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Abstract: A robust model for natural gas prices should simultaneously capture the observed
prices of both futures and options. While incorporating a seasonal factor in the convenience
yield of the spot price effectively replicates forward curves, it proves insufficient for ac-
curately modelling the options price surface. The latter is more sensitive to the volatility
structure of the spot price process, which has a limited impact on futures pricing. In this
paper, we analyse European natural gas spot, futures, and options prices throughout 2024
and propose a no-arbitrage model that integrates both a seasonal stochastic convenience
yield and a local volatility factor. This framework enables a simultaneous and accurate fit
of both forward curves and options prices.
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1. Introduction

Natural gas is one of the most relevant commodities in the modern global economy,
playing a fundamental role in energy production, industrial applications, and heating. As a
relatively cleaner fossil fuel, it has gained increasing prominence in the transition toward
more sustainable energy sources, serving as a bridge between traditional hydrocarbons
and renewable energy.

Recently, the Intercontinental Exchange Inc. (ICE), one of the largest U.S.-based firms
facilitating the trading of commodity futures and options, reported' that “2024 saw record
natural gas trading on ICE, with 404 million natural gas futures and options contracts
traded, including a record 93 million TTF futures and options contracts [...]”, where TTF
refers to the (Dutch) Title Transfer Facility?, a virtual trading hub for natural gas in the
Netherlands and the primary benchmark for European gas prices. Given the increasing
trading volumes and the strategic role of natural gas in global energy markets, financial
products linked to natural gas have garnered significant attention from both researchers
and practitioners.

Financial derivatives on natural gas and the corresponding market models have
been extensively studied in the literature since the seminal work of Gibson and Schwartz
(1990) on the modeling of commodity prices. Comprehensive reviews of models and
methodologies developed over the years for natural gas and other major commodities can
be found in Clewlow and Strickland (2000); Fanelli (2020); Geman (2005); Roncoroni et al.
(2015). However, the existing empirical literature primarily focuses either on modeling
futures prices based on spot prices or on analyzing option prices written on futures contracts
by modeling the dynamics of futures prices themselves.

This study seeks to bridge these two pricing frameworks by investigating whether
a no-arbitrage model for the spot price can be effectively employed to simultaneously
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price both futures contracts and options written on the same futures. Specifically, we
first build upon an extension of the Gibson and Schwartz (1990) model, incorporating a
deterministic seasonal component into the stochastic convenience yield of the natural gas
spot price to account for the pronounced seasonality observed in the futures market. For
this extended model, we conduct a thorough probabilistic analysis which, to the best of
our knowledge, has not been fully developed in the existing literature. A partial result
can be found in Carmona and Ludkovski (2004), which states, without derivation, the
closed-form expression for futures prices’. In particular, we explicitly characterize the
distribution of the spot price and derive closed-form pricing formulas for both futures
and options, resulting in a structure analogous to that of Black (1976). While this model
accurately captures futures prices, its application to options results in poor performance,
revealing that the diffusive component of the spot price model is inadequately specified.

To address this limitation, we introduce a further extension by incorporating a local
volatility factor in the spot price process, following the approach of the Constant Elasticity
of Variance (CEV) model by Cox (1975). Since this modification precludes the derivation of
closed-form solutions for futures and option prices, we describe an efficient lattice-based
numerical scheme to evaluate these contracts. Both the local volatility stochastic conve-
nience yield model introduced in this work and its associated numerical approximation
are entirely new to the literature. They offer a reasonable trade-off for capturing the key
features of natural gas options without introducing an additional risk factor for variance,
that is, without resorting to fully stochastic volatility models. The results demonstrate that
the extended model not only fits the futures prices used for calibration but also performs
well in pricing options. The introduction of the local volatility factor enhances the accuracy
of the diffusive coefficient of the spot price while maintaining a non-stochastic specification,
thereby improving the overall pricing performance of the model.

From an empirical perspective, we analyze the European natural gas market by col-
lecting nearly 30,000 daily futures and option prices throughout 2024. This comprehensive
dataset allows us to examine market dynamics over an entire year, without restricting our
analysis to any specific season.

As previously discussed, while the pioneering work of Gibson and Schwartz (1990) on
commodity price modeling assumed no seasonality and constant volatility, the necessity of
incorporating both features becomes evident when analyzing actual market data. Numer-
ous studies, including Back et al. (2013); Geman and Nguyen (2005); Lucia and Schwartz
(2002); Schwartz and Smith (2000), among others, have emphasized the significance of
seasonal components in commodity prices and related options. Furthermore, Borovkova
and Geman (2006); Garcia Mirantes et al. (2013) extend this approach by incorporating
stochastic seasonal components, while Rotondi (2024b) combines a seasonal factor with
idiosyncratic jumps to capture irregular forward curves during periods of market stress. In
parallel, following the seminal work of Heston (1993) on stochastic volatility models, a sep-
arate strand of the literature has sought to relax the assumption of constant volatility. Early
contributions, such as Clewlow and Strickland (1999), introduced time-varying volatility
structures, while later studies developed fully stochastic volatility models, as seen in Aris-
mendi et al. (2016); Fanelli and Schmeck (2019); Fanelli et al. (2016); Schneider and Tavin
(2018); Trolle and Schwartz (2009), among others. A comprehensive review of the literature
on commodity pricing models is provided in the first section of Fanelli and Frau (2024).

Despite these extensive contributions, most empirical applications remain segmented,
focusing either on futures markets or on options markets separately. This paper contributes
to the literature by bridging these two domains.

The remainder of the paper is structured as follows. Section 2 provides an overview of
the European natural gas financial markets, with a particular focus on spot, futures, and



Risks 2025, 13, 107

30f28

options contracts. Section 3 introduces the seasonal convenience yield model and the con-
stant elasticity of variance-seasonal convenience yield model, presenting the corresponding
pricing results. These models are then empirically tested in Section 4. Finally, Section 5
concludes the paper, while additional results, analyses, and details are presented in the
Appendix A.

2. An Overview of the European Natural Gas Financial Markets

In this section, we provide an overview of the key financial contracts based on natural
gas traded at the Dutch Title Transfer Facility (TTF), the most significant hub in continental
Europe. Specifically, Section 2.1 discusses the spot market, represented by daily futures;
Section 2.2 examines the futures market, with a particular emphasis on monthly futures;
finally, Section 2.3 focuses on options on futures traded at the TTF. The detailed techni-
cal characteristics, specifications, and identifiers of the contracts used in this study are
presented in Appendix A.1.

2.1. Features of the Spot Contract

Daily futures are financial contracts with delivery scheduled for the following 24 h
period. These contracts are primarily used to balance short-term fluctuations in supply and
demand, as well as to address sudden spikes. Prices are quoted in Euros per Megawatt
hour (MWh) and the delivery takes place physically.

Following standard practice in commodity markets, we use the settlement price of the
one-day-ahead futures contract on day ¢ as a proxy for the natural gas spot price, denoted
by S te

The left panel of Figure 1 illustrates the evolution of the natural gas spot price over
2024, comprising 262 daily observations. The right panel of the same figure presents
the corresponding log returns, computed as log Sts—_’l Over the past year, the natural gas
market has experienced a sharp increase in price levels, largely driven by geopolitical
uncertainties. Meanwhile, spot price returns exhibit occasional spikes and evidence of mild

volatility clustering.
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Figure 1. Levels (left panel) and log returns (right panel) of the natural gas spot price series.

The left panel of Figure 2 shows the histogram of log returns, together with their
kernel density estimate (KDE), benchmarked against the fitted normal density function.
The right panel of the same figure displays the Q-Q plot of log returns. Overall, log returns
have not deviated significantly from normality, as confirmed by the computation of their
sample-centered moments: 0.0016 (mean), 0.0011 (variance), —0.0316 (skewness), and
3.1804 (kurtosis). The Jarque—Bera test does not reject the null hypothesis of normality,
yielding a p-value greater than 0.5. However, the presence of a few outliers in the tails
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leads the Kolmogorov-Smirnov test to reject the same null hypothesis at any conventional
significance level, with a p-value below 0.0001.
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Figure 2. Histogram, KDE, and fit of the normal probability density function from log returns on the
natural gas spot prices (left panel) and Q-Q plot of the same returns (right panel).

Therefore, while the normal distribution is not a perfect fit, as also shown by Gambaro
and Secomandi (2021), it can serve here as a reasonable first-order approximation of natural
gas returns. This supports the use of a seasonally adjusted version of the Gibson and
Schwartz (1990) model, which assumes a lognormal distribution for the spot price S;. As
we will demonstrate, this assumption is not problematic when calibrating the forward
curve but becomes inadequate when applied to option pricing.

2.2. Features of Futures Contracts

Futures contracts are traded at the TTF with maturities extending up to more than
150 consecutive months. Naturally, the most liquid contracts are those with maturities of
less than two years, with particular emphasis on those expiring within one year. The pricing
and contract size specifications of these futures closely resemble those of daily futures, as
discussed in the previous subsection. Trading for these contracts concludes at the close of
business two UK business days before the first calendar day of the delivery month.

Following standard notation, we denote by F(t, T) the settlement price on day f of a
futures contract with delivery date T. At each day ¢, given a set of n maturities {T;}} ,,
the collection of time-t futures prices for delivery dates T;, denoted as {F(t, T;) }_,, forms
the so-called forward curve. Figure 3 illustrates the 12-month-ahead forward curves
throughout 2024, representing the so-called forward surface, featuring 3144 daily prices.
Additionally, Figure 4 presents presents the 12-month-ahead forward curves of natural gas
for the first day of each month in 2024, grouped by quarter. Overall, the forward curves
exhibit strong contango in the early months and leading into the summer, indicative of
increasing demand expectations. The presence of backwardation in the third and fourth
quarters suggests that market participants anticipate lower prices following peak demand
periods. These patterns align with typical seasonal trends in natural gas markets, where
prices tend to rise ahead of winter and summer before declining thereafter.
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Figure 3. Full 12-month-ahead forward surface of natural gas in 2024.
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Figure 4. 12-month-ahead forward curves of natural gas for the first day of each month in 2024,
grouped by quarter. Solid dots represent spot prices.

2.3. Features of Option Contracts

Options on natural gas futures are also actively traded at the TTF. In particular,
European-style plain vanilla call and put options, available with a wide range of strike
prices, are traded on each monthly futures contract, with maturities coinciding with the
respective futures contract’s delivery date. If an option is not manually abandoned, in-
the-money options are exercised automatically, resulting in the delivery of the underlying
futures contract.

Figure 5 presents the entire price surface for call options as of the first trading day of
2024 for futures contracts with maturities extending up to twelve months. The underlying
forward curve is depicted in the top-left panel of Figure 4, which indicates that the spot price
on that day was 28.8. Furthermore, the futures market exhibited contango, characterized
by an upward slope, reflecting market expectations of rising prices in the subsequent
months following a period of stable prices. As expected, the price surface bends around the
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at-the-money level. The dataset generating the surface consists of 1050 individual points,
with approximately 85 quoted strike prices per maturity, ranging from a minimum of 10 to
a maximum of 110.
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Figure 5. Prices of call option with maturities up to 12 months on 2 January 2024.

For brevity, the left panels of Figure 6 display the prices of call and put options with
maturities of one, three, and six months on the first trading day of the remaining three
quarters of 2024. Interestingly, these price curves are not always monotonic with respect to
maturity, reflecting the seasonal patterns of natural gas demand and supply. For instance,
on 1 July, call options on futures expiring in six months (i.e., at the end of December)
are the most expensive among the displayed options, aligning with the peak of the blue
forward curve in the bottom-left panel of Figure 4, which corresponds to the seasonal
increase in demand during the colder months. Conversely, on 1 October, call options
expiring in six months (i.e., at the end of March 2025) appear to be cheaper than those
with shorter maturities. This behavior is consistent with the decline observed in the blue
forward curve in the bottom-right panel of Figure 4, which corresponds to the seasonal
reduction in natural gas demand during spring, a period characterized by minimal heating
or cooling requirements.

Finally, the right panels of Figure 6 translate the price data from the left panels into
Black-Scholes implied volatilities. As shown, the implied volatilities exhibit irregular
patterns and reach extreme values, significantly deviating from the annualized sample
historical standard deviation of the log returns of the spot price series, which is estimated at
0.5301. This observation suggests that a simple constant-volatility model is inadequate for
capturing the distinctive behavior of natural gas options, as noted in the previous literature.
Consequently, in the following section, we extend a seasonal version of the model proposed
by Gibson and Schwartz (1990), which is effective for futures prices alone, by incorporating
a local volatility factor to achieve a better fit for option prices as well.

As discussed in the preceding three subsections, natural gas financial contracts exhibit
several distinctive characteristics, most notably a pronounced seasonality in forward curves
and noticeable volatility smirks in option prices. While the latter is relatively common
among commodity options, as evidenced by the extensive literature on the modeling of
volatility structures in such markets (a concise summary of which is provided in Fanelli and
Frau (2024)), the former is more specific to certain commodities. Appendix A.2 presents the
12-month-ahead forward curves for four representative commodities, following the same
approach as in Figure 4. As shown, coal and corn exhibit clear seasonal patterns, whereas
copper and crude o0il do not. This explains why the original model proposed by Gibson
and Schwartz (1990), which is tailored to crude oil financial contracts, does not include a
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seasonal component—a limitation that becomes evident when modeling natural gas, where
such a term is essential (see Remark 2).

Options prices on 01-Apr-2024

Implied volatilities on 01-Apr-2024
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Figure 6. Prices and implied volatilities of call and put options with 1, 3 and 6 months maturity on
the first day of quarters 2, 3 and 4 of 2024.

3. The Local Volatility-Seasonal Stochastic Convenience Yield Model

In this section, we introduce two benchmark models for the natural gas spot market

and discuss the methodology for pricing futures and options under both frameworks.

Specifically, in Section 3.1, we present the seasonal convenience yield model, an extension of

the seminal framework proposed by Gibson and Schwartz (1990). This model incorporates

a seasonal component in the convenience yield to better capture the seasonality observed
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for futures prices in Section 2.2. In Section 3.2, we further extend this model by introducing
a local volatility factor in the spot price process.

3.1. The Seasonal Stochastic Convenience Yield Model

We consider a frictionless, arbitrage-free financial market modeled by a filtered prob-
ability space (Q, F,F = (F;)s>0, Q), which supports all the relevant stochastic processes
introduced below. Here, Q denotes an equivalent martingale measure.

The market is assumed to have a deterministic term structure, with r(t) representing
the instantaneous risk-free interest rate. In the empirical analysis of the following section,
r(t) is modeled using the deterministic specification proposed by Svensson (1994)*,

Let S = (S¢);>0 denote the spot price of natural gas, and let B = (B¢);>( represent the
price process of the money market account, given by B; = exp ( fot r(s)ds). Furthermore,
let 6 = (J¢)s>0 denote the stochastic convenience yield associated with S.

Building on the seminal work of Gibson and Schwartz (1990), we assume that the
convenience yield process J consists of the sum of a deterministic seasonal component, rep-
resented by a periodic function g(f), and a mean-reverting Ornstein-Uhlenbeck x = (xt);~-
We subsequently refer to this model as the seasonal convenience yield model (sCY). -

Formally, the sCY model is characterized by the following system of stochastic differ-
ential equations:

? = (r(t) — &)dt + ogdW;, (1)
t

dé; = g/(t)dt + dx; (2)
dxy = x(0 — x¢)dt + o dWJ, (3)

with initial conditions Sy € R™, §p € R and xo = dp — g(0).
The model parameters and processes are as follows:

e W5 = (W?)>0and W¥ = (W});>0 are two standard Brownian motions with correla-
tion p € [—1, 1], representing the sources of market risk and convenience yield risk,
respectively;

e the function g(#) : RT — R captures seasonality and is assumed to follow one of the
easiest’ specifications proposed by Harvey (1989):

g(t) = acos(bt+c) (4)

witha,b,c € R;

e the parameters 05,0, € RT represent the volatilities of the spot price and of the
mean-reverting component of the convenience yield, while x, 6 € R denote the speed
of mean reversion and the long-run mean of the latter.

Remark 1. It is worth noting that if the seasonal component is removed by setting g(-) = 0, the
sCY model reduces to the original model proposed by Gibson and Schwartz (1990) for financial
contracts based on crude oil futures.

3.1.1. Solution of the sCY Model

We now look for (conditional) solutions to the SDEs in (1)-(3).
Starting from x it is known that, conditional of ¢,

T
xr = xeT-H 4 9(1 - e*K(Tft)) + (fx/ e KT gwx
t
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for any T > t. As for S, the stochastic differential of In S; computed by I1td’s Formula®
delivers

dln St :SldSt —
t

_1
-3

0.2
= r(t)—(st—is dt 4 osdW;.

11 S S
25%d<0’55tw ,UsstW >t

11
(St(?’(t) —(5t)dt+055tdwt5> 252 Sdet

Integrating from ¢ to T delivers

T o2 T
lnST—lnSt:/ r(s) =6 -2 ds+(75/ dWS.
t t

Taking exponentials and rearranging terms, we find that, conditional on ¢,

o2
St = Siexp (/tT(r(s) —ds)ds — TS(T_ t) + o5 (W% - Wf))

Since (2) simply solves as d; = g(t) + x;, separating the deterministic components from the
stochastic ones, we obtain

2

St = Srexp (/tT(r(s) —g(s) — x5)ds — %(T - t)) exp(US (W% - Wf))

= Srexp (/tT(r(s) —g(s))ds — /tT (xte*"(sft) + 9(1 - e*"(sft)))ds - ¢72§(T - t)) :
-exp(—(rx /tT (/ts eK(S”)dWLf)ds + 05 (W% - Wf))

Setting B(t, T) := 1 (1 - e_K(T_t)), we can write

T (72
St = Srexp (/t (r(s) —g(s))ds — x;B(t,T) —60(T —t — B(t, T)) — 75(7" - t)) .

T 'S
- exp (—ax /t (/t e_K(S_”)delC) ds + o5 (W% - Wf))

Notice that, since the argument of the double integral in the last exponential is strictly
positive, thanks to the Fubini’s Theorem for stochastic integrals (see Result 6.12 in Karatzas
and Shreve 1998), we can also write

T/ s T/ (T
/ ( / e—"<s—”)dWZf)ds— / < / e_"(s_”)ds)dwff
t t t u

T
- / B(u, T)dWX.
t
o2
Therefore, setting A(t, T) ft (s))ds —6(T —t—B(t,T)) — 75(7" —t), we have

St = Stexp(A(t, T) — x:B(t,T)) exp(—ax /'T B(u, T)dW; -+ o5 (W - wf)). 5)
t
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Notice that (W5 — W7) can be rewritten as |, tT dWS. As the exponential in (5) is involving
two stochastic integrals of deterministic functions of time, their sum is normally distributed
with zero expected value and variance equal to

T T
C2(t,T) = V{—ax/ B(u, T)def—i—ch/ dwf}
t t
T T T T
= V[Ux/ B(u, T)def} +V[05/ dW;?] —2Cov [O'X/ B(u, T)def,as/ dW,f].
Jt t Jt Ji
Recalling that d(W*, W®) = pdu, thanks to It0’s Isometry, we get

T T T
C2(t,T) = U%/ B*(u, T)du + o2 / du — 20405 / B(u, T)pdu
t t t

2
_ 9% (_ —x(T—t) _ ,—2x(T—t) _ 2
_2K3( 3+ 4e e +2x(T t))+US(T b+
20,0 —(T—
- KZSP (—1+e x(T t)+K(T—t)).

Therefore, conditional on ¢, it holds
log St ~ A (log S; + A(t,T) = B(t, T), CX(t,T)). (6)

3.1.2. Pricing Within the sCY Model

We now look for both futures and options prices within the sCY model.

Since there is no interest rate risk, the t-price F(t, T) of a futures contract on S with
delivery T can be simply computed as F(t, T) = E[St|F;]’. Using the distributional result
in (6), we have

F(t,T) = E[Sr|Fi] = exp <logSt +A(t,T) — x;B(t, T) + Cz(;”) @)

T
= Srexp (/t (r(s) —g(s))ds—6(T —t—B(t,T)) — x:B(t, T)+

2

O ( —k(T—t) _ ,—2k(T—t) . _ Ox0sp (- —k(T—t) .
+4K3( 344e e +2x(T— 1)) 2 (~1+e +x(T t))).

T 2
= Syexp </t (r(s) —g(s))ds —x;:B(t, T) + % (—3 + 4Tt _ p=26(T=) 4 o(T — t))

KO + 00
++SP

(B(+,T) — (T — t>>).

Moreover, given and the explicit choice of g(+) in (4), we also have

exp [ (r6) ~ gle1)as) = exp( [ (r(5) — g(s)s)
=exp (y(T)T —y(t)t— %(sin(bT +c¢) —sin(bt + c)))

where y(-) is the yield to maturity® of the riskless security.
As it will be particularly useful later on, the unconditional time-0 futures price within
the sCY model, F*¢Y (0, T), of a futures contract on S with maturity T is given by

a

b
2
X

Ox (g 4o T _ 2T K0 + oxosp _
+4K3( 3+ 4e7T — T LT + %P (0, T) T)). (8)

FCY(0,T) = Spexp (y(T)T (sin(bT + ¢) —sin(c)) — xoB(0, T)+
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Remark 2. The explicit futures price formula in the original model of Gibson and Schwartz (1990)
can be derived from Equation (7) by setting g(-) = 0 (see Remark 1). In this case, the argument of the
exponential leads to forward curves F(t, T) characterized by a single peak and at most one inflection
point. This makes it evident that the inclusion of the seasonal component g in the convenience yield
is essential to reproduce the wavy shapes observed in the forward curves shown in Figure 4, and
even more so in the left panels of Figures 7 and 8.
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Figure 7. Results of the calibration of the sCY model on the first day of each quarter of 2024.
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Figure 8. Results of the calibration of the CEV-sCY model on the first day of each quarter of 2024.

We now turn to option pricing. As recalled in Section 2.3, in the natural gas market,
options are written on futures contracts. In order to derive the closed-form solution for the
price of European call and put options on futures contracts, we first need to study their
price process evolution. From (7), we can write F(t, T) as

F(t,T) = Siexp <A(t, T)—xB(t, T) + (?(;’T))
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Taking the stochastic differential of F(t, T) according to It6’s formula, we obtain

dFF((tf'TT)) — (A'(,T) — xB'(1,T) + C(t, T)C'(1, T))dt + Sltdst ~ B(t, T)dxit
2B T)d{x ), B(gtT) d(x,5),
= (A'(t, T) — x:B'(t, T) + C(t, T)C'(t,T))dt + (r(t) — g(t) — x¢)dt + osdW; + )

2
~ B T)(k(6 — x¢)dt + ordWF) + %Bz(t, T)dt — B(t, T)osovpdt
= (...)dt + ogdW; — B(t, T)o dWF.

As F(t,T) = E[St|F:], F(t,T) must be a martingale. Therefore, the drift in (9) has to be

equal to zero so that

dF(t, T) s N
W - U’Sth - B(t, T)O‘xth Y]

which is indeed a stochastic exponential.
As a consequence, for any t > v,

ot
F(t,T) = F(v,T)exp (—; / ((Tg + B%(u, T)o2 + B(u, T)Usaxp) du+

t t
Yo / dWS — oy / B(u, T)dwgf)
v v

C(v,t)?
2

t t
— F(o,T) exp( +c75/ defax/ B(u,T)dw;f).
JO JU

From a distributional point of view, conditional on v,

2
log F(t,T) ~ N(logF(v, T)— %

,C%(v, t)) .

This explicit characterization allows for generalizing the seminal formula by Black (1976)
and computing c(t), the time-t price of a call option on the futures contract with deliv-
ery date and maturity T and strike price K when the futures contract quotes F(t, T). In
particular, we have

T
r

c(t) = E[e‘ft ()4 (F(T, T) — K)*’ft}

= o 1% (B F(T, D)y 1,15 1] ~ KQIE(T, T) > KI7)

O (F, N (di(t,T)) = KN (da(t,T) )) (10)
with
~ 10 F(ZT) + Cz(ZtrT) - _ 5
BieT) = B and (4 T) = d(0T) [ T) (1)

and where N(-) represents the cumulative distribution function of a standard normal
random variable.

Following similar steps, it is possible to obtain the time-t price p(t) of a put option on
the futures contract with delivery date and maturity T, and strike price K when the futures
contract quotes F(t, T). Indeed,
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p(t) =E[e” I s (k — BT, T))*]ft}
= e i 1903 (KQUF(T, T) < K|F] — B[ (T, T)lgr. 1)<k | 7))

— o J r(s)as (KN(—aTz(t, :r)) E(t, T)N( d(t, :r))) (12)

where d; and d, are defined in (11).

For further reference, the unconditional time-0 prices of a call and a put option on the
futures contract with delivery date and maturity T and strike price K within the sCY model
are given by

CY (0) = (DT (P(o, T)N(El(o, T)) — KN (d}(o, T)))
psCY (0) = e ¥(DIT (KN(—&;(O, T)) — F(0, T)N(—[{l(o, T))).

3.2. The Local Volatility-Seasonal Stochastic Convenience Yield Model

(13)

We now extend the sCY model by incorporating a local volatility component inspired
by the Constant Elasticity of Variance (CEV) model introduced by Cox (1975). This modifica-
tion enables capturing the well-documented leverage effect, documented in energy markets
also by Kristoufek (2014), without introducing an additional source of risk/Brownian
motion, thereby preserving model parsimony.

This extension is expected to improve the fitting accuracy of the standard sCY model
when applied to option pricing, producing return distributions that exhibit larger devi-
ations from the normal benchmark, in terms of negative skewness and leptokurtic be-
haviour. These features are consistent with those of the spot price process, as analysed in
Section 2.1. In the following, we refer to this alternative model as the Constant Elasticity
of Variance—Seasonal Convenience Yield model (CEV-sCY).

Within the same framework as the sCY model presented in Section 3.1, we modify the
stochastic differential equation governing the natural gas spot price S in (1) as follows:

dS; = Si(r(t) — &;)dt 4 0sS; AW, (14)

where v € R represents the elasticity of variance, while all other processes and parameters
remain consistent with those in the sCY model.

Unlike the sCY model, for which an explicit solution was derived in Section 3.1.1, the
CEV-sCY model does not admit a closed-form solution. Therefore, in the next subsection,
we introduce a flexible and computationally feasible lattice discretization of the CEV-sCY
model that enables the pricing of both futures and options by the standard backward
recursion introduced together with the binomial tree by Cox et al. (1979).

For completeness, we note that explicit pricing formulas can be derived within the CEV
framework when the convenience yield is deterministic. Specifically, if the convenience
yield consists solely of its deterministic seasonal component, i.e., §; = g(t), the spot price
follows a complementary non-central chi-square distribution featuring an explicit, yet
not straightforward, density function (for early work on option pricing within the CEV
model, see Emanuel and MacBeth (1982), and for a comprehensive comparison of numerical
techniques applicable to the CEV model, refer to Larguinho et al. (2013)).

A Lattice Representation for the CEV-sCY Model

The construction of a bivariate lattice representation for the CEV-sCY model follows a
similar approach to the one used for the two-factor stochastic interest rate model discussed
in detail by Battauz and Rotondi (2022).
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Let WX = (W), and WY = (W),
instantaneous correlation p € [—1,1]. As outlined in Stroock and Varadhan (1997), a general

be two standard Brownian motions with

bivariate stochastic process {(X¢, Y¢) }+>0, defined by
dX; = uxdt + oxdWX (15)
dYy = pydt + UythY

with initial conditions Xy, Yy € R, where the drift terms px and py may depend on ¢, X;,
and Y}, admits a feasible lattice discretization (whose details are recalled in the Appendix A),
provided that ox and oy are positive constants.
In the context of the CEV-sCY model, the stochastic differential equations to be dis-
cretized are
{ dS; = Si(r(t) — &;)dt + 05 SJAWS a8
déy = g/ (t)dt + x(6 — x;)dt + o dW}

where the presence of the local volatility term in S prevents direct application of a standard
lattice discretization due to the non-constant diffusion coefficient. However, following the
approach of Rotondi (2024a), we first discretize the transformed process (f(S), ), where f
is a suitable function ensuring a constant diffusive term in d f(S(t)). Then, the discretization

of the original S can then be retrieved through the inverse transformation f~1(-).
s 7

Applying It0’s lemma to X; := 3 yields
dXy = | (1—-7)X (r(t)—é)—a—gii dt + osdW;
L= V) At t 217X SUVVy .

Thus, the bivariate stochastic process (X,Y) = (%,5) satisfies (15) with

2
px =(1-7)X(r-Y) - %ﬁ% py =g (t) +x(0-Y), ox=0s, oy =0y,
1—y
where the initial conditions are given by Xy = i(’j and Yy = p.

Consequently, we can efficiently discretize the transformed pair (il_i, (5) using a

computationally feasible bivariate lattice and recover the discretized values of S by inverting

the definition of X, specifically setting S; = ((1 — v)X;) =3

Let Y = {iAt}"_; be an n-step uniform partition of the interval [0, T], where At := L.
Consider the n-step computationally feasible lattice discretization of the CEV-sCY model
described above, denoted by {(Sy;, o) }1,cy-

Let ¢(-) be a generic payoff function. The initial no-arbitrage price of a contingent
claim with a time-T payoff ¢(St) within the discretized CEV-sCY model is given by Vt(g

This value is computed using the standard backward recursion

Ve =35,
50 _ oyt [ 0P : 17)
Vt- —e y(tiv)tir+y( f)tzE[Vt_H ]:tz} fori=n-1,...,0,

where y/(t) represents the yield to maturity on the riskless security, whose explicit expression
is provided in Note 8.

In particular, the unconditional time-0 futures price FEEV=CY (0, T) of a futures contract
on S with maturity T within the CEV-sCY model is obtained by setting ¢(x) = x. Further-
more, the unconditional time-0 prices of a call and a put option on the futures contract
within the same model, with delivery date and maturity T and strike price K, denoted by
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CCEV—sCY(O) CEV-sCY(O)

and p , respectively, are determined by choosing ¢(x) = (x — K)*

for the call option and ¢(x) = (K — x)™ for the put option.

4. Empirical Analysis

In this section, we calibrate the two models introduced in the previous section to
futures prices, evaluating both their in-sample fit, assessing how well the models capture
the observed forward curves, and, more importantly, their out-of-sample performance
in reproducing unseen data on options written on the same futures. Specifically, we
first provide details of our calibration approach in Section 4.1; then, we conduct this
calibration for the sCY model in Section 4.2 and for the CEV-sCY model in Section 4.3.
Finally, in Section 4.4, we evaluate the goodness of fit of our models also from a delta-
hedging perspective.

4.1. Structure of the Calibration Exercises

On the first trading day of each month in 2024, we calibrate both models introduced
in Section 3 to the forward curves up to a one-year maturity, specifically to the twelve
curves displayed in Figure 4. Let { F"(0, T;) };—1 .. 1» denote the observed 12-month-ahead
forward curve on a given target day. Since we conduct the calibration at the beginning of
each month, the maturities {T;},—1 12, expressed on an annual basis, are approximately
given by {11—2 }i—1,..12, with minor deviations due to the non-constant maturities of monthly
futures caused by holidays and different months’ lengths.

The sCY model involves nine parameters to be calibrated, denoted as @Y =
{0s,00,%,0,0%,p,a,b,c}, while the CEV-sCY model includes ten parameters, collected in
@CEV-CY which contains all the parameters in @Y along with the additional elasticity of
variance parameter, 7.

For both models, we minimize the mean squared error between the observed fu-
tures prices {F"(0, T;)}; and those implied by the models, explicitly incorporating the
dependence on the respective parameter sets: {FCY(0, T;;®CY)};, obtained using the
closed-form solution in (8), and { FCEV-CY (0, T;; @CEV-CY)}; computed via the algorithm
in (17) with ¢(x) = x. Accordingly, we estimate the model parameters by solving

A 1 2 2
OV := argmin_> ) | (kat(or ;) — F(0, T; ®y)) (19
®YeDY i=1

fory € {sCY,CEV-sCY}, where DY represents the parameter domain. Specifically, we define
DY = ([0.05,4],[—4,4],[0.05,40], [-2,2],[0.05,4], [-1,1],[-12,12], [-12,12], [-12,12]) and

apply the same bounds for DCEV-sCY

, with the additional constraint [0.9,1.1] for 1.
After computing the optimal parameter set ®Y, we evaluate the in-sample goodness
of fit by assessing how well the calibrated models reproduce the observed forward curve.

Specifically, we compute the objective function in (18) at the minimum, yielding

1 12 ” R 5
- [e— m . — FY - Y
IS-MSE = — ;(F (0, T;) — F¥(0, T;; & )) (19)
fory € {sCY,CEV-sCY}.
More importantly, we assess the out-of-sample goodness of fit by evaluating the
model’s ability to price market options written on the same monthly futures used for
calibration. Specifically, we compute
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1 [ )2
5 E:— mbkt ‘T K:) = cY(0: T K- ©®Y
OOSMSE = - <1=21<C (0T, K;) — ¥ (0; T, K;; 0%) ) "+
2 kt A 2
+ 3 (PO T K — P (0T, K 69)) ), (20)
i=1

where {c"*(0;T;,K;)}i=1,.n. and {p"*(0;T;, Ki)}i=1,..,n, denote the observed market
prices of call and put options, respectively, across all available strike-maturity pairs. For
instance, on 1 January 2024, the set {c"*(0; T;, K;) };=1,.. . coincides with the 1050 call
options forming the price surface in Figure 5. Overall, considering all the twelve calibration

c

dates, more than 26,000 daily option prices are used in this study.

Theoretical option prices, c¥ (0; T;, K;; ®Y) and p¥(0; T;, K;; V), are computed using (13)
for the sCY model and via the scheme in (17), with the appropriate payoff function ¢(x),
for the CEV-sCY model.

4.2. Calibration of the sCY Model

We begin by calibrating the sCY model following the procedure outlined in the previ-
ous subsection. A summary of the calibration results is presented in Table 1, while the full
set of results is provided in Table A1l in the Appendix A.

Table 1. In-sample mean squared error (IS-MSE), as defined in (19), out-of-sample mean squared
error (OOS-MSE), as defined in (20), estimated value of og obtained from the calibration of the sCY
model to forward curves, following the procedure described in Section 4.1. Full calibration results are
provided in Table Al in the Appendix A.

sCY Model

Date IS-MSE OOS-MSE os
2 January 2024 0.1825 63.9082 1.9983
1 February 2024 0.0770 8.2955 1.0250
1 March 2024 0.0920 75.3805 1.9980
1 April 2024 0.0635 98.0306 1.9973
1 May 2024 0.0617 97.1887 1.9600
3 June 2024 0.0597 36.4729 1.3826
1 July 2024 0.0471 120.9739 1.9974
1 August 2024 0.0393 136.6813 1.9994
2 September 2024 0.0398 156.8812 1.9947
1 October 2024 0.0106 63.4989 1.4645
1 November 2024 0.0055 41.0695 1.2082
2 December 2024 0.0154 43.9077 1.3377
Average 0.0578 78.5241 1.6969

As expected, the in-sample mean squared error (IS-MSE), which corresponds to the
value of the objective function of the calibration at the optimum, is extremely small, aver-
aging 0.0578 across all the dates under analysis. Consequently, the sCY model effectively
fits the forward curves. This is confirmed by the first column of panels in Figure 7, where
the model-implied futures prices (in orange) closely replicate the observed market prices
(in blue). A minor exception occurs on 2 January 2024, at shorter maturities, where actual
futures prices remain more stable than predicted by the model. Accordingly, as shown in
the first row of Table 1, the highest IS-MSE is observed precisely on that date.

It is noteworthy that the seasonal extension of the convenience yield, relative to the
framework proposed by Gibson and Schwartz (1990), which was originally designed for
crude oil futures and options markets that exhibit less pronounced seasonality, enables the
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sCY model to generate forward curves with multiple local extrema. This feature cannot be
captured by a simple Ornstein—Uhlenbeck process.

While the strong in-sample fit is largely mechanical, given that the model has nine
parameters while each forward curve consists of only twelve data points, the precision of the
estimates appears promising for the subsequent out-of-sample evaluation on option prices.

Unfortunately, the out-of-sample performance is significantly poor. As shown in
Table 1, the out-of-sample mean squared errors (OOS-MSE) are remarkably high, averaging
78.52 across all examined dates. This considerable discrepancy is clearly illustrated in the
second and third columns of the panels in Figure 7, where model-implied option prices are
substantially overestimated compared to observed market prices, both in absolute Euro
terms and in terms of implied volatility.

The primary driver of this severe overpricing is the excessively high estimate of the
spot price volatility parameter, 0. The estimated values of og, reported in the last column of
Table 1, indicate an average volatility close to 1.70, which corresponds to an unrealistically
high 170% volatility”. Consequently, this inflated volatility estimate leads to a dramatic
overvaluation of option prices.

This issue arises because, in the calibration of the sCY model to futures prices, og has
only a marginal influence on the forward curve, as seen from the explicit expression of
FCY(0, T) in (8). Specifically, its impact is mediated through the correlation between the
Brownian innovations driving the stochastic convenience yield and the spot price p and
the volatility of the convenience yield oy. As a result, oy is difficult to estimate accurately.
However, in option pricing, s plays a crucial role, and errors in its estimation propagate
significantly, leading to the extreme mispricing observed in this calibration exercise.

4.3. Calibration of the CEV-sCY Model

We now proceed with the calibration of the CEV-sCY model. A summary of the
calibration results is presented in Table 2, while the full set of results is available in Table A2
in the Appendix A.

Table 2. In-sample mean squared error (IS-MSE), as defined in (19), out-of-sample mean squared
error (OOS-MSE), as defined in (20), estimated value of o5 and of y obtained from the calibration
of the CEV-sCY model to forward curves, following the procedure described in Section 4.1. Full
calibration results are provided in Table A2 in the Appendix A.

CEV-sCY Model

Date IS-MSE OOS-MSE s 0%
2 January 2024 0.1962 9.8278 0.4380 0.9475
1 Febryary 2024 0.1677 6.8720 0.4627 0.9583
1 March 2024 0.0743 1.3640 0.8853 0.9851
1 April 2024 0.0593 3.2990 0.7566 0.9686
1 May 2024 0.0600 6.4082 0.1759 0.9925
3 June 2024 0.0626 5.5388 0.3690 0.9931
1 July 2024 0.0503 6.5642 0.4150 0.9540
1 August 2024 0.0365 2.3074 0.6055 0.9559
2 September 2024 0.0063 5.9645 0.0566 0.9264
1 October 2024 0.0671 2.4783 0.5832 0.9672
1 November 2024 0.0040 4.4448 0.0719 0.9490
2 December 2024 0.0287 4.1055 0.4587 0.9578
Average 0.0678 49312 0.4399 0.9630

As expected, and in a similarly mechanical manner as observed for the sCY model,
the CEV-sCY model successfully fits the observed forward curves, achieving an average
in-sample mean squared error (IS-MSE) of 0.0678. Consistently, the first column of panels
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in Figure 8 illustrates that the forward curves generated by the model closely align with the
market curves, mirroring the results obtained in Figure 7 for the sCY model. Similar to the
previous calibration exercise, we note that the forward curve on 2 January 2024, remains
the most challenging to replicate.

Notably, the CEV-sCY model yields an average out-of-sample mean squared error
(OOS-MSE) of 4.9312, which is an order of magnitude lower than the corresponding figure
obtained for the sCY model. As before, 2 January 2024 exhibits the largest deviation in
option prices. This significant reduction in out-of-sample error is also evident in the second
and third columns of panels in Figure 8, where model-implied option prices are now
substantially closer to observed market prices, both in absolute monetary terms and in
terms of implied volatility.

The improved accuracy can be attributed to a more refined estimation of the diffusive
component of the spot price process S, which is now governed by both ¢s and the constant
elasticity of variance parameter vy. The interaction between these two parameters enables a
more precise characterization of the overall variability in the spot price process, ultimately
enhancing the model’s ability to predict option prices. Interestingly, the average estimate
of og is approximately 0.44, which, when considered in isolation, is much closer to the
historical volatility of the natural gas spot price process (0.52). Meanwhile, the average
estimated value of vy is 0.9630, a figure typically associated with equity markets rather
than commodities. Nevertheless, the effectiveness of the local volatility component is
evident, as it allows for an improved representation of the spot price process’s volatility,
despite the estimated <y being close to one, for which the two models analysed in the paper
would coincide.

Remark 3. The two models have been calibrated monthly over a full calendar year to ensure that
the results are not biased by seasonal effects. Although the OOS-MSE of the sCY model tends
to be consistently above its average during the spring and summer months, possibly due to an
underestimation of the volatility surrounding natural gas prices in the months ahead, there does not
appear to be a clear seasonal pattern in the performance of either model. The choice between the two
should therefore be quided by the intended application: for futures curve forecasting, the simpler and
more computationally efficient sCY model may suffice; for option pricing or hedging purposes, the
CEV-sCY model provides greater accuracy and robustness.

4.4. Hedging Performances

Accurate pricing models are essential not only for valuing derivative contracts con-
sistently with market data but also for guiding risk management strategies such as delta
hedging. In what follows, we assess the practical impact of the proposed models by compar-
ing their performance in a delta-hedging exercise across different option moneyness levels.

Assume that at time t = 0, one of the two proposed models is calibrated to the
prevailing forward curve. Taking the perspective of the option issuer, we consider a
hedging portfolio that, at time ¢ = 0, is short one call option written on a specific monthly
futures contract maturing at time T, with strike price K, and long A units of the underlying
futures F(0, T). The value of Ay is determined according to the delta computed from the
calibrated model'’. Any imbalance between the short option position and the long futures
position is financed through the risk-free asset.

On each subsequent day ¢, the model is recalibrated to incorporate the updated futures
curve available at that time. The position in the underlying futures contract F(¢t, T) is then
adjusted according to the newly computed delta, A;, with the risk-free asset once again
used to finance any changes in the portfolio.

At maturity T, after the option’s payoff has been settled, the hedging performance is
evaluated by analysing the standard deviation of the cash flows generated by the strategy,
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specifically, the variability in the total cost of maintaining a delta-neutral position over the
life of the option. This framework corresponds to a model-based delta hedging strategy
assessed from a risk-minimization perspective. In this sense, the approach is consistent
with the principles of local risk minimization commonly employed in incomplete markets.

For the numerical exercise, we set t =0 to 1 July 2024, which, as shown in Tables 1 and 2,
lies approximately in the middle of the overall in-sample and out-of-sample performances
recorded throughout the year. We consider two time horizons: one month and three months,
focusing respectively on call options written on the August futures contract (with delivery
at the end of July) and on the October 2024 futures contract (with delivery at the end of
September). On 1 July 2024, the August futures traded at 33.485, while the October futures
quoted at 35.67. Based on these values, we examine seven different strike prices for each
option and assess the performance of delta-hedging portfolios with daily rebalancing.

Table 3 summarizes the results of the hedging analysis. As observed, aside from the
at-the-money options, where both models yield comparable outcomes without a clear ad-
vantage, the CEV-sCY model consistently demonstrates superior performance as the strike
moves either in- or out-of-the-money. In these cases, it exhibits lower variability in the cash
flows generated by the hedging strategy. This finding highlights the importance of the local
volatility component in better capturing the behavior of options that are far from the money.
Consequently, as pointed out in Remark 3, the CEV-sCY model appears more suitable for
market participants interested in natural gas options, as opposed to those focused solely on
futures trading, for whom the sCY model alone remains reasonably effective.

Table 3. Summary statistics of the cash flows generated by the delta-hedging strategies described in
Section 4.4. For the standard deviations, values in bold indicate the lower (i.e., better) result between
the two models.

Time to maturity = 1 month; at-the-money level = 33.485

K 27 30 33 37 40
sCY CEV-sCY sCY CEV-sCY sCY CEV-sCY sCY CEV-sCY sCY CEV-sCY
Sum —0.0362  0.1556  0.0470  0.1546  0.7514 09849  0.2476  0.0998  —0.0719  —0.2251
Average —0.0018  0.0078  0.0023  0.0077  0.0376  0.0492  0.0124  0.0050  —0.0036 —0.0113
Std. Dev.  0.1352 0.0843 0.1786 0.1568 0.1425 0.1135 0.1573 0.1320 0.1264 0.1077
Time to maturity = 3 months; at-the-money level = 35.76
K 29 32 36 39 43
sCY CEV-sCY sCY CEV-sCY sCY CEV-sCY sCY CEV-sCY sCY CEV-sCY
Sum 0.7845 0.6137  1.9750 1.223 42070  4.0094 42118 53115 2.8450 2.9188
Average  0.0125 0.0110  0.0324  0.0218  0.0695  0.0678  0.0701 0.086 0.0484 0.0462
Std. Dev.  0.0900 0.0722  0.0942  0.1612  0.2577  0.3745  0.2658  0.2598 0.2477 0.1641

5. Conclusions

This paper examines the pricing of natural gas futures and options through a unified
spot price modeling framework. Building upon the seminal work of Gibson and Schwartz
(1990), we extend the classical two-factor model by incorporating a deterministic seasonal
component in the stochastic convenience yield to capture the strong seasonality observed in
the natural gas futures market. While this extension successfully fits futures prices, it fails
to accurately reproduce observed option prices, suggesting that a more flexible volatility
structure is required.

To address this limitation, we introduce a further refinement by incorporating a local
volatility factor in the spirit of the Constant Elasticity of Variance (CEV) model by Cox
(1975). This enhancement allows for a more accurate representation of the underlying spot
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price dynamics, leading to a significant improvement in option pricing performance. Since
closed-form solutions for futures and options prices are no longer available in this extended
setting, we propose an efficient lattice-based numerical approach for pricing derivatives.

Our findings highlight the importance of both seasonality and local volatility in
modeling natural gas markets. By bridging the gap between futures and options pricing
models, this study contributes to the existing literature on commodity derivatives and
offers a framework that better captures the empirical behavior of market prices.

Future research could explore the incorporation of fully stochastic seasonal and volatil-
ity components, as well as extensions that account for jumps or regime-switching dynamics
in the spot price process.

Funding: This research received no external funding.

Data Availability Statement: Restrictions apply to the availability of these data. Data was obtained
from the European Central Bank, available at https://www.ecb.europa.eu/stats/financial_markets_
and_interest_rates/euro_area_yield_curves (accessed on 14 May 2025), from Datastream, available at
https:/ /www.Iseg.com/en/data-analytics/products/datastream-macroeconomic-analysis (accessed
on 14 May 2025), with the permission of LSEG Data & Analytics Group, and from LSEG Workspace,
available at https:/ /www.lseg.com/en/data-analytics /products/workspace (accessed on 14 May
2025), with the permission of LSEG Data & Analytics Group.

Acknowledgments: I would like to express my sincere gratitude to the three anonymous Reviewers
for their thoughtful and constructive feedback on earlier drafts of this manuscript. I am also indebted
to Anna Battauz for engaging discussions on the subjects covered in this work. Special thanks go to
the participants of the Energy Finance Italy 9 conference, held at the University of Bari in February
2024, and the Workshop on Financial Derivatives and Hedging in Energy Markets, hosted by the University
of Foggia in October 2024, for their valuable comments and suggestions. Any remaining errors are
entirely my own.

Conflicts of Interest: The author declares no conflicts of interest.

Appendix A
Appendix A.1. Details of the Natural Gas Contracts Traded at the TTF

This study focuses on the natural gas market at the Dutch Title Transfer Facility (TTF)
Virtual Trading Point. Specifically, we consider daily and monthly futures, as well as
options on the monthly futures, all traded on the Intercontinental Exchange (ICE).

Despite certain distinct features, these contracts share the following common charac-
teristics:

* A standardized contract size, equal to one Megawatt per day over the specified
contract period, with 23, 24, or 25 h per day depending on the season;

¢  Price quotations expressed in Euros per Megawatt hour (Euro/MWh), based on daily
settlement prices;

* A minimum trading size of five lots, corresponding to five MWh;

*  Physical delivery as the settlement method, executed via the transfer of rights through
Gasunie Transport Services (GTS);

* A uniform delivery schedule, beginning at 06:00 (CET) on the first day of the delivery
period and ending at 06:00 (CET) on the first day of the following period.

We present below the specific characteristics of each class of contracts, also detailing
the ones used in this study:.

Daily Futures

As discussed in Section 2.1, we proxy spot contracts using one-day-ahead daily futures.
A complete description of these contracts, including weekend- and day-specific futures,
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is available https:/ /www.ice.com/products/45436633 /Dutch-TTF-Natural-Gas-Daily-
Futures (accessed on 14 May 2025).

The series of daily settlement prices for one-day-ahead futures is identified in Datas-
tream by the mnemonic TRNLTTD.

Monthly Futures

As discussed in Section 2.2, this study includes monthly futures traded at the TTE.
A comprehensive overview of their specifications can be found at https://www.ice.com/
products /27996665 / Dutch-TTF-Natural-Gas-Futures (accessed on 14 May 2025).

These contracts are available with maturities of up to 156 consecutive months. In
addition, it is possible to register strips comprising quarterly, seasonal, calendar, or other
consecutive monthly contracts. Trading ceases at the close of business two UK business
days before the first calendar day of the corresponding delivery month, quarter, season,
or year.

Daily settlement prices for monthly futures are reported in Datastream under mnemon-
ics of the form ETMmmyy, where mm denotes the delivery month and yy the delivery year.

For this study, we consider monthly futures with maturities of up to twelve months
ahead, based on the first trading day of each month in 2024.

Options on Natural Gas Futures

As presented in Section 2.3, we analyze European-style call and put options writ-
ten on the monthly futures described above. Full contract specifications are available
at https:/ /www.ice.com/products /71085679 / Dutch-TTF-Natural-Gas-Options-Futures-
Style-Margin (accessed on 14 May 2025).

Upon expiry, one lot of Dutch TTF Natural Gas Options is exercised into one lot of
Dutch TTF Natural Gas Futures. The available maturities align with those of the corre-
sponding monthly futures. Trading ends when the settlement price of the underlying
futures contract is determined, five calendar days before the start of the contract month.

Daily settlement option prices are retrieved from Refinitiv Workspace using Refinitiv
Identification Codes (RICs), which follow the structure TFOMxxxxyz, where:

¢ xxxx indicates the strike price (including two decimal places);
*  ydenotes the unique option/futures combination;
*  zrepresents the delivery year of the futures contract.

For example, TFOM1000A5 refers to a call option with a strike of 10.00 Euro/MWh on
the January 2025 futures contract.

In this study, we consider options written on all monthly futures described above. On
the first business day of each month in 2024, we collect the available set of options with
maturities from one to twelve months. For each option maturity, we consider strikes in
1 Euro/MWHh increments, ranging from one-third to three times the futures price at the
money. Options with zero reported trading volume are excluded, although such cases
are rare.

Appendix A.2. An Analysis of the Forward Curves of Different Commodities

In order to assess the applicability of both the sCY and of the CEV-sCY models to
other commodities, we investigate here the forward curves of a selection of representative
commodities, coal and crude oil for energy commodities, copper for metals, and corn for
agricultural products.

For coal, the analysis focuses on Rotterdam Coal Futures contracts traded on the ICE
exchange. As depicted in Figure A1, the forward curves display clear seasonal behavior,
including sub-annual periodic patterns. This observation supports the potential usefulness
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of both the sCY and CEV-sCY models for capturing the dynamics of futures and option
prices in this market.

In the case of crude oil, the Brent futures market is considered. Figure A2 reveals
that Brent forward curves lack evident seasonality, which justifies the effectiveness of the
original model by Gibson and Schwartz (1990) in this setting. Consequently, a non-seasonal
CEV model with a stochastic convenience yield component is likely sufficient.

Coal Forward Curves
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Figure Al. The 12-month-ahead forward curves of coal for the first day of each month in 2024,
grouped by quarter.

Crude Oil Forward Curves
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Figure A2. The 12-month-ahead forward curves of crude oil for the first day of each month in 2024,
grouped by quarter.

Turning to copper, the analysis centers on COMEX futures contracts listed on the New
York Mercantile Exchange (NYMEX), widely recognized as a global standard for industrial
metals. As shown in Figure A3, the forward curves exhibit a profile similar to that of crude
oil, with minimal or no seasonal features. As a result, the models developed in this study
may have limited applicability in this context.

Finally, for corn, the focus is on futures contracts traded on the Chicago Board of Trade
(CBOT), part of the CME Group. Figure A4 demonstrates that corn forward curves display
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pronounced seasonal trends, comparable to those observed for coal. Hence, both the sCY
and CEV-sCY models appear well-suited for accurately modeling futures and option prices
in this agricultural market.

Copper Forward Curves

8650 10,500
=
<
& 8600 {000
(5]
g
28550 9500
=
=1
(5]
£ 8500 —02-Jan-24 |1 9000 —01-Apr-24 |
= ——01-Feb-24 | —0lMay24
[b‘-’ 01-Mar-24 03-Jun-24
8450 8500
0 2 4 6 8 10 12 0 2 4 6 8 10 12
10,000
@ 10,000
<9800 1
&
= 9800
8 9600 ]
g, 9600
£ 9400 1
g 1 9400
g ——01-Jul-24 ——01-Oct-24
é’ 9200 —0l-Aug-24[] 9200 —01-Nov-24
5] 02-Sep-24 02-Dec-24
2 9000 9000
0 2 4 6 8 10 12 0 2 4 6 8 10 12
Maturity (months) Maturity (months)

Figure A3. The 12-month-ahead forward curves of copper for the first day of each month in 2024,
grouped by quarter.
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Figure A4. The 12-month-ahead forward curves of corn for the first day of each month in 2024,
grouped by quarter.

Appendix A.3. Details of the Computationally Feasible Lattice Discretization of the
CEV-sCY Model

Consider a uniform discrete partition {iAt};—g _, of the time interval [0, T|, where
n € N denotes the number of time steps and At := % As established in Chapter 11 of
Stroock and Varadhan (1997), let the discrete-time stochastic process { (X1, Ys,) }fiar},_ oo
with initial condition (X, Yy) = (X, Yo) evolve according to the following transition rules
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(X + AX, Yt —|—AY)
l+1’ i+1 (th AX Yt + AY)
(Xi, — AX, Yi, — AY)

where the step sizes in each direction are given by

AX = oxVAt,
AY = oyVAt,

and the transition probabilities are defined as

with probability g,.,

with probability g,,4,

with probability g4,

with probability q,44,

_ By A+ puxAY + py AX + (14 P)UXUY

Juu

7

4oxoy
_ —Hxpy At + puxAY — VYAX +(1- p)Uny
fud = 4ox0oy
_ —UxpyAt — uxAY + yyAX + (1 —p)oxoy
Qau = 4 p
0x0y
Gad = Hxpy At — pxAY — py AX + (1 + p)axay

40’ng

Then, as the time step At tends to zero or, equivalently, as the number of steps 1 tends to

infinity, the discrete-time process (X, Y) converges in distribution to the continuous-time

process (X, Y) defined in (15).

Appendix A.4. Full Results of the Calibration of the sCY and the CEV-sCY Models

We present here the complete results of the calibration procedures for both the sCY and
CEV-sCY models, as outlined in Section 4.1. Specifically, Table Al reports the calibration
results for the sCY model, while Table A2 provides the corresponding results for the

CEV-sCY model.

Table A1. Full results from the calibration of the sCY model. IS-MSE is defined in (19) while OOS-MSE

is defined in (20).

Seasonal Convenience Yield (sCY) Model

Date IS-MSE OOS-MSE s o K 0 Oy P a b c
2 January 2024 0.1825 63.9082 19983 —0.7973 0.1517 1.9959 0.3744 0.9992 —0.6594 5.4648 —4.6113
1 February 2024 0.0770 8.2955 1.025 0.3597 49999 —0.2591 19978 0.0611 —0.3582 10.6502 5.2721
1 March 2024 0.0920 75.3805 1.998 —0.4000 0.0510 1.9942 0.1509 0.9990 —0.4449 7.4314 1.5589
1 April 2024 0.0635 98.0306 19973 —0.4926 0.0784 1.9909 0.2664 0.9986 —0.4811 —6.9999 —8.5662
1 May 2024 0.0617 97.1887 19600 —0.5274 0.0888 1.8968 0.2206  0.9798 0.4470 8.6033 11.6190
3 June 2024 0.0597 36.4729 1.3826 —0.5212  0.0520 0.9109 19978 0.7748 —0.5112 7.4989 —9.2542
1 July 2024 0.0471 120.9739 1.9974 —0.3205 0.0565 1.9911 0.2101  0.9987 0.3791 —8.0454 11.7526
1 August 2024 0.0393 136.6813 19994 —0.3104 0.0639 1.9976 0.2613  0.9997 —0.2582 9.4716 4.0415
2 September 2024 0.0398 156.8812 1.9947 —0.1258 0.0512 1.9859 0.1378  0.9974 0.2203 —9.5247  —7.6561
1 October 2024 0.0106 63.4989 14645 —0.2024 0.0503 0.8873 1.7537  0.5716 0.1231 —11.9996 —7.0744
1 November 2024 0.0055 41.0695 1.2082 —0.2139  0.3993 0.8274 1.9995 0.5306 —0.1063 11.5579 11.7531
2 December 2024 0.0154 43.9077 1.3377 0.0620 0.0594 0.4927 04152 03144 —0.0978 11.4698 —0.3334

Average 0.0578 78.5241 1.6969
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Table A2. Full results from the calibration of the CEV-sCY model. IS-MSE is defined in (19) while
OOS-MSE is defined in (20).

Constant Elasticity of Variance—Seasonal Convenience Yield (CEV-sCY) Model

Date IJISSE 1(\)/[22 s o K 0 O p a b c ¥
2 January 2024 0.1962 9.8278 0.438 —0.6072  1.1889 0.3621 0.675 —0.3077 —0.532 6.3527 —11.2896  0.9475
1 February 2024 0.1677 6.872 04627 —0.3911 1.825 0.0425 1.1326 —0.1193  —0.3669 7.5744 —11.3536  0.9583
1 March 2024 0.0743 1.364 0.8853 1.0523 3.061 —0.2475 03852 —0.6954 —0.5465 7.8395 —11.2561  0.9851
1 April 2024 0.0593 3.299 0.7566 0.8735 2679  —04734 03031 —0.5788 —0.6064 8.8474 —11.2539  0.9686
1 May 2024 0.06  6.4082 0.1759 —0.6184 1.5313 0.5163 0.2624 0.6123 0.5339 —8.6212 7.2576 0.9925
3 June 2024 0.0626 5.5388 0369  —0.4829 3.5342 0.4392 0.1778 0.0171 —0.407  —8.5364 9.5515 0.9931
1 July 2024 0.0503 6.5642 0.415 —0.1587 25563 —0.0111 1.1658 0.0368 0.496 7.167 —11.2656 0.954
1 August 2024 0.0365 2.3074 0.6055 0.6868 3.1705 —0.1439  0.181 —0.5352 0.1954 8.6796 —11.3499  0.9559
2 September 2024  0.0063 5.9645 0.0566 0.0653 2.8266 —1.8472 0.2441 0.6279 0.7899 9.1608 —4.882 0.9264
1 October 2024 0.0671 2.4783 0.5832 —0.2814 1.4193 0.5519 1.2125 —0.0627 —0.1705 5.389 —11.324 0.9672
1 November 2024  0.004 4.4448 0.0719 1.7777 34618 —0.2746 0.1703 0.2053 11.4529 10.0328 1.535 0.949
2 December 2024  0.0287 4.1055 0.4587 —0.115 2.8637 0.264 1.0643 0.0309 —0.0886 8.4081 —11.1925 0.9578
Average 0.0678 4.9312 0.4399 0.963

Notes

1

See https:/ /ir.theice.com/press/news-details /2025 /ICE- Announces-That-a-Record-2-Billion-Contracts-Traded-in-2024 / default.
aspx (accessed on 14 May 2025).

See Jotanovic and D’Ecclesia (2021) for an updated overview of the European natural gas financial markets.

In fact, Equation (2.6) in Carmona and Ludkovski (2004) contains a typographical error: the multiplicative factor in the second
line should be 47—:3, whereas the 4 is missing.

Specifically, it is assumed that r(t) = Bo + B1exp(—t/71) + ,82% exp(—t/7) + :331% exp(—t/1). The daily estimates of the
parameters (Bo, B1, B2, B3, T1, T») are provided by the European Central Bank https:/ /www.ecb.europa.eu/stats/financial _
markets_and_interest_rates/euro_area_yield_curves/html/index.en.html (accessed on 14 May 2025) and are derived from the
prices of Euro-denominated AAA-rated government bonds.

Clearly, more sophisticated functions are often employed to model seasonality, as in Back et al. (2013); Mari and Canana (2012),
among others. In the calibration exercises conducted in Section 4, both this model and the competing CEV-sCY models are
calibrated to monthly futures prices with maturities of up to one year, namely, to twelve observations corresponding to the most
liquid contracts. The choice of such a simple seasonal component is therefore instrumental in limiting the number of parameters
and mitigating the risk of overfitting.

Note that the dependence of the drift coefficient of S in (1) on the deterministic function r(¢) and on the process é; does not hinder
the application of Itd’s formula to ¢(t,S) = In S, where ¢; =0, g = %, and ¢gs = —é, with § = S;. Similar computations are
presented in Appendix B.1 of Brigo and Mercurio (2007), where the short rate r(t) is in fact modelled as a stochastic process.

As established in full generality in Proposition 29.6 of Bjork (2009), when there is no interest rate risk in the market, that is,
when the short-rate process r(t) is deterministic, as in our case, forward and futures prices coincide. In this setting, both can be
expressed as F(t, T) = EQ[S¢| F].

Given the assumption on r(t) in Note 4 it holds

y(t) = %(50 + 61 L e)?;(;t/ﬁ) + B2 (1 — eXtP;(TZt/Tl) - eXP(*f/Tl)> + B3 (%&;HQ) - exp(—t/rﬁ)).

For many dates, the estimate of 05 is close to the upper bound of the calibration domain DY in (18), which is set to [0, 2] for 0.
Expanding this upper bound to 4 results in estimates stabilizing around 3.5, leading to an average OOS-MSE of nearly 312.
Regarding the explicit computation of deltas, in the case of the sCY model, the delta at time ¢ is given by N(d;(t, T)), where
di (¢, T) is defined in (11). For the CEV-sCY model, where a closed-form expression for the call option price is not available, we
approximate the delta using a standard central difference estimator.
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