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Keywords: We readdress the problem of nonparametric statistical testing of random utility models proposed in
Random utility Kitamura and Stoye (2018). Although their test is elegant, it is subject to computational constraints
Testing

which leaves execution of the test infeasible in many applications. We note that much of the
computational burden in Kitamura and Stoye’s test is due to their test defining a polyhedral cone
through its vertices rather than its faces. We propose an alternative but equivalent hypothesis test
for random utility models. This test relies on a series of equality and inequality constraints which
defines the faces of the corresponding polyhedral cone. Building on our testing procedure, we
develop a novel axiomatization of the random utility model.

Revealed preference

1. Introduction

The random utility paradigm is ubiquitous in modern economics. It is often used to model the choices of a population of rational
agents or the repeated choices of a single agent with varying preferences. While the random utility model was initially characterized
by Falmagne (1978) and McFadden and Richter (1990), until recently, there has been little work successfully taking these character-
izations to real data and testing the random utility hypothesis. Kitamura and Stoye (2018) develop an elegant statistical test of the
random utility model, allowing for fully nonparametric testing of unrestricted heterogeneity. However, their test is computationally
burdensome and quickly becomes infeasible as the number of available alternatives grows. Kitamura and Stoye (2018) make note of
this computational issue. In response to this, Smeulders et al. (2021) prove that the testing procedure of Kitamura and Stoye (2018)
is NP-hard and develop computational tools that vastly reduce the time needed to execute the test of Kitamura and Stoye (2018).

In this paper, we take an alternative approach to that of Smeulders et al. (2021). While our goal is the same in that we aim to
reduce the computational burden of testing random utility, we instead develop a novel hypothesis test for random utility and show
that it offers large improvements over the method of Kitamura and Stoye (2018). To motivate the difference between these two tests,
we first note that the set of data points consistent with the random utility model can be written as the convex hull of the data points
consistent with deterministically rational choice. This convex set can be represented as either the convex combination of each of these
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rational choice profiles or it can be represented as the intersection of a finite set of half-spaces. The test of Kitamura and Stoye (2018)
utilizes the representation through rational choice profiles while our test utilizes the half-space representation of random utility.

While the half-space representation for random utility is known when the analyst observes choice on every available menu of
alternatives (Falmagne, 1978), in general the half-space representation is not known when the analyst observes choice on an arbitrary
collection of menus. Our methodology circumvents this issue by using the half-space representation of random utility when every
menu is observed. If the data we observe is consistent with random utility, then it admits an extension to data on every menu that
is also consistent with random utility. Our methodology introduces slack variables which guarantees that our observed data extends
to a full dataset which is consistent with random utility. From a theoretical perspective, we can easily and naively introduce slack
variables in order to get a linear program which characterizes random utility when choice data is limited. However, not every choice
of slack variable will be amenable to the current set of econometric tools. A key component of our methodology is that we are able to
introduce slack variables which lead to linear programs that are amenable to the econometric tools developed in Fang et al. (2023).
Thus our methodology is not only theoretically implementable, but also implementable from an econometric perspective.

In addition to offering computational improvements, our methodology naturally leads to a novel axiomatization of the random
utility model when there are unobserved menus. Our new axiom is a statement about when a local form of feasibility extends to
a global form of feasibility. These two types of feasibility concern themselves with the assignment of mass to events of the form
“x is chosen from set A” and the capacity of each set A to contain the mass of these events. Our axiom improves over current
axiomatizations of random utility on limited domains as it can be stated without reference to the model. The standard axiom is from
McFadden and Richter (1990) and can be recovered by applying the Theorem of the Alternative to the vertex representation (i.e. in
terms of deterministic choice functions) of random utility. Our axiom can be recovered by applying the Theorem of the Alternative
to the half-space representation of the random utility model.

The rest of this paper is organized as follows. In Section 2 we formally introduce the random utility model as well as discuss
the methodologies of Kitamura and Stoye (2018) and Smeulders et al. (2021). In Section 3 we introduce and develop our testing
methodology. In Section 4 we present our new axiomatization of the random utility model. Finally, in Section 5 we conclude and
offer a discussion of the related literature.

2. Random utility and testing

Our focus is on the abstract discrete choice setup. This differs from the initial setup of Kitamura and Stoye (2018) (henceforth
KS) who focus on random choice from linear price-wealth budgets. Using the results of McFadden (2005), KS show that the testing
process in their environment can be reduced to testing a specific version of the abstract discrete choice setup. As such, our focus on
the abstract setup is without loss. We will later show how to encode properties such as monotonicity into the abstract setup.

2.1. Model

Let X be a finite set of alternatives with typical elements denoted x,y, and z. We assume that an analyst observes choice on
some arbitrary collection of subsets of X. We let X C 2% \ {fJ} denote this collection of subsets with typical subsets denoted as A
and B.! Throughout we will assume that agents have strict preferences over X.? In the setup of KS, this is equivalent to assuming
single-valued demand. With this assumption in mind, let > denote a linear order over X and L£(X) denote the set of linear orders
over X. Our analyst has access to data in the form of a random choice rule.

Definition 2.1. A function p : X X X - R is a random choice rule if it satisfies the following.

e p(x,A)>0forallxe A
* YeaP(x,A)=1forall Aec X

In the setup of KS, a random choice rule represents the aggregate choices from a population of agents. Alternatively, a random
choice rule can represent the choices of a single agent aggregated across time. The random utility model supposes that there is
some distribution over preferences which induces our observed random choice rule. Let v € A(L(X)) denote a typical probability
distribution over linear orders of X.

Definition 2.2. A random choice rule p is stochastically rationalizable if there exists a probability distribution over linear orders
v such that the following holds for all A € X and x € A.

px,A) = Y v)Lx>yVye A\ (x}) ey
>eL(X)

12X denotes the power set, the collection of each subset, of X.
2 This assumption can be done away with while keeping with our methodology if the analyst has access to a stronger form of data than what we assume here (see
Barbera and Pattanaik (1986) and Gul and Pesendorfer (2013)).
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2.2. Current methodology

We now discuss the current methodology for testing the random utility model. Our focus is on the theory and computational
burden of the test of KS rather than the statistical properties. Further, our discussion will restrict to the case of idealized data. That is
to say, we assume that p(x, A) is the true choice frequency of x from A. In reality, an analyst would observe some number of choices
from the choice set A and p(x, A) would be subject to finite sampling error. For a discussion of the statistical properties as well as
implementation with real data, we turn the reader to Kitamura and Stoye (2018) and Smeulders et al. (2021).

2.2.1. A conic approach

To best understand the methodology of KS, we first rewrite the definition of stochastic rationality in matrix form. Consider a
matrix M whose rows are indexed by L£L(X), the set of linear orders of X, and whose columns are indexed by pairs of the form
(x,A), where x € A € X. The element m, , 4) = 1 if x is the maximal element of A according to > and m, (, 4, =0 otherwise. Now
suppose we can encode a probability distribution over preferences as a vector v whose indices agree with the rows of M and our
random choice rule as a vector p whose indices agree with the columns of M. By doing so, the definition of stochastic rationality can
alternatively be given as follows.

Definition 2.3. A random joint choice rule p is stochastically rationalizable if

Jv € A(L(X)) such that vI' M = p. (2)

The first observation that leads to the test of KS is that we can relax the assumption that v is a probability distribution. Specifically,
we need only assume that v > 0. This is because each row in M encodes a (rational) choice function and Y, , p(x, A) = 1 for both
choice functions and random choice rules. Formally, this means we can rewrite Equation (2) as

3v > 0 such that vi' M = p. 3)

The second observation that leads to the test of KS is that we can turn this existence problem into a quadratic minimization problem.
Formally, for a positive definite matrix Q, there exists a solution to Equation (3) if and only if

m>i(r)1(vTM -pTQ0WM - p)=0. @)
vz

The point of transforming the original definition of stochastic rationality into this quadratic form is that the test statistic and the
bootstrap technique proposed by KS relies on working with conic shape constraints in this quadratic form.

A key insight from KS related to Equation (3) is that the random utility model, as well as other convex models of stochastic
choice, can actually be represented as cones in Euclidean space. From Equation (3), it follows that testing if our data is stochastically
rationalizable is equivalent to checking if the data is contained by the following cone.

P={plp= ) v(Im. v(>)=0) ®)
>eL(X)

Equation (5) is known as the vertex representation or V-representation of a polyhedral cone. The V-representation of a cone simply
says that a cone is every point that can be generated as a convex combination of each extremal ray of the cone. Each finitely generated
cone has an alternative half-space representation or H-representation. The H-representation simply says that a finitely generated cone
can always be represented as the intersection of finitely many half-spaces. The equivalence between these two representations is due
to the Weyl-Minkowski Theorem.

Theorem 2.1 (Weyl-Minkowski Theorem). A subset P of RH is a finitely generated cone
H
P={Zmiv,|viZO}forsomeM=[m1,A..,mH]ER’XH 6)
i=1

if and only if it is a finite intersection of closed half-spaces

P ={peR¥|Np>0} for some N € R**/, 7)

In general, when the H-representation is known, the testing procedure for random utility can be simplified. One could apply tools
from the econometric literature on moment inequalities (see Andrews and Soares (2010), Bugni (2010), Canay (2010), and Cox and
Shi (2023)). However, the H-representation of random utility varies with X’ and the exact forms of many of these representations are
still unknown (see Gilboa (1990), Gilboa and Monderer (1992), and Cohen and Falmagne (1990)). Notably, the H-representation of

3 Note that, compared to Kitamura and Stoye (2018), we take the transpose of each matrix.
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random utility is known when X = 2% \ {#} and is due to Falmagne (1978). This H-representation is important for our methodology
and we will discuss it when we introduce our methodology.

For a moment, consider a general convex model of stochastic choice. If this model forms a simplex, then the M and N matrices
in Theorem 2.1 can be chosen to be the same size. This is because simplices have the same number of vertices as they have sides
(generating half-spaces). Further, when we are dealing with three or more dimensions, simplices are the only convex shapes with the
same number of vertices and generating half-spaces. Another property of simplices is that every point in a simplex can be written
as a unique combination of its vertices. This means that if our convex model of stochastic choice is unidentified, then the M and
N matrices in Theorem 2.1 can be of different sizes thus leading to potential computational improvements by considering the H-
representation of our model. Since the random utility model is known to be unidentified (Fishburn, 1998; Turansick, 2022) and
most of the computation time in the testing procedure of KS comes from the construction of M, it turns out we can improve on the
computation time of KS by working with the H-representation of the random utility model.

2.2.2. Column (or row) generation

An alternative way to reduce the computation time of KS is presented in Smeulders et al. (2021). This method of Smeulders et
al. (2021) is called column generation. In order to better understand column generation, we first make a few observations about the
identification problem in random utility. As mentioned prior, the random utility model is unidentified when | X| > 4. For datasets
which fail to have a unique random utility representation, the support of the representation is also unidentified.# For datasets which
have a unique random utility representation, when | X | > 4, these representations necessarily are not full support (Turansick, 2022).
This means that, from an ex post perspective, if we consider the M matrix in the KS testing procedure, when |X| > 4, there will
always be rows that are redundant when we find a rationalizing v. On the other hand, from an ex ante perspective, no single row of
M is redundant as our data can always be induced by a degenerate distribution on the rational type that corresponds to any given
row. The column generation procedure of Smeulders et al. (2021) uses the fact that there will always be ex post redundant rational
types in the testing procedure of KS.

The column generation procedure begins by guessing that a certain collection of preferences, or rows of M, will not be needed
in order to rationalize the data. In doing so, the value of v(>) is set equal to zero for each preference > in this collection. Then we
construct a matrix M which is the same as matrix M except, for each preference > in our guess, it removes the rows associated
with >. This matrix M generates an inner approximation of the cone formed by M, so if our random choice rule p lies in the cone
formed by M, it also lies in the cone formed by M. If p does not lie within the cone formed by M, then we can add one row to M
corresponding to one of the preferences we had assumed to have v(>) = 0. We can then check to see if p lies within this new M and
repeat. Smeulders et al. (2021) present a clever pricing problem that allows them to better choose the order which preferences are
added back to M. Since most of the computation time involved in KS comes from construction of M, by iteratively constructing M
using the column generation approach, a lot of time is saved in practice.

3. New methodology

In this section, we discuss an alternative methodology to the one proposed in KS for testing the random utility model. This
methodology works with the H-representation of a cone, but does not rely on the analyst knowing the H-representation for every X.
Our methodology proceeds in three main steps.

1. Find the H-representation of the model when X =2% \ {#}.

2. Perform a change of variables so that each non-negativity constraint of the H-representation can be represented by non-negativity
of a single variable.

3. Introduce slack variables which guarantee that the random choice rule on X # 2% \ {#}} extends to a random choice rule consistent
with the H-representation of the model on 2% \ {@}.

We now highlight the key difference between our methodology and the methodology of KS and its impact on implementability.
Our methodology works with the H-representation of a model rather than the V-representation. In doing so, we run into theoretical
concerns not present in KS. Typically the V-representation of a model is how we define a convex model of stochastic choice. In the case
of the random utility model, each data point that is in the convex hull of classically rational choice rules is consistent with random
utility. These classically rational choice rules are the vertices of the random utility model and we know what they look like ex ante.
However, given a V-representation, it is either a theoretical or computational exercise to find the H-representation of a model. Taking
the computational approach to finding an H-representation defeats the purpose of our methodology, so that leaves us with finding
H-representations through theoretical means. This is one disadvantage of our methodology when compared to KS.

We now apply our methodology. Recall that the first step in our methodology is to find the H-representation of random utility on
2%\ {#}. Luckily, this H-representation is already known and is due to Falmagne (1978). Before introducing this representation, we
need a bit more notation.

4 From Turansick (2022), it is known that, when a dataset has a random utility representation, the representation is unique if and only if the support of the
representation is unique.
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Definition 3.1. The Mébius inverse of a random choice rule p : X x 2% \ {#} — R is the function ¢ : X x 2% \ {#} — R which is
defined as follows.

q(x, A) = p(x, A) = Y’ q(x, B)
ACB

= Y (-DIBVIp(x, B)

ACB

®

The second line of Equation (8) was introduced by Block and Marschak (1959) and is called the Block-Marschak polynomial.
In general, the Mobius inverse g(x, A) captures how much probability is added to or removed from p(x,-) at set A. In terms of the
random utility model, these Mdbius inverse functions have a strong connection to the probability weight put on contour sets.

Theorem 3.1 (Falmagne (1978)). A distribution over linear orders v is a random utility representation of a random choice rule p : X x 2%\
{@} - R if and only if the following holds for all nonempty A C X and x € A.

g, A= Y vIX\A>x> A\ (x}} ©)

>eL(X)

This tells us is that the Mobius inverse g(x, A) is equal to a probability weight when our random choice rule is stochastically
rationalizable. This further means that g(x, A) must be non-negative when our random choice rule is stochastically rationalizable.
This turns out to be the H-representation of random utility.

Theorem 3.2 (Falmagne (1978)). A random choice rule p : X x 2% \ {#§} — R is stochastically rationalizable if and only if q(x, A) > 0 for
alxe ACX.

In terms of the Mobius inverse, this means that p is stochastically rationalizable if and only if every set A is contributing some
non-negative amount to p(x, -). We stated Theorem 3.2 in terms of the Mobius inverse ¢, but recall that, in Equation (8), the Mdbius
inverse is just a linear function of p. Thus, by asking that g(x, A) > 0 for all x € A C X, we are simply asking that Np > 0 for some
matrix N. It should now be apparent that Theorem 3.2 gives us the H-representation of random utility when X = 2X \ {@}. It is
important to note that Theorem 3.2 does not hold regardless of our domain X. As an example, if X just contains the binary choice
sets, having a non-negative Mobius inverse is without empirical content. This means that we are unable to simply apply Theorem 3.2
regardless of our domain.

We now move onto the second and third steps of our methodology. As Theorem 3.2 highlights, non-negativity of the Mdbius
inverse functions correspond to the H-representation of random utility. Our goal now is to introduce slack variables that guarantee
that our random choice rule p on X extends to 2X \ {#J} while being consistent with the H-representation of random utility. There
are at least two ways we can proceed in introducing slack variables. We can introduce slack variables j(x, A) for sets A ¢ X that
coincide with unobserved choice probabilities. Alternatively, we can introduce slack variables §(x, A) for each set that coincide with
the Mobius inverse of our hypothetical full domain random choice rule. For now, we focus on slack variables that coincide with
choice probabilities. Consider the following linear program.

Zﬁ(x,A):IVAe(ZX\{ﬂ})\X (10)
XEA
Y DB B+ Y (-DEVIx, B)>0VA€2¥\ {f).xeA an
ACB:BeX ACB:B¢X
Bx,A)>0VAE X, xEA (12)

By naively using p as our slack variables, we run into a problem. Notably, we have an equality constraint, Equation (10), and a
non-negativity constraint, Equation (12), but we have an additional inequality constraint in Equation (11). This additional inequality
constraint means that we are unable to directly apply current econometric tools to test the linear program. Fang et al. (2023) develops
a bootstrap technique for testing the hypothesis that there exists some x such that

Nx=f(p) forx>0 13)

where f(p) is some function of the observed data and N is a matrix. Equation (11) is exactly what prevents us from directly applying
the test of Fang et al. (2023). Luckily, we can use § as our slack variables to solve this problem.

One problem arises when we move from j to 4. When using p, it is easy to encode that the slack variables induce a random choice
rule. Simply ask that p are non-negative and sum to one at every choice set A. It is less obvious how to guarantee that § are the
Mobius inverse of a full domain random choice rule. Our next result exactly characterizes when this is the case.
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Lemma 3.1. ° A function q : X x2X \ {#§} = R is the Mobius inverse of some full domain random choice rule p if and only if it satisfies
the following conditions.

I Yiead A)=F x4 q( AU YD foradl PG AC X
2. ZXEXq(XaX)=1
3. Yucpq(x,B)20forallxe ACX

The first two conditions of Lemma 3.1 guarantee that p sums to one at every choice set. The third condition of Lemma 3.1
guarantees that p is non-negative everywhere. With this in mind, we can now apply step two of our methodology using § as slack
variables. Consider the following linear program.

Y G(x,B)=p(x,A)Vx€ A€ X (14
ACB
Da A= Y AnAUHVAEXBCACX (15)
X€EA yeX\A
Y axx)=1if X gx (16)
xeX
G(x,A)>0Vx€ACX (17)

Above, Equation (14) guarantees that g is the Mobius inverse of some function that agrees with our random choice rule p on sets we
observe. Equations (15) and (16) are just the first two conditions of Lemma 3.1 applied at unobserved choice sets. This guarantees that
our extended p function induces choice probabilities on unobserved sets. Equation (17) plays two roles in that it is the H-representation
of random utility on a full domain and it implies the third condition of Lemma 3.1. The following theorem summarizes our discussion
thus far.

Theorem 3.3. The following are equivalent.

1. The random choice rule p : X X X — R is stochastically rationalizable.
2. There exist variables p(x, A) solving Equations (10)-(12).
3. There exist variables §(x, A) solving Equations (14)-(17).

Once again, we now take a moment to compare our methodology with that of KS. First, when applying Equations (14)-(17) and
Fang et al. (2023) to real data, the only values that need to be estimated are p(x, A) that come from the right hand side of Equation
(14). In other words, just as in KS, we only need to estimate choice probabilities; each other variable in our testing procedure is
constructed. Second, we can now begin to compare the computational burden of each testing procedure. While the bootstrapping
procedure in KS and Fang et al. (2023) differ, in both KS and our testing procedure, almost all of the computation time comes from
construction of a matrix; the M matrix in the case of KS and an N matrix which encodes Equations (14)-(17) in our case.® The M
matrix of KS has one column for each pair (x, A) with x € A € X and one row for each linear order over X. This means that the
number of rows in M grows at a rate of | X|!. Our N matrix has one column for each pair (x, A) with x € A € 2% \ {#} and one row
for each condition in Equations (14)-(17).

Proposition 3.1. The number of rows in N grows at a rate of | X |21XI-1 — ZAeX(|A| —1).

When |X| <4, M has fewer rows than N, but when |X| > 5, N always has fewer rows than M. In Table 1 we calculate the
number of rows in M and N for a few sizes of X when X =2X \ {#} as this is the worst case for our N matrix. As Table 1 points
out, as | X| grows, the number of rows in M becomes vastly larger than the number of rows in N.

We now take a moment to discuss how the column generation procedure of Smeulders et al. (2021) can be applied in our method-
ology. Recall that the column generation procedure begins by guessing that some collection of our choice variables are equal to zero.
In our setup, these choice variables correspond to §. When X = 2% \ {#J}, each § is constructed directly from the data, and thus the
exact value of each ¢ is directly observable. This means that the column generation procedure offers no improvements in this case.
However, when X is missing sets, there is room to apply the column generation procedure. Notably, when X is not complete, we are
unable to directly construct § from the data. This means that it is possible that some of our slack variables can be chosen to be equal to
zero. Thus in this case, the column generation procedure can offer computational improvement when added onto our methodology.
However, unlike in the case of the KS testing procedure, there is no ex ante guarantee that we can always guess some g to be equal
to zero.

5 We also point out that Kono et al. (2023) contemporaneously developed an analogous result in their Lemma 3.14.
® Formally, we can represent the existence of variable ¢ satisfying Equations (14)-(17) as the existence of a variable satisfying Nq = for some matrix N and a
vector /.
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Table 1

The number of rows in the M and N matrices
are given as a function of | X | under the assump-
tion that X = 2% \ {fJ}. Notably, in the case of
| X| = 15, the number of rows of M given in this
table is an underapproximation.

1 X| M rows N rows
3 6 12

4 24 32

5 120 80

10 3,628,800 5120

15 ~13x10"2 245,760

a;

a

Fig. 1. Here we capture two linear budgets over the goods a; and a,. These budgets are labeled as B, and B, and have a single point of intersection. By assuming
that no choice occurs at the point of intersection, we are left with {w, x, y, z} as the set of patches.

3.1. Encoding monotone choice

Thus far we have developed a methodology for testing random utility on an abstract discrete choice domain. Until now, we have
ignored two components of the problem present in the original work of KS. First, in KS the choice data is not from an abstract discrete
choice domain but rather comes from choice frequencies on linear price-wealth budgets. Second, in KS utility functions are restricted
to be monotone with respect to the greater than or equal to ordering on R”. In this section, we discuss how to incorporate and deal
with these two problems using our methodology.

We first discuss going between the linear budget domain and abstract discrete choice domain. As is the case in KS and McFadden
(2005), we will assume we are working with monotone utility functions in the linear budget domain. A result of this monotonicity
assumption is that all observed choice should occur on our budget lines. If we observe choice strictly within our budget, then we
know that the consumer has money left that they can spend on more of a good to obtain a higher utility. It then follows from an
observation made in McFadden (2005) and used in KS that we need only focus on the partition of our budgets formed by points
of intersection. McFadden (2005) points out that the entire content of random monotone utility with linear budgets is captured by
agents’ choices on patches. Suppose we have two linear budgets with a single point of intersection, as is the case in Fig. 1. Then each
of these linear budgets can be partitioned into three components: the point of intersection, “above” the point of intersection, and
“below” the point of intersection. Each of these three components correspond to a patch in the language of McFadden (2005) and KS.
In Fig. 1, if we assume there is no choice at the point of intersection, then the set of patches we are left with is given by {w, x, y, z}.
This set of patches then corresponds to our choice set X in the abstract discrete choice environment. This construction scales beyond
the case of two budgets with a single point of intersection.

Our ability to go from the linear budget setup to discrete choice on patches relies on the assumption of monotone utility. Fur-
ther, the assumption of monotone utility is natural in the linear budget setup of KS. However, the assumption of monotone utility
imposes further testable content beyond that of the abstract random utility model. Notably, in the case considered in Fig. 1, the
H-representation is known. It asks that p(y, {x, y}) + p(z, {w, z}) < 1. Unfortunately, the H-representation for the linear budget setup
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becomes increasingly more complicated as the set of budgets and the set of intersections grow. Recall that our methodology works
with the H-representation when X = 2X \ {#J}. This type of data can never be observed in the linear budget setup. That being said,
our methodology simply asks if the data we observe can be extended to a full domain H-representation. With this in mind, consider
Fig. 1 and suppose an agent is choosing from the set {w, y}. The patch y is dominated by w in the standard monotone ordering of
R2. As such, an agent with monotone utility will never choose y when w is available. This observation, initially due to Kashaev et
al. (2023), turns out to be the only further testable content of monotone random utility beyond that of abstract random utility.

Definition 3.2. For X partially ordered by t, we say that a random choice rule p : X x 2% \ {@#} — [0, 1] is stochastically rational-
izable by monotone utilities if it is stochastically rationalizable and there exists a rationalizing distribution v such that v(>) > 0
and x>y imply x > y.

Definition 3.3. We say that a random choice rule p is monotone with respect to a partial order > if x,y € A and x > y implies that
p(y, A)=0.

Theorem 3.4 (Kashaev et al. (2023)). Suppose X is partially ordered by t>. A random choice rule p : X x2%X \ {#§} — [0, 1] is stochastically
rationalizable by monotone utilities if and only if q(x, A) > 0 for all x € A C X and p is monotone with respect to t>.

Theorem 3.4 gives us the H-representation we are looking for on a full domain. However, in our Theorem 3.3, we rely on working
only with the Mobius inverse while Theorem 3.4 utilizes both the base random choice rule and the Mobius inverse. Our goal now is to
transform the monotonicity condition on a random choice rule into a condition on its M&bius inverse. This turns out to be relatively
easy to do given that we already impose that g(x, A) > 0 in order to get stochastic rationality. For each x € X, let U(x) denote the
set of alternatives dominating x according to >. Then for each x with nonempty U(x), we can encode monotonicity with respect to
> using the following equality constraint.

q(x, A) =0 Vx such that U(x) # @ (18)
A:x€A,ANU (x)#0

We can then use Equation (18) along side our prior characterizations of stochastic rationality to get a characterization of stochastic
rationality by monotone utilities.

Proposition 3.2. The following are equivalent.

1. A random choice rule p : X X X — [0, 1] is stochastically rationalizable by monotone utilities.
2. There exist solutions to Equations (14)-(17) and Equation (18).

Since Equation (18) is an equality constraint, we are able to use the econometric tools of Fang et al. (2023) to test for random
monotone utility. In terms of the resulting matrix, we only need to add a single row for each alternative x with nonempty U (x). For
the growth rate of the number of rows in N, the additional monotonicity constraints are of a lower order, being bounded above by
| X'| — 1. This means that the rate in Proposition 3.1 is still approximately correct and is off by at most | X| — 1 in the case of random
monotone utility.

4. Axiomatics

Thus far, our focus has been on developing an alternative testing methodology that offers computational improvements over the
testing procedure of KS. In this section, we turn our attention to axiomatically characterizing the random utility model using the
methodology we developed in the prior section. The main result in this section is a new characterization of random utility on a
limited domain. The current standard characterization of random utility on a limited domain is due to McFadden and Richter (1990).

Theorem 4.1 (McFadden and Richter (1990)). A random choice rule p : X X X — R is stochastically rationalizable if and only if for any
finite sequence {(x;, A))}]_, with x; € A; € X the following holds.

n n
LA)< 1{x; > yVy€ A, 19
;p(x,, ,)_>reng(§(); {x;>yVye A\ {x}} (19)

We now discuss the relationship between the methodology of KS and Theorem 4.1. As pointed out earlier, the methodology of
KS relies on the V-representation of the random utility model. The characterization in Theorem 4.1 relies on the V-representation
of random utility in the sense that Equation (19) follows from applying the Theorem of the Alternative to the V-representation of
random utility (see Border (2013) and Border (2007) for references). As a result of working with the V-representation and since
the V-representation of random utility is itself the model representation of random utility, Equation (19) makes explicit use of the
underlying random utility model. That is to say, in order to state Equation (19), we must make reference to preferences.
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Recall that our methodology works with the H-representation of random utility. We get our new axiom by effectively applying
the Theorem of the Alternative to the H-representation of random utility. By working with the H-representation, our resulting axiom
makes no reference to preferences or the random utility model. Our characterization relies on two supplemental functions.

Definition 4.1. A function ¢ : 2X — R is a capacity if ¢(#) = 0.
Definition 4.2. A function a : X X X — R is an assignment.
In order to best interpret the role of capacities and assignments, we introduce the following definition.”

Definition 4.3. Given a random choice rule p, an assignment and capacity pair (a, c) is feasible if the following inequality holds.

DY px Aalx, A) < e(X) (20)

A€EX xeA

The role of an assignment a is to assign some mass to the event that x is chosen from A. When combined with the probability
that x is chosen from A, p(x, A), this mass is given by a(x, A)p(x, A). Each set A has a capacity c(A). This capacity must be more
than the total mass put on events of the form “x is chosen from B” for each B C A. Feasibility simply asks that the total weight put
on choosing some element from some set is less than the capacity of X, the total capacity of our environment. Our characterization
relies on a second type of feasibility.

Definition 4.4. An assignment and capacity pair (a,c) is locally feasible if for each (x, A) with x € A € 2% \ {#} the following
inequality holds.

Y, alx B <c(A)—c(A\ {x}) 1)

x€BeX,BCA

Local feasibility is a local condition in the sense that it states that the total amount of capacity gained by going from A \ {x}
to A must be more than the total amount of assigned mass to x being chosen in subsets of A. Note that, unlike feasibility, local
feasibility does not depend on the random choice rule p and the set of locally feasible assignment and capacity pairs can be defined
independently of the observed data. Our characterization of stochastic rationalizability is a condition about when local feasibility
implies feasibility.

Theorem 4.2. Given a random choice rule p : X X X — R, the following are equivalent.

« p is stochastically rationalizable.
« Every locally feasible assignment and capacity pair (a, c¢) is also feasible given p.

Our main innovation over Theorem 4.1 is that we use Lemma 3.1 to rewrite the stochastic rationality linear program without
reference to any preferences.

Y a(x,B)=p(x,A)Vx€ A€ X (22)
ACB
Y a(x. A) =) q(z. Au{z}) VA€ 2X \ {X.0) (23)
x€A ZEA
D atxX)=1 24)
xeX
qg(x,A)>0Vxe ACX (25)

Equations (22)-(25) bear an obvious resemblance to Equations (14)-(17). The notable difference is that we ask that Equation (15)
holds at every choice set rather than simply at unobserved choice sets. In terms of our characterization, this is what gives us that
capacity functions are defined on every choice set and the right hand side of Equation (21). Once we have Equations (22)-(25), we
simply apply the Theorem of the Alternative and do some minor manipulation in order to get Theorem 4.2.

7 Note that our definitions of capacity and assignment differ from those used in cooperative game theory. In cooperative game theory, capacities are typically
monotone and assignments typically assign a value to each alternative/agent rather than one value to an alternative for each set containing the alternative.
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5. Discussion

In this paper we propose a new procedure for testing nonparametric models of random utility. In this test as well as the test of
Kitamura and Stoye (2018), much of the computation time is due to calculation of a given matrix. We show that our test will generally
lead to a much smaller matrix when compared to the matrix of KS and thus offer large computational improvements over the test of
KS.

While our focus in this paper is on testing the random utility model, our testing procedure can be modified for other convex
models of choice.® Recall that our methodology proceeds in three steps.

1. Find the H-representation of the model when X =2X \ {#}.

2. Perform a change of variables so that each non-negativity constraints of the H-representation can be represented by non-negativity
of a single variable.

3. Introduce slack variables which guarantee that the random choice rule on X # 2% \ {@#} extends to a random choice rule consistent
with the H-representation of the model on 2% \ {@}.

The first step of this testing procedure extends naturally to any convex model of choice. It becomes a bit more difficult when translating
the second and third steps to other convex models. As pointed out by Equations (10)-(12) and the discussion thereafter, we are unable
to apply the econometric tools of Fang et al. (2023) if we naively introduce the wrong slack variables in step two of our methodology.
The reason why we are able to proceed to step three using Equations (14)-(17) is that Lemma 3.1 characterizes random choice rules in
terms of the variables induced by the H-representation of the random utility model. In other words, by the Weyl-Minkowski Theorem,
there exists some matrix H such that a random choice rule is consistent with our convex model of choice if and only if Hp > 0. This
H matrix is a linear transformation of choice probabilities. In our case, this H matrix induced our Mdbius inverse function. More
generally, this H matrix simply induces some variable q(H, p) which depends on our observed random choice rule as well as the
matrix itself. To go between steps two and three, we need to do two things. First, we need to characterize random choice rules
in terms of these g(H, p) variables. This characterization will typically consist of equality conditions which correspond to choice
probabilities summing to one and inequality conditions which corresponds to probabilities being non-negative. Second, we need to
check if non-negativity of our q(H, p) variables implies the non-negativity conditions of the random choice rule characterization. If
it does, we are left with a collection of equality constraints and g(H, p) > 0 as the only set of inequality constraints. The fact that
q(H,p) >0, or g(x, A) > 0 in our case, is the only inequality constraint is exactly what lets us use the econometric tools of Fang et al.
(2023).

5.1. Related literature

Our paper is related to two primary strands of literature. First, our paper is related to the strand of literature started by Kitamura
and Stoye (2018) which focuses on hypothesis testing the random utility model and other similar models. Following the lead of
Kitamura and Stoye (2018), Smeulders et al. (2021) also studies the problem of hypothesis testing the random utility model and,
similar to us, focuses on the problem of computational implementability. However, unlike us, they take the base testing procedure of
Kitamura and Stoye (2018) as given and try to significantly improve the computation time of that test. In other words, they continue
working with the V-representation of the random utility model while we work with the H-representation. In a working paper, Forcina
and Dardanoni (2023) studies the bootstrapping procedure used in the hypothesis test of Kitamura and Stoye (2018). The authors
propose two alternative bootstrapping techniques and compare the accuracy of these techniques to the one proposed in Kitamura
and Stoye (2018) using simulations. Fang et al. (2023) proposes an alternative bootstrap technique which can be used to test the
hypothesis of Kitamura and Stoye (2018). There have also been a series of papers using and extending the techniques proposed in
Kitamura and Stoye (2018) in order to study other related models. Deb et al. (2023) extend the techniques of Kitamura and Stoye
(2018) in order to test a general model of preferences over prices as well as do welfare analysis. Kashaev et al. (2023) extend the
techniques of Kitamura and Stoye (2018) in order to test a dynamic version of the random utility model allowing for correlation of
preferences over time. Finally, Dean et al. (2022) also use the techniques of Kitamura and Stoye (2018) to develop a better test, in
the sense of power, for choice overload.

Our paper is also related to the literature which axiomatically studies the random utility model. Falmagne (1978) is the first to
characterize the random utility and does so by asking that the M&bius inverse of choice probabilities be non-negative. Fiorini (2004)
offers an alternative proof of this result using graph theoretic techniques. Monderer (1992) provides an alternate proof of this result
using methods from cooperative game theory. Cohen (1980) considers an extension of the result of Falmagne (1978) to an infinite
domain. Nandeibam (2009) provides a different characterization of random utility using positive linear functionals. McFadden and
Richter (1990) offers a characterization of random utility when the choice domain is incomplete. Stoye (2019) offers a short proof
of this result using tools from convex analysis. McFadden (2005) offers an extension of this result to an infinite domain under some
regularity conditions. Recently, Gonczarowski et al. (2023) extends this result to an infinite domain without any regularity conditions.
Clark (1996) offers an alternative characterization of random utility in the case of an incomplete domain using DeFinetti’s coherency

8 By convex model of choice, we mean any model of choice where the set of data points consistent with the model is given by a convex set. Frequently it is the case
that the model is defined by the extreme points of this convex set.
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axiom. Kashaev et al. (2023) uses techniques developed to study quantum entanglement in order to offer a characterization of
dynamic separable random utility on a limited domain. Kono et al. (2023) study and axiomatize the random utility model when the
choice probabilities of a collection of goods are unobservable at every choice set. Lastly, Koida and Shirai (2024) studies the random
monotone utility hypothesis in the price-wealth budget domain. They are able to find the H-representation of the model which relies
on the ordering of the underlying environment.
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Appendix A. Preliminary results
A.1. Proof of Lemma 3.1

This proof proceeds in two steps. First we show the equivalence between the Mobius inverse of a function satisfying the first
condition in Lemma 3.1 and that function being set constant.

Definition A.1. A function p : 2%\ {#} — R is set constant if for all A, B € 2%\ {#} we have that }, _, p(x,A) =3, 5P, B).

To note, henceforth, if the Mobius inverse of a function p satisfies the first condition of Lemma 3.1, then we will say that the function
p satisfies inflow equals outflow. After doing this, the rest of the proof amounts to noting that the second and third conditions are direct
translations of ), -y p(x,X) =1 and p(x, A) > 0 into statements about the Mdbius inverse. We begin by showing the equivalence of
p satisfying inflow equals outflow and p being set constant. We start with the necessity of inflow equals outflow. Consider a function
f with Mdbius inverse g such that f is set constant. We proceed via induction on the size of the complement of A. For the base case,
let A= X \ {x}. Observe that f(x, X) = g(x, X) We have the following.

Y gt A=) fx, A) - g(x, X)

xeEXA x€eA
=Y fX)= Y f(xX)
xeX x€A

=f(x,X)=g(x,X)

Above, the first equality holds by the definition of Mdbius inverse. The second equality holds from f being set constant. The third
equality follows after collecting like terms. This shows that the base case of inflow equals outflow holds. Now assume that inflow
equals outflow holds for all B with |X \ B| < n. Let A be such that | X \ A| =n.

PIERVEDINICHIEDIWFICN.D

XEA XEA XEA ACA'

=D [ A= DI e A)— Y g(x,A)]
X€EA AGA’ xeA’ xeA\A

=) Y sah— XN gta)
ACA’ xe A\ A ACA'CX xeA’!

=Y Y exah- Y Y AU
AGA’ xeA'\ A AGA'CX yeX\A/

= ) g@zAu{z)
zeX\A

Above, the first equality holds by the definition of Mobius inverse. The second equality just adds zero. The third equality holds as
g(x,X)= f(x,X) and because f is set constant. The fourth equality holds by the induction hypothesis. The fifth equality follows from
combining like terms. Thus the above string of equalities shows that inflow equals outflow is necessary. We now show sufficiency.
Now suppose f satisfies inflow equals outflow. Consider some A C X.

D g A= Y [f(x, A= Y glx,A)]

X€EA XEA ACA!
=D [ A= DI e A)— Y g(x,A)]
X€EA ACA! xeA! x€A'\A
SIDIVICENVEDINICE o END IS W1V UL S WFIC WY
XEA x€X AGA’ xeA'\ A AGA’CX xeA!
=) fee A= Y fEX1+ Y, Y gxa)— Y Y (L AU{yD
x€A xeX AGA’ xeA'\A AGA'CX yeX\A!
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=) [ A=Y X+ Y gz Au{z))
XEA xeX zeX\A
The first equality above holds due to the definition of M&bius inverse. The second equality just adds zero. The third equality holds
as f(x,X) = g(x, X). The fourth equality holds by inflow equals outflow. The fifth equality follows from combining like terms. By
inflow equals outflow, we know that Y, , g(x,A) =) X\A g(z,A U {z}). This means that the above string of equalities gives us
that 37, f(x,A)= Y cx f(x,X). Since A is arbitrary, this tells us that f is set constant.

Now we return to the case of choice probabilities. Recall that g(x, X) = p(x, X). This means that asking Y, .y p(x,X) =1 is
equivalent to asking that )} ., q(x, X). Further, asking that p(x, A) > 0 is equivalent to asking that )’ , 5 g(x, B) > 0 by the definition
of the Mébius inverse. It then follows that asking for the three conditions in Lemma 3.1 to hold is equivalent to asking that the following
conditions hold.

L Y eaP(x,A)=3 pp(y, B) for all A, B€2X\ {0}
2. Y expxX)=1
3. p(x,A)>0forallxe ACX

The above three conditions define a random choice rule. Thus Lemma 3.1 holds.
A.2. Proof of Lemma A.1

We now prove a weaker version of Theorem 3.3 that will be useful in the proof of Theorem 3.3 and 4.2.

Lemma A.1. The following statements are equivalent.

1. A random choice rule p : X X X — [0, 1] is stochastically rationalizable.
2. There exists a solution to Equations (22)-(25).

We now proceed with our proof of Lemma A.1. We proceed with sufficiency of our second condition. Observe the following.
Equations (23)-(25) imply that g is the Mobius inverse of some full domain random choice rule. Further, Equation (25) implies that
this full domain random choice rule is stochastically rationalizable. Lastly, Equation (22) implies that the full domain random choice
rule induced by § agrees with our observed data on sets we observe. Thus our second condition implies stochastic rationalizability.
Now we proceed with necessity of the second condition. Observe that if our random choice rule p is stochastically rationalizable,
then it admits an extension to a full domain (i.e. 2% \ {@} that is also stochastically rationalizable. A full domain random choice rule
is an extension of our observed random choice rule if and only if its Mobius inverse satisfies Equation (22). Further, a full domain
random choice rule is stochastically rationalizable if and only if its M6bius inverse satisfies Equation (25). Finally, since Equation
(25) implies the third condition in Lemma 3.1, if the Mobius inverse of a function satisfies Equations (23)-(25) then the function is a
random choice rule by Lemma 3.1. Thus Equations (22)-(25) are necessary for stochastic rationality.

Appendix B. Omitted proofs
B.1. Proof of Theorem 3.3

We begin with the equivalence between stochastic rationalizability and Equations (10)-(12). Equations (10) and (12) are equivalent
to asking that there is a full domain extension of our random choice rule. By Theorem 3.2, we know that a full domain random choice
rule is stochastically rationalizable if and only if Y , 5(—=1)!Z\!p(x, B) > 0 for all x € A C X. Thus asking that there exists a solution
to Equations (10)-(12) is equivalent to asking that there is some full domain extension of our random choice rule that satisfies the
conditions of Theorem 3.2. Thus stochastic rationalizability is equivalent to there be a solution to Equations (10)-(12).

We now move on to the equivalence between stochastic rationalizability and the existence of a solution to Equations (14)-(17). We
proceed by showing an equivalence between Equations (14)-(17) and Equations (22)-(25). As the constraints in Equations (14)-(17)
are a subset of the constraints in Equations (22)-(25), it follows immediately that if Equations (22)-(25) have a solution then Equations
(14)-(17) have a solution. By Lemma A.1, stochastic rationalizability is equivalent to there being a solution to Equations (22)-(25),
and so we are done with this direction. We now show the other direction. Let ¢ be a solution to Equations (22)-(25). We proceed by
induction on A.

The base case of our induction is when A = X. Note that either X € X or x ¢ X. If X ¢ X, then Equations (14)-(17) coincide with
Equations (22)-(25) at X. If X € X, then we observe choice probabilities at X, and so §(x, X) > 0 for all x € X as p(x, X) = g(x, X)
by Equation (14). Since probabilities sum to one, this gives us ) cex P(x, X) = er x @(x, X) =1 which is exactly Equation (24). Thus
Equations (22)-(25) hold at X. Now fix a set A C X and suppose that Equations (22)-(25) hold for every set B such that A C B. This
is our induction hypothesis. There are two cases; either A € X or A ¢ X.If A € X, then we know that ) _, p(x, A) =1 as choices are
observed at A. Further, by our induction hypothesis Y’ , p G(x, B') = p(x, B). It then follows that g is the M6bius inverse of p on the
domain { B|A C B}. This gives us that p(x, A) =Y ,cp G(x, B). As G(x, A) > 0 is assumed in Equation (17), all we need to show is that
Equation (23) holds at A. Since p(-) is set constant on { B|A C B}, it follows from Lemma 3.1 that Equation (23) holds at A. Thus, if

12
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A € X, then Equations (22)-(25) hold at set A. Now suppose that A ¢ X. When A ¢ X, Equations (14)-(17) coincide with Equations
(22)-(25) at set A. Thus by induction, if Equations (14)-(17) hold, then Equations (22)-(25) hold.

B.2. Proof of Proposition 3.1

We begin with the case that X = 2% \ {@#}. In this case, only Equation (14) is encoded in our N matrix. In this case, the matrix
N has one row for each pair (x, A) with x € A C X. This is given by lefl‘ i(‘)’,(l) = |X|21XI-1, Now consider the general case. In the
general case, for each A ¢ X, we remove one case of Equation (14) for each x € A and replace it with one case of Equation (15) (or
Equation (16) if A = X). This change from the full domain case is equal to |A| — 1, thus giving us | X |2/XI-! — ZAgx(|A| —1) and so
we are done.

B.3. Proof of Proposition 3.2

From Theorem 3.3, we already know that stochastic rationalizability is equivalent to the existence of solutions to Equations
(14)-(17). All that is left to show is that Equation (18) is equivalent to rationalizability by monotone utilities in the case of stochastic
rationalizability. By Theorem 3.4, we know that rationalizability by monotone utilities is equivalent to p(x, A) = 0 whenever x contains
an alternative y such that y dominates x in the underlying ordering of X. This is equivalent to ), , g(x, B) = 0 for the chosen (x, A).
Further, note that if A contains a y dominating x, then every superset of A contains a y dominating x. Since we are in the case of
stochastic rationalizability, this means that g(x, B) > 0 for all (x, B). By the prior logic, this means p(x, A) = 0 for A with y dominating
x is equivalent to g(x, B) =0 for all A C B. It then immediately follows that g(x, B) =0 for all B with y dominating x. In the case of
q(x, A) > 0, this is equivalent to ZA:xeA’AﬂU(X#Q q(x, A) =0 Vx such that U(x) # @, and so we are done.

B.4. Proof of Theorem 4.2

Let N(x,A) = {>€ L(X)|x>yVye A\ {x}}. A random choice rule on X is stochastically rationalizable if and only if there
exists v € A(L(X)) such that p(x,A) =) N(x.A) v(>) for all x € A € X. This is equivalent to the existence of such a v and the
existence of choice probabilities p(y, B) for each B € (2% \ {#}) \ X such that p(x,A) =Y . NaayvO) forallxe A e 2%\ {4}). By
Theorem 3.2, this is equivalent to the existence of choice probabilities p(y, B) for each B € (2X \ {#}) \ X such that g(x, A) > 0 for
each x € A € 2X \ {#J}. By Lemma 3.1, this is equivalent to the existence of g(x, A) satisfying the conditions of Lemma A.1.

We now construct the matrix form of this linear program. Consider a matrix D whose columns are indexed by (x, A) for each
Ae2X \ {#} and each x € A and whose rows are indexed by (y, B) for each B € X and y € B. The entry dey, By (x,.4) = 1if BC A and
x = y and is equal to zero otherwise. D encodes that our unobserved ¢ function must induce our observed choice probabilities. Let P
be a column vector indexed by (y, B) for each B € X and y € B. Entry p,, g, is equal to p(y, B). Consider a matrix E whose columns
are indexed by (x, A) for each A € 2% \ {#} and each x € A and whose rows are indexed by B € 2X \ {X,@}. The entry e B,(x.A) 1S
given as follows.

|  ifxgB,A=BUI{x)
epxay=1-1 ifx€B,A=B

0 otherwise

E encodes that our unobserved ¢ satisfy inflow equals outflow. Consider a row vector F whose elements are indexed by (x, A) for
each A €2X \ {#} and each x € A. The element f(x.n) is equal to one if A= X and equal to zero otherwise. F encodes that our
unobserved g satisfy Y .y g(x, X). To be stochastically rationalizable, we must impose ¢ > 0 which implies the last condition of
Lemma 3.1. Thus the linear program we have constructed looks as follows.

D P
Elg=| 0 (26)
Fl |

920 @)

By Farkas’s Lemma, (see Theorem 34 in Border (2013) for a reference), there exists a solution to this linear program if and only if
there does not exist a solution r € RM to the following linear program.

D
M| E <0 (28)

F
[PlO]1]-/">0 (29)

Writing out Equation (29) gives us the following.
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Y By, B +r(X)>0 (30)
(y,B):yeBEX

Above, r(X) is the element of r which is associated with the vector F. As r(X) can be any real number, we can rewrite Equation (30)
as follows.

Y, r.Bp(y, B) = r(X)>0 3D
(y,B):yeBeX

For a given (x, A), Equation (28) can be written as follows.

Y, rxB+rA\{x)-rA)<0 (32)

B:xeBCA,BeX

Above, in the case that A \ {x} =, we define (@) = 0. Further, r(X) shows up as —r(X) as a consequence of our transformation
of Equation (30) into Equation (31). The negation of the existence of some r solving Equations (31) and (32) is equivalent to the
negation of every locally feasible assignment and capacity pair (a, ¢) being feasible. Thus it follows that the condition of Theorem 4.2
holds if and only if p is stochastically rational.
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