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Abstract
We study the existence and uniqueness of the barycenter of a signed distribution 
of probability measures on a Hilbert space. The barycenter is found, as usual, as a 
minimum of a functional. In the case where the positive part of the signed measure 
is a singleton, we can show also uniqueness. In the one-dimensional case, we char-
acterize the quantile function of the unique minimum as the orthogonal projection 
of the L2-barycenter of the quantiles on the cone of nonincreasing functions in 
L2(0, 1). Further, we provide a stability estimate in dimension one and a counter-
example to uniqueness in R2. Finally, we address the consistency of the barycenters 
and we prove that barycenters of a sequence of approximating measures converge 
(up to subsequences) to a barycenter of the limit measure.

Keywords  Optimal transport · Wasserstein distance · Barycenter · Extrapolation

Mathematics Subject Classification  MSC Classification: 49J27 · 49J45 · 49Q22

Received: 7 November 2024 / Accepted: 16 October 2025 / Published online: 7 November 2025
© The Author(s) 2025

Generalized Wasserstein Barycenters

Francesco Tornabene1 · Marco Veneroni2  · Giuseppe Savaré3

	
 Marco Veneroni
marco.veneroni@unipv.it

Francesco Tornabene
francesco.tornabene@gssi.it

Giuseppe Savaré
giuseppe.savare@unibocconi.it

1	 Gran Sasso Science Institute, L’Aquila, Italy
2	 Department of Mathematics, University of Pavia, Pavia, Italy
3	 Department of Decision Sciences and BIDSA, Bocconi University, Milano, Italy

1 3

https://doi.org/10.1007/s00245-025-10351-6
http://orcid.org/0000-0002-8526-3154
http://orcid.org/0000-0002-0104-4158
http://crossmark.crossref.org/dialog/?doi=10.1007/s00245-025-10351-6&domain=pdf&date_stamp=2025-11-5


Applied Mathematics & Optimization (2025) 92:68

1  Introduction and Main Results

In this paper, we introduce an extension of the barycenter problem studied by Agueh 
and Carlier [1] in the Wasserstein space. Let H be a separable Hilbert space and 
P2(H) be the space of Borel probability measures on H with finite second moment, 
endowed with the 2-Wasserstein distance, denoted W2. Let λ be a signed measure 
on the Borel σ-algebra of P2(H), such that λ(P2(H)) = 1 (see, e.g., [2] for a com-
prehensive treatise of measure theory). We study the minimization of the functional

	
E(µ) :=

ˆ

P2(H)
W 2

2 (µ, ν) dλ(ν),� (1)

which we call the generalized population barycenter problem of the signed measure 
λ. When λ is concentrated on a discrete set {ν1, . . . , νn} ⊂ P2(H) and it is nonnega-
tive, i.e.

	
λi ≥ 0, for i = 1, . . . , n,

n∑
i=1

λi = 1, λ =
n∑

i=1
λiδνi

,

we recover the usual barycenter functional introduced in [1]:

	
E(µ) =

n∑
i=1

λiW
2
2 (µ, νi).

The extension of the barycenter, from n discrete measures to a continuous distribu-
tion of probability measures (i.e., a probability distribution, or ‘population‘, of prob-
ability distributions) was studied in [3–5]. In our contribution, we allow for a signed 
measure, i.e., for negative weights, as long as λ(P2(H)) > 0 (or, without loss of 
generality, equal to one). This condition is necessary since, even in the discrete case, 
if xi ∈ H  and 

∑n
i=1 λi < 0, then

	
inf

x∈H

n∑
i=1

λi|x − xi|2 = −∞.

We denote by λ = λ+ − λ− the (unique) Hahn-Jordan decomposition of λ, by 
|λ| = λ+ + λ− the total variation measure of λ, and by m2

2(ν) the second moment 
of a measure ν ∈ P2(H):

	
m2

2(ν) :=
ˆ

H

|x|2dν(x) < ∞.
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We prove the existence of a minimizer of (1) and, in the particular case where λ+ is 
concentrated on a single measure in P2(H), we are able to show uniqueness of the 
solution.

Theorem 1  Let H be a real separable Hilbert space and let λ be a signed measure 
on P2 (H ) with

	
λ(P2(H)) = 1 and

ˆ

P2(H)
m2

2(ν)d|λ|(ν) < ∞.� (2)

Let E : P2 (H ) → R be the functional defined in (1). Then: 
(i)	 There exists a solution µ̄ ∈ P2(H) of the problem 

	
min

µ∈P2(H)
E (µ).

(ii)	 If, in particular, supp(λ+) is a singleton, then there exists a unique minimizer 
µ̄ ∈ P2(H) of E .

It should be noticed that uniqueness is false, in general, in the classical barycen-
ter problem with positive weights in H = Rd. Moreover, the bound on the qua-
dratic moments of |λ| in (2) is the minimal assumption that ensures that E  is finite 
on P2(H), but finite-energy sequences are not relatively compact in P2(H) if H is 
infinite-dimensional. In order to recover the compactness of a minimizing sequence, 
which we need for the direct method of the calculus of variations, we make use of 
the weak topology on P2(H), introduced in [6], which we denote Pw

2 (H) - see Sect. 
2.2. The same framework is also crucial in the proof of the lower-semicontinuity of E .

Let (λk)k∈N be a sequence of signed measures on P2(H), such that

	
λk(P2(H)) = 1, sup

k∈N

ˆ

P2(H)
m2

2(ν) d|λk|(ν) < +∞.� (3)

Since Theorem 1 asserts that each λk admits a generalized Wasserstein barycenter, it 
is natural to ask whether a sequence of barycenters of λk converges to a barycenter 
of λ, if λk → λ, in a suitable sense. We can provide an answer to this question in the 
framework of Γ-convergence (see, e.g., [7]) on Pw

2 (H).

Theorem 2  Let (λk)k∈N and λ be signed measures on P2 (H ), satisfying (3). Assume 
that

	
lim

k→∞

ˆ

P2(H)
φ(ν) dλ±

k (ν) =
ˆ

P2(H)
φ(ν) dλ±(ν) ∀φ ∈ C0

b (P2(H)), � (4)

	
lim

k→∞

ˆ

P2(H)
m2

2(ν) d|λk|(ν) =
ˆ

P2(H)
m2

2(ν) d|λ|(ν). � (5)

Let Ek : P2 (H ) → R be defined as
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Ek(µ) :=

ˆ

P2 (H)
W 2

2 (ν, µ)dλk(ν).

Then 
(i)	 Ek Γ-converges to E  in P2(H), with respect to the convergence induced by the 

2-Wasserstein distance, and also with respect to the weak topology of Pw
2 (H);

(ii)	 If µk is a minimizer of Ek for all k ∈ N, the sequence (µk)k∈N is precompact 
with respect to the weak topology of Pw

2 (H);
(iii)	As a consequence of (i) and (ii), if µ ∈ P2(H) is a limit point in Pw

2 (H) of a 
subsequence of minimizers (µkj

), then 

	
lim

j→∞
Ekj

(µkj
) = E(µ) = min

µ∈P2(H)
E(µ).

We remark that Γ-convergence with respect to the weak and the strong topologies 
is also known as Mosco-convergence (see [8]). When the minimizer µ of E  is unique, 
Theorem 2-(ii) and -(iii) imply that if µk is a minimizer of Ek, then µk → µ with 
respect to the weak topology of Pw

2 (H).
In the case H = R, we provide an explicit characterization of the minimizer. 

Indeed, in the 1-dimensional case any probability measure µ ∈ P2(R) can be repre-
sented by its quantile function (see, e.g., [9, Theorem 2.18]), i.e., the pseudo-inverse 
Xµ of its distribution function Fµ:

	

Fµ(x) := µ((−∞, x]), ∀ x ∈ R,

Xµ(w) := inf{x : Fµ(x) > w}, ∀ w ∈ (0, 1).

The map µ �→ Xµ is an isometry between P2(R), endowed with the 2-Wasserstein 
distance, and the convex cone K of nondecreasing functions in the Hilbert space 
L2(0, 1). We denote by PK the orthogonal projection operator, PK : L2(0, 1) → K. 
Our main result, in the 1-dimensional case, is the following.

Theorem 3  Let λ be a signed measure on P2 (R), satisfying

	
λ(P2(R)) = 1 and

ˆ

P2(R)
m2

2(ν)d|λ|(ν) < ∞.� (6)

Then there exists a unique solution µ̄ ∈ P2 (R) of

	
inf

µ∈P2 (R)

ˆ

P2 (R)
W 2

2 (µ, ν)dλ(ν),

and it is characterized by

	
Xµ̄ = PK

(ˆ

P2(R)
Xνdλ(ν)

)
,� (7)

where Xν ∈ K is the pseudo-inverse function of (the distribution function of) ν.
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1.1  Literature Review and Related Problems

1.1.1  Wasserstein Barycenters

The barycenter of two probability measures, with positive weights adding to 1, is 
well-known as McCann’s interpolation [10], while a complete study of the Wasser-
stein barycenters of n measures in Rd was done in [1]. In the latter, in particular, it 
was shown the existence of a minimizer and its uniqueness, in the case where one of 
the νi’s vanishes on small sets. In the present paper we do not require the absolute 
continuity of one of the measures, but in order to obtain uniqueness we need the posi-
tive part of λ to be concentrated on a single measure. In the one-dimensional case, 
if λ is concentrated on a discrete set, if all weights λi are positive, and all measures 
νi are nonatomic, our characterization (7) reduces to the one-dimensional formula in 
[1, Sect. 6.1].

The barycenter of a continuous distribution of probability measures on Rd (also 
called a population barycenter) was first studied in [3] (published as [4]), where the 
authors, exploiting a duality argument, prove existence, uniqueness, and characterize 
the barycenter for compactly supported measures, and then study the convergence 
of the empirical barycenter to its population counterpart as the number of measures 
tends to infinity. In [5] existence and consistence of the population barycenter is stud-
ied in a general geodesic space. In [11] several applications of Wasserstein barycen-
ters with possibly negative weights were given, in the context of Fréchet regression, 
for the analysis of data from demography and neuroimaging.

1.1.2  Metric Extrapolation

The barycenter of two measures ν0, ν1 ∈ P2(H) with weights α > 1 and 
β = 1 − α < 0, that is

	
min

µ∈P2(H)
αW 2

2 (µ, ν0) + βW 2
2 (µ, ν1),� (8)

was studied in [12] and [13] in the context of metric extrapolation for the Back-
ward Differentiation Formula of order 2 (BDF2). This connection requires some 
explanation. Given a metric space (X, d) and a functional Φ : X → R ∪ {+∞}, the 
gradient flow of Φ with respect to the metric d is formally given by the solutions 
u : [0, T ] → X  of

	
d
dt

u(t) = −∇Φ(u(t)),

or by its time-discrete equivalent (uk
τ ) ∈ X

	
uk

τ − uk−1
τ

τ
≈ −∇Φ(uk

τ ),� (9)
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Page 5 of 35  68



Applied Mathematics & Optimization (2025) 92:68

for a small time-step τ > 0. A rigorous metric framework for the derivatives that 
appear in these equations was established in [14]. The minimizing movement scheme 
(also referred to as Implicit Euler method or Jordan-Kinderlehrer-Otto (JKO) step-
ping) provides, under suitable assumptions, a discrete approximation of the gradient 
flow equation, by solving a sequence of minimization problems defined by

	
uk = arg min

w∈X

{
1
2τ

d2(uk−1
τ , w) + Φ(w)

}
.

The BDF2 scheme is a second-order discretization scheme, well-known for ODEs 
in Rd since the 1950’s (see, e.g., [15]), which was recently proposed to approxi-
mate gradient flows in metric spaces [12]. In the Euclidean setting, the time-discrete 
approximation (9) is substituted by

	
3uk

τ − 4uk−1
τ + uk−2

τ

2τ
≈ −∇Φ(uk

τ ),

which leads, in a JKO step, to the minimization of

	
Ψ(τ, uk−2

τ , uk−1
τ ; w) := 1

τ
d2(uk−1

τ , w) − 1
4τ

d2(uk−2
τ , w) + Φ(w).

In [12] several examples of metric spaces (X, d) are given, such that a sequence of 
piecewise-constant interpolations of the discrete solutions (uk

τ ) converges, locally 
uniformly in time, to a solution u ∈ AC2([0, ∞), X) of the gradient flow of Φ, in the 
sense of the following Evolutionary Variational Inequality (EVI)

	
1
2

d2(u(t), w) − 1
2

d2(u(s), w) ≤
ˆ t

s

[
Φ(w) − Φ(u(r)) − λ

2
d2(u(r), w)

]
dr,

for all 0 ≤ s < t, where λ ∈ R is the λ-convexity modulus of Ψ ( [12, Theorem 5.1]). 
Among examples given in [12], we mention the following ones. 

(a)	 In the case where X is a Hilbert space, with the distance induced by its norm, the 
distance part of the JKO functional Ψ is convex on straight segments and it is 
minimized by the weighted average of uk−1

τ  and uk−2
τ , as in a classical barycen-

ter problem with positive coefficients.
(b)	 In the case (X, d) = (P2(H), W2), minimizing the distance part of the JKO 

functional Ψ is a Wasserstein barycenter problem like (8), with two assigned 
measures (corresponding to uk−2

τ  and uk−1
τ ) and real coefficients. It should be 

remarked that the negative sign of one of the weights is crucial for the λ-con-
vexity of Ψ and thus for the existence and uniqueness of a minimizer. Indeed, 
we are going to exploit exactly [12, Theorem 3.4] for the uniqueness part of our 
Theorem 1.

1 3
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Finally, we mention that two different convex formulations for (8) were studied in 
[16], together with an efficient numerical scheme to compute the minimizers.

1.1.3  Sticky Particles

In [13, Remarks 4.6 and 4.13], an interesting connection was pointed out, between 
metric extrapolation and the one-dimensional pressureless Euler system

	

{
∂tρ + ∂x(ρv) = 0

∂t(ρv) + ∂x(ρv2) = 0 � (10)

in R × (0, +∞), with initial density and velocity conditions ρ|t=0 = ρ0, v|t=0 = v0, 
for the evolution of a system of particles that share their trajectories after a colli-
sion (also called “sticky particle system" (SPS)) (see also [17]). Here, we exploit the 
characterization of the solutions to the (SPS) given in [18], in order to show a direct 
connection with the minimizer of a generalized Wasserstein barycenter functional. 
Let (ρt, ρtvt) be the solution of the (SPS) at time t > 0, corresponding to a discrete 
initial datum

	
ρ0 =

N∑
i=1

miδxi
, ρ0v0 =

N∑
i=1

miviδxi
, mi > 0,

N∑
i=1

mi = 1, xi, vi ∈ R.

Denoting X0 (resp. Xt) the pseudo-inverse function of ρ0 (resp. ρt), by [18, Theorem 
2.6 - II] it holds

	 Xt = PK(X0 + tV0),� (11)

where K, as above, is the convex cone of nondecreasing functions in L2(0, 1), PK is 
the orthogonal projection operator on K, and V0 is the piecewise-constant function 
such that V0(x) = vi if X0(x) = xi. Let δ > 0 be the first collision time of the evolu-
tion, then, for all 0 < s ≤ δ

	 Xs = PK(X0 + sV0) = X0 + sV0,

and owing to (11), for all t > s

	

Xt = PK(X0 + tV0)

= PK

(
X0 + t

Xs − X0

s

)

= PK

((
1 − t

s

)
X0 + t

s
Xs

)
.

By (7), we immediately see that the solution ρt = (Xt)♯L1⌞(0,1) of the sticky particle 
system (10) at time t is also the minimizer of the generalized barycenter functional

1 3
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E (ρ) :=

(
1 − t

s

)
W 2

2 (ρ0, ρ) + t

s
W 2

2 (ρs, ρ),

where the fixed measures are the initial density ρ0 of the (SPS), with negative weight 
1 − t/s and the solution of the system at time s, that is, ρs, with positive weight t/s.

1.2  Plan of the Paper

In Sect. 2, we recall the definitions and the main results we need concerning the Was-
serstein distance, the weak topologies in spaces of probability measures, and signed 
measures. In Sect. 3 we study the one-dimensional case. After recalling Hoeffding’s 
Fréchet’s isometry, we state and prove the result concerning existence, uniqueness, 
and characterization of generalized barycenters for probability measures on the real 
line. In Subsect. 3.1, we provide a stability result and in Subsect. 3.2 an example 
where the generalized barycenter between one-dimensional Gaussian distributions 
is not a Gaussian. In Sect. 4 we prove the existence part of Theorem 1, for measures 
on a separable Hilbert space, while in Sect. 5 we prove uniqueness, in the case where 
λ+ is concentrated on one single measure. In Subsect. 5.2, we provide an example of 
non-uniqueness. Finally, in Sect. 6, we prove Theorem 2.

2  Setting and Notation

We collect here the minimal definitions needed to state our problem. For an in-depth 
treatise on optimal transport and Wasserstein distances we refer to the textbooks [14] 
and [19].

2.1  Wasserstein Distance

We denote by H a real separable Hilbert space, endowed with the scalar product ‘  ’ 
and the norm |u| =

√
u · u. P(H) is the space of Borel probability measures µ on H 

and P2(H) the subspace of measures µ with finite second moments:

	
m2

2(µ) :=
ˆ

H

|x|2dµ(x) < +∞.� (12)

Given metric spaces (X1, d1) and (X2, d2), for a general Borel map f : X1 → X2 
and a Borel measure µ on X1, the push-forward measure of µ through f is defined as

	 f♯µ(A) := µ(f−1(A)), for every Borel set A ⊆ X2.

For i = 1, 2, let πi : H × H → H  denote the projection operator on the ith variable, 
πi(x1, x2) = xi. Given two measures µ, ν ∈ P2(H), the set of admissible transport 
plans between µ and ν is

1 3
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	 Γ(µ, ν) :=
{

γ ∈ P(H × H) : π1
♯ γ = µ, π2

♯ γ = ν
}

.

The Wasserstein-Rubinstein-Kantorovich distance of order 2 between two measures 
µ, ν ∈ P2(H) is defined as

	
W2(µ, ν) := min

{(ˆ

H×H

|x − y|2dγ(x, y)
) 1

2

: γ ∈ Γ(µ, ν)

}
.

We remark that W2 satisfies the axioms of a distance on P2(H): W2(µ, ν) = 0 if and 
only if µ = ν, and W2 satisfies the triangle inequality (symmetry and nonnegativity 
follow from the other two properties).

We denote by Γo(µ, ν) the set of optimal transport plans between µ, ν ∈ P2(H). 
That is, if γ ∈ Γo(µ, ν), then γ ∈ Γ(µ, ν) and

	
W 2

2 (µ, ν) =
ˆ

H×H

|x − y|2dγ(x, y).

Definition 1  (Narrow convergence) We say that a sequence (µn)n∈N ⊂ P(H) is nar-
rowly convergent to µ ∈ P(H) if

	
lim

n→+∞

ˆ

H

f(x) dµn(x) =
ˆ

H

f(x) dµ(x) ∀f ∈ Cb(H).

We will need the following Gluing Lemma ( [14], Lemma 5.3.2)

Lemma 1  Let ν0, ν1, ν2 ∈ P2(H) and γ0 i ∈ Γ(ν0, νi) for i = 1, 2. Then there exists 
γ ∈ P (H × H × H) such that

	 (π0, πi)♯γ = γ0 i for i = 1, 2.

An example of such a γ is given by the measure whose disintegration with respect 
to ν is

	
γ :=

ˆ

X

(
γ0 1

ν0
× γ0 2

ν0

)
dν0,

where γ0 i :=
´
Rd γ0 i

ν0
dν0 are the disintegrations of the transport plans γ0 i with 

respect to ν0.

2.2  Weak Topologies

In the proof of the existence of a minimizer for E  we are going to use the framework 
of weak and strong-weak topologies of measures described in [6]. Let Cw

2 (H) be 
the Banach space of sequentially weakly continuous functions ζ : H → R satisfying

1 3
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lim

|x|→∞

ζ(x)
1 + |x|2

= 0,

endowed with the norm

	
∥ζ∥Cw

2 (H) := sup
x∈H

ζ(x)
1 + |x|2

.

We define Pw
2 (H) to be the topological space of measures in P2(H), endowed 

with the initial topology σ(P2(H), Cw
2 (H)), i.e., the coarsest topology such that all 

functions

	
Fζ : P2(H) → R, Fζ(µ) :=

ˆ

H

ζ(x)dµ(x),

with ζ ∈ Cw
2 (H), are continuous.

In order to highlight the role of the different topologies, here we denote by Hs the 
space H, in order to emphasize that we are using the strong topology, and Hw the 
same space endowed with the weak topology. Let Z = Hs × Hw and

	
P2(Z) :=

{
γ ∈ P(Z) :

ˆ

Z

(
|x|2 + |y|2

)
dγ(x, y) < +∞

}
.

We consider the space Csw
2 (Z) of test functions ζ : Z → R such that:

	● ζ is sequentially continuous with respect to the strong-weak product topology on 
Z;

	● ∀ε > 0 ∃Aϵ ≥ 0 |ζ(x, y)| ≤ Aε

(
1 + |x|2

)
+ ε|y|2.

We endow Csw
2 (Z) with the norm

	
∥ζ∥Csw

2 (Z) := sup
(x,y)

|ζ(x, y)|
1 + |x|2 + |y|2

.

We endow P2(Z) with the initial topology induced by the functions

	
γ �→

ˆ

Z

ζ(x, y) dγ(x, y), ζ ∈ Csw
2 (Z);

we call Psw
2 (Z) the topological space (P2(Z), σ(P2(Z), Csw

2 (Z))). Proposition 3.4 
(a) in [6], adapted to our simplified setting, reads as follows.

Proposition 4  A sequence (γn)n∈N ⊂ Psw
2 (Z) and a measure γ ∈ Psw

2 (Z) satisfy 

(i)	 γn ⇀ γ narrowly in P(Z);
(ii)	 lim

n→∞

ˆ

Z

|x|2 dγn(x, y) →
ˆ

Z

|x|2 dγ(x, y);

1 3
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(iii)	 sup
n∈N

ˆ

Z

|y|2 dγn(x, y) < +∞,

 if and only if

	 γn → γ in Psw
2 (Z).Proposition 3.4 (b), in the particular case Z = Hw, 

yields the following result.

Proposition 5  For every constant c < ∞ the sets

	
Kc :=

{
µ ∈ Pw

2 (H) :
ˆ

H

|x|2dµ(x) ≤ c

}

are compact and metrizable in Pw
2 (H). In particular, they are sequentially compact.

The following result [6, Corollary 3.6] is an immediate consequence of Propositions 
4 and 5.

Corollary 1  It holds 

(i)	 A sequence (µn)n∈N converges to µ in Pw
2 (H) if and only if 

	
(µn)n∈N converges narrowly in P(Hw) and sup

n∈N

ˆ

H

|x|2dµn(x) < ∞.

(ii)	 A set K ⊂ P2(H) is relatively sequentially compact in Pw
2 (H) if and only if 

	
sup
µ∈K

ˆ

H

|x|2dµ(x) < ∞.

2.3  Signed Measures

We refer to [2] for a comprehensive treatise of measure theory. Here, we will only use 
the following notions. Let B(X) be the Borel σ-algebra on the metric space (X, d), 
we denote by Ms(X) the space of finite countably additive signed measures on 
B(X). By Hahn’s decomposition, there exist disjoint sets A+, A− ∈ B(X) such that 
A+ ∪ A− = X  and for all B ∈ B(X)

	 λ+(B) := λ(A+ ∩ B) ≥ 0, λ−(B) := −λ(A− ∩ B) ≥ 0.

Then λ = λ+ − λ− is the (unique) Hahn-Jordan decomposition of λ and the total 
variation measure is defined as |λ| = λ+ + λ−. For f ∈ L1(|λ|), we set

	

ˆ

X

f(x)dλ(x) :=
ˆ

X

f(x)dλ+(x) −
ˆ

X

f(x)dλ−(x).

1 3

Page 11 of 35  68



Applied Mathematics & Optimization (2025) 92:68

It is immediate to check that

	

∣∣∣∣
ˆ

X

f(x)dλ(x)
∣∣∣∣ ≤
ˆ

X

|f(x)|dλ+(x) +
ˆ

X

|f(x)|dλ−(x) =
ˆ

X

|f(x)| d|λ|(x).�(13)

We denote the variation of λ by

	 M(|λ|) := λ+(X) + λ−(X) = |λ|(X).� (14)

Finally, for X = P2(H), the squared quadratic moment of |λ| is

	
M2

2 (|λ|) :=
ˆ

P2(H)
m2

2(ν)d|λ|(ν).� (15)

3  The One-Dimensional Case

In this section, we restrict to the one-dimensional setting because in this case there is 
a standard isometry between P2(R) and the subset K of (essentially) nondecreasing 
functions in the Hilbert space of square-integrable functions L2(0, 1). This relation 
allows us to exploit the properties of scalar products and projections in Hilbert spaces, 
which are crucial in our proof. We denote by ∥ · ∥ the standard norm in L2(0, 1):

	
∥f∥ :=

(ˆ 1

0
f2(x)dx

) 1
2

.

Let µ ∈ P2(R), the cumulative distribution function of µ is the function 
Fµ : R → [0, 1]

	 Fµ(x) := µ((−∞, x]) ∀ x ∈ R.

Its pseudo-inverse (also called: ‘monotone arrangement’ or ‘quantile function’) is the 
nondecreasing function Xµ : (0, 1) → R

	 Xµ(w) := inf {x : Fµ(x) > w} ∀ w ∈ (0, 1).

Observe that Xµ(Fµ(x)) ≥ x and that, if m > Fµ(x), then Xµ(m) > x. Therefore, 
denoting by L1 the Lebesgue measure on (0, 1):

	 (Xµ)#L1((−∞, x]) = L1(X−1
µ ((−∞, x])) = L1((0, Fµ(x)]) = Fµ(x).

In other words, (Xµ)#L1 = µ.
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Moreover, given two measures µ, ν ∈ P2(R), γ = (Xµ, Xν)#L1 is the unique 
monotone transport in Γ(µ, ν); it follows that γ ∈ Γo(µ, ν) ( [20, Theorem 2.9]). 
Therefore

	
W 2

2 (µ, ν) =
ˆ

R2
|x − y|2d(Xµ, Xν)#L1 =

ˆ 1

0
|Xµ(x) − Xν(x)|2dx = ∥Xµ − Xν∥2.�(16)

We have shown that the mapping ϕ : P2(R) → L2(0, 1), ϕ(µ) = Xµ satisfies the 
following properties (see also the Hoeffding-Fréchet characterization of distributions 
with given marginals [21, Sect. 3.1])): 

(i)	 for all µ, ν ∈ P2(R)   ∥ϕ(µ) − ϕ(ν)∥ = W2(µ, ν),
(ii)	 for all f ∈ K the measure µ = f♯L1 ∈ P2(R) satisfies ϕ(µ) = f .

Therefore, the metric spaces (P2(R), W2) and (K, ∥ · ∥) are isometric. We recall that 
the orthogonal projection operator PK : L2(0, 1) → K can be characterized by the 
following property ( [22], Theorem 5.2): for all f ∈ L2(0, 1), PK(f) is the unique 
element in K such that

	 ∥PK(f) − f∥ ≤ ∥g − f∥, ∀g ∈ K.� (17)

Moreover, the orthogonal projection does not increase distance ( [22, Proposition 
5.3]):

	 ∥PK(f) − PK(g)∥ ≤ ∥f − g∥, ∀f, g ∈ L2(0, 1).� (18)

If λ ∈ Ms(P2(R)), f ∈ K, and ϕ : P2(R) → L2(0, 1) is the Hoeffding-Fréchet 
isometry, then η := ϕ♯λ ∈ Ms(L2(0, 1)) and

	

ˆ

L2(0,1)
∥f − g∥2dη(g) =

ˆ

P2(R)
∥f − ϕ(ν)∥2dλ(ν) =

ˆ

P2(R)
W 2

2 (ϕ−1(f), ν)2dλ(ν).

In particular,

	
M2

2 (|λ|) < +∞ if and only if M2
2 (|η|) =

ˆ

L2(0,1)
∥g∥2d|η|(g) < +∞.

We can therefore give the following equivalent statement of Theorem 3.

Theorem 6  Let η be a signed measure on L2 (0 , 1 ), such that supp(η) ⊂ K,

	 η(L2 (0 , 1 )) = 1 and M2 (|η|) < ∞.

Then, there exists a unique minimizer f ∗ ∈ K of the functional
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E : L2 (0 , 1 ) → R, E(f ) :=

ˆ

L2 (0 ,1)
∥f − g∥2 dη(g)

and it is characterized by

	
f ∗ = PK

(ˆ

L2 (0 ,1)
g dη(g)

)
.

The solution of Theorem 3 in the Wasserstein space can then be recovered by

	 µ∗ = ϕ−1(f∗) = f∗
♯ L1.

Remark 1  Since the proof of Theorem 6 only relies on the Hilbert structure of the 
space L2(0, 1) and on the closedness and convexity properties of K, the same char-
acterization of the solution holds in a more general setting. Precisely: let (X, | · |) be 
a real Hilbert space and let K ⊂ X  be a closed and convex subset. Let η be a signed 
measure on X, such that

	 η(X) = 1 and M2(|η|) < ∞� (19)

(we do not need that supp(η) ⊂ K). Then there exists a unique minimizer x∗ ∈ K 
of the functional

	
G : X → R, G(x) :=

ˆ

X

|x − y|2dη(y)

and it is characterized by

	
x∗ = PK

(ˆ

X

y dη(y)
)

.

Remark 2  Theorem 3.1 in [18] gives a useful characterization of the orthogonal pro-
jection PK : L2(0, 1) → K, which may be employed for explicit computations: given 
f ∈ L2(0, 1), let F (t) =

´ t

0 f(s)ds be its integral function; let F ∗∗ be the lower 
semi-continuous convex envelope of F, i.e., the greatest lower semi-continuous con-
vex function which is lower or equal to F. F ∗∗ may also be defined by

	 F ∗∗(t) := sup{at + b : a, b ∈ R, as + b ≤ F (s) for a.e. s ∈ (0, 1)}.

Being convex, in every point F ∗∗ admits a left derivative d−

dt F ∗∗ and a right deriva-
tive d

+

dt F ∗∗. The projection may then be characterized by

	
PK(f)(t) = d+

dt
F ∗∗(t).
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Proof of Theorem 6  We adopt the more general setting introduced in Remark 1: here 
(X, | · |) is a real Hilbert space and K ⊂ X  is a closed and convex subset. Let

	
x̄ :=

ˆ

X

y dη(y) and C(η) :=
ˆ

X

|y|2 − |x̄|2dη(y).

These quantities are finite and only depend on η since, by (19),

	

|x̄| ≤
ˆ

X

|y| d|η|(y) ≤ 1
2

ˆ

X

(
1 + |y|2

)
d|η|(y) = 1

2
(
M(|η| + M2

2 (|η|))
)

,

|C(η)| ≤ M2
2 (|η|) + |x̄|2.

We compute

	

G(x) =
ˆ

X

|x − y|2dη(y)

=
ˆ

X

|x|2 − 2x · y + |y|2dη(y)

= |x|2 − 2x · x̄ +
ˆ

X

|y|2dη(y)

= |x|2 − 2x · x̄ + |x̄|2 +
ˆ

X

|y|2dη(y) − |x̄|2

= |x − x̄|2 + C(η).

Therefore, using the projection property (17) and exploiting the independence of 
C(η) from x, for all z ∈ K

	

G (PK(x̄)) = |PK(x̄) − x̄|2 + C(η)
≤ |z − x̄|2 + C(η)
= G(z).

We conclude that PK(x̄) is the unique minimum of G in K. � □

3.1  The Discrete Case and Stability

The barycenter of a finite number of measures with positive and negative weights is a 
particular case of Theorem 3. Precisely, let n ≥ 2 be a given integer. For i = 1, . . . , n, 
let νi ∈ P2(R) be given and let λi be real numbers such that 

∑n
i=1 λi = 1. We con-

sider the signed measure:

	
λ :=

n∑
i=1

λiδνi
,
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where δνi  is the Dirac measure concentrated in νi. Then, by Theorem 3 there exists a 
unique solution µ̄ ∈ P2(R) of

	
inf

µ∈P2(R)

n∑
i=1

λiW
2
2 (νi, µ),

and it is characterized by

	
Xµ̄ = PK

(
n∑

i=1
λiXνi

)
,� (20)

where Xνi ∈ K is the pseudo-inverse function of (the distribution function of) νi.
The explicit characterization of the discrete Wasserstein barycenter in one dimen-

sion entails a stability result, with respect to perturbations of the fixed measures:

Lemma 2  Let ν1, . . . , νn and ν̃1, . . . , ν̃n be probability measures in P2(R); let 
λ1, . . . , λn be weights such that 

∑n
i=1 λi = 1 and consider the barycenters µ, µ̃ of 

the measures ν1, . . . , νn and ν̃1, . . . , ν̃n, with weights λ1, . . . , λn. Then

	
W2(µ, µ̃) ≤

n∑
i=1

|λi|W2(νi, ν̃i).

Proof  For ρ in P2(R), let Xρ be its monotone rearrangement. Then, using (16), (20), 
and the non-expanding property of the projection (18), we obtain

	

W2(µ, µ̃) =

∥∥∥∥∥PK

(
n∑

i=1
λiXνi

)
− PK

(
n∑

i=1
λiXν̃i

)∥∥∥∥∥

≤

∥∥∥∥∥
n∑

i=1
λiXνi

−
n∑

i=1
λiXν̃i

∥∥∥∥∥

≤
n∑

i=1
|λi| ∥Xνi

− Xν̃i
∥

=
n∑

i=1
|λi|W2(νi, ν̃i).

� □

1 3

68  Page 16 of 35



Applied Mathematics & Optimization (2025) 92:68

3.2  An Example in the Case of Two Gaussian Measures

While the (standard) barycenter of two Gaussian measures is always a Gaussian, it is 
possible to choose the parameters of the measures and a negative weight so that the 
generalized barycenter of two Gaussians is a Dirac delta.

Remark 3  If µ1, µ2, µ3 are three probability measures on R and µ2 is the barycenter 
of µ1 and µ3 with parameters 0 < λ < 1 and 1 − λ, then µ3 is the generalized bary-
center for µ1 and µ2 with parameters (λ − 1)/λ, 1/λ (and, likewise, µ1 is a general-
ized barycenter for µ2, µ3 with parameters 1/(1 − λ) and −λ/(1 − λ)). This remark 
follows directly from the equation

	 Xµ2 = (1 − λ)Xµ1 + λXµ3

since then

	
Xµ3 = 1

λ
Xµ2 + λ − 1

λ
Xµ1

and no projection on K is needed (despite the fact that (λ − 1)/λ < 0).
Let µ1 ∼ N (m1, σ2

1), µ2 ∼ N (m2, σ2
2) be two Gaussian measures, and sup-

pose that σ1 > σ2: then it is possible to choose z̄ ∈ R such that µ2 is the barycenter 
between µ1 and the Dirac delta δz̄ . Owing to Remark 3, δz̄  is then the generalized 
barycenter between the Gaussians µ1 and µ2. In order to choose z̄, we proceed as 
follows. For z ∈ R, the monotone rearrangement of the Wasserstein barycenter µ̄ 
between µ1 and an atomic measure δz  satisfies

	 Xµ̄ = (1 − λ)Xµ1 + λz.

Using the relation (aX + b)−1(x) = X−1((x − b)/a), valid for all invertible func-
tions X : (0, 1) → R and all a, b in R with a ̸= 0, we obtain

	 Fµ̄(x) = Fµ1((x − λz)/(1 − λ)),

so that the density of µ̄ is given by

	
F ′

µ̄ = 1
1 − λ

fµ1((x − λz)/(1 − λ)) = K exp
(

− (x − ((1 − λ)m1 + λz))2

2((1 − λ)σ1)2

)

where K doesn’t depend on x, so µ̄ ∼ N ((1 − λ)m1 + λz, ((1 − λ)σ1)2). Now we 
look for particular values λ̄ and z̄ for which µ̄ = µ2: setting

	

{
(1 − λ̄)m1 + λ̄z̄ = m2,
(1 − λ̄)σ1 = σ2,

yields
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λ̄ = σ1 − σ2

σ1
, z̄ = σ1m2 − σ2m1

(σ1 − σ2)
.

With this choice of parameters, we have

	 Xµ2 = (1 − λ̄)Xµ1 + λ̄z̄,

and therefore, owing to Remark 3, the Dirac measure δz̄  is the generalized barycenter 
of the Gaussian measures µ1 and µ2, with weights 1/λ̄ > 0 and (λ̄ − 1)/λ̄ < 0.

4  Proof of Theorem 1-(i)

In this section we employ the direct method of the calculus of variations to prove the 
existence part of Theorem 1. The crucial point is that the functional E  has a nega-
tive term, due to λ−, so that lower-semicontinuity of the integrand is not sufficient. 
In order to overcome this difficulty, in Lemma 4 we prove continuity of the cou-
pling term in W2(ν, µ). The main tool is the framework of strong-weak topologies in 
P2(H), introduced in [6] and recalled in Sect. 2.2.

Lemma 3  (Lower bound)

Let m2, M , and M2 be defined as in (12), (14), and (15). For all µ ∈ P2(H)

	
E(µ) ≥ 1

2
m2

2(µ) − (1 + 2M(|λ|))M2
2 (|λ|).� (21)

Proof  For µ, ν ∈ P2(H) and γ ∈ Γo(µ, ν)

	

W 2
2 (µ, ν) =

ˆ

H×H

|x − y|2dγ(x, y)

=
ˆ

H

|x|2dµ(x) +
ˆ

H

|y|2dν(y) − 2
ˆ

H×H

x · y dγ(x, y).

Therefore, for all δ > 0, by Young’s inequality

	

∣∣W 2
2 (µ, ν) − m2

2(µ)
∣∣ ≤ m2

2(ν) + 2
∣∣∣∣
ˆ

H×H

x · y dγ(x, y)
∣∣∣∣

≤ m2
2(ν) +

ˆ

H×H

|x|2

δ
+ δ|y|2 dγ(x, y)

= m2
2(µ)
δ

+ (1 + δ)m2
2(ν).

Using λ(P2(H)) = 1, (13), and the last inequality, we obtain
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E(µ) =
ˆ

P2(H)
W 2

2 (µ, ν)dλ(ν)

= m2
2(µ) +

ˆ

P2(H)

(
W 2

2 (µ, ν) − m2
2(µ)

)
dλ(ν)

≥ m2
2(µ) −

ˆ

P2(H)

(
m2

2(µ)
δ

+ (1 + δ)m2
2(ν)

)
d|λ|(ν)

=
(

1 − M(|λ|)
δ

)
m2

2(µ) − (1 + δ)M2
2 (|λ|).

Choosing δ = 2M(|λ|) we obtain the thesis. � □
Let

	

R(ν, µ) : = W 2
2 (ν, µ) −

ˆ

H

|x|2dν(x) −
ˆ

H

|y|2dµ(y)

= min
γ∈Γ(ν,µ)

{ˆ

H×H

−2x · y dγ(x, y)
}

.

In the next Lemma, we prove the continuity of R with respect to the strong-weak 
convergence of measure.

Lemma 4  (Continuity of R) Let (µn)n∈N ⊂ P2(H) be a sequence converging to 
µ ∈ P2(H) with respect to the (weak) topology of Pw

2 (H) and let (νn)n∈N ⊂ P2(H) 
be a sequence converging to ν ∈ P2(H) with respect to the (strong) topology of 
P2(H). Then,

	
lim

n→∞
R(νn, µn) = R(ν, µ).� (22)

Proof  For each couple (νn, µn), there exists γn ∈ Γo(µn, νn) such that

	
R(νn, µn) =

ˆ

H×H

−2x · y dγn(x, y).

We are going to show that γn → γ ∈ Γo(ν, µ) narrowly in P(Z), in order to apply 
Proposition 4 to R(νn, µn). First, we notice that by Corollary 1-(i),

	
sup
n∈N

m2
2(µn) < +∞.� (23)

Since (π1
♯ γn) = (νn) is strongly converging in P2(H) (and thus tight in P(Hs)) 

and (π2
♯ γn) = (µn) is tight in P(Hw) by (23), then (γn) is tight in P(Hs × Hw). 

Indeed, since (νn) is tight in P(Hs), there exists a lower-semicontinuous function 
ψ : H → [0, +∞], with strongly compact sublevels, such that
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sup
n∈N

ˆ

H

ψ(x)dνn(x) = S < +∞.

Thus

	
sup
n∈N

ˆ

H×H

(
ψ(x) + |y|2

)
dγn(x, y) ≤ S + sup

n∈N
m2

2(µn) < +∞.

Since the sublevel sets of ψ(x) + |y|2 are compact in Hs × Hw, (γn) is tight in 
P(Hs × Hw). Let γ be any narrow limit point of (γn). Then for all f ∈ Cb(Hs) and 
for all g ∈ Cb(Hw)

	

ˆ

H×H

f(x)dγ(x, y) = lim
n→∞

ˆ

H×H

f(x)dγn(x, y) = lim
n→∞

ˆ

H

f(x)dνn(x) =
ˆ

H

f(x)dν(x)

and, by Corollary 1-(i),

	

ˆ

H×H

g(y)dγ(x, y) = lim
n→∞

ˆ

H×H

g(y)dγn(x, y) = lim
n→∞

ˆ

H

g(y)dµn(y) =
ˆ

H

g(y)dµ(y).

Therefore, γ ∈ Γ(ν, µ). Furthermore γ ∈ Γo(µ, ν) by (( [6], Theorem 3.8). Since

	
lim

n→∞

ˆ

Z

|x|2 dγn(x, y) = lim
n→∞

ˆ

H

|x|2 dνn(x) =
ˆ

H

|x|2 dν(x) =
ˆ

Z

|x|2 dγ(x, y)

and, by (23),

	

ˆ

Z

|y|2 dγn(x, y) =
ˆ

H

|y|2 dµn(y) = m2
2(µn) < +∞,

by Proposition 4 we conclude that γn → γ in Psw
2 (Z). The function

	 ζ : Z → R, ζ(x, y) := −2x · y

is sequentially continuous with respect to the strong-weak product topology on Z and 
by Young’s inequality ∀ε > 0

	 |ζ(x, y)| ≤ Aε

(
1 + |x|2

)
+ ε|y|2,

with Aε = 1/ε. Therefore, exploiting the optimality of γn and γ,
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lim
n→∞

R(νn, µn) = lim
n→∞

(
W 2

2 (νn, µn) −
ˆ

H

|x|2dνn(x) −
ˆ

H

|y|2dµn(y)
)

= lim
n→∞

ˆ

H×H

−2x · y dγn(x, y)

=
ˆ

H×H

−2x · y dγ(x, y)

= W 2
2 (ν, µ) −

ˆ

H

|x|2dν(x) −
ˆ

H

|y|2dµ(y)

= R(µ, ν).

� □
We have now all the elements to prove existence of a minimizer for E .

Proof of Theorem 1-(i)  By (21)

	
E := inf

µ∈P2(H)
E(µ) ≥ inf

µ∈P2(H)

1
2

m2
2(µ) − (1 + 2 M)M2

2 (|λ|) > −∞.

Let (µn)n∈N be a minimizing sequence, that is

	
lim

n→∞
E(µn) = E .

By (21)

	
sup
n∈N

m2
2(µn) =: S < +∞

and by Corollary 1-(ii) (µn) is relatively sequentially compact in Pw
2 (H). Then, there 

exists a subsequence (which we do not relabel) and a limit point µ ∈ P2(H) such that 
µn → µ with respect to the topology of Pw

2 (H). Define the sequence of functions 
fn : P2(H) → R

	 fn(ν) := R(ν, µn) = W 2
2 (ν, µn) − m2

2(ν) − m2
2(µn)

By (22), for all ν ∈ P2(H)

	
lim

n→∞
fn(ν) = R(ν, µ) =: f(ν).

For any γn ∈ Γo(ν, µn), by Young’s inequality

	
|fn(ν)| =

∣∣∣∣
ˆ

H×H

2x · ydγn(x, y)
∣∣∣∣ ≤ m2

2(ν) + m2
2(µn) ≤ m2

2(ν) + S =: g(ν).

By hypothesis (2), g ∈ L1(P2(H), |λ|) and therefore, by Lebesgue’s dominated con-
vergence theorem
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lim
n→∞

ˆ

P2(H)
fn(ν)dλ(ν) = lim

n→∞

ˆ

P2(H)
fn(ν)dλ+(ν) − lim

n→∞

ˆ

P2(H)
fn(ν)dλ−(ν)

=
ˆ

P2(H)
f(ν)dλ+(ν) −

ˆ

P2(H)
f(ν)dλ−(ν)

=
ˆ

P2(H)
f(ν)dλ(ν).

�(24)

The lower semicontinuity of µ �→
´

H
|y|2dµ(y) = m2

2(µ) with respect to the narrow 
convergence of P(H) is a standard result. The lower semicontinuity with respect to 
the weak topology of Pw

2 (H) can be checked, e.g., by [6, Theorem 5.1], noticing that 
m2

2(µ) = W 2
2 (µ, δ0). Finally, since

	

E(µ) =
ˆ

P2(H)
W 2

2 (ν, µ)dλ(ν)

=
ˆ

P2(H)

(ˆ

H

|x|2dν(x) +
ˆ

H

|y|2dµ(y) + R(ν, µ)
)

dλ(ν)

= m2
2(µ) +

ˆ

P2(H)

(
f(ν) + m2

2(ν)
)
dλ(ν),

owing to the lower semicontinuity of m2
2 with respect to the topology of Pw

2 (H) and 
to the convergence in (24),

	

E = lim
n→∞

E(µn) ≥ lim inf
n→∞

m2
2(µn) + lim

n→∞

ˆ

P2(H)

(
fn(ν) + m2

2(ν)
)
dλ(ν)

≥ m2
2(µ) +

ˆ

P2(H)

(
f(ν) + m2

2(ν)
)
dλ(ν)

= E(µ),

which shows that any weak limit point µ of (µn) is a minimizer of E . � □

5  Uniqueness in Hilbert Spaces

In this section we specialize to the case where λ+ is concentrated on a single measure 
ν0 ∈ P2(H). In this case, uniqueness of the solution holds, even in contrast to the 
case of regular barycenters.

In order to highlight the different role of the positive and negative weights, we use 
the following notation. Let α > 0 and ν0 ∈ P2(H); let σ be a positive measure on 
P2(H) such that

	 σ(ν0) = 0, σ(P2(H)) = α.

We study
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E : P2(X) → R, E (µ) := (1 + α)W 2

2 (µ, ν0) −
ˆ

P2(H)
W 2

2 (µ, ν)dσ(ν).�(25)

With respect to the notation in the previous section, we are setting

	 λ = λ+ − λ−, λ+ = (1 + α)δν0 , λ− = σ.

5.1  λ-Convexity

We will use the concept of λ−convexity along geodesics, as defined in [14, Definition 
9.2.4]; the argument, which we briefly expose below, is essentially the same as [12, 
Theorem 4.1]: we adapt it to our functional. Let (M, d) be a complete metric space, and 
suppose we have an appropriate concept of connecting curve γ(s) = γs : [0, 1] → M  
between two points γ0, γ1 in M, that we call generalized geodesic. We say that a func-
tional F : M → R ∪ {+∞} is λ−convex along generalized geodesics (with λ > 0) 
if for every γ0, γ1 in M, for every generalized geodesic γs connecting γ0 and γ1, and 
for every s in [0, 1], the inequality

	 F (γs) ≤ (1 − s)F (γ0) + sF (γ1) − λs(1 − s)d2(γ0, γ1)

holds. If F is λ−convex for some λ > 0 and some class of generalized geodesics, if 
it is bounded from below, and it is lower-semicontinuous with respect to the metric 
topology of M, then F admits a minimum in M. This is true because, taken a minimiz-
ing sequence (µi)i∈N in M, we have

	
d2(µm, µn) ≤ 4/λ

[
1
2

(F (µm) + F (µn)) − F (γ1/2)
]

where γs is a generalized geodesic connecting µm and µn and we have taken s = 1/2. 
Since the right-hand side term tends to 0 as m, n → ∞, the sequence is Cauchy; by 
completeness of M and lower semi-continuity of F we conclude that lim µn is a 
minimum point for F.

Note that λ−convexity is stronger than convexity: if we have a minimum for F, it 
must also be unique.

If we specialize to the case (M, d) = (P2(H), W2), the right concept of general-
ized geodesic has been introduced in [14, Definition 9.2.2]: we report here the defini-
tion and the basic properties.

Definition 2  Let γ0, γ1 and ν0 be in P2(H). Choose optimal transports γ02 in 
Γo(γ0, ν0) and γ12 in Γo(γ1, ν0). By Lemma 1, we can glue γ02 and γ12 along 
the common marginal ν0, obtaining a measure γ in P(H × H × H) such that 
(π0,2)#γ = γ02 and (π1,2)#γ = γ12. For t ∈ (0, 1), denote by π0→1

t  the interpolat-
ing projection (1 − t)π0 + tπ1 : H3 → H . A generalized geodesic γt connecting γ0 
to γ1, with basepoint ν0, is the curve t �→ (π0→1

t )#γ ∈ P2(H) (see Fig. 1).

1 3

Page 23 of 35  68



Applied Mathematics & Optimization (2025) 92:68

Notation: Following [14], we set

	 πi→j
t := (1 − t)πi + tπj , γi→j

t := (πi→j
t )#γ.

We will show that the functional E  defined in (25) is 1−convex; from this fact it will 
follow immediately that E  has exactly one minimizer in P2(X). Our proof follows 
the λ-convexity proof given in [12, Theorem 3.4] in the case of metric extrapolation, 
i.e., with one positive and one negative coefficient. Nonetheless, it should be noted 
that extending that theorem to a higher number of measures should be done carefully, 
since there are precise constraints on the conditions that can be imposed on the mar-
ginals, in order for a common product measure to exist (see also Remark 4 below).

We need the following lemma, where we adapt the notation to our case (see Fig. 
2).

Lemma 5  (Curve extension lemma; [14], Proposition 7.3.1) Given γ ∈ P2(H × H), 
ν ∈ P2(H), and t ∈ [0, 1], there exists νt ∈ P2(H × H × H) such that (π0,1)#νt = γ 
and (π0→1

t , π2)#νt ∈ Γo((π0→1
t )#γ, ν).

Theorem 7  The functional E  defined in (25) is 1−convex along generalized geode-
sics with basepoint ν0 ∈ P2 (H ).

Proof  We need the equality, valid in Hilbert spaces:

	 |(1 − t)x0 + tx1 − x2|2 = (1 − t)|x0 − x2|2 + t|x1 − x2|2 − t(1 − t)|x0 − x1|2.�(26)

Let γ0, γ1 be in P2(H); let γ02 be in Γ0(γ0, ν0) and γ12 be in Γo(γ1, ν0). Let γ be 
a measure in P2(H × H × H) obtained by gluing the optimal transports along the 
common marginal ν0 and let γt = (π0→1

t )#γ be the associated generalized geodesic. 
Using (26) and the optimality of the marginals of γ we have

Fig. 2  Here’s how we will use the lemma: with the same 
notation we used to define the generalized geodesic γt, γ 
will be (π0,1)#γ, ν0, is the fixed measure associated with 
the positive coefficient (1 + α), ν will be integrated with 
respect to σ = λ− and t will be a fixed time in (0, 1). This 
lemma yields a measure νt in P(H × H × H) such that 
(π0,1)#νt = (π0,1)#γ and (π0→1

t , π2)#νt ∈ Γo(γt, ν)

 

Fig. 1  Generalized geodesic with basepoint ν0 (dotted). The continu-
ous lines denote regular geodesics induced by the optimal transports 
(π0,2)#γ = γ02, (π1,2)#γ = γ12, and an optimal transport between 
γ0 and γ1; the dotted line is the curve induced by the (not necessarily 
optimal) transport (π0→1

t )#γ
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W 2
2 (γt, ν0) ≤

ˆ

H×H

|y1 − y2|2d(π0→1
t , π2)#γ(y1, y2)

=
ˆ

H×H×H

|(1 − t)x0 + tx1 − x2|2dγ(x0, x1, x2)

= (1 − t)W 2
2 (γ0, ν0) + tW 2

2 (γ1, ν0)

− (1 − t)t
ˆ

H×H×H

|x0 − x1|2dγ(x0, x1, x2).

Now let ν ∈ P2(H) and let t ∈ [0, 1]. The curve extension lemma yields a measure 
νt such that (π0,1)#νt = (π0,1)#γ and (π0→1

t , π2)#νt ∈ Γo((π0→1
t )#γ, ν). We 

have

	

W 2
2 (γt, ν) =

ˆ

H×H×H

|(1 − t)x0 + tx1 − x2|2dνt(x0, x1, x2)

= (1 − t)
ˆ

H×H×H

|x0 − x2|2dνt

+ t

ˆ

H×H×H

|x1 − x2|2dνt − t(1 − t)
ˆ

H×H×H

|x0 − x1|2dνt

≥ (1 − t)W 2
2 (γ0, ν) + tW 2

2 (γ1, ν) − t(1 − t)
ˆ

H×H×H

|x0 − x1|2dγ.

Using the two inequalities and the fact that σ(P2(H)) = α, we obtain

	

E (γt) = (1 + α)W 2
2 (γt, ν0) −

ˆ

P2(H)
W 2

2 (γt, ν)dσ(ν)

≤ (1 − t)E (γ0) + tE (γ1) − t(1 − t)
ˆ

H×H×H

|x0 − x1|2dγ

≤ (1 − t)E (γ0) + tE (γ1) − t(1 − t)W 2
2 (γ0, γ1),

which proves that E  is 1−convex along generalized geodesics with basepoint ν0. �□

Remark 4  Note that having only one positive weight is crucial: if we were to try to 
generalize the argument to n ≥ 2 positive weights, we would have to construct n 
different generalized geodesics γt with basepoints equal to the different measures 
associated with the positive weights.

Now we repeat the informal argument presented above to show that E  admits a 
unique minimizer.

Proof of Theorem 1-(ii)  Suppose that there are two minimum points η1 and η2 for E . 
Let γs be a generalized geodesic with basepoint ν0. By Theorem 7, for s = 1/2,
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1
4

W 2
2 (η1, η2) ≤ 1

2
(E (η1) + E (η2)) − E (γ1/2) ≤ 0,

so that W2(η1, η2) = 0. We conclude that η1 = η2. � □

Corollary 2  Under the hypothesis of 1-(ii), if µ is the minimizer of E  and (µn) is a 
minimizing sequence, then µn → µ in P2(H) as n → ∞.

Proof  Let γn
s  be a generalized geodesic between µ and µn, with basepoint ν0. For all 

ε > 0 there exists n̄ ∈ N such that E (µn) ≤ E (µ) + ε for all n ≥ n̄. Therefore, by 
Theorem 7, for s = 1/2,

	
lim sup

n→∞

1
4

W 2
2 (µ, µn) ≤ lim sup

n→∞

(
1
2

(E (µ) + E (µn)) − E (γn
1/2)

)
≤ ε

2
.

Since ε > 0 is arbitrary, we conclude that limn→∞ W 2
2 (µ, µn) = 0. � □

5.2  Counterexample to Uniqueness in the Case of Two Positive Weights

We look at a particular example in P2(R2): let

	
ν0 := δ(0,0), ν1 := 1

2
(δ(−1,−1) + δ(1,1)), ν2 := 1

2
(δ(1,−1) + δ(−1,1)),

and consider the functional

	 E (µ) := −W 2
2 (µ, ν0) + W 2

2 (µ, ν1) + W 2
2 (µ, ν2).

Owing to Theorem 1, E  admits a minimizer in P2(R2); we are going to prove that 
uniqueness does not hold.

The argument will employ the symmetry of the problem; for convenience, we 
define the matrix

	
R :=

(
0 1
1 0

)

and the subsets

	 V :=
{

(x, y) ∈ R2 : |y| > |x|
}

and U :=
{

(x, y) ∈ R2 : |x| > |y|
}

.

Denoting x = (x, y) ∈ R2, we consider the functions S, T : R2 → R2,

	 S(x) := −(Rx)�V (x) + x�V c(x), and T (x) := (Rx)�U (x) + x�Uc(x),
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where, for A ⊂ R2, �A is the characteristic function of the set A and Ac = R2 \ A. 
Let µ be a minimizer of E ; we assume that µ is unique and argue by contradiction. 
Owing to the symmetry of ν0, ν1, and ν2, (see Fig. 3), it can be easily checked that

	 E (S♯µ) = E (µ) = E (T♯µ).

By the uniqueness of µ, we infer that S♯µ = µ, and therefore supp(µ)
=supp(S♯µ) ⊂ V c. Similarly T♯µ = µ, and therefore supp(µ)=supp(T♯µ) ⊂ U c. In 
conclusion,

	 supp(µ) ⊂ V c ∩ U c =
{

(x, y) ∈ R2 : |x| = |y|
}

.

For all points p in {|x| = |y|} let us consider the function

	f(p) = min
{

|p − (−1, 1)|2, |p − (1, −1)|2
}

+ min
{

|p − (−1, −1)|2, |p − (1, 1)|2
}

− |p|2.

Then

	

ˆ

R2
f(p)dµ ≤ E (µ).

Assume that p has the form p = (x, x), then

	 |p − (−1, 1)|2 = |p|2 + 2 = |p − (1, −1)|2.

The same computation, with respect to the support of ν1, holds if p lies on y = −x. 
Therefore, for all measures µ concentrated on {|x| = |y|},

	
E (µ) ≥

ˆ

R2

(
|p|2 + 2 − |p|2

)
dµ(p) = 2.

On the other hand, if we take η = 1
2 δ(0,1) + 1

2 δ(0,−1), we have E (η) = 1, which con-
tradicts the assumption of µ being the minimizer of E . We conclude that E  does not 
admit a unique minimizer.

6  Proof of Theorem 2

Let (λk)k∈N be a sequence of signed measures on P2(H), such that

Fig. 3  The fixed measured ν0, ν1, and 
ν2 (left); the subdivision of R2 using U and 
V (right)
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λk(P2(H)) = 1, M2

2 (|λk|) =
ˆ

P2(H)
m2

2(ν) d|λk|(ν) < +∞.

As in the previous sections, the functional Ek : P2(H) → R can be decomposed as

	

Ek(µ) =
ˆ

P2(H)
W 2

2 (ν, µ)dλk(ν)

= m2
2(µ) +

ˆ

P2(H)

(
R(ν, µ) + m2

2(ν)
)
dλk(ν).

Γ-convergence of functions is defined in [7] for topological spaces. Under addi-
tional hypotheses, which are satisfied, e.g., by metric spaces, the Γ-limit has a useful 
sequential characterization, which we are going to employ. In our setting, the crucial 
property, that allows us to use the sequential characterization for the Γ-limit in the 
weak topology, is that sets of measures with bounded second moment are compact 
and metrizable with respect to the topology of Pw

2 (H) (see Proposition 5 and [6, 
Proposition 3.4(b)]). Proposition 8.10 in [7], which is originally stated for a Banach 
space X with separable dual space, relies exactly on the existence of a metric that 
induces a topology equivalent to the weak topology on norm bounded sets. We can 
directly adapt Dal Maso’s statement to our setting, where X is replaced by P2(H) 
and norm bounded sets in X are replaced by sets bounded in the W2 metric (i.e., with 
bounded second moment), and obtain the following characterization.

Proposition 8  Let Ψ : P2(H) → R ∪ {+∞} be a function such that

	 ∀M > 0 ∃K > 0 : m2
2(µ) > K ⇒ Ψ(µ) > M.� (27)

Let (Fh) be a sequence of functionals on (P2(H), W2), such that Fh(µ) ≥ Ψ(µ) for 
all h ∈ N, for all µ ∈ P2(H). Then,

	 F : P2(H) → R is the Γ-limit of (Fh) in the topology of Pw
2 (H)

if and only if

	

(i) lim inf
k→∞

Fh(µh) ≥ F (µ) ∀µh → µ in Pw
2 (H);

(ii) ∀µ ∈ P2(H) ∃µh → µ in Pw
2 (H) : lim sup

h→∞
Fh(µh) ≤ F (µ).

Under the hypotheses of Theorem 2, the sequence of functionals (Ek) is bounded 
from below by a function satisfying (27) and we can thus use the sequential charac-
terization to prove the Γ-convergence result.

Lemma 6  Let (Ek) satisfy (4) and (5). Then, there exists a constant M∞ > 0 such 
that

1 3

68  Page 28 of 35



Applied Mathematics & Optimization (2025) 92:68

	
Ek(µ) ≥ 1

2
m2

2(µ) − (1 + 2M∞)M∞

for all µ ∈ P2(H), for all k ∈ N.

Proof  By hypotheses (4) and (5), the variation and the quadratic moment of λk are 
uniformly bounded, i.e., there exists M∞ > 0 such that

	 M(|λk|) + M2
2 (|λk|) < M∞ ∀k ∈ N.

By Lemma 3, for all µ ∈ P2(H)

	
Ek(µ) ≥ 1

2
m2

2(µ) − (1 + 2 M(|λk|))M2
2 (|λk|) ≥ 1

2
m2

2(µ) − (1 + 2M∞)M∞.

� □

Remark 5  We are going to show that E  is the Γ-limit of Ek with respect to the (weak) 
topology of Pw

2 (H) and with respect to the (strong) topology of (P2(H), W2). This 
notion of convergence is known as Mosco-convergence (see [8]) and can be shown 
by proving the liminf inequality for the weak convergence and the limsup inequality 
for the strong one, as the other two inequalities are a direct implication of the former 
two.

From now on we denote X := (P2(H), W2) (i.e., the metric space P2(H), endowed 
with the 2-Wasserstein distance). Notice that (4) and (5) imply (see, e.g., [14, Lemma 
6.1.5]) that ν �→ m2

2(ν) is uniformly integrable with respect to (λ+
k ) and (λ−

k ). 
Recalling that, by Lemma 4, for all µ ∈ P2(H) the function ν �→ R(ν, µ) is continu-
ous in Pw

2 (H), and thus in X, and that |R(ν, µ)| ≤ m2
2(µ) + m2

2(ν) (this follows 
from the elementary inequality 2x · y ≤ |x|2 + |y|2), we immediately obtain that for 
all µ ∈ P2(H),

	
lim

k→∞

ˆ

X

W 2
2 (µ, ν)dλ±

k (ν) =
ˆ

X

W 2
2 (µ, ν)dλ±(ν).� (28)

From (28), the Γ-limsup inequality follows:

Lemma 7  (Γ-limsup) Let (λk) and λ be as in the hypotheses of Theorem 2. Then, for 
all µ in P2(H) there exists a sequence (µk), converging to µ in X, such that

	
lim sup

k→∞
Ek(µk) ≤ E(µ).

Proof  Let µk = µ for all k ∈ N. Then, owing to (28),
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lim sup
k→∞

Ek(µk) = lim sup
k→∞

ˆ

X

W 2
2 (ν, µ)dλk(ν)

= lim sup
k→∞

(ˆ

X

W 2
2 (ν, µ)dλ+

k (ν) −
ˆ

X

W 2
2 (ν, µ)dλ−

k (ν)
)

=
ˆ

X

W 2
2 (ν, µ)dλ+(ν) −

ˆ

X

W 2
2 (ν, µ)dλ−(ν)

=
ˆ

X

W 2
2 (ν, µ)dλ(ν) = E(µ).

� □

In order to prove the Γ-liminf inequality, we need Skorohod’s representation theorem 
(see, e.g., [2, Theorem 8.5.4]), which we report here using our notation.

Theorem 9  (Skorohod) Let X be a complete, separable, metric space. Then, to every 
Borel probability measure µ on X, one can associate a Borel mapping ξµ : [0 , 1 ] → X  
such that µ = (ξµ)♯L, where L is the Lebesgue measure, and

	 ξµn (t) → ξµ(t) foralmostallt ∈ [0 , 1 ]

whenever µn → µ narrowly in P(X).

We are going to apply Skorohod’s representation to address the Γ-liminf of the 
term involving R(ν, µ).

Lemma 8  Let (ηk)k∈N and η be Borel probability measures on X = (P2(H), W2), 
such that ηk → η narrowly and

	
lim

k→∞

ˆ

X

m2
2(ν) dηk(ν) =

ˆ

X

m2
2(ν) dη(ν) < ∞.� (29)

Then, for all (µk)k∈N and µ in P2(H) such that µk → µ with respect to the topology 
of Pw

2 (H),

	
lim

k→∞

ˆ

X

R(ν, µk)dηk(ν) =
ˆ

X

R(ν, µ)dη(ν).

Proof  According to Skorohod’s representation theorem, there exist Borel mappings 
ξk, ξ : [0, 1] → X  such that

	 (ξk)♯L = ηk, ξ♯L = η,

and ξk(t) → ξ(t) for almost all t ∈ [0, 1], i.e.,
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lim

k→∞
W2(ξk(t), ξ(t)) = 0, for almost all t ∈ [0, 1].� (30)

Therefore

	

ˆ

X

m2
2(ν)dηk(ν) =

ˆ 1

0
m2

2(ξk(t))dt� (31)

and

	

ˆ

X

R(ν, µk)dη(ν) =
ˆ 1

0
R(ξk(t), µk)dt.

Define

	
fk : [0, 1] → [0, +∞), fk(t) := m2

2(ξk(t)) =
ˆ

H

|x|2dξk(t)(x) ≥ 0.

Owing to (30), we first remark that fk converges for almost all t ∈ [0, 1]:

	
lim

k→∞
fk(t) = lim

k→∞

ˆ

H

|x|2dξk(t)(x) =
ˆ

H

|x|2dξ(t)(x) =: f(t).

Then, owing to (31) and (29)

	
lim

k→∞

ˆ 1

0
fk(t)dt = lim

k→∞

ˆ

X

m2
2(ν)dηk(ν) =

ˆ

X

m2
2(ν)dη(ν) =

ˆ 1

0
f(t)dt.

Since fk → f  almost everywhere and ∥fk∥L1 → ∥f∥L1 , we conclude that

	 fk → f, strongly in L1(0, 1).� (32)

Since µk → µ (weakly) in Pw
2 (H) and for almost all t ∈ [0, 1] ξk(t) → ξ(t) (strongly) 

in P2(H), by Lemma 4

	
lim

k→∞
R(ξk(t), µk) = R(ξ(t), µ) a.e. in [0, 1].

Denoting γk an optimal transport plan in Γo(ξk(t), µk), we obtain

	

|R(ξk(t), µk)| =
∣∣∣∣2
ˆ

H×H

x · y dγk(x, y)
∣∣∣∣

≤
∣∣∣∣
ˆ

H×H

|x|2 + |y|2dγk(x, y)
∣∣∣∣

= m2
2(ξk(t)) + m2

2(µk).
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Since m2
2(ξk(t)) = fk(t) converges strongly in L1(0, 1) and m2

2(µk) is bounded by 
hypothesis (since µk → µ in Pw

2 (H)), we may conclude by dominated convergence 
that

	

lim
k→∞

ˆ

X

R(ν, µk)dηk(ν) = lim
k→∞

ˆ 1

0
R(ξk(t), µk)dt

=
ˆ 1

0
R(ξ(t), µ)dt =

ˆ

X

R(ν, µ)dη(ν).

� □

Lemma 9  (Γ-liminf) Let (λk) and λ be as in the hypotheses of Theorem 2. Then, for 
all (µk) and µ in P2(H) such that µk → µ with respect to the topology of Pw

2 (H),

	
lim inf
k→∞

Ek(µk) ≥ E(µ).

Proof  We consider the Hahn-Jordan decomposition λk = λ+
k − λ−

k , λ = λ+ − λ−, 
and notice that by (4)

	
lim

k→∞
λ+

k (X) = λ+(X), lim
k→∞

λ−
k (X) = λ−(X).

Assume first that λ−(X) ̸= 0: then the sequence λ−
k (X) is definitively uniformly 

positive, i.e., there exist k̄ ∈ N and ϵ > 0 such that λ−
k (X) ≥ ϵ for all k ≥ k̄.

For k ≥ k̄, consider the sequences of probability measures

	
η+

k :=
λ+

k

λ+
k (X)

and η−
k :=

λ−
k

λ−
k (X)

.

First, we notice that η±
k → λ±/λ±(X) narrowly: applying Lemma 8, we obtain

	

lim
k→∞

ˆ

X

R(ν, µk)dλk(ν) = lim
k→∞

ˆ

X

R(ν, µk)dλ+
k (ν) − lim

k→∞

ˆ

X

R(ν, µk)dλ−
k (ν)

= lim
k→∞

λ+
k (X)

ˆ

X

R(ν, µk)dη+
k (ν) − λ−

k (X) lim
k→∞

ˆ

X

R(ν, µk)dη−
k (ν)

=
ˆ

X

R(ν, µ)dλ+(ν) −
ˆ

X

R(ν, µ)dλ−(ν) =
ˆ

X

R(ν, µ)dλ(ν).

Recalling that
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Ek(µk) =
ˆ

P2(H)
W 2

2 (ν, µk)dλk(ν)

= m2
2(µk) +

ˆ

P2(H)

(
R(ν, µk) + m2

2(ν)
)
dλk(ν)

and that

	
lim inf
k→∞

m2
2(µk) ≥ m2

2(µ), lim
k→∞

ˆ

X

m2
2(ν)dλk(ν) =

ˆ

X

m2
2(ν)dλ(ν),

we obtain the thesis.
Now we turn to the case in which λ−(X) = 0: in this case, the positive part may 

be treated as above, and it is enough to prove that

	
lim

k→∞

ˆ

X

W 2
2 (µk, ν)dλ−

k (ν) = 0.

Using the squared triangular inequality,

	

ˆ

X

W 2
2 (µk, ν) dλ−

k (ν) ≤ 2
ˆ

X

W 2
2 (µk, µ) dλ−

k (ν) + 2
ˆ

X

W 2
2 (µ, ν) dλ−

k (ν)

≤ 2 λ−
k (X) W 2

2 (µk, µ) + 2
ˆ

X

W 2
2 (µ, ν) dλ−

k (ν).

Note that the sequence W 2
2 (µk, µ) is bounded: in fact, 

W 2
2 (µk, µ) ≤ 2(m2

2(µk) + m2
2(µ)), and m2

2(µk) is bounded, since µk converges 
to µ in Pw

2 (H) (see Corollary 3.6 (b) in [6]). Hence, the first term vanishes, since 
λ−

k (X) → 0. The second term vanishes owing to (28). � □
By definition of Γ-convergence, Lemma 7 and Lemma 9 ensure that E  is the Γ-limit 
of Ek (or, more precisely, the Mosco-limit) and complete the proof of part (i) of 
Theorem 2.

If, in particular, µk is a minimizer of Ek, by Lemma 6 and Corollary 1-(ii), the 
sequence (µk)k∈N is precompact with respect to the topology of Pw

2 (H), which is the 
statement in Theorem 2-(ii). Finally, by the fundamental theorem of Γ-convergence ( 
[7, Theorem 7.4]), if µk is a minimizer of Ek, then

	
min

µ∈P2(H)
E(µ) = lim

k→∞
Ek(µk),

and if (µkj
)j∈N is a subsequence converging to µ in Pw

2 (H), then ( [7, Corollary 
7.20])

	
E(µ) = min

µ∈P2(H)
E(µ),

which concludes the proof of Theorem 2-(iii).
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