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Abstract

We study the existence and uniqueness of the barycenter of a signed distribution
of probability measures on a Hilbert space. The barycenter is found, as usual, as a
minimum of a functional. In the case where the positive part of the signed measure
is a singleton, we can show also uniqueness. In the one-dimensional case, we char-
acterize the quantile function of the unique minimum as the orthogonal projection
of the L2-barycenter of the quantiles on the cone of nonincreasing functions in
L?(0,1). Further, we provide a stability estimate in dimension one and a counter-
example to uniqueness in R?. Finally, we address the consistency of the barycenters
and we prove that barycenters of a sequence of approximating measures converge
(up to subsequences) to a barycenter of the limit measure.
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1 Introduction and Main Results

In this paper, we introduce an extension of the barycenter problem studied by Agueh
and Carlier [1] in the Wasserstein space. Let H be a separable Hilbert space and
P2 (H) be the space of Borel probability measures on H with finite second moment,
endowed with the 2-Wasserstein distance, denoted Ws. Let A be a signed measure
on the Borel g-algebra of Po(H), such that A(P2(H)) = 1 (see, e.g., [2] for a com-
prehensive treatise of measure theory). We study the minimization of the functional

E(p) = / W3 (i, v) dA(v), (1)
P2(H)

which we call the generalized population barycenter problem of the signed measure
A. When ) is concentrated on a discrete set {v1, ..., v, } C Po(H) and it is nonnega-
tive, i.e.

)\120, fori:L...,n, iAZ:L )‘:i/\ldl&’
i=1 1=1

we recover the usual barycenter functional introduced in [1]:

() = S AWE(,17).
=1

The extension of the barycenter, from n discrete measures to a continuous distribu-
tion of probability measures (i.e., a probability distribution, or ‘population‘, of prob-
ability distributions) was studied in [3—5]. In our contribution, we allow for a signed
measure, i.e., for negative weights, as long as A\(P2(H)) > 0 (or, without loss of
generality, equal to one). This condition is necessary since, even in the discrete case,
ifz; € Hand Y, A\; <0, then

n
inf E iz — z4)? = —o0.
vl

We denote by A = A™ — A~ the (unique) Hahn-Jordan decomposition of A, by
[A] = At + A\~ the total variation measure of ), and by m2(v) the second moment
of a measure v € Py(H):

mi(v) := /H lz]2dv(z) < .
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We prove the existence of a minimizer of (1) and, in the particular case where A7 is
concentrated on a single measure in Po(H ), we are able to show uniqueness of the
solution.

Theorem 1 Let H be a real separable Hilbert space and let \ be a signed measure
on Po(H) with

AMP2(H)) =1 and /7> " m3(v)d|\|(v) < 0. )

Let & : Po(H) — R be the functional defined in (1). Then:
(1) There exists a solution [i € Pa(H) of the problem

min &(u).
o (1)

(ii) If, in particular, supp(\T) is a singleton, then there exists a unique minimizer
€ Po (H) of &.

It should be noticed that uniqueness is false, in general, in the classical barycen-
ter problem with positive weights in H = R?. Moreover, the bound on the qua-
dratic moments of || in (2) is the minimal assumption that ensures that & is finite
on Py(H), but finite-energy sequences are not relatively compact in Po(H) if H is
infinite-dimensional. In order to recover the compactness of a minimizing sequence,
which we need for the direct method of the calculus of variations, we make use of
the weak topology on P (H ), introduced in [6], which we denote Py (H) - see Sect.
2.2. The same framework is also crucial in the proof of the lower-semicontinuity of £.

Let (A\x)xen be a sequence of signed measures on Py (H ), such that

Ak(P2(H)) =1, SUP/ m3(v) d|A|(v) < +o0. 3)
keN J P, (H)

Since Theorem 1 asserts that each A\ admits a generalized Wasserstein barycenter, it
is natural to ask whether a sequence of barycenters of A; converges to a barycenter
of A\, if Ay — A, in a suitable sense. We can provide an answer to this question in the
framework of I'-convergence (see, e.g., [7]) on Py (H).

Theorem 2 Let (\i)ken and X be signed measures on Po(H), satisfying (3). Assume
that

klim o(v) d)\f(u) = / o(v) d/\i(z/) Yo € CP(Py(H)), 4)
o0 JPy(H) P2 (H)
i [ i ane) = [ ) daw) )
0 J Py (H) P2(H)

Let & : P2(H) — R be defined as
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Ex(p) = /p oy ),

Then

(1) &k T-converges to € in Po(H), with respect to the convergence induced by the
2-Wasserstein distance, and also with respect to the weak topology of PY (H);

(i) If py is a minimizer of E for all k € N, the sequence (i1, )ken is precompact
with respect to the weak topology of PY (H);

(iii) As a consequence of (i) and (ii), if i € Pa2(H) is a limit point in PY¥(H) of a
subsequence of minimizers (i, ), then

lim &, (ur,) = E(I) = min_ E(u).
i €)= €)= agin, £

We remark that I'-convergence with respect to the weak and the strong topologies
is also known as Mosco-convergence (see [8]). When the minimizer x4 of & is unique,
Theorem 2-(ii) and -(iii) imply that if pj is a minimizer of &, then u; — p with
respect to the weak topology of Py (H).

In the case H = R, we provide an explicit characterization of the minimizer.
Indeed, in the 1-dimensional case any probability measure p € Py (R) can be repre-
sented by its quantile function (see, e.g., [9, Theorem 2.18]), i.e., the pseudo-inverse
X, of its distribution function F),:

Fu(z) == p((—o0,z]), Vz R,

X, (w) == inf{z : F,(z) >w}, YVwe(0,1).
The map p — X, is an isometry between P2 (R), endowed with the 2-Wasserstein
distance, and the convex cone K of nondecreasing functions in the Hilbert space
L?(0,1). We denote by Py the orthogonal projection operator, P : L%(0,1) — K.

Our main result, in the 1-dimensional case, is the following.

Theorem 3 Let A be a signed measure on P2 (R), satisfying
APR) =1  and / m2()dA|(v) < oo. ©)
P2(R)
Then there exists a unique solution 1 € P2 (R) of

inf W2 (, v)dA(v),
[ o W)

and it is characterized by

X = P / X, dA(v) |, @)
P2(R)

where X, € K is the pseudo-inverse function of (the distribution function of) v.
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1.1 Literature Review and Related Problems
1.1.1 Wasserstein Barycenters

The barycenter of two probability measures, with positive weights adding to 1, is
well-known as McCann'’s interpolation [10], while a complete study of the Wasser-
stein barycenters of n measures in R? was done in [1]. In the latter, in particular, it
was shown the existence of a minimizer and its uniqueness, in the case where one of
the v;’s vanishes on small sets. In the present paper we do not require the absolute
continuity of one of the measures, but in order to obtain uniqueness we need the posi-
tive part of A to be concentrated on a single measure. In the one-dimensional case,
if A is concentrated on a discrete set, if all weights \; are positive, and all measures
v; are nonatomic, our characterization (7) reduces to the one-dimensional formula in
[1, Sect. 6.1].

The barycenter of a continuous distribution of probability measures on R? (also
called a population barycenter) was first studied in [3] (published as [4]), where the
authors, exploiting a duality argument, prove existence, uniqueness, and characterize
the barycenter for compactly supported measures, and then study the convergence
of the empirical barycenter to its population counterpart as the number of measures
tends to infinity. In [5] existence and consistence of the population barycenter is stud-
ied in a general geodesic space. In [11] several applications of Wasserstein barycen-
ters with possibly negative weights were given, in the context of Fréchet regression,
for the analysis of data from demography and neuroimaging.

1.1.2 Metric Extrapolation

The barycenter of two measures vg,vy € Po(H) with weights « > 1 and
B8 =1—a<0,thatis

. 2 2
Coin aWs (p,vo) + BW3 (i, v1), (8)

was studied in [12] and [13] in the context of metric extrapolation for the Back-
ward Differentiation Formula of order 2 (BDF2). This connection requires some
explanation. Given a metric space (X, d) and a functional ® : X — R U {400}, the
gradient flow of ® with respect to the metric d is formally given by the solutions
u:[0,T] = X of

d

Sult) = ~Ve(u(t)),

or by its time-discrete equivalent (u¥) € X

Ur U k), ©)
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for a small time-step 7 > 0. A rigorous metric framework for the derivatives that
appear in these equations was established in [14]. The minimizing movement scheme
(also referred to as Implicit Euler method or Jordan-Kinderlehrer-Otto (JKO) step-
ping) provides, under suitable assumptions, a discrete approximation of the gradient
flow equation, by solving a sequence of minimization problems defined by

1
u¥ = arg min {dQ(uf_l,w) + @(w)} .
weX 27

The BDF2 scheme is a second-order discretization scheme, well-known for ODEs
in R? since the 1950s (see, e.g., [15]), which was recently proposed to approxi-
mate gradient flows in metric spaces [12]. In the Euclidean setting, the time-discrete
approximation (9) is substituted by

k k—1 k—2
3uy —4ur™ +ur
2T

which leads, in a JKO step, to the minimization of

1 1
\II(Ta uﬁ_Q?uﬁ_l; w) = 7d2(u7l?_17w) - Zd2(u5_27w) + q)(w)
T T

In [12] several examples of metric spaces (X, d) are given, such that a sequence of
piecewise-constant interpolations of the discrete solutions (u”) converges, locally
uniformly in time, to a solution « € AC?([0, o0), X) of the gradient flow of ®, in the
sense of the following Evolutionary Variational Inequality (EVI)

1 A

30,0 = (.0 < [ |#w) - Bu) - FE0).0)| ar

forall 0 < s < t, where A € R is the A-convexity modulus of ¥ ([12, Theorem 5.1]).
Among examples given in [12], we mention the following ones.

(a) In the case where X is a Hilbert space, with the distance induced by its norm, the
distance part of the JKO functional ¥ is convex on straight segments and it is
minimized by the weighted average of u*~! and u*~2, as in a classical barycen-
ter problem with positive coefficients.

(b) In the case (X,d) = (P2(H), Ws), minimizing the distance part of the JKO
functional ¥ is a Wasserstein barycenter problem like (8), with two assigned
measures (corresponding to u¥~2 and u*~1!) and real coefficients. It should be
remarked that the negative sign of one of the weights is crucial for the A-con-
vexity of ¥ and thus for the existence and uniqueness of a minimizer. Indeed,
we are going to exploit exactly [12, Theorem 3.4] for the uniqueness part of our
Theorem 1.
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Finally, we mention that two different convex formulations for (8) were studied in
[16], together with an efficient numerical scheme to compute the minimizers.

1.1.3 Sticky Particles

In [13, Remarks 4.6 and 4.13], an interesting connection was pointed out, between
metric extrapolation and the one-dimensional pressureless Euler system

Op + 0z (pv) =0
O ( =0

pv) + O (pv?) (10)

in R x (0, 4+-00), with initial density and velocity conditions pj;—o = po, vj¢—o = vo,
for the evolution of a system of particles that share their trajectories after a colli-
sion (also called “sticky particle system"” (SPS)) (see also [17]). Here, we exploit the
characterization of the solutions to the (SPS) given in [18], in order to show a direct
connection with the minimizer of a generalized Wasserstein barycenter functional.
Let (p¢, prv;) be the solution of the (SPS) at time ¢ > 0, corresponding to a discrete
initial datum

N N N
po = Zmzc?z” PoVo = meiém, m; > 0, Zmz =1, z;,v; € R.
i=1 =1

=1

Denoting X (resp. X;) the pseudo-inverse function of pg (resp. p;), by [18, Theorem
2.6 - 11] it holds

X = Pr(Xo + tVp), (11)

where K, as above, is the convex cone of nondecreasing functions in L?(0, 1), Py is
the orthogonal projection operator on K, and Vj is the piecewise-constant function
such that Vy(z) = v; if Xo(z) = x;. Let § > 0 be the first collision time of the evolu-
tion, then, forall0 < s < ¢

X, = P)C(Xo + SVQ) = Xo + sV,

and owing to (11), forall ¢ > s

X, — X
= P¢ (Xo +t0)
S

~ P ((1 _ t) X+ tx;) .
S S

By (7), we immediately see that the solution p; = (X;); L' (0,1) of the sticky particle
system (10) at time ¢ is also the minimizer of the generalized barycenter functional
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8100 = (1= ) W(on.p) + L9200,

S

where the fixed measures are the initial density pg of the (SPS), with negative weight
1 — t/s and the solution of the system at time s, that is, ps, with positive weight #/s.

1.2 Plan of the Paper

In Sect. 2, we recall the definitions and the main results we need concerning the Was-
serstein distance, the weak topologies in spaces of probability measures, and signed
measures. In Sect. 3 we study the one-dimensional case. After recalling Hoeffding’s
Fréchet’s isometry, we state and prove the result concerning existence, uniqueness,
and characterization of generalized barycenters for probability measures on the real
line. In Subsect. 3.1, we provide a stability result and in Subsect. 3.2 an example
where the generalized barycenter between one-dimensional Gaussian distributions
is not a Gaussian. In Sect. 4 we prove the existence part of Theorem 1, for measures
on a separable Hilbert space, while in Sect. 5 we prove uniqueness, in the case where
AT is concentrated on one single measure. In Subsect. 5.2, we provide an example of
non-uniqueness. Finally, in Sect. 6, we prove Theorem 2.

2 Setting and Notation

We collect here the minimal definitions needed to state our problem. For an in-depth
treatise on optimal transport and Wasserstein distances we refer to the textbooks [14]
and [19].

2.1 Wasserstein Distance

We denote by H a real separable Hilbert space, endowed with the scalar product © ’
and the norm |u| = /u - u. P(H) is the space of Borel probability measures p on H

and P2 (H) the subspace of measures p with finite second moments:
m3 () = / |z [*du(z) < +oc. (12)
H
Given metric spaces (X1, d;) and (X3, ds), for a general Borel map f : X; — Xo
and a Borel measure i on X7, the push-forward measure of i through f'is defined as

fip(A) := u(f1(A)), for every Borel set A C X.

Fori=1,2,letw’ : H x H — H denote the projection operator on the i‘" variable,
7wt (x1, x2) = x;. Given two measures p, v € Po(H), the set of admissible transport

plans between p and v is
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F(M,V) = {’)/E’P(HXH) ZW;’}/:/A ’]Tr?’y:]/}'

The Wasserstein-Rubinstein-Kantorovich distance of order 2 between two measures
W, v € Po(H) is defined as

Wau, v) := min { ( [ o= y|2dv<x,y>)2 e r(u,m} |

We remark that TV, satisfies the axioms of a distance on Pa(H ): Wa(u,v) = 0 if and
only if = v, and W5, satisfies the triangle inequality (symmetry and nonnegativity
follow from the other two properties).

We denote by T', (1, ) the set of optimal transport plans between p, v € Po(H).
That is, if v € T'y(p, v), then v € T'(p, v) and

W2 () = /H o=yt
X

Definition 1 (Narrow convergence) We say that a sequence (i, )neny C P(H) is nar-
rowly convergent to u € P(H) if

tim [ f@)duae) = [ f@)ante) e e Cum.

n—-+oo

We will need the following Gluing Lemma ( [14], Lemma 5.3.2)

Lemma1 Let vy, 1,9 € P2(H) and y°% € (v, v;) for i = 1, 2. Then there exists
v € P(H x H x H) such that

(7T0,7Ti)ﬁ’7 =~% fori=1,2.

An example of such a « is given by the measure whose disintegration with respect
to v is

v = / (Vo x 492) dwo,
X

where 707 := fRd ’ygoidz/o are the disintegrations of the transport plans "¢ with
respect to 1.

2.2 Weak Topologies
In the proof of the existence of a minimizer for £ we are going to use the framework

of weak and strong-weak topologies of measures described in [6]. Let CY (H) be
the Banach space of sequentially weakly continuous functions ¢ : H — R satisfying
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¢(x)

lim =

)

endowed with the norm

¢(z)
w sup ———.
<1l e a) i HE

We define PY(H) to be the topological space of measures in Py(H), endowed
with the initial topology o (P2(H),C¥ (H)), i.e., the coarsest topology such that all
functions

Fe:Py(H) = R, Fe(p) = /H C(z)du(z)

with ¢ € C¥(H), are continuous.

In order to highlight the role of the different topologies, here we denote by H the
space H, in order to emphasize that we are using the strong topology, and H,, the
same space endowed with the weak topology. Let Z = Hg x H,, and

Po(2) = {1 € P(2): [ (a4 ) rfo) < 4o}

We consider the space C5%(Z) of test functions ¢ : Z — R such that:

e ( is sequentially continuous with respect to the strong-weak product topology on
Z;

o Ve>03dA, >0 [¢(x,y)] < A (1 + |:c\2) +ely|?.

We endow C5%(Z) with the norm

<z, y)|

1Y T
L+ |z +[yl*

cn(z) = sup
We endow P (Z) with the initial topology induced by the functions
1o [ ey, 52y

we call P35 (Z) the topological space (P2(Z), 0(P2(Z),C5*(Z))). Proposition 3.4
(a) in [6], adapted to our simplified setting, reads as follows.

Proposition 4 A sequence (7, )nen C P35 (Z) and a measure v € P53 (Z) satisfy

(i)  vn — v narrowly in P(Z
(i) lim_ lel dyn(z,y) —> ImIde (z,y);
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(iif) sup / ly|? dyn () < +o0,
if and only if

Yo =y in P3Y(Z )-Proposition 3.4 (b), in the particular case Z = H,,,
yields the following result.

Proposition 5 For every constant ¢ < oo the sets

K. {MEPQ /m dp(z }

are compact and metrizable in P (H). In particular, they are sequentially compact.
The following result [6, Corollary 3.6] is an immediate consequence of Propositions
4 and 5.

Corollary 1 It holds

(1)  Asequence (un)nen converges to p in P& (H) if and only if

(ttn)nen converges narrowly in P(H,,) and sup/ || % d gy, (2
neN

(i) Aset K C Po(H) is relatively sequentially compact in P& (H) if and only if
sup/ lz]2du(z) < oo
pneK JH

2.3 Signed Measures

We refer to [2] for a comprehensive treatise of measure theory. Here, we will only use
the following notions. Let 3(X) be the Borel o-algebra on the metric space (X, d),
we denote by M?*(X) the space of finite countably additive signed measures on
B(X). By Hahn’s decomposition, there exist disjoint sets A™, A~ € B(X) such that
AT UA™ = X and forall B € B(X)

AT(B) = AXATNB) >0, A (B):=-AA"NB)>0.

Then A = A™ — A\~ is the (unique) Hahn-Jordan decomposition of \ and the total
variation measure is defined as |\| = A* + A~. For f € L(])\|), we set

f(x)dA(z f YAt (@ f YA~
/.
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It is immediate to check that

| | f@axa)

< /X F@)lAAT (2) + /X F@)ldA () = /X @) dN().(13)

We denote the variation of A\ by
M(A]) = AT (X) + A7 (X) = [A|(X). (14)

Finally, for X = Py(H), the squared quadratic moment of |\| is

ME(A) = /p PN 15)

3 The One-Dimensional Case

In this section, we restrict to the one-dimensional setting because in this case there is
a standard isometry between P2 (R) and the subset K of (essentially) nondecreasing
functions in the Hilbert space of square-integrable functions L?(0, 1). This relation
allows us to exploit the properties of scalar products and projections in Hilbert spaces,
which are crucial in our proof. We denote by || - || the standard norm in L2(0, 1):

1= ([ 1 f2<ac>dac)é .

Let u € Pa(R), the cumulative distribution function of p is the function
F,:R—0,1]

F,(z) := p((—o00,z]) Vo eR.

Its pseudo-inverse (also called: ‘monotone arrangement’ or ‘quantile function’) is the
nondecreasing function X, : (0,1) - R

X, (w) == inf{x: F,(z) > w} Yw e (0,1).

Observe that X,,(F,(x)) > z and that, if m > F,(x), then X, (m) > x. Therefore,
denoting by £ the Lebesgue measure on (0, 1):
(Xp)#L (o0, 2]) = L1(X, H((—o00,2]) = L1((0, Fu(2)]) = Fu(2).

In other words, (X)L = p.
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Moreover, given two measures i, v € P2(R), v = (X, X,)xL" is the unique
monotone transport in I'(u, v); it follows that v € T'o(u, ) ( [20, Theorem 2.9]).
Therefore

1
W) = [ o= sPAX )52 = [ 130) = Xofo)Pde = 16, = X,1%(16)

We have shown that the mapping ¢ : Po(R) — L?(0,1), ¢(n) = X, satisfies the
following properties (see also the Hoeffding-Fréchet characterization of distributions
with given marginals [21, Sect. 3.1])):

(i) forall p,v € Pa(R) [lo(n) — ()|l = Walp,v),
(i) for all f € K the measure u = f; L' € P2(R) satisfies ¢(u) = f.

Therefore, the metric spaces (P2(R), Ws) and (K, || - ||) are isometric. We recall that
the orthogonal projection operator Py : L2(0,1) — K can be characterized by the

following property ( [22], Theorem 5.2): for all f € L%(0,1), Pc(f) is the unique
element in K such that

[1Pc(f)=fl<llg—=fIl,  Vgek. (17)

Moreover, the orthogonal projection does not increase distance ( [22, Proposition
5.3]):

1Pc(f) = Pe@Il < If —gll.  Yf g€ L*0,1). (18)

If A€ M*(P2(R)), f €K, and ¢ : Po(R) — L?(0,1) is the Hoeffding-Fréchet
isometry, then 7 := ¢y A € M*(L?*(0,1)) and

/ ~f = gllPdn(g) = / If = ¢@)|2dA(v) = Wi (o™ (f),v)2dA).
L2(0,1) P2(R)

P2(R)

In particular,

ME(A) < oo itand only i ME(nl = [ fglPapl(e) <+
1

)

We can therefore give the following equivalent statement of Theorem 3.

Theorem 6 Let 1) be a signed measure on L* (0, 1), such that supp(n) C K,
n(L#(0,1)) =1  and  My(ln]) < co.

Then, there exists a unique minimizer f* € K of the functional
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B 12(0,1) > R, Euwz/’ If — gll2dn(g)
L2(0,1)

and it is characterized by

[*=Px (/LQ(Oﬁl)gdn(g)> :

The solution of Theorem 3 in the Wasserstein space can then be recovered by

W= 67N (fY) = L

Remark 1 Since the proof of Theorem 6 only relies on the Hilbert structure of the
space L2(0, 1) and on the closedness and convexity properties of X, the same char-
acterization of the solution holds in a more general setting. Precisely: let (X, | - |) be
a real Hilbert space and let K C X be a closed and convex subset. Let 77 be a signed
measure on X, such that

n(X)=1 and Ms(|n]) < oo (19)

(we do not need that supp(n) C K). Then there exists a unique minimizer 2* € K
of the functional

G:X =R, G(z) := /X |z — y[*dn(y)

and it is characterized by

z* = Pg (/X ydn(y)> :

Remark 2 Theorem 3.1 in [18] gives a useful characterization of the orthogonal pro-
jection P : L?(0,1) — K, which may be employed for explicit computations: given
feL?0,1), let F(t) = fg f(s)ds be its integral function; let F** be the lower
semi-continuous convex envelope of F, i.e., the greatest lower semi-continuous con-
vex function which is lower or equal to . F** may also be defined by

F*(t) :=sup{at +b:a,b € R, as+b < F(s) for a.e. s€(0,1)}.

Being convex, in every point F** admits a left derivative %F ** and a right deriva-

tive %F**. The projection may then be characterized by

d+
Pe(f)(t) =~ F(0).
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Proof of Theorem 6 We adopt the more general setting introduced in Remark 1: here
(X,|-|) is areal Hilbert space and K C X is a closed and convex subset. Let

z ;:/ ydn(y) and C(n) :=/ lyl? — [Z[dn(y).
< X

These quantities are finite and only depend on 7 since, by (19),

ol < [ ldinl(o) < 5 [+ ) dinlt) = 5 (Ml + ME(al).

)| < M3(|nl) + |2[>.

We compute
G(z) = / & — y[2dn(y)
X
- / jal? — 2y + [y2dn(y)
X
=\x|2—2w-f+/ ly|*dn(y)
X
—foP 205+ 2 + [ lyPdnty) - 2P
X
=z — §:|2 +C(n).

Therefore, using the projection property (17) and exploiting the independence of
C(n) fromx, forall z € K

G (Px (%)) = | Pk (z) — &|* + C(n)
< |z —z[*+C(n)
= G(z).
We conclude that Pk () is the unique minimum of G in K. O
3.1 The Discrete Case and Stability
The barycenter of a finite number of measures with positive and negative weights is a
particular case of Theorem 3. Precisely, let n > 2 be a given integer. For: = 1,...,n,

let v; € P>(R) be given and let A; be real numbers such that Y ; \; = 1. We con-
sider the signed measure:

A= i )\7;(51,1.,
i=1
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where J,, is the Dirac measure concentrated in ;. Then, by Theorem 3 there exists a
unique solution i € P2(R) of

inf )\,LVV2 Vi, s
neP2(R) ; 2 ( M)

and it is characterized by

X; = P (Z )\ini> : (20)

=1

where X, € K is the pseudo-inverse function of (the distribution function of) v;.
The explicit characterization of the discrete Wasserstein barycenter in one dimen-
sion entails a stability result, with respect to perturbations of the fixed measures:

Lemma 2 Let v4,...,v, and 71,...,7, be probability measures in Py(R); let
A1, ..., A be weights such that "7 | A; = 1 and consider the barycenters p, ji of
the measures v1, ..., v, and oy, . . ., U, with weights Ay, ..., A,. Then

Walp, i) < Y I\l Wa (v, 7).
i=1

Proof For p in P2(R), let X, be its monotone rearrangement. Then, using (16), (20),
and the non-expanding property of the projection (18), we obtain

w(Ee) n (o)
i=1 =1

zn: Xy, — zn: XX,

=1 =1

<D NillIX, — Xl
i=1

WQ(:“’» /1)

IN

NE

|)\7;|W2(Vi7 171)
1

o
Il
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3.2 An Example in the Case of Two Gaussian Measures

While the (standard) barycenter of two Gaussian measures is always a Gaussian, it is
possible to choose the parameters of the measures and a negative weight so that the
generalized barycenter of two Gaussians is a Dirac delta.

Remark 3 1f i, pio, 3 are three probability measures on R and ps is the barycenter
of p1 and ps with parameters 0 < A < 1 and 1 — A, then pg3 is the generalized bary-
center for p1 and po with parameters (A — 1)/, 1/ (and, likewise, 11 is a general-
ized barycenter for o, 3 with parameters 1/(1 — A) and —\/(1 — X)). This remark
follows directly from the equation

XH2 = (1 - )‘)Xﬂl + )‘Xus

since then

1 A—1
XIL‘J = XX/L'z + T

Xﬂl
and no projection on K is needed (despite the fact that (A — 1)/A < 0).

Let puy ~ N (m1,0%), pa ~ N(ma,03) be two Gaussian measures, and sup-
pose that o1 > 05 then it is possible to choose z € R such that us is the barycenter
between ;1 and the Dirac delta 7. Owing to Remark 3, §5 is then the generalized
barycenter between the Gaussians 1 and po. In order to choose z, we proceed as
follows. For z € R, the monotone rearrangement of the Wasserstein barycenter it
between w1 and an atomic measure J, satisfies

Using the relation (aX + b)~!(x) = X~ !((x — b)/a), valid for all invertible func-
tions X : (0,1) — R and all g, b in R with a # 0, we obtain

Fa(z) = Fy, ((x = A2)/(1 = X)),

so that the density of j is given by

! (= (1= N)my + 12))
F#HM@AZ)/uA))Kexp( 2((T— Nor)? )

where K doesn’t depend on x, so fi ~ N'((1 — A)m1 + Az, ((1 — A)o1)?). Now we
look for particular values A and z for which i = po: setting

(1 — 5\)m1 + Az = mao,
(1 — )\)O’l = 02,

yields
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01 — 02 _

E (01 — 02)

01Mmgz — 02M1

=

With this choice of parameters, we have
X, = (1= NX,, + Az,

and therefore, owing to Remark 3, the Dirac measure d; is the generalized barycenter
of the Gaussian measures 1, and iz, with weights 1/A > 0 and (A — 1)/X < 0.

4 Proof of Theorem 1-(i)

In this section we employ the direct method of the calculus of variations to prove the
existence part of Theorem 1. The crucial point is that the functional £ has a nega-
tive term, due to A ™, so that lower-semicontinuity of the integrand is not sufficient.
In order to overcome this difficulty, in Lemma 4 we prove continuity of the cou-
pling term in Wa (v, u). The main tool is the framework of strong-weak topologies in
Py (H), introduced in [6] and recalled in Sect. 2.2.

Lemma 3 (Lower bound)

Let mgo, M, and M> be defined as in (12), (14), and (15). For all u € Po(H)

E(u) = 5m3 () — (1 + 2M(JA)) MZ(|A]).- @n

l\D\»—t

Proof For p,v € Py(H) andy € To(u, v)

W2 () = /H o= yPdr(ey)
X

/ 2 Pdu(z) / ly2du(y) — 2 /H sy,
X

Therefore, for all § > 0, by Young’s inequality
(W3 (1, v) —mi (1) Smg(l/)+2’/ x-ydv(x,y)‘
HxH
<mdo)+ [ EL sy arey)
HxH

=50 L4 symi).

Using A(P2(H)) = 1, (13), and the last inequality, we obtain
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E() = /P o W0 0)
- / (W2 () = m3(0) dAW)
’Pz(H)
m2
3 ( Lt Smiw >)dA|<u>

Y

-1 (5')) 2(0) — (1+ 6)M(A).

Choosing § = 2M (|A|) we obtain the thesis. O
Let

R(v,p) : = Wi (v, ) /I:vl dv(z /Iyl du(y

= min {/ —2x - ydv(x,y)}.
yel(vow) \JHxH

In the next Lemma, we prove the continuity of R with respect to the strong-weak
convergence of measure.

Lemma 4 (Continuity of R) Let (tn)nen C P2(H) be a sequence converging to
i € P2 (H) with respect to the (weak) topology of Py (H) and let (v, )nen C Po(H)
be a sequence converging to v € Po(H) with respect to the (strong) topology of
P2(H). Then,

Hm R(Vn, pn) = R(v, ). (22)

n—oo

Proof For each couple (v, fir,), there exists v, € T'o(tn, n) such that
HxH

We are going to show that v, — v € T'o(v, 1) narrowly in P(Z), in order to apply
Proposition 4 to R (v, in ). First, we notice that by Corollary 1-(i),

2
sup ma(fy) < 400. 2
neN 2( ) ( 3)

Since (77111%) = (v, is strongly converging in P2(H) (and thus tight in P(H;))
and (75v,) = (1) is tight in P(H,) by (23), then (yy,) is tight in P(H, x H,).
Indeed, since (v,) is tight in P(Hy), there exists a lower-semicontinuous function
¥ : H — [0, 4+00], with strongly compact sublevels, such that
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sup/ Y(x)dy,(z) = S < +o0.

neNJ H

Thus

mm/1 () + [y?) dyn(,y) < S + supm(jum) < +oo.
neNJHxH neN

Since the sublevel sets of () + |y|? are compact in Hy x H,, (7,) is tight in
P(Hs x Hy). Let v be any narrow limit point of (v, ). Then for all f € C,(Hy) and
forall g € Cy(Hy)

[ s@aen =g [ @ =i [ i@ = [ o

n— oo H % H
and, by Corollary 1-(i),

| st = tm [ g = in [ s = [ sdu)

Therefore, v € T'(v, u). Furthermore v € T',(u, ) by (( [6], Theorem 3.8). Since

li_>m / |z|? dyp (2, ) = hm / |z|? dvp (z / |lz|? dv () /|x|2d’y(x,y)
n o0 A

and, by (23),
[ 1o @) = [ 1o duals) = m3e) < +o0.
z H
by Proposition 4 we conclude that y,, — 7 in P5"(Z). The function
(:Z >R, C(x,y) = —2x-y

is sequentially continuous with respect to the strong-weak product topology on Z and
by Young’s inequality Ve > 0

(2, y)| < Ae (1 + |2)?) +elyl?,

with A, = 1/e. Therefore, exploiting the optimality of ~y,, and ~,
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lim R(vy, pin) = lim (Wg(yn,pn)/Hx|2d1/n(fv)/H|y|2dMn(y)>

n—oo n—oo

= lim =2z -y dy,(z,y)

n—oo HxH

:/ =2z -y dy(z,y)

HxH
:Wf(u,u)—/H\Jf|2d1/($)—/H|y|2dM(Zl)
=R(p,v).

We have now all the elements to prove existence of a minimizer for &

Proof of Theorem 1-(i) By (21)

1
E:= inf E)> inf =m2(u)— (1+2M)M2(|)\]) > —oo.
€= I (u)_“e;)r;(H)sz(u) ( JM5 (IA]) 00

Let (n)nen be a minimizing sequence, that is

lim E(un) =E.

n— o0
By (21)

supm3(pn) =: S < +o0
neN

and by Corollary 1-(ii) (1) is relatively sequentially compact in Py’ (H ). Then, there
exists a subsequence (which we do not relabel) and a limit point p € Po(H) such that
tn — p with respect to the topology of P (H). Define the sequence of functions
fn:P2(H) >R

fo(v) =RV, pn) = W22(1/, ) — m%(’/) - mg(:“n)
By (22), for all v € Py(H)
Tim fo(v) = R(vo) = ().

For any ~,, € T's(v, iin,), by Young’s inequality
R0 =| [ 2 ydvaten| < md0) + ) < mw) + 5 = g0
HxH

By hypothesis (2), g € L*(P2(H), |\|) and therefore, by Lebesgue’s dominated con-
vergence theorem
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lim fa(@)dA(v) = lim fo(@)dAT (v) — lim fa()dX™ (v)
n— o0 Po(H) n— 00 Po(H) n— 00 Po(H)
= v)dAT (v) — v)dA™ (v
/ RN / oy FO @) 24)
:/ f(W)dA(v).
P2(H)

The lower semicontinuity of y — [}, [y|*du(y) = m3(u) with respect to the narrow

convergence of P(H) is a standard result. The lower semicontinuity with respect to
the weak topology of Py (H ) can be checked, e.g., by [6, Theorem 5.1], noticing that
m3(p) = W2(u, &o). Finally, since

5@%=AMmW@@wMMW

/7>2(H> (/ j]*dv (= / ly[du(y) + R(v, u)) dA(v)

=)+ [ () mie) e,

owing to the lower semicontinuity of m32 with respect to the topology of P¥ (H) and
to the convergence in (24),

E= lim E(uy) > hm 1nf m3(p,) + lim (fa(v) + m3(v)) dA(v)
> w3+ [ (1) + m30)) A0)
Po(H)
= (M)>
which shows that any weak limit point & of (1,,) is a minimizer of £. |

5 Uniqueness in Hilbert Spaces

In this section we specialize to the case where AT is concentrated on a single measure
Vo € P2(H). In this case, uniqueness of the solution holds, even in contrast to the
case of regular barycenters.

In order to highlight the different role of the positive and negative weights, we use
the following notation. Let o > 0 and vy € P2(H); let o be a positive measure on
Po(H) such that

o(vg) =0, o(Py(H)) = a.

We study
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£:Pa(X) R, am:a+®W%wm—ngﬁwmwwag

With respect to the notation in the previous section, we are setting

A=AT—A",  AT=(1+a),, A\ =o

5.1 A-Convexity

We will use the concept of A—convexity along geodesics, as defined in [14, Definition
9.2.4]; the argument, which we briefly expose below, is essentially the same as [12,
Theorem 4.1]: we adapt it to our functional. Let (M, d) be a complete metric space, and
suppose we have an appropriate concept of connecting curve y(s) = v, : [0,1] = M
between two points g, 1 in M, that we call generalized geodesic. We say that a func-
tional F': M — R U {400} is A—convex along generalized geodesics (with A > 0)
if for every 7o, y1 in M, for every generalized geodesic v connecting 7y and 1, and
for every s in [0, 1], the inequality

F(vs) < (1= 8)F(y0) + sF(71) = As(1 = 5)d*(v0,m)

holds. If F is A—convex for some A > 0 and some class of generalized geodesics, if
it is bounded from below, and it is lower-semicontinuous with respect to the metric
topology of M, then F admits a minimum in M. This is true because, taken a minimiz-
ing sequence (u;);cn in M, we have

@t 1) < AN |5 (F ) + Flyin)) ~ F)

where v, is a generalized geodesic connecting g, and 1, and we have taken s = 1/2.
Since the right-hand side term tends to 0 as m,n — oo, the sequence is Cauchy; by
completeness of M and lower semi-continuity of F we conclude that lim p,, is a
minimum point for F.

Note that A—convexity is stronger than convexity: if we have a minimum for F, it
must also be unique.

If we specialize to the case (M, d) = (P2(H), Ws), the right concept of general-
ized geodesic has been introduced in [14, Definition 9.2.2]: we report here the defini-
tion and the basic properties.

Definition 2 Let 7o, 71 and vy be in Po(H). Choose optimal transports g2 in
T'o(70,v0) and ~12 in To(y1,0). By Lemma 1, we can glue «g2 and 12 along
the common marginal vy, obtaining a measure v in P(H x H x H) such that
(m%2) 4y = o2 and (71?) 2y = v12. For t € (0,1), denote by 7! the interpolat-
ing projection (1 — t)7° + tz! : H® — H. A generalized geodesic y; connecting 7o
to 1, with basepoint vy, is the curve ¢ — (7 71) 4y € P2(H) (see Fig. 1).
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Fig. 1 Generalized geodesic with basepoint v (dotted). The continu- Yo

ous lines denote regular geodesics induced by the optimal transports

(7%2) 2y = vo2, (71'2) 4y = v12, and an optimal transport between 3

7o and ~1; the dotted line is the curve induced by the (not necessarily o » Ve
optimal) transport (70 1) .y ;

Y1

Fig. 2 Here’s how we will use the lemma: with the same Y0
notation we used to define the generalized geodesic ¢, v ]
will be (wo*l)#'y, 1, is the fixed measure associated with e

the positive coefficient (1 4+ «), v will be integrated with Vo ‘\Z
respect to o = A~ and ¢ will be a fixed time in (0, 1). This .3 R
lemma yields a measure v in P(H X H x H) such that ’
(701) e = (n01) oy and (01, 72) vt € Talye,v)

Notation: Following [14], we set

= (1=t 4t N = (Fzﬁj)#’)’.

We will show that the functional & defined in (25) is 1—convex; from this fact it will
follow immediately that & has exactly one minimizer in P2(X). Our proof follows
the A-convexity proof given in [12, Theorem 3.4] in the case of metric extrapolation,
i.e., with one positive and one negative coefficient. Nonetheless, it should be noted
that extending that theorem to a higher number of measures should be done carefully,
since there are precise constraints on the conditions that can be imposed on the mar-
ginals, in order for a common product measure to exist (see also Remark 4 below).

We need the following lemma, where we adapt the notation to our case (see Fig.
2).

Lemma5 (Curve extension lemma; [14], Proposition 7.3.1) Given v € Po(H x H),
v € Py(H),andt € [0, 1],thereexistsvy € Po(H x H x H)suchthat(7%1) vy = v
and (w71, w?) vy € To((m) 1) 4, v).

Theorem 7 The functional & defined in (25) is 1—convex along generalized geode-
sics with basepoint vy € Po(H).

Proof We need the equality, valid in Hilbert spaces:
|(1 — t)l'o +tr, — 1’2|2 = (1 — t)|x0 — {L'Q|2 +t|$1 — {L'Q|2 — t(]. — t)‘l‘o — x1\2(26)

Let v0,71 be in Po(H); let o2 be in T'g(7y0, o) and ~y12 be in T (71, v0). Let vy be
a measure in Po(H x H x H) obtained by gluing the optimal transports along the
common marginal vy and let y; = (70 !).~ be the associated generalized geodesic.

Using (26) and the optimality of the marginals of v we have
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W2 (e, v0) < / 1 — gm0, 7)oy (51, )
HxH

:/ |(1 = t)xg + tog — 2o|?dy(z0, 21, 22)
HxHxH
= (1= t)W3(v0, o) + tW3 (71, 10)
—(1—- t)t/ |zo — o1 |2dy (20, 21, 22).
HxHxH
Now let v € Po(H) and let ¢ € [0, 1]. The curve extension lemma yields a measure

v; such that (701) vy = (7%1) 4y and (7071 72) vy € Do (7071, v). We
have

W;(vt,u) :/ [(1—t)xz + tzg — x2|2dut(m0,$1,aﬁ2)
HxHxH

— (1 — t)/ ‘J}O — :Z:Q‘Qdyt
HxHxH

+t/ o1 — 2al2dvy — #(1 —t)/ I — 21 [2dw,
HXxHxH HxHxH

>(1- t)W22(70, v)+ tW22(71, v)—t(l— t)/ |zo — x1|2d'y.
HxHxH

Using the two inequalities and the fact that o(P2(H)) = «, we obtain

() = (1+ ) WE(yv0) /P Wi o)

<0800 + ) —H1=1) [ ey —aifdy

< (1=8)E () +t& (1) — (1 — W3 (0, 71),

which proves that & is 1—convex along generalized geodesics with basepoint vy. [J

Remark 4 Note that having only one positive weight is crucial: if we were to try to
generalize the argument to n > 2 positive weights, we would have to construct n
different generalized geodesics y; with basepoints equal to the different measures
associated with the positive weights.

Now we repeat the informal argument presented above to show that & admits a
unique minimizer.

Proof of Theorem 1-(ii) Suppose that there are two minimum points 7; and 72 for &.
Let 5 be a generalized geodesic with basepoint 1. By Theorem 7, for s = 1/2,
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(&(m) +&(n2)) = E(ny2) <0,

N | —

1
ZW22(771,772) <

so that Wa(n1,12) = 0. We conclude that 71 = 5. O

Corollary 2 Under the hypothesis of 1-(ii), if u is the minimizer of & and (u,,) is a
minimizing sequence, then p,, — pin Py(H) as n — oo.

Proof Let 7 be a generalized geodesic between (. and fi,,, with basepoint 1. For all

e > 0 there exists n € N such that &(u,) < &(u) + € for all n > n. Therefore, by
Theorem 7, for s = 1/2,

. 1 . 1 n €
imsup 3173 n) < timsup (5660 + 8 ) = E01)) < 5.

n—oo n—oo
Since € > 0 is arbitrary, we conclude that lim,, oo W2 (1, 1) = 0. a
5.2 Counterexample to Uniqueness in the Case of Two Positive Weights

We look at a particular example in P2(R?): let
1 1
Vo :=0(0,0), V1:i= 5(5(—1,71) +0a1,1)), V2= 5(5(1,71) +0(—1,1))5
and consider the functional

E(w) == —W3(u, v0) + W3 (p, 1) + W3 (1, 1)

Owing to Theorem 1, & admits a minimizer in Py (R?); we are going to prove that
uniqueness does not hold.
The argument will employ the symmetry of the problem; for convenience, we

define the matrix
(0 1
R <1 O)

Vi={(z,y) €R*: |y| > |z|} and U:={(z,y) € R*: |z| > |y|}.

and the subsets

Denoting x = (z,y) € R?, we consider the functions S, T : R? — R2,

S(x) = —(Rx)1y (x) + x1y<(x), and T(x):=(Rx)1y(x)+ xly.(x),
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Fig. 3 The fixed measured vg, v1, and ° vy Yy °
vy (left); the subdivision of R? using U and :
V (right) ‘10
.......... . EEE R
" 2
o . .

where, for A C R2, 1 4 is the characteristic function of the set 4 and A¢ = R? \ A.
Let p be a minimizer of &; we assume that p is unique and argue by contradiction.
Owing to the symmetry of v, v1, and v5, (see Fig. 3), it can be easily checked that

E(Sgp) = &(n) = &(Typ).
By the uniqueness of pu, we infer that Syu = p, and therefore supp(p)

=supp(Syp) C V°. Similarly Typ = p, and therefore supp(u)=supp(Tip) C U°. In
conclusion,

supp(p) C VeNU® = {(z,y) € R* : || = |y[} -
For all points p in {|z| = |y|} let us consider the function
f(p) = min {|p— (=1, 1%, [p = (1, =D} + min {|p — (=1, =D *, [p = (L, DI} — |pl*.

Then
| 1w < 60,
R2
Assume that p has the form p = (z, z), then

p— (=L =[pf +2=p— (1, -1)%

The same computation, with respect to the support of /4, holds if p lies on y = —=.
Therefore, for all measures i concentrated on {|x| = |y|},

E(p) > /}RQ (Ip]* +2 = [pI*) du(p) = 2.

On the other hand, if we take = %5(0,1) + %5(0,_1), we have &(n) = 1, which con-
tradicts the assumption of 1 being the minimizer of &. We conclude that & does not
admit a unique minimizer.

6 Proof of Theorem 2

Let (A )xen be a sequence of signed measures on Py (H ), such that
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Me(Po(H)) =1, M3(|M]) = /P " m3(v) d[Ak|(v) < +oo.

As in the previous sections, the functional & : Po(H) — R can be decomposed as
&)= [ Winpdnw)
P2(H)

—m+ [ (Rp)+ m0) (o).
P2(H)

I’-convergence of functions is defined in [7] for topological spaces. Under addi-
tional hypotheses, which are satisfied, e.g., by metric spaces, the I'-limit has a useful
sequential characterization, which we are going to employ. In our setting, the crucial
property, that allows us to use the sequential characterization for the I'-limit in the
weak topology, is that sets of measures with bounded second moment are compact
and metrizable with respect to the topology of P¥(H) (see Proposition 5 and [6,
Proposition 3.4(b)]). Proposition 8.10 in [7], which is originally stated for a Banach
space X with separable dual space, relies exactly on the existence of a metric that
induces a topology equivalent to the weak topology on norm bounded sets. We can
directly adapt Dal Maso’s statement to our setting, where X is replaced by Po(H)
and norm bounded sets in X are replaced by sets bounded in the W5 metric (i.e., with
bounded second moment), and obtain the following characterization.

Proposition 8 Let U : Py(H) — R U {400} be a function such that

VM > 03K >0:m3(u) > K = U(u) > M. (27)

Let (F},) be a sequence of functionals on (Pa(H ), W), such that Fy, (1) > W (u) for
all h € N, for all u € Po(H). Then,

F : Py(H) — R is the I-limit of (F},) in the topology of Ps’(H)

if and only if

() liminf Fy(pn) 2 F(p)  Vpn —p in Py (H);
— 00
(i) Vi € P2(H) Fpn — pin PY(H) : limsup Fj, (un) < F(p).

h—o0

Under the hypotheses of Theorem 2, the sequence of functionals (€x) is bounded
from below by a function satisfying (27) and we can thus use the sequential charac-
terization to prove the I'-convergence result.

Lemma 6 Let (&) satisfy (4) and (5). Then, there exists a constant M., > 0 such
that
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Ex(1) > gm3() — (1 +2Mo0) Mo,

forall u € Po(H), forall k € N.

Proof By hypotheses (4) and (5), the variation and the quadratic moment of )\ are
uniformly bounded, i.e., there exists M., > 0 such that

M(|Ak]) + M2(|JM]) < Mo Yk €N,

By Lemma 3, for all i € Py(H)

mi (1) — (L+ 2 M (M D)M3(Akl) = 5mis () — (14 2Moo) Moo

N | =
N | —

Er(p) >

O

Remark 5 We are going to show that & is the I'-limit of & with respect to the (weak)
topology of P (H) and with respect to the (strong) topology of (P2 (H ), Ws). This
notion of convergence is known as Mosco-convergence (see [8]) and can be shown
by proving the liminf inequality for the weak convergence and the /imsup inequality
for the strong one, as the other two inequalities are a direct implication of the former
two.

From now on we denote X := (P2(H ), W2) (i.e., the metric space P2 (H), endowed
with the 2-Wasserstein distance). Notice that (4) and (5) imply (see, e.g., [14, Lemma
6.1.5]) that v+ m3(v) is uniformly integrable with respect to (A7) and (A}).
Recalling that, by Lemma 4, for all ;1 € Py (H) the function v — R (v, u) is continu-
ous in PY(H), and thus in X, and that |R(v, u)| < m3(u) + m3(v) (this follows
from the elementary inequality 2z - y < |z|> + |y|?), we immediately obtain that for
all p € Py (H),

tim [ W) @) = [ WHn)axE), (28)

k—o0

From (28), the I'-limsup inequality follows:

Lemma7 (I'-limsup) Let (\x) and A be as in the hypotheses of Theorem 2. Then, for
all p in Py (H) there exists a sequence (i), converging to u in X, such that

lim sup Ek (k) < E(p).-

k—o0

Proof Let puy, = p for all k£ € N. Then, owing to (28),
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lim sup & (pux) = 1imsup/ Wi (v, w)dMe (v)

k—o0 k—o0

= lim sup (/ W3 (v, p)d\f (v) / W3 (v, p)dA (v ))

k—o0

/ W2 (v, ) dA* (v / W3 (v, 1) dA~ (v)
:/ W3 (v, w)dA(v) = E(p).
X

O

In order to prove the I'-liminf inequality, we need Skorohod’s representation theorem
(see, e.g., [2, Theorem 8.5.4]), which we report here using our notation.

Theorem 9 (Skorohod) Let X be a complete, separable, metric space. Then, to every
Borel probability measure p on X, one can associate a Borel mapping¢,, - [0, 1] — X
such that p = (€,,)y L, where L is the Lebesgue measure, and

Eu, (1) = Eu(2) foralmostallt € [0, 1]

whenever i, — (v narrowly in P(X).

We are going to apply Skorohod’s representation to address the I'-liminf of the
term involving R (v, ).

Lemma 8 Let (7)x)ren and 1 be Borel probability measures on X = (Py(H), Wa),
such that n; — 71 narrowly and

lim / m2 v)dng(v / m2 v)dn(v (29)
k—o0

Then, for all (px)xen and p in P2 (H) such that py, — p with respect to the topology
of PY¥ (H),

lim R(u px )dng (v / R (v, u)dn(v

k—o0

Proof According to Skorohod’s representation theorem, there exist Borel mappings
&, € 1 [0,1] — X such that

(k)L =mr, &L=,

and & (t) — &(t) for almost all £ € [0, 1], i.e
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klim Wa(&k(t),£(t)) = 0, for almost all ¢ € [0, 1]. (30)
—00
Therefore

/ m2 v)dn (v / m2 (& (t) (31
and

/R(u pr)dn(v / R(&k(t), px)d

X

Define

fir0.0) = 0400 fult) = m3(E) = [ [aPdetia) 2 0
Owing to (30), we first remark that f; converges for almost all ¢ € [0, 1]:
hm () = hm / || 2d&x (2) / |2|?dé(t) f(®).

Then, owing to (31) and (29)

1
lim/ fre()d hm / m2(v)dn (v /m2 Ydn(v /f
k—oo Jo

Since fr — f almost everywhere and || fx||z1 — || f]|L1, we conclude that
fr— f. strongly in L'(0,1). (32)

Since p, — p(weakly)in Py (H) and for almostall ¢ € [0, 1] £, () — £(t) (strongly)
in Py(H), by Lemma 4

lim R(EK(), ) = RE®), 1) ace. in [0,1],
k—o0
Denoting 7y, an optimal transport plan in T, (5 (t), 1k ), we obtain
R ml =2 [ aydnla)
HxH

SU’|W+w%wmw
HxH

= m3 (& (t)) + m3 ().
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Since m3(&5(t)) = fx(t) converges strongly in L'(0, 1) and m3(uy) is bounded by
hypothesis (since py — p in PY (H)), we may conclude by dominated convergence
that

1
lim R(l/ wr)dng(v) = klim R(Ek(t), pu)dt
—o0 [

k—o0
:/ R(g(t),u)dtz/ R(v, p)dn(v).
0 X

O

Lemma9 (I'-liminf) Let () and A be as in the hypotheses of Theorem 2. Then, for
all (ug) and p in Po(H) such that i, — p with respect to the topology of Py (H),

lim inf (1) = ().
k—o0

Proof We consider the Hahn-Jordan decomposition \;, = )\z — AL, A= AT — A,
and notice that by (4)

lim A\f(X) = AT (X), lim A, (X) =" (X).

k—o0 k—o0

Assume first that A~ (X') # 0: then the sequence A, (X) is definitively uniformly
positive, i.e., there exist k € N and ¢ > 0 such that A, (X) > eforall k > k.

For k > k, consider the sequences of probability measures

A A

- and n, =
AL (X) *

M =

First, we notice that " — A* /A% (X) narrowly: applying Lemma 8, we obtain

lim R(V pi)dAg (V) = klin;o/)(R(u,pk)dAﬁ( v) — lim R(V pr)dAL (v)

k—o0 k—o0

mm+>AmWwwwwmmnm R(w, )y (v)

k—o0 k—o0

_ /}(R(l/,u)d)\+(u) —/XR(V )dA~ / R (v, p)dA(v

Recalling that
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S = [ W m)an ()
Po(H)
)+ [ (Rl + m30) D)
P2(H)
and that
lim inf m3 (ug) > m3(w), lim / m%(y)d)\k(l/):/ m3(v)dA(v),
k— o0 k—oco X X

we obtain the thesis.
Now we turn to the case in which A~ (X) = 0: in this case, the positive part may
be treated as above, and it is enough to prove that

k—o0

lim / W3 (g, v)d\, (v) = 0.
X
Using the squared triangular inequality,

[ W @) <2 [ W ax @) +2 [ Wi ax o)
X X X
SQ/\E(X)WQQ(%MH?/ W3 (s v) A (v).-
X

Note  that the sequence  WZ2(ug,p) is  bounded: in  fact,
W2 (pre, 1) < 2(m3(pux) +m3(u)), and m3(uy) is bounded, since uz converges
to p in P (H) (see Corollary 3.6 (b) in [6]). Hence, the first term vanishes, since
M), (X) — 0. The second term vanishes owing to (28). O
By definition of I'-convergence, Lemma 7 and Lemma 9 ensure that £ is the I'-limit
of & (or, more precisely, the Mosco-limit) and complete the proof of part (i) of
Theorem 2.

If, in particular, p is a minimizer of &, by Lemma 6 and Corollary 1-(ii), the
sequence (4 )keN is precompact with respect to the topology of Py (H ), which is the
statement in Theorem 2-(ii). Finally, by the fundamental theorem of I'-convergence (
[7, Theorem 7.4]), if p is a minimizer of &, then

. oy
#erg;r(lH)c‘?(u) Jim Ex (),

and if (ur,)jen is a subsequence converging to 7z in P3’(H ), then ( [7, Corollary
7.20])

E(@) = min &
(1) oin (1),

which concludes the proof of Theorem 2-(iii).
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