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Abstract
Popular deterministic approximations of posterior distributions from, e.g. the Laplace method, variational 
Bayes and expectation-propagation, generally rely on symmetric families, often taken to be Gaussian. This 
choice facilitates optimization and inference, but typically affects the quality of the approximation. In fact, 
even in basic parametric models, posterior distributions often display asymmetries that yield bias and 
reduced accuracy when considering symmetric approximations. Recent research has moved towards more 
flexible approximations incorporating skewness. However, current solutions are often model specific, lack 
general supporting theory, increase the computational complexity of the optimization problem, and do not 
provide broadly applicable solutions to incorporate skewness in any symmetric approximation. This article 
addresses such a gap by introducing a general and provably optimal strategy to perturb any symmetric 
approximation of a generic posterior distribution. The proposed solution is derived without additional 
optimization steps, and yields a similarly tractable approximation within the class of skew-symmetric 
densities that enhances the finite sample accuracy of the original symmetric counterpart. Furthermore, 
under suitable assumptions, it improves the convergence rate to the exact posterior by at least a 
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factor, 
in asymptotic regimes. These advancements are illustrated in numerical studies focusing on skewed 
perturbations of state-of-the-art Gaussian approximations.
Keywords: expectation-propagation, Laplace approximation, skew-symmetric distribution, total variation distance, 
variational Bayes, α-divergence
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1 Introduction
Deterministic approximations of intractable posterior distributions provide a popular alternative 
to general Markov chain Monte Carlo methods within Bayesian inference (e.g. Blei et al., 2017; 
Minka, 2001; Rue et al., 2009; Walker, 1969). Noteworthy examples in such a class are the 
approximations obtained under the classical Laplace method and its generalizations (Rossell 
et al., 2021; Rue et al., 2009; Tierney & Kadane, 1986; Walker, 1969), variational Bayes (VB) 
(Blei et al., 2017; Opper & Archambeau, 2009), including its widely applicable stochastic black- 
box extensions (Kucukelbir et al., 2017; Ranganath et al., 2014), and expectation-propagation 
(EP) (Minka, 2001; Vehtari et al., 2020); see also Bishop (2006, Chapters 4.4 and 10) and 
Chopin and Ridgway (2017) for a general overview. Albeit derived under different arguments 
and optimization strategies, all these solutions share a common trade-off between the attempt 
to facilitate optimization and posterior inference via a sufficiently tractable approximation, and 
the need to avoid an overly simplified characterization of the intractable posterior distribution, 
which may undermine inference accuracy. The overarching focus to date has been on addressing 
the first objective at the expense of the second. This has been accomplished by searching for tract
able approximating densities, often within the Gaussian family. Under the classical Laplace 
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method this choice is implicitly encoded in the second-order Taylor expansion of the log-posterior 
density (e.g. Bishop, 2006, Chapter 4.4), while for EP (e.g. Minka, 2001) and VB (e.g. Challis & 
Barber, 2013; Opper & Archambeau, 2009) it is enforced as a constraint within a suitable opti
mization problem seeking the closest approximating density to the target posterior under a se
lected divergence. Even when replacing such a constraint in VB with mean-field factorization 
assumptions (e.g. Blei et al., 2017), Gaussian approximations can still arise either as a solution 
of the optimization problem under routinely implemented Bayesian models, such as logit 
(Durante & Rigon, 2019) and probit (Consonni & Marin, 2007) regression, or as a building block 
to ease implementation in more general settings (e.g. Carbonetto & Stephens, 2012; Kucukelbir 
et al., 2017; Ray & Szabó, 2022; Rezende & Mohamed, 2015; C. Wang & Blei, 2013).

The above approximations yield state-of-the-art solutions which are implemented in routinely 
employed R libraries (e.g. rstan). In addition, these solutions also find theoretical justification in 
the asymptotic normality of the posterior distribution ensured by Bernstein-von Mises type results 
(e.g. Van der Vaart, 2000) that have been extensively studied in the context of classical Laplace 
(e.g. Kasprzak et al., 2025; Panov & Spokoiny, 2015; Spokoiny, 2025; Spokoiny & Panov, 
2025; Walker, 1969), VB (e.g. Katsevich & Rigollet, 2024; Y. Wang & Blei, 2019) and EP (e.g. 
Dehaene & Barthelmé, 2018) approximations. While such results yield theoretical support within 
asymptotic regimes, in practice the accuracy of Gaussian approximations ultimately depends on 
the actual shape of the posterior distribution in finite samples, which often displays non-negligible 
skewness that might affect inference accuracy when relying on Gaussian approximations. In fact, 
although the design of tractable and computationally efficient skewed approximations of poster
ior distributions has attracted less interest to date, the available contributions along these lines 
have proven effective in refining the accuracy of the Gaussian counterparts (see, e.g. Anceschi 
et al., 2023; Challis & Barber, 2012; Durante et al., 2024; Fasano & Durante, 2022; Fasano 
et al., 2022; Katsevich, 2024; Ormerod, 2011; Rue et al., 2009; Ruli et al., 2016; Salomone 
et al., 2024; Smith et al., 2020; Tan & Chen, 2024; Zhou et al., 2024). While such gains should 
stimulate an increasing adoption of skewed approximations, there is still a gap between the prom
ising methodological avenues opened by this perspective and its routine use in practice. In fact, 
when compared to classical approximations based on Gaussians, or on other symmetric densities, 
there are at least three major barriers, which still undermine the routine adoption of these skewed 
extensions. 

• (a) Methods: The current solutions are developed under specific models and, even when tar
geting more general posterior distributions, the focus remains on improving a single strategy, 
often VB. Moreover, the overarching interest is on including skewness in Gaussian approxi
mating densities via extensions of skew-normal families (e.g. Arellano-Valle & Azzalini, 
2006; González-Farias et al., 2004), rather than in more general symmetric ones.

• (b) Computation: The schemes to derive the above approximations require further optimiza
tion steps that often yield substantial increments in computational costs. In some cases these 
schemes necessitate even the calculation of the exact moments for the intractable posterior, a 
requirement in contrast with the motivations for considering deterministic approximations.

• (c) Theory: Unlike for the classical versions of the Laplace method, VB and EP, most skewed 
extensions lack general supporting theory on the accuracy in approximating the whole pos
terior distribution and its functionals, both in finite samples and also in asymptotic regimes.

Two exceptions to point (c) can be found in the recent contributions by Fasano et al. (2022)
and Durante et al. (2024). The former demonstrates that, in Bayesian probit regression, a partially- 
factorized generalization of mean-field VB leads to a unified skew-normal (SUN) (Arellano-Valle 
& Azzalini, 2006) approximation, which provably matches the exact posterior for fixed sample 
size n and dimension d→∞. The latter derives, instead, a refined version of the Bernstein-von 
Mises theorem (see, e.g. Van der Vaart, 2000) which replaces the classical Gaussian limiting 
law with a valid skewed perturbation (arising from a third-order version of the Laplace method) 
to obtain an improvement in the convergence rates to the target posterior by a 
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factor, under the 
total variation (TV) distance; see also Katsevich (2024) for alternative higher-order skewed expan
sions, which, however, do not guarantee valid approximating densities. Albeit being derived in 
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specific models (Fasano et al., 2022), or with a focus to a single approximation strategy (Durante 
et al., 2024), these results suggest that the inclusion of skewness in popular symmetric approxima
tions has the potential to substantially improve inference accuracy. However, it is still not clear if a 
broadly applicable, computationally tractable and theoretically supported solution addressing 
points (a)–(c) above actually exists and can be effectively derived.

In this article we provide a positive and innovative answer to the above question by deriving a 
broadly applicable strategy to perturb, at no additional optimization costs, any off-the-shelf symmet
ric approximation of a generic posterior distribution. Crucially, such a perturbation yields a provably 
more accurate skewed approximation of the target posterior, which belongs to the tractable class of 
skew-symmetric distributions reviewed in Section 2.2 (Azzalini & Capitanio, 2003; Genton & 
Loperfido, 2005; Ma & Genton, 2004; J. Wang et al., 2004). Our proposed solution follows from 
two fundamental results, which we derive in Section 2.3. The first (see Proposition 2), shows that 
the density of any generic posterior distribution admits a skew-symmetric representation decompos
ing this density as the product of (i) a suitably symmetrized version of the target posterior and (ii) a 
tractable skewing factor, which is available in closed form and does not depend on additional un
known parameters. This novel characterization, whose scope extends beyond our contribution, re
lates to an important existence result of skew-symmetric densities (J. Wang et al., 2004) which has 
been never explored within the context of Bayesian inference and approximations, despite its unique 
potential. In fact, our first result in Proposition 2 opens the avenues to prove a second important 
property (see Lemma 1), which ensures that any symmetric approximation of a posterior distri
bution, including the popular ones reviewed in Section 2.1, is more accurate in approximating 
the symmetrized version of such a posterior in its skew-symmetric representation, rather than 
the original posterior itself. This holds under the TV distance, Kullback–Leibler (KL) divergence 
(Kullback & Leibler, 1951), reverse-KL and generic α-divergences.

The aforementioned results yield, therefore, a natural strategy to derive skewed approximations 
of a generic posterior distribution via direct perturbation of any symmetric approximation for 
such a posterior. In particular, these can be obtained, at no additional optimization costs, by sim
ply replacing the symmetrized version of the posterior density in its skew-symmetric representa
tion with the available symmetric approximation to be improved. As proved in Section 3.1, this 
yields a more accurate asymmetric alternative that matches exactly the closed-form skewing factor 
of the target posterior, while preserving the tractability of its unperturbed symmetric counterpart. 
This tractability follows from the fact that the density of the resulting skewed approximation falls 
in the skew-symmetric family (see, e.g. Azzalini & Capitanio, 2003; Ma & Genton, 2004; J. Wang 
et al., 2004). Such a family admits a closed-form normalizing constant along with straightforward 
i.i.d. sampling schemes, which enable inference via Monte Carlo evaluation of any functional 
of the approximate posterior. These schemes only require simulation from the original symmetric 
approximation and evaluation of the skewing factor. As shown in Section 2.3, this factor crucially 
depends only on the ratios of posterior densities, thereby allowing cancellation of the intractable 
normalizing constant, and hence, direct computation without additional optimizations.

Our theoretical results within Section 3.1 show that the strategy we propose is not only tract
able, but also yields skew-symmetric approximations that are provably more accurate than the ori
ginal symmetric counterpart, under any sample size n and several popular divergences (i.e. the TV 
distance and any α-divergence, including its limiting KL and reverse-KL forms (see, e.g. Cichocki 
& Amari, 2010; Margossian et al., 2025)). Even more, the derived skewing factor is shown to be 
the optimal among those yielding approximations within the skew-symmetric class. This allows to 
formally interpret the proposed solution as the optimum of a minimization problem that seeks the 
closest approximation to the target posterior in the entire class of skew-symmetric densities gen
erated by perturbations of the known symmetric approximation to be improved. The accuracy im
provements formalized in Section 3.1 are quantified asymptotically in Section 3.2 with a focus on 
perturbations of specific symmetric approximations which can be shown to improve by at least a 
��
n
√

factor the convergence rate to the target posterior relative to the original unperturbed coun
terpart, under all the divergences considered within Section 3.1. As illustrated in the simulation 
studies in Section 4, the theoretical results presented in Sections 3.1 and 3.2 find empirical evidence 
also in practice, including in challenging high-dimensional contexts beyond the regimes consid
ered by the asymptotic theory within Section 3.2. In Section 5, these accuracy gains are further con
firmed in real-data applications under realistic Bayesian hierarchical formulations showcasing both 
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the relative and absolute improvements of the proposed skew-symmetric perturbation of several 
state-of-the-art Gaussian approximations from the Laplace method, black-box VB, and EP. In these 
real-data applications we also illustrate the remarkable gains in the effective sample size (ESS) when 
replacing such Gaussian approximations with the corresponding skew-symmetric counterparts as 
proposals in importance sampling (e.g. Chopin & Papaspiliopoulos, 2020, Chapter 8). These im
provements clarify the broad impact and applicability of the ideas presented in this article. 
Section 6 concludes by further stressing this point through the discussion of promising research di
rections motivated by the general scope of the skew-symmetric representation of posterior densities 
behind our contribution. Proofs can be found in the online supplementary material. Code is avail
able at https://github.com/Francesco16p/SkewAppr_Post.

2 Skew-symmetric approximations of posterior distributions
Let L(θ; y1 : n) =

􏽑n
i=1 p(yi ∣ θ) denote the likelihood that is induced by a generic statistical model 

characterizing the probabilistic generative mechanism of the data y1 : n = (y1, . . . , yn) through a 
family of distributions indexed by the parameter θ ∈ Θ ⊆ Rd. To perform inference on θ, 
Bayesian statistics defines a prior π(θ) for θ, which, combined with L(θ; y1 : n), yields the corre
sponding posterior density πn(θ) := π(θ ∣ y1 : n) via Bayes rule, i.e. πn(θ) = π(θ)L(θ; y1 : n)/c(y1 : n), 
with c(y1 : n) = ∫ Θπ(θ)L(θ; y1 : n) dθ. Inference under such a posterior is then performed through 
evaluation of functionals of interest. The feasibility of this task inherently depends on the tractabil
ity of πn(θ). In fact, πn(θ) is even not available analytically in most Bayesian models, due, in general, 
to the lack of a closed-form expression for c(y1 : n). To address such an issue, standard practice re
lies either on Markov chain Monte Carlo schemes or on tractable deterministic approximations of 
πn(θ). Here we consider the latter class of solutions and focus on improving those state-of-the-art 
symmetric approximations that routinely arise in practice.

More specifically, let q̅n,θ∗ (θ) be an already-derived symmetric approximation of the posterior 
density πn(θ), with θ∗ denoting the known symmetry point, i.e. q̅n,θ∗ (θ) = q̅n,θ∗ (2θ∗ − θ) for all 
θ ∈ Θ. Our main objective is to obtain a more accurate approximation qn,θ∗ (θ) from the perturb
ation of q̅n,θ∗ (θ) via a skewing factor wn,θ∗ (θ), which does not require optimization of additional 
parameters, while preserving the inference tractability of the original symmetric approximation. 
Although the novel strategy we derive within Section 2.3 is guaranteed to improve the accuracy 
of any symmetric approximating density q̅n,θ∗ (θ), in practice it is natural to focus on perturbing 
the outputs of routinely implemented Gaussian approximations from, e.g. Laplace, VB and EP; 
see Section 2.1 for an overview of these methods and refer to Bishop (2006, Chapters 4.4 and 
10), Challis and Barber (2013), Kucukelbir et al. (2017), Opper and Archambeau (2009) and 
Vehtari et al. (2020) for a detailed treatment. As clarified in these contributions, such symmetric 
approximations provide popular solutions which are effectively coded in standard platforms (e.g. 
STAN) and softwares (e.g. R, python and julia). Since the proposed skew-symmetric approxima
tion arises as the direct perturbation of an already-available symmetric one, without further opti
mization, it is useful to place particular emphasis on those Gaussian approximations provided by 
state-of-the-art softwares so as to stimulate direct adoption of the proposed perturbation. Note 
also that standard symmetric approximations often depend on additional parameters beyond 
the symmetry point θ∗. For instance, Gaussian approximations also require estimation of the co
variance matrix. As clarified in Section 2.3, the skewing factor we derive only depends on θ∗ and is 
applied to an already-available symmetric approximation whose parameters have been previously 
estimated under standard algorithms. Hence, to ease notation, we index q̅n,θ∗ (θ) only by θ∗, and 
leave the remaining, already-estimated, parameters implicit. Theoretical guarantees for the finite 
sample and asymptotic accuracy of the proposed approximation are derived in Section 3.

2.1 An overview of symmetric approximations of posterior distributions
When seeking a tractable approximation of a generic posterior distribution for the parameter θ, a 
simple option is to consider the classical Gaussian approximation that arises from the Laplace 
method (see, e.g. Bishop, 2006, Chapter 4.4). Such a solution follows directly from a second-order 
Taylor expansion for the un-normalized log-posterior log [π(θ)L(θ; y1 : n)] at the maximum a poste
riori (MAP). This yields a Gaussian approximating density, which is centered at the MAP and has 
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covariance matrix given by the inverse of the negative Hessian for log [π(θ)L(θ; y1 : n)], again eval
uated at the MAP (e.g. Gelman et al., 2013, Chapter 13). The simplicity of this solution has stimulated 
broad applicability and several extensions, including, among others, integrated nested Laplace ap
proximation (INLA) (Rue et al., 2009) and approximate Laplace approximation (ALA) (Rossell 
et al., 2021). INLA combines efficient numerical integration and analytical approximations to derive 
accurate characterizations of posterior marginals for parameters of interest, under latent Gaussian 
models. The scheme is inspired by Tierney and Kadane (1986) Laplace approximation of the marginal 
posterior density for a subset of parameters of interest, which expresses this marginal as proportional 
to the ratio between the joint posterior and the full conditional density of the remaining parameters, 
and then applies the Gaussian approximation from the Laplace method to the latter density. This 
strategy can yield asymmetric approximations of marginal posterior densities, but still relies on nested 
Gaussian approximations. As such, the skew-symmetric solution derived in Section 2.3 has the poten
tial to further improve also the accuracy of INLA. Our proposal can be also applied directly to im
prove ALA. This scheme does not differ from the classical Laplace method in the shape of the 
approximating density. Rather, it provides a scalable strategy which avoids MAP estimation.

While Laplace type schemes yield simple approximation strategies, the resulting solution may fail 
to incorporate global characteristics of the posterior beyond the local behaviour at the MAP (Bishop, 
2006, Chapter 4.4). This issue has motivated interest in alternative schemes, with a main focus on VB 
(e.g. Blei et al., 2017) and EP (e.g. Vehtari et al., 2020). VB specifies a tractable family F of approxi
mating densities and then identifies, within this family, the one that is closest to the intractable pos
terior in KL divergence (Kullback & Leibler, 1951). The common practice in specifying F relies either 
on parametric, often Gaussian, families (see, e.g. Challis & Barber, 2013; Kucukelbir et al., 2017; 
Opper & Archambeau, 2009; Tan & Nott, 2018 ), or on mean-field assumptions (e.g. Blei et al., 
2017) enforcing the joint approximating density for θ to factorize as the product of marginals for suit
ably selected non-overlapping subsets of parameters. In the first case the final output of the optimiza
tion problem is, by definition, a symmetric density which can be readily improved under our proposed 
skew-symmetric approximation. Conversely, the second can yield skewed solutions matching the 
shape of the actual, not necessarily symmetric, full-conditional density for the subset of parameters 
in θ comprising the mean-field factors (e.g. Blei et al., 2017). Nonetheless, several routine use 
Bayesian models, such as logit (Durante & Rigon, 2019) and probit (Consonni & Marin, 2007) re
gression, admit Gaussian full-conditionals for the coefficients. Therefore, the proposed perturbation 
might be useful even within mean-field VB to improve the accuracy of the symmetric density factors, 
and hence, of the overall approximation for the entire posterior. Finally, it is important to emphasize 
that these Gaussian approximations appear either as the final output or as a building block also with
in Laplace variational inference, delta-method variational inference (C. Wang & Blei, 2013) and sto
chastic black-box extensions of VB (Ranganath et al., 2014), including automatic differentiation 
variational inference (ADVI) (Kucukelbir et al., 2017) and solutions relying on normalizing flows 
(e.g. Papamakarios et al., 2021; Rezende & Mohamed, 2015). Such methods are crucial to facilitate 
the derivation of generally applicable and more flexible VB approximations that can be automatically 
implemented even in settings lacking closed-form expressions for the quantities involved in the opti
mization problem. Therefore, the proposed skew-symmetric perturbation can be either applied dir
ectly to improve the approximation accuracy of the Gaussian output provided by these methods (see 
Sections 4–5), or may be even included within the stochastic optimization scheme to enlarge the fam
ily (and hence the quality) of the approximating densities, without arguably affecting the tractability 
of the routine. This broad applicability of the simple skew-symmetric perturbation we propose is a 
unique feature, which generally lacks in more sophisticated solutions yielding accurate, possibly 
asymmetric, approximations. Successful ones are those provided by the VB strategies leveraging nor
malizing flows (e.g. Papamakarios et al., 2021; Rezende & Mohamed, 2015). Interestingly, as dis
cussed in Section 6, such strategies often use suitable Gaussians as initial densities, and hence, our 
proposal could be possibly leveraged to provide improved (i.e. closer to the target posterior), yet tract
able, skew-symmetric perturbations of these initial Gaussian densities.

Although VB is arguably the most widely studied and implemented deterministic approximation 
strategy, commonly used variational approximations often suffer from an underestimation of pos
terior uncertainty (see, e.g. Blei et al., 2017; Giordano et al., 2018). This is implicit in the expres
sion of the KL minimized under VB that penalizes densities placing mass to areas of low posterior 
probability, but it does not enforce a similarly strong penalty in the opposite direction. As a 

J R Stat Soc Series B: Statistical Methodology                                                                                           5
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssb/advance-article/doi/10.1093/jrsssb/qkaf082/8425622 by U
niversità Bocconi user on 16 January 2026



consequence, minimizing such a KL yields more concentrated approximations avoiding those re
gions where the target posterior does not place substantial mass. While improved estimates of var
iances and covariances have been proposed in the context of VB (Giordano et al., 2018), another 
natural solution is to consider EP (e.g. Vehtari et al., 2020), which addresses such an issue by min
imizing a reverse form of the KL considered under VB. This implies penalizations in the opposite 
direction than those of VB, and hence, a tendency to favour more global mass-covering approx
imations that match more closely the variability encoded in the target posterior. To obtain these 
approximations, EP postulates that the target posterior density itself can be expressed as a product 
of factors, and then iteratively approximates each of these factors with an element of a tractable 
parametric family, almost always Gaussian. This results in a computational scheme updating each 
factor at-a-time via moment matching between the global approximating density and a hybrid 
one, more tractable than the target posterior, where the other factors are kept fixed at the most 
recent approximation (e.g. Vehtari et al., 2020). Being often Gaussian, these EP approximating 
densities can be readily perturbed under our proposed strategy to further improve the quality of 
the approximation. In fact, although several empirical studies have highlighted the remarkable ac
curacy of Gaussian EP (Anceschi et al., 2023 ; Chopin & Ridgway, 2017 ; Vehtari et al., 2020) 
relative to Laplace and VB, there is still a lack of tractable solutions which are capable of including 
skewness within these Gaussian approximations to further improve the quality of EP. As illus
trated in the empirical studies in Sections 4 and 5, accounting for these skewed behaviours yields 
further improvements over such an already-successful strategy.

It is important to emphasize that our strategy applies directly to any symmetric approximation, 
not necessarily Gaussian. This can be useful to perturb further extensions of the aforementioned 
methods aimed at capturing higher-order properties (e.g. tails). For example, generalizations from 
Gaussian approximating densities to Student-t ones have been explored in the context of Laplace, 
VB and EP (e.g. Daudel et al., 2023; Ding et al., 2011; Futami et al., 2017; Gelman et al., 2013; 
Liang et al., 2022), but there are no simple strategies, to date, for including skewness within such 
extensions. Our proposed solution applies also to these symmetric approximations. As proved in 
Section 3.2, the perturbation of these increasingly accurate symmetric densities opens also the ave
nues to further improve the asymptotic convergence rates to the target posterior.

2.2 An overview of skew-symmetric distributions
As anticipated in Section 1, the novel strategy we propose to perturb an already-available symmet
ric approximation of a generic target posterior leads to an improved asymmetric counterpart, 
which crucially belongs to the skew-symmetric family (e.g. Azzalini & Capitanio, 2003; Genton 
& Loperfido, 2005; Ma & Genton, 2004; J. Wang et al., 2004). This broad family has been ori
ginally proposed to increase the flexibility of symmetric densities via the inclusion of a suitably de
signed skewing factor that preserves the tractability of the unperturbed counterparts. Definition 1
(e.g. Azzalini & Capitanio, 2013; J. Wang et al., 2004), clarifies that this objective can be accom
plished through a direct perturbation scheme that meets simple conditions.

Definition 1 (Skew-symmetric densities). Let q̅θ∗ (θ) be a density for θ ∈ Θ ⊆ Rd, which is 
symmetric at θ∗, i.e. q̅θ∗ (θ) = q̅θ∗ (2θ∗ − θ) for all θ ∈ Θ, and denote with 
wθ∗ (θ) ∈ [0, 1] a skewing factor such that wθ∗ (θ) = 1 − wθ∗ (2θ∗ − θ) for 
any θ ∈ Θ. Then

qθ∗ (θ) = 2q̅θ∗ (θ)wθ∗ (θ), (1) 

is a skew-symmetric density.

Definition 1 provides a general skewness-inducing mechanism that leverages a suitably designed 
perturbation factor wθ∗ (θ) to redistribute the density between each point θ and its polar opposite 
2θ∗ − θ, with respect to a notion of central symmetry. While general, such a definition crucially 
encompasses several special cases of routine use in practice. A remarkable example is provided 
by the sub-class of generalized skew-elliptical distributions which can be obtained by replacing 
q̅θ∗ (θ) in (1) with an elliptical density, including, for instance, those of multivariate Gaussians, 
Student-t, and Cauchy, among others (e.g. Genton & Loperfido, 2005). Perturbing these latter 
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densities through a specific skewing factor wθ∗ (θ) set equal to a suitably defined cumulative distri
bution function induced by the family of densities q̅θ∗ (θ) further yields classical skew-normal, 
skew-t and skew-Cauchy densities, among others (Azzalini & Capitanio, 1999, 2003; Azzalini 
& Dalla Valle, 1996; Genton & Loperfido, 2005).

Albeit different, all the above alternatives share a common property, which characterizes the 
general skew-symmetric family in Definition 1. In particular, as is clear from (1), the tractability 
of qθ∗ (θ) inherently depends on the one of its symmetric counterpart q̅θ∗ (θ) and on the choice of 
the skewing factor wθ∗ (θ). When both quantities are tractable, the density in (1) can be computed 
analytically, and further admits a straightforward i.i.d. sampling scheme that facilitates direct 
Monte Carlo evaluation of any functional of qθ∗ (θ). This follows from the stochastic representa
tion of skew-symmetric distributions in Proposition 1 (e.g. J. Wang et al., 2004).

Proposition 1 (Stochastic representation). Let θ be a random variable having density 
qθ∗ (θ) as in (1), and denote with 1[·] the indicator function, then

θ =d 1[u ≤ wθ∗ (θ̅)]θ̅ + (1 − 1[u ≤ wθ∗ (θ̅)])(2θ∗ − θ̅), 

where θ̅ has symmetric density q̅θ∗ (θ̅), and u is a uniform in [0, 1].

As a consequence of Proposition 1, i.i.d. sampling from skew-symmetric distributions reduces to 
drawing values from the symmetric component and then retaining the sampled value or its sym
metric with respect to θ∗ depending on whether the skewing factor evaluated at such a sampled 
value is below or above the realization from a uniform distribution in [0, 1]. This strategy is crucial 
to facilitate tractable Monte Carlo inference under the proposed skew-symmetric approximation 
qn,θ∗ (θ) of posterior densities πn(θ). As clarified in Section 2.3, this approximation arises from the 
perturbation of tractable symmetric counterparts q̅n,θ∗ (θ) (often Gaussians) via a skewing factor 
wn,θ∗ (θ) that involves only prior π(θ) and likelihood L(θ; y1 : n) evaluation.

2.3 Skew-symmetric perturbation of symmetric approximations
Recalling Section 1, the class of skewed approximations we propose is motivated by a fundamental, 
but yet overlooked, skew-symmetric representation of posterior densities stated in Proposition 2.

Proposition 2 (Skew-symmetric representation of posterior densities). Consider the gen
eric posterior density πn(θ) = π(θ)L(θ; y1 : n)/c(y1 : n) for the parameter 
θ ∈ Θ, where π(θ) denotes the prior, L(θ; y1 : n) corresponds to the likeli
hood, while c(y1 : n) is the normalizing constant. Moreover, denote with

π̅n,θ∗ (θ) =
πn(θ) + πn(2θ∗ − θ)

2
, (2) 

the symmetrized form of this posterior density about a point θ∗ ∈ Θ, and let

wn,θ∗ (θ) =
π(θ)L(θ; y1 : n)

π(θ)L(θ; y1 : n) + π(2θ∗ − θ)L(2θ∗ − θ; y1 : n)
, (3) 

with the convention that wn,θ∗ (θ) = 0.5 if both π(θ)L(θ; y1 : n) = 0 and 
π(2θ∗ − θ)L(2θ∗ − θ; y1 : n) = 0 (see Remark 3). Then, the posterior density 
πn(θ) can be equivalently re-expressed in skew-symmetric form as

πn(θ) = 2π̅n,θ∗ (θ)wn,θ∗ (θ), (4) 

for any θ∗ and n, with wn,θ∗ (θ) ∈ [0, 1] and wn,θ∗ (θ) = 1 − wn,θ∗ (2θ∗ − θ).  

Remark 1 While other forms of symmetrization can be considered, the one defined in (2) 
is arguably the most natural, direct and simple, in that it redistributes equally to 
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every pair of symmetric points the total posterior density assigned to this pair. 
Although it has been generally overlooked and, to our knowledge, never ex
plored in the context of Bayesian approximations, such a symmetrization 
has been successfully employed in classical frequentist literature to improve 
standard estimators of empirical distribution functions associated with under
lying symmetric densities (e.g. Hinkley, 1976; Lo, 1985; Schuster, 1975, 
1987). Our contribution leverages such a symmetrization with a substantially 
different focus. Namely that of designing principled and tractable skew- 
symmetric approximations of generic posterior densities from the direct per
turbation of already-derived symmetric ones.

The proof of Proposition 2 simply requires to notice that πn(θ) can be equivalently re-written as 
2π̅n,θ∗ (θ)[πn(θ)/(2π̅n,θ∗ (θ))]. Therefore, replacing in the ratio πn(θ)/(2π̅n,θ∗ (θ)) the quantity π̅n,θ∗ (θ) 
with its expression in (2), and πn(θ) with π(θ)L(θ; y1 : n)/c(y1 : n), yields the skewness-inducing fac
tor wn,θ∗ (θ) in (3), after noticing that the intractable normalizing constant c(y1 : n) cancels out with
in the ratio between the target posterior density and its symmetrized form. The [0, 1] range for 
wn,θ∗ (θ) and the property wn,θ∗ (θ) = 1 − wn,θ∗ (2θ∗ − θ) follow from its definition in (3). As clarified 
later, such properties for wn,θ∗ (θ) are fundamental to ensure that the proposed perturbation for 
q̅n,θ∗ (θ) belongs to the skew-symmetric family (e.g. Azzalini & Capitanio, 2003; Ma & Genton, 
2004; J. Wang et al., 2004).

Proposition 2 relates to a core result in J. Wang et al. (2004), which establishes the existence and 
uniqueness of skew-symmetric representations for generic densities. This parallel ensures that the 
equivalent expression for πn(θ) in Proposition 2 is the one of a skew-symmetric density. According 
to (4), such a density is equal to the product between a tractable and analytically available skewing 
factor wn,θ∗ (θ) (where the troublesome normalizing constant c(y1 : n) cancels out) and a symme
trized posterior π̅n,θ∗ (θ) that is often as intractable as the target πn(θ). Such a latter issue prevents 
(4) from having a direct impact in facilitating posterior inference and, for this reason, the represen
tation in Proposition 2 has never appeared within Bayesian statistics. One possibility to address the 
above issue, would be to replace ̅πn,θ∗ (θ) in (4) with a tractable symmetric approximation. Lemma 
1 suggests that a natural candidate is the original, already-derived, symmetric approximation 
q̅n,θ∗ (θ) of the target posterior density πn(θ), which we aim to improve through a skewed perturb
ation. In particular, Lemma 1 proves that q̅n,θ∗ (θ) approximates π̅n,θ∗ (θ) more accurately than 
πn(θ), under the TV distance Dtv[p ∣∣ q] = (1/2)∫ |p(θ) − q(θ)|dθ and any generic α-divergence 
Dα[p ∣∣ q] = [1/(α(1 − α))](1 − ∫ p(θ)αq(θ)1−α dθ) for α ∈ R \ {0, 1} (see, e.g. Cichocki & Amari, 
2010; Margossian et al., 2025; Póczos & Schneider, 2011), including also its limiting KL 
(kl[q ∣∣ p] = ∫ q(θ) log [q(θ)/p(θ)] dθ) and reverse-KL (kl[p ∣∣ q] = ∫ p(θ) log [p(θ)/q(θ)] dθ) forms, 
which can be obtained by letting α→ 0 and α→ 1, respectively, in Dα (e.g. Cichocki & Amari, 
2010). Hence, Lemma 1, and the subsequent theoretical results we derive, hold under the most 
widely used divergences in the context of deterministic approximations. Recalling Section 2.1, 
the divergences kl[q ∣∣ p] and kl[p ∣∣ q] enter the optimization problems in VB and EP (e.g. Blei 
et al., 2017; Vehtari et al., 2020), while TV is a reference distance in the study of the asymptotic 
accuracy of standard approximations. Recent literature has also explored variational approxima
tions based on generic α-divergences (Hernandez-Lobato et al., 2016; Yang et al., 2020). Hence, 
our methods and theory apply also to the symmetric approximations from these strategies.

Lemma 1 Let πn(θ) be a generic posterior density for the parameter θ ∈ Θ, and denote 
with q̅n,θ∗ (θ) an already-derived approximation of πn(θ) which is symmetric 
about the point θ∗ ∈ Θ. Moreover, consider the symmetrized posterior density 
π̅n,θ∗ (θ) about θ∗ defined as in (2). Then, for any θ∗ ∈ Θ and n, it holds

D[π̅n,θ∗ ∣∣ q̅n,θ∗ ] ≤ D[πn ∣∣ q̅n,θ∗ ], 

where D is either the TV distance, KL, reverse-KL or a generic α-divergence.
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As clarified in Definition 2, combining Proposition 2 with Lemma 1 suggests a natural strategy 
to obtain the newly proposed skew-symmetric approximation. In particular, by Lemma 1, q̅n,θ∗ (θ) 
approximates π̅n,θ∗ (θ) more accurately than πn(θ), where π̅n,θ∗ (θ) can be in turn expressed 
via π̅n,θ∗ (θ) = πn(θ)/[2wn,θ∗ (θ)] as a direct consequence of (4). Combining these two results 
yields ̅qn,θ∗ (θ) ≈ π̅n,θ∗ (θ) = πn(θ)/[2wn,θ∗ (θ)], which implies 2q̅n,θ∗ (θ)wn,θ∗ (θ) ≈ πn(θ). Hence, setting 
qn,θ∗ (θ) = 2q̅n,θ∗ (θ)wn,θ∗ (θ) gives the improved skew-symmetric approximation in Definition 2.

Definition 2 (Skew-symmetric approximation of posterior densities). Consider the gener
ic posterior density πn(θ) for θ ∈ Θ, and let ̅qn,θ∗ (θ) denote an already-derived 
approximation for πn(θ), which is symmetric about the point θ∗ ∈ Θ. 
Moreover, let wn,θ∗ (θ) ∈ [0, 1] be the skewing factor in (3). Then, the skew- 
symmetric approximation of πn(θ) arising from the perturbation of q̅n,θ∗ (θ) is 
defined as

qn,θ∗ (θ) = 2q̅n,θ∗ (θ)wn,θ∗ (θ)

= 2q̅n,θ∗ (θ)
π(θ)L(θ; y1 : n)

π(θ)L(θ; y1 : n) + π(2θ∗ − θ)L(2θ∗ − θ; y1 : n)
,

(5) 

for every symmetry point θ∗ ∈ Θ and sample size n, where π(θ) and L(θ; y1 : n) 
are, respectively, the prior and likelihood inducing the posterior πn(θ).

Remark 2 Notice that wn,θ∗ (θ) in (5) admits a natural interpretation, in that it coincides 
with the relative proportion of the posterior density at θ ∈ Θ with respect to 
the total assigned to such a θ and its symmetric counterpart 2θ∗ − θ. This yields 
a skewing factor which quantifies differences in the posterior density at the 
symmetric points {θ, 2θ∗ − θ} for any θ ∈ Θ. Therefore, if the posterior density 
is actually symmetric about θ∗, then wn,θ∗ (θ) = 0.5 for all θ ∈ Θ, and hence, 
qn,θ∗ (θ) reduces to q̅n,θ∗ (θ), as expected. Conversely, whenever there are asym
metries within πn(θ), the original symmetric approximation q̅n,θ∗ (θ) is re- 
weighted by wn,θ∗ (θ) in order to properly redistribute the total density at 
each pair {θ, 2θ∗ − θ} according to the one assigned by the actual posterior 
to θ and 2θ∗ − θ. This yields an improved approximation qn,θ∗ (θ) incorporating 
the skewness of πn(θ) with respect to the known symmetry point θ∗.

Remark 3 In the skew-symmetric representation in Proposition 2, we rely on the conven
tion that wn,θ∗ (θ) = 0.5 when π(θ)L(θ; y1 : n) = π(2θ∗ − θ)L(2θ∗ − θ; y1 : n) = 0, 
where the latter equality also implies that πn(θ) = πn(2θ∗ − θ) = 0. In this set
ting, which arises, for example, when the support of θ is bounded, both the nu
merator and the denominator of the skewing factor in (3) are zero, and hence, 
wn,θ∗ (θ) is undefined, thus requiring an alternative specification. Note that this 
alternative specification is not necessary to guarantee the validity of the skew- 
symmetric representation for πn(θ), provided that also the symmetrized poster
ior ̅πn,θ∗ (θ) is zero whenever πn(θ) = πn(2θ∗ − θ) = 0. Hence, in (4) different val
ues of wn,θ∗ (θ) are irrelevant at these points with a zero density. However, 
πn(θ) = πn(2θ∗ − θ) = 0 does not imply that q̅n,θ∗ (θ) = 0. This situation arises, 
for example, when Gaussian approximations are considered for parameters 
θ having bounded support. Therefore, when πn(θ) = πn(2θ∗ − θ) = 0 and 
q̅n,θ∗ (θ) > 0, the skewing factor must be specified alternatively to guarantee 
that (5) yields a valid skew-symmetric density. From Definition 1, a central 
condition for this result to hold is that wn,θ∗ (θ) = 1 − wn,θ∗ (2θ∗ − θ) with 
wn,θ∗ (θ) ∈ [0, 1], for any point θ satisfying q̅n,θ∗ (θ) > 0. To this end, setting 
wn,θ∗ (θ) = 0.5 whenever πn(θ) = πn(2θ∗ − θ) = 0 and q̅n,θ∗ (θ) > 0 is arguably 
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the most direct strategy to meet such a key condition. Recalling Remark 2, 
wn,θ∗ (θ) = 0.5 implies that πn(θ) = πn(2θ∗ − θ), and hence, the convention 
that wn,θ∗ (θ) = 0.5 if πn(θ) = πn(2θ∗ − θ) = 0 is also the most natural one.

As clarified in Definition 2, the proposed approximation qn,θ∗ (θ) results from the re-weighting of 
the known ̅qn,θ∗ (θ) by a skewing factor wn,θ∗ (θ) via a strategy which does not necessitate additional 
optimization costs relative to those required for deriving q̅n,θ∗ (θ). In fact, the expression for 
wn,θ∗ (θ) in (3) does not depend on additional unknown parameters beyond θ∗, which is in turn 
available as the output of the already-solved optimization problem that targeted the posterior 
πn(θ) via the symmetric density q̅n,θ∗ (θ) to be perturbed. Proposition 3 below guarantees that, al
beit more flexible than q̅n,θ∗ (θ), the deterministic approximation qn,θ∗ (θ) in Definition 2 preserves 
similar tractability in inference, in that it belongs to the known class of skew-symmetric densities 
presented in Section 2.2.

Proposition 3 The expression for qn,θ∗ (θ) given in (5) coincides with the density of a skew- 
symmetric distribution having symmetric component q̅n,θ∗ (θ) and skewing 
factor wn,θ∗ (θ).

Proposition 3 follows directly from Definition 1, after noticing that, by construction, q̅n,θ∗ (θ) is 
symmetric at θ∗ and, in view of Proposition 2, wn,θ∗ (θ) has support within [0, 1] and satisfies 
wn,θ∗ (θ) = 1 − wn,θ∗ (2θ∗ − θ). As anticipated in Section 2.2, the connection with skew-symmetric 
distributions established in Proposition 3 is crucial in facilitating inference also under qn,θ∗ (θ). 
More concretely, the stochastic representation in Proposition 1 yields a simple rejection-free i.i.d. 
sampling scheme from any density within the skew-symmetric family, including qn,θ∗ (θ), thereby al
lowing tractable and effective Monte Carlo evaluation of any functional of interest under the im
proved skewed approximation. This sampling scheme from qn,θ∗ (θ) is outlined in Algorithm 1.

Notice that Algorithm 1 only requires simulation from the symmetric approximation q̅n,θ∗ (θ) 
and computation of the skewing factor wn,θ∗ (θ), which is analytically-available in Definition 2, 
and it does not depend on intractable quantities. The first task is straightforward whenever the 
unperturbed density ̅qn,θ∗ (θ) arises from one of the routinely implemented approximation schemes 
discussed in Section 2.1. Moreover, when the interest lies in more complex functionals, sampling is 
often needed also for inference under q̅n,θ∗ (θ). The second task requires instead the evaluation of 
the likelihood, which enters (together with the prior) the definition of wn,θ∗ (θ). Although this yields 
some increments in sampling costs relative to inference under q̅n,θ∗ (θ), it is important to emphasize 
that multiple internal likelihood evaluations are standard in popular algorithms for Bayesian in
ference. Important examples include Metropolis–Hastings, Hamiltonian Monte Carlo, sequential 
Monte Carlo, EP, coordinate ascent variational inference, and its black-box extensions (e.g. Blei 
et al., 2017; Chopin & Papaspiliopoulos, 2020; Chopin & Ridgway, 2017; Kucukelbir et al., 
2017; Ranganath et al., 2014; Tan & Chen, 2024; Vehtari et al., 2020). However, unlike for 
Algorithm 1, these schemes introduce additional complexities, which often imply further tuning 
and non-negligible increments in the overall runtimes. Hence, the cost of inference under qn,θ∗ (θ) 
is often dominated by the one required to obtain its less accurate symmetric counterpart q̅n,θ∗ (θ) 
via state-of-the-art algorithms, and it substantially reduces the runtimes of other routine use 
computational methods. These important gains are illustrated in Section 5.2 for a challenging 

Algorithm 1 i.i.d. sampling from the skew-symmetric approximation in (5)

for s = 1, . . . , Nsampl do

1. Sample θ̅(s) from the distribution with symmetric density q̅n,θ∗ (θ̅).

2. Sample u(s) ∼ Unif[0, 1].

3. If u(s) ≤ wn,θ∗ (θ̅
(s))  set θ(s) = θ̅(s), otherwise set θ(s) = 2θ∗ − θ̅(s).

end for

output: i.i.d. samples θ(1), . . . , θ(Nsampl) from the skew-symmetric approximation in (5).
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real-data application with n = 30,524 and d = 62. In this case, sampling 10,000 values from the 
skew-symmetric approximation under Algorithm 1 requires only 8 seconds. This runtime is or
ders of magnitude lower than, for example, the ≈ 1 hour required to obtain a sample of the same 
size from Hamiltonian Monte Carlo implemented in rstan.

Note also that, unlike for most of the aforementioned computational methods, Algorithm 1 is 
inherently amenable to parallel implementations both across samples and likelihood factors. 
Thus, the runtime of Algorithm 1 can be easily reduced to fractions of seconds. Moreover, as clari
fied within Section 2.4 below, in several routinely implemented models such as, e.g. generalized 
linear models, it is possible to devise computationally efficient strategies that further optimize 
the cost of the likelihood evaluations required to compute the skewing factor.

2.4 Efficient evaluation of the skewing factor
Recalling the above discussion, inference under the newly proposed skew-symmetric approxima
tion qn,θ∗ (θ) requires the evaluation of the two un-normalized posterior densities π(θ)L(θ; y1 : n) 
and π(2θ∗ − θ)L(2θ∗ − θ; y1 : n) in the skewing factor wn,θ∗ (θ). Hence, the increments in cost rela
tive to performing inference under q̅n,θ∗ (θ) mainly depend on those of evaluating the likelihoods 
L(θ; y1 : n) and L(2θ∗ − θ; y1 : n). As mentioned above, multiple likelihoods evaluations are stand
ard in Bayesian computation and can be performed with negligible cost for most models of prac
tical interest. Nevertheless, designing strategies that further optimize this cost could lead to 
additional reductions in the overall runtimes. This is the case, for example, in high-dimensional 
(i.e. large d) models, with the parameters entering the likelihood function through a linear predict
or, as in routinely implemented generalized linear models.

Under these models, Algorithm 2 provides an efficient approach for computing wn,θ∗ (θ) at a cost 
which is essentially that of a single likelihood evaluation instead of the two required in the expres
sion of wn,θ∗ (θ). More specifically, Algorithm 2 can be applied to the broad class of models whose 
log-likelihood ℓ(θ; y1 : n) = log L(θ; y1 : n) can be expressed as ℓ(θ; y1 : n) =

􏽐n
i=1 gi(yi, ηθ,i), where 

gi(·), i = 1, . . . , n, denote functions that can be evaluated with a limited computational effort, 
while ηθ,i = x⊺

i θ for i = 1, . . . , n, are linear predictors depending on θ and on a d-dimensional vec
tor of explanatory variables xi. Within this context, for (at least moderately) large d, the most ex
pensive operation is the evaluation of the linear predictor. Algorithm 2 reduces the cost required 
for computing wn,θ∗ (θ) by exploiting the fact that

ℓ(θ; y1 : n) =
􏽘n

i=1

gi(yi, ηθ∗ ,i + ηθ−θ∗,i), and ℓ(2θ∗ − θ; y1 : n) =
􏽘n

i=1

gi(yi, ηθ∗,i − ηθ−θ∗,i), 

where ηθ∗,i = x⊺
i θ∗ and ηθ−θ∗,i = x⊺

i (θ − θ∗), i = 1, . . . , n. Crucially, ηθ∗ = (ηθ∗,1, . . . , ηθ∗ ,n)⊺ can be 
pre-computed, meaning that only a single evaluation of ηθ−θ∗ = (ηθ−θ∗ ,1, . . . , ηθ−θ∗,n)⊺ is required 
in order to compute the skewing factor. As a result, since the cost of x⊺

i θ and gi(·) is O(d) and 

Algorithm 2 Efficient evaluation of wn,θ∗ (θ) in models with linear predictors

require: ηθ∗ , θ − θ∗ and the design matrix X with rows x⊤
i .

do

1. Evaluate ηθ−θ∗ ,i = x⊺
i (θ − θ∗), for i = 1, . . . , n.

2. Compute ℓ(θ; y1 : n) =
􏽐n

i=1 gi(yi, ηθ∗ ,i + ηθ−θ∗ ,i).

3. Compute ℓ(2θ∗ − θ; y1 : n) =
􏽐n

i=1 gi(yi, ηθ∗ ,i − ηθ−θ∗ ,i).

output:

wn,θ∗ (θ) =
π(θ) exp (ℓ(θ; y1 : n))

π(θ) exp (ℓ(θ; y1 : n)) + π(2θ∗ − θ) exp (ℓ(2θ∗ − θ; y1 : n))
.
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O(1), respectively, Algorithm 2 allows to evaluate wn,θ∗ (θ) in a number of operations which, for d 
large, is essentially reduced by a factor of two. This yields a sampling strategy whose computation
al complexity interestingly matches, or even improves, those of other available skewed approxi
mations (see, e.g. Anceschi et al., 2023; Durante et al., 2024; Fasano et al., 2022). Notice that, 
unlike for the general perturbation strategy we propose, these alternatives are developed in the 
context of specific deterministic approximations (e.g. Laplace and VB) and/or models (e.g. probit 
regression and its extensions). Hence, matching the costs of these ad-hoc implementations is argu
ably a remarkable result.

3 Theoretical properties of skew-symmetric approximations
Sections 3.1–3.2 clarify that the skew-symmetric approximation qn,θ∗ (θ) derived in Section 2 (see 
also Definition 2) is not only computationally tractable, but also yields a provably more accurate 
characterization of the exact posterior πn(θ). See the online supplementary material for proofs.

3.1 Finite sample properties and optimality
The original motivation behind the skew-symmetric approximation qn,θ∗ (θ) in (5) is to improve the 
accuracy of the unperturbed ̅qn,θ∗ (θ). Theorem 1 provides finite sample theoretical support to such 
an accuracy gain and clarifies that the quality of qn,θ∗ (θ) only depends on how accurate is ̅qn,θ∗ (θ) in 
approximating the symmetrized posterior ̅πn,θ∗ (θ) in (2). These results are deepened in Theorem 2, 
which proves that the skewing factor wn,θ∗ (θ) in Definition 2 is optimal among all those yielding a 
skew-symmetric approximation for πn(θ), with q̅n,θ∗ (θ) as symmetric component.

Theorem 1 (Finite sample accuracy). Consider the generic posterior density πn(θ) for the 
parameter θ ∈ Θ, and let q̅n,θ∗ (θ) correspond to an already-derived approxi
mation for πn(θ) which is symmetric about the point θ∗ ∈ Θ. In addition, let 
qn,θ∗ (θ) = 2q̅n,θ∗ (θ)wn,θ∗ (θ), where wn,θ∗ (θ) is defined as in (3). Then, for any 
symmetry point θ∗ ∈ Θ and sample size n, it holds

D[πn ∣∣ qn,θ∗ ] =D[π̅n,θ∗ ∣∣ q̅n,θ∗ ], (6) 

where D is either the TV distance, KL, reverse-KL or a generic α-divergence, 
while ̅πn,θ∗ (θ) corresponds to the symmetrized posterior density defined in (2). 
In view of Lemma 1, the result in (6) implies also

D[πn ∣∣ qn,θ∗ ] ≤ D[πn ∣∣ q̅n,θ∗ ], (7) 

for any θ∗ ∈ Θ and sample size n.

Theorem 1 states two important results. First, as clarified in (6), the overall quality of qn,θ∗ (θ) 
coincides with the one achieved by the unperturbed q̅n,θ∗ (θ) in approximating the symmetrized 
posterior π̅n,θ∗ (θ) defined in (2). Second, according to (7), qn,θ∗ (θ) is, provably, never less accurate 
than the original q̅n,θ∗ (θ) in approximating the target posterior density πn(θ), irrespectively of the 
chosen q̅n,θ∗ (θ), its symmetry point θ∗, and the sample size n. Notice also that (6) is not only an 
intermediate step to obtain (7), but it is of direct practical interest. Indeed, among the approximat
ing densities q̅n,θ∗ (θ) with the same symmetry point θ∗, it suggests to prioritize those that give a 
more accurate approximation of the symmetrized posterior ̅πn,θ∗ (θ) in (2), rather than the original 
πn(θ). Therefore, although this objective goes beyond our original scope of perturbing an 
already-available q̅n,θ∗ (θ), equations (6) and (7) stimulate the development of novel symmetric ap
proximations explicitly targeting ̅πn,θ∗ (θ), rather than the original posterior πn(θ). In fact, as a con
sequence of (6)–(7), the skewed perturbation of these approximations under the proposed strategy 
can yield an increasingly accurate characterization of πn(θ).

The results in Theorem 1 follow from the specific form of the skewing factor wn,θ∗ (θ) defined in 
(3). Theorem 2 proves the optimality of such a factor.
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Theorem 2 (Optimality of the skewing factor). Let πn(θ), q̅n,θ∗ (θ) and qn,θ∗ (θ) be defined 
as in Theorem 1. Moreover, consider the alternative skew-symmetric perturb
ation q̃n,θ∗ (θ) = 2q̅n,θ∗ (θ)w̃θ∗ (θ) of q̅n,θ∗ (θ), where w̃θ∗ (θ) is a generic skewing 
factor such that w̃θ∗ (θ) ∈ [0, 1] and w̃θ∗ (θ) = 1 − w̃θ∗ (2θ∗ − θ). Then, for 
any θ∗ ∈ Θ, sample size n, and skewing factor w̃θ∗ (θ), it holds

D[πn ∣∣ qn,θ∗ ] ≤ D[πn ∣∣ q̃n,θ∗ ], 

where D is either the TV distance, KL, reverse-KL or a generic α-divergence.

According to Theorem 2, the skewing factor wn,θ∗ (θ) in (3) is guaranteed to provide a perturbed 
version qn,θ∗ (θ) of q̅n,θ∗ (θ) that is never less accurate in approximating the target posterior πn(θ) 
when compared to any other skew-symmetric density q̃n,θ∗ (θ) having symmetric component 
q̅n,θ∗ (θ) and generic skewing factor w̃θ∗ (θ). Notice that to ensure q̃n,θ∗ (θ) = 2q̅n,θ∗ (θ)w̃θ∗ (θ) is a 
skew-symmetric density as in Definition 1, it suffices that the skewing factor satisfies w̃θ∗ (θ) ∈ 
[0, 1] and w̃θ∗ (θ) = 1 − w̃θ∗ (2θ∗ − θ). Hence, in principle, there are infinitely many options to per
turb the original symmetric approximation so that the resulting density falls within the skew- 
symmetric class. As discussed in Section 2.2, some interesting examples of skewing factors have 
been derived in Azzalini and Capitanio (2003), Genton and Loperfido (2005) and Ma and 
Genton (2004) with a focus on generalizations of skew-normal and skew-elliptical densities, 
which belong to the skew-symmetric family. According to Theorem 2, all these options are sub
optimal relative to wn,θ∗ (θ). This is because, unlike for other alternatives, wn,θ∗ (θ) exactly matches 
the skewing factor of the target posterior density, when expressed in skew-symmetric form as in 
Proposition 2.

Besides proving the optimality of the skewing factor wn,θ∗ (θ), Theorem 2 allows also to formal
ize the proposed skew-symmetric approximation in Definition 2 as the solution of a well defined 
optimization problem. This result is stated in Corollary 1, and is useful to establish direct connec
tions with state-of-the-art approximation strategies that arise from the optimization of specific di
vergences, such as, for example, VB (e.g. Blei et al., 2017) and EP (e.g. Vehtari et al., 2020 ). 
Moreover, as discussed in Remark 4, it provides the premises to further expand the scope of the 
novel perspective considered in this article.

Corollary 1 Let πn(θ), q̅n,θ∗ (θ) and qn,θ∗ (θ) be defined as in Theorem 1. Moreover, let

Q = {q̃n,θ∗ (θ) : q̃n,θ∗ (θ) = 2q̅n,θ∗ (θ)w̃θ∗ (θ)}, 

denote the general family of skew-symmetric densities, which arise from the 
perturbation of q̅n,θ∗ through a generic skewing factor w̃θ∗ (θ) ∈ [0, 1] satisfy
ing w̃θ∗ (θ) = 1 − w̃θ∗ (2θ∗ − θ). Then, for any symmetry point θ∗ ∈ Θ and sam
ple size n, it holds

minq̃n,θ∗∈QD[πn ∣∣ q̃n,θ∗ ] =D[πn ∣∣ qn,θ∗ ], 

where D is either the TV distance, KL, reverse-KL or a generic α-divergence, 
and, recalling (6), D[πn ∣∣ qn,θ∗ ] =D[π̅n,θ∗ ∣∣ q̅n,θ∗ ].

Although the proposed skew-symmetric approximation has not been derived in Section 2 as the 
solution of an optimization problem, Corollary 1 clarifies that, in fact, qn,θ∗ (θ) can be formalized 
also under such a perspective. In particular, the skew-symmetric density qn,θ∗ (θ) in Definition 2 ac
tually coincides with the solution of the constrained minimization for a suitable divergence D be
tween the target posterior πn(θ) and a given approximating density q̃n,θ∗ (θ) within the family Q. 
Such a family comprises all the skew-symmetric densities having symmetric component fixed at 
the already-available approximating density q̅n,θ∗ (θ).

The above interpretation allows us to establish direct connections with the optimization-based 
perspectives of VB (e.g. Blei et al., 2017) and EP (e.g. Vehtari et al., 2020) solutions. However, 
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unlike for these strategies, Corollary 1 holds under a broader class of divergences, rather than a 
specific one, and, when compared to routinely implemented VB and EP schemes yielding symmet
ric approximations, it considers an expanded family which ensures improvements in accuracy. 
Note that, consistent with the focus of this article, q̅n,θ∗ (θ) and, as a consequence, θ∗ are known 
and fixed in Corollary 1. Therefore, the only quantity to be derived is the skewing factor. 
Crucially, as clarified in Theorem 2, the solution wn,θ∗ (θ) of this minimization with respect to 
w̃θ∗ (θ) does not require optimization of additional parameters beyond the already-available θ∗. 
Although extending the optimization problem in Corollary 1 to the case in which also q̅n,θ∗ (θ) 
is unknown goes beyond our scope, as clarified in Remark 4, this direction can be of substantial 
interest to further improve the accuracy of qn,θ∗ (θ), and our results open several avenues to stimu
late future advancements along these lines.

Remark 4 Recalling Sections 1 and 2, the overarching focus of this article is to improve 
the accuracy of state-of-the-art symmetric approximations of posterior distri
butions via a broadly applicable perturbation scheme, which can be derived at 
no additional optimization costs and applied directly to the output q̅n,θ∗ (θ) of 
standard implementations. To this end, ̅qn,θ∗ (θ) is kept fixed and known within 
our derivations. However, although the optimization of such a symmetric com
ponent goes beyond the scope of our contribution, combining the results in 
Theorem 1 and Corollary 1 with the skew-symmetric representation of poster
ior densities in Proposition 2, opens promising directions to further improve 
the approximation accuracy via the additional optimization of the symmetric 
component. In particular, as clarified in Corollary 1, minimizing D[πn ∣∣ q̃n,θ∗ ] 
also with respect to the symmetric component in q̃n,θ∗ (θ), simply requires to 
find the closest symmetric density to the symmetrized posterior in (2), and 
then perturb such a density with the already-derived optimal skewing factor 
wn,θ∗ (θ). This is expected to further improve accuracy relative to perturbations 
of currently implemented symmetric approximations that target the actual 
posterior instead of its symmetrized version. In fact, to our knowledge, such 
a different target has never been considered before and, hence, our results 
can open unexplored avenues to derive improved classes of tractable determin
istic approximations, along with novel computational methods to obtain these 
approximations. When specializing D to the KL minimized under VB a prom
ising direction could be to solve such an optimization problem via automatic 
differentiation variational inference schemes (Kucukelbir et al., 2017).

Section 3.2 quantifies the aforementioned accuracy gains of qn,θ∗ (θ) in asymptotic settings.

3.2 Asymptotic properties
Theorems 1 and 2 provide theoretical guarantees in finite samples for the improved approximation 
accuracy of the newly developed skew-symmetric solution qn,θ∗ (θ), compared to its symmetric 
counterpart, i.e. q̅n,θ∗ (θ). However, these results do not quantify the magnitude of such improve
ments. Below, we address this important point from an asymptotic perspective for n→∞. This 
focus further clarifies how the overall quality of the proposed skew-symmetric approximation cru
cially depends on the one achieved by its symmetric counterpart ̅qn,θ∗ (θ) in approximating the sym
metrized posterior π̅n,θ∗ (θ).

To address the above objectives, we study the skewed perturbations of two particular symmetric 
approximations, both centered at the maximum a posteriori θmap = arg maxθ∈Θπ(θ)L(θ; y1 : n) (i.e. 
θ∗ = θmap), and approximating the target posterior density πn(θ) with the same rate. Since the sym
metry points coincide, the perturbations of these two symmetric approximations share the same 
skewing factor wn,θmap

(θ), as a direct consequence of (3). Nonetheless, as clarified in the following, 
the resulting skew-symmetric perturbations achieve different rates in approximating πn(θ). These 
rates coincide with those obtained by the symmetric counterparts in approximating the symme
trized posterior ̅πn,θmap

(θ), which can be substantially different from those achieved when the target 
is the actual posterior πn(θ). Note that, unlike for the finite sample properties in Section 3.1, which 
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hold broadly for any skew-symmetric approximation, the asymptotic analysis we consider below 
focuses on the sub-class of skewed perturbations of Gaussians or higher-order extensions of these 
Gaussians, both centered at the posterior mode, i.e. θmap. Although generalizations of such an 
asymptotic theory to the general class of skew-symmetric approximations can be envisioned, 
the focus on this sub-class facilitates theoretical derivations and allows to leverage available results 
on the rates of Gaussian approximations. In addition, these Gaussian approximations and the cor
responding higher-order versions are directly related to ubiquitous Laplace type methods, and 
hence, it is natural to deepen the asymptotic analysis of the skew-symmetric approximations aris
ing from the perturbation of such symmetric densities. Note that, although we consider the MAP 
as symmetry point, our theory relies on assumptions which allow to replace θmap with any efficient 
estimator of θ.

To derive the aforementioned asymptotic results, let ℓn(θ) = ℓ(θ; y1 : n) = log L(θ; y1 : n) and 
log π(θ) be, respectively, the log-likelihood function and log-prior density, both evaluated at 
θ ∈ Θ ⊆ Rd. Moreover, denote with

ℓ
(k)
n,θ = (∂⊗k/∂⊗kθ)ℓn(θ), and log π(k)

θ = (∂⊗k/∂⊗kθ) log π(θ), 

the dk-dimensional arrays containing the associated kth order partial derivatives at θ. Under these 
settings, the first symmetric density whose skewed perturbation is studied in asymptotic regimes is 
the Gaussian approximation from the Laplace method. Namely,

q̅n,θmap,(1)(θ) = ϕd(θ; θmap, J−1
θmap

), (8) 

where θmap = arg maxθ∈Θπ(θ)L(θ; y1 : n) and Jθmap
= −(ℓ(2)

n,θmap
+ log π(2)

θmap
).

The second is, instead, a novel higher-order extension of the Gaussian in (8), which relates to the 
family of semi-nonparametric distributions (Gallant & Nychka, 1987) and has density

q̅n,θmap,(2)(θ) =
ϕd(θ; θmap, J−1

θmap
)f (θ − θmap)

∫ ϕd(θ; θmap, J−1
θmap

)f (θ − θmap) dθ
, (9) 

where f (θ − θmap) is a non-negative polynomial obtained from a fourth-order expansion of the 
symmetrized log-posterior at θmap that yields

f (θ − θmap) = 1 +
1

24
〈ℓ

(4)
n,θmap

, (θ − θmap)⊗4〉 +
1
2

1
24
〈ℓ

(4)
n,θmap

, (θ − θmap)⊗4〉

􏼔 􏼕2

+
1
2

1
6
〈ℓ

(3)
n,θmap

, (θ − θmap)⊗3〉

􏼔 􏼕2

.

In the above expression, the generic quantity 〈ℓ(k)
n,θmap

, (θ − θmap)⊗k〉 denotes the polynomial term 
associated to the kth element of the Taylor expansion for ℓn(θ) at θmap. Notice that, in view of 
Lemma B.2 within Appendix B of the online supplementary material, f (θ − θmap) is always non- 
negative, and hence, (9) is a proper density function symmetric about θmap. Although (9) is of 
less direct applicability than (8), such a higher-order approximating density can capture the behav
iour of the symmetrized posterior more flexibly than the Gaussian in (8). Therefore, it provides an 
interesting theoretical alternative to (8) for quantifying the gains of the proposed skew-symmetric 
family of approximations when applied to symmetric densities achieving different accuracies in 
capturing the behaviour of the symmetrized posterior. Since (8) and (9) share the same symmetry 
point θmap, the resulting skew-symmetric perturbations

qn,θmap,(1)(θ) = 2q̅n,θmap,(1)(θ)wn,θmap
(θ), and qn,θmap,(2)(θ) = 2q̅n,θmap,(2)(θ)wn,θmap

(θ), 

have the same skewing factor wn,θmap
(θ).
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Theorem 3 below formalizes the above discussion. When the dimension d is fixed, this theorem 
states that several key divergences (including the TV distance, KL, reverse-KL and α-divergences) 
between the target posterior density and the skew-symmetric perturbation qn,θmap,(1)(θ) of (8) con
verge to zero in probability with a rate 1/n, up to a poly-log term, which substantially improves the 
1/

��
n
√

rate of the unperturbed Gaussian approximation in (8). This accuracy gain is further refined 
by qn,θmap,(2)(θ) which achieves a 1/n2 rate, again up to a poly-log term. Such a latter result is even 
more remarkable, provided that (9) has the same rate of (8) in approximating the target posterior 
πn(θ). This is due to the fact that both (8) and (9) are not able to capture the skewness of the pos
terior distribution. However, when the target is the symmetrized posterior ̅πn,θmap

(θ) (i.e. the skew
ness is removed from the target), the higher-order extension (9) of (8) improves the rates of such a 
latter Gaussian approximation. Combining this result with Theorem 1, the same level of accuracy 
is maintained by qn,θmap,(2)(θ) in approximating the target posterior density πn(θ). This explains the 
improved rates of qn,θmap,(2)(θ) relative to qn,θmap,(1)(θ), and provides a result with important meth
odological consequences. In particular, it suggests to target the symmetrized posterior rather than 
the original one with state-of-the-art symmetric approximations, and then perturb these approx
imations with the proposed skewing factor.

The proof of Theorem 3 is provided in Appendix A of the online supplementary material and 
relies on a number of regularity conditions listed below. These conditions are similar to those re
cently considered by Durante et al. (2024) for deriving a skewed extension of the Bernstein-von 
Mises theorem (e.g. Van der Vaart, 2000). Recalling related discussions in Durante et al. 
(2024), we shall emphasize that Assumptions 1–6 provide natural extensions of standard condi
tions in asymptotic studies of this type, and hold under several, commonly adopted, regular stat
istical models, such as generalized linear models.

Assumption 1 For every sample size n ∈ N, the data y1 : n are realizations from a sequence 
of random variables Y1 : n having true underlying distribution Pn

0 which 
may not be necessarily included within the parametric family {Pn

θ, θ ∈ Θ} 
defining the assumed model with log-likelihood ℓn(θ). Furthermore, the 
KL projection Pn

θ0 
of Pn

0 into {Pn
θ , θ ∈ Θ}, is unique.

Assumption 2 The log-prior density log π(θ) is four times continuously differentiable in
side a neighbourhood of θ0, and 0 < π(θ0) < ∞.

Assumption 3 For every Mn →∞ there exists a positive constant c1 such that

limn→∞Pn
0 sup

‖θ−θ0‖>Mn

��
d
√
/
��
n
√ {ℓn(θ) − ℓn(θ0)}/n < −c1M2

nd/n
􏽮 􏽯

= 1, 

where ℓn(θ0) is the log-likelihood evaluated at θ0.

Assumption 4 The maximum a posteriori estimator θmap = arg maxθ∈Θ{ℓn(θ) + log π(θ)}, 
satisfies En

0‖θmap − θ0‖
2 = O(d/n).

Assumption 5 There exist two positive constants η̅1 and η̅2 such that the event

Ãn,0 = {λmin(Jθmap
/n) > η̅1} ∩ {λmax(Jθmap

/n) < η̅2} 

holds with probability Pn
0(Ãn,0) = 1 − o(1). Moreover, there exist two posi

tive constants δ > 0 and L > 0 such that the inequalities

‖ℓ(3)
n (θ)/n‖ < L, ‖ℓ(4)

n (θ)/n‖ < L, ‖ log π(2)(θ)‖ < L, 
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hold uniformly in Bδ(θmap) = {θ ∈ Θ : ‖θmap − θ‖ < δ}, with Pn
0-probability 

tending to one, where ‖·‖ denotes the spectral norm. When qn,θmap,(2)(θ) is 
considered, for the same δ > 0 and L > 0 as above, also the inequalities

‖ℓ(5)
n (θ)/n‖ < L, ‖ℓ(6)

n (θ)/n‖ < L, ‖ log π(3)(θ)‖ < L, ‖ log π(4)(θ)‖ < L, 

hold uniformly in Bδ(θmap), with Pn
0-probability tending to one.

Assumption 6 Let hmap =
��
n
√

(θ − θmap). Then, there exist positive constants c and M, such 
that | log π̅n,θmap

(hmap)| ≤ c‖hmap‖
M ∨ 1.

Assumptions 1–3 are needed to guarantee that the assumed model is sufficiently regular and that 
the induced posterior distribution πn(θ) concentrates asymptotically fast enough around θ0. 
Similarly, for d fixed, Assumption 4 provides the parametric 1/

��
n
√

concentration rate of the pos
terior mode θmap around θ0, required to control the likelihood around the random location θmap. 
Assumption 5 presents, instead, requirements on the regularity of the prior and the likelihood, de
pending on the approximation procedure considered. The second, more complex, approximation 
qn,θmap,(2)(θ) requires a stronger control, but the corresponding rates are also faster. These condi
tions allow us to control the accuracy of the Taylor expansion for the log-posterior, up to the re
quired order, and for its approximation induced by either qn,θmap,(1)(θ) or qn,θmap,(2)(θ). Finally, 
Assumption 6 controls the tail behaviour of the symmetrized posterior to ensure finite cross en
tropy between the skewed perturbations of (8) (or (9)) and πn(θ). While this condition could be 
possibly relaxed, we conjecture that explicit control of the tails is necessary to obtain the results 
for the KL and reverse-KL divergences in Theorem 3.

The combination of Assumptions 1–6 described above allows us to state the following theorem 
regarding the asymptotic accuracy of qn,θmap,(1)(θ) and qn,θmap,(2)(θ) in approximating the target pos
terior πn(θ).

Theorem 3 (Asymptotic accuracy). Under Assumptions 1–5, it holds

D[πn ∣∣ qn,θmap,(1)] = OPn
0

(
Mc3

n d3/n
􏼁
, (10) 

and

D[πn ∣∣ qn,θmap,(2)] = OPn
0

(
Mc4

n d6/n2􏼁, (11) 

where Mn =
���������
c0 log n

􏽰
, the quantities c0, c3, c4 > 0 are fixed positive constants 

not depending on n and d, and D denotes either the TV distance or any generic 
α-divergence with α ∈ (0, 1). If Assumption 6 holds (in addition to 1–5), then 
(10)–(11) are valid also when D is the KL or reverse-KL divergence.

Remark 5 Under the same assumptions, it can be also shown that the convergence rate of 
the symmetric components (8) and (9) to the target posterior density πn(θ) is 
OPn

0
(Mc5

n d3/2/
��
n
√

) for some c5 > 0. This result suggests that the difference in 
(10)–(11) are due to how the symmetric component approximates π̅n,θmap

(θ).

Remark 6 All the rates presented in Theorem 3 and Remark 5 rely on bounds which are 
guaranteed to vanish also when the dimension d grows with the sample size n, 
as long as d = o(n1/3), up to a poly-log term. This condition is common in high- 
dimensional studies of Gaussian approximations (Panov & Spokoiny, 2015; 
Spokoiny, 2025; Spokoiny & Panov, 2025). However, unlike these asymptotic 
studies, the rates presented in Theorem 3 vanish with n (or even n2), up to a 
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poly-log term, instead of 
��
n
√

, for any fixed d. Finally, let us emphasize that the 
constants c0, c3 and c4 in Theorem 3 arise from specific technicalities in the 
proof that can be found in the online supplementary material. For what con
cerns the interpretation of the rates in Theorem 3, the only key requirement 
is that c0, c3 and c4 are fixed positive constants not depending on n and d.

Note that qn,θmap,(1) is closely related to the skew-modal approximation recently introduced in 
Durante et al. (2024). These two approximations share a similar symmetric component and the 
same order of convergence to the target posterior, but have different skewing factor. In Durante 
et al. (2024) such a quantity is derived using asymptotic arguments that involve the evaluation 
of third-order log-likelihood derivatives at θmap. Conversely, the skewing factor wn,θmap

(θ) intro
duced in this article depends only on the un-normalized posterior density, and hence, is simpler 
to implement. Moreover, while the focus of Durante et al. (2024) is on perturbing Gaussian ap
proximations from the Laplace method to refine the classical Bernstein-von Mises theorem, the 
proposed skew-symmetric approximations broadly apply to any symmetric density, beyond 
Gaussians centered at the MAP. Besides its practical benefits illustrated in Sections 4 and 5 below, 
this generality yields also theoretical gains which are evident in (11). This latter result clarifies that 
the theory in Durante et al. (2024) can be further expanded to higher-order approximations 
achieving faster convergence rates, while remaining within the skew-symmetric family.

4 Simulation studies
Before assessing the skew-symmetric approximations in real-data applications, let us first consider 
two simulation studies quantifying to what extent the accuracy gains and improved rates derived 
theoretically in Sections 3.1 and 3.2 find empirical evidence also in practice, even beyond the set
tings explored by our theory. To this end, we compare the accuracies achieved by three popular 
Gaussian approximations from the Laplace method (Gelman et al., 2013, Chapter 13), black-box 
VB (Kucukelbir et al., 2017; Ranganath et al., 2014) and EP (Minka, 2001; Vehtari et al., 2020), 
with those obtained under the corresponding skew-symmetric counterparts. These gains are quan
tified through different accuracy measures in two simulations studies. The first (see Section 4.1) 
aims at providing empirical evidence for the asymptotic rates presented in Theorem 3 (see also 
Remark 5), under a parametric setting that meets the conditions underlying the theory within 
Section 3.2. In this first study, we consider a simple one-dimensional scenario, which allows us 
to evaluate with precision the different divergences in Theorem 3 via numerical integration meth
ods. This provides a reliable quantification of the rates, which is not affected by Monte Carlo er
ror. Large d settings are instead addressed in the second simulation study (see Section 4.2) whose 
aim is to explore the accuracy improvements of the skew-symmetric approximations beyond the 
settings and quantities studied theoretically in Sections 3.1 and 3.2. In particular, the focus of 
Section 4.2 is on assessing the accuracy in approximating the posterior marginals under high- 
dimensional regimes where d grows with n at a rate that does not meet the condition d = 
o(n1/3) discussed in Remark 6.

4.1 One-dimensional Poisson model
The upper bound (10) presented in Theorem 3 suggests that, for a sufficiently large n and fixed d, 
the log-divergence between the target posterior and the proposed skew-symmetric perturbation of 
suitable Gaussian approximations should decrease as a linear function of log n with slope that is 
−1 or lower. According to the discussion in Remark 5, this slope should be, instead, −0.5, or low
er, for the unperturbed Gaussian counterpart.

To assess whether the above results find empirical evidence in practice, we simulate i.i.d. data 
y1 : n, for growing sample size n from n = 15 to n = 145 with step size 10, from a Poisson distribu
tion having rate exp (θ0) = 1. Leveraging these samples of growing size we perform Bayesian infer
ence by assuming a one-dimensional Poisson model with rate exp (θ), where θ ∈ R is assigned a 
Student-t prior with one degree of freedom. Such a prior choice coincides with a hierarchical 
Bayesian formulation assuming a zero mean Gaussian prior for θ combined with a χ2

1 hyperprior 
for its precision parameter, thereby providing a realistic elicitation which is aligned with the com
mon practice of considering higher-level priors for the hyperparameters to mitigate sensitivity 
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issues. These settings yield a sequence of posteriors πn(θ), n = 15, 25, 35, . . . , 135, 145, for θ, 
which we approximate under the three Gaussian densities resulting from the Laplace method 
(Gelman et al., 2013, Chapter 13), black-box VB (Kucukelbir et al., 2017; Ranganath et al., 
2014) and EP (Minka, 2001; Vehtari et al., 2020), respectively, along with the corresponding 
skew-symmetric perturbations presented in Section 2. As anticipated in Sections 1 and 2, all these 
approximations can be readily derived leveraging standard softwares. In particular, the three 
Gaussians alternatives can be obtained as a direct output of rstan or simple R coding, whereas 
the skew-symmetric counterparts only require the additional calculation of the closed-form skew
ing factor, without further optimization.

Table 1 quantifies the rates achieved by the aforementioned approximations under routinely em
ployed divergences among those considered in Theorem 3, i.e. TV, KL and reverse-KL. Consistent 
with the motivation underlying this simulation study, we display, in particular, the slope of the fitted 
linear regression between logD(πn ∣∣ qn) and log n, for n = 15, 25, 35, . . . , 135, 145, where D is the 
TV, KL or reverse-KL, and qn is either one of the Gaussian approximations under analysis (i.e. 
qn = q̅n,θ∗ ) or its skew-symmetric counterpart (i.e. qn = qn,θ∗ ). In Table 1, these slopes are aver
aged across 50 replicated experiments and the associated standard errors are reported within 
brackets. Consistent with Theorem 3 and Remark 5, the proposed skew-symmetric approxima
tions display slopes close to −1 or below it, across all divergences and approximation methods, 
whereas those of the unperturbed Gaussian counterparts are approximately −0.5 or lower. 
Moreover, the improvements in rates achieved by the proposed perturbation strategy over 
its symmetric alternative are systematic and by at least a multiplicative factor of 2. These results 
provide empirical evidence on the fact that the finite sample accuracy gains proved in Theorem 1
and the asymptotic rates derived in Theorem 3 are visible also in practice. Interestingly, the em
pirical results obtained for the KL and reverse-KL further suggest that sharper upper bounds 
could be derived in Theorem 3 for these two divergences, thereby stimulating future research 
along these lines. Section 4.2 quantifies to what extent similar gains can be preserved in more 
challenging settings and for quantities of interest beyond those studied by our theory in 
Section 3.

4.2 High-dimensional Poisson regression
Let us now consider a high-dimensional setting where d = 6⌊

�����
n/2

􏽰
⌋, and the focus is on assessing 

the accuracy improvements in approximating posterior marginals for each θj, j = 1, . . . , d. This 
setting is substantially more challenging than the one considered in Section 4.1 for two reasons. 
First, it does not meet the d = o(n1/3) condition that is required to obtain vanishing rates under 
Theorem 3 (see also Remark 6). Second, the finite sample accuracy gains proved in Theorem 1 fo
cus on the approximation of the joint posterior density πn(θ), rather than its marginals πn(θj), for 
j = 1, . . . , d. As such, it is of interest to assess whether the theoretical results in Section 3 and the 

Table 1. Empirical comparison of the rates achieved by state-of-the-art Gaussian approximations from the Laplace 
method, black-box VB and EP, with those obtained under the corresponding skew-symmetric perturbations

TV KL reverse-KL

Laplace (Gaussian) −0.48 (0.01) −0.93 (0.02) −0.97 (0.02)

Laplace (Skew-symmetric) −1.04 (0.02) −1.80 (0.08) −3.11 (0.26)

black-box VB (Gaussian) −0.48 (0.01) −0.95 (0.02) −0.98 (0.02)

black-box VB (Skew-symmetric) −1.05 (0.02) −1.73 (0.12) −3.18 (0.29)

EP (Gaussian) −0.47 (0.01) −0.93 (0.02) −0.99 (0.02)

EP (Skew-symmetric) −0.99 (0.02) −1.76 (0.11) −3.47 (0.26)

Note. For three routinely employed divergences D (i.e. TV, KL and reverse-KL) the table displays the slope of the fitted 
linear regression between logD(πn ∣∣ qn) and log n, where qn is either q̅n,θ∗ (i.e. Gaussian) or qn,θ∗ (i.e. Skew-symmetric), 
and n is defined on a grid from 15 to 145 with step size 10. The results are averaged across 50 replicated experiments 
(standard error within brackets). Bold values indicate the best performance for each pair of Gaussian and 
skew-symmetric approximation.

J R Stat Soc Series B: Statistical Methodology                                                                                         19
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssb/advance-article/doi/10.1093/jrsssb/qkaf082/8425622 by U
niversità Bocconi user on 16 January 2026



empirical gains in Section 4.1 find some numerical evidence also in these more challenging settings. 
In fact, as discussed in Section 2, the skewness-inducing correction we propose relies on a global 
notion of central symmetry. Therefore, it is unclear whether re-distributing the density with re
spect to such a notion translates into empirical gains in characterizing local asymmetries within 
the marginals, which are often of interest in practice (e.g. Chopin & Ridgway, 2017; Rue et al., 
2009; Tierney & Kadane, 1986).

To address the above goal, we simulate data y1 : n for growing sample size n = 200, 400, 600, 
800, 1000, and dimension d = 6⌊

�����
n/2

􏽰
⌋, from a Poisson regression model with the generic re

sponse variable yi having rate exp (x⊺
i θ0), i = 1, . . . , n. In this simulation, each xi denotes a 

d-dimensional vector with unbalanced binary entries drawn independently from Bernoulli vari
ables having low probabilities generated by a uniform in [0.02, 0.1], while θ0 has entries simu
lated from independent uniforms in [−0.5, 0.5], and further rescaled to control the variance of 
the linear predictor as d grows with n. Extending the formulation considered in Section 4.1, 
we model these data under a Bayesian Poisson regression with rates exp (x⊺

i θ), for i = 1, . . . , n, 
and assume independent Student-t priors with one degree of freedom for each θj, j = 1, . . . , d.

Table 2 quantifies, for each sample size n, whether the posterior marginals πn(θj), j = 1, . . . , d, 
resulting from the above Bayesian model are more accurately approximated by those of the three 
Gaussians considered in Section 4.1 (i.e. q̅n,θ∗ (θj), j = 1, . . . , d), or by the corresponding skew- 
symmetric perturbations (i.e. qn,θ∗ (θj), j = 1, . . . , d). This is accomplished by computing, for 
every n and j, the relative improvement (in percentage) achieved by the marginals of the proposed 
skew-symmetric approximation with respect to those of the Gaussian counterparts, under four 

Table 2. Relative accuracy improvement (in percentage) achieved by each skew-symmetric approximation 
with respect to three symmetric counterparts, corresponding to the Gaussians from the Laplace method, black-box 
VB and EP

n = 200 n = 400 n = 600 n = 800 n = 1000

(d = 60) (d = 84) (d = 102) (d = 120) (d = 132) % IMPROV

Laplace (Skew-sym. vs. Gaus.)

TV 12.9% 11.1% 10.3% 9.2% 9.5% 100%

KL 28.0% 22.7% 20.2% 18.6% 17.3% 99.8%

reverse-KL 37.1% 39.2% 40.7% 40.9% 41.2% 100%

bias 32.8% 34.3% 34.0% 34.8% 35.3% 99.8%

black-box VB (Skew-sym. vs. Gaus.)

TV 14.1% 12.3% 12.0% 12.7% 11.6% 100%

KL 31.6% 25.7% 22.0% 20.9% 19.1% 100%

reverse-KL 42.4% 42.2% 41.0% 43.7% 41.5% 100%

bias 55.2% 48.7% 51.2% 56.1% 50.8% 95%

EP (Skew-sym. vs. Gaus.)

TV 17.3% 16.1% 16.7% 16.7% 16.8% 100%

KL 33.1% 28.7% 26.4% 24.9% 24.1% 100%

reverse-KL 43.3% 44.6% 46.6% 46.6% 46.9% 100%

bias 24.7% 31.9% 30.6% 32.3% 36.8% 86%

Note. The improvement is quantified, for varying sample sizes n = 200, 400, 600, 800, 1000, under four different 
measures, namely the bias in approximating the posterior means of the standardized parameters, and the TV, KL 
and reverse-KL divergences between the target posterior marginals and the corresponding approximation, for each 
j = 1, . . . , d (with d = 6⌊

�����
n/2

􏽰
⌋). Standardization involves dividing the parameters by the standard deviations of the 

associated exact posterior. As such these standard deviations are estimated via Monte Carlo using 40,000 samples from the 
target posterior produced by HMC via rstan. The relative improvement is computed under the four measures analyzed 
for every j = 1, . . . , d. The table displays the median relative improvement over j, for each n = 200, 400, 600, 800, 1000, 
averaged across 10 replicated experiments. The quantity % IMPROV corresponds, instead, to the percentage of marginals for 
which the proposed skew-symmetric approximation improves the Gaussian counterpart with respect to the associated 
accuracy measure. This percentage is averaged across n.
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accuracy measures. These are the TV, KL and reverse-KL divergences between the target posterior 
marginals and the corresponding approximations, along with the bias in estimating the posterior 
expectations of the standardized parameters (see the caption of Table 2 for details on the stand
ardization). This bias is useful to assess if the accurate characterization of the marginal densities 
translates also into practical improvements in approximating functionals of key interest for infer
ence. Note that, unlike in Section 4.1 (where the focus is on one-dimensional settings), all the per
formance measures discussed above are estimated here via Monte Carlo leveraging 10,000 i.i.d. 
draws from each of the approximations studied, while considering 4 chains of size 10,000 pro
duced by HMC (via rstan) as benchmark samples from the target posterior πn(θ).

Table 2 displays the medians of the above relative accuracy gains across j, further averaged over 
10 replicated experiments. The results show that, albeit tested in a more challenging setting, the 
proposed skew-symmetric approximation still showcases systematic improvements over the 
Gaussian counterparts. Such gains are non-negligible for all the measures, and particularly re
markable for the reverse-KL and bias. Interestingly, the ability to reduce both the KL and the 
reverse-KL divergences clarifies that the proposed perturbation is able to improve the original 
Gaussians in both mode seeking and mass covering behaviours, leading also to reductions in 
bias. According to % IMPROV, these improvements are again systematic across marginals, sample 
sizes and approximation methods. Notice that, the 86% associated with the bias of EP should 
be interpreted as a remarkable result. In fact, EP aims, by design, at providing Gaussian approx
imations centered at the actual posterior mean. As such, its skewed perturbation may not yield, in 
principle, noticeable improvements when the focus is specifically on the bias. Table 2 shows that, 
in practice, the skew-symmetric approximation provides clear gains also under this measure, likely 
due to a positive effect in removing possible biases that arise from EP optimization schemes.

Section 5 clarifies that the improvements achieved by the skew-symmetric approximations in 
simulations are found also in real-data applications, both in relative and absolute terms.

5 Real-data applications
We conclude by showcasing the practical gains of the proposed skew-symmetric approximation in 
two real-data applications requiring realistic hierarchical Bayesian implementations. The first (see 
Section 5.1) shows that relative improvements similar to those presented in the simulation study in 
Section 4.2 can be obtained also under a more sophisticated zero-inflated negative binomial regres
sion aimed at modelling school attendance behaviours leveraging the dataset Attendance in the 
R library mixpoissonreg. The second (see Section 5.2) considers, instead, a semi-parametric 
hierarchical logistic regression model to infer the determinants of contraceptive usage behaviours 
in 33 indian states based on data retrieved from the HDS II survey (see, e.g. Rigon et al., 2019). In 
this latter application n = 30,524 and d = 62, thereby providing an interesting setting to study also 
the runtimes of inference under the proposed skew-symmetric approximation, in addition to its 
gains with respect to the Gaussian counterparts in absolute terms.

Consistent with the simulation studies in Section 4, the above gains are again quantified with a 
focus on the skew-symmetric perturbations for the Gaussian approximations from the Laplace 
method (Gelman et al., 2013, Chapter 13), black-box VB (Kucukelbir et al., 2017; Ranganath 
et al., 2014) and EP (Minka, 2001; Vehtari et al., 2020), leveraging the four accuracy measures 
in Table 2 (i.e. TV, KL, reverse-KL and bias). As for the analyses within Section 4.2, also in the 
two applications these measures are estimated via Monte Carlo based on 10,000 samples drawn 
from each of the approximations studied. Inference under the target posterior, which provides 
the benchmark to assess the accuracy of the approximations analyzed, leverages instead 4 chains 
of length 10,000 under HMC from the R library rstan. This library is also employed for obtain
ing the Laplace and black-box VB approximations, via the functions optimizing and vb, re
spectively. The EP solution is instead implemented via a custom-built R code. Once these three 
symmetric approximations are available, the corresponding skew-symmetric counterparts can 
be obtained as in Definition 2, and i.i.d. sampling from these skewed corrections proceeds via 
Algorithm 1.

In interpreting the results in Sections 5.1–5.2 (along with those in Sections 4.1–4.2) it is import
ant to emphasize that the proposed skewness-inducing mechanism is constrained to redistribute the 
density of the symmetric approximation only among pairs {θ, 2θ∗ − θ}, θ ∈ Θ. Thus, the systematic 
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improvements achieved by the skew-symmetric approximations in Tables 1–3 and Figure 1 are argu
ably remarkable when accounting for the simplicity of the proposed perturbation strategy. These re
sults suggest future research to devise even more sophisticated skewness-inducing mechanisms 
redistributing the density at more flexible configurations than {θ, 2θ∗ − θ}, θ ∈ Θ. Such extensions 
should, however, account for the tractability of the resulting approximation. Recalling Section 2.3
and Remark 1, this is a key property of the skewed perturbation we propose, which is fundamental 
to facilitate its broad applicability. To extend this applicability even further, we illustrate in the two 
real-data applications the use of skew-symmetric approximations as improved proposals in import
ance sampling (see, e.g. Chopin & Papaspiliopoulos, 2020, Chapter 8). This perspective yields re
markable gains in the effective sample sizes (ESS) relative to those obtained when leveraging the 
Gaussian counterparts as proposals.

5.1 Zero-inflated negative binomial regression
As a first application let us consider a zero-inflated negative binomial regression (e.g. Lawal, 2012) 
applied to a study on school attendance of n = 314 students. The dataset is available within the R 
library mixpoissonreg and comprises, for each student i, information on the number of days of 
absence at school yi, along with two categorical explanatory variables xi1 and xi2 corresponding, 
respectively, to the gender of the student (female/male) and the instructional programme in 
which such a student is enrolled (General/Academic/Vocational). To learn how the school 
attendance behaviours relate to these two variables, while accounting for the excess of zeros and 
overdispersion in the observed responses y1, . . . , yn, we consider a zero-inflated negative binomial 
regression (e.g. Lawal, 2012). This model incorporates gender and instructional programme ef
fects both in the zero inflation probabilities ψi, and also in the negative binomial expected counts 
μi. In particular, denoting with 1(·) the indicator function, we let

logit(ψi) = α0 + α11(xi1 = male) + α21(xi2 = Academic) + α31(xi2 = Vocational),

log μi = β0 + β11(xi1 = male) + β21(xi2 = Academic) + β31(xi2 = Vocational), 

for every unit i = 1, . . . , n, and assume a constant overdispersion exp (γ), with γ ∈ R. In order to 
perform Bayesian inference on the parameters θ = (γ, α0, α1, α2, α3, β0, β1, β2, β3) ∈ R9 we rely on 
independent Gaussian priors having mean 0 and variance 2, and then assess in Table 3 whether the 
proposed skewed perturbation improves the Gaussian alternatives from the Laplace method (e.g. 
Gelman et al., 2013, Chapter 13), black-box VB (Kucukelbir et al., 2017; Ranganath et al., 2014) 
and EP (Minka, 2001; Vehtari et al., 2020) in approximating the resulting posterior. Note that, 
unlike for the simulations in Sections 4.1–4.2, we consider here Gaussian priors rather than 
Student-t ones. This is motivated by the aim to assess our skew-symmetric approximations under 
several elicitations of routine use, including those relying on Gaussian priors.

Consistent with the simulations in Section 4, Table 3 demonstrates that the proposed skew- 
symmetric approximations systematically outperform the corresponding symmetric counterparts 

Table 3. Relative accuracy improvement (in percentage) achieved by each skew-symmetric approximation with 
respect to three symmetric counterparts, corresponding to the Gaussians from the Laplace method, black-box 
VB and EP

TV KL reverse-KL bias % IMPROV

Laplace (Skew-sym. vs. Gaus.) 22.0% 39.5% 47.5% 29.5% 100%

black-box VB (Skew-sym. vs. Gaus.) 22.0% 46.1% 33.4% 26.8% 96%

EP (Skew-sym. vs. Gaus.) 21.2% 36.3% 34.2% 27.0% 90%

Note. The improvement is quantified under four different measures, namely the bias in approximating the posterior 
means of the standardized parameters, and the TV, KL and reverse-KL divergences between the target posterior 
marginals and the corresponding approximation. Standardization proceeds as discussed in the caption of Table 2. The 
relative gain is computed under these four measures for every j = 1, . . . , 9. The table displays the median relative 
improvement over j. The quantity % IMPROV corresponds, instead, to the percentage of marginals for which the 
skew-symmetric approximation improves the Gaussian counterpart, averaged across the accuracy measures.
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for all the measures considered also in this realistic real-data application. Recalling the remarks 
before Section 5.1, these relative gains are particularly remarkable, especially in the light of the 
simplicity of the perturbation strategy employed, and can be further strengthened by studying 
its use as an improved proposal within importance sampling targeting the joint posterior dens
ity πn(θ) (e.g. Chopin & Papaspiliopoulos, 2020, Chapter 8). Such an additional assessment is 
not only useful to clarify the broad applicability of the proposed skew-symmetric approxima
tion in Bayesian computation, but also complements the analyses within Table 3. In fact, the 
magnitude of the gains in the ESS (e.g. Chopin & Papaspiliopoulos, 2020, Chapter 8.6) rela
tive to those obtained under the unperturbed Gaussian proposals are useful for quantifying the 
improvements of the proposed skew-symmetric approximation in characterizing the shape of 
the entire target posterior density πn(θ), beyond its marginals. The percentage gains in the ESS, 
estimated in 100 replicated studies, are 90.95% (sd: 10.10%), 87.25% (sd: 7.37%) and 89.91%

(sd: 6.57%) for the skew-symmetric perturbations of the Gaussian proposals from the Laplace 
method, black-box VB and EP, respectively. This means that replacing such Gaussian pro
posals with the corresponding skewed counterparts essentially doubles the ESS, at negligible 
computational costs. In fact, in importance sampling, the multiple likelihood evaluations 
we require to compute the skewing factor are also necessary under the Gaussian proposals 
to evaluate the importance weights. These findings strengthen the impact of our skew- 
symmetric approximation, and motivate further research on its use within importance 
sampling and its extensions.

5.2 Hierarchical semi-parametric logistic regression
Let us conclude by illustrating the accuracy gains of skew-symmetric approximations in a demo
graphic application with n = 30,524 and d = 62. The data are retrieved from the HDS II survey 
whose focus, among others, is to study women contraceptive choices within 33 indian states. 
Recently, this dataset has been analyzed by Rigon et al. (2019) via a Bayesian semi-parametric se
quential logistic regression to investigate how different demographic factors affect the probability 
of four different contraceptive choices (including no contraceptive). In the following, we fo
cus instead on the binary decision on whether to use or not contraceptives as a function of state of 
residence, age, education (factor with four levels), religion (factor with four levels) and area (urban 
or rural).

Let x⊺
ik be the 8-dimensional vector comprising the binary encoding of the variables education, 

religion and area for the ith woman within state k = 1, . . . , K. Consistent with the hierarchical 
structure of the data, we assume that the binary decision yik ∈ {0, 1} to use or not contraceptives 
is modeled, for each woman i = 1, . . . , nk in state k = 1, . . . , K, through a Bernoulli variable with 
probability ψik defined as

logit(ψik) = αk + g(ageik) + x⊺
ikβ, for every i = 1, . . . , nk, and k = 1, . . . , K, 

where nk denotes the number of observations in state k, αk is a state-specific intercept, β ∈ R8 

denotes a vector encoding the fixed effects, while g(·) is a flexible functional effect for the 
variable age. Following Rigon et al. (2019), g(·) is defined via a linear combination of 
B-spline functions Bm(·), m = 1, . . . , M, with coefficients vector γ = (γ1, . . . , γM)⊺ ∈ RM. 
Bayesian inference under this model proceeds via suitably defined priors for the d = 62 param
eters in θ = (β, α, γ). In particular, we assume improper uniform priors for the entries in β, and 
independent Student-t with 3 degrees of freedom for the K intercepts within α and the M entries 
of Σ−1/2γ, where Σ is specified as in Rigon et al. (2019) to enforce similar coefficient values for 
contiguous splines. As discussed in Section 4.1, the choice of Student-t coincides with the real
istic assumption of Gaussian priors for the parameters combined with χ2

3 hyperpriors for the 
corresponding precisions.

Figure 1 extends the comparisons in Section 5.1 by studying the accuracy in both relative and 
absolute terms of the skew-symmetric approximations over the unperturbed Gaussian counter
parts from the Laplace method, black-box VB and EP, with focus on the marginals of the pos
terior induced by the above model. More specifically, the first three panels within Figure 1
display the boxplots of the estimated D(π j,n ∣∣ q j,n), j = 1, . . . , 62, where q j,n is the jth marginal 
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of either q̅n,θ∗ (Gaussian) or qn,θ∗ (Skew-symmetric), and D corresponds to the TV, KL and 
reverse-KL divergences, respectively. The fourth panel shows instead the boxplot of the absolute 
differences between the approximated and actual posterior means of the d = 62 standardized pa
rameters. Similarly to the empirical results in Sections 4.1–4.2 and 5.1, correcting for asymmetry 
yields also in this case approximations that systematically outperform the symmetric counter
parts on all accuracy measures. Comparing the medians of the boxplots in Figure 1, these im
provements are, generally, by a multiplicative factor of 2 or more, and provide evident gains 
also in absolute terms. For instance, since the bias is computed on standardized parameters, 
achieving systematic reductions of 0.2 or more via simple perturbations is a remarkable result 
in absolute terms.

Notice also that, among the deterministic approximations in Figure 1, the skewed perturb
ation of EP provides the most competitive strategy in terms of overall accuracy across the differ
ent summaries. Recalling, e.g. Vehtari et al. (2020), EP already provides highly-accurate 
deterministic approximations in its standard Gaussian form. As a result, perturbing these sym
metric densities through the proposed skewing factor yields even more accurate skewed approx
imations. This point is also confirmed by the analysis of the relative improvements in the ESS 
when leveraging the skew-symmetric approximations instead of the Gaussian counterparts as 
proposals in importance sampling. In this case, the percentage gains in the ESS, averaged across 
100 replicated studies, are 76.88% (sd: 9.25%), 59.88% (sd: 6.90%) and 87.59% (sd: 7.17%) for 
the skewed perturbations of the Gaussian proposals from the Laplace method, black-box VB 
and EP, respectively.

Notably, the above improvements are obtained at negligible computational costs. In this 
application with n = 30,524 and d = 62, the runtime of Monte Carlo inference via 10,000 sam
ples from Algorithm 1 is approximately 8 seconds on a standard laptop, without considering any 
parallel implementations.

Figure 1. Empirical comparison of the accuracy achieved by three state-of-the-art Gaussian approximations from 
the Laplace method, black-box VB and EP, versus the corresponding skew-symmetric perturbations. For three 
routinely-employed divergences D (TV, KL, reverse-KL) the first three panels display the boxplots of D(π j,n ∣∣ q j,n), 
j = 1, . . . , 62, where q j,n is the jth marginal of either q̅n,θ∗ (Gaussian) or qn,θ∗ (Skew-symmetric). The fourth panel 
shows instead the boxplot of the absolute differences between the approximated and actual posterior means of the 
d = 62 standardized parameters (standardization proceeds as discussed in the caption of Table 2).
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6 Discussion
This article introduces a novel and general strategy to perturb any given symmetric approximation 
of a generic posterior density for obtaining an improved, yet similarly tractable, skew-symmetric 
counterpart. Such an approximation is shown to improve, both theoretically and practically, the 
accuracy of the symmetric density which is perturbed. Unlike recently developed deterministic ap
proximations based on generalizations of skew-normal distributions, the proposed solution (i) ap
plies to generic posterior densities and to any symmetric approximation of such densities, from e.g. 
Laplace, VB and EP, (ii) does not imply additional optimization costs relative to those required for 
obtaining the original symmetric approximation to be improved, (iii) is substantially simpler and 
can be applied directly to any output of state-of-the-art softwares yielding symmetric approxima
tions of posterior densities, (iv) has strong theoretical guarantees in terms of accuracy, and (v) 
achieves systematic empirical gains over the unperturbed symmetric counterparts in both simula
tion studies and real-data applications. Such advantages, combined with the limited computation
al burden of inference under these skew-symmetric approximations (see Sections 2.3–2.4 and 5.2), 
motivate extensive use of this novel solution, especially in situations where the posterior density 
displays non-negligible skewness and the symmetric approximation to be perturbed provides an 
accurate characterization of the symmetrized posterior.

Recalling Section 2.3, our proposal arises from a yet unexplored skew-symmetric representation 
of posterior densities in Proposition 2 that is of independent interest and stimulates several direc
tions of future research. A promising one is discussed in Remark 4 and refers to the case in which 
also the symmetric approximating density q̅n,θ∗ (θ) is unknown and part of the optimization prob
lem formalized in Corollary 1. This extension, combined with our results in Section 2, supports a 
change of perspective that suggests to focus on symmetrized posterior densities defined in (2), ra
ther than on the original posterior, as the target of symmetric approximations. To the best of our 
knowledge, such a perspective has not been considered so far, thus stimulating active research mo
tivated by the novel questions associated with this task. For instance, this would require extracting 
a suitable symmetric component from the target posterior density, which is both as close as pos
sible to such a posterior and can be also accurately approximated by a tractable symmetric density 
whose perturbation yields the final skew-symmetric approximation of πn(θ). A related problem 
can be found in classical, yet overlooked, literature aimed at improving estimators of empirical dis
tribution functions for symmetric densities (Hinkley, 1976; Lo, 1985; Schuster, 1975, 1987). 
Inheriting these results within our framework for deterministic approximations provides a prom
ising direction to address the objectives discussed in Remark 4.

The above perspective is also useful to further extend the theory in Section 3.2 on the asymptotic 
accuracy of skew-symmetric approximations. In particular, as a consequence of the proof of 
Theorem 3, a natural direction is to show that these solutions can be made arbitrarily accurate 
via higher order approximations only for the symmetrized component. From a more practical per
spective, another key direction is to illustrate the empirical performance of the proposed skew- 
symmetric perturbation when applied to other symmetric approximations and in more complex 
hierarchical formulations beyond those considered in Sections 4–5. Notice that our focus in 
Sections 4–5 on Gaussian approximations arising from commonly adopted Laplace, black-box 
VB and EP methods is motivated by the attempt to stimulate implementation of the proposed 
skew-symmetric approximation in routinely used softwares. Nonetheless, showcasing the empir
ical gains of our proposal within the broader context of symmetric approximations discussed in 
Section 2.1 (e.g. ALA, INLA, t-exponential approximating families and delta-method variational 
inference), is a natural direction of future research which could further boost the impact of our 
contribution. Recalling Section 2.1, it is also of interest to explore the benefits of the proposed 
skew-symmetric approximation not only as a direct perturbation applied to the symmetric outputs 
of such methods, but also as a building-block within the corresponding optimization routines. For 
instance, as shown by a recent contribution (Kock et al., 2025) appeared after our article and le
veraging our results, the skew-symmetric approximation we derived could be incorporated direct
ly within the algorithms of stochastic black-box extensions of VB (Ranganath et al., 2014), 
including ADVI (Kucukelbir et al., 2017), without affecting the tractability of the stochastic gra
dient step, while enlarging (and hence improving) the class of approximating distributions. This is 
because the density of the skew-symmetric approximation is available in closed form, and i.i.d. 
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samples from it can be obtained via a direct perturbation of those from the symmetric counterparts 
routinely used in black-box implementations of VB. Such a tractability could also motivate the use 
of the proposed skewed perturbation to improve the initial Gaussian densities often employed in 
variational inference with normalizing flows (e.g. Rezende & Mohamed, 2015), while stimulating 
research to assess the benefits of this idea. Finally, the remarkable improvements in the effective 
sample size achieved by the skew-symmetric solution in Section 5, motivate its future use beyond 
the context of deterministic approximations, with a particular focus on importance sampling and 
its extensions (Chopin & Papaspiliopoulos, 2020).

Recalling the discussions and results in Sections 2.3, 2.4, and 5.2, the computational burden as
sociated with the proposed skew-symmetric approximation is not a major source of concern in 
practice, and can be further reduced through parallel implementations both across the i.i.d. sam
ples and likelihood factors. Nonetheless, future research exploring ideas to further reduce the cost 
of the likelihood evaluations (both in the sample size n and dimension d) is of interest. Data sub
sampling could be a direction, but naive implementations of this idea would not be compatible 
with the skew-symmetric representation of the posterior induced by the entire sample, and hence, 
developing a principled solution requires a careful treatment.
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