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Abstract

I consider a two-arm, unpaired, screen-positive randomized screening trial for a binary dis-

ease status. The aim is to evaluate the diagnostic performance of two competing diagnostic

tests, which may recommend disease verification. The main contribution of this thesis is

twofold: First, I discuss the specific case in which the recommendation from one of the tests

also provides the would-be diagnostic recommendation of the other. I call the latter test

“nested” within the former. I show that the nestedness property offers additional informa-

tion and discuss how to capitalize on it. Second, I allow for all-or-none noncompliance with

respect to the diagnostic test recommendation for disease status verification and I call this

type of noncompliance “post-screening” noncompliance. Unlike earlier work, I do not assume

that compliance is independent from disease status, but rather allow for the disease status

to be missing ignorably, given the latent compliance class and the assigned test outcome. I

define relevant measures of relative accuracy in the case of post-screening noncompliance and

develop the associated inferential procedures for them. In particular, I discuss the modeling

and inference for partially identified stratum-specific relative measures of accuracy. I explore

the finite sample performance of these inferential procedures and discuss issues related to

optimal sample size and minimal total cost for a proposed prostate cancer screening trial.

Keywords: Cost-effectiveness, disease verification, nested diagnostic test, partial identifica-

tion, principal stratification, screen-positive trial, unpaired design

Tesi di dottorato "Noncompliance in Screening Trials"
di PRAMOV ALEKSANDAR
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



1

Chapter 1

Introduction

Disease screening is an integral part of any public health system. The main idea is that by

regularly screening the population for particular diseases, necessary action can be undertaken

to increase the lifetime of the individual and potentially reduce the public health costs. There

are many aspects to consider when defining what a good screening policy should have: e.g.

the time interval between two screening events, the type of disease to screen for, the age

and gender group which should undergo the screening for that particular disease, the type

of treatment to be administered to the patient after a positive disease status verification etc.

Another main aspect which lies in the focus of this thesis, is the choice of accurate

diagnostic tests which should be administered to the patient. Ideally, every patient who is

diseased must be flagged as such by the diagnostic test and patients who are not diseased

should not get a positive diagnostic test result, i.e. overdiagnosis should be avoided. In other

words, a medical diagnostic test can also be interpreted as a disease revealing procedure:

patients who are diseased should get revealed as such, patients who are not diseased should

not be revealed as such.

One tool to make such a choice between competing medical diagnostic tests is to conduct

a randomized screening trial, which has the aim of comparing the accuracy between two

(or more) of them. Typically, one does a two-arm randomized screening trial, where one of

Tesi di dottorato "Noncompliance in Screening Trials"
di PRAMOV ALEKSANDAR
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



2

the procedures is new, improved and hopefully more accurate (in some relative or absolute

sense), while the other procedure is a routine procedure, already approved by the medical

authorities. Another important component when making this choice is the economic one -

even if there is statistically significant evidence that the new (and more expensive) procedure

is more accurate than the old and established one, the additional cost must be set against

the marginal improvement in accuracy.

One important property of a screening trial is whether the patients who are screened

negative get their disease status verified. If this is not the case, i.e. if disease status verifica-

tion is restricted to patients who have had a positive diagnostic test result, then such a trial

is called a screen-positive trial. Cancer screening trials are a prime example of this, as it is

not ethical to administer invasive disease verification procedures (e.g. biopsy) unless there

is some statistically significant signal (i.e positive diagnostic test outcome) to do so.

Another classification criterion for two-arm screening trials is the one of paired vs. un-

paired trials. In the former, both diagnostic tests are administered to each patient. If any of

them (or both) have a positive diagnostic test result, the patient’s disease status is verified

clinically - typically by using the gold standard procedure for this. On the hand, unpaired

trials administer, per protocol, one test to each arm. If the assigned test is positive then, per

protocol, the patients’s disease status gets verified. Unpaired tests are necessary, e.g. when

it is not technically possible to administer the two diagnostic tests on the same person (see

e.g. Alonzo and Kittelson (2006)). Moreover, as it will be shown in Section 3.3, an unpaired

screening trial design might be preferable from an economic point of view as well. Figure

1.1 illustrates the points made above.

Using the screening trial classification terminology that is reviewed in the previous sec-

tion, I now discuss the main research question and its motivating example.
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Figure 1.1: A general screen-positive screening procedure.

1.1 Motivating example

The aim of this manuscript is to construct and discuss a general inferential procedure to

evaluate relative diagnostic test accuracy in an unpaired, two-arm randomized screening trial

with two binary medical diagnostic tests. The trial is screening for a disease, the verification

of which is of invasive nature (e.g. through biopsy). The thesis focuses on defining and

analyzing a specific case of diagnostic tests, in which the results from one of the tests give

the would-be test result of the other. I shall call the latter test “nested” within the former.

In addition, patients may exhibit non-compliance with the screening protocol. In particu-

lar, per protocol, disease status verification follows only after a positive screening test result,

which makes the trial screen-positive (Pepe, 2003). However, deviation from the protocol in

the form of an all-or-none noncompliance (Baker, 1997) with the recommendation for disease

status verification is allowed for. Thus, one can have a situation where the disease status

is possibly nonignorably missing Rubin (1974, 1976, 1978), despite a positive test screening

result. Likewise, it is possible for a patient to obtain a disease status verification in spite of

a negative test. Such type of noncompliance is observed after the patient has obtained the

diagnostic result and I shall call this type of noncompliance “post-screening noncompliance.”

The endpoint of the screening trial is the disease status verification. In particular, medical

treatment procedure outcomes such as, e.g. survival time after surgery are not considered.

Here, the screening trial is understood to be a comparison between two competing disease

revealing mechanisms. This helps to formulate the problem in a way which allows for causal

interpretation of the relevant metrics for diagnostic accuracy. Note that screening trials
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usually repeatedly collect measurements of patients’ characteristics over time. Here, the

focus is on a static analysis (one-period screening), i.e. I look at a snapshot of the population

at a given time point.

The initial motivation and the notions of nested screening tests and post-screening non-

compliance behind this work came from a planned, unpaired, screen-positive, randomized

screening trial for prostate cancer in the city of Cremona, Italy. While the methodology

outlined in this thesis holds in general for any type of screening trial with the outlined de-

sign, for the purposes of clarity it is instructive to consider this planned trial as a practical,

problem-motivating example.

The Cremona trial will aim to compare the accuracy of two prostate cancer (PC) diag-

nostic tests. The endpoint of the study is the disease status verification of the results from

the diagnostic tests - a patient might have “high-grade” prostate cancer (PC = 1) or have

“low-grade or no prostate cancer” (PC = 0). The two diagnostic tests - the Prostate Serum

Antigen (PSA) test and the Prostate Health Index (PHI) - are binary-valued functions of

selected biomarkers and a positive test suggests that a biopsy be performed to identify the

true disease status of the patient. It is assumed that the biopsy is the gold standard for

identification of PC. An interesting feature is that the PSA test is not proprietary, and

indeed it is a known function (the PSA test is positive, if the value of the PSA biomarker

is bigger than a chosen threshold, it is thus a step-function of said biomarker) of a subset of

the selected biomarkers of the PHI test. Thus, although the trial has an unpaired design,

additional information of the would-be PSA test result is available to the data analyst, even

for patients who were randomized to be screened by the other test. In such a situation, I

call the PSA test “nested” within the PHI test. The aforementioned additional biomarkers

used for the latter test may be very expensive compared to those (e.g. routine, clinical

measurements) used in the former test.

To the best of my knowledge, the way to exploit such type of additional information

has not been addressed explicitly before. Moreover, existing methodology which considers
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nonnested unpaired tests, does not exploit the additional information that the “nestedness”

offers. The motivation for looking at such type of nested tests is twofold: First, from a prac-

tical perspective, more and more tests are based on a functional combination of biomarkers

(say, gene expression levels) and are often compared with existing tests based on a subset of

these biomarkers. Indeed, I believe that due this reason, the manuscript addresses a germane

problem for cancer screening Moreover, the post-screening noncompliance is also relevant to

cancer screening, as often disease verification procedures are painful and patients may choose

to avoid them.

It will be shown that in such a design involving a nested test, some underlying population

parameters which would be nonidentifiable in a two-arm design without a nested test, become

identifiable from the observed data distribution. Second, it will be shown that a design

involving a nested diagnostic test would allow us to construct additional test statistics for

relevant hypotheses of relative test accuracy. This consideration is also related to design

issues, which will be discussed in Chapter 3.

1.2 The screening trial setup

To formalize the argument and introduce some basic notation, consider a randomized screen-

ing trial with two arms - arm 0 and arm 1. In each arm, a patient is assigned to undergo one

of the two diagnostic tests to screen for the presence of a disease D. Let D be binary (or be

meaningfully dichotomized): D ∈ {0, 1} where 0 stands for “no disease” and 1 for “disease”.

As an example, in a prostate cancer screening trial, D = 1 might be “high-grade” prostate

cancer, while D = 0 may be “none or low-grade” prostate cancer. Let Z ∈ {0, 1} indicate

the assignment to a test (0 for arm 0 and 1 for arm 1). Without loss of generality, assume

P (Z = 0) = 0.5.

Per protocol, each patient is randomly assigned to conduct only one of the diagnostic

tests (i.e. an unpaired design, see Pepe (2003)). An example of such a study could be
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Alonzo and Kittelson (2006) where the two diagnostic tests for cervical cancer are mutually

exclusive. The outcome of each diagnostic test is a binary recommendation for further

disease status verification - 1 advising the patient to verify the disease status and 0 advising

for no verification. Throughout, it assumed that there are no compliance issues on the path

between randomization and obtaining the test recommendation, i.e. one always observes the

recommendations from the assigned tests of all patients. Let T0 ∈ {0, 1} and T1 ∈ {0, 1}

denote the two diagnostic test recommendations.

Let us now formalize the notion of a “nested” screening test: Let T1 be a binary-valued

function (the exact functional form may or may not be explicitly known to the data analyst,

as is the case when the diagnostic test is proprietary) of a certain set of patient characteristics

B which are measured and known (e.g. the PSA biomarker, patient’s age etc.) Let T0 be

another (the functional form is here known to the data analyst, e.g. the standard PSA

diagnostic test is a step-function of the PSA biomarker) binary-valued function of A, where

A is another set of patient’s characteristics, such that A ⊆ B. It is then clear that if a

patient obtains the diagnostic test T1, the data analyst will be automatically in the position

to know the would-be value of T0, even if the patient was not scheduled to undergo T0.

Definition 1.2.1 Let B be a set of measured patients’ characteristics. Let A be another set

of patients’ characteristics, such that A ⊆ B. Let the binary-valued diagnostic test T1 be a

function of B and binary-valued T0 be a function of A. T0 is then called a “nested” diagnostic

test within the diagnostic test T1.

Note, that even when having “nested” tests, the screening trial design considered here is still

unpaired - per protocol, patients receive only one of the tests and disease status verification

is obtained only if the assigned test recommends it. In what follows, it is assumed that T0

is nested within T1. I will discuss the non-nested case later.

To distinguish between the factual and counterfactual outcomes of the test results, let

us denote the (observed, i.e. factual) test recommendation of the assigned test as T (Z),
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with T (Z) = Z · T1 + (1 − Z) · T0. Similarly, T (1 − Z) is the test recommendation of the

unassigned test. Note that since T0 is nested within T1, whenever Z = 1, both T (Z) and

T (1− Z) are observed. To simplify notation, a patient-specific subscript m is omitted: e.g.

in Tm,1(Z) which indicates that the result refers to a given patient m, it would hold that

T1(Z) = Tm,1(Z).

Let RD(T (Z), Z) ∈ {0, 1} indicate the revealing of the true D, as a function of the

arm assignment Z and the result of the assigned test. Indeed, RD(T (Z), Z) is the outcome

of interest in the study, as by measuring diagnostic accuracy one is comparing two disease

status revealing procedures. Note that, per design, Z influences RD only through T (Z), thus,

for each patient it holds RD(T (Z), Z) = RD(T (Z)). To simplify notation, I will write RD

instead, when the dependence on T (Z) is implied by the context. Similarly, RT0(Z) ∈ {0, 1}

and RT1(Z) ∈ {0, 1} indicate whether the T0 and T1 recommendations are revealed, as

functions of Z. Throughout, an indicator variable R = 0 stands for “value missing.” I

assume that the test result or the disease status revealing of a given patient (as well as any

other variable) does not depend on the assignment status and the diagnostic test results

of other patients, i.e. T (Z) = T (Z) and RD(Z, T (Z)) = RD(Z,T (Z))), where the vector

Z contains the treatment assignments for all patients in the study. Another assumption is

that that there are no “hidden” tests, i.e. all patients get the same version of their assigned

diagnostic test. These two assumptions amount to the well known Stable Unit Treatment

Value Assumption (SUTVA) postulated by Rubin (1974, 1978).

1.3 Noncompliance in screening trials

I now introduce the issue of post-screening noncompliance. This is a relevant practical phe-

nomenon, which is encountered often both in clinical and screening trials, e.g. the patient

scheduled for a clinical disease verification might fail to show up for it, in particular when

the verification procedure is painful. For cancer screening studies, Gareen (2007) gives an
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excellent overview of the types of noncompliance that can be experienced in practice. The

author outlines three types of noncompliance: (I) noncompliance with respect to screen-

ing test assignment; (II) post-screening noncompliance (which she calls is “noncompliance

with follow-up”); and (III) noncompliance with the assigned treatment for the disease (e.g.

surgery). Figure 1.2 illustrates those three types.

Assignment Test Verification Treatment

Noncompliance (I) Noncompliance (II) Noncompliance (III)

Outcome

Figure 1.2: Types of noncompliance in a screening trial.

In the screening trial of interest here, there is no noncompliance of type (I). Every patient

obtains the result of the originally assigned test. As the revealing of the disease diagnosis is

the endpoint of the study, I neither consider prostate cancer treatment, nor noncompliance

with respect to it, that is, of type (III). Instead, the focus of this thesis is on noncompliance

of type (II), that is, noncompliance with respect to the recommendation for disease status

verification (i.e. post-screening noncompliance). As an example for this, consider a patient

who, upon obtaining a positive test recommendation, decides to not show up for the disease

status verification and thus never has her true D status revealed. Throughout, the assump-

tion is made that such a behavior would be recorded, i.e. known to the data analyst (see

Gareen (2007) for more on collecting data on noncompliance).

The variable Q(T (Z = z)) ∈ {0, 1} is introduced to indicate the observed decision of the

patient with respect to proceeding with disease verification. As a consequence, it describes

the compliance behavior with the test recommendation. I consider this decision-indicating

variable to be a function only of the test result, not of the assignment. This assumption would

be realistic in settings such as (double)-blind randomization. As an example, Q(T (Z = z)) =

T (Z = z) , ∀z ∈ {0, 1}, would mean that the patient complies with the test recommendation
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of the assigned test. Q(0) = 1 means that the patient does not comply with (the negative)

the test recommendation of the assigned test, and decides instead to also undergo the test

in the unassigned arm where she might obtain a positive recommendation for disease status

verification. Q(1) = 0 means that the patient has received a positive test recommendation

for disease status verification by the test in the assigned arm, but never undertook it and

thus never revealed the true D. When one allows for post-screening noncompliance, the

definition of RD must be extended to include Q(T (Z)), and again to simplify notation I

write RD to indicate RD(T (Z), Q(T (Z))) when the functional dependence is clear from the

context. Lastly, let U collect all unobserved variables which are associated by the disease

and (potentially) cause noncompliance, e.g. family history of the disease or other personal

background characteristics. Figure 1.3 gives a schematic description of the possible test and

compliance outcomes for the screening trial setup that is discussed in this thesis, in terms

of the developed notation in this and the previous sections.

T1

+

-

-

+

Q(0) = 1, T1 = 1

Q(1) = 1

RD = 0

(Q(0) = 0) ∨ (Q(0) = 1, T1 = 0)

RD = 1

Q(1) = 0

RD = 1

RD = 0

T0

+

-

-

+

-

-

Q(0) = 1, T0 = 1

Q(1) = 1

RD = 0

(Q(0) = 0) ∨ (Q(0) = 1, T0 = 0)

RD = 1

Q(1) = 0

RD = 1

RD = 0

Figure 1.3: Schematic representation of a screen-positive, unpaired, two-arm screening trial
with post-screening noncompiance.
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1.4 Measures of accuracy

Without loss of generality, let the working hypothesis of the data analyst be that T1 is a more

accurate diagnostic test than T0. The question is which measures of diagnostic test accuracy

might be of interest here. Since in the discussion in this manuscript is for a screen-positive

study, P (D) is not identifiable from the observed data distribution.

Thus, I will work with two well-known measures of relative accuracy, namely the relative

True Positive Rate (rTPR) and the relative False Positive Rate (rFPR) (Schatzkin et al.

(1987), Cheng and Macaluso (1997), Pepe and Alonzo (2001), Pepe (2003)):

rTPR =
P (T1 = 1|D = 1)

P (T0 = 1|D = 1)
=

P (T1 = 1, D = 1)

P (T0 = 1, D = 1)

rFPR =
P (T1 = 1|D = 0)

P (T0 = 1|D = 0)
=

P (T1 = 1, D = 0)

P (T0 = 1, D = 0)

Under the working hypothesis of T1 being more accurate than T0 in relative terms, ideally

rTPR would be high and rFPR would be low. Later on, these measures will be re-defined

to account for the post-screening noncompliance. Throughout this thesis, the focus is on

modeling and developing inferential procedures for rTPR, as both modeling and inference

for rFPR follows in a similar way. For the sake of brevity and to avoid tedious repetition,

analysis of rFPR-based measures will be done only when it is meaningful to emphasize on

any possible differences to the procedures for rFPR.

1.5 Related work

Summarizing the screening trial concept described above, the goal is to develop a general

inferential procedure which estimates rTPR and rFPR in a screening trial with the features

described above - a two-arm, screen-positive, unpaired screening trial for a binary disease

via two nested diagnostic tests in the presence of post-screening noncompliance.
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With regards to related work, note that in a screening trial with these properties, one is

confronted with three major problems: First, the screening trial is screen-positive with an

unpaired design. This means that the disease prevalence cannot identified from the observed

data distribution. Problems of this type have been extensively discussed in the literature

- among which Cheng and Macaluso (1997), Pepe and Alonzo (2001), Pepe (2003), Alonzo

et al. (2002, 2004), Alonzo and Pepe (2005) and Broemeling (2007).

Next, as an additional problem, there may be post-screening noncompliance. Noncom-

pliance with respect to assignment has been extensively studied in the case of clinical trials

(see, e.g. Angrist et al. (1996), Frangakis and Rubin (2002), O’Malley and Normand (2005),

Chen et al. (2009), Lui (2011) for a frequentist and Imbens and Rubin (1997), Schwartz et al.

(2011), Mealli and Pacini (2013) for Bayesian approaches to its modeling and inference and

Lui (2011) for a general discussion for noncompliance in clinical trials where the outcome is

binary). In such types of noncompliance problems in clinical trials, one typically has non-

compliance with respect to the assignment. Moreover, usually there is an active treatment

(e.g. taking aspirin vs. taking placebo), a well defined outcome and the aim of analysis is to

estimate and infer on the causal effect of that treatment on the outcome. Typical measures

for this goal are the average treatment effect (ATE) and subpopulation-specific measures,

such as the compliers average causal effect (CACE).

In addition to noncompliance with the assignment in clinical trials, some papers discuss

the additional challenge added by a potentially missing outcome. Some earlier work on

this has been done in Frangakis and Rubin (1999) for a rather specific trial design with

some restrictions on the possibility of patients to randomized to placebo to cross-over to the

treatment group. In the case of a binary outcome and binary compliance behavior (all-or-

none) Mealli and Rubin (2002) discuss how to take proper account for the adjustment on

the post-treatment variables that are the compliance behavior and the missing outcome and

propose different set of assumptions which reduce the number of potential outcomes. Within

the same setup of noncompliance and missing data, more recently, Chen et al. (2009) consider
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cases in which the latent ignorability assumption (i.e. the model on which the outcome is

not missing ignorably, if conditioned on the latent compliance strata and other relevant(and

observable) quantities) does not hold.

Some authors model compliance behavior explicitly, on the basis of an assumed func-

tional dependence (e.g. a regression model) between the compliance behavior and some

pre-treatment covariates (e.g Barnard et al. (2003) and Bartolucci and Farcomeni (2013)).

This can be particularly useful when one is confronted with non-ignorably missing outcomes.

In a randomized trial comparing the effectiveness of two different teaching procedures for

breast self examination, Mealli et al. (2004) proposes a nonignorable model for the missing

data process and models compliance behavior on basis of relevant pre-treatment covariates.

Others, e.g. Cuzick et al. (1997), Baker (2000) also discuss noncompliance with respect

to the assignment to an active treatment in the case of screening trials. A major difference

in comparison to clinical trials, is that in a screening trial one typically has a diagnostic

test occuring between assignment and outcome. And while the majority of the literature

on noncompliance for screening trials assumes noncompliance of type (I), post-screening

noncompliance and noncompliance with clinical treatment assignment have received much

less attention (Gareen (2007)).

In this manuscript, the latter (the clinical treatment assignment, e.g. surgery) is not

discussed, but it is worth noting that post-screening noncompliance is closely linked to

the concept of verification bias (see, e.g. Alonzo (2005)), which arises in screen-positive

studies. Noncompliance leads (additionally) to missingness of the disease status. If there

were full compliance, then the disease status would still be missing for some patients (due

to their assigned test giving a negative result) - but it would be missing at random (MAR),

conditionally on the test results. Alonzo (2005) assumes that the disease status is MAR,

conditional on recorded variables relevant for compliance (e.g. age, family history etc.).

Instead, in this thesis, this is not assumed - compliance may depend on the disease status

and thus it is possible that the disease status is missing nonignorably. In particular, I do not
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assume any specific model for compliance behavior - e.g. a regression model which predicts

compliance based on some covariates.

Note that here, it is natural to consider endpoint of the study to be the indicator for

disease status verification - RD(Z). This approach is beneficial for several reasons: First, it

allows to disentangle the accuracy of the tests (in the form of the metrics presented above)

from the (correct or false) disease status verification as a function of exposure to either

one of the two tests. Furthermore, it allows to interpret the measures of relative accuracy

for the complying patients in a causal way. Lastly, by employing this way of analysis,

one can use the already present extensive literature on the principal stratification (PS) to

model type noncompliance with the principal stratification method (Permutt and Hebel

(1989), Baker and Lindeman (1994), Angrist et al. (1996), Frangakis and Rubin (2002),

Baker et al. (2015)). In a nutshell, the PS method manages to account for the exhibited

post-randomization noncompliance and to divide the population into subgroups (principal

strata), such that the noncompliance behavior can be treated as a pre-treatment (i.e pre-

trial) covariate, just as e.g. age would. Hence, conditioning on this newly defined subgroup

would not introduce a potential bias and the result would be interpretable in a causal way.

The downside is that often the belonging to this subgroup is not known for all patients. A

way out of this is to assume a specific model for the noncompliance (which is not done here),

or to conduct modeling and inference for a partially identified quantity in the presence of the

ambiguous subgroup belonging. Problems of this type are often the subject of interest not

only in the field of clinical and screening trials, but also of policy analysis. Thus, there are

similarities between methods used in field of Econometrics and in Biostatistics which address

similar problems. Indeed, the seminal paper of Angrist et al. (1996) establishes conditions

under which instrument variables estimators can be interpreted as CACE under the Rubin

Causal Model framework (Rubin (1974),Rubin (1978)) of potential outcomes. For the widely

used PS method, Mealli and Pacini (2008) compare differences and similiraties to selection

models Heckman (1974) in the case of nonignorable missingness and non-compliance.
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In the particular case of post-screening noncompliance discussed here, the PS method

allows us to gain more insight into what separates noncompliance issues in a clinical trial

from noncompliance issues in a screening trial - in particular post-screening noncompliance

in screening trials where disease status verification is not administered for every patient.

The work outlined in this thesis has some similarities with the work of Baker (2000).

Baker considers a prostate screening trial, in which subjects are given active treatment

(finasteride) vs. placebo. The considered outcome is the prevalence of prostate cancer, i.e.

the question is whether or not finasteride lowers the prevalence of prostate cancer. Again,

a biopsy-like verification for the true disease status of a patient is available only upon a

positive diagnostic test. In the study outline in Baker (2000), that is the PSA test, which he

calls an “auxiliary” variable. That is, a variable which occurs post-randomization and before

the outcome of interest. Additionally, in the study considered by the author, there might

be pre-screening noncompliance: some patients may decide to obtain finasteride outside the

protocol or they might refuse to take the assigned finasteride.

Here, one can also view the two diagnostic tests as“auxiliary” variables which appear

after randomization and before the outcome — disease status verification. However, unlike

the trial design described by Baker (2000), there might be post-screening noncompliance

and there is no active treatment that affects the prevalence of prostate cancer. Rather, the

problem here is formulated as a comparison of two competing disease revealing mechanisms.

That is to say, the endpoint of the study is the revealing of the disease status, and not the

diagnosis itself as in Baker (2000).

Lastly, by virtue of the nonignorable missingness both of compliance type and disease

status, it is not possible to point-identify the relevant measures of accuracy. However, one

can provide stratum-specific nonparametric bounds for some compliance types. Thus, this

work employs notions from the literature on partial identification to conduct inference for

these bounds - see, e.g. Manski (1990), Horowitz and Manski (2000), Manski (2003), Imbens

and Manski (2004), Stoye (2009), Woutersen and Ham (2013). In the case of noncompliance
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in a screening trial, Cheng and Small (2006) construct bounds for effects in 3-arm trials and

conduct a Bonferroni type, as well as bootstrap inference for them. Note that by deciding not

to model compliance explicitly, e.g. by a regression model one loses on precision but gains

on inferential credibility (Manski (2003)). Indeed, the bounds which are developed always

hold under the assumptions that come as natural by the trial design and can be seen as

doing modeling and inference “worst case” scenario in which the data analyst does not wish

to or indeed has no adequate covariates or additional information to model noncompliance

explicitly.

1.6 Thesis outline

The outline of this thesis is as follows: In Chapter 2, Section 2.1, I will present and discuss

a model for the screening trial under the assumption of full compliance, with a nested diag-

nostic test. This is a convenient way to analyze the additional information which is coming

from the nestedness property and its added value for the modeling without having to deal

with the added complication of post-screening noncompliance. In following Section 2.2, I use

the principal stratification method to define and model the post-screening noncompliance

within the screening trial setup with a nested diagnostic test. Furthermore, I will address the

issue of lack of identifiability of the relevant measures of relative accuracy and provide new

versions of them, such that they become point-identifiable or at least partially identifiable.

Chapter 3 addresses the inferential procedures for the models described in Chapter 2. More-

over, in Section 3.3 I will discuss the problem of a choice of design (paired vs. unpaired)

when confronted with a nested diagnostic test. Chapter 4 shows some simulations which

help evaluate the finite sample properties of the inferential procedures described above. I

conclude my work in the last Chapter 5
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Chapter 2

Model based on principal strata

2.1 Model with full compliance

In the context of a prostate cancer screening trial under full compliance with nested diag-

nostic tests - T1 and T0 as in Definition 1.2.1, consider the following Definition 2.1.1:

Definition 2.1.1 A screening trial is called a two-arm, unpaired, screen-positive nested

screening trial with full compliance if the following are true:

1. 0 < P (Z = 1) < 1 (randomization)

2. (RT1 = 1) ⇒ (RT0 = 1) (nestedness)

3. (T (Z) = 0) ⇔ (RD = 0) (screen-positive study with full compliance)

Table 2.1 (top panel) illustrates the observed data configurations for (Z, T (Z), RD) under

full compliance. The bottom panel will be addressed in the next section. Note that when all

patients comply, it holds that Q(T (Z)) = T (Z) for a given Z = z. That is to say, patients

follow protocol and undergo disease status verification for T (Z) = 1 and do not verify their

disease status when T (Z) = 0.
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Assignment (Z) Result of assigned test (T (Z)) D status verified (RD = 1)
Top panel: Model with full compliance

T1 1 yes
T1 0 no
T0 1 yes
T0 0 no

Bottom panel: Model with post-screening noncompliance
T1 1 yes
T1 1 no (patient did not comply)
T1 0 yes (patient did not comply)
T1 0 no
T0 1 yes
T0 1 no (patient did not comply)
T0 0 yes (patient did not comply)
T0 0 no

Table 2.1: Observed data configurations for (Z, T (Z), RD) under the models of full compli-
ance (Section 2.1) and of post-screening noncompliance (Section 2.2).

Let the population parameters of the true underlying model under full compliance for

the outlined screening trial be:

πc,d
11 = P (T1 = 1, T0 = 1, D = d)

πc,d
10 = P (T1 = 1, T0 = 0, D = d)

πc,d
01 = P (T1 = 0, T0 = 1, D = d)

πc,d
00 = P (T1 = 0, T0 = 0, D = d)

The superscript “c” is used to emphasize that all patients comply with the diagnostic test

recommendation. In the next section, this notation will be extended to include noncomplying

patients, with “c” indicating the subgroup of patients who comply. Let πF be a vector

collecting all of the 8 probabilities for all values d ∈ {0, 1}: πF =
(
πc,1
11 , π

c,1
10 , . . . , π

c,0
01 , π

c,0
00

)
. It

is assumed that πF > 0 and
∑

d π
c,d = 1. The latter assumption is natural and the former

essentially ensures that there are no empty sets in the populations partition according to the

levels of the vector (T1, T0, D). This assumption is natural when dealing with contingency
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tables and will later be useful for estimation (see Agresti (2002)).

For general quantities such as vector of underlying parameters, vector of parameters of the

observed data distribution, expressions for the likelihood and measures of relative accuracy,

the superscript “F” (which stands for “full compliance”) will be used to indicate that they

are under the model with full compliance (e.g. rTPRF and rFPRF for the relative true

positive rate and relative false positive rate respectively). In the next section, “F” will be

replaced by “NC” for noncompliance. Note that in the model under full compliance, rTPRF

and rFPRF can be expressed in terms of observable quantities. Under the assumptions of

randomization and SUTVA which were made in Section 1.2:

rTPRF =
P (RD = 1|D = 1, Z = 1)

P (RD = 1|D = 1, Z = 0)
=

P (T (Z) = 1|D = 1, Z = 1)

P (T (Z) = 1|D = 1, Z = 0)
=

P (T1 = 1|D = 1)

P (T0 = 1|D = 1)

rFPRF =
P (RD = 1|D = 0, Z = 1)

P (RD = 1|D = 0, Z = 0)
=

P (T (Z) = 1|D = 0, Z = 1)

P (T (Z) = 1|D = 0, Z = 0)
=

P (T1 = 1|D = 0)

P (T0 = 1|D = 0)

Before deriving the observed data distribution, the parameters of which would allow

for the estimation of rTPR and rFPR, the model of true underlying distribution must

be defined. The type of data considered here is categorical and the levels of the vector

(T1, T0, D) define elementary cells of a contingency table. It is then natural to model the

vector of random counts
(
N c,1

11 , . . . N
c,0
00

)
of patients via a multinomial sampling scheme. Such

underlying “true” multinomial model based on the population parameters in πF gives rise

to the following likelihood

LF
true ∝

∏

d∈{0,1}

(
πc,d
11

)nc,d
11 ·

(
πc,d
10

)nc,d
10 ·

(
πc,d
01

)nc,d
01 ·

(
πc,d
00

)nc,d
01

A crucial point in the analysis is that the model of the observed data distribution is different

from the true underlying model defined above. To derive it, first let Y collect all recorded

patient data: Y = (T (Z), T (1− Z), D, Z) and assume that for a sample n patients one has

Y 1 . . .Y n
i.i.d∼ f(Y ). Following standard approach of integrating over the missing data (here,
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D status and unobserved test outcomes) in the full model (see e.g. Little and Rubin (2002)),

f(Y obs) =

∫
f(Y obs,Y mis|Z) · P (Z)dY mis

Integrating over the missing values results into collapsing of cells of the contingency table

defined by the levels of Y (Bishop et al. (2007)). Note that in the model with full compli-

ance, D is MAR - its missingness is solely dependent on the assigned test, which in turn

is observed for all patients. The resulting expression is proportional to a product multino-

mial sampling scheme for two independent screening trial arms. Thus, the observed data

likelihood (conditionally, within each arm) and for the whole trial is given by:

LF
1 ∝

∏

d

[(
πc,d
11

)nc,d
11 ·

(
πc,d
10

)nc,d
10

]
·
(∑

d

πc,d
01

)∑
d

nc,d
01

·
(∑

d

πc,d
00

)∑
d

nc,d
00

LF
0 ∝

(
πc,1
11 + πc,1

01

)(nc,1
11 +nc,1

01 ) ·
(
πc,0
11 + πc,0

01

)(nc,0
11 +nc,0

01 ) ·
(∑

d

πc,d
10 + πc,d

00

)∑
d
(nc,d

10 +nc,d
00 )

It is convenient to re-parametrize it by using conditional probabilities, defined by the

observable features of the patient:

pc,dT (Z),T (1−Z)|Z = P (T (Z), T (1− Z), D|Z = z)

in the full compliance model. The re-parametrized likelihood (conditionally within each arm)

is then given by

LF
1 ∝

(
pc,111|1

)nc,1
11,1 ·

(
pc,011|1

)nc,0
11,1 ·

(
pc,110|1

)nc,1
10,1 ·

(
pc,010|1

)nc,0
10,1 ·

(
pc,∗01|1

)nc,∗
01,1 ·

(
pc,∗00|1

)nc,∗
00,1

LF
0 ∝

(
pc,11∗|0

)nc,1
1∗,0 ·

(
pc,01∗|0

)nc,0
1∗,0 ·

(
pc,∗0∗|0

)nc,∗
0∗,0

where ∗ is used to indicate that a variable is not unambiguously identifiable from the observed

data, as e.g. the case of a patient’s disease status D assigned to the arm 1 with both
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the T1 = T (Z) and T0 = T (1 − Z) diagnostic tests negative. Let all nine parameters

from LF
1 and LF

0 be collected in the vector of parameters of the observed data distribution:

pF =
∏

d∈{0,1}

(pc,d11|1, p
c,d
10|1, p

c,∗
01|1, p

c,∗
00|1, p

c,d
1∗|0, p

c,∗
0∗|0).

From the expressions of the likelihood, one can see that more cells are identifiable from

arm 1, than from arm 0. This is due to the nestedness property, as one has more information

about the would-be outcome of the unassigned test. Indeed, from the assumption of ran-

domization, a link can be established between pF and πF . For the analysis in this section,

consider columns 1-7 (“Assignment”, “Test outcomes” and “Full compliance”) from Table

2.2 (the remaining columns will be discussed in Section 2.2).

Note that πF is a noninjective function of the vector of parameters of the true underlying

model. Thus, there will be some cells in the underlying data model, which will not be

identifiable from the observed model. Under the full compliance model, there are nine

parameters of the observed data distribution. To see the added value of nestedness, consider

that for rows j = 1, . . . , 6, the result of the T0 test can be deduced from the arm 1. This

allows for (some of) the corresponding in πF to be factored out of the likelihood, thus making

them point-identifiable. In contrast, in rows j = 7, 8, 9, the outcome of T1 is not known,

thus less parameters of πF are point-identifiable. Note that in a model with full compliance,

both rTPRF and rFPRF are point-identifiable, since

rTPRF =

(
πc,1
11 + πc,1

10

)
(
πc,1
11 + πc,1

01

)

rFPRF =

(
πc,0
11 + πc,0

10

)
(
πc,0
11 + πc,0

01

)

The next section introduces a model for post-screening noncompliance based on the

principal stratification method.
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Arm True test outcomes Full compliance model (F) Noncompliance model (NC)

Z T1 T0 D j pF πF q pNC πNC

1 1 1 yes 1 pc,1
11|1 πc,1

11
1 p∗,1

11|1 πc,1
11

+ πi,1
11

1 1 0 yes 2 pc,1
10|1 πc,1

10
2 p∗,1

10|1 πc,1
10

+ πi,1
10

1 0 1 yes 3 pi,1
01|1 πi,1

01

1 1 1 no 3 pc,0
11|1 πc,0

11
4 p∗,0

11|1 πc,0
11

+ πi,0
11

1 1 0 no 4 pc,0
10|1 πc,0

10
5 p∗,0

10|1 πc,0
10

+ πi,0
10

1 0 1 no 6 pi,0
01|1 πi,0

01

1 1 1 ? 7 pr,∗
11|1 πr,1

11
+ πr,0

11

1 1 0 ? 8 pr,∗
10|1 πr,1

10
+ πr,0

10

1 0 1 ? 5 pc,∗
01|1 πc,1

01
+ πc,0

01
9 p∗,∗

01|1

(
πc,1
01

+ πc,0
01

+πr,1
01

+ πr,0
01

)

1 0 0 ? 6 pc,∗
00|1 πc,1

00
+ πc,0

00
10 p∗,∗

00|1

∑
s

∑
d π

s,d
00

0 ? 1 yes 7 pc,1
1∗|0 πc,1

11
+ πc,1

01
11 p∗,1

1∗|0

(
πc,1
11

+ πi,1
11

+πc,1
01

+ πi,1
01

)

0 1 0 yes 12 pi,1
01|0 πi,1

10

0 ? 0 ? 8 pc,∗
0∗|0

(
πc,1
10

+ πc,0
10

+πc,1
00

+ πc,0
00

)
13 p∗,∗

00|0

( ∑
d

(
πc,d
10

+ πr,d
10

)

+
∑

s

∑
d π

s,d
00

)

0 ? 1 ? 14 pr,1
1∗|0

(
πr,1
11

+ πr,0
11

+πr,1
01

+ πr,0
01

)

0 1 0 no 15 pi,0
01|0 πi,0

10

0 ? 1 no 9 pc,0
1∗|0 πc,0

11
+ πc,0

01
16 p∗,0

1∗|0

(
πc,0
11

+ πi,0
11

+πc,0
01

+ πi,0
01

)

Table 2.2: Link between the vectors of parameters of the observed data distribution pF ,pNC

and the parameters of the true underlying distribution πF ,πNC under the model of full com-
pliance (F) in columns 5-7, and noncompliance (NC) in columns 8-10.
For FC rows j = 1 − 6: By nestedness property, one can deduce result of T0 diagnostic test in arm 1. For
FC rows j = 5, 6: if T1 is negative in arm 1, the disease status D is not observed. For FC rows j = 7, 8: if
T0 is positive, there is no nestedness so T1 is not known. For FC row j = 9, if T0 is negative and since there
is no nestedness T1 is not known; also D is not observed. For NC rows q = 1, 4 (arm 1): by nestedness, the
probability of having D = 1, T1 = 1, T0 = 1 can be identified, in difference to row q = 11 (arm 1), where
there is no nestedness. For NC rows q = 3, 6, 12, 15: from noncompliance in a two-arm study, one can fully
identify these cells, together with the stratum (insisters). These can be used to identify (some) compliers
from cells q = 2, 5, 11, 16. For NC rows q = 1 to q = 10: from nestedness, when T1 is known, T0 is also
known. For NC rows q = 7, 8, 14: from noncompliance in a two-arm study, the stratum (refusers) is known,
but the disease status D is not. See Section 2.1 for details on (F) and Section 2.2 for details on (NC).
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2.2 Model with post-screening noncompliance

Allowing for post-screening noncompliance has implications for rTPR, rFPR and their

causal interpretation, for the true underlying model, and for the inferential procedures.

This section extends the discussion of the previous section. First, a new definition which is

similar, but not identical, to Definition 2.1.1 is provided in order to account for post-screening

noncompliance:

Definition 2.2.1 A screening trial is called a two-arm, unpaired, screen-positive nested

screening trial with post-screening noncompliance if the following are true:

1. 0 < P (Z = 1) < 1 (randomization)

2. (RT1 = 1) ⇒ (RT0 = 1) (nestedness)

3. (T0 = 0 and T1 = 0) ⇒ (RD = 0) (screen-positive study with possible post-screening

noncompliance)

As evident from both the last point of Definition 2.2.1 and the bottom panel of Table

2.1, the failure of a patient to verify the disease status does not imply that the assigned

test was negative. This is different than in Definition 2.1.1, where failure to verify implied

that the assigned test is negative, since now the patient may decide not to comply with a

positive recommendation for disease status verification. Relatedly, note that (RD = 1) ⇒

(Q(0) = 1 or Q(1) = 1). In other words, for patients with a negative test recommendation

from their assigned test, it is still possible to reveal their true status, if they decide not to

comply with the protocol.

Note that now, without making any further assumptions at this stage, RD is indeed a

function of three variables - the assignment Z, the test result T (Z) and the decision whether

or not to follow the test recommendation for disease status verification — Q(T (Z)). As in

the previous section, by the assumption of randomization, Z does not influence RD directly,

but only through T (Z).
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To account for the complication which arises from post-screening noncompliance, namely

that it is possible to have Q(T (Z)) 6= T (Z), the post-screening noncompliance is modeled

explicitly. Generally, conditioning on a post-treatment variable - e.g. the observed decision

Q(T (Z)), may lead to inferential bias, as noted by Rosenbaum (1984).

A possible way to deal with all-or-none compliance, is to use the principal stratification

method. The main idea is the following: for any individual patient “m”, use the potential

outcomes of the joint vector (Tm(Z), Qm(T (Z))) for Z ∈ {0, 1} to define principal strata.

The advantage of using these is that they can be then considered as being pre-trial covariates

characterizing the post-screening compliance behavior of the patients (Frangakis and Rubin,

2002). Typically, in clinical trials, the principal strata are built around the decision of the

patient (factual and counterfactual) to comply with the treatment arm assignment (e.g. to

take aspirin vs. to take placebo). This is different from how the strata are built here, since

here there is no pre-screening noncompliance. Here, they are instead built on the potential

outcomes for the compliance with the disease status verification.

In order to make the principal stratification framework operational, we first consider the

aforementioned joint potential values of the diagnostic test outcome T (Z) and the decision

whether to follow the recommendation Q(T (Z)) for Z ∈ {0, 1}. It is instructive to first

consider the set of all possible potential outcomes and then use reasonable assumptions

(some of them holding by design) to simplify that set step-by-step. These assumptions will

be summarized later in this section. Initially, the levels of the elements of the vector

(T (Z), T (1− Z), Q(T (Z) = 1), Q(T (1− Z) = 1), Q(T (Z) = 0), Q(T (1− Z) = 0))

taken for Z = 0, 1 define 27 = 128 potential outcomes. Fortunately, one can use some

assumptions that hold by design to reduce that big number. We consider them step-by-step:

The first assumption which holds by design is randomization.

Assumption 2.2.1 Randomized screening trial
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The screening trial is randomized, i.e. the probability of assignment P (Z) is an a-priori

chosen, fixed number.

Since the screening trial is randomized, one has that (T (Z)|Z = 1) = T1 and (T (Z)|Z = 0) =

T0, are both independent of Z and hence one can simplify the number down to 25 = 32

potential outcomes. For the remaining text, T (Z) and T (1− Z) can be thus understood as

“assigned” and “unassigned” diagnostic tests respectively.

Assumption 2.2.2 Blinded screening trial

The screening trial is blinded. Thus, the patients do now know which test they are undergoing.

From this, a realistic restriction to be put is Z ⊥⊥ Q(T ), Q(T − Z)|T (Z).

By design the randomized screening trial is blinded, and thus it holds that Z ⊥⊥ Q(T ), Q(T −

Z)|T (Z) for all values of Z ∈ {0, 1}. In other words, the assignment has no direct effect

on the decision whether to follow the recommendation or not. Intuitively, that would make

sense in the case of a blinded trial - a patient’s decision is solely based on her background

characteristics and her test result. Formally, this means Q(T (Z), Z) ≡ Q(T (Z)) Since, per

design, the patient doesn’t know which test she is actually receiving, then the assignment

plays no role in her decision. This reduces the number of potential outcomes from 32 to 16.

These 16 potential outcomes (for patient “m”) can be summarized in the following Table 2.3

Note that some of the quantities in several columns are a-priori counterfactuals, i.e. these

outcomes are not just potentially unobserved, but actually non-existent. As an example,

consider the first line where we have a patient assigned to arm Z = z, who is positive

on both diagnostic tests, i.e. has the pair (T1 = 1, T0 = 1). For that patient, the outcome

Q(T (Z) = 0) involves a quantity which is a-priori counterfactual - it does not exist, as

both of his diagnostic tests are positive. Following Frangakis and Rubin (2002), I do not

consider estimands which involve outcome values that are a-priori counterfactual. In other

words, since per design we cannot control for the post-treatment variable (Q(T (Z))), i.e.
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Tm(Z) Tm(1− Z) Qm(Tm(Z) = 1) Qm(Tm(1− Z) = 1) Qm(Tm(Z) = 0) Qm(Tm(1− Z) = 0)
1 1 1 1 [0] [0]
1 0 1 [1] [0] 0
0 1 [1] 0 0 [0]
0 0 [1] [1] 0 0
1 1 1 1 [1] [1]
1 0 1 [1] [1] 1
0 1 [1] 1 1 [1]
0 0 [1] [1] 1 1
1 1 0 0 [0] [0]
1 0 0 [0] [0] 0
0 1 [0] 0 0 [0]
0 0 [0] [0] 0 0
1 1 0 0 [1] [1]
1 0 0 [0] [1] 1
0 1 [0] 1 1 [1]
0 0 [0] [0] 1 1

Table 2.3: Table of potential outcomes of (T (Z), T (1−Z), Q(Z), Q(1−Z)) after making the
assumptions of randomization and blinded design of the screening trial. Values denoted by
“[·]” define a-priori counterfactuals, i.e. quantities which are not only potentially unobserved,
but also non-existent.

the decision of a patient whether to follow the recommendation or not, I thus do not define

principal strata on quantities which are a-priori counterfactual. Due to the assumption of

randomization, one can now interpret T (Z) as the “assigned” diagnostic test and T (1− Z)

as the “unassigned” test, regardless of whether Z = 0 or Z = 1. Consider the following

example: e.g. for a patient having being assigned to Z = 0, the potential outcome of, say

(Q(T (Z = 0) = 1) = 0), Q(T (1− 0) = 1) = 0)) describes the behavior of refusing to do the

follow-up diagnostic verification, regardless of the diagnostic test outcome. If that patient

would have been assigned to Z=1, then the pair (Q(T (1) = 1) = 0), Q(T (0) = 1) = 0)) would

describe the same behavior.

I now further simplify the above table so that it includes only existent quantities. These

are summarized in Table 2.4. Indeed, those will be the quantities around which the basic

principal strata are built and will be the only quantities involved in any of the estimands of

relative diagnostic test accuracy.
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(T (Z), T (1− Z))
(1,1) (1,0) (0,1) (0,0)

(Q(T (Z)), Q(T (1− Z)))

(1,1) (1,0) (0,0) (0,0)
(1,1) (1,1) (1,1) (1,1)
(0,0) (0,0) (0,0) (0,0)
(0,0) (0,1) (1,0) (1,1)

Table 2.4: Table of potential outcomes of (Q(T (Z), Q(T (1−Z)) after making the assumptions
of randomization and blinded design of the screening trial without considering the a-priori
counterfactuals. T (Z) and T (1−Z) represent the outcomes of the assigned and unassigned
test respectively, in the randomized screening trial.

Lastly, I now marginalize over the outcome of the unassigned test T (1 − Z), and can

thus define the principal strata by considering the possible outcomes of the pair (Q(T (Z) =

1), Q(T (Z) = 0)), thus generating a partition of the population in four groups:

1. A person who would follow the recommendation and undergo disease status verification

if told to do so, and would not undergo it if told not to, would have the pair (Q(1) =

1, Q(0) = 0). Such patients are called “Compliers”. In Section 2.1, all patients fell in

this stratum.

2. In contrast, a person who would never undergo disease status verification regardless of

the test outcome would have (Q(1) = 0, Q(0) = 0). Such patients would be “Refusers.”

3. Another case is that of a patient who insists on disease status verification, regardless

what the test outcome is. The patient’s principal stratum would be characterized by

the pair (Q(1) = 1, Q(0) = 1). Such individuals are called “Insisters.”

4. Finally, patients who do the opposite of what told to, are called a “Defiers” and have

the pair (Q(1) = 0, Q(0) = 1).

Note that in the literature of noncompliance for clinical trials, patients characterized

by (Q(1) = 0, Q(0) = 0) and (Q(1) = 1, Q(0) = 1) are usually called “never-takers”

and “always-takers” respectively. However, since here there is no active treatment to be

“taken” (as it would be for e.g. aspirin pill vs. placebo), the terms refusers and insis-

ters are more appropriate. These terms are introduced in Cuzick et al. (2007) and have
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Test result Observed decision Compliance (latent) strata
T (Z) = 1 Q(T (Z)) = 1 S = (1, 1) or (1, 0)
T (Z) = 1 Q(T (Z)) = 0 S = (0, 0) or (0, 1)
T (Z) = 0 Q(T (Z)) = 1 S = (1, 1) or (0, 1)
T (Z) = 0 Q(T (Z)) = 0 S = (0, 0) or (1, 0)

Table 2.5: Table of observed decisions in a two-arm, unpaired, screen-positive screening trial
for a binary disease with post-screening noncompliance and the corresponding latent stratum
membership.

an intuitive interpretation here. Letting S denote the compliance stratum, one thus has:

S = (Q(1), Q(0)) = (1, 0) for Compliers (c); S = (Q(1), Q(0)) = (1, 1) for Insisters (i);

S = (Q(1), Q(0)) = (0, 0) for Refusers (r) and S = (Q(1), Q(0)) = (0, 1) for Defiers (d).

Summarizing the notation for the strata:

S = (Q(1), Q(0)) =





(1, 0) complier(c)

(1, 1) insister(i)

(0, 0) refuser(r)

(0, 1) defier(d)

An indicator function, RS, is introduced to indicate whether the specific belonging to a

compliance stratum is point-identified (i.e. unambiguously revealed) (RS = 1) or not (RS =

0). A key point here is that without additional assumptions, the group of subjects with

observed value Q(T (Z) = 1) = 1 is a mixture of compliers and insisters and thus the

individual membership of each patient to each one of this strata is not identifiable. Similarly,

for Q(T (Z) = 0) = 0, one observes decisions that may equally arise from a mixture of

compliers and refusers without being able to identify the individual stratum membership of

each patient. Lastly, the decisions from a mixture of defiers and insisters, as well as defiers

and refusers, will be observed together. Table 2.5 summarizes these facts.
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Note that it is allowed for the compliance status S to be associated with D and U in a

(possibly) unknown way. This is a natural consequence of the fact that compliance behavior

is likely to be related to common personal background and/or clinical characteristics of the

patient.

In addition to the aformentioned SUTVA, and Assumptions 2.2.1 and 2.2.2, several fur-

ther (realistic) assumptions will help further with the identifiability problems evident from

Table 2.5.

Assumption 2.2.3 “Monotonicity” (Permutt and Hebel 1989; Baker and Lindeman 1994;

Imbens and Angrist 1994), i.e. there are no defiers: P (S = (0, 1)) = 0.

This assumption is often made when dealing with noncompliance in clinical trials and

is indeed reasonable here. With the monotonicity assumption the second and third rows in

Table 2.5 can be simplified and one is able to identify

1. insisters who have switched to the unassigned group upon obtaining a negative test

recommendation

2. refusers who have refused to follow a positive recommendation and never showed up

to obtain their disease status verification.

Indeed, by making the monotonicity assumption, one can disregard the last row in Table 2.4

and subsequently the lines involving the defiers for the definition of the stratum membership

variable S.

In addition, the following assumptions of conditional independence are made.

Assumption 2.2.4 1. RD ⊥⊥ D|S, T (Z) - which amounts to the latent ignorability as-

sumption (Baker 1998; Frangakis and Rubin 1999) describing the notion that the re-

vealing of the D status is solely a function of the principal stratum and the test outcome.

The interpretation is the following: if the data analyst would know the principal stra-

tum of a patient as well as her (assigned) diagnostic test outcome of a patient, D would

not be nonignorably missing.
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2. RD ⊥⊥ Z|S, T (Z) - i.e. there is no direct effect of Z on RD. Imbens and Angrist

(1994) introduced the term “exclusion restriction” for this type of assumption. This

assumption is realistic in the case of a blinded trial.

Finally, the following assumption concerning the behavior of a patient with a positive di-

agnostic test is made: A patient who has already received a positive recommendation from

her assigned test, would not choose to also undergo the unassigned test. This seems to be a

reasonable assumption for an economical behavior of the patient, as in most cases she would

have to pay for the unassigned test by himself, outside the protocol. Let k be the number of

test recommendations that a patient obtains during the trial (both within and outside the

study protocol)

Assumption 2.2.5 No unnecessary tests are performed: P (k > 1|T (Z) = 1) = 0.

It is important to consider the following remark purveys the main message of the above

considered principal stratification modeling and assumptions:

Remark 2.2.1 In a screening trial as described in Definition 2.2.1], the value of the miss-

ingness indicator RD of the disease status D, is fully determined by both T and S.

With the help of these assumptions, the likelihood of the true underlying model can be

now extended to account for the post-screening noncompliance. To build it, I extend the

notation from the previous Section 2.1. Using s ∈ {c, i, r} as a shorthand notation for the

three compliance strata of compliers, insisters and refusers, let:

πs,d
11 = P (T1 = 1, T0 = 1, D, S)

πs,d
10 = P (T1 = 1, T0 = 0, D, S)

πs,d
01 = P (T1 = 0, T0 = 1, D, S)

πs,d
00 = P (T1 = 0, T0 = 0, D, S)
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Instead of “F”, now use the superscript “NC” is used to indicate that the relevant like-

lihoods, measures of relative accuracy and parameter vectors are under the model with

post-screening noncompliance. As in Section 2.1, the first step is to give the likelihood of

the true underlying model and consequently to derive the observed data distribution.

Let πNC be a vector collecting all of the 24 probabilities for all values of s ∈ {c, i, r} and

d ∈ {0, 1}: πNC =
(
πc,1
11 , π

c,1
10 , . . . , π

r,0
01 , π

r,0
00

)
. Assume that πNC > 0, and that all probabilities

sum up to one. As argued in the previous section, the vector (T1, T0, D, S) defines elementary

cells of a contingency table. Even though the stratum membership is not known for all

patients and neither are their true D statuses, the aim is still to make inference for πNC .

For a given sample of patients, I again model the random counts
(
N s,1

11 , . . . , N
s,0
00

)
of patients

falling within these cells by a multinomial model. Such underlying “true” multinomial model

gives rise to the likelihood

LNC
true ∝

∏

d∈{0,1}

∏

s∈{c,i,r}

[(
πs,d
11

)ns,d
11 ·

(
πs,d
10

)ns,d
10 ·

(
πs,d
01

)ns,d
01 ·

(
πs,d
00

)ns,d
01

]

Naturally, the model with full compliance described in Section 2.1 is a special case, as when

P (S = c) = 1, then LNC
true = LF

true.

To derive the observed data distribution first note that D is missing nonignorably, as RD

is a function of S, which in turn is also missing nonignorably. To see this, consider that per

Assumption 2.2.5, a complier with a positive test would not go and obtain the other test.

Then, P (RS = 1|S = r, T (Z) = 1, T (1− Z) = 1, Z = 1) = 0, but P (RS = 1|S = c, T (Z) =

1, T (1− Z) = 1, Z = 1) = 1.

The observed data distribution is derived from the full model (Little and Rubin (2002))

of the joint distribution of the data and the missingness indicators. Here, there is a general

pattern of nonignorable missingness with a known mechanism. The mechanism is indeed

known, since, e.g. P (RD = 1|S,D, Z, T (Z), T (1−Z)) is either 0 or 1 for all patients, i.e. the

probability of the missingness indicator is degenerate and does not depend on any further
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parameters.

Let Y = (Y obs, Y mis) = (T (Z), T (1 − Z), D, S, Z) collect the relevant features of the

patients in the trial, where T (Z) is the result on the assigned test and T (1 − Z) is the

result of the unassigned test. Define a vector of missingness indicator functions R =

(RT (Z), RT (1−Z), RD, RS, RZ) of the same length as Y . Each element of R has the value

of 1 if the value of the corresponding variable in Y is observed.

The following Table 2.6 contains all the possible observed data configurations that can

arise from the trial (see also Figure 1.3). These are the data which are available to the

analyst there are 16 distinct cases:

case Z T (Z) T (1− Z) D S RT (Z) RT (1−Z) RD RS RZ

1 1 1 1 1 ? (c or i) 1 1 1 0 1
2 1 1 0 1 ? (c or i) 1 1 1 0 1
3 1 0 1 1 i 1 1 1 1 1
4 1 1 1 0 ? (c or i) 1 1 1 0 1
5 1 1 0 0 ? (c or i) 1 1 1 0 1
6 1 0 1 0 i 1 1 1 1 1
7 1 1 1 ? r 1 1 0 1 1
8 1 1 0 ? r 1 1 0 1 1
9 1 0 1 ? ? (c or r) 1 1 0 0 1
10 1 0 0 ? ? (c or r) 1 1 0 0 1
11 0 1 ? 1 ? (c or i) 1 0 1 0 1
12 0 0 1 1 i 1 1 1 1 1
13 0 0 ? ? ? (c or r) 1 0 0 0 1
14 0 1 ? ? r 1 0 0 1 1
15 0 0 1 0 i 1 1 1 1 1
16 0 1 ? 0 ? (c or i) 1 0 1 0 1

Table 2.6: All possible observed data configurations from (Y ,R). The “?” indicate struc-
turally unknown data.

In more detail, each row entry describing possible data configurations in the screening

trial as per Definition 2.2.1 can be explained in the following way:

� Case 1: Patient is randomized to arm 1, has both tests positive, is diseased and has

the disease revealed. The patient can be either an “insister” or a “complier” (it is not
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known which one).

� Case 2: Patient is randomized to arm 1, has a positive T1 test and a negative T0 test.

D is revealed. The patient can be either an “insister” or a “complier”.

� Case 3: Patient is randomized to arm 1, has a negative T1 test. The patient revealed

her D status (positive) because the unassigned T0 test was positive. The patient is a

known “insister”.

� Cases 4, 5 and 6: Patients have the same features as patients 1, 2 and 3 respectively,

but for D = 0.

� Case 7: Patient is randomized to the arm 1 and has both tests positive. The patient

refused to verify D status and is thus a “refuser”.

� Case 8: Patient is randomized to arm 1, has T1 test (the assigned test) positive and

T0 (the unassigned) negative. The patient refused to verify D status and is thus a

“refuser”.

� Case 9: Patient has the assigned test T1 negative and the unassigned test T0 positive.

The recommendation was not to do verify D, it is observed that the patient followed

that recommendation. Neither the D status, nor S is known, since the patient can be

either a “refuser” or a “complier.”

� Case 10: Patient was assigned to the arm 1 and has both tests negative. Neither the

compliance status, nor the D status is known.

� Case 11: Patient was assigned to arm 0 and has the assigned T0 positive. Neither the

would-be result on the T1 test, nor the stratum belonging is known. The patient has

D = 1.
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� Case 12: Patient was assigned to arm 0 and has the assigned T0 negative. The patient

did not comply with the protocol and performed the T1 test, which was positive and

thus T1 test result, the D status (positive) and the stratum - “insister” are known.

� Case 13: Patient has the assigned test T0 negative. The recommendation was not to

do verify D, it is observed that the patient followed that recommendation. Hence, D

and S are not known.

� Case 14: Patient has the assigned test (T0) positive but refused to verify D. It is thus

known that the patient is a “refuser” but her D is not known.

� Case 15: Patient is like patient 12 in everything but the D status, (D = 0).

� Case 16: Patient is like patient 11 in everything but the D status, (D = 0).

Note that some elements of R are redundant, e.g. regardless of the value of Z, T0 is

always observed. RT1 can be re-expressed a function of Z, RD and RS, hence can also be

dropped from R. Obviously, RZ is always equal to 1. Thus, in the subsequent analysis, let

R = (RD, RS).

Consider the joint p.m.f. of the patient features data Y and the vector with the miss-

ingness indicators R, i.e. f(R,Y ), which following Little and Rubin (2002) I call the “full

model.” Note that the levels of (R,Y ) define elementary cells (see, e.g. (Bishop et al.,

2007)) of a contingency table, whose counts can be modeled with the multinomial distri-

bution. Some of those are structural zeros, as e.g. the cell defined by (RD = 1, S =

“r”, D, T (Z), T (1−Z), Z) is empty, as no “refuser” will ever have the D status revealed. All

the cells which contain structural zeros are ignored, as they do not influence the maximum

likelihood estimation here. Also, note that Z is included as a level in the cell.

Now suppose an i.i.d sample of n patients is given to the data analyst, such that

(R, Y )1, . . . (R, Y )n
i.i.d∼ fR,Y . Then, by integrating over the missing data (i.e. collapsing

cells) one effectively ends up with cells corresponding to the cases in Table 2.6. Formally,
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f(R,Y obs)1,...,(R,Y obs)n
(·) =

∫

Y mis

n∏

j=1

f(rj,yj)dY
mis =

∫
· · ·
∫ n∏

j=1

f(Y,R)jdY
mis

1
. . .dYmis

n

Integrating the full model over the missing values (D, S, and the unobserved test outcomes),

similarly to the approach in the previous section, the observed data likelihood (conditionally

within each arm) is given by

LNC
1 ∝



∏

d


 ∑

s∈{c,i}

πs,d
11




∑
s∈{c,i}

ns,d
11


 ·



∏

d


 ∑

s∈{c,i}

πs,d
10




∑
s∈{c,i}

ns,d
10


 ·
[∑

d

πr,d
11

]∑
d

nr,d
11

·

·
[∑

d

πr,d
10

]∑
d

nr,d
10

·


 ∑

s∈{c,r}

∑

d

πs,d
01




∑
s∈{c,r}

∑
d

ns,d
01

·
[∑

s

∑

d

πs,d
00

]∑
s

∑
d

ns,d
00

·
[∏

d

(
πi,d
01

)ni,d
01

]

LNC
0 ∝



∏

d


 ∑

s∈{c,i}

(πs,d
11 + πs,d

01 )




∑
s∈{c,i}

(ns,d
11 +ns,d

01 )

 ·
[∏

d

(
πi,d
10

)ni,d
10

]
·

·



(∑

d

(
πc,d
10 + πr,d

10

)
+
∑

s

∑

d

πs,d
00

)∑
d(n

c,d
10 +nr,d

10 )+
∑

s

∑
d ns,d

00


 ·

[∑

d

(
πr,d
11 + πr,d

01

)∑
d
(nr,d

11 +nr,d
01 )
]

It is convenient to extend the notation for the parameters from Section 2.1 to include the

stratum and thus now have

ps,dT (Z),T (1−Z)|Z = P (T (Z), T (1− Z), D, S|Z = z)
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For convenience, the likelihood (conditionally within each arm) can be then re-expressed so

that

LNC
1 ∝

(
p∗,111|1

)n∗,1
11|1 ·

(
p∗,110|1

)n∗,1
10|1 ·

(
pi,101|1

)ni,1
01|1 ·

(
p∗,011|1

)n∗,0
11|1 ·

(
p∗,010|1

)n∗,0
10|1 ·

(
pi,001|1

)ni,0
01|1 ·

(
pr,∗11|1

)nr,∗
11|1 ·

(
pr,∗10|1

)nr,∗
10|1 ·

(
p∗,∗01|1

)n∗,∗
01|1 ·

(
p∗,∗00|1

)n00|1∗,∗

LNC
0 ∝

(
p∗,11∗|0

)n∗,1
1∗|0 ·

(
pi,101|0

)ni,1
01|0 ·

(
p∗,∗00|0

)n∗,∗
00|0 ·

(
pr,11∗|0

)nr,1
1∗|0 ·

(
pi,001|0

)ni,0
01|0 ·

(
p∗,01∗|0

)n∗,0
1∗|0

Again, “∗” is used to denote that either a test result, the D status or the compliance stratum

does not factor out of the likelihood, i.e. is not point-identifiable. All parameters from the

above equations are collected in a vector pNC .

From Table 2.2, one can easily see the complication which arises from the post-screening

noncompliance. As an example, if one takes the first row in both models, it is clear that

compliers who have both diagnostic tests positive are never point-identified. Such group

of patients will always be observed together with a group of insisters who also have both

tests positive. However, as before, the nestedness does give us deeper information on the

underlying vector of parameters πNC . Considering the last three columns of the table: From

rows q = 3, 6, 12, 15 due to the noncompliance in the study, one can fully identify these

cells, together with the stratum (insisters). This is quite important, as these parameters can

then be used to identify (some) compliers from cells q = 2, 5, 11, 16. Similarly, from rows

q = 7, 8, 14 the stratum (refusers) is known, but the D statuses are not.

Partitioning the population in the three principal strata has implications for the measures

of accuracy which are of interest - rFPR and rTPR. While both were identifiable in the

case of the model with full compliance (Section 2.1), by including S in the analysis, the
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following holds for rTPR and rFPR

rTPR =
P (T1 = 1|D = 1)

P (T0 = 1|D = 1)
=

P (T1 = 1, D = 1)

P (T0 = 1, D = 1)
=

πc,1
11 + πc,1

10 + πi,1
11 + πi,1

10 + πr,1
11 + πr,1

10

πc,1
11 + πc,1

01 + πi,1
11 + πi,1

01 + πr,1
11 + πr,1

01

rTPR =
P (T1 = 1|D = 1)

P (T0 = 1|D = 1)
=

P (T1 = 1, D = 1)

P (T0 = 1, D = 1)
=

πc,0
11 + πc,0

10 + πi,0
11 + πi,0

10 + πr,0
11 + πr,0

10

πc,0
11 + πc,0

01 + πi,0
11 + πi,0

01 + πr,0
11 + πr,0

01

Since one never observes the true disease status D of refusers, the above ratio is not

identifiable from the observed data distribution. Analogously, the same holds for rFPR.

Note that if there were only compliers, then the ratio would be point-identifiable from the

observed data, as shown in the previous section, since P (S = “c”) = 1.

All is not lost however, as there are versions of the rTPR and rFPR which are indeed of

interest to the data analyst and are identifiable. One such version is the relative true positive

and relative false positive rates based on the joint stratum of insisters and compliers:

Definition 2.2.2 Relative ratios based on the joint stratum of compliers and insisters:

rTPRi+c =
P (RD(Z) = 1, T (Z) = 1, D = 1|Z = 1)

P (RD(Z) = 1, T (Z) = 1, D = 1|Z = 0)
=

πc,1
11 + πc,1

10 + πi,1
11 + πi,1

10

πc,1
11 + πc,1

01 + πi,1
11 + πi,1

01

(2.1)

rFPRi+c =
P (RD(Z) = 1, T (Z) = 1, D = 0|Z = 1)

P (RD(Z) = 1, T (Z) = 1, D = 0|Z = 0)
=

πc,0
11 + πc,0

10 + πi,0
11 + πi,0

10

πc,0
11 + πc,0

01 + πi,0
11 + πi,0

01

(2.2)

These ratios are indeed point-identifiable from the data as the following proposition shows

(with obvious adjustments, it holds for rFPRi+c):

Proposition 2.2.3 rTPRi+c can be re-expressed from the observable data and it is thus

point-identifiable

rTPRi+c =
P (RD(Z) = 1, T (Z) = 1, D = 1|Z = 1)

P (RD(Z) = 1, T (Z) = 1, D = 1|Z = 0)
(2.3)

Of even greater interest might be stratum-specific ratios for each stratum separately —

the insisters, the compliers and the refusers. However, as mentioned before, the data analyst
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would never obtain data for the true disease status of any refusers. Moreover, it can be

argued that since they refuse to verify their diagnosis, any screening policy implementation

would be without an effect on them. Hence, the focus for the remaining part of the thesis

would be on insisters, compliers and their joint stratum. For the compliers-specific rTPR

one has:

Definition 2.2.4 Compliers-specific rTPR and rFPR:

rTPRc =
P (T1 = 1|D = 1, S = c)

P (T0 = 1|D = 1, S = c)
=

P (T1 = 1, D = 1, S = c)

P (T0 = 1, D = 1, S = c)
=

πc,1
11 + πc,1

10

πc,1
11 + πc,1

01

rFPRc =
P (T1 = 1|D = 0, S = c)

P (T0 = 1|D = 0, S = c)
=

P (T1 = 1, D = 0, S = c)

P (T0 = 1, D = 0, S = c)
=

πc,0
11 + πc,0

10

πc,0
11 + πc,0

01

In a similar way, one can define rTPRi and rFPRi for insisters. Frangakis and Rubin

(2002) show that any comparison between two potential outcomes within same stratum does

represent a causal effect and it is worth noting the following, in difference to the compliers-

only and insisters-only strata:

P (RD = 1|S = i, D = 1, Z = 1)

P (RD = 1|S = i, D = 1, Z = 0)
=

πi,1
11 + πi,1

10 + πi,1
01

πi,1
11 + πi,1

01 + πi,1
10

= 1 (2.4)

The reasoning behind this is simple: an insister will always obtain the disease status ver-

ification from the assigned test, or try to obtain via the unassigned test. Hence, exposing

an insister to either group has a relative causal effect of 1 on the disease status revealing

outcome.

It is very important to note that this does not mean that both diagnostic tests are

equally accurate for the stratum of insisters. Indeed, the ratio in expression (2.4) need not

be equal to rTPRi. Indeed, although the contrast here has a causal interpretation, it bears

no useful information regarding the relative sensitivity of the diagnostic tests within the set

of insisters. By the same token, it is easy to show that P (RD=1|S=i+c,D=1,Z=1)
P (RD=1|S=i+c,D=1,Z=0)

= 1, which also

not necessarily equal to rTPRi+c.
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This reasoning shows the advantage of using principal strata to model the compliance

behavior here (as opposed to doing analysis solely based on the patients whose disease status

was recorded): it allows us to disentangle the causal effect of the exposure for a specific

screening policy to the relative sensitivity of the two diagnostic tests.

By formulating the whole screening trial as a comparison between two competing disease-

revealing mechanisms, one is thus able to show the limitations of using the causal effect of

Z on RD as means to make overall statements about the relative test accuracy. Thus, in

the case of post-screening noncompliance, any policy implementation in regards to which

test should be administered to the public should carefully disentangle the effect of exposure

(to one of the two tests) on the disease revealing from the actual relative accuracy of the

diagnostic tests. These two would coincide only for the compliers.

After introducing the stratum-specific ratios and showing that rTPRi+c and rFPRi+c

are indeed point-identifiable from the observed data distribution, one has to consider that

the stratum-specific ratios are not point-identified, but rather partially identified (cf. Man-

ski (2003)). Recall that the stratum membership is not known a-priori, so that one can

not directly observe the data coming from the individual probability mass functions in the

nominator and denominator of the two individual sensitivity ratios - rTPRi and rTPRc.

To point-identify rTPRc or rTPRi, additional assumptions on the probability of belong-

ing to the different strata P (S = s) are needed. Indeed, compliance behavior can be modeled

as a function of a vector of some baseline covariates X.

In absence of such baseline covariates and/or a meaningful model for compliance, one

can formulate nonparametric bounds for rTPRc and thus partially identify it, as opposed to

point-identifying it through an assumed model for P (S). This has the advantage of making

inference for the measures of interest more credible (Manski (2003)), since there are no

modeling assumptions about P (S). Nonparametric bounds for rFPRc, rTPRi and rFPRi

can be constructed in an analogous way. Nonparametric bounds here are understood as

bounds that do not depend on specific modeling assumptions for P (S).
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The next proposition gives a lower and an upper bound for rTPRc. The bounds hold

regardless whether the diagnostic tests are nested or not, but results in the next section will

show, the nested structure allows for the bounds’ estimation.

Proposition 2.2.5
(

πc,1
11 +πi,1

11 +πc,1
10

πc,1
11 +πi,1

11 +πc,1
01

≤ 1
)
⇔
(

πc,1
10

πc,1
01

≤ rTPRc ≤ πc,1
11 +πi,1

11 +πc,1
10

πc,1
11 +πi,1

11 +πc,1
01

)

See the Appendix for a proof.

Recall that a sensitivity ratio bigger than 1 indicates that the T1 test has a higher probability to

correctly predict the presence of a disease than the T0 test. It is then natural to conduct hypothesis

testing for H0 : rTPRc ≤ 1 and indeed the result in Proposition 2.2.5 is useful for that.

Corollary 2.2.6 From Proposition 2.2.5 it follows

min

(
πc,1
10

πc,1
01

,
πc,1
11 + πi,1

11 + πc,1
10

πc,1
11 + πi,1

11 + πc,1
01

)
≤ πc,1

11 + πc,1
10

πc,1
11 + πc,1

01

≤ max

(
πc,1
10

πc,1
01

,
πc,1
11 + πi,1

11 + πc,1
10

πc,1
11 + πi,1

11 + πc,1
01

)
(2.5)

min

(
πi,1
10

πi,1
01

,
πi,1
11 + πc,1

11 + πi,1
10

πi,1
11 + πc,1

11 + πi,1
01

)
≤ πi,1

11 + πi,1
10

πi,1
11 + πi,1

01

≤ max

(
πi,1
10

πi,1
01

,
πi,1
11 + πc,1

11 + πi,1
10

πi,1
11 + πc,1

11 + πi,1
01

)
(2.6)

While it is the aim for rFPR and rTPR to have a causal interpretation, it is important to

justify why exactly I employ the principal stratification method. In fact, Pearl (2011) cautions

against the usage of principal strata without them having a meaningful interpretation. Indeed, an

alternative here would be to adjust for noncompliance simply by considering the patients whose

disease status was recorded. This can be still be done without introducing principal strata. Mealli

and Mattei (2012) discuss the objections raised by Pearl (2011) and argue that the PS methodology

has its justification, in particular they write that “Principal stratification does not always answer

the causal question of primary interest, but it often provides useful insights...”

Indeed, for the problem discussed in this manuscript, I believe that using PS does provide

useful insights on the data generating process is justified for two reasons: First, it can be argued

that the primary objective for a screening trial which screens for a disease such as, e.g. prostate

cancer, is to provide evidence for policy makers to help them decide which one of the two competing

procedures should be implemented (and funded) in a health care system. By the same token, this

is relevant for, e.g. health insurance companies, which would arguably decide to fund only one of
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several competing screening procedures. These type of policy considerations are indeed important

when an existing (and cheap) diagnostic test is compared to a new test (which is more expensive)

in terms of accuracy.

Furthermore, one can argue that compliance behavior is likely to be related to some important

common background characteristics among the patients, which were unobserved (see e.g. (Gareen,

2007, p. 347) for the special case of noncompliance in screening trials). As an example, consider

a case where the old test performs better (in terms of relative accuracy) than the new one for the

group of insisters, but worse for the group of compliers. Such information would have direct policy

implications - arguably, the health policy maker would choose to fund the one test which affects a

bigger group of the population. That could very well be the group of compliers and stratum-specific

ratios would be of bigger interest in this case.

The above described line of thought of a policy maker, could be opposed to the point of a view

of a clinician. A clinician does not know a-priori, whether the patient is, e.g. a complier or an

insister. Hence, the clinician cannot intervene on the compliance status and give the “better” test

based on a stratum-specific evaluation of their relative diagnostic accuracy.

Indeed, she might be interested in the overall effect of exposing a patient to either one of the

two tests, i.e. in the causal effect for a given patient j:
(
RD

j (1) vs. RD
j (0)

)
or the causal effect

of assignment on the disease revealing within the subpopulation with certain disease status level
(
RD

j (1) vs. RD
j (0)

) ∣∣D (e.g. among already diseased patients), without the need to know exactly

how the patient obtains the disease status verification, as long as the verification is indeed obtained.

But in this case, the data analyst would lose the more detailed information about stratum-specific

effects. The PS method gives us the tools to model these and the nested test property allows to

conduct inference for these stratum-specific bounds.

The main message here is that by employing the PS method, the analyst can model and

estimate both the stratum-specific and union based metrics. Indeed, by using the PS method, the

data analyst does not lose information, but gains more.

For the rest of this manuscript, the focus will lie on rTPRi+c and subsequently on rTPRc.

All the arguments for the relative false positive rates and the insisters-specific ratios follow in
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an analogous way. The next chapter shows how to estimate these relevant measures of relative

accuracy and how to construct appropriate statistical test hypotheses for them.

Thus, as long as it can be reasonably assumed that the joint stratum of insisters and compliers

represent the bigger part of the population, rTPRi+c and rFPRi+c are useful measures for the

relative accuracy of the two screening tests.
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Chapter 3

Inference

3.1 Inference for the model with full compliance

The vector of parameters for the full compliance Multinomial model — pF , can be estimated by us-

ing MLE. Since the target of inference is rTPRF , recall that rTPRF =
(
πc,1
11 + πc,1

10

)
/
(
πc,1
11 + πc,1

01

)
.

Thus, it is convenient to use a continuous function of pF to re-express rTPRF and hence the

estimator would be:

rTPR(p̂F ) = (p̂ c,1
11|1 + p̂ c,1

10|1)/p̂
c,1
1,∗|0 (3.1)

By the functional invariance property of the MLE (cf. Casella and Berger (2002)), this esti-

mator is also MLE. To find its asymptotic distribution, first note that this estimator is a function

from parameters in each arm. One can re-parametrize the original problem in terms of one big

Multinomial model and by employing the multivariate central limit theorem and subsequently the

delta method, one can find its asymptotic distribution (see Rao (1973), Agresti (2002) and Bishop

et al. 2007 for a specific application for the Multinomial distribution and van der Vaart (2000) for

a general discussion on the delta method).

Proposition 3.1.1 Under the assumptions in Definition 2.1.1 and the assumed i.i.d sampling
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scheme, as n → ∞:

√
n
(
rTPRF

(
p̂F
)
− rTPRF

(
pF
)) D→ N

(
0, σF

rTPR(p
F )2
)

As a result, for large n, it holds that rTPR(p̂F ) ≈ N(rTPRF ,
(
σF
rTPR(p

F )
)2

/n). Details on

the inferential procedure and the full form of the variance can be found in the appendix.

It can be shown that if one has the same structure of the screening trial (two-arm, unpaired,

screen positive with two binary diagnostic tests screening for a binary disease), except for the nested

property of T0 within T1, the expression for the asymptotic variance of the estimator will be the

same. The result is not surprising: While one can point-identify more parameters of πF when

there is a nested diagnostic test, for the estimation of rTPR under full compliance, the nested

test property of the trial does not add any additional information when compared to a nonnested

unpaired design of a two-arm, screen-positive screening trial (see e.g. Pepe and Alonzo (2001) for

more general details on such a design).

However, apart from estimation, a relevant point of analysis of diagnostic test accuracy is the

testing for relative diagnostic superiority vs. inferiority in terms of rTPR and rFPR. Now, by

using the nested property, it is possible to construct an additional test statistic which does indeed

exploit the additional information from the nestedness. In particular, consider a relevant hypothesis

for the researcher of the type

H0 : rTPRF ≤ 1 vs. H1 : rTPRF > 1

and note that this statement is equivalent to the hypotheses statement

H0 : (π
c,1
10 − πc,1

01 ) ≤ 0 vs. H1 : (π
c,1
10 − πc,1

01 ) > 0

With the help of Table 2.2, one can construct two different test statistics. The first test statistic,

TF
1 (p̂F ), follows the construction of rTPR(p̂F ) and thus does not employ additional information

coming from the nested property. On the other hand, the second test statistic, TF
2 (p̂F ), exploits
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the nestedness property and that more parameters of πF factor out of LF
1 · LF

0 and become point-

identifiable, e.g. p̂ c,0
11|1. If there were no nestedness, this additional information (i.e. identifiability)

on πF would not have been available.

TF
1 (p̂F ) = p̂ c,1

11|1 + p̂ c,1
10|1 − p̂ c,1

1,∗|0

TF
2 (p̂F ) = p̂ c,1

10|1 − p̂ c,0
11|1 − p̂ c,∗

01|1 + p̂ c,0
1,∗|0

Using similar techniques as above, one can find the asymptotic distributions of scaled versions of

TF
1 (p̂F ) and TF

2 (p̂F ) under the null and the alternative hypotheses (see Appendix for details on

deriving the corresponding expressions for the asymptotic variances of these test statistics). Since

both statistics are complicated (multidimensional) functions of the original parameters and the

assignment probability, one could compare them through their power functions for given sets of

parameter values. Analytic comparison between the two power functions is difficult and neither

test statistic makes the other not admissible. This issue is discussed in the last chapter.

Throughout, I have omitted describing the modeling and inference for rFPRF . Indeed, the

construction of the estimators and relevant hypothesis tests for rFPRF are analogous are briefly

described in the appendix.

3.2 Inference for the model with post-screening non-

compliance

3.2.1 Large sample hypothesis tests for the stratum-specific mea-

sures of relative accuracy

Similar to the approach in Section 2.1, I now introduce functions of pNC which can be re-expressed

in terms πNC , i.e. of the parameters of the true underlying model with noncompliance. As before,
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the goal is to find an MLE for rTPRi+c. Consider that

rTPRNC
i+c (p̂

NC) =

(
p̂ ∗,1
11|1 + p̂ ∗,1

10|1

)

p̂ ∗,1
1,∗|0

(3.2)

which, by the invariance property of MLE, gives a consistent estimator for rTPRi+c. Again, using

standard results for asymptotics of MLE, the following proposition holds

Proposition 3.2.1 Under the assumed i.i.d sampling scheme as n → ∞:

√
n
(
rTPRNC

i+c

(
p̂NC

)
− rTPRNC

i+c

(
pNC

)) D→ N
(
0, σNC

rTPRi+c
(pNC)2

)

So that for large n:

rTPRNC
i+c (p̂

NC) ≈ N


rTPRNC

i+c (p
NC),

(
σNC
rTPRi+c

(pNC
)2

n




Details for the exact expressions and a proof can be found in the appendix.

To test the relevant hypothesis of inferiority of the new test vs. the old one, I proceed as in

Section 3.1 and note that the composite hypothesis

H0 : rTPRi+c ≤ 1 vs. rTPRi+c > 1

is equivalent to the hypothesis

H0 :
(
πc,1
10 + πi,1

10

)
−
(
πc,1
01 + πi,1

01

)
≤ 0 vs.

(
πc,1
10 + πi,1

10

)
−
(
πc,1
01 + πi,1

01

)
> 0 (3.3)

Here, too, using the nested diagnostic test property, one can construct two competing (in terms

of statistical power) test statistics to conduct asymptotic tests. The first test statistic, TNC
1 (p̂NC),

follows the construction of rTPRNC
i+c (p̂

NC) and thus does not employ additional information coming

from the nested property. In contrast, TNC
2 (p̂NC), exploits the fact that from patients in arm 1, the
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sum of
(
πc,1
11 + πi,1

11

)
becomes point-identifiable. A major difference from Section 2.1 is that sum

cannot be “split” without further assumptions (e.g. a regression model) for P (S). Thus, unlike in

Section 2.1, here πc,1
11 is not point-identifiable.

TNC
1 (p̂NC) = p̂ ∗,1

11|1 + p̂ ∗,1
10|1 − p̂ ∗,1

1,∗

TNC
2 (p̂NC) = p̂ ∗,1

10|1 + p̂r,11∗|0 + p̂∗,01∗|0 − p̂ ∗,∗
01|1 − p̂ ∗,0

11|1 − p̂ i,0
01|1 − p̂ r,∗

11|1 − p̂ i,1
01|1

Using similar techniques as above, I can find the asymptotic distributions of TNC
1 (p̂NC) and

TNC
2 (p̂NC) under the null and the alternative hypotheses (details of derivations for the estima-

tor and the test statistics of this section, as well as their asymptotic variances, can be found in the

appendix). As with the model under full compliance, analytic comparison between the two powers

appears to be difficult and no test makes the other not admissible. Empirical size and power with

simulated data evaluations will be discussed in the next Chapter 4.

Apart from these point-identified measures of relative accuracy, the previous chapter discussed

stratum-specific relative measures of accuracy, namely rTPRc, rTPRi and their stratum-specific

relative false positive rate counterparts. It was shown that these stratum-specific measures are

not point-identified from the observed data distribution. Rather, the analyst can point-identify

some bounds for these stratum-specific measures which can still be of interest, e.g. for the policy

maker, even if the focus lies on a point identified measure (e.g. rTPRi+c). To proceed with the

inference for these bounds, first consider the following two functions of the parameter vector πNC

the estimation of which would give us the two bounds on the logarithmic scale:

g1
(
πNC

)
= log

(
πc,1
10

πc,1
01

)
g2
(
πNC

)
= log

(
πc,1
11 + πi,1

11 + πc,1
10

πc,1
11 + πi,1

11 + πc,1
01

)
(3.4)
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Using the estimated parameters of the observed data distribution p̂NC , the estimators of these

two functions are as follows:

g1

(
p̂NC

)
= log

(
p̂ ∗,1
10|1 − p̂ i,1

01|0

p̂ ∗,1
1∗|0 − p̂ i,1

01|1 − p̂ ∗,1
11|1

)
(3.5)

g2

(
p̂NC

)
= log

(
p̂ ∗,1
11|1 + p̂ ∗,1

10|1 − p̂ i,1
01|0

p̂ ∗,1
1∗|0 − p̂ i,1

01|1

)
(3.6)

At this stage it is important to observe that the “nestedness” of the tests allow us to identify

g1
(
πNC

)
. This is so, because one can use information from arm 1 to (by randomization) estimate

p ∗,1
11|1

. Without nestedness, all other assumptions and properties of the trial being equal, one can still

compute (and estimate) g2
(
πNC

)
. This is so, because one would be able to estimate

(
p ∗,1
11|1 + p ∗,1

10|1

)
,

even without being able to split the sum of these two elements.

As it will be shown later, this would still allow us to conduct relevant hypothesis tests even

without the additional information coming from the nestedness. However, nestedness is needed

when one wants to construct the bounds, as both g1 and g2 are needed as per the expressions in

inequalities (2.5).

To find the asymptotic distribution of these two estimators, one can use the delta method as

done for the previous estimators and given the smooth nature of g1(·) and g2(·) obtain weakly

consistent estimators. Indeed, the choice of taking a logarithmic function was inspired by the

fact that in simulations, for some specific population parameters of the underlying population, it

showed faster convergence to the standard normal distribution. One could just as easily take the

square root function or any other smooth function. Again by employing the delta method, for

large n, one can find the asymptotic distributions of the two estimators. For large n, it holds that

g1

(
p̂
NC
)

≈ N

(
g1
(
pNC

)
,
σ2
g1

(pNC)

n

)
and g2

(
p̂
NC
)

≈ N

(
g2
(
pNC

)
,
σ2
g2

(pNC )

n

)
. The sampling

variances σg21(p
NC)/n and σg22(p

NC)/n have rather complicated forms and I use Mathematica 7.0

to derive them. They are not given here, however, the procedure to obtain them are analogous to

the ones described for, e.g. the variance of rTPRNC
i+c

(
p̂NC

)
in the Appendix by using the delta

method.
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As already mentioned, inference for rFPRc follows in an analogous manner. One can define

new functions g1(·)(rFPR) and g2(·)(rFPR), such that:

grFPR
1

(
p̂
NC
)
= log

(
p̂ ∗,0
10|1 − p̂ i,0

01|0

p̂ ∗,0
1∗|0 − p̂ i,0

01|1 − p̂ ∗,0
11|1

)
(3.7)

grFPR
2

(
p̂NC

)
= log

(
p̂ ∗,0
11|1 + p̂ ∗,0

10|1 − p̂ i,0
01|0

p̂ ∗,0
1∗|0 − p̂ i,0

01|1

)
(3.8)

To ease notation, I drop the (rFPR) superscript, when it is clear from the context. Note

that, e.g. g1(·) and g
(rFPR)
1 are similar and they just select different cells of pNC to obtain the

corresponding measure of relative accuracy.

Before moving on to actual inference on the bounds expressed in inequalities in expression (2.5),

note that one can use, e.g. g2(p̂
NC) as a test statistic for an asymptotic test of the type

H0 : rTPRc ≤ 1 vs. H1 : rTPRc > 1

This hypothesis would be of interest for the health policy maker to judge the relative accuracy

of the two tests and subsequently take a decision on which (one) test to implement based on the

largest elementary subpopulation (i.e. not the union of compliers and insisters, but either insisters

or compliers only). While rTPRc is not identifiable from the observed data distribution, from

Proposition 2.2.5, one can use g2(p̂
NC) conduct the test. In other words, the above hypothesis test

for rTPRc is equivalent to testing the following:

H0 : g2(p
NC) ≤ 0 vs. H1 : g2(p

NC) > 0

The asymptotic distribution of the test statistic under the H0 can be easily obtained via the delta-

method under the restriction πc,1
10 = πc,1

01 as gH0
2 (p̂NC) ≈ N

(
0,

σ
H0
g2

(pNC)2

n

)
. As outlined above, a

test for rFPRc follows analogously with minor adjustments to g2(p
NC) to take into account the

cells with D = 0 instead of D = 1. It is indeed of great added value that even though the compliers

and insisters are not identified from the observed data distribution (apart from insisters who have
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received a negative result on the assigned diagnostic test and have subsequently underwent the

unassigned diagnostic test), one is able to conduct a useful hypothesis test on the stratum-specific

measures of relative accuracy for insisters and for compliers separately.

3.2.2 Large sample confidence interval for the partially identified

stratum-specific measure of relative accuracy

Overview and related literature

After having established some useful estimators for the elements which are necessary to estimate

the two bounds, I now discuss an analytic approach for the construction of asymptotic confidence

interval (CI).

The notion of partial identification has “had a long but sparse history in statistical theory”

as Manski (2003) notes. Consider a parametric model, in which the parameter of interest does

not factor out of the likelihood (e.g. πc,1
11 in the model with post-screening noncompliance). That

population parameter is then not point-identifiable from the observed data distribution. However,

it may be partially identified, via some point-identifiable bounds.

Indeed, whenever a parameter of interest is not point-identifiable from the observed data distri-

bution, one is confronted with the choice of either making further assumptions (which are possibly

unverifiable from the observed data) in order to point-identify it or to refrain from making them

while accepting the fact that any inferential conclusions would be done for a set of possibly popu-

lation parameters, rather than a point.

Manski (2003) discusses this trade-off in the paradigm of what he calls The Law of Decreasing

Credibility, which he postulates as “The credibility of inference decreases with the strength of the

assumptions maintained.” The way this concept applies to the problem of identifying population

parameters in the case of outlined screening trial in this thesis is the following: Naturally, one can

always consider a compliance-specific model, which, on the basis of some external covariates X

models e.g. E(S|X) via a regression model. Indeed, some authors have considered such models

in the case of noncompliance in a clinical trial (see e.g. Barnard et al. (2003) and Bartolucci and
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Farcomeni (2013)). By continuing this logic, if we do assume a specific model for the compliance,

then we could model the probability of belonging to a specific stratum. In this case, e.g. rTPRc

would become point-identifiable, as we would be able to conduct inference for πc,1
11 , provided that

the compliance model is correct. The latter is an assumption and it is often untestable from the

observed data. Considering the Law of Decreasing Credibility, inference for rTPRc will vary in its

degree of credibility, depending on how strong (or “plausible”) our assumptions for the compliance

model are.

Instead, here I operate under the premise that compliance cannot be realistically modeled

explicitly, as is the case in the absence of adequate covariates and/or a reasonable model.

Moreover, there inferential interest here does not lie on a population parameter, but rather

a function of a vector of population parameters (πNC), some of which are not point-identifiable,

namely the interest lies on rTPRc, rTPRi and their counterpart false positive rates. The goal is

to construct a (large sample based) confidence interval for these partially identified quantities.

In particular, when dealing with an (univariate) partially identified parameter, there are lower

and upper bounds for the parameter, which represent its identification region.

When conducting inference for such bounds, there are generally two approaches:

� one can either construct CI that cover the identification region for a fixed level 1− α

� alternatively, one can construct CI that cover the true (unknown) parameter with a specific

1− α level.

To make matters more formal, consider the following general example: Let θ ∈ R be a parameter of

interest. Assume that θ cannot point-identified, but that there are lower and upper bounds, which

are point-identified, such that θl ≤ θ ≤ θu where θl, θu are finite. The identification region for θ is

then I(θ) = [θl, θu] ⊂ R1.

� Main Option 1: Construct CI such that θ is (asymptotically) covered with probability of (at

least) 1− α (where δl, δu ≥ 0 and may depend on the data):

P
(
θ ∈

[
θ̂l − δl; θ̂u + δu

])
≥ 1− α
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� Main Option 2: Construct CI such that it covers (asymptotically) I(θ) at a desired level

(where δ∗l , δ
∗
u ≥ 0 and may depend on the data):

P
(
I(θ) ⊂

[
θ̂l − δ∗l ; θ̂u + δ∗u

])
≥ 1− α

Clearly, when the CI covers I(θ) with probability 1 − α, it also covers θ with probability at least

1− α (Imbens and Manski (2004)).

P
(
θ ∈

[
θ̂l − δl; θ̂u + δu

])
≥ P

(
I(θ) ⊂

[
θ̂l − δl; θ̂u + δu

])
= 1− α

One criteria of classifying existing literature on confidence intervals for partially identified pa-

rameters follows exactly the options outlined above. For a case in which the object of inference is

the entire region I (θ), Horowitz and Manski (2000) derive bounds and provide inference following

Option 2 for the case of MAR covariate data.

Generally speaking, often the inferential interest lies on the parameter itself rather than on

its identification region, i.e. the CI outlined in main option 1. Work on this has been done by

e.g. Imbens and Manski (2004), Stoye (2009) and more recently by Chernozhukov et al. (2007),

Woutersen and Ham (2013). Comparison of the works of these authors brings in another possible

classification criteria, namely, the type inferential procedure for the CI (in a frequentist framework).

While Imbens and Manski (2004) and subsequently Stoye (2009) provide analytical form for their

(large sample based) CI, Chernozhukov et al. (2007) provides the CI based on a developed simulation

procedure which is able to deliver inference for both the identification region and/or the parameter

of interest. Bootstrap-based methods could be used as well, although Andrews (2000) cautions

against their usage when the parameter of interest can lie on the boundary. Woutersen and Ham

(2013) propose a Bootstrap-based procedure which aims to deal with doing inference on non-

differentiable functions of the parameters, which indeed, is the case in the inequalities (2.5) for

rTPRc and in (2.6) for rTPRi.

Cheng and Small (2006) discuss an application and similar discussion of bounds for partially

identified parameters in the case of a 3-arm clinical trial with noncompliance, where (some) bounds
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are also non-differentiable functions of the underlying population parameters. The authors consider

Bonferroni-type bootstrap-based procedures.

Proposed procedure

As before, in this section the focus is on the compliers. The results for the insisters are analogous.

I concentrate on finding an analytic, frequentist (large sample) based procedure. A discussion for

a possible bootstrap approach and a general insight for a possible Bayesian procedure for the CI

construction are mentioned in the concluding Chapter 5.

Ideally, a CI following Option 1 would be preferred, as one is really interested in rTPRc, i.e. the

function of the parameters itself, not its identification region. While Imbens and Manski (2004),

Stoye (2009) deal with such type of intervals, which cover the true parameter and are shorter than

intervals which cover the whole identification region, their work requires joint asymptotic normality

of the lower and upper bound.

Here, this requirement is clearly not fulfilled, as the bounds are based on the minimum and the

maximum of asymptotic bivariate normal estimators g1(p̂
NC) and g2(p̂

NC).

Hence, alternatively, one could look at an interval which covers the whole identification region.

Horowitz and Manski (2000) provide such an interval which takes into account the joint distribution

of the upper and the lower bound. However, their method also relies on normality of the joint

distribution of lower and the upper bound.

Another approach, which can be always done, is to work with Bonferroni type of CI. The

drawback is that such bounds are very conservative, as they

� a) might not take into account the joint distribution of the lower and the upper bound

� b) cover the whole identification region and not just the parameter of interest.

Nevertheless, such an approach has the advantage of being easy to conduct. While the Bon-

ferroni bounds represent the “worst case” in the sense of being the most wide, they can still be

of good use in case they are “informative”, in the sense of being non-trivial. Hence, I decide to

construct the CI for rTPRc in this way.
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Figure 3.1: Minimum and maximum of correlated bivariate normal random variables.

Let LBc(π
NC) = min

(
πc,1
10

πc,1
01

,
πc,1
11 +πi,1

11 +πc,1
10

πc,1
11 +πi,1

11 +πc,1
01

)
and UBc(π

NC) = max

(
πc,1
10

πc,1
01

,
πc,1
11 +πi,1

11 +πc,1
10

πc,1
11 +πi,1

11 +πc,1
01

)
. Then

it follows for identification region Ic for rTPRc: Ic = [LBc(π
NC), UBc(π

NC)] At this stage

one can consider two types of Bonferroni bounds: The first type derives the distribution of

L̂Bc = min
(
g1(p̂

NC), g2(p̂
NC)

)
and ÛBc = max

(
g1(p̂

NC), g2(p̂
NC)

)
. Before looking into it

in more detail, consider that the lack of asymptotic normality of the bounds prevents us from

using the approach Imbens and Manski (2004) for a CI of the partially identified parameter. The

main problem lies within the fact that the min and max of a bivariate normal vector are generally

nonnormal. To illustrate that, consider the simple example of the bivariate vector

(X,Y ) ∼ N2







0

0


 ,




52 0.9

0.9 0.22





 (3.9)

and ρ = 0.9 on Figure 3.1.

On the other hand, an opportunity arises, as asymptotically, the two estimators are jointly

normal by the multivariate delta method and one can use results for the distribution of the minimum

and maximum of two normal variables to find f
L̂Bc

and f
ÛBc

. Exact expressions for the density

and the moments of the minimum and maximum of bivariate correlated normal variables are well

known at least as early as in Clark (1961), and more recently in Nadarajah and Kotz (2008).

Given (X1,X2) as a bivariate Gaussian vector with means (µ1, µ2), variances (σ2
1 , σ

2
2) and
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correlation coefficient ρ, the density of, e.g. X = max(X1,X2) is expressed as (Nadarajah and

Kotz (2008)):

fX(x) = f1(−x) + f2(−x)

f1(x) =
1

σ1
· φ
(
x+ µ1

σ1

)
· Φ
(

ρ · (x+ µ1)

σ1 ·
√
1− ρ2

− x+ µ2

σ2
√

1− ρ2

)

f2(x) =
1

σ2
· φ
(
x+ µ2

σ2

)
· Φ
(

ρ · (x+ µ2)

σ2 ·
√
1− ρ2

− x+ µ1

σ1
√

1− ρ2

)
(3.10)

The density of the minimum is analogous and is omitted here. The reader is referred to Clark

(1961), Nadarajah and Kotz (2008) for more details. Hence, an analytic, large sample, Bonferroni-

type solution which covers I(θ) could be to use the sample equivalent of LBc and UBc and construct

a CI, such that:

P
(
L̂Bc − LBc > δl

)
= P

(
UBc − ÛBc > δu

)
=

α

2
(3.11)

and numerically find the cutoff point for δl and δu which would then be used to construct the con-

fidence interval. While one would still be doing a marginal analysis for L̂Bc and ÛBc, the criticism

explained in point a) would be somewhat mitigated by the fact that the joint structure of g1(p̂
NC)

and g2(p̂
NC) would still be exploited. The problem is, however, that LBc and UBc are naturally

unknown quantities. To be able to solve for δl, one can possibly replace them with the expected

value of the minimum (maximum) of two normally correlated normal variables. Indeed, applying

the expression from Nadarajah and Kotz (2008) for the maximum of two normally correlated nor-

mal variables to our case (in which the estimators ĝ1 and ĝ2 are asymptotically normal) we find

the functional form of E(ÛBc) to be:

Emax = g1 · Φ
(
g1 − g2

θ

)
+ g2 · Φ

(
g2 − g1

θ

)
+ θ · Φ

(
g1 − g2

θ

)

where θ =

√
(σ2

g1
+σ2

g2
−2·σg1g2)
n . It can be shown by the continuous mapping theorem that the sample

equivalent of Emax is a consistent estimator for LBu and could thus be plugged in
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P
(
UBc − ÛBc > δu

)
= α

2 to find out δu.

Unfortunately, preliminary analysis based on simulations shows that the dependence of Êmax on

n also leads to difficulties in constructing a reasonable (in terms of sample size) asymptotic pivotal

quantity for the CI of LBc and UBc. The problem is worst in the case of point-identification or

near-point-identification, i.e. when Ic = 0 or very small. Further analysis directions would be of

future research interest and some related ideas will be discussed in Chapter 5.

The second Bonferroni type CI which is proposed is more simple and does not take into account

the joint distribution of g1(p̂
NC) and g2(p̂

NC). Naturally, this means that the CI are wider, however

they give at least the desired coverage in reasonable sample sizes as it will be shown in the next

Chapter 4. Define the endpoints of the following CI as

g1L(p̂
NC) = g1(p̂

NC)− z1−α∗/4 · σ̂g1/
√
n

g1U (p̂
NC) = g1(p̂

NC) + z1−α∗/4 · σ̂g1/
√
n

g2L(p̂
NC) = g2(p̂

NC)− z1−α∗/4 · σ̂g2/
√
n

g2U (p̂
NC) = g2(p̂

NC) + z1−α∗/4 · σ̂g2/
√
n

for some level α∗ as lower and upper points of symmetric marginal CI for g1(π
obs) and g2(π

obs).

Proposition 3.2.2 For a given level α∗, such that

P
(
g1L(p̂

NC) ≥ g1(p̂
NC)

)
= P

(
g2L(p̂

NC) ≥ g2(p̂
NC)

)

= P
(
g1U (p̂

NC) ≤ g1(p̂
NC)

)
= P

(
g2U (p̂

NC) ≤ g2(p̂
NC)

)
=

α∗

4
(3.12)

for large n it holds that:

P
({

min
(
g1L(p̂

NC), g2L(p̂
NC)

)
≤ min

(
g1(p

NC), g2(p
NC)

)}
∩

{
max(g1U (p̂

NC), g2U (p̂
NC)) ≥ max(g1(p

NC), g2(p
NC))

})
≥ 1− α∗

See the Appendix for a proof.
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Finite sample properties of the proposed hypothesis test and confidence interval procedures

which are proposed here will be discussed in Chapter 4. Before I proceed with those, in the next

section I discuss some considerations related to design and the choice of a one-arm vs. two-arm

screening trial which is naturally posed when dealing with nested diagnostic tests.

3.3 Design considerations

Although the decision about the design of a study (in particular, sample size determination) is

made before any inference is conducted, it is convenient to situate this section in the current

Chapter 3, as the sample size cannot be determined before functional expressions for the variances

of the test statistics under the alternative and under the null are known. Indeed, they were

derived in the previous sections and from the asymptotic distributions of the test statistics under

full compliance TF
1 (p̂F ), TF

2 (p̂F ) and their counterparts under post-screening noncompliance in

Sections 2.1 and 2.2, one can use the expressions for the asymptotic variances under the null and

alternative hypotheses to determine the sample size that achieves a desired level of power.

Moreover, before the screening trial is conducted, it is advisable to compare the power of the

two test statistics within each model and use the one which gives the higher power to determine

the necessary sample size, or, alternatively, use the one which requires less patients (and thus less

money) to achieve the same level of power. These standard techniques for sample size determination

are well known and I do not discuss them here further.

However, the specific nature of nested diagnostic tests creates an opportunity for an additional

consideration regarding the overall cost of the trial. Consider the full compliance model as in

Section 2.1: Due to nestedness, from each administered test kit in arm 1, the researcher also has

access to information on e.g. the biomarker for diagnostic test T0, since A ⊆ B. Furthermore,

the functional form of the T0 diagnostic test is known to the researcher, so that the would-be

T0 diagnostic test recommendation is known for all patients. Hypothetically, instead of doing a

two-arm test in which one group receives the T0 test and the other group, the T1 test, the T1 test

kit could be administered to all patients instead. Thus, in this hypothetical example, if either the
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would-be T0 test result, or the T1 test results are positive, then the patient could get her D status

verified.

This hypothetical one-arm trial would be equivalent to the analysis of a paired (as opposed to

the unpaired design that has been under discussion for the screening trial outlined in this thesis),

screen positive screening trial, which has been studied extensively (e.g. refer to Pepe (2003) for

estimators of both rTPR and rFPR in this hypothetical one-arm paired design setting). Note that

under both the hypothetical one-arm trial and the two-arm trial, the inference would be conducted

for the same rTPR and rFPR. Naturally, the variances of the estimators under each trial design

will be different. Indeed, it can be shown that, for equal true underlying probabilities πF and total

number of patients n, the variance of the estimator rTPR under the one-arm paired trial would

be lower than the variance of rTPR(p̂F ) from the two-arm unpaired trial.

However, the researcher has to also consider the difference in the costs of the two tests. If the

T1 diagnostic test costs much more than the T0 (possibly routine, thus inexpensive) diagnostic test,

then the number of patients that the researcher can afford to put in the hypothetical one-arm trial,

might be much lower than the total number of patients in a (potentially unbalanced) two-arm trial.

Thus, for the same level of desired power of the hypothesis test H0 : rTPR ≤ 1 vs. H1 : rTPR > 1,

the two-arm trial may lead to a lower overall cost.

Setting aside noncompliance for a moment, the nested property of the test poses the natural

question of whether it would be better (from a cost perspective) to conduct a one-arm study or a

two-arm study. Of course, this consideration is in no way restricted to nested tests only: even if T0

were not nested within T1, one could ask the same question. Note that, often, unpaired (two-arm)

designs are necessary when the two diagnostic tests are mutually exclusive, which clearly is not the

case in the nested framework. Hence, when the researcher is confronted with a test nested within

another, given the costs of the two tests and a desired level of power, she would need a decision

rule for the choice whether to administer a one-arm or a two-arm trial.

To formalize the argument, consider a case as in Section 2.1 with full compliance. Let c0 and

c1 represent the unit cost for each test kit. Assume that one is interested in testing H0 : rTPR ≤ 1

vs. H1 : rTPR > 1 (the argument for rFPR is analagous). In a hypothetical one-arm trial, πc,1
10
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and πc,1
01 would be point-identifiable, so one could directly build a test statistic, say

(
π̂c,1
10 − π̂c,1

01

)
,

to test this hypothesis. For the two-arm trial described in Section 2.1, let n0 and n1 be the number

of patients in the respective arms. Let ñ1 be the number of patients in the one-arm hypothetical

design. ñ1 will be determined from the power function of the test statistic
(
π̂c,1
10 − π̂c,1

01

)
and will

be the “baseline” number of patients. For simplicity, throughout, I treat the number of patients

as a continuous variable when determining the sample size for a fixed power and then round up to

the next integer. The cost minimization function for a two-arm trial is then:

argmin
n1,n0

(c1 · n1 + c0 · n0) s.t. γ(·) = 1− β (3.13)

where γ(·) is the power function when using either TF
1 (p̂F ) or TF

2 (p̂F ) at some desired level 1−β, say

80%. For illustration purposes, I choose to work with the power function of T1(p̂
F ), but note that

all results discussed in this section would also hold for T2(p̂
F ). Observe that ñ1 will be determined

from the hypothetical one-arm trial to ensure the same desired level power of 1−β. The “baseline”

budget from the one-arm trial is Mone−arm = c1 · ñ1. All feasible solutions for (n0, n1) will give an

overall cost, M two−arm = c1 ·n1+c0 ·n0. I am interested in the optimal pair of (n0, n1) corresponding

to min{M two−arm(n0, n1) : M
two−arm ≤ Mone−arm}. Thus, for all solutions of interest one has that

n1 ≤ ñ1. Since I am looking for the minimum under pairs (n0, n1) ∈ N+× ([1, ñ1] ∩ N+), one could

avoid running a (discrete) optimization procedure for the target function in expression (3.13) and

simply enumerate all possible pairs. By comparing the total costs, the optimal solution can be

found.

A more elegant and computationally faster way is to rewrite the problem from expression (3.13)

by fixing n1 and thus reducing dimensionality:

argmin
n0

(c1 · n1 + c0 · n0) s.t. γ(·) = 1− β for n1 = 1, . . . , ñ1 (3.14)

Effectively, this way reduces the problem to solving the power function for n0, given each fixed

n1 (which I treat here as a discrete variable) and subsequently plugging the pair of sample sizes

in the total cost function. Fixing the vector of parameters under the desired null and alternative,
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the rejection level α, n1 and the desired power level, one can use, e.g. uniroot in R 3.0.2 (2014)

to solve the power function for n0, given each value of n1. Let us call each such solution (n∗
0).

Plugging in all pairs (n∗
0, n1) in M two−arm then gives us the unique minimum (among the set of

pairs which give the desired level of power, provided that this set is not empty for a given n1), i.e.

(n∗
0, n

∗
1) which minimizes the target function in (3.13).

A complication arises from the fact that the functional expressions for the (population) variances

under the null and the alternative in the power function γ(·) all depend on n1 and n0. As a

consequence, uniqueness of n∗
0 may be not guaranteed. From my experience, in the case of multiple

solutions one will simply take the first (smallest) one. However, for a large set of suitable alternative

hypotheses, n∗
0 is indeed unique as the following proposition shows:

Proposition 3.3.1 For any n1 ∈ {1, . . . , ñ1} and any πF under the null, if
(
2 · πc,1

11 + πc,1
10 + πc,1

01

)
< 1 under the alternative, then ∃! n0, s.t. γ(·) = 1− β.

For a proof, see the appendix.

Note that since if one is dealing with a rare disease (e.g. cancer), the condition is likely to be

met. Intuitively, if this is the case, for each n1 ∈ {1, . . . , ñ1} by solving the power function γ(·) for

n0, an unique answer can be obtained.

For an illustration, consider the following example:

c1 = 80, c0 = 1

α = 5%, β = 20%

πF
0 = (0.03, 0.05, 0.05, 0.007, 0.04, 0.013, 0.013, 0.797)

πF
1 = (0.03, 0.075, 0.025, 0.007, 0.04, 0.013, 0.013, 0.797)

for the vector of parameters of the true underlying table under the null under the alternative. One

has that TF
1 (pF ) = πc,1

10 − πc,1
01 = 0.025. In this example, I find out that ñ1 = 246. The following

Figure 3.2 illustrates the comparison between the hypothetical one-arm trial and the two-arm trial.

Looking at the left y-axis scale and the x-axis, one can see combinations of pairs for (n0, n1)

which (uniquely) guarantee the desired power level. That is, for each point of n1 in the grid search,
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the power function is inverted in order to obtain an unique n0, such that the power is 80%. On the

right hand y-axis, I plot the corresponding budget, as per the target function in expression (3.13).

In the example where c1 = 80, one can find that the minimum overall cost is the pair (n∗
0, n

∗
1) =

(1760, 219). They key message here is the following: By removing 26 patients from the expensive

arm and putting 1760 patients in the nested, cheaper arm, one is able to achieve the same statistical

power as the hypothetical one-arm experiment while reducing the total cost by 320 monetary units.

In comparison, if, ceteris paribus, I would choose a lower price for the expensive test, say

c1 = 40, the corresponding one-arm trial budget will below the one of the two-arm trial. That

means that {(n0, n1) : M two−arm ≤ Mone−arm} is an empty set, hence the economic choice here

would be to run the one-arm trial.

The main purpose of the discussion in this section is to give a decision rule as to whether prefer

a one-arm or a two-arm trial, depending on pre-trial variables, such as the costs for each separate

test, desired hypothesis and power level. I emphasize that this example was chosen for illustration

purposes and note that additional costs, e.g. administrative costs should also be considered. I will

elaborate in this point in Chapter 5.
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Figure 3.2: Total cost of the hypothetical one-arm trial (Mone−arm) vs. total cost of a two-
arm trial (M two−arm) on the right-hand Y-axis, for pairs of (n0, n1) (X-axis and left-hand
Y-axis) which all achieve the desired statistical power of 80%. See text for details.

Under post-screening noncompliance, the outlined argument for two-arm vs. one-arm trial still

holds. Arguably, both in the hypothetical one-arm trial and in the two-arm trial, the set of refusers
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will be the same. Thus, in both designs, one would have to do inference for rTPRi+c. Working

out a simple proposition such as (3.3.1) is however much more difficult and an enumeration of all

feasible solutions (n0, n1) seems to be preferable. Note that in a two-arm trial with noncompliance,

one would have the possibility to also identify some insisters —which would not be possible under

a one-arm trial.

Naturally, the whole argument would hold for any two diagnostic tests, in which one is nested

within the other. Indeed, it may happen that the nested test is a standard (and essentially free)

routine clinical procedure: in this case, putting the additional information to use in the form of a

second trial arm can indeed prove to be cost efficient.

In the next Chapter 4, a finite sample evaluation of the relevant inferential procedures discussed

in Chapter 3 is presented.
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Chapter 4

Finite sample evaluation of the

inferential procedures

First, I conduct a finite sample evaluation of the tests related to the hypotheses stated in expression

(3.3). Overall, it shows good finite sample properties in terms of empirical size and power. To

evaluate the described test procedures for their finite sample size properties, i.i.d data from a

multinomial distribution is simulated for different sets of parameters (scenarios) under the null of

rTPRi+c ≤ 1 and the alternative of rTPRi+c > 1. Starting from a (realistic) set of parameter

vectors πNC
0 under the null and πNC

1 under the alternative, I evaluate the performance of the

empirical size and power of T̂NC
1 and T̂NC

2 .

I look at one scenario for the size and three scenarios for the power. In this set of simulations,

I choose for the set of parameters under the null πNC
0 for s = c, i.r:

(πs,1
11 , π

s,1
10 , π

s,1
01 , π

s,1
00 ) = (0.01, 0.05, 0.05, 0.007)

(πs,0
11 , π

s,0
10 , π

s,0
01 , π

s,0
00 ) = (0.007, 0.05, 0.05, 0.11)

For the three power scenarios, most of the elements from π0 remain the same but I add an equal

number to πc,1
10 and πi,1

10 while removing the same number from πc,1
01 and πi,1

01 . Thus

� For scenario 1, πc,1
10 + πi,1

10 − πc,1
01 − πi,1

01 = 0.010
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� For scenario 2, πc,1
10 + πi,1

10 − πc,1
01 − πi,1

01 = 0.015

� For scenario 3, πc,1
10 + πi,1

10 − πc,1
01 − πi,1

01 = 0.020

The results are reported in Table 4.1. For the first two rows of the table, γ̂(·) represents empirical

size for the two test statistics. The theoretical size is set at α = 5%. In the remaining rows,

it represents the empirical power for the corresponding estimators. γ(·) represent the theoretical

power for each estimator under each scenario. The number of simulations is 50000. The considered

sample size ranges between 5000 up to 25000. Both estimators have satisfactory finite sample

properties, as the empirical values are close to the theoretical ones. Note that these are not

unrealistic sample sizes when evaluating the effect of a screening policy. As an example, consider

the multi-centre“European Randomized Study of Screening for Prostate Cancer” which aims to

study the effect of PSA screening (vs. no screening) on prostate cancer mortality in the core age

group and has over 162000 patient (see Schröder et al. (2014) for more details).

To conduct a finite sample evaluation of the test size and power for the stratum-specific ratios,

the same approach is followed and i.i.d data from the underlying multinomial model is generated.

For the testing part of the hypothesis H0 : rTPRc ≤ 1, I have considered the following scenarios

for πNC :

(i): In the baseline scenarios for rTPRc = 1 and rFPRc = 1 (i.e. the null hypothesis for equal

relative accuracy of both tests), for the first 12 probabilities of πNC (i.e. where D = 1) I set

(πs,1
11 , π

s,1
10 , π

s,1
01 , π

s,1
00 ) = (0.06, 0.05, 0.05, 0.007) for s = c, i, r. Note that πs,1

00 is realistically chosen to

be very small, as there should be a low probability that both tests are negative and the patient is

indeed diseased. The numbers are reverse for the elements 13 to 24 of the πNC vector, i.e. the cases

where the patient does not have cancer (i.e. D = 0) and indeed the probability that both diagnostic

tests give a positive answer should be small: (πs,0
11 , π

s,0
10 , π

s,0
01 , π

s,0
00 ) = (0.007, 0.05, 0.05, 0.06) for

s = c, i, r. Note that under the null, i.e. under this baseline scenario, g1(p
NC) = g2(p

obs) = 0.

That is to say, the rTPRc and rFPRc are both point-identified from the observed data distribution

and the interpretation is that both tests have the same relative accuracy.

(ii): The next three scenarios are simulating data under the alternative (separately for rTPRc

and rFPRc) that g2(p
NC) > 0. The way that I construct the alternative distribution similar to
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n = 5000 n = 10000 n = 20000 n = 25000
Size experiment

γ̂(TNC
1 ) 0.0511 0.0469 0.0495 0.0536

γ̂(TNC
2 ) 0.0500 0.0495 0.0504 0.0498

Power experiment 1
γ̂(TNC

1 ) 0.2955 0.4621 0.7059 0.7890
γ(TNC

1 ) 0.2888 0.4577 0.7024 0.7847
γ̂(TNC

2 ) 0.1709 0.2489 0.3938 0.4547
γ(TNC

2 ) 0.1662 0.2444 0.3820 0.4434
Power experiment 2

γ̂(TNC
1 ) 0.5138 0.7807 0.9488 0.9782

γ(TNC
1 ) 0.4949 0.7464 0.9473 0.9775

γ̂(TNC
2 ) 0.2642 0.4222 0.6424 0.7364

γ(TNC
2 ) 0.2632 0.4134 0.6435 0.7272

Power experiment 3
γ̂(TNC

1 ) 0.7161 0.9365 0.9967 0.9996
γ(TNC

1 ) 0.7024 0.9241 0.9966 0.9994
γ̂(TNC

2 ) 0.3889 0.6064 0.8563 0.9134
γ(TNC

2 ) 0.3824 0.5998 0.8493 0.9112

Table 4.1: Finite sample evaluation of TNC
1 and TNC

2 for size and different power experiments.
γ̂(·) represents empirical size (in the first two rows) and empirical power for the corresponding
estimators. γ(·) represent the theoretical power for each estimator, under each scenario - see
details in main text.

the approach for the evaluation of the asymptotic test procedures in Table 4.1: I keep all other

probabilities as in the baseline case, but for each scenario under the alternative I add a small

number to πc,1
10 and subtract the same number from πc,1

01 . I have 3 scenarios and the numbers that

I add and subtract are respectively:

� 0.011 for scenario 1 (thus exp(g2(p
NC)) = 1.15)

� 0.018 for scenario 2 (thus exp(g2(p
NC)) = 1.25)

� 0.034 for scenario 3 (thus exp(g2(p
NC)) = 1.5)

In this way, the total sum of probabilities in pNC does not change, but the relative accuracy of the

two diagnostic tests does (as well as the value of g1(p
NC)). For the evaluation regarding rFPRc I

proceed in the same manner, keeping all other probabilities except πc,0
10 and πc,0

01 as in the baseline

case. For these two, I add a small number to πc,0
10 and subtract the same number from πc,0

01 . The 3
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numbers which I add and subtract to construct the 3 scenarios under the alternative are respectively

� 0.004 for scenario 1 (thus exp(grFPR
2 (pNC)) = 1.15)

� 0.007 for scenario 2 (thus exp(grFPR
2 (pNC)) = 1.25)

� 0.012 for scenario 3 (thus exp(grFPR
2 (pNC)) = 1.5)

In this way, the total sum of probabilities in pNC does not change, but the relative accuracy of

the two diagnostic tests does (as well as the value of grFPR
1 (pNC)). For both the size and power

evaluations in the stratum-specific case, I conducted 20000 simulations with different sample sizes

from n = 2500 to n = 22500 equally spaced by 2500.

To complement the fixed level α cut-off reporting approach for Table 2.6, now I choose to

display the results for the size by using a size-discrepancy plot. I display the results for the

size by using a size-discrepancy plot (see e.g. Davidson and MacKinnon (1998)), rather than by

using a table with fixed cut-off level α. The former approach has the advantage of providing

a graphical overview of how well the null distribution is indeed approximated for all quantiles.

To see this, consider the inverse CDF of the normal Φ−1(·) and let M represent the number of

simulations. Then, for the distribution of all the transformed test statistics under the null, it must

hold
(
Φ−1

(
g
H0,(1)
2 (p̂NC)

)
, . . . ,Φ−1

(
g
H0,(M)
2 (p̂NC)

))
i.i.d.∼ U(0, 1).

A size discrepancy plot displays the difference between a given (sorted) sequence

(
Φ−1

(
g
H0,(m)
2 (p̂NC)

)
, 1 ≤ m ≤ M

)

and the 45◦ line, i.e the nominal size. Obviously, this difference has to be evaluated at M = 20000

points. Here, I construct the points of the 45◦ line at which this difference has to be evaluated,

as an equidistant sequence (x1, . . . , xM ) = ((0E− 16), . . . , (1− (0E− 16))). (For more details on

alternative ways to construct this sequence - see Davidson and MacKinnon (1998)).

Since the aim is to determine optimal sample size of patients to detect a given alternative for a

given power level, I also display a plot of the empirical power vs. the theoretical power for different

n and different alternatives in Figure 4.1. One can see that the asymptotic normal approximation

is adequate with reasonable sample sizes (e.g. n = 10000). The test is slightly oversized at,
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e.g., α = 0.05, but this problem seems to disappear with increasing sample size. Theoretical and

empirical power seem to be close enough to each other, especially as the alternative and the null

get further apart.
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Figure 4.1: Empirical vs. theoretical size and power for rTPRc. 20000 simulations for different
sample sizes n, α = 0.05 and P (Z = 0) = 0.5. Panel (1) represents a size discrepancy plot for
the rTPRc (see text for details). The red line corresponds to n = 2500, blue to n = 10000 and
green to n = 22500. The top and the bottom dashed line represent the corresponding Kolmogorov-
Smirnov critical value at α = 0.05. Panel (2) - (4) represent empirical power (−◦−) vs. theoretical
power (−�−) for values for n ranging from 2500 to 22500 equidistantly by 2500, in the 3 scenarios
described in the text - Panel (2) with exp(g2(p

NC)) = 1.15, panel (3) with exp(g2(p
NC)) = 1.25

and panel (4) with exp(g2(p
NC)) = 1.5

Results for the rFPRc from Figure 4.2 are similar. In smaller finite sample sizes, (n = 10000

vs. n = 22500), the approximation of the asymptotic normal distribution seems to be problematic,

especially in the tails. Hence, the test is also slightly oversized at α = 0.05. However, increasing

sample size seems to remedy the problem. The same goes for the comparison between the theoretical
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and the empirical power.
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Figure 4.2: Empirical vs. theoretical size and power for rFPR. 20000 simulations for different
sample sizes n, α = 0.05 and P (Z = 0) = 0.5. Panel (1) represents a size discrepancy plot for
the rTPR (see text for details). The red line corresponds to n = 2500, blue to n = 10000 and
green to n = 22500. The top and the bottom dashed line represent the corresponding Kolmogorov-
Smirnov critical value at α = 0.05. Panel (2) - (4) represent empirical power (−◦−) vs. theoretical
power (−�−) for values for n ranging from 2500 to 22500 equidistantly by 2500, in the 3 scenarios
described in the text - Panel (2) with exp(g2(π

NC)) = 1.15, panel (3) with exp(g2(p
NC)) = 1.25

and panel (4) with exp(g2(p
NC)) = 1.5

Finally, for the evaluation of the CI, I choose α∗ = 0.05, such that the theoretical coverage

is 95%. I evaluate the CI for different lengths of Ic and for cases where rTPRc < 1, rTPRc =

1, rTPRc > 1 (analogously for rFPRc). One would expect that the bounds give coverage as per

Proposition (3.2.2), i.e. such that empirically the empirical coverage is greater or equal than 95%.

The scenarios differ again in the probabilities of the pairs (πc,1
10 , π

c,1
01 ) and (πc,0

10 , π
c,0
01 ) respectively.

All the other probabilities of the vector π are left as described above for the simulations evaluating
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the finite sample size and power of the test procedure for rTPRc. For rTPRc I have that

�

(
(πc,1

10 , π
c,1
01 ) [LB,UB]

)
= (0.03, 0.07; [0.43, 0.7]) for scenario 1

�

(
(πc,1

10 , π
c,1
01 ) [LB,UB]

)
= (0.048, 0.052; [0.92; 0.96]) for scenario 2

�

(
(πc,1

10 , π
c,1
01 ) [LB,UB]

)
= (0.05, 0.05; [1, 1]) for scenario 3 (note that this is the point-

identified case as the length of the identification region is 0)

�

(
(πc,1

10 , π
c,1
01 ) [LB,UB]

)
= (0.052, 0.048; [1.025, 1.037]) for scenario 4

�

(
(πc,1

10 , π
c,1
01 ) [LB,UB]

)
= (0.065, 0.035; [1.19, 1.31]) for scenario 5.

In an analogous manner I proceed (indeed, by using the same numbers for the pairs (πc,0
10 , π

c,0
01 ), as

I did for (πc,1
10 , π

c,1
01 )) for the simulation scenarios for rFPRc. I let P (Z = 0) = 0.05, n = 20000

and have M = 10000 repetitions under the 5 different scenarios. Figure 4.3 and Figure 4.4 show

boxplots of the lower and upper bounds for rTPRc and rFPRc under the different scenarios for

the simulated cases. One can see that when the identification region is quite big (scenarios 1 and

5), the minimum and the maximum are quite clearly (and correctly) estimated as g1(p̂
NC) and

g2(p̂
NC). Thus, depending on which one of their estimators has the shorter variance, the boxplot

shows a narrower or a less narrow concentration around the median/mean.

The empirical coverage for rTPRc is (for each of the 5 scenarios respectively) (97.4% ; 98%;

97.9%;96.7%; 97.68%), so one can see that the bounds are generally always wider than they should

be. Similar values hold for the coverage of the rFPRc. This is understandable, especially for the

scenarios where the identification region is very short, since the proposed procedure for the CI

construction is very conservative and always picks the lowest (highest) lower point (upper point)

of the marginal CIs.
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Figure 4.3: Boxplots of simulated lower and upper CI (see details in the text) for rTPRc. The
true LB is represented by “△”, the true rTPRc by “×”, the true UB by “▽.”
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Figure 4.4: Boxplots of simulated lower and upper CI (see details in the text) for rFPRc. The
true LB is represented by “△”, the true rFPRc by “×”, the true UB by “▽.”

Overall, one can see that the asymptotic hypothesis tests show good finite sample size and

power properties. As expected from such a conservative approach, the CI are fairly wide, however
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they do deliver proper coverage.
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Chapter 5

Conclusion

I have defined the notion of a screening trial with a nested diagnostic test and provided an in-

ferential procedure for relevant measures of relative accuracy, both in absence and in presence of

post-screening noncompliance. By employing principal stratification, one is able to construct the

underlying model under noncompliance. Furthermore, it was shown how to conduct inference for

relevant quantities to measure relative accuracy in such a trial. The inferential procedures show

good finite sample properties, as shown in Chapter 4.

It was also shown how having a nested diagnostic test can provide the researcher with additional

information for the underlying population parameters. In the case of full compliance, this additional

information can be used to construct alternative test statistics. In the case of post-screening

noncompliance, the added informational value from a nested diagnostic test is twofold: First, as

in the full compliance case, one is able to construct additional test statistics. Both in case of

noncompliance and full compliance, the researcher can do a pre-trial power analysis and choose the

sample size from the statistic (T1(p̂
NC) or T2(p̂

NC)) with higher power. I emphasize that these

statistics are structurally different, as they are based on a different set of parameters. In the case

of T2(p̂
NC), these parameters only become identifiable thanks to the nested structure.

The second advantage comes when one considers stratum-specific versions of rTPR. These

come out as a natural consequence of the flexible modeling capability that the PS method provides.

Indeed, under the noncompliance model, one might define stratum-specific rFPRc, rTPRc for
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compliers and rTPRi, rFPRi for insisters. It can be argued that a researcher might be interested

in, e.g., rFPRc and not (only) in rTPRi+c. This will most likely be the case when a statistical

test shows that rFPRc and rTPRi are not both bigger than 1, even though rTPRi+c might be

(intuitively this can be interpreted a manifestation of Simpson’s paradox).

Also, note that having an unpaired design — nested or not — allows some patients to exhibit

their underlying compliance status. Indeed, the principal strata here have intuitive interpretation

for groups among the population with common background characteristics and thus the usage of

the PS method here can be considered as justified in the sense of (Pearl, 2011). While compliers

are not identifiable, one can at least identify some of the insisters and refusers after the trial has

been conducted. Studying them in more detail may give insight as to why noncompliance behavior

was exhibited (e.g. to identify relevant covariates of noncompliance) and would allow for future

trials to either model compliance explicitly, and possibly animate patients to comply.

It was shown that all of these stratum-specific metrics are not point-identifiable, but are however

still partially identifiable. This follows from the outlined problem of not being able to point-identify

e.g. πc,1
11 , i.e. not being able to “split” the sum of the probabilities

(
πc,1
11 + πi,1

11

)
corresponding to

the cell of patients with both diagnostic tests positive and D = 1. However, using the additional

information from a nested diagnostic test allows the partial identification of these stratum-specific

ratios. Inference for such partially identified parameters poses challenges, in particular when con-

structing CI for them.

With regards to the design considerations in Section 3.3, it is worth mentioning that other

costs — such as fixed costs and administrative costs — should be taken in consideration when

applying the decision rule in practice. Naturally, there will be also some restrictions on the number

of patients that can be put in the “cheaper” arm.

Considering the assumptions made in Section 2.2, one might question in particular the as-

sumption that patients do not undergo an additional test if the assigned one has been positive

(Assumption 2.2.5). There might indeed exist patients who are “hard-to-convince” (and thus will

do both tests, regardless of the outcome of the assigned one). These might be included as an addi-

tional, separate stratum. Another issue might arise if the decision Q(T (Z)) of whether to comply
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is also influenced directly by Z as well (and not through T (Z) alone), i.e. whether one should have

Q(T (Z), Z). This, however, should not be the case with blinded, that is, as long as the patient

does not know his group assignment.

The inferential procedure for the confidence intervals can be improved upon in future work.

The major problem for an analytic solution is the fact that we have non-differentiable, albeit

continuous functions for the lower and the upper bound. This is a general problem and prevents

the usage of standard procedures such as the delta-method to obtain the asymptotic distributions.

Existing procedures such as the ones in Imbens and Manski (2004) and in Stoye (2009) require

joint normality, which is clearly not the case for the distribution of min(ĝ1, ĝ2) and max(ĝ1, ĝ2).

Overall, constructing CI for partially identified parameters is difficult and generally one must resort

to some sort of a bootstrap procedure or simulation (see Tamer (2010) for a general discussion and

Chernozhukov et al. (2007) for a procedure based on simulation). Even simple Bonferroni-type of

bounds which try to work with the marginal distribution of the two bounds and use the analytic

results for their distributions from Clark (1961), do not give satisfying results in terms of empirical

coverage: in fact, some preliminary simulation results show that while the theoretical means of the

distributions of the minimum and the maximum of
(
g1(p̂

NC), g2(p̂
NC)

)
do give the true minimum

and maximum as n → ∞, they cannot be used to construct an asymptotically pivotal quantity for

the CI of LBc and UBc for reasonable sample sizes at all values of Ic.

Naturally, in this case, bootstrap procedures can be also considered. However, a major problem

might be that we cannot know a-priori whether the parameter of interest (in our case, the function of

interest rTPRc) is actually point-identified or not. Andrews (2000) warns against using bootstrap

procedures for cases where the parameter of interest might be on the border of the identification

region, which would be the situation if rTPRc = 1. This is an issue which warrants further

investigation.

Setting this potential problem aside, an empirical bootstrap procedure (e.g. following van der

Vaart (2000) and resampling the multinomial data, calculating the minimum and the maximum for

M repetitions and then selecting the desired quantiles) would be the next logical step to enhance

the inference section for the CI. A comparison can then be made with the current analytic solution.
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Another interesting approach to compare results with, would be a bootstrap procedure developed to

deal with nondifferentiable functions of the underlying parameters by Woutersen and Ham (2013).

While bootstrap procedures do exist, an improved analytic solution is still to be developed.

The expressions for the expected value of the minimum and the maximum in Clark (1961) could

potentially be used, as one can show that the sample version of the function E(L̂Bc) and E(ÛBc),

which I call Êmin and Êmax are consistent estimators for LBc and UBc.

Êmin = ĝ1 · Φ
(
ĝ2 − ĝ1

θ̂

)
+ ĝ2 · Φ

(
ĝ1 − ĝ2

θ̂

)
− θ̂ · Φ

(
ĝ2 − ĝ1

θ̂

)

Êmax = ĝ1 · Φ
(
ĝ1 − ĝ2

θ̂

)
+ ĝ2 · Φ

(
ĝ2 − ĝ1

θ̂

)
+ θ̂ · Φ

(
ĝ1 − ĝ2

θ̂

)

where θ =

√
(σ2

g1
+σ2

g2
−2·σg1g2)
n and θ̂ is its sample equivalent.

They can be thus potentially used as (smoother) estimators for LBc = min(g1, g2) and UBc =

max(g1, g2) to build a Bonferroni-type CI for Êmin and Êmax. Indeed, it can be conjected that for

any fixed n and any given set of underlying parameters in the Multinomial model with noncom-

pliance, Emin ≤ min(g1, g2) and similarly Emax ≥ max(g1, g2). The difficulty lies in deriving the

distribution of, e.g. Êmin. However, if this can be done, then one would expect an improvement on

the analytic CI procedure outlined in Chapter 3, as here the correlation between g1 and g2 would

be accounted for in the estimator Êmin.

A Bayesian inferential procedure for calculating credible sets (see, e.g. Gelman et al. (1995))

could also be taken into consideration. In the Bayesian framework, all information necessary

for inference is contained in the posterior distribution. A straightforward way of inferring for θ is

again via Bonferroni-type of bounds. Thus, as a first step, one could consider a Bayesian inferential

procedure for LBc and UBc separately. The observed data distribution is a contingency table and

can be naturally modeled by a Multinomial with parameter vector pNC as outlined in Section 2.2.

A choice for conjugate prior for this model would be the Dirichlet distribution. Denoting the data

with y, the data distribution as f(y|pNC), the prior distribution as p(pNC) and the posterior as

h(pNC |y) by the Bayes theorem we then have for the posterior h(pNC |y) ∝ f(y|pNC) · p(pNC)

which would be also Dirichlet. However, this is not the posterior that we need to infer for LBc and
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UBc. Indeed, by recalling that LBc = max
(
g1(p

NC), g2(p
NC)

)
what needs to be considered is the

posterior in

h̃
(
max

(
g1(p

NC), g2(p
NC)

)
|y
)
∝

f
(
y|max

(
g1(p

NC), g2(p
NC)

))
· p̃
((
max

(
g1(p

NC), g2(p
NC)

)))

Instead, an alternative could be to use Monte Carlo based methods to estimate, e.g. the LBc

function from the posterior h(pNC |y) and then proceed to construct credible sets. A more thorough

investigation of such an approach is beyond the scope of this thesis and would be left for future

work.

Lastly, a further topic of interest seems to be the inclusion of pre-screening noncompliance

(i.e. noncompliance with the assignment) in the analysis. This might take form of an extension

of the work done by Baker (2000). One could think of creating “cross-strata” of patients who e.g.

comply with the screening diagnostic test assignment (i.e. assignment to a screening arm) and also

comply with the post-screening recommendation for disease status verification. Such patients can

be called “compliers-compliers”. Additional strata may be built using a similar approach as the

one outlined in the thesis, creating cross-strata of e.g. “compliers-insisters”, “nevertakers-refusers”

etc. A big difficulty in that case would be the curse of dimensionality, as even for the simple case

of all-or-none compliance in a two-arm trial with binary diagnostic tests and binary disease status,

one can potentially have 16 compliance strata, each with two possible disease statuses. Clearly,

reasonable assumptions which reduce the dimensionality should be undertaken in that case.

Since, as outlined in Section 1, the initial motivation behind this work came from a planned

(prostate) cancer screening trial, it is only natural to consider a cancer screening trial for a possible

real-data application of the outlined methodology. This need not be a trial for prostate cancer.

Indeed, biomarker-based diagnostic tests for other types of cancer (e.g. colon cancer) are considered

as preferable to physical tests as the former pose less inconvenience to the patients by being much

less invasive. It is then a logical consequence to think that situation in which diagnostic tests are

nested would arise more often in the future, as more and more bio-markers become available.

A unified methodology which possibly takes into account all three outlined types of noncom-
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pliance in a typical (cancer) screening trial is desirable, as these different kinds of deviations from

the protocol are observed in practice.
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Appendix A

Appendix

Proof of Proposition 2.2.3. By using the observed data RD, T (Z),D and Z, I can estimate

rTPRi+c:

P (RD(Z) = 1 ∩ T (Z) = 1 ∩D = 1|Z = 1)

P (RD(Z) = 1 ∩ T (Z) = 1 ∩D = 1|Z = 0)
=

P (RD(Z) = 1, T (z) = 1,D = 1, S = “i+ c”|Z = 1) + P (RD(Z) = 1, T (z) = 1,D = 1, S = “r”|Z = 1)

P (RD(Z) = 1, T (Z) = 1,D = 1, S = “i+ c”|Z = 1) + P (RD(Z) = 1, T (Z) = 1,D = 1, S = “r”|Z = 0)

=
P (RD(z) = 1, T (z) = 1,D = 1, S = “i+ c”|Z = 1) + 0

P (RD(Z) = 1, T (Z) = 1,D = 1, S = “i+ c”|Z = 0) + 0

=
P (RD(Z) = 1|T (Z) = 1,D = 1, S = “i+ c”, Z = 1)

P (RD(Z) = 1|T (Z) = 1,D = 1, S = “i+ c”, Z = 0)
· P (T (Z) = 1,D = 1, S = “i+ c”|Z = 1)

P (T (Z) = 1,D = 1, S = “i+ c”|Z = 0)

=
P (T1 = 1,D = 1, S = “i+ c”)

P (T0 = 1,D = 1, S = “i+ c”)

�

Proof of Proposition 2.2.5:

For the lower bound consider:

πc,1
10

πc,1
01

≤ 1 ⇔ πc,1
11 + πc,1

10 ≤ πc,1
11 + πc,1

01 ⇔ πc,1
11 + πc,1

10

πc,1
11 + πc,1

01

≤ 1
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Consider also

πc,1
10

πc,1
01

≤ 1 ⇔ πc,1
10 · πc,1

11 ≤ πc,1
01 · πc,1

11

⇔ πc,1
10 · πc,1

11 + πc,1
10 · πc,1

01 ≤ πc,1
01 · πc,1

11 + πc,1
10 · πc,1

01

⇔ πc,1
10 (π

c,1
11 + πc,1

01 ) ≤ πc,1
01 (π

c,1
11 + πc,1

10 ) ⇔
πc,1
10

πc,1
01

≤ (πc,1
11 + πc,1

10 )

(πc,1
11 + πc,1

01 )

and

πc,1
10

πc,1
01

≤ 1 ⇔ πc,1
10

πc,1
01

≤ πi
11

πi
11

⇔ πc,1
10 · πi

11 ≤ πc,1
01 · πi

11

⇔ πc,1
11 · πi

11 + πc,1
11 · πc,1

11 + πc,1
11 · πc,1

01 + πc,1
10 · πc,1

11 + πc,1
10 · πc,1

01 + πc,1
10 · πi

11 ≤

⇔ πc,1
01 · πi

11 + πc,1
11 · πi

11 + πc,1
11 · πc,1

11 + πc,1
11 · πc,1

01 + πc,1
10 · πc,1

11 + πc,1
10 · πc,1

01

⇔ πc,1
11 + πc,1

10

πc,1
11 + πc,1

01

≤ πi
11 + πc,1

11 + πc,1
10

πi
11 + πc,1

11 + πc,1
01

�

For convenience, in order to find the asymptotic variances, I choose to work with the full

multinomial data generating model distribution (i.e. including the assignment Z as a level, alongside

other patient features T (Z), T (1−Z), D,RD and S,RS). The expressions shown here were partially

are derived using Mathematica 7.0.

Derivations for expressions in Chapter 3, Section 3.1:

inference for the model under full compliance

I now derive the observed data distribution based on a full multinomial model, i.e. including the

assignment (Z) as a level. Let Y collect all recorded patient data: Y =
(
RD, T (Z), T (1 − Z),D,Z

)

and assume that for a sample of n patients I have Y 1 . . .Y n
i.i.d∼ f(Y ). Since the patients’ features

Tesi di dottorato "Noncompliance in Screening Trials"
di PRAMOV ALEKSANDAR
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



79

represent categorical data, the levels of Y define a contingency table. For the observed data

distribution it then follows f(Y obs) =
∫
f(Y obs,Y mis|Z)·P (Z)dY mis. Integrating over the missing

values results into collapsing of cells of the contingency table defined by the levels of Y .

In the following Table A.1 I define each element of the vector of the parameters of the observed

data distribution (τF ) from the full multinomial model and link them to the true underlying

probability model πF which I have defined in the main text.

τF1 = P (T1 = 1, T0 = 1, D = 1, Z = 1) = (πc,1
11 ) · P (Z = 1)

τF2 = P (T1 = 1, T0 = 0, D = 1, Z = 1) = (πc,1
10 ) · P (Z = 1)

τF3 = P (T1 = 1, T0 = 1, D = 0, Z = 1) = (πc,0
11 ) · P (Z = 1)

τF4 = P (T1 = 1, T0 = 0, D = 0, Z = 1) = (πc,0
10 ) · P (Z = 1)

τF5 = P (T1 = 0, T0 = 1, Z = 1) = (πc,1
01 + πc,0

01 ) · P (Z = 1)

τF6 = P (T1 = 0, T0 = 0, Z = 1) = (πc,1
00 + πc,0

00 ) · P (Z = 1)

τF7 = P (T0 = 1, D = 1, Z = 0) = (πc,1
11 + πc,1

01 ) · P (Z = 0)

τF8 = P (T0 = 0, T0 = 1, Z = 0) =

(
πc,1
10 + πc,0

10

+πc,1
00 + πc,0

00

)
· P (Z = 0)

τF9 = P (T0 = 1, D = 0, Z = 0) = (πc,0
11 + πc,0

01 ) · P (Z = 0)

Table A.1: Parametrization τF of the observed full multinomial model as a function of the
underlying true population parameter vector πF and of P (Z).

Proof Proof of Proposition 3.1.1

Let τF =
(
τF1 , τF2 , τF3 , τF4 , τF5 , τF6 , τF7 , τF8 , τF9

)
. Letting Σ = diag

(
τF
)
− τF

(
τF
)T

, by the mul-

tivariate central limit theorem (see e.g. Billingsley (1995)) I have that
√
n
(
τ̂F − τF

)
D→ (0,Σ).

The detailed calculations are shown below.

�

For rTPRF I use rTPRF (τ̂F ) =
(

τ̂F1 +τ̂F2
P̂ (Z=1)

)
/
(

τ̂F7
P̂ (Z=0)

)
as an estimator.

Note that P (Z = 0) = τF7 + τF8 + τF9 . I can use the delta method to find the asymptotic

distribution of that estimator.
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∇rTPRF (τ̂F )

∣∣∣∣∣
τ̂F=τF

=

(
∂rTPRF (·)

∂τF1
;
∂rTPRF (·)

∂τF2
;
∂rTPRF (·)

∂τF7
;
∂rTPRF (·)

∂τF8
;
∂rTPRF (·)

∂τF9

)T

∂rTPRF (·)
∂τF1

=
P (Z = 0)

τF7 · P (Z = 1)

∂rTPRF (·)
∂τF2

=
P (Z = 0)

τF7 · P (Z = 1)

∂rTPRF (·)
∂τF7

=

(
τF1 + τF2

)
·
(
P (Z = 0) · P (Z = 1) + τF7

)
(
τF7
)2 · P (Z = 1)2

∂rTPRF (·)
∂τF8

=

(
τF1 + τF2

)
(
τF7
)
· P (Z = 1)2

∂rTPRF (·)
∂τF9

=

(
τF1 + τF2

)
(
τF7
)
· P (Z = 1)2

For the variance
(
σF
rTPR/n

)2
I then have

1

n
· (σrTPRF )2 =

1

n
∇rTPRF (τ̂F ) · Σ ·

(
∇rTPRF

(
τ̂F
))T

=
(τF1 + τF2 )

(
τF1 + τF2 + τF7 − 2·(τF1 +τF2 +τF7 )

P (Z=1) +
τF1 +τF2 +(τF1 +τF2 +1)·τF7

P (Z=1)2
− (τF1 +τF2 )·τF7

P (Z=1)3

)

n ·
(
τF7
)3

Next, for the test statistic T̂ F
1 = τ̂1

P̂ (Z=1)
+ τ̂2

P̂ (Z=1)
− τ̂7

P̂ (Z=0)
, I have the following gradient,

evaluated at τF :
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∇T F
1 (τ̂F )

∣∣∣∣∣
τ̂F=τF

=

(
∂T F

1 (·)
∂τF1

;
∂T F

1 (·)
∂τF2

;
∂T F

1 (·)
∂τF7

;
∂T F

1 (·)
∂τF8

;
∂T F

1 (·)
∂τF9

)T

∂T F
1 (·)

∂τF1
=

1

P (Z = 1)

∂T F
1 (·)

∂τF2
=

1

P (Z = 1)

∂T F
1 (·)

∂τF7
=

(
τF1 + τF2

)

P (Z = 1)2
− P (Z = 0)− τF7

P (Z = 0)2

∂T F
1 (·)

∂τF8
=

(
τF1 + τF2

)

P (Z = 1)2
− τF7

P (Z = 0)2

∂T F
1 (·)

∂τF9
=

(
τF1 + τF2

)

P (Z = 1)2
− τF7

P (Z = 0)2

Again, using the delta method, I can find that under the null of T F
1 ≤ 0, I have for its

variance:

(
σF
1,H0

/n
)2

=
τF7 · (τ8 − τ9)

n · P (Z = 1) · P (Z = 0)3

and under the alternative of T F
1 > 0 the variance of the test statistic is:

(
σF
1 /n

)2
=

τF7 (τ
F
8 + τF9 )

n · P (Z = 0)3
+

(τF1 − τF2 ) ·
(
P (Z = 1)− τF1 − τF2

)

n · P (Z = 1)3

For the test statistic T̂ F
2 the gradient evaluated at τF has the following expression:
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∇T F
2 (τ̂F )

∣∣∣∣∣
τ̂F=τF

=

(
∂T F

2 (·)
∂τF2

;
∂T F

2 (·)
∂τF3

;
∂T F

2 (·)
∂τF5

;
∂T F

2 (·)
∂τF7

;
∂TC

2 (·)
∂τF8

;
∂T F

2 (·)
∂τF9

)T

=




1
P (Z=1)

− 1
P (Z=1)

− 1
P (Z=1)

−−τF2 +τF3 +τF5
P (Z=1)2

− τF8
P (Z=0)2

τF7 +τF9
P (Z=0)2

− −τF2 +τF3 +τF5
P (Z=1)2

−−τF2 +τF3 +τF5
P (Z=1)2

− τF8
P (Z=0)2




Under the null of T F
2 (·) ≤ 0, I have for its variance

(
σC
2,H0

/n
)2

=
2τF3 + 2τF5 + τF8

(
−3·(P (Z=0))2+τF8 ·P (Z=0)+τF7 +τF9

P (Z=0)3
+ 2
)

n · P (Z = 1)2

and under the alternative hypothesis T F
2 (·) > 0

(
σF
2 /n

)2
=

1

n
·

(
τF8 (τF7 + τF9 )

P (Z = 0)3
−

(τF2 )2 + (−2τF3 − 2τF5 − P (Z = 1))τF2 + (τF3 + τF5 )(τF3 + τF5 − P (Z = 1))

P (Z = 1)3

)

The derivations for the rFPRF and the corresponding test statistics follow a completely

analogous approach, with the simple adjustment of conditioning on d = 0 instead of d = 1.

As an example,

r̂FPR
F
=

τ̂F3 +τ̂F4
P̂ (Z=1)

τ̂F9
P̂ (Z=0)
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The corresponding test statistics (with and without using the nestedness property are)

T̂ F,rFPR
1 =

(
(τ̂3 + τ̂F4 )/P̂ (Z = 1)

)
− τ̂F9 /P̂ (Z = 0)

T̂ F,rFPR
2 =

(
(τ̂F4 − τ̂F1 − τ̂F5 )/P̂ (Z = 1)

)
+ τ̂F7 /P̂ (Z = 0)

Using the delta method as shown above, the large sample variances of these test statistics

and estimator can be easily obtained by using analogous steps as for the rTPRF .

Derivations for expressions in Chapter 3, Section 3.2:

inference for the model with post-screening

noncompliance

To derive the observed data distribution, note that D is missing nonignorably, as RD is a

function of the typically unknown compliance stratum S, which in turn is a function of D.

Let Y = (Y obs, Y mis) = (T (Z), T (1− Z), D, S, Z) collect the relevant features of the

patients and let R = (RT (Z), RT (1−Z), RD, RS) be a vector of corresponding indicators for

missingness. Each element of R has the value of 1 if the value of the corresponding

variable in Y is observed.

I follow Little and Rubin (2002) and consider the joint p.m.f. of the patient features data

Y and the vector of the missingness indicators R, i.e. f(R,Y ). Now suppose that an i.i.d

sample of n patients is available the data analyst, such that (R, Y )1, . . . , (R, Y )n
i.i.d∼ fR,Y .

I integrate over the missing data

f(R,Y obs)1,...,(R,Y obs)n
(·) =

∫

Y mis

n∏

j=1

f(rj,yj)dY
mis =

∫∫∫ n∏

j=1

f(Y,R)jdY
mis

1
. . .dYmis

n

It can be shown that the resulting expression is proportional to the likilehood of a

Tesi di dottorato "Noncompliance in Screening Trials"
di PRAMOV ALEKSANDAR
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



84

multinomial distribution with a set of parameters (τNC) which are linear combinations of

the true underlying set of parameters πNC and of P (Z). Without loss of generality, I give

the expressions for the elements of (τNC) = (τNC
1 , . . . , τNC

16 )T in Table A.2 and link them to

the parameters of the true underlying probability model (πNC).

τNC
1 =

(
πc,1
11 + πi,1

11

)
· P (Z = 1)

τNC
2 =

(
πc,1
10 + πi,1

10

)
· P (Z = 1)

τNC
3 =

(
πi,1
01

)
· P (Z = 1)

τNC
4 =

(
πc,0
11 + πi,0

11

)
· P (Z = 1)

τNC
5 =

(
πc,0
10 + πi,0

10

)
· P (Z = 1)

τNC
6 =

(
πi,0
01

)
· P (Z = 1)

τNC
7 =

(
πr,1
11 + πr,0

11

)
· P (Z = 1)

τNC
8 =

(
τ r,110 + τ r,010

)
· P (Z = 1)

τNC
9 = (πc,1

01 + πc,0
01 + πr,1

01 + πr,0
01 ) · P (Z = 1)

τNC
10 = (πc,1

00 + πc,0
00 + πr,1

00 + πr,0
00 + πi,1

00 + πi,0
00 ) · P (Z = 1)

τNC
11 = (πc,1

11 + πi,1
11 + πc,1

01 + πi,1
01 ) · P (Z = 0)

τNC
12 = (πi,1

10 ) · P (Z = 0)

τNC
13 =

(
πc,1
10 + πc,0

10 + πr,1
10 + πr,0

10 + πc,1
00 + πc,0

00 + πr,1
00 + τ r,000 + τ i,000 + τ i,100

)
· P (Z = 0)

πNC
14 =

(
πr,1
11 + πr,0

11 + πr,1
01 + πr,0

01

)
· P (Z = 0)

τNC
15 =

(
πi,0
10

)
· P (Z = 0)

τNC
16 =

(
πc,0
11 + πc,0

01 + πi,0
11 + πi,0

01

)
· P (Z = 0)

Table A.2: Parametrization τNC of the observed full multinomial as a function the underlying
true population parameter vector πNC and P (Z).

Proof of Proposition 3.2.1

In the case of post-screening noncompliance, let τNC =
(
τNC
1 , . . . , τNC

16

)
. Letting

Σ = diag
(
τNC

)
− τNC

(
τNC

)T
, again by the multivariate central limit theorem I have that

√
n
(
τ̂
NC − τNC

)
D→ (0,Σ)

The detailed calculations for the variances and the test statistics are shown below.

�
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For rTPRi+c I use rTPRNC
i+c (τ̂

NC) =
(

τ̂NC
1 +τ̂NC

2

P̂ (Z=1)

)
/
(

τ̂NC
11

P̂ (Z=0)

)
as an estimator. Note that

when I have noncompliance: P (Z = 0) = τNC
11 + τNC

12 + τNC
13 + τNC

14 + τNC
15 + τNC

16 . I again

use the delta method to find the asymptotic variances of the relevant estimators and test

statistics. The gradient of the estimator’s parameters, evaluated at the true values of τNC

is:

∇rTPRNC
i+c(τ̂

NC)

∣∣∣∣∣
τ̂NC=τNC

=

=

(
∂rTPRNC

i+c(·)

∂τNC
1

;
∂rTPRNC

i+c(·)

∂τNC
2

;
∂rTPRNC

i+c(·)

∂τNC
11

;
∂rTPRNC

i+c(·)

∂τNC
12

;
∂rTPRNC

i+c(·)

∂τNC
13

;
∂rTPRNC

i+c (·)

∂τNC
14

,
∂rTPRNC

i+c(·)

∂τNC
15

,
∂rTPRNC

i+c(·)

∂τNC
16

)T

=




P (Z=0)

τNC
11

P (Z=1)

P (Z=0)

τNC
11

P (Z=1)

((τNC
11

)2+2(P (Z=0)−τNC
11

)τNC
11

−(P (Z=1)+τNC
11

)(P (Z=0)−τNC
11

))(τNC
1

+τNC
2

)

(τNC
11

)2P (Z=1)2

τNC

1
+τNC

2

τNC
11

P (Z=1)2

τNC

1
+τNC

2

τNC
11

P (Z=1)2

τNC

1
+τNC

2

τNC
11

P (Z=1)2

τNC

1
+τNC

2

τNC
11

P (Z=1)2

τNC

1
+τNC

2

τNC
11

P (Z=1)2




For the asymptotic variance of the estimator I then have:

(
σNC
rTPR

)2

n
=

(P (Z = 0))

n · (τNC
11 )3(P (Z = 0)− 1)3

(
(τNC

11 )3+

(τNC
1 + 2τNC

12 + 2τNC
13 + 2τNC

14 + 2τNC
15 + 2τNC

16 +

+τNC
2 − 1)(τNC

11 )2 + (P (Z = 0)− τNC
11 )·

·(2τNC
1 + τNC

12 + τNC
13 + τNC

14 + τNC
15 + τNC

16 + 2τNC
2 − 1) · τNC

11 +

+(P (Z = 0)− τNC
11 − 1)·

·(P (Z = 0)− τNC
11 )(τNC

1 + τNC
2 )

)

The gradient of the test statistic T̂NC
1 evaluated at τNC is:
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∇TNC
1 (τ̂NC)

∣∣∣∣∣
τ̂NC=τNC

=

(
∂TNC

1 (·)

∂τNC
1

;
∂TNC

1 (·)

∂τNC
2

;
∂TNC

1 (·)

∂τNC
11

;
∂TNC

1 (·)

∂τNC
12

;
∂TNC

1 (·)

∂τNC
13

;
∂TNC

1 (·)

∂τNC
14

,
∂TNC

1 (·)

∂τNC
15

,
∂TNC

1 (·)

∂τNC
16

)T

=




1
P (Z=1)

1
P (Z=1)

τNC
1

+τNC
2

P (Z=1)2
−

P (Z=0)−τNC
11

P (Z=0)2

τNC
11

P (Z=0)2
+

τNC
1

+τNC
2

P (Z=1)2

τNC

11

P (Z=0)2
+

τNC

1
+τNC

2

P (Z=1)2

τNC

11

P (Z=0)2
+

τNC

1
+τNC

2

P (Z=1)2

τNC
11

P (Z=0)2
+

τNC
1

+τNC
2

P (Z=1)2

τNC
11

P (Z=0)2
+

τNC
1

+τNC
2

P (Z=1)2




For the asymptotic variance of T̂NC
1 under the null of TNC

1 ≤ 0 I have:

(
σNC
1,H0

)2

n
=

τNC
11 ·

(
P (Z = 0)− τNC

11

)

n · P (Z = 1) · P (Z = 0)3
(A.1)

For the asymptotic variance of T̂NC
1 under the alternative I have

(
σNC
1

)2

n
=

1

n
·

(
(τNC

1 )2

(P (Z = 0)− 1)3
+

(P (Z = 0) + 2τNC
2 − 1)τNC

1

(P (Z = 0) − 1)3
+

τNC
2 (P (Z = 0) + τNC

2 − 1)

(P (Z = 0) − 1)3
+ (A.2)

τNC
11 (P (Z = 0) − τNC

11 )2

(P (Z = 0))4
+

(τNC
11 )2(P (Z = 0) − τNC

11 )

(P (Z = 0))4

)
(A.3)

The expressions for the derivatives and variances under the null and the alternative for

TNC
2 (·) are too long to be reported here, but the approach to their derivation is analogous

to the one described above.

The derivations for the rFPRNC
i+c and the corresponding test statistics follow a completely

analogous approach, with the simple adjustment of conditioning on D = 0 instead of D = 1.

r̂FPR
NC

=

τ̂NC
4 +τ̂NC

5

P̂ (Z=1)

τ̂NC
16

P̂ (Z=0)
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The corresponding test statistics (with and without using the nestedness property are)

T̂NC,rFPR
1 =

(
(τ̂NC

4 + τ̂NC
5 )/P̂ (Z = 1)

)
− τ̂NC

16 /P̂ (Z = 0)

T̂NC,rFPR
2 =

(
(τ̂NC

5 − τ̂NC
9 − τ̂NC

1 − τ̂NC
3 − τ̂NC

7 − τ̂NC
6 )/P̂ (Z = 1)

)
+
(
τ̂NC
14 + τ̂NC

11

)
/P̂ (Z = 0)

Using the delta method as described above, the large sample variances of these test

statistics and estimator can be easily obtained using the analogous steps as for the

rTPRNC
i+c .

Proof (sketch) of Proposition 3.3.1 Considering the power function of T F
1 (·), we have that

γ(·) = 1−




(σ2
1,H0

(πF
0 ,P (Z=0))

n1+n0
· z1−α − πc,1

10 + πc,1
01

(σ2
1(π

F
1 ,P (Z=0))

(n1+n0)


 = 1− β

It is clear from the elements in Table A.1, that the asymptotic variances of T̂ F
1 under the

null and the alternative, depend both on P (Z = 0) and on the vector of true probabilities

(respectively under the null and the alternative).

Clearly, P (Z = 0) = n0/(n1 + n0). It is thus not clear from the expression for the power,

whether the function would be monotonically increasing in n0 for all possible values of πF
1

and πF
0
, given a fixed n1.

Following the approach in the text and fixing n1, I treat γ(·) as a (continuous) function of

n0 only. We can take its derivative towards n0 using Mathematica 7.0.

The result is a long expression and hence not reported here, but available upon request. It

can be shown that the derivative is positive (hence the function monotonically increasing)

only when the condition in Proposition 3.3.1 holds. By Bolzano’s theorem, a monotonically

increasing continuous function defined on (β − 1, β) has only one root. Hence, the n0 which

would give the desired level of power would be unique. Practically, one would look for this
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root only in realistic ranges using the uniroot function of R 3.0.2 (2014).

�

Proof of Proposition 3.2.2.

First, consider showing

{{g1L ≤ g1} ∩ {g2L ≤ g2}} ⇒ {min(g1L, g2L) ≤ min(g1, g2)}

Look at the following 3 cases.

� Case 1: The left hand side holds and g1 < g2. Then, regardless i min(g1L, g2L) = g1L

or min(g1L, g2L) = g2L; min(g1L, g2L) ≤ min(g1, g2) = g1 holds.

� Case 2: g1 = g2 holds. The same logic applies. In fact, the CI point build around the

point estimator with the higher variance would be the minimum of g1L and g2L

� Case 3: g1 > g2 holds. Then, either g1L ≤ g2L ≤ g2 or g2L ≤ g1L ≤ g2. Either way,

min(g1L, g2L) ≤ min(g1, g2) holds. Thus, in terms of sets, every point from the set on

the left hand side, is a point in the set on the right hand side.

In a similar fashion, it is easy to show that

{{g1U ≥ g1} ∩ {g2U ≥ g2}} ⇒ {max(g1U , g2U) ≥ max(g1, g2)}

holds. By the assumption in Proposition 3.2.2 and using Bonferroni inequality we have

P (g1L ≥ g1) + P (g2L ≥ g2) + P (g1U ≤ g1) + P (g2U ≤ g2) ≥ (A.4)

P ({g1L ≥ g1} ∪ {g2L ≥ g2} ∪ {g1U ≤ g1} ∪ {g2U ≤ g2})
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and by taking the complement we have

P ({g1L ≤ g1 ≤ g1U} ∩ {g2L ≤ g2 ≤ g2U}) ≥ 1− α

⇒

P ({min(g1L, g2L) ≤ min(g1, g2)} ∩ {max(g1U , g2U) ≥ max(g1, g2)}) ≥ 1− α

�
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