.2) when p; = po(p,(p1)) =
8,/ (ae) requires B(balp;, 1) = p1/p; = 0/(cep;). Therefore, we have proved the claim.

[

Proof of Corollary

For any non-standard mixed-strategy PBE {6, 67, A, i} with |P,| > 2 that satisfies both

the belief and the payoff restrictions, there exists a corresponding standard mixed-strategy

PBE {O-;kw O-l*vﬂ*vlvb*} with O-;;(pla eh) - ]-7 B*(b’pla Ml) - B(b|p17 :ul)v B*(ba|pl7ﬂl> - B(ba|plvl~bl)7

where p; = min P}, that is payoff-equivalent, i.e., m; = 7, and 7] = 7.

Proof. Suppose {6y, 6y, B, fi} is a feasible non-standard mixed-strategy PBE satisfying



1.8. APPENDIX 133

both the belief and the payoff restriction with P, = {p1,p2,...,px} and p; = min P,.
Then, from Proposition [I3] it must be that:

(a) either a € (0,/p1,6,/05) and i € (0, 1) with py € (0,65) and py € (ji, 1); equilib-
rium strategies exhibits 5(blp;, ;) = 61/ (ap;), B(balp;, u;) = 0, for every p; € Py;

and equilibrium payoffs equal 7} = 0;/a and 7] = 6;;

(b) or o € [0;/(¢6;),1] and i € (0,411) with py € [0,,0;] and 1y € [, f1]; equilibrium
strategies exhibits 3(ba|pj,,uj) = 0,/(cep;), 3(b|pj,,uj) = 0, for every p; € P; and

equilibrium payoffs equal 7; = 6;/(ae) and 7} = 6,.

From Corollary [3| point (i), we know that when the conditions on « and fi of point
(a) apply, the unique feasible standard mixed equilibrium category is mixed(éﬂ, 1), with
7 = 0;/a and ) = 0, which is characterized by o} (p*, en) = 1, 8*(b|p*, ') = 0,/ (ap*) and
B*(balp*, i') = 0 for some p* € (0;,0,) and i’ € (ji,1). Then, by taking p* = p;, we prove
point (i) of the corollary. Moreover, from Corollary [3| point (iii), we know that when the

conditions on a and fi of point (b) apply, the unique feasible standard mixed equilibrium

category is mixed[ﬁ_g,e_ﬁ], with 7 = 0,/(ae) and 77 = 0;, which is characterized by
or(p*,en) = 1, B*(balp*, 1) = 0,/ (aecp*) and p*(blp*, i') = 0 for some p* € (04,6,) and
' € [, j1]. Then, by taking p* = p;, we prove point (i) of the corollary. O
Proof of Lemma

Proof. Given Definition [2| and the equilibrium strategies of separating, pooling-ba, and

pooling-b, proving (i),(ii), and (iii) is straightforward. Regarding the remaining expres-

sions:
(1V> For mixed[e_ga e_ﬁ] equilibria, we have /B(ba|pb(l(ul>7 :u/> = #l(ul)u B(blpba(p/)a H/) = 07
o1(pea(t'), en) = % and o;(0,¢e) =1 — u’f(()l(i;’;)zl = [“UJFS,(_I@BL?;Z —H0 . Substitut-
ing into the definition of welfare gives:
10010, [0 + (1 — o)y’ — po po(1 — 1) O
Wgog1=——F<+(1~— O+ (1 — po)x € 0
0951 aepra (1) (1= #o) w1 — po)a (1= o) W(1— o) aepu (i)
__10iOh n [0 + (1 — po)alp’ — Hog po(1—p') 07
agppa (') pa ©o appa(p)
6,0 1 — 1) (ppa(pt') — 6,)0
_ _ Ho% h/ (1= o) — o #)fpb (N/) ) L
OZE‘:pba(:u ) QL Pba (M )
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while substituting into the definition of the fraud probability gives:

1— 0 1= )0
Fig, 00 = (1 — po)a lfo( ) S ,uo(/ u? !
i W (1 — po)a cepya (1) apt' pra (1)

(v) For mixed(f;) equilibria, we have B(ba|fs, 1) = a0 0, B(b|0s, 1) = 01 —acty

a(l—e)0z’ a(l—e)0z’
— 1—4 1—0 1— olun—
al(ﬁﬂ,_eh) = % and oy(6;,e) = 1_— % = [“°+é(1fZl)L“ Eo. Note that
B(balfs, 1) + B(bl6, i) = 1, while B(balb, i) + eB(bl6, 1) = -
Substituting into the definition of welfare gives:
[10 + (1 — po)a] it — po po(l—p) 6
Wy = pobn + (1 — — 0+ (1— N —
(@) = Hobn + (1 — po) (1 — o) 1+ ( Ho)au(l — jio)a b !
1-— [ — 1—p) 0
oy oA mp)ali—poy  po(l=1) 6
o [ aby
1—)(0; —0
_ /-L(]eh + (1 . ,UO)HZ . /“LU( ,LL_)E m l)el
iy
1—p)Ad
= /L()Qh + (1 - Mo)@l - u@[
049/1

since éﬁ = 6, + pAf. Substituting into the definition of fraud probability, instead,

gives:

po(L—=p) 6 po(l— )b
11— po)aaby oty

Fgy = (1= po)a

(vi) For mixed (6, 0),) equilibria, we have 3(ba|0, ii) = 0, B(b|0s, ii) = %ﬂ/, 01(0,,en) =

(1—p') _ (1—p) _ [pot+(1—po)olp'—
/jf(()l—/j;)a and oy(6), ¢) = 1 — ljf?l—u/:)a = u’(l!fuo)g .
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Substituting into the definition of welfare gives:

110010 [0 + (1 — po)ep’ — po po(1 — ') 0
5oy = ——=—*+(1— 0+ (1 — o) —)
(07,0n) (1/0“/ ( Mo) ,LL/(l _ /fl’O)a t ( 'uo) /,[,/(1 — ,uo)Od 059;/ :
1— I 1— ! 2
_ 100i0n n (110 + ( l/to)a]ﬂ Hog 4 fho( / ) 0
aby wWao L ab,,
JE— / ) ;) —
(g 0000
Oz@u/ O(/_j, 9.“4/
1— A
= Mo@eh + (1 — pio)0r — tol H) %
Oég‘u/ onM/
0 "0, — 1/6,)0
_ (1—/10)91—'“0( L O — Y
Oé(gu/
ot
= (1 - Mo)el +—,
a
while substituting into the definition of the fraud probability gives:
1—u) 6 1— "o
Fi oy = (1= mo)a p/eo( p) O pe(l =)o
& 1(1— po)aab,, a0,y
m

Proof of Lemma@

Wio,,0,1

5.~ < 0 is obvious. Instead, for mixed (6;)

Proof. Given the expressions in Lemma ,

equilibria we have

_ Hobh (X = 1) (0 — 6)
049,1

Wia,) = o + (1 — 10)6i

Y

so that

8WM . _uoél(é’h - 0;)8(1 — ,u)
Oe a Je '
Since 0, = jif, + (1 — j1)8;, we have that 6{%’1 = /(0 — 0;), where

S TGRS T N N £ e —

_,  Ou c
p=20_
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Therefore,
8<1 - ﬁ) _ W= (A= mE O —=0) _ 0
and
aw(éﬁ) _ _:U’Oel(eh - Ql) (—/_L,H—h> _ /m@l@hc
o . O/ 20051 e/i - mam

which is strictly positive. [

Proof of Proposition

Proof. (i) Since a > 6,/ 9_,;, and i € [0, "], the only feasible equilbrium outcomes are
pooling-ba with F,, = (1 — po)ae, pooling-b with F, = (1 — po)a, mixed[ég,éﬁ] with

0,.00) = %7 and mixed(6;) Wjj;h fi’(éﬁ) = %}-’Z)Gl. Poling-b yields a strictly {arger
fraud, regardless of €. Since mixed|[f,, 0] feasibility condition requires o > 6;/(e6) or
equivalently, ¢ > 6,/(af;). Then Fa, 6, = %, where fi = ji(e = 0,/(af,)) since

Flg, 5,1 1s decreasing in 1 < ji. The expression is strictly lower than mixed(6;) with e = 0,

ie. i = p*. Finally, feasibility conditions for pooling-ba require o > 6;/(eppa(fi)) or

equivalently, ¢ > 01/ (apsa(7))- Then, Fio = (1 io)ac > (1 — io)afl/(appa(7i)), which is
o)1 i) o

strictly larger than F 0-)= "o 0

and, by dividing both sides by o + (1 — o), we obtain
1 i(1— p
. p —p)
DPra(ft) w0
(1= @) > (1 = " )poa (i),

(1—p)

which is always satisfied since p* > i and 91;* > Dpa(f1)-
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(ii) Given the non optimality of intermediate authentication precisions, to maximize
welfare in the specified parameter region, we need to compare the perfect authentication

outcome, mixed(@l;*) and pooling-b. The latter yields a larger welfare compared to the

former if and only if

1 — p*)Af
pobn + (1 — po)aty > poby + (1 — p10)0; — il - ) 0,
po(1 — pr)Ag
(1= o)ty 2 (1 — o)ty — 0=y,
1—p*)A0
(1— po)(1— @) < fo(1 = p7) A0
al
1—p*)A0
(1 - po)all — a) < ol —#)20
0,
and, by dividing both sides by po + (1 — o), we obtain
5 (1l — p*)AG
(1)1 —a) < L)
l‘L*
i(1— p)A
a>1-— i /f 2 07
(1 —f1)8;
where the RHS is strictly lower than 1. O]

1.8.3 Proof of Corollary

Proof. See the last sentence of the proof of Proposition [14] O
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Chapter 2

Soft News Strategies in Networks

2.1 Introduction

Consider the social media manager of a company that sends personalized ads to different
subscribers of a social media platform about the products their company produces de-
pending on the quality of the products they have in stock at the moment. Assume that
receivers know that the content of the ads depends on the level of quality of the product
and share the ads among their friends. These are divided into different categories: some
of them love the products, while others are not regular customers. How should the social
media manager design the communication strategy to maximize the inflow of new clients
while being sure of retaining all fond customers? How does the structure of the receivers’

relationships influence the optimal strategy?

We consider a binary Bayesian persuasion model with a sender and multiple hetero-
geneous receivers. As standard in the persuasion literature, the sender is able to commit
to a state-dependent communication strategy. We assume the sender can send private
messages to receivers. However, receivers are connected to each other and share informa-
tion among neighbors. The goal of the sender is to induce receivers to take the sender’s
favorite action while receivers would like to match their action to the true underlying

state. Receivers differ in their initial beliefs about the state of the world and can be
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divided into believers — those who assign a relatively high probability to the sender’s
favorable state — and sceptics — those that would a priori take sender’s unfavored action.
A feature of the model is that the sender is somehow constrained in the distribution of
messages she can send to receivers: in fact, the strategy requires specifying probability
for binary messages and the simultaneous correlation among them. We will present this
characteristic formally in Section 2.

Innocenti (2021) considers the problem faced by a sender when heterogeneous receivers
do not share information and the signal is public. The main finding is that there are only
two optimal strategies for the sender depending on the parameters of the model. The first
one is the so-called hard news strategy that sends a persuading message with probability
one in the favorable state. They are designed to maximize the probability of persuading
sceptics at the cost of dissuading believers under some signal realizations in the bad state.
The second type of strategy, the soft news strategies, ensures that believers take the
sender’s favorite action regardless of the state, at the cost of losing the sceptics in the
good state with positive probability.

Liporace (2021) studies the problem in a network with private messages and infor-
mation spillovers. The focus, however, is on the network counterparts of the hard news
strategies defined before. This paper borrows the main assumptions of the model and
builds on it in order to extend the analysis to the soft news strategies in the connected
world.

We formally define soft news strategy in a network as those strategies that send some
persuading messages to believers and some to sceptics in the favorable state of the world
with probability one. We then provide some preliminary results about different types of
strategies. In particular, we show that not all the hard news strategies in Liporace (2021)

have their soft news counterpart.

Related literature. We provide a brief literature review strictly connected to this work.
The seminal paper of Kamenica and Gentzkow (2011) paved the way for the significant
literature on Bayesian persuasion. They study a simple model with one sender and one
receiver,, and their findings represent the groundwork of this paper.

Recently, different authors have focused on Bayesian persuasion models in networks.

Alonso and Camara (2016) consider an information voting model, where a sender
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(politician) can influence receivers’ (voters’) choices by designing a policy experiment.
Kerman et al. (2020), and Kerman and Tenev (2021) study a multiple-receiver Bayesian
persuasion model with homogeneous receivers. The sender sends private (possibly) corre-
lated messages to the receivers, who are in an exogenous and commonly known network,
in order to get their positive vote. As in our setting, receivers can observe their neigh-
bors’ messages. They find that the sender’s value from persuasion is not monotonically

decreasing with the density of the network.

Egorov and Sonin (2020) analyze a model, in which each receiver can buy direct access
to the sender’s signal or rely on network spillovers to get the same information. They
find that the density of the network has a non-monotonic effect on the optimal level of

propaganda as well.

Innocenti (2021), considers a model with heterogenous priors but where receivers are
not connected. He finds that soft news strategies perform better than hard news strategies
when (a) the group of believers is predominant, (b) polarization is low, and (c) the sender
assigns a high probability to the favorable state. In addition, he considers the case with
multiple senders and finds the echo chambers arise endogenously even though they are

harmful to receivers.

Finally, Liporace (2021) studies a Bayesian-persuasion problem on a fixed communi-
cation network, focusing on the network counterparts of the “hard-news” strategies first
identified by Innocenti (2021). She shows that, although these hard-news mechanisms
underperform a public signal when receivers’ priors are homogeneous, they can strictly
outperform public communication whenever priors are heterogeneous and the average
degree of the group that should not be dissuaded is sufficiently low. In particular, in
segregated networks—where within-group ties dominate—hard-news strategies both (a)
exploit connectivity to concentrate persuasion on targeted subsets of receivers and (b)

mitigate the usual trade-off between persuading sceptics and preserving believers.

By contrast, our chapter extends the analysis to soft-news strategies in the same
networked setting. We characterize the full class of soft-news equilibria, and provide
preliminary results on how to derive welfare and fraud comparisons to show not only
when network-exploiting soft-news strategies outperform public signaling, but also to

build the ground to comparison with previously studied hard-news strategies in networks.
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This work builds mostly on the framework analyzed in Liporace (2021) and is intended
to bridge the gap between her work and the findings in Innocenti (2021). The model in
the paper resembles that of Liporace (2021) and different relevant findings on the optimal
strategy of the sender in networks are reported here as they are considered instrumental
to the analysis of soft news strategy. Different from her research, we focus on different
types of strategies that have not been studied yet in the literature on Bayesian persuasion.
Moreover, we extend the definitions in Innocenti (2021) to the case of receivers belonging
to a network. We provide some preliminary results on classes of soft news strategies.
Furthermore, we state some educated conjectures regarding the characterization of the

set of soft news strategies in networks.

2.1.1 Outline of the Paper

In Section 2 we present the model and introduce the necessary notation. In Section 3 we
provide previous results on the optimal strategy of the sender. In particular, we report
the main findings on hard news strategies in networks. In Section 4 we define soft news
strategies in networks and provide some preliminary results. Section 5 concludes with a
brief discussion and with the future steps to take in order to enhance the analysis of soft

news strategies in networks.

2.2 Model

We consider a Bayesian persuasion model with a sender (she) and multiple heterogeneous
receivers (they/he) connected via a network. The sender observes the state of the world
and sends a private message to each receiver in order to persuade him to take her favorite
action. Instead, each receiver wants to match his action to the realized state, of which
they are not aware. In order to update his belief over the state, he uses not only his own
message but also the messages received by his neighbors, wich all together represent the
receiver’s signal. We now provide a formal outline of the setting and the assumptions of

the model.

Preliminaries. Consider a binary state of the world. Let w denote the state and €2 =

{0,1} the state space. At the beginning of the game, the state realization is observed by
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the sender, but not by the receivers.

Let N ={1,2,...,n} denote the (finite) set of receivers, and J = {sender} UN the set
of players. Each agent j € J holds a prior belief with full support over the possible state
pi(-) € A°(Q2), where A°(€2) denotes the set of strictly positive probability distributions
over ). Given the binary nature of {2, we can fully specify agent j’s prior by setting
pj =P(w =1) € (0,1), i.e., j’s prior belief that the state is 1. As in Innocenti (2021),
we drop the common prior assumption: the sender has prior ug, while receivers display

prior’s heterogeneity.

Assumption 1 (Heterogeneous receivers). Receivers are heterogeneous in their prior. In
particular, we assume that N = AU B, where all members of group A (respectively, B)

share a common prior pia (up), with s > pp.

Let n4 and np denote the number of receivers in each set and define g4 = =4 and g = "2,
with g4 + g5 = 1.

Finally, let X indicate the common binary set of actions of the receivers, and M a
binary set of individual messages the sender can communicate to receivers. In order to

ease the notation, we assume throughout X = M = Q.

Network. We assume that receivers are organized in an undirected network I' = {V, L},
where L C N x N denotes the set of links, i.e., (i,7) € L if and only if receivers i and j
are connected[] Write N; = {j € N : (i,7) € L} U {i} to indicate the neighborhood set
of receiver 4, including i himself, and N/* := N; N A (NP := N; N B) i’s neighbors of the
A (B) type. We define i’s G-degree as d$ := |[N¢| to be the number of neighbors of 1,
including himself, that belong to group G € {A, B}.

The network is assumed to be exogenous and locally finite so that max; N[ is finite
for every ¢ € N and G. Given the definitions above, the network is characterized by
group-specific degree distribution {044, 045,054,055} where d;6(k) = Pr(diG =kl|ic€ I)
denotes the fraction of receivers of group I with G-degree d¥ = k.

Instead of requiring full knowledge of the network structure, we assume that the sender

knows N, A, B, {044,048,954,0885}, as in a random network setting. On the other hand,

TAll the results of the paper can be extended to the more general case of a directed network in which
(i,j) € L # (j,i) € L, for i,j € N, by considering the in-degree distribution instead of the degree
distribution.
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receivers know N/* and M. These assumptions allow us to focus on the sender’s strategies
targeting specific sets of nodes given their group-specific degrees. Notice, nonetheless, that
the sender might be aware of the network structure under some specific distributions — up
to the identity of receivers that belong to the same groupﬂ In addition, the assumption
implies that each receiver is aware of his neighbors’ group affiliation.

Finally, let m; € M denote the individual message observed by receiver . We define
a signal as a vector of messages as in Kerman and Tenev (2021). We assume that infor-
mation spreads deterministically given L, so that every receiver in the network observes

his neighbors’ messages in addition to his own. E|

Assumption 2 (Information spillovers). Eachi € N observes his own message realization

and the realizations of all his neighbors, i.e., he observes signal 5; := {m;} e .

Therefore, non-empty networks allow receivers to gather (weakly) more information about
the state compared to what they would get from the same communication strategy under

the empty network.

Preferences. The sender has state-independent preferences over the actions of the re-
ceivers. He wants them to take his favorite action x* € X regardless of the state of the
world. Without loss of generality, we assume the sender’s utility from a receiver taking

action x to be v : X — R with

v(x) = Lig=1},

so that * = 1. Accordingly, we say that w = 1 (w = 0) is sender’s favorable (unfavorable)
state of the world. Let & = (z;);en € {0, 1}" be a profile of actions taken by the receivers.
We denote the (normalized) overall utility of the sender from z by V : X™ — R so that

_ 1
V(z) == wv(z) =ga) v(z)+gs ) vlz;),
iEN i€A jeB
corresponds to the fraction of receivers taking her favorite action. The objective of the

sender is to maximize E[V (+)], i.e., the probability that a receiver plays = = 1.

2For example, consider d45(2) = dpa(2) = 1 with |A| = |B| > 2: in this case, the sender knows that
receivers are arranged on an ABAB... ring.

3Egorov and Sonin (2020), instead, assume that information passes through any link connecting two
nodes with probability p € (0,1).
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Each receiver wants to match his own action to the actual state. Formally, we represent
the utility of agent i € G, with G € {A, B} taking action z in state w as u; ¢ : X x Q2 - R
with

Ui q(rlw) = ug(r|w) = telpaw—oy + (1 —tg)lz=w=1}, 0<tg <L

Notice that tg represents the posterior belief threshold for members of group G so that
receiver ¢ € GG takes action 1 if and only if his posterior belief about w = 1 is greater than
ta. Throughout the paper, we always assume pus > t4 and pug < tg. This implies that,
without information from the sender, the default action is x = 1 for A-members, and
x = 0 for B-members. Therefore, by taking the perspective of the sender, we can refer
to the members of group A (B) as believers (sceptics), as in Innocenti (2021). Finally, we

assume that when indifferent, receivers choose the sender’s favorite action, z = 1.

Communication Strategy. The sender can influence receivers’ actions by designing a
state-dependent signaling policy that sends informative messages to the receivers about
the state of the world. In particular, we allow the sender to commit in advance to a
communication strategy that sends private, potentially correlated messages to receivers,

conditional on both the realized state and receivers’ type.

Assumption 3 (Signaling Policy). E| Sender’s signaling policy consists of four mappings,

two for each group of receivers, (wg, pa), with G = A, B with:

(i) mq : Q@ — A(M),

(71) pe: 2 — |0, 1] where pg(w) = Corr(m;, mjlw) > 0, for every i,j € G.
In words, the sender not only commits to privately send messages s € {0,1} in state
w € {0,1} with probability m4(s|w) (mp(s|w)) to receivers of the A-type (B-type), but
also (possibly) imposes positive within-group message correlation equal to pa(w) (pp(w)),

depending on the actual state. Since {2 = M are binary, a signaling policy needs to specify

four parameters for each group G:

pf = ma(11) pt = p%(1)
p§ = me(1]0) ps = p©(0)

4Note: We are currently reassessing this assumption in order to understand provide results for a wider
and more general set of signaling policies.
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where the subscript indicates the corresponding state.

Remark 1. The information content of signal 5; for receiver i is equivalent to that of the

e (A B A _ B _
pair s; = (s, s;’) where si* = Yjenamy and s7 =3 jcns My

We assumed the set of messages M to be binary, and the communication strategies to
be group-specific. Therefore, individual messages received from neighbors in one group are

ex-ante identical for 7. Thus, the information i receives from his neighbours in a group (say
G

(i) corresponds to the number of 1’s he observes (s{) out of the total number of messages

he receives from his neighbors in that group (d$). Hence, with an abuse of language, we
G

)

will refer to s; 1= (si!, s?) as a signal. Notice that s

1%

, does not follow a standard Bernoulli

distribution since messages sent to group G are (possibly) not independent.

Belief update. Receivers use Bayesian updating to form their posterior beliefs about the
state. Let m; denote the conditional joint distribution of signals that are receivable by
receiver ¢ which is induced by the sender’s signaling policy.For any signal s;, let 7(s;|w)
be the probability that receiver ¢ € GG observes s; when the state is w. Then the posterior

belief about state w = 1, denoted by 7, will be

pemi(sill)
pemi(sil) + (1 — pe)mi(si|0)

nic(si) =

Finally, we define a key element of our analysis.

Definition 1 (Persuasion level). E| The persuasion level of receiver i of type G is the value
ag defined by
g = Mo uclll) —uc(O0[)) _ pio(1 —1c)
1= peua(0[0) —uc(10) (1 - po)ta
It is straight forward to show that receiver i € G takes action x = 1 after observing s; if

and only 7; ¢(s;) > tg, or equivalently,
Notice that, given the above assumption on t4 and tg, we have

ap <1< ay. (2.2)

®Arieli and Babichenko (2019) provide an alternative definition that bounds a upward by 1.
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For group B, the persuasion level ag can be interpreted as the maximum probability with
which the sender may send signal s; in the unfavorable state w = 0 so that a B-receiver
optimally takes her preferred action upon observing s;, assuming that the sender always
sends s; in the favorable state w = 1. Moreover, the closer the prior belief pug of the
sceptics is to their decision threshold ¢g, the higher the persuasion level ag—that is, the

more the sender can “bluff” a B-receiver (Arieli and Babichenko, 2019).

Timing and solution concept. The game unfolds as follows:
1. The sender commits to a signaling policy (7q, pa)ae(a,By-

2. Uncertainty over the state is resolved and w realizes. Individual messages (m;) are

sent to receivers.

3. Each receiver (i € G) observes sender’s signaling policy (7q, pa)cera,py, and his
neighbors’ signal realizations s;. Finally, he updates his belief and chooses action

z; = 1 if and only if Equation [2.1] holds.

The game can be solved by backward induction and the analysis considers Subgame
Perfect Equilibria. Notice that, condition already characterized the optimal behaviour
of the receivers. We need to specify the optimal signaling policy of the sender, given the

optimal choice rule of the receiver.

2.3 Benchmarks and Instrumental Results

This section provides previous results from the literature that are instrumental for the

analysis.

2.3.1 Distribution of correlated messages

In order to characterize the joint distribution of signals, it is necessary to specify the
probability distribution of s and s?, i.e. the number of messages equal to 1, or sucesses,
in 7’s A-neighborhood and B-neighborhood, respectively. The signaling policy of the
sender allows for positive correlation between individual messages, which implies that s

sB . does not follow a standard Bernoulli distribution.
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Liporace (2021) specifies the probability for k successes to occur among n simultaneous
correlated Bernoulli trials. Take a random variable z defined as the number of successes
out of n dependent simultaneous trials. If trials have probability of success p € (0,1) and

are correlated with correlation p, then = has probability mass functionﬁ

Blo = Hpop) = (1) 0= 90 =04 p[(0 = Doy ] (23)

If p = 0, the trials are independent and x follows a standard Binomial(n, p) distribution.
If p = 1, the trials are perfectly correlated so that either all succeed or all fail; in this case
xr = ny, with y ~ Bernoulli(p), i.e. P(x =n) =pand P(x =0) =1 —p.

Consider now the signal policy of the sender. It specifies the probability of sending
message 1 and the value of simultaneous correlation among the messages for each group
given the realized state. Hence, the probability distribution of Sg := }>;c¢ m;, the total
number of messages equal to 1 sent to the members of group G, in the favorable state

and in the unfavorable state, respectively equal

pe(L—pF) + (1 = pf)(L —pf)e itk =0
P(Se = klpY na. o) = § (") (1 = pH) @) (1 - o) *  if k€ {1,2,..,nc — 1}
prPT + (1= p7)(pf)"e if k = ng

(2.4)
pe (1 =p5)+ (1= pf) (A —pg)"e if k=0

P(Se = klp§' . nc. ) = { ("¢) (1 = p§)@§)F (L = p§)*  if k€ {1,2,..,nc — 1}

pEPs + (1 — pg)(pg)"e if k = ng
(2.5)
We will see in the next subsection that it is always (weakly) optimal for the sender to
commit to a signaling policy that sends informative messages only to B-type receivers,

i.e., those that need to be persuaded. This implies that the information content of a signal

s; = (s, sP) is fully captured by s?. Thus, the probability distributions specified in ([2.4)

i 91

and ([2.5]), substituting for B, fully characterize the joint distribution of messages sent by

6Clearly, if p € {0,1}, then the trials are deterministic and therefore perfectly correlated, implying
p=1
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the sender in each state.

Finally, the distribution of signals s observed by i with B-degree equal to d?, follows

)

2.4) and (2.5) in the respective state, substituting ng with d?, i.e, the total number of
g

7 )

B-messages that ¢ observes.

2.3.2 Unconnected case: Hard and Soft News Strategies

Let us first consider the optimal strategy of the sender in a world with no network, or
equivalently, when the network is empty (L = &). The sender can either commit to
sending a single public message to all receivers or send a private message to each receiver
individually.

In the public-information case, the sender’s strategy is characterized by two param-
eters: the probability of sending the public signal m = 1 in the favorable state, p;, and
the probability of sending m = 1 in the unfavorable state, py. Innocenti (2021) studies
this framework with heterogeneous receivers, and proposes two types of strategies for the
sender, hard news and soft news strategies. A public signal implies a trade-off for the
sender when designing her strategy. She wants to (i) persuade agents in B, the sceptics,
as often as possible and (ii) avoid dissuading agents in A, the believers. Increasing infor-
mativeness of the signal in the favorable state of the world favors (i) at the cost of making
(i) less likely.

Innocenti (2021) studies this framework with heterogeneous receivers, and proposes
two types of strategies for the sender, hard news and soft news strategies. The hard news
strategy is designed to convince both groups with probability one in the favorable state
of the world, at the cost of having a positive probability of dissuading believers in the

unfavorable state. The sender sets
=1 p=oap (2.6)

so that all receivers take action 1 upon seeing message 1 and take action 0 otherwise.
Given the prior of the sender over state 1, ug, her expected probability that a receiver

takes action 1 — equivalently, the value — of such strategy is

Vi = ps + (1 — pg)ag.
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Hence, the strategy corresponds to the optimal strategy in Kamenica and Gentzkow
(2011), the standard Bayesian persuasion framework in which the sender wants to per-

suade an agent with prior ug.

On the other hand, the objective of a soft news strategy is to never dissuade believers,
with the downside of reducing the probability that sceptics take action 1 in the favorable

state of the world. The optimal strategy, in this case, prescribes to specify

_ca—oap _ ap(as —ap)

P = Po (2.7)

g — 1 ag —1
so that the posterior of an A-receiver equals t 4 in the unfavorable state, while the posterior
of a B-receiver equals tp in the favorable state. Now, believers are persuaded when they
observe either message, but message 1 is sent less often in the favorable state compared
to the hard news strategy, implying that sceptics are persuaded with a lower probability.

The value of the soft news strategy is then

g — QB
Ven =94+ 9B |ps—— + (1 — ps)
aA—l

Clearly, the sender’s optimal strategy depends on the parameters g, gg, @a, ap, and
ps. Intuitively, a soft news strategy is preferable when (i) the group A is relatively larger
than group B, (ii) the sender assigns a sufficiently high probability to the unfavorable
state of the world, (iii) polarization between the two groups—defined as a4 — ap—is high

enough (Innocenti, 2021).

Consider now the case in which the sender is allowed to send a private message to
each receiver, i.e., she needs to specify the vector (p2, pi', p2, p¥). Then, it is optimal for
her to target each group differently. Believers do not need to be persuaded, hence she
will send an uninformative signal to the members of A. Instead, she will send the optimal

persuading signal to members of B:

Private individual messages allow the sender to optimally target each group. Therefore,
a hard news strategy performs (weakly) better than a soft news strategy since believers

cannot access to possibly dissuading information and always take the sender’s favorite
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action. and, hence, the private information strategy determines the upward threshold for

the value of the sender:

Vor = ga + 98 (s + (1 — pg)ap] .

The value for the sender of the different strategies provided above represents natu-
ral benchmarks to compare how well a sender can do when receivers share information
through a network. In particular, notice that both hard and soft news strategies can be
replicated in a network by setting perfect correlations among signals (pj' = p& = pt = pP),
and the same probability for all receivers, according to the strategy-specific values spec-
ified above[] Therefore, the optimal value for the sender in a network is bounded below
by Vpu := max{Vj,, Vs, } and above by V.

In the next subsection, we turn to the network setting. First, we recall Liporace’s
(2021) extension of the hard news strategy to communication networks. We then introduce

and analyze the corresponding notion of a soft news strategy in the same environment.

2.3.3 Connected case: Hard News Strategies

Consider now the problem of the sender when she can commit to sending private messages
to receivers, but, at the same time, she faces information spillovers between neighbors.
This corresponds to an intermediate case between the private and the public information
settings.

In this subsection, we present some of the results and the definitions in Liporace (2021)
that help us in the analysis of potential soft news strategies in a network. One important
result, is that any optimal signaling strategy m must send uninformative messages to
believers, i.e., it prescribes pj = pi, and p§ = p¥. The reason is that believers do
not need to be persuaded, so any information they receive is weakly detrimental, as
they would already take the sender’s favorite action in the absence of any information.

Moreover, relying on believers to inform sceptics is unnecessary: the sender can target

"The public values of information are exactly achievable whenever d4 5(0) = 0, i.e., each believer
A shares at least one link with a sceptics B. Instead, if 45(0) > 0 then the value for the hard news
strategy in networks equals [1 — J4p(0)]Vipn + d45(0), since believers whose signal does not include at
least one message from a B member can never be dissuaded under the optimal strategy. We will explain
this formally in the next subsection.
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sceptics directly. Using believers as intermediaries would only expose them to potential
dissuasion, without improving the probability of persuading sceptics beyond what direct
targeting achieves.

Assuming uninformative messages for the believers implies that the signal observed
A (B
i Si

by receiver i, s; := (s ) is fully defined, in the sense of the information that it carries,

B

by sZ. Hence, from now on we will refer to the signal received by i with B-degree d?
simply as s?. Moreover, we will re-denote some variables to save on notation, since the
parameters of the signaling strategy for A will no longer be considered. Hence, we write
d; == dP, pr = p?, po = p, pr = pf and po := pf.

Another important insight is that the network structure implies an additional level of
heterogeneity among receivers compared to the unconnected case. Now, receivers differ
not only in their prior but also in their degree (more relevantly, in their B-degree). There-
fore, the strategies of the sender needs to target specific sets of nodes that are defined by
their prior and their B-degree in order to make them just indifferent given some specific
signal. In the absence of a network, all nodes are targeted when the sender adopts a
soft news strategy, since the strategy implies that each public message is persuading, i.e.
making indifferent about the two actions, one of the two groups: the believers in the
unfavorable state, and the sceptics in the favorable one. In a connected world, the targets
of a strategy need to be formally specified.

Following Liporace (2021), we define a persuading signal for receiver ¢ to be a signal
s; such that n; (s;) = tg. Similarly, a favorable signal for i, is a signal s; such that
nic(si) > ta, while a dissuading signal for i € G is a signal for which 1, ¢(s;) < tg. The
targets of strategy 7 are the subset of receivers whose set of persuading signals under 7
is nonempty—i.e., for whom there exists at least one signal that renders them indifferent
between the two actions. Moreover, denote the set of dissuading signals for an i € N,
given a signaling policy 7, as DS, » and the set of persuading signals for any ¢ € N as
PS; . Finally, let S; be the set of possible signal realizations of i € N.

Given the definitions above, Liporace (2021) defines a hard news strategies in network
as a signaling policy 7 such that P(s; € PS;.|w = 1) = 1 for any targeted receiver 4,
and proves that there are only three possible strategies that satisfy the definition: the
unconnected, the multiple-message, and the network-specific hard news strategy. The un-

connected strategy is the network replication of the hard news strategy of the unconnected
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case. Correlation is set to 1 in both states, so that all B nodes can be targeted regardless
of their B-degree, p; = 1 and pg = ap. All the sceptics are targeted by this strategy be-
cause the informativeness of a single-message signal equals that of a multi-message signal,
since full correlation implies that all messages directed to B nodes are identical. The (d)-
multiple-message strategy targets nodes with a specific B-degree, d, which are persuaded
upon observing signal s; = d;, i.e. all 1 messages in their B-neighborhood. Finally, the
(d)-network-specific strategy is based on differences in the correlation parameters such
that p, = 1. It targets B nodes with d; = d, which are persuaded upon seeing s; € {0,d}.

Importantly, under both the multiple-message and the network-specific strategies, any
sceptic j € B with d; < d never receives a persuading message, whereas any sceptic | € B
with d; > d receives a favorable signal with probability that decreases in d;; differently, A
receivers are always susceptible of receiving a favorable message, regardless of their degree
in both strategies. The unconnected strategy, instead, levels the degree heterogeneity
among receivers, since it implies an identical message to all receivers so that the number

of messages received is not informative.

We know move to the definition and

2.4 Soft News Strategies in a Network

In this section, we generalize the definition of a soft news strategy proposed in Innocenti
(2021) to the network case. The main idea of soft news strategy in the unconnected case
is that they ensure that believers A are never dissuaded. However, an optimal strategy
in a network, should always aim at maximizing the expected probability that a receiver
takes the favorite action regardless of his type. Hence, defining a soft news strategy as a

signaling mechanism that never dissuades receivers in A is not sufficient.

Remark 2. [t is always possible for the sender to design a strategy ensuring that every
i € A takes her favorite action since she can always design an uninformative signaling

policy for both groups.

If no information is introduced in the network, then no sceptic can be persuaded, but
nor will any believer be dissuaded. However, we are interested in analyzing strategies that

not only avoid dissuading believers but also persuade sceptics.



154 CHAPTER 2: SOFT NEWS STRATEGIES IN NETWORKS

Definition 2 (Soft News Strategy). A soft news strategy in a network is a signaling policy
7w such that for any targeted node i € A, and for any targeted node j € B satisfies:

(i) P(s; € PS; |lw=1)>0, and P(s; € PS;,|lw=1)>0,
(ii) P(s; € PS;rlw=1)+P(s; € PSj lw=1)=1.

The definition of soft news strategy we proposed requires that both sceptics and believ-
ers are targeted so that in the favorable state, they all have a strictly positive probability
of observing a persuading signal. However, this is not enough, as the definition requires
that in the good state of the world, at least one targeted node observes a persuading signal.
In fact, given the differences in priors, it is not possible for a signal s; to be persuading for
both a believer and a sceptic. Therefore, condition (ii) is effectively a mutually exclusive
condition: at least one and only one targeted set observes a persuading message in the
favorable state.

Notice that the definition does not explicitly require for that targeted i € A, P(s; €
DS, ) = 0 as we would expect by the definition of a soft news strategy. However, it
does so implicitly by requiring that every possible signal in the favorable state must be
persuading for at least one target. Since ay > ap, any signal s; that is persuading for
a sceptic is strictly favorable for a believer. Therefore, targeted A members cannot be
dissuaded when the sender implements a soft news strategy.

Finally, given the joint distribution of signals specified in the definition implies
that targets A and B have the same B-degree d, otherwise P(s; € PS; |lw = 1) + P(s; €
PS; lw=1)#1

Now let us consider the soft news (SN) strategy counterparts of the hard news (HN)
strategies specified in Liporace (2021)

Definition 3. An unconnected-SN strategy 7, is a signaling policy m that targets alli € N
regardless of their B-degree. For any receiwver j € B, PS; = {d;} and for any receiver
i€ A, PS;={0}.

Definition 4. A network-specific-SN strateqy 7, is a signaling policy m in which PS; , =

8We will not consider the symmetric counterparts of this strategies, but it should keep in mind that
the content of the messages is irrelevant so that all the strategies proposed could be implemented with
inverted realizations.
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{0,d;} for any targeted node j € B, and PS; . = S; \ {0,d;} for any targeted node i € A
with d; = d; = d.

Definition 5. A multi-message-SN strategy m, is a signaling policy m in which PS; . =
{d;} for any targeted node j € B, and PS; . = S; \ {d;} for any targeted node i € a with

The SN counterparts of the network-specific multi-message strategies defined above
specify the set of persuading signals for the A targets residually, out of the possible signals
observed by a receiver with degree d. In fact, in the unconnected-NS case, will we see
that for any ¢ € N, S; = {0,d;}. Notice that this is consistent with the definition of
a soft news strategy since the union of the two persuading sets is the set of all signals
observable by i, i.e., S;. However, with Proposition[I], we characterize the unconnected-NS
and the network-specific-SN, while we show that a multi-message-SN strategy cannot be

implemented.
Proposition 1. The three SN strategies defined above are characterized as follows:

(i) An unconnected-SN strategy m is a signaling policy for which p1 = po = 1, py =

ap(aa—1)
apA—ap

aa—1

, with associated value for the sender
apA—ap

and py =

oy — 1 La _us)aB(aA — 1)]

VAN = ga+ gp [ﬂs
ap — ap ap — Qap

(ii) A network-specific-SN strategy m is a signaling policy for which po = 1 —aa(1—py),

p1 = po = 0.5, with associated value

np

VnSSN =gA + gBls Z dpp(d;) [Pl + 284 (1 — Pl)] +
di=d
+98(1 = ps) Y pp(d;) [Po +27%(1 - Po)}
d;=d

(#ii) The multi-message-NS strategy is not implementable.

Proof. By definition, a persuading signal s; for ¢ is such that 7; ,(s;) = t¢, or equivalently,

P(s;]0) = agP(s;[1) (2.8)
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which corresponds to condition ({2.1)) in our current setting, where signals are defined as

the sum of messages received by B-neighbors.

(i) A strategy targeting all nodes in the network requires that messages are perfectly
correlated in each state of the world, hence, p; = py = 1, so to level any degree differences.

Then, from the joint distribution of signals, we know that for any ¢

P(00) =1 — po POI1)=1—p
]P)(di|0) = Do P(dill) =D

For each node ¢ € B, PS;, = {d;}, hence P(d;|0) = agP(d;|1), or py = apgp;. For each
node ¢ € A, PS;, = {0}, hence P(0]0) < asP(0|1), or (1 —py) = aa(l — p1). The two
conditions imply

ay—1 ag(as —1)

nh=—— Po =
Gy — ap gy — ap

Therefore, believers are persuaded when observing s; = 0 and are not dissuaded when
observing s; = d; since P(d;|0) < apP(d;|1) implies P(d;|0) < asP(d;|1) as a4 > ap.
Hence, A’s are never dissuaded. Sceptics are just persuaded when observing s; = d;,
which happens with probability psp; + (1 — ps)pe. The expected probability for the

sender is then

ag — 1 apglag —1
AL (g 220a Y

VuSN =gAa+t 9B |Hs———
) — Qap ap — Qap

(ii) In a network-specific-NS strategy targeting nodes i € N with d; = d, the per-
suading signals of sceptics are {0, d;}, while the persuading signals of the believers are
{1,2,...,d-1}. This implies that p;, py are lower than one and P(s;|w) > 0 for every s; and

every w.

Let us assume, from now on, that both i € A and j € B are targets, i.e. d; =d; = d.

We know that PS;, = {1,2,...,d-1}, and PS;, = {0,d} hence we have two aggregated
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conditions that need to be satisfied:

P(0[0) + P(d]0) = a[P(0]1) + P(d[1)]

df P(d;|0) = aa df P(d;|0) < 1 —P(0]0) +P(d|0) = as[l — P(0[1) + P(d|1)]

By substituting the first in the second we have,

1 — ap[P(0[1) + P(d|1)] = aa[l — P(0[1) + P(d|1)]

= OéA—l

P(O[1) + P(d|1) = ———

(O11) + B(df1) = A—

; : ~1

1— dy (1 — dy . XA7 2
p1+ (1= p)(Pi+ (1 —=p1)7) p——

since P(0[1) + P(d|1) = p1 + (1 — p1))(pf + (1 — p1)?). Then, from the first aggregated

condition, we get

_ ~1

P(0[0) + P(d|0) ZQBM

ap — OB

= 7 aglag —1

oo+ (1= po) (B + (1~ po)) = ap 2204~ 1)
ap — ap

since P(0]0) + P(d|0) = po + (1 — po)(pd + (1 — po)?). These conditions are substantially
identical to the one of a standard soft news strategy with the probability of a persuading
signal for the B’s equal to ﬁ in the favorable state and %“;—;) in the unfavorable

@A

one.

Now, in addition to the aggregated conditions, we need to consider the specific condi-
tions for each signal since the individual realization must be persuading the corresponding
set of targets. In particular, since PS;, = {1,2,...,d-1} and pPSs; . = {0, d} we have the

following d conditions

P(z]0) = asP(z|1) for x € {1,2,...,d — 1}
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which correspond to

po(1 = po) + (1 = po)(1 = po)” = a [pr(1 = p1) + (1 = p1)(1 = p1)"] (2.9)

()= =™ = a0 = ppt - Bore 20 1)
(2.10)

popo + (1= po)p = as [prp1 + (1 = p1)p] (2.11)

Now for any = € {1,2,...,d — 1}. Then it can be written

()= po)ps (1 = po)*™ (1= po)p(1 — po) s

~ = = 0y

(i)(l — o)t (1 —p)d—= (1= p)pf(1 —p1)i=®

However, this condition must hold for any = € {1,2,...,d — 1}. Take any y > z, such that
z,y € {1,2,...,d — 1}. Then it must hold

(1 —po)p§ (L —po)®™™ (1 — po)pg(1 — po)*Y
(1= p)pi(L—p)d= (1= p)pi(1 —p)dv
p5(L—=po)™* _ ph(1 —po)"™"
pt(I—pi)d=  pi(1 —p1)®v
(1-=po)'™ b "
(I—p)v—=  pi™*

1 —po Do
IL—p h

which implies py = p;. Therefore, from any of the conditions (2.10) we get
(1= po) = aa(l —p1)

which implies pg = 1 — aa(1 — p1). Now, by substituting the expression for p and p; = pyg
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into (11) we getf]

[1—aa(l = p)lpr + aa(l = p1)pf = ap [pipr + (1= p1)pf]
1= aa(l=p)]+aa(l = p)p{ ™" = ap [pr + (1= p)pi ]
ap — Qp —mpf QA — Qp)p1 = Qg —
( )(1 = p1)pf ™+ ( ) 1

(s —ap)lp+ (1 —p)pi ] =as—1

7 apA — 1
pr+ (1 —p)pit = ———
ap — ap
Since we know that
= - aq— 1
pr+ (1 —p)i+1—p)?) =
apa — OB

we get

where the condition is satisfied if p; € {0.5,1}. Since we are assuming positive probabili-
ties for every signal in the favorable state, we have that p; = py = 0.5.

Now, p1 = po implies that the conditions P(x|0) = asP(z|1) for € {1,2,..d — 1}
simply reduce to the condition defining pg = 1 —a4(1—p;). This means that whatever the
B-degree of node i € A, he will always be persuaded upon seeing s; € {1, 2, d — 1}. On
the other hand, every node j € B with degree d; < d will never be persuaded upon seeing
cither s; € {0,d;} since conditions (9) and (11) are satisfied with equality only if d; = d
and with strict inequality if d; > d since p; and po are lower than one. Moreover, notice
that the same conditions are always satisfied with strict inequality when substituting ag

with a4, which implies that no A nodes are dissuaded when they observe s; € {0,d;}.

9Notice that substituting into (9) would have delivered the same result.
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Therefore, the value for the sender for the network-specific-NS strategy is equal to

np

an;N =ga + gBlts Z_(SBB(di) [Pl + (1 _ pl)(p‘i'li + (1 _ pl)di):| +
+95(1 — ps) %_533(%) oo+ (1= po) (P + (1 = p1)™)]

(iii) Since we assumed PS; = {0,1,2,...,d — 1} for targeted i € A, the signal-specific
conditions derived for the NS-strategy would apply here as well. This means that py = p;
and pg = 1 — aa(l — p1). However, substituting for p; in the condition for s; = 0,
po(1=po)+(1—po)(1—po)? = ap [pl(l —p1)+ (1= p)(1— pl)d}, shows that the condition
is never satisfied with equality unless p; = 1. This would imply that P(s;|1) = 0 for any
si € {1,2, d; — 1} which is impossible since, by definition of soft-news strategy, any

s; € S; should persuade one of the targeted nodes in the favorable state. O

Notice that for both strategies, the same trade-offs underlined in the analysis of soft
news strategies in an unconnected world still apply in the network case. In fact, the
expected probability of persuading is increasing in the size of the group of believers, g4,
and the probability of the favorable state ug. Instead, it is decreasing in the polarization
of the two groups as — ap.

We conclude this section by stating two conjectures that have not been formally proved

yet, but that are worth being mentioned given our analysis.

Conjecture 1. The set of all possible soft-news strategies is exhausted by the unconnected-

SN strategy and the network-specific-SN strategy (up to mirroring strategies).

Conjecture 2. Regardless of the target A of a soft-news strategies, no A receiver is ever

dissuaded from taking the favorite action, regardless of his degree.

The preliminary analysis conducted seems to validate conjecture 1. In turn, given that
we showed that both the unconnected-SN strategy and the network-specific-SN strategy
ensure that all nodes are always convinced to take action A, the proof of conjecture 2
would be immediate. We leave the formalization of these statements and their proof for

future research.
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2.5 Discussion and Future Research

This work provides an initial analysis of soft news strategy in networks and presents a
thorough review of previous results that are instrumental for the analysis. Moreover, the
definition of soft-new strategy proposed is consistent with Liporace (2021), whose model is
taken as the basis for this work. Moreover, the characterization of the set of possible soft
news strategies will help future research on the topic by limiting the number of strategies
that need to be considered.

Future research will include the following steps. First, it will provide formal for the last
conjectures stated. Consistent results would represent a substantial improvement in the
analysis of soft news strategies in networks. In addition, it will be worthy to compare soft
news strategies in networks to their hard news counterparts, in order to determine which
characteristics of the network are better exploited by which strategy. To do that, it will be
necessary to determine what are the optimal targets in each strategy for a given network.
For now, it is possible to identify optimal targets only considering specific networks, but
a general result might be found, in particular considering the marginal value added by
nodes with different B-degree.

Finally, the model is based on a rigid signaling structure that limits the possible
distribution of signals to be consistent with the distribution of correlated trials. It will
be important to study when and how a free signaling structure strictly outperforms the

network strategies considered in this paper. I leave this for future research.
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Chapter 3

Influence of Polls on Elections:
Strategic Responding and
(Mis)reporting

3.1 Introduction

The influence of opinion polls on election outcomes has gained significant attention in the
realm of social science, reflecting its critical implications for democratic processes. De-
spite extensive research on this topic, the empirical, experimental, and theoretical results
remain inconclusive. This paper aims to develop a theoretical model to understand the
conditions under which opinion polls influence electoral behavior and outcomes, provide
predictions, and test them using data.

The “bandwagon effect” refers to the phenomenon where voters tend to support can-
didates perceived to be leading in the polls, thereby amplifying a front-runner’s advantage
(Grillo, 2017; Berent et al., 2015). Conversely, the “underdog effect” describes increased
turnout or support for candidates trailing in the polls, motivated by a desire to correct
perceived imbalances (Luxen, 2020; Blais et al., 2006). These definitions will guide the

theoretical framework developed in this study.
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This study stems from two well-established facts regarding pre-electoral polls and
elections. First, empirical evidence has highlighted notable discrepancies between pre-
electoral poll predictions and actual electoral outcomes. Recent noteworthy examples
include the Brexit referendum, the US Presidential elections in 2016 (Kenet et al., 2018),
and the Brazilian Presidential elections in 2022. Second, different studies have highlighted
the increasing heterogeneity in poll forecasts among different pollsters, especially close to
election dates (Shirani-Mehr et al., 2018; Dawson, 2022).

These differences have been attributed to several factors: misrepresentation problems
due to declining respondent rates, social-desirability biases where respondents hide their
true voting intentions for controversial candidates (Zhou et al., 2021), and the potential
influence of polls on voter behavior, manifesting through the bandwagon and underdog
effects. This paper focuses on the latter.

Whether pre-electoral polls can affect elections is the subject of more than a hundred
empirical and experimental papers (Cancela and Geys, 2016), but the results are still
mixed. Therefore, this research seeks to answer several critical questions using a game-

theoretic approach:
o Can electoral polls affect voter behavior and, ultimately, election outcomes?

The mechanism we want to highlight is that the information provided by polls asym-
metrically influences the turnout probability. Voter turnout decisions are often strategic
and influenced by citizens’ beliefs about other voters’ preferences and turnout (Blais et
al., 2006). Polls provide this information, allowing rational voters to update their beliefs.
Thus, polls can affect elections by changing these beliefs and, consequently, the incentives

of poll participants. Therefore, a second question arises:
o How should utility-maximizing partisan voters respond to pre-electoral polls?

The assumptions regarding the information transmitted through polls, given that re-
spondents can answer untruthfully or strategically, are key in this setting. We aim for our
model to address this question without resorting to any bounded-rationality assumptions
whenever possible. Clearly, under the assumption that polls can effectively influence elec-
toral outcomes, we would like to extend our analysis by considering pollsters as actual

agents in the model. These agents derive their utility from the election results and thus
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have incentives to induce favorable poll results. For example, Dawson (2022) reports evi-
dence suggesting that polling numbers were manipulated for favorable outcomes by Recep
Tayyip Erdogan in 2013, and reportedly by Donald Trump’s former lawyer Michael Cohen
before the 2016 presidential election. Whether pollsters act for their benefit or under the
influence of a political party participating in the election, these considerations lead to a

third question:
o Can a pollster manipulate poll results to influence electoral outcomes?

The assumptions here are again key: if pollsters can simply misreport poll answers
and voters are fully rational, the message conveyed by publishing the poll is completely
uninformative[l| However, a polling organization might have other ways to convey favor-
able signals to influence voter decisions, such as partially manipulated poll results and
the power to select the sample of voters to whom the poll is submitted, under constraints
due to the usual requirements of the sample’s representativity compared to the actual
population within an accepted margin of error. Moreover, given the above-mentioned

evidence of heterogeneity in poll forecasts, another question seems worth exploring:

o What are the consequences of competition among pollsters?

3.1.1 Literature Review

The relationship between pre-electoral polls and electoral outcomes has been extensively
studied in empirical, experimental, and theoretical literature. This review focuses on the
most recent theoretical studies that model how polls can effectively alter election results,
aligning closely with the aim of this study.

Luxen (2020) examines how polls impact the participation decisions of citizens in a
two-candidate election with costly voting. The study reveals that if all poll participants
answer truthfully, the underdog effect leads supporters of the trailing candidate to turn
out at higher rates. However, strategic misrepresentation by poll respondents can negate
the informative value of the polls, resulting in an almost certain victory for the majority
candidate regardless of voters’ posterior beliefs.

Similarly, Taylor and Yildirim (2010) explore the role of public information in electoral

bias, finding that public information about the distribution of voters’ preferences can

1Unless deciding to convey an uninformative message represents an informative message itself.
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reduce the likelihood of the majority-preferred candidate winning the election. Their
results indicate that polls mobilize minority groups, which may lead to less desirable

outcomes for the majority.

Strategic behavior in responding to polls can significantly alter the expected outcomes
of elections. Goeree and Grofler (2007) present a model showing that public polls can
be self-defeating, as they stimulate the "wrong" group to participate, leading to welfare-
reducing outcomes. They argue that public release of information through polls can

increase turnout but reduce overall welfare due to the adverse selection of participants.

Durazzo and Turchick (2023) also discuss the potential welfare improvements from
misreported polls, suggesting that strategic misrepresentation in polls can sometimes lead
to better election outcomes by correcting biases in voter turnout. This is consistent
with the findings of Jo (2023), who demonstrate that pre-election polls can help elections

aggregate information more successfully, even if the poll results are not always accurate.

The welfare implications of pre-election polls are mixed. While some studies suggest
that polls can reduce welfare by promoting strategic misrepresentation and turnout among
less-informed voters, others indicate that polls can enhance welfare by providing valuable

information to voters and candidates.

For instance, Grillo (2017) analyzes the risk aversion and bandwagon effects in the
pivotal voter model, concluding that polls can sometimes reduce welfare by encouraging
strategic voting and turnout among voters who might otherwise abstain. Conversely,
Luxen (2020) argues that under certain conditions, truthful reporting in polls can be
welfare-enhancing by discouraging minority participation and ensuring that the majority’s

preferences are accurately reflected in the election outcome.

3.2 Baseline Model and Extensions

This section provides an overview of the baseline model, based on Luxen (2020), who built
upon the canonical model of costly voting by Palfrey and Rosenthal (1983), highlighting
its limitation for the scope of the paper, and suggesting the intended characteristics and
modifications necessary to enrich the analysis. This will be available in the following

versions of the paper.
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Baseline Model Following Luxen (2020), we will build on a model considering electoral
competition involving two candidates, A and B. The model is characterized by indepen-
dent private values, so that each voter i receives a value v > 0 if their preferred candidate
wins the election. There are two possible states of the world, w € 2 = «, 3, that de-
termine the probabilities associated with each candidate winning the election given by
Pr(Ala) = ¢ > % and Pr(A|f) =1—gq.

The number of voters N is finite but uncertain and follows a Poisson distribution
with mean n, so that the probability of there being k citizens is given by the following

expression:

nk

Pr(N =k) = e_”g.

Each voter 7 has a strategy set S; = a,b,nv, where a and b represent votes for can-
didates A and B respectively, and nv represents not voting. The cost of voting, ¢;, is
independently and identically distributed (i.i.d.) according to a distribution F[0, ¢].

Before the election takes place, an opinion poll is conducted involving m citizens,
yielding results 7 = (74, 7g), where 7; is the vote gathered by candidate i € A, B. This
poll is costless to the participants and provides insight into the potential outcome of the
election. In the election, the candidate with the majority of votes wins, with ties broken

by a fair coin toss.

The game unfolds as follows:
1. Nature determines the number of voters N and the state w.

2. Voters’ preferences for candidates A or B and their voting costs ¢; are determined

based on the state w.
3. The pre-electoral poll is conducted and the results are published.
4. Voters cast their votes and the candidate with the most votes wins the election.

The model induces an extended Poisson game (Myerson, 1998), and the solution con-
cept used in this model is symmetric Perfect Bayesian Equilibria (PBE), denoted as p4
and ppg, representing the probabilities that a voter will vote for candidates A and B

respectively.
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Results and Limitations First, Luxen (2020) proves that a voting equilibrium with
strictly positive participation rates by both groups of voters always exists. Moreover, as
the mean number of voters n — oo, the participation rate for the minority candidate
increases, consistent with the empirically observed underdog effect. The reason is that an
informative signal from the poll results induces a relatively higher turnout in the minority
candidate’s voters since it indicates a higher probability of being pivotal in the election.
However, this effect is never complete, so the majority candidate wins almost surely. This
is the main limitation of the model: empirical evidence suggests that many times the
underdog effect is strong enough to flip the election in favor of the candidate behind in

the polls right before an election.

Another limitation of the model is that the incomplete underdog effect is present both
in the equilibrium where voters respond truthfully to the opinion poll (and the poll is
informative) and in the equilibrium where voters respond strategically to the poll, which
becomes completely uninformative. In both cases, the majority candidate wins almost

surely.

Additional Features and FExtensions 'To address the limitations and allow for a
complete underdog effect, where the minority candidate can win with a probability greater
than zero, and the bandwagon effect, where the margin between the two candidates in-
creases, the model requires additional features. In particular, consistent with empirical
evidence, I propose to enhance the model with measures of polarization for the candi-
dates and their supporters. Although not formalized yet, we expect that including such
measures in the utility function for the voters will plausibly induce the existence of a
threshold above which the equilibrium outcome exhibits an underdog effect, and below
which a bandwagon effect takes place. I will formalize and explore this conjecture in the

following version of this project.

3.2.1 Extended Model without Competition

We extend the baseline framework by introducing a representative pollster who reports

an aggregate forecast 74 for party A. The pollster chooses weights w; on observations to



3.3. EMPIRICAL ANALYSIS 169

maximize utility:
U, = X\ - Accuracy(7,7) + (1 — \) - Partisan(7),

where A € [0, 1] captures the reputation motive (minimizing deviation from the true voting
share) and 1 — X\ reflects the partisan motive favoring party A (Bullock, 2011; Leonard
and Druckman, 2018). If forecast accuracy falls below a threshold €, the pollster exits the
market, modeling a reputation constraint.

Voters observe the published forecast 74 and update their beliefs Pr(A) via Bayes’
rule, treating 74 as a noisy signal of the true share. Alternatively, voters may form a
weighted belief

w74 + (1 — m)mo,

where 7 evolves with past forecast accuracy (Kelly, 2022). Election outcomes then ma-
terialize, and both pollster and voters observe the realized vote share, allowing voters to
update 7 and pollster type beliefs in subsequent elections. Competition between multiple
pollsters introduces additional signals and strategic interactions among pollsters, which

we will analyze later.

3.3 Empirical Analysis

In addition to the theoretical analysis, this study plans to test the main predictions of
the model using empirical data. Fetzer and Yotzov (2023) investigate the impact of
surprise election outcomes on economic cycles using a newly constructed dataset. This
dataset combines election results with voting intentions from opinion polls conducted
before each election, covering 233 elections across 51 countries from 1980 to 2020. It
includes data from approximately 13,600 opinion polls and over 100,000 voting intention
estimates, along with details about election characteristics, voter turnout, and the names
of incumbents and winners. Data on pre-electoral polls in the US can also be found at
the 538 repositoryf]

Additional sources will include the Parliaments and Governments (Parlgov) Databaseﬂ,

2https://data.fivethirtyeight.com
3https://www.parlgov.org/data-info
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which encodes the political orientation of parties on a 0-10 scale, with scores above five
indicating right-wing orientation and scores below five indicating left-wing orientation.
However, identifying potential measures of the political orientation of pollsters, if any,

will require additional effort.

3.4 Conclusion and future steps

This research proposal aims to develop a theoretical model to better understand the in-
fluence of opinion polls on voter behavior and election outcomes. The outcome of the the-
oretical analyses should be some testable predictions on the electoral outcome depending
on specific characteristics of interest. Future empirical validation using extensive datasets
on pre-electoral polls and elections will test the model’s predictions, ensuring alignment
with observed electoral phenomena. This step is crucial for enhancing the model’s ro-
bustness and applicability. The ultimate goal is to provide policy recommendations on

the rules governing the implementation and dissemination of polls.
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