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Abstract This paper is an extension of Hsu and Hsu
(Int J Ind Eng Comput 3(5):939-948, 2012) aiming to
determine the optimal order quantity of product batches
that contain defective items with percentage noncon-
forming following a known probability density function.
The orders are subject to 100 % screening process at a
rate higher than the demand rate. Shortage is backor-
dered, and defective items in each ordering cycle are
stored in a warehouse to be returned to the supplier
when a new order is received. Although the retailer does
not sell defective items at a lower price and only trades
perfect items (to avoid loss), a higher holding cost
incurs to store defective items. Using the renewal-
reward theorem, the optimal order and shortage
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quantities are determined. Some numerical examples are
solved at the end to clarify the applicability of the
proposed model and to compare the new policy to an
existing one. The results show that the new policy
provides better expected profit per time.
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Background

The economic order quantity (EOQ) is one of the most
applicable models in inventory control environments that
have been under significant studies for the past few dec-
ades. Researchers have extended this model considering
various assumptions. One of the extension types of this
model deals with imperfect quality products. Although
most of suppliers do not implement 100 % screenings on
their products, a complete screening process is indispens-
able for a retailer who desires to improve his market share.

Rosenblat and Lee (1986) were the first who focused on
defective items. They considered the possibility of
reworking defective items at a cost and proved this would
cause smaller lot sizes to be ordered. Porteus (1986)
studied a model in which there is a relationship between
quality and lot size and assumed that the process would go
out of control with a certain probability. Lee and Rosen-
blatt (1987) proposed an EOQ model considering random
proportion of units as defective items. Salameh and Jaber
(2000) developed an EOQ model with defective items in
which the products are sold in a single batch at the end of
100 % screening process. They proved the more the aver-
age percentage of defective items is, the more economic lot
size should be ordered. Hayek and Salameh (2001) studied
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an EPQ model by considering the imperfect quality
products and rework items. They assumed all of the
shortages are backordered and the percentage of defec-
tive products is a random variable. Goyal and Cardenas-
Barrén (2002) proposed an EPQ model under a simple
approach to determine economic production quantity for
production systems that produce imperfect quality items.
Chan et al. (2003) categorized products into good qual-
ity, good quality after reworking, imperfect quality, or
scrap. Their model’s other assumptions were similar to
Salameh and Jaber’s (2000) model. Moreover, Chang
(2004) proposed the fuzzy form of Salameh and Jaber’s
(2000) model.

Huang (2004) extended the EPQ model in which
imperfect products are allowed. Chiu et al. (2004) con-
sidered the effects of random defective rate and imper-
fect rework process on EPQ model. Chang (2004)
investigated the effects of imperfect products on the total
inventory cost associated with an EPQ model. Goyal and
Cardenas-Barron (Goyal and Cardenas-Barrén 2005)
extended the EPQ model by considering imperfect pro-
duction system that produces defective products. They
assumed all of the defective items are reworked. Chiu
et al. (2007) investigated an EPQ model that considers
scrap, rework, and stochastic machine breakdowns to
determine the optimal run time and production quantity.
Wen-Kai and Hong-Fwu (2009) extended Salameh and
Jaber’s (2000) model considering a one-time-only dis-
count. They calculated the optimal order size for a
special period in which discount is offered. Wee et al.
(2007) added a shortage backordering assumption to
Salameh and Jaber’s (2000) model. In their model,
shortage is satisfied at the beginning of each period
before the screening process. Therefore, defective items
might have been shipped to customers.

Taleizadeh et al. (2010a) introduced an EPQ model
with scrapped items and limited production capacity.
They (Taleizadeh et al. 2010b) also introduced a
multi-product single-machine production system with
stochastic-scrapped production rate, partial backor-
dering, and service level constraint. Furthermore,
Taleizadeh et al. (2010c) studied a production quantity
model with random defective items, service level
constraints, and repair failure in multi-product single-
machine situation.

Jaber et al. (2008) introduced an EPQ model for items
with imperfect quality subject to learning effects. They
assumed that imperfect quality items are withdrawn from
inventory and sold at a discounted price. In another
research, Jaber et al. (2013) modeled imperfect quality
items under the push-and-pull effect of purchase and repair
option in which the defectives were repaired at some cost
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or replaced by good items at some higher cost. They
introduced optimal policies for each case. Khan et al.
(2011) considered order quantity and lead time as decision
variables in a production system with defective items. They
defined the strategy of credit period for their model and
used an algorithm to minimize the total cost of the system.
Hauck and Vords (2014) considered the percentage of
defective items as a random variable and defined the speed
of the quality checking as a variable. They developed two
models: in one of them, no change would happen in the
system state; and in the other, the state of the system might
change after each order cycle. Mukhopadhyay and Gosw-
ami (2014) studied the effect of one-way substitutions of
imperfect quality items to cope up with lost sales and
shortages.

Yoo et al. (2009) proposed a profit-maximizing EPQ
model that incorporates both imperfect production quality
and two-way imperfect inspection. Hsu and Hsu (2012)
corrected this model and showed that a significant differ-
ence would occur between the corrected model and the
Wee et al.’s (2007) model. Besides, Chang and Ho (2010)
revisited Wee et al.’s (2007) model and obtained a new
expected net profit per unit time via the renewal-reward
theorem. Moreover, Tai (2013) extended Hsu and Hsu’s
(2012) model considering two warehouses and multi-
screening processes. Other related researches are Cardenas-
Barrdn (2000, 2007, 2009), Chandrasekaran et al. (2007),
Liu et al. (2008), Mohan et al. (2008), and Parveen and Rao
(2009).

This paper proposes another extension to Hsu and Hsu’s
(2012) model by changing one of the assumptions. Instead
of selling defective items at the end of a period at a lower
price, a contractual money back agreement between the
retailer and the supplier exists based on which the defective
products are returned to the supplier via the vehicle that
brings a new order in that period.

The remainder of this paper is organized as follows. A
brief introduction is given for Hsu and Hsu’s (2012) model
in the next section. The new formulation along with its
optimal solution is proposed in “The new model”. The
section titled “Numerical examples” contains illustrations
to demonstrate the applicability of the proposed method-
ology and to compare its results with the ones obtained
using Hsu and Hsu’s (2012) model. We conclude the paper
in “Conclusion”.

Hsu and Hsu’s model
The parameters, the decision variables, and the assump-

tions involved in Hsu and Hsu’s (2012) model are descri-
bed as follows.
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Fig. 1 Inventory behavior over
time in Hsu and Hsu’s (2012)
model

Parameters

The parameters are:

D Demand rate

X Screening rate, x > D

c Purchasing cost per unit

K Ordering cost per order

p Random percentage defective

f(p) Density function of p

s Selling price per unit

v Salvage value per defective item, v < ¢

d Screening cost per unit

b Backordering cost per unit per unit of time

h Holding cost per unit per unit of time

T Cycle time

t Part of the cycle time in which there is an inventory

t Part of the cycle time in which there is no item for
shipping

13 Part of the cycle time for screening

Decision variables

The decision variables are:

y  Order size
B Maximum backordering quantity

Assumptions

The assumptions involved in the Hsu and Hsu’s (Hsu and
Hsu 2012) model are:

1. The demand rate and the lead time are known and
constant.
2. The replenishment is instantaneous.

3. Shortage is completely backordered.

To avoid shortage within screening time ¢, p < 1—D/x.

5. The defective items are sold after finishing the
screening process.

>

A graphical representation of the inventory problem at
hand is shown in Fig. 1. The inventory begins with the
order quantity y. Then, at the end of the screening process,
t3, B units are sold at a rate of x(1—p)—D. In this case, the
optimal values of y and B can be obtained based on Eqs. 1
and 2.

= 2KD
h{E[(l _p)z} — RA; + 2E[p]g} — bR (1 + A3 2)
(1)
B*=y*"xR (2)
where
R:h(le[P}*/%*Az) 3)

2(hA; + b + 222

A=k {dlf);)] A= E{@;’i’)] |

_ (1-p)
and Ay = E {(1,9{’)]

The new model

In Hsu and Hsu’s (2012) model, defective items are sold at
a price V each after finishing the screening process.
However, in some industries such as apparel, crystal,
electronic, and IT, it is not reasonable to sell the imperfect
items at lower price since the difference between salvage
and actual price is significant and suppliers use different
policies to compensate the faults in their products. One of
these policies is taking back the imperfect items. Therefore,
in this paper, defective items received in a period are

’r @ Springer
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Fig. 2 Inventory behavior
when defective items are
returned

t;

returned to the supplier at the beginning of the next period.
In this case, the inventory behavior is changed to the one
shown in Fig. 2. In this figure, at time 71, all the perfect
items are sold, and py defective items are remained unsold;
kept in the warehouse until the beginning of the next
delivery. Moreover, the payment occurs at the end of the
screening process, 73, and the retailer only pays the pur-
chasing cost of perfect items that is (1—p)yc. Therefore, the
holding cost of a period increases and that there is no
revenue from selling defective items at a lower price.
Instead, he returns them to the supplier at the end of the
period when the supplier’s vehicle delivers the new order.
As a result, the rate of satisfying backorders in each cycle

is x(1—p)—D. After time f3, the inventory reduces to B +
Bx(1-p)

6D =x(1 —p)tz = sipp and so 13 = X(F%. More-
over, based on Fig. 2, 1| = y“_#, h=E8andT = %.

The ordering cost per cycle is K and the purchasing cost
per cycle, T8, is

Note that the payment occurs only for (1—p)y items
after the screening process, and the retailer does not pay for
the py defective items.

The cost of the screening process per cycle, TD, is
obtained by

TD = dy 4)

The backordering cost per cycle, TB, is determined by

EM’B(B ﬁ)

=35 5 mm) =3 (5 o)
5)

1
1B = ibB(zz +18) =

Y4
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The holding cost per cycle, TH, can be formulated as

+%(y— gx(l ) )D+py>(h —tz)+pytz}
%h{yta —pyts + (y Bx(l — +py)t1 +2pytz}
%h{ p)yts + (y _p) +py)t1 +2pytz}
—o-mEs >_D)

(e 5 25) (U5 + i)

%h{By( 1;__) LY (1;172))3(1;17)

By(1—p)* B*(1—p) | 2pyB
" D(1-p-Y +D(1 —p-D +D}

(6)

In addition, the revenue per cycle received by selling
perfect items, 7R, is

TR =y(1 - p)s (7)

Finally, the net profit per cycle, TP(B, y), can be cal-
culated by

TP(B,y) = TR — (TK + TS + TD + TB + TH)

= —plys—K—(1—p)yc—dy
LBy 1-p +yz(lﬂvz)_yl?(lﬂﬂ)
2\ \u=p-2 D D
_ By(1—p)® | Bl—p)  2pyB
D(t-p=%) D(l-p-%) D
1 1 1
Y ol [ R — 8
2 <D+x(1p€) ®)
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Based on Eq. 8, the expected profit per cycle is
E[TP(B,y)| = (1 — E[p])ys — K — (1 — E[p])yc — dy
1 (B 1- ’E1 —p*] yB(1+E
_§h<_yE[ p ]+y [1=p*] yB(1+E[p])

x [1-p-2 D D
B 1—p)11)?*| B2 1— 2E[plyB
By |(1-p) g LBy Pl [ply
D" | 1-p-2 D [l-p-2 D
bB®> bB? 1
— - 7E7
G et ®

Since the process of generating the profit is renewal with
renewal points at order placement, and the reward received
at the end of each cycle is dependent on the duration of
each cycle, the renewal-reward theorem could be used to
calculate expected profit per unit time. The basic tools that
are used are the computation of the reward per unit of time
and the rate of the expected value of the reward.

Ei[ﬁ(f)‘y)] is the

expected profit per unit time. As the expected cycle time
E[T] is w, the expected profit per time, E[TPU (B, y)],
is

Now, according to the renewal theorem,

E[TPU(B,y)] =D PR pey P

U9 =5 P )
J{ BDA,  yE(1-p*) B(1+E[p)
2 \x(1—E[p])  (1-E[p]) (1-E[p])

_ BA B%A, 2BE|[p] }

(—Ep))  (—Ep)y  (—Ep)

i (2(1 iQBEZ[p])y - zx<11)b—3221>y) }

Equations 12 and 13 are the first and the second deriv-
atives of E[TPU (B, y)] with respect to B, respectively

(11)

OE[TPU(B,y)] ~ bB_ BbDAy
0B ~ (1—E[pl)y x(1—Elp])y
/’l(l + E[p]) hAz B BhAl
2(1 - E[p]) 2(1-E[p]) x(1-E[p])
_ hE[p]  DhA (12)
(1-E[p]) 2x(1-E[p])
CE[TPU(B,y)] b _ bDA;
o’B o —hﬁ [Py x(1— E[p])y
1
30— E) ()

DK d.
E[TPU(B,y)] = Ds — {W-FDH_M——E[];]) In addition, the first and the second derivatives of
+@{ BD { 1-p } yE(1—p?) ~ B(1+E[p]) E[TPU (B, y)] with respect to y are obtained, respectively,
2\ x(1—E[p]) |1-p-2] (1-Elp) (1-Elp]) in Eqgs. 14, 15.
5 fJa-pn?), B E{ 1-p }
(1—E[p) | 1-p=2 | "(1—E[p])y [1-p-2 OE[TPU(B,y)] KD n bB’
| 2BE[p) }+< bB Db E{ 1 D} ay (1—Elp])y* 2(1—-E[p])y*
(1-E[p]) 2(1—E[pl)y 2x(1—E[p])y [1-p-2 bB2A;D lhE(l —p)? hB2A, "
1) Tagi—ephy 20-wp) ey Y
Assuming O°E[TPU(B,y)] 2DK bB*
A, :E{ (1=p) ] 4 :E{ (1-p)? ] and As :E{ | ] oy (1—Elp)y* (1 —E[p)y’
(-2} (1=r=2) )’ (1=r-5) bB?A3D hB?A, s
Eq. 10 is reduced to x(1—E[p))y Y (1 —E[p) (1)
Table 1 Comparison results x 75,000 125,000 150,000 175.200
based on different screening
rates Optimal B of the proposed model 155.7946 303.7391 343.3179 372.5029
Optimal y of the proposed model 1,493 1,571.3 1,592.9 1,609
Optimal ETPU(B,y) of the proposed model 1,217,800 1,218,200 1,218,200 1,218,300
Optimal B of Hsu and Hsu’s model 156.87 308.13 349.03 379.32
Optimal y of Hsu and Hsu’s model 1,503.34 1,594.05 1,619.4 1,638.4
Optimal ETPU(B,y) of Hsu and Hsu’s model  1,212,600.2 1,212,986.4 1,213,086.6  1,213,159.7
Improvement 5,199.8 5,213.6 5,113.4 5,140.3
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e
Equation 16 is used to show that there exist unique 3 § 0 g
solutions of B and y. 2w S o 8
c|E238E23
) G S —_
O’E[TPU(B,y)] y O’E[TPU(B,y)] O*E[TPU(B,y)]
OB %y 0BOy -
] S -
2KDbx* + 2bD*KxAs + 2DKx*hA, B od_9dqg
= 2 2gd2rgk
x*(1 = E[p])"y* il I R I N WS |
(16)
As p<1 —% both Egs. 13 and 15 are negative and - 2
.. .. I -
hence Eq. 16 becomes positive. This indicates that there a - F =N
. . . . SSs <8 4 a8
exist unique solutions of B and y that maximize the annual mlgRagEed
profit. S| =28 <= =F
Equating Eq. 12 to zero, the optimal B is obtained by
B* =Ry 17 3
’ " 2.5,23,
where o i § ‘ﬁ = § 58
! QS TN T
=) N — —~ N —~ —~ AN
R— hx(l — E[p]) + /’lXAz — /’lDA] (18)
"~ 2xb +2bDAs + 2hxA, w
- : . 2 3 S
by substituting Eq. 17 into Eq. 14 and equating it to zero, S R I
. . . — ¥ & O f £ R
the optimal y is determined by - |lg23ax88 Y
S|l - =R < & —
2xKD
Y= 2 7] 7] 7 (19) g = -
hxE(1 — p?) — bR>x — bR?2A3D — hxR2A, 2 S R 2w
HREEEEFEE
. . =) = a
In the next section, numerical examples are solved 3 < % RESRR § L ag
to demonstrate the applicability of the proposed v
modeling. 3 ~
3 L 8 a 8
o FaSoman
on A ¢ 0 0>~ O on
s | o “w Q@ = 5 X = ©
. El2| 88 al e ar
Numerical examples g|le|o- - - -
(5]
o
Q
In order to compare the proposed model with the one in = - X
S
Hsu and Hsu’s (2012), numerical examples based on a ° § R
uniform distribution for the percentage defective shown in 3 2 E g =z g g s
Eq. 20 are provided in this section. § S|lo =« < 2w
<
(=¥
! 3
-, 0<p< 2 _ o)
f(p) = { g 0<p<h (20) < 3 E
0, otherwise = 2 i
. . § s _ 3
The resulting equation follows: 3 —- _ 23 3=
& 5 8 = 2 ¢ %
e o o = E <
B ] E E v » g
(1-p) 1—p ES 3T L2 2L
A =FE | = — _Qf(P)dp o %%LHIIQ—
(l—p—f) 1—-p—= & 8 %399 g °
x x g S &8~ & g —
0 2 EEnEs =
g N2 g
p ) , 2l |EE25£43
1 Z D 1-= g T 5 &% 3k E
= [+ —ldp =1+ ~In[ —F5* S SO I <
p l-p-7% pe N1 =38 a ERCCT R e
0 2| |EEEEEE¢
S 8B 8 8 2 8 &
(21) Eleld858585585E
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Table 3 Comparison results h 1 3 5 8 10
based on different holding costs
Optimal B of the proposed model  206.2094 318.8364 372.5029 413.4083 427.7503
Optimal y of the proposed model 3,265.8 1,989.2 1,609 1,339.2 1,231.7
Optimal ETPU (B, y) of the 1,221,400 1,219,500 1,218,300 1,217,100 1,216,500
proposed model
Optimal B of Hsu and Hsu’s model 209.3 324.18 379.32 421.82 436.97
Optimal y of Hsu and Hsu’s model 3,314.84 2,022.53 1,638.4 1,366.48 1,258.27
Optimal ETPU(B,y) of Hsu and 1,216,309.5 1,214,342.5 1,213,159.7 1,211,920.3 1,211,278.1
Hsu’s model
Improvement 5,090.5 5,157.5 5,140.3 5,179.7 5,221.9
Table 4 Comparison results b 5 10 15 20
based on different backordering
costs Optimal B of the proposed model 604.9302 372.5029 269.6536 211.4282
Optimal y of the proposed model 1,741.9 1,609 1,553 1,522
Optimal ETPU(B,y) of the proposed model 1,218,800 1,218,300 1,218,100 1,217,900
Optimal B of Hsu and Hsu’s model 617.97 379.32 274.24 214.88
Optimal y of Hsu and Hsu’s model 1,779.46 1,638.4 1,579.38 1,546.89
Optimal ETPU(B,y)of Hsu and Hsu’s model  1,213,653.4  1,213,159.7 1,212,926.9 1,212,791.2
Improvement 5,146.6 5,140.3 5,173.1 5,108.8
2 1-D/X 2 s = 50 and x varies from 75,000 to 175,200. In Table 2,
(1-p) (z+ D/X) . ) . .
A, =FE | = / ———f(z)dz p is uniformly distributed between O and f that varies
(1 -pP- Y) DX < between 0.04 and 0.5, D = 50,000, x = 175,200, K = 100,
1-D/X ) h=5 b=10, d=05, ¢c=25 s=250. In Table 3,
_ u/ 1G+HMH}/)>d B = 0.04, D = 50,000, x = 175,200, K = 100, b = 10,
B d = 0.5, c = 25, s = 50 and h varies between 1 and 10. In
1-D/X=f 5 Table 4, D = 50,000, x = 175200, K =100, h=>5,
_1_D_ﬁ+2D+1<D>m( 1 -D/x > B =004 d=05 c=25s=50and b is between 5 and
x 2 x  pl\x 1—D/x—f 20.

.. D B 1(D\’ ([ 1-D/x
1475005 (0) m(2502)

B 1 _ 1, ( 1-Dfx
h=k (1_,,_1;)] () 22
B B
Elp] =/pf(p)dp=/%dp:§ (23)
0 0

w00 fo-rje=io-5))
0

(24)

Tables 1 2, 3, and 4 show the optimal values of B and
y of the proposed model that is compared to the ones of the
Hsu and Hsu (2012) model in various scenarios. The sce-
narios are chosen based on different screening rates, per-
centage defective distributions, holding costs and
backordering cost. More specifically, in Table 1, f = 0.04;
D = 50,000; k = 100; h =5; b =10; d = 0.5; ¢ = 25;

The results in all tables show that the policy that is
presented in this paper has resulted in better solutions. In
other words, keeping the defective items in the warehouse
and returning them back to the supplier results in more
expected profit than the one obtained based on selling the
defective items at a lower price.

Conclusion

This paper extended the model originally presented by Wee
et al. (2007) and corrected by Hsu and Hsu (2012). In Wee
et al. (2007) model, the defective items are sold at a lower
price right after the screening process. In this paper,
however, the defective items are stored in the warehouse
until the next delivery is received and then are returned
back to the supplier via the supplier’s vehicle. After
deriving optimal order and backordering quantities using
the renewal-reward theorem, the results of some numerical
examples indicated that the new policy are more lucrative
for the retailer in the specific examples compared with Hsu

’r @ Springer
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and Hsu’s (2012) model. Although the new policy caused
holding cost to increase, the retailer only purchased and
sold perfect items where there was no loss due to receiving
damaged items.

Author contribution BMYV, STAN, MF, and MEMR
used the renewal-reward theorem to derive closed-form
equations for the optimal order and shortage quantities of
batches that contain defective items with percentage non-
conforming following a certain probability density func-
tion. In this newly defined inventory problem, the orders
delivered to a retailer are subject to 100 % screening pro-
cess at a rate higher than the demand rate. Shortage is
backordered and defective items in each ordering cycle are
stored in a warehouse to be returned to the supplier when a
new order is received. Although the retailer does not sell
defective items at a lower price and only trades perfect
items (to avoid loss), a higher holding cost incurs to store
defective items. The novelty comes from the fact that there
has not been any closed-form equation proposed in the
literature to determine the optimal order and shortage
quantities of returnable imperfect items in a single sup-
plier-single retailer supply chain. This research has a broad
application in many inventory control problems in which,
the ordered imperfect items can be returned to the supplier.
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