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Summary

The reinforcement concept plays a key role in Bayesian statistics. In particular

the Polya urn scheme has been extensively studied in Bayesian nonparametrics

and adopted in a number of inferential procedures. This intuitive representa-

tion of the Dirichlet process underlines the conjugacy property of the Ferguson-

Dirichlet prior, which is by large the most known Bayesian nonparametric model.

The prior is characterized by its analytic tractability and its large support. These

two futures made the Dirichlet process a reference tool for implementing Bayesian

inference avoiding restrictive parametric assumptions.

The aim of the thesis is to illustrate some extensions of the Polya urn scheme

constructed with specific purposes.

In the first two chapters two extensions for modeling partially exchangeable

populations are proposed.

The first extension is finalized to the characterization of a flexible prior for de-

pendent random distributions indexed by covariates. The main properties of the

prior are illustrated and its application to survival regression analysis is discussed.

In the second chapter the idea of characterizing partially exchangeable vari-

ables by mean of latent colored tessellations is illustrated and its application to

binary regression problems is discussed.

In the third chapter an extension of the Bernstein prior is proposed. A novel

mixing random measure for Beta kernels which generalizes the Dirichlet process

is specified introducing a particular class of reinforced urn processes. It is shown

that such extension, if compared with the Bernstein prior, can produce substan-

tially different posterior inference. Some motivations behind these discrepancies

are given and it is shown that the extension results more robust than the Bern-

stein prior, which in some cases suffers from overfitting problems.

In the last chapter an experimental design problem is considered adopting a

decisional-theoretic approach. A Bayesian framework for optimizing the tuning

parameters of a clinical trial structured in two stages is illustrated. Relevant

difficulties in the elicitation of the prior distribution are underlined. A slight
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variation of the Bayesian bootstrap reinforcement mechanism is proposed as a

practical tool, in order to specify an informative prior, when historical data are

available. Adapting the Bayesian bootstrap to non exchangeable variables in such

a way to specify an informative prior, which reflect the historical information,

allows to construct a quasi-automated procedure to optimize the choice of the

tuning parameters.
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Chapter 1

A Dependent Polya Tree Model:

Bayesian Nonparametric Survival

Regression

Abstract

We propose a probability model for a family of unknown distributions indexed

with covariates. The marginal model for each distribution is a Polya tree prior.

The proposed model introduces the desired dependence across the marginal Polya

tree models by defining dependent random branching probabilities of the un-

known distributions. The dependence is on the corresponding branching proba-

bilities across covariate levels.

An important feature of the proposed model is the easy centering of the

nonparametric model around any parametric regression model. This is important

for the motivating application to the proportional hazards (PH) model. We use

the proposed model to implement nonparametric inference for survival regression.

The proposed model allows us to center the nonparametric prior around the PH

structure. In contrast to many available models that restrict the non-parametric

extension of the PH model to the baseline hazard, the proposed model defines
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a family of random probability measures that are a priori centered around the

PH model but allows any other structure. This includes, for example, crossing

hazards, additive hazards, or any other structure as supported by the data.

1.1 Introduction

We propose a new nonparametric Bayesian model for a family {Px; x ∈ X} of

dependent random probability measures Px indexed with covariates x. The pro-

posed model is an extension of the Polya tree (PT) model (Lavine (1992,1994)).

The main features are: (i) The marginal prior p(Px) is a Polya tree model. (ii)

The model is a priori centered around any desired family of distributions {Fx}x∈X .

The prior centering model {Fx}x∈X can be indexed by hyperparameters. (iii) The

availability of posterior Markov chain Monte Carlo (MCMC) simulation schemes

to implement inference. The motivating application is to survival regression. We

use the proposed model to implement a fully nonparametric extension of the

proportional hazards (PH) model.

Without loss of generality we keep the following discussion specific to this

application.

Many recent discussions of Bayesian approaches to survival analysis focused

on the PH model. A variety of analytically tractable prior distributions with

suitably large supports for the baseline hazard function have been proposed.

Kalbfleisch (1978) adopted the gamma process for modeling the cumulative haz-

ard, Hjort (1990) introduced the Beta process and Kim and Lee (2003, a) pre-

sented a general framework based on the neutral to the right processes.

An important constraint of the PH model is that the time to event distri-

butions associated with different points of the covariate space, for example the

survival times of patients with different diagnostic profiles in a clinical study,

are stochastically ordered. The prior probability that two random distribution

functions cross is zero. The model proposed in this article is motivated by the

observation that such a constraint is reasonable as approximate characterization
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of the prior information, but should not be strictly enforced by the model. The

probability model should allow for violation of the PH structure, as and when

indicated by the data. A typical example is the experimental comparison of two

competing anticancer therapies in which a priori the trial is expected to indicate a

superior treatment but, as illustrated for example in Mantel and Stablein (1988),

the survival functions could cross each other.

The objective of the paper is to present a flexible alternative to the PH model

for those cases when doubts arise about the PH structure. The adopted approach

is hierarchical and it is based on the definition of a class of dependent random

probability measures (RPM) centered on parametric distribution functions which

satisfy the PH model assumptions.

The outlined modeling approach requires an adequate specification of the

joint distribution of the survival functions under different covariates. Consider

any two points x1 and x2 in the covariate space. The closer x1 and x2 are, the

more similar should the corresponding distributions be. For infinitesimal distance

the differences should vanish.

A joint distribution for RPMs indexed by covariates consistent with the above

consideration is defined. I.e., we define a stochastic process P indexed by the

points of the set {X × B} where X is the covariate space, and B is the usual

Borel σ-field of the real line. It is assumed that X ⊂ Rk, for a given positive

integer k. The salient properties of the proposed process P are:

1. For any x ∈ X the marginal process {Px(B)}B∈B is a RPM with Polya tree

distribution.

2. The process can be a priori centered on a given regression model {Fx}x∈X .

The model {Fx}x∈X can include unknown parameters. This is the case, for

example, when using a PH model with unknown regression parameters for

prior centering.

3. For every B ∈ B, x ∈ X and {xi ∈ X}i≥1 such that xi → x, the random

variables sequence {Pxi(B)}i∈N converges in probability to Px(B);
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4. For every finite subset of the covariate space {x1, . . . , xm}, the law of the

RPMs (Px2 , . . . ,Pxm) has full support with respect to the weak convergence

topology.

The outline of the paper is the following. In section 1.2, a random process

called multivariate Beta process (MBP) is defined. To avoid confusion we clarify

that it is not related with the Beta process introduced in Hjort (1990). The

random model P , introduced in section 3, which we denote the multivariate

Polya tree (MPT), is based on the MBP and on the Polya tree scheme. The

MBP generates the beta distributed random branching probabilities that are

required for the construction of the marginal Polya tree models. In section 4 we

introduce a hierarchical prior with unknown parameters in the prior centering

distributions. Section 5 briefly describes the main features of posterior MCMC

simulation. Section 6 reports some examples. The last section concludes with

final remarks and a discussion of open issues.

1.2 The Multivariate Beta Process

Before introducing the MPT model we define an instrumental process {Yx}x∈X ,

with Beta marginal distributions, Yx ∼ Beta(α0, α1) ∀x ∈ X. The definition of

the process is a natural extension of the following characterization of a bivariate

random vector (Y1, Y2) with beta marginal distributions:

(Y1, Y2)
d
= (

G1 +G2

G1 +G2 +G4 +G5

,
G2 +G3

G2 +G3 +G5 +G6

) (1.1)

where the equality is in distribution and G1, . . . , G6 are independent gamma r.v.’s

with fixed scale parameter. Representing the shape parameters of G1, . . . , G6 as

the areas of the sets A1, . . . , A6 in Figure 1.1a it is easy to see how the construction

can be extended. In Figure 1.1a, the kernels α0qx1 , α0qx2 −α1qx1 , and −α1qx2

centered at x1 and x2 specify the distribution of the random vector (Y1, Y2). We

extend the construction to {Yx}x∈X by expanding from two kernels centered at

{x1, x2} to a family of kernels with location parameters in X. The extension
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exploits the fact that a Beta random variable (r.v.) can be represented as the

ratio of two gamma distributed r.v.’s and the infinite divisibility property of the

gamma distribution.
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Figure 1.1: Panel (a) shows the kernels α0qx1(·), α0qx2(·), −α1qx1(·) and

−α1qx2(·), centered at two covariate values x1 and x2. The areas indicated

by A1 through A6 are used to construct the dependent r.v.’s Y1 and Y2 in

(1.1). Panel (b) plots the Corr(Yx, Yx+d) as a function of d. Here X = R,

{Yx}x∈X ∼ MBP(α0, α1, Q), α0 = α1 = 1, µ is the Lebesgue measure and {qx}x∈R

are gaussian kernels with mean x and variance equal to 1.

Let X be endowed with a σ-field X and a σ-finite measure µ. Let {Qx}x∈X be

a location family of probability measures absolutely continues with respect to µ

and derivatives {qx}x∈X . Throughout the paper such derivatives will be assumed

to be unimodal. Let {G(A)}A∈{X×B} be a gamma process indexed by the sets

of the product σ-field X × B. For every m ∈ {1, 2, . . .} and non overlapping

A1, . . . , Am, the r.v.’s G(A1), . . . , G(Am) are independently gamma distributed
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with fixed scale parameter and shape parameters ν(Aj), where ν is the product

measure on (X × R) of µ and the Lebesgue measure. Finally for every x let

A0
x = {(z, y) ∈ X × R : 0 < y < α0qx(z)} and symmetrically A1

x = {(z, y) ∈

X×R : −α1qx(z) < y < 0]} denote the areas bounded by the kernels α0qx(·) and

−α1qx(·). In Figure 1.1, the areas A0
x1

and A1
x1

are bordered by the two kernels

above and below the horizontal axis that are centered in x1. We define the beta

r.v.

Yx =
G(A0

x)

G(A0
x) +G(A1

x)
.

We call the constructed process {Yx}x∈X the multivariate beta process with

parameters (α0, α1, Q) and use the notation

{Yx}x∈X ∼ MBP(α0, α1, Q).

The finite dimensional distributions of {Yx}x∈X can be alternatively char-

acterized as follows. Consider a set of covariate values x1, . . . xm. Let S =

{(z, y) ∈ X × R : mini[−α1qxi(z)] < y < maxi[α0qxi(z)]} and νx1,...,xm denote

the ν measure restricted to S. Let Dx1,...,xm be a Dirichlet random measure:

Dx1,...,xm ∼ DP (νx1,...,xm). Then

[Yx1 , . . . , Yxm ]
d
= [

Dx1,...,xm(A0
x1

)

Dx1,...,xm(A0
x1
∪ A1

x1
)
, . . . ,

Dx1,...,xm(A0
xm)

Dx1,...,xm(A0
xm ∪ A1

xm)
]. (1.2)

The identity between the two definitions of the process {Yx}x∈X follows from the

fact that a Dirichlet process can be represented as a normalized gamma process.

For later use we note the following. Exploiting the second representation (1.2)

of the MBP it is easy to sample a sequence of partially exchangeable dichotomous

variables Z = (Z1, . . . , Zm) when their joint distribution is specified through a

MBP:

P (Z1, . . . , Zm | Y ) =
m∏
1

Y Zi
xi

(1− Yxi)1−Zi and {Yx}x∈X ∼ MBP(α0, α1, Q).

(1.3)

The urn scheme in Blackwell and MacQueen (1973) can be used to sample

(Z1, . . . , Zm). Let {(li, hi) ∈ X×R}i≥1 be an exchangeable sequence with random
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distribution Dx1,...,xm . Let (i1, . . . , im) be a vector of integers recursively defined

as ij = inf{i > ij−1 : −α1qxj(li) < hi < α0qxj(li)} with i0 = 0. The subsequence

ij, j = 1, . . . ,m selects pairs (lij , hij) that belong to the areas contoured by the

curves α0qxj and −α1qxj . The truncated sequence {(li, hi)}i∈{1,...,im} can be gen-

erated by the Polya urn. The random vector Z̃ = (I(hi1 > 0), . . . , I(him > 0))

has the same distribution of Z. The equality in distribution follows from the fact

that the random probabilities of Z̃ are exactly the right hand side of (1.2), and

thus have the same distribution as the random probabilities {Yxi}mi=1 that define

the probability distribution of Z.

The augmented model with the latent sequence {(li, hi)}i≥1 can be used to

implement posterior predictive inference for a future Zm+1 with covariate xm+1.

We will use this construction for the implementation of posterior simulation in

section 1.5.

The correlation function of the process {Yx}x∈X ∼ MBP(α0, α1, Q) can be

computed through a result in Olkin and Liu (2003). They studied the bivariate

beta distribution of a random vector (Y1, Y2) characterized by

(Y1, Y2)
d
= (

G1

G1 +G3

,
G2

G2 +G3

) (1.4)

where G1, G2 and G3 are independent gamma r.v.’s with shape parameters a, b

and c. They show that

E(Y1Y2) = h
∞∑
j=0

Γ(a+ j + 1)

Γ(a+ b+ c+ j + 1)

Γ(b+ j + 1)

Γ(a+ b+ c+ j + 1)

1

j!
(1.5)

where

h =
abΓ(a+ b)Γ(b+ c)Γ(a+ b+ c+ 1)

Γ(c)Γ(a+ 1)Γ(b+ 1)
·

Consider now {Yx}x∈X ∼ MBP(α0, α1, Q). Let, for i ∈ {1, 2} and j ∈ {0, 1},
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Aji = Ajxi , Ai = A0
i ∪ A1

i , A
j
12 = Aj1 ∩ A

j
2, A12 = A1

12 ∪ A0
12 and D = Dx1,x2 . Then

E(Yx1Yx2) = E

([
D(A0

12)

D(A1)
+
D(A0

1\A0
2)

D(A1)

] [
D(A0

12)

D(A2)
+
D(A0

2\A0
1)

D(A2)

])
=

E

(
D(A12)

D(A1)

D(A12)

D(A2)

)
E

([
D(A0

12)

D(A12)

]2
)

+E

(
D(A12)

D(A1)

D(A2\A1)

D(A2)

)(
α0

α0 + α1

)2

+

E

(
D(A1\A2)

D(A1)

D(A12)

D(A2)

)(
α0

α0 + α1

)2

+E

(
D(A1\A2)

D(A1)

D(A2\A1)

D(A2)

)(
α0

α0 + α1

)2

(1.6)

The equality follows from the representation (1.2) and from the tail free property

of the Dirichlet process. The right hand side of the equation allows us to compute

the quantities E(Yx1Yx2) using the identity (1.5). This is possible since the law

of the random vector (
D(A1\A2)

D(A1)
,
D(A2\A1)

D(A2)

)
belongs to the distributions family studied in Olkin and Liu (2003). Figure 1.1b

illustrates the correlation function of a specific MBP.

The parameters of the MBP have a clear interpretation: α0 and α1 charac-

terize the univariate marginal distributions while the correlation function can be

flexibly chosen through a suitable specification of Q. A simple example helps

to clarify the relationship between Q and the correlation function. Let Q be

the location family of the normal distributions on the real line with variance σ2.

The correlation function of the process {Yx}x∈R depends on the choice of σ2: the

higher the variance the higher the correlations of the bivariate marginal distri-

butions. The triple α0, α1, ν(A0
x1
∩ A0

x2
) parameterizes the joint distribution of

(Yx1 , Yx2). For fixed values of σ2, α0 and α1, we show in the appendix (proposition

1.5) that the correlation between Yx1 and Yx2 is a decreasing function of the Eu-

clidean distance |x1 − x2|. It follows that the map (σ, x1, x2)→ Corrσ2(Yx1 , Yx2)

is decreasing with respect to (|x1 − x2|/σ).

Finally, we state one more result for later use.

Proposition 1.1. Continuity in x. Given x ∈ X and a sequence {xi ∈ X}i≥1,
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if

sup
B∈B
|Qxi(B)−Qx(B)| → 0

then the sequence {Yxi}i≥1 converges in probability to Yx.

(The proof is in the appendix.)

1.3 Multivariate Polya Trees

For later reference we recall the definition of the Polya tree (PT) prior (Lavine,

1992,1994). Let Π = (B ≡ Ω;B0, B1;B00, B01, . . .) be a binary tree of partitions

of a separable measurable space Ω such that (B;B0, B1;B00, . . .) generates the

measurable sets. LetA = (α0, α1, α00, . . .) be a sequence of non-negative numbers.

Finally, let E =
⋃∞
m=1{0, 1}m denote the index set of Π and A.

Definition 1 (Lavine 1992). A random probability measure P on Ω is said to have

a Polya tree (PT) distribution, with parameter (Π,A), written P ∼ PT (Π,A), if

there exist r.v.’s Y = (Yε, ε ∈ E∪�) such that (i) The r.v.’s in Y are independent;

(ii) For every ε ∈ E ∪ �, Yε ∼ Beta(αε1, αε0) and P(Bε1)/P(Bε) = Yε.

For an extensive discussion of the properties of the Polya tree model we refer

also to Mauldin et al. (1992).

1.3.1 The Multivariate Polya Tree Model

We introduce the multivariate Polya tree distribution. The idea formalized in

the following definition is to substitute the beta r.v.’s that characterize the Polya

tree model with random processes indexed by the points of a covariate space.

In the sequel {B0, B1;B00, . . .} = {(0, 1/2], (1/2, 1]; (0, 1/4], . . .} is fixed as

the standard dyadic tree of partitions of the unit interval. The proposed model

is parameterized by (A, Q, F ) defined as follows. Let A = (αε, ε ∈ E ∪ �)

denote a sequence of positive numbers. For a σ-finite measure µ on (X,X ),

let Q = {Qx}x∈X denote a location family of probability measures absolutely
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continuous with respect to µ. And F is a class of continuous distribution functions

F = {Fx}x∈X .

Definition 2. A class of random probability measures on the real line {Px}x∈X
has a multivariate Polya tree distribution (MPT), with parameters (A, Q, F ) if

there exist random processes Y = ({Yε,x}x∈X , ε ∈ E ∪ �) such that the following

hold:

1. The random processes in Y are independent;

2. For every ε ∈ E ∪ �, {Yε,x}x∈X is MBP(αε, αε, Q) distributed.

3. For every m = 1, 2, . . . and every ε ∈ {0, 1}m

Px(F−1
x (Bε1,...εm)) = (

m∏
j=1;εj=1

Yε1,...,εj−1,x)(
m∏

j=1;εj=0

(1− Yε1,...,εj−1,x)) (1.7)

where the first term in the products is interpreted as Y�,x or as 1 − Y�,x

and, for every a ∈ (0, 1], F−1(a) = inf{b ∈ R : F (b) > a}·

Note that the indices of αε in Definition 2 are shifted by one binary digit compared

to Definition 1. This is because the two parameters of the beta r.v.’s in the MPT

are equal, whereas in the PT the two parameters could differ.

The following proposition asserts that the defined class of RPMs {Px}x∈X can

be centered on an arbitrary model {Fx}x∈X . In particular, we will be interested

on centering the prior on a PH model.

Proposition 1.2. Prior Mean. For every x ∈ X and every Borel subset of

the real line B if {Px}x∈X ∼ MPT (A, Q, F ) then the expected value of the r.v.

Px(B) is equal to Fx(B).

(The proof is in the appendix)

1.3.2 Choice of the MPT Parameters

The interpretation of the parameter {Fx}x∈X is similar to the interpretation of the

base measure of a Dirichlet process. The distribution Fx is the subjective prior
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guess for the unknown probability model Px. From a data analysis perspective it

is important that the prior can be centered on a prior guess and that the degree

of variability of the RPM can be controlled to reflect the strength of the available

prior information. The PT prior is a flexible probability model that can achieve

both these objectives. See for example Lavine (1992,1994).

In the MPT a third aspect enters the prior elicitation. The investigator can

specify the degree of dependence between the jointly modeled RPMs {Px}x∈X .

For example, consider a covariate space X = {x1, x2} constituted of two points.

The higher the degree of dependence between the two RPMs, the more borrowing

of strength will occur between the two groups defined by the two covariates. In

the extreme cases, if the random measures are independent the observations with

covariate x2 are not used to estimate the unknown distribution Px1 , while on the

other hand if the random measures are almost surely identical then all data are

pooled to carry out inference about the one common RPM.

The degree of dependence between jointly modeled random distributions is

easiest characterized by the correlations of the random probabilities. For an ex-

haustive motivation of this approach we refer to Walker and Muliere (2003). They

characterize the joint law of two Dirichlet processes, D1 and D2, in such a way

that the quantity Corr(D1(B), D2(B)) is a fixed positive constant independent

of the specific Borel subset B. In our case the correlations of interest can be

easily evaluated for a rich class of Borel subsets. Given the covariate points x1

and x2, for every ordered couple of integers (i1, i2), consider

Corr

{
Px1

(
F−1
x1

(
i1
2j

)
, F−1

x1

(
i2
2j

)]
,Px2

(
F−1
x2

(
i1
2j

)
, F−1

x2

(
i2
2j

)]}
. (1.8)

Due to the structure of the MPT model the computation of the correlation coef-

ficients can be reduced to the previously discussed problem of evaluating second

order moments of bivariate marginal distributions of independent MBPs. Figure

1.2 illustrates, for a specific MPT parametrization, some of the correlations that

can be computed following the outlined procedure.

As desired, the closer the two covariates, the stronger the dependence between the
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Figure 1.2: Correlation between Px1(0, t] and Px2(0, t]. Here {Px}x∈X ∼

MPT(A, Q, F ), X = R, αε = 2 for every αε ∈ A, Fx is the uniform distribu-

tion function on [0, 1] for every x and {qx}x∈X is the family of Normal kernels

with variance σ2 = 2.

corresponding random measures. The parameters (A, F ) of the MPT characterize

the marginal distribution of a single random measure Px. If (A, F ) are fixed, then

the choice of Q allows to flexibly model the strength of dependence between the

random measures. Consider, for example, the MPT parametrization adopted in

Figure 1.2. In this case the effects of the choice of σ2 on the prior are clear.

Following the same arguments used earlier to discuss the relationship between Q

and the correlation function of {Yx}x∈X ∼ MBP(α0, α1, Q), it can be shown that

the ratio |x1 − x2|/σ determines the degree of dependence between Px1 and Px2 .
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1.3.3 Properties of the MPT

The next proposition asserts that for a sequence of covariate points {xi}i≥1 con-

verging to x, the differences between the associated random distributions, Pxi
and Px, become negligible.

Proposition 1.3. Continuity in x. Given {xi ∈ X}i≥1 and x ∈ X, if

lim
i

[ sup
B∈Bk

|Qxi(B)−Qx(B)|]→ 0 and lim
i

[sup
B∈B
|Fxi(B)− Fx(B)|]→ 0

then for every Borel subset B of the real line the sequence {Pxi(B)}i≥1 converges

in probability to Px(B).

(The proof is in the appendix)

If, for example, F is a Weibull model and Q is a multivariate normal loca-

tion family, both assumptions of the above proposition can be verified, for every

sequence {xi}i≥1 converging to x, through dominated convergence arguments

Next we characterize the support of Px, marginally for each x. The support

includes all probability distributions that are absolutely continuous with respect

to Fx. If the support of Fx is the real line then the law has full weak support.

Moreover, the support remains the same even conditional on restrictions on Pxi
for neighboring xi. Specifically, let {x1, . . . , xm} denote distinct covariate points.

The RPM Px still has full support, even conditional on Px1 , . . . ,Pxm belonging

to weak neighborhoods U1, . . . , Um, respectively. Similar considerations hold if

the support of Fx is the positive real line.

This property distinguishes the MPT from many other Bayesian models for

heterogeneous populations. Consider, for example, a Bayesian PH model F , when

the covariate space X is a subset of the real line. For any monotone bounded

continuous function f the map x→
∫
fdFx is monotone. If x1 < x2 < x3 and it

is known that the expected values of f associated with x1 and x3 belong to the

interval (a, b), then also
∫
fdFx2 belongs to (a, b). In contrast, assume that an

MPT is centered on a PH model and it is known that
∫
fdPx1 and

∫
fdPx3 are

in (a, b). The conditional probability that
∫
fdPx2 is outside (a, b) still remains

strictly positive.
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Proposition 1.4. Support of the MPT. For every strictly positive δ, for

every m = 1, 2, . . ., distinct x1, . . . , xm ∈ X, and for any family of probability

measures S1, . . . ,Sm such that S1 � Fx1 , . . . ,Sm � Fxm, the following holds. If

[V1, V2, . . . , Vk] is a partition of the real line into intervals Vj, then the event

{|Pxi(Vj)− Si(Vj)| < δ ; ∀i ∈ (1, . . . ,m), ∀j ∈ (1, . . . , k)}

has strictly positive probability.

(The proof is in the appendix)

The proposition guarantees that for any finite sequence of continuous and

bounded real functions {f1, . . . , fl} and for every positive ε the event

{
m⋂
i=1

l⋂
j=1

∣∣∣∣∫ fjdPxi −
∫
fjdSi

∣∣∣∣ < ε}

has a priori strictly positive probability.

The next result gives a desirable asymptotic property of the MPT model. Let

{xi}i∈{1,...,n} be a vector of covariates. Let p(Px | {xi,Wi}i∈{1,...,n}) denote the con-

ditional law of the RPM Px given conditionally independent r.v.’s {Wi}i∈{1,...,n}
with

Wi | {Px}x∈X ∼ Pxi and {Px}x∈X ∼ MPT(A, Q, F )·

Finally, let F denote the set of all the distributions on the real line.

Theorem 1.1. Consistency of the MPT. Let X? = {x?1, . . . , x?m} be distinct

points of the covariate space. Let {xi ∈ X?}i≥1 be a sequence such that

n∑
i=1

I(xi = x?j)→∞ ∀j ∈ {1, . . . ,m}·

Consider bounded continuous real-valued functions f1, . . . , fl, a vector of distribu-

tions Sx?1 , . . . ,Sx?m and a sequence of independent r.v.’s {Wi}i≥1, Wi ∼ Sxi. If the

distribution functions Fx?1 , . . . , Fx?m are strictly monotone then for every strictly

positive ε and j ∈ {1, . . . ,m}

p(Px?j ∈ ∆j,ε | {xi,Wi}i∈{1,...,n})→ 1 a.s.

14



where ∆j,ε = {P ∈ F : |
∫
fidP −

∫
fidSj| < ε, ∀i ∈ (1, . . . , l)}.

(The proof is in the appendix.)

In survival analysis we are interested in distributions Sx?1 , . . . ,Sx?m with sup-

port on the non-negative numbers. Assume that Fx?1 , . . . , Fx?m are strictly mono-

tone on [0,∞). Then it can be verified that the asymptotic property still holds.

The theorem guarantees that conditional on an increasing number of observations

under each of a finite number of covariate the posterior distribution eventually

concentrates around the unknown true distributions. For example {x?1, . . . , x?m}

could be different dose levels of an experimental drug administered to an homoge-

neous population and the MPT could be centered on a Weibull model. Posterior

inference about the unknown survival functions is weakly consistent.

1.4 Mixture of MPTs: A Nonparametric PH

Model

We introduce a hierarchical extension of the MPT model. The extension is sim-

ilar to mixtures of PT models. Mixtures of PTs have been studied by several

authors, including Hanson (2006), Hanson and Johnson (2002) and Berger and

Guglielmi (2001). A mixture of PTs is defined as the law of a RPM P , such that

conditional on a random parameter θ, the random measure P has a PT distribu-

tion centered on a parametric distribution Fθ. A number of desirable properties

of this nonparametric prior have been discussed in literature. Mixtures of PTs

naturally generalize and enrich the support of a parametric prior. For example,

Hanson and Johnson (2002) illustrate the advantages that can be achieved by

modeling the residual distribution in a linear regression model through a mixture

of PTs, and compare the mixture model with the PT prior without mixture. The

prior on θ can be chosen to reflect prior knowledge about the unknown distribu-

tion. The PT in the second level of the hierarchical model allows us to extend

the support of the prior. The parametrization of the PT prior controls the degree
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of variability of the RPM P around Fθ. Moreover the parametrization of the PT

model can be chosen to have P almost surely absolutely continuous.

Another important advantage of the mixture of PT models compared to the

PT prior is discussed in Lavine (1994). The predictive model is not strictly

dependent on a fixed sequence of nested partitions of the real line. The awkward

sensitivity of the inference with respect to the choice of the partitions is mitigated,

and posterior predictive distributions are usually smoother and more regular than

under a PT prior.

A mixture of MPTs is a natural extension of the mixtures of PT models. We

consider a class of RPMs {Px}x∈X indexed by covariates x such that conditionally

on a random parameter θ the process {Px} is a MPT centered on Fθ,

{Px}x∈X | θ ∼MPT (A, Q, Fθ) and θ ∼ λ.

The parameter θ indexes a regression model and therefore a whole class of distri-

butions. In the sequel {Px}x∈X will be centered on a survival regression model.

Simple modification allows to adapt the framework to other regression problems.

Let {Wi}ni=1 denote survival times, possibly censored from the right, of a sample

of subjects with covariates {xi}ni=1. Let Ti = min(Wi, Ci) and δi = I(Wi ≤ Ci)

denote the observed times and censoring indicators. Here Ci is the i-th censor-

ing time. It is assumed that the censoring times are noninformative: C1, . . . Cn

are independently distributed with respect to the random distributions of the

survival times.

We propose the following hierarchical nonparametric Bayesian model for time

to event data. Let Hθ1(·) be a continuous cumulative hazard function with pa-

rameter θ1 ∈ Θ1, let Lθ2(·) be a link function with parameter θ2 ∈ Θ2. Define

Fx,θ1,θ2(·) = 1 − exp[−Hθ1(·)Lθ2(x)] and Fθ = {Fx,θ1,θ2(·)}x∈X . We define the

survival regression model

(θ1, θ2) ∼ λ ,

{Px} | θ ∼ MPT(A, Q, Fθ) ,
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and the r.v.’s Wi, i = 1, . . . , n, are conditionally independently distributed

Wi | {Px} ∼ Pxi ·

Under this model, for every covariate point x the (marginal) law of the RPM

Px is a mixture of PTs.

In the examples that we propose the first level of the hierarchical prior is

a Weibull model: θ1 = (θ11, θ12), Hθ1(t) = θ11t
θ12 , and Lθ2(x) = exp(θ2x). A

vague prior is adopted for the regression parameters: θ12 and θ2 are independently

normally distributed with null mean and large variances while θ11 is exponentially

distributed with mean equal to 1.

1.5 Posterior Inference

1.5.1 Posterior inference with MPT models

In this section we state an algorithm to implement posterior inference. The

interest is in the conditional distribution of the random distributions {Px}x∈X
given the data {Wi}ni=1 with covariate values {xi}ni=1:

{Px}x∈X ∼MPT (α0, α1, Q) and Wi|{Px}x∈X ∼ Pxi i = 1, . . . , n·

The Multivariate Beta processes of the MPT model are both a priori and a

posteriori independently distributed. Indeed, given the data {Wi}ni=1, a sufficient

statistics for updating the distribution of {Yε1 , . . . , Yεm}, where {ε1, . . . , εm} are

arbitrarily chosen finite dyadic sequences having maximum length k̃, consists in

the array of indicators

Ik̃ =

{
I

(
Fxi(

j

2k̃
) < Wi ≤ Fxi(

j + 1

2k̃
)

)
; i ∈ (1, . . . , n), j ∈ (1, . . . , 2k̃ − 1)

}
and the distribution of the array conditionally on {Yε1 , . . . , Yεm}, can be conve-

niently factorized simply exploiting the equality (1.7).

From this fact it follows that to compute the quantities

E

(
Px
(
F−1
x (

j1

2k
), F−1

x (
j2

2k
)
]∣∣∣{Wi}ni=1

)
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for any ordered couple of integers (j1, j2), with the purpose of approximating

the predictive distributions, it suffices to quantify the conditional expectations

E(Yε,x|{Wi}ni=1) for every ε belonging to an adequately selected finite subset of

(∪∞j=0{0, 1}j). It becomes then apparent, writing the likelihood of the array Ik,

that the computation of the predictive probabilities reduces to binary regression

problems in which the interest is in the a posteriori expectation of the r.v. Yx

conditionally on a finite sequence of observations {Zi, . . . , Zn} distributed as in

(1.3).

From the characterization (1.2) it follows that

E(Yx|Z1, . . . , Zn) =

∫ D(A0
x)

D(A0
x) +D(Ax)

n∏
i=1

D(A0
xi

)ZiD(A1
xi

)1−Zi

D(A0
xi

) +D(A1
xi

)
dDx1,...,xn,x

∫ n∏
i=1

D(A0
xi

)ZiD(A1
xi

)1−Zi

D(A0
xi

) +D(A1
xi

)
dDx1,...,xn,x

(1.9)

where Dx1,...,xn,x denotes the law of the Dirichlet process D having parameter

νx1,...,xn,x . Both the integrals in (1.9) can be approximated through a Monte

Carlo procedure sampling iteratively the Dirichlet process and computing at each

iteration the integrand functions. The Dirichlet process can be approximately

sampled exploiting the stick-breaking representation given in Sethuraman (1994).

For a formal study about the application of the stick-breaking representation to

approximate the distribution and the expected value of a functional of a Dirichlet

process we refer to Muliere and Tardella (1998); they give theoretical basis for

using the representation in Monte Carlo procedures.

In Figure 3 an example in which the conditional expectations E(Yx|Z1, . . . , Zn)

are approximated through the outlined algorithm is illustrated. The dotted line in

the same graph is the estimate of the regression curve obtained with an alternative

nonparametric prior studied in Coram and Lalley (2006).
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Figure 3: Dashed line: the retrogression curve from which have been generate the

binary r.v.’s Solid lines: estimate of the regression curve. Prior parametrization:

α0 = α1 = 2, qx is the gaussian kernel with mean x and variance equal to 1.

The described procedure results simple and adequately efficient but allows

exclusively to approximate the predictive distribution functions. To assess the

precision of the estimates it is necessary to approximate a posteriori the marginal

distributions of the Multivariate Beta processes of the MPT model. The credible

intervals of the random quantities Px
(
F−1
x ( j1

2k
), F−1

x ( j2
2k

)
]

can be a posteriori com-

puted sampling iteratively from the conditional distribution of {Yε1,x, . . . , Yεm,x}

given {Wi}ni=1, where {ε1, . . . , εm} is an adequately selected set of finite binary

sequences.

The sampling technique introduced in the previous section to generate a bi-

nary vector [Z1, . . . , Zn] distributed as in (1.3) suggests the structure of a Gibbs

sampling algorithm to generate r.v.’s from the conditional distribution of Yx given

{Z1, . . . , Zn}. We underline again that {Yε1,x, . . . , Yεm,x} are a posteriori inde-
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pendent r.v.’s and that the problem of sampling Yεj ,x conditionally on {Wi}ni=1 is

identical to that of sampling Yx given {Z1, . . . , Zn}.

The procedure based on the Polya urn scheme that allows to sample the

partially exchangeable binary r.v.s {Z1, . . . , Zn, Zn+1} associated with the covari-

ate points {x1, . . . , xn, x} splits the Polya sequence {hi, li}i≥1 in subsequences

(L1 = {hi, li}i1i=1, . . . , Ln+1 = {hi, li}ini=in+1), where {i1, . . . , in+1} are the random

integers recursively defined in Section 1. This scheme clarify that the posterior

distribution of Yx is a mixture of beta distributions, indeed the limit composition

of the Polya urn, conditionally on the latent subsequences (L1, . . . , Ln) is still

Dirichlet distributed. More formally

P (Yx ∈ ·|{Zi}ni=1) = P (
D(A0

x)

D(A0
x) +D(A1

x)
∈ ·|{Zi}ni=1) =

∫ ∫
·
β
(
s, α0(x, L1, . . . , Ln), α1(x, L1, . . . , Ln)

)
ds dP (L1, . . . , Ln|{Zi}ni=1)

where the first integral is over the possible configurations of (L1, . . . , Ln), β(·, α0, α1)

denotes the beta density and

αj(x, L1, . . . , Ln) = αj+
in∑
i=1

I(−jα1qx(li) < hi < (1−j)α0qx(li)) for j ∈ {0, 1}·

The equality is obtained exploiting the fact that the Dirichlet process is conjugate.

To sample {L1, . . . , Ln} conditionally on {Zi}ni=1 we sample iteratively from

the full conditional of Lj given {L1, . . . , Lj−1, Lj + 1, . . . , Ln} and {Zi}ni=1; the

iterations simulates a Markov chain with the desired invariant distribution. The

expression

P (Lj ∈ ·|L1, . . . , Lj−1, Lj+1, . . . , Ln, {Zi}ni=1) ∝

P (Lj ∈ ·|L1, . . . , Lj−1, Lj+1, . . . , Ln) I
(
−(1−Zj)α1qxj(lij) < hij < Zjα0qxj(lij)

)
clarifies that to sample from the full conditional it suffices to sample from the

Polya urn updated by (L1, . . . , Lj−1, Lj+1, . . . , Ln), till a ball with color belonging

to (A0
xj
∪ A1

xj
) is drawn, and to substitute, if necessary, only the last ball: if the

last ball belongs to the color set {A0
xj
} and Zj = 0 than it is substituted with a
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ball randomly selected from the updated composition of the Polya urn restricted

to {A0
xj
} and vice versa.

Assuming that the parametrization of the MPT {Px}x∈X is such that Px is a.s.

absolutely continuous for every x ∈ X, the Polya urn scheme can be adapted to

generate from the partially exchangeable law of the random vector (W1, . . . ,Wn).

Indeed we could sample the subsequences (L0
1, . . . , L

0
n) in such a way that

P (I(hi01 > 0), . . . , I(hi0n > 0)) = P (I(F−1
x1

(
1

2
) < W1), . . . , I(F−1

xn (
1

2
) < Wn)),

continue sampling from the urns in the inferior levels of the MPT till level k̃,

where

k̃ = inf{k ∈ N :
∑
i

I(F−1
xi

(
j

2k
) < Wi ≤ F−1

xi
(
j + 1

2k
)) ≤ 1 ∀j ∈ (0, . . . , 2k − 1)}

(1.10)

and finally sample each of the r.v.s in (W1, . . . ,Wn) from the adequately restricted

distributions functions (Fx1 , . . . , Fxn). An alternative way to generate the random

vector consists in generating a sequence of processes {D0, D00, D01, . . .} charac-

terized as in (1.2), in this case it is necessary to generate only a finite number

of Dirichlet processes: it suffices to sample at the various levels of the MPT the

indicators Ik and stop the procedure at level k̃. Note that after having generated

the Dirichlet processes we would be able to conditionally sample from the Polya

urns; for example after D0 has been generated it is trivial to conditionally sample

(L0
1, . . . , L

0
n).

1.5.2 Posterior inference with mixtures of MPT models

The considerations in the above paragraph suggest how to generate a Markov

chain in order to approximate a posteriori the distribution of θ when

θ ∼ λ, P|θ ∼MPT (A, Q, Fθ)

and the r.v.’s {Wi}ni=1 are conditionally independent, Wj|θ,P ∼ Pxj . In the

following paragraphs we consider the joint law of θ, {Wi}ni=1, of the processes
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(D0, D01, . . . ) and (L1
0, L

2
0, . . . ) and of a nuisance parameter θ∗ that will be better

specified. The objective is to construct conditionally on {Wi}ni=1 a Markov chain

whose invariant distribution is the conditional joint distribution of θ and of a

subset of the subsequences (L1
0, L

2
0, . . . ) in such a way to allow to sample from

the predictive distributions. The iterative procedure consists of three steps.

1)Assume that θ̃ is sampled from the conditional distribution θ|{Wi}ni=1, while θ̃∗

is sampled from a proposal p(θ, θ∗) and that {Dε}ε∈E(θ̃,θ̃∗) are the limit composi-

tions of a subset of the Polya urns of the MPT model; E(θ̃, θ̃∗) identifies the finite

dyadic sequences of length inferior to max(k̃θ̃, k̃θ̃∗) where k̃θ̃ and k̃θ̃∗ are defined

as in (1.10).

More formally, θ ∼ λ, θ∗|θ ∼ pθ, {Dε}ε∈E are the random limits of the Polya

urns of the MPT model having laws independent with respect to (θ, θ∗) and the

r.v.s {Wi}ni=1 are conditionally independently distributed with

P (Wi ∈ dw|θ, θ∗, {Dε}ε∈E) =

lim
k

 k∏
j=0,εj∈ε+

2
Dεj(A0

xi
)

Dεj(A0
xi

) +Dεj(A1
xi

)

k∏
j=0,εj∈ε−

2
Dεj(A0

xi
)

Dεj(A0
xi

) +Dεj(A1
xi

)

 dFxi,θ(w)

where (ε+, ε−, ε0, ε1, . . .) allows to track the dyadic expansion of Fxi,θ(s). Note

that the random sequence {Dε}ε∈E(θ,θ∗) is well defined, it is a function of θ, θ∗,

{Wi}ni=1 and {Dε}ε∈E). To evaluate the ratio

P (θ ∈ dθ̃, θ∗ ∈ dθ̃∗|{Wi}ni=1, {Dε}ε∈E(θ,θ∗))

P (θ ∈ dθ̃∗, θ∗ ∈ dθ̃|{Wi}ni=1, {Dε}ε∈E(θ,θ∗))
(1.11)

we can exploit the following expression

P (θ ∈ dθ̃, θ∗ ∈ dθ̃∗|{Wi}ni=1, {Dε}ε∈E(θ,θ∗)) ∝

hλ(θ̃)pθ̃(θ̃
∗)
∏
i

dFxi,θ̃(Wi)

max(k̃θ̃,k̃θ̃∗ )∏
j=1

Dεji(A0
xi

)I(εji ∈ ε+
i ) +Dεji(A1

xi
)I(εji ∈ ε−i )

Dεji(A0
xi

) +Dεji(A1
xi

)

where h is equal to 1 if the event {θ = θ̃, θ∗ = θ̃∗} is compatible with the con-

ditioning event and null otherwise. It is therefore possible to evaluate the ratio,
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draw a uniform r.v. U and accordingly with the standard rule of the Metropolis

Hastings algorithm switch θ̃ and θ̃∗ or not .

2) The second step starts from a realization from the conditional distribution

θ, {Dε}E(θ,θ∗)|{Wi}n1 and the subsequences (L0
1, . . . , L

0
n, . . .) are sampled till the

level k̃θ conditionally on (θ, {Dε}E(θ,θ∗) and {Wi}n1 ). We underline again that

when θ and the limit compositions of the Polya urns are known it becomes simple

to conditionally generates the latent sequences.

3)Finally the third step starts from a realization of θ and (L0
1, . . . , L

k̃θ
n ) con-

ditionally on {Wi}ni=1, a new proposal θ∗ is generated conditionally on θ and

the sequence {Dε}ε∈E(θ,θ∗) is generated conditionally on θ, θ∗, (L0
1, . . . , L

k̃θ
n ) and

{Wi}ni=1. We underline again that once the sequences (L0
1, . . . , L

k̃θ
n ) are known the

processes till the level k̃θ can be simulated exploiting the fact that the Dirichlet

prior is conjugate. If k̃θ < k̃θ∗ the remaining subsequences till Lk̃θ∗n are sampled

conditionally on (θ, {Wi}ni=1) taking a considerable advantage from the fact that

from each urn need to be drown at most one subsequence before generating the

Dirichlet processes.

Throughout the description of the procedure we have assumed to be able

to generate the Dirichlet processes; the stick breaking representation allows to

approximately sample the processes. The fact that it is not possible to generates

all the countable atoms of the processes is not an issue, indeed the approximations

allows to exactly perform the Metropolis Hastings step and to exactly generate

the sequences (L0
1, . . . , L

k̃θ
n ). The error term of the computation of the ratio

(1.11) based on the truncated stick breaking series can always be bounded and

reduced adding further atoms and random weights to the series till conditionally

on the generated uniform r.v. U it become evident the output of the first step

of the algorithm. Similarly the sequences (L0
1, . . . , L

k̃θ
n ) can be exactly sampled

extending the truncated stick breaking series when necessary.
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At each iteration of the procedure a realization of θ and of a subset of the

sequences (L0
1, L

0
2, . . . ) conditionally on the data is obtained; note that the subset

can be arbitrarily extended. Once we are able to a posteriori generate both the

parameter θ and the compositions of the Polya urns it become straightforward

to sample from the predictive distribution and to sample arbitrarily precisely the

random distribution Px.

A slight modification of the algorithm allows to deal with censured time to

event data, the idea is to sample at each iteration the latent survival times. Let

{Wi}ni=1 denotes a finite sequence of possibly censored from the right times to

event. We adopt the notation Ti = min(Wi, Ci) and δi = I(Wi ≤ Ci), where

Ci is the i-th censoring time. It is assumed that the censoring times are nonin-

formative: C1, . . . Cn are independently distributed with respect to the random

distributions of the survival times.

Assume to start the first step of the procedure from a realization from

θ, θ∗, {Dε}ε∈E(θ,θ∗), {Wi}ni=1|{Ti, δi}·

At the second step if δn = 0, after having obtained a realization of (L0
1, . . . , L

0
n−1, . . . , L

k̃θ
n−1),

in this case

k̃θ = inf{k ∈ N :
n−1∑
i=1

I(F−1
xi,θ

(
j

2k
) < Wi ≤ F−1

xi,θ
(
j + 1

2k
)) ≤ 1 ∀j ∈ (0, . . . , 2k − 1)}

a random variable from the conditional distribution

Wn|θ, {Wi}n−1
i=1 ,Wn ≥ Tn, (L

0
1, . . . , L

0
n−1, . . . , L

k̃θ
n−1)

can be generated. To obtain a realization from

Wn|θ, {Wi}n−1
i=1 , (L

0
1, . . . , L

0
n−1, . . . , L

k̃θ
n−1)

it suffices to sample from the updated Polya urns till the level k̃θ, then it can

happen that there exists j such that Lk̃θj and Lk̃θn come from the same urn or

not. In the last case we need exclusively to generate Wn from the adequately

restricts distribution Fxn,θ. In the first case a realization of Lk̃θ+1
j coherent with
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Wj is obtained and Lk̃θ+1
n is sampled from the updated Polya urn; finally at the

minimum level k̃θ + m such that Lk̃θ+1
j and Lk̃θ+1

n come from two distinct urns

Wn is generated from the adequately restricted distribution Fxn,θ. The described

strategy can be adopted to conditionally sample all the censured survival times.

A natural simplification of the described algorithm consists in truncating the

number of levels of the Polya Tree structure simply assuming a priori that for

every ε of length greater than a fixed integer Yε,x = 1
2
∀x ∈ X.

1.6 Examples.

1.6.1 Example 1: A non-PH Survival Model

The first example illustrates the flexibility of the MPT model. We consider a

simulated data set generated from the following model:

X = [0, 1], Wi|xi ∼ Lognormal(µxi , σxi), µxi =
1

2
xi +

5

8
, σxi =

5

2
− 2xi

and Ci ∼ Lognormal(2.4, 1). The implied probability of a single observation

being censored is p(Ci < Wi) ≈ 1
5
. The covariates xi are uniformly sampled

from the unit interval. As shown in Figure 1.3 the survival functions can not

be adequately approximated by traditional survival models like the PH model,

the accelerated failure time model or the proportional odds model. The survival

curves are not stochastically ordered. A sample of 250 observations have been

generated and fitted through the MPT model. The prior parameterization is the

following: Fx(t) = 1−exp(4t) ∀x ∈ X, αε = 4 ∀ε ∈ E and {qx}x∈X are normal

kernels with variance equal to 1 and mean x.

We evaluated posterior inference using the previously outlined MCMC scheme.

Some results are shown in Figure 1.3.

Posterior inference achieves a good balance between borrowing strength across

covariate levels versus reporting meaningful covariate effects. These two goals

are in conflict with each other. Excessive prior dependence between the random

survival functions diminishes the ability to report meaningful covariate effects.
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Figure 1.3: Example 1: The left panel shows the simulation truth. The figure

plots the survival functions Sx(w) ≡ P (W > w | x) against w and x. The

right panel shows inference for x = 1/4 and x = 3/4. The solid curves are the

estimated survival functions E(Sx(w) | data) under the proposed model. The

dashed lines show the simulation truth. The shaded bands show central 90%

credible intervals.
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On the other, in the absence of prior dependence we would not borrow any

strength across x. The relevant sample size for inference on the unknown survival

function Sx would be restricted to only observations at that covariate level, and

inference for Sx, x 6∈ {xi; i = 1, . . . , n}, would be impossible.

The reported inference also highlights that the model avoids the restrictions

of previously mentioned semi-parametric models for survival regression. At the

same time the model includes enough structure and smoothing to still provide

meaningful estimates of the unknown survival functions.

1.6.2 Example 2: A PH Model

The second example demonstrates that, non surprisingly, simpler ad hoc infer-

ential procedures can outperform the MPT model when the assumptions of the

PH model hold. However, slight violations can suffice to lead to comparable

performances of the two approaches.

We consider two scenarios. Under the first scenario the survival regression

satisfies the PH assumption.

Pr(W > w) =

(
4

4 + w

)4+x

.

The second one introduces a minor violation of the PH assumption:

Pr(W > w) =

(
1− 1

10
x

)(
4

4 + w

)4+x

+

(
1

10
x

)
exp

(
− 1

10

(
5

4
w

)3
)
.

In both scenarios a binary covariate space is assumed, x ∈ X ≡ {0, 1}.

We compare inference under the MPT mixture model versus the Bayesian

bootstrap for PH models studied in Kim and Lee (2003, b). Table 1.1 reports

mean squared error (MSE) for estimating Sx(w) under the two models, as well

as Kaplan-Meier estimates. Estimates are based on n = 50 observations on each

of the two arms, x = 0 and x = 1. MSEs are reported for w ∈ {0.5, 1, 1.5, 2} and

x = 1.

The MPT mixture is centered on the Weibull model and the MPT structure is

parameterized as follows: αε = 4,∀ε ∈ E and qx are normal kernels with standard
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Figure 1.4: Example 2: Sx(w), x = 0, 1. Simulation truth under the two scenarios.

deviation equal to 3.

In both scenarios the regression models perform better than the simple Kaplan-

Meier estimator, the Bayesian bootstrap is the optimal choice in the first scenario,

while in the second scenario the MSEs under the mixture of MPT model is com-

parable to the Bayesian bootstrap.

1.6.3 Example 3: A Lung Cancer Trial

We apply the proposed hierarchical model to the analysis of survival data from

a clinical trial performed by the Lung Cancer Study Group (Lad et. al., 1988).

The objective of the trial was to determine the potential benefit of adjuvant

chemotherapy for patients with incompletely resected non-small-cell lung cancer.

The patients enrolled in the study were randomly treated with a radiotherapy,

which was the standard of care, or with the radiotherapy plus a chemotherapy.

The trial proved the beneficial effect of the chemotherapy as an adjuvant to the

radiotherapy. The survival data are published in Piantadosi (1997); 164 patients

were enrolled in the trial and 28 were alive at the end of the follow up period.
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Table 1.1: Example 2: MSE for point estimates of Sx(w) for four values of w and

x = 1. MSEs for the Bayesian bootstrap (BB) and the mixture of MPT models

(MMPT) are evaluated by Monte Carlo integration using N = 100 simluations

of the inferential procedures.

MSE of P̂r(W > w|x = 1)

w = 0.5 w = 1.0 w = 1.5 w = 2.0

Scenario 1

MMPT 0.0039 0.0036 0.0028 0.0023

BB 0.0035 0.0033 0.0028 0.0021

KM 0.0049 0.0044 0.0032 0.0023

Scenario 2

MMPT 0.0037 0.0035 0.0031 0.0022

BB 0.0038 0.0037 0.0029 0.0022

KM 0.0048 0.0046 0.0035 0.0024

The most relevant prognostic factors are cancer histology (coded as X1 = 0 for

squamous and X1 = 1 for non squamous); performance status at the beginning

of the trial (X2 = 0 for Kernofsky indicator ≥ 7, and X2 = 1 otherwise); and

treatment assignment (X0 = 1 for treatment and X0 = 0 for control).

The data are shown in Figure 1.5a. The Kaplan-Meier survival functions

cross around w = 1000 days. For a while after the crossing the differences are

negligible. At the end of the third year the survival function for the treatment

group is below the curve for control. The details of the prior are as in the previous

example, αε = 4 ∀ε ∈ E. The kernels qx in this case are multivariate normal

densities with diagonal covariance matrix and the three standard deviations equal

to 3.

Figure 1.5 summarizes posterior inference. The estimates correctly identify

the crossing survival functions. This is the case despite prior centering around

the PH structure which would not allow such peculiarities. However, in contrast

to the PH model the proposed MPT model allows posterior inference to violate

the structure of the prior centering measure if the data so requires.
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Figure 1.5: Example 3: Panel (a) shows the data. Panels (b) and (c) show the

estimated survival curves for treatment (solid) and control (dotted lines). For

comparison the Kaplan-Meier curves are included.
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1.7 Discussion

We introduced a new prior for dependent RPMs. The proposed MPT model

allows us to relax the assumptions of a Bayesian parametric model by extending

the support of the unknown distribution functions.

The construction of probability models for dependent random measures has

been studied by several authors in recent years.

Among these MacEachern (1999) and De Iorio et. al. (2004) explore the idea

of defining dependent RPMs by means of an extension of the Dirichlet process

mixture model while Dunson and Park (2008) discuss an extension of the stick-

breaking representation.

The definition of the MPT model is based on the construction of dependent

Beta r.v.’s through overlapping gamma processes. The MBP characterization can

easily be modified to obtain dependent Dirichlet random vectors or dependent

Dirichlet processes. Let G be an homogeneous gamma process on R× (0, 1) and

a a positive constant. Normalizing the random measurers

Gx(A) ≡ G([x, x+ a]× A) ∀A ∈ B, x ∈ R

we can obtain dependent Dirichlet processes indexed by x ∈ R.

The two main guiding principles in the proposed construction of dependent

RPMs are the need of specifying prior distributions with a clear interpretation

and the aim of constructing a probability model with large support.

A natural continuation to the above line of research is the study of the asymp-

totic properties of Bayesian inferential procedures based on the proposed class of

dependent RPMs. We hope that the strict similarities of the MPT model with

the tail free prior distributions could result helpful in future research for exploring

its asymptotic behavior.

1.8 Appendix

Proposition 1.5.
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Let be α0, α1 two fixed strictly positive real values and

r0
2 = r0

1 = α0(1− a), r0
c = α0a, r1

2 = r1
1 = α1(1− a), r1

c = α1a, where a is a

positive constant in (0, 1). If G0
1, G

0
2, G

1
1, G

1
2, G

0
c , G

1
c are independent gamma r.v.

with same scale parameter and shape parameters r0
1, r

0
2, r

1
1, r

1
2, r

0
c , r

1
c the function

ρ(a) = Correlation(
G0

1 +G0
c

G0
1 +G0

c +G1
1 +G1

c

,
G0

2 +G0
c

G0
2 +G0

c +G1
2 +G1

c

)

is decreasing.

Proof. It is know that the vector

g = [
G0

1

G0
1 +G0

2 +G1
1 +G1

2 +G0
c +G1

c

, . . . ,
G1
c

G0
1 +G0

2 +G1
1 +G1

2 +G0
c +G1

c

]

is Dirichlet distributed with parameter (r0
1, r

0
2, r

1
1, r

1
2, r

0
c , r

1
c ).

Let {li}i≥1 be a Blackwell-McQueen random sequence from an urn with initial

weights (r0
1, r

0
2, r

1
1, r

1
2, r

0
c , r

1
c ) and colors (C0

1 , C
0
2 , C

1
1 , C

1
2 , C

0
c , C

1
c ). Let S be the first

drawn ball from the Bleckwel-McQeen urn whose color belongs to the colors set

(C0
1 , C

1
1 , C

0
c , C

1
c ), Finally, let V be the first drawn ball, after that S has been

extracted, whose color belong to the colors set (C0
2 , C

1
2 , C

0
c , C

1
c ).

E(
G0

1 +G0
c

G0
1 +G0

c +G1
1 +G1

c

G0
2 +G0

c

G0
2 +G0

c +G1
2 +G1

c

) = P (S ∈ {C0
1 , C

0
c }, V ∈ {C0

2 , C
0
c }) =

=
∞∑
m=1

P (
m−1⋂
k=1

lk ∈ {C0
2 , C

1
2}, lm ∈ {C0

1 , C
0
c })×[

P (V ∈ {C0
2 , C

0
c }|

m−1⋂
k=1

lk ∈ {C0
2 , C

1
2}, lm ∈ {C0

1 , C
0
c })

]
(1.12)

For each component of the sum the first product term is equal to

p′(a,m) =
α0

(2− a)(α0 + α1) +m− 1

m−1∏
k=1

(1− a)(α0 + α1) + k − 1

(2− a)(α0 + α1) + k − 1

while the second is equal to

p′′(a,m) = (
α0

α0 + α1

)(1− aa(α0 + α1) + 1

(α0 + α1) +m
) + (a

aα0 + 1

(α0 + α1) +m
)
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The following inequalities can be verified with simple algebra. If a∗ and a∗∗

belong to the interval (0, 1) and a∗∗ > a∗, then
∑∞

m=j p
′(a∗∗,m) ≤

∑∞
m=j p

′(a∗,m)

∀j ∈ N, p′′(a∗∗,m) > p′′(a∗,m) ∀m ∈ N, and p′′(a,m) > p′′(a,m + 1) ∀m ∈ N,

∀a ∈ (0, 1). From the three inequalities and the equality
∑∞

m=1 p
′(a∗∗,m) =∑∞

m=1 p
′(a∗,m) it follows that

∞∑
m=1

p′(a∗∗,m)p′′(a∗∗,m) >
∞∑
m=1

p′(a∗,m)p′′(a∗,m) ·

The last inequality completes the proof, indeed the two terms are equivalent to

the the expected value in (1.12) under two different parameterizations (i.e. a∗

and a∗∗) of the random vector G.

Proof of Proposition 1.1

Define for every i

G0
x,xi

= G((z, y) ∈ X × R : 0 < y < α0 min(qxi(z), qx(z)))

G0
x\xi = G((z, y) ∈ X × R : 0 < y < α0qx(z), y ≥ α0qxi(z))

G0
xi\x = G((z, y) ∈ X × R : 0 < y < α0qxi(z), y ≥ α0qx(z))·

We observe that G(A0
x) = G0

x,xi
+G0

x\xi , G(A0
xi

) = G0
x,xi

+G0
xi\x and

E((A0
x−A0

xi
)2) = E((G0

x\xi−G
0
xi\x)

2) = V ar(G0
x\xi)+V ar(G0

xi\x) = 2V ar(G0
xi\x).

From the hypothesis: ν((z, y) ∈ X × R : 0 < y < qxi(z), qx(z) > y)→ 0·

It follows that V ar(G0
xi\x)→ 0·

We can similarly define G1
x,xi

, G1
x\xi , G

1
xi\x and show E((A1

x − A1
xi

)2)→ 0.

Finally from the convergence in mean square of {G(A0
xi

)}i≥1 and {G(A1
xi

)}i≥1 it

follows the convergence in probability of {Yxi}i≥1 to Yx.

Proof of proposition 1.2

E (Px(F−1
x (Bε))) = λ(Bε) ∀ε ∈ ∪∞i=1{0, 1}i, where λ denotes the Lebesgue mea-

sure. The same equality holds for the elements of the algebra of finite unions
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of Bε sets. The class {B ⊆ (0, 1] : E (Px(F−1
x (B))) = λ(B)} is monotone.

It follows from the monotone class theorem that for every Borell subset B of

(0, 1] E (Px(F−1
x (B))) = λ(B). Finally if a distribution Q satisfy the equality

Q (F−1
x (B)) = λ(B) for every Borell subset B of (0, 1] then Q = Fx.

Proof of Proposition 1.3

From Proposition 1 follows that: Pxi(F−1
xi

(Bε))
p−→ Px(F−1

x (Bε)) ∀ε ∈ ∪∞i=1{0, 1}i·

This holds also for the elements of the algebra of the finite union of Bε sets.

Let B1, B2, . . . be an increasing sequence with limit B ⊂ [0, 1] such that:

Pxi(F−1
xi

(Bj))
p−→ Px(F−1

x (Bj)) ∀j ∈ (1, 2, . . .) .

Pxi(F−1
xi

(B))− Pxi(F−1
xi

(Bj)) ≥ 0 a.s. ∀i, j and,

E(Pxi(F−1
xi

(B))− Pxi(F−1
xi

(Bj))) = λ(B \Bj) .

It follows from the Markov inequality that: ∀δ > 0,∀ε > 0 ∃m such that

P (|Pxi(F−1
xi

(Bm))− Pxi(F−1
xi

(B))| > ε
3
) < δ

3
∀i and

P (|Px(F−1
x (Bm))− Px(F−1

x (B))| > ε
3
) < δ

3
.

Moreover there exists an integer k such that

P (|Pxj(F−1
xj

(Bm))− Px(F−1
x (Bm))| > ε

3
) < δ

3
∀j > k,

thus P (|Pxj(F−1
xj

(B))− Px(F−1
x (B))| > ε) < δ ∀j > k .

Similarly if B1, B2, . . . decrease to B and

Pxi(F−1
xi

(Bj))
p−→ Px(F−1

x (Bj)) ∀j ∈ (1, 2, . . .),

then Pxi(F−1
xi

(B))
p−→ Px(F−1

x (B)) .

From the monotone class theorem it follows that for every Borell subset B ⊂ [0, 1],
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Pxi(F−1
xi

(B))
p−→ Px(F−1

x (B)) .

Let be a ∈ R and c = Fx(a), Fxi and Fx are continuous thus

|Pxi((−∞, F−1
xi

(c)])− Px((−∞, a])| a.s.= |Pxi(F−1
xi

(0, c])− Px(F−1
x (0, c])| p−→ 0

E(|Pxi((−∞, F−1
xi

(c)])− Pxi((−∞, a])|) = |c− Fxi(a)| −→ 0

It follows that: |Pxi((−∞, F−1
xi

(c)])− Pxi((−∞, a])| p−→ 0 and

|Pxi((−∞, a])− Px((−∞, a])| p−→ 0 ·

It follows, through monotone class arguments based on the convergence in total

variation of the sequence {Fxi}i≥1 to Fx, that for every Borel subset of the real

line B,

Pxi(B)
p−→ Px(B).

Proof of Proposition 1.4

It is first proved a preliminary result (A) and then the proposition (B).

A)If {Yx}x∈X ∼ MBP(α0, α1, Q), for every strictly positive ε, for every m =

1, 2, . . ., for every distinct x1, . . . , xm ∈ X and a1, . . . , am ∈ [0, 1] the event

{|Yxi − ai| < ε ∀i ∈ 1, . . .m}

has strictly positive probability.

There exist strictly positive numbers (g0
1, g

1
1) such that | g01

g01+g11
− a1| < ε

2
.

Given G(A0
x1

) = g0
1 and G(A0

x1
) = g0

1 there exist strictly positive numbers (g0
2, g

1
2)

such that if G(A0
x2
\A0

x1
) = g0

2 and G(A1
x2
\A1

x1
) = g1

2 then | G(A1
x2

)

G(A0
x2

)+G(A1
x2

)
−a2| < ε

2
.
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For induction: given the equalities

G(A0
x1

) = g0
1, G(A1

x1
) = g1

1,

G(A0
x2
\ A0

x1
) = g0

2, G(A1
x2
\ A1

x1
) = g1

2,

G(A0
x3
\ (A0

x1
∪ A0

x2
)) = g0

3, G(A1
x3
\ (A1

x1
∪ A1

x2
)) = g1

3,

. . .,

G(A0
xi
\ (A0

x1
∪ A0

x2
∪ . . . ∪ A0

xi−1
)) = g0

i , G(A1
xi
\ (A1

x1
∪ A1

x2
∪ . . . ∪ A1

xi−1
)) = g1

i ,

exist positive numbers (g0
i+1, g

1
i+1) such that if the above equalities hold,

G(A0
xi+1
\ (A0

x1
∪ . . . ∪ A0

xi
)) = g0

i+1 and G(A1
xi+1
\ (A1

x1
∪ . . . ∪ A1

xi
)) = g1

i+1

then |
G(A1

xi+1
)

G(A0
xi+1

)+G(A1
xi+1

)
− ai+1| < ε

2
.

The quantities ν(A0
x1

), ν(A1
x1

), ν(A0
x2
\A0

x1
), . . . , ν(A1

xm \ (A1
x1
∪ . . . ∪A1

xm−1
)) are

strictly positive due to the fact that the kernels {qx}x∈X constitute a location

family of unimodal densities. Hence the density function of

[G(A0
x1

), G(A1
x1

), G(A0
x2
\ A0

x1
), . . . , G(A1

xm \ (A1
x1
∪ . . . ∪ A1

xm−1
))]

in an adequate neighborhood of (g0
1, g

1
1, . . . , g

1
m) is strictly positive, this proves

the assertion.

B) From the definition of the MPT and the above reported result it follows that

for every positive ε∗ and every integer j the event

{|Si(F−1
xi

(
l

2j
,
l + 1

2j
])− Pxi(F−1

xi
(
l

2j
,
l + 1

2j
])| < ε∗,∀l ≤ (2j − 1),∀i ∈ (1, . . . ,m)}

(1.13)

has strictly positive probability. Finally for any given positive δ and partition

[V1, . . . , Vk] constituted of intervals, choosing adequately j and ε∗ the event (1.13)

becomes a subset of the event of interest,

{|Si(Vl)− Pxi(Vl))| < δ,∀l ∈ (1, . . . , k),∀i ∈ (1, . . . ,m)} ·
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Proof of Theorem 1.1

If 0 ≤ a < b ≤ 1 ∃ δ(a, b) > 0 s.t. P (Yx?1,� ∈ (a, b)|Yx?2,�, . . . , Yx?m,�) >

δ(a, b), where δ(a, b) does not depend from (Yx?2,�, . . . , Yx?m,�). This fact is a

direct consequence of the representation (1.2) and of the tail free property of the

Dirichlet process: the random vectors

[
Dx?1,...,x?m(A0

x?2
)

Dx?1,...,x?m(A0
x?2 ∪ A1

x?2)
, . . . ,

Dx?1,...,x?m(A0
x?m)

Dx?1,...,x?m(A0
x?m ∪ A1

x?m)
]

and

[Dx?1,...,x?m(A0
x?1
\(∪mi=2A

0
x?i

)), Dx?1,...,x?m(A1
x?1
\(∪mi=2A

1
x?i

))]

are independent.

From the inequality it follows that, for every strictly positive ξ the conditional

probabilities

P
(
Yx?1,� ∈ (1−Sx?1(F−1

x?1

(
1

2

)
)−ξ, 1−Sx?1(F−1

x?1

(
1

2

)
)+ξ)

∣∣∣
{Wi}ni=1, Yx?2,�, . . . , Yx?m,�

)
=

P
(
Yx?1,� ∈ (1−Sx?1(F−1

x?1

(
1

2

)
)−ξ, 1−Sx?1(F−1

x?1

(
1

2

)
)+ξ)

∣∣∣{
I(Wi > F−1

x?1

(1

2

)
)
}
{i≤n:xi=x?1}

, Yx?2,�, . . . , Yx?m,�

)
almost surely (w.r.t.{Wi}ni=1) converge uniformly to 1: this is a direct consequence

of the law of large numbers and of the fact that the second derivative of the

loglikelihood of the r.v.’s {I(Wi > F−1
x? (1

2
)}{i≤n:xi=x?1} converges to (−∞).

From the equality

P (Yx?1,� ∈ ·|{Wi}ni=1) =∫
P (Yx?1,� ∈ ·|{Wi}ni=1, Yx?2,�, . . . , Yx?m,�)dPYx?2,�,...,Yx?m,�|{Wi}ni=1

it follows that

P
(
Yx?1,� ∈ (1−Sx?1(F−1

x?1

(1

2

)
)−ξ, 1−Sx?1(F−1

x?1

(1

2

)
)+ξ)

∣∣∣{Wi}ni=1

)
→ 1 a.s.

37



Similarly if Sx?1(F−1
x?1

( j
2k

), F−1
x?1−1( j+1

2k
)] > 0 and Bε = ( j

2k
, j+1

2k
] the posterior distri-

bution of Yx?1,ε is consistent.

From the monotonicity of Fx?1 it follows that given a continuity point v of Sx?1
for every ξ > 0

P (Px?1(−∞, v) ∈ (S1(−∞, v)−ξ,S1(−∞, v)+ξ)|{Wi}ni=1)→ 1 a.s.

This fact completes the proof.
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Chapter 2

Reinforced random tessellations

for Bayesian nonparametric

binary regression.

Abstract

A Bayesian nonparametric model for binary random variables is introduced. The

characterization of the probability model is based on the Polya urn scheme and on

a random tessellation model. These two probabilistic structures are combined in

order to adapt, under the hypothesis of partial exchangeability, the reinforcement

mechanism of the Polya urn. A Gibbs sampling algorithm for implementing

predictive inference is illustrated and an application of the inferential procedure

is discussed.

2.1 Introduction

Consider an heterogeneous population of subjects with covariates. A dichotomous

random variable (r.v.) is associated to each subject with response probability

depending on the covariates: P (Yi = 1|Xi) = f(Xi), i indexes the individual

and Xi represents its profile. We propose a Bayesian nonparametric procedure
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to estimate f .

The most widely used parametric models are defined by means of a paramet-

ric function lθ, which maps the covariates space on the real line, and a cumulative

density function (cdf) H; such models assume that f ∈ {H ◦ lθ : θ ∈ Θ}: in the

probit model, for example, lθ is linear and H is the standard Gaussian distribu-

tion function. This framework is exploited in Newton et al. (1996) to define a

semiparametric Bayesian binary regression model, therein lθ is linear and a Nor-

mal prior distribution on the coefficients is combined with a Dirichlet-Ferguson

prior (Ferguson (1973)) for the cdf H. Wood and Kohn (1998) proposed an

alternative Bayesian semiparametric model, the cdf H is fixed and a flexible prior

for the function l, which is assumed to be a sum of functions of single covariates,

is defined.

More recently Choudhuria et al. (2007) studied a nonparametric prior distri-

bution on the response probability functions which is not fully concentrated on

the monotone functions nor on the additive ones: the typical assumptions of the

semiparametric models are removed. Therein the link function H is the standard

Normal cdf and l is modeled as a Gaussian process.

In this chapter a Multivariate-Beta prior, whose characterization is based on

a random tessellation distribution, is proposed to model the dependency between

the response variables. A tessellation is a mosaic of non overlapping adjacent

polytopes which cover a subset of Rd. The prior is defined through an instru-

mental Dirichlet process (DP) on a space of tessellations of the covariates space

having cells associated with the values 0 or 1: the parameter of the process is a

rescaled probability distribution of a random tessellation with black and white

cells.

Random tessellation theory has received much attention during the last decade

and find applications in diverse areas as geostatistics and stereology; prominent

classes studied in these fields are the Poisson-Voronoi and the Poisson-hyperplane

tessellations, for a comprehensive overview on this subject we refer to Okabe et

al. (1992).
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The regression model is structured as the response variables {Yi}i≥1 would be

functions of a latent sequence of random tessellations drawn from an unknown

distribution: if the cell of the i-th tessellation where is located Xi is associated

with the value 1 then Yi will be equal to 1 and 0 otherwise. The prior is character-

ized by an easily interpretable dependency structure. If the unknown tessellations

probability law is expected to concentrate on few tessellations with few cells, in-

tuitively, Y1 is strongly predictive of the response variable Y2, especially if X1 is

near to X2.

The chapter is organized in 4 sections. In Section 2 the the Poisson-hyperplane

tessellation is briefly described. We consider this random tessellation model to

specify the parameter of the DP on the tessellations space. In Section 3 the

binary regression model is stated, an MCMC algorithm to estimate the response

probability function f is given and an application of the proposed inferential

procedure is illustrated. Some final remarks are given in the last section.

2.2 Poisson-hyperplane tessellations

Random tessellations are stochastic partitions of multidimensional spaces into

polytopes. Let C be the class of compact subsets of Rd, P denotes the class

of polytopes in Rd and B the Borel σ-field of P with respect to the Hausdorff

metric. Indicate the interior of the polytope p with int(p) . T is the class of the

counting measures on P such that ∀t ∈ T :

• t(p) ∈ {0, 1} ∀p ∈ P ,

• ∀p1, p2 ∈ P if t(p1) = t(p2) = 1 then int(p1)
⋂
int(p2) = ∅,

• ∀x ∈ Rd ∃ p ∈ P such that t(p) = 1 and x ∈ p,

• ∀c ∈ C the set {p ∈ P : t(p) = 1, p ∩ c 6= ∅} has finite cardinality.

T indicates the smallest σ-field that guarantees, for every set B in B, the mea-

surability of the function t −→ t(B) . The measurable space (T, T ) endowed

with a probability measure P defines a random tessellation.
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Figure 1: Bidimensional hyperplane tessellation.

In what follows Sd−1 = {x ∈ Rd : ‖x‖ = 1} indicates the unit sphere and , for

every s ∈ Sd−1 and r ≥ 0, Hs,r denotes the hyperplane {x ∈ Rd : 〈x, s〉 = r}. Q

is an homogeneous Poisson process on the hyperplanes space Hd with intensity

λ if for every measurable set A ⊂ Sd−1 × [0,∞), Q(Hs,r ∈ Hd : (s, r) ∈ A)

is a Poisson r.v. with parameter λγ(A), where γ is the product between the

Lebesgue measures on the real line and the uniform distribution on the unit

sphere. If A1, . . . , AJ are disjoint then Q(Hs,r ∈ Hd : (s, r) ∈ A1), . . . , Q(Hs,r ∈

Hd : (s, r) ∈ AJ) are independently distributed.

The atoms of the Poisson process Q create a tessellation of Rd: the class of

nonempty intersections of the closed halfspeces bounded by the Q atoms con-

stitutes a Poisson-hyperplane tessellation. A single cell can be represented as

follows:

C =

{
l⋂

j=1

(x ∈ Rd : 〈sj, x〉 ≥ rj)

}⋂{
m⋂

j=l+1

(x ∈ Rd : 〈sj, x〉 ≤ rj)

}
;

Q(Hrj ,sj) = 1 ∀j ∈ {1, . . . ,m} and Q(H ∈ Hd : H∩int(C) 6= ∅) = 0. The Poisson

process Q, and consequently also the tessellation, is isotropic and stationary: the

laws of both processes are invariant with respect to translations and rotations.
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The outlined random tessellation, has received much attention in the literature,

for an overview of the probabilistic properties of this model we refer to Stoyan et

al. (1995). We will exploit the following proposition.

Proposition 2.1. Given a Poisson-Hyperplane tessellation with intensity λ, the

probability that a segment ab is entirely contained in one cell is

Pr
(
Q(H ∈ Hd : H ∩ ab 6= ∅) = 0

)
= exp

(
−λ‖ab‖

2

Γ(d
2
)

Γ(d+1
2

)Γ(1
2
)

)
. (2.1)

Proof. If the random vector (u1, . . . ud) is uniformly distributed on the unit sphere,

then (u2
1, . . . u

2
d−1) is Dirichlet distributed with parameter (1

2
, . . . , 1

2
), see for ex-

ample (Eaton (1981)). It follows that

γ
(
(s, r) ∈ Sd−1 × R+ : Hs,r ∩ ab 6= ∅

)
=
‖ab‖Γ(d

2
)

2πd/2

∫
Sd−1

z
1/2
1

d∏
i=1

z
−1/2
i dz =

=
‖ab‖

2

Γ(d
2
)

Γ(d+1
2

)Γ(1
2
)

2.3 Partial exchangeability via random tessella-

tions

The distribution of a partially exchangeable sequence of random variables can be

defined through an auxiliary latent exchangeable sequence of colored tessellations

{ti}i≥1; the intuitive idea is that the i-th random response Yi from an individual

with covariates Xi is the color of the cell containing Xi of the i-th tessellation.

Let (T ⊗ RN, T ⊗ B(RN)) be the measurable space of colored tessellations:

each tessellation t is constituted by the cells C1, C2, . . . ordered with respect to an

arbitrary criterion and the i-th real coordinate of the product space indicates the

color of the i-th cell. In what follows Ct
X denotes the cell with the minimum index

containing X and Y(Ct
X) the cell color. Consider a random probability measure

D on (T ⊗RN, T ⊗B(RN)) having Dirichlet distribution with parameter M(Pλ×
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F∞), where M is a positive constant, Pλ denotes the distribution of a Poisson-

Hyperplane tessellation and F is a distribution on the possible cells colors, if the

responses are dichotomous F concentrates on two colors. The elements of the

partially exchangeable sequence {Yi}i≥1 are, conditionally on D, independently

distributed with

Pr(Yi ∈ B|D, Xi) = D(t ∈ T ⊗ RN : Y(Ct
Xi

) ∈ B) ∀B ∈ B(R).

The definition of the model implies that the random probability measureDX asso-

ciated to a single covariate point X is Dirichlet distributed with weight parameter

M and base measure F . The equality (2.1) allows to evaluate the dependency be-

tween the random probability measures DX1 and DX2 for any couple of covariates

X1 and X2. For every measurable subset B of the support of F :

E(DX1(B)DX2(B)) = Pr(Y1 ∈ B, Y2 ∈ B|X1, X2) =

= F 2(B) + (F (B)− F 2(B))
1

M + 1
exp

(
−λ‖X1 −X2‖

Γ(d
2
)

2Γ(d+1
2

)Γ(1
2
)

)
and the correlation between DX1(B) and DX2(B) is

Corr(DX1(B),DX2(B)) = exp

(
−λ‖X1 −X2‖

Γ(d
2
)

2Γ(d+1
2

)Γ(1
2
)

)
·

If the response variables are dichotomous the parameters of the defined model

can be clearly interpreted. The random probability f(x) associated to a point x in

the covariates space is a priori Beta distributed with parameters (MF (1),MF (0)),

while the correlation between f(x1) and f(x2) depends on the intensity parameter

λ and on the distance between x1 and x2.

Remark 1. The correlation function (2.2) depends exclusively on the random

tessellation distribution Pλ that parameterizes the DP D. It can be easily verified

that this peculiarity is preserved if the Poisson-Hyperplane tessellation model is

substituted, in the construction of the prior, with alternative random tessellation

models. Consider, for example, the dead leaves tessellation model (Matheron

(1968)), with spherical leaves having random radius: Pr(R > r) = exp(− r2

2/a2 ).

An elementary application of the results in (Bordenave et al. (2006)), allows to
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obtain the correlation function of this slightly modified version of the proposed

model: for every B ∈ B(R)

Corr(DX1(B),DX2(B)) =
Φ(−a‖X1 −X2‖)
Φ(a‖X1 −X2‖)

, (2.2)

where Φ denotes the standard Gaussian cumulative distribution function.

Remark 2. An alternative characterization of dependent DPs, whose depen-

dency relationships allow a representation similar to the expression (2.2), is dis-

cussed in Walker and Muliere (2003) and Muliere et. al. (2005). A relevant

difference between such characterization and the introduced prior consists in the

fact that, with the proposed model, the quantities Corr(DX1(B),DX2(B)) grad-

ually decrease as the distances ‖X1 −X2‖ become larger.

2.3.1 Predictive inference.

The predictive probabilities,

f̂(x) = Pr(Yn+1 = 1|Y1, . . . , Yn, X1, . . . , Xn, Xn+1 = x)

can be computed through a Gibbs sampling algorithm based on the Blackwell

MacQueen representation of an exchangeable sequence of variables with Dirichlet

random distribution (Blackwell and MacQueen (1973)), in our case the elements

of the sequence will be the latent tessellations. The algorithm is initialized by a

finite sequence of colored tessellations, one for every observation. In each iteration

the tessellation corresponding to a single observation is sampled conditionally on

the other tessellations and on the data. The Blackwell MacQueen scheme suggests

how to sample from the conditional distribution of the colored tessellation tj

given {t1, . . . , tj−1, tj+1, . . . , tn} and {Y1, . . . , Yn}. For every l ∈ {1, . . . , j − 1, j +

1, . . . , n}

Pr(tj = tl|t1, . . . , tj−1, tj+1, . . . , tn, {Yi}ni=1) =
I(Y(Ctl

Xj
) = Yj)

MF (Yj) +
∑

h6=j I(Y(Cth
Xj

) = Yj)

and to sample from the conditional distribution

tj|t1, . . . , tj−1, tj+1, . . . , tn, {Yi}ni=1, tj 6= t1, . . . tj 6= tn
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it suffices to generate a Pλ distributed tessellation with Y(Ct
Xj

) = Yj and the

remaining cells randomly colored accordingly with F .

The Gibbs sampling algorithm, exploiting the fact that the Blackwell Mac-

Queen scheme indicates the conditional probabilities

P (Yn+1 = 1|t1, . . . , tn, Y1, . . . , Yn) =
MF (1) +

∑n
i=1 Y(Cti

Xn+1
)

M + n

allows to compute f̂ through Monte Carlo iterations. Note that the algorithm

can be adopted to estimate the response probability function also if the partially

exchangeable probability model is parameterized through a random tessellation

distribution alternative to the Poisson Hyperplane model. It suffices that the

adopted tessellation can be exactly simulated. The dead leaves model and the

Poisson-Voronoi tessellation are two examples of tessellation processes which can

be easily generated.

2.3.2 Simulation example

The outlined algorithm has been applied to the simulated data set represented

in Figure 2.b: 100 of points have been randomly selected in [0, 1]2 and for each

one a Bernoulli r.v. has been generated accordingly with the probabilities of

success illustrated in Figure 2.a. The surface in the graph is the rescaled den-

sity of a mixture of two truncated bivariate Gaussian distributions. The prior

distribution has been parameterized with M = 2, F (0) = 1/2 and λ = 10, from

which follows that the response probabilities are a priori marginally uniformly

distributed and their distribution is characterized by the correlation function

Corr(f(x1), f(x2)) = exp(−10
Π
‖x1 − x2‖). In Figure 2.c is represented an ap-

proximation of the predictive function f̂(x) which has been obtained computing

through the Gibbs sampling algorithm the values of f̂ on a grid of 2500 points

on the unit square. The Bayesian estimate f̂ captures the bimodal shape of the

response probability function adopted to generate the data and seems to well

reflect the data set structure suggested by the scatter plot.
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Figure 2.a: Response probability function.
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Figure 2.b: Simulated data set, ◦ = 0 and • = 1.

X1

0

1

X2

0

1

E
(f | Y

)

0.2

0.4

0.6

0.8

Figure 2.c: The predictive response probability function.
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2.3.3 Example: Spatial variation in risk of disease

We describe the results of the analysis of an epidemiological data set through the

proposed inferential procedure. The data set reports the postcodes of patients,

in Northeast England, affected with primary biliary cirrhosis (PBC), and of a

control group of residents of the region. For a detailed description of the data

set we refer to Prince et al. (2001). One of the main findings of the cited study

was that the risk of disease varies considerably across the region. Identifying the

high-risk areas can substantially contribute to ascertain the environmental risk

factors. Controls, as described in Prince et al. (2001), are randomly selected from

the region population and concentrate mostly in the urban areas.

As discussed in Kelsall and Diggle (1998), the problem of identifying the

variations of the risk of disease across a specific area can be formalized as a

binary regression problem. Such approach considers both cases and controls as

realizations of non homogeneous Poissont processes with intensities η1(x) (cases)

and η0(x) (controls). We are interested in estimating the regression function

f(x) =
η1(x)

η1(x) + η0(x)
·

A flat regression function corresponds to a constant risk across the area while pos-

sible variations could be determined by environmental factors which vary across

the region. Figure 3.a represents the residence locations of the 761 individuals

with PBC and of the 3044 controls. Figure 3.b represents the Bayesian estimate

of the regression function f . The graph suggests a relevant difference in the in-

cidence of disease between the urban areas of Newcastle and Gateshead and the

surrounding areas.

The proposed inferential procedure identifies the area with the highest risk

of disease and, the posterior confidence bands of f allows to assess the strength

of evidence against the hypothesis of a constant regression function. Confidence

bands can be computed approximately sampling, from the posterior distribution,

the unknown response probability function f through the outlined Monte Carlo

sampling scheme. Conditionally on the latent tessellations {t1, . . . , tn}, the con-
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(a) (b)

Figure 3: Panel (a): The polygonal approximation of the study area and the

locations of cases of PBC and controls. Panel (b): Estimated response probability

function.

jugacy property of the DP allows to sample with arbitrary accuracy the random

process f . Muliere and Tardella (1998) discuss a computational procedure in

order to generate with arbitrary accuracy a DP. The dashed line in Figure 3.b

identifies the areas which, with posterior probability higher than 95%, present

a lower risk of disease than the point x∗ associated with the highest estimated

response probability.
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2.4 Final remarks.

In this chapter a class of dependent Beta random variables indexed by the points

of a covariate space is characterized introducing a Dirichlet random distribution

on a space of colored tessellations. The aim of the adopted modeling approach is

to extend the appealing reinforcement mechanism proper of the Polya urn model

to regression problems. The idea of constructing a partially exchangeable model

merging the Polya urn scheme and the Poisson-Hyperplane tessellation can be

generalized adopting alternative exchangeable random partition models, see for

example Pitman (1995), as well as alternative tessellation models.
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Chapter 3

Extended Bernstein Prior via

Reinforced Urn Processes

Abstract

A Reinforced Urn Process which induces a prior on the space of mixtures of

Bernstein distributions is introduced. A nonparametric Bayesian model based

on this prior is presented: the elicitation is treated and some connections with

Dirichlet mixtures are given. In the last part of the chapter an MCMC algorithm

to compute the predictive distribution is discussed.

3.1 Introduction

The Bernstein polynomial of degree k associated to a bounded function F on

[0, 1] is defined as

B(x; k, F ) =
k∑
j=0

F

(
j

k

)(
k

j

)
xj (1− x)k−j , x ∈ [0, 1]. (3.1)

It is known that Bernstein polynomials well approximate F under general

assumptions. If x is a continuity point of F : limk→∞B(x; k, F ) = F (x). When

F is a distribution function (d.f.) the Bernstein approximation is also a d.f. on

[0, 1] and, if F (0) = 0, the polynomial B(x; k, F ) can be expressed as a mixture
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of beta distributions. Under these hypotheses the derivative of the Bernstein

polynomial is B′(· ; k, F ) =
∑k

j=1wjkβ(·, j, k− j+ 1), where β(·, a, b) denotes the

beta density with parameters (a, b) and wjk = F
(
j
k

)
− F

(
j−1
k

)
.

Petrone (1999) applied Bernstein polynomials in Bayesian inference: a non-

parametric prior on the set of absolutely continuous distributions on the unit

interval is expressed by specifying a probability measure on the set of d.f.’s which

belong to the Bernstein polynomials’ space. Therein is studied the random d.f.

B(x;K,F ) = I(1,∞)(x)+
∑K

j=0 F
(
j
K

) (
K
j

)
xj(1−x)K−jI[0,1](x), where F is a Dirich-

let process (Ferguson (1973)) on the unit interval parameterized with a finite

measure α and K has an independent distribution p on the integers. Provided

that α({0}) = 0, F (0) = 0 a.s., and the random Bernstein polynomial is a.s. a

mixture of beta distributions. In practice, the d.f. F0 obtained by the normal-

ization of the measure α expresses the initial guess of an unknown d.f., although

B(x) is centered on
∑

k B(x; k, F0)p(k), which is generally different from F0.

Computational procedures to estimate an unknown d.f. through the described

Bayesian model have been proposed by Petrone (1999) and Petrone and Wasser-

man (2002); however, they assume that the random variable (r.v.) K has finite

support, that is, the order of the random polynomial is a priori bounded.

We propose an extension of the Bernstein prior that can be easily centered

on whichever continuous d.f. on a real interval. Posterior inference can be fairly

simply approximated through simulation techniques; in particular, computing the

predictive distribution does not require to truncate the order of the polynomial.

The first part of the chapter is devoted to defining a prior probability measure

on the beta mixtures space

B =

∑
S̃

wjkβ(j, k − j + 1) :
∑
S̃

wjk = 1; wjk ≥ 0, ∀(j, k) ∈ S̃

 , (3.2)

where S̃ = {(j, k) : j, k ∈ N+; j ≤ k}. To this aim, we first construct a prior for

the mixing weights W = {Wj,k}(j,k)∈S̃; note that W is a random probability mea-

sure on S̃. Then, the prior on the beta mixtures space is obtained by mapping

W to B: W −→
∑

S̃Wj,kβ(j, k − j + 1). The peculiarity of our construction is
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to define the random mixing distribution W by means of an auxiliary Reinforced

Urn Process (RUP). Muliere et al. (2000) give a detailed account of RUP’s prob-

abilistic properties. We show that a random probability measure W on S̃, which

generalizes the Dirichlet process, can be characterized through a RUP {Xn}n≥0.

Indeed, the RUP generates an exchangeable sequence of r.v.’s {Yn}n≥1 with values

in S̃, whose de Finetti measure gives the required probability law of the random

measure W .

The above construction defines a prior with large support on the space of

absolutely continuous d.f.’s on [0, 1]. In the second part of the chapter, we ex-

tend the Bernstein model to construct a prior for a random d.f. on a general

real interval. The main features of the extension are (i) the possibility of easily

centering the prior on any a priori guess F0, (ii) the availability of simulation

techniques for implementing posterior inference and (iii) the ability of the model

of combining mixture components with remarkably heterogeneous variances. The

latter property differentiates the proposed extension from the Bernstein model

discussed in Petrone (1999); we illustrate that such peculiarity can determine

relevant differences between the predictive distributions corresponding to the two

models. Such differences have an intuitive explanation. The beta components of

a Bernstein density B′ act as kernels, with k having the role of a smoothing pa-

rameter. Intuitively, one can think of B′ as a smoothing of a histogram with bins

of equal length 1/k, where the rectangular kernels of the histogram are replaced

by the beta kernels β(j, k − j + 1). For a better local behavior, it is natural to

think of histograms with bins of different length, smoothed through the extended

Bernstein mixtures in B, where the mixture is taken with respect to the joint

distribution W of j and k.

The outline of the chapter is the following. In Section 3.2 some definitions

and results about RUPs from Muliere et al. (2000) are reviewed. In Section 3.3,

a class of RUPs {Xn}n≥0 which generates a random probability measure W on

S̃ is introduced. The extended Bernstein model is presented in Section 3.4. In

Section 3.5, an MCMC algorithm for posterior inference and some applications
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are illustrated. Final remarks and open issues are briefly discussed in the last

section.

3.2 Reinforced Urn Processes

RUPs may be defined very briefly as reinforced random walks on a state space of

urns. Indeed they blend two basic probabilistic models: a Pólya urn scheme and

a random walk in such a way as to describe the attitude of a random mover to

repeat transitions already occurred in the past. Each RUP consists of four basic

elements.

Definition 3. Let

1. S be a countable state space;

2. C = {c1, . . . , ck} be a finite set of colors of cardinality k ≥ 1;

3. U(s) = (as(c1), . . . , as(ck)) be an urn composition function which maps S

into the set of k-tuples of nonnegative numbers whose sum is strictly posi-

tive;

4. q : S × C → S be a law of motion such that for every x, y ∈ S, there is at

most one color c(x, y) ∈ C such that q(x, c(x, y)) = y.

Fixed X0 = x0 ∈ S, for n ≥ 1 if Xn−1 = x ∈ S, a ball is sampled from the

urn associated with x and, given its color c, we set

Xn = q(x, c).

Finally the ball is replaced in the urn along with one of the same color.

The sequence X = {Xn, n ≥ 0} is said to be a Reinforced Urn Process with

initial state x0 and parameters S,C, U, q.

Muliere et al. (2000) show that partial exchangeability is a momentous fea-

ture enjoyed by the RUPs. Therefore, if a RUP {Xn}n≥0 is also recurrent, a
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representation theorem of Diaconis and Freedman (1980) states that it is a

mixture of Markov chains. More formally let R(0) = {x0} and for all x ∈ S, let

Rx = {y ∈ S : ax(c(x, y)) > 0} be the set of all the states attainable from the state

x in one step. Then define, for n ≥ 1, R(n) =
⋃
x∈R(n−1) Rx and R =

⋃∞
n=0 R

(n),

the set of states visited with strictly positive probability by the RUP. The above

cited result assures the existence of a probability measure µ on the set P of R×R

transition matrices such that for every n ≥ 1 and (x1, · · · , xn) ∈ Rn,

P [X0 = x0, X1 = x1 · · · , Xn = xn] =

∫
P

n−1∏
j=0

π(xj, xj+1)µ(dπ). (3.3)

Consider the random matrix Π with distribution µ. Let Π(x) be the x-th row

of Π and α(x) the measure on R which assigns mass ax(c) to q(x, c) for each c ∈ C

such that ax(c) > 0 and null mass to all the other elements of R. The following

theorem describes the measure µ making the point about the properties of the

random matrix Π.

Theorem 3.1. [Muliere et al. (2000)] If the RUP {Xn}n≥0 is recurrent, the rows

of Π are mutually independent random probability distributions on R and, for all

x ∈ R, the law of Π(x) is that of a Dirichlet process with parameter α(x).

Following Diaconis and Freedman (1980), for a process {Xn}n≥0 on S, a x0-

block is defined to be a finite sequence of states which begins with x0 and contains

no further x0. Let S∗ be the countable space of all finite sequences of elements

of S. Under the recurrence hypothesis of a RUP {Xn}n≥0, the sequence of the

successive x0-blocks, which retraces the trajectory of the process, say B1, B2, . . .

with Bn ∈ S∗ for every n ≥ 1, is well defined. A simple example helps to

clarify that the trajectory of a recurrent process can be decomposed in x0-blocks.

Let S = {0, 1, 2} and x0 = 0; a specific trajectory, say {0, 2, 1, 0, 0, 1, 0, . . .}, is

constituted by x0-blocks: {B1 = [0, 2, 1], B2 = [0], B3 = [0, 1], . . .}. The blocks

sequence {Bn}n≥1 is well defined because of the recurrence hypothesis: the event

{∪∞m=1 ∩n≥m (Xn 6= x0)} has null probability.

As illustrated in the following paragraph, the sequence {Bn}n≥1 is exchange-

able and, for every measurable function ϕ from S∗ to another space S ′, the same
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property characterizes the sequence {ϕ(Bn)}n≥1. In the next section, this prop-

erty is exploited to define a random probability measure on the countable space

S̃ = {(i, k) : i, k ∈ N+; i ≤ k}.

A simple example shows that the exchangeability of the x0-blocks follows from

the representation (3.3). From the definition of x0-block it follows that {B1 =

[0, 2], B2 = [0]} and {X1 = 0, X2 = 2, X3 = 0, X4 = 0} are two representations of

the same event; as well, permuting B1 and B2, the events {B1 = [0], B2 = [0, 2]}

and {X1 = 0, X2 = 0, X3 = 2, X4 = 0} are equivalent. Moreover, the count of the

transitions between states in the two cases is identical: there is 1 transition from

0 to 0, 1 from 0 to 2 and 1 transition from 2 to 0. Thus, Pr(B1 = [0, 2], B2 =

[0]) = Pr(B1 = [0], B2 = [0, 2]), since both are obtained from (3.3) and the

integrand functions are the same. The same arguments can be adopted to verify

that all the permutations of a finite sequence of x0-blocks B1, . . . , Bn are equally

probable.

3.3 Probability measures on the beta mixtures

space

The class of RUPs that we consider to define probability measures on the set of

mixtures of beta distributions is parameterized as follows:

1. the state space: S̃ = {(i, k) : i, k ∈ N+, i ≤ k},

2. the initial state of the process: x̃0 = (1, 1),

3. the color space: C̃ = {c̃1, c̃2, c̃3},

4. the urn composition function Ũ(s) = (as(c̃1), as(c̃2), as(c̃3)) ∀s ∈ S̃,

5. the law of motion:

q̃((i, k), c) =


(i, k + 1) c = c̃1

(i+ 1, k + 1) c = c̃2

(1, 1) c = c̃3

∀(i, k) ∈ S̃.
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The tilde symbol is used to distinguish the above described class from the whole

RUPs family.

As anticipated, if a RUP {X̃n}n≥0 is recurrent, a sequence of exchangeable

r.v.’s {Yn}n≥1 can be easily defined by mapping the x0−blocks B1, B2, . . . to a

measurable space. We consider the map:

ϕ : [Bi = (x̃0, x̃1, . . . , x̃m)]→ [Yi = x̃m], i ≥ 1. (3.4)

Let (Ω,F,P) be the probability space on which the process {X̃n}n≥0 and the

random sequence {Yn = ϕ(Bn)}n≥1 are defined. By de Finetti’s representation

theorem, the limit of the empirical distributions of the latter sequence, W =

{Ws = lim 1
N

∑N
1 I(s)(Yn)}s∈S̃, is well defined on the same space; W is a random

probability measure on S̃, with probability law given by the de Finetti measure

of the exchangeable sequence {Yn = ϕ(Bn)}n≥1.

Let us now denote the class of probability measures on the unit interval with

4, the Borel σ-field generated by the topology of the weak convergence with H

and its restriction to B with B. Given the RUP {X̃n}n≥0, and the associated

random probability measure W , a probability measure on (B,B) can be induced

in a natural way via a measurable map from Ω to B:

ω →
∑

Wi,k(ω)β(i, k − i+ 1)·

We will still denote such probability measure with P.

From the properties of Bernstein polynomials, it follows easily that the prior

P has full weak support ∆ under mild assumptions.

Proposition 3.1. If the urn composition function of the RUP {X̃n}n≥0 is such

that Pr(ϕ(B1) = (i, k)) > 0 ∀ (i, k) ∈ S̃, then the probability measure P defined

above has full weak support ∆.

The proofs of the results in this section are provided in the Appendix.

The following results show that the urn composition function Ũ(s) can be

chosen in such a way that the random probability measure W = {Ws}s∈S̃ is a
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Dirichlet process with parameter G, where G is an arbitrary finite measure on S̃.

The following theorem holds for a general RUP.

Theorem 3.2. Let {Xn}n≥0 be a recurrent RUP with parameter (S, U, C, q) and

initial state x0. Let ϕ be the map from ∪m≥1S
m to S such that

ϕ : (s1, s2, . . . , sm)→ sm ∀ (s1, s2, . . . , sm) ∈ Sm, ∀m ≥ 1.

If ∑
c∈C

as∗(c) =
∑
s∈S

as(c(s, s
∗)) ∀ s∗ ∈ S, (3.5)

then the sequence {Yn = ϕ(Bn)}n≥1 is exchangeable and its associated de Finetti

measure is a Dirichlet process with parameter α, where α is the finite measure on

S with α(s) = as(c(s, x0)), ∀s ∈ S.

An elementary example of RUP that satisfies the condition (3.5) is the fol-

lowing. Let S = {0, 1, 2} and x0 = 0. Consider the urn composition such that

the urn associated to the state s contains (2− s) balls of color c1 and one of color

c2. If q(s, c1) = s + 1 and q(s, c2) = 0, then the described RUP parametrization

implies that the de Finetti measure associated to {Yn = ϕ(Bn)}n≥1 is a Dirichlet

distribution with parameters (1, 1, 1).

The next proposition states how the urn compositions of the RUP {X̃n}n≥0

can be initialized to get a Dirichlet process prior for the sequence of the last states

of the x0-blocks.

Proposition 3.2. Let G be a finite measure on S̃. Let {µh}h≥1 be a sequence of

measures on (0, 1] with µh((0, 1] \Q) = 0 and

µh(r) = G((i, k) ∈ S̃ : k ≥ h,
i

k
= r), ∀r ∈ Q ·

Let {X̃n}n≥0 be the RUP with initial state x0 = (1, 1) and parameters (S̃, Ũ , C̃, q̃)

where Ũ(i, k) = (µk+1( i−1
k
, i
k+1

], µk+1( i
k+1

, i
k
], G(i, k)). Then, the sequence {Yn =

ϕ(Bn)}n≥1 is exchangeable and its de Finetti measure is a Dirichlet process with

parameter G.
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3.4 Extended Bernstein prior

In this section, a Bayesian nonparametric model whose prior distribution can

be easily centered is specified through the probability measure P defined on the

mixtures’ space B.

We consider an exchangeable sequence {Zi}i≥1 of continuous real valued r.v.’s;

equivalently, Zi | F are i.i.d. according to F , where F is an absolutely continuous

random d.f.. Let F0 be an arbitrarily chosen continuous d.f. which represents the

initial guess on the unknown d.f. F of Zi. To assign a nonparametric prior on

F , centered on F0, we transform the Zi’s into [0, 1] by letting ζi = F0(Zi), and

assume that

ζi | B
i.i.d.∼ B, B ∼ P.

Therefore, the probability law of {Zi}i≥1 is uniquely defined by the sequence of

d.f.’s

P (Z1 ≤ z1, . . . , Zn ≤ zn) =

∫
B

n∏
j=1

B(F0(zi))dP(B), n ≥ 1.

In particular

P (Zi ≤ z | B) =

∫ z

0

b(F0(t))F ′0(t)dt, (3.6)

where b denotes the beta mixture density of B. Thus, the prior models the

unknown density as F ′0 times a “distortion factor” b(F0(·)).

The law of the sequence {Zi}i≥1 can be alternatively represented conditionally

on the RUP X̃ = {X̃i}n≥0 used in the construction of P. In this case:

P (Z1 ≤ z1, . . . , Zn ≤ zn | X̃) =
n∏
i=1

P (Zi ≤ zi | ϕ(Bi)) (3.7)

P (Zi ≤ z | ϕ(Bi)) =

∫ F0(z)

0

β(x, ϕ(1)(Bi), ϕ
(2)(Bi)− ϕ(1)(Bi) + 1)dx

where ϕ(1) and ϕ(2) are the two components of the ϕ function. In this perspective,

every observation Zi has an associated latent r.v. ϕ(Bi).

The introduced prior is centered on F0 if and only if E(B(x)) = x for every

x in [0, 1], so that P (Z1 ≤ z) = F0(z). The simplest strategy to achieve this
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equality is constraining the parameter of the RUP X̃ as follows:

ai,k(c̃2)

ai,k(c̃1) + ai,k(c̃2)
=

i

k + 1
∀(i, k) ∈ S̃. (3.8)

If these conditions are satisfied, the first x0-block evolves exactly as a Pólya urn

with initially two balls of two different colors; more formally ∀ (i, k) ∈ S̃:

P
(
X̃k = (i+ 1, k + 1)|X̃k−1 = (i, k), X̃k 6= (1, 1)

)
=

i

k + 1

P
(
X̃k = (i, k + 1)|X̃k−1 = (i, k), X̃k 6= (1, 1)

)
=
k − i+ 1

k + 1
.

These are the transition probabilities of a Pólya urn containing i white balls

and k − i + 1 black. On the other hand, conditionally on {X̃k−1 = (i, k)} and

{X̃k = (1, 1)}, from (3.7) we have that F0(Z1) has a beta distribution with

parameters (i, k− i+ 1), which can be viewed as the random limit proportion of

white balls in a Pólya urn initially containing i white balls and k− i+1 black. In

a unified perspective, the law of F0(Z1) can be represented as the random limit

proportion of white balls in a Pólya urn initially containing 1 white and 1 black,

which is well known to be uniformly distributed.

It can be easily shown, through these arguments, that for example if the RUP

is parameterized as in Proposition 3.2, with

G(i, k) = M
e−λλk−1

k!
∀ (i, k) ∈ S̃, M > 0, λ > 0,

then the random probability measure B (F0(·)) is centered on F0. More generally,

if P (ϕ(B1) = (i, k)) is a function of k, the equality P (Z1 ≤ z) = F0(z) is achieved.

If the support of F0 is a closed interval [γ, η], it follows from proposition (3.1)

that the support of the random distribution B (F0(·)) is the set of the probability

measures on the interval. In this example, the expected values of the random

weights Wi,k are functions of λ: the higher is λ, the larger are the weights of the

random mixture B which correspond to beta components characterized by small

variances.

The constant λ can be interpreted as a smoothing parameter. For λ ≈ ∞,

given a finite partition {A1, . . . Am} of [0, 1], the random vector [B(A1), . . . B(Am)]
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will be approximately Dirichlet distributed, while if λ ≈ 0 it will be approximately

equal to the Lebesgue measure of the partition sets. For fixed values of λ, the

parameter M is decisive to regulate the variances of the r.v.’s Wi,k: the lower it is,

the higher is the uncertainty on the random probability measure B(F0(·)). Figure

?? represents the density functions of four sampled probability measures B; the

comparison of the four graphs emphasizes the interpretation of the parameters

M and λ.
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Figure 3.1: Samples of density functions from differently parameterized prior

distributions.

3.5 Inference

The proposed extension of the Bernstein prior allows to define a Gibbs sampling

algorithm in order to approximate the predictive distribution of Zn+1 condition-

ally on Z1, Z2, . . . , Zn

P (Zn+1 ≤ z|Z1, . . . , Zn) =
∑
S̃

E(Wi,k|Z1, . . . , Zn)

∫ F0(z)

0

β(x, i, k − i+ 1)dx.

(3.9)

The algorithm is based on the updating structure proper of the Pólya scheme. If

the prior is suitably parameterized, the computational procedure does not require

to truncate the number of components of the random mixture B(F0(·)). This is

66



an advantage with respect to the algorithms in literature for the Bernstein model,

which bound the order of the random polynomial, see for example Petrone (1999).

An essential description of the algorithm is given as follows. Since, using

(3.7), we have

E(Wi,k | Z1, . . . , Zn) =

∫
E(Wi,k | B1, . . . , Bn)dP (B1, . . . , Bn | Z1, . . . , Zn),

to compute the predictive distribution (3.9) it suffices to sample from the pos-

terior distribution of (B1, . . . , Bn | Z1, . . . , Zn). To this aim, fix a sequence of

x0-blocks B1
1 , . . . B

1
n such that P ([B1, . . . , Bn] = [B1

1 , . . . , B
1
n]) > 0 and sample

iteratively Bj+1
l , from the conditional distribution of Bl given (Z1, . . . , Zn) and

(B1 = Bj+1
1 , . . . , Bl−1 = Bj+1

l−1 , Bl+1 = Bj
l+1, . . . , Bn = Bj

n). The iterations simu-

late a Markov chain {Bj
1, . . . , B

j
n}j≥1 whose stationary distribution is the con-

ditional law of (B1, . . . , Bn) given (Z1, . . . , Zn). So, for every couple (i, k) in S̃,

E(Wi,k|Z1, Z2, . . . , Zn) can be approximated through

1

N

N∑
j=1

E(Wi,k|B1 = Bj
1, . . . , Bn = Bj

n)·

These conditional expectations can be computed by means of the following equal-

ities:

E(Wi,k|B1, B2, . . . , Bn) =
∑

ϕ(B)=(i,k)

P (Bn+1 = B|B1, B2, . . . , Bn) (3.10)

P (X̃m+1 = x̃m+1, . . . , X̃m+k = x̃m+k|X̃0 = x̃0, . . . , X̃m = x̃m) =

=
k−1∏
j=0

ax̃m+j
(c(x̃m+j, x̃m+j+1)) +

∑m+j−1
i=0 I(x̃i,x̃i+1)(x̃m+j, x̃m+j+1)

ax̃m+j
(c̃1) + ax̃m+j

(c̃2) + ax̃m+j
(c̃3) +

∑m+j−1
i=0 I(x̃i)(x̃m+j)

In two relevant cases it is easy to sample (Bl) conditionally on (Z1, . . . , Zn) and

(B1, . . . , Bl−1, Bl+1, . . . , Bn): when the condition (3.8) is satisfied and when the

random probability measure associated to {ϕ(Bn)}n≥1 is a Dirichlet process.

In the first case, let k̃ = max
(
ϕ(2)(Bj), j ∈ {1, . . . , l − 1, l + 1, . . . , n}

)
; the

same trick adopted to illustrate that condition (3.8) allows to center the prior
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distribution on F0 points out the equality:∑
S̃

E(Wi,k|B1, . . . , Bl−1, Bl+1, . . . , Bn)β(·, i, k − i+ 1) = (3.11)

=
∑
k<k̃

k∑
i=1

P (ϕ(Bl) = (i, k)|B1, . . . , Bl−1, Bl+1, . . . , Bn)β(·, i, k − i+ 1) +

+
k̃∑
i=1

P (ϕ(Bk̃
l ) = (i, k̃)|B1, . . . , Bl−1, Bl+1, . . . , Bn)β(·, i, k̃ − i+ 1)

where Bk̃
l denotes the x0-block truncated at the k̃-th component. The equality

(3.11) allows to sample from the conditional distributions of ϕ(Bl) and Bl given

(Z1, . . . , Zn) and (B1, . . . , Bl−1, Bl+1, . . . , Bn):

P (ϕ(Bl) = (i∗, k∗)|Z1, . . . , Zn, B1, . . . , Bl−1, Bl+1, . . . , Bn) = (3.12)

=
E(Wi∗,k∗|B1, . . . , Bl−1, Bl+1, . . . , Bn)β(F0(Zl), i

∗, k∗ − i∗ + 1)∑
S E(Wi,k|B1, . . . , Bl−1, Bl+1, . . . , Bn)β(F0(Zl), i, k − i+ 1)

P (Bl = B∗|ϕ(Bl) = (i∗, k∗), Z1, . . . , Zn, B1, . . . , Bl−1, Bl+1, . . . , Bn) =

=
P (Bl = B∗|B1, B2, . . . , Bl−1, Bl+1, . . . , Bn)I(i∗,k∗)(ϕ(B∗))∑

ϕ(B)=(i∗,k∗) P (Bl = B|B1, B2, . . . , Bl−1, Bl+1, . . . , Bn)

Finally, adapting the expression (3.11), the density function of Zn+1 conditionally

on (Z1, . . . , Zn) and (B1, . . . , Bn) in z

F ′0(z)
∑
S̃

E(Wi,k|B1, B2, . . . , Bn)β(F0(z), i, k − i+ 1)

can be exactly computed.

The sampling procedure in the second case is much the same as in the first;

the only difference consists in the computation of the left member of the equality

(3.11) which, exploiting the fact that the Dirichlet prior is conjugate, is equal to:

G(S̃)f(·)

G(S̃) + n− 1
+

∑
j 6=l β(·, ϕ(1)(Bj), ϕ

(2)(Bj)− ϕ(1)(Bj) + 1)

G(S̃) + n− 1

where f is the density function of the r.v. F0(Z1) and G is the parameter of the

Dirichlet process.
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If the specification of the prior distribution is different from those in the two

discussed cases the Gibbs sampling exploits the approximations

E(Wi,k|Z1, . . . , Zn) ≈ E(Wi,k|Z1, . . . , Zn,max{ϕ(2)(B1), . . . , ϕ(2)(Bn)} < k̃)

where k̃ is a fixed large integer, and sample from the conditional distribution of

Bl given (Z1, . . . , Zn), (B1, . . . , Bl−1, Bl+1, . . . , Bn) and ϕ(2)(Bl) < k̃.

We have applied the described algorithm to the Buffalo snowfall data. This

dataset consists of 63 observations and it has been extensively used in the density

estimation literature, see for example Silverman (1986). We recall that the

predictive d.f. is the optimal Bayesian estimate of the unknown d.f. under a

quadratic loss function.

Four different prior distributions are considered. F0 is set equal to a trun-

cated Normal distribution with mean θ = 70 and standard deviation σ = 100

having support [0, 140]. The RUP X̃ is parameterized as in Proposition 1 with

G(i, k) = M e−λλk−1

k!
and the predictive distribution is computed for four different

values of the couple (M,λ). The predictive densities suggest a trimodal distri-

bution. The different shapes of the four estimates agree with the interpretation

of the parameters M and λ given in section (3.4): the higher is the value of

M the more the predictive distribution is similar to the initial guess F0, while

different values of λ correspond to predictive densities with different degrees of

smoothness.

In some cases, the proposed model outperforms the Dirichlet-Bernstein prior,

as illustrated in the following example. The random distributions in the Dirichlet-

Bernstein model are mixtures of a random number K of beta distributions with

Dirichlet distributed random weights. The posterior distribution from a Bernstein-

Dirichlet prior, when the unknown density is very picked, typically concentrates

on distributions that overfit the data on the tails: the densities generated from

the posterior have peaks in correspondence to single observations on the tails.

This behavior of the Dirichlet-Bernstein model has an intuitive explanation. If

a relevant portion of observations lies in a small subinterval of the support, the
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Figure 3.2: i) Histogram of the Buffalo snowfall data. ii) Predictive density

functions; a, b, c and d correspond to the parametrizations (λ = 100,M = 1),

(λ = 100,M = 20), (λ = 50,M = 1) and (λ = 50,M = 20).

posterior concentrates on mixtures with a high number of components and, con-

ditionally on a large value of K, the Dirichlet-Bernstein model inherits the pecu-

liarities of the Dirichlet process; in particular, the predictive distribution closely

follows that of the Dirichlet process which has point masses on the observations.

The extended Bernstein prior solves the issue: in the Dirichlet-Bernstein

modelK determines how the mixture components concentrate around their means,

while the proposed prior is more flexible in combining components with different

shapes. The underlined difference is similar to the improvement that can result if

a data-set is fitted through a location-scale mixture of Gaussians (see for example

Escobar and West (1995)) rather than by a location mixture.

Figure 3 represents the density estimates obtained fitting a sample gener-

ated from a mixture of a truncated Normal density and a Uniform distribu-

tion, through the Bernstein model and the proposed extension. We have kept

the parameterizations of the two priors as similar as possible. In the first case,

P (K = k) ∝ 0.9k and the distribution function F in (3.1) is modeled through a
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Dirichlet process centered on the uniform distribution U [0, 1], in the second case,

the prior is centered on the Uniform distribution and the expected values of the

mixing weights {Wj,k}(j,k)∈S̃ depend only on k: E(Wj,k) = 0.9k

9k .
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Figure 3.3: i)Bernstein prior. ii)Extended Bernstein prior. Solid lines: predictive

densities. Dotted line: the density from which the data have been generated.

Sample size=30.

The comparison between the predictive densities in Figure 3 emphasizes the

previously mentioned difference. In both cases, the mode of the density from

which the data have been generated is well approximated. The predictive densi-

ties approach in a similar manner the peak of the unknown density and concur-

rently appear rather different in correspondence of the two tails. The predictive

density obtained updating the Bernstein prior is characterized by several peaks

while in the second case the predictive density has approximately flat tails.
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3.6 Final remarks

In this chapter, a random mixing measure for mixtures of beta kernels, which is a

generalization of the Dirichlet process, is characterized through a RUP and some

advantages with respect to the Bernstein prior are illustrated.

The theoretical properties of the Bernstein prior and of other Bayesian mix-

ture models based on the Dirichlet process have been investigated by several

authors. Among these, Ghosal (2001), Ghosal et. al. (2008) and Kruijer and

van der Vaart (2008) give results on the asymptotic properties of the Bernstein

model. The general results of Ghosal et. al. (2008) can be applied to the Bern-

stein model, for studying the effect of the a priori distribution of the unknown

polynomial degree K on the convergence rates of the posterior distribution. The

recent work of Kruijer and van der Vaart (2008) underlines the relevance of

investigating random mixing measures alternative to the Dirichlet process; they

show that a slight modification of the random mixing measure of the Bernstein

model, under specific assumptions, improves the posterior rate of convergence.

As illustrated in the previous section, the proposed mixture model may pro-

vide a better small sample behavior than the Bernstein model. An open problem,

in the above direction of research, is to investigate if it can also improve the con-

vergence rates in density estimation.

Appendix

Proposition 3.1. Under the assumptions, it can be easily verified that, given a

finite subset {(i1, k1), (i2, k2), . . . , (im, km)} of S̃ and a vector of positive numbers

(w1, w2, . . . , wm) such that
∑
wj ≤ 1, we have

P

(
m⋂
j=1

[wj − δ ≤ Wij ,kj ≤ wj + δ]

)
> 0, ∀δ > 0.
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Then, given a finite set {g1, g2, . . . , gl} of continuous functions and a probability

measure Q on [0, 1], for every strictly positive ε

P
[
B ∈ B : maxj=1,...,l

[∣∣∫ gjdb− ∫ gjdQ∣∣] < ε
]

≥ P
[
B ∈ B : maxj=1,...,l

[∣∣∣∫ gjdb− ∫ gjdBQ
k

∣∣∣] < ε
2

]
> 0

(3.13)

where BQ
k is a Bernstein distribution satisfying the inequalities∣∣∣∣∫ gjdB

Q
k −

∫
gjdQ

∣∣∣∣ < ε

2
∀j = 1, 2, . . . , l,

whose existence is ensured by the fact that Bernstein-distributions are dense in

4.

Theorem 3.2. Without loss of generality consider S = N and x0 = 0. The finite-

dimensional laws of the process {Xn}n≥0 are described in (3.3) where µ is the

distribution of the random transition matrix Π such that the rows are independent

and the i-th row Π(i) is a Dirichlet processes with parameter βi = {βi0, βi1, . . .},

where βij = ai(c(i, j)).

Equality (3.5) implies
∑

j βij =
∑

j βji. As the probability measure µ is

conjugate, conditionally on [X0 = x0, X1 = x1, · · · , Xm = xm], the rows Π(i) are

independent Dirichlet processes an the parameter of the i-th raw is{
βi0 +

m−1∑
l=0

I(i,0)(xl, xl+1), βi1 +
m−1∑
l=0

I(i,1)(xl, xl+1), . . .

}
·

If xm = x0,

∑
j

(
βij +

m−1∑
l=0

I(i,j)(xl, xl+1)

)
=
∑
j

(
βji +

m−1∑
l=0

I(j,i)(xl, xl+1)

)
(3.14)

and the condition (3.5) still holds.

Let us denote A[b] =
∏b

i=1(A+ i− 1), ∀ b ∈ N+, ∀A ∈ R+ and A[0] = 1.

If P (ϕ(B1) = i) =
βi0∑
l βl0

for every i ∈ {0, 1, . . .}, then

P (Y1 = y1, Y2 = y2, . . . , Ym = ym) =

∏
i β

[ni]
i0

(
∑

i βi0)[m]
, (3.15)
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where ni =
∑m

l=1 I(i)(yl), and the de Finetti measure associated with the sequence

{Yn = ϕ(Bn)}n≥1 is a Dirichlet process with parameter α.

Consider the process {X∗n}n≥0 with the same state space of {Xn}n≥0 such

that P [X∗0 = x0, · · · , X∗n = xn] =
∫
P
∏n−1

j=0 π(xj, xj+1)µ∗(dπ), where µ∗ is the

distribution of a random transition matrix Π∗ such that the rows are independent

random measure and the row Π∗(i) is a Dirichlet process with parameter β∗i =

(β0i, β1i, β2i, . . .).

Observe that

P (X0 = x0, X1 = x1, X2 = x2, · · · , Xm−1 = xm−1, Xm = x0)

=
∏
l

 ∏
j β

[nlj ]

lj(∑
j βlj

)[
∑
j nlj ]


= P (X∗0 = x0, X

∗
1 = xm−1, X

∗
2 = xm−2 · · · , X∗m−1 = x1, X

∗
m = x0) (3.16)

where nlj =
∑m−1

i=0 I(l,j)(xi, xi+1) , thus P (ϕ(B1) = i) = P (X∗1 = i) =
βi0∑
l βl0

and

equality (3.15) is verified.

Proposition 3.2. The proposition is a direct application of Theorem 3.2. The

first condition (3.5) is straightforwardly verified. Thus we need to verify the

recurrence of the process.

The identity

P
(
X̃k−1 = (i, k)

)
=
µk
(
i−1
k
, i
k

]
G(S̃)

∀ (i, k) ∈ S̃. (3.17)

holds by definition for k = 1 and can be recursively verified for every k ∈ N+

exploiting the following equality:

P
(
X̃k = (i, k + 1)

)
= P

(
X̃k = (i, k + 1)|X̃k−1 = (i, k)

)
P
(
X̃k−1 = (i, k)

)
+

+P
(
X̃k = (i, k + 1)|X̃k−1 = (i− 1, k)

)
P
(
X̃k−1 = (i− 1, k)

)
· (3.18)

Indeed, the first term of the sum in (3.18) is equal to
µk+1( i−1

k
, i
k+1

]

µk(
i−1
k
, i
k
]

µk(
i−1
k
, i
k
]

G(S̃)

74



if k ≥ i and 0 otherwise, while the second is equal to
µk+1( i−1

k+1
, i−1
k

]

µk(
i−2
k
, i−1
k

]

µk(
i−2
k
, i−1
k

]

G(S̃)
if i ≥ 2 and 0 otherwise. It follows that

P (ϕ(B1) = (i, k)) =
G(i, k)

G(S̃)
, lim

k→∞
P (ϕ(2)(B1) > k) = 0 and

lim
k→∞

P (ϕ(2)(B1) > k|X̃h−1 = (i, h)) = 0 ∀(i, h) ∈ S̃·

Then the equality

lim
k→∞

P
(
ϕ(2)(Bi) > k

∣∣ϕ(2)(Bj) = kj; j ∈ {1, . . . , i− 1}
)

= (3.19)

= lim
k→∞

∑
i

[
P
(
X̃k̂+

∑
j kj

= (i, k̂ + 1)
∣∣∣ϕ(2)(Bj) = kj; j ∈ {1, . . . , i− 1}

)
P
(
ϕ(2)(B1) > k

∣∣ X̃k̂ = (i, k̂ + 1)
)]

= 0

where k̂ = maxj∈{1,...,i−1}{kj}, proves the recurrence of the process.
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Chapter 4

A Bayesian approach to

randomized discontinuation trials

design

Abstract

During the last years the randomized discontinuation design has been success-

fully applied in many clinical trials. Most applications are to oncology phase II

trials for cytostatic agents. The design consists of two stages, a first preliminary

open stage and a subsequent phase during which a subgroup of patients are ran-

domly treated with the investigated agent or with a control therapy. The design

is characterized by the following tuning parameters: the duration of the prelim-

inary stage, the number of patients in the trial, and the selection criterium for

the second stage. We discuss an optimal choice of the tuning parameters based

on a Bayesian decision theoretic framework. We define a probability model for

putative cytostatic agents and specify a suitable utility function. A computa-

tional procedure to select the optimal decision is illustrated and the efficacy of

the prosed approach is evaluated through a simulation study.
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4.1 Introduction

During the last decade several non-cytotoxic agents have been studied in attempts

to establish their efficacy for inhibiting cancer cell growth. The clinical develop-

ment of cytostatic agents, as recommended in literature, usually involves phase

I,II, and III trial. It has been recognized that phase II trials in such process play

a key role in that they screen between the multitude of cytostatic agents actually

studied and focus the amount of resources required for phase III trials on the

most promising; this peculiarity continues to stimulate interest on their design

finalized to improve their efficiency.

The randomized discontinuation design (RDD) has been applied in oncological

phase II clinical studies (Stadler (2007)) for assessing the cytostatic properties

of new agents. It consists of two stages (Rosner et al (2002)): in the first one

all patients enrolled in the clinical trial are treated with the new agent, at the

end of this period the progression of the disease of each patient is evaluated and

those which have attained a state of stable disease participate to the second stage

during which they are randomly treated with the putative agent or the standard

of care.

The structure of the RDD, if compared with other phase II designs for an-

ticancer therapies, is motivated by cytostatic agents characteristics which dif-

ferentiate these from the cytotoxic therapies. Most part of the clinical trials in

oncology evaluate if a putative anticancer drug may shrink a tumor mass while

the appreciable outcome of a cytostatic agent is a state of stable disease. Another

peculiarity of many cytostatic agents due to the biological mechanisms of action

is that they can be supposed to have a greatly heterogeneous effectiveness on a

court of patients with similar prognostic characteristics. Millar and Linch (2003)

underline that, due to these characteristics, in much cases, useful clinical designs

to evaluate cytotoxic therapies are inappropriate for cytostatic agents.

The first stage of the RDD selects an homogeneous group of patients while the

second is finalized to evaluate if the experimental outcomes evidence a cytostatic
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activity of the studied agent. Producing an homogeneous group is useful to eval-

uate the agent because the patients population participating to the first stage is

usually characterized by greatly heterogeneous tumor growth rates, moreover the

selected patients are the most likely to substantially benefit from the treatment.

It follows that, if preclinical studies guarantee that the agent doesn’t affect the

tumor growth after the treatment is stopped, the RDD, if compared with a two

arm randomized trial, can significantly improve the probability the trial detects

the biologic activity of the agent (Fedorov and Liu (2005)).

The RDD implementation requires the choice of some specific features of the

design. We discuss the choice of the number of patients participating to the first

stage of the clinical trial and of the durations of the two stages, while the eligi-

bility criteria to participate in the second stage will be assumed settled through

ethical and medical considerations. The choice of the three tuning parameters is

critical to achieve a suitable balance between the resources employed in the trial

and its capability to detect the potential cytostatic activity of the investigated

agent. Stadler (2007) point out their relevance and illustrates that a too short

prerandomization phase can be insufficient to distinguish the subpopulation of

those patients that substantially benefit from the treatment while, on the other

hand, a too long open phase requires an excessive number of enrolled patients,

because of the high risk of a small portion of patients eligible for randomization.

The choice of the features of the RDD is formalized adopting a Bayesian

decision-theoretic approach (DeGroot (2004)). In this setting the decision maker

considers different scenarios, which could correspond to various degree of efficacy

of the putative agent, and specifies a probability measure on the scenarios’set

which reflects its a priori beliefs. The choice problem, in this case the design

to be adopted, is then solved through a utility function representative of the

benefit the decision maker associates to each combination of scenario, decision

and experimental observations: the optimal choice maximizes the expected utility.

The a priori knowledge of the institution that plans the clinical trial, involved

in the decisional framework and necessary to specify a probability measure on a
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scenarios’set, can be based on many factors as experimental data from preclinical

studies and from the phase I trial or the historical experience of the progression

of the disease when treated with the standard of care. Korn et al. (2001) gives a

detailed account of the clinical and preclinical basis to be considered in designing

phase II trials for cytostatic agents.

The utility function synthesizes the most relevant aspects of the study that

will depend on the adopted design, the unknown efficacy of the putative agent

and the experimental outcomes that will be observed. The costs and benefits

for the patients participating in the study, as well as for the future patients, will

depend on all these three factors. The final decision wether to perform a phase

III trial or to consider the agent ineffective will be a function of the experimental

observations. The necessary resources to conduct the phase II trial, if early

stopping rules are considered, will be determined by the chosen clinical design

and by the observed outcomes. Further components as the scientific knowledge

that will be acquired during the trial and the commercial potential of the new

agent can be simultaneously captured by the utility function. Even if a plurality of

interests are involved in the clinical trial design; a decision-theoretic approach and

in particular specifying a utility function clarifies which guidelines and principles

are adopted for planning the trial.

Clinical trials simulations are widely recommended in literature (Nestorov, et

al. (2001))and are usually conducted to compare competing designs. Simulations

are helpful devices to evaluate the experimental designs’ properties under differ-

ent scenarios. A simulation study is based on two major components: a set of

alternative designs and a set of probabilistic models. The purpose is to identify

the alternative with the better overall performance. This approach implies, also

if not explicitly, an a priori guess on the possible scenarios that could be verified

during the clinical trial and the ability of valuing each combination of design,

scenario and experimental observations. These two guidelines are reflected both

by the choice of the probability models set of the simulation study and by the in-

formal way of formulating an overall assessment of each considered design which
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summarizes its performances under different scenarios and its associated costs.

The two mentioned implicit basis typical of a simulations study are formalized

by the Bayesian decision-theoretic approach by mean of the utility function and

of the prior distribution on a probabilistic models’ set. The utility function ex-

plicates the adopted criterions to evaluate alternative designs, such clarification

is particularly useful when different experimental schemes are evaluated. As an

example consider a comparison between a RDD and a two arm randomized trial

with same duration and number of involved patients, if different costs are associ-

ated with the randomization of the patients at the beginning of the trial and with

the randomization of a subgroup after an interim analysis, then the evaluation

cannot be based exclusively on the designs’power to detect the biologic activity

of the agent but should also reflect such difference; an adequate utility function

can easily integrate these two perspectives.

The decision-theoretic approach to the experimental design usually assume

that the decision maker maximize the expected utility choosing simultaneously

the design of the experiment that will be conducted and how its future actions

will depend on the experimental observations, in our case decides which outcomes

will suggest the biological activity of the agent. In the clinical trials setting it

can be opportune to constrain the relationship between the experimental obser-

vations and the future actions and to consider that the authorities could refuse to

validate the experimental evidence following a Bayesian framework and adopting

the decision maker prior distribution due to a lack of symmetry in the a priori

knowledge or to prudential concerns. The choice of the clinical trial character-

istics can be formalized through a decision-theoretic framework which consider

these constraints: the prior distribution does not depend on the presence of any

constraints while the utility function has to adapt to them. As an example, con-

sider a set of experimental data which, from the perspective of the decision maker,

could suggests the biological activity of the agent but would be insufficient for

the authority to prove it; the benefit the decision maker associates to these ex-

perimental observations, if combined with a costly design and an effective agent,
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depends on the constraints established by the authority. Also in absence of any

authorities a constrained modeling of the decisional problem can be appropri-

ate to account for the decision maker prudential concerns. Further constraints,

as a maximum number of patients involved in the trial or a maximum period

of treatment, due to medical or financial arguments, can be formalized in the

decision-theoretic framework.

4.2 Tumor growth model and prior specification

Many tumor growth models for specific patients populations both stochastic and

deterministic have been proposed in literature. In what follows we model the

tumor growth through a Gompertzian diffusion process (Ferrante et al. (2000)),

nevertheless the decisional framework we propose can be straightforwardly gen-

eralized to whichever alternative model.

The cell cycle is constituted by the proliferative phase, characterized by the

cell growth and the DNA reproduction followed by the cell split into two distinct

cells, and by the quiescent phase. These two phases are regulated by prolifer-

ative and anti-proliferative signals from which depend the cell transitions from

one phase to the other. At the beginning of the tumor mass growth process a

large proportion of cells are in the proliferative phase, resulting, initially, in an

exponential dynamic followed by a decreasing growth rate which can be related

with a lack of oxygen and nutrient in the tumoral tissue. The Gompertz curve

model often well approximate tumor growth data (Ribba et al. (2006)) repro-

ducing the initial exponential dynamic and the subsequent growth rate decrease.

The Gompertz function solves the following differential equation :

dXt/dt = a ·Xt − b ·Xt · log(Xt) X0 = x0.

Where a and b are two constants and Xt represents the tumor volume at time t.

We assume the individual tumor proliferation is characterized by the same

relationship between its local growth rate and its volume, expressed by the
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above equation, but randomly perturbed by contingent factors which are modeled

through a Brownian motion. The resulting random process being the solution of

the following stochastic differential equation (sde):

dX i
t = [(aiX

i
t − biX i

t log (X i
t)]dt+ σiX

i
tdW

i
t X i

0 = xi0 t ∈ [0, T ]

where i indexes the i-th patient participating in the trial and {W i
t }i∈I are inde-

pendent Brownian motions. As well as in the deterministic equation if b is null

the growth is exponential in the stochastic one, under the same condition, the

process becomes a geometric Brownian motion. The stochastic model describes

the tumor growth if the individual patient is treated with the same therapy dur-

ing the period [0, T ], while if two therapeutic regimens are involved the resulting

process will solve the same sde with ai and bi substituted by two picewise constant

functions: ai(t) = a0
i I(t ∈ T 0

i )+a1
i I(t ∈ T 1

i ) and bi(t) = b0
i I(t ∈ T 0

i )+b1
i I(t ∈ T 1

i )

where T 0
i and T 1

i are the time intervals during which the therapies are adminis-

tered. In the former case the solution of the sde (Ferrante et al. (2000)) is:

X i
t = exp

[
ai − σ2

i /2

bi
+

(
log(xi0)− ai − σ2

i /2

bi

)
e−bit + σi

∫ t

0

e−bi(t−s)dW i
s

]
.

(4.1)

In the latter the markovian property of the process allows to easily compute

the finite-marginal distributions which are multivariate lognormal, the transition

probability density of the process (4.1) being:

fXt+s|Xt(xt+s) =
1

xt+s

[
2πσ2 1− e−2bs

2b

]−1/2

·

(4.2)

· exp

[
−

[log(xt+s)− e−bs log(Xt)− a−σ2/2
b

(1− e−bs)]2

σ2 1−e−2bs

b

]
Under the hypothesis that the new treatment, labeled 1, is superior with

respect to the standard of care the inequality

E(X i
t+s|X i

t = xt, a
0
i , b

0
i , σi) > E(X i

t+s|X i
t = xt, a

1
i , b

1
i , σi) (4.3)

holds for every i, xt and s: the treatment permanently improve the patients’

condition. Considering the derivative of the conditional expectations with respect
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s when s is null it can be observed that the above inequality is permanently

verified if and only if, for every positive xt, (−b0
i log(xt)+a0

i ) > (−b1
i log(xt)+a0

i )

or equivalently if a1
i < a0

i and b1
i = b0

i .

E(Xt+s|Xt = xt, a, b) =

= exp

[
e−bs log(xt) +

a− σ2/2

b
(1− e−bs) +

σ2

4b
(1− e−2bs)

]
d (logE[Xt+s|Xt = xt, a, b])

ds
=
(
−b log(xt) + a− σ2/2

)
e−bs +

σ2

2
e−2bs

The following theorem underlines also that if a1 < a0 and b1 = b0 the conditional

distribution P (Xt+s ∈ ·|Xt = x, a1, b1, σ) is stochastically dominated by P (Xt+s ∈

·|Xt = x, a0, b0, σ).

Theorem 4.1. [Levy (1973)] Let F and G be two alternative log-normal dis-

tributions. Let XF and XG two r.v. with distributions F and G. F stochasti-

cally dominate G if and only if E(log(XF )) > E(log(XG)) and V ar(log(XF )) =

V ar(log(XG)).

In our case the equalities V ar(log(Xt+s)|Xt = x, a, b, σ) = σ2

2b
(1 − e−2bs) and

E(log(Xt+s)|Xt = x, a, b, σ) = a−σ2/2
b

+ (log(x) − a−σ2/2
b

)e(−bs) guarantee the

stochastic inequality.

Two classes of possible scenarios are considered in the choice problem. The

first one corresponds to the hypothesis that the treatment doesn’t effect the tu-

mor growth: in this case the individual patients tumoral processes are entirely

characterized by the parameters a0
i = a1

i , bi and σi which vary across the het-

erogeneous population accordingly with an unknown distribution. The second

class corresponds to the hypothesis that the new agent inhibits or accelerate the

tumor growth of the individual patients; in this case a0
i , bi, σi and a1

i parameterize

the laws of the processes. In the following paragraph a prior distribution of the

future experimental observations, that includes these scenarios, is specified.

A parametric distribution Fθ is chosen for three functionals of the Gom-

pertzian diffusions

ϕ1i =
a0
i − σ2

i /2

bi
, ϕ2i =

σ2
i

2bi
, ϕ3i = bi
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which regulate, if the patients do not assume the new agent, the tumors growth

processes after these had reached a minimal threshold ε. ϕ1i, ϕ2i and ϕ3i have

a clear interpretation. The lognormal conditional distribution (4.2) is param-

eterized by µ = e−bis log(Xt) +
a0
i−σ2

i /2

bi
(1 − e−bis) and λ2 =

σ2
i

2bi
(1 − e−2bis). µ

is a convex linear combination between ϕ1i and log(Xt), ϕ2i is a multiplicative

constant from which depends λ2 and, for fixed values of ϕ1i and ϕ2i, the condi-

tional distribution is entirely characterized by the product ϕ3is : if ϕ3i and s are

respectively multiplied and divided by a positive constant the transition density

doesn’t change.

The probabilities π1 and π−1 are specified for the events {E = 1} and {E =

−1} that the new agent inhibits or accelerates the tumor growth, a parametric

distribution Gθ is chosen for the differences ψi = (
a0
i−σ2

i /2

bi
− a1

i−σ2
i /2

bi
), and a prior

distribution is specified on the parameters space Θ.

θj1, θj2|E for j = 1, 2, 3, 4, 5, are independently normalgamma(µj, τj, νj, ρj) dis-

tributed.

ϕji|E, θ for i ∈ I and j = 1, 2, 3 are independently lognormal(θj1, θ
−1
j2 ) dis-

tributed.

ψi|θ, E = 1 for i ∈ I are independently lognormal(θ41, θ
−1
42 ) distributed, sym-

metrically −ψi|θ, E = −1 are lognormal(θ51, θ
−1
52 ) distributed, while if the agent

doesn’t affect the tumor growth {E = 0} the quantities ψi are null.

Finally a density function g is specified for the times {ti}(i∈I) from when the tumor

reach the threshold ε to the beginning of the trial: g(ti) = 1
B−AI(ti ∈ [A,B]). The

sequence {ti}(i∈I) is assumed independent with respect to {ϕ1i, ϕ2i, ϕ3i, ψi}(i∈I).

The outlined probability model for the tumoral processes combines the a

86



priori distributions for the quantities ϕ1, ϕ2, ϕ3 and ψ, whose interpretations are

directly suggested by the transition probabilities of the Gompertzian process.

These quantities are assumed to vary across the enterogenous population; the

normal-gamma prior allows to formulate the initial guess about their distributions

taking into account the strength of the a priori knowledge. Frequently in Bayesian

statistics the elicitation procedures of informative prior, postulate a priori the

existence of imaginary data sets representative of the initially available knowledge

and update a non informative prior through the unobserved data. This strategy

can effectively guide the elicitation of the adopted normal-gamma distributions

and clarify which parameterizations of the prior adequately represents the inial

guess, indeed when the Jeffreys’ prior for log-normal distributed data is updated

a normal-gamma distribution is obtained (Padgett and Wei (1977)).

In the hypothesis that historical data from patients treated with the standard

of care or with the novel agent have been collected, the elicitation of the prior

distribution can be driven from these observations; if the tumoral growths have

been periodically measured, a practical elicitation strategy consists in the plug

in of the estimates (Gutierretz et al. (2006)) of the parameters of the individual

growth processes in the Jeffreys’ distribution to obtain an informative prior.

A possible alternative to the described continuous prior distribution could be

the elicitation of a discrete one concentrated on a finite number of points, indeed

such a specification could facilitate the interpretation of the a priori information

underlying the decision-making process when it need to be communicated to an

authority or to a plurality of subjects. The application of a discrete prior, as well

as a simulations study of the frequentist properties of alternative designs, clarify

the set of scenarios considered by the decision maker; of course the decision-

theoretic framework allows to weigh the scenarios and to integrate the possible

performances of a single design by mean of the utility function.

The elicitation of the prior distribution, in particular when the informative

basis consist exclusively in the knowledge of a plurality of experts, is a criti-

cal momentum of the decisional process, also if considerable research has been
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conducted to improve the elicitation procedures (see for example Garthwaite

el al (2005) and references therein), the involved difficulties when is necessary

to deal, as in our case, with a considerable number of uncertain quantities are

still recognized. Such difficulties in the trial design problem can be partially

soften. The RDD has been applied to evaluate the disease-stabilizing activity

of new anticancer therapies adopting dichotomous primary end points; it follows

that the frequentist properties of the trial depends uniquely by three unknown

parameters: the probability of a patient to be eligible for randomization and,

conditionally on the eligibility, the response probabilities under the treatment

and control regimens. The application of the decisional theoretic framework can

be therefore validated computing the first and second error rates induced by the

optimal design the for hypothetical values of these probabilities. The validation

of the optimal decision is particularly suitable if difficulties arise eliciting the

experts knowledge about the tumoral growth processes across the heterogeneous

population but, at the same time, the experts can explicit their beliefs about the

three pivotal probabilities.

4.3 Decisional problem

The utility gain from the trial U(d, φ,X) is a function of the adopted design

d ∈ D, the parameters which characterize the investigated phenomena φ ∈ Φ, in

our case φ = (E, θ), and of the experimental observations x ∈ X. Its a priori

expectation is

E(U(d)) =

∫
Φ

∫
X

U(d, φ,X)P (dX|φ, d)Q(dφ) (4.4)

where Q is the prior distribution on Φ. The choice problem of selecting a design

from the action space D coincides with the maximization of the expected utility:

E(U(d∗)) = maxd∈D E(U(d)).

The action space is constituted of alternative designs which differ in the overall

number of patients participating in the trial N and in the durations of the two
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phases T1, T2. The utility associated to each combination (d, φ,X), is a balance

between the costs of the trial and the benefits which derive from recommending

a phase III trial for an effective agent: U(d, φ,X) = B(d, φ,X)−C(d, φ,X). The

institution recommends to continue the study if the experimental observations

give, from a frequentist point of view, a significant evidence of the superiority

of the novel agent with respect to the standard of care: Rd(X) ∈ Sd, where Rd

is the adopted test static and Sd is the rejection set of the null hypothesis that

the novel treatment is not superior to the control. The costs of the DDS depend

on the number of patients participating to the two phases (N, n) and on their

durations:

C(d, φ,X) = c1N + c2n+ c3(T1N + T2n)

c1 and c2 are the costs associated to the individual patients participating in

the trial and to those that after having reached a state of stable disease could

discontinue the therapy, while c3 expresses a cost for each unit of time the patients

are involved in the trial. The benefits from (d, φ,X), when the experimental

data suggests a significant cytostatic activity of the agent are proportional to the

degree of efficacy of the therapy:

B(d, φ,X) = I(Rd(X) ∈ Sd)E(log(1 + ψ+)|φ);

the more the treatment inhibits the tumor growth processes the more valuable is

conducting further studies.

The eligibility criteria of the RDD avoids that those patients for which, at

the end of the first stage, a conspicuous growth or a consistent shrinkage of the

tumor mass is observed, participate to the second stage of the trial. The i-th

patient participates to the second phase if

δ1(X0i, T1) ≥ XT1i ≥ δ2(X0i, T1);

the two bounds δ1 and δ2 depends on the tumor volume at the beginning of the

trial X0i and on the length of the first stage T1. The above indicated criteria is

motivated by the need to not discontinue the treatment to those patients who

89



seams to have appreciably benefited from the treatment and by the enrichment

strategy of the design intended to select an homogenous group of patients likely

to give evidence of the cytostatic activity of the putative agent.

The optimal strategy d∗ can be computed through a Monte Carlo optimiza-

tion algorithm. The intuitive idea on which is based the algorithm is that the

expected utility (4.4) associated to each point d of the designs space D can be ap-

proximated through a Monte Carlo procedure, simulating iteratively, accordingly

with the prior distribution, the population parameters φ as well as the experimen-

tal outcomes X and computing at each iteration the utility function U(X,φ, d).

The empirical mean of the iteratively sampled quantity U(X,φ, d) converges to

the expectation of interest. We can reasonably assume that the designs space is

finite: the number of days of the two stages of the trial as well as the number of

involved patients can vary from 0 to a fixed maximum. To improve the efficiency

of the algorithm, instead of simulating a large amount of samples for each point

of the design space, the U(d) function can be computed fitting a smooth surface

Ũ(d) to the Monte Carlo samples set; the approach has been considered in details

in Muller and Parmigiani (1995) and allows to approximate the expected utility

of a design d exploiting not only the sampled random quantities associated to

d but also borrowing strength from those associated to the neighboring designs.

The structure of the outlined algorithm is the following:

1. Step 1. Iteratively N points {di ∈ D, i = 1, . . . ,N} are selected and at each

iteration a random quantity Ui equal in distribution to U(X,φ, di) is generated.

2. Step 2. The surface U(d) is approximated fitting a standard least squares mul-

tivariate polynomial regression function Ũ(d) of degree M to the Monte Carlo

samples set.

3. Step 3. Finally d∗ is computed maximizing Ũ(d).

The computation of the expected utilities surface is reduced to a standard

statistical problem. Many parsimonious model selection procedure proposed in

literature can be applied to choose from the sequence of nested models which
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vary from the polynomial regression of first degree to to the saturated model

(Bursham and Anderson (1998)); most part of the selection criteria guarantee

the almost sure convergence of the estimates {Ũ(d)}d∈D to the expected utilities

of interest as the Monte Carlo sample size diverges.

For illustrative purpose we apply the proposed optimization procedure to

an hypothetical decisional process finalized to design the trial for evaluating a

novel therapy. Figure 4.1 gives a representation of the a priori distribution of

the tumoral growth process and underlines the variability components embedded

in the adopted probabilistic model. The a priori probabilities assigned to the

event that the novel agent slow the tumoral growth {E = 1} is 0.7 while P (E =

−1) = 0.1. The randomization in the second phase is balanced, so that half

of the patients (i.e.n
2
≤ n1 < n

2
+ 1) continue to receive the novel treatment.

The single patients are supposed to be enrolled after a time varying from 10

to 14 months after the tumoral mass has reached the threshold ε = 0.02. The

eligibility criteria that determines the participation to the blinded phase, as in

the trials reported in (Stadler et al. (2005)) and (Ratain et al. (2006)), consists

of two thresholds of the relative variation of the tumor mass during the open

phase: δ1(X0, T1) = 1.3X0 and δ2(X0, T1) = 0.7X0. The primary end point, as

in the two cited trials, is dichotomous: the disease is considered stable if the

tumor mass increase less than 30% during the second phase. To assess if the

novel treatment slow the tumor growth the exact Fisher test with significance

level α = 0.95 is adopted. The utility function is parameterized as follows:

c1 = c2 = 0.004 and c3 = 0.00003. The action space D is constituted by the

designs set {[N, T1, T2] ∈ (0, 1, . . . , 300)3}; the alternative of not performing the

trial (i.e. N = 0), as well as the alternative of performing a traditional two-arm

randomized trial (i.e.T1 = 0) are thus contemplated.

The optimal strategy has been computed through a Monte Carlo sample of

107 simulated trials with tuning parameters randomly spread across the action

space. Figure 4.2 illustrates the orthogonal sections of the fitted surface Ũ(d)

which intersect at d∗ = (N = 75, T1 = 64, T2 = 90).
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Figure 4.1 Solid line: the a priori median function and the 80% confidence band of the

growth process X1
t . Dashed line: the 80% confidence band of the median function of

the conditional distributions X1
t |ϕi, ψi. Dotted line: the 80% confidence band of the

median function of the conditional distributions X1
t |θ.

The plots display also the approximations of the expected utilities U(d) asso-

ciated to alternative designs obtained through a standard Monte Carlo procedure

confirming the ability of the smoothing algorithm to well approximate the utility

surface. The rational decision maker favors the RDD: the optimal discontinuation

strategy if compared with the standard two arms trial designs belonging to the

action space guarantees a superior expected utility gain. The example underlines

also that the choice of the durations of the two RDD phases strongly impacts

on the utility of the trial; the illustrated losses of deviating from the optimal

selection of T1 and T2 are mainly related to the expected loss of power of the

trial, indeed the adjunct costs of extending the two phases contribute minimally,

i.e. for less than c3(∆T1 + ∆T2)N , to the represented variations.

As anticipated the frequentist properties of the RDD, if a dichotomous final

end point is adopted, depends exclusively by the probability that a single patient

would be eligible for the blinded phase pe and, conditionally on its eligibility,

on the response probabilities under the treatment p1 and control p0 regimens.
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Figure 4.2. Solid line: Fitted expected utility surface Ũ(d). Dots: Monte Carlo

approximation of U(d) obtained through 104 simulated trials for each design.

Table 1 illustrates the power of the optimal design for hypothetical values of the

unknown parameters pe, p0 and p1, as expected the probabilities of rejecting the

null hypothesis result satisfactory only for those scenarios in which p0 is widely

superior to p1. The frequentist operating characteristics reflect the a priori beliefs

expressed by the prior distribution, indeed conditionally on on the event {p0 < p1}

it concentrates on large values of their differences.

4.4 A default decisional procedure.

In some cases the institution that plans the trial has access to a considerable

amount of longitudinal data inherent the tumor growth processes relative to

populations similar to the trial population. The typical instance is the one in

which during trials in which have been enrolled similar patients populations tu-

mor growth data have been collected. In such cases it can be desirable to rely as

much as possible on these information source, to base the RDD tuning parame-

ters choice on the historical data and to minimize the necessity of elicitating the

experts knowledge.
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Table 1. Probabilities of rejecting the null hypothesis of ineffectiveness of the

novel treatment for hypothetical values of pe, p0 and p1.

In the following paragraphs we describe an ad hoc strategy for specifying an

informative prior in the outlined circumstances, as will be evident it is somehow

related with the bootstrap techniques. The guidelines that are followed consist in

the ideas of restricting the subjective component of the prior specification to the

unknown distribution of the treatment effects and of constructing a prior that

track as much as possible the data.

We assume to have observed in the historical experience at discrete times the

tumor processes of N patients under the control regimen:

{X̃0
1,t0
, X̃0

1,t1
, . . . , X̃0

1,tk
}, {X̃0

2,t0
, . . . , X̃0

2,tk
}, . . . , {X̃0

N,t0
, . . . , X̃0

N,tk
}

the tilde symbol is adopted to distinguish the historical data from the future

experimental observations. As will be apparent the procedure that is proposed

can be easily adapted to the cases in which the historical patients have heteroge-

neous follow up periods as well as to those in which the tumor masses have not

been measured at fixed scheduled times. To specify the prior distribution for the

tumoral trajectories under the control regimen it is stated that the law of the

tumoral process of each patient that will be enrolled is a mixture of conditional

laws of Gompertz diffusion processes which reflects the partially known historical
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trajectories; we adopt the intuitive notation

{X0
i,t}t≥0 ∼

1

N

N∑
j=1

GP(aj, bj, σj|X0
i,t0

= X̃0
j,t0
, . . . , X0

i,tk
= X̃0

j,tk
) (4.5)

That is the law of the process is a mixture of N components and each component

reflects one of the historical trajectories. The parameters (aj, bj, σj) in (4.5)

are estimated with the standard maximum likelihood technique (Gutierretz et al.

(2006)). An appealing slight modification to the scheme, when few measurements

for each patient are available, consists in adequately stratifying the historical

patients population (see for example Schnatter and Kaufmann (2008)) and in

the adoption of the assumption that the three parameters in each stratum are

constant. Note that due to the fact that the Gompertz diffusion is a lognormal

Markov process it is straightforward to sample at discrete times a process with

the defined law.

To characterize the future tumoral trajectories under the treatment regimen

we associates to each historical patient the law of hypothetical longitudinal ob-

servations, such distributions are representative of the a priori guess about the

treatment effects that would have been observed on the historical population if

treated with the novel agent. These finite dimensional laws depend exclusively

on the historical data and on the a priori distribution of the parameters ψj which

can be interpreted as the treatment effects and are modeled exactly as in the

previous sections. It is exploited the linear relation

log(X̃0
i,tj+1

) =

γ(bi, tj−tj+1) log(X̃0
i,tj

)+β(ai, bi, σi, tj−tj+1)+δ(bi, σi, tj−tj+1)Zij

(4.6)

of the Gompertz model, where the array {Zij; i ∈ (1, . . . N), j ∈ (0, . . . k − 1)}

is constituted of independent standard gaussian r.v.s. Solving the above equa-

tions the realizations of the gaussian r.v.s Zij are computed and plugged in the

stochastic linear expressions

log(X̃1
i,tj+1

) =
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γ(bi, tj−tj+1) log(X̃1
i,tj

)+β(ai−ψibi, bi, σi, tj−tj+1)+δ(bi, σi, tj−tj+1)Zij

(4.7)

which are the analog of the relations in (4.6) for the treatment regimen; the

only random components in (4.7) are the treatment effects ψj. The hypothetical

observations (X̃1
1,t0
, . . . , X̃1

1,tk
, . . . , X̃1

N,tk
) are defined as the random solutions of

the equations in (4.7) assuming that for every historical patient X̃0
i,t0

= X̃1
i,t0

.

Finally conditionally on X̃1 = (X̃1
1,t0
, . . . , X̃1

1,tk
, . . . , X̃N

1,tk
) and on the random

vector ψ = (ψ1, . . . , ψN) the future tumoral trajectories under the treatment

regimen are characterized as follows:

{X1
i,t}t≥0|X̃1, ψ ∼ 1

N

∑
j

GP(aj − ψjbj, bj, σj|X1
i,t0

= X̃1
j,t0
, . . . , Xi,tk = X̃1

j,tk
)

(4.8)

This simple plug in strategy can be easily extended to characterize the law of the

tumoral process of a patient that will be under the treatment regimen till time

T1 and subsequently under the control regimen. Also in this case the process

law can be represented as a mixture of N components, one for each historical

patient and each component consists in the conditional law of a Gompertz diffu-

sion process whose transition densities switch parametrization at time T1. The

parameters (aj, bj, σj) as in (4.8) are estimated through the standard maximum

likelihood technique and the random quantities ψ are adequately modeled, it is

thus exclusively necessary to suitably substitute the hypothetical observations.

It suffices to compute for each historical patient the distribution of X̃0
i,T1

condi-

tionally on {X̃0
i,t0
, X̃0

i,t2
, . . . , X̃0

i,tk
}, to slightly modify the equations in (4.6) and

(4.7) adding to the vector (t0, t1, . . . , tk) the instant T1 and substituting in (4.7)

β(ai − ψibi, bi, σi, tj − tj+1) with

β(ai − ψibi, bi, σi, tj − tj+1)I(tj+1 ≤ T1) + β(ai, bi, σi, tj − tj+1)I(tj+1 > T1)

The hypothetical observations are then defined as the solutions of the slightly

modified random equations, in this case the equations random quantities consist

in the independently distributed random vectors (X̃0
1,T1

, . . . , X̃0
N,T1

) and (ψ1, . . . , ψN).
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We have applied the proposed approach to a data-set reporting the tumoral

growths of a subgroup of 61 patients enrolled in a recent multicenter trial; it is

therefore implicitly assumed the interest in choosing an adequate parametrization

for a randomized discontinuation trial in which the tumoral dynamics under the

control regimen are expected to be similar to those in the historical data-set. The

adopted utility function is similar to that of the previous example; the parameters

c1 = 0.002, c2 = 0.002 and c3 = 0.0001 have a clear interpretation, indeed the

optimal choice achieve the equilibrium between the marginal variations of the

costs and of the expected benefits. The a priori probability given to the event

that the novel agent has a cytostatic activity is 0.7 and the prior on the treatment

effects ψi is parameterized in such a way to have, conditionally on {E = 1}, the

mean growth of the tumor mass after 4 months from the baseline measurement

equal to 12% under the treatment regimen versus the 24% under the control

regimen. The primary end point is still binary, the disease is considered stable

if the tumor mass increase less than 20% during the second trial phase, and

the eligibility criteria to participate to the randomized stage are the following:

δ1(X0;T1) = 1.2X0, δ2(X0;T1) = 0.8X0. The action space D is constituted

by the alternative designs in {[N, T1, T2] ∈ (0, 1, . . . , 300)3}. The optimal choice

d∗ = (T1 = 72, T2 = 145, N = 221) that maximize the expected utility has been

computed by mean of the previously outlined Monte Carlo procedure.

The opportunity of tailoring a prior distribution on a historical data set re-

sults advantageous and reduces considerably the complexity of the decisional

process. The uncertainties that are not subjectively modeled are limited to the

treatment effects, while the full elicitation of the a priori knowledge, as it has

been underlined in the previous sections, requires a formal representation of the

available information inherent a plurality of aspects as the degree of variability

of the baseline measurements that will be observed and the variability of the

tumoral progressions. The procedure moreover allows the analysis of the opti-

mal design d∗ operative characteristics following a predictive approach; indeed

it is straightforward to compute for a plurality of possible degree of efficacy of
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the putative agent the predictive probability that the optimal design detects the

biologic activity of the agent via Monte Carlo method.

4.5 Discussion

Recent applications of the RDD have confirmed that it can be an appealing

alternative to the standard two arm design for assessing the cytostatic activity

of novel agents. Between the main features of the RDD in literature have been

highlighted the patients’ propensity to accept the trial (Stadler (2007)) and the

ability of the design to focus the investigation on an homogeneous cohort of

patients suitable to give empirical evidence of the treatment effectiveness.

In this chapter the criticality of the tuning parameters of the RDD is under-

lined and the application of the decision-theoretic framework finalized to their

optimal choice is illustrated. The decisional procedure is discussed assuming that

the results of the clinical trial, typically the decision to perform a phase III trial

or to consider the novel treatment ineffective, have to be based exclusively on the

experimental data. On the other hand it is recognized the necessity to take into

account the initial knowledge on the treatment and control regimens to suitably

design the trial; it doesn’t seem practicable to base the choice of T1 and T2 other

than on the available information. The Bayesian modeling of the tumoral growth

processes is a natural candidate to embed the a priori knowledge in the decisional

process.

A relevant advantage of the application of the decisional-theoretic paradigm

is that it allows to compare the RDD with the two arm design taking into account

the differences in the necessary resources to implement the designs and the pa-

tients perception of the trials. The underlined difficulty posed by the decisional

process of an adequate elicitation of the experts knowledge, in the hypothesis that

the decision maker cannot be supported by historical data, follows from the need

of a probability model able to capture a plurality of relevant aspects as the con-

nection between the tumor mass and its growth rate, the degree of predictability
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of the future tumoral trajectory once it has bee observed for a time interval, the

degree of heterogeneity among the patients population and the strength of the

experts knowledge about such factors. Even if the simplification of the proba-

bilistic structure at the base of the decisional framework can soften this difficulty

a more definitive solution consists in the final validation of the optimal strategy

evaluating the optimal design frequentist operating characteristics.
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