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Chapter 1

Thesis Roadmap

Neural networks are one of the most remarkable success stories of computer science of

the current age. Despite their inarguably outstanding performance on tasks as different

as image recognition, natural language processing, and generative modeling, our theo-

retical understanding of these methods remains considerably limited. In this thesis, we

undertake a theoretical study of neural networks through the lens of statistical physics,

and corroborate our findings with phenomena observed on real-life, state-of-the-art mod-

els. We focus specifically on understanding the impressive ability of neural networks to

generalize on unseen data. When and why does this generalization occur, and how can it

be predicted? We offer partial answers to these questions by analyzing the loss landscape

of neural networks, drawing insights from the study of disordered systems.

This introductory chapter contains a general roadmap for the thesis. Each chapter

is dedicated to one of the research projects I worked on during my PhD, and focuses on

different aspects of our main driving question.

Mean dimension of neural networks. Chapter 2 contains a study (see [1] for

a published version) that addresses multiple phenomena in machine learning using a

complexity measure of the function realized by a neural network.

Specifically, we study how the generalization of a neural network evolves as we vary its

size. It is known that the test error of these models typically exhibits a double descent as a
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function of the number of parameters. The first descent in test error occurs as long as the

network is unable to fully interpolate the training data. Once it achieves interpolation,

the test error increases due to overfitting. However, with a further increase in model size

towards the heavily overparametrized region, the test error undergoes a second descent.

We demonstrate that the locations of the transition between these different regimes

can be accurately predicted by studying the phase transitions of a new sensitivity metric

for the neural networks that we call Boolean Mean Dimension (BMD). Focusing on a

teacher-student setting for the random feature model, we derive a theoretical analysis

based on the replica method that yields an interpretable expression for the BMD, in the

high dimensional regime where the number of data points, the number of features, and the

input size grow to infinity. We also observe that the BMD curve carries information on

other crucial properties of neural networks, such as their robustness to adversarial attacks

and the strength of regularization used during training. The BMD is independent of the

training data, and as such, it provides insight on the architectural inductive bias of the

networks.

Flatness of the loss landscape. Chapter 3 delves into the relationship between the

generalization capabilities of neural networks and the concept of flatness, which is eval-

uated through local entropy measures for different loss functions (see [2] for a published

version). Our goal is to enhance the understanding of how properties of the loss landscape

connect with generalization.

We show that the generalization properties of a loss minimizer can be inferred by ex-

amining the empirical risk landscape around it. Specifically, we show that generalization

correlates with the existence of clusters of near-minimal solutions nearby, which we refer

to as wide flat minima. Conversely, isolated minimizers tend to overfit the model. Fol-

lowing this idea, we employ variants of gradient descent methods to train neural networks

that specifically target these wide flat minima. We demonstrate that these algorithms

improve generalization across different architectures, datasets, and loss functions.
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Our findings offer a concrete pathway for making design choices (architecture, loss

function, training method) that improve generalization. More broadly, the new concepts

and techniques introduced here promise to bridge the gap between theoretical under-

standing and practical application of neural networks.

Diffusion-based sampling. Having reduced the problem of understanding general-

ization to that of describing the local loss landscape, we conduct in Chapter 4 a more

precise study of the latter in a simple model of shallow neural networks known as the

perceptron problem [3]. We analyze the Stochastic Localization (SL) algorithm, which

employs a denoising diffusion process to sample from a known but intractable distribu-

tion. In our setting, the score function is provided by an oracle using Belief Propagation

or Approximate Message Passing.

We consider different variants of non-convex perceptron problems: the negative spher-

ical perceptron, the binary perceptron, and the binary perceptron with modified loss

functions. We show that stochastic localization successfully samples solutions for any

satisfiable parameter regime of the negative spherical perceptron and fails throughout

an entire regime of parameters for the binary perceptron, but also that the latter issue

can be overcome by adapting the loss function to target flat minima. Additionally, we

provide numerical evidence for the uniformity of sampled solutions in case of the negative

spherical perceptron.
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Chapter 2

Mean Dimension of Neural Networks

This chapter presents a study of the sensitivity of neural networks based on the mean

dimension [1]. The mean dimension measures the average order of interactions between

input variables in a function, making it a useful marker of the complexity of a function.

It was initially studied within the ANOVA framework [2, 3]. This approach allows in

theory computation of the mean dimension for an arbitrary queryable function; however,

its main drawback is its potentially high computational complexity.

The problem becomes particularly challenging when estimating this measure for com-

plex functions like deep neural networks, especially when the input follows a strongly

structured or possibly unknown distribution. To address the issue, we introduce in this

chapter the notion of Boolean mean dimension (BMD). As the name suggests, our ap-

proach is rooted in Boolean function analysis, which enables simple and efficient calcu-

lations using Fourier analysis. We focus on efficiently computing the BMD of neural

networks, and demonstrate, both analytically and numerically, a correlation between this

metric and several phenomena in neural networks, such as the double descent of the gen-

eralization error and robustness to adversarial initialization.

A detailed definition and explanation of the Boolean mean dimension can be found in
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Section 2.2. Here, we provide basic intuition: a function of a vector input can be decom-

posed into a weighted sum of terms. These terms range from lower-order components,

involving one or a few input variables, to higher-order interactions that may include many

or all input variables. The mean dimension quantifies the average order of the terms that

dominate in this expansion.

2.1 The double descent phenomenon

The bias-variance tradeoff has long been a cornerstone of classical machine learning the-

ory, providing a structured framework for understanding model performance. In this

traditional view, increasing model complexity lowers its bias, while simultaneously in-

creasing its variance, thus leading to overfitting. The tradeoff highlights the balance

between simplicity and flexibility, with the goal of finding an optimal middle ground

where both bias and variance are minimized. For decades, this framework guided model

selection and informed strategies to avoid overfitting. However, the recent discovery of

the double descent phenomenon challenged this classical understanding, revealing that

highly overparameterized models can generalize well.

Specifically, the double descent is demonstrated by the phenomenon when increasing

the capacity of a model (e.g. measured by the number of parameters) the generalization

error demonstrates a sudden peak around the interpolation point (where approximately

zero training error is achieved), followed by a second decrease towards a low asymptotic

value.

Several studies [4, 5, 6] have demonstrated the robustness of the double descent phe-

nomenon across a wide range of architectures, datasets, and learning paradigms. In

particular, an analytical investigation of double descent was rigorously carried out in the

context of the random feature model, specifically for the square loss in [7] and for more
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general loss functions using the replica method in [8][9].

Other variations of this phenomenon have been identified, such as epoch-wise double

descent and sample non-monotonicity [10], as well as triple descent, which can arise with

noisy labels and can be regularized by the non-linearity of the activation function [11].

Further in this chapter, we establish a connection between the traditional double

descent of generalization error and the behavior of the mean dimension, a complexity

metric that can be computed independently of task-specific data.

2.2 Computation of the mean dimension

In this section we provide with the precise definition of the MD (and BMD) and demon-

strate an efficient way to estimate it using a Monte Carlo method.

2.2.1 Mathematical definition

To give a proper mathematical definition of the mean dimension, for a real-valued function

f(x) of n variables f : Rn → R, it is convenient to introduce some notation that will be

used in the rest of the chapter. We will denote the set of indexes {1, . . . n} by [n]. We

define xu the set of input variables xi, with i ∈ u ⊆ [n] and by x\u the set of variables

for which i /∈ u. We will also assume that x is drawn from a distribution p(x). The basic

idea of the mean dimension is to derive a complexity measure for f from an expansion of

the type

f(x) =
∑
u⊆[n]

fu(xu) (2.1)

where the “components” fu(xu) can be computed from the following recursion relation

fu(xu) ≡
∫
f(x) p(x\u|xu) dx\u −

∑
v⊂u

fv(xv) (2.2)
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with the initial condition f∅ =
∫
f(x) p(x) dx ≡ E[f ]. It can be shown that coefficients

of the expansion have zero average if u is non empty

∫
fu(xu)pu(xu) dxu = 0 u ̸= ∅ (2.3)

where we have denoted by pu(xu) the marginal probability distribution over the set u.

Moreover, they satisfy orthogonality relations, namely

∫
fu(xu)fv(xv)pu∪v(xu∪v) dxu∪v = 0 , if u ̸= v . (2.4)

Using those relations we can write the variance of the function as a decomposition of

2n − 1 terms

σ2 = E[f 2]− E[f ]2 =
∑

u⊆[n]\∅
σ2
u (2.5)

where

σ2
u ≡

∫
f 2
u(xu) pu(xu) dxu . (2.6)

The mean dimension Mf is then defined as

Mf =
∑
u⊆[n]
|u|σ

2
u

σ2 , (2.7)

i.e. a weighted sum over possible interactions, with each subset of inputs contributing

based on how much they influence the variance.

2.2.2 Pseudo-boolean functions and Fourier coefficients

We now derive an explicit expression for the mean dimension of n-dimensional pseudo-

Boolean functions taking values on the real domain, f : {−1, 1}n → R under the assump-

tion of input features that are i.i.d. from {−1, 1}.

Denoting by s ∈ {−1, 1}n the n-dimensional binary input of f , such a function can be

uniquely written as a Fourier expansion [12] in terms of a finite set of Fourier coefficients
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f̂u, u ⊆ [n] as

f(s) = C +
∑
i

hisi +
∑
i<j

Jijsisj +
∑
i<j<k

Kijksisjsk + . . . =
∑
u⊆[n]

f̂u χu(su) (2.8)

where

χu(su) =
∏
i∈u

si (2.9)

represent the Fourier basis of the decomposition that are orthonormal ⟨χu(s)χv(s)⟩ = δu,v

with respect to the uniform distribution over {−1, 1}n, where we use the notation

⟨•⟩ ≡ 1
2n

∑
s∈{−1,1}n

• . (2.10)

The Fourier coefficients f̂u can give information about the moments of the function f

with respect to the uniform distribution (2.10) over s; for example the first moment is

⟨f(s)⟩ = f̂∅ (2.11)

whereas the variance can be obtained as

σ2 = ⟨f 2(s)⟩ − ⟨f(s)⟩2 =
∑

u⊆[n]\∅
f̂ 2
u . (2.12)

We can quantify the contribution ck of interaction of order k to the variance of f(s) as

the ratio

ck =
∑
u⊆[n]\∅:|u|=k f̂

2
u

σ2 . (2.13)

Notice that ∑k ck = 1, so that ck can be interpreted as a (discrete) probability measure

over interactions. The mean dimension of f can then be written as the mean interaction

degree when weighted according to it contribution to the variance, i.e. as a weighted sum
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of feature influences divided by the total variance of the function, so

Mf ≡
n∑
k=1

kck =
∑
u⊆[n] |u| f̂ 2

u

σ2 (2.14)

This expression is equivalent to Eq. (2.7) for pseudo-Boolean functions under the as-

sumptions that all features are i.i.d from {−1, 1}. The expression connects the notion

of simplicity in terms of variance contributions to the same notion in terms of explicit

expansion coefficients. Intuitively, a large mean dimension is indicating that the function

fluctuates due to a large contribution of high-degree interactions.

2.2.3 Estimating the mean dimension through Monte Carlo

The expression of the mean dimension in (2.7) involves a sum over all the set of subsets

of n variables, and its numerical evaluation through a brute-force approach would be

intractable in high dimension. However, it can be shown that a more efficient evaluation

scheme of equation (2.7), can be achieved through a Monte Carlo approach [13]. First,

the MD can be rewritten as a sum over the n input components:

Mf =
∑n
i=1 τ

2
i

σ2 (2.15)

where the influence of the i-th input component τi is defined as:

τ 2
i = 1

2

∫
dx dx′i p(x) p(x′i|x\i)(f(x)− f(x⊕i))2 . (2.16)

and where we have denoted by x⊕i a vector x with a resampled ith coordinate. We show

an original proof of this identity in the next section of the chapter.

2.2.4 Proof of equation (2.15)

In order to prove the relation of the mean dimension of equation (2.15), we anticipate

two Lemmas that are useful for the proof.
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Lemma 2.2.4.1. For any u ⊆ [n], the ANOVA coefficients satisfy the following relation:

fu(x) =
∑
v⊆u

(−1)|u|−|v|
∫
f(x)p(x\v|xv)dx\v =

∑
v⊆u

(−1)|u|−|v|E[f(x)|xv] (2.17)

Proof. This can be seen by induction. The base of induction for the empty set and a

singleton u = {i},∀i ∈ n are respectively

f∅ = E[f(x)] (2.18a)

f{i} = E[f(x)|xi]− E[f(x)] = E[f(x)|xi]− f∅ (2.18b)

having used the ANOVA recursion in equation (2.2). Assuming equation (2.17) holds for

the sets up to the size k we can show the induction step up to the set size k + 1. Given

a set S ⊆ [n], i /∈ S and |S| = k denoting u = S ∪ {i} we have:

fu(xu) = E[f(x)|xu]−
∑
v⊂u

fv(xv) = E[f(x)|xu]−
∑
v⊂u

∑
t⊆v

(−1)|v|−|t|E[f(x)|xt]

= E[f(x)|xu]−
∑
t⊆S

(−1)−|t|
∑

t⊆v⊂u
(−1)|v| E[f(x)|xt] .

(2.19)

The summation over sets t ⊆ v ⊂ u can be performed

∑
t⊆v⊂u

(−1)|v| =
|u|−1∑
k=|t|

(−1)k
(
|u| − |t|
k − |t|

)
(2.20)

= (−1)−|t|
|u|−|t|−1∑
k=0

(−1)k
(
|u| − |t|

k

)
= (−1)|u|+1 . (2.21)

Inserting this back into (2.19) we have finally

fu(xu) = E[f(x)|xu] +
∑
t⊆S

(−1)|u|−|t|E[f(x)|xt] =
∑
v⊆u

(−1)|u|−|v|E[f(x)|xv] (2.22)

Now given the previous Lemma 2.2.4.1 we can show:
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Lemma 2.2.4.2. We can write

f(x) =
∑
u∋i

fu(xu) + E
[
f(x)|x\i

]
(2.23)

or equivalently ∑
u̸∋i

fu(xu) = E
[
f(x)|x\i

]
(2.24)

Proof. To show that we consider:

∑
u∋i

fu(xu) =
∑
u∋i

∑
v⊆u

(−1)|u|−|v|E
[
f(x)|xv

]
=
∑
v

 ∑
u⊇v,u∋i

(−1)|u|
 (−1)−|v|E

[
f(x)|xv

]
(2.25)

The term in the squared brackets can be computed. We need to distinguish two cases,

i.e. i ∈ v, and i /∈ v. In the first case we get

∑
u⊇v,u∋i

(−1)|u| =
n∑

k=|v|
(−1)k

(
n− |v|
k − |v|

)
=

n−|v|∑
k=0

(−1)k+|v|
(
n− |v|
k

)
= (−1)|v|δn,|v| (2.26)

where δi,j is the Kronecker delta function. If i /∈ v, instead

∑
u⊇v,u∋i

(−1)|u| =
n∑

k=|v|+1
(−1)k

(
n− |v| − 1
k − |v| − 1

)
= (−1)|v|+1δn,|v|+1 (2.27)

i.e. we get a non-zero result only if v = [n] or v = [n]\{i}. Therefore we get

∑
u∋i

fu(xu) = f(x)− E
[
f(x)|x\i

]

In the following we will denote by x⊕i a vector x with a resampled ith coordinate. We

are now ready to prove the following theorem:
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Theorem 2.2.4.3. The mean dimension can be written as

Mf =
∑
u⊆[n]
|u|σ

2
u

σ2 =
∑n
i=1 τ

2
i

σ2 (2.28)

where

τ 2
i = 1

2

∫
dx dx′i p(x) p(x′i|x\i)(f(x)− f(x⊕i))2 ≡ 1

2E
(
f(x)− f(x⊕i)

)2
(2.29)

Proof. We can write the numerator of the mean dimension as

∑
u⊆[n]
|u|σ2

u =
n∑
k=1

k
∑
u⊆[n]
|u|=k

σ2
u =

n∑
i=1

∑
u⊆[n]:i∈u

σ2
u . (2.30)

In the first equality we divided the summation over the sets into a double summation over

the size k of the set and a summation over the sets of fixed size k. In the second equality

we have used the fact that the summation over k can be interpreted as a summation over

the indices i of the variable x; the inner sum can be therefore written as a summation

over the sets (of any possible size) that contain the variable i itself. Reminding that

σ2
u ≡

∫
f 2
u(xu) pu(xu) dxu = E[f 2

u(xu)] , (2.31)

and using Lemma 2.2.4.2 and orthogonality of the coefficients of the ANOVA expansion,

we have

τ 2
i ≡

1
2E

(
f(x)− f(x⊕i)

)2
= 1

2E
(
f(x)− f(x⊕i)

)∑
u∋i

fu(xu)−
∑
u∋i

fu(x⊕iu )


= E

f(x)
∑
u∋i

fu(xu)
− E

f(x)
∑
i∋i
fu(x⊕iu )


= E

∑
u∋i

f 2
u(xu)

− E
[
f(x)

(
f(x⊕i)− E

[
f(x⊕i|x\i)

])]

= E
∑
u∋i

f 2
u(xu)− 0 =

∑
u∋i

σ2
u .
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We emphasize that in the general case, the underlying input distribution of the train-

ing dataset is not known and estimating the MD on this distribution becomes unfeasible.

In the present chapter, we propose employing the estimation procedure presented in

the previous section, based on binary sequences, as an easily computable proxy of the

sensitivity of the neural network function. In order to distinguish this proxy from the

mean dimension over the dataset distribution, we call the resulting quantity the Boolean

Mean Dimension (BMD). We show in the further sections that the BMD can in some

cases be computed analytically, and that it is qualitatively related to the generalization

phenomenology in neural networks.

2.2.5 Mean dimension in the boolean case

Expression (2.16) can be specialized to the case of binary i.i.d. inputs, where one can

identify the influence functions τ 2
i with the discrete derivatives:

τ 2
i =

〈(
Dif(s)

)2〉 (2.32)

where Dif(s) denotes the ith (discrete) derivative of f(s), i.e.

Dif(s) ≡ f(s1, . . . , si = 1, . . . , sn)− f(s1, . . . , si = −1, . . . , sn)
2 (2.33)

and measures the average sensitivity of the function to a flip of the ith variable. The sum

of the influences ∑i

〈(
Dif(s)

)2〉 is known in the field of the analysis of pseudo-Boolean

functions as total influence of f [12]. In terms of the Fourier expansion, we have

Dif(s) =
∑

u⊆[n]:i∈u
f̂u χu\i(su\i) (2.34)

Therefore computing the mean dimension for pseudo-Boolean functions boils down to

querying the function f on uniformly sampled binary sequences of length n− 1.
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Algorithm 1 BMD estimation
Input: N (data dimension), nb (number of batches), bs (batch size), f : RN → RC ,
C (number of classes)
Initialize M := 0̄C , Msq := 0̄C , C := 0̄N×C , MD := 0̄C
for i in 1, . . . , N do

for b in 1, . . . ,nb do
Xb = sample(bs, N) // samples uniformly binary sequences of size (bs×N)
for c in 1, . . . , C do

M[c] += ∑
j f(Xb[j, c])/(nb× bs) // computes the 1st moment

Msq[c] += ∑
j f(Xb[j, c])2/(nb× bs) // computes the 2nd moment

C[i][c] += ∑
j

〈(
Dif(Xb[j, c])

)2〉 /(nb× bs)
end for

end for
end for
for c in 1, . . . , C do

M[c] := M[c]/N
Msq[c] := Msq[c]/N
MD[c] := ∑

j(C[j][c])/(Msq[c]−M[c]2)
end for
return M

A simple way of estimating the numerator of the mean dimension implies therefore

estimating the quantities
〈(
Dif(s)

)2〉 separately for every i and then summing them. In

Algorithm 1 we present the algorithm for estimating the mean dimension.

2.3 Analytical results

We now derive an analytic expression for the mean dimension in the special case of the

random feature model [14, 15, 16, 17], focusing on the same high dimensional regime

where the double descent phenomenon can be detected. In the next sections, we will

define the model, the learning task and the high dimensional limit precisely, and we will

provide the analytical derivation of the expression for the Boolean Mean Dimension.
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2.3.1 Model definition and learning task

The random feature model (RFM) is a two-layer neural network with random and fixed

first-layer weights (also called features) and trainable second-layer weights. Given a D-

dimensional input, x ∈ RD, and denoting by F ∈ RD×N the D×N frozen feature matrix,

the pre-activation of the RFM is given by:

ŷ(w; x) = 1√
N

N∑
i=1

wi σ

 1√
D

D∑
k=1

Fki xk

 (2.35)

where w is an N -dimensional weight vector and σ is a (usually non-linear) function. The

parameter N indicates the number of features in the RFM and can be varied to change

the degree of over-parametrization of the model. As in [17], we will hereafter focus on the

case of i.i.d. standard normal distributed feature components Fki ∼ N (0, 1), although

the formalism allows for a simple extension to a generic fixed feature map, under a simple

weak correlation requirement (see [8, 16] for additional details).

We consider a classification task defined by a training dataset of size P , denoted as

D = {xµ, yµ}Pµ=1. The inputs are assumed to be i.i.d. with first and second moments

fixed respectively to Exi = 0 and Ex2
i = 1. Note that, for example, both binary input

components xi ∈ {−1, 1} and Gaussian components xi ∼ N (0, 1) satisfy the above as-

sumption. The binary labels yµ ∈ {−1, 1} are assumed to be produced by a “teacher”

linear model wT ∈ RD, with normalized weights on the D-sphere ∥wT∥2
2 = D, according

to:

yµ = sign
 1√

D

D∑
k=1

wTk x
µ
k

 , µ ∈ [P ] . (2.36)

The learning task is then framed as an optimization problem with generic loss function ℓ

and ridge regularization

w⋆ = arg min
w∈RN

 P∑
µ=1

ℓ(yµ, ŷµ(w; xµ)) + λ

2∥w∥
2
2

 , (2.37)
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where λ is a positive external parameter controlling the regularization strength. In the

following we will consider the two most common convex loss functions, namely the mean

squared error (MSE) and the cross-entropy (CE) losses, defined as

ℓmse(y, ŷ) = 1
2 (yµ − ŷµ)2 (2.38a)

ℓce(y, ŷ) = log
(
1 + e−yŷ

)
. (2.38b)

We analyze the learning problem in the high-dimensional limit where the number of

features, input components and training-set size diverge N , D , P →∞ at constant rates

α ≡ P/N = O(1) and αD ≡ D/N = O(1). In this limit, strong concentration properties

allow for a deterministic characterization of the above-defined learning problem in terms

of a finite set of scalar quantities called order parameters. In the next sections, and in

detail in the appendices, we will provide the derivation of this reduced description.

2.3.2 Rephrasing the problem in terms of the Boltzmann mea-

sure

The learning task in (2.37) can be characterized within a statistical physics framework.

One can introduce a probability measure over the weights w in terms of the Boltzmann

distribution

w ∼ pβ(w;D) = e−β
∑P

µ=1 ℓ(y
µ, ŷµ(w;xµ))−βλ

2
∑N

i=1 w
2
i

Zβ
(2.39)

where β is the inverse temperature, the loss function in (2.37) plays the role of an energy,

and the partition function Zβ is a normalization factor that reads

Zβ =
∫
dw e−β

∑P

µ=1 ℓ(y
µ, ŷµ(w;xµ))−βλ

2
∑N

i=1 w
2
i . (2.40)

The distribution pβ(w;D) can be interpreted in a Bayesian setting as the posterior distri-

bution over the weights w given a dataset D, and (2.39) corresponds to Bayes theorem,

where the term e−β
∑

µ
ℓ(yµ, ŷµ(w;xµ)), corresponds to the likelihood and e−βλ

2 ∥w∥
2
2 is the prior
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distribution over the weights.

In the zero-temperature limit, when β → ∞, the probability measure pβ(w;D) con-

centrates on the solutions to the optimization problem in (2.37). To characterize the

typical (i.e. the most probable) properties of these solutions, one needs to perform an av-

erage over the possible realizations of the training set D and of the features F , computing

the free-energy of the system

f = − lim
β→∞

lim
N→∞

1
βN

ED,F lnZβ . (2.41)

The computation of this “quenched” average can be achieved via the replica method [9]

from spin-glass theory, which reduces the characterization of the solutions of (2.37) to

the determination of a finite set of scalar quantities called order parameters [18, 19].

In the next section we sketch the replica calculation for the free energy, first presented

in [8], in the simplifying case of an odd non-linear activation σ.

2.4 Replica computation of the BMD in the random

feature model

2.4.1 Free entropy

We review here the replica calculations of the free entropy of the model, defined as

ϕβ = lim
N→∞

1
N
ED,F lnZβ . (2.42)

This in turn will give the information necessary to compute the BMD. The term Zβ, that

is also called a partition function, can be estimated using the replica method, described

in the next subsection.
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Replica method. The replica method is a non-rigorous but powerful technique used

in statistical physics to study disordered systems, like random neural networks. It helps

compute averages over systems with randomness, particularly when directly calculating

the logarithm of a partition function is intractable. The method works by replicating the

system n times, calculating Zn, and then analytically deriving the result for n→ 0 using

the identity:

lnZ = Zn − 1
n

The replica method has been employed for over 40 years in theoretical physics and has

emerged as an essential tool in probability theory, particularly following M. Talagrand’s

rigorous contributions nearly 20 years ago. In computer science, it has been utilized

to investigate phase transitions in random constraint satisfaction problems. Since the

1990s, it has also been applied to analyze the asymptotic properties of neural networks

(including those with one hidden layer) that store random patterns.

While the replica method often leads to correct results and has been widely validated

by comparison with numerical simulations, it is technically non-rigorous because the an-

alytic continuation step is not always mathematically justified. However, its effectiveness

has made it a central tool in many fields of theoretical physics and complex systems

analysis.

Thus the average over the dataset in (2.42) can be performed as follows

ED,F lnZβ = lim
n→0

1
n

ln
(
ED,FZn

β

)
. (2.43)

In the following we will consider n as an integer and we will denote by a, b as replica

indices running from 1 to n.

Gaussian equivalence theorem. In order to compute the average over the input

patterns of Zn
β , we will apply a central limit theorem [20], valid in the thermodynamic
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limit whereN , D, P go to infinity with fixed α ≡ P
N

and αD ≡ D
N

. In the statistical physics

literature this central limit is often called Gaussian equivalence theorem (GET) [15, 16].

It can indeed be shown that the model is equivalent to a Gaussian covariate model [7]

and the following identification can be made

σ

 1√
D

D∑
k=1

Fki xk

 = κ0 + κ1√
D

D∑
k=1

Fki xk + κ⋆ηi (2.44)

where ηi is Gaussian noise with zero mean and unit variance and we have defined the

following coefficients

κ0 =
∫
Dz σ(z) (2.45a)

κ1 =
∫
Dz z σ(z) =

∫
Dz σ′(z) (2.45b)

κ2 =
∫
Dz σ2(z) (2.45c)

κ2
⋆ = κ2 − κ2

1 − κ2
0 (2.45d)

with Dz ≡ e−z2/2
√

2π dz. In the following we will considered for simplicity σ(·) to be an odd

activation function, so that in this case κ0 = 0.

Average over the dataset Using GET, we therefore arrive to

EDZn
β = EwT

∫ ∏
a

dwa
∫ ∏

µ

duµdûµ

2π
∏
µa

dλµadλ̂
µ
a

2π e−β
∑

µa
ℓ(sign(uµ)λµ

a)−βλ
2
∑

ia
(wa

i )2

×
∏
µ

eiu
µûµ+i

∑
a
λµ

a λ̂
µ
a−

(ûµ)2
2 − 1

2
∑

ab
Qabλ̂

µ
a λ̂

µ
b
−
∑

a
Maûµλ̂µ

a .

=
∫ ∏

a

dwa
∫ ∏

µ

duµ
∏
µa

dλµa e
−β
∑

µa
ℓ(sign(uµ)λµ

a)−βλ
2
∑

ia
(wa

i )2 ∏
µ

N (uµ, λµa ; 0,Σab)

(2.46)
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where the correlation matrix of the n+ 1-dimensional multivariate Gaussian N is

Σab ≡

 ρ Ma

Ma Qab .

 (2.47)

Here ρ = 1
D

∑D
k=1(wTk )2 = 1, since the teacher has fixed norm. In the previous equation

we have also denoted by Qab and Ma the following quantities

Ma = κ1
1
D

D∑
k=1

sakw
T
k ≡ κ1ra (2.48a)

Qab = κ2
⋆

1
N

N∑
i=1

waiw
b
i + κ2

1
1
D

D∑
k=1

saks
b
k ≡ κ2

⋆qab + κ2
1pab (2.48b)

where we have defined the projected student weights in the space of the teacher sak as

sak ≡
1√
N

N∑
i=1

Fkiw
a
i . (2.49)

Average over Gaussian Features We can enforce the definition of the projected

weights in (2.49) using delta functions and their integral representation. It then becomes

easy to perform the average over random Gaussian features. We get a term of the following

form

∫ ∏
ka

dsakdŝ
a
k

2π ei
∑

ka
sa

k ŝ
a
k

∏
ki

EFki

[
e
−i Fki√

N

∑
a
ŝa

kw
a
i

]

=
∫ ∏

ka

dsakdŝ
a
k

2π ei
∑

ka
sa

k ŝ
a
k−

1
2
∑

ab,k
ŝa

k ŝ
b
k( 1

N

∑
i
wa

i w
b
i ) , (2.50)

which only depends on the qab defined in (2.48b).

Saddle point method We can now impose the definitions of the order parameters

qab ≡
1
N

∑
i

waiw
b
i , pab ≡

1
D

∑
k

saks
b
k , ra ≡

1
D

∑
k

sakw
T
k . (2.51)
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Denoting by ⟨·⟩D,F the average over both patterns and random features, the final result

reads

ED,FZn
β =

∫ ∏
a≤b

dqabdq̂ab
2π

∏
a≤b

dpabdp̂ab
2π

∏
a

dradr̂a
2π eNϕ

(n)
β (2.52)

where

ϕ
(n)
β = −1

2
∑
ab

qabq̂ab −
αD
2
∑
ab

pabp̂ab − αD
∑
a

rar̂a +GSS + αDGSE + αGE (2.53a)

GSS = ln
∫ ∏

a

dwa e
1
2
∑

ab
q̂abwawb−βλ

2
∑

a
w2

a (2.53b)

GSE = ln
∫ ∏

a

dsadŝa
2π ei

∑
a
saŝa+

∑
a
r̂asa+ 1

2
∑

ab
p̂absasb− 1

2
∑

ab
qabŝaŝb (2.53c)

GE = ln
∫ ∏

a

dλadλ̂a
2π

dudû

2π eiuû+i
∑

a
λaλ̂a−β

∑
a
ℓ(sign(u)λa)− û2

2 −
1
2
∑

ab
Qabλ̂aλ̂b−û

∑
a
Maλ̂a

(2.53d)

and Ma, Qab are defined in terms of qab, pab, ra in (2.48). Notice that the integrals inside

the “entropic” GS and the GSE tersm can be solved analytically by using multivariate

Gaussian integrals identities.

Replica Symmetric Ansatz We focus on the saddle points that preserve the symme-

try between the exchange of replicas (RS)

ra = r , r̂a = r̂ , ∀a ∈ [n] (2.54a)

qaa = qd , q̂aa = −q̂d , paa = pd , p̂aa = −p̂d , ∀a ∈ [n] (2.54b)

qab = q , q̂ab = q̂ , pab = p , p̂ab = p̂ , 1 ≤ a ≤ b ≤ n (2.54c)

Denoting with

M ≡ κ1r , (2.55a)

Q ≡ κ2
⋆q + κ2

1p , (2.55b)

Qd ≡ κ2
⋆qd + κ2

1pd (2.55c)
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we finally get in the small n limit the free entropy reads

ϕβ ≡ lim
n→0

ϕ
(n)
β

n
= 1

2(qdq̂d + qq̂) + αD
2 (pdp̂d + pp̂)− αDrr̂ + GSS + αDGSE + αGE , (2.56)

where

GSS ≡ lim
n→0

GSS

n
= 1

2 ln
(

2π
q̂d + q̂ + βλ

)
+ q̂

2(q̂d + q̂ + βλ) (2.57a)

GSE ≡ lim
n→0

GSE

n
= − q

2(qd − q)
− 1

2 ln
[
1 + (p̂+ p̂d)(qd − q)

]
+ 1

2
(p̂+ r̂2)(qd − q) + q

qd−q

1 + (p̂+ p̂d)(qd − q)
(2.57b)

GE ≡ lim
n→0

GE

n
= 2

∫
Dz0 H

(
− Mz0√

Q−M2

)
ln
∫
Dz1 e

−βℓ(√Qz0+
√
Qd−Qz1) (2.57c)

and H(x) =
∫∞
x Dz = 1

2Erfc
(
x√
2

)
. The values of the 10 order parameters, namely q, q̂, qd,

q̂d, p, p̂, pd, p̂d, r, r̂ must be found self-consistently by solving the saddle point equations

obtained by differentiating ϕ.

Large β limit We now restrict the discussion to the case of the convex loss functions

as the MSE and the CE loss cited in the main text (2.38). In this case, we have to impose

the following scalings

r̂ → βr̂ , (2.58a)

q = qd −
δq

β
, p = pd −

δp

β
, (2.58b)

q̂ = β2δq̂ + β

2 δQ̂ , q̂d = −β2δq̂ + β

2 δQ̂ , (2.58c)

p̂ = β2δp̂+ β

2 δP̂ , p̂d = −β2δp̂+ β

2 δP̂ . (2.58d)

We have that the free energy which was defined in the main text in equation (2.41) is

−f = lim
β→∞

ϕβ
β

= 1
2
(
qdδQ̂− δqδq̂

)
+ αD

2
(
pdδP̂ − δpδp̂

)
− αDrr̂ + GSS + αDGSE + αGE ,

(2.59)
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where

GSS = δq̂

2(δQ̂+ λ)
(2.60a)

GSE = − qd
2δq + 1

2
(δp̂+ r̂2) δq + qd

δq

1 + δP̂ δq
(2.60b)

GE = 2
∫
Dz0 H

(
− Mz0√

Qd −M2

)
max
z1

[
−z

2
1
2 − ℓ(

√
Qdz0 +

√
δQz1)

]
. (2.60c)

We have also denoted by δQ = κ2
⋆δq + κ2

1δp. Again the order parameters δq, δq̂, qd, δQ̂,

δp, δp̂, pd, δP̂ , r, r̂ must be found self-consistently by solving the saddle point equations

obtained by differentiating f .

Physical observables of interest As shown in multiple papers, see e.g. [8, 17] the

generalization error can be obtained by computing

ϵg = 1
π

arccos
(
M√
Qd

)
. (2.61)

The training loss can be computed by a derivative with respect to β

ℓt = lim
β→∞

∂(βf)
∂β

= 2
∫
Dz0 H

(
− Mz0√

Qd −M2

)
ℓ
(√

Qdz0 +
√
δQz⋆1

)
(2.62)

with

z⋆1 = arg max
z1

[
−z

2
1
2 − ℓ(

√
Qdz0 +

√
δQz1)

]
(2.63)

The test loss can be computed as follows [17]

ℓg ≡ ⟨Eξ⋆ℓ (y⋆ŷ⋆)⟩

=
∫ dudû

2π
dλdλ̂

2π ℓ
(
sign(u)λ

)
eiuû+iλλ̂− û2

2 −
1
2Qdλ̂

2−Mûλ̂

= 2
∫
Dv ℓ

(
−
√
Qdv

)
H

(
− Mv√

Qd −M2

)
.

(2.64)
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where ξ⋆ represents a new extracted pattern, y⋆ its corresponding label and ŷ⋆ the pre-

diction of the model.

2.4.2 Analytical determination of the BMD

In the following subsections we will show the derivation of the annealed averages on

the inputs of the numerator and denominator of the BMD.

The definition (2.15) reads

Mf (w) ≡
1
2
∑D
k=1

〈
(ŷ(w; x)− ŷ(w; x⊕k))2

〉
〈
ŷ2(w; x)

〉
−
〈
ŷ(w; x)

〉2 . (2.65)

where ⟨•⟩ and x⊕k, defined in (2.10) and (2.16), entail an expectation over i.i.d.

uniform binary inputs.

Annealed average of the denominator of the BMD

The denominator in the definition of the BMD is easy to analyze. Applying GET, we

obtain

〈
ŷ2(w; x)

〉
=
〈

1
N

∑
i,j

wiwj σ

 1√
D

D∑
k=1

Fki xk

σ
 1√

D

D∑
k=1

Fkj xk

〉

=
〈

1
N

∑
i,j

wiwj

κ0 + κ1√
D

D∑
k=1

Fki xk + κ⋆ηi

κ0 + κ1√
D

D∑
k=1

Fkj xk + κ⋆ηj

〉

=
 κ0√

N

∑
i

wi

2

+ κ2
1
D

∑
k

 1√
N

∑
i

Fkiwi

 1√
N

∑
j

Fkjwj

+ κ2
⋆

N

∑
i

w2
i = Qd

(2.66)

The average squared is instead simply given by

〈
ŷ(w; x)

〉2 =
 κ0√

N

∑
i

wi

2

(2.67)
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Therefore the denominator in the BMD reads

〈
ŷ2(w; x)

〉
−
〈
ŷ(w; x)

〉2 = κ2
1
D

∑
k

 1√
N

∑
i

Fkiwi

 1√
N

∑
j

Fkjwj

+ κ2
⋆

N

∑
i

w2
i = Qd

(2.68)

where Qd is the overlap obtained by the RS saddle point equations provided in the

previous section.

Annealed average of the numerator of the BMD

More work has to be done to compute the numerator of the BMD. We can write it as

D∑
k′=1

〈
(ŷ(w; x)− ŷ(w; x⊕k

′))2
〉

=

=
D∑
k′=1

〈 1√
N

N∑
i=1

wi σ

 1√
D

D∑
k=1

Fki xk

− 1√
N

N∑
i=1

wi σ

 1√
D

∑
k ̸=k′

Fki xk + Fk′ix̃k′√
D




2〉

=
D∑
k′=1

〈 1√
N

N∑
i=1

wi σ

 1√
D

D∑
k=1

Fki xk

− 1√
N

N∑
i=1

wi σ

 1√
D

D∑
k=1

Fki xk −
Fk′i(xk′ − x̃k′)√

D




2〉

(2.69)

Taylor expanding the second term we have

1
2

D∑
k′=1

〈
(ŷ(w; x)− ŷ(w; x⊕k

′))2
〉

= 1
2

D∑
k′=1

〈 1√
N

N∑
i=1

wi σ
′

 1√
D

D∑
k=1

Fki xk

 Fk′i(xk′ − x̃k′)√
D


2〉

= 1
2

D∑
k′=1

〈
1
N

∑
i,j

wiwj σ
′

 1√
D

D∑
k=1

Fki xk

σ′
 1√

D

D∑
k=1

Fkj xk

 Fk′iFk′j(xk′ − x̃k′)2

D

〉
.

(2.70)
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We then apply the GET and we take the average over the inputs getting

1
2

〈
σ′

 1√
D

D∑
k=1

Fki xk

σ′
 1√

D

D∑
k=1

Fkj xk

 (xk′ − x̃k′)2
〉

= 1
2

〈κ̄0 + κ̄1√
D

D∑
k=1

Fki xk + κ̄⋆ηi

κ̄0 + κ̄1√
D

D∑
k=1

Fkj xk + κ̄⋆ηj

 (xk′ − x̃k′)2
〉

= κ̄2
0 + κ̄2

⋆δij + κ̄2
1

2D

D∑
k=1

D∑
k′′=1

Fki Fk′′j

〈
xkxk′′(xk′ − x̃k′)2

〉

= κ̄2
0 + κ̄2

⋆δij + κ̄2
1
D

2Fk′i Fk′j +
∑
k

Fki Fkj

 = κ̄2
0 + κ̄2

⋆δij + κ̄2
1
D

∑
k

Fki Fkj .

(2.71)

where we have denoted for simplicity by κ̄0, κ̄1, κ̄2, κ̄⋆ the coefficients in equation (2.45)

for σ′. Notice that in all the steps that we have done to arrive performing the average

over the inputs we have not used anywhere the binary nature of the inputs. It is therefore

easy to see that we would have obtained the same result if we had chosen a probability

distribution on the inputs with the same first two moments (e.g., a standard normal

distribution). Inserting this back into the previous equation, we get

1
2

D∑
k′=1

〈
(ŷ(w; x)− ŷ(w; x⊕k

′))2
〉

=
D∑
k′=1

1
N

∑
ij

wiwj

κ̄2
0 + κ̄2

⋆δij + κ̄2
1
D

∑
k

Fki Fkj

 Fk′iFk′j

D

= κ̄2
0
N

∑
ij

Ωijwiwj + κ̄2
⋆

N

∑
i

Ωiiw
2
i + κ̄2

1
N

∑
ij

Ω2
ijwiwj = 1

N

∑
ij

Ψ̄ijwiwj

(2.72)

where we have introduced

Ψ̄ij ≡ κ̄2
⋆ Ωiiδij + κ̄2

0 Ωij + κ̄2
1 Ω2

ij , (2.73a)

Ωij ≡
1
D

D∑
k=1

FkiFkj . (2.73b)

Therefore the mean dimension for a generic non-linearity σ is

Mf (w) =
1
N

∑
ij Ψ̄ijwiwj
Qd

(2.74)
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BMD for an odd non-linearity σ

If we assume the activation function to be odd we have κ̄1 = 0, and κ̄0 = κ1. Therefore

we can write the BMD in terms of the order parameters only

Mf ≡
〈
Mf (w)

〉
w

=
Qd +

(
κ̄2
⋆ − κ2

⋆

)
qd

Qd

(2.75)

where

κ̄2
⋆ − κ2

⋆ =
∫
Dz

(
σ′(z)

)2
−
∫
Dz σ2(z) = κ̄2 − κ2 (2.76)

Notice that in the case of a linear activation function the BMD is always 1 since a flip

in the inputs will induce always the same response. Notice that equation (2.75) can be
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Figure 1: Difference between the BMD estimated using Monte Carlo method and using
equation (2.75). The compact formula is in agreement with the computationally more
expensive Monte Carlo estimation of the BMD.

used as an alternative (very efficient) way of computing the BMD, without using Monte

Carlo method. We show in Fig. 1 how the difference between the BMD estimated using

Monte Carlo and the one using equation (2.75) showing good agreement.

In the limit of 1/α → 0, at fixed αT = P/D (i.e. N → 0), the solution to the saddle

point equations show that pd → qd; in this limit the BMD goes to

Mf = 1 + κ̄2
⋆ − κ2

⋆

κ2
⋆ + κ2

1
= κ̄2

κ2
. (2.77)
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For example for σ(x) = tanh(x) activation we get Mf = 1.1778 as it is displayed in Fig. 2.

2.4.3 The resulting analytical BMD

Combining the results for the numerator and the denominator from the previous section

we obtain:

Mf (w) =
1
N

∑
ij Ψ̄ijwiwj

1
N

∑
ij Ψijwiwj

(2.78)

where we defined

Ωij ≡
1
D

D∑
k=1

FkiFkj . (2.79a)

Ψ̄ij ≡ κ̄2
⋆ ΩiiIij + κ̄2

0 Ωij + κ̄2
1 Ω2

ij , (2.79b)

Ψij ≡ κ2
⋆ Iij + κ2

1 Ωij . (2.79c)

and the coefficients κ are defined as expectations of derivatives of the activation function

over a standard Gaussian measure Dz = e−z2/2
√

2π dz:

κ0 =
∫
Dz σ(z) , κ1 =

∫
Dz σ′(z) , κ2 =

∫
Dz σ2(z) , (2.80a)

κ̄0 = κ1 , κ̄1 =
∫
Dz σ′′(z) , κ̄2 =

∫
Dz

(
σ′(z)

)2
, (2.80b)

κ2
⋆ = κ2 − κ2

1 − κ2
0 , κ̄2

⋆ = κ̄2 − κ̄2
1 − κ̄2

0 . (2.80c)

The mean dimension therefore explicitly depends on the model parameters w. We stress

again that the above expression (2.78) is universal: evaluating the MD with respect to

a different i.i.d. input distributions with matching first and second moments would give

exactly the same result.

In Fig. 2 we show the plot of the generalization error and the corresponding BMD of

the RFM at a fixed αT , as a function of 1/α for the MSE (left panels) and CE loss (right

panels). As shown in [8], for small regularization λ the generalization error develops
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Figure 2: Generalization error (top panels) and BMD (bottom panels) as a function of
the overparameterization degree 1/α = N/P , for fixed αT = P/D = 3 and with
σ = tanh. The left and right panels represents respectively the case of the MSE and of
the CE loss. Several values of the regularization λ are displayed, together with the
optimal one (which was found by minimizing the generalization error for each value of
α, see red dashed line). As it can be seen in both plots, for small regularization λ, the
location of the peak in the generalization error exactly coincides with the one in the
BMD (vertical dashed lines). As one increases the regularization the peak in the both
the generalization and the BMD is milded.

a peak approximately where the model starts to fit all training data. In the case of

the MSE loss, this threshold is often called interpolation threshold and it is located at

N = P . When using the CE loss, this happens when the projected data becomes linearly

separable and the exact location of the threshold strongly depends on the input statistics

and features. Exactly in the correspondence of the generalization error peak the BMD

displays its own peak, meaning that the function implemented by the network is more

sensitive to perturbation of the inputs.

An interesting insight can be deduced from the behavior of the BMD at the optimal

value of regularization for the RFM (dashed red curves in Fig. 2). While the generalization
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error becomes monotonic as the over-parametrization is increased, the BMD still reaches

a peak at first and then descends to 1 only in the kernel limit N/P →∞. This might be

surprising since the ground-truth linear model, the teacher, has BMD equal to 1 and one

would expect the best generalizing RFM to achieve the best possible approximation of

this function and therefore to match its BMD. However, blind minimization of the BMD

is not compatible with good generalization, as seen from the performance of the RFM

with very large regularization λ. The explanation of this comes from the architectural

mismatch between the linear teacher and the RFM: according to the GET the RFM

learning problem is equivalent to a linear problem with an additional noise with an

intensity regulated by the degree of non-linearity of the activation function [11]. This noise

initially forces the under-parameterized RFM to overstretch its parameters to fit the data,

causing an increased sensitivity to input perturbations. As the over-parameterization is

increased, the RFM becomes equivalent to an optimally regularized linear model [8] and

the BMD slowly drops to 1 in this limit.

Note that in the large dataset limit, when α, αT → ∞ with αD = O(1), a secondary

peak for the BMD of the RFM emerges around αD = 1, i.e. when the number of

parameters of the RFM is the same as the number of input features. This peak is caused

by the insurgence of singular values in the spectrum of the covariance matrix Ω and

is more accentuated at lower values of the regularization. Since modern deep networks

operate in a completely different regime from the large dataset limit specified above,

we expect this secondary peak not to be visible in realistic settings. For example, in the

above plots in the low regularization regime, this peak is overshadowed by the main BMD

peak. We analyze this phenomenology in detail in the next section.

2.5 Double peak behavior of the BMD

As can be seen in Fig. 3, if αT is sufficiently large the BMD can display a peak in
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Figure 3: Generalization error (left) and BMD (right) as a function of 1/α for λ = 10−4

and σ = tanh, for several values of αT = P/D. The loss used is the MSE. For low values
of αT the BMD displays a double descent behavior as showed in the main text.
Increasing αT , contrary to generalization, the BMD shows a triple descent behavior: a
secondary peak in the BMD appears at α = αT , i.e. N = D (dashed vertical lines).

addition to the one located at the interpolation threshold (N = P for the MSE loss). This

secondary peak is located at α = αT , i.e. when the number of parameters is equal to the

input dimension N = D. This peak is not present in the generalization. We remark here

that this behavior observed in the BMD is reminescent of the triple descent behaviour

observed in [11], but is nonetheless different in nature. Indeed, in [11] the triple descent

was observed in the test loss, when fixing N and D (i.e. αD = D/N) and changing P 1;

the authors observe a peak in the test loss when P = D in addition to the “classical”

double descent peak when P = N . This “secondary” peak can be observed only if the

activation function is linear σ(x) = x or if the labels are corrupted by Gaussian noise

ζµ ∼ N (0, 1)

yµ = sign
 1√

D

∑
k

wTk ξ
µ
k +
√

∆ζµ
 . (2.81)

where ∆ is a non-negative parameter modulating the noise intensity. It is easy to show

that the only term to change in the free energy (2.59) because of the noise is the energetic

term which is modified as

GE = 2
∫
Dz0 H

(
− Mz0√

Qd −M2 + ∆

)
max
z1

[
−z

2
1
2 − ℓ(

√
Qdz0 +

√
δQz1)

]
. (2.82)

1this is different from our setting where we fix P and D i.e. αT = P/D and change N .
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We show in Fig. 4 that even if the test loss has a secondary peak when ∆ > 0 at P = D,
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Figure 4: Test loss (left) and BMD (right) as a function of 1/α for fixed αD = 0.1,
λ = 10−4, σ = tanh and for 2 values of the noise in the labels ∆ = 0, 5. The loss used is
the MSE. Even if the test loss displays a secondary peak at P = D, the BMD does not.

this peak is not present in the BMD.

In Fig. 5, we show how the regularization λ can not only attenuate the “primary”

peak at P = N , but also make the secondary peak disappear at N = D.
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Figure 5: Generalization error (left) and BMD (right) as a function of 1/α for αT = 30
and σ = tanh for several values of the regularization λ. The loss used is the MSE.
Increasing the regularization the peak corresponding to P = N disappears before the
one located at N = D.

2.5.1 Explanation of the secondary peak of the BMD around

N = D

The root of this phenomenon can be found in the behavior of the spectrum of the covari-

ance matrix Ω = F TF/D. To see this, we first consider a simplified setting where the
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phenomenon can be easily analytically traced. Consider a linear regression in the RFM

with linear teacher. Calling Xp ∈ RP×N = σ(XF/
√
D) the projected inputs of the RFM,

with X ∈ RP×D, and F ∈ RD×N , the Gaussian Equivalence implies that the learning

problem is equivalent to a linear regression with data:

XGET
p = κ1XF/

√
D + κ⋆Z (2.83)

with Z ∈ RP×N and Zij ∼ N (0, 1). The labels Y ∈ RP are given by a linear teacher

wT ∈ RD:

Y = XwT (2.84)

The ordinary least square (OLS) estimator gives a closed form solution for the trained

weights:

w = (XT
p Xp/N + λI)−1XT

p Y/
√
N

= α

P

(
α

P
(κ1

XF√
D

+ κ⋆Z)T (κ1
XF√
D

+ κ⋆Z) + λI
)−1 (

κ1
XF√
D

+ κ⋆Z

)T
XwT

= α

P

(
α

P
(κ1

XF√
D

+ κ⋆Z)T (κ1
XF√
D

+ κ⋆Z) + λI
)−1 (

κ1
XF√
D

+ κ⋆Z

)T
XwT

= α

P

α
P

κ2
1
F TXTXF

D
+ κ2

⋆Z
TZ + κ1κ⋆

(
ZTXF + F TXZ√

D

)+ λI


−1

×
(
κ1
F TXTXwT√

D
+ κ⋆Z

TXwT

)

(2.85)

By squaring this expression we can get the norm qdN = ∥w∥2 of the OLS estimator.

We would like to understand the behavior of this quantity when P/N → ∞ and when

D/N = αD = O(1) is varied. We can thus perform an annealed average over the dataset,

averaging out X, Z, and wT . Since we are going to square the expression, we can take

advantage of:

E
XTX

P
= E

ZTZ

P
= I (2.86)
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and defining Ω = F TF/D we can simplify the expression as:

E∥w∥2 =
(
κ1
wTTF√
D

+ ακ⋆w
T
T

XTZ

P

)((
α
(
κ2

1Ω + κ2
⋆I
)

+ λI
)−1

)T
×

×
(
α
(
κ2

1Ω + κ2
⋆I
)

+ λI
)−1

(
κ1
F TwT√

D
+ ακ⋆

ZTX

P
wT

)
(2.87)

If we now move to the eigenbasis of Ω = V ΛXT , where we also have that F/
√
D =

U
√

ΛV T , we can write this expression as a trace over the eigenvalues in Λ:

qd = E
∥w∥2

N
=
σ2
wT

N

N∑
i=1

(κ2
1ρi + ακ2

⋆)(
(κ2

1ρi + κ2
⋆) + λ

)2 (2.88)

Similarly, one can get an expression for the average overlap:

Qd = E
wT (κ2

1Ω + ακ2
⋆)w

N
=
σ2
wT

N

N∑
i=1

(κ2
1ρi + κ2

⋆)2(
(κ2

1ρi + κ2
⋆) + λ

)2 (2.89)

So if we now focus on the ratio qd/Qd, which determines the fluctuations of the MD above

MD = 1, we can see the impact of the spectrum of Ω, which follows a Marchenko-Pastur

law with parameter 1/αD. When αD > 1 the spectrum is continuous and strictly positive,

with a minimum eigenvalue ρ− = (1 −
√

1/αD)2. At αD = 1 the spectrum touches the

origin, and then at smaller values of αD (in the overparameterized regime of the RFM) the

distribution splits into a delta in 0 with weight 1−αD and a continuous component with

increasing left extremum ρ− = (1 −
√

1/αD)2 and weight αD. Because of the additional

ρi in the numerator of expression (2.89), when the eigenvalues of Ω approach zero they

have a larger effect in qd, therefore the MD reaches a peak.
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Figure 6: Plots of the overlaps qd, pd and Qd = κ2
1pd + κ2

⋆qd as a function of 1/α for
αT = 3, 10, 30. In all plots the loss used is MSE, the regularization is λ = 10−4 and
σ = tanh.

The same relationship between the parameters holds also at finite α and for a generic

loss. The corresponding saddle-point equations read:

qd = 1
N

N∑
i=1

((m̂2 + q̂)κ2
1ρi + q̂κ2

⋆)(
δq̂(κ2

1ρi + κ2
⋆) + λ

)2 (2.90)
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Qd = 1
N

N∑
i=1

((m̂2 + q̂)κ2
1ρi + q̂κ2

⋆)(κ2
1ρi + κ2

⋆)(
δq̂(κ2

1ρi + κ2
⋆) + λ

)2 (2.91)

where the loss function and the number of constraints determine the value of the conjugate

parameters m̂, q̂, δq̂, but the presence of an additional (κ2
1ρi +κ2

⋆) in the numerator of Qd

induces the same behavior of the MD around αD = D/N = 1, independent of the specific

setting.

In Fig. 6 we show the plot of the overlaps qd, pd and Qd that confirms the intuitions

showed above.

2.6 Numerical results

In the following subsections of the chapter, we explore numerically the robustness of the

BMD phenomenology analyzed in the RFM, considering different types of data distribu-

tion, model architecture and learning task.

Furthermore, we show that adversarially initialized models also display higher BMD,

and that the increased sensitivity associated with a large BMD can hinder the robustness

of the model against random perturbations of the training inputs.

Finally, we show that the location of the BMD peak is robust to the choice of input

statistics used for its measurement, even in non-i.i.d. settings.

2.6.1 Experimental setup

In the following subsections, each panel displays the performance of a large number of

different model architectures with varying degree of over-parameterization, trained on

different datasets. Except where specified otherwise, all model are initialized with the

common Xavier method [21] and use the Adam optimizer [22], with batch size 128 and

learning rate 10−4. No specific early stopping criterion is implemented. As in other works

analysing the double descent, we experiment with different levels of uniformly random

label noise during training (which is introduced by corrupting a random fraction of labels),
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which tends to make the double descent peak more pronounced [10]. We discuss the effect

of label noise below.

Model architectures

We consider different types of model architectures:

• Random feature model (RFM), described above, where the number of hidden neu-

rons in the first (fixed) layer controls the degree of over-parameterization.

• Two-layer fully-connected network (MLP) with tanh activation, where the number

of hidden neurons in the first layer controls the degree of over-parameterization.

• ResNet-18: a family of minimal ResNet [23] architectures based on the implemen-

tation of [10]. The structure is finalized with fully connected and softmax layers.

As in [10], we control the over-parameterization of the model by changing the num-

ber of channels in the convolutional layers. Namely, the 4 ResNet blocks contain

convolutional layers of widths [k, 2k, 4k, 8k], with k varying from 1 to 20.

Both RFM and two-layer fully connected networks in our experiments use hyperbolic

tangent activation functions and have weights initialized from a Gaussian distribution

and bias terms initialized with zeros. The loss function optimized during training is the

cross-entropy loss with L2 regularization (the intensity of the regularization is set to zero

if not specified otherwise).

Data preprocessing

In the following experiments, we use continuous inputs during the training of the models,

normalizing the input features to lie within the [−1, 1] interval. While such normaliza-

tions are common in preprocessing pipelines, here this procedure has also the benefit of

matching the range of variability of the training inputs with that of the randomly i.i.d.

sampled binary sequences used to estimate the BMD. We explore the effect of different

normalization ranges in Appendix Sec. 2.B.
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Figure 7: Train error (turquoise), test error (violet) and BMD (orange) curves of the
random feature model trained on the MNIST dataset with binary labels on 5K train
samples with 0% label noise (left) and 10% label noise (right), tested on 5K samples.
The resulting plots represent an average (and standard deviations) obtained repeating
20 different times the experiment.

2.6.2 MD and generalization peaks as a function of overparametriza-

tion

In Fig. 7 we show train and test error, and the BMD for an RFM trained with and

without label noise on binary MNIST (even vs odd digits) as a function of the hidden

layer width. In Fig. 8, we instead consider a two-layer MLP trained on 10-digits MNIST

(varying width) and a ResNet-18 trained on CIFAR10 (varying number of channels), both

with label noise. In the multi-label case, we are defining the BMD of the network as the

average of the BMDs over the classes, where the output of the network is a vector of

predicted log-probabilities for each class (i.e. there is a log-softmax activation in the last

layer).

Position of the BMD peak The BMD displays a peak around the point where the

number of parameters of the model allows it to reach zero training error, in close corre-

spondence with the generalization error peak. We find this phenomenology to be robust

with respect to the model class, the dataset, and the over-parameterization procedure.

Notice however, that standard optimizers based on SGD are able to implicitly regularize
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Figure 8: (Left) Train error (turquoise), test error (violet) and BMD (orange) of the
two-layer fully-connected network trained on the MNIST dataset with 10 labels on 20K
train samples with 20% label noise, tested on the 5K samples. The resulting plot
represents an average (and standard deviations) obtained repeating 20 different times
the experiment. (Right) Train error, test error and BMD of ResNet-18 trained on the
CIFAR-10 with 15% label noise in the train set. The resulting plot represents an
average (and standard deviations) obtained repeating 5 different times the experiment.

the trained models and can strongly reduce the peaking behavior, as already observed in

the context of double descent. In the presented figures we introduced label-noise, which

ensures the presence of over-fitting and is thus able to restore both peaks.

An important observation is that, in order to see this phenomenology, it is not nec-

essary to account for the training input distribution for the evaluation of the MD, which

would not be possible in the case of real data. In fact, in the over-fitting regime, it is

possible to detect an increased sensitivity of the neural network function for multiple

input distributions, including the i.i.d. binary inputs entailed in the BMD evaluation.

This is explored further in the sub-section 2.6.6.

Asymptotic behavior of the BMD When the degree of parametrization of the model

is further increased, the BMD decreases and settles on an asymptotic value. The decrease

of the BMD in the number of parameters is faster with lower label noise, see Fig. 7 (left

panel vs. right panel). The asymptotic value, reached in the limit of an infinite number of

parameters, is task- and model-dependent. For example, in Fig. 7, the functions learned

by the RFMs no longer approximate a linear model (BMD equal to 1), and are instead
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Figure 9: Impact of training with L2 regularization of the random feature model using
the MNIST dataset with 10 labels, 200 train samples with no label noise and evalu-
ating on 5K test samples. The loss used is cross-entropy. In all plots, the curves are
colored by the strength of the regularization weight λ. (Left) Regularization effect on
the train error. (Center) Regularization effect on the test error. (Right) Regulariza-
tion effect on the BMD. The generalization error smoothly decreases with the degree of
over-parameterization. Similarly, the BMD peak can be dampened by adding stronger
regularization.

bound to higher values of the BMD.

Visibility of the BMD peak and Label Noise The double-descent generalization

peak can be a very subtle phenomenon when the learning task is highly coherent and the

data has minimal noise. In such cases, this peak becomes more evident by introducing

label noise to the training data, as shown in [10]. This approach lowers the signal-to-noise

ratio, increasing the potential for overfitting during training. The BMD peak, however,

seems to be easily identifiable even with zero label noise, (see left panel of Fig. 7) where

the generalization peak is less pronounced. Note that the BMD does not require any

data (neither training nor test) in order to be estimated, so it can be used as a black-box

test for assessing the proximity to the separability threshold and therefore as a signal of

over-fitting.

Impact of regularization It has been shown that regularizing the model weakens

the double-descent peak and that, at the optimal value of the regularization intensity,

the generalization error smoothly decreases with the degree of over-parameterization.

Similarly, the BMD peak can be dampened by adding stronger regularization, as shown

in Fig. 9.
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Figure 10: Effect of changing the training set size on the test error (left panel) and the
BMD (right panel) of the random feature model using the MNIST dataset with 10 labels,
with no label noise and evaluating on 200 test samples. The resulting plot represents an
average (and standard deviations) obtained repeating 15 different times the experiment.

BMD and Training Set Size

In this section, we investigate the effect of varying the number of training samples for

a fixed model capacity and training procedure. By increasing the number of training

samples, starting from a low number, the same model can switch from being over- to

under-parameterized. Therefore increasing the number of training samples has two effects

on the test error curve: on the one hand, increasing the number of training samples

decreases the test error, shifting the test error curve mostly downwards. On the other

hand, increasing the number of training samples increases the capacity at which the

double descent peak occurs since a higher capacity is needed until the training set is

effectively memorized. This shifts the test error curve (and the BMD curve) to the right.

This effect can be seen in Figure 10.

2.6.3 BMD and Adversarial Initialization

In this section, we analyze the BMD of two-layer fully connected networks under adver-

sarial initialization [24] on the MNIST dataset. This initialization scheme can be used
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to artificially hinder the generalization performance of the model, forcing it to converge

on a bad minimum of the loss. We here aim to show that the initialization has also an

effect on the BMD of the model, increasing the sensitivity of the network.

The adversarial initialization protocol works as follows. We train a two-layer fully

connected network in two different phases: in the first phase, we push the network towards

an adversarial initialization by pretraining the model with 100% label noise for a fixed

amount of epochs; in the second phase, we train the model on the original dataset, with

no label noise, for 200 epochs. The resulting plot, in Fig. 11 (left panel), represents an

average over 15 different realizations of the experiment and shows the effect of the length

of the pretraining phase on both generalization performance and BMD of the network. In

agreement with our analysis, we observe a simultaneous increase of the two metrics when

the adversarial initialization phase is longer and the network is driven towards worse

generalization.

2.6.4 BMD and Robustness Against Adversarial Attacks

In this section, we analyze the connection between BMD of a model and its robustness to

adversarial attacks. We consider a two-layer fully-connected network trained on MNIST

with 10 classes. We define as our robustness measure the average count of sign flips of

randomly chosen pixels, needed to change the model prediction on a test sample that

was previously classified correctly. The lower the counts, the lower the robustness of

the model. Varying the capacity of the model by varying the width of the hidden layer,

we plot this robustness measure against the BMD of the model in Fig. 11 (right panel).

We observe that BMD and robustness strongly anti-correlate, with the peak in BMD

coinciding with a minimum of robustness.
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Figure 11: (Left): BMD (orange points), and test error (violet points) estimated for a
two-layer fully connected network of width 103, trained according to the adversarial ini-
tialization protocol described in section 2.6.3 on 20K samples of the MNIST dataset. On
the horizontal axis we vary the number of pretraining epochs, and plot the corresponding
increase in the generalization error and the BMD of the model after the second learning
stage. The points represent an average of 15 different realizations of the experiment.
(Right): BMD (orange line) and counts (turquoise line) estimated for a two-layer fully
connected network trained on the MNIST dataset using 20K train samples with 20%
label noise and tested on 5K samples. Counts represent the average amount of sign flips
of random pixels of a correctly predicted test image that are necessary to fool the model
to a wrong class label. The amount is averaged over all the correctly predicted test data
samples. The resulting plot represents an average of 40 different realizations of the ex-
periment. We observe that higher values of the BMD correspond to lower robustness of
the model and vice versa.
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2.6.5 Pixel-Wise Contributions to BMD

The MD as expressed in eq (2.15) is proportional to a sum of contributions τ 2
i of single

features indexed by i. Similar to [25], we plot these contributions in Fig. 12 as a heatmap,

where the bright spots indicate features that contribute strongly to the MD. We show

four heatmaps, corresponding to different capacities and at different distances from the

BMD peak, for a two-layer fully connected network trained on MNIST.

Note that the colors are normalized to the [0, 1] range, so that very bright spots

correspond to pixels that contribute to the BMD the most. It can be seen that for under-

parametrized networks few pixels give the largest contribution to the BMD. Near the

BMD peak, a large fraction of the pixels in the center of the image dominate the BMD,

and for even larger capacities we again have fewer pixels with maximal values. This

can be interpreted as the classifier losing “focus” at the interpolation point and paying

attention to fewer patterns in the over-parametrized regime.

2.6.6 Different Distributions for Estimating BMD

In BMD estimates for the previous experiments, Eq. (2.16), we focused on the case of

i.i.d. binary input features. In the RFM, however, we have shown in the section 2.4.2

analytically that there exists a universality for the MD when one considers separable input

distributions with the same first and second moments. In the numerical experiments, we

have also shown evidence that the BMD peak can still provide insights into the behavior

of the neural network function on the training and test data, which follow very different

input statistics. To explore in detail the role of the input statistics, and of the presence

of correlations in the input features, we measure the MD by resampling the inputs from

different distributions: in Fig. 13 we plot the normalized MD curves for features sampled

from:

• a uniform binary distribution (BMD)
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Figure 12: Heatmaps of the pixel contributions (τ 2
i for 1 ≤ i ≤ 784) estimated on the

two-layer fully connected network trained on 20K samples of the MNIST dataset with
10 classes, 20% label noise and normalized to lie within [0, 1] interval. The (rescaled)
participation ratio is defined as n ×

∑n

i=1 τ
2
i

(
∑n

i=1 τi)2 . After the rescaling, a participation ratio
of 1 indicates a uniform distribution of pixel contributions, while a value of n indicates a
distribution concentrated over a single pixel. The heatmaps correspond to the contribu-
tions estimated with respect to label 0 for the models of different capacities (hidden layer
dimensions) and represent only one seed, while the resulting curves on the plot represent
an average over 20 different runs of the experiment.
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• a standard normal (Gaussian) distribution N (0, 1).

• a uniform distribution in the range [−1, 1] .

• empirical distribution of the training data with random uniform resampling in the

range [−1, 1].

As one can see in Fig. 13, the MD curves estimated with binary and Gaussian i.i.d.

inputs, with matching moments, are identical. With the uniform distribution, the second

moment is 1/3 and this results in a slightly rescaled MD curve. Introducing correlations

in the inputs, in the MD estimated over the training data distribution, the curve still

shows a similar behavior, and importantly the peak is found at the same value.

10
1

10
2

10
3

Width

0.0

0.2

0.4

0.6

0.8

1.0

E
rr

or

Train error
Test error
BMD
MD gaussian
MD uniform
MD empirical train

0.0

0.2

0.4

0.6

0.8

1.0

1.2

M
D

Figure 13: Mean dimensions estimated using Monte Carlo (eq. 2.16) w.r.t. different
distributions of the two-layer fully connected network trained on the 20K of MNIST
samples with 20% label noise and tested on 5K samples. The MD values are normalized
to lie within [0,1] interval. The choice of the distribution does not affect the location
of the peak. Moreover, distributions, which first two moments coincide (e.g. binary
uniform Unif{−1, 1} and Gaussian N (0, 1)) yield the same MD pattern. The resulting
plot represents an average over 20 different runs of the experiment.
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Appendix

2.A Self-averaging property of the MD

The MD of the RFM at initialization demonstrates the self-averaging properties, e.g. for

the case of i.i.d. gaussian weights that were projected on the space orthogonal to the ID

vector.
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Figure 14: Correspondence of the empirical evidence of the self-averaging of the BMD
computed for the RFM initialized with the gaussian weights (projected orthogonally to
the ID vector) and theoretical prediction of the asymptotic BMD value in the limit of
the input size D and the hidden layer size N . (Left) RFM with leaky ReLU activation,
(Right) RFM with tanh activation. The resulting plot represents an average over 70
different runs of the experiment.

2.A.1 Self-averaging of the MD for the trained models

In the Table 2.1 below we can observe the phenomenon of the concentration of the MD in

the trained deep learning models as compared to the MD of the models at initialization.

2.B BMD and Data Normalization

In Fig. 15, we repeat the BMD calculations for RFMs trained with different ranges used

for normalization. As can be seen in the figure the choice of the input data normalization

does not affect the BMD pattern, but only its absolute values in this setting.
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Model Var(MD) trained model Var(MD) untrained model
ResNet20 0.02503 2.78465
ResNet32 0.0393 21.49987
ResNet44 0.05377 138.04827
ResNet56 0.0449 792.22086

mobilenetv2 x0 5 0.07485 318.17157
mobilenetv2 x0 75 0.05270 271.84772
mobilenetv2 x1 0 0.04614 81.66546
mobilenetv2 x1 4 0.03148 128.32706
shufflenetv2 x0 5 0.02638 146.33676
shufflenetv2 x1 0 0.0266 34.79431
shufflenetv2 x1 5 0.02843 27.3121
shufflenetv2 x2 0 0.03713 24.21249

repvgg a0 0.03894 104.79538
repvgg a1 0.04875 109.59382
repvgg a2 0.05133 136.44133
repvgg a0 3.44696 74.58045
repvgg a1 4.27395 83.92942
repvgg a2 2.66022 114.86224

Table 2.1: MD empirical variances for randomly initialized and trained on cifar-10 dataset
deep models estimated over 30 seeds

2.C Effect of the label corruption on the train error

In Fig. 16 we demonstrate the effect of the label corruption of the train data on the train

error, which is allowing to explain the difference between the test and train errors for

smaller model widths.
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Chapter 3

Entropic Gradient Descent

Algorithms and Wide Flat Minima

This section continues the study of the factors that affect the generalization of neural

networks and is dedicated to investigating how the geometry of the loss landscape relates

to their generalization capabilities. Specifically, we examine how generalization correlates

with the presence of clusters of near-minimal solutions in close proximity, which we refer

to as wide flat minima.

The properties of flat minima in the empirical risk landscape of neural networks have

been debated for some time. Increasing evidence suggests they possess better generaliza-

tion capabilities with respect to sharp ones. In this chapter we firstly discuss Gaussian

mixture classification models and show analytically that there exist Bayes optimal point-

wise estimators which correspond to minimizers belonging to wide flat regions. These

estimators can be found by applying maximum flatness algorithms either directly on

the classifier (which is norm independent) or on the differentiable loss function used

in learning. Next, we extend the analysis to the deep learning scenario by extensive

numerical validations. Using two algorithms, Entropy-SGD and Replicated-SGD, that

explicitly include in the optimization objective a flatness measure known as local entropy,

we consistently improve the generalization error for common architectures (e.g. ResNet,
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EfficientNet). In our experiments an easy to compute flatness measure demonstrates a

clear correlation with test accuracy.

3.1 Introduction

The geometrical structure of the loss landscape of neural networks has been a key topic

of study for several decades [1, 2]. One key area of investigation looks at the connection

between the flatness of minima found by optimization techniques like stochastic gradient

descent (SGD) and the generalization performance of the network [3, 2]. However, there

are several conceptual challenges in this field: while there is growing evidence that flatness

is a reliable predictor of generalization [4], modern deep networks with ReLU activations

show output invariance to weight rescaling across different layers [5], which complicates

the mathematical understanding.

The aim of this chapter is to explore the relationship between flatness and general-

ization by applying methods and algorithms from the statistical physics of disordered

systems, and to validate these findings through a performance analysis of state-of-the-art

deep architectures.

Recent advancements in statistical physics have yielded several insights. Notably,

it has been demonstrated that wide flat minimizers are a structural feature of shallow

networks, existing even when trained on random data and accessible via relatively simple

algorithms, despite the presence of exponentially more numerous minima [6, 7, 3]. This,

often-overlooked characteristic of neural networks, may potentially enhance their learning

capabilities. In analytically manageable scenarios, previous research has shown that

flatness is related to the choice of loss functions, activation functions, and generalization

performance [3, 8].

We employ a notion of flatness referred to as Local Entropy [6, 7]. It measures the

low-loss volume in the weight space around a minimizer. This framework has been used

to introduce a variety of learning algorithms (which we will call entropic algorithms in
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this chapter) that focus their search on flat regions [7, 9, 10].

In this chapter we aim to connect flatness and generalization properties by providing

both analytical and state-of-the-art numerical results. The key contributions of our study

are:

• In our analysis of Gaussian mixture classification using shallow networks, we demon-

strate that the minimum norm condition required for achieving Bayes optimal per-

formance corresponds to solutions that maximize local entropy for the classifier,

which is invariant to norm. These solutions can be obtained through entropic algo-

rithms applied to the learning loss function.

• We systematically apply two entropic algorithms, Entropy-SGD (eSGD) and Replicated-

SGD (rSGD), on advanced deep architectures. With minimal or no hyperparameter

tuning, we achieve enhanced generalization performance, which we find to be cor-

related with a measurable degree of flatness.

3.2 Related work

The idea of using the flatness of a minimum of the loss function, also called the flatness

of the posterior and the local area estimate of quality, for evaluating different minimizers

is several decades old [1, 11, 12]. These works connect the flatness of a minimum to

information theoretical concepts like the minimum description length of its minimizer:

flatter minima correspond to minimizers that can be encoded using fewer bits. For

neural networks, a recent empirical study [2] shows that large-batch methods find sharp

minima while small-batch ones find flatter ones, with a positive effect on generalization

performance.

PAC-Bayes bounds can be used for deriving generalization bounds for neural networks

[13]. In [14], a method for optimizing the PAC-Bayes bound directly is introduced and

the authors note similarities between the resulting objective function and an objective

function that searches for flat minima. This connection is further analyzed in [15]. In
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[4], the authors present a large-scale empirical study of the correlation between differ-

ent complexity measures of neural networks and their generalization performance. The

authors conclude that PAC-Bayes bounds and flatness measures are the most predictive

measures of generalization.

The concept of local entropy has been introduced in the context of a statistical me-

chanics approach to machine learning for discrete neural networks in [6], and subsequently

extended to models with continuous weights. The general definition of the local entropy

loss LLE for a system in a given configuration w (a vector of size N) can be given in terms

of any common (usually, data-dependent) loss L as:

LLE (w) = − 1
β

log
∫
dw′ e−βL(w′)−βγd(w′,w). (3.1)

The function d measures a distance and is commonly taken to be the squared norm of

the difference of the configurations w and w′:

d(w′, w) = 1
2

N∑
i=1

(
w′i − wi

)2
(3.2)

The integral is performed over all possible configurations w′; for discrete systems, it can

be substituted by a sum. The two parameters β and γ̃ = βγ are Legendre conjugates

of the loss and the distance. For large systems, N ≫ 1, their effect is to jointly restrict

the integral to configurations w′ below a certain loss L∗ (w, β, γ) and within a certain

distance d∗ (w, β, γ) from the reference configuration w. In general, increasing β reduces

L∗ and increasing γ̃ reduces d∗.

The interpretation of this quantity is that it computes the log-volume of the configu-

rations w′ in a region of size d∗ around w that have loss less or equal than L∗. Compared

to the original loss L, it can be interpreted as a Gaussian smoothing, or a site-dependent

regularization. It also has the interpretation of a non-local measure of flatness, since, for

large β, configurations w with small LLE must lie in the middle of extensive regions in

which a large fraction of the configurations have small loss L.
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In a neural network that performs a classification task, the most natural choice for

L in eq. (3.1) is the training error. This is the definition that has been used in detailed

analytical studies on relatively tractable shallow networks accompanied by numerical

experiments, where indeed LLE has been shown to correlate with generalization error and

eigenvalues of the Hessian [6, 3]. Another interesting finding is that the cross-entropy loss

[3] and ReLU transfer functions [8], which have become the de-facto standard for neural

networks, tend to bias the models towards high local entropy regions (computed based

on the error loss).

Using the local entropy as an objective is in general computationally intractable.

However, it can be approximated to derive general algorithmic schemes. Replicated

stochastic gradient descent (rSGD) replaces the local entropy objective by an objective

involving several replicas of the model, each one moving in the potential induced by the

loss while also attracting each other. The method has been introduced in [7], but only

demonstrated on shallow networks. The rSGD algorithm is very closely related to Elastic

Averaging SGD (EASGD), presented in [16], even though the latter was motivated purely

by the idea of enabling massively parallel training and had no theoretical basis. The main

distinguishing feature of rSGD compared to EASGD when applied to deep networks is the

focusing procedure by which the interaction parameter γ is gradually increased, discussed

in more detail below. Another difference is that in rSGD there is no explicit main replica.

Entropy-SGD (eSGD), introduced in [9], is a method that directly optimizes the local

entropy using stochastic gradient Langevin dynamics (SGLD) [17]. While the goal of this

method is the same as rSGD, the optimization technique involves a double loop instead

of replicas. Parle [10], combines eSGD and EASGD (with added focusing) to obtain a

distributed algorithm that shows also excellent generalization performance, consistently

with the results obtained in this work.
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3.3 Analytical Results on shallow networks

The relation between local entropy, flatness and generalization properties has been investi-

gated theoretically and numerically for several models in [6, 3, 8]. So far, the theoretical

results were limited to the so-called teacher-student scenario in the context of classifi-

cation: a training set with i.i.d. randomly-generated inputs and labels provided by a

(shallow) teacher network is presented to a student network with the same architecture

as the teacher. In the under-parameterized regime, in which the training set does not

contain sufficient information, several local minima exist, and the ones with high local

entropy were shown to have generalization errors close to the Bayes-optimal ones.

The under-parametrized teacher-student scenario considered in the above-mentioned

studies is highly non-convex, and using random i.i.d inputs is not particularly realis-

tic. Although it was shown in [3] that the phenomenology is similar with real datasets,

the problem of obtaining theoretical insight into other classification tasks with different

distributions remains open.

Here, we confirm the general scenario in a very simple model often used in high-

dimensional statistical machine learning [18, 19, 20, 21]: Gaussian mixtures. The gen-

erative model for this task is as follows: for a given problem size N , an N -dimensional

vector v⋆ is randomly generated from a standard multivariate normal N (0, IN); then,

two classes of patterns are generated, with labels σ = ±1, each class being distributed as

N
(
σv⋆/

√
N, IN

)
. We call αN the size of the training set. Here, for simplicity, we will

restrict ourselves to the case in which the two classes are balanced.

The performance of a linear classifier (a single-unit neural network, a.k.a. a percep-

tron) on this model has been studied recently in [22], in particular in the case in which the

network is trained using the mean square error (MSE) loss. This system is prone to over-

fitting, especially around α ≈ 1. In [22] it was shown that generalization performances

are improved by introducing an ℓ2 regularization controlled via a positive parameter λ,

and that, in the balanced case, optimal performances are achieved in the limit λ → ∞.
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Figure 1: Left: Normalized local entropy as a function of the squared-distance d com-
puted from reference configurations found by optimizing the regularized MSE loss, with
varying regularization strength λ. Larger values of λ correspond to minimizers with bet-
ter generalization properties. Right: Generalization error of the center w̄ of a system of
y = 10 replicas, each optimizing the MSE loss with α = 0.7 and with a constraint on the
angle between the replicas, as a function of the norm n of the replicas. The small-angle
case corresponds to cos (θ) = 0.9, the large-angle case to cos (θ) = 0.1. Solid curves are
theoretical results, points are numerical results obtained with N = 1000, averaged over
30 samples. In the limit θ = 0 the results reproduce those of a single device; increasing θ
the dependence on the norm reduces (the curve flattens onto the Bayes-optimal dashed
line in the limit θ = π/2 and y →∞).

In the limit of large N , adding the regularization term is equivalent to fixing the norm of

the weights.

This problem is rather peculiar when compared to typical classification tasks per-

formed with neural networks, since the training loss is convex. Indeed, Bayes-optimal

performance can be achieved with a single configuration (instead of requiring a distribu-

tion) and can be easily found analytically. Additionally, the task is impossible, in the

sense that no classifier can achieve zero test error (in the teacher-student context this

would be similar to the case of having a "noisy", unreliable teacher).

It is interesting to consider that the output of the network (and thus the generalization

error) is independent of the norm. On one hand, this is also true for most deep neural

network models that use ReLU activations in the intermediate layers and an argmax

operation to produce the output label, and are therefore invariant to uniform scaling of

all their weights and biases. On the other hand, this shows that the norm is only relevant
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due to the choice of the loss, which is often only used as a continuous relaxation of the

classification error. In light of this, the norm cannot affect the generalization capabilities

of the network, and it thus seems unlikely that a norm-based regularization could be a

valid general strategy.1

We have performed a replica-theory calculation for this model (for the details on

the replica method see the previous chapter, Section 2.4), in which we have studied

analytically the solutions found by optimizing the regularized MSE loss. In particular,

we have explored the normalized local entropy landscape of these configurations (defined

below) in the space of the training error. We stress that by using the error instead of

the MSE we explore the properties of the model in the regime in which it is applied.

Furthermore, we can freely renormalize all the configurations and simplify the analysis.

In this case the normalized local entropy around a given (normalized) configuration w

measures the logarithm of the fraction of configurations whose training error is smaller or

equal than that of the reference w in a volume within a given squared-distance d around

w. More precisely, we compute:

ΦLE (λ, d) = lim
N→∞

Ev⋆EσEξ log
∫
SN
dw′ Θ

(
ε (w∗)− ε (w′)

)
Θ
(
d− d (w′, w∗)

)∫
SN
dw′ Θ

(
d− d (w′, w∗)

) (3.3)

where w⋆ is the normalized minimizer of the λ-regularized MSE loss, ε is the training

error, and Θ (x) is the Heaviside step function Θ (x) = 1 if x ≥ 0 and 0 otherwise. The

distance parameter d ranges in [0, 2] and is essentially the Legendre transform of γ of

eq. (3.41). In this definition we also used ε instead of a generic loss L and a hard cutoff

ε (w∗) instead of using β, to make the formula more explicit. The denominator is the

volume of configurations within squared distance d, and the domain of integration SN is

the unit sphere in N dimensions. The expectations provide the average behavior on the

whole distribution of the generative model, which with high probability is the same as

1There is a caveat to this statement: for particular choices of the loss, e.g. cross-entropy, it is possible
to reparametrize the problem in an invariant way and interpret the norm in terms of a time-evolving
parameter of the loss with a similar role to the focusing procedure discussed below, see e.g. [3].
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the behavior of any one random instance for large N .

Due to the log and the normalization term, ΦLE (λ, d) is upper-bounded by zero and

always zero at d = 0. For sharp minima, it is expected to drop rapidly with d, whereas

for flat regions it’s expected to stay very close to zero at least within some range. Some

representative results are shown in fig. 1 (left panel), and they confirm that the config-

urations that generalize better (which for this model are those that have been obtained

with the largest regularization parameter λ) have generally higher local entropy curves,

i.e. they lie in the middle of fairly dense regions of good configurations, a.k.a. wide flat

minima. Further in the chapter we provide the full derivation, and additional results that

show that the same general scenario holds for different values of the parameters. We also

show that a reasonable alternative choice for the cutoff could be used in the definition

and lead to analogous conclusions.

These results thus confirm that the local entropy landscape constructed using the

training error is a good predictor of generalization performance. However, when dealing

with much more complex architectures, using the training error as the loss function in

eq. (3.41) is not (yet) algorithmically feasible. In particular, the entropic algorithms

rSGD and eSGD must still operate on a differentiable loss. This leaves the question

whether targeting high-local-entropy regions in a differentiable loss landscape can still

lead to good generalization results open. We have investigated this question analytically

on the Gaussian mixture model with a linear classifier and the MSE loss, using the same

technique explained in [3, 8]. This amounts to studying the generalization error of the

barycenter of a replicated system of y classifiers, each with its own parameters wa with

a = 1, . . . , y, each optimizing the MSE under constraints on their norms n and on their

mutual angles θ, that is: ∀a, a′ : ∥wa∥ = n, wa·wa′ = n2 cos (θ). The barycenter is defined

as w̄ = 1
y

∑
aw

a . Due to the peculiarities of this model, we are interested in whether it is

aligned with the solution of the norm-regularized model with large λ. In this analysis we

used the angle θ rather than the distance in order to compare situations with different

norms (if n = 1 then cos (θ) is the same as (1− d) used previously). Our results indicate
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that, with sufficiently many replicas (even just y = 3) and with sufficiently large angles

the generalization performance is nearly optimal and the dependence on the norm is mild,

and much less pronounced than at small angles (the limit of zero angles reproduces the

results of the norm-regularized analysis without replicas). Some representative results

are shown in fig. 1 (right panel) and are confirmed by numerical experiments. The fact

that for this model the best results are obtained with widely separated replicas is due to

the convex nature of the problem, and we do not expect this phenomenon to carry over

to the non-convex landscapes of deep neural networks.

3.4 Replica theory analysis for Local Entropy and

Replicated Systems

The analytical framework of Local Entropy was introduced in [6], while the connection

between Local Entropy and systems of real replicas (as opposed to the "fake" replicas

of spin glass theory [23]) was made in [7]. For completeness, we briefly recap here the

derivation.

We start the computation from the definition of the local entropy loss given in Sec-

tion 3.2:

LLE (w) = − 1
β

log
∫
dw′ e−βL(w′)− 1

2βγ∥w
′−w∥2

. (3.4)

We then consider the Boltzmann distribution of a system with energy function βLLE (w)

and with an inverse temperature y, that is

p(w) ∝ e−βyLLE(w), (3.5)

where equivalence is up to a normalization factor. If we restrict y to integer values,

we can then use the definition of LLE to construct an equivalent but enlarged system,

containing y + 1 replicas. Their joint distribution p(w, {wa}a) is readily obtained by

plugging Eq. (3.4) into Eq. (3.5). We can then integrate out the original configuration w
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and obtain the marginal distributional for the y remaining replicas

p({wa}a) ∝ e−βLR({wa}a), (3.6)

where the energy function is now given by

LR({wa}a) =
y∑
a=1
L(wa) + 1

2γ
y∑
a=1
∥wa − w̄∥2, (3.7)

with w̄ = 1
y

∑
aw

a. Thus, in this way we can recover the loss function for the replicated

SGD (rSGD) algorithm.

3.5 Detailed analysis of the Gaussian Mixtures model

In this section we will provide details of the analytical computations performed on the

Gaussian mixture model that we have presented in the previous section.

As mentioned before, at the first step an N -dimensional vector v⋆ is randomly gen-

erated from a Gaussian centered at the origin and with covariance matrix equal to the

identity matrix. Samples from two classes are then generated in the following way: First

we generate a label σ = 1 or σ = −1 with probability ρ and 1− ρ respectively. Then, we

generate a pattern ξ by using a Gaussian distribution centered in v⋆σ√
N

and with covari-

ance matrix proportional to the identity matrix; the proportionality constant (which we

will call by ∆) controls the width of the two clusters. We generate P such points; the

coordinate i ∈ {1, ..., N} of point µ is therefore given by

ξµi = v⋆i√
N
σµ +

√
∆ zµi (3.8)

where zµi are i.i.d Gaussian random variables with mean zero and unit variance. This

results in two clusters, with the label indicating the cluster a pattern belongs to. In the

following we will always limit ourselves to the symmetric case ρ = 1
2 and unit noise ∆ = 1.
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We consider the case of a linear classifier (i.e. a perceptron). Training this classifier

corresponds to the minimization of the overall loss

L(w, b) =
P∑
µ=1

ℓ

σµi
 1√

N

N∑
i=1

wiξ
µ
i + b


 (3.9)

where w and b are respectively the weights and the bias of the network that need to be

learned. ℓ(·) is a generic loss function for a single pattern. We will consider in particular

the case of the MSE loss ℓ(x) = 1
2(x−1)2. As usual in statistical physics, we will consider

the high-dimensional limit, where both N →∞ and P →∞ with the ratio α ≡ P
N

fixed.

Recently, this model has been studied in [22] by using Gordon’s inequality. They

showed that the MSE loss is severely prone to overfitting, especially when α ≃ 1. However,

if a parameter λ for controlling the regularization of the weight norms is introduced, the

generalization performance is improved. In the limit λ→∞ (corresponding to vanishing

values for the norm of the weights), the generalization error of the network is equal to

the Bayes-optimal one.

3.5.1 Typical case analysis

In this section we briefly review how the geometry of the space of typical Gibbs configu-

rations of the model can be studied using statistical physics techniques [24, 25].

Denoting by β the inverse temperature, we define the partition function as

Z =
∫ ∏

i

dwi e
−βL(w,b) + λ

2
∑
i

w2
i (3.10)

We will denote the average over the distribution of patterns, labels and the centroids v⋆

with ⟨·⟩. The average of the log-volume ⟨lnZ⟩ /N is the free entropy of the model −βf ,

where f is the free energy. We can evaluate it in the large-N limit by using the “replica

70



trick” presented in Section 2.4, i.e. the formula

lnZ = lim
n→0

∂nZ
n .

We first compute the average for integer values of n and then we analytically continue n

to 0. As usual, in replica computations one needs to introduce several order parameters

in order to use the saddle point method when N is large. Indicating by a, b ∈ {1, . . . , n}

the replica indexes, those order parameters are:

• the overlap matrix between two weights qab = 1
N

∑
iw

a
iw

b
i for a ̸= b

• the squared norm Qa = 1
N

∑
i(wai )2

• the overlap between a weight and the centroid Ma = 1
N

∑
i v

⋆
iw

a
i .

In order to enforce the previous three definitions via Dirac delta functions we need also the

corresponding conjugated parameters, that we denote by q̂ab, Q̂a and M̂a respectively.

The order parameters and the bias b satisfy saddle point equations that, once solved,

permit to evaluate the free entropy of the model. Note that when ρ = 1
2 the bias is

always zero.

In the replica-symmetric ansatz we seek solutions to the saddle point equations of the

form qab = q for a ̸= b, Qa = Q, Ma = M and similarly for conjugated order parameters.

The final expression of the free entropy is given by

−βf = GS + αGE (3.11)

where we have defined the entropic and energetic terms as

GS = qq̂

2 −QQ̂−MM̂ + 1
2 ln

 2π
q̂ − 2Q̂+ λ

+ q̂ + M̂2

2
(
q̂ − 2Q̂+ λ

) (3.12a)

GE = Eσ
∫
Dy ln

∫
Dhe

−βℓ
(√

∆(Q−q)h+
√

∆qy+M+σb
)

(3.12b)
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and Dy ≡ e−z2/2
√

2π is the standard Gaussian measure. The train loss is found simply by

taking the derivative ϵℓ = ∂(βf)
∂β

.

When β →∞ the interesting regime is found when the regularization parameter λ is

itself scaled with β as λ→ βλ. Moreover, if we consider a loss ℓ with a unique minimum

(such as the MSE), the overlap q between two replicas must go to the squared norm Q.

Therefore we must impose a scaling for q of the type

q = Q− δq

β
. (3.13)

Correspondingly, one can verify from the saddle point equations that the conjugated

order parameters must be scaled as

q̂ = β2δQ̂− βδq̂ (3.14a)

Q̂ = β2

2 δQ̂− βδq̂ (3.14b)

M̂ = βδM̂ (3.14c)

All the new order parameters introduced in those scalings must satisfy new saddle point

equations obtained by taking derivatives of the free energy −f = GS +αGE; the entropic

and energetic terms (rescaled with β) are now given by

GS ≡ lim
β→∞

GS
β

= −δqδQ̂2 + Qδq̂

2 −MδM̂ + δQ̂+ δM̂2

2(λ+ δq̂) (3.15a)

GE ≡ lim
β→∞

GE
β

= −αEσ
∫
DyAσ(y) (3.15b)

where Aσ(y) ≡ minh
[
h2

2 + ℓ
(√

∆δqh+
√

∆Qy +M + bσ
)]

. Calling by h∗σ(y) the corre-

sponding argmin, the training loss is

ϵℓ = αEσ
∫
Dy ℓ

(√
∆δqh∗σ(y) +

√
∆Qy +M + σb

)
(3.16)
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The training error can be found by plugging ℓ(x) = Θ(−x) inside equation (3.16), where

Θ(x) = 1 if x ≥ 0 and 0 otherwise (i.e. the Heaviside step function). For the MSE loss,

h∗σ(y) is easily found, so that the training error is

ϵt = αEσH
(

∆δq +M + bσ√
∆Q

)
, (3.17)

where H(x) =
∫∞
x Dy = 1

2erfc
(
x√
2

)
. Also the MSE training loss can be easily found by

explicitly performing the y integral in (3.16). One can verify that when λ is increased

not only the corresponding squared norm Q lowers, but also, and more importantly, the

training error/loss increases (even below the critical capacity αc = 1 of the model, where

a zero training error solution can be found). This means that insisting in searching zero

error solutions with the MSE loss is counterproductive and leads to overfitting. This is

to be expected since the Gaussian mixture model is a particular case of general noisy

teacher problems, in which the training set is no longer generated by a rule that can be

inferred [26].

3.5.2 Local entropy around a given typical configuration: Franz-

Parisi approach

In order to quantify the local geometrical landscape around a typical configuration w̃

of the Gibbs measure with loss function Lr = ∑
µ ℓr, regularization parameter λr and

inverse temperature βr, we have studied the so-called Franz-Parisi free entropy [27, 28].

It is defined as

−βfFP(S) ≡ 1
N

〈∫ ∏
i dw̃i e

−βrLr(w̃,b̃)+λr

∑
i
w̃2

i lnN (w̃, S)∫ ∏
i dw̃i e

−βrLr(w̃,b̃)+λr

∑
i
w̃2

i

〉
(3.18)

where the quantity

N (w̃, S) ≡
∫
dµP (w) e−βL(w̃,b̃)δ

∑
i

wiw̃i −NS

 (3.19)
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is the volume of configurations w at inverse temperature β that have overlap S with

the reference configuration w̃. dµP (w) is the flat measure over the admissible values of

w with a fixed squared norm P ; in other terms the weights w live on the hyper-sphere
1
N

∑
iw

2
i = P . P is chosen to match the squared norm of the reference w̃, that is P = Q.

Note that Q is fixed via the soft constraint with the regularization parameter λr.

In order to compute the average over the disorder induced by the patterns, we use

two replica tricks, one for the denominator of (3.18), which is just the partition function
1
Z

= lim
r→0

Zr−1 and one for the log in the numerator of the same equation lnZ = lim
n→0

∂nZ
n.

From now on we will use indexes a or b for replicas in {1, . . . , r} and c, d ∈ {1, . . . , n}.

Therefore we get

−βfFP(S) = 1
N

lim
n→0

lim
r→0

∂n

〈∫ ∏
a,i

dw̃ai
∏
a

e−βrLr(w̃a,b̃)+λr

∑
i
(w̃a

i )2N n(w̃a=1, S)
〉

(3.20)

The computation proceeds as usual by averaging over the disorder and introducing some

other order parameters (in addition to those involving only the reference w̃), namely pcd =
1
N

∑
iw

c
iw

d
i , tac = 1

N

∑
i w̃

a
iw

c
i , Oc = 1

N

∑
i v

⋆
iw

c
i , P c = 1

N

∑
i(wci )2 and the corresponding

conjugated ones. Note that P c is just the squared norm P because of the spherical

constraint inside the measure dµ(w). We obtain that the Franz-Parisi free entropy can

be split into the sum of an entropic and an energetic term as FFP(S) = GS +αGE. Using

a RS ansatz on all the order parameters involved, the entropic term can be written as

GS = pp̂

2 + tt̂− PP̂ −OÔ − SŜ + 1
2 ln

 2π
p̂− 2P̂


+ 1
p̂− 2P̂

 p̂+ Ô2

2 +
(Ŝ − t̂)2

(
2(q̂ − Q̂) + M̂2 + λr

)
2(q̂ − 2Q̂+ λr)2

+ (Ŝ − t̂)(t̂+ M̂Ô)
q̂ − 2Q̂+ λr


(3.21)
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whereas the energetic one is

GE = Eσ
∫
Dx

1
Z(x)

∫
Dhe

−βrℓr

(
σb̃+M+

√
∆qx+
√

∆(Q−q)h
)

×
∫
Dy ln

∫
Due

−βℓ
[
σb+O+

√
∆γ−∆(S−t)2

Q−q
y+ ∆t√

∆q
x+ ∆(S−t)√

∆(Q−q)
h+
√

∆(P−p)u
] (3.22)

In the previous equation have defined γ = p− t2

q
and

Z(x) ≡
∫
Dhe

−βrℓr

(
σb̃+M+

√
∆qx+
√

∆(Q−q)h
)
. (3.23)

Note that the parameters involving only the reference w̃ i.e. q, q̂, Q̂, M and M̂ satisfy

the same saddle point equations of the previous subsection. We are now interested in

sending βr to infinity. In order to do that, we need to add to the scalings of the order

parameters involving only the reference (3.14), together with the ones for the overlaps

between reference w̃ and w and their conjugated ones. The new scalings are

t = S − δt

βr
(3.24a)

t̂ = βrδt̂ (3.24b)

Ŝ − t̂ = δŜ . (3.24c)

Using these scalings, the entropic term becomes

GS = pp̂

2 − δtδ̂t− PP̂ −OÔ − SδŜ + 1
2 ln

 2π
p̂− 2P̂


+ 1
p̂− 2P̂

 p̂+ Ô2

2 +
δŜ2

(
δQ̂+ δM̂2

)
2(δq̂ + λr)2 + δŜ(δt̂+ δM̂Ô)

δq̂ + λr


(3.25)

and the energetic term becomes

GE = Eσ
∫
DxDy ln

∫
Due

−βℓ
[
σb+O+

√
∆γy+ ∆S√

∆Q
x+ ∆δt√

∆δq
h∗

σ(x)+
√

∆(P−p)u
]

(3.26)
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where we have redefined γ as γ = p− S2

Q
.

Once fFP is known, we can compute the energy ϵℓ of the configuration w with overlap

S with the reference w̃ as ϵℓ = ∂(βfFP)
∂β

and the local entropy S as S = β(ϵℓ − fFP). The

same formulas are valid if we look at the local entropy landscape in the space of the

training error, where ℓ(x) = Θ(−x). As in the previous subsection we indicate by ϵt the

training error of the configuration w to distinguish it with respect to the training loss.

The training error can be written as

ϵt = ∂(βfFP)
∂β

= αe−βEσ
∫
DxDy

H

σb+O+
√

∆γy+ ∆S√
∆Q

x+ ∆δt√
∆δq

h∗
σ(x)

√
∆(P−p)


Hβ

−σb+O+
√

∆γy+ ∆S√
∆Q

x+ ∆δt√
∆δq

h∗
σ(x)

√
∆(P−p)

 (3.27)

where Hβ(x) ≡ e−β + (1− e−β)H(x).

At α = 0 the Franz-Parisi free entropy is

−βfFP(S, α = 0) = 1
2

1 + ln (2π) + ln
(

1
λr
− λrS2

) , (3.28)

and gives the total volume of configurations at overlap S with the reference.

As stated in the previous sections, we are interested in studying the local entropy

landscape of configurations w̃ found by optimizing the regularized MSE loss in the space

of the training error. Therefore we choose ℓr(x) = 1
2(x− 1)2 and ℓ(x) = Θ(−x). On the

other hand, the parameter β has been chosen in such a way that the training error of w

given in (3.27) is equal to a certain cutoff ϵ.

Notice that (3.28) gives an upper bound to the local entropy. Therefore, if we normal-

ize the local entropy with respect to (3.28) it will be either negative, or equal to zero for

distances d = 1 − S
P

equal to zero. For sharp minima w̃ we expect that the normalized

local entropy will have a sharp drop near d ≃ 0, whereas for flat minima it will be close

to zero for some range of distances.

We have studied two different values for the energy ϵ:
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Figure 2: Normalized local entropy as a function of the squared-distance d computed
from reference configurations found by optimizing the regularized MSE loss at α = 0.7,
with varying regularization strength λ. Here the cutoff ϵ is given by the training error of
the teacher v⋆. Larger values of λ correspond to minimizers with better generalization
properties.

• in the first case ϵ is chosen to be equal to the training error of the reference given

in equation (3.17). This case corresponds the left panel of Fig. 1, where we plot

the normalized local entropy as a function of the distance d.

• in the second case ϵ is equal to the training error of the teacher v⋆, which is given

by ϵTt = αH
(

1√
∆

)
. This case is depicted in Fig.2.

In both cases we clearly see that references with better generalization properties (corre-

sponding to larger values of the regularization parameter λ) have higher local entropy

curves.

3.5.3 Replicated system in the loss landscape

We now study a system of y real replicas where each one optimizes a loss ℓ under con-

straints on their squared normQ and on their mutual angles, namely: ∀a, b : 1
N

∑
i(wai )2 =

Q, 1
N

∑
iw

a
iw

b
i = Q2 cos (θ). This problem is equivalent to imposing a 1RSB ansatz on

the standard equilibrium measure (3.10) with the Parisi parameter m and the intra-block

overlap parameter q1 fixed as external parameters; their physical meaning is identified

respectively with the number of replicas y and the overlap between replicas Q2 cos(θ) (see
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also [29, 3]). Therefore the partition function of this system of y replicas is

Zy =
∫ ∏

a

dµQ(wa) e−β
∑

a
L(wa,b)δ

q1 −
1
N

∑
i

waiw
b
i

 (3.29)

The free entropy of a single replica is −βf = 1
Ny

lnZy and can be evaluated by the usual

replica trick

−βf = lim
s→0

1
Ny

∂sZs (3.30)

If we choose s = n/y, this formalism of the replicated partition function (3.29) reduces to

the 1RSB formalism on the standard equilibrium measure given in (3.10), with the only

difference being that y and q1 are fixed as external parameters. The final result is again

−βf = GS + αGE, where

GS = q1q̂1

2 − m

2 (q1q̂1 − q0q̂0)−QQ̂−MM̂ + 1
2 ln

 2π
q̂1 − 2Q̂+ λ


+ 1

2
q̂0 + M̂2

q̂1 − 2Q̂+ λ−m(q̂1 − q̂0)
+ 1

2m ln
 q̂1 − 2Q̂+ λ

q̂1 − 2Q̂+ λ−m(q̂1 − q̂0)

 (3.31)

and

GE = 1
m
Eσ
∫
Dy ln

∫
Dz

∫ Dhe
−βℓ
(√

∆(Q−q1)h+
√

∆q0y+
√

∆(q1−q0)z+M+σb
)m (3.32)

Computing the barycenter of the replicas

In this subsection we want to evaluate the relevant quantities in the barycenter of the

replicas, which is defined as

w̄i ≡
1
m

∑
a

wi . (3.33)

The relevant order parameters that we need to find in order to compute physical quantities

are the overlap with the teacher M̄ = 1
N

∑
i w̄iv

⋆
i and the norm of the center Q̄ = 1

N

∑
i w̄

2
i .

We can see that M̃ and Q̃ can be expressed in terms of the known replica-overlap quan-
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tities: M̃ is simply

M̄ = 1
Ny

∑
i

∑
a

wai v
⋆
i = 1

y

∑
a

Ma (3.34)

whereas Q̄ is

Q̄ = 1
N

∑
i

w̄2
i = 1

y2N

∑
ab

∑
i

waiw
b
i = 1

y2

∑
a

Qa + 1
y2

∑
a̸=b

qab (3.35)

Since all real replicas are have the same mutual overlap and the same squared norm, we

get

M̄ = M (3.36a)

Q̄ = Q− q1

m
+ q1 (3.36b)

Large-β limit for the MSE loss

For the MSE loss all the integrals in the energetic term can be solved, giving

GE = −1
2 ln

(
1 + β∆(Q− q1)

)
+ 1

2m ln
(

1 + β∆(Q− q1)
1 + β∆(Q− q1) +mβ∆(q1 − q0)

)

− β

2
∆q0 + Eσ(M + bσ − 1)2

1 + β∆(Q− q1) + βm∆(q1 − q0)

(3.37)

When β is large we get the following scaling for q0

q0 = Q− q1

m
+ q1 + δq0

β
. (3.38)
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The other scalings are

q̂0 = β2δq̂0 + β

2 δq̂1 (3.39a)

q̂1 = β2δq̂0 −
β

2 δq̂1 (3.39b)

Q̂ = q̂1

2 −
1

2(Q− q1)
(3.39c)

M̂ = βδM̂ (3.39d)

The new entropic and energetic terms (rescaled with β) are therefore

GS ≡ lim
β→∞

GS
β

= 1
2(Q− q1)δq̂1 + m

2 [q1δq̂1 + δq0δq̂0]−MδM̂ + 1
2
δq̂0 + δM̂2

mδq̂1
(3.40a)

GE ≡ lim
β→∞

GE
β

= −1
2

∆
(
Q−q1
m

+ q1
)

+ Eσ(M + bσ − 1)2

1−m∆δq0
(3.40b)

Notice that in the large β limit the training error/loss of one of the replicas is not zero,

because of distance constraint and the convexity of the loss landscape.

3.6 Flatness and local entropy estimates

Throughout this chapter, we argue that the local entropy function

LLE (w) = − 1
β

log
∫
dw′ e−βL(w′)−βγd(w′,w), (3.41)

with d(w′, w) = 1
2
∑N
i=1 (w′i − wi)

2, provides a good measure of generalization and can be

effectively targeted by heuristic algorithms such as eSGD end rSGD.

While it is convenient to use Eq. (3.41) as an objective function and for the replica

analysis of shallow networks, we consider a normalized version for the sake of providing

an interpretable metric of the flatness of a minimizer.

In Section 3.6.1, we compute the normalized local entropy ΦLE (introduced in Section

3.3) on a small neural network with one hidden layer using the Belief Propagation algo-
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rithm. For more complex architectures, we have to resort to a cheap proxy of the local

entropy also considered in [4]. Let Etrain(w) be the training error for a weight configura-

tion w ∈ RN . Then we define δEtrain(w, σ) as the average training error difference with

respect to Etrain(w) obtained perturbing w by a noise proportional to a parameter σ and

w. Therefore we define the training error difference as

δEtrain(w, σ) = Ez Etrain(w + σz ⊙ w)− Etrain(w), (3.42)

where ⊙ denotes element-wise product and the expectation is over normally dis-

tributed z ∼ N (0, IN).

In the cases where comparing the curves given by δEtrain(w, σ) and ΦLE (w, d) was

feasible, as in the case of the committee machine, we found a good qualitative agreement,

as well as a good agreement with generalization.

For a given architecture and dataset, it remains to be assessed which value of σ gives

the best indicator of good generalization, how to compare different architectures, and

whether some meaningful scalar measure can be constructed from the whole flatness

profile at all. Hence, we report the whole profiles instead of single estimates. A partial

solution to some of these problems was given in [4], where the σ value corresponding

to an a-priori arbitrarily chosen value of δEtrain was used to construct a generalization

measure. This generalization criterium proved to be one of the best performing among

the many analyzed.

3.6.1 Local entropy on the committee machine

In this section we provide a study of the fully-connected committee machine. This is

one of the simplest non-convex neural network models with continuous weights, and it is

possible to compute the local entropy defined in Eq. (3.3) for it.

For this model, it has been shown in [3] that rare flat minima of the error loss function

coexist with narrower ones. We follow the numerical setting of [3] and show that minima
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found by entropy driven algorithms have higher local entropy. We also show that the

local entropy measure is correlated with the generalization error and the cheaper flatness

measure defined in Eq. 3.42. We use this cheaper flatness measure for deeper networks,

where a direct local entropy estimate is unfeasible.

The fully-connected committee machine is a 2-layer fully connected neural network

where only the first layer is trained, while the weights of the second and last layer are all

fixed to +1. For a network with K hidden units, the output predicted for a given input

pattern x reads:

σ̂(w, x) = sign

 1√
K

K∑
k=1

sign
 1√

N

N∑
i=1

wkixi


 (3.43)

We train this network to perform binary classification on two classes of the Fashion-

MNIST dataset with binarized patterns. In order to have a differentiable objective, we

approximate sign activation functions on the hidden layer with tanh(β ∗ x) functions,

where the β parameter increases during the training. We normalize the weights during

training by rescaling after each iteration, factoring out an overall scale parameter γCE

that we insert explicitly in the binary cross-entropy loss:

L(w) = Ex,σ∼D f(σ · σ̂(w, x), γCE) (3.44)

Here, we have defined f(x, γCE) = −x
2 + 1

2γCE log(2 cosh(γCEx)) as in [3]. The γCE

parameter is increased gradually in the SGD training process in order to control the

growth rate of the weight norms. Notice that the weight norms are also controlled by the

parameter β, as it multiplies the normalized output of each hidden unit.

As shown in [3], slowing down the norm growth rate results in better generalization

performance and increased flatness of the minima found at the end of the training. To

appreciate this effect we used two different parameters settings for optimizing the loss in

Eq.(3.44) with SGD, that we name "SGD slow" and "SGD fast". In the fast setting both

β and γCE start with a large value and grow quickly, while in the slow setting they start

from small values and grow more slowly, requiring more epochs to converge.
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We compare test error, local entropy and training error differences for solutions found

by rSGD and eSGD (see Alg.2 and 3), with those found by SGD. As the flatness of the

solution found by such algorithms depends on the hyperparameters, we also report the

results for rSGD in two different settings, that we call again "fast" and "slow", where the

difference is in a faster or slower increase of the γ parameter, which controls the distance

between replicas.

The normalized local entropy (3.3) around a given solution can be computed using the

Belief Propagation (BP) algorithm (we refer to [3] for analytic and algorithmic details).

For each solution we also computed δEtrain as explained in the previous section to see if

it provides the same information as the local entropy.

The results are shown in Fig. 3. In the left panel, we report ΦLE computed with

BP around the solutions found by the different algorithms, as a function of the distance

from the solution. Even if controlling the norm with the parameters β and γCE improves

the flatness of the solution found, entropy driven algorithms are biased towards flatter

minima. This is confirmed in the central panel where we plot δEtrain for the same solu-

tions. From this experiment it can be seen that the training error difference curve δEtrain

preserves the same ordering of the different solutions as the one resulting from ΦLE, thus

apparently providing a valid alternative way to quantitatively estimate the sharpness

of a given minimum. Finally, in the right panel the distribution of the generalization

error for different solutions clearly shows a high correlation between the generalization

performance of a given algorithm and the local entropy of the minima it finds.

In what follows, we describe the details of the numerical experiments. We define a

reduced version of the Fashion-MNIST dataset following [3]: we choose the classes Dress

and Coat as they are non-trivial to discriminate but also different enough so that a small

network as the one we used can generalize. The network is trained on a small subset of

the available examples (500 patterns) binarized to ±1 by using the median of each image

as a threshold on the inputs; we also filter both the training and test sets to use only

images in which the median is between 0.25 and 0.75. For the test set we used all the
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Figure 3: Normalized local entropy ΦLE as a function of the squared distance d (left),
training error difference δEtrain as a function of perturbation intensity σ (center) and test
error distribution (right) for a committee machine trained with various algorithms on the
reduced version of the Fashion-MNIST dataset. Results are obtained using 50 random
restarts for each algorithm.

patterns of the chosen classes in the original test set that passed our median filtering.

The network has N = 784 and K = 9 hidden units, and it is trained using minibatches

of 100 patterns. All the results are averaged over 50 independent restarts. For each

algorithm we initialize the weights with a uniform distribution and then normalize the

weights of the hidden units norm before the training starts and after each weight update.

The β and γCE parameters are updated using exponential schedules, β(t) = β0 (1 + β1)t

and γCE(t) = γCE
0

(
1 + γCE

1

)t
, where t is the current epoch. An analogous exponential

schedule is used for the elastic interaction γ for rSGD and eSGD, as described in the main

text. In the SGD fast case, we stop as soon as a solution with zero errors is found, while

for SGD slow we stop when the cross entropy loss reaches a value lower than 10−7. For

eSGD and rSGD, we stop the training when the distance between the reference weights

and the one used to estimate the local entropy is smaller than 10−8.

We used the following hyper-parameters for the various algorithms:

SGD fast : η = 2 · 10−4, β0 = 2.0, β1 = 10−4, γCE
0 = 5.0, γCE

1 = 0.0;

SGD slow : η = 3 · 10−5, β0 = 0.5, β1 = 10−3, γCE
0 = 0.5, γCE

1 = 10−3;
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rSGD fast : η = 10−4, y = 10, γ0 = 2 · 10−3, γ1 = 2 · 10−3, β0 = 1.0, β1 = 2 · 10−4,

γCE
0 = 0.5, γCE

1 = 10−3;

rSGD slow : η = 10−3, y = 10, γ0 = 10−4, γ1 = 10−4, β0 = 1.0, β1 = 2 · 10−4,

γCE
0 = 0.5, γCE

1 = 10−3;

eSGD : η = 10−3, η′ = 5 · 10−3, ϵ = 10−6, L = 20, γ0 = 10.0, γ1 = 5 · 10−5, β0 = 1.0,

β1 = 10−4, γCE
0 = 0.5, γCE

1 = 5 · 10−4;

3.7 Numerical experiments on deep networks

3.7.1 Entropic algorithms

For our numerical experiments on deep network we have used two entropic algorithms,

rSGD and eSGD, mentioned in the introduction. They both approximately optimize the

local entropy LLE as defined in eq. (3.41), for which an exact evaluation of the integral is

intractable. The two algorithms employ different but related approximation strategies, as

detailed below. Our aim is to explore the characteristics of these algorithms on difficult

datasets and state-of-the-art networks, comparing their performance with each other and

with standard SGD. We also investigate the relationship between their generalization

properties and the flatness of the minima that they produce.

Entropy-SGD. Entropy-SGD (eSGD), introduced in [9], minimizes the local entropy

(3.41) by approximate evaluations of its gradient. The gradient can be expressed as

∇LLE(w) = γ
(
w − ⟨w′⟩

)
(3.45)

where ⟨·⟩ denotes the expectation over the measure Z−1e−βL(w′)−βγd(w′,w), where Z is

a normalization factor. The eSGD strategy is to approximate ⟨w′⟩ (which implicitly

depends on w) using L steps of stochastic gradient Langevin dynamics (SGLD). The

85



resulting double-loop algorithm is presented as Algorithm 2. The noise parameter ϵ

in the algorithm is linked to the inverse temperature by the usual Langevin relation

ϵ =
√

2/β. In practice we always set it to the small value ϵ = 10−4 as in [9]. For ϵ = 0,

eSGD approximately computes a proximal operator [30].

Replicated-SGD. Replicated-SGD (rSGD) consists in a replicated version of the usual

stochastic gradient (SGD) method. In rSGD, a number y of replicas of the same system,

each with its own parameters wa where a = 1, ..., y, are trained in parallel for K of

iterations, interacting through an attractive term with their center of mass. As detailed

in [7, 3], the replicated system trained with a stochastic algorithm such as SGD collectively

explores an approximation of the local entropy landscape, and the replication bypasses the

need to explicitly estimate the integral in eq. (3.41). In principle, the larger y the better

the approximation, but already with y = 3 the effect of the replication is significant. To

summarize, rSGD replaces the local entropy (3.41) with the replicated loss LR:

LR({wa}a) =
y∑
a=1
L(wa) + γ

y∑
a=1

d (wa, w̄) (3.46)

Here, w̄ is a center replica defined as w̄ = 1
y

∑y
a=1 w

a. The algorithm is presented as

Algorithm 3. Any of the replicas or the center w̄ can be used after training as the resulting

model for inference. This procedure is parallelizable over the replicas, so that wall-clock

time for training is comparable to SGD, excluding the communication which happens

every K parallel optimization steps. In order to decouple the communication period and

the coupling hyperparameter γ, we let the coupling strength take the value Kγ. In our

experiments, we did not observe any degradation in generalization performance with of

K up to 10.

Focusing. A common feature of both algorithms is that the parameter γ in the objective

LLE changes during the optimization process. We start with a small γ (targeting large

regions and allowing a wider exploration of the landscape) and gradually increase it. We
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Algorithm 2 Entropy-SGD (eSGD)
Input: w
HyperParams: L, η, γ, η′, ϵ, α
for t = 1, 2, . . . do

w′, µ← w
for l = 1, . . . , L do

Ξ← sample minibatch
dw′ ← ∇L (w′; Ξ) + γ (w′ − w)
w′ ← w′ − η′dw′ +

√
η′ ϵN (0, I)

µ← αµ+ (1− α)w′
end for
w ← w − η (w − µ)

end for

Algorithm 3 Replicated-SGD (rSGD)
Input: {wa}
HyperParams: y, η, γ, K
for t = 1, 2, . . . do

w̄ ← 1
y

∑y
a=1 w

a

for a = 1, . . . , y do
Ξ← sample minibatch
dwa ← ∇L (wa; Ξ)
if t = 0 mod K then

dwa ← dwa +Kγ (wa − w̄)
end if
wa ← wa − η dwa

end for
end for

call this process focusing. Focusing improves the dynamics by driving the system quickly

to wide regions and then, once there, gradually trading off the width in order to get to the

minima of the loss within those regions, see [31, 7]. We adopt an exponential schedule

for γ, where its value at epoch τ is given by γτ = γ0(1 + γ1)τ . For rSGD, we fix γ0

by balancing the distance and the data term in the objective before training starts, i.e.

we set γ0 = ∑
a L(wa)/∑a d(wa, w̄) for rSGD. The parameter γ1 is chosen such that γ

increases by a factor 104. For eSGD, we were unable to find a criterion that worked for

all experiments and manually tuned it.

Optimizers. Vanilla SGD updates in Algorithms 2 and 3 can be replaced by optimiza-

tion steps of any commonly used gradient-based optimizers.

3.7.2 Comparisons across several architectures and datasets

In this section we show that, by optimizing the local entropy with eSGD and rSGD, we

are able to systematically improve the generalization performance compared to standard

SGD. We perform experiments on image classification tasks, using common benchmark

datasets, state-of-the-art deep architectures and the usual cross-entropy loss. The detailed

settings of the experiments are reported in 3.A. For the experiments with eSGD and
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rSGD, we use the same settings and hyper-parameters (architecture, dropout, learning

rate schedule,...) as for the baseline, unless otherwise stated in the Appendix and apart

from the hyper-parameters specific to these algorithms.

While we do some little hyper-parameter exploration to obtain a reasonable baseline,

we do not aim to reproduce the best achievable results with these networks, since we are

only interested in comparing different algorithms in similar contexts. For instance, we

train PyramidNet+ShakeDrop for 300 epochs, instead of the 1800 used in [32], and we

start from random initial conditions for EfficientNet instead of doing transfer learning

as done in [33]. In the case of the ResNet110 architecture instead, we use the training

specification of the original paper [34].

All combinations of datasets and architectures we tested are reported in Table 3.1.

Blanks correspond to untested combinations. The first 3 columns correspond to experi-

ments with the same number of effective epochs, that is considering that in each iteration

of the outer loop in Algorithms 2 and 3 we sample L and y mini-batches respectively. In

the last column instead, each replica consumes individually the same amount of data as

the baseline. Being a distributable algorithm, rSGD enjoys the same scalability of the

related EASGD and Parle [16, 10].

For rSGD, we use y = 3 replicas and the scoping schedules described in Section 3.7.1.

In our explorations, rSGD proved to be quite robust with respect to specific choices of

the hyper-parameters. The error reported is that of the center w̄. For eSGD, we set

L = 5, ϵ = 1e − 4 and α = 0.75 in all experiments, and we perform little tuning for the

the other hyper-parameters. The algorithm is a little more sensitive to hyper-parameters

than rSGD, while still being quite robust. Moreover, it misses an automatic γ scoping

schedule.

Results in Table 3.1 and Fig. 4 show that entropic algorithm generally outperform

the corresponding baseline with roughly the same amount of parameter tuning and com-

putational resources. In the next section we also show that they land in flatter minima.
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Dataset Model Baseline rSGD eSGD rSGD×y

CIFAR-10 SmallConvNet 16.5± 0.2 15.6± 0.3 14.7± 0.3 14.9± 0.2
ResNet-18 [34] 13.1± 0.3 12.4± 0.3 12.1± 0.3 11.8± 0.1
ResNet-110 [34] 6.4± 0.1 6.2± 0.2 6.2± 0.1 5.3± 0.1
PyramidNet+ShakeDrop [35, 36] 2.0 1.8

CIFAR-100 PyramidNet+ShakeDrop [35, 36] 13.9 13.5 12.7
EfficientNet-B0 [33] 20.5 20.6 19.5

Tiny ImageNet ResNet-50 [34] 45.2± 1.2 41.5± 0.3 41.7± 1 39.2± 0.3
DenseNet-121 [37] 41.4± 0.3 39.8± 0.2 38.6± 0.4 38.9± 0.3

Table 3.1: Test set error (%) for vanilla SGD (baseline), eSGD and rSGD. The first three
columns show results obtained with the same number of passes over the training data.
In the last column instead, each replica in the parallelizable rSGD algorithm consumes
the same amount of data as the baseline.
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on Tiny ImageNet. The curves are averaged over 5 runs. Training data consumed is the
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(they are not rescaled for rSGD×y).

3.7.3 Flatness curves for deep networks

In this section we present flatness curves, δEtrain(w, σ) from Eq. (3.42), for some of the

deep networks architecture examined in this chapter.

Results are reported in Figures 5 and 6 for different architectures and datasets. The

expectation in Eq. (3.42) is computed over the complete training set using 400 and 100

realizations of the Gaussian noise for each data point in Figures 5 and 6 respectively.

In experiments where data augmentation was used during training, it is also used when

computing the flatness curve.
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The comparison is performed between minima found by different algorithms, at a

point where the training error is near zero and the loss has reached a stationary value.

If the comparison is made for minima that show different train errors, the correlation

between test error and flatness is not clearly observed.

When there is a large residual training error instead, correlation of test and training

error overshadows the correlation of test error with flatness. We report a generally good

agreement between the flatness of the δEtrain curve and the generalization performance,

for a large range of σ values.

3.8 Discussion and conclusions

We studied analytically and numerically the connection between generalization and flat-

ness, as defined by the local entropy measure for the classification error loss function

and for its differentiable relaxations. Starting with analytically tractable models, we

have discussed new results for Gaussian mixtures classification, which show that optimal

Bayesian predictors correspond to high local entropy regions of the classifier and of the

differentiable loss. These optimal solutions can be found algorithmically both by adding a

strong ℓ2 regularization to the learning loss function or by an entropic algorithm (rSGD).

Observing that the classifier itself is independent of the norm of the weights and that

flatness can be properly defined on any loss, our results give further support to the idea

that the flatness of minima plays an important role for generalization. A similar sce-

nario is known to exist in DNNs with ReLU activations and argmax operations for the

output labels, which are invariant to weights rescaling. We have performed an extensive

numerical study on state of the art deep architectures to verify that the improvement in

performance is correlated with estimates of flatness. Our future efforts will be devoted

to study the connection between generalization bounds and the existence of wide flat

regions in the landscape of the classifier.

91





Appendix

3.A Deep networks experimental details

In this section we describe in more detail the experiments reported in the Table 3.1 of the

main text. In all experiments, the loss L is the usual cross-entropy and the parameter

initialization is Kaiming normal. We normalize images in the train and test sets by the

mean and variance over the train set. We also apply random crops (of width w if image

size is w × w, with zero-padding of size 4 for CIFAR and 8 for Tiny ImageNet) and

random horizontal flips. In the following we refer to the latter procedure by the name

"standard preprocessing". All experiments are implemented using PyTorch [38].

For the experiments with eSGD and rSGD, we use the same settings and hyper-

parameters used for SGD (unless otherwise stated and apart from the hyperparameters

specific to these two algorithms). For rSGD and unless otherwise stated, we set y = 3,

K = 10 and use the automatic exponential focusing schedule for γ reported in the main

text.

For eSGD, we use again an exponential focusing protocol. In some experiments, we use

a value of γ0 automatically chosen by computing the distance between the configurations

w′ and w after a loop of the SGLD dynamics (i.e. in the first L steps with γ = 0) and

setting γ0 = L(w)/d(w′, w). Unfortunately, this criterion is not robust. Therefore, in

some experiments the value of γ0 was manually tuned. However, we found that eSGD is

not sensitive to the precise value but to the order of magnitude.

We choose γ1 such that γ is increased by a factor of 10 by the end of the training.

Unless otherwise stated, we set the number of SGLD iterations to L = 5, SGLD noise to

ϵ = 10−4 and α = 0.75. Moreover, we use 0.9 Nesterov momentum and weight decay in

both the internal and external loop. As for the learning rate schedule, when we rescale

the total number of epochs for eSGD and rSGD, we use a rescaled schedule giving a

comparable final learning rate and with consequently rescaled learning rate drop times
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as well.

3.A.1 CIFAR-10 and CIFAR-100

SmallConvNet The smallest architecture we use in our experiments is a LeNet-like

network [39]:

Conv(5×5, 20) −MaxPool(2)− Conv(5×5, 50)−MaxPool(2)−Dense(500)−Softmax

Each convolutional layer and the dense layer before the final output layer are followed by

ReLU non-linearities.

We train the SmallConvNet model on CIFAR-10 for 300 epochs with the following

settings: SGD optimizer with Nesterov momentum 0.9; learning rate 0.01 that decays

by a factor of 10 at epochs 150 and 225; batch-size 128; weight decay 1e-4; standard

preprocessing is applied; default parameter initialization (PyTorch 1.3). For rSGD we

set lr = 0.05 and γ0 = 0.001. For eSGD, we train for 60 epochs with: η = 0.5 that drops

by a factor of 10 at epochs 30 and 45; η′ = 0.02; γ0 = 0.5; γ1 = 2 · 10−5.

ResNet-18 In order to have a fast baseline network, we adopt a simple training proce-

dure for ResNet-18 on CIFAR-10, without further optimizations. We train the model for

160 epochs with: SGD optimizer with Nesterov momentum 0.9; initial learning rate 0.01

that decays by a factor of 10 at epoch 110; batch-size 128; weight decay 5e-4; standard

preprocessing.

For rSGD we set K = 1 and learning rate 0.02. For eSGD, we train for 32 epochs with

initial learning rate η = 0.25 that drops by a factor of 10 at epochs 16 and 25; η′ = 0.01.

In the case in which we drop the learning rate at certain epochs, we notice that it is

important not to schedule it before that the training error has reached a plateau also for

eSGD and rSGD.
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ResNet-110 We train the ResNet-110 model on CIFAR-10 for 164 epochs following

the original settings of [34]: SGD optimizer with momentum 0.9; batch-size 128; weight

decay 1e-4. We perform a learning rate warm-up starting with 0.01 and increasing it at

0.1 after 1 epoch; then it is dropped by a factor of 10 at epochs 82 and 124; standard

preprocessing is applied.

For both eSGD and rSGD, we find that the learning rate warm-up is not necessary.

For rSGD we set γ0 = 5e-4. For eSGD, we train for 32 epochs with initial learning rate

η = 0.9 that drops at epochs 17 and 25, SGLD learning rate η′ = 0.02 and we set γ0 = 0.1

and γ1 = 5 · 10−4.

PyramidNet+ShakeDrop PyramidNet+ShakeDrop [35, 36], together with AutoAug-

ment or Fast-AutoAugment, is currently the state-of-the-art on CIFAR-10 and CIFAR-

100 without extra training data. We train this model on CIFAR-10 and CIFAR-100

following the settings of [32, 40]: PyramidNet272-α200; SGD optimizer with Nesterov

momentum 0.9; batch-size 64; weight decay 5e-5. At variance with [32, 40] we train for

300 epochs and not 1800. We perform a cosine annealing of the learning rate (with a

single annealing cycle) with initial learning rate 0.05. ShakeDrop is applied with the same

parameters as in the original paper [36]. For data augmentation we add to standard pre-

processing AutoAugment with the policies found on CIFAR-10 [32] (for both CIFAR-10

and CIFAR-100) and CutOut [41] with size 16.

For rSGD, we use a cosine focusing protocol for γ, defined at epoch τ by γτ =

0.5γmax cos
(
πτ/τtot

)
, with γmax = 0.1. On CIFAR-10, we decrease the interaction step K

from 10 to 3 towards the end of the training (at epoch 220) in order to reduce noise and

allow the replicas to collapse.

EfficientNet-B0 EfficientNet-B0 is the base model for the EfficientNet family. In this

section we train EfficientNet-B0 on CIFAR-10, starting from random initial conditions.

We follow the same settings as [33], with some differences: we train for 350 epochs with

RMSprop optimizer with momentum 0.9; batch-size 64; weight decay 1e-5; initial learning
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rate 0.01 that decays by 0.97 every 2 epochs. We rescale image size to 224 × 224 and

as data augmentation we apply standard preprocessing (with zero-padding of size 32)

adding AutoAugment with the policies found on CIFAR-10 [32] (for both CIFAR-10 and

CIFAR-100). For rSGD we set γ0 = 5e− 6.

3.A.2 Tiny ImageNet

ResNet-50 Entropic algorithms are effective also on more complex datasets. We train

ResNet-50 on Tiny ImageNet (data downloaded from: "Tiny ImageNet Visual Recogni-

tion Challenge") for 270 epochs with: SGD optimizer with Nesterov momentum 0.9; initial

learning rate 0.05 that decays by a factor of 10 at epochs 90, 180 and 240; batch-size 128;

weight decay 1e-4. Standard preprocessing is applied together with Fast-AutoAugment

with the policies found on ImageNet [40].

For eSGD we train the model for 50 epochs with η = 0.8 that drops by a factor of 10

at epochs 18, 36, 48 and η′ = 0.02.

DenseNet-121 For DenseNet-121 on Tiny ImageNet, the setting is the same as ResNet-

50, except that we train the model for 200 epochs with learning rate drops at epochs 100

and 150.

For eSGD we train the model for 40 epochs with η = 0.5 that drops by a factor of 10

at epochs 25 and 30, η′ = 0.02 and we set γ0 = 1.0 and γ1 = 2 · 10−5
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Chapter 4

Sampling through Algorithmic

Diffusion in Non-Convex Perceptron

Problems

In the previous chapter, we have reduced the problem of understanding generalization

to that of describing the local loss landscape. In the current chapter, we continue with

a more precise study of the loss landscape in a simple model of shallow neural networks

known as the perceptron problem. We investigate under which conditions it is possible to

sample random configurations from the perceptron loss landscape as we vary a smoothing

temperature parameter.

This is an instance of the more general problem of sampling from a known but

intractable distribution, which we will solve using a denoising diffusion process (see

e.g. [1, 2]), whose score function will be provided by an Approximate Message Pass-

ing algorithm [3]. Moreover, we introduce a theoretical formalism based on the replica

method that can be applied to a generic ensemble of problems and allows us to charac-

terize the sampling process and its limitations in the infinite-dimensional limit. For the

spherical perceptron problem with negative stability, we show that approximate uniform

sampling is achievable across nearly the entire replica symmetric region of the phase
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diagram. In contrast, for the perceptron problem with binary weights, sampling from

the uniform distribution is intractable due to the overlap gap property exhibited by the

typical set of solutions. A theoretical analysis of this obstruction leads us to identify a

different potential under which our diffusion process successfully samples. Finally, we

show numerically that an annealing procedure over the shape of this potential also yields

a fast and robust Markov Chain Monte Carlo algorithm for sampling from the solution

space of the binary perceptron.

4.1 Introduction

Diffusion models are a class of generative models that has emerged as a powerful frame-

work for modeling complex data distributions. Rooted in statistical mechanics, these

techniques conceptualize the generation of data as a gradual process of reverse diffusion,

where noise is incrementally transformed into structured data. Initially introduced within

the context of denoising and inpainting (e.g. [4]), diffusion models have found applica-

tions in image and video generation, audio synthesis and other various high-dimensional

data sampling tasks. This introductory chapter explores the evolution of diffusion models,

highlights key contributions, and provides a focused examination of their role in sampling.

The concept of diffusion models is primarily inspired by the study of stochastic pro-

cesses. The general idea is to transform a data distribution through a forward diffusion

process, which progressively corrupts data (e.g., an image) by adding Gaussian noise

at each timestep, while in parallel, a reverse diffusion process is learned, which aims to

denoise the noisy data step-by-step, effectively recovering the original data distribution.

One of the earliest works in this line of research was by [4], who introduced the idea

of denoising score matching, laying the groundwork for the development of score-based

generative models. This work demonstrated the potential of models that iteratively

reverse the noise process. A significant breakthrough in the broader context of generative

models was achieved in [1], who proposed the Diffusion Probabilistic Model (DPM). While
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the forward process of the diffusion is standard and represented by an iterative addition

of the Gaussian noise, the reverse process at every time step of the update is modeled

by a Gaussian or a binomial Markov transition which is learned so that it maximizes the

likelihood lower bound.

Following this, the approach of training neural networks to learn the reverse diffusion

process was popularized in [2] with the introduction of the Denoising Diffusion Proba-

bilistic Model (DDPM). DDPM utilized a U-Net architecture ([5]) to learn the reverse

process and demonstrated state-of-the-art results in image generation tasks (measured

by such quality metrics such as Fréchet Inception Distance).

In this chapter we study a problem of sampling, considering settings in which the

target probability density is known up to an intractable normalization factor:

p(w) = ψ(w)
Z

, (4.1)

as is often the case in Bayesian inference or in the large-sample regime. Typical sampling

algorithms in this setting belong to the Markov Chain Monte Carlo (MCMC) family

[6]. These can suffer from slow mixing times, and their theoretical analysis is generally

challenging. In contrast, for generative diffusion, the continuous stochastic process can

be well approximated by a small number of discrete steps, and the Bayesian structure

induced by the noising/denoising process facilitates its theoretical analysis. Recent efforts

have explored hybrid approaches combining generative diffusion with MCMC methods

(see [7, 8, 9, 10]).

A fundamental question is whether the score function can be approximated at any

time t of the process by a polynomial-time algorithm with access to the unnormalized

density ψ(w), enabling efficient sampling from p(w) via generative diffusion.

In this chapter, we develop a theoretical framework to address this question precisely

in the high-dimensional limit, considering random instances of the distribution p itself

(i.e., assuming quenched disorder, in statistical physics terminology). Our framework
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relies on the non-rigorous but extensively validated replica method from spin glass the-

ory [11, 12]. The sampling algorithm associated with the replica analysis (Stochastic

Localization or SL) employs Approximate Message Passing (AMP) [3, 13] as the score

approximator within the diffusion process. AMP is conjectured to be optimal among

polynomial-time algorithms for the denoising task involved in computing the score func-

tion.

We first analyze SL-based sampling for spherical weights, then extend our investi-

gation to the more challenging problem of binary perceptron solutions. We find that

efficient sampling is feasible in a large region of the hyperparameters’ space of the spheri-

cal model. In the binary case instead, uniform sampling from the solution space is always

unfeasible. This result was expected since the typical solutions are isolated and therefore

hard to find (see [14, 15]). Nevertheless, this limitation motivates the exploration of other

statistical measures that allow for efficient sampling.

In the following sections we introduce the formalism for analyzing the stochastic

localization process as well as discuss its properties in detail.

4.2 Stochastic Localization for Sampling

In this section, we introduce the key components of the sampling algorithm based on the

SL process. Given a probability density p(w), with w ∈ RN , referred to as the target

distribution, our goal is to generate samples from p. We assume p to be known, possibly

up to a hard-to-compute normalization factor, and write it as p(w) = ψ(w)/Z, where we

call partition function the normalization Z =
∫

dw ψ(w) and we call ψ(w) unnormalized

density.

Given the target density p, SL can be defined as a stochastic differential equation

(SDE) that goes from time t = 0 to t = +∞ for a vector ht ∈ RN , which we call

the time-dependent field. The SL’s SDE is the analogous of the reverse process SDE in
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denoising diffusion [16]. The initial condition is h0 = 0, and for t ≥ 0 the SDE reads:

dht = mt(ht) dt+ dbt , (4.2)

where (bt)t≥0 is the standard Wiener process in N dimensions. The drift term mt(ht) is

computed as the expectation

mt(h) = Ew∼ph,t
[w] , (4.3)

over what we call the tilted distribution ph,t(w), obtained by convolving the target dis-

tribution with Gaussian noise:

ph,t(w) = ψ(w) e⟨h,w⟩− t
2∥w∥

2

Zh,t
. (4.4)

The key feature of the SL process is that as t→ +∞ the field diverges and pt := pht,t peaks

around a single configuration w∗ that is statistically distributed (over the realizations of

the process) as a sample from the target distribution p, that is we have

pt
t→+∞−−−−→ δw∗ , w∗ ∼ p. (4.5)

Therefore, a sample from the target distribution p can be obtained as the value of mt(ht)

at large times.

4.2.1 Bayesian interpretation

It can be shown [16] that at any time t ≥ 0, the solution ht of (4.2) has the same

distribution as

ht = tw∗ +
√
tg. (4.6)
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where w∗ ∼ p and g ∼ N (0, IN) are sampled independently. This is similar to the

forward process of denoising diffusion. The distribution pht,t can then be interpreted as

the posterior over w∗ given the noisy observation ht. The function mt(ht) corresponds

to the Bayesian denoiser.

4.3 Asymptotic Analysis of Algorithmic Stochastic

Localization with the Replica Formalism

We devise a formalism to investigate the asymptotic behavior of the algorithmic SL

sampling process in the large system size limit N → +∞. The formalism relies on

the non-rigorous but well-established [11] replica method. The main outcome will be a

criterion for the feasibility of fair sampling involving the evaluation of a time-dependent

free entropy. What follows is a generalization of the scheme in [17] that allows for handling

unnormalized densities, as the ones we will deal with in the next sections.

Given the target distribution p, which we assume to be stochastic and drawn from an

ensemble of distributions (quenched disorder), the solution ht of the SDE (4.2) (assuming

the drift term is correctly estimated) is distributed as ht = tw∗ +
√
tg, where w∗ is a

sample from p—referred to as the reference sample—and g is a standard Gaussian noise.

A relevant parameter for tracking the dynamics is the overlap

q(t) = 1
N
⟨w∗,wt⟩. (4.7)

We argue that this quantity, while fluctuating over the realization of p and of the SDE

path, concentrates for large N to a deterministic quantity. This quantity emerges natu-

rally as an order parameter in the replica computation that we now describe.

As usual in statistical physics, the free entropy of the system is a central object of

investigation, since it provides access to several quantities of interest. In our case, for a

given time t, and considering the presence of disorder, we define the asymptotic average
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free entropy (or just free entropy) as

ϕt = lim
N→+∞

1
N
E logZht,t, (4.8)

where the expectation is computed over the realization of the target unnormalized density

ψ over the reference sample w∗ and over the Gaussian noise g of (4.6). In order to handle

the usually intractable expectation of a logarithm and the sampling from an unnormalized

distribution, we employ the replica method twice. We introduce s replicas of the target

distribution and n replicas for the tilted distribution and obtain1

ϕt = lim
N→+∞

1
N

lim
s→0

lim
n→0

∂n Eψ,g
∫ s∏

α=1
ψ (dw∗α)

n∏
a=1

ψ (dwa) e⟨ht,wa⟩− t
2∥wa∥2

, (4.9)

where ht is computed from w∗1, the first of the s replicas associated to the target

distribution: ht = tw∗1 +
√
tg. The structure of this computation is closely related to the

one presented in the seminal work of [18]. Notice that the n replicas wa have symmetric

roles, while in the set of s replicas w∗α, the α = 1 one has a special role. Carrying out

the computation, in dense systems as the ones we will consider in this chapter, all the

possible pairwise overlaps among the n+ s replicas emerge naturally as order parameters

subject to saddle point optimization. We will then assume the Replica Symmetric (RS)

ansatz [11, 19], that is, we will restrict the saddle point evaluation to the most symmet-

ric overlap structure under replica exchanges compatible with the symmetries of (4.9).

Moreover, thanks to the Bayesian structure of the problem, one can apply the Nishimori

conditions [20, 21, 17] to further simplify the overlap structure, thanks to additional sym-

metries, as demonstrated in Section 4.5.1. Under these hypotheses, the overlap q(t) of

(4.7) can be computed from the overlaps of replicas involved in (4.9) as

q(t) = 1
N
⟨w∗1,wa⟩ = 1

N
⟨wa,wb⟩, ∀a, b ∈ [n] and b ̸= a. (4.10)

1We use log Z = limn→0 ∂nZn and Z−1 = lims→0 Zs−1.

109



At time t = 0, all the n + s replicas become equivalent to each other, therefore q(t =

0) = r, where r is the overlap between two distinct samples of the target distribution:

r = ⟨w∗α,w∗β⟩/N for α, β ∈ [s] and α ̸= β. We further mention that while the Nishimori

conditions found for the planted distributions analyzed in [17] guarantee the correctness

of the RS ansatz, in our more general setting they guarantee only that the analysis of the

tilted system doesn’t involve further replica symmetry breaking (RSB) compared to the

standard replica analysis of the reference systems. Therefore, our RS analysis is exact

only in the RS region of p.

In general, the replica computation will arrive at an expression where the free entropy

ϕt is given by the saddle point of a function of several order parameters, one of which is

q:

ϕt = max
q

ϕt(q), ϕt(q) := extr
θ

ϕt(q, θ), (4.11)

where we denoted with θ all the remaining order parameters except q. The value qmax

that maximizes ϕt(q) represents the typical value of q(t).

4.3.1 Success and Failure of Algorithmic SL

As shown in [17], the study of ϕt(q) can reveal whether the algorithmic SL (ASL) sampling

scheme can recover samples from the target distribution, in the large N limit. More

specifically, the success of ASL hinges on the unimodality of ϕt(q) as a function of q. If

it has a single maximum at all times t, moving smoothly from low q to q = 1 (assuming

∥w∥2 = N), then the AMP messages correctly recover (with high probability in the limit

of large N) the value q(t) = arg maxq ϕt(q) and the algorithm successfully samples from

the target distribution. Conversely, if ϕt(q) becomes multimodal, it could be the case that

AMP doesn’t return the correct estimate of mt(ht) and the SDE integration fails. The

mechanism is as follows: at t = 0, there is always a maximum located at low q, which is

the one found by AMP. As t increases, this maximum will in general move toward higher
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q, and AMP will follow it; however, if at any t there is a second, higher maximum and at

higher q, it should be the correct one that solves the saddle point equations, but AMP

will miss it. As we show below, this can happen both if the global maximum exists from

the outset or if it develops over time. See Fig. 1 (Left) for a setting in which a high q

maximum first appears and then becomes the global one.

4.4 Applications on Perceptron Models

4.4.1 Definitions

The perceptron [22] is the simplest neural network model, used for binary classification

tasks. Instead of the usual optimization perspective, we adopt a constraint satisfaction

one [23], and define a family of probability distributions over the solution space. The

problem is defined by a dataset X, containing M examples xµ ∈ RN , and a scalar κ

that we call margin. Without loss of generality we can assume that all labels are equal

to 1. A given weight configuration w ∈ RN is called a solution if the corresponding

stabilities, defined as sµ = ⟨xµ,w⟩√
N

, satisfy sµ ≥ κ ∀µ, meaning that all examples are

correctly classified. We define a family of distributions over the solution space by the

unnormalized density (from (4.1)):

ψ(w) = P (w)
M∏
µ=1

Θ (sµ − κ) e− 1
T
U(sµ−κ), with sµ = ⟨x

µ,w⟩√
N

(4.12)

Here Θ(s) is the Heaviside step function, Θ (s) = 1 if s > 0 and 0 otherwise. The

parameter T ≥ 0 is called temperature, and we call potential the function U(s). Notice

that for U(s) = 0 (or any constant) or for T → +∞, the distribution p(w) = ψ(w)/Z

becomes the uniform distribution over the solution space. The distribution P (w) is a

prior on the weights, possibly unnormalized. In this chapter, we consider two different

priors, corresponding to the spherical weights perceptron, P (w) = δ(∥w∥2 −N), and to

the binary weights perceptron, P (w) = ∏
i P (wi) and P (wi) = δ(wi − 1) + δ(wi + 1).
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The perceptron problems are generated by considering i.i.d. examples xµ ∼ N (0, IN)

or xµ ∼ Unif({−1,+1}N). The two settings are equivalent for our asymptotic analysis.

The high-dimensional limit is obtained for N → +∞ and M → +∞ with fixed finite load

α = M/N . This statistical setting has been largely investigated in the statistical physics

literature, see [23] and [24] for broad reviews.

4.4.2 Implementation of ASL

In order to adapt the ASL sampling scheme, as discussed in Section 4.2, to the tar-

get distribution (4.12), we have to implement the corresponding AMP algorithm. Since

(4.12) can be seen as a specific type of generalized linear model, we can adapt the GAMP

algorithm from [25] for our purposes. The message passing scheme is detailed in Algo-

rithm 4. The AMP framework relies on the definition of two key functions (ϕin and ϕout),

commonly referred to as the input- and output-channel free entropies, given by:

ϕin(A,B) = log
∫
P (dw) ewB− 1

2w
2A, (4.13)

ϕout(ω, V ) = log
∫

ds Θ(s− κ) e
− 1

T
U(s−κ)− (s−ω)2

2V

√
2πV

= log H̃V (−ω), (4.14)

where H̃a(b) =
∫
Dz Θ(−b− κ+

√
az)e− 1

T
U(−b−κ+

√
az) and Dz = dz√

2πe
−z2/2. For the case

U(s) = 0, H̃ simplifies to H̃a(b) = H(− b+κ√
a

), with H(x) = 1
2erfc

(
x√
2

)
.

In the binary weights case
∫
P (dw) = ∑

w=±1. For the spherical case, the ∥w∥2 = N

norm constraint has to be relaxed to a factorized Gaussian prior, P (w) = e−
1
2γw

2 , with γ

tuned adaptively during the AMP iterations. The relaxed prior is equivalent to the hard

one in the limit of large N , but AMP can handle only factorized priors. As a consequence,

the integral in ϕin can always be computed in closed form. Furthermore, for some choices

of the potential U(s), notably U(s) = 0 and U(s) = − log(s), the integration in ϕout can

also be carried out analytically. Therefore, the AMP used in the settings discussed in the

main text is quite fast since it does not contain any integrals.

In the case of spherical perceptron, the algorithm enforces (in expectation) the norm
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constraint ∥w∥2 = N by assuming a unnormalized prior P (w) = e−
1
2γw

2 , and then solving

for γ the equation

−2
N∑
i=1

∂γ ϕin(Aki + t, Bk
i + ht,i) = N. (4.15)

in each AMP iteration using a root-finding algorithm. Notice that γ appears implicitely

in ϕin defined in (4.13). We stress that the AMP equations for the binary perceptron

problem, that is studied in the following sections, do not essentially differ from the al-

gorithm presented above, except in the way the ϕin is defined and consequently they do

not require the dynamic reinforcement of the weights norm.
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Algorithm 4 AMP for ASL on the Per-
ceptron

Input: data X ∈ RM×N , ASL time t ≥ 0, ASL field
ht ∈ RN , stopping criterion ϵ > 0, max iterations K >
0.

Initialize: m0 := 0̄N , ∆0 := 0N , g0
out := 0M , A := 0N ,

B := 0N , k = 0

repeat

k ← k + 1

Updating mean and variance estimates ωµ, Vµ

V k
µ ←

∑
i

X2
µi∆

k−1
i (4.16)

ωk
µ ←

∑
i

Xµim
k−1
i − V k

µ g
k−1
µ (4.17)

Updating estimates Ai, Bi, gµ

gk
µ ← ∂ωϕout(ωk

µ, V
k

µ ) (4.18)

Ak
i ← −

∑
µ

X2
µi∂

2
ωϕout(ωk

µ, V
k

µ ) (4.19)

Bk
i ←

∑
µ

Xµi g
k
µ +mk−1

i Ak
i (4.20)

Only for spherical case: enforce norm constraint
solving (4.15) for γ.

Updating marginals mi and ∆i

mk
i ← ∂Bi

ϕin

(
Ak

i + t, Bk
i + ht,i

)
(4.21)

∆k
i ← ∂2

Bi
ϕin

(
Ak

i + t, Bk
i + ht,i

)
(4.22)

∆iter ← ∥mk −mk−1∥2/N

until k = K or ∆iter < ϵ

return mk

Algorithm 5
Sampling a solution to the perceptron
problem

Input: Data: X ∈ RM×N ,
parameters: ϵ, L, δ, T

Initialize the problem:
A0

ext = 0̄N , B0
ext = 0̄N , t = 0, l = 1

while l ≤ L do

AMP updates of the marginals:

ml = AMP (X,Al−1
ext ,B

l−1
ext , ϵ, T )

Update the fields using the Euler-Maruyama scheme:

tl ← tl−1 + δ (4.23)

(Al
ext)i ← t (4.24)

(Bl
ext)i ← (Bl−1

ext )i + wl−1
i δ +

√
δ Zi (4.25)

with Z ∼ N (0, IN ), ∀i ∈ {1, . . . , N} (4.26)
l← l + 1 (4.27)

end while

mi
L = sgn mi

L, ∀i ∈ {1 . . . N}

return a solution sample mi
L
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4.5 Analytical details on Spherical Perceptron Inves-

tigation

4.5.1 Replica computation for Spherical Perceptron

In this Section, we outline the key steps of the replica calculation used to derive the free-

entropy dynamics of the spherical perceptron under stochastic localization, as outlined

in Section 4.3. We assume M = αN Gaussian-distributed examples, X = {xµ}Mµ=1,

xµ ∼ N
(
0, IN

)
. The weights have a spherical (improper) prior P (w) = δ

(
∥w∥2 − N

)
.

We want to compute the free entropy at time t of the model in (4.12) averaged over the

realization of the sample and the noise in the SL process ((4.6)):

ϕt = lim
N→+∞

1
N
E logZht,t. (4.28)

This computation is performed using the replica trick twice (the second one is used to

express the expectation over the reference configurations):

logZ = lim
n→0

∂nZ
n and Z−1 = lim

s→0
Zs−1.

We can thus write

ϕt = lim
N→+∞

1
N

lim
s→0

lim
n→0

∂n E
∫ s∏

α=1
ψ (dw∗α)

n∏
a=1

ψ (dwa) e⟨ht,wa⟩− t
2∥wa∥2

, (4.29)

where ht = tw∗1 +
√
tg, with g ∼ N (0, IN). For convenience, we define the replicated

partition function

Zn,s
t =

∫ s∏
α=1

ψ (dw∗α)
n∏
a=1

ψ (dwa) e⟨ht,wa⟩− t
2∥wa∥2

. (4.30)
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and we also define the function

Θ̃(s) = Θ(s− κ)e− 1
T
U(s−κ), (4.31)

where Θ(s) is the Heaviside function. The expectation over disorder reads

EZn,s
t = EX,g

∫ s∏
α=1

P (dw∗α)
n∏
a=1

P (dwa)
∏
µα

Θ̃
∑

i

w∗αix
µ
i√

N

∏
µa

Θ̃
∑

i

waix
µ
i√

N

× (4.32)

× et
∑

ai
w∗

1iwai+
√
t
∑

ai
giwai− 1

2 t
∑

ai
w2

ai . (4.33)

Introducing λµα = ∑
i
w∗

αix
µ
i√

N
and uµa = ∑

i
wax

µ
i√
N

, and their conjugate Lagrange multiplier,

we obtain

EZn,s
t =EX,g

∫ s∏
α=1

dw∗α

n∏
a=1

dwa

∏
µα

dλµαdλ̂µα
2π

∏
µa

duµadûµa
2π

∏
µα

Θ̃ (λµα)
∏
µa

Θ̃ (uµa) (4.34)

× e−i
∑

µα
λ̂µ

αλ
µ
α−i

∑
µa
ûµ

au
µ
a+i

∑
µαi

λ̂µ
α

w∗
αi

x
µ
i√

N
+i
∑

µai
ûµ

a

waix
µ
i√

N
+t
∑

ai
w∗

1iwai+
√
t
∑

ai
giwai− 1

2 t
∑

ai
w2

ai .

(4.35)

It is now possible to compute the average over xµ and g, obtaining

EZn,s
t =

∫ s∏
α=1

dw∗α

n∏
a=1

dwa

∏
µα

dλµαdλ̂µα
2π

∏
µa

duµadûµa
2π

∏
µα

Θ̃ (λµα)
∏
µa

Θ̃ (uµa) (4.36)

× e−i
∑

µα
λ̂µ

αλ
µ
α−i

∑
µa
ûµ

au
µ
a+t

∑
ai
w∗

1iwai+ 1
2 t
∑

i

∑
ab
waiwbi− 1

2 t
∑

ai
w2

ai (4.37)

× e−
1

2N

∑
µi

(
∑

αβ
λ̂µ

αλ̂
µ
β
w∗

αiw
∗
βi+
∑

ab
ûµ

a û
µ
b
waiwbi+2

∑
αa
λ̂µ

αû
µ
aw

∗
αiwai). (4.38)

We can now define the overlap parameters as

qab = 1
N

∑
i

waiwbi rαβ = 1
N

∑
i

w∗αiw
∗
βi pαa = 1

N

∑
i

w∗αiwai. (4.39)

These overlap parameters measure, respectively, (i) the similarity between two indepen-

dent replicas of the tilted measure, (ii) the similarity between two replicas of the reference
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system, and (iii) the cross-overlap between one reference configuration and one tilted

replica. Introducing conjugate parameters q̂ab, r̂αβ, p̂αa to enforce their definitions allows

us to rewrite the disorder-averaged replicated partition function as an integral over both

the overlaps and their Lagrange multipliers. The overlaps qaa and rαα are fixed to 1 in

order to enforce the spherical constraints. Carrying on the computation, we have

EZn,s
t =

∫ s∏
α=1

dw∗α

n∏
a=1

dwa

∏
α≤β

drαβdr̂αβ
∏
a≤b

dqabdq̂ab
∏
αa

dpαadp̂αa (4.40)

× e−N
1
2
∑

αβ
r̂αβrαβ− 1

2N
∑

ab
q̂abqab−N

∑
αa
p̂αapαa (4.41)

× e+ 1
2
∑

αβ
r̂αβ

∑
i
w∗

αiw
∗
βi+

1
2
∑

ab
q̂ab

∑
i
waiwbi+

∑
αa
p̂αa

∑
i
w∗

αiwai (4.42)

×
∫ ∏

µα

dλµαdλ̂µα
2π

∏
µa

duµadûµa
2π

∏
µα

Θ̃ (λµα)
∏
µa

Θ̃ (uµa) (4.43)

× e−i
∑

µα
λ̂µ

αλ
µ
α−i

∑
µa
ûµ

au
µ
a+tN

∑
a
p1a+ 1

2 tN
∑

ab
qab− t

2N
∑

a
qaa (4.44)

× e−
1
2
∑

µ
(
∑

αβ
λ̂µ

αλ̂
µ
β
rαβ+

∑
ab
ûµ

a û
µ
b
qab+2

∑
αa
λ̂µ

αû
µ
apαa). (4.45)

We obtain the following expression amenable to saddle point evaluation

EZn,s
t =

∫ ∏
α≤β

drαβdr̂αβ
∏
a≤b

dqabdq̂ab
∏
αa

dpαadp̂αa eNϕt , (4.46)

where

ϕt = GI +GS + αGE (4.47)

GI =− 1
2
∑
αβ

r̂αβrαβ −
1
2
∑
ab

q̂abqab −
∑
αa

p̂αapαa + t
∑
a

p1a + 1
2t
∑
ab

qab −
t

2
∑
a

qaa, (4.48)

GS = log
∫ s∏

α=1
P (dw∗α)

n∏
a=1

P (dwa) e+ 1
2
∑

αβ
r̂αβw

∗
αw

∗
β+ 1

2
∑

ab
q̂abwawb+

∑
αa
p̂αaw∗

αwa , (4.49)

GE = log
∫ ∏

α

dλαdλ̂α
2π

∏
a

duadûa
2π

∏
α

Θ̃ (λα)
∏
a

Θ̃ (ua) (4.50)

× e−i
∑

α
λ̂αλα−i

∑
a
ûaua− 1

2
∑

αβ
λ̂αλ̂βrαβ− 1

2
∑

ab
ûaûbqab−

∑
αa
λ̂αûapαa . (4.51)
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Before performing the optimization task through the saddle point equations, for a fixed

value of t and α, one needs to simplify the expression of the free entropy. In the following,

we introduce the Replica Symmetric assumption.

Replica Symmetric Ansatz

To compute the expression of the free entropy, we assume complete symmetry between

the replicas (RS):

qab =


qd = 1 if a = b

q if a ̸= b

rαβ =


rd = 1 α = β

r α ̸= β

pαa =


p∗ α = 1

p α ̸= 1.
(4.52)

Plugging it in the ϕt expression and carrying over the n → 0 and s → 0 limit lets us

compute the analytic expression for GI , GS, and GE.

Bayesian Optimality conditions

It is possible to notice that Nishimori conditions, and Bayesian Optimality of the order

parameters [21, 20] apply. They are a set of conditions stating that:

Ew∗,w1 [f(w∗, w1)] = Ew1,w2 [f(w1, w2)], (4.53)

where

E1,w2 [f(w1, w2)] =
∫

dh dw1 dw2 f(w1, w2)P (w1 | h)P (w2 | h)P (h) (4.54)

Ew∗,w1 [f(w∗, w1)] =
∫

dw∗ dw1 f(w∗, w1)P (w1, w∗) (4.55)

=
∫

dh dw∗ dw1 f(w∗, w1)P (w1 | h)P (h | w∗)P (w∗) (4.56)

=
∫

dh dw∗ dw1 f(w∗, w1)P (w1 | h)P (w∗ | h)P (h). (4.57)
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We can use this result to understand order parameter relations. In particular, using

previous reasoning, we can notice that

Ew∗
α,wa [w∗αiwai] = Ewa,wb

[waiwbi]. (4.58)

leading to

p∗ = q. (4.59)

At first glance, this identity may appear counterintuitive, but it reflects a fundamental

property of the Bayes-optimal setting: any two samples drawn from the same posterior

(the tilted distribution) are statistically indistinguishable from a sample drawn jointly

with the true (reference) weights. Since all replicas of the tilted distribution are in-

dependent and identically distributed, their mutual overlap must coincide with their

cross-overlap with the reference configuration. Using the same idea, it is possible to show

Ew∗
α,w

∗
β
[w∗αiw∗βi] = Ew1,w∗

β
[w1iw

∗
βi]. (4.60)

leading to

p = r. (4.61)

A similar intuition concerning the overlap of tilted distribution samples can be applied to

the overlap among reference weights. Similar reasoning can be applied to the conjugate

order parameters:

r̂d = q̂d (4.62)

p̂∗ = q̂ (4.63)

p̂ = r̂. (4.64)
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These conditions simplify considerably the expressions in the computation of the free

entropy.

Entropic term

Let’s first look at the entropic term GS within the RS ansatz:

GS = log
∫ s∏

α=1
P (dw∗α)

n∏
a=1

P (dwa) e+ 1
2 (r̂d−r̂)

∑
α
w∗2

α + 1
2 (r̂−p̂)(

∑
α
w∗

α)2 (4.65)

× e+ 1
2 (q̂d−q̂)

∑
a
w2

a+ 1
2 (q̂−p̂)(

∑
a
wa)2+(p̂∗−p̂)w∗

1
∑

a
wa+ p̂

2 (
∑

α
w∗

α+
∑

a
wa)2

. (4.66)

Using the Nishimori conditions this simplifies to:

GS = log
∫ s∏

α=1
P (dw∗α)

n∏
a=1

P (dwa) e
1
2 (r̂d−r̂)

∑
α
w∗2

α (4.67)

× e+ 1
2 (r̂d−q̂)

∑
a
w2

a+ 1
2 (q̂−r̂)(

∑
a
wa)2+(q̂−r̂)w∗

1
∑

a
wa+ r̂

2 (
∑

α
w∗

α+
∑

a
wa)2

. (4.68)

Using the Hubbard-Stratonovich transformation twice we can get rid of the quadratic

summations like (∑awa)2 in the exponentials, at the cost of introducing two extra inte-

gration variables:

GS = log
∫ s∏

α=1
P (dw∗α)

n∏
a=1

P (dwa)
∫
DzDγ e

1
2 (r̂d−r̂)

∑
α
w∗2

α (4.69)

× e
1
2 (r̂d−q̂)

∑
a
w2

a+z
√
q̂−r̂

∑
a
wa+(q̂−r̂)w∗

1
∑

a
wa+γ

√
r̂(
∑

α
w∗

α+
∑

a
wa), (4.70)

where we used Dz = dz e−z2/2
√

2π as a shorthand to denote a gaussian integral. This can now

be factorized:

GS = log
∫
P (dw∗1)

∫
DzDγ e

1
2 (r̂d−r̂)w∗2

1 +γ
√
p̂w∗

1 [Z(w∗1, z, γ)]n[Z∗(η, γ)]s−1, (4.71)
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where

Z(w∗1, z, γ) =
∫
P (dw)e

1
2 (r̂d−q̂)w2+(z√q̂−r̂+γ√r̂+(q̂−r̂)w∗

1)w (4.72)

= e
− 1

2
(z
√

q̂−r̂+γ
√

r̂+(q̂−r̂)w∗
1)2

(r̂d−q̂)

√
q̂ − r̂d

(4.73)

Z∗(z, γ) =
∫
P (dw∗)e 1

2 (r̂d−r̂)w∗2+γ
√
r̂w∗ (4.74)

= e
− 1

2
γ2r̂

r̂d−r̂

√
r̂ − r̂d

(4.75)

Finally, by taking the limits for n→ 0 and s→ 0 in the same order we obtain

GS(q̂) = lim
s→0

lim
n→0

∂nGS (4.76)

= −1
2 log(q̂ − r̂d) + 1

2(q̂ − r̂d)

q̂ + 2r̂ (q̂ − r̂)
(r̂ − r̂d)

+ (q̂ − r̂)2

(r̂ − r̂d)

(
r̂

r̂ − r̂d
+ 1

) . (4.77)

Energetic term

Let’s now focus our attention on the energetic term

GE = log
∫ ∏

α

dλαdλ̂α
2π

∏
a

duadûa
2π

∏
α

Θ̃ (λα)
∏
a

Θ̃ (ua) (4.78)

× e−i
∑

α
λ̂αλα−i

∑
a
ûaua− 1

2
∑

αβ
λ̂αλ̂βrαβ− 1

2
∑

ab
ûaûbqab−

∑
αa
λ̂αûapαa . (4.79)

After using the Nishimori conditions and some manipulations we get

GE = log
∫ ∏

α

dλαdλ̂α
2π

∏
a

duadûa
2π

∏
α

Θ̃ (λα)
∏
a

Θ̃ (ua) (4.80)

× e−i
∑

α
λ̂αλα−i

∑
a
ûaua− 1

2 (1−r)
∑

α
λ̂2

α+ q−r
2 λ̂2

1 (4.81)

× e−
1
2 (1−q)

∑
α
û2

α− r
2 (
∑

α
λ̂α+

∑
a
ûa)2− q−r

2 (λ̂1+
∑

a
ûa)2

. (4.82)
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We use again two Hubbard-Stratonovich substitutions to make the integrand factorized

in the a and α indices, at the cost of introducing two more gaussian integrals:

GE = log
∫
DzDγ

∏
α

dλαdλ̂α
2π

∏
a

duadûa
2π

∏
α

Θ̃ (λα)
∏
a

Θ̃ (ua) (4.83)

× e−i
∑

α
λ̂α(λα+γ

√
r)−i

∑
a
ûa(ua+γ

√
r+z
√
q−r)− 1

2 (1−r)
∑

α
λ̂2

α+ q−r
2 λ̂2

1 (4.84)

× e−
1
2 (1−q)

∑
α
û2

α−iz
√
q−rλ̂1 . (4.85)

Finally, collecting the factors and taking the limits for n→ 0 and s→ 0, we arrive at

GE(q) = lim
s→0

lim
n→0

∂nGE (4.86)

=
∫
DzDγ

H̃1−q
(
γ
√
r + z

√
q − r

)
H̃1−r

(
γ
√
r
) log H̃1−q

(
γ
√
r + z

√
q − r

)
. (4.87)

where

H̃a(b) =
∫
Dz Θ(−b− κ+

√
az)e− 1

T
U(−b−κ+

√
az) (4.88)

In the uniform measure case U(s) = 0, H̃ simplifies to H̃a(b) = H(− b+κ√
a

), with H(x) =∫+∞
x Dz = 1

2erfc
(
x√
2

)
.

Interaction term

Finally we compute the interaction term

GI =− 1
2
∑
αβ

r̂αβrαβ −
1
2
∑
ab

q̂abqab −
∑
αa

p̂αapαa + t
∑
a

p1a + 1
2t
∑
ab

qab −
t

2
∑
a

qaa, (4.89)

which, after using the RS ansatz, the Nishimori conditions, and taking the limits n→ 0

and s→ 0, reduces to:

GI = lim
s→0

lim
n→0

∂nGI = −1
2 q̂rqd −

1
2 q̂q + r̂r + 1

2tq = −1
2 r̂d −

1
2 q̂q + r̂r + 1

2tq (4.90)
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Saddle Point Equations

The optimization of ϕt can now be performed using the so called saddle point method

[11]. The equations that one needs to optimize are the following

q̂ = t+ 2α ∂

∂q
GE(q), (4.91)

q = 2 ∂
∂q̂
GS(q̂). (4.92)

It is important to notice that the overlap parameters for the reference network are not

optimized here. The values of the reference overlaps need to be optimized ahead of the

learning procedure for the tilted ones. Their optimization procedure is schematically

shown in the next section, and the full computation is reported in [23].

Reference system

In the optimization procedure, there are still parameters that are not optimized: r, r̂ and

r̂d. They are the parameters of the reference perceptron, and need to be optimized ahead

of the optimization of tilted ones. The reason behind this consists in the fact that, the

sampling procedure of Stochastic Localization is realized on the tilted measure, since the

target distribution is fixed from the origin. The optimization of them is a known problem

in Statistical Physics of Machine learning [23], and is performed using optimizing the

following set of saddle point equations:

r = 1− 2 ∂
∂r̂
G(r)
S (r̂, r̂d) , (4.93)

1 = 1− 2 ∂

∂r̂d
G(r)
S (r̂, r̂d) , (4.94)

r̂ = −2α ∂

∂r
G(r)
E (r) , (4.95)
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where the free entropy associated to the reference system is

ϕ(r)(r, r̂, r̂d) = G(r)
I (r, r̂, r̂d) + G(r)

S (r̂, r̂d) + αG(r)
E (r), (4.96)

G(r)
I (r, r̂, r̂d) = 1

2(rr̂ − r̂d), (4.97)

G(r)
S (r̂, r̂d) = 1

2

(
log(2π)− log(r̂ − r̂d) + r̂

(r̂ − r̂d)

)
, (4.98)

G(r)
E (r) =

∫
Dz log H̃1−r

(√
rz
)
. (4.99)

The above expressions allows us to derive ϕt(q) = extrq̂ ϕt(q, q̂) as

ϕt(q, q̂) = −1
2 (r̂d + q̂q) + r̂r + 1

2tq + GS(q̂) + αGE(q), (4.100)

(4.101)

and gain direct insight into whether the SL sampling scheme can recover samples from the

target distribution asymptotically. The left panel of Fig. 1 shows ϕt(q) as a function of q

for different values of t, with parameters α = 278 and κ = −2.5. Initially, ϕt(q) exhibits

a single global maximum. However, a second local maximum emerges as t increases,

eventually becoming the global optimizer of ϕt. As discussed in Section 4.3, this transition

marks the onset of multimodality in the free entropy landscape. The central panel of

Fig. 1 presents the phase diagram for the ASL scheme for a fixed margin κ, delineating

the different sampling regimes. For each point in the t-α plane, we test for the presence

or absence of distinct local maxima by initializing the optimization of ϕt(q, q̂) in (4.100)

at two different values of q, low and high, and checking whether the results coincide.

The right panel of Fig. 1 shows the region in the α-κ plane where ASL succeeds. The

figure also shows replica symmetry-breaking transition lines and the 1RSB prediction

for the sat/unsat transition line reported in [26]. Notably, the samplability frontier of

ASL coincides with the De Almeida-Thouless (DAT) line and comes slightly short of the

dynamical 1-step Replica Symmetry Breaking (1RSB) transition. This result highlights

a fundamental limitation: the SL algorithm fails to sample from the target distribution
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Figure 1: Asymptotic analysis of ASL sampling for the Spherical Perceptron with uni-
form distribution. Left: Free entropy function ϕt(q) for different values of t and for
α = 278, κ = −2.5. Initially, ϕt(q) has a single maximum, but as t increases, a second
maximum appears, eventually becoming the global one. Center: Phase diagram of ASL
in the t-vs-α plane for κ = −2.5. Green region: ϕt(q) has a single optimizer, meaning
the AMP succeeds at denoising. Yellow region: ϕt(q) has two optimizers, but the global
maximum corresponds to the smaller overlap q. AMP still succeeds. Red region: ϕt(q)
has two optimizers, but the global maximum corresponds to a larger overlap q. In this
case, AMP fails the denoising task. In order for ASL to succeed at sampling, a vertical
line at the corresponding α should lie entirely in the green region. Right: Phase diagram
delineating the samplable and non-samplable regions for ASL in α-vs-κ plane. Transition
lines predicted from replica theory are taken from [26]. The green region can be sampled
by ASL. The zoom in the inset shows the failure of ASL at reaching the d1RSB line.

when Replica Symmetry Breaking (RSB) occurs, which signals the fragmentation of the

solution space into disconnected clusters. In other words, ASL ceases to function as soon

as ergodicity is broken. In the case of the DAT transition, ergodicity is continuously

broken and ASL reaches the transition line. In presence of a discontinuous (d1RSB)

transition, failure of ASL happens earlier. See [17] for more details of phase transitions

in similar contexts and [11, 19] for the generic RSB picture.

To validate numerically the uniformity of the ASL sampling, we compare the em-

pirical distribution of stabilities sµ obtained via sampling to the asymptotic theoretical

prediction, which can also be obtained by the replica method. The derivation and the

results are reported in Appendix 4.A. The empirical results match perfectly with the pre-

dictions, in the whole region where ASL successfully samples a solution to the constraint

satisfaction problem. This strongly suggests that the obtained samples are distributed

according to the target distribution, i.e., uniformly over the solution space in this case,

as expected.
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4.6 Binary Perceptron

4.6.1 Sampling From Binary perceptron uniform distribution

In this section, we investigate the performance of the ASL sampling scheme through our

replica analysis, in the case the target distribution is the one in (4.12), specialized on the

binary weights case P (wi) = δ(wi − 1) + δ(wi + 1). We focus on the zero margin case,

κ = 0.

Replica computation for Binary Perceptron uniform distribution

The replica computation for the binary perceptron involves steps identical to the ones in

Section 4.5.1, adjusted to the fact that in this case P (wi) = δ(wi − 1) + δ(wi + 1). One

can notice that this change does not affect the specific form of the interaction term GI ,

but only the entropic term GS, which depends on the pattern distribution. By following

the same steps as before, one obtains that the entropic term can be computed as:

GS(q̂) =
∫
P (dw∗1)DzDγ A(w∗1, γ)

Z∗(γ) logZ(w∗1, z, γ) (4.102)

where

Z(w∗1, z, γ) =
∫
P (dw)e+ 1

2 (q̂d−q̂)w2+(z√q̂−r̂+γ√r̂+(q̂−r̂)w∗
1)w× (4.103)

= e+ 1
2 (q̂d−q̂) cosh

(
z
√
q̂ − r̂ + γ

√
r̂ + (q̂ − r̂)w∗1

)
(4.104)

Z∗(z, γ) =
∫
P (dw∗)e+ 1

2 (r̂d−r̂)w∗2+γ
√
r̂w∗ (4.105)

= e+ 1
2 (r̂d−r̂) cosh(γ

√
r̂) (4.106)

A(w∗1, γ) = e+ 1
2 (r̂d−r̂)w∗2

1 +γ
√
p̂w∗

1 (4.107)
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The final expression of the Entropic term GS is

GS(q̂) =
∑

w∗=±1

∫
DzDγ

eγ
√
r̂w∗

2 cosh(γ
√
r̂)

log
(

2e 1
2 (r̂d−q̂) cosh

(
z
√
q̂ − r̂ + γ

√
r̂ + (q̂ − r̂)w∗

))
.

(4.108)

Analogously, the expression of the entropic term of the reference systems is

G(r)
S (r̂, r̂d) = −1

2(r̂ − r̂d) +
∫
Dz log

(
2 cosh

(
z
√
r
))

. (4.109)

Replica Results for binary perceptron uniform distribution

We investigate the output of the replica formalism on the uniform distribution for the

binary perceptron. The right panel of Fig. 2 shows the free entropy ϕt(q) as a function

of the overlap q for different values of t2, with parameters α = 0.5 and κ = 0.0. The

phenomenology observed in the case of the uniform distribution for the binary perceptron

is completely different from that observed for the uniform distribution for the spherical

one. The second maximum is always present. The persistent multimodality of ϕt(q) for

q = 1 implies that during the sampling procedure, the information over the target is not

correctly reconstructed, leading to an impossibility to sample from the target distribution.

As we will show in Section 4.D, the persistent peak in q = 1 originates by the presence

of Θ(·) in the definition of the target distribution.

2In this scenario, the overlaps of the reference weights are fixed in advance and depends only on t
and α. Instead, q̂ can be derived implicitly as a function of q. This idea implies that ϕt can be seen as
a function of the only q.
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Figure 2: Left: Phase transition of the SL algorithm for the binary perceptron problem.
The unfeasible phase is represented by all the parameter domains. Right: The free
entropy of the SL for the binary perceptron problem as a function of the overlap q. Double
peak behavior is exhibited for all the values of t with the global optimizer corresponding
to the overlap q = 1.

Following the methodology outlined in Section 4.5.1, we conclude that sampling so-

lutions from the flat binary perceptron measure using the ASL algorithm, in the limit

N → +∞, is intrinsically infeasible. This result is not surprising, as the asymptotic

analysis performed via the replica method is known to accurately predict the behavior

of the AMP algorithm for large system sizes [25]. As demonstrated in [27], due to the

inherent stability of AMP, the exact evaluation of the expected values in (4.3) becomes

impossible whenever the solution space is fragmented, as is the case in the frozen-1RSB

phase and overlap gap property is observed [28]. Thus, the failure mode of the ASL sam-

pling scheme can be directly attributed to the limitations of AMP. The global optimizer

corresponding to an overlap value of q = 1, suggests the presence of a spinodal transition.

The fundamental difference between these two models lies in the statistical properties

of their solution spaces. For sufficiently small values of α the negative spherical perceptron

can be fully described within the RS ansatz, implying a connected solution space. In

contrast, the binary perceptron is characterized by a frozen 1RSB phase, where the

solution space consists of disconnected clusters. This structural fragmentation directly

impacts the effectiveness of the SL sampling scheme, ultimately rendering it unsuitable

for this problem.
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4.7 The cross entropy model for perceptron

Cross-entropy loss Due to the negative result for the uniform measure presented in the

last section, we consider a different measure where interpolation is not strictly enforced

but it is obtained in the large β and γ limit of the following factor which contains the

binary cross-entropy:

ψ(w) =
∏
µ

e
−β

γ
log

(
1+e

−2γ
⟨xµ,w⟩√

N

)
. (4.110)

As studied in [29] this loss allows for targeting dense regions of solutions (the high local

entropy regions) which is controlled by the γ > 0 parameter. One may note that in the

limit of β, γ →∞ the model is forcing the constraints ⟨xµ,w⟩√
N

> 0,∀µ ∈ [M ] to be strictly

satisfied, thus the solution to such a problem corresponds to a binary perceptron one.

Our results indicate the possibility of sampling from this target measure with the ASL

scheme for a sufficiently low density constraint α. The derivation of the free entropy for

this model can be found in the supplementary material. This measure while sampleable

is not entirely satisfying, since the necessity to set β large enough to comply with the

constraints greatly reduces the support of the measure.

Performing the experiments in Fig. 3 we demonstrate that the SL is sampling the

solutions from the target distribution for β values that allow for non-zero free entropy.

Analysing the free entropy with an approach similar to the previous models we are

able to obtain the phase diagram for the SL on the CE model (left panel of Fig. 4). The

corresponding computation of the free entropy can be found in the 4.B.

Selecting a samplable potential

Sampling fails for non-diverging potentials As stated in the Section 4.3, ASL

fails in the presence of a second peak in the free entropy ϕt(q) that becomes the global

maximum at some time. For the binary perceptron under the uniform distribution, i.e.
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Figure 3: The probability of sampling a solution satisfying the binary perceptron con-
straints with the SL algorithm as a function of the constraint density α. The points
represent the mean (with the corresponding standard deviation) obtained using the par-
allel 100 runs of the experiment.

Figure 4: Left: Phase Diagram β vs α, plotted for t = 0.1 and γ = 2. The red region
represents the not samplable parameter regime, the green one - samplable regime, and the
yellow one - where the entropy gets negative, as a function of β. Right: Representation
of the local entropy of the CE model as a function of the Hamming distance ∆, for
different values of β.
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with U(s) = 0, ϕt(q) exhibits a permanent peak at q = 1 with an infinite derivative, for all

α > 0 and all t > 0. This observation is related to the frozen-1RSB nature of the binary

perceptron [30], implying that most solutions are isolated, and it is consistent with the

known hardness of sampling from the uniform distribution [14, 31]. More surprisingly,

this difficulty cannot be removed even by using a non-zero potential, unless it diverges

at the origin, as we will now discuss.

To understand the origin of the peak at q = 1, we compute dϕt(q)
dq

, for q = 1 − ϵ,

with ϵ ≪ 1 [14]. The computations are reported in Appendix 4.D. For the binary case,

independently of the choice of the potential, the expression of the free entropy derivative

takes the form:

dϕt(q)
dq

∣∣∣∣∣
q=1−ϵ

= 1
2 log (ϵ) + αC (ϵ) ϵ− 1

2 +O (1) (4.111)

where C (ϵ) is a function whose scaling with ϵ depends on the explicit form of the potential

U(s). As it turns out, unless U(s) diverges at 0, C (ϵ) = O(1) and is always positive,

and as a consequence the free entropy unavoidably exhibits a peak at q = 1 at all t > 0

and all α > 0. The second peak becomes dominant at large enough time, before the first

peak disappears, leading to the failure of ASL sampling.

Diffusion with Log-potential The only way to avoid the peak at q = 1 is to let the

potential U(s) diverge at the origin. The choice U(s) = − log(s) is particularly simple

to analyze: in that case, C(ϵ) = O(ϵ 1
2T ) and therefore the corresponding term C(ϵ) ϵ− 1

2

in (4.111) becomes negligible for small ϵ when T < 1. The derivative of the free entropy

at q = 1 becomes dominated by the logarithmic term and thus ϕt(q) always has a local

minimum at q = 1.

In this case, the phenomenology becomes similar to the one observed for the spherical

perceptron case, as shown in Figure 5 (Left): with the choice T = 0.5, there is a whole

range of α up to about αalg ≈ 0.65 that is samplable. The transition is close to, although

slightly lower than, the best known algorithmic thresholds from heuristic solvers [32, 33,
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Figure 5: ASL sampling for the Binary Perceptron with U(s) = − log(s) potential. Left:
Phase diagram of ASL in the t-vs-α plane for κ = 0 and T = 0.5. The color scheme
is as explained for the central panel of Figure 1. Right: Empirical distribution of the
stabilities sµ for a configuration obtained by ASL in the case of binary perceptron with the
log-potential, N = 5000, κ = 0, T = 0.5, and α = 0.3. The black line is the asymptotic
theoretical prediction. The excellent agreement shows that ASL produces fair samples
from the target distribution.

34]. In our case though, and contrary to all other solver algorithms we are aware of, the

solutions found are fair samples from a target distribution which is fully under control

analytically. This is corroborated by the comparison between the empirical stabilities

from the ASL sampler and the theoretical predictions, shown in Fig. 5 (Right).
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Figure 6: Results for the Binary Perceptron problem, showing the probability of finding
a solution as a function of constraint density α and for different system sizes N , after
100 sweeps of MCMC. Simulated Annealing on temperature T (left) is compared to our
proposed and much more effective τ -annealing scheme.
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Experimental results for sampling binary perceptron solutions with Log-potential

In Figure 7, we report the probability of sampling a correct configuration from the binary

perceptron loss measure with the Log-potential, for β = 2, using the ASL sampling

scheme. We are able to correctly sample configurations for α ∼ 0.55.

Figure 7: The probability of sampling a solution satisfying the binary perceptron con-
straints with the SL algorithm as a function of the constraint density α from a measure
with the Log-potential with T = 0.5. Each point is averaged over 250 runs.

τ-annealed MCMC

Using the ASL algorithm in combination with the potential U(s) = − log(s), we are

able to sample solutions of random instances of the binary perceptron problem. ASL,

however, inherits the well-known limitations of AMP, generally failing to converge in

the presence of structured data, and therefore ASL should not be considered a practical

sampling algorithm for generic perceptron problems. On the other hand, direct use of

the log-potential in an MCMC algorithm is infeasible, since the potential is not defined

on negative stabilities s, which means that one should initialize the MC chain from a

solution. As a workaround, we propose a reshaping of the potential inspired by the

133



replica trick, which, given a parameter τ > 0, is defined by

Uτ (s) =


1
τ
(1− sτ ) s > 0,

1
τ
(1− s) s ≤ 0.

(4.112)

Notice that limτ→0 Uτ (s) = − log(s) for s > 0 and +∞ for s ≤ 0. We set pτ (w) ∝

e−
1
T

∑
µ
Uτ (sµ) as the moving target density of a Metropolis-Hasting algorithm, where at

each MC sweep we decrease linearly τ , starting with initial value 1 and down to 0.

Keeping T fixed and with a sufficiently slow annealing, we should be able to sample from

the solution space weighted by the log-potential. We call this procedure τ -annealing.

In Figure 6, we compare it with a standard Simulated Annealing (SA) on the potential

U(s) = −sΘ(−s), where the temperature T is decreased linearly at each MC sweep from

1 down to 0, so that final samples at T = 0 should be distributed according to the

uniform measure for a slow enough annealing. While for SA fails quickly when increasing

N , the τ -annealing scheme remains very effective at finding solutions. In the Appendix

4.C.1, we present further experiments showing that, by scaling the number of sweeps as

nsweeps = N , we solve up to αalg ≈ 0.55 using τ -annealing, while temperature annealing

keeps struggling at large system sizes.

4.8 Conclusion

In this chapter, we investigated the feasibility of sampling solutions to perceptron prob-

lems via the diffusion scheme based on Approximate Message Passing, known as Algo-

rithmic Stochastic Localization (ASL). For the spherical perceptron, we showed that ASL

can sample from the target distribution as long as the free entropy landscape remains

unimodal along the trajectory, which holds for constraint density α = M/N below a

threshold depending on the margin κ. In contrast, in the binary case, the uniform dis-

tribution is always unsamplable. An investigation of the origin of the issue that prevents

ASL from working led us to introducing a potential U(s) = − log(s) to bias the distri-
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bution. This enables efficient sampling over a broad range of α values. This potential

also leads to a robust MCMC scheme, τ -annealing, that overcomes ASL’s limitations

(inherited from AMP) on structured instances of the problem. Looking forward, similar

analyses and tailored potentials could enhance sampling and solving in other hard con-

straint satisfaction problems, especially with isolated solutions. A promising direction

is to rigorously establish our results, particularly for the mathematically simpler binary

symmetric perceptron [35].
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Appendix

4.A Computation of the stability distribution

In this section, we perform the computation of the stabilities distribution in the percep-

tron problem with an arbitrary potential U(·). Given an N -dimensional weight vector

w, representing a solution of the perceptron problem with a margin κ, we consider the

stability distribution P (s) = 1
M

∑
µ δ(s− sµ), where sµ = ⟨w,xµ⟩√

N
, 1 ≤ µ ≤M .

Since averaging over xµ renders all the coordinates of P (s) equivalent, we will consider,

without loss of generality, a stability distribution w.r.t the first input, i.e. P (s1).

We define the probability of the stability to be equal s, averaging over all the weight

vectors representing the solutions to the problem and the inputs {xµ}µ

P (s) =
〈∫ P (dw)∏M

µ=1 Θ
(

1√
N
⟨w,xµ⟩ − κ

)
exp

(
− 1
T
U( 1√

N
⟨w,xµ⟩ − κ)

)
δ

(
1√
N
⟨w,x1⟩ − s

)
∫
P (dw)∏M

µ=1 Θ
(

1√
N
⟨w,xµ⟩ − κ

)
exp

(
− 1
T
U( 1√

N
⟨w,xµ⟩ − κ)

) 〉
.

(4.113)

Now we introduce replicas rewriting the denominator as Z−1 = limn→0 Z
n−1, subsequently

taking the n→ 0 limit

P (s) = lim
n→0

〈∫ ∏
a

P (dwa)
∏
µ,a

Θ
(

1√
N
⟨wa,x

µ⟩ − κ
)
e

(
− 1

T
U

(
1√
N
⟨wa,xµ⟩−κ

))
δ

(
1√
N
⟨w,x1⟩ − s

)〉
x

.

(4.114)
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Introducing the δ− and Θ− integrals we obtain

P (s) = Θ(s− κ)e− 1
T
U(s−κ) lim

n→0

∫ n∏
a=1

P (dwa)
∫ dλ̂11

2π

∫ ∞
κ

∏
a>1

dλ1a

2π e−
1
T
U(λ1a−κ)

∫
dλ̂1a

×
∫ ∞
κ

∏
a,µ>1

dλµa
2π e−

1
T
U(λµa−κ)

∫ ∏
a,µ>1

dλ̂µa exp
(
isλ̂11 + i

∑
a>1

λ1aλ̂1a + i
∑
µ>1,a

λµaλ̂µa

)

× ⟨exp
(
− i√

N

∑
a,µ

λ̂µa⟨wa,x
µ⟩
)
⟩x.

(4.115)

Averaging over xµ and introducing the following order parameters and their conjugates

qab ≡
1
N

∑
i

wiawib , ka ≡
1
N

∑
i

(wia)2, (4.116)

P (s) = Θ(s− κ)e− 1
T
U(s−κ) lim

n→0

∫ ∏
a

dk̂a
4π

∫ ∏
a<b

dqabdq̂ab
2π/N

∫ dλ̂11

2π

∫ ∞
κ

∏
a>1

dλ1a

2π

∫
dλ̂1a

× exp
(
isλ̂11 + i

∑
a>1

λ1aλ̂1a −
1
2
∑
a

(λ̂1a)2 − 1
2
∑
a,b

λ̂1aλ̂1bqab

)

× exp
(
iN

2
∑
a

k̂a + iN
∑
a<b

qabq̂ab +NGS(k̂2, q̂ab) + (αN − 1)GE(qab)
)
.

(4.117)

where the entropic and energetic parts are respectively

GS(k̂a, q̂ab) = ln
∫ ∏

a

dwa√
2πe

exp
(
− i2

∑
a

k̂a(wa)2 − i
∑
a<b

q̂abwawb

)
, (4.118a)

GE(qab) = ln
∫ ∞
k

∏
a

dλae
− 1

T
U(λa−κ)

∫ ∏
a

dλ̂a
2π

∏
a

exp(i
∑
a

λaλ̂a −
1
2
∑
a

(λ̂a)2 − 1
2
∑
a,b

λ̂aλ̂bqab).

(4.118b)

Imposing replica symmetry assumption

qab = q q̂ab = q̂ k̂a = k̂, (4.119)
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Taking the remaining integrals and the n → 0 limit we recover the distribution of the

stabilities, e.g. in case of the spherical perceptron and U(·) = 0 and κ = 0 we get

P (s) = Θ(s− κ) 1√
2π(1− q)

∫
Dt exp

(
−

(s−√qt)2

2(1− q)

)[
H

(
κ−√qt√

1− q

)]−1

. (4.120)

while for the binary perceptron with the potential U(·), temperature T and κ = 0

P (s) = Θ(s− κ)e− 1
T
U(s−κ) 1√

2π(1− q)

∫
Dt exp

(
−

(s−√qt)2

2(1− q)

)
×
[
H̃1−q(

√
qt)
]−1

.

(4.121)

where H̃ has been defined in (4.88).

The distribution of the stabilities is reported in Fig.10 for κ = −2.1 and several values

of α ∈ [5, 20, 80].

4.B Replica computation for the CE model

For the CE model the replica computation can be done in the following way:

EZ̃t =EX
∫ n∏

a=1
P (dwa)

∏
µa

e−β

log

1+e
−2γ
∑

i

waix
µ
i√

N


γ (4.122)

=EX
∫ n∏

a=1
P (dwa)

∏
µa

duµadû
µ
a

2π
∏
µa

e−β
log
(

1+e−2γu
µ
a

)
γ e

−i
∑

a,µ
uµ

a û
µ
a+i

∑
i

∑
a,µ

ûµ
a

waix
µ
i√

N

(4.123)

=
∫ n∏

a=1
P (dwa)

∏
µa

duµadû
µ
a

2π
∏
µa

e−β
log
(

1+e−2γu
µ
a

)
γ e−i

∑
a,µ

uµ
a û

µ
a− 1

2N

∑
iµ(∑a

ûµ
awai)2

(4.124)

=
∫ n∏

a=1
P (dwa)

∏
µa

duµadû
µ
a

2π
∏
µa

e−β
log
(

1+e−2γu
µ
a

)
γ e−i

∑
a,µ

uµ
a û

µ
a− 1

2N

∑
iµ(∑ab

ûµ
awaiû

µ
b

wbi)

(4.125)
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Let’s now define the overlap term

qab = 1
N

∑
i

waiwbi

Now making the change of variables

ϕ =
∫ n∏

a=1
P (dwa)

∏
a≤b

dqabdq̂ab
2π

∏
µa

duµadû
µ
a

2π
∏
µa

e−β
log
(

1+e−2γu
µ
a

)
γ × (4.126)

×e−i
∑

a,µ
uµ

a û
µ
a− 1

2
∑

µ(∑ab
ûµ

a û
µ
b
qab)+ 1

2N

∑
ab

∑
i

waiwbiq̂ab− 1
2N
∑

ab
q̂abqab (4.127)

=
∫ ∏

a≤b

dqabdq̂ab
2π eN(GS+GI+αGE) (4.128)

where

GE = log
∫ ∏

a

duadûa
2π

∏
a

e−β
log(1+e−2γua)

γ e−i
∑

a
uaûa− 1

2
∑

ab
ûaûbqab (4.129)

GS = log
∫ n∏

a=1
P (dwa)e

1
2
∑

ab
wawbq̂ab (4.130)

GI =1
2
∑
ab

q̂abqab (4.131)

The RS ansatz is

qab =


qd = 1 a = b

q0 a ̸= b

The Energetic term is the following

GE = log
∫ ∏

a

duadûa
2π

∏
a

e−β
log(1+e−2γua)

γ e−i
∑

a
uaûa− 1

2
∑

ab
ûaûbqab (4.132)

= log
∫ ∏

a

duadûa
2π

∏
a

(
1 + e−2γua

)−β
γ e−i

∑
a
uaûa− 1

2
∑

ab
ûaûbqab (4.133)

= log
∫ ∏

a

duadûa
2π

∏
a

(
1 + e−2γua

)−β
γ e−i

∑
a
uaûa−

qd−q0
2
∑

a
(ûa)2− q0

2 (∑a
ûa)2

(4.134)

= log
∫
Dz

∏
a

duadûa
2π

∏
a

(
1 + e−2γua

)−β
γ e−i

∑
a
uaûa−

qd−q0
2
∑

a
(ûa)2−iz√q0(∑a

ûa) (4.135)
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Taking the limit for n→ 0,

GE =
∫
Dz log

[∫ dudû

2π
(
1 + e−2γu

)−β
γ e−iû(u+z√q0)− qd−q0

2 (û)2
]

(4.136)

=
∫
Dz log

∫ du√
2π√qd − q0

(
1 + e−2γu

)−β
γ e
− (u+z

√
q0)2

2(qd−q0)

 (4.137)

=
∫
Dz log

∫ Du
(

1 + e−2γ(u√qd−q0−z
√
q0)
)−β

γ

 (4.138)

The entropic term can be expressed as

GS = log
∫ n∏

a=1
P (dwa)e

1
2
∑

ab
wawbq̂ab (4.139)

= log
∫ n∏

a=1
P (dwa)e

q̂d−q̂0
2
∑

a
w2

a+ q̂0
2 (∑a

wa)2

(4.140)

= log
∫
Dx

n∏
a=1

P (dwa)e
q̂d−q̂0

2
∑

a
w2

a+x
√
q̂0(∑a

wa) (4.141)

Taking the limit for n→ 0

GS =
∫
Dx log

∫
P (dw)e

q̂d−q̂0
2 w2+x

√
q̂0w = q̂d − q̂0

2 +
∫
Dx log cosh

(
x
√
q̂0

)
(4.142)

Finally, the interaction term

GI = 1
2
∑
ab

q̂abqab = n

2 q̂dqd + n (n− 1)
2 q̂0q0 (4.143)

Taking the limit for n→ 0

GI = 1
2 q̂dqd −

1
2 q̂0q0
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4.C Replica computation for Binary perception tun-

able measure.

In this appendix, we present the replica computation for the general form of the tunable

measure. The computation follows the steps performed for the cross-entropy loss measure,

adding a Θ-function:

GE = log
∫ ∏

α

dλαdλ̂α
2π

∏
a

duadûa
2π

∏
α

Θ (λα) e−βU(λα)∏
a

Θ (ua) e−βU(ua)

× e−i
∑

α
λ̂αλα−i

∑
a
ûaua− 1

2
∑

αβ
λ̂αλ̂βrαβ− 1

2
∑

ab
ûaûbqab−

∑
αa
λ̂αûapαa ,

where U(x) is a chosen potential. Following the same steps as in the computation for the

spherical perceptron, we obtain:

GE =
∫
DzDγ

H̃
(
−γ
√
r0+z

√
q0−r0√

1−q0

)
H̃
(
− γ

√
r0√

1−r0

) log H̃
(
−
z
√
q0 − r0 + γ

√
r0√

1− q0

)
,

where

H̃(x) =
∫ ∞
x

Dy e−βU(y−x)

is a generalized version of the standard complementary error function.

4.C.1 Other plots for τ-annealing

For the τ -annealing scheme described in Section 4.7, we show in Figure 8 additional

experiments with different values of the number of MC sweeps, eventually also scaling

as O(N). Similar experiments but with temperature T annealing from 1 to 0, linearly

in the number of sweeps and on the potential U(s) = −sΘ(−s) are presented in Figure

146



9. It is important to notice that T -annealing on U(s) = −sΘ(−s) fails at large N also

when scaling the number of sweeps as N , while the τ -annealing reaches an algorithmics

threshold of αalg ≈ 0.55.
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Figure 8: Probability of finding a solution for the τ -annealed MCMC scheme in the
Binary Perceptron, with T = 0.5.
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Figure 9: Probability of finding a solution for the T -annealed MCMC in the Binary
Perceptron with potential U(s) = −sΘ(−s).

4.D Limiting behavior of the free entropy derivative

In this section, we report the analysis of ϕt(q)
q

as q → 1. We set q = 1− ϵ and expand for

small ϵ, leading to the results reported in 4.6.

The starting expression is:

ϕt(q, q̂) = −1
2 (r̂d + q̂q) + r̂r + 1

2tq + GS(q̂) + αGE(q) (4.144)

and its derivative is:

dϕt
dq

= t− q̂
2 + α

dGE(q)
dq

(4.145)
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We consider the two terms separately.

4.D.1 Interaction term

We start from the first (interaction) term. The dependency of q̂ on ϵ can be determined

from the saddle point equations. The spherical and binary perceptron models need to be

considered separately, since the relevant equation involves GS, which differs between the

two.

Spherical Perceptron

In the spherical case, the saddle point equation for q reads:

q = 2∂GS
∂q̂

(4.146)

= − ∂

∂q̂

1
2 log(q̂ − r̂d)−

1
2(q̂ − r̂d)

q̂ + 2r̂ (q̂ − r̂)
(r̂ − r̂d)

+ (q̂ − r̂)2

(r̂ − r̂d)

(
r̂

r̂ − r̂d
+ 1

)
 ,

(4.147)

= − 1
q̂ − r̂d

+ 2r̂ − r̂d
(r̂ − r̂d)2 . (4.148)

We can now use the saddle point for the reference system, see Section 4.5.1, to rewrite

the expression of q, concluding that q̂ diverges as

q̂ = 1
ϵ

+ r̂d (4.149)

with c constant. This shows that the part of the derivative due to the interaction term

diverges as O(ϵ−1). The sign of the derivative is negative, meaning that the free entropy

has a local minimum at q = 1 unless this is overcome by the energetic contribution (which

will not be the case with U(s) = 0, as we will show below).
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Binary perceptron

An analogous computation for the binary perceptron case, already presented in [14],

results in:

1 + q

2 = ∂

∂q

∑
w∗=±1

∫
DzDγ

eγ
√
r̂w∗

2 cosh(γ
√
r̂)

log
(

2 cosh
(
z
√
q̂ − r̂ + γ

√
r̂ + (q̂ − r̂)w∗

))

(4.150)

=
∑

w∗=±1

∫
DzDγ

eγ
√
r̂w∗

2 cosh(γ
√
r̂)

tanh
(
z
√
q̂ − r̂ + γ

√
r̂ + (q̂ − r̂)w∗

)(
z√
q̂ − r̂

+ w∗
)

(4.151)

As for the spherical case, q̂ →∞ as q → 1. We can then rewrite the previous expression

as

1− 1
2ϵ = 1− e−2(q̂−r̂)

∫
DzDγ

eγ
√
r̂e−2(z√q̂−r̂+γ√r̂) − e−γ

√
r̂e2(z√q̂−r̂+γ√r̂)

cosh(γ
√
r̂)

(4.152)

and thus

q̂ = −1
2 log

(
ϵ

2

)
+ C (4.153)

C = r̂ + 1
2 log

∫ DzDγ
eγ
√
r̂e−2(z√q̂−r̂+γ√r̂) + e−γ

√
r̂e2(z√q̂−r̂+γ√r̂)

cosh(γ
√
r̂)

 . (4.154)

This shows that, as q → 1, the part of the derivative that comes from the interaction

term also diverges in the binary case, but this time logarithmically, as O(log ϵ). The sign

of the derivative is again negative, meaning that the free entropy has a local minimum at

q = 1 unless the effect is overcome by the energetic contribution. As we shall show, the

energetic contribution does indeed overcome this effect and produce a local maximum at

q = 1 unless the potential U(s) diverges at the origin.
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4.D.2 Energetic term

Next, we compute the derivative of the energetic term. This does not depend on the

model. We expand GE(1 − ϵ) for small ϵ and then study GE(1 − ϵ)/ϵ, keeping in mind

that:

dGE
dq

= −dGE
dϵ

(4.155)

We perform the expansion trying to keep the setting general with respect to the potential

U . Indeed, our only starting assumption is that U is twice differentiable over (0,∞).

The energetic term, after some manipulations, and using q = 1− ϵ, can be written as:

GE =
∫
DγDz

N (z, γ)
D(γ) (4.156)

D(γ) =
∫ ∞

γ
√

r√
1−r

Dλe−βU(λ√1−r−γ
√
r) (4.157)

N (z, γ) =
∫ ∞

γ
√

r√
1−r

Dλe−βU(λ√1−r−γ
√
r)A(z, γ, λ) (4.158)

A(z, γ, λ) = log
∫ ∞
−a(z,γ,λ,u)√

ϵ

Due−βU(u√ϵ+a(z,γ,λ,u)) (4.159)

a(z, γ, λ, u) = −
√
rγ − z

√
1− r − ϵ

√
ϵ

1− r +
√

1− rλ− ϵλ√
1− r

(4.160)

We first perform two change of variables, in both N and D, from λ to ρ = −γ
√
r +

λ
√

1− r:

D(γ) = 1√
1− r

∫ ∞
0

dρG
(
ρ+ γ

√
r√

1− r

)
e−βU(ρ) (4.161)

N (z, γ) = 1√
1− r

∫ ∞
0

dρG
(
ρ+ γ

√
r√

1− r

)
e−βU(ρ)Ã(z, γ, ρ) (4.162)

Ã(z, γ, ρ) = log
∫ ∞
−a′(z,γ,ρ,u)√

ϵ

Due−βU(u√ϵ+ã(z,γ,λ,u)) (4.163)

ã(z, γ, ρ, u) = ρ− z
√
ϵ

√
1− ϵ

1− r − ϵ
ρ+ γ

√
r√

1− r
(4.164)
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where G(x) = e− x2
2√

2π . Next, we expand the potential U inside the expression of Ã for small

ϵ up to the first order:

U
(
u
√
ϵ+ ã(z, γ, λ, u)

)
≈ U (ρ) +

√
ϵU ′ (ρ) (u− z)− ϵU

′ (ρ)
1− r

(√
rγ + ρ

)
+ 1

2ϵ (u− z)2 U ′′ (ρ)

(4.165)

This allows us to compute the integral Ã, which converges as long as 1 + U ′′ (ρ) βϵ ≥ 0

(which is obviously always true if U is convex). After some explicit integration and further

expansions, we arrive at:

Ã(z, γ, ρ) ≈ A0 +
√
ϵA1/2 + ϵA1 + logH

(
z − ρ√

ϵ

)
(4.166)

A0 = −βU (ρ) (4.167)

A1/2 = βzU ′ (ρ) (4.168)

A1 = β

−U ′′ (ρ)2
(
1 + z2

)
+ β

(
U ′ (ρ)

)2
2 +

U ′ (ρ)
(
ρ+ γ

√
r
)

1− r

 (4.169)

At this point, we can observe that the term A1/2 does not contribute because it

gets canceled by the integral over z. Indeed, with further manipulations and changes of

variables we arrive at:

GE =
∫
Dγ
N ′(γ)
D′(γ) (4.170)

D̃(γ) =
∫ ∞

0
dρG

(
ρ+ γ

√
r√

1− r

)
e−βU(ρ) (4.171)

Ñ (γ) =
∫ ∞

0
dρG

(
ρ+ γ

√
r√

1− r

)
e−βU(ρ)

[
A0 + ϵÃ1

]
+ (4.172)

+
√
ϵ
∫ ∞

0
dτ G

(
τϵ+ γ

√
r√

1− r

)
e−βU(τϵ)

∫
Dz logH (z − τ)

A0 = −βU (ρ) (4.173)

Ã1 = β

−U ′′ (ρ) + β
(
U ′ (ρ)

)2
2 +

U ′ (ρ)
(
ρ+ γ

√
r
)

1− r

 (4.174)
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We can observe that GE receives three contributions from Ñ . The ones from A0 and

Ã1 are straightforward: they represent a zero-order and a first-order contributions. In

particular the first one gives us the limiting value G0
E = limϵ→0 GE. The first-order term

then gives a finite contribution to the derivative.

The term containing
∫
Dz logH(z − τ), on the other hand, has a less obvious scaling

with ϵ, depending on the form of the potential U . If U does not diverge at 0, then for small

ϵ this term is O
(√

ϵ
)
. Therefore, the derivative of GE is always divergent in this case,

because dGE

dϵ
= limϵ→0

GE−G0
E

ϵ
= O

(
ϵ−1/2

)
. Further analysis shows that the coefficient is

always negative. For the spherical case, this term is sub-dominant with respect to the

one that comes from the interaction term, which is O(ϵ−1). For the binary case, however,

the interaction term only provides a logarithmic contribution, therefore, a peak at q = 1

is unavoidable in this scenario.

Thus, the only way to avoid the local maximum at q = 1 in the binary perceptron

case is to choose a potential U(s) that diverges for s → 0. Then the scaling of the

last term with ϵ can be manipulated. For the specific choice U(s) = − log(s) we can

easily see that we obtain an additional factor ϵβ/2, which makes the term O
(
ϵ

β+1
2

)
and

the derivative O
(
ϵ

β−1
2

)
. For β > 1, this term therefore becomes sub-dominant and it

does not contribute to the derivative: we revert to the situation where the dominant

contribution no longer comes from the energetic term, but from the interaction term, and

it has the right sign to ensure that q = 1 will correspond to a local minimum rather than

a maximum.
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Figure 10: Distribution of the stabilities sµ of a spherical perceptron with negative margin,
where sµ = ⟨w,xµ⟩√

N
. For number of variables N = 1001, κ = −2.1 and α = 5 (Left), α = 20

(Center) and α = 80 (Right). The empirical distribution of the stabilities of the ASL
samples (blue) coincides for different parameter regimes with the predicted distribution
(black solid line).
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Chapter 5

Stochastic Localization for Sparse

Constraint Satisfaction Problems

In this chapter, we continue our analysis of the stochastic localization sampling algorithm,

now applied to constraint satisfaction problems (CSPs). CSPs are a fundamental class

of problems in computer science due to their simple but rich algorithmic structure.

Sparse CSPs. A CSP instance consists of a list of constraints (or clauses), each in-

volving a subset of variables. A solution is an assignment of the variables that satisfies

all constraints simultaneously. The perceptron model studied previously can be seen as a

“dense” CSP over real variables where every constraint is a half-space, so that every con-

straint depends on the value of all variables. In contrast, we now focus on sparse CSPs,

where each constraint involves only a constant number of variables (i.e., independent of

the total number of variables N). Typical examples include:

1. satisfying k–sparse Boolean formulas (k–SAT);

2. satisfying systems of k–sparse linear equations over F2 (k–XORSAT);

3. coloring sparse graphs with q colors (q–coloring).

Just as moving from fully connected spin glasses to diluted ones complicates the anal-
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ysis in statistical mechanics, sparse CSPs pose additional challenges. In particular, their

locality invalidates the mean-field approximations that are crucial in the dense regime.

For instance, the explicit replica-symmetric computation of the free energy used in the

previous chapter for the perceptron model becomes more intricate: the natural order

parameters are distributions over messages, i.e., functional objects [1]. Therefore, the

theoretical understanding of stochastic localization for sparse CSPs requires new tools.

The planting trick. As discussed in the previous chapter, algorithmic stochastic local-

ization is a diffusion-based method that can be employed for sampling uniformly from a

known but intractable distribution. The original paper [2] focuses on the Gibbs distribu-

tion of the Sherrington–Kirkpatrick model, which is a dense model akin to the perceptron.

We would now like to understand how stochastic localization performs in structurally dif-

ferent settings. In the related recent work [3], the authors manage to theoretically analyze

stochastic localization for Ising and spherical p–spin models, rank-one matrix estimation,

and the NAE–SAT problem—the latter being another example of a sparse CSP. The

analysis in [3] crucially relies on the following “planting trick”:

1. First, the authors argue that it is possible to plant a fixed solution into a random

instance in such a way that it remains indistinguishable from an instance without

a planted solution (a technique known as quiet planting).

2. Then, they use the fact that the analysis of the free entropy of the tilted measure

simplifies considerably in the planted model.

However, one limitation of this approach is that for many sparse CSPs such as k–SAT, no

method currently exists to quietly plant a solution all the way up to the key dynamical

threshold [4]. This suggests the need for alternative techniques to analyze stochastic

localization for CSPs when quiet planting is infeasible.

Our contributions. We directly address these new challenges in this chapter. We

make two main contributions:
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1. We empirically investigate the performance of stochastic localization as a method

for approximately sampling from the solution space of sparse CSPs.

2. We develop a new framework based on the population dynamics method [5] to

predict the success or failure of the sampling algorithm without needing to run it.

Our approach succeeds even in settings where quiet planting is infeasible.

We observe that for sparse CSPs, the region where stochastic localization successfully

samples solutions roughly coincides with the region where even recovering single solution

is computationally tractable. Finally, we provide numerical evidence supporting the claim

that our sampler approaches the uniform distribution over solutions.

Our approach is inspired by the analysis of belief propagation-guided decimation in [6].

In each iteration of the algorithm from [6], belief propagation (BP) is run on the instance

to find the marginal of each variable, and a fraction of the variables is then fixed to

their most probable value using the output of BP. These variables are then eliminated

from the instance—a step that gives the name “decimation” to the algorithm. The

authors of [6] extend the population dynamics framework [5] to determine the limitations

of this decimation algorithm for sampling solutions of sparse CSPs such as k–SAT and

k–XORSAT. We note that our sampling algorithm can be interpreted as a “smoothed”

variant of sampling via decimation.

5.1 Background and definitions

The CSPs studied in this chapter are defined over N variables x = (x1, . . . , xN). Each xi

takes values in a finite alphabet X (typically, X = {−1, 1}). An instance consists of M

constraints ψ1, . . . , ψM , where for every a ∈ [M ],

ψa : X ∂a → {0, 1} (5.1)
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encodes whether assignments to the variables (xi)i∈∂a satisfy a particular predicate. Here,

∂a ⊆ [N ] denotes the set of variables appearing in the constraint a. We will deal with

sparse constraint satisfaction problems—namely, each constraint a will involve a fixed

number |∂a| = k of variables.

Random instances. In a random CSP instance, each constraint ψa is generated inde-

pendently by selecting a random k-ary predicate (from a prescribed family) and assigning

it to a randomly chosen set ∂a of k variables.

Energy function. An assignment x ∈ XN is a solution to a CSP instance if ψa(x∂a) = 1

for every a ∈ [M ]. Therefore, the energy (or loss) function of a sparse CSP can be written

as

L(x) =
M∏
a=1

ψa(x∂a) , (5.2)

where x∂a is a shortcut for (xi)i∈∂a.

Factor graph. We will repeatedly use the factor graph representation of a CSP in-

stance. The factor graph is a bipartite graph with vertices [N ]∪ [M ], where each variable

vertex i ∈ [N ] has an edge to each constraint it belongs to, and each constraint vertex

a ∈ [M ] has an edge to each variable it contains. In this representation, ∂a can be

equivalently seen as the set of neighbors of a constraint vertex a, and we similarly use the

notation ∂i to denote the set of neighbors of a node vertex i ∈ [N ] in the factor graph.

5.2 The sampling algorithm

Let p be (the density of) the uniform distribution over solutions to a CSP instance.

Formally, p is the the uniform distribution over x∗ ∈ XN achieving value L(x∗) = 1 in

Eq. (5.2). Similarly to the previous chapter, our goal will be to understand the ability of

stochastic localization to sample from p.
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As before, our sampling algorithm discretizes and simulates the stochastic differential

equation

dht = mt(ht) dt+ dbt , (5.3)

where (bt)t≥0 is a standard N -dimensional Brownian motion, and

mt(h) = Ex∼ph,t
[x] , (5.4)

ph,t(x) = 1
Zh,t

e⟨h,x⟩−
t
2∥x∥

2
p(x) , (5.5)

Zh,t =
∑

x∈XN

e⟨h,x⟩−
t
2∥x∥

2
p(x) . (5.6)

Recall that by the Bayesian interpretation of stochastic localization, the distribution

of ht admits an equivalent representation as

ht = tx∗ +
√
tg , (5.7)

where (x∗,g) ∼ p⊗N (0, IN).

As in the previous chapter, our approach relies on analyzing the free entropy lanscape

of the tilted measure pt at time t, which is

ϕt = lim
N→∞

1
N

E
h

log
 ∑

x∈XN

e⟨ht,x⟩p(x)
 (5.8)

= lim
N→∞

1
N

E
x∗∼p

g∼N (0,IN )

log
 ∑

x∈XN

M∏
a=1

ψa(x∂a) exp
(
⟨tx∗ +

√
tg,x⟩

) . (5.9)

While we will not be able to compute ϕt in closed form, we will introduce a simple

numerical algorithm to estimate it.

5.2.1 Computing the marginals with belief propagation

One technical difference with the previous chapter is that since the tilted measure is

defined over sparse factor graphs, we will use belief propagation (instead of approximate
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message passing) to compute the mean vector mt(ht) at every step.

Original BP equations.

We first describe the message-passing equations used to compute the marginals in the

original system at time t = 0. The derivation of these equations can be found for example

in the classical textbook [7].

For every variable i ∈ [N ] and clause a ∈ [M ], we define a clause-to-variable message

{ν̂a→i} and a variable-to-clause message {νi→a} as follows.

ν̂a→i(xi) ∝
∑

x∂a\i

ψa(x∂a)
∏

j∈∂a\i
νj→a(xj) , (5.10)

νi→a(xi) ∝
∏

b∈∂i\a
ν̂b→i(xi) , (5.11)

where we recall that ∂a ⊆ {1, . . . , N} denotes the set of variables appearing in the a-th

constraint, and ∂i ⊆ {1, . . . ,M} denotes the set of constraints to which the i-th variable

belongs.

We write these equations more compactly as

ν̂a→i = F̂
(
{νj→a}j∈∂a\i;ψa

)
, (5.12)

νi→a = F
(
{ν̂b→i}b∈∂i\a

)
, (5.13)

where ψa is the disorder of the constraint a.

Once the message passing iteration has converged, the marginals of the i-th variable

can be computed as

νi(xi) ∝
∏
a∈∂i

ν̂a→i(xi) . (5.14)
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Tilted BP equations.

To compute the marginals at time t > 0, we need to slightly modify the BP equations to

take into account a field h on the variables. The above equations become

ν̂tilt
a→i(xi) ∝

∑
x∂a\i

ψa(x∂a)
∏

j∈∂a\i
νtilt
j→a(xj) , (5.15)

νtilt
i→a(xi) ∝ ehixi

∏
b∈∂i\a

ν̂tilt
b→i(xi) . (5.16)

Again, we write these equations more compactly,

ν̂tilt
a→i = F̂

(
{νtilt

j→a}j∈∂a\i;ψa
)
, (5.17)

νtilt
i→a = F

(
{ν̂tilt

b→i}b∈∂i\a;hi
)
. (5.18)

5.3 Population dynamics

We now describe our framework to analyze the success/failure of stochastic localization

based on the free entropy (5.9). In general, we expect the following two sources of

algorithmic failure:

1. Belief propagation fails to converge at time t due to replica symmetry breaking

effects. However, due to Nishimori conditions, this can happen only if the system

is already RSB at time t = 0. That is, the tilted measure cannot be “more RSB”

than the target measure.

2. The Bethe free entropy at some time t has two maxima: 1) a global “informed” one

more aligned with x∗ and 2) an “uninformed” one less aligned with x∗. In this case,

belief propagation may not provide the correct marginals because it gets trapped

in the uninformed maximum.

Since failures of type (1) can be easily understood from the target measure, we focus on

failures of type (2). In the asymptotic limit, we can investigate them with a population
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dynamic algorithm.

In general, population dynamics refers to the study of how populations of interacting

entities evolve over time, governed by certain probabilistic rules. In statistical physics

models, the “population” consists of states that evolve over time. These states may

represent different possible configurations of a system, such as the assignment of values

in a spin system or the configuration of a CSP. Our main inspiration here is the population

dynamic framework introduced in [6] to analyze an idealized version of belief propagation-

guided decimation.

Broadcasting. Imagine that we were to generate a CSP instance and the messages

corresponding to the tilted measure ph,t on a tree, starting from a single vertex and

exploring the tree. We write a recursion for the statistics of the messages at depth

ℓ by conditioning νtilt
i→a and ν̂tilt

a→i on the event x∗i = x̃. Hence, at generation ℓ away

from the root, we keep track of the joint distribution of the quantities (ν, {ν x̃}x̃∈X )ℓ and

(ν̂, {ν̂ x̃}x̃∈X )ℓ.

The messages on the ℓ-th layer would follow the distributional identity

(ν, {νx}x∈X )ℓ ∼ (F (ν̂), (F ({ν̂ x̃c }c∈[C];hx))x̃∈X )ℓ−1 , (5.19)

where hx̃ = tx̃+
√
tg, and C is the random residual degree of a variable. We recall that

the BP update functions F have been defined in Eq. (5.12) and (5.17).

The other distributional recursion rule is

(ν̂, {ν̂ x̃}x̃∈X )ℓ ∼ (F̂ ({νi}i∈[k]; ψ̂), (F̂ ({νxi(x̃)
i }i∈[k]; ψ̂))x̃∈X )ℓ−1 , (5.20)

where ψ̂ is a freshly generated CSP constraint, and for each x̃ ∈ X we sample

{xi(x̃)}i∈[k] from

Pr
(
x1, . . . , xk | xk = x̃, ψ = ψ̂

)
∝ ψ(x1, . . . , xk)

k∏
i=1

νi(xi) . (5.21)
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Population dynamics is a simple fixed point iteration that numerically computes solutions

to Eq. (5.19) and Eq. (5.20). More precisely, we define populations of N messages:

ν1, . . . , νN and ν̂ x̃1 , . . . , ν̂ x̃N for all x̃ ∈ X that we make evolve over time. At every time step,

we iterate the equations (5.19) and (5.20) on our population by resampling independently

a new factor graph. At the end for the procedure, we output the empirical distribution

over our population as a proxy for the empirical distribution of the BP messages.

In the next section, we instantiate this population dynamics framework in detail for

the k–SAT problem.

5.4 The k–SAT problem

The k–SAT problem is a satisfiability problem on N Boolean variables x1, . . . , xN ∈

{−1, 1} in which we are given M clauses of the form:

(xi1 ∨ . . . ∨ xiℓ ∨ x̄iℓ+1 ∨ . . . ∨ x̄ik) , for i1, . . . , ik ∈ [N ], ℓ ∈ {0, . . . , k} .

Intuitively, a clause is satisfied when at least one variable is aligned with its literal. The

goal is to find an assignment to x1, . . . , xN that simultaneously satisfies all M clauses.

In general, N and M are independent quantities, however we will restrict ourselves

to the case in which M = αN .

The k–SAT problem can be represented by its factor graph. A factor node corre-

sponding to clause a involving variables x∂a reads

ψa(x∂a) = 1−
∏
i∈∂a

1− Ja,ixi
2 =


1 if a is satisfied by x

0 otherwise
(5.22)

where Ja,i = +1 if xi is not negated in clause a, and −1 otherwise.
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5.4.1 Belief propagation equations for k–SAT

We first write down the belief propagation equations from Section 5.2.1 in the special

case of k–SAT and introduce a well-chosen parametrization.

Absence of fields.

Instanciating Eq. (5.10) and (5.11) for the k–SAT problem, we get

ν̂a→i(xi) ∝
∑

x∂a\i

1−
∏
j∈∂a

1− Ja,jxj
2

 ∏
j∈∂a\i

νj→a(xj) (5.23)

Following [7], we parametrize the factor to variable messages with ζ̂a→i = ν̂a→i(−Ja,i).

Therefore, we have

ζ̂a→i ∝
∑

x∂a\i

1−
∏

j∈∂a\i

1− Ja,jxj
2

 ∏
j∈∂a\i

νj→a(xj) (5.24)

= 1−
∏

j∈∂a\i

∑
xj

1− Ja,jxj
2 νj→a(xj)

 (5.25)

= 1−
∏

j∈∂a\i
ζj→a , (5.26)

where we use the parametrization for the variable to factor message ζi→a = νi→a(−Ja,i).

Taking into account the normalization, we have

ζ̂a→i =
1−∏j∈∂a\i ζj→a

2−∏j∈∂a\i ζj→a
. (5.27)

We can compute similarly that for the other type of messages,

νi→a(xi) ∝
∏

b∈∂i\a
ν̂b→i(xi) . (5.28)

Let us define two sets of the factor nodes: those that align with the clause a on the

literal for the variable i and those that do not,
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N±i,a = {b ∈ ∂i \ a : Ji,a = ±Ji,b} . (5.29)

Closing the equations, we obtain

ζi→a =
∏
b∈∂i/a ν̂b→i(−Ja,i)∏

b∈∂i\a ν̂b→i(−Ja,i) +∏
b∈∂i\a ν̂b→i(Ja,i)

(5.30)

=
∏
b∈N+

ia
ζ̂b→i

∏
b∈N−

ia
(1− ζ̂b→i)∏

b∈N+
ia
ζ̂b→i

∏
b∈N−

ia
(1− ζ̂b→i) +∏

b∈N−
ia
ζ̂b→i

∏
b∈N+

ia
(1− ζ̂b→i)

. (5.31)

Presence of fields.

Taking into consideration the effect of an external field h, the variable-to-factor message

becomes

ζi→a =
e−hiJa,i

∏
b∈∂i\a ν̂b→i(−Ja,i)

e−hiJa,i
∏
b∈∂i\a ν̂b→i(−Ja,i) + ehiJa,i

∏
b∈∂i\a ν̂b→i(Ja,i)

(5.32)

=
e−hiJa,i

∏
b∈N+

ia
ζ̂b→i

∏
b∈N−

ia
(1− ζ̂b→i)

e−hiJa,i
∏
b∈N+

ia
ζ̂b→i

∏
b∈N−

ia
(1− ζ̂b→i) + ehiJa,i

∏
b∈N−

ia
ζ̂b→i

∏
b∈N+

ia
(1− ζ̂b→i)

. (5.33)

5.4.2 Experimental results for k–SAT

We first describe the experimental results of running the stochastic localization sampling

algorithm on k–SAT for k = 3 and k = 4.

We run stochastic localization across various system sizes. We depict on Fig. 1 the

number of BP iterations before convergence, and on Fig. 2 the probability that our algo-

rithm succeeds in sampling a solution to a random instance, as a function of the clause-

to-variable ratio α = M/N . We observe a sharp transition of the success probability of

sampling around a threshold αSL(k) in the asymptotic limit N →∞.
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Figure 1: Number of BP iterations before convergence as a function of α.
Left: k = 3. Right: k = 4.

Figure 2: Probability of sampling a solution as a function of α.
Left: k = 3. Right: k = 4.

5.4.3 Population dynamics for k–SAT

To instantiate population dynamics in this setting, we find it more convenient to work

with the messages ua→i and vi→a in the following alternative parametrization (also used

in [6]):

ν̂a→i(xi) = 1− Ja,ixi tanh ua→i
2 , νi→a(xi) = 1− Ja,ixi tanh vi→a

2 .
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In presence of the fields h, this yields the following BP equations:

ua→i = 1
2 ln

1−
∏

j∈∂a\i

1 + tanh(vj→a)
2

 (5.34)

vi→a = −Jai hi +
∑

b∈∂+i(a)
ub→i −

∑
b∈∂−i(a)

ub→i (5.35)

where ∂+i(a) = {b ∈ ∂i\a | J bi = Jai }, ∂−i(a) = {b ∈ ∂i\a | J bi = −Jai } and hi = tx̃i+
√
tg,

where g ∼ N (0, 1), and x̃i ∈ {−1, 1} is the latent solution to the given k–SAT instance.

Then, the fixed point solutions to Eq. (5.19) and Eq. (5.20) become in our setting

(v, v+, v−) d=
(
ℓ+∑
i=1

ui −
ℓ−∑
i=1

ri,
ℓ+∑
i=1

u+
i −

ℓ−∑
i=1

r−i − (t−
√
tg),

ℓ+∑
i=1

u−i −
ℓ−∑
i=1

r+
i + (t+

√
tg)
)
,

(5.36)

and

(u, u+, u−) d=
(
f(v1, . . . , vk−1), f(vx̃

+
1

1 , . . . , v
x̃+

k−1
k−1 ), f(vx̃

−
1

1 , . . . , v
x̃−

k−1
k−1 )

)
, (5.37)

where:

• ℓ+, ℓ− ∼ Poisson(αk/2) are random realizations of the degree of a variable (respec-

tively the number of clauses where the variable appears with the same or a different

literal than in the reference solution).

• (vi, v+
i , v

−
i ) for i ∈ [k − 1] are i.i.d copies of (v, v+, v−).

• (ui, u+
i , u

−
i ) for i ∈ [ℓ+] and (ri, r+

i , r
−
i ) for i ∈ [ℓ−] are i.i.d copies of (u, u+, u−).

• g ∼ N (0, 1).

• The values (x̃+
1 , . . . x̃

+
k−1) and (x̃−1 , . . . x̃−k−1) for u+ and u− are sampled respectively

as

Pr
(
x̃+

1 , . . . x̃
+
k−1 | v1, . . . vk−1

)
=

k−1∏
i=1

1− x̃+
i tanh(vi)

2 , (5.38)
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and

Pr
(
x̃−1 , . . . x̃

−
k−1 | v1, . . . vk−1

)
= 1− I(x̃−1 = · · · = x̃−k−1 = −1)

1−∏k−1
i=1

1+tanh vi

2

k−1∏
i=1

1− x̃−i tanh(vi)
2 .

(5.39)

• f(v1, . . . , vk−1) = 1
2 ln

(
1−∏k−1

i=1
1+tanh(vi)

2

)
is the BP update function from Eq. (5.34).

Our goal would be to find a fixed point solution to the equations (5.36) and (5.37).

We proceed by introducing two populations of N triplets for the u and v messages,

respectively {(vi, v+
i , v

−
i )}Ni=1 and {(ui, u+

i , u
−
i )}Ni=1. To initialize {vi}Ni=1, we run the fixed

point iteration for k–SAT at time t = 0, i.e., without any field. We depict on Algorithm 6

our final population dynamics algorithm for k–SAT.

We argue that the empirical distribution of the messages in stochastic localization are

well-captured by population dynamics. We compare in Fig. 3 the empirical distributions

of (v−, v+, u−, u+) for some choice of parameters t, k, α. We observe more generally that

the empirical distributions of population dynamics and BP messages match in the region

where sampling is possible.

We note that a principled way to predict whether sampling is possible would be to

check whether the following two initializations of the messages in population dynamics

lead to two different distributional fixed points of Eqs. (5.36) and (5.37):

1. I0 with v+
i = v−i = vi for all i ∈ [N ].

2. I1 with v+
i = −∞ and v−i = +∞ for all i ∈ [N ].

5.5 The planted q–coloring problem

We now complement our findings for k–SAT with experimental results on the q–coloring

problem. Here the problem instance is a graph on N vertices, and the goal is to find a

proper coloring of the vertices of the graph with q colors, i.e., a coloring such that all
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Figure 3: An example of empirical (normalized) distributions of the messages
(v+, v−, u+, u−) for a k–SAT instance. The blue histogram is the empirical distribution
observed by running stochastic localization and belief propagation. The orange histogram
is simulated with population dynamics. We observe empirically that the distributions are
identical across the regime where the sampling of solutions is possible.
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adjacent vertices are colored differently. This corresponds to a sparse CSP with k = 2,

X = {1, . . . , q}, and all constraints are of the form

ψ(x, y) = I {x ̸= y} ,

for x, y ∈ {1, . . . , q}. We study random instances of this problem, where every edge of the

graph is sampled independently with probability c/N . Note that the constraint density

coincides up to a factor 2 with the average degree c of the graph.

In the planted q–coloring model, a coloring of the vertices is first sampled, and then

edges of the graphs are drawn at random between vertices of different colors (i.e., condi-

tionally on the planted coloring being proper). As studied in [8], the planted q–coloring

model is known for its hard-easy-hard phase transition for retrieving the solutions, and

until the second hard phase, the model is known to be contiguous to a fully random

instance. This implies in particular that their solution space share the same geometry.

In Fig. 4, we depict an example of this phenomenon for q = 5.

5.5.1 Belief propagation equations for q–coloring

In this section, we define formally the q–coloring problem, and derive the BP equations

for it.

The q–coloring model.

Let G = (V,E) be a graph with vertex set V = [N ]. We denote by si ∈ [q] the color

assigned to vertex i ∈ [N ]. The number of proper colorings of the graph G is

ZN =
∑

s1,...,sN∈[q]

∏
{i,j}∈E

(1− δsi,sj
) . (5.42)
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Figure 4: Phase diagram for q = 5 of the planted q–coloring problem.
Bottom: Clustering phase transitions. At the dynamical threshold cd, the space of
solutions shatters into exponentially many clusters, one of which corresponding to the
planted solution. Beyond the condensation threshold cc, the planted cluster contains
more solutions than all other clusters together. At the satisfiability threshold cs, the last
non-planted cluster disappears.
Top: Total entropy stot with the sub-dominant part (dashed). The equilibrium complex-
ity Σequilibrium is the logarithm of the number of dominant clusters.
Source of the diagram: [8]
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Algorithm 6 Population Dynamics for k–SAT
Input: k (number of variables in a clause), α = M/N (constraint density), L (number
of iterations of population dynamics), N (population size)

Initialize (v1, . . . , vN ) by running population dynamics to find a fixed point of

v
d=

ℓ+∑
i=1

ui −
ℓ−∑
i=1

ri (5.40)

u
d= f(v1, . . . , vk−1) (5.41)

where (v1, . . . , vk−1) are i.i.d copies of v, (u1, . . . uℓ+ , r1, . . . , rℓ−) are i.i.d copies of u and
ℓ+, ℓ−

i.i.d∼ Poisson(αk/2).

for iter from 1 to L do

for j from 1 to N do

uj ← f(vi1 , . . . vik−1), where (i1, . . . ik−1) i.i.d∼ Unif([N ])
u+
j ← f(vx̃1

i1 , . . . v
x̃1
ik−1

), where (x̃1, . . . x̃k−1) is sampled from (5.38) with vi1 , . . . , vik

u−j ← f(vx̃1
i1 , . . . v

x̃1
ik−1

), where (x̃1, . . . x̃k−1) is sampled from (5.39) with vi1 , . . . , vik

end for

for j from 1 to N do

vj ←
ℓ+∑
n=1

ui+n −
ℓ−∑
n=1

ui−n

v+
j ←

ℓ+∑
n=1

u+
i+n
−

ℓ−∑
n=1

u−
i−n
− (t−

√
tg)

v−j ←
ℓ+∑
n=1

u−
i+n
−

ℓ−∑
n=1

u+
i−n

+ (t+
√
tg)

where ℓ+, ℓ−
i.i.d∼ Poisson(αk/2), (i+1 , . . . i+ℓ+ , i

−
1 , . . . i

−
ℓ−) i.i.d∼ Unif([N ]), and g ∼

N (0, 1)

end for
end for

Output: {ui, u+
i , u

−
i , vi, v

+
i , v

−
i }Ni=1
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In particular, G is q–colorable if and only if ZN ≥ 1. In that case, the uniform distribution

over all proper colorings is:

Pr (s1, . . . , sN) = 1
ZN

∏
{i,j}∈E

(1− δsi,sj
) . (5.43)

More generally, we consider the relaxed Gibbs distribution parametrized by an inverse

temperature β,

Pr (s1, . . . , sN) = 1
ZN(β)

∏
{i,j}∈E

e−βδsi,sj . (5.44)

In the limit β →∞, we recover the case of proper colorings (with strict constraints).

BP equations in the absence of fields.

In the factor graph representation, each factor node corresponds to an edge i, j of the

original graph and carries the “smoothed” predicate ψi,j(si, sj) = e−βδsi,sj . From the

generic BP formulation, we obtain the following message-passing update equations:

νj→{i,j}(sj) = 1
Zj→{i,j}

∏
{k,j}∈∂j\{i,j}

ν̂{k,j}→j(sj) , (5.45)

and

ν̂{i,j}→i(sj) = 1
Z{i,j}→i

∑
sj∈[q]

e−βδsi,sj νj→{i,j}(sj)

= 1
Z{i,j}→i

 ∑
sj ̸=si

νj→{i,j}(sj) + e−βνj→{i,j}(si)


= 1
Z{i,j}→i

[
1− (1− e−β)νj→{i,j}(si)

]
.
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Substituting the expression for factor-to-variable messages into the variable-to-factor up-

date equation, we obtain:

νj→{i,j}(sj) = 1
Zj→{i,j}

∏
{k,j}∈∂j\{i,j} Z{k,j}→j

∏
{k,j}∈∂j\{i,j}

[
1− (1− e−β)νk→{k,j}(sj)

]
.

(5.46)

Finally, we rewrite the final equation with the neighborhood notations in the original

graph,

νj→i(sj) = 1
Zj→i

∏
k∈∂j\i

[
1− (1− e−β)νk→j(sj)

]
, (5.47)

where we introduced
1

Zj→i
= Zj→{i,j}

∏
{k,j}∈∂j\{i,j}

Z{k,j}→j . (5.48)

BP equations in the presence of fields.

In the presence of an external field h = (hi(s))s∈[q] acting on each variable i, the BP

update for variable-to-factor messages is modified as follows:

νj→{i,j}(sj) = ehj(sj)

Zj→{i,j}

∏
{k,j}∈∂j\{i,j}

ν̂{k,j}→j(sj) . (5.49)

Using a similar derivation as before, we obtain

νj→i(sj) = ehj(sj)

Zj→i

∏
k∈∂j\i

[
1− (1− e−β)νk→j(sj)

]
. (5.50)

5.5.2 Experimental results for q–coloring

Our experiments consist of running stochastic localization on the planted q–coloring

model across different system sizes. We report results for q = 5 on Fig. 5. Overall,

we observe a very similar easy-hard-easy pattern for successfully sampling a solution,

similarly to the known phase diagram from Fig. 4. This suggests that the region where

stochastic localization is effective coincides with the tractable region for recovering even
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a single proper coloring.

Figure 5: Experimental results for q–coloring for q = 5. The average degree c
parametrizes the constraint density for this problem. The dashed cd and cKS lines are
respectively the dynamical and the Kesten-Stigum thresholds.
Top left: number of BP iterations before convergence.
Top right: probability that the algorithm finds a proper coloring.
Bottom: number of iterations of stochastic localization before finding a solution (in
case of convergence).

5.6 The k–XORSAT problem

In this section, we continue our experimental investigation of stochastic localization of

sparse CSPs, now focusing on the k–XORSAT problem. This problem has a unique

feature: it admits a simple algebraic algorithm—Gaussian elimination—that efficiently

finds a solution to any instance. This makes k–XORSAT a tractable problem, unlike

most CSPs such as k–SAT, which are NP-complete. Moreover, this algorithm can also

be modified to efficiently sample a uniformly random solution to an arbitrary instance.

Therefore, k–XORSAT is an excellent testbed for our sampling problem. We will use it
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to verify experimentally that our sampler indeed samples from the uniform distribution

over all satisfying assignments.

5.6.1 Belief propagation equations for k–XORSAT

In this section, we formally define the k–XORSAT problem and derive its associated

belief propagation (BP) equations.

The k–XORSAT problem is a CSP on Boolean variables x = (x1, . . . , xN) ∈ {−1, 1}N ,

in which we are given M clauses of the form

xi1 · . . . · xik = Ja , for i1, . . . , ik ∈ [N ], Ja ∈ {−1, 1} . (5.51)

Again, we will restrict ourselves to the case where M = αN .

The k–XORSAT problem also has a factor graph representation, where the nodes

represent the clauses, and predicates are of the form

ψa(x∂a) = I

∏
i∈∂a

xi = Ja

 , (5.52)

where Ja ∈ {−1,+1}. As before, an assignment x to the variables is a solution if it

satisfies all clauses simultaneously.

BP equations.

We reparametrize for convenience the generic BP messages in the following way,

νi→a(xi) = 1− xi tanh(vi→a)
2 , (5.53)

ν̂a→i(xi) = 1− xi tanh(ua→i)
2 . (5.54)
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In this parametrization, we derived the BP equations and obtained

vi→a = hi + 1
2
∑

b∈∂i\a
log(1 + e2ub→i)− 1

2
∑

b∈∂i\a
log(1 + e−2ub→i) , (5.55)

ua→i = arctanh

Ja ∏
j∈∂a\i

tanh (vj→a)

 . (5.56)

5.6.2 Experimental results for k–XORSAT

We ran similar experiments for k–XORSAT that we did for k–SAT in Sec. 5.4.2. We

observe once again a phase transition around a threshold αSL(k) of the probability that

stochastic localization successfully samples solution to random linear systems.

Figure 6: Probability that stochastic localization successfully samples a solution to a
k–XORSAT instance, as a function of α.
Left: k = 3. Right: k = 4.

5.6.3 Uniformity of sampling

Among all constraint satisfaction problems considered in this chapter, k–XORSAT is the

only one that admits a polynomial-time algorithm for finding solutions in the worst case.

This can be achieved using Gaussian elimination over F2. In contrast, all other problems

discussed before (coloring, k–SAT, ...) are NP-hard.

In fact, the special algebraic structure of XORSAT also gives a simple description of

how a random solution looks like. The set of solutions to an XORSAT instance forms an
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affine subspace, so given an arbitrary solution x∗, a random solution can be decomposed

as x∗ + z, where z is uniformly distributed in the kernel of the coefficient matrix of

the instance. This suggests a simple and principled test for uniformity: projecting each

sampled solution onto the kernel basis and checking whether the coefficients are uniformly

distributed.

We reproduce the experimental results in Fig. 7. We note that the distribution of the

projection coefficients indeed appears to be close to uniform.

Figure 7: Projection coefficients onto the kernel basis of sampled solutions to
3-XORSAT instances. The plots represent the distribution of the base-10 digits of the
vector of projection coefficients .
Left: α = 0.1, N = 80K, subset of 13 bits. Right: α = 0.5, N = 8K, subset of 10 bits.

5.7 Conclusion

In this chapter, we extended the analysis of the stochastic localization algorithm to sparse

constraint satisfaction problems (CSPs). We addressed two main directions: first, we

generalized the population dynamics framework to probe the limitations of the algorithm;

second, we conducted extensive experiments on random instances of k–SAT, k–XORSAT,

and q–coloring. Our results suggest that the region in which stochastic localization can

efficiently sample solutions coincides closely with the region where finding a single solution

remains computationally tractable.

In particular, the k–XORSAT problem served as a valuable testbed: it allows for exact

uniform sampling via Gaussian elimination, and our numerical experiments confirm that
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stochastic localization reproduces the uniform distribution of solutions in this case.

These findings offer further insight into the capabilities of diffusion-based sampling

methods for CSPs, and lay the groundwork for a more systematic exploration of their

limitations. As a direction for future work, it would be interesting to express the free

entropy of the tilted measures in terms of the fixed-point messages obtained from pop-

ulation dynamics. This perspective could provide a complementary analytical approach

to assessing the algorithm’s performance and phase transitions.
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