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Inii:roduction |

These thesis 'contz_l,ins chapters which deal with very dijfferent issues. The first
t‘;'}o cha:u.pters study the existence if a'so-called universTaI type space, usinge a
pu:ely loglcal perspective. From the Harsanyi’s seminalicontribution the analy-
51:, of game with incomplete information relies on the so—ca.lled Universal Type
Space The first chapter investigates whether a Umversal Type Space exists
an_d provides a general framework which allows to rejoin previous results. We
ta;ke a purely linguistic perspective in order to determine sufficient conditions
for the ﬁniversal Type Space to exist and we characterize some of its properties.
The construction of the Universal Type Space has been pursued by using two
different approaches, Semantic and Syntactic. The second chapter investigates

' whether Semanti¢ and Syntactic approach are eqmva.lent We take a purely

linguistic perspective where Semantic and Syntactic approach are two possible
interpretation of a formal language namely, first order logic which is able to
fully describe pla.yers epystemic characteristics.

i The following two chapters relying on recent result on the implication of
rationality and common knowledge of rationality investigates when information
di:sclosme occurs. The third chapter analyzes a model in which a informed
agent sends a cheap-talk message to an uniformed party, subsequently, takes
an action that determines the utility of both. We assume full rationality, a
cia,rtain degree of alignment of interest and that agent have a propensity to
believe others. Pursuing a fully fledged non-equilibrium analysis we point out
sufficient and tight conditions for full disclosure to occur. We, also, apply our
fl;é.mewbrk to previous results in the literature. The forth chapter is a short
note on the characterization of A —rationalizability using the notion of iterated
d:qminzince. The concept of rationalizability, which has introduced by Bernheim
and Pearce, has been widely accepted in the study of norirnal form games. There
are a situation where is natural to introduce assumptions on players’ belief. In

1
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viil INTRODUCTION

this Settings it is natural to consider the implications of rationality, common
certainty of rationality and common certainty of some restrictions on players
beliefs. This leads to an extension of the rationalizability solution concept to
static and dynamic games of incomplete information, which takes as given some
exogenous restrictions on players’ beliefs. In this chapter we want to characterize
the set of rationalizable actions in terms of dominance ralations.

The last chapter reviews recent results on aggregation of preferences when
individuals face uncertainty.
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| Onithe Existence of a Universal Type Space
1 .
| Giuseppe G. L. Cappelletti

Bocconi University

t January 2°¢, 2005

: P Abstract

From the Harsanyi’s seminal contribution the analysis of game with
incomplete information relies on the so-called Universal Type Space.
'I?hjs essay investigates whether a Universal TYpé Space exists and
provides a general framework which allows to rejoin previous re-
sults. We take & purely linguistic perspective in order to determine
sufficient conditions for the Universal Type Space to exist and we
cflaract'erizé some of its properties. '
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4 CHAPTER 1. ON THE EXISTENCE OF A UNIVERSAL TYPE SPACE

1.1 Introduction

This paper investigates whether a so-called universal type space exists. The
perspective pursued is quite original but it will prove to be very insightful and
fruitful. Namely, we will follow a purely linguistic peint of view. .

Harsanyi’s (1967-68) proposed a new theory for the analysis of games with

incomplete information, i.e. games where the relationship between actions and
payoffs is not commonly known by the agents. Naturally, the analysis of this
kind of games gives rise to an infinite regress in reciprocal expectation. For
example, a player's strategy choice will depend on what he expects to be his
opponents’ preferences. This expectation is called firsi-order expectation. But
his choice will also depend on what he expécts to be his opponents’ expectation
about his own preferences. This is called second-order expectation. Indeed,
player’s strategy choice will also depend on what he expects to be his opponents’
second-order expectation.! This is called third-order expectation and we can
5p1‘0ceed ad infinitum.?
Harsanyi encodes both player’s preferences and his first-order and higher-order
beliefs concerning opponents in the so called player’s type.? Given any game, the
set of all possible types of each player is defined the universal type space. The
universal type space is the basis for a more manageable framework to investigate
interactive interaction with incomplete information. Moreover, the existence the
4 universal type space justifies the use of a Bayesian approach to model these
situations (see Tan and Werlag (1988) [54]).

The existence of a universal type space has been proved in several papers
under different assumptions (see Mertens and Zamir (1985) [39], Brandenburger
and Dekel (1987)([9] and Heifetz and Samet (1998) [28] among others). If there is
not such space we should stick to the explicit description of agents’ hierarchical
beliefs. But, also some negative results appeared (refer to Brandenburger and
Keisler (2003), Heifetz and Samet (1998) [29]). The main issues raised were
twofold. On the one hand there are measure theoretic problems usually studied
using the semantic approach (refer to Heifetz and Samet (1999) [29]). On the
other hand there are purely logical ones. In this category, we mention Branden-

I That is, what the player thinks that his opponents think that he thinks about their own
preferences. -

2In the following section it will become clear how tricky and essential is the expression "ad
infinitumn ' in the construction of a universal type space.

3In the original paper Harsanyi used the cxpression "information vector". In order to
distinguish payoff or preference rclated aspects {(also called payoff-type} from helicfs related
ones (also called epistemic-type) the plain expression "Harsanyi-type" has been used.
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i

burger and Keisler {2003), who proved an impossibility theorem for a specific
type space, namely a complete possibility structure. '

- One can doubt whether a definitive or comprehensive answer on the existence
of a universal type space can be given. Qur attemnpt is to give at least a partial
answer to this question. Although, we will take a long route in order to do that.

All the previous results started from two different® perspectives: a purely
set theoretic approach, also called semantic approach, and a purely logical or
li_xiguisfic approach, also called syntactic approach.

In the so-called semantic approach, the epistemic characteristics of the players
afr:e repi‘esented by a structure consisting of a set {2 of states of the world, to-
gether with a partition II; of 2, for each player i. The cell of II; containing an
elcment w of the set (2, represents player ¢ knowledge in. ‘state w. This approach
is purely set theoretic.

The syntactlc approach hinges on a purely logic construction. This construc-

. t10n is constltuted by a set of propositions built with a formal language, which

is Iexpressw‘c-. enough to describe the epistemic propertles of the players. Logi-
cal relations between the various propositions are described by formal rules of
mferen(i:e

The equivalence between the semantic and syntactic approaches has been
sﬁ{ldied: by Aumann ([2]), Fagin et al. ([19]}, who analyzed it by means of

raodal logic {Chellas (1998)), and Kaneko et al. ({34]), who were interested in

. th:e broader issue of the characterization of the concept of Common Knowledge

iﬁi various logics.
- In our paper we will show that the existence of a universal type space. As a
prehmmary step we will choose the formal language.® In economics the standard

choxee has been epistemic logic®, instead we prefer to use first order logic.

- Our choice can be justified with two motives: first, we can rely on the results
obtained in mathematical logic?, and specifically model theory®; second, there
has beén a huge debate on whether modal logic is a completely reliable tool

4Qult‘.e opposite.

3 This language could be used by the players for communication or by the economists to
-mal_yzc their strategic intcraction.

1% As a a matter of fact, epistemic logic has been widely used i in economics for dealing with
the ratjonales of knowledge and beliefs when multiple agents interacs.
7We mention that the distinction between expression and their intended meanings is the
ve y staiting point m logic and not by chance this fact is stated as syntax versus semantics
of‘a language.
‘SMOdLI theory is'a branch of mathematical logic that considering which mathematical
n}odc!:, satisfy a certain theory.

ot ———— s



6 CHAPTER 1. ON THE EXISTENCE OF A UNIVERSAL TYPE SPACE
(refer to Quine (1964)%). !

Moreover, first-order logic will prove to be a more flexible and natural lan-
guage for describing the interactive contexts. By means of first order logic, we
can explicitly define arbitrarily high order of reasoning and common knowledge
without any hidden assumption.

‘_This'choice will be crucial for stating the equivalence between the two ap-
proaches that are commonly used in the economic literature for modelling games .
with incomplete information.? '

In order to investigate of the existence of a universal type space we will be the
natural candidate as Universal Type Space. But, we will single out an essential
problem on the uniqueness of the Universal Types Space. In order to overcome
this problem and for plainly defining concepts as common knowledge we will
enrich the initial formal language. Then, we will state sufficient conditions for
the Umversal Type Space to exist and derive some of its properties.

The essay is organized as follows. Section 2 introduces the general framework
and the preliminary structures needed. Namely, the formal language used to
describe player reasoning and a natural candidate as Universal Type Space. In
Section 3 we can point out an essential problem for the existence of a universal
type space. In order to investigate this problem we need to enrich the formal
language considered. Namely, we allow for expression of infinite length. In this
richer framework we can state sufficient and tight conditions for the universal,
type space to exist. Lastly, we will identify some characteristics of the universal
type space i.e., it is compact and it contains at least one self-evident event.

1.2 The framework

_Star-ting from a set N of agents, labelled by 1,2,...,n, we assume that they
want to reason about an external setting, which can be described by a non-
empty countable set of characteristics. Instead of using modal logic to describe
interactive reasoning of the players we will consider a first-order language, which’
has been proved to be as rich and expressive as modal logic (see Fagin et al.
(19] and Cappelletti (2003)(11]}.

Formally a first-order language is given by specifying the following data:

%Quine, "The Problem of Interpreting Modal Logic" (1947)

10K oreover, we clearly separate the two types of analysis (semantic and syntactic), in order
‘to disentangle purely logic issues (see Brandenburger and Keisler (2003)} from purely semantic
or set-theoretic ones (see Heifetz and Samet (1998) [29]) and we find conditions, in purely
linguistic terms, that exclude both.

b
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o |
|‘1. a{set of function symbols F and positive integers ny for each f € F;

4

2. & set of relation symbols R and positive integers ng for each R € R;
3. a set of constant symbols C.

For our purpose, R is constituted by the countable set of unary relation
sj(mbols ® = (P, P2,...}, where each element Pj corresponds to a primitive
charcteristics of the external setting, and by the set of binary relation symbols
{Ry, Rz, ..., Ry}, one for each player. Our language is pl}rely relational and it is
corposed by (®, R, Ra, ..., Rn).

: . Unary relations describe basic facts about the externq:.l world, for example "it
is snowing in Milan", "the price of oil reaches 208" or "Player 5 chooses action

_ a:;": To express s'tatements like "Player i knows p", v\}here p is an arbitrary

element of &, we use the binary ralation in order to have an formula equivalent
to the modal or epistemic operators {Ki}izi o, Namely, we introduce the
followmg abbreviation for expressing that an a.gent 1 know an arbritrary formula

¢ denoted as K; (¢):

K (§) = Yoz (B (21,22) = Pa (22))

i For example, (K3¢) should be read as "Player 3 knows ¢".
Now, we need to define well-formed formulas in this fornia_._l language. A formula
1§ Exny string of symbols built using symbols of the language, variables symbols

a:fll, acg..,(f the Boolfaan connectives "and" (in symbol A), "or" (in symbol V),
";nlbt“ (in symbol =) and the existence and universal quantifiers (in symbols 3,

¥)l Proceeding step by step we define atomic formulas and then formulas.'?
] o ‘
Definition 1 ¢ is an atomic formula if ¢ is either
! L 3:1 = 1o where Ty and zp are variables or;
!

8 R (z1,z2) or Py (z3), where z1,z2, 3 are variables.

Deﬁnition 2 The set of (well-formed)} formulas is the smallest set L contain-

1

ing all atomic formulas and such that .

I.zfdmsmﬁthenﬂgbzsmﬁ :

12 Nota that given any formulas ¢* and @™ in £, $* Vi* is an abbreviation of - (~¢" A —@*).
Moreover g given any formula ¢* (z) with free variable z, the cxpression Vzg* is an abbreviation
of (WWz-¢*. Therefore, wlog we can consider just the conjunction symbol and the existence
quantificrs.
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2. ifp and A are in L thend A A is z'nlf,, and
3. if p is in £ then Jxg is in L.

A variable z can occur freely or it can be bound by a quantifier. A formula.
with no free variable is called a senfence. We denote the set of formulas of our
'language as £.13
For notation convenience, we will drop the free variable notation whenever this
is not relevant for the exposition.!* :

Given a first order language, we need a semantic or L-structure to give
‘substance to the different formulas of £.

‘Definition 3 An L-structure, M = (U {P,,;"“"}k,,1 ) {R,M}:;l>, is given by the
. follc;;_wing elements:

1 o non-empty set U called universe of M;
2. a set PM C U for each unary relation Py;
8. a set RM C U x U for each binary relation R;.

If a language has constant symbols ¢ € C then their interpretations are just
elements cM of U. If ¢ is a formula in £ with free variables zy, ..., %, we can
think of ¢ as expressing a property of clements of U := U x U x ... x U, hence
we must define what it means for ¢ (x1,...,%») to hold at (a1, ...,an) € U™ Once
moré we will use the recursive nature of the well-formed formulas for a formal
language. . '

Definition 4 Let ¢ be a formula with free variables from x = (x1,...,Tm) and .
let &= (a1,...,am) € U™. We inductz’velyi' define "M satisfies ¢ (@) " or "¢ (@)
is true in M " (in symbols M |= ¢ (d]) as follows:

) afqb is R; (x1,22) then M = ¢ [a] zfa = (a,,az) € RM;
.ﬂ:fd) is P (x) then M |= ¢ [a] ifa = (a) e pPM;
3. if ¢ is (Kipc) then M = ¢[a] if for every b, such that (G,b) € RM,
M = Py [b]1°

" 13We adopt the convention that greek letters denote formulas, while latin letters denote
prumtwe expressions. Starred greek letters denote first order logic formulas.

4 For example we will often denote a formula ¢* without remarking whether there are free
varinbles. Complete notations would be ¢ (z) where z = {z1,...za} are n free variables.

15 Lot us recall that (Kipx)™ = Yz R; (z1,32) = P (z2)
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| 4 i ¢ is ~ then M = ¢[a) if M ¥ p[a);

[l 5 if ¢is (b Ap) then M k= ¢[a] if M = ¢[a] and M |= o fa);

6. if ¢ is Jxvp (@, z), then M k= ¢ (@] if there is b € U such that M = ¥ (g, b]
holds.

7. if ¢ is Yz (@,x), then M |= ¢ (@] if for every be U, M = ¢ [a,b] holds.

v \Iow we consider a set of sentences that describe some properties of the
eplstemlc operator, namely a theory. Given a purely syntactlc object as a theory
Vlr'l':‘- can investigate the class of L-structures, that satlsfy all the sentences of the
theory :

For example, given the sentence Vz¢ (z), where ¢ (z) is a formula with just one
fieé variable, and the L-structure M = (U, PM, RM ),': if all the elements of U/
?ahsfy the formula ¢ (z), in symbols M = ¢ [u], then (U PM_RM) is a model for
the theory cousmtmg of the single sentence Vz¢ (x) (in: symbols M = Vz¢ (z)).

"I We define any set of sentences a L-theory, dencted as T.

Definition 5 A L-structure, M, is a model of T (in symbols M = T) if and
. oply if M =0 for all sentences o belonging to T.

[

the Knowledge opena.tor15 in modal logic. The five axioms that characterize the

We will focus on a particular theory, denoted T™*, which corresponds to

ep1ste1mc operator and constitute our theory are the following £-sentences:
i
| vy (Kig) (1) A (K (o = ¥)) (z1) = (Kiy) (z1) . (Distribution Axiom)
|¥ P ;

17

: | From ¢ infer (K;¢): (Knowledge Generalization Rule}
' Vo1g (21) = Vo (Kig) (21)

s : ] ;
115N0tc that we restrict ourselves to S5 system. The same way of rcasoning applies to
djfferent axiomatization of the knowledge operator. i

17 The plain LXpIEbthn is: i

\ .
V:?n‘e {[Vey (Ri (21, 22) = " (22)) AV (R (z1,32) = (@° (z2) = ¢ (22)))] = Yz (B (21, 22) = ¥° (z2))}
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18
Yy (Kid) (1) = ¢ (21) (Truth Axiom)
19
Yz (Kig) (21) = (KiKi¢) (z1) (Positive Introspection)
20
vy (~Ki) (1) = (KinKi) (z1) (Negative Introspection)
21 ‘
] Vzy [0 (21) A (0 = ¥) (:1) = *.T'b (z1)] {Modus Ponens)
22

In a first order language a L-sentence, ;p, is a logical consequence of a set of
sentences, T, if and only if it is true in any model of T. We denote this fact as
TEe

18T he plain expression is: .

Va1é* (z1) = Va1 V22 (B (21, 22) = ¢° (22))]

19The plain expression is :

Vzy [Voz (R {z1,32) = ¢" (22))] = ¢" (1)

20The plain expression is:
Va1 [Vea (Ri (z1,52) = ¢° (22))] = [Vza (R; (73,7} = (Kid)" (za))]
Vo1 Vo3 (Ri (z1,32) = 6" (22))] = {VzaRi (23, 22) = [z (Ri (23, 52) = &7 (z2))]}

21 The plain expression is :

‘ V1= V22 (Ri (1, 22) = ¢° (z2))] = [z (Ri (z3,%1) = ~(Ki¢)" (23)}]
Va1 Vg (Ri (o1, 72) = ¢° (22))] = {VeaRi (z3,21) = - [Voa (R (53,22) = ¢" (=2))I}
22Tle plain expression is: |

Va1 fe® (21) A @™ (31) = ¥* (z1)] = ¥7 (1)

r
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L
!1 2.1 The Henkin construction and the Canonical Model

‘We néecl to determine whether there exists a model where all occurrences com-
iﬂatibl-‘e with the theory T are satisfiable. Given a model M, for every possible
descrlptlon of individual characteristics, which does not contradict T*=t, there
must be an element s € § such that the description holds at 5. We can build such
moclel using the so-called Henkin construction (see Chang and Keisler (1998)
[13] or Marker (2002) [38]). .

leen our first-order language L and the theory T we can consider a
ncher | language £1 £, constructed adding a constant symbol for each £-
formula with oné free variable. Namely, for a generic L‘.-formula ¢ (z), there is
an Ly — constant, cg, such that the following 1mphcat10n holds in our theory:
Eia:qb (2) = ¢ (cp)-** For every formula in £ which is consistent with T**¢, we
algid a Iconstant s;,rmbol which represents the possibility, that the formula holds.

v, For example, let us take the formula (K;¢) (z}, meaning that player i knows
f;)‘; then we c'onsi(:ler a constant symbol ¢k, such that the sentence (Kip) (ck,y)
is true; The intuition is that the constant witnesses the possibility that a player

‘cou.ld know . It is apparent that the Henkin constructlon resembles the
1‘.1‘mversal type spa.ce built from expressions used, for example by Heifetz and

Samet: (1998) [28).

P ? Thus the new language is £ := [,U{c¢ ¢ (z) an - formula with one free variable}.
If for each I_‘,-formula ¢ (z) we denote the corresponding L-sentence Ty :=
[3x¢ (%) = ¢ (ce)], then the new Li-theory is defined as:

‘ !' I 1 !
i ‘
| Ty:= st | {1"[‘p : ¢ () is an £ — formula with one free variable} .

Al ‘ , ‘
Remark 1 Given that any £-structure corresponding to some Kripke structure
Mot z.is a model of T™t, any finite subset of sentences of T™* has o model.
Therefore any finite subset of Ty has a model.

I & theory satisfies this properties it is said that' the theory is "finitely

satwﬁable "
P

1
i1

D;eﬁnif.ion 6 An L-theory T is finitely satisfiable if every finite subset of T

atfmz‘ts a model m‘f equivalently every finite subset of T is satisfiable.

B1n symbols, T™ = Jzp* (x) =+ " (c,)
' |
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i
This property has a major role in Iogicf because it allows to prove that a not-
ﬁnitie theory has a model thanks to the compactness of many standard formal
:lang"uages.
Now, we iteratively construct a sequence of languages, £ C £; € L, ..., and
a seﬁuence of finitely satisfiable L;-theories, T™* C Ty C Ty C ... If ¢(x)}
is a'Ly-formula, then there is a constant symbol ¢y € L;41. ¢4 is such that

Tina | (306 (2)) = 6 (co)-
‘We can define Lo U L; and Ty, :=; U T;. If we take any L, -formula

i=1 i=1
¢ (x) with one free variable z then, by construction, there is a constant symbol

¢s € Lo such that, by construction, Tes = (3¢ (x) = ¢ (c)). This property is
called the witness property of the theory. |
. i

Definition 7 An L-theory T has the withess property if whenever ¢ () 45 a
L-formule with one free variable z, then t{ze're is a constant symbol ¢ € L such

that T = (3zd () = (). ‘

If a formula is consistent with the theory then there is a constant that
représents it. T has at most a countable number of sentences because the set
of well-formed formula is at most countablc?. Moreover, any finite subset of T,
admits a model. !

We would like that any sentence is either part of the considered theory or is
incorhpatible with it.

; :

Deﬁmtmn 8 An L-theory T is maximal zf for any sentence ¢ either d € T or

~1¢ € T. ¢
J

We can ensure that there is a finitely satisfiable Loo-theory, T, 2 T such
that for every Lo.-sentence, ¢, either ¢ € T’ or ~¢ € T, ie, there exists a
maxitnal finitely satisfiable £oo-theory.?*

' Once we have defined this fully encompassing language and theory, we can
consider the so called "canonical model", denoted as MZ, of T’,. This model
is a Log-structure and its universe is U := C/ ~, where C is the set of con-
stant symbols of L£o,. For any c,d € C, ¢ ~ d if and only if T{, | ¢ = d.

24This is & consequence of the following theorem . (refer to Marker (2002){38]).

Theorem 1 JfT* is a finitely satisfiable L*-theory then there is a axzimal finitely satisfiable
L*-theory TV 2 T*. .
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Thus the universe is the set of equivalence classes of C with respect to ~. The
mterpretatmn of the constant symbol ¢ € C is cMe = c 25
| i The interpretation of the relations symbols of L are respectively:
‘ I :

i . !
% 1 Pi;M_‘” = {&1:P(61) € Ty} for k=1,2,...

i Rf"”‘w = {(&1,8): R (21,82) € Th} fori=1,2,..,n

‘ ' 1
! pYe and R = are well-defined.?8 '

. Therefore, we can define a L-structure, called canomcal model of T?:
I ‘ i i
M= (o (B (R Y,
‘ o <U’ ke fm’ U Jim
! ! | 1 |
By‘ constructi’on, the canonical model includes any conceivable combination

of eplstemxc cha.ractenstlcs for the n players. Therefore, it is the natural candi-
date for bemg a umversal type space. ;

g . i
1.3 Existence of a universal type space and its
i properties ;
First, we need to relate the concept of type space, commonly used in the eco-
1‘10rruc literature, and the concept of L-structure. Then, we can show an essential
problem for the existence of the universal type space a.1?.d propose our solution.

1:3.1. Existence of a universal type: an essential problem

There has been two kinds of definition of universal type(space: one constructive
(sée [39]) and the other, implicit (see [28]). The formeir relies on the informal
(i,escrip:i:ion of player higher order of uncertainty leading to a hierarchical con-
setructiou in a set,theoretic framework. Note that this construction leads to a
structu:e which 1 is equivalent to the canonical model in a logical framework. In
order to be more prec1se about the second definition we need some preliminary

Izs Where c* denotes the equivalence class of ¢

1f ¢ ~ d" then P(c*) € T4, if and only if P(d*) € T, INote that if ¢* ~ d* then
c* = d* ‘belongs to T',. Hence if P{c*) € T, then P(d*) is'the logical consequence of
e] = d” and P(c*} € T’ By maximality of T.,, it implies thdt P(d*) € T.,. A similar
reasoning applies to the bmary refations.
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'Definition 9 Let (T,m) and {T',m") be two type spaces on ®, let (@i)ier, fo-
- tuple of measurable functions ¢, : Ty — T:. The induced function p: T — T’ is
_called a type morphism if:

1. g 18 the identity on ®; :
2 foreachic I, m op, = (miop™'}).

In other words, a type morphism embeds {T,m}in (T, m') and preserves the
‘epistemic characteristics of the players. If we look at type spaces in terms of £-
strui:tu.res then a type morphism is just a function between two L-structures. t

As already mentioned, a type morphism preserve the property of any epistemic
operator

1
. |
‘Definition 10 A type space (T,m) on @ is universal if for every type space
{T',m’) on ® there is a unique type morphism from T to T'.

Remark 2 Note that the canonical model is, by construction, o universal type
'space.

Heifetz and Semet (1998) (28] proved that for any measurable space ® there
exists a unique universal type space on ®! In a companion paper Heifetz and
Samet (1999) {29] gave an example of a coherent hierarchy of beliefs that could
not be extended to a belief on the space of; all coherent hierarchies. The paral-
ielism, therefore, between the explicit and the implicit construction of epistemic
characteristics of players breaks down. h'} fact the universal type space still
exists but it does not coincide with the hierachical construction.

Similar results were obtained by the same authors for the so-called knowledge
type space on ® (Heifetz and Samet (1998) and (1999} [27] [30]).28

Moreover, Heifetz and Samet (1998) [27) and Fagin (1994) provided an ex-
ample where the complete hierarchical description of the epistemic properties
of agents is unbounded. Namely, if there are at least two players and at least

two states of nature then there is no universal knowledge space.??
I

”In the appendix we will be more precise and use the technical definition of £”-elementary
embeddmg between the two £*-structures, d

' ¥ Definition: A (knowledge) type space on & is the triple {0,8,(t) 161} where 2 is a
non-empty set whose clements are called states of the world, © :  — & specifies for each
state of the world the state of nature that prevails there, and for each player i € I, ¢; is a type
function from € to A () such that the support of ¢; (w) is II; (w).

' Note that II; is a partition of €2, hence II; () maps € to a subset of the power set of {2.

29 Thus, the knowledge spaces, as ordinal numbcra {Halmos {1974) [22]), are unbounded,
and ingeneral there i8 no knowledge space in wh:ch we can embed any conceivable knowledge
Space.

i
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O i
¥ We would like to analyze these results employing =our framework. The lan-
guage used to describe the state of nature and players reasoning will be the
bmldmg block. As a first result, thanks to a classic result in model theory we
wxll show an essential problem for the existence and iiniqueness of a universal
type space.: : l
!_' In; the previdus section we have stated plainly the equivalence between a
type space and L-structure. Therefore we can apply a classic result in model
theory, the Upwe.rd Léwenheim-Skolem Theorem in or(%ler to prove the f?llowing

Ipl‘opoSition.

: . i . !

Prop051t10n 1 Given any type space M = {(Ti);c » (ml)IE 1) there is another
type spa.ce N, such that any formule satisfiable in M is satwﬁable in N. More-

over N has cardmalzty at least |M| + w.
I

Broof. See Appendlx 1A =
: Gwen any mﬁmte type space {(Ti}ic;, » (Milie P there is another type space,

that samsﬁes the same formulas and it has cardinality of at least |M|+w. Where

lM | is'the ca.rdma.hty of the type space, or eqmvalently of the structure.

ThlS result strengthens Theorem 2.3 of Heifetz and Samet ([28]). In general the

minimal embeddmg model of M has cardinality equal to | M} + w.

] Hence, the umversal type space itself can be stncf,ly embedded in another

t) pe space. From a logic point of view this might not be an issue, because
theorems provable in universal type space are still valid in the "arger" model.
But from a game theoretical perspective this result casts some doubts on the
emstence of a universal type space and on the claim that the universal type
space is common knowledge

. In the next section we will generalize our framework for discussing the prob-
lem raised in ;the economlc literature and by Proposmonll. Next, we will provide
su;fﬁciept conditions for the existence of the universal Itype and we will single

out some of its properties. I
i .
1 ' ! . v

1:3.2: Main Results i

; !
Fl’lrst we need to inake some remarks. If the external state is uncountable then
we need an uncountable set of unary relation symbols a,nd this drives us away
fr_om standard first-order logic. Instead, if we assume that the state of nature is
definable with a ﬁxﬁte set of properties measure theore!:ic problems, which are

tl}le basis of tlile results of Heifetz and Samet (1999) [29], are excluded.
S . i
i ! f c '
| : |
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Similarly, if we want to study interactive reasoning and common knowledge
" we ?eed at least a countable conju.nction:‘ of formulas, hence we have another
‘reason to depart from standard first-order languages. But, if we consider just
first, order languages then unbounded reg%ession for describing players’ reason-
1ng, is excluded by definition . Actually, 1f we focus on the linguistic perspective
‘there is obviously a complete descnptwn of players’ epistemic characteristics,
:because well-formed formulas are at mosticountable®®
Therefore, one obvious solution is to consider only standard first - order lan-
guages. This implies that a "canonical" type space exists®!, but Proposition 1
implies that a universal type space does uot; exist.

We will enrich our language and refer to the infinitary logic {see Keisler
(1991) [35)). Infinitary logic allows us to express concept like common knowledge
w1thout, introducing new symbols.32 !

‘As ﬁrst guess we would need a language which admits countable conjunctions
of fqrmu]as, referring for example to the,ldeﬁmtlon of common knowledge in
.;mod;ELl logic. We wilt show that this guess ;is wrong and we need an even richer
language. i
I In the previous section we have defined’ the equivalent formula for the modal
expressmn Ko, thatis (K;¢) (z1) :=Vy (ﬁ (z1,z2) => ¢ (22)) or more explicitly
(K;$) (z1) := V2o (~R; (z1,22) V ¢ (z2)). If we want to say that player ¢ knows
that,player j knows the proposition ¢, in symbols K;K;¢, the following [-
formﬁla is needed : '
, l

we
(KK ) (1) = Yoz {Ri(z1,22) = (K;¢) (22)} =
I = Vaz {~R: (x1,22) V V3R (22,75) V 6 (25))}

Given this simple example, it becomes apparent that we need a language that
allows for countable conjunction and countable quantification, in particular we
will use the logic denoted with £, 4,° whlch is built from first order language
by allowing countably®® infinite dJ.S_]uIlCtIOIlS, conjunctions and quantifiers.

: 1

' 308ophistication ean be expressed up to an at most countable order, but if we look at the
semantic counterpart we might go "deeper". :
: 31T e existence of a universal type space and its' uniqueness remain problematic.

32We will be able to determine whether there is some connections between propertics of the
knowledg,e operatar and properties of common knowledgc

3301 is the first ordinal number bigger than w. |
'34Tg be precise we should allow for uncountable disjunctions and conjunctions to capture
cb:nnpletely the result on knowledge space, but we' it will become clearer below why this is

H
i
1 4
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lTherefore we wxll encounter all the difficulties related to this kind of formal
languages, for example the lack of compactness®?, eTxnstence of a model and
completeness. - 4.

Given the our language £ = <{Pk}k21 ,{Rn}nEA}>, where Py is a unary
relation symbol, corresponding to one of the "external" state characteristic and
Rn isa binary relation symbol, one for each player n € N.

The la.nguage L., w, has the same logic symbols as £ but the conjunction sym-
bol A, can be a.pphed to a countable or finite set of formulas, and, similarly,
the quantlﬁca.tlon symbols, ¥ and 3, can be applied to! a countable or finite set
of variables. 1

: ]
Ijeﬁnw‘ition 11 We denote with F,, .,, the smallest c[c@ss of formulas such that:
' : i

1. R,n (a:,:y) cmd Py (2), where z, y, z are variable symbols, belong to Fu, s

2. zf & belongs to F,,, ., and the at most countable set of variable symbols®®
{xa}aeA then —~¢p and V {x,} ¢ belong to Foy wor i i

S ife= {¢, ¢>2, .} is a finite or countable, non-empty, subset of F,\ w, then

/\ & belongs to Foyun- g
l izl ' ) I

" Once we have defined the set of well-formed forlem Feoy s We need to

f'éhrich the rules of inference, similarly to what is done for the language L.,
(see [35]):°7 . i

' ‘ {
| o from ¢ and ¢ = 6 imply 8 (Modus Ponens in L w, );°®

' o fiom p'=> g'infer ¢ = Vzt (x, ...) where the variable z does not occur free
1 in & (Generalization);

I . ! .
! e from ¢ = ¢ for all ¢ belonging to the at most countable set of formulas
¢ infer| /\ ® (L., o, —inference).

A 4

Usmg this formal language, we are able to define exphmtly mutual knowledge

(Ec,o) (&) := /\ K @ (z) and common knowledge (CK go) (z) := /\ (E) ] (z)

i ' neN ' l k>1

1

unnecu:bdry : "
"5 1y 5 compact language if a theory is Anitely satisfiable then it is satisfiable.
36 The index set,A, is at most countable.
372‘ wisa formal language where it is not allowed for countable quantification.

38 NOtL that (,D and 0 belong t JF hence in s trivial sensc thls is a generalization of the
4 wy,w? g
1\110(.[113 POllC‘l!lS

L ‘ |
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' |
. with well-formed formulas in the richer language L., u,-
Now, we turn to the question of whethell' there exists a universal type space.
We pould pursue a constructive derivation. Namely, we construct the canonical
'model, similarly to what we have done for: the finitary case. Unfortunately, this
is not possible without additional assumptions because our infinitary language
is incomplete. In Ly, ., there are valid formula.s that are not deducible from

‘the above axiom scheme. 39 Hence the construction of the so called canonical

1

!model stops at its very beginning because we are not able to determine whether
b ;

'a sentence follows from our theory T,

1

Proposition 2 There is not e canonical r‘(todel such that each state of the world
irepresents the mazimal set of consistent fc:erulas.

Proof. See Appendix 1.B. m 1‘
| A possible solution is to take a set of all the formulas of L, ., which is:

a subset of Fu .y, and consider its closuire with respect to the following two

axioms: 0 ]
1
o : I
! vz A (K¢e) (@) = | K A & : (Epistemic Continuity)
k>1 k21 ‘
|
j for any {¢y}z>, belonging to Ly, o
. and _i
: i
T E 1
o ivg V (K¢p)(z) =2 | K /\ br | (2) (Epistemic Monotonicity)

k>1 k>1 '

for any {¢y}r>1 belo'inging t0 Lo, w

b [
We denote this fragment of F,, ., as A, w,. Once we have restricted our

lhngtiage to a transitive closure of £, .,, we can proceed with a construction
8’ la Henkin and obtain a canonical space. This implies that a canonical model
Qxisté. Moreover, a universal type space e;dsts, given that Proposition 1 does
not apply in L, w- We formalize this resulf in the following Theorem.

39 L%, w, is incomplete as a consequence of Scott’y indefinability theorem (see [Bell 2000])

and the set of valid sentences for £, , is not recujsively enumerable as in first order logic.
‘mThe two axioms are strictly related to the Barcan property (see [34])
i

. e—
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| | I

{’.;I‘heo,rem 2 Given Azioms Epistemic Continuity ana; Epistemic Monotonicity

‘a universal _type space erists and il s unigue. I
Proof. See Appendlx 1.D. = '

We can refer to Axioms Epistemic Continuity and Epistemic Monotonicity
to conclude’ tha.t the set of all the finite descriptions of epistemic properties of
!a player determine completely his epistemic type. Therefore, we can conclude
that the canonical model is our universal type space which includes any other
F,onceilvable ?:ype‘ispace and which can not be embedded: in a strictly bigger type
space.’!

'

Now, we can investigate some properties of the unil}.rersa.l type space.
' P
Lemn'ta 1 The universel or canonical type space is compact.

Proof See Appcﬂendlx 1C. m .

. Given the previous results, Axioms Epistemic Contmmty and Epistemic
Monotommty not only guarantee the existence of a umversa.l type space but
they justify the w1desprea.d use of a compact space (see [39).

", At last, the followmg proposition makes precise in what sense the partitions
could be consldered common knowledge (see Aumann (1967))

Lemma 2 Given the Epistemic Continuity Aziom the-re exists a formula ¢ (z)
sluch that:? . ;i
] | Vag (z) = (K6) (&)

Proof Take (CK¢) () then by definition of common knowledge and the truth
axiom Vm([Ed)])k"'l (z) = {K (E¢) ] (z). Therefore Vz /\ ((Eg)** (z) =
k21

/\ K ([Eq&])} (), by the third inference rule that we have introduced in (1.3.2)
k>1
and ﬁna.lly by the Epistemic Continuity Axiom (Eplstermc Continuity) we can

o’onemde that ¥z /\ K (Bt @)= K [ N\ (1B4)* (m)
C k21 k>1
. Herice Vz (CK¢)(z) = (K(CK¢))(z). = i
! We Eca.n cénclude that the canonical space is well-behaved. By construction,
it is sufficient for describing epistemic condition of pla.yers Moreover, there is

at lest one self—ev1dent event.

41 Note that we have followED a strictly constructive procedure i ina purely syntactic frame-
work wlhiich seens the appropriate "place” to do that.

4'ZWc suppress the player s index for the knowledge operator hecause the following sentence
holcls for'any player. -

o e e 4 e e d T A -,

T
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1.4 Discussion ]
In the economic literature it is an important question whether or not there exists
a universal type space and whether it is vsi"ell defined, because it is the starting
‘point for "the Bayesian foundations of solution concepts of games" ([54]). The
‘major results were found by Boge and Eiséle (1979), Mertens and Zamir (1985)
[39], Heifetz and Samet (1998) [28], Brandenburger and Dekel (1995) among
others. Most of the results are based on 2 hierarchical construction that finds
its mtmtlon in the linguistic description of all order of uncertainty, that players
‘may;face upon reasoning on a strategic s11;uat10n. From our point of view, the
length of the reasoning, made by players, iis constrained by the language used
by them or by the researcher. Once we have decided the language to use, the
langillage itself will be the guidance for building the space of uncertainty and
therefore the universal space. ;
' i
' First, we recall some standard concept used in game theory for modelling
;incor_jnplete information settings. Given a(set of states of nature ® and a set -
of players I ={1,2,..,n}, we denote w1th Iy the set of players including the
external state (see [29]) 4
]
Deﬁmtlon 12 A (belief) type space on@’l is a pair {(Ti)igg, » (Mi)ies) oF for
short (T, m) where:
. i
1.:} To=PandT;, foriclisa mea.suré"zble space;
i 1 "'
2. for each it € I, m; is o measurable ﬁ}mction m; : T = A(T) and mg s
 the identity map; i
:
3. :for each i € I and t; € T;, the marginal of m; (;) on T; assigns a proba-
1hility equal to 1 to i;. lﬁ
3 1 .
A type space could be associated to a Krlpke structure, or equivalently a £-
structure.*® Indeed, given a type space {({T; )‘E 1o+ (Mi)ig;)» let T be the product
set HT" and let IT; : T — T} be the natur@.l it* — projection function, then we
el :
can define m; oIl; : T — A(T). For each tle T we consider the support of the
probablhty measure m; o Il; {t). The t’s, belonging to the support of m; oI; (t),

are those elements t' € T that player i thmks are possible given ¢. If we consider

43quer to Cappelletti (2003)[11]. i

I
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' ¢ i

i ‘ [ . :

the griaph of the ‘correspondence Supp (m; o IL) () : T — 27, we can define the

!
binary relation: l

! . 1
i }C; = {(t,t') €T x T :t' € Supp(m; c}l’l,-) (1)}
4
f(}r each pla?yer . In order to define a L-structures w1e need an interpretation
i'ﬁnctibn 7 (t) :[® — {True, False} for each t € T,: but we can think of a
degenerate version of it i.e., 7 (t): ® — {True}. " !
Once we have stated plainly this equivalence, we can turn to the question
of the; existence of a universal type. In the followmg section we will briefly
dlscuss prev1ous results in the literature and then apply our framework in order

t0 answer thxs question.
| ; }
1 : I Kl

1.5 anc!usions |-

I‘J‘sing technfquesf of model theory*®, we single out that the existence a proper
umversal type space is problematic. We identify sufficient condition in order
to prove the exxstence of a universal type space. Finally, we state the main
propertles of the resultmg universal type space.

¢ The condltlons that we have identified are purely logical or linguistic. They
afe not related to any set theoretic framework. A part from the theoretical
result, jwe were able to, first, state the role of interpretation to pin down the
maln cha.ra,cterlstlcs of a universal type space and, second, identify the assump-
tion that justify the use of the Bayesian framework for analyzmg a incomplete
1nforrnat10n settmg The obtained universal type space is quite well- behaved.

It; sa compact set endowed with at least one self evident event.
i | .

s

‘ ) 5
! ! 1t
|

‘“Tlmf ru.ulls‘ the dlstmctlon between Aumann type space, or Kr1pke frame, and the fully-
tipdged Kripke structure. ;

]“"Aumann (12]) already proved this by means of modal logic.
i -7 '
1

T o ) Y
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1.A  Proof of Proposition 1
i N
I'We need some definitions. |

. ) I
Definition 13 Two L-structures M and I]V are elementary equivalent (in sym-
ibols'N = M) if '

. ME§if I

i for all L—sentences ¢. l
. I
By definition two elementary equivalent L-structures have the same theory.

i |
Definition 14 If M and N are L-structures, with universes U and W, respec-
tively. An L — embedding n: M — N z‘sq a one fo one map i : U — W that
presérues the interpretation of all the symbols of L:

| 1‘: n(f* (a1, ey Gny)) = ¥ (n{a), ,|7? (an,)) for all function symbols f €
. iF enday,..,an, € M; i

|2 (a1,....0n,) € BRM iff (n (a1),...,'q(c:znﬂ)) € RV for all relation symbols
ReR and ay,...,0n, € M; :i

8 (cM) =N for all constant symbois‘c eC.

If. £ — embedding 7 is bijective then 7 is called an £ — isomorphism.
! A:ny isomorphism preserves the validityi of £-sentences i.e., given a sentence
l;oldi';lg in M then if we consider its imagé through 7, the sentence still holds
in N The last definition that we need is tl'ile following:

]Deﬁ{:ition 15 If M and N are E—stmctur%:s, then an L —embedding, 7 : M —
I|V is called an elementary embedding if 1

o M 6ot nan] N b ) 3 (00)

I i
for all L-formula and all ay,...,a, € M. M. and N are colled elementary equiv-
alent. ;

| Tlile cardinality (in symbols |£]) of a first order language is equal to the
number of well-formed formula in the language; similarly the cardinality of a
L-stricture M (in symbols M) is the cardinality of its universe. Now we can
state the Upward Lowenheim-Skolem Theo:%em.
|
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Theorem 3 (Uipward Lowenheim-Skolem Theorem) Let M be an infinite
'13 structure land k be an infinite cardinel k > || +]|M |. Then there is an
!.', stmctum N, of cardinality k and an £ — embedding j : M — N that is
elementary L l
[ f j
As a direct 1mphcat10n, given any infinite type space ((Ti)iery  (Midier)
there 1s another type space, that satisfies the same fm!rmulas and it has cardi-
na.hty of at lea.st |M| + w. Where |M]| is the cardinality of the type space, or
eqmva.lently ‘of the structure. We can state this result as a proposition.
Proposxt:on 3 iG’z'u.c:n any type space M = ((T i€l (mt),‘E 1} there is another
type space, N such. that any formule satisfiable in M zs satisfiable in N. More-
|
g;i;er N has cardmalzty at least |M| + w. ;
I
. |
1
ll’roof We know from the previous constructions that M is a L-structure,
Given that the ca.rdmahty of our language is w (see Halmos 22))), re. |£] =w,
the theésis follows from the Upward waenhelm-Skolerq Theorem (Theorem 3)
= 'i

]i.‘-.B - Proof of Proposition 2

i
!
{
R A
First we state the Scoot’s indefinability theorem. !
j |} ‘
Theorem 4 (Scott’s Undefinability Theorem for 'Lw, w1) The set of valid
sentence for L',u, o s not definable in coding stmct'ure of hereditarily infinite
sets H(wl) by an.y Loy wy —-formulas. |1
|
| Given that the canonical model is built by mtnessmg all the L, w,—formulas
that are compamble with a theory, as a result of Scott’s theorem there are
formulas, more prec1sely sentences, for which we can not say whether they are
compatlble or not ‘with any given theory.

P;’ropoé‘itioni 4 There is not a canonical or universal model such that each state
I ! . .
of the world rtepresents the mazimal set of consistent formulas.

Pjrf,oof.:l A septen&_;e is a formulas without free variable, hence the statement
fol}ows from Scott’s indefinability Theorem 4. ® !

|
i | |
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]

!
1 C Proof of Lemma 1 i
‘Reci‘a.ll that T“'“ is the maximal, finitely satisﬁable theory containing T 2. We
need some definition before we can prove Lemma 1.

‘Deﬁmtlon 16 Let p be the set of Awhwl “formulas in free variables x4, ..., Tn,
Ip is an n—type if pU T is satisfiable. ]

pis a complete n—type if for all A, ., fol-mula, p, with free variables x, ..
etthercpeportp¢p 1

[Den?te with ST the set of all complete n — types of theory T,

| Take the set of complete n — types of| Ay, w, of theory TS and for ¢ €
‘FAM"_M, we can define:

i | [w}={p€ST1~i:¢€p}
1

Ifp 1s complete type and ¢ Vv € p, then ¢ € pand v € p. Thus we have

[ V4] = (4] U [y} Similarly (¢ A7) = [¢] ﬂ [v]-

| Now we can define the so-called Stone topology on ST.

Deﬁmtlon 17 The Stone topology on ST, 1 is the topology generated by taking
the scts (@] as basic open sets.

. By definition, if p is a complete types thon exactly one of ¢ and —¢ is in p.
Thusi [¢] = ST\ [~¢] is also closed. Then 11:he Stones topology is composed by
sets that are both open and closed, or briefly clopen.

H

| t
Lemma 3 ST is compact.

. '
I‘)roof We need to prove that every cove'r of 5T, by open sets, has a finite

subcaover. .

! Suppose not, then let C := {[p; (v)] : ¢ E I} be a cover of 5T by basic open
sets w1thout any finite subcover. Let ¥ = {—=<,:>1 (v):ieI}.

i We claim that £ U T is finitely satlsfliable

| Given the assumption that there is no ﬁnite subcover of €, if Iy is a finite

subset of I then, there is a type p such that pé U [@; (v)]. Let N be a model
i i€l
‘ .
of T“‘“ such that there is an element u of its universe satisfying all the formulas

of p, ie. there exists u such that N |= ¢ [u] ifor any formula ¢ belonging to p.
|

; Then NETEYU /\ —p; (u), so I is ﬁmtely satisfiable. Hence by lemma

! i€y
6I Yis sa.tlsﬁable.

!
!

1
|
o |
|

|
!
i
|
i
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| Hé'nce take a model of T U X such that there is an element v’ of its
yniverse, such that N’ |= ¢ [u'] for any formula ¢ belonging to .

i

Then the complete type {p(v) € A, N E tp(u’)} € ST\U [; (v)],
! : i I iel
contra.djctlon, given the assumption that C is a cover of ST =

. ; j
Lemxha 4 The universal type space is compact. !
] .

o o, i
Proof. Take the set of complete n — types of Ay, w, and for ¢ € Ay, let
. : |
Coor !

| el ={pecSi:vep} !
!

As already sa.ld the Stone topology on SE is the topology generated by taking
the sets {p] .as open sets. Following Lemma 3 we can conclude S2 is com-

pact moreover by the Tychonoff theorem (see Dudley 2003 H ST is compact
? i >l

r.elatweiy to the product topology. m l
| !

1. D Proof of Theorem 2 |

We jllSt restate the definition of maximal theory for this specific language:

I
Deﬁmtxon 18 A' theory A, w, -theory, T, is Au, w, 1 s mazimal if and only if
for‘ e'uery sentence, g, belonging to A, ., either o € T or o € T.

}

Lemma 5 Suppose that a Ay, o, -theory, T, is Ay, 0, ima.mma,l and it has the
'
wztness praperty If every finite subset of sentences in T, has a model then T
hdas a model.i  ° |
b

| . E
Proof. Let C be the set of constant symbols of A, o, Foranyc,de€Cec~d
iff.T f=-c = d! Note that our theory now includes Axioms Epistemic Continuity
and Epistemic Monotonicity, hence given a countable set of formulas, {¢x}e>1;

belongmg to Awl wn the formula | K /\ ¢y | (z) has as a witness constant that
I : k>1

isl~ —-equwalent to the witness of /\ ¢ | (z)- i
i i k>1 A
As in the ﬁmtary case, it is easy to verify that ~ is an equivalence relation.

"The universe of our model will be M = C/ ~, that is the equivalence classes
of C modulus .

| |
L !

|

| |

i : | l
!

‘ |

|
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Wlth & little abuse of notation we denote the equivalence class with an arbitrary
element ¢ belonging to it, hence the mterpretatlon of any constant symbol of
!-wa:,w: cis ¢™ = c. Next the binary relation, R;, and the unary relation, Fg,
lsymbols have interpretations defined as:

f

1
i
Lo

I ; RY = {(a,e): Rilcr,c2) €T}
;o A = fas B eT)

PR .,_

i This completes the description of the stlgucture M= <C TR < , {rRY }iEN> :

| We need to prove that for all A, ., formulas ¢ (v, ..., v,) and ¢1, cz—, vy Cn €
C M E ¢ (c,ca, ..., cp) if and only 1f¢,o(c1!c2, win) ET.

i By induction on formulas we start from| atomic formula: take R; (v, va), the
bmary relation with free variables vy, vy, if M = R; (v1,v2) then by the witness
I‘prop'ert:y there exists R; (c1,¢2) € T. The same reasoning applies for Fy.

t Suppose that the claim holds for an arb1trery Aw, w, —atomic formulas ¢ (v1,ve)
and c1,¢q € C, if M = —g(cr, ) then M ¥ ¢{c1,c2). By the induction hy-
pothems @(cr,e2) € T and ~¢ (1, c2) € T1because T is maximal.

| Conversely if ~ (c1,c2) € T then ¢ (cl,cz) ¢ T, because T is finitely satisfi-
able.' Thus, by inductive assumption M K tp(cl,(:2) and M |~ (c1,¢2). The
éame way of reasoning applies for A and countable conjunction of formulas in
.'Awl_w], thanks to the completeness of L‘,uljw
; Hence we have a canonical model] for our theory. ® .

. Using the language L., o, We can not start from any theory and extend it to
a theory that has the witness property and then build a model for that theory,
because the language L., ., is not compa.ct Therefore, we can not conclude
that 1f all the finite subsets of a theory have a model then the full theory itself
Has a. - model. \

! If we want a compact language we should take a fragment or a subset of
fwh‘;, but this precludes the possibility of defining explicitly for example com-
mon knowledge because we should exclude]formulas with countable quantifica-
tmn Note that the canonical model is uncountable because the set of Lo, u,-
formulas is uncountable and Ay un contains it.
We cons1der the A, «,-theory, T, which is obtained from T*** adding axioms
(Eplstenuc Continuity) and (Epistemic Moniotomclty) TZ is finite and admits *
a model; we need to consider a maximal finitely satisfiable A, w,-theory that
includes T7, in symbols T3 2 T*, i

| '

{

|

| |

. |
|

!
|



'i.D. PROOF OF THEOREM 2

|
!
I |
| F O % 27
1 Let T be; the ‘set of all finitely satisfiable A, w,- lorles containing T, If
Cc I is a cham, ordered by inclusion, of sets of A, ., -sentences, then we can
deﬁne the set of sentences contained in the chain as T¢ := U (Z:ZeC}. If
1A is & finltel subset of Tp then there is ¥ € ' such tha.t A CYX. Hence T¢ is a
ﬁmtely satisfiable and Tg 2 Tforall X e C. |
;I‘hus, every, cham in I has an upper bound and by the Zorn Lemma there exists
T8 which i is maximal with respect the partial order of inclusion.
¢ Given Tr“’ which is finitely satisfiable, and a sentence ¢ in Au, w, , either
T U {#} or T U {~¢} is finitely satisfiable. Suppose TFY U {$} is not
ﬁmtely satisfiable. Then, there is a finite A C T such that —¢ is a logical
consequence‘ of L\ |
For any ﬁmtle subset of T’S“ IC T’S“ TUAC T‘"s‘l’ hence 22U A is finitely
satlsﬁable Moreover if ~¢ is a logical consequence of the theory obtained by
the union of £ and A, TUA, then £ U {—¢} is satisfiable. Thus, T'*" U {=¢}
ﬁmtely satlsﬁable |
: Therefore for. any sentence ¢, either TT U {¢} or T U {—~¢} is finitely
sat1sﬁable Hence, we have found a maximal theory that contains our original
theory, T"“ﬂ Byi Lemma 6 we can conclude that the‘ canonical space exists.
Morem"er the canomca.l model is also a universal type' space because Theorem
3 ‘does not hold i in Ly, w;- The obtained universal typeispace is unique because
the Theorem' 3 does not apply. This proves Theorem 2|

1
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Abstract
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¢ and Syntactic

e e ek e e i  tt an

i From the Harsanyl s seminal contribution the a.na.lysxs of game with
1 1ncomp1ete 1nfonnat1on relies on the so-called Universal Type Space.
! The constructlon of the Universal Type Space has been pursued by
l usmg two d1fferent approaches, Semantic and Syntactlc This essay

nvestxga.tes whether Semantic and Syntactic approach are equiva-

lent. We take a purely linguistic perspective where Semantic and
! Synta.ct;c approach are two possible interpretation of a formal lan-
guage nemeliy, first order logic which is able to fully, describe players’
{ epystemic characteristics.
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‘34CHAPTER 2. ON THE EQUIVALEN: CE BETWEEN SEMANTIC AND SYNTACTIC APPROA

by !

,2.]I Introduction |

' i

Ha:rslanyl (1967-68) proposed a new theory for the analysis of games with in-
I(:omplete information, i.e. games where the relationship between actions and
‘peyoﬁ‘s is not commonly known by the a.gents Naturally, the analysis of this
lkmd' of games gives rise to an infinite regress in reciprocal expectation. For-
example a player’s strategy choice will depend on what he expects to be his
Iopponents preferences. This expectation is called first-order expectation. But
hlS choice will also depend on what he expects to be his opponents’ expectation
a.bout his own preferences. This is called second-order expectation. Indeed,
player s strategy choice will also depend on what he expects to be his oppo-
inents second-order expectation.! This is called third-order expectation and we
can proceed ad infinitum.’

Harsanyl encodes both player’s preferences and his first-order and higher-order
behefs concerning opponents in the so ca.lled player’s type.? Given any game,
t;he s,et of all possible types of each playerl is defined the universal type space.
’II‘he universal type space is the basis for a more manageable framework to in-
vestigate interactive interaction with incomplete information. Moreover, the
existence the a universal type space justiﬁes the use of a Bayesian approach to
model these situations (see Tan and Werlag (1988) [54]).

‘ The existence of a universal type space has been proved in several papers
undet different assumptions (see Mertens B.Illd Zamir (1985) [39], Brandenburger
and Dekel (1987)[9] and Heifetz and Samet (1998) (28] among others}. If there is
not such space we should stick to the exphmt description of agents’ hierarchical
behefs But, also some negative results appea.red (refer to Brandenburger and
Kelsler (2003), Heifetz and Samet (1998} [29]) The main issues raised were
twofold On the one hand there are measure theoretic problems usually studied

|
usmg 'the semantic approach (refer to Helfetz and Samet (1999) [29]). On the

other 'hand there are purely logical ones. In‘thrs category, we mention Branden-
burger and Keisler (2003), who proved an jmpossibility theorem for a specific
. 1

type space, namely a complete possibility structure.

o |
: P

i lThm: is, what the player thinks that his opponents think that he thinks about their own
pre[ereucu

[ 2In e following section it will become clear how tricky and essential is the expression "ad
infinitym" in the construction of a universal type sp'\(:(.

| 3In the original paper Harsanyi uged the exprcss:on "information wvector”. In order to
(hstmgmsh payoff ot preference related aspects (also called payoff-type) from beliefs related
ones (also called epystemic-type) the plain expression "Harsanyi-type" has been used.
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]' We have reina.rked that all the previous results started from two different?
perspectwes a purely set theoretic approach, also called semantic approach,
1
1 and & purely logical or linguistic approach, also called syntactic appreach.
In the so—ca.lled semantic approach, the epistemic characterlstlcs of the players
‘ are represented by a structure consisting of a set 2 of states of the world, to-

gether w1th a partltlon II; of §2, for each player 1. The cell of I1; containing an

element w of the set {}, represents player 7 knowledge i m state w. This approach
}is purely set theoretlc |

‘ The syntactic approa.ch hinges on a purely logic constructmn This construc-
361011 is constltuted by a set of propositions built with ‘a formal language, which
is expresswe enough to describe the epistemic properties of the players. Logi-

|
"cal relatlonls between the various propositions are descnbed by formal rules of
sinference. ! 1

| The eqmva.lence between the semantic and syntactlc approaches has been
‘studied by 'Auma.nn ([2]), Fagin et al. {[19]), who analyzed it by means of
modal logicl (Chella.s (1998)), and Kaneko et al. ([34]5, who were interested in
‘the broader issucha of the characterization of the concept of Common Knowledge
111:1 vanous loglcs

In our pa.per we will show that twp approaches are eqmvalent proveing that
they are just two iterpretation of a more general formal language namely, first
order logic. 'As a 'preliminary step we will choose the formal language.” In eco-
}mmlcs the sta.uda.rd choice has been epistemic logic®, instead we prefer to use
first order loglc Our choice can be justified with two motives: first, we can rely
on the results obtmned in mathematical logic’, and spclamﬁcally model theory?;
second there has been a huge debate on whether modal logic is a completely
rehable tool (refer to Quine (1964)°).

Moreover, first-order logic will prove to be a more flexible and natural lan-
guage for descrlbmg the interactive contexts. By means of first order logic, we

(‘jan exphcltlyl deﬁne arbitrarily high order of reasoning and common knowledge
. i
! 1Quite oppo':c;ite. b
. 5This language could be used by the players for communication or by the economists to
analyzc their strategic interaction.
‘5 As a a matter of fact, epistemic logic has been widely used in: economics for dealing with
t‘.he rationales of knowledge and belicfs when multiple agents mt.ciract
| Twe mention that the distinction between expression and thcu‘ intended meanings is the
vary st.artmg pmnt in logic and not by chance this fact is stated ‘as syntax versus semantics
of u language.
| 8Mode] theory i3 a branch of mathematical logic that cousidering which mathematical
models sntisfy ' certain theory.
1 gQuin;c, "Th? Problem of Interpreting Modal Logic" (1947}
i

1 .
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b

|w1thout any hidden assumption. ]l

‘Thls choice will be crucial for stating the equivalence between the two ap-
proaches that are commonly used in the ec?normc literature for modelling games
wlth incomplete information.!? In order to establish this equivalence we need
ito b;nld a so-called canonical model, wh1ch will be the natural candidate as
Universal Type Space.

| ’I-g‘he essay is organized as follows. Section 2 introduces the syntactic and
Isema‘_.ntic approaches and then builds a formal language, which is equivalent
to the syntactic approach. In Section 3,! allowing only for a finite order of
fsophisticated reasoning, we prove the equivalence between the semantic and
Synté.ctic approach. :

| |
: |

| ‘ i
I2.2, The framework :
} : "There are some obvious corresppndences between the two ap-

l | proaches. Formulas (syntactic) corresi)ond to events (semantic);... By
\

. ey | f
VMcorrespond”, we mean "have similar substantive content. ... But

!substantwely, they express the same thmg
"This paper examines the relatlon between the two approaches,

|
I
| a.nd shows that they are in a sense eqmvalent " [Aumann (1998)]
I
|

i) |

In the syntactic approach the players’ reasomng is described explicitly start-
mg from a formal language, which is fitted for describing exhaustively the epis-
t!ermc characteristics of agents. Instead, in the semantic approach this descrip-
tion is obtained through a set-theoretic constructmn 1
In the economic literature modal logic has been used as the formal language
for descnbmg interactive situations. We will describe briefly how modal logic is
used and then we will introduce a so-called ﬁrst order logic and prove that it is
eqmvalent to the former formal language. |

| l[’lVIcnrccn.rer we clearly scparate the two types of analysm (semantic and syntactic), in order
to dn,entanglc purely logic issues (see andenburgcr and Keisler {2003)) from purely seinantic
of set-theoretic ones (see Heifetz and Samet (1998) [29}) and we find conditions, in purely
lmgmbt;c terms, that exclude both.

i we consider the semantic representation just as one possible interpretation of the ex-
presstons built with a formal language, the problcm‘of the equivalence between syntactic and
aemz\ntlc approach is equivalent to the uniqueness of the interpretation of a formal language.
Consequently, we will focus on the problem of interpretation of a language and we will borrow
teichmquca from mathematical logic and model thcory
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] Starting | from a set N of agents, labelled by 1,2,. ,n, we assume that they

1 i
37

want to reason about an external setting, which can be described by a nonempty
countable selt of prop031t1ons & = {p1,p2,...}- Usua.lly these propositions de-
scribe basic facts about the external world, for example | it is snowing in Milan",,
fithe price of oil reaches 203" or "Player j chooses actlon a". To express state-
ments hke “Player i knows p", where p is an arbitrary element of ¢, we need to
add the moda.l or epistemic operators {K;};,_; 5 . 0N for each player, to our
vocabiilary. For example Ksp should be read as "Pla.yer 3 knows p".
l From pnmltlve propositions belonging to ® we allow to build more complex
formulas by ta.kmg negation (in symbol —), (:on_]unctxonI (in symbol A), disjunc-
tlon (m symbol V)12 and composition with respect to epistemic operators. Thus,
1f py and pg are prumtwe propositions, =py, py A p2 and K;p, are formulas of
our la.nguage 13 Inductwely apply the previous rule of constructing more and
more complex expressmn we can define the set of well- formed formulas, denoted
ds Ln ( ) or lfor short £. Note that we will allow to form only finite sequences
of symbols. In such a manner we have described the syntax of modal logic.

Insf‘ead of using modal logic to describe interactive reasoning of the players
we will' consider £"L first-order Janguage, which will be proven to be as rich and
expressive aslmodal logic (see [19]).

Formally a ﬁrst-order language is given by specifying the following data:

;L a-set of! function symbols F and positive integers 1n s for each f € F;
9. a set of relation symbols R and positive integers ng for each R € R;
. i
| .
L
i 3. aset oﬂ' constant symbols C.

1
For|our pu.rpose ‘R is constituted by the countable set of unary relation

symbols o = {P],P‘z, .}, where each element P corresponds to a primitive
prop051t10n pk in <I> and by the set of binary relation symbols { Ry, Ra, .. ,R,,,}
one for:each player. Qur language is purely relational and it is composed by
(@ R} Ra, ., B, |

Now we needl to deﬁne well-formed formulas in this formial language. A formula
is any strmg of symbols built using symbols of the language, variables symbols
ml, Tg.-, the Boolean connectives "and" (in symbol A}, "or" (in symbol V),

” Note.l‘.hal; gweu any two primitive proposition p) and p2 the expression py Vpa is equivalent
to —{(—pr A -ﬂpg) Therefore, we can safely concentrate on the conjunction symbol.

13Moreover, we will use the following abbreviations: True for pV —p, False for pA —p and
o= @ for ~¢ Vltp i l

o



|

f
' ]
| "not" {in symbol —) and the existence and universal quantifiers {in symbols 3,

‘V) Proceedmg step by step we define atomic formulas and then formulas.'*
f

|Defimt10n 19 ¢” is an atomic formula|zf ¢" is either

l i x1 = zp where Ty and za are varz'ab{es or;

| 2. R;(xy,%2) or Pi(z3), where z),%q, 73 are variables.
ooy

Def}nition 20 The set of (well-formed) formulas is the smallest set L* con-

taining all atomic formulas and such that
i

;
11 if ¢* is in L* then —¢* is in L*, 1
|20 if ¢" and X" are in L* then ¢* AN is in L*, and

!qummvmmhwEMﬁ.i
. i

.;i variable z can occur freely or it can ]_be bound by a quantifier. A formula
with-no free variable is called a senfence. We denote the set of formulas of our
rlangf}age as L*.

In order to prove that this language is as expressive as modal logic, we need
to c&_nstruct a translation between the two;languages. For each formula, ¢ € £,
we define a corresponding first-order formula ¢* € £*.13
i V?e start from primitive propositions:

l
L oj for every primitive proposition py in @, let pj, := P (z) be the correspond-
I Jing first order logic unary-relation symbol with free variable z;

and then we proceed with the translatlon considering negation, conjunction
and epistemic expression of primitive prop051tlons

F

-‘éfor every formula in £ of the form ﬂpk, let (-pg)" = P (z) be the
| icorresponding first order formula; l

o for every formula in £ of the form px /\‘p;, let (px Ap1)" = Pr (z1) APy (x2)
| be the corresponding first order forrm!zla;

| 14N(ﬁtze that given any formulas ¢* and @* in £7, ¢* Vip* is an abbreviation of ~ (=¢* A —e™).
Moreover given any formula ¢* (z) with free variable x, the expression ¥z¢* is an abbreviation

of —Vr—¢*. Therefore, wlog we can consider just the conjunction sywmbol and the existence
(;uantlﬁers

15We adopt the convention that greek lettors denote formulas, while latin letters denote
prmutwe expressions. Starred greek letters denote ﬁrst order logic formulas.

i |

1

, |
- |
b
|
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e for evlery formula in £ of the form K; (px), let (Kipx)” = Vza (Ri (21, 32) = Pe (22))

'be the correspondmg first order formula, whereI To is a new variable not

appeanng in Py (x,) and Py (z2} is the result of replacing all occurrences
l of 1 mPk (.’L‘1) by x3. |
‘ |

i We can complete the translation using the recursive nature of well-formed
formula in both formal languages. For example let K;(¢) be a modal logic
formula, wlflere ]¢ belongs to £, its translation in £*is (K;¢)" (x1) , that is,
jV:cg (R, (a:ljrcg) 5 @ (z3)). For notation conveniend_e, we will drop the free
1.va5riable notiatioi_,l whenever this is not relevant for the!£\<3:q)c:s,it',ic)11.16

querring to modal logic, we need a semantics i.e., s:). model that can be used
to determine whet,her a formula in £ is true or false. |Any language may have
!many p0531b1e semantlcs with different true assignments. A commonly used tocl
is the so-called Knpke structure. A Kripke structure 1;\4' for n agents over ¥ is
a tuple (5, fr IC1, ,KCsy), where S is a set of states, m 1s an interpretation that
associates to each state in S a truth assignment for the primitive propositions
(ie. m(s): ? —i {Tfrue False} for each s € S) and Xi; is a binary relation on
S, for'each z € {1 2,...,n}.!7 We denote the class of all Kripke structures for
n agents over @ as M, (®) or briefly M. The truthfulness of a formula in £
depends on the state as well as the structure, hence we focus on the notion of
a formula zp{to be true at (M, s) (in symbols (M, s) }: #). The relation = is
cleﬁned by 1nduct;10n on the length of formulas of modal language, starting from
the pmmtlve proposxtlons

vOIf ¢ isa [fmmltlve proposition, ie. ¢ =p e d:

;

| ii:(M,s)|=¢ifandon1yifw(s)(p)=z*m.

l

| Ifdisa (%onju{xction or negation of formulas, namely:

|
f{)r P = @A G,E (M, s) = ¢ if and only if 7 (s) {¢) = True and 7 (s) (§) = True
for¢ = —ip, (M,s)=¢if and only if w (s) (¢} = Fa{lae

i . Co
For modal expiressmn such as K;p the definition is:

W por examplé we will often denote a formula ¢* without remarking whether there are free
vg;riablcs'. Complete notations would be ¢{x} where = = {x1,...z4} are n free variables.
1T Any binary|relation Ky can be identified by a subset of §x 5.
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L

|
r: |
: for i;b = K;p, (M,s) = ¢ if and only if (M,t) |= ¢ for all ¢ such that (s,t) €K

! Slrmla.rly, given a first order language, we need a semantic or L*-structure
I to give substance to the different formu.las of £*.

|Deﬁn1t10n 21 An £*-structure, M* = <U, {P,i”}f;l , {Rf”}?:l>, is given by
| the fouomng elements:
o
1. a non-empty set U called universe of M*;
i ‘
| 2}& a set PM C U for each unary relatz'c;m Py,

| 3‘ a set RM C U x U for each binary vj‘elatz’on R;.

| ff a language has constant symbols ¢ EI C then their interpretations are just
elements eMof U. '-

l If ¢" is a formula in £* with free varu!mbles x1,...,Tn we can think of ¢* as
expressmg g property of elements of U™ '—iU % U x... x U, hence we must define
lwhati; it means for ¢* (1, ..., Zn) to hold atl(al, an) € U™. Once more we will

iuse the recursive nature of the well-formec% formulas for a formal language.
Py

;Deﬁ'nition 22 Let ¢* be a formula with |f'ree variables from z = (Z1,...,Zm)
and let @ = (a1, .., am) € U™, We inductively define "M satisfies ¢” (a)" or
]"qﬁ (a) is true in M" {in symbols M = ¢” I[a]) as follows:

i 2!zf¢v is Py (z) then M | ¢" [a] 'afa—l-(a)EPM,

1Vif ¢* is Ri(z1,22) then M |= ¢" [a] zfa— (a,,a2) € RM;

. .
3. zfqb is (Kpr)" then M = ¢la) if for every b, such that (a,b) € RM,
|.M = Py [b];'®

' !‘

i4¢quﬁwwmth¢wagMﬁwww

i 5£1f ¢* is (Y* A *) then M |= ¢" ] of M = o* [a] and M = ¢* (3],

! 6. 'zfqb is Jxyp* (T, x), then M |= ¢ [a] if there is b € U such that M |=
| 4 [a,b] holds. '

i'

| 18Lel; us recall that (K;pg)® = VYxaRi (T1,32) =>-}I—"‘;c (za}
)
|
| |
| i

|

N

| 1
[
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]

i 7. if ¢ ‘zs V::rl:w' (%,z), then M |= ¢" [a] if for every be U, M E ¢ [a,b]
holds. ‘

O SR

|

Next, w-lg cori}sider the mapping, proposed by Fagin et al. (1995) [19], from
1the set of Kripke structures, M, to the set of £*-structures. This provides us
‘with an equlivalént L*-structure, M*, for each Kripke structure M € M.

Given a Kripi{e structure M = (S, , Ky, ..., K, ) the corresponding £*-structure,

*M *, has a {universe S and for each primitive proposition px € ®, we define
‘the mterpretatlon of the corresponding proposition p,c € O* to be P,f"f f =
{3 €s: 1r(s) (pk) True}, and the interpretation of| any binary relations to
be RM =K, CSxS. l

If a primitive prop051t1on pi holds at some subset Sy, C S then the correspond-
ing ﬁrst-ordq_ar expressnon, D}, has interpretation S, . Similarly given K; € Sx.5,
|which‘nis theg semantic counterpart of the modal knowledge operator, the corre-
éponchng first order expression R; has interpretation ;.

Now, we need to prove that this L*-structure, M*, is equzva.lent to the Kripke
structure m}tEIIItlS of truth-values. Namely, if a modall logic formula holds in a
given the Kripke structure M, then its translation in|the first-order language
holds in the'corresponding £*-structure, M™.

i’ropﬁsitioil 5 d_For each formula in modal logic ¢, (l‘\l, s) E ¢ if and only if
M E & [s] where ¢* is the corresponding first-order language formula and
seume | |
L

Proof, See Appendix 77 l

Once, we ha.ve defined the language £* and we have established this "valid"
translatlon, we can consider a set of sentences that descnbe some properties
of the epistemic operator. Given a purely syntactic object as a theory we can
mvestlgate the class of £L*-structures, that satisfy all the1 sentences of the theory.
];‘or example; glvFen the sentence Vz¢" (), where ¢* (z) is a formula with just
one free variable, and the £*-structure M* = = (U, PM, RM), if all the elements
of U satisfy the formula #* (z), in symbols M* |= ¢* [&], then (U, PM,RM}) is
a. model for the theory consisting of the single sentence Vz¢® (z) (in symbols
M * Y27 (2)). |

We'define any set of sentences a L*-theory, denoted as T.

P !

. |
Definition 238 A L£*-structure, M*, is a model of T (z'n symbols M* }=T) if
1
and only if AI/I * |=‘ o* for all sentences o™ belonging to T.

]mnw is the n}unbe} of free variables in @*

U RS
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i
i We will focus on a particular theory, denoted T**, which corresponds to
t}1@ Knowledge operator?? in modal logic. The five axioms that characterize the

epistemic operator and constitute our theory are the following £*-sentences:

o]
|

i V-'»"l‘_x (Ki@) (m) A (Ki (= 9))" (z1) = (Kip)" (z1)  (Distribution Axiom)

21 :
i i

From ¢* infer (K;p)": (Knowledge Generalization Rule)
Vﬂ?;q{)(ﬂ?]) = ¥z, ‘Ki(,ﬁ)* (.’!.21)

J

i
’f Vo, (Kid)” (z1) = ¢ (:1:‘:1) (Truth Axiom)
23 '
!
B
1 vz, (Ki¢)* (z:1) = (KiKi$)" (z1) {Positive Introspection)
. |
|

Yz (RKig) () = (Ki-Kid) (1) (Negative Introspection)

L - . i . .
f *"Note that we restrict ourselves to S5 system. The samec way of reasoning applies to
different axiomatization of the knowledge operator.
|' L The plain expression is: i'

Va2 {inl (R; (z1,22) = " (x2)} AVa1 (R; (mm:::) = (7 (z2) = ¥" (@2)))] = Var (Ry (21, 22) = &7 (22))}

22The plain expression is:
: ¥116" (z1) = Yau [z (R;l(:cl,ccz)wda‘ (z2))]
[ 23'I;he plain expression is : I

P Vi Ve (Re (a1,22) = ¢ (32))) = 8° (1)

'
: 24The plain expression is:
r

| Yz Yoz (Ri (21, 22) = ¢* (z2))} = [Yza (i (23, %) = (Kig)" (x3))]
Yz [Vz2 (R; (z1,22) = ¢ (x2))] = {Vas Ry (2‘?3,951) = [z (R (x3,22) = ¢ (z2)}]}
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‘. i \l

25 , -q
|

r . Yy [@" (z1) Al = ¥)" (z1) = ¥* (z1)] ; (Modus Ponens)
Y S ;
. ; i . . !

Following |the notation of Fagin et al. (1995) [19], we denote with M7 the
class of Kripke structures (5,7, X;, ..., ;) that satisfy the S5 axioms. For our
purpose, we just need to recall that, given the 55 axi:oms, K is a reflexive,
transitive and symmetric binary relation (hence the supérscript rst is justified).
We want to ?make sure that any Kripke structure is a model of the theory
‘I_“"‘t. Hence, we ta.ke a generic Kripke structure, M, and we prove that the

cé)rresppndmg L*-structure, M*, is a model for the Test

a' ' |

Prop051t10n 6 Gwen the Kripke structure M., € M3t then the equivalent

E*-stmctw‘e . is a model for T,
rst:

Ilroof See Appendnc I |
A modal logic formula, ¢, is true for any Kripke st{ucture if and only if it
is true at every world, s € § of every Kripke structure M = (8,7, K,...,Kn) €
Mt we denote t::his property as M = . Similarly, In a first order language
a\f L*-sentence, ga*i, is a logical consequence of a set of sentences, T, if and only
if it is true in a.nf model of T. We denote this fact as T = ¢*.
If a modal logic fdrmula is true in all Kripke structures satisfying the 55 axioms,
then the correspondmg first-order formula should be & logical consequence of

the theory T"'" We state this fact as a proposition. I
{

PrOPdSitiOI!l T M™ = ¢ iff YVop* (z) is a logical ionsequence of T in
symbols T™" |= "

: [
Proof. This will'be a corollary of Proposition 8. »
. : O

" 25The plain expression is -

- Verp Vea(Ri (21, 22) = 6 (w2))] = [Ves (Ri (23, 71) = - (Ki9)" (23))]
Yz~ [Vzo (F (31: z3) = ¢" (z2})] = {¥zaR; (3, 71) = - Vo3 (Ri (z3,22) = &7 (z2))]}
. ! !
26Thql plain _expre:ssion is:
vzy fo” (z1) Ap® (z1) = ¢ ()] = ¢* (71)

|

"
k
3
-
-
1
3
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I i
%.31 Semantic approach aléd Syntactic approach

as L*-structures

We 1dent1fy the semantic approach with the set of L*-structure, M},,, corre-
sbondmg to some Kripke structure M, EIMT“’ and we denote this class as
Ms,. (®) or shortly M. |

| Whj]e the syntactic approach relies on a formal language and by logic deduc-
tion derlve implication of the basic axioms.! We need to determine whether the
syntactec approach can be identified in term of £*-structures. This is possible
usmo"the so-called Henkin construction (see [13] or [38]).

-

2.3._1 The Henkin construction and the Canonical Model

Giveri our first-order language £* and the t:heory T*** we can consider a richer

la.nguage L} 2 L£*, constructed adding a constant symbol for each £*-formula

w1th one free variable. Namely, for a generic £*-formula, ¢* (), there is an

11'1; —1 constant, cg, such that the following implication holds in our theory:

Jz¢* (x) = ¢* (cy).27 For every formula in £* which is consistent with T**, we

add E: constant symbol which represents the possibility that the formula holds.

. For example, let us take the formula!(K; v)" (z), meaning that player 3

llcnows w*, then we consider a constant symbol Ci; such that the sentence

(K,go) (ck.p) is true. The intuition is that! the constant witnesses the possibil-

1ty that a player ¢ could know ¢*. It is apparent that the Henkin construction

resembles the universal type space built from expressions used, for example, by

Helfetz, and Samet (1998) [28)]. |

Thus the new language is £3 := L*U{cg : ¢™ (z) an L — formula with one free variable}.

If for each £*-formula ¢" (z) we denote the corresponding £]-sentence 'y :=

[E!:mi; (:n) = ¢ {c)], then the new £}-theory is defined as T := = T=*u{ly : ¢ * :1:) is an £* — formulc
IRenflark 3 Given that any L£*-structure corresponding to some Kripke structure

Mo is a odel of T™, any finite subset of sentences of T™¢ has a model.

Therefore any finite subset of Ty has a model.

If a theory satisfies this pro.perties it|is said that the theory is "finitely
'satisﬁable"

Deﬁjmtlon 24 An L*-theory T* is ﬁmtely safisfiable if every finite subset of
T* admits a model or equivalently every ﬁmte subset of T is satisfiable.

[ 27In symbols, TP = Jzp* () = " (c,)
’

- oo
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[ ' |

- This propt!erty has a major role in logic because it allows to prove that a not-

finite theory has a model thanks to the compactness ofimany standard formal
1

languages } Ll \
Now, we xteratlvely construct a sequence of Ianguages LrC Ly L,
and a sequence of finitely satisfiable £]-theories, T"‘IC T, CT, C ... If

¢ (z) is a [,"—formula. then there is a constant symbol ¢p € LI, ¢y is such
|

t]ilat T.+1 E (quh (:L')) => " (C¢)

\Ne can deﬁne ,C*' = U LY and T := U T;. If WT take any L% -formula

i=1 i=1
¢ (z) with one free variable 2 then, by construction, there is a constant symbol

c¢ € L, such tha]t by construction, T, | (Jz¢* (x) = ¢ (¢}). This property
1s called the w1tness property of the theory.

]
Deﬁnition 25 An L*-theory T* has the witness property if whenever ¢" (z) is
al* -formula urr.th one free variable =, then there is a constant symbol ¢ € L*
s’uch that T }= (324" (z) = 4" (0)). i

If 5 formula. ﬁs consistenit with the theory then there is a constant that
represents it. T, has at most a countable number of sentences because the set
of well-formed formu.la is at most countable. Moreover, any finite subset of Tg,
adrmts a model.

Weiwould like that any sentence is either part of the considered theory or is
incompatible with it.

L
Deﬁmtlon 26 An L*-theory T* is maxamal if for any sentence &" either ¢* €
j *or —w;b E T i
‘ | 4
- Wecan ei:!sure that there is a finitely satisfiable £} -theory, T, 2 T%, such
{hat for every £“ -sentence, ¢*, either ¢* € T/ or @] € T, i.e., there exists
a maximal ﬁml:ely satisfiable £Z -theory.?8

Onte we Ihavq defined this fully encompassing langt'lage and theory, we can
consider the so called "canonical model", denoted as Mcenonical of T . This
model is a E’;o-s;ructuxe and its universe is U := C/ A, where C is the set of
c!:oxlstapt synf:lbols! of £3. ForanyedeC,c~difandonly if T, Fc=d

L 28 This is a c!onseqfuénce of the ‘following theorem (refer to Marker (2002){38]).

rj[‘hecrrem 8 IfT* is a finitely satisfiable £* -theory then there is a mazimal finitely setisfable

:

F"-theo‘r‘y T' D T*. i
= L .

f o |
, | !

|
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, , 'I.‘hus,:the universe is the set of equivalence !classes of C with respect to ~. The
interpfreta.tion of the constant symbol c € C lis ¢M camerieal — 7,29

i The interpretation of the relations symbols of £} are respectively:

| IH i

I ; |

vl PMe = (g :P(@1) € Tho} for k=1,2,...

| R = (@a) R e T fri= 12,

d
:

Il

’ ; PM"" and R * are well-defined.?” a
: i Therefore we can define a £}, —structure called canonical model of T,:

{ : - pgeanonical . <U { I\f }l { Mt‘”} >

_' : ’ ’ k21 i=1

j ; L :

‘ : | By construction, the canonical model mcludes any conceivable combination
of epistemic characteristics for the n players. Therefore, it is the natural candi-
cila.te for being a universal type space. Now, we need to establish the equivalence
the ecqu.ivalence between the semantic a.ndisyntactic approaches. This will be

iinvestigated plainly in the following subsection.

.3.2 Equivalence between Semantic approach and Syn-

tactic approach

—_— -

GiVEIll an L*-structures M* we denote with Th (M*) the maximal set of sen-
J i tences which are satisfied by M™*. Using thls notation we can state formally the

eqmvalence between semantic and synta,ctlc approaches.

1]
. Proposition 8 /\ Th (M;a) = Th (Meenonical)
R Mear€My,,(2)
;o
Proof One direction (C) is obvious once we have noted that Meenenical ¢
M:st (@) Given that Th (Mrst) D Th (Mcanonical) and Mcanonical is consis-

: tent w1th respect to M4, let X be a £L- sentence if Th (M c“’“”“m‘) = B then
l‘ : I:rh (Mrgc) }= E .

29Where c* denotes the equivalence class of ¢. §. .
| : ? 3Olf c® ~ d* then P{c*} € T/, if and only if :P(d") € T.,. Note that if ¢* ~ d" then
e _-!d‘ belongs to TY,. Heunce if P(c") € T.J then P(d*) i3 the logical consequence of
¢* =d" and P(c") € T’ By maximality of TH,, it implies that P{d*) € T.,. A similar
‘reasoning applies to the binary relations. .

1

.
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| :

Instead of provmg that Meanonical is 5 model®! for T%, and T we have
pmved that the canonical model, namely the syntactic approach and the set of
E*—structures corresponding to some Kripke structures, namely the semantic
approach ha\[re the same theory.

" Proposition 8 recalls Aumann’s result a.nd the result,of soundness and com-

pleteness in n:loda.il logic. But, there is one aspect that|makes this proof more
easy to interpret. If we think of two game theorists who try to use one of the
two a.pproaclfes for analyzing a strategic situation and they want to avoid any
Iudden assumptlon, then Proposition 8 tells us that the two approaches are
eqmvalent only if’ we consider all the possible models olf our initial theory. As
a' matter of fact, Proposntmn 8 points out that if we consider a specific Kripke
structure we have different theories from Th (M omomical) 32
VIoreover,’ it 193 clear that the universe in the canonical model is just one of

the posi%ible il!lterl:;retations. This implies that the interpretation of the language
can not be taken for granted when we try to model a situation where players
can commumcate%smg language £*.33 |
Moreover, from Propos1t1on 8 we can deduce that the\ assumption that play-
ers share the sa.n:}e interpretation of the language is crucial for all "Agree to
disagree" restlts. '

! .

o
24 . Co‘ncliusion

Using technidues;of model theory®!, we show that the!semantic and syntactic
approaches are equivalent if we want to describe the epistenﬁc environment up
to a finite order bf sophistication. In order to prove this equivalence we built
a struciture (;a ca.:nonica.l model) closely related to the {so called universal type

space.

SV |

|

| l i
SlI“ symbolﬂ Mcnnomcn! }= Too-
32p model is a ccmplete description of a situation since any conceivable expression is either
true or f‘llbﬂ But it' is not reliable for deriving conclusion on the|characteristics of our theory
l‘n.cuuse' it is too rest'rictive. Namely, it satisfies some axioms which are not part of the original
theory.
“Usuu, Auwmpann’s § words what is still probletnatic is the “vocabulam of our players®.
31 Auinann ([2]} already proved this by means of modal logic.

|
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l' r ‘ 5 Abstract '
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L '
This plaperi analyzes a model in which a informed agent sends a
\ cheap-talk .imessage to an uniformed party, subsequently, takes an
! action|that determines the utility of both. We assume full ra-
' tionality, a‘: certain degree of alignment of interest and that agent
' have al proi)ensity to believe others. Pursuing aj fully fledged non-
ethbrlum analysis we point out sufficient and tight conditions for

full dlsclosure to occur. We, also, apply our framework to previous
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3.1 Introduction

[

|

Illl our I;aper, Fwe wi'ill model strategic revelation of privaté information by adding
al cheap talk commumcatlon stage to an incomplete ulformatlon game. The
analy51s of the resulting game is pursued by a fully ﬂedged non-equilibrium
a-nalyms. Starting from assumptions on preferences and beliefs held by agents
and without essuﬁing any sort of coordination, we assess when and how disclo-
sure can rationally occur and what are the outcomes compatible with rationality
and "cé»mmo}& knc‘,)wledge" of rationality.

The first conclusion we can extract is that alignment of interests between agents
and the incenti:iveeJ by the sender to reveal truthfully information are jointly nec-
e:cssary for dieclosu:e to occur, but they are not sufficient. We need to restrict
tlhe con'ceiva}:!)le beliefs which agents can hold.

Weiapply: our framework to previous results on rati(:)nal information disclo-
sure in' the li'terat'u:e Namely, the early analysis of Ms’.thew Rabin (1990) [47]
on commumcatlon games with cheap talk. Rabin’s paper has been the first
attempt to 1dent1fy the set of messages that rational agents can exchange. We
proceed on this Ime of research relying on the recent advances in the analysis of
the implication of rationality in extensive form game with incomplete informa-
tmn (see Battlgalh and Siniscalchi (1999) [5]}).

i

Many economic situations are characterized by the'presence of asymmetric
i!rlformetion tand gby the possibility of communir:ation,i before agents take an
irrevocable decision. To the extent that such communication is believed by
the other agtlants ' the informational setting changes degending on the result of
the commumcatlon stage. Therefore, agents with prlvate information would
excharige méssages in a strategic manner. |
5 Strateglc mformatlon transmission has been mvestlgated in economics for
e long' t1me| Ln]the signaling literature, for example%, Spence (1973) showed
that workers ma.:y undertake costly education to sign'al their productivity to
potentlal employers, even if education does not improve workers’ productivity.
EJlea.ra et al. (1990 [44] investigated when an informed party, allowed to send
a certlﬁable messa.ge can decide to fully reveal his private information.

There are situations where agents neither get educated nor undertake costly
a.ctlons (i.e. i"burmng banknotes") but they simply talk This kind of commu-
mcatlon is referred to as cheap talk. ’

From a theo_retlc?.l perspective two opposite directions have been pursued in the

|

|

!
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] .
literature. On the one hand, adding a com?munica.tion stage to a game could,
' i

in principle, enlarges the set of possible outcomes. Intuitively cheap talk can
foster’ coordination among agents with respect to the original game considered
in isolation (refer to Crawford and Sobel (1980) (16] and Aumann and Hart
(2003)). On the other hand, cheap talk may refine the set of outcomes (see
I\:JIatt}i_lews, Okuno-Fujiwara and Postlewaite (1990) [44]). In the latter case, it
is assumed that agents share a common language and messages have an intrinsic
ar lit(i:ral meaning, understood by all agentsf; and which agents can reason upon
(refer to Farrell (1993) [20] and Rabin (1990) [47]}. From a broader perspective
éomrfmnication is connected to the literature on signaling games, cheap talk
and c'hsclosure Maybe surprisingly, dlsclosure appears to be intimately con-
nected with mechanism design problems. In order to grasp the main intuition
we cafn just refer to the well-known revelation principle (Myerson (1997). A di-
rect mechamsm associated to any gamne is a 1cmnmumcat1on stage where truthful
r_evele‘g.tlon has to be "pursued".

The remaining of the paper is organized as follows. Section 2 introduces the
general framework and the definition of ratlgnahzablhty in communication game °
(Battlga.lh (2003) ) for given restrictions on beliefs. In Section 3 this framework
1s used to investigate a simple situation where the informed agent can reveal
paIt of her information and subsequently the uninformed one chooses an action.
I’n domg that, we are able to restate and g=nerahze the results of Rabin (1990)
[47].

.

— e e e
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3.2 General framework

' i
A commumcatlon*game is a two-stage game with incomplete information where

the inférmed 'agent evocatively denoted as the Sender,!chooses a message and
the umnformed party, evocatively denoted as the Recélver, selects an action.
Note tha.t the message sent by S is payoff irrelevant, instead the decision, taken
by the Recelver determines the payoffs of both agents. In order to investigate
tllrus setting we w11l borrow the framework proposed by Battigalli (2003) [4], who
u§ed it for mguahng games.

Forr;nally,ia colmmunication game is represented as the tuple

I'={0, M, A us,ur) i

with the follox;}ring interpretation: {
| . |

. 6 is the (nonempty} set of conceivable payoff- tyfpes and coincides with

the set' of states of nature. An element @ € @ represents the private

|
mformaf:lcm4 of the Sender; !

| i .
* M is the (n_bnempty) set feasible messages by theI Sender;
i i

| ]
s Ais the set.of all a priori conceivable actions for|the Receiver;

¢ ug and ug are the von Neumann - Morgenstern utility functions of the
players! As already anticipated, we assume that ug : ©x A — R and

: g : O X AL—b R. Namely, messages do not mﬁuence players’ payoffs.
; ! |

The set of strsjitegies for the Receiver is denoted as |

! ! J Sp = {SREAM:SR(m)EA}},
! .
: ]
. while Es is tlhe set of feasible pairs of payoff-types and messages for the sender:
' s COx M. |
1' i
In other words, ES is the set of graphs of the Sender s strategies. We, also,
duﬁne the set E)( = {#€0O:m e M} which contams the types compatible
with the messagc‘z m. This notation remark the genuilne incomplete approach
that we Will;emp;loy. Therefore different types of the Sender might not have a
cI:omménly slilare brior belief on the Receiver strategies.:
i

i
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In order to identify the set of rationalizable messages we need to consider the
agents’ beliefs on the possible state of the world and on the opponent’s choice.
Formially, we need to append to each payoff-type of each player an epistemic
type' (see Harsanyi (1967-68)). ‘

I Tﬁe Sender moves just once, then her beliefs about the Receiver can be
summanzed by pg € A(Sg) or eqmvalently by a vector of probability measures
7r € H A™ (A) where: :

i rr;EM
? ™ (afm,ps) = s ({sh € S 3n (m) = a)).

# | .
The Receiver is uncertain about the Sender's payoff type and the Sender’s
]

beha\{;ior. Once she receives a message, she can update her belief about the
frue State of the world, using the Bayes rule whenever she has initially assigned
a stnctly positive probability to the message actually received. Therefore, the
Recewer s beliefs are represented by a system of conditional probability measure:
| j
Lol
“ br= (#R (|6}, g ('|m)meM) cA(Xs)x (A (9)]M
(v?vhere ¢ is the “empty history” and y.L([qﬁ) is the initial belief of the Re-
ceiver) such that, for all m € M and for all 8 € ©,
1 :
’ (i)f pg (©(m)|m) =1 (the Receiver believes what he observes)

i
PP pg (© x {m}|¢) > O then

' :
; Fig ((6,m) |¢)
: 8 m=——————F7—-
; e Om) = (@ x ) 1)
b
JiThe set of conditional probability systems satisfying (3.2) and (3.2) is
, denoted as A% (Zg). i
| .
O{nce we have introduced the set of p%)ssible first order beliefs of the two
i)lay?rs we can define the best response correspondences that identify which

|zau:tio‘,ns are compatible with the assumption of rationality.
The best response correspondence for the!Sender is BRs : © x A(Sg) — 2M
[sucha:that:

v
i

' |
| V8 €O, Vs € A(Sr), BRs (8, 4s) = a»r’gm {Z us (6, a) v (alm, #3)}
: ‘ me atA

o | |
60 CH%APTER 3. RATIONAL DIS CLOSURIE IN GAMES WITH INCOMPLETE INFORMATION
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3
|

The best ;espcinse for the Receiver is BRg: M x AT (Eg) — 24 where:

Vm € M Vp,L € A* (Bs), BRp(m, png) = ar«rmax{z ug(8,a) kg (8|m)}
0€0

! ‘

- \.

_ |

’Ilfhus, a sequentially rational Receiver with conditional beliefs up € A*(Zg)
‘ i

follows the strategy sg such that sp (m) € BRg (m, ug (-Jm)) for all m € M.

: : 1 I . -
Up to now, wé have just assumed that agents are r!atlona.l but it could be

natural to restrict "exogenously" the set of conceivable! beliefs that agents can

* have?. ‘
If we restrlct the set of possible first order beliefs to a certain nonempty set
(AS,AR) where Ag C A(Sg) and Ag C A* (Zs), then we can define (see
Ba.ttlgalh (2003) [4]) an iterative procedure that captures a form of forward-
uixduct]:on reasomr}g based on the “rationalization” of the messages of the Sender
given the restrictions A.
' More spe'ciﬁce{lly the procedure corresponds to the following assumptions:
(Al S) The Se[nder is rational and her beliefs belong to A 83

I
(Al R} The Rel.celver is rational and has beliefs in Ag;

{A2.5) The Sender is certain of (Al.R};

T

believels {Al.S) and continues to do so after each message m consistent

(A?R) The Ru.‘l.ceiviar is certain of (Al.S) whenever possvl;ble (that is, he initially
i
© with (A1.8));

L ]
(Ak+i1.S) The SeEnder’:is certain of (A1.R),...,(Ak.R);

(Ak+f:l.R) The R%ceiv‘er is certain of (A1.5),...,(Ak.S) whenever possible;

F

- i
'

' 1
. ! i .
' Given he‘ﬁr beliefs and the set of all conceivable messages, the Receiver try

| ]

Eo rati;onaliz:e a message without referring to any predetermined equilibrium’
message profile.

' Assumptions (A2.R}, (A2.8) ... capture a notion of fomard induction: even

2In this puragmph we are zwmc[mg the term "rational" for be!lef because exogenous re-
strictions on playcrb belief should not be justified by some pseudo rational motive.
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if the: Receiver is surprised by a certain message he tries to rationalize it in a
nilanner that is consistent with the Sender being as sophisticated as possible
given. 'the certain message.

Battlgalh and Siniscalchi (2002) [6] formally express these assumptions (by
mea.ns of “complete extensive-form type spaces’ "} and show that the pairs of
payoff -types and messages of the Sender, [and the strategies of the Receiver
donsmtent with assumptions (A1)-(Ak) are|those and only those which belong,
respectively, to the subsets T (k, A) and Sﬁ(k A} defined by the following pro-
cedurle that iteratively deletes type—message pairs for the Sender and strategies

for the Receiver:

. ;ﬁrst, define S5 (0, A) = T and Sg (0,A) = Sk and
{ eifork=1,2,..let ©(m k—1,A):=/{f:(6,m) € Tg (k —1,A)} that is,
I the set of payoff-types consistent with message m and a level of sophisti-

?cation of the Sender at least equal to k then:

)

| izs (k,A) : ={(8,m)€Ts(k—1 1,9.) 3pg € Ag such that m € BRg (0, ug) and
us (Sr(k—1,4)) = f}
Sp(k,A) : ={sp€8r(k—1,A):3py € Ar,Vm,sr(m) € BRa(m, pp (Im)),

l I and © (m, k — 1,A) #0 implies pg (O (m, k- 1,4) |m} =1}
1 i
i
Deﬁmtlon 27 (Battigalli 2003) Fiz a pa:‘r of subsets of beliefs A =(Ag, AR),
whe‘re B # As C A(S2) and B # Ap C A*(Es). The payoff/message pair
(B,m) (the strateqy sp) is strongly (k, A) 1 rationalizable if (8, m) € s (k, A)
'(SR ‘6 SR (k,ﬁ))

Definition 28 (8,m) (the strategy sgr) is strongly A — rationalizable if and
onlyif (6,m) € Ts (00, 8) = () S (k, A) (sn € Sa (00, A)).

i k>1

E

'Ii'here is another concept that does not incorporate any forward reasoning
‘ca.lleid weak A —rationalizobility. Weak A —rationalizebility characterizes the-

set of of type/message pairs and strategies where all the events are true:
SEL 9

N
(WA1. S) The Sender is rational and her behefs belong to Ag;

| (WAI R)1 The Receiver is rational and has be].lefs in Ag;

! _i‘
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(WA2) The Sender'and the Receiver are certain respectively of (WAL.R) and
(WALS) at _lthe beginning of the game i.e., at the empty history ¢;

: | ; :

| |

(VVAk+1) The .S'ender and the Receiver are certain respectwely of (WALk) at the
begmmPg of the game;

; |

| 1.
o ‘
to For* any set of 'type/message pairs 5 C T let us define:
|| () = e du (i) =1)

i A i

i .

and for, any s:et of; Receiver’s strategies Sg C Sg let us define:

' !
| i ) N . ;
J o k f?s (SR»A) = {us €Ag:ug (Sﬂlsﬂ)l = 1}-
'I:‘he set of pairs of payoff/message of Sender s and of st“rategies of the Receiver
consistent with assumptions (WA1)-(Ak) are those and only those which belong,
‘to the subsets £W(k + 1,A) and SV (k + 1,A) defined by the

followmg recm'swe procedure:

respectwely,

o first, deﬁne .Z¥ (0,A) = Z5 and S¥ (0,A) = S ihmcl

» fork—l 2‘ let

|
25 (k A o= {(6,m) e BY (k—1,A) : Ips € As (SK (k—1,A),A) such that m € BRs (6, ug)}
Sy (k A) l ={sr€SK (k—1,A):3uz € A.}I{ (Z¢ (k—1,A),A) such that

' i for every m € BRg(m, ug)}

b |

Definition 29 Fiz o pair of subsets of beliefs A = (As,AR), where § £ Ag C
A(S2) and (D # /_\R C A*(Zg). The payoff/message 1paw‘ (8,m) (the strategy

.ESR) is: weakly (k, A) — rationalizable if (§,m) € Eg (k,J.\) (sr € Sr{k,A))

Deﬁmtlon I30 (9 m) (the strateqy sr) is weakly A — rciztwnalzza.ble if and only
zf(Gm)EEs(ooA = [ Zs (k,8) (sr € Sn(o0,A):= [ | Sr (k. A)).

; k1 bk
Note that these assumptions are silent about how the Receiver would change
their beliefs if he observed a message which he beheved impossible at the be-

_gmnmg of the game. Therefore, weak rationalizability lcannot capture any kind

r !

S |
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A

of forvivard induction reasoning. For this reason we will apply the strong version
of rat;ionalizability for our main result. Instead, when we will analyze previous
results in the literature we will mention also the weaker form of rationalizability.
3.3 An example :

‘ | :

Let ulé give a very simple example of a coml;nunjcation game where a very weak

restriction on Receiver’s beliefs implies that full disclosure is the only possible

|
message profile.

i Sﬁppose that preferences of the Senderiand of the Receiver are represented
by thf: following utility functions ug (a,8) = — (e — 8)* and us (0, 6,5) = — (a ~ (8 + b))z.
Both utility functions depend on the ra.ndom variable # which is observed by
the Sender After having cbserved 8 the Sender can send a message m to the
Rece}ver. After getting the message the Receiver chooses an action a.

We can denote the message "¢ is equal to " as [6] and for sake of sim-
plicit?y we assume that © = {6,,6,} = {0.1,0.8}, A = [0,1] and b = 0.1 If
the I;Zeceiver is certain that the state of thia world is § then her optimal action
is a} (0) = argmaxupr (a,0) = 6, instead |at 6 the Sender prefers ag (6,b) =
f.rg rrlaxus (e, Ba)ei @ + b (see Figure 1). Conditional on the generic message [6]

ac

?he Receiver will choose a}, [6] = arg Iﬁax {ur (a,0:) 12 (1] [8]) + ur (a, f2) u (82| [6])}.

1
Condltlonal on message [6], if the COIldltl(l')Ila.l beliefs are not degenerated the

optlmal action belongs to the open interval (a}, (61),a}k (62)).2

| Let the Receiver think that the generic 8 is more likely if the Sender says
that hlS type is 6. Namely, if the Sender declares that his type is &y, sending
message [61), the Receiver assigns at least probability 3 that true type of the

aln symbols, oy [0) € (a} (61}, a% (82))-




E
f |
L
.l R ]
3. 4 RATIONAL DISCLOSURE ONE AGENTISII VFORMED AND ONE AGENT ACTS65
|
Sender is 6. Given this restriction on the conditional _‘beliefs of the Receiver,
the message [92] is'strictly preferred by the Sender if his type is 3. The Receiver
knowmg that!the Sender is rational will deduce that conditional on the message
[9 ] the only conclelvable payoff type of Sender is exactly 8,. Moreover, if we
a$sume.that conditional on the vague message [©)] the Receiver will not exclude
aﬁy possible payoff type of the Sender, we can conclude that the only rational
nllessage proﬁle is [91] if @ =6, and {#o] if § = 8,. Under very weak assumptions
on the behefs of the Receiver, even if the messages are cheap, full disclosure is

1
the only ratlonahza.ble message profile. ‘
i

t

E:'i
i |

3.4 Ratio‘pal disclosure: one agent is informed

, ancil ojne agent acts
With the fra.t}newc%)rk introduced in Section 3.2 we can i:nvestigate whether dis-
closurelof mf(':-rmaftlon is justifiable. One of the early contnbutmns on this topic
is the article by Matthew Rabin (1990) [47]. He used a "non-equilibrium" ap-
proach: and cha.racterlzed the information that can be commumcated between
rational agents We will pursue a non-equilibrium analysm in a genuine incom-
plete mforrnatmn without assuming that the players share the same beliefs on
the set!of the payoff parameters €.

A "non—equlhbrmm approach" has two different, although related, advan-
tages with respect to an equilibrium approach: ﬁrst 2 message has literal
I‘nea.mng w1t!hout5 referring to the induced Receiver’s z?.ctlon second, in order
to interpret a message the Receiver should take as alternatives all the messages
which are justiﬁajble by some degree of sophistication of the Sender. Using an
equilibrium analysis, the effect of possible deviations, Illamely sending different
ﬂlessages, is evaluated considering & putative equjlibrit;xm. The set of conceiv-
able r[iessages matters and its relation with counterfat':tua.l reasoning. Let us
suppose that in a.‘ given equilibrium the sender has a m?ssage ("8isin & Cc O
Wthh would! mdtime the Sender to revise her expectation and choose a Pareto
improving action; Then, if we used an equilibrium approach, we would conclude
t:ha.t the Receiver should interpret the absence of thatgmessage as "¢ is not in
e | |
! The set of feamble messages is rich enough to distinguish any subset of ©.
Formally, the ca.rdma.hty of M must be 2191 — 1,

'The mea.mng of |messages is commonly shared by the players. Therefore, we

3

|
b
|
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can identify M with 20/ {@}. In order to diffentiate messages with respect to
subsets of © we introduce the following notation. The message "my payoff type
belongs to ©", where 6 is a non-empty subset of O, is denoted as [e
exa.mple the message [0] should be read as "my payoff-type is 8". Formally, we
can define the interpretation isomorphism between the set of non empty subsets
df © (2°/{#}) and the set of possible messages ([ : 22/ {8} — M):

I i

|

. W?e remark that players assign to any|message its literal meaning. This
will avoid a trivial source of multiplicity of equilibria. Given any equilibrium
in a (%ommunica.tion game we can always ”;re_la,bel" messages and obtain a new
e'quililbrium. As Farrell (1993} [20] pointed ocut, this kind of multiplicity of
equilibria seems quite artificial. If we consider a natural language a message as
"the state of the world is §" is hardly interpreted as "the state of the world is
9;"', j_just because we have changed the vocaibulary.“

[{BEE O:0¢ é}] = [é] € M for every xlzoeempty subset of © (P #£6 C ©)

| In order to simplify our analysis we ass1:1me that the set of states of Nature,
6 is a.n ordered finite set® and the utility functions are such that, if § > §' then

”“g‘: 2 5 2e?) o ke (5,R).

The set of p0351b1e actions is an interval in R that is, A is a compact and convex
subset of R. I

We can define the most preferred action at 'a.uy given state of nature for the two
playe‘rs and the best response of the Receiver given a generic message [@]

a5 {6) : = argmaxug(a,8)

] aEA

H ah(8) : = argmaxug(a,8)

1 aEA

{ - 2 . — -

L k(+(1[9])) = egmer [uateon(w1[8]).

. I'e

{.
The utility function of the players arel assumed to be continuous in both

arguments and strictly concave in A. The ‘Sender’s utility can be written as
& de!creasmg function of d(a,a? (8)), whlch denotes the euclidean distance be-

H
|

"Gnven the assumption of a rich message space for every information m that the Sender

nught want to couvey, there is a message [G] [ M whose literal meaning is that the Sender's
'

payoﬁ' type is in . As a consequence, the A Emnonahznble strategy profile will be, by

vonstruction, robust to any conceivable neologism! (see Farrell (1993) (20]).
5Results still hold if © iy at most countable.

i R T o . J..-‘b - o o et

i
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: i :

tween the action a and the most preferred action for the Sender when the state
|

of Nature is 8: |

i)

‘ug (a,8) = h(d{a,a5(0)),8) where h is ciecreasing
' 1 ,

| |
and the marginal ‘:utility of the Receiver &‘—g(ﬁ is such:that:

by
!d dup (a,6) Bug(a,6)
I fa ' Oa

Focusmg on more economic assumptions first, we assume a certain degree of
ahgnment between the Receiver’s and the Sender’s interests. This assumption
guarantees the exmtence of an equilibrium different from the babbling one.
Therefore, we restnct the set of possible payoff types 6 in such a way that:

) < d(a,a) for every € ©

| ] d(aus(a,é)) 3UR(G’8)) <o ‘

{7 — alignment’)

! supi |
acA see e ' ba |

i

where the distance considered in R is the euclidean jdlstance
.

Lo
I;Jemma 6 If theF conditions (o — alignment’} holds then

i supd{as(0),ar(0)) <o (o — alignment)
fe0

{  This latter co[ndition is more easily interpretable. ;The two players’ most

preferred actions; are always. quite close. Hence, we call these two condition

Second, (,ilﬂ'er%nt types of the Sender have differentipreferences:

i alzgnment" | '
| l

: : ] 'i
| | it d(a3 () .03 (8" | ;

>E — sort
I : ” b"ee (a5 ( ).a5(8") (e — sorting)

I d *

| This assumption implies that if 8 varies the most preferred action varies as
well This assumptlon can be justified on the basis of two rationales. First, the
situation shéuld not‘. be trivial if preferences of the Sender remain constant she
will always send;the same message. Second, if the Receiver would like to act

differently i m & and 8" the preferences of the Sender should be different in the
two states of theiworld.® ‘
. i ]

{
' 8This is resemblea the incentive compatibility and the f—monotonicity condition in the
inechanisim des1g11 s literature.

!
P
E
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Il,em}na 7 If the conditions (o — alignmer%,t ) and (e — sorting) hold then
i

i
d(ak (¢'),05(6")) 26 -0
fo}r every §', 8" belonging to ©.

Proof By the triangular inequality d4 (a% (9") af (0') < da(ag{07),ak (6"))+
d;. (a.R (8"),a% (8)), therefore da (a}k (B”) a5 (8")) 2e—0o.

A part from preference’ restrictions, we need to restrict the set of conceivable
behef of the Receiver. Namely, we assume that the Receiver trust to a certain
extent the messages sent by the Sender, this can be justified by considering
the a}.lignment of interests, Nevertheless, he never excludes the possibility of
misreporting’ if the message is not sharp.

' Fbrmally, we assume that her beliefs conditional on a generic message [@]

|
atisfy the following condition:

$ i
l % Hr (é| [9]) > ER ((éc| [é])) (Trust)
; \;;.rhere ©° is the complementary w.r.t. _56 of 6 (in symbols 6°:=0\6)

§
N'Ioreover, when the message is not sharp® the Receiver is quite cautious i.e.
the c’onditional belief jip (9| [6]) is not a|degenerated measure on @, namely:

30 # 6 such that pp (9] [é]) > K and J73y (9'] [é]) >k  {Cautiousness)

véhere k> 0 and o < k€. .
The two conditions describe two different attitudes of the Receiver: if the
imf-s:s:age is not precise the Receiver is inclin;e to believe the message received but
she will preserve some degree of cautiousness. These assumptions seem quite

§
appealing given the assumptions we made ém the preferences of the two players.
Formally, with conditions {Trust) and (Cautiousness) we are restricting the -
1 ; !
set of conceivable beliefs of the Receiver. Therefore, the set of conceivable first

brde}' beliefs is A = (As, Ar) where Ag =-I A(Sg) and

;AR :;x {y € A* (Bs) : g (él [é}) > pg ((é)‘[ [é)])) for every [(:)

if ]ei| > 1 then 30+ 6 such that sz (6] [é]) > and g (#1[8]) > k).
i : :

i 7'Ig‘his second condition recalls the skepticism ;m%smnption made by Grossman - Hart (1980)
and Eujiwars et al. (1990) [44]. i

i SA message [9] is not sharp whenever 9 > 1.

]

'
I

] € M and
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J
' l
Deﬁnltlon 31 (Battzgallz (2008} [4]) The payoﬁ/message pair (6, m) (the strat-
eqy sR) (k A) rationalizable if (9,m) € Ls (k, A) (sr € Sr(k, A))

Definition 32 9 m) (the strategy sg) is & — mtzonahzable if and only

(9 m) €Ly (oo, n Ys(k,A) (sg € Sg (o0, A))! For any given message
‘ .& k>1 .

7!”’1, let ' ' i

i ka{m)=max{k:0(m,k,A) #iﬂ}

4
]

We say t:h,at ?(m, ka (m), D) is the best A — rationalization of a message
. i

have to formally define when disclosure is{rational.

No:w, we

Definition 33 }:aﬁml truthful disclosure is rational if and only if for every
stmtegy p?‘ojﬁle (os,8r) € M® x AM such that the corresponding pairs (6, m)

g——3—

ana the strategy sp are A —rationalizable, there exists at least a payoff type 0
such that og '(8) = [0) and sgr (f) = a}, (6).

Truthful dzsclosure is rational if there exists a { umque)| profile (0s,s5r) € M® x
AM such that ti}e corresponding payoff/strategy pazrs! are A — rationalizable
hnc.t os(8) = (6], sr ([6]) = a} (0) for ali@ € O. i

'In the first c%ase Sender 1eveals information only in some states of Nature

and he is trusted,‘ by the Receiver. In the second case, for every state of Nature
the Sender rationally reveals his private information and the Receiver believes
hlm » ! i !
Let us consxlder the two slightly different situations: ﬁrst the Sender reveals
only partially his information, for example sending a‘vague message; second,
the Sender djscloses completely the true state of '\Iatu.re but the Receiver does
not believe h_un a.nd chooses an action a # a% (6). Accordmg to our definition
neither partial truthfu.l disclosure nor Truthful dlsclos&re has occurred in these
situations. Now,:we can state plainly the first main result

|

Propos:tlon 9 -If the conditions (o — alignment), (s‘— sorting), (Trust) end
{ C’autwusness) hoid A — rationalizability implies that truthful disclosure is ra-

tional: : ',

Proof See App:endix a
| Gwen our assumptmns which are parameterized by o, £ and &, full disclosure

and trlust are the only possible results of a communication game. But if we
! i .

- r—

|
\
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: !
look.to the negative part of this result, w?a can conclude that in order for full
disclPsure to occur the condition needed are really strict. Not only interests must
be aligned but we need to assume a certain degree of trust by the Recelver.
:Mistirust is self enforcing, if the Receiver is too much pessimistic the possibility
of cooperation is void. .
In the next subsection we will show tha:it the assumptions made are tight.
|
;3.4.i1 Tightness

First, suppose that assumption Trust doés not hold. We could say that the

1
|
i
I
|

!Receiiver does not trust the sender. Now, we can take a situation where players’
interiests are represented by the following figure (Figure 2). In this setting
Icond"ition (Cautiousness) holds vacously. [Therefore, the set of the Receiver’s
belief is unrestricted i.e. Al = A™(Eg). I

|
r

a3 (61) | ag (62)

| | L
| | B | A

| |
i | k 7 (61) 4 ay (62)

1>

i’ Figure 2
{
Given any message m, we define the set of conceivable best responses of the
i
Receiver, given that his beliefs belong to the set Ay C A* (Zg) as:

: |
' | A"(m,AR):={acA:Fu€Apst. STGBRR(m,,u) and sg(m) =a}.
" |

A* (m, Ay) represents the set of actions that, given message 7, can be justified

by some belief of the Receiver.

-

Let ;us recall that © ([O] k- 1,/_\) = {B : (9, [(:)D €Xs(k—1, A)}, ie.
{(9 (E(:)] k=1, A) denotes the types for wi10m the message [9] survives k step

tof iterative elimination of strictly dominated messages.

¥ !
f e ([6],0,4) = © for [§) € {[¢1],[f2]} ‘If Receiver’s beliefs belong to the set
ﬁ g
;IA r = A% (Zs) then for any arbitrary message [6] all the actions a belongs to

l
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'#1),a} (B2)] are justifiable by some belief in Ag. For every
7 (62)] there exists a belief function pp (-|[6]) such that a €
,a’) g (Blm). Therefore, A*([6:,62] = A*[0,] = A*[02] and

Pad

cli‘ in [?’}L(gl &
arg max uR(

IR, N8

Th.lS example shows that when trust does not hold the remaining assumptions
clo not imply full] disclosure.
| Next we| drop condition (Cautiousness). We impose, only, the following re-

stnctlon on the Recewer 5 beliefs: A == { g € A (Es) bn ((—)] [@]) > Hp (Gcf [é] ) }
Then the overaliiset of conceivable beliefs is denoted as A" = (A}, A(SRr)).

! If the prpfere!nces of Sender and Receiver are such that the following rep-
resentation holds (Figure 3), then it is stra.ightforwarld to prove that type &,

strictly prefers message (6] to message [#3] and similarly type 83 strictly prefers

mesaa.ge 03] to message [61].

|

| | a%(61) a3 (62) i a3 (8s)
| N S N T
‘ I | | |
ak (91) ' ag (62) ag (63)
“ ! Figure 3
. !
Hence © ([91]|, yA") = {0;,82} and ©([63] , 1, A"} = {8, 03}. Moreover, at

'the second step of the iterative procedure we can prove that © ([64,02],2,A") =
{81,92} 9([92,93] 2 A”) = {92,93} and 9({91,93] 2 A") = {91,92,93}

Let's con51der type #,, and assume that the Recelver has conditional beliefs
such that ,uR (91| [61]) =1 and pg (:}[61,8:)) = 1. Note that these conditional
behefs belong to A” and ug (© ([61],1,8)1[01]) = 1, yR (© ([61,62),2,A) | [6:]) =
1 The setsiof possnble best replies by the Receiver assomated to these condi-

tional behefs overlap Formally, U BRg([84], /.LR)F‘I U BRR([61,62),1g) #
ppEAY '#REA"
f. The same is true for 8, if we consider messages [f2] and [0y, 602]). Therefore,

these two types can not credibly signal themselves and A — rationalizability
does not 1mp1y truthful disclosure .

If we do not 1mposa the other conditions, pertammg to preferences, it is easy
to show that our, result does not apply. If o — alzgnmqnt does not hold we can

| |

|
I
!
)
i
i
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refer to Lemma 2 of Sobel and Crawford (1984) [16]). Similarly, if ¢ — sorting

does not hold we can refer to classical results in mechanism design literature.

| |
3.5 Application: Rabin(1990)

.In tbe previous section we have found suff:icient conditions for full disclosure to
'occur. Now we want to investigate and generalize previous results in the litera-
ture, stating clearly the epistemic assump‘tions needed to those results to hold.
,Spemﬁca.lly, we will relate our results to the work by Rabin (1990). In order to
I1n\.'estlgat;t-z the relation between the A — ratwmlzza(nhty and the concept of

f"Credele Message Profile" we need to state some preliminary definitions used.
:by Rabm .

. Let us assume that a communication game has "no relevant tie" if the fol-
flow1=ng holds: for all pair of outcomes (f,a’), (6,a") if ¢/, a” € A such that
o 7é a” then ug(8,a') # ug(6,a"). Moireover, wlog we can assume that for
_every ¢ # 8" either us (6',') £ us (6”,") or ur {¢',-) #ur(8",-)*

Deﬁmtlon 34 (Rabin 1990) A type profile is a list of exclusive, not necessarily
exhaustive, nonempty subsets of types of player S, X = {él,ég,...,ég}. Let
‘.(-)x p= {9 €©:30, € X such that§ € é}k be the set of types which are in
;somgé subset belonging to the type profiles. lj',et MX) = { [él] ) [ézl sy [é D]}
be tJ:;‘Le set of messages [(:)k] associated to ;the subset of ©, ©.10 I

* ! )
. We define with ©% := ©\Ox the setof types that do not belong to ©x.
Note that a type profile is equivalent to a specific set of strategy profiles of the

'Senﬂer. Each payoff-type @ € B chooses the signal [(:)k] and 8 € ©% can

‘chogse any message. Formally the associated strategy is o5 : © — M such that
os ( )= [(—)k] if0eB%, 05(0)eM othe;rwme

Rabin assumed that the prior belief of the Receiver is common knowledge.
ILet tus denote the initial belief of the Receiver as p(-). To avoid trivialities we
assume that p(-) is strictly positive.

i\/[or]eover the conditional beliefs of the Sender are such that p (8| [9]) p(8)

9Note that if there cxists ¢ and 8" such that usi (@,)=ug (8", )and ug (#',) =ug (0",-)
'we can merge them or simply drop one of the twg.
104 type profile is equivalent to a specific set of strategy profiles of the Sender. Each payoff-

type.§ € Oy chooses the signal [ék] and & € 8\8y can choose any message. Formally the
i 1

pssociated strategy is og : © — M such that og (9) = [ék] if § € By, o5 (#) € M otherwise.
i i

i
i
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ifeecd a.na I (B| [A ]) = {) otherwise. Formally, we'wca.n restate the previous

a.ssumptmn\as reizstncmons on the Receiver’s belief, i.e.:!!

| | |

Ap = {?ﬂa (19) s g (M) g ar) € A™ (Ts) : marg?ug(-lfﬁ) =p() (A7)
| D atlaN = 2@ o 18] Lo (alo]) = . .

! a?d BR (9| [G]) =5, @) if 8 € [@] ) by (9| [(—)D = 0 otherwise for every [6] eM}

o'e(6]

; .
; b
-We can deﬁne the set of optimal action by the Recewer conditional on mes-

sage [G)]asA*([@]) a* € A:ar Eargma.pr(ﬁ ur(a, e)} ([e])

is the set of actxons that the Sender considers posmble after sending message

8|, _under the]assumptmn that her opponent is rational, she is certain of
this fact and of the conditional beliefs of the Recelvclar Formally, one should
=lm:ute that {SR € Sr:sgr ([@] c A" ([9]) for [9] € M'} Sr(1,A’) when
Al = A (SRP X &R 1‘

¢ o

The type mz % could choose to lie, sending a message [ék] € M(X),
or to say the truth, sending the residual message [E) ]. Rabin denoted with
{@ ([@k] ,?f'|), the set of types who have has some incentives to lie by choosing
Ia. specific messag'e [ék] 12
t
Deﬁnlt10n135 Let 5] ([@k] , X ) C ©% be the set of types such that at least
one of the follomng conditions DOES NOT hold:
(NC1) A*([,Ak])i={a :aea.rgmmug(a,ﬂ)} !

acA*
(NC2) El [(:),] € A:EI(X) such that ug (a*,8) < ug (3,8) for every a* € A* ([é)k])
ond a.iie A7 ([éj]). i

; ] ! ra
11'The Receiver maximization problem conditional on mcssa.gci‘ [6] can be equivalently rep-

) ‘
resented as meax z p(@) ur(a, 9) or l;nez:‘x z —EE(—%@;’UR {a,8)

GEé a6 o'ef8) ;
+ 12 According to Deﬁmtmn 35, a type ¢ could choose a message [Gk], even if it implies the

lOWth outcome, just because there is no other message in M (X) leading to a strictly better
putcoe.

Even worse, this deﬁmt.wn implies that a type # could scnd a) strongly dominated message
(given rcbtrlctwn A) just because it induces an action which doim, not minimize his payoff.

t . )' !

'.

~ !
i 1

|
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! L*ote that © ([@k] ) 20 ([(:)k] ,3,‘}&’) because £ could belong to © ([Gk] . X)

-even if the message (6 {Ok]) ¢ Zs (2, A’), because condition (NC2) does not
' holcii '
' Moreover, one can note that the following stronger inclusion holds: © ( [(:)k] > 4 ) 2>

Ie('[@k] L), i

Defiinition 36 Let A™" ([(:)k] ,.JC') be thﬁ set of actions a* such that Im: © — .
1[0,1] satisfying the following conditions:

i

fg. m(8) =p(0) V0 € O, !
' 2?.w(&)e[O,p(@)]VBE@(ék,X) L

3]: 7 (0) =0 else II
| such that a* € argmax Z 7 (6)ur (:a,a)
i a€A* g-g
2 ! ]
. & (") is not normalized to sum to one and A** (O, X} identifies the set of

|oplnma.l actions that the Receiver could take "if he were sure he was facing all
types in Oy, and were not sure which types he was facing in © ((—)k, )" (see
Rabm (1990)[47}).

Formally, we can characterize A™ ([E)k] ) in term of justifiable action by

the IRecewer conditional on message [
ion His beliefs: |

| t ]

il = {(5a018) s CIm)men) € A° (B)  margeiin (16) = p()
! and for every [é] EM pg (9| L@D >p(0) iffe [é] ' HR (9| [(:)D < p(#) otherwise }

| '}l‘herefore {sR € Sp:smr ([@k] c AT ([(:)k] ,X) for every Oy € X}. D Sg(2,4")
where A" = A(Sg) x AR :

|Deﬁmt10n 37 X is o Credible Message P'm_ﬁle (henceforth CMP) if and only
tf V@k ed, '

‘[CI}: V6 € O, A* ([(:)k]) = argmzfé}:? (i, 6) and

l 13[:1; could happen that {s_q € Sg:s8p ([ék]{) c A* ([ék] ,.JL’) for every ék € X} 2
iSR (I;I,A"). |
§

|

.- a® il eied .
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| ,J ‘

(oo (o - 4= 0. 2)
| A CMP; X, can be identified with the set of strateéy profiles, {5, sg), such
| i | [64] ifo e by
that o‘S (8) ; f: } M\ [ek] if ¢ [ek] ua ([(—)k] )i where m (8) is a generic
i !

. ‘ ¥ m(#) otherwise

messalge in ‘M depending on f. sg ([@k]) € A" ([@k]) for every [@k] e M.
It is worth to remember that a generic strategy og can be associated to set of
‘payoﬁ'/messlage pairs X5 := {(6 [GD EOxXM: 0’3 (9) [9]}

With ia slight abuse of expression we will define a strlategy profile, (¢35, 85} or
L% X sp to be|credible if and only if the a.ssocra.ted message profile is cred-
ible. These strategy profiles are characterized by the fact that the Receiver
acts as if the message is truthful and each type of the Sender in Ox gets
the most preferred outcome. CMP exists only if we assume a certain degree

‘of alignment of interest. Otherwise, A”(X;) = arg max ug (a,6) will imply
| aEA"

i (6) th (6,2

Rabin (1990) introduced the following last definition whrch formalizes an

iterative prqcedure which is equivalent to an iterative elimination of dominated

L. i 2 '
strategles. ; 1 |

Definition 38 Fiz a type profile X. The Message Profile Theory (MPT) with

respect to X', derioted M PT (X}, is the set of strategy ptiirs {(0,s):(v,5) € ¥ x 5%,
where, E"" >< E izs constructed as follows:

Sa (0 )= {s € 5p: VoL € X, s([64]) =4 ([64]) acmazv[ Jex s([6])ea}
B (0) = {o" e 25 VO € X, V0 € &y, 0 (8) = [e,c] and V6 ¢ [ek] ue ([ek] &) o (8) € M\ [ek] js
Then recurswe{y i

Sr(n+1)={s € Sp(n): s is not strongly dominated with respect to g (n) by any s’ € L {n)}
'Es (n +1) = | {a € Eg (n) : o is not strongly dommated with respect to Sp(n) by any ¢’ € g (n)}
Takmg the lzrmt we can define S§ 1= Jim Sp (n) and £F = Jim g (n).

Thrs deﬁmtron takes only an ex ante perspective. Moreover it does not take

|1nto account the exogenous restrictions on players’ behefs These two remarks
suggest thet the' deﬁmtron 38 is not stricter or is not related with the definition

of A — mtwnahzable MesSages. i
I

; M Given that at 2 A%, condition 37 implies that Sg (2, 8") = Sr (2,4},
p A

l51‘(.«::_11:;:111bcr thati! a° =06\ U 8;.
' b i=l
:

| r
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|

Before stating our next results we nee? to recall one last definition.
A strategy og, belonging to the set of pure strategy Lg, is weakly dominated
by 13. mixed strategy o € A (Eg) for type 6 with respect to Sgp if

! i V¥sgr € Sg, ug (6,0¢, sR) < ug(8,0%,58)

1

‘and, :
i g dsp € Spg, us(a,as,s;'z) < ug (B,Jfg,SR)

!The! definition of strict dominance is a.nalogous except that all weak inequali-
‘ties are replaced by strict inequalities. The same definitions can be applied to
Seuder s strategy. Shimoji and Watson (1998) characterized rationalizability in
|extensive form game in term of iterative ehrmnatlon of conditionally dominated

stra.teg1es but they do not consider exogenous restrictions on players’ belief. 16
]?‘or any given subset B C Eg x Sg let W(B) (S(B)) denote the set
.of (‘!as,sR) € Tg x Sg such that for 95 (8) is not weakly (strictly) domi-
nate%d for 8 in.Sp and sg is not weakl‘y (strictly) dominated in Xg. Let
SWi(B) := S(B)n W(Es x Sgr). The iterated operator SW“ is defined in
ithe usual way: SW™ (B) = SW (SW™™! (B)) where SW° (B) =
'T he:iterative procedure defined by Rabin,’ the Message Profile Theory, is equiv-
a.lent to the set (ES X SR) where: |

ISST{(Q m)ezg-ifaeewhereéexthenm= [ci)] andifagéékue([é)k],x)
then m # [Gk]

S i= {sp € Srisn ([e]) e 4 ([é]) ‘for every [6] € % and sp ([6]} € A" otherwise}.

Prop051t10n 1 by Rabin state the main property of the set of strategy profiles

iobta}med using his definition of rationale message profile.
! !

Proposition 10 (Rabin 1990) If X is 6 €MP then MPT (X) = B% x S§
'sati.s_laﬁes: Yo € £X, o is not strongly dominated with respect to S§ by any
a EJ; Ts. Likewise, Yy € S5, 7 is not strongly dominated with respect to ¥ by
rany Y’ € Sg. ‘

i
i
Now, we can fry to relate the result by ‘Rabm to the more general concept of

l
i
i 1“’.[“1:0 characterization of A — rationalizability has been investigated in Cappelletti (2004)
|[12] among others.

weakly A — rationalizability. Remember! 'that the following restriction for the

i s e "o =



3.5. APPLICATION: RABIN(1990)
; |

77
first o;rder belietj_s, A’ = A(Sg) x Ag, holds:
Ap = {(#R( 1), g (M) menr) € AT (Zs) : margoug (16) =p ()
a.tild p‘!q (3| [ D - Ep( )(9') if 8 € [@] s BR (9| [ ]) = 0 otherwise for every [@] eM}
| oe(8] ' :

. . - |
Proposition 11 If £s x Sg is credible then MPT (X) = £ x S§ is (weakly)
A — ﬂif‘ationlalz'za‘,ble.
t | !
i

Proof. Given the characterization of weakly A — rationalizability as the the

set of payoﬂ'-stra.tegy pairs belonging to SW™ (Zg x Sg) (see among others Ben
Porath (1997)). Hence Proposition 11 is equivalent to drowng N (Es X 8 R)
SW°° (s x SR) :

On the basis of the classic equivalence between never best response and un-

‘dominance we can deduce that:
I

; .
|

[9l (W (Zs x Sg)) = A" ([Q]} for every [0] € M

i ! 1

where 7:'!,?] 1s the natural projection on the set of the Receriver's strategies

given message [@] |

! Now, let us c,ons:der the Sender:
' ) )

! .
| t 7% (W(Zs x Sgr)) 2

given that rbessdges are cheap. Therefore, we can conclude that:
| B

L]

S![W(EsXSR) XW(EsXSR)]QS(ﬁ]S XS’R). (3.1)

The operator| S (') is weakly decreasing therefore, we have proved the Propo-
sition. m .

Gwen that Ra.bm s analysis does not explicitly rely on any kind of forward
reasomng weak A rationalizability is closer to his deﬁ.mtxon than strong A —
ratwnalzzabzhy 4

.Now, welcan !qua.hfy Proposition 11 remarking that the characterization pro-

posed by R,abm is at least stronger than the one deduced by assuming rationality,
l(:omm::m knowledge of rationality and that Receiver’s belief belongs to A, and
this fact is clommon knowledge (at the beginning of the game).

et A ———————
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! In order to relate his definition to Ii:he stronger concept of strong A —

"rationalizability we need to ensure that the set of strongly &' — rationalizable
, strategy profiles is not empty. Note that|prev1ous existence results (see Batti-
‘ga].h and Siniscalchi (2003) {7]) do not a.ppl}r to this setting.

iProposxtlon 12 If &g x 8g is credible and U G = © then the set A’ —
; O,eX
’ratmnahzable payoff/message pairs and stmtegzes is non emply.

.Prdposition 13 If 5 x Sg is credible Pnd U O, = © then MPT(X) =
. ; o.eX
128 x 8§ is A" — rationalizable.

Proof See Appendix 3.C. ® ,

. Wlthout the additional assumption the two procedures could lead to dra-
,matlcally different results. Let us show it. by means of an example.

Suppose that © = {6,02,03,04} and X = {[th],[62]} is a credible message
'proﬁle Let us consider the iterative deﬁmtlon of A — rationalizability:

(St;ep 1) Sg(1,AY = {SR € Sgp:sg ([é]) = arg'gaxfé ug (¢, 8) p(8) db for every [(:)] € M}

where this set is equal to Sg.

(Step 2

)
i
i
; ; Zs (1, A’) = Lg because the message are payoff irrelevant;
L ! .
) Sr{2,A") = Sk (1, A') because for any message [(—)] the set of types that’
1

could have sent the message is ©, namely © ([é] Jk—1, A) = O for every
1‘ i message [é .
z ¥5 (2, &) contains the following payoff/message pairs {(61, [61]) , (62, [f2])}
; because of condition 37. |
(Step 3; Sg (3, A") could be empty. Let us consider the message [{81,82}], © ([{61,62}],3,4) C
_'1 {03,684} because both £, and 8, cé)uld guarantee their most preferred
! action choosing respectively [6)] a.n;d [62]." But the requirements that
i p € AR and p(©([{61,62}],3,4) |[{91,92}]) = 1 are not compatible as
l I long as © ([{th,82}], 3, A} is not empty Therefore, A’ — rationalizability
with the restriction used by Rabin could lead to an empty selection. In-
] stead, Definition 10 does not. Therefore in non generic games the two

[ ‘ definitions do not coincide.'® |

”NOte that ug (81, ) # ug (f2,-) or ug (01,") Fur (92,°).
I81h non generic games the two definitions do not intersect.
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| Given Proposmon 11 and Proposition 13, we can conclude that our previous
results allow to ‘fully evaluate the procedure proposed by Rabin and to make
precise Propomtmn 10. Moreover, the solution concept proposed fully reflects
‘the usual eplstelmc assumptions without imposing implicit hypothesis and can
be applied éven if common prior assumption does not!hold.

|
3.6 Conclusions
! 1

: .
With this paper we have tried to characterize rational behavior in a communica-

t1on game between two agents. Where one agent has some private information
a.nd direct commumca.mon by means of cheap talk is possible. Our results hint
that Heither common interests between agents nor 1ncent1ve for the informed
party’ to reveal 1nformat1on are sufficient for full dlsclosure to occur. As an in-
|terestmg; conclusxon our result is even stronger than the one found by Crawiford
'a.nd Sobel (1982) Perfect communication is not to be expected in general even
'1f agents' 1nterests almost coincide. '

l Moreover, g1ven that we are using a non-equilibrium analysis we can in-
vestigate plainly: lying, credibility and credulity whichl are essential features of
strateglc corlnmumcat)on.

Given: our framework, a worthwhile extension would be to analyze the effect of
self-conﬁdence 111 communication games. Namely, what if the informed party is
|convmced tllla.t hie could fool his opponent. A first attempt in this direction has
been pursued by, Crawford {2003)[15]. '

| Asa matter of fact, this framework can also model active misrepresentation
of mtentlons to opponents allowing for different eplstemlc assumption. For cur
}‘esulté we have gussumed the highest degree of sophlstlcatlon but we can allow
for a certam sort of bound rationality.

llA different extenmon can be the analysis of situations where there is bilateral
incomplete mforrinatxon and bilateral communication (see Krishna and Morgan
(2003) [37]) or where all agents can take payoff relevant actions after the com-
munication stage as in auction (see Benoit and Dubra|(2004) [8])-

|
!
l
|
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l !
3.A Some preliminary results

Giver) that © is finite, we can index its element starting from the smallest
élement O = {f1,02,..,95} Given any message [é)] we define the set of

conceivable best responses of the Receiver:
1 .
|

ar ([6]:#) ={a € A: 35 € Sr(k,A) such that « = 5n ([8] )}

i .
Given a simple or sharp message [6], we define the following two "boundary”

r:iactiotils:
a(lf],k) : = argminug (a,8)
; acA=([9).k)
r a(6],k} : = argmax us(a,?)

ﬂEA‘g[QLk)
! !
. a([f],k) represents the worst conceivable action for the Sender’s type 6’

when she chooses message [6] ,while @ ([9] , k) is the best conceivable action for
¢’ when he chooses message [f].
|

Lem;na 8 Theie are no 0 < & such that

o} (6) < aj (0')|< a% (6) (3.2)

a3 (6) < a} (6) < a3 (8) < o}, (¢) (3.3)
Proof. Suppose that {3.2) holds then

d(a} (0) 0k (¢')) < d(a%(6),a5 (F))

but € < d (aj (6),a} (¢)) and d{ah (), 0% (6)) < ¢. Knowing that £ > ¢
we ol_?ta.in a contradiction. The same way of reasoning applies to (3.3). =

Now, we impose a more stringent assumption on the beliefs of the Receiver:

if |é)| =1 then pgi(8][8]) =1 (3.4)

This condition states that if the Receiver sees a sharp message the he will

t?rustbcompletely it. This additional assumption simplifies the iterative proce-
c!lure and implies that truthful disclosure isirational.

. |
|

1 i
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e

Pz’-c;poéitiont 14 'If the conditions (o — alignment), (s — sorting), (Trust),

{ Cautzousness) and (3.4) hold and pg, (e| [O]) is uniform i on © then A—rationalizability
zmp!zes tmthful disclosure. .

o \ .
Proof Take theiff := #; €:© such that ap (9) or aj (8) is minimum among
he set of optlma.l actions, {a} (f%),a% (0x)} < x—1 then, we can order the other
optlmal chomtes on the basis of their distance!® from a R|( } (see Figure 4).

o

F
' [

Figure 4

|
1t we deﬁne ES (0,A) = g and Sp(0,A) = .S'R, then for £ = 1,2,...
ke O (i, k—ll A) == {8:(6,m) € Ts (k= 1,A)}. ©(m,k—1,A) is the set
of payoﬂ" types consistent with message m and a level of sophistication of the
Sender at least equal to k — 1 then ;

L |
! |

r H
. i

s (k,l_';&) it ={(8,m)eBs(k—1,A): dug € As,mie BRg (8, ug) and g (Sr{k—1,A)) =1}
Sn(k,8) i ={sp € Sr(k—1,A): 3up € Ag,Vm,sg (m) € BRR (m, i (1m),
; ancil@(m,k—l,b.)#@impﬁespR((—)(n?,k—»l,Aﬂm)=1}
lﬂ?llis; follow.-;s fr‘on.i strict concavity ;
o |
s ir 1
0 |

I
i
]
]
|
\
!
: |
. N '...,..J T T T T YO P Y ‘1,4..41"‘- L T R W SO TR
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T};lerefore, at the first stage of the iterative procedure we obtain the following

|
J
|

séts: |
Ss(1j8) : ={(8,m) € T5(0,A) : Jug € A(Sg),m € BRs (6, us) and pis (S (0,4)) = 1}
Sk (li:A) 1 ={sp€ Sr(0,A):3ug € Ap,¥m,sg(m) € BRgr (m, ug (-lm))},

1 and given that © (m,0,A) ={© for every m € M, ug (0 (m,k~1,A)|m) =1}

i !
Take § and suppose that a} () > a} (@), now we consider all the possible

messages for § and prove that there is a strictly dominant message namely, [8].
If 8 se!nd message [6] then the only A-»ratioxllal action for the Receiver is a} (8).
Ihsteal,d if the message is [Q U (:)] # [0 we need to prove that a%(f) <
ak ( ( | [9 U @])) forallu € Ag. Asamatter of fact, a3 < a} (p. (| [QU @] ))
13: equllvalent to:

ZP_(Q'![ DMM;.O

da
| 5o

or; equivalently

i | : : - J
+(@[pos]) 22500 5 - 5 (1 foue]) 2ulE00

; =Y u(eifpue)) 2eald®.F)

oreo\{oud)

;
i
Gwen Bus(ei®8) _  ang assumption (o - alignment’) we can conclude that

k(0] [e U ec) dunlei @) g, ]
Gwen assumptions (Cautlousness) (e— sorting) and the supermodularity of the

8
Receiver’s utility function, we can infer that 3> u (8 | [B U G)] Bun aasau >
1 9e®
ke and the conclusion follows from the assumptlon that o < ke.

{ . .
| Similarly, if the message sent is [9] 76 [©], where 8 ¢ O, then we can
cjoncl;de that at < aj (,u (l [9])) for all' it € A g, because this is equivalent

to:
 peeen,

=]

I - o lx L O
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or equi\'ra.lentl-y ‘

(QI [QD Our(a5(9).6) (als (@).8)
' ' | 9'cé

F !

T

!

>- 3 u(o[o]) TR 5

83

e (9f| [Qué)]) M%a@—i’)

g'ee\{aud}

. which follows from the assumption ¢ < «e. For the message [€)] it is sufficient

t};at (6 [@]) > K.‘ for some 8§ # 6.

9’69

q

r-"""-w_ =3

' Note that Sig (9r| [@D [auu(u;(g),e') _ aun(a;{(»:(w[gué]))'a’)] > o then
by sublmeant.y of the Receiver’s marginal utility we can c;)nclude that d (a. (8),ah (,u ( | [Q u é)] ) )) >
> d(a3(8),ex (_ }and hence a, (8) is preferred to aRI ( ( [QU 6] ))

Suppose that jr.g (8) < a% (8) then the message [8] isftrivia.lly dominant.

"I‘hereforf-ei for ;i;my message [ ] # [6) we can conclude that § ¢ © ([ ] 2 A)

ssume that ;_L( 11©]) is uniform on © and that 8§, ¢ © ( [9] [+1 A) for every
e] £ (8] for [ 212, .k Take 6y and © ([e] k+1, A)and assume that

as (9k+1) > aR {0k+1). If Oky1 send message [fxitq) then the only A—rational

action for the Receiver is a3 T (Fkg1)-
Instead, if the message sent is [Bk_,_l U @] # (O] we need

8 __

R ( ( | 9k4r1 U@])) is equivalent to:

i

to prove that e (fx+1) <

a,;R( (l 8k+1 UE)D) for all p € Ap. As a mattefr of fact, af (fx+1) <

Qb

¢)

.; ou (9 1)
IR

I

or eqmvalently

!

l
(9k+1|| [9k+1 U@D Oun (a3 (g;ﬂ) Ors1) o Z )
)

i~

| -1 ¥ u(9'|[ek+lu©])a“‘ﬁ(
60\ { 61,4108}

Sin(::e {91,582, 1,61 ¢0 ([9k+1 U @] ,2,A) then p

>0

(010w 6] 222155 ).

(3.5)

a5 (8),9)

'Ba

69;! [91:.;.1 U é]) = 0 for

) i.&. I T - T S Y
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[]
il

= | ., k therefore the inequality (3.5) is eqmvalent to:
; l .
” (ak-]i-ll [9k+1 U(:)D dup (0% (gca+1),9k+1)j > )9 (9 | [9k+1 UGD M‘Sg:ﬂ
i 8'€O\{01,62,....0x}
d 8),0
IS WL

9'66\{9k+1ué}u{9]_,62 ..... Gh}

| Given 2us5Ces) b)) — () gpg assumptlon o — alignment’) we can con-

o 2 Y

clude that 4 (9k+1| [9 U6)) 2ealedtiunddins) > o Given that u (81 [6141 U] ) =
0 for f =1,2,...,k and the supermodularityj of the Receiver’s utility function:

' v u (0] [gw ué)) Bunl (a38).9)

i £ da
8'€ON {81 41UB}U{01,63,....0x } ;

B Z K (9'| [9k+1 U 8]) dur (a% (0x+1),9)

8'coON{0, ,82,...,01} i da
|

H
!
3
i
!

(f:iven' assumptions {Trust), (e—sorting), we caninfer that 3 pu (9'| {Q U @D ﬂ?‘fﬁl >
AN
ke, and the inequality follows from the assumption that ¢ < xe. If the message

s:ent is [é] # [©)], where 8 ¢ 6, then we can :conclude that e < aj (,u (| [(:)]))
for all i € Ag, because this is equivalent ta:

~ > (01[6]) 2 0EE >0

: ; 96
I Fo:llowing a similar reasoning this inequality follows from o < ke.

If,u( | [©]) is uniform on © and {91,92,I 0} ¢ © ([Bk.,.; U@] 2 A) then
akh (1(-|[©))) is such that a% (Bk+1) <ap(u([0]). If ag (8) < af (8) then the
message [£] is trivially dominant.
Therefore for any message [@] # (8] we can conclude that § ¢ © ( @] 2, A)

This proves the last claim. m

i
|
j

i e e
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I

3|.B | Pr|ooﬁ of Proposition 9

The proof of Proposmon 9 is obtained by means of two lemmas and applying
the previous result (Proposition 8).

Lemma 9 Gwen a set of payoff types © there erists K € N such that 8 ¢
G ([8),K,A) for 9 € O\ {8} and § ¢ O ({8], K, A) for 9 € O\ {0}, where § :=

a.rgmm{aﬂ(ﬁ)} andt? argrga.x{aﬂ( )} !
Proof The proof is by induction on the cardinality of the set €.

(Step 1) Ta.ke © = {81,062}, where wlog 8 < 8. G;ven the assumption on
the ;:ross deri:\rati\?e of the utility function # = 6, and 8 = 5.
Llet'_s take th? Sender’s type 0, there are just two "simble" messages available
6] and '[0]. Consider a([¢],0) and @ ([6] ,0), briefly ¢ and @.
nce g € A" l({é’] 0), a satisfies the following condition:

|

f (em)a“ﬂ(“’e v @ F) 228 )

m_

where p E A R |
I\r‘{IDI'GOVEI' @ ma.mlrmzes d (a % (@) ) then ,u. 9| [—] must be as high as possi—
ble. Given Assumptlon (Trust) pg (6] [6]) > wa (8l ﬂ ) which implies }
e @1 ). | |

Slmlila.rly, '@ satisfies the following condition:

ug (3,8

| |
| e 2@l ) 22 G
! i

!

=0

where He A R

Given our assumptlon on the utility function @ should! minimize d (a} (f) , a)
that is ¢ (6 [9]) must be as lower as possible. Given Assumption (Trust) u (6] [8]) >
74 R (6][8]) which 1mphes < 12(8]{8]). Therefore, when g and @ are achieved
the associated conditional beliefs are such that up, (4 rj < u(8[8])

Equa.tlon (3.6) can be written as: ]

: |
(ollE)) (20 t%Rf:?(a&g)] ¥ au%{f’m =0

Flrst we deﬁne g p@ D) == w8 []) dun ae)l au%(:,ﬁ)] + auﬂa(ai@

then, we can easily note that g(a) is strictly decreasing in a. Given that

A PV St

N N - L J..j. e EY T
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i ‘. t

el 2u(e0) o it (o) 7)) < (01 0] theng(a;u(ﬂl ) < g (a8l [F)))-

Therefore, 1f a is such that g {a; 1 (8| [8])) '— 0 then g (g; 4 (8| ﬂ) > 0 and,

given tha.t g is decreasing, @ > a. Hence, 8 |stnctly prefers message [_] to mes-

sage [9] The same way of reasoning applies if we consider type 8. Consequently

9|¢ @([8],1,A and 8 ¢ ©([6],1,4).

1 Assume that given ®@ = {6y,0s...,0k}, where b1 < B < ... < b, 0 ¢

6([9] K,A) for 6 € ©\ {#;} and 6, ¢ @({9] K,A) for 8 € ©\ {6}

(Step ‘k+1) Take © and suppose to add a pqyoﬂ' type 8541 such that g1 g > Og.

Appl)fing the same reasoning as before we can prove that for § = #; the message

[ﬂ, wf:here 6= Br+1 is strictly dominated b}% [f] and symmetrically for =0

the message [8], where 8 = 844, is strictly dominated by ﬂ

' If iwe consider the sets ©({§],1,4A) by the inductive hypothesis we can

conclude that § ¢ O([f], K+ 1,A) for 8 € O([0],1,A)}\ {8}, therefore & ¢

6([9] K +1,4) for @ € 6\ {#}. The same reasoning applies to§ w.r.t. & ([6] ,1,A).

m 2 {

o |-

Lemlina 10 Given a finite payoff type set.©, there exists K' € N such that

Q([H]‘" K'\A) =0 for every 8 € ©.

Il’roo:f. Take the set © = {8, 0a,...,0x} where 8y < 82 < ... < 8. Given Lemma '
96, gé ©([f},K,A) for # € ©\{8,} and 8, ¢ ©([f], K, A) for § € O\ {0}

| Take 0, the message [02] excludes 6;jand 0 as possible Sender of the
n?mssafge (given the assumption that players|are at least K order sophisticated).
’I}‘hen:consider ©\ {61} then Lemma 9 still kilolds hence 03 ¢ © ([9] » K2y, {.\) for

@ > 8;, where K(g) := K +1. If we consider f4_),by the same reasoning we
can dgduce that 64y ¢ © (18], K=V, A) for 0 < sy where K*~D = K +1.
Iteratimg the same reasoning, let the @’s vary across all © we can conclude
that for each 8, € © § ¢ e([e] %, ) for all § < §; and 0 > §;, where

K; ='max {K() Kx- ;)} If we consider K = max{K;} we have proved the
lemma ] l

Proposmon 15 (9) If the conditions (o — ahgnment), (e — sorting)}, (Trust)
dand ( Cautiousness) hold & — mtwnalzzabzlzty implies that truthful disclosure

x] mtwnat

I'i’roof. By means of Lemma 10 we can conctude that © ([6] , XK', A) = 8 for all
BI € ©. Then for every i € Ap the conditional belief after receiving a message
{6] is ?such that u (8| [0]) = 1. Therefore, we|can applies Proposition 14. m

S
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3.C Prbof of Proposition 13

We say that| a commumcatlon game has "no relevant tie" if the followmg
holds: for all’ pair of outcomes (0,a"), (6,a") if o', a” E A such that o’ # o”
thu1 ur (6,0 # ‘uR (6,a"). Moreover, wlog we can assume that ug (6',-) #
"u.: (6", ) it e’ ¢9” 2
| |

P|roof suppose that @ [é] ,7R) € MPT (X) but either (6,m) ¢ B (o0, A)
- H.ndsR¢SR(OO A)
‘ (6 [6]) ‘¢ ES (co, A} only if there exists k such that ( [(:)]) is not

(k,A) + mtulmahzable i.e., there is not ug such that 9] € BRg (0, 1) and
[
g, [IG] ,cnlg) € MPT(X) then 8 € © and for any sg € Sr(k—1,4),

If
s,iq ([ D = a:gma.xfé ug (a’,8) p(6) df for all messages [é] € M. By condi-
tion (37), sk |([G) ) = A* ([9]) = a.rgmi:éﬁ‘s (a,8) for all the § € ©. There-
fore, for any probability measure on Sg (k ~1,4) [é] is a best response for
8. K .

sg & Sr{oo, A) only if there exists & such that sg is not: (k, A)—rationalizable
1e there is not ,u.R € Aj such that v [9] SR ([9]) € BRR ([G] JBR ( [é]))

1d6([€)] —]A)%@lmphes,u,ﬂ( ([e] Ic—lA)|[(—)])—1

—_ —
@)

E__

€ A' ((-;) =|1= p.(@([@] k-1 A)) Let us ¢onsider [@’] ¢ M(X)
g belongs to[@ ( (:)] k-1 &) for & > 1 only if the expected payoff is at
least to, max fe uf (o, 0) p (8) df where & € X and 8 E ©. This implies that
max fe uR (a b 6p (9) dg = max fe* ug (a’,8) p(0) db but this is impossible given

the assu_mptlons of "no relevant tie" and of strictly posmve prior p(-}. m
We Should ren}a.rk that Condition 37 does not play z?.ny role in the proof
: i
yood 1'

j

1

pl
i
‘

i |
| l
20 thire exists ¢ and 87 such that ug (8, ) = ug (6", ) we can just merge them or simply

drop oud' of the ltwo.

Given condition (37), © C 9([9] -1 A) if [9] € M(X) and any )

B O i S
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94 CHAPTER 4. ANOTE ONTHE CHARACTERIZATION OF A—RATIONALIZABILITY

i
!
}

4.1 : Introduction

The c!)ncept of rationalizability, which has irilt.roduced by Bernheim and Pearce,
has b'een widely accepted in the study of normal form games. For dynamic
games, Pearce defined the concept of extenswe form rationalizability. It in-
corporates sequential rationality and 1mphes form of backward and forward
1r]1duct10n There are a situation where is n‘atura.l to introduce assumptions on
Ic)llayelis’ belief. Consider a situation where‘ players’ interests are perfectly al-
ligned, there it is natural assume that each agent is certain of his opponents’
action. In this settings it is natural to co;llsider the implications of rational-
ity, common certainty of rationality and coinmon certainty of some restrictions
on players beliefs. This leads to an extension of the rationalizability solution
concept to static and dynamic games of 1ncomp1ete information, which takes as
gwemsome exogenous restrictions on players beliefs. The solution concept is
calleciI A — rationalizability (see for example Battigalli (2003) [3]). In this note
we want to characterize the set of rationalizable actions in terms of dominance
ralatlfms.

I |
4.2 ‘ Static Form Games |

1
E

S P . o
A static form games of perfect information is a structure:
E 1

o G=(N, {&'ﬂﬁiheN)

|

where
i
. ‘-for each i € N = {1,2,...,n} and S, is a finite set of possible actions for

'player 1. The opponent of player i is denoted as —i.

. for each i € N, u; ! H S - Ris the payoff function for player i (R
ieN

fdenotes the set of real numbers).

? Paramenter 8; represents player i's priva'te information about the rules of the

game- Players’ first order beliefs is a probablhty measure on strategies of their
opponents u; € BY:=A(S-;), where B” is the set of his first order beliefs and
S_l 1s the first order uncertainty. The hlgher order beliefs are define recursively
as Bf = A (XF) where XF := XF! H BF~1. A player's belicfs may .

o JEN/13)
be a.ssumed to satisfy some restrictions Wthh are not implied by assumptions

1

i
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cdncerning belief i“n rationality, or beliefs about such br-,::liefs. Such restrictions
may be justified ot related to some structural properties of the game model. Let
us consider tlrfle correspondence &; : N — A(S_;) and A := (A;), . The set
Ajis interpreted ag the exogenous restriction on player z"js first order beliefs and - .
8 =(41, 4y, .. A n)
A strategy is ratmnal for a player i with first order behefs p;if it maximizes
the expected ‘utllltiy. Namely, given a belief 4; and an action s; let

i
I
1
!i H-i€ES_

!U,-(si,#,-) =Y s s (Si i)
|

denote the expected payoff for player ¢ from playing s;.

Definition 39 Ajstrategy s; is rational player i with 'respect to pu; € Ay, denoted
as 5; € p; () if for every s. € S; the following inequality is well-defined and
satisfied: '

i Ui (si:“i) 2 Ui (S:, p’t) !

or equi@alently
; s; € arg maxU; (s}, p;)
SJ-GSi

i
{
g Therefore, the set of pure best response to p; forl type 6; is denoted as
p‘ (;). Now, we c;a.n introduce the solution concept A —rationalizability.? A~
rationalizability characterlzes the set of actions reahzegl when all the following

conditions ar;é true:
|
X 1 i
(0) every player i has first-order conditional beliefs u} A; and is sequentially
rational; ; 5
) .
(W1) every player, i is certain of (0);
1

!
(WA2) every pllayeriz' is certain of (W1);

(WAkt-i-l) every p}ayeri i is certain of (Wk);

Let, W; (0 A) S for i € N. Assume that subsets Wi (k,A), i € N have
bleen defined' for {k = 1,2,.... Then for each i € N W; (k+1,A) is the set
| |

i st;.atic gaimma the distintion betweeen strong and weak A — rationalizability is vacous.

|

A e T e e 4 mbima——— = = . . .

e am -

. . T S T



96 CHAPTER4. ANOTEONTHE CHARA;‘XCTERIZATION OF A—RATIONALIZABILITY
{
of fea:sible s; such that s; € p; {;) with rjespect to some p; € A; such that
p",- (W, (k,A)) = 1. An action s; € W; (k, A) is called (k, A) — rationalizable.
An actlon is A—rationalizable if it is (k, &)‘ rationalizable forall k = 1,2, .
The set of A — rationalizable actions for player ¢ is denoted by W; (oo, A)
Battlga.lh and Siniscalchi (2002) (6] formally express these assumptions (by
means of “complete extensive-form type spaces”) and show that the set of ac-
tions ‘consistent with assumptions (0)-(VVA:k) are those and only those which
belong, respectively, to the subsets {S;(k, A}},. y defined by the following pro-

cédmiea that iteratively deletes actions for eaftch player i:

. iﬁxst define S; (0,4) = S; 1;
. If()r k=12 .. let l
:S (k,A):={sp€ Sp(k—1,4): Iy :G A, s € py () and g, (S—i (k- 1,4)) =1}.
| !
Deﬁxlutlon 40 Fix a pair of subsets of beliefs A = H (A;), where @ £ A; C
eN
LI\ (S;) for every i € N. The action s; is (k A) — rationalizable if and only if

s € 8 (k, A). !

Deﬁx‘utlon 41 The action 3; is A—rationalizable if and only if 5; € Sg (00, A) =
ﬂswa
k|>1 !

Furthermore, we focus on games without relevant ties. A game has no rel-
éva.nt! tie if the following holds: for each p:layer 1 and all pairs 5’ and s” such
that Is # s then u; (8') # u; (8”). This méans that if player i is certain of its
opponent;s actions then different actions lmply different payoff. He cannot be
mdifferent between any two feasible act10ns|.

The set of A — rationalizable actions should be further characterized for
generlc finite games in terms of dormnanc!e relations. A strategy s; € 5; is
sltnctly dominated by a mixed strategy o; € A (8;)? for type player i on B.; C
S-aif
' ; Vo_; € B_;, Ui (si,0_) < Z oi (i) ui (sh, 0}

; €S,
We let UD; C &; denote the set of pure attions not dominated by any mixed

action.

! 3We are asswming that the set of feasible actionsidoes not depend on the type. It's straight-
forward the extension to the more general case.

: ,,
g

|
1
i
\
T T e A _i‘.i. . D T TR~ S - AR SR ST U S



'

| ! ,

dl2. STATIC FohM GAMES o7
i

For a given recta.ngula.r B C §let S (B) denote the set of (s;),.y € 5 such that,

for each 4, s; is not strictly dominated on B_;. !

As the fol,lowuglg example shows, the concepts of A + rationalizability and
strictly undominance do not coincide. Take the following static game with
perfect information, there is a unique Nash equlhbrmm, characterized by an

olav1ous‘ restriction on beliefs while S (5} coincides within §.
o

1
|
i
|
|

i
¢
|
i
H
i
|

b 1,2 133
|

! A |B
i | a 22 21
|

Figure 1

Therefore, we ﬁeed to extend this definition in order to take into account the

EXOgenous res:trictions on players’ beliefs. We need some ip_reliminary definitions.

Let us define p (s8¢, s_4;0;} as inf ;(5—;}and p(s;, s_;
| pé( i ) ) {#;EA(S_.-):U"(S,,;I,)>U {oi, )}u ( ) p( )

as inf S_ §i, 5_;) is the small-
{u,eA(s_.)*U (il 2Us(oi;) for every a.eA(S)}'u‘( i) ’p( 284} |
est probablhty attributed to s_; such that s; is the best action for player 1.
| 1

; |
Definition 42 Al strategy s; € 5; is A— not strictly dominated by any mized
a‘ctwn for p!aye'r i;if for every o; there exists s_; (03) € S_, such thatu; (s;,5_; (0)) >

'u.l, (oiy5-i (cr,)) and there exists p; € A; such that p; (s_‘u(a,)) > p(si,s-i{0i);00)d

We let UD; (A!) C 8; denote the set of pure actions z}.— not strictly dominated
by any mixed actllon. For a given rectangular B C S let S (B, A} denote the set
o;f (s;)l--E N E 5‘ such that, for each ¢, s; is A— not strz'ctfzy dominated on B_;.

; j
I.:,emnla 11 ELet G be a finite static game an action prof‘sile 5; 18 A— not strictly
domindted where A is a conver subset of A (S) if and only if there exists pu; € A;
uch th:a.t s € oy (I'ui)'

‘-ﬁ_

:
Proof. If s;:€ r; {;) for some p; belonging to A; theln 8; 18 A— not strictly

L

dominated. To e:stablish the converse, suppose there exists no yg; € 4; such
I
hat 8; € p; (1)) Then there exists a function b; : A; — 8; such that for

o

1 All’.c:ruative;ly welcan define when a strategy is A — strictly dimninated by a;.
N b
I_'.imﬁnit.ion 43, 0: A —strictly dominates s if end only if either!for every s—i ui (8i,9-i) <
w; (3, 8-5) or u; (8i)8-¢) > u; (0i,8_;) tmplies Jmax K (s-;) <;P(5iv5—i (oi);a:) .
i st
; |

i
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eVeryi,ui bi () is such that U; (b; (1), 1) ; U; (si, pt;)- Consider the zero-sum
glé.me G = (N, {Sg,ﬁ,-}ieN) where %; (sg,s’_i,,-) i= uq (85,9;) —ui (s},";) and
ot (s’I s0;) = —uy (s}, 9.,;). Let (oF,0%;) br. the Nash Equilibrium of the game -
G. Forany o_; € A; CTA(S):

|
|
lffi(cr:,a—a)zﬂi (o7,0%) 2T (b (02.) ,0%4) > Ui (s0,07) = 0.

Henccl for every o_; € 4; U;(0:,0-;) > U (s:,00—;). This proves the claim
since IS an action is A— not strictly domzmted then it is not stricly dominated.
.

As a matter of fact a stronger result holt;is. The convexity assumption is not
Iieeded in order to prove the cha:acterizatio;n result, even if convexity is a tight
c;ondjtion for existence to hold (refer to Theorem 6).

| |

Lemrlna 12 Let G be a finite static game an action profile s; 1s A— not strictly
domi?ated if and only if there ewists p; € D such that s; € p; (1;).

l?roo&’. If s; € r; (1;) for some y; belonging to A; then s; is A— not strictly
ai!ominated. Suppose that for every p, € A (S_i) si ¢ p; (i;) then first Pearce’s
lemma applies. Otherwise s; € p; (1) implies that g ¢ A;. Let us define the
set of player i's which are justifiable by some belief in A;, formally denoted
as DA‘ = {8; € 5;: 3p; € A(5_) such tha.t s; € p; ()} Consider any mixed
strategy o; with support equal to DA‘ By Construction o; A — dominates s;.
.
| If the set of restrictions define a non empty convex and closed subset of A (S}
there;exists a a set of actions which is nonempty.

l?ropiosition 16 Foreveryk =1,2,.. the fo[lowz’ng equivalence holds: S; (k,A) =
S* (B, 4). ‘ |

|
) i :
Proaf. By iterative application of Lemma 11. m

1
¢ |
Theorem 6 If A is o nonempty convex and closed subset of A(S) and for

(iveryii €N m”"S- ,uj) is non empty conver sub set of A(S;) then set of .

| i
A - ratwnahzable strategies is nonempty

Proo;f. By application of Theorem 1 (Nasli 1951) [43]. =

98CHAPTER4. ANOTEONTHE CHARACTERIZATION OF A—RATIONALIZABILITY
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l

4.3 Static! Form Games with 1nc_0mplete infor-
imation

Al static form games of incomplete information is a structure:

L= (N, {65 u}lien)

s v

where: | ‘
!
]

. for eacH 1 E' N ={1,2,..,n}, 6, is a finite set of possible payoff-types

for player z,| and 5; is a finite set of possible actlons for player 7. The
opponent of! 'player 1 is denoted as —i.

. fo‘r each ¢ €IV, u; : H Q; x H 5; - Ris the peyoﬁ function for player
ieEN ich
i (R denotes the set of real numbers).

Paramenter 8,| represents player i’s private information about the rules of

the game

Players’ bielief< can be represented as probability melaeures about types and
strategies of their opponents (u; € H A(B; x §;)). The state of nature § =
(91,92, ﬂ) specifies the unknown pammenters of the game and the players’
mteractwe knowledge about them. Note that I' does not specify players’ beliefs
about the state of Nature 6. In order to provide a general representation of
pla.yersL beliefs, we explicitly introduce epistemic types; a "Harsanyi type" ¢; for
Player 1 is the modeled as a pair consisting as a payoff type #; and an epistemic
type e;. ; i

i
A strategy is rational for a player of type §; with behefs p1if it maximizes

o

he expectediutlhty of §;. Given a belief y; and an actu')n s; let
i

: i
I Ui (35,351'#;') = Z U(eiasise-—ias—i)p‘i (g—i,g—i)
[ 8 4€8 5 3-:E5;

denote the expected payoff for type 8; from playing s;. :

1

]?eﬁnition 44 A strategy s; is rational for type 8; with respect to u; € Ay,
denoted as (6,,3,) € p; () or equivalently s; € ri (84, 1t;) if for every s; € S;
the fouowmg mequahty is well-defined and satisfied:

Ui (gi: 8, H;) 2 Ui (Bi}S;J“i)

|
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|

or equivalently ;
1
3; € argmaxU; (9:, 3, ;)
5ES:

Lemma 11 and 12 could be extended to this setting focusing each payoff type
of ea.ch player. For existence result we canr =ly on previous results by Hu (2004)
[31] |

1
l

t
i
%.4 Discussion

]'_n order to extend Lemma 11 for dynan:nc games we should proceed along
the ana.ly51s by the Shimonji and Watson (1998) {52] and Siniscalchi and Bat-
t‘lgallli (1999) {5]. Characterization should be stated in term of conditional

A — dominance. It still remains an issue to generalize Theorem 6.

i

: |
o
‘ |
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" Abstract E
|

t

|

Il probl_emal della aggregazione delle preferenze if_{ldividuali & stato

al centrio dellla ricerca scientifica in differenti campi, ad esempio in
|
economia per la teoria delle scelte sociali (Social Qhoice Theory}), in

statistica pe'r la teoria delle decisioni, in filosofia pér quanto riguarda
la teoria dell’utlhta.rlsmo Con questa ricerca ﬂlustna.mo sintetica-

mente i dwer51 contributi cercando di individuare gh elementi comuni
{

[
!
i
! e rilevanti dEl diversi contributi

| L1 wish to thank Plerpnolo Battigalli, Sandro Brusco and Marco Mariotti for very useful
Lmnments
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5.1 Introciuzione

Il problema della aggregazmne delle preferenze individuali ¢ stato al centro della

ricerca sc1ent1ﬁca. m differenti campi, ad esempio in economia per la teoria delle
s?elte sociali (Soc11a.l Choice Theory), in statistica per la ‘teorla delle decisioni, in
filosofia per qpant? riguarda la teoria dell'utilitarismo. Con questa ricerca illus-
triamo sinteticamente i diversi contributi cercando di iindividuare gli elementi

comuni e rllevantli dei diversi contributi. '
Iniziando dalla Social Choice (solo per una certa prossmnta con la mia for-

- B

azione) gli articoli di {1] e di [26] furono interpretati conie una caratterizzazione

della fu;lzioné di benessere sociale e dell’utilitarismo.

5.2 Social choice theory
| | J
5.2.1 Harsanyi (1955) e Arrow (1960). S?ngle e Multi pro-
i file

Una relazmne di preferenza & una relazione binaria, che indicheremo con >

i
su.ll’msneme delle scelte X.2 Indicheremo con ¢ la relazione di preferenza sociale
e'con ; la relazione di preferenza dell’individuo ¢. Elenchiamo sinteticamente

1 1 B
alcune ipotesi fatt;e sulla relazione di preferenza sociale:,

i
1. (AsimmetrialL della relazione di preferenza sociale) Se X »pYalloraY ¥y

X.

2. (’Imnsitivitélt della retazione di preferenza sociale)i Se X »oYeY ¢ Z
allora X »o|Z. '

3. (Transitivita (debole) della relazione di preferenza sociale} Se X oV e
Yi"0Z allora X 5Z.

|
4. St per ogni ::oppia di alternative X, ¥ € A una ed una sole delle seguenti

rélazionfe vale X o Y oppure ¥ ¢ X oppure X oY allora la relazione

di preférenza sociale induce un ordinamento completo nello spazio delle
scelte. '
‘ | !
5. ("Positivitd! tra preferenza sociale e preferenza individuale) Se 3i € N
XwYeXr;YV¥j#ialloraX =Y.

. TN i - . .
2Le relazioni di preferenza debole ed indifferenza possonc cssefe definite nel modo usuale.
i

1

| |
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.,{X iX'eY” Y’maXhYeX’hY’}e{X' iX'eY ;Y maY; XeVY »; X'}
e {X"kY e X'k Y'Yk # 4,7} allora {X oY sse X' =o Y’} e {Y »¢ X implica Y’ =¢ X'}
e {¥ X implica Y’ X'} '

Axiom 1 La relazione di preferenza socidie é un ordineamento completo che
saddwfa la condizione di continuitd (Se X 2o Z 79 Y allora esiste a € [0,1] ¢.
aX -ﬁ(l — ) "0Z) e unanimitd "individualistic value judgment, ref. F!emmg)
(Se X™:Y Vi € N allora X oY), T
[
Axiom 2 Le relazioni di preferenza individiali sono ordinamenti completi, con-
tinui e soddisfano lo condizione di equivalenza (Se X™;Y allora Yo € [0,1]
o‘eX+{ l-a)Y"iX)

: Dépo aver elencato la pletorea di assiomi attribuibili ad una relazione di
! 3
preferenza possiamo enunciare due noti teojremi di rappresentazione delle pref-

erenze. ¢
: !

Theorem 7 Se vale 'Assioma (1) esiste una funzione di benessere sociale che
rappresenta la relazione di preferenza sociale. Questa ¢ unica @ meno di trasfor-
mazioni lineari.

Theqrem 8 Se vale ’Assioma (2) esiste una funzione {a’ la von Neumann-
Morgianstem) di utilité individuale che rappresenta lo relazione di preferenza

individuale 7~; per ciascun individuo. !

; Dati i precedenti teoremi possiamo, immediatamente, individuare una prima

proprieta della funzione di benessere sociale.

|

Theorem 9 La funzione di benessere sociale W & una funzione delle funzioni

t:ii utilite individuali {Us},.y ed & omogenea di grade uno.
i
Proof. W= W (Ui, ...,Un) @ W (k(U1,...,Us)) = kW (U1, ..., Un)

Sé k € [0,1] consideriamo le due lotterie ;con esito certo O, per cui U; (0) =0
¥i € N, (quindi W = 0) e Q in cui U; =.u; Vi € N (quindi W = w). Data
una qualsiasi mistura P di O e @ allora U, =pu; Vi e N. e W = pw;. Se
consiéieriamo p = k otteniamo la tesi.

Se k € (—c0,0) basta considerare R t.c. 0 & equivalente ad una mistura
fp, T —pldi Re qu1nd1 R & tale che che U; = (1—;—3)1“ Vie NelW = kw;

prendendo k=1- ; si ha che: |
| |

I
i
.
f
\
.

e ——i—a

,
]
!
:
;
|
1
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vﬂ( (-2)uie).

! (1_ p)ui (Q)) iEN]
I
)

R o

da. cui peri additivita della utilita attesa:

111

o ((-3)wim),

(L =p)W [(u: (@)ien]

-~

(1-

| pW[( ffl—%)u;(R))iEN]Hl—p)w[( (@)ien) =0

\

da cul la tesi. | i

Se k € (1,00) dobblamo considerare S t.c. Q & equivalente ad ottenere S
con probablhta p £ O con probabilita (1 — p); da cui si ricava k = ; [ ]

Theorem 10 W, é la media ponderata delle funzioni d utz!:ta. mdzmduaiz W=

o |
iEN , . |

i ] 1
Remark 4 Lﬁva funzione di benessere sociale dovrebbe avere connotati etici ed
ogni individuo dovrebbe avere una funzione di utiitd "individuale” e una fun-

Zlone di utdlita "sociale” od etica. !
! '

e : !
Remark 5 L'utilité di un individuo pud essere velutata in base alle sue scelte
e|alle sue dichiargzioni tuttavia Harsanyi individud due problematiche relative
alle due misure dell’utilita: |
1 |
e una che si base sul "Principle of Unwarranted Differentiation” secondo
il quale duefindimldm' che hanno preferenze ident?ﬁche e che compiono le

stesse s@efte possono trarre utilite differenti dalle stesse situazioni;
b |
® ¢ ung d'i natura psicologica Tiguardante lo presef.?.éa di diverse determi-
nanti (cultumlz, psicologiche, ambientali) del Iwello di soddisfazione che

un individuo ricave do un azione.
]

v

Remark 6 Tuttalvia nel caso in cut queste difficoltd pétessero essere superate
anche gmzie ‘ad una maggiore conoscenza dei meccanismi psicologici Harsanyi
sostien¢ che :le fulnziom' di preferenza sociali (di ciascun individuo) dovrebbero
c?nuergere alla sa;mma non ponderate delle ufilitd individuali sulla base di une

etica pliramente individualistica.

]
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1

‘ AIE‘I'OW dimostrd che 'unica funzione di 1;:\referenza sociale, definita per ogni
proﬁk‘:n di preferenze individuali, che soddisfi il principio di Pareto® e sia in-
dipendente dalle alternative irrilevanti & dittatoriale®.
| | Mentre Arrow considera alternative con esito certo Harsanyi considera atti/conseguenze

incerte ma contestualmente assume che gli indjvidui concordine nell’attribuzione

d1 una misura di probabilita sull’insieme degh stati del mondo; inoltre Harsanyi
adotta un approccio riconducibile a Bergson e Samuelson®, secondo il quale
le preferenze sono prefissate (modello ' smgle profile") mentre Arrow considera
ogni f)roﬁlo di preferenze individuali p0531blle (modello "multi profile") Una
serie di articoli [36] [46] [45] dimostrarono che teoremi di impossibilita a’ la Ar-
row erano derivabili anche in approcei "multl—proﬁle , infatti basta ampliare a -~

sufﬁcxenza lo spazio delle scelte’.

5.2.2 Pollak (1979)
]

E?rendiamo come esermpio l'articolo di [46] chie & particolarmente rappresentativo
dell'importanza delle ipotesi che si fanno siulla relazione di preferenza sociale
(SR),|a seconda che si assuma che questa sia un ordinamento completo oppure
una semplice relazione binaria riflessiva e completa.

Notazione ;
i C |
: Indichiamo il profilo delle preferenze degli! individui in una societa R ==
| LT " »Zn} € quindi R(X) rappresenta le| preferenze degli individui sulle al-

ternative £ € £.C S dove § & Pinsieme deille alternative; gli assiomi utilizzati

S010:

| : . .
Neutralita (IN} !Se per qualche coppia di alternative;{z,y} si ha che z 7 y allora per
' stutte le alternative {z,w} se - (z,w) =2 (z,y) allora z 759 w.

: 3La' condizione di Pareto utilizzata &: ‘

| se :r|>. y per Vi allora z 9 y. ‘

l i mdxpcndeuza dalle alternative irrilevanti richiede che la relazione di preferenza sociale
t.m xe y non muti se il profilo delle preferenze individuali sia cambiate lasciando perd le
preferenze rclative a ¢ e y invariate.

1 "Una reluzione di preferenza sociale ¢ dittatoriale se esiste un individuo j te. = »; ¥
| 1mp]1ca T »p ¥ per ogni z,y e ogni profilo di prefer:enze individuali.

! S Esisterobbe un ulteriore differcnza tra i due approcci mentre Samuclson parla di una
funzione di preferenza (welfare) sociale Arrow parh‘x di un ordinamento sociale,

{ TPer una dimostrazione delle analogie tra un approccio a' la Bergson Samuelson {o Single

Frofile) e uno a' la Harsanyi (0 Multiple Profile} 51 faccia riferimento all’articolo di Rubinstein
(84) [49].
. [

! !
I

)
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i ‘ |

Questo assioma richiede che la scelta tra due altel:’na,tive (z e y) dipenda
sollo dalle preferenze su z, y e se il sotto-profilo di preferenze su z,y & uguale
i iquello’ delle preferenze su 2, w allora la scelta sociale deve essere la stessa
néi due ca51 Questo assioma corrisponde all’assmn'm di indipendenza dalle
a.lternatwe itrilevanti nella modellizzazione a’la Artow (o multiple profile);
come quest’ ultlmo pud suscitare qualche perplessita basti pensare ad uno

stesso com.ltato che compie scelte differenti in contesti differenti.

Questa ipotesi insieme alla richiesta che la relazione di preferenza sociale
sia un ordinamento impica che se esiste un gruppo di individui che decide
tra due alternative questo dovra decidere tra qualsiasi coppia di alternative

{v. dimbstra:.zione Teorema 11)

Principio di Pareto (P) Se per ogni Lgente iz y allora £ >¢ y. }

Nel ;caso di un modello single profile ’ipotesi che 14 funzione di preferenza

S(iJCia.le Sia definita sull’insieme di tutti i profili di preferenze individuali possibili
non ha 'senso,?vistq che per costruzione si considera un pr'oﬁ.lo di preferenze dato;

nﬂa una condizione equivalente dato I'assioma (IN) é: |

U 3) Un profilo d.l referenze individuali - soddisfa lé‘ condizione U3 se per
(! p p p

. ogni pOSSlblle profilo di preferenze definito su tre: a.lternatwe z,y, = (non

~

necessariamente distinte) devono esistere allora tre alternative a, b, ¢ t.c.
z (a,b,¢c) :,E (a,b,c).

i
In altre par'?le devono esistere almeno un insieme di alternative almeno

pari a 3)2", dove n & il numero degli individui.

Definition 45 Un sottoinsieme di individui, V, apparterwnti alla societa si dice
"quasi Hecisiiivo nella scelta diz controy " seperVie Ve -y, Vi ¢ V= N\V

y>—.-:r_em>—6y l

Lemma 13 Date’ quattro alternative (z,y,w, z) e la relgzione di preferenza so-
cmie o completa' quasi-transitiva e che soddisfa gli assiomi (U3),(P) e (In).
Se VCNe "quasz decisivo per la scelta di = contro y” er;wperViev

allom V & decisivo per la scelta di z contro w.

Proof. Consideriamo 3 alternative (a,b,¢) t.c. 7 (a, b) =r-(z,y) e Z (a,¢) =2
(z w), b = c per VieVebr;aeb-; cperV ¢ V8. Dall'ipotesi (U3)

i
8¢ relazioni di preferenz.e tra b e ¢ non sono vincolate dall’enunciato del Lemma e per il
])rmclp:o di indipendenza e neutralita dovrebbero csserc lrnlevant] perub possiamo consider-
re: quest.o (:(usl:)i particolare.

’ i
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i ‘
sfappiafxmo che esiste un insieme di alternatixfre (a,b,¢) che soddisfa le precedenti
ipotesii; quindi possiamo dedurre che @ ¢ b per Pipotesi (IN} e b »¢ ¢ per
lipotesi (P) quindi per la condizione di quasi transitivitd della relazione di
preferenza sociale possiamo concludere che a =q ¢, ma per ipotesi 27 {a,c) =7
{z, w)i quindi ancora per l'ipotesi (IN) possiamo concludere che z >ow. ®

. H B
Theolrem 11 Sotto le ipotesi (U®) l'unica relazione d’ordine sociale che sod-

disfa (P) e (IN) ¢ dittatoriale.

Proof. Consideriamo il pil piccolo sottoinsieme di individui quasi decisivo nella -

sit:eltadl tra a e b {che questo esista deriva d?.U’ipotesi U?), se V & costituito da
u;n solo individuo il lemma precedente imp}ica che questo & un dittatore, ciog

% »; y iraplica « =g y. !

Supponiamo che |V| 2 2 allora consideriamo j € V e consideriamo la
seguente partizione della societa V\ {j},{s},V°® := N\V; grazie all'ipotesi
(U3) sappiamo che esistono tre alternative (a, b, ¢) t.c.:

1. a>—jb>jc

2, ;c >k a >k b per Vk € V\ {j}

o )
' 3.ib>kc>—kaperVk€V° i

. Da questo profilo di preferenze individuali possiamo dedurre che a = b (per
ciostruzwne V & quasi-decisivo per a,b), b 7o ¢ (altrimenti V\ {j} sarebbe quasi-
dec151‘vo per ¢, b contraddicendo il fatto V' é‘l’msmme quasi-decisivo pint piccolo)
data 1’1pote51 di transitivita della relazu)net d'ordinamento sociale a »¢ c¢; ma

allorai. j & quasi-decisivo per 2,c. m ;
L'ipotesi {(U?) non & una assunzione s1'ulla relazione di preferenza sociale
quanto un ipotesi sulla struttura dell’insieme di scelta e pud essere soddisfatta
0 meno a seconda della situazione.
. Per comprendere appieno il legame tra 1’1potesx di non restrizione delle pref-
erenze degli individui nella modelizzazione "multi profile" e Iipotesi (U 3) nel
modte}llo "single profile" si faccia riferimento-all’articolo di Rubinstein (1985)[49)].
L’approccio "single profile" sembra pit coerente con le osservazioni di Harsanyi
d.l una componente etica nell’aggregazione delle preferenze d’altra parte proprio
in questo approccio l'ipotesi di indipendenza e neutralita sembra irragionevole
t'anto pitd per il fatto che lo spazio delle alternative per soddisfare l'ipotesi (Us)

deve essere molto ampio.
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[

A ql'lesto Il)unto perd dobbiamo ricordare 1'osservazione fatta da Sen (1986):

ill Teorema. d1 Ha.rsanyl & costruito e dimostrato in un énodello "single profile"

cio¢ che prende oome dato profilo di preferenze mentre tutta la teoria della
"Social Choice” a pa.rtlre da Arrow ha tra gli assiomi c_ost1tut1v1 I'universalita
dellinsieme delle preferenze individuali. Molti articoli-tra cui quelli di [41] e
quello di [49) colthano questa differenza® in modo da poter far riferimento al
risultato di Harsanyl in un modello multi profile e poter dare anche una base

assiomatica all’utilitarismo.

5.3 |Preferenze individuali a’la Savage

5.3.1 Meyer and Mongin (1995){40] and Mongin (1994)[41]

Péresa una fuqzioné vettoriale definita su un generico spa.ziio X: F:=(fo,-e, fn) :
X — R™*? 51 pud Ipa.raf.r:ii.'sae».re le condizioni di unanimita o di Pareto come vincoli
sul éodpminio di clluesta funzione: .
(Fo) Se fi (T«) fa (y),i=1,..,nallora fy(z) = fo (y)'
(F1) Se f; (m) > fl (y),i=1,..,nallora fo(z) > fo (y){
(P2) 8¢ f; (z) > fi(8),i=1,..,n allora fo(2) > fo(y)

(P3) Se fi (m) > fi(y) per i =1,...,n ed esiste un j t.c. fj(z) > f; (y) allora
folz) > fo (y)-

(Py) Se fi(z) >! ), £ = Lon e i) S (v) allora fi(z) = £ (v)
1=0,1,. !

I_noltre si pud introdurre la seguente condizione di minime accordo:

(C) Fo*,y* € XiVi=1,..,n fi(z) > i (v") :
i

Lemma 14 La condizione (P,;) implica (P3) che e suajvolta implica (P).

La condizione (Py) implica (Py) che a sua volta z'mplz'ca_,‘ (Po)-
La con{:iz'zion‘e (P4) e equivalente alla congiuzione delle condizioni (Py) e (Ps).
.S"e F(X)eun insiieme convesso allora (C) oongiuntameinté a (P3) implica (Py).

7 i i - T e i . .
" Per corm.:»rc_ndereI le difficoltd insite in un approccio "single profile" si pud considerare la
condizione di simmetria che pur essendo definibile facilmente in modello "multi profile” non lo
¢|in modello "single profile”, oltre al fatto che nel primo caso la fiinzione di preferenza sociale

¢|derivata mentre nel secondo caso viene assunta e poi caratterizzata.

.
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Proof. Per le prime tre serie di 1mphcazaom basta far riferimento alla prossima
EZIOIile mentre per I'ultima:
; Slzlpponiamo che valgano le condizioni (@) e (P3) e fi (z) > fi(¥),i=1,..,n
¢ fofr) < foly). Valendo la condizione |(F3), e sapendo che esiste almeno
ina éoppia. di alternative, tra cui gli agenti non sono indifferenti sappiamo, se
almexlm una delle dlsuguaghfmze vale in senso stretto allora fy (z) > fo (y} quindi
fz (z ) fily) ¥i=1,.

Suppomamo ora che f(] {z) < fo(y) allora possiamo considerare il vettore u:

It
t

R ¢ P

u = A-o)[F(@) - F)l +elF(e) - F &)
cone € (0,1) ‘

Al]ora esisteun e t.c. u; >0Vi=1,..,n e up < 0 ma allora data la conves-
sitd delll insieme F (X)— F(X) = {F (z) = F(y}|z,y € X} esistono £,,£, t.c.
u=F ()~ F(£;) contraddicendo quindi 1& condizione (P3). ®

Remark 7 Questa lemma permette, sotto Uipotesi che lo funzione vettoriale
costituita dalle funzioni di utilite individuali e guelia sociale abbie un’immagine
éonvt ssal0, di legare le differenti condizz'oni di Pareto alla forma funziono dello
Junzipne di utilitd sociale, in particolare impongonoe che questa sia una funzione
affiné delle funzioni di utilitd individuali. |

Proposd;mn 17 Se K := F(X) ¢ convea"so allora lo condizione (Fy) vele sse

esistono Ap, .., A, L ER tc.:

: ) 1
fo(z) =) Mfi(e) + (5.1)

i=1

sz condizione (P;) vale sse la precedente uguaglionza vale e J; > 0 Vi =
Proof. (Si considerano le differenze tra le|utilitd associate a due alternative e

si danno delle caratterizzazioni per (P} e (P;) in termini di insiemi in R™! e

poi si applica il classico teorema di separazione per insiemi convessi).

Si* definiscono due insiemi:

E 10(.Z!:ulast.a. ipotesi sembra essere implicata dalla condizione di non atomicitd utilizzata da
Mougin nell’articolo del 1983,
o
.

l

—

t
|
}
i
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Ry |+ ={z€R":20<0ez=0peri=1,..,n}
R |1 ={seR" 5 <0ez>0peri=1,..,n}

Si puo osservare!! che definiti K := F (X)e K~ :=K-K :={zeR**! : 3z, ye Kand z =z -y}
|
|
|
i

A (F) — K NRy=2
' (P) < K NR, =

|
{
|
: | |
Dato che, perjipotesi, K & convesso K~ & convesso e simmetrico rispetto a 0;
se definiamo ancora V {K ™) lo spazio vettoriale generato da K=, cioe V(K™ ):=

{zeR"!:3{ay,..00n} CRe {z4,...,2m} C K~ tc z= Za,x,
i i=1
Si pud ora scrivere chel!?

13

(Ps) @V(K")DRS =@ per s =0,1
— I
ma dato che ;:Is —eg C R, dove eg = (1,0, ...,0) allora:

; i
* . (P) =V (K")n{R, e} =2 per|
o

ls=0,1

Qu;indi a;.bbiamo come implicazione delle condizio'ni di Pareto delle con-
dizioni di se'para?ione tra due insiemi convessi e chiusil (o piu specificatamente
dei poliedri) apphcando un teorema standard di separazione, quindi esiste un
?_(1’0:”1: ' )tC

gl ulsmuu Ry el R sono la negazione dell’enunciato delle condmom {Fa) e (P1).

yp: implicaziong ((Ps) = V{(K~-)NR, = @ implica {P,) < K~ NRs = 2) ¢
l?ana]e visto che K| € V(K~) ma supponiamo per assurdo: {(Ps) <= K~ NRs = @
implica: (Ps) <= V|{K~)} N Ry = & per assurdo assumiamo che (P} &= K~ NR;, = @
i} |
e (P}AV [K") N fis # &) che valga la condizione (Fo) ¢ che csista un z € V {(K=)N Aa

quindi z = Za.:c. con {z1,...,2m} © K~ ma data la mmmctna di K~ rispetto all’origine si

i=]
possono scegliere uua combinazione di coefﬂcwntl e vettori tali che a; >0peri=1,..,mma

allora data la convegsitd di K—, 2/ := ——Za‘z. € K~ maallora K~ N Ry # 2.
i ' =

| m (3] = |

I 13 Ad csempio nel caso di Rp questo insicme non & altro che lalscmiretta di un asse privata
dell Ol‘lg'ltl(. Ia sua cluusura nen & altro che la retta con l'origine percid se a Rp aggiungo
ll’ongmu mua ln traslo verso —oo ottengo un sotto insieme di Rg; una untuizione simile vale
per Ry . .

)

I
1
\
1
|
N T j I ¥ R . ) '_:‘A.Lnl...i T T A T T A
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(v,z—ep) > {v,k) perVz € Ry, ke V (K™) (5.2)

i)

oiche V (K~} & uno spazio vettoriale allora:

(v, k) =0 Vk e V(K™) , (5.3)

Quindi considerando z = 0 possiamo concludere che vg < 0, e riscrivere la

precedente uguaglianza come:

n
f ngki =0
i=0 1
! i n.
] [
‘[ i kO - l ; 'Uikl
' Yo 1=1
|

ﬁ o ~fov) = Zv. [f: (@) — £: W)
. L ‘_ll
: _ ! '
| Percub una. volta fissato y abbiamo determmato 1 parametri dell’espressione
i

'fo x) ZA fi(z) +p. ; '

4‘
, i=1
|

j ! Sein particolare vale la condizione (Pl) si pud notare che ae; € R, per
¥i=|1,..,n e a> 0, quindi, utilizzando la: dlsuguagha.nza. (5.2):

E

\
‘ ‘ (v,0e) > (v, e0)
|

quindi v; > —‘Ug dove sappiamo che vp < 0.

Per la seconda parte dell’enunciato si procede in maniera analoga salvo il

fatto che il teorema di separazione vale in genso forte. m
|
Proposﬂ;lon 18 Se si assume che K := F(X) sia convesso e che valga la

condzzzone (Pz2) allora esistono i coefficienti Ay, ..., An, t t.c. ;2 0Vi=1,..,n
ed 33| €{1,2,.,n} te. ;>0 (A >0Vi=1,..,n)eun numero k>0 t.c.:

i Vze X, kfo(zx)= Z)‘ filz)+p
| Irl

Se walgono le condizioni (Py) e (C) [(Pg) e (C)] allora esistono dei coeffi-
Cientii My Amy e e N 2 0Vi =1,.,ned 3j € {1,2,..,n} te. A >0
| ‘

| 4

R ™ ‘.«-..,_,L;.uo. o s i .-LL T L. TP SR PV O BT
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[M>0vi=1,...
! 1
Proof. La dimostrazione & simile alla precedente dove si considera l'insieme:

n e fola) =) Nfila)+

'|
|
]

Rz—-—{zER"'H 2 <0ez >0, z_l )
1 ‘ n

. esi osserva cliie gli insiemi convessi e chiusi R := }_22 + Ze,- e V(K~) sono

\ ' i=1

ldlsgmntl e qumdl separabili e similmente si pud fare pe‘r la condizione {P3) dato
1

che la seconda parte della proposizione deriva dal fatto che (C)A(P3) = (Py) =

I(J’-"l) = (Fp), =

1
Remark 8 Quejste proposizioni implicano direttamente i Teorema di Harsanyi

per un modello multiple-profile.

} 'Si deve sottolineare 'imnportanza. della condizione (C) che pud essere inter-
iaretata sia come una condizione di non-"trivialitd" sia come una condizione
dell’e51stenza di un minimo accordo. ?

E’ da. sottolmFare Yinteresse per gli studiosi di socml‘ science per il teorema di
aggrega.zwne di Harsanyi come possibile fondazione assni)matlca dell’utilitarismo,
ma come haosservato Sen (1974) ed in seguito Mongin|([41]} in un modello sin-
gle profile non & assolutamente garantito che i pesi assegnati alle diverse utilita
c'ieg_li individui siano indipendenti dal profilo delle preferenze individuali; quindi
cl;ﬁversi‘ autori ([5|1], [25], [23], [24], |

{17]) hanno dimostrato in un contesto "multiple profile" il teorema di ag-
gregazione. | !

In pa.rticqlare;d’Aspremont—Gevers hanno caratterizzato 1'utilitarismo a par-
tire dall ipot'esi che le preferenze individuali siano ca.rdjilali e parzialmente com-
parabﬂl (la condizione IOU); questo fa nascere la domanda di come le ipotesi
gelatlve alla relazione di preferenza sociale implichino! o almeno (piu general-
mente) sottintendano la comparabilitad delle preferenzé mdividuali. In questa
ottica la Proposigione 1 ([41]) chiaramente lega Vipotesi che la relazione di pref-
ereﬁza' sociale (o} pit precisamente il funzionale di we:]fa.re sociale) soddisfi le
condizioni di von Neumann-Morgenstern di contmulté, e indipendenza con il
fatt:o che le preferenze individuali siano cardinali compara.bﬂ.l Proprio questo
txpo di rlﬂessmnei ha portato Mongin ad investigare altre ipotesi relative alla
rappresentazxom delle preferenze tra cui I'impostazione soggettivista a'la Sav-

age. |

e el maesn ke ea l.ﬁ. . N T WrY ST
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5.3.2 Consistent Bayesian Aggfregation - P. Mongin [42]

Mongm distingue due casi: nel primo gli md1v1du1 sono chiamati ad esprimere
chrettamente le proprie credenze mentre nel secondo caso invece gli individui

esprimono delle preferenze che si suppone qlspettmo le ipotesi fatte da [50].

Individui esprimono direttamente le i)roprie probabilita soggettive

Consiideriamo uno spazio misurabile (Q,A) dove A & una o algebraen+1
misure di probabilita (FPy, Py, ..., Pr) su quésto spazio misurabile.
Adesso definiamo differenti condizioni di unanimita (Pareto)

Definition 46 (C) (=) YA, B € A B (4) = P,(B) for ¥i = 1,.,n then
Py (4) = R (B). ;
peﬁ?itson' 47 (C)) () VA, B € A P;(#)
Py (4) > Ry (B).

W

P, (B) for ¥i = 1,..,n then

Deﬁ?ltxon 48 (02) (>) YA,B € A P, (A) > F;(B) for ¥i = 1,.,n then
Py (4) > By (B).

Deﬁmtlon 49 {G3) (2 +>) VA, B € .A P (A) = P;(B) forvi =1,..,n and
3k s.t. P;(A) > P:(B) then Py (A) > By (B).

Definition 50 (CF) := (C) & (C3) |
i
Remark 9 (C)) = (C) poiche l'uguaglianza ¢ un caso particolare di 2; (C3) =
(Cg) poiche se tutte le disuguaglianze valgono "in mode stretto” la validita di”’

{Cg) implica la bonciusione; (CH) = (Cl);

Se voghamo det;ermmare Py in modo da nspettare la condizione {CT) basta '

prendere Py (A) = Za,P (A) per ogni A e At.c Za, =1

i=1 i=1
DeﬁTlition 51 Dato uno spazio di pmbabil@td (2, A, P) si dice che P ¢ nonatom- -
ica se VA€ A, P(A)>0allora3Be A, BC A eP(B)< P(A).

Theorem 12 (Lz’apunov} Il codominio di 'zfma misura non atomica finita su un

MSIEMNE CONVESSO € CONVESSA.

Lemma 15 Un misura {oppure pit in generale una misura "vector valued” )
ﬁm’i&ai P = (P, ..., ) su uno spazio misurabile (2, A) ¢ nonatomica sse VA € A
Va €{[0,1], 3Bc Atc. BC Ae P(B)=aP(4).




—— - i At

A —— - -——

(- -) P(B) <
Se P (A)' = F;(B) = 0 allora P ) =1, qude la disuguaglianza vale

1
'

i

Consideriamo

P(A)

o .

= :f = {1, 2!, veny

!

i
A N B = @' and|

deﬁmtl come:
r

I={iel

J

Cons:derlamo

B(C)
15! (C

RS L

- \ne
|

P (A) + F; (C'p)

ancora

Se PD soddlsfa la condizione (C3)(>) allora Py (A

qlundJ Fy (A) +

5.3. PREFERENZE INDIVIDUALI A’LA SAVAGE

Prdof.| La dimostrazione si basa sull’osservazione che

Pl viekt,

o« I':={ic [P (4) =

.f."'- i{ 1P, (A

{1, .. n} possiamo trovare C;; CCeB,CBtec:

Si ioti che P; (AU Cp) >'P: (B\B,) infatti CpNA =
= Pi(B) - P(B,) =

che Py (A) 3. Py ('B). n
i F

[ oiR@)=0
H‘”‘{aomnm%m#c 1

o

121

]' . a .
la misura condizionata

n} @ nonatomica ed applicare il Teorema di Liapunov.

n P':= (P, P, ..., P)

duna misura nonatomica e quindi grazie al teorema di 'Liapunov sappiamo che
ha "range" convesso cioé [0,1])" quindi Ve € [0,1] esiste B € At.c. P'(B) =«
€ quindi PIBOA) _ & da cui la tesi. m

o

P L
Lemma 16 C'anis‘idem'amo uno spazio di probabilitd nonatomico (2, A, P;) con
n} allora (Cp) = (C1). Quindi (C““)‘izr

(Cs).

Proof. ASSL‘lIIliaJlO che valga (C3) e consideriamo due insiemi A,B € A t.c.

ziomiamo I in I/, ", I

P(A) 2 P(B) per i =1,...,n. Parti
P(4) = P (B) =0}
P, (B) > 0}
) > Fi(B)}

|

C := (AUB)° e dal Lemma precedente e per ciascun k €

Po (Cyp) Fy(B) \
_| nG) | 1] A®

el

Pa(Cp) | E.(B) )

Py (Bp)
Py (By)

(3,

@ quindi £{AUC,) =

= Pi(A) + ;P (C) ma P;(B\By)
P, (4) < Pi(4) + 3R (C). |

Po (C) > (1 - -) Py (B). Facendo te

. T
M Dati due qualsia
.

]
1
I
i

i insiemi A, B possiamo sepre considerare gli

lUC,) > Po(B\B,) e
ndere p — 00 ricaviamo

insiciui disgiunti A e BNAS,

JE T S 1 P I T -;l..i TR I V. T SO S SN
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| !

i Remark Precedente
1. ,...._/—t
Quindi (C*) = (C3) ma anche (C3) = (C1), (€)= (C) =
Sotto Vipotesi di nonatomicita
(C*)
|
|

Esistenza di Fp

Proposition 19 Consideriamo (2, A, P,-),-:; {1,....n} SPazi di probabilita nonatomici
e Py ¢ una misura di probabilita su (2, A) che soddisfa la condizione (C). Allora .
I I n

esistono {ai},_(y, o) ER € te Za.- = 1. eP()= Ea,-R- (-).
. i i=1

=1

]%lemark 10 Come osservato in [21] il "inlear pooling" non ripspetta la propri-
eté "independence preservation”.
!
Proof. (Po & nonatomica)

Se Py (A) > 0 grazie al Lemma 1 sappiamo che 34, (i) € At.c. 4, (i) C Ae
B (A (9) = 3P (A) quindi A; e A3 := ANAS sono tali che P; (A1) = Pi(42) =
—;:-P,- (A) questo vale per ogni ¢ € {1,...,n} ma allora valendo la condizione (C)
Ro(4) =R (4) |

Se consideriamo l'insieme M delle funzioni semplici ¥ — R consideriamo il

f:lmzionale lineare: .

L vreman-f @) ar )
R ' Q i

(Se v (f) = i (g) i € {1,..,n} allora @y (£) = w5 (9))

"Sew; (f) =p;(g)i € {1,..,n} allora vy (f) = @y (g) _((D)) '

|

I

i

i

l Ssiz f{w) =T4(w) e g =Ig(w) la condizione (C) ci implica la conclusione,
i;nfa.tti:

L f(w)dP: (w) si riduce a f dP; () = f dP; (W) <= P, (A) = P, (B)

1 4

o I'B
L M L
Se f(w) = -Z)“IL-' (w) e glw) = E"r’kfck (w) e supponiamo ZA,- >
w | j‘_l k=1 i=1
ZT; >0
k=1

|
|
T [P P .lﬁ., T P TR ATt o1 20T R
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1
| |
L !
! [
i
1
i
1

! 1
|

!

!

(&)

" La ‘misura (Z)\i (w0 (F}, 1 (f)s .o (f)) &|una combinazione con-
: | i=1

vessa di misire di probabilitd quindi dal Teorema di Liapunov sappiamo che

esiste un insiemelA € A t.c.:
1 !

(L N |

(ZA{) (@0 (£) 11 (f)ss0n (£)) = (P (4) ,EPI (A), ..., Pn (A))
i=1

Lo stesso'vale per il vettore: :

| t

L 1 ;
(Z'r;,) (00 ()91 (9)s 90 (9)) = (Po (B}, P (B), .., Pa (B))

i=1 : ,

\ i . . T
Grazie a.llLemima 1 sappiamo che esiste B’ C B t.c.:
' g

! !

R L L 1l op o\
(Z)\l) ((PD (g;'):‘pl (g) y oy Pn (g)) = (ZAl) (Z’\t) (Z)‘t) (990 (g) A1 (g) 1o ¥Pn (g)) =

i=1 i=1 i=1

| = (B (B’),P1:1 (B, ..., Pn(B))

Da cui la (D)|si riduce ancora alla condizione (C)

Se consideriamo f,g € M allora per ricondurci al caso precedente basta
consid¢rare f':=|f + K ¢’ :== g+ K t.c. le due funzioﬁi siano positive,

Se vale la condizione {D) allora per un ricaviamo la tesi. ®

Questa proposizione & la controparte nel framework costruito da Mongin del
Teorema. di Harsanyi.

WUnicita di Fy Intuitivamente se due misure di probabilita sonc uguali oppure
"proporzionali” esistono un’infinita di pesi che danno luogo alla stessa Fp, pro-
prio per questo per avere la possibilita di un unica rappresentazione dobbiamo

imporre una certa forma di indipendenza lineare.

Definition 52 Un famiglia di funzioni reali {f1, f2, ...,; fr} si dice linearmente
n .

indipenidente sse «z a,—f,— + 3 =0 implica che ¢; =0 peri=1,2,...,n.
| i=1 '
i |
In altre parole non vogliamo che nessuna funzione sia ricavabile come com-
binazione lineare ide].le altre; adesso enunciamo una condizione equivalente alla
I i
t
. |

|
|
| ‘f:.i de e el g \_l.‘ N P O (T PR
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i
indipendenza lineare/affine.
Corollary 1 Data una famiglia di spazi di probebilita (Q, A, F;) peri = {1,2,...,n}

P é Imem‘mente indipendente da {F;}, sse vi,j € {1,2,..,n} 3A(G),B (1) €

.Atc' {
i i l+

PA@) > P(BW) ond B (AG) =P (BG) Vi#i (D)

Data una famiglia di misure di probablhté. nonatomiche indipendenti sappi-
amo da.]la Proposizione 1 che:

Py (A) = Za;P‘- (A)

P?I‘ ricavare ¢; prendiamo A (i) e B (z) ottenuti grazie al precedente corol-
|

Zcx. (A=)

i=]

B(BG) = S wPi(BG

i=1i

lano e:

Fo(AGE)

!
i
{

b

M:a.P'( (2)) = P (B (i) perogmj#zeP(A(z)) > P;(B{i)) quindi

possiamo ricavare che:

Py (AG) - R(BG) = Zam (a(0) - Za. ;
| o Ry (AG)) ~ Po(B2)
© T RAG)-RBO)
\:/incoli sul segno degli coefficienti

peri€ {1,..,n}

]'?roposition 20 Date une famigho di spezi di probabilita nonatomici e una

misuta di probabilita Py su (2, A} che soddzsfa une dei critert di unanimitd

(Cl) (C2) oppure (C3). Allora Py & una _combznazwne convessa delle misure
I

{P };e{l Y%
Proaf. Assumiamo che valga U'ipotesi (C'l) (2 + >) grazie lla Proposizione

precedente sappiamo che Fy & nonatomica. utilizzando it teorema di Liapunov
sappiamo che K := Range (Py, Py,...P,) & convesso.
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! i

Definiamo C ; {(zo,z1,...zn) € R*|zp < 0, 24 >bz‘ =0,1,..,n} e K' =
{3: —y|z,y € K},: allora possiamo definire (C;) in modo eqmvalente come C'N
K'=0 |

Basta definire zp := Py (A) — Py(B) e z; := P;(A) — P;(B) quindi non
vogliamo che nel range delle differenze tra la pmbabilit;a‘\ di due eventi ci sia la
possibilita che (C;) non valga. '

Sia C che K'|sono due insiemi convessi nello spazio R™**!, se vale la con-
dizione (C) 1 due insiemi sono disgiunti ed applicando 11 teorema di separazione
sap'piafno esisters un iperpiano separatore. Possiamo, ;qu_ind.i, concludere che:
Ire BHle o €lR |

(M) >asezele
(A z) sez € K’

Si osserva chejlorigine (0) appartiene all’insieme K mentre (¢,0,...,0) € C

Ve > 0, percid a T (. Inoltre X' & un insieme "simmetrico” rispetto all'origine,
ciot se z € K’ allora -z € K'. :

Percid dalla proprlet& del prodotto interno secondo cui — (z,y) = {—z,y)
slegue che per ogni elemento z di K’ (X, z) =0. ;

Se consideriamo il punto in K’ (g,0, ...,0) sappiamo che (},{,0,...,0)} > 0
per ogni € > Q, quindi facendo tendere ¢ a zero ricaviamo che A1 > 0 (il discorso
si ripete per.i diversi A;) mentre se consideriamo (1,1,...,1) € K’ ricaviamo

. n
(dalla precedente osservazione (A, z) =0Vz € K') che 3 Ai=Ap. ®
' =1

Remark 11’ §i potrebbe cercare di trarre delle implicaz'ioni in termind di prez2i

determmatz m un mercato che deve aggregare valutazioni di un "asset”.

Remark 121 (Ca' non implica nessun vincolo per A; nel caso di misure di prob-
abzlztd Zmearmente dipendenti od affini.

Corollary 2 Consideriamo la famiglia di spazi di probabilita (), A, P, )16{1 2,.
nomn atomzche e linearmente indipendenti. e sia I una misura di probabzhtd, so-

ciale che soddwfrlz la condizione (C4), allora Py = Z:a;P t.c. Ea, =1le
=1 i=1
a; > 0 per ogm ! Inoltre la rappresentazione ¢ umca i
I ‘ '
‘: Basta mettere insieme i precedenti risultati per poter applicare a questo

risultato tutte le!crltlche mosse nella letteratura statlsmca al "linear pooling
rule" [21). - : |
' H

|
i
|
|

i}

P

B T
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Definition 53 Per unz € [0,1] diciamo che Py soddisfa la condizione (C;) sse
VA GiA P; (A) = z implica Py (A) = 2.

]:E)eﬁnition 54 Py soddisfa la condizione (C') sse Py soddisfa la condizione (Cy)
per vz € [0,1].

i
Proposition 21 Data una famiglia di spa.:!:i di probabilite (0, A, P")ie{1,2....,n}

nonat}amz‘che aliora le sequenti condizioni sono egquivalenti:
| i

Cijp = C = C

Questo risultato non & centrale per la dimostrazione del teorema ma potrebbe
essere una possibile strada per lo studio (non puramente logico Bonanno - Ner-
hig, 1999} sul problema dell’ "agreement" c%elle credenze.

Corollary 3 Data una farniglia di spazi di pfrobabzhta (A F);e {12,....n} NOnatomiche
gllora Py = P, sse Py e P, danno pmbabzlatd 5 agli stessi insiemd.

|

Aggr&egazione di preferenze a’ la Savage
' |

EnunEciamo rapidamente gli assiomi alla base dell’analisi di [50]:
‘ i

(P1) {Gli individui hanno un ordinamento ¢ompleto sull’insieme degli atti C;

(P2) |Dati gli atti a,b,a’,b’ t.c.:

Perw € E° a(w) =b(w)ea (w )=§b’(u); Perw € Fa(w) = a'(w) e
blw)=¥(w)eaxballoraa’x¥.

i
P3) |Se due atti sono costanti'® e = g e a’ = ¢ ¢ E C O un evento non nullo!®

alloraa <a sse g< g '

P4)iDati f > f,g > g € Ce BB CQea, :={ ves

flsewe st

seweE s |
{ ? c g per s = {E, E’},seaE bg: allora ag < bg:.
g sewes

(P5) |Devono esistere almeno due conseguefnze L te ffr<f.

‘ H"Ul:l atto f & costante sse f(w) = f per Vw € Q&
" 18Un evento £ C £2si dice nullo se condizionatamente a E per ogni coppia di atti a, b aceade
a~b '

e —— -

‘ : _
P S T P I .Li. o I R T T A
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b

(]36) P}esi dl;m atti a < be f € C allora esiste una partjizione {P1, Py, ...P,} di
{ fsewe R '

Q@ ote d (W)= ea’ <b
i a(w) sewe Pf

i
¢

P7) S(ia fz ]g(s) dato B per ogni s € B, allora f > g.

—

Ma a diﬁ’efrenza della costruzione di Savage, Mongin vucle considerare mis-
re di probabilitdjc — additive concentrandosi perd solc; sul 'insieme degli atti

e

emplici'” (Ac) per fare cio introduce un nuovo postulato:

N

—

8) Per ogni coppia di eventi A, B € A e una success:olne decrescente di eventi
{Ap}peN te; lim A, = A allora:

Jim |
| ' |
%  Ap»iBperVpeN= A B

: Applicando un ragionamento simile a quello di Sa\[rage si pud arrivare ad
Ia. raf)preseglta,zilone delle preferenze attraverso un utilitd attesa secondo una

e

misura ‘di prdbabilita o — additiva.

Théorem 13 Date = {1 2,...,n} relazioni di preferenza che soddisfano gli
alsswmz (P1): (PS) Allora 7; mppresentabz’le da una f’ium‘one V:Ac—Rtc
V (e) = [ U oadP dove P é unae unice misure di pmbabzlztd (o — additiva) su
(Q A) el

piositiva aﬁin% di U;. !

C —R. Ogni V" che rappresenta 7-; é t.c. U ! ¢ una trasformazione

Si pud osservare che (P6) implica la nonatomicita di P;.
Si p'}uo osservare che per ogni F; € A(Q} attraverso un atto a : @ — C

|
possmmo definirella misura di propabilitd immagine su C definiamo la famiglia

d.l misure di probabilita semplici su C con I'espressione E (C). Questo suggerisce
d.l poter derlvare una funzione di utilita von NeumannI Morgenstern definita
su lotterle semph(n E

1 !
Lernma 17 Assumendo che le preferenze per glin mdtmduz moperi={1,2,.
siod.c_izsﬁno glzl. a.ssz}omz (P1)-(P8) allora per ognii {P; o ciz|a €A’} =L(0). De—
finendo W; (:y) =V; (@) per ogni x € L(C) dove a € Ac® e P, 0a = z, abbiamo
ricavato unalfunzione de £L(C) ¢ R. Wi-¢ "mazture preserving".
|
I.I.emm;a 18 lDatc una famiglia di misure P = (Pl,Pgi, weey Pr) monatomiche e
finite su (Q,.Ll) J'Per VA € A t.e. P;(A) > 0 per qualche i € {1,2,...,n} e per

o i PR
17 Atti il cui range & un insieme finito

1

N S
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MmN eVY(py,....,pm) € R™ tc. pp > Olper vk e {1,2,..,m} e Zpk =1,

k=1

f yAm) C A te. UAk_AeA ﬂA_QJperVJ;éze
k=1

P(Ak) =pP(A) pETE‘ Yek=1,..m
|

1 H
Definition 55 Definiamo diverse condizioni di unanimits nel caso gli individui
abbiaj

T
1

no solo delle relazioni di preferenza: !
Se Va,b € Ac ea ;bperVi=1,2, ,n allora a”gb. (C)(=)

SeVa,be Aceal;bperVi=12, .., nalloraa o b (C1)(=)
ESe VYa,be Acea»; bper Vi =1,2, ...-,n allora a >¢ b. (C2)(>)

!
SeVa,bc Acear;bper¥i=1,2, ,ned Ik € {1,2,..,n} tc. a1 b

allora a =9 b. (C3)(Z + >)

(€*) = (Ca) +(C) ‘

Remark 13 Le diverse conclusioni sono mggzunte considerando solo atti sem-

(Acs)ls

Per avere un legame tra le diverse deﬁmzmne Mongin propone di rafforzare
Passioma (P5):

5

¢
Je, ¢ € Cst. i =0,1,...,n ¢ »; ¢ (Minimum agreement on the conse-

guences) 'l

Lemma 19 Se peri=1,...,n assumiamo ‘jche valgano qui asstomi (P1)-(P§8) e
(MAG) allora (C§) = (C}), quindi (C**):<= (C)

Proolf. Consideriamo due atti semplici ¢)a’ € Ac® te. Vi(a) > Vi(a') per

i = 1,2,...,n e la partizione ottenuta.; dall'intersezione di delle partizion

{w € Qla{w) = 2} .crange(ay € F' 1= fwe Ra{w) = T} Range(ar)r PEICIO
={BCQ3Piec PU{@} e P{ € P'U (@} tc B=P;n P/}, quindisapendo

che sia a che e’ sono costanti sui d.lVEI'Sl B possmmo scrivere:

1

b
i
|
i

b
Y _Pi(B;) [Ui(a(By)) = Ui(a' (By))] > 0 dove b:= |B]
1=1

|

lsLe precedenti definizioni particolarizzate al (.BSD di atti semplici vengono indicate aggiun-
gendo,ad apice ©.

N R a R o L lj L e I i YT
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Per ogni numero reale ¢ € (0, 1) possiamo definire una Bf e B;~* = B5*|p; per

7=12,..,m come: i

‘ B; se P,(B;} =0 per ogni individuo ¢

B = ‘
- B se F;(B;) > 0 per almeno un individuo¢ € 1,..,n
Bl _ d @ se P;(B;) =0 per ogni individuo

7 ’ B¢ se P;(Bj) > 0 per almeno un in}djviduo iel,.,n

Il
. . . i -
Bf nel secondo caso ¢ ricavato grazie al lemma precedente che ci dice che

1
esiste una pa%tiziqne A—rnisurabile (BJ‘-, Bjc)di B; t.c.;
] . :

; C P, (Bj) =P (B;)
| .
Definiamo anche gli atti semplici a, a, definiti come:

a(i) csew€ Bfperj=1,..,m

w) = r

¢ a(w) sew € B-,}'"E per j =1,...,m

: IL _ ¢'sew€Bfperj=1,..,m
la, {w) = e C

! i a{w) sew € B;~° per j =1,...,m
! ;

i

H ) - - - . -
| dove ¢,c/:sono le due conseguenze t.c. per ogni agente 7 ¢ >; ¢/, quindi

possiamo concludere che: |

strettamente positivo [MAC)

Vi(ae) —‘Ve (@) = (1—e€)d Fi(B))[Ui(a) - Ui(a)) + () Y_Bi(B;)Ui(c) —Ui(c)] > 0
, = i

=1

-

-
i Non negative (ipotesi inziale)]

per ogni individuo i = 1,2,.,n |

o e ~
. !

+ Quindi va_lend? la condizione (C3) (>) possiamo concludere che la precedente

isuguaglianz'a vale anche per i = 0 (la relazione di preferenza sociale):

[ TR

Vo (ae) —Vola) >0

Facendo tendere € — 0 e sfruttando il postulato (P8) ricaviamo che V; (a.) 2
Vofal). m ; )

o I [ T P - -.\.;lL'i’.-. BT FUPC RO Y SR B PP
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]Ellemark 14 8i deve sottolineare che t"i}nportanza di avere una con-

s:egu('zmza su cui i pareri sono concoridi e il ruolo parallelo a quello
dell’gtto certo. (140]). ]

thodo

Remark 15 Grazie a ¢, ¢/ possiamo nomz:alizzare‘la funzione di probabilita i
talecheU;(c)=1elU;(d)=0c¢ quimfi definendo ay (w) := ? sew € A |
' i ¢ sew € A%

t

|
|

scelte

¥
H
i

;
|

i;ndz'v*

L

|

; 2.
3.

4

ricauviamo che:
I

Vi{aa) = P, (A) per VA (!s:A eVi=1,..,m

*
Remark 16 "Ramsey pair™? per Uelicitazione delle probabilita a partire dalle

osservabili; consideriamo due eventi A, B € A e definiamo due atti:

duo 1 é:

ciseweA

ag(w) @ = clsewe B
d sew € (AUB)°

dlsewe A

ap({w) : = cisewe B

d sew € (AU B)°

! dove d € C, allora P; (A) 2 P;(B) sse V;(aa) 2 Vi (ap)

Definition 56 Dato un profilo di preferenze 7g,701,22, .., 5o st dice che un

i ;

"utility dictator" se Us (¢) = U; (¢) Ve € C;

"inverse utility

dictator" se Up (c) = LU (c) Ve e,

"probability dictator” se Py (w) = P; (w) Yew € €

"overall dictator" se & diftatore in termini di utilitd e probabilita.

1
{
Definition 57 Dato un profilo di preferenze 29,21, 22, ..., Zon i dice che es-

v

un "proba;bility agreement" se B, = Pk per Vi,k € {1,..,n};

ntinuno a valere gli assiomi proposti da Savage ed in particolare 'indipendenza della
1¢ d’uilitd rispetto a (0. '

. .
1
T ‘._.:&“_,.-L . T T . U T
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' ! !

. 2. un "pairwise utility dependence"(pud) U; = U leer Vi,k € {1,.,n} per

una date rappresentazione delle preferenze.

Remark 17 Se assumiamo una U; = Uy, Vi, k allora le preferenze degh individui

coincideremo per gli atti costanti.

Remark 18! OQuviamente "overall dictatorship" é una Stz)luz'ione per l'aggreqazione
delle preferenze in modo consistente in termini Bayesiani sotto la condizione
(|C) , (C]) e (G’g), fmche se anche la "inverse overall dicta‘torship" ¢ una soluzioner
se assﬂmia.m%; solo la condizione di "Pareto indifference "(C). Mentre "utility
dictatorship ™ pudj risolvere il problema se assumiamo!che le preferenze degli
individui soddisfino la proprietd di "probability agreemt;ant"; e "probability dic-
tclztorship " nel caso di "pariwise utility dependence”.

Rerark 19 Se imponiamo restrizioni sulle preferenze possiame trovare mec-
canismi di aggreghzione (rimandiamo ol kibro di Austen-Smith ¢ Banks).
| . |
Difficolta nell'aggregazione delle preferenze se as'surniarno (Cs)
Elixample 1 |Congideriamo due individui le cuz preferenze rispettano gli assiomi
("PI)-(PS) t.e. Pl Pyecd dd el te: i
[ | cri ¢ peri=1,2 !
d1d ed »2d
allora ¢ soddisfa la pmMeta (Cp) ssedi e N "pn:ibabz'lz'ty dictator”.

Proof. Dobbiamo dimostrare che (Cz) implica che Ji €Nt

VA BEA[ANB=0),R(A) = F(B)= R(4)=PR(B)  (54)

Se non vaéle la; condizione {5.4) allora devono esistere due coppie di insiemi
disgiunti Al,'Bl,Az,Bz t.c.:

[Po (A1) = Po(B1)] [Uo(c) — U (C’)] =0 (5.5)
. [PL{A) = A (B U1 (e) - UL ()] >0 '
{ [Po{A2) — Py (B2)] [Uo (e} — U (C'):] =0 (5.6)
[Pz (A2) = P2 (B2)] [U2(c) — Va2 (¢)] > 0

T N T
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C§ew€A1 C csew € By
i Quindi se definiamo a4, ¢ (w) := Csewée€ By ag, (W)= csewe A
: dse'w e (A1 UB)° dsewe (A UB)°
csew€ Ay csew € By
G;Az,c (W= * seweBs y Gy 6 (W) 1= ¢ sew e Ay al-
dse w € (AU By)° d se w € (A U By)© :

[ . . - .
lora l’!equazmne (5.5) e (5.6) implicano che aq, > aB,,84, >2 ap,,a4, 008,,04, 048,
! +

quindi valendo (C») deve accadere che a4, <2 ag,,a4, X1 ap, ciod?:

G.7)

Pi{A)— R (Bgi) < 0
: P(A)-FR(B) < O (5.8)
: 1
Se supponiamo che Py (A3} — P (By) <!0 allora per ipotesi (d' >4 d):
; -
|
i (P2 (Ar) = P (Bl [U2 (d) - U2 (d)] > O
| [Po (A1)} — Po (B1)] [Uo (d) — U (d)} = 0O
dsew€ A
| definendo delle nuove "Ramsey pair" alg, 4 (w) = d sewe B
T |
! esew € (A UB)°
dsew e B
ap, diw) = , d sewe A dovele € C, quindi la precedente disug-

je sew € (A} UB)°

uaglianza pud essere riletta equiva.lentemenite come V3 (a4, ,4) > Va(ap, 4), ciod

@442 @B, 4 da cui data la condizione (C,) possiamo concludere che:

|

(5.5)]

[P (A1) — Py (B1)] [U2(d) — Ua(d)]) €0

dato che d -, d' allora P (A4,)— P, {B,)|< 0 contraddicendo l'ipotesi iniziale

Quindi (5.8) e (5.8) devono valere oom!e uguaglianze quindi possiamo rias-

! . i
sumere quando dimostrato fino ad ora comfe:

| 2By (A1) — Pa (B1)] (U2 (c) — Ua ()] € 0
[P1{A2) — PL(B2)HU1 () = Uh ()] < ©

ﬁ
!

|
3

]

b L
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Ba)-F(B)) [0\ [R@A)-R@E)\ [0
(A]) Pl (B]) = k e P] (Ag) - P'] (Bz) = 0
P (A1) - Plz (B1) 0 Py (A2} = Py (B2) K

Grazie al Teorlema di Liapunov sappiamo che esistono due eventi disgiunti
CDE.Atc CCAUAeDCBUBeR(C)-RA(D)>0,R(C) -
}Tg (D) > 0 quindi possiamo costruire un altra coppia d1 attl di Ramsey dove

viene contraddetta la condizione (Cy):

j- csewe

]
|

csew € D
ace(W):=¢ dseweD epcw)i=¢ | dseweC
| e se w € (CUD)® esew € (CUD)*

aC,c =i @p,c PEr i =1,2 Ma ace 0ap,c. ®

La dimostrazione ruota sulle ipotesi (MAC) e (C2) e quello che appare strano
& che i due individui hanno la stessa valutazione su un atto perché sono in

disaccordo sia relativamente alla probabilita da assegnafe a due eventi che sulla

valutazjone di due conseguenze (ref. Esempio [?]). '
L

J

I
Example 2 Conszdenamo due individui le cud prefe’r‘enze rispettano gli assiomi

(P1)-(P8) t.c. P1-',éP2 ec,d,d,d €C tc.:

cr;c peri=1,2
d~1d ed »2d

allora # »¢ so[ddisfa la proprieta (Cs) ;
? |
|

lfl’roof Pmché (C3) = (C2) allora possiamo concludere che 7y deve essere
dittatoriale ma Pl # P, quindi sono indipendenti percm per il Corollario "1.1"

devono esistere due coppie di eventi disgiunti A, By, Az, B tc:

Pi{A&) > P (Bi)AP(A)=Py(B)
i Pa(Az) > Pa(B2) AP (Az) = P (By)

[‘.,;,{_ o ey e AL:‘ - . T
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f 1

% ! | csew€ A,
QPindj considerando le coppie di atti di R;amsey A, e (W)= c sewe By ,
i i e sew € (A; UB,)°
csew € By ; csew € Ay
ap, (W) = dsewe 4y e aA:,,c {w) 1= ¢'sew € By ,
’ esew € (4; UB)° e sew € (A3 U By)°
) csew € By ;
0B,.¢ l(w) = d sew € Ap possiafjmo concludere che:

i
e se w € (4g U By)° t

L
! : QA ,c ™1 08¢ Aaa;h,c 208, ¢

5 l GAzc 188z,e A QAz,c 72 CBa.c

che data V'ipotesi che »p soddisfi la conc;:lizione (C3) implica che:

QA e >0 BB c A a“ifz.c ~2 8By ¢

| .
e quindi Py (A1) > Po(B1) e Py(Az) > Py(B2) contraddicendo la conclu-
sione|che 7 sia dittatoriale. m

i

Agg;_egazione di preferenze a’ la Savage
J

I
Proﬁosition 22 (Consideriamo n+1 indiv%'dm' con preferenze che soddisfano gli
assiomi (P1)-(P8) (i = {0,1,...,n}) ed assumiamo che Zq soddisfi la condizione
(C®).| Se V;,U;trappresentano = e W; : L(C) — R (L(C) & Vinsieme delle -

probabilité semplici su C) associata a V;, Ug; allora:

(1) |esistono Ay, An ER e Po= NiPreY =1
. i=1 i=1

! . n
! {(2) |esistono oy, ...,0m, B ER t.c. Va € A‘c, Vo(a) = Za’iVi (a) +8
v ! i=1

(3) 'gli stesst coefficienti sono t.c. Uy = Zf:a,;Ui (a)+B eWy = Za,- Wi (e)+8

i=1 i=1

Inoltre esistono c,c’ € C che soddisfano la condizione (MAC) si puo scegliere
Vi, cioe U; e W in modo tale che A; = o éﬁ =0.

|
| |
' w
4

|
| I T T A ﬂLL I A 1 P Rt
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|
Example 3 Senza imporre condizioni particolari su {Fi};cy € C ma man-

ttlan.endo la condizione (C) per 7o &i pud verificare che al precedente propo-
sizione: non 'uale, consideriamo Q = {wy,wz,w3}, N = T {1,2} e C={, "},
supposto che: Ie preferenze steno rappresentabili come funzzom di utilita attesa
(ZU (c ))) te. Ui(c) > Ui(c") per n = 1,2, in questo sem-

¢EC !
phce esempw possmma normalizzare le utilita degli agenm in modo tale che

U, (¢) =1,U; (c”) = 0 e la condizione si riduce alle condizione di unanimita
del caso in cut gli agenti esprimane direttamente le pmbabzhtd ma se esistessero
dez pesi oy, ap compatibili con la condizione (2) allora dovrebbero esistere anche

i|pesi ,\1,)«2 ma questo dal precedente esempio sappiamo non essere possibile.

(Forollbry 4 Se ?algon.o gli asstomi (P1)-(P8) per gli individui allora (C*) <=
(C) i ;

Corollary 5. Date le preferenze degli individui ¢ = {ll .} che soddisfino
gh assiomi (PI )(P8} e gquindi V; siano le loro mppresentazzom in termini
dz funzwne di utilita attesa, le V; sono linearmente z‘ndspendent?, sse Vi, k €
{l v ,n} Ba,,,b € Ac” t.c. V(a,)#V(b)/\Vk(a,)—Vk( ) per k #£4.

1 I 1
| Si utilizza la condizione (2) in modo tale da utiliz_zare i pesi o; come gli

indici della combinazione lineare delle funzione di utilitd di attesa.

Corollary 6 Da.te le preferenze degli individui ¢ = {1 .1} che soddisfine gii
a.sszom?. (P1)-(P8) e quindi V; siano le loro rappresentazioni in termini di fun-
zione di utilite all,‘tesa, se le V; sono linearmente indipendenti allora esistono
ag,b € Ac® t.e. V; I(a.) >Vi(byperi=1,...,n

i . .
Proof. Per i‘ dive!rsi individui prendiamo gli atti a;, b; (E Ac definiti dal prece-

dente corol.la.rlo & una n—pla. di coefficienti A; > 0 e Z)\ = 1. Consideri-

n| n T_l

amo T = ZA Vi(aj) e = Z/\ Vi (bj) che possono essere espresse come
w =V (a)Je 1'w = Vk (b) per quajlcklle a,b € Ac®, visto che il range delle diverse
I,/k & un insieme convesso percid visto che @ > W' possiamo concludere di aver
trovato a,b € Ac’| tc Vi(a) > Vi(b)perk=1,..,n l

Per avere una. caratterizzazione del metodo di aggregazione Mongin fa riferi-
nllento alle funzioni di probabilita ed utilita piuttosto che agh ordinamenti, pos-

siamo normalizzare le funzioni di utilita degli individut imponendo che V; (c) =

T T _'\A__-J_i o Y 2 Y VT
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|
I:I; (c}| per un arbitrario ¢ € C; si pud osservare che la normalizzazione non ha
effetti sulla indipendenza lineare delle prefeqrenze degh individui.
Possiamo indicare con I e J 'insieme degli indici rispettivamente delle fun-
zioni di utilita e delle funzioni di probabilita linearmente indipendenti.

Corollary 7 Dati n individui (i € N = (1,...,n)) le cui preferenze possono
essere rappresentate tramite le funzioni di utilita attese normalizzate:

W(a)szié’adI)i

doue U; non ¢ costante suC e P; ¢ nonatomwa su (§2, A). Prese Uy funzione

d:. utzlztd non costante e Py funzione di pmbabzlztd nonatomica e costante allora
le seguenti condizioni sono necessarie e suﬁ‘iczentz perché Vy sia la rappresen-
ta.zwv!:,e in terming di ulilitd atiesa mlatwamente a Py di = t.c. soddisfa (C)

nspetto alle preferenze i=; indotte dalle V;:.

1. |Esiste una n-pla di coefficienti {c;);cp € R™ e per ogni insieme di prob-
abilita linearmente indipendente I C N esistono {(Ailien ter

: Vo = zﬂfiVi

: iEN

i R = ) NP

\ iel

: ! epervi € I ANUg = ol + Z ar AUy
keN\I

'
]

2. |Esiste uno n-plu di coefficienti (o;);cn € per ogni insieme di utilita lin-
earmenre indipendenti J C I esistond (uj)j ey BCs

i
i

Vo = Zaivi

j iEN
{
i Uo = Y AU
| €7
. ) ‘
eperVi € J: p; Ry = o; Py + Z cepiy; Pr

JI keN\J
' !
!

dove per ogni k (iy;) sono le cm‘dinafté di Uy, sulla base di J.

———

o I E o Ll. et . 4o o .aL&.- - T T WP
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b [
ool .. » . o .
Proof.! (Condizione Necessaria) dalla Proposizione (22)r sappiamo che esistono

dei éoefﬁcienﬁi (cd);cn © (Ai);e per le |I| probabilita linearmente indipendenti

te. Vo= Y aile By = SOAP quindi ‘
IEN| el

.

i Py = YMPU

1€f
: PylUy = ZaiP.'U.' = ZaiPiUi + Z oy E/\ikpi) Ui
! ' iEN iel keN\I i€l

uguagliando le due espressioni possiamo iderﬁ:i.f:ica.rei 1 coefficienti delle fun-

zioni di probabilita F;, i € I. f

' (Cohdiziope sufficiente) L'esistenza dei coefticienti (o), v t.c Vo = Za,-V,-
T ; . CL ieN

implica, che la Vg lsoddisfa il principio di unanimitd (C) per verificare che Vp &

L

la funzione di utilita attesa associata a Py basta considerare un atto a € Ac
criviamo la funzione MU = U + Z ot iUk com'postn. per a:
kENNT

! AMlpoa=o;lU;0a+ Z a0 a
| kEN\T '

wn

ed i:ntegra;re rispetto a Fj:
j

1\§/U00GdP5=ai'/U"OadR+ Z ak)\ik/UkoadPi Viel
‘ : ke N\I

t H
; sommando per i: :

- I
’ |
' zf\i/U:(loadPi = Eai/Uioﬂ-dR‘ +Z Z ak)\ik/UkoadP,-

i€l ie] i€l ke N\I
dafo che' > AP, = Pye) MiPi=P
; el il
f UpoaiPy = 3. f U 0 adP;
: | iEN
, Vola) = > aVi(a)
P iew

La éeconda perte della dimostrazione ricalca la prima. w
i ‘ |

; i

| :

|
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Proposition 23 Dato un insieme di individui N = {0,1, ..., n} con preferenze,
che soddisfono gli assiomi {P1)-(P8§), i =E0,1,...,n, supponiamo che le pref-
erenze sociali soddisfano i principie di unanimitd (C), e prendiamo una qualungue
loro rappresentazione funzionale (P, U;) i ;I 0,1,...,n
[ Se le funzioni di probabilita {Py, Py, .. ,}Pn} sono indipendenti allora esiste
"utility or inverse utilify dictator” i*. Se inoltre le U; #£ olU; + B per Vi # j
a,llomi i* ¢ anche un "probability dictator”.
Se le funzioni di utilita {Uy,...,U,} sc;:no linearmente indipendenti allora
esistel un "probability dictator” j*. Se inolt?"e le P, # P; Yi#j € N allora j* ¢

anche un "utility dictator" o un "inverse utility dictator”.

Proof. Consideriamo le funzioni di utilité; e utilitd attesa normalizzate, sup-
poniamo che {Py,..., P} siano indipendenti, allora Py, U, Vp devono soddis-
fare le condizione del Corcllario precedente nel caso in cui I = N e quindi
A o l— o U; per Vie N.

La dittatorialita deriva dal fatto che aln‘leno un A;- & strettamente maggiore
di zero come anche a;. data l'ipotesi che Uy non sia identicamente uguale a
zero. | D'altra parte se esistesse un altro A; # 0 allora U; sarebbe linearmente
dipendente; quindi [/ ¢ dittatoriale. m

Ovviamente la compresenza si indipendénza per le funzioni di utilitd e prob-
abilita comporta che 'unica relazione di pl;'eferenza ¢ dittatoriale "overall dic-
tatorial. !

Se vale la condizione (MAC) esclude la possibilita che "inverse utility dic-
t‘atoréhip" e "overall inverse dictatorship" non possono essere preferenze sociali
compatibili con la proprieta (C). i
. i
Proposition 24 Sedim{P,...,FPp} = dirn‘F {V1, ..., Va} allora le uniche relazioni
dz pr?ferenza compatibili con il pincipio (C) sono "Utility dictatorship” ¢ "In-
verse'utility dictatorship”. !

; 1

l H
Proposition 25 Sedim {Uy,...,Un} =dim {W, ..., V,,} allora l'unica relazione
di preferenza compatibile con il pincipio (C’) ¢ "Probability dictatorship”.
Example 4 N = {1,2,3} dim { P}, P2, P3} = dim {U, Up, U3} = 2, dim {1, V&, V3} =
3 quindi I = J = 2. Se assumiamo che: _

| 1 1 ]

f P3=§P1+§P2€U3=4U1+4U2
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Allora la funzione Vo = — 2V + 2V5 + 1 V3, ciod la funzione d'utilita attesa
3 3 3

puo essere scritta,come:

V](a.) = —%/Ul"ﬂdPl 3/U20(1dP2+ /U1+U2d( =P+ = Pg)

.= ——/UloadPl /Ug ocadPs + = /Ul ( =P+ = Pz) g-/Uzd (%Pl-i--z]:Pg) =

:i = §fq10adP1 +§/U]d(P2 /Ugoa.dPg-i— fUzd 1} =

1 2 1 2
| [Ul Lad (§P1 + §P2) +'/2U2 o ad (EPI + §P2) = /(Ul + 2U2) o ad (§P1.+ “:;Pz)

Risultati simili possono essere ottenuti se imponiamo la condizione di una-

1

nimita (C3) aj.vend;o assunto che le preferenze soddisfino la proprieta (MAC).
|

5.4 Utlht?rlan Aggregation of Beliefs and Tastes
- 1. Gllboa, D. Samet and D. ‘Schmeldler

Questo working paper vuole dimostrare come non unponendo la proprieta di
Pareto o unanimita per la funzione di decisione sociale i risultati d’impossibilita
VENEano Mmeno. '
~ Prima di tuttoigli autori sottolineanoc 'importanza di utilizzare un’impostazione

a! 1a Ramsey, De Finetti, Savage che tenga conto delle probabilita (soggettive) e
della funzione di utilita (cardinale) come due aspetti dj?“tinti caratterizzanti un
individuo; in pa.rtlcolare gli autori ritengono di fondamentale importanza situ-
azioni dove le preferenze sono identiche ma le credenze no (I'esempio utilizzato
2 quello del duello)

Per- coprepderle le implicazioni della condizione di l?a.reto si pud far riferi-

mento agli esempi proposti rispettivamente da [10] e [3?]
ﬁ
‘r !

i 1. [0}t |

N Broome parte dalla sua analisi di bene ("good* ¢ "good relation") e dall'osservazione che
la funzione di preferenza sociale ¢ solo un meccanismo che deve essere valutato in base alle
scelte che comporta.

Il suo ragmnamento si basa sulla distinzione tra "A & preferito a B" e "A 2 meglio di B", parte
questa distinzigue & 'simile alla richiesta avanzata da Hammond di valutarc le conscguienze
degli atti ¢ non gh atti stessi. {

Questo pcrt.hé una|meccamsmo di scelta sociale dovrebbe, da un punto di vista etico pensare
ill bene derwant.e a ciascun individuo in modo ugnale. ’
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P; (Evento 1) = 0.7 P; (Evento 1) = 0.3
Evento 1 | Evento 2
Atto/Prospet A | (2,2) (2, 2j
Atto/Prospect B | (3,0) (0,3)

i

Supposto che le preferenze degli md;vidui siano rappresentabili tramite

juna funzione d’utiliti attesa, sia ent;éra.mbi gli agenti {1,7} entrambi gli .
’agenti preferiscono B a A; qundi se imponiamo il principio di Pareto
idovremmo concludere che "B & socialmente preferibile a A". Ma proprio
:da questo esempic Broome inizia lq sua analisi di cosa possa definirsi
g"Bene" e le implicazioni del Teorema di Harsanyi di cosa sia un "Bene

i Sociale".

2.1132)

{ I

Consideriamo due individui {1, 2}, che devono scegliere due azioni/atti {a;, a2}
nel caso gli stati del mondo siano solo due {s1,s2}; in questo particolare caso
le probabilita assegnate dai due individui sono identificare dalla probabilita che
l'ind.i!viduo ¢ assegna alllo stato del mondo;

51, quindi le preferenze di un individuo 'sono caratterizzate da un vettore di
‘ () (#)
i i . T U T
probabilita (pi,), pf:l)) ¢ una matrice di utilita fj}’a’ ?:),0.2 . Per semplic-
‘ Usg,ay Usg,az
ita Hylland e Zeckhauser assumonoc che ug.},aﬂ = 0 per j = 1,2 e coneguente-

mente l'utilitd attesa dell'azione a; & rappresentata da un punto lunge il seg-
. : ) : ;
mento che unisce i punti (pgtl) = O,ug‘,_),al) e (pg’,)_ =1, ug‘g),m) (Figura 1}.

I T . \;‘,u,,m;.;-;-im-,»jad. ks KR oy e w . paikaalc o
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4 ! '
i ™~ A
C Probabilitas, |
+ —
| E Pmsl i i
; é
It .
] i J 4 umal,sl
! N E
* E £
N ! :
!
T E
!
|
| o :
F ‘ i

.r Ad esempio 185 precedente figura indica che l’indivic:luo i preferisce 'azione
a,l‘l. Adesso consideriamo la situazione illustrata dalla.EFigura 2; entrambi gli
illldividi:i preferiscono 'azione a; quindi secondo il prhcipio di Pareto la a;
dovrebbe essere scelto d’altra parte se consideriamo come misura di probabilita
sociale quella ricavata come combinazione lineare convessa di quelle individuali
(ad esempio py, ) Ia.llora entrambi gli individui preferiscc;mo az quindi dovrebbe
essere scelta az. Quindi a parita di misura di probabilita sociale abbiamo che il
principio di Pareto ci indica due scelte differenti.

\

R RN 477
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: u( als2
I

al,s1

<
e e e e e pe iDLl

(2)

Se ps, ¢ [mm {pgl,),pg)} {p‘?,pﬁ?’}] per raggiungere lo stesso tipo
i risultato basta considerare la situazione :ra.ppresentato dalla figura 3.

E_ ——— L

umll,ﬂ |

-S--—-"__-___--

Ps1 Probabilita s,

umal sl

L S " S PN

;

|
i
;
'
P

(£

*  Ljunica a.lternatlva. che non sia dittatoriale (ps, = ps,) deve essere tale
! .
che esistano almeno due profili di probablhté. (pﬁ‘), pﬁf)) (q_&}),qgf)) t.c. nel:
] [
i
i

: !

] N T L :L& R T T T T
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| |
pll'imo caso p;, = p_(.,l) e nel secondo p,, = qg) consideriamo 1 due seguenti

pll'Oﬁli (pgl),pgl),ul,ug) (‘:;q(”),pSl ,ul,ug) figura 4, nFel primo caso la scelta

del gruppo sara al[ mentre nel secondo caso as (sempre valendo la condizione di

Pareto) quindi perjavere una contraddizione?? deve accadpre che p,, [qsl ,psl)] #

Ds, [pgp,pg?)]‘ = (1) con un ragionamento analogo® si pud concludere che
I
Py, [q&?),ps.)] # P, [qg) :%1)] = ¢{ ma allora p,, [qﬁf),pﬂ)] # {0, }
(contraddizione).
| |
! I:" ujl)al,SZ ! .
m. ! !
U “ale2 o P2
. ?\ ; u )al,sl
[} | 1
[ 1
[} . 3
‘ b \ | °
3 | .
ol i
, : q? . ¢ Probabilita s
- : :
0 * : " * 1
1 (=, ’
| g :
: ;
] ]
S i
E E )
' u
2 y al;sl
l.l( )nI,SZ ' [

Alla luce del precedente esempio Raiffa. propose di emendare il principio di

Pareto allorche questo violi:la massimizzazione dell’ut1hta. attesa del gruppo;
propio questa. proposta suggeriscre un indebolimento de]la condizione di una-
nimita lmponendola solo nei casi in cui gli agenti abblamo delle credenze uguali
ma preferenze dlﬂ'erentl
i
]Peﬁnition 58 Dlrna alternativa (atto) & definita lotterio sse tutti gli individui
|

| 22Dato che il proﬁ;lo delle utilita ¢ lo stesso nei due casi.
23 Basta considerare la coppia (qgl),pgl),ul,ug) (qﬂ), qs?),l:tl,ug)
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| |
sono d'accordo sulla distribusione di probabilite indotta sullo spazie delle con-

seguenze dalla stesse alternative. I

; ! i
Definition 59 Una funzione di scelte sociale rispetta lo condizione di Pareto
in senso debole sse se ogni individuo ¢é indifferente tra due lotterie allora anche

la societd ¢ indifferente tra le due. |

|

5.4.1 Notazione j
1 "
(S,%) 2 uno spazio misurabile dove S & linsieme degli stati del mondo ¢ T

¢ un g~algebra di 5. (X,E) e lo spazio misurabile delle conseguenze. A =
{ala {S - X, a & una funzione & — misurab'ile} ¢ lo spazio degli atti o alter-
natwe La nostra societd & composta da un insieme di individui N := {1,...,n}
Assumiamo che esista per ogni individuo i una relazione di (pre)ordme com-
pleta sugli atti >;ed assumiamo che sia rappresentabile ([50]) tramite un'utilita
attesa: '

J ar; b@/ )d,u‘|>/su(b(s))dui

;,‘L, & g —additiva, non-atomistica, e u; nlon ¢ costante per ogni conseguenza”:
ref Savage Vlllegas Arrrow '
Definiamo 'insieme di tutti gli eventi a cui tutti gli individui delle popo-
E
lazione assegnano la stessa probabilitd come:
' l
A:={Ec¥X|perongi1<ij<nu(E)=p(E)}

q&l.indi un atto a & una lotteria sse per ogni conseguenza y € Y o™ (y) € A.
Obs per ora una lotteria & una funzione misurabile mentre in vNM & una
distribuzione su (X, Z).
i

Definition 60 Per ogni coppia di lotterie ,b se a™;b per ognii € N allora a™,b

i

Theorem 14 Lo condizione di Pareto (rlstretta) e soddisfatte sse py € una
combinazione affine di {u;};cn € up & ung combinazione lineare di {u;};c y-

Remark 20 Il Teorema é una diretta wnfeguenza del Teorema visto in [40].

Pro«?f. Funzione di probabilita di gruippo z0-

Consideriamo le misure prodotto definite come g = (g, fo, .., i) € i 1=
(120, #t1, 29, ---» iy, ) dOve g & la misura di probabilita sociale; si osserva che p & la
|

i
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;
proiezione di & su S™ e deifiniti Z e Zil range delle due misure si pud osservare

chesezGZallcEsra,u,—zE Z.
Dal Teoremaldi Liapunov possiamo concludere che Z e Z sono convessi ([18]).
SeSe c;onve:so allora A (S) & convesso.
Step 1243: Se (20,514 (5)) € Z allora zg = 2140 (S) ’
Infatti supponiamo che zp > § allora 3E € £ t.c. u(E) = 34(5) e ity (E) >
4 quindi se consideriamo le lotterie (v. definizione sopra) a,b cosi definite:

a(s) = { rzses€FE

ysesek°®

fl

b(s)

ysesekl
I O

dove z > y!i abbiamo che a” b per Vi € N ma a >—g b contraddicendo la
condizione di Pareto (ristretta} .I
' Step 2: (Um?n:é) Yz € Z, Az t.c. (20,2) € Z !
Infatti spppc;nia.mo che % := (zp,2) e © := (wy, 2) 1a.ppartengano a Z allora

per quanto irietto prima i (S) — @ € Z ma data la convessita di Z allora:

t

‘ 1. 1 a

} _A "a.. —J\

f 2::-}-2(,u(S) w)EeZ 1
. {

, I cioé ;

) .
(30 + 3 0 (5)- w0, 3u(s) e 2

Dal precedente passo sappiamo che questa inclu:lsione implica che %zo +
3 (1o (S) — wo) = 3440 (S) da cui Passurdo. .
(088: Non si ir1<:hJede che p e g siano misure di probablhta

Step 3: (La funzione di probabilita di gruppo & omogenea di grado uno)
Vz,w€ Z edogmﬁe (0,1] zo(,Bz—i-(l—ﬁ)w) ,Bzo(z)+(1—ﬁ)z0( w)
. Se (z0(2), ) e (20 (w),w) € Z ¢ data la convessita di Z sappiamo che anche
(Bzg (=) + (1 - )zg (w),Bz+ (1~ B)w) € Z ma data I'unicitad dell'immagine
lt_ramni:e zo, lsegue la tesi. -

Quindi :%0 & ﬁma. funzione affine e quindi rappresentabile come zg (z) (E) =
l

2 Questa nnphcnlzmne pud essere vista come un caso p: \rtlcolare del principio di unanimita
per le misure d1 probabilita ((zo, 2) € Z implica che zg = 2) v. \Mongm

i

l
1
|
i
|
|
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EAZ,(E) equindi 3" A =1
€N ! iEN
Funzione di utilité di gruppo up = ug (ul, o Un)

|
Step 4: Y {p1,..pm} € Ry tc Epkf_ 1, 3{E, ..., Bm} te. p(Er) =

b

Prit (39 )- |
" In questo modo si & costruita una relazione biunivoca tra le lotterie (semplici
o equ'iva.lentemente a valori finiti) sullo spaéio delle conseguenze con gli atti
che mducono la stessa distribuzione su X.

OSS gli atti che inducono la stessa distribuzione su X sono indifferenti per
ogni membro dela popolazione. ‘
. Se su questo nuovo spazio degli atti apphch_lamo il teorema di Harsanyi
imsmr.mo concludere che ug & una combmagmne Lineare delle {u,-}t-E N B

!

5.5' Conclusioni

In qyesta breve rassegna ho cercato di chiarire anche alla luce della letteratura
precedente i contributi di [42] e [33] [GSS] in particolar modo ho illustrato
come Mongin partendo dall’osservazione che Pipotesi di una relazione di pref-
ereza sociale a'la Von Neumann - Morgenstern sottointenda o almeno implichi
]a comparabilitd tra le le preferenze individuali vuocle esplorare altre possibili
ipotesi relative alle preferenze sociali ed indi:vidua.li, mentre [GSS] portano avanti
l’ossalawazione prima di [48] , poi di [32] :e [10] sulla possibilitd che gli indi-
vidut concordino nel preferire una alterngtiva ad un altra solo perché hanno
preferenze e credenze discordanti; tradendo in parte quella che pud essere una
giust’iiﬁcazione intuitiva del principio di Pa;reto.

. Devo aggiungere che in questa ricerca viene completamente ignorata la possi-
Blllté. di preferenze "state dependent" e viene sotto - rappresentato il contributo
prov=mente dal campo della statistica a.nche se si pud far riferimento all’articolo

di [2 } e {53] per osservare |'attenzione nvqlta all’argomento.
|

Remark 21 Se si assume che le preferenze siano determinabili in maniera in-
dipendente dalle probabilita si potrebbe auspicare la possibilité di separare i due
problemi di eggregazione in un uno pit pr'ettamente statistico informativo e in

1
un secondo pit vicino alla Social-Choise e falla Teoria dei giochi, pit spemﬁcata.-

}mente al "mechanism design”. |

! !
l N o

Remark 22 L’articolo di {21] sottolinea come alla base dei problemi decisionali
di gruppi e di "pooling " di opinioni ci sia zl problema di definire delle condizioni

| i . - )‘I»i. - T N STy = Tor VA
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che la funzione di aggregazione deve rispettare e il problema di una caratteriz-

" Per concludere voglio citare il recente contributo di Cha:rles Blackorby, Wal-
ter Bosgert elDawd Donialdson (2003) [14] che semphﬁca. in modo sensibile la

trattazione del problema della aggregazione delle preferenze tramite Putilizzo il

céngett_o dei ‘j‘prospects"‘.
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