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Abstract

This thesis deals with the pricing of American equity options exposed to correlated interest rate
and equity risks.

The first article, American options on high dividend securities: a numerical investigation by F.
Rotondi, investigates the Monte Carlo-based algorithm proposed by Longstaff and Schwartz (2001)
to price American options. I show how this algorithm might deliver biased results when valuing
American options that start out of the money, especially if the dividend yield of the underlying is
high. T propose two workarounds to correct for this bias and I numerically show their strength.
The second article, American options and stochastic interest rates by A. Battauz and F. Rotondi
introduces a novel lattice-based approach to evaluate American option within the Vasicek model,
namely a market model with mean-reverting stochastic interest rates. Interestingly, interest rates
are not assumed to be necessarily positive and non standard optimal exercise policy of American
call and put options arise when interest rates are just mildly negative. The third article, Barrier
options under correlated equity and interest rate risks by F. Rotondi deals with derivatives with
barrier features within a market model with both equity and interest rate risk. Exploiting lattice-
based algorithm, I price European and American knock-in and knock-out contracts with both a
discrete and a continuous monitoring. Then, I calibrate the model to current European data and
I document how models that assume either a constant interest rate, or strictly positive stochastic

interest rates or uncorrelated interest rates deliver sizeable pricing errors.
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Introduction

This thesis deals with the pricing of American equity options within several market models.
Whereas European options can be exercised only at maturity, American ones can be exercise
at any time up to their maturity. As a consequence, the holder of an American option faces each
time an optimization problem as she has to compare what she gets right now exercising the option
to what she would get exercising it later on in the future. This recursive optimization problem
makes the evaluation of American options quite challenging even in the simplest market models
like the pure diffusive one factor model of Black-Scholes. When introducing more complicated,
but yet more realistic, market models and when considering more exotic derivatives the current
literature offers no solution. This thesis aims at solving some open problems when dealing with
American options within market models with more than one risky factor.

This thesis consists of three chapters. Each of them is a self-contained paper, namely

o American options on high dividend securities: a numerical investigation by Francesco Ro-

tondi (published);

o American options and stochastic interest rates by Anna Battauz and Francesco Rotondi

(submitted);
e Barrier options under correlated equity and interest rate risks by Francesco Rotondi.

The abstracts of the three papers are collected below.

American options on high dividend securities: a numerical investigation: I document a sizeable
bias that might arise when valuing out of the money American options via the Least Square Method
proposed by Longstaff and Schwartz (2001). The key point of this algorithm is the regression-
based estimate of the continuation value of an American option. If this regression is ill-posed, the
procedure might deliver biased results. The price of the American option might even fall below the
price of its European counterpart. For call options, this is likely to occur when the dividend yield of
the underlying is high. This distortion is documented within the standard Black—Scholes—Merton

model as well as within its most common extensions (the jump-diffusion, the stochastic volatility



and the stochastic interest rates models). Finally, I propose two easy and effective workarounds
that fix this distortion.

American options and stochastic interest rates: We study finite-maturity American equity op-
tions in a stochastic mean-reverting diffusive interest rate framework. We allow for a non-zero
correlation between the innovations driving the equity price and the interest rate. Importantly,
we also allow for the interest rate to assume negative values, which is the case for some invest-
ment grade government bonds in Europe in recent years. In this setting we focus on American
equity call and put options and characterize analytically their two-dimensional free boundary, i.e.
the underlying equity and the interest rate values that trigger the optimal exercise of the option
before maturity. We show that non-standard double continuation regions may appear, extending
the findings documented in the literature in a constant interest rate framework. Moreover, we
contribute by developing a bivariate discretization of the equity price and interest rate processes
that converges in distribution as the time step shrinks. The discretization, described by a recom-
bining quadrinomial tree, allows us to compute American equity options’ prices and their related
free boundaries. In particular, we document the existence of non-standard optimal exercise poli-
cies for American call options on a non-dividend-paying equity. We also verify the existence of
a non-standard double continuation region for American equity options, and provide a detailed
analysis of the associated free boundaries with respect to the time and the current interest rate
variables.

Barrier options under correlated equity and interest rate risks: 1 study European and American
equity derivatives with barrier features exposed to correlated equity and interest rate risks. The
interest rate is modelled as a diffusive mean-reverting stochastic process and its zero lower bound
is removed in order to resemble current European market conditions. Using novel lattice-based
pricing techniques, I carry out a throughout analysis of discretely and continuously monitored
European and American knock-in and knock-out options solving the related numerical issues. I
show how models assuming 1) constant interest rates, 2) independent stochastic interest rates, 3)
strictly positive stochastic interest rates deliver sizeable relative pricing errors with respect to my
benchmark. The relative pricing errors, that in some cases reach values around 15%, are larger
when dealing with path-dependent options, whose dependence on the comovements of the equity

and the interest rate is stronger.



American Options on High Dividend

Securities: a numerical investigation



1.1 Introduction

Wherea&ﬂ most of the exchange-traded options on global financial indexes can be exercised only
at maturity, thus being European-style options, the vast majority of equity options are American-
style, as they can be exercised at any time up to their maturity. Evaluation of American-style

options is, therefore, of crucial relevance in the financial industryﬂ

The fair pricing of this kind of claims is tricky even within simple market models due to their
embedded optimization problem. In fact, since the holder of an American option has the right to
exercise it at any time up to maturity, she will do so at the moment in which the expected payoff
of the option is maximum. Therefore, virtually at each instant in time, she has to compare what
she would get by the immediate exercise of the option to what she would get in the future if she
waits and exercises the option later on. In turns, what she would get in the future depends on her
future decisions: this recursive structure of the decision problem makes the evaluation of American
claims quite complicated. See, e.g., Detemple, (2014) for an extensive review of the main pricing
methods of American-style derivatives.

Longstaff and Schwartz (2001) proposed the Least Square Methods (LSM henceforth), an in-
teresting, fast and flexible Monte Carlo-based algorithm to price American options. The key point
of the LMS is a regression-based approximation of the continuation value for the American op-
tion, which overcomes the well known issue of recursively estimating the conditional expectation
of future optimal exercises. At maturity, the option is exercised whenever in the money. Then, the
optimal policy is retrieved going backward by comparing the immediate exercise payoff with the
continuation value, which is approximated by the fitted values of a pathwise regression of all future
payoffs on the immediate payoff. Since this regression is run on the paths along which the option is
in the money, if there are too few of them, the regression is ill-posed and produces biased estimates
of the continuation value. This propagates recursively and the final estimate of the price of the
American option might be biased. Such bias might be so large that the American option price
falls below the price of its European counterpart, delivering a price that violates the no arbitrage
assumption as American options are always worth more than their European counterparts due to

the early exercise premium.

If the option starts even mildly out of the money, the probability that the underlying reverts

!This article is published in Risks, 2019, 7(2), 59.

2See, e.g., the CBOE Market Statistics annual report released by the Chicago Board Options Exchange,
the largest trading market for derivatives. In 2016, the overall dollar value of all the equity options traded
at the CBOE was roughly equal to $66 billion with an average of 1.35 million equity options traded daily

corresponding to 205 million call options and 135 million put through the year.
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back to the in the money region depends on the drift of the risky asset. This drift depends in turns
on the risk-free interest rate, on the dividend yield and on the volatility of the equity. Under re-
alistic combinations of these parameters, the probability that initially out of the money option
ends up in the in the money region is quite low. This damages the regression-based estimation
of the continuation value of the American option thus altering (usually lowering) the final price.
As an example, a high dividend yield relative to a low risk-free interest rate depresses the drift of a
lognormal risky asset and, therefore, the stock is expected to decrease. In this case, the evaluation
of an American option on this stock through the LSM, would most likely deliver a biased result.

My analysis builds on the large literature about the weaknesses and the related improvements
of the Monte Carlo-regression based methods for pricing American options. Among others, |Garcia
(2003) and Kan and Reesor| (2012) analysed and corrected the biases of the algorithm due to
suboptimal exercise decisions whereas, as an example, Belomestny et al.| (2015)) and [Fabozzi et al.
(2017) proposed further improvements of the original LSM.

Out of the money options play a key role in hedging strategies to protect investors against
sudden drop/peak of the equity. Furthermore, Carr and Madan| (2001) showed how to replicate any
derivative whose payoff is a smooth function of the underlying at maturity with fixed positions in
the bond, the stock itself and out of the money European call and put options. As European options
on equity are quite illiquid, American ones are used in practice (delivering a small deviation from
the perfect replication). Therefore, the correct evaluation of American out of the money options
is relevant as well.

The remaining of the paper is organized as follows. Section analyses the aforementioned
flaw of the LSM in the standard diffusive framework of Black—Scholes—Merton. The following
three sections address this issue within the three most common extensions of the standard diffusive
framework. Section[I.3]deals with the jump-diffusion model, Section[I.4) with the stochastic interest

rate framework and, finally, Section [I.5] with the stochastic volatility one. Section [L.6] concludes.

1.2 American Equity Options, Constant Interest Rates

I first analyse the LSM in a simple diffusive framework, as the one of Black and Scholes| (1973)
and Merton| (1973). The risk-free interest rate is assumed to be deterministic. In Section 1
first review the LSM and I highlight the possible flaws that might arise when valuing out of the
money American option. Then, I propose a possible workaround to overcome them. In Section
I propose some numerical example to quantify the size of the flaws and to show how the

workaround delivers correct results.



1.2.1 Theoretical Framework

1.2.1.1 The Primary Assets

Assume that the market is arbitrage-free and let r € (—1,400) be the constant prevailing risk-
free interest rateﬂ The risk-free interest rate is capitalized through a traded bond with price
B(t) = €e". Consider a traded lognormal risky security S whose price dynamics under theE| risk-

neutral probability measure Q solve the following stochastic differential equation (SDE henceforth):

dS(t) = (r —q)S(t)dt + oS(t)dW (t), S(0) =Sy (1.1)

with t € RT, where W is a Q-Brownian motion, o € R* is the constant volatility of the security,
q its continuous dividend yield and Sy € R™T is its current price at t = 0. It is well known that
the solution to Equation ([L.1]) delivers the following explicit expression for the price of the risky

security
2

S(t) = Spexp (r—q—é)t—kaW(t} , t>0. (1.2)

Notice that the continuously compounded rate of return over [0,¢] on S,

lnséj): (r—q—f)t—kaW(t)

has two contributions: the first one is deterministic and depends on the drift u@ :=r — ¢ — 02 /2
of the security; the second one is normally distributed with zero mean and variance equal to o?t.
Globally, the expected rate of return over [0,¢] is therefore normally distributed with mean p%t
and variance o?t. Furthermore, as time goes by, the deterministic component p@t prevails over
the random one aW(t)ﬂ Therefore, the investor expects the security to appreciate as time goes

by proportionally to the constant drift p@.

1.2.1.2 The Derivatives

Let f(S), S € RT, be the payoff of a derivative written on S(t). For a thorough analysis of many

derivatives in this diffusion framework, see, e.g., |Bjork| (2009)). I restrict my investigation only to

31 advisedly allow for r € [—1,0] in order to possibly replicate also the current situation of the
Eurozone where “risk-free” government bonds, such as German ones, display negative yield up to few

years maturities.
4Under these assumptions, the market is actually also complete; therefore, the risk-neutral measure

Q is unique.

°It holds true (see, e.g., |[Revuz and Yor| (2001)) that limsup, . = 1 and

W(t)
\/2tlog, t
0
lim infy s 4 o \/% = —1 almost surely; as +./2tlog, t = o(t), limsup,_, | o ﬁ%@) =1.
2
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plain vanilla options; these are derivatives whose payoff can be cashed in by investors if (and only
if) it is positive and that depends only on the current value of the underlying. The two instances
of these options I will investigate are the call options, with f(S) = (S — K)™, and the put options,
with f(S) = (K — S)T, where in both cases K, the strike price of the option, is the constant
quantity specified on the contract at which the holder of the option has the right to buy or to sell,
respectively, the underlyingﬂ

European-style options can be exercised only at maturity 7' € RT. As their payoff at maturity
is f(S(T)), the fundamental no-arbitrage pricing equation gives the value of these options at any

time ¢, from inception, t = 0, up to maturity T

(1) = B2 f<S<T>>BB((;))

7| =E® [ F(S(T)e = Ft} . (1.3)

For call and put options, 7¢(¢) admits a closed form solution, the celebrated Black-Scholes—
Merton formula first derived by Black and Scholes| (1973)) and Merton| (1973]).

American-style options can be exercised at any time up to their maturity 7" € RT. If exercised
at t € [0,T], their payoff is f(S(t)). Clearly, a rational investor would exercise an American option
when the payoff it delivers is the greatest possible. Therefore, the value of an American option at
any time t is

77}4(15) =ess sup EY f(S(T))e_T(T_t)’.E} , (1.4)
TE,T)

where the essential supremum accounts for the fact that the sup is taken on an (uncountable)
family of random variables defined up to zero-probability sets. In other words, the value of the
American option is determined by the optimal stopping time 7 that maximizes the discounted
payoff. It is well known that 7r}4(t) admits closed form expressions for neither call nor put options.

The evaluation of American options has, therefore, to rely on numerical techniques. As greatly

summed up by [Detemple, (2014)), there are broadly three valuation approaches to tackle this issue:

e the variational inequality approach, which generalizes the Black-Scholes PDE and translates

into a free boundary problem:;

e the lattice approach, inspired by the seminal work of |Cox et al.| (1979)), who discretized the
evolution of the underlying asset S and evaluated the American option backward along this

discretization; and

6(z)* := max{0, 2z} denotes the positive part. The holder of an option will exercise it if and only if it
delivers a positive payoff; if this is not the case, the option will not be exercised and its payoff is floored

at zero.



e the least square method, first introduced by |Longstaff and Schwartz| (2001]), who exploited a
Monte Carlo simulation to recursively estimate the expected future payoff of the American

option.

The present work focuses on the last approach, the LSM, as it is widely used thanks to
the simplicity and the flexibility of its algorithm. Nevertheless, I show that, when implemented
without few shrewdnesses, the LSM might deliver biased results under some realistic combinations

of assets’ parameters.

1.2.1.3 The LSM

The general LSM is effectively illustrated in Section 2 of [Longstaff and Schwartz| (2001)). For ease
of reading, I briefly recall here its working flow.

First, the LSM considers a uniform discretization of the investment window [0, 7] and evaluates
a Bermudan-style option that can be exercised at any discrete monitoring date of the time partition.
Then, a large number of sample paths of the security S is simulated; each of them is monitored
at every possible exercise date.

The LSM runs backward in time. At maturity 7', the option is exercised only along the paths
in which it ends up in the money. Therefore, the optimal exercise policy at 1" is known along all the
paths and simply prescribes to exercise the option when it is in the money. At any intermediate
monitoring date ¢;, the holder of the option considers the immediate payoff she would get by the
early exercise of the option, f(S(¢;)). Along all the paths in which the immediate exercise is
positiveﬂ the holder of the option has to decide whether she is better off by exercising it right
at t; or by waiting and exercising it later on. In other words, she has to compare the immediate
exercise value of the option to its continuation value. This continuation value is the discounted
expected value of the option as if it were optimally exercised from ¢;;; on and can be expressed

by a conditional expected value as follows

E® | 7f! (ti)e " (i —H)

ftz} . (15)

In this discrete time backward recursion, the optimal exercise policy has been found along
all the paths from T to t;;1; consequently, the value of the American option along all the paths
is known as well at ¢;11. As the key point of the algorithm, the LSM regresses pathwise the

discounted values of the American option at ¢;41 on some polynomials in the immediate exercises

7If the payoff from the immediate exercise at t; of the option is zero, a rational investor would not

exercise it and she would surely hold it on waiting for a positive payoff later on.
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values f(S(t;)) € Fi.F} In other words, it is assumed that

E? | mf (tigy)em (1)

Fio| = 32 Lo (£(5(8) (16)
meN
where {L,,(*) }men is an orthonormal basis of £2.

The intuition here is that the variation across the paths in which the option is in the money
at t; conveys some information about the value of the option after a “short” time has passed.
The continuation values along all the paths are then obtained as the fitted values of the regression in
Equation . Once the continuation value of the option is known along all the paths, it can
be compared to the immediate exercise and the optimal exercise policy is updated for all the
paths. As the optimal exercise policy is now known from ¢; to T', the algorithm moves backward
considering the choice the option holder faces at t; 1.

Once the optimal policy has been derived also at ¢ = 0, the value of the Bermudan—American
option is obtained by the average of the discounted cashflows (which may occur at different instants
in time depending on the particular path of S) across all the paths.

The LSM method is as powerful as flexible. Its implementation is indeed quite straightforward,
requires few lines of code and is reasonably fast in delivering the results. The scope of the LSM
is almost unbounded: as it works pathwise, the investor just needs to be able to simulate path
by path the relevant processes in order to exploit it. This is why it is important to avoid all the

possible flaws that come with it.

1.2.1.4 Possible Flaws of the LSM

As already pointed out, the key point of the algorithm is the regression-based approximation of
the continuation value that overcomes the well known issue of the recursive estimation of the
conditional expectation of future optimal exercises.

If the regression in Equation is ill—posedﬂ, there might be severe consequences in the
estimation of the continuation value of the option and, consequently, on the updating of the
optimal exercise policy and, ultimately, on the value of the option at ¢t = 0.

I investigate two issues that might affect negatively the regression in Equation (1.6)) at some

8Notice that, if the conditional expectation of two random variables, E[Y|X], is an element of the £2
space, since £? is an Hilbert space, E[Y|X] can be represented as a linear combination of the elements

of an orthonormal basis of the space.
9See, e.g., Wooldridge| (2013), Section 2.2, for a careful explanation of the linear regression model and

of the related necessary assumptions for its unbiased and efficient estimation.
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1. there are fewer in the money paths than the number M of the polynomial taken from the

orthonormal basis of £2; and

2. the paths along which the option is in the money deliver very low immediate exercise val-
ues that translate into a rank-deficient matrix of regressors, especially when high order

polynomials are considered.

Consider the linear model Y = X3 + ¢ with Y,e € RVX! X € RV*M 3 ¢ RMX1 where M
is the number of regressors, namely the explanatory variables, N is the number of observations
and [ is the vector of parameters one is interested in. Omne crucial assumption for the least
square estimator of 8, B = (X’X)1X'Y, to be efficient is that rank(X) = M, namely that all
the regressors are linearly independent. As, by definition, rank(X) < min{M, N}, if there are
not enough observation, namely if N < M, the aforementioned hypothesis cannot hold true by
construction and the estimate B one gets might display quite large variances and be far from the
true value.

In the LSM, at each time step t;, IV represents the number of the in the money paths and M
is the number of polynomials included. If the number of the in the money paths is less than the
number of polynomials included, the estimates of the continuation values are not reliable. This
might happen when the option starts out of the money. As concretely shown in the following
subsection, when the maturity of the option is short and the time step small, there are few in
the money paths at the first monitoring dates. The option is clearly not optimally exercised at
these monitoring dates. Nevertheless, the imprecise estimate of 5 one gets at these dates might
distort the continuation value and make it even negative. If this were the case, the algorithm would
prescribe to exercise the option immediately as a seemingly null payoff is still better than a negative
one. Clearly, this would drastically affect the final value of the Bermudan—American option.

The very same dramatic outcome can be reached if, at any t¢;, there are enough in the money
paths but the immediate exercise values along them is too close to zero. If this was the case,
the matrix of the regressors can still have no full rank as the high grade polynomialﬂ get closer
and closer to zero. This would make one or more regressor equal to the null vector which gives no
contribution to the rank of the matrix of regressors, which, in turns, would become rank deficient
delivering the problems outlined above.

These issues are not explicitly debated in [Longstaff and Schwartz| (2001)) probably because of

the few possible exercise dates, 50 per year, they allow and the few basis functions, the first three

10For all the possible choices of basis functions { L, (X)}men, it holds that lim,,— o x50 Lim (X) = 0;
see Chapter 22 of |Abramowitz and Stegun| (1970) for a comprehensive review of the basis functions of

L2
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Laguerre polynomials, they exploit in the regressions.

As|Clément et al|(2002) proved, the value of the Bermudan option obtained through the LSM

converges to the no-arbitrage price of the related American option as the following three quantities
jointly tend to infinity: the number of time steps, n, the number of simulated paths, N.Sim, and the
number of basis, m, exploited in the regression in Equation (1.6). When implementing the LSM,

one has to choose finite values of the three aforementioned parameters for sake of feasibility.

As can be seen in Figure Left, for the evaluation of American option in the standard
diffusive framework, the LSM needs at least NSim > 10* and n/T > 125 in order to obtain
relative errors smaller than a percentage point. Interestingly, as can be seen in Figure [I.I] Right,
it also turn out that adding more basis function does not improve the estimate of the continuation
value but it rather slows the algorithm and increases the probability that one of the two pitfalls

described above manifests[T]

Relative Error [bp|,m=1,...,8
25 T T T T

200 3.5% 0.4% 0.4% 0.2%
175 10.1% 5.3% 0.5% 0.4% 0.3%
150 4.9% 0.4% 0.6% 0.4%

125 9.2% 5.1% 0.3% 0.6% 0.3% _

S <

0] 125% 0.8% 0.6% 0.5% -
75 11.4% 2.1% 0.8% 0.5%
50 13.9% 1.7% 0.9% 0.5%
25 13.5% 3.0% 0.9% 0.6%

100 1000 5000 10,000 100,000
NSim

Figure 1.1: (Left panel): Relative pricing errors with respect to the binomial tree of an
American call option in the standard Black—Scholes—-Merton model with Sy = 100, K/Sp = 105,
r = 3%, ¢ = 4%, T = 1, m = 6; the darker the cell, the higher the relative error; (Right
panel): absolute value of the average of the first 8 betas of the regression in Equation
for the evaluation of the previous American call option. Twenty independent Monte Carlo (MC

henceforth) simulations were run.

HThe same analysis can be carried out within any of the three extensions to the standard diffusive

model: No relevant differences arise though.
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1.2.1.5 Fixing of the Possible Flaws of the LSM

To fix the issues described above, I propose two workarounds: the first is finance-based whereas
the second is econometric-based™2

The first one prescribes to estimate the continuation values along all the paths as the original
LSM algorithm says, namely as the fitted values of the (possibly ill-posed) regression, and then
to floor these estimates pathwise with the current value of the European option obtained by the
Black—Scholes—Merton formula. This can be seen as a financial sanity check: the expected payoff
that the holder of the American option considers in her exercise decision cannot be lower than the
one she would get by exercising the option at maturity.

The second one prescribes to run a constrained regression where the continuation value is
forced to be non-negative. Since the flaws of the LSM are likely to arise when the early exercise
of the option is never optimal, preventing the continuation value from being negative is enough to
correctly postpone the exercise of the American option.

Both e workarounds fully solve the issue pointed out above. The following subsection shows

it by means of multiple numerical examples.

1.2.2 Numerical Investigation

As pointed out in the previous subsection, the issues with the LSM are more likely to arise when
the option is out of the money.

I focus my numerical investigation on the two most traded options: the American call and the
American put option. Besides the level of the initial moneyness at which the option is written,
also the particular choice of the other parameters plays a role in the determining whether the
underlying is expected to move towards the in the money/out of the money region.

The call option, namely when f(S) = (S — K)™T, is out of the money at t if S(t) < K.
Conversely, the put option, with f(S) = (K — S)*, is out of the money at ¢ if S(¢) > K. Notice
that, if the options share the same parameters, these two events are clearly complementary: the
call option is out of the money if and only if the related put option is in the money. As it can be
directly derived by Equation (1.2), the unconditional risk-neutral probability evaluated at ¢ = 0
that the call option is out of the money at a given ¢t € (0,77 is

oy —

In £ (T—q—%)t
Q(St)<K)=N i =: N(—dy), (1.7)

12I'm grateful to an anonymous referee for suggesting this extremely simple and effective econometric-

based workaround.
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where N(-) : R — (0,1) is the cumulative distribution function of a 0-1 normal random variable

In %m—b—(r—q—%)t B ln$+u@t
oVt - oVt
neutral probability evaluated at ¢ = 0 that the put option is out of the money at a given is N(dz).

Table shows the sensitivities of these two probabilities to the parameters of the model.

and d2 =

varies with t. Analogously, the unconditional risk-

Table 1.1: Sensitivities of N(—d2)/N(dz), the risk-neutral initial probability that the call/put
option ends out of the money at ¢, to the parameters of the model. + (resp. —) indicates a
positive (resp. negative) sensitivity of the probability to the parameter under investigation. ?
indicates that the sign of sensitivity of the probability to the parameter is not unique and might

change. Sy is always kept constant.

K r q o
N(-dy) + - + 7
N(dy) - + — 7

The probability in Equation and its complementary one are of great interest in investi-
gating whether the pitfalls described in the previous subsection are likely to arise or not.

Consider the call option and fix a monitoring date ¢;. If at the first step of the LSM one
simulates IV Sim paths of the underlying, then the call option is expected to be in the money at t;
along N Sim-N(dy) paths. If NSim-N(dy) < M, where M is the number of the basis polynomials
included in the regression, or NSim - N(d2) > M but along these very few paths the option is
mildly in the money, the issues described above may arise. If the call option starts even a little
bit out of the money, the number of in the money paths expected at the first monitoring dates is
extremely low; this worsens for security with high dividend yield ¢ and if the prevailing risk-free
interest rate r is low.

Figure shows the impact of the moneyness Sy/K on the probability that a call option is
in the money at the first monitoring dates. As can be seen, few paths are expected to be in the
money when the option has a moneyness roughly larger than 1.04.

Figure shows the same probability that a call option on S that starts mildly out of the
money (K /Sy = 105%) reaches the in the money region at the first monitoring dates for different
(and realistic) values of r and ¢. As an example, if one million paths are generated (N Sim = 10°),
none of them is expected to be in the money at the first three monitoring dates when r = 3% and
q = 4%; only three paths are expected to be in the money at the fourth monitoring date and, since
usually M = 6 basis functions are exploited in the regression, one would introduce four times a

bias in the estimate of the continuation value.
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Figure 1.2: Probability that a call option on S is in the money at the first eight monitoring
dates. Daily monitoring (250 dates for a T' = 1 year maturity). The darker is the line, the higher
is the strike price K. The panel on the right zooms in the one on the left focusing on more out

of the money call options.
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Figure 1.3: Probability that a call option on S is in the money at the first eight monitoring
dates. Daily monitoring (250 dates for a T' = 1 year maturity).

Table shows some numerical examples. Three levels of moneyness are considered. In the
first case, K/Sy = 1.02, the LSM provides good results even without any correction, but in the case
large dividend yield: nevertheless, the distortion here is quite small and the price of the American
option is much larger than its European counterpart and quite close to the benchmark. However,
the correction of the LSM fixes this issue and delivers coherent results. In the other two levels of
moneyness, when the option starts a little bit more out of the money, the LSM without correction
heavily underprices the American call delivering also large standard errors.

When any of the corrections to the LSM is implemented instead, the results basically coincide
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with the ones derived in the binomial model of |Cox et al.| (1979)), which, for the large number of
the steps considered, can be assumed as a benchmark. Numerical imprecisions appear also when
early exercise is never optimal (r = ¢) and, therefore, the price of the European option and of the
American are roughly the same. In this case, the tiny difference between the two is much smaller
than the confidence interval of the LSM’s estimates and such approach delivers unreliable results.

Completely analogous (and symmetric) results are obtained for out of the money put options,
especially when the dividend yield ¢ is low and the risk-free interest rate r is high. See, e.g., [Carr
and Chesney| (1997); Detemple] (2001) for a throughout discussion on the put-call symmetry for

American-style options.

1.3 American Equity Options, Jump-Diffusion Model

In this Section, I propose a first variation of the standard Black—Scholes market. More specifically,
I allow for stock price process to jump at random dates and with an idiosyncratic intensity. For the
sake of simplicity, the risk-free interest rate is kept constant. The result is the well known jump-
diffusion model first introduced by |[Merton, (1976), which can be seen as the first generalization of
the standard Black—Scholes—Merton model.

As in the previous section, Section describes the theoretical aspects of the analysis,
whereas Section contains the related numerical examples.

1.3.1 Theoretical Framework: The Primary Assets and the Deriva-
tives

Assume that the market is arbitrage free. Two assets are traded: the usual riskless bond B(t) = e

and a risky asset S. To match some features of real market data like high peaks and heavy tails,
it is convenient to relax the continuity hypothesis of the risky stock’s price and allow it to jump
at random times. This introduces a new source risk in the market: The jump risk. Following the
seminal work of Merton| (1976)) and as greatly explained by |Glasserman| (2003)), I postulate that,
since jumps are assumed to be independent of each other and of the stock’s level, the jump risk
can be diversified away by investing in many difference stocks. Hence, the investors require no
jump risk premium. This hypothesis being made, the risk-neutral measure Q becomes unique and
derivatives on S can be priced uniquely.

Under Q, the price process of S solves

dS(t) = S(t7) ((r — q)dt + cdW2(t) + dJ(t)) ., 5(0) =Sy, (1.8)
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where J(t) = Zj\f:(? (Y; —1) is a jump process, Y;s are i.i.d. positive random variables and N () is a
Poisson process with intensity A > 0 that counts how many jumps occurred before ¢ included (with
the convention N(0) = 0). As outlined before, W, the Y;s and N are assumed to be independent
of each other. Jumps arrive at random instants and the waiting time before to consecutive jumps
is exponentially distributed with parameter A. Furthermore, it is convenient to assume that the
jumps Y;s are Q-lognormally distributed with mean a and volatility b

Under all of these assumptions and setting m := E@ Y, —1] = e tb?/2 1, the explicit solution
of S(t) in Equation is

N(t)

[IRE

Jj=1

S(t) = Sp exp {(7’ —q—m— 022> t+oWQ(t)

and, conditioning on n jumps having occurred before ¢, namely, conditioning on N(t) = n,

2
S(t)|nt)=n = Soexp {(r —q— A m— J2> t+oWQt) +an + bv/nZ

)

where Z is standard normal random variable independent of W@(¢t). It also holds true in distri-

bution
< 3(’3 Q
S)nwy=n = Soexp | [ a(t) —q = =5 | T+ on(t)WH(E) (1.9)

with rp,(t) == r —mA + % (a + %) and o2 (t) := 0% 4+ 2b*. The deterministic drift of S(t)|n)=n
here is u@ = r — m\ + na/t — g — 0% /2, strictly lower than in the standard model when a > 0.

The price at t of European and American derivatives within the present jump-diffusion model
are still given by the risk-neutral expected values in Equations (|1.3) and (1.4]). For the European
call, with f(S(T)) = (S(T) — K)T and suppressing the argument of r,,(¢) and 2 (t), it holds

= _(rpy N(T —=1t)"
wp(t) = Yo eV X g o) (1.10)

n=0

with X := X1 +m), 75¢(t;7n,00) = St)e " T"IN(d,) — Ke " T N(d, — 0,v/T — t) and

1 S(t) o2
1 L In ) _
o IT—I N +<7“ q-+ 2)( t)

As usual, the pricing formula for a European put option can be retrieved by put-call parity.

dy = . (1.11)

The pricing of American options within the jump-diffusion model has to rely on numerical
techniques instead, based on extensions of the celebrated Black—Scholes partial differential equation
(see, e.g., Kinderlehrer and Stampacchia, (2000) for a complete analysis on how to price American
options through variational inequalities and Friedman| (2003)) for general solving schemes for PDEs
and free boundary problems). [Zhang (1997) provided an extremely useful characterization of a

finite difference scheme to price American options in the jump-diffusion model.
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1.3.2 Numerical Investigation

With the very same technique exploited to derive WfD (t) and starting from Equation (|1.9)), it can
be shown that the risk-neutral probability that a call option on S is in the money at t € (0,7] is

(At')nN(dn — on\V1). (1.12)

n

Q(S(t)>K) = i e M

This probability is again increasing in r and decreasing in ¢, as Figure shows. Nevertheless,
as the drift of the underlying is now smaller due to the non negligible probability of a downward
jump, this probability is slightly larger than the same one in the standard diffusive model.

This implies a lower expected growth of S that translates into smaller call option prices, as it
can be seen comparing Tables and that share the same parameters.

As can be seen from the numerical examples in Table the LSM works almost fine also at
an intermediate level of out of moneyness, but when the dividend rate is too large.

This is coherent with the numerical figures of the previous section. Again, when the early
exercise is almost never optimal, the price of the European option falls inside the confidence

interval of the Monte Carlo estimate for the American price, making it not really reliable.
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< 0.004 ¢ ] < 0.004 1
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Figure 1.4: Probability that a call option on S in jump-diffusion framework is in the money at

the first eight monitoring dates. Daily monitoring (250 dates for a T'= 1 year maturity).

1.4 American Equity Options, Stochastic Interest Rates

In this section, I propose a second generalized market where the short-term risk free interest rate
is stochastic. More specifically, I assume that the interest rate follows a mean-reverting stochastic

process, as described first by the seminal work of |Vasicek| (1977)). For the sake of simplicity,
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the volatilities of both the stock price process and of the locally risk-free interest rate are assumed
to be constant. As in Sections and Section describes the theoretical aspects of the

analysis, whereas Section [[.4.2] contains the related numerical examples.

1.4.1 Theoretical Framework: The Primary Assets and the Deriva-

tives

Assume that the market is arbitrage-free. The locally risk-free interest rate r follows an Ornstein—
Uhlenbeck process. The locally risk-free rate is capitalized through a bond whose price at ¢ is
B(t) = efot r(ods g zero-coupon bond is traded in market as well. It pays out 1 at maturity
T and its price at ¢ is labeled by p(t,T). As in the previous Section, this markets involves two
sources of uncertainty: The standard diffusive market risk and the interest rate one. Nevertheless,
since the investor can hedge from both through S and the T-bond, the market is complete and
all the derivatives can be uniquely priced. The explicit formula for the price of the zero-coupon
bond p(t,T) can be found, for example, in Brigo and Mercurio| (2007). Finally, a lognormal risky
security S is traded. I allow for a non-zero correlation between the two processes. Under the

risk-neutral measure @, the two solve the following SDEs:

ds(t)
dr(t)

S(t) ((r(t) = q)dt + osdWE(1)),  S(0) = Sy

(1.13)
k(0 —r(t))dt + o, dW2(t), 7(0) =10

with <dVV§Q (t),dW2(t)) = pdt. According to standard notation, the new parameters in Equation
(1.13]) represent: og > 0 the volatility of the risky asset, x the speed of mean-reversion of the
short-term interest rate, 0 its long-run mean, o, > 0 the volatility of the short-term interest rate

and p € [—1, 1] the correlation between the Brownian shocks on S and r. The explicit solution to

the SDEs in Equation (1.13) is

S(t) = Soexp

/t r(s)ds — <q + UE) t+ O‘sWS<t)] ,
0

t
r(6) =10 4 01— ) o [ (s)
0

(1.14)

As before, the contribution of the drift of .5, fot r(s)ds — (q + U;) t, prevails over its volatility

part ogWg(t). Therefore, the expected behaviour of the paths of S depends mostly on the drift.

The pricing formulas for European and American derivatives with maturity 7' € R™ and payoff
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.

For European call and put options, the pricing formulas depart slightly from the standard

f(S(+)) closely recall Equations (1.3]) and ((1.4):

ﬂ-]};(t):EQ f(S(T))g((’;)) Fi :EQ f(S(T))e_ftTT(s)ds

77}4(15) = ess sup EQ [f(S(T))e f; r(s)ds 7

TE[L,T]

Black—Scholes—Merton ones as now the variability of the locally risk-free interest rate has to
be accounted for. The full derivation of the modified formulas can be found in the Appendix
of [Battauz and Rotondil (2019). For the European call option, f(S(T)) = (S(T) — K)* and it
holds

T8 (t) = S(t)e 1IN (dy) — Kp(t, T)N(d2) (1.15)
with
-1 S(t) 1,
di = \/ﬂ (hl Kp(t, T) + §Et,T —q(T - t)) )

& =di— |5y

. T—t
Sip = o0e(T —t)+2050,p ( te 3 + ) + (1.16)
o (34 e 2Tt _ fe=r(T=1) _9kx(T —t)
or 2k3 ’

whereas the related formula for the European put option can be retrieved by put-call parity.

The extension of the pricing to American options is less trivial. The variational inequal-
ity approach can be generalized including the new state variable r but it becomes quite tricky.
On the contrary, the generalization of the binomial tree of |Cox et al. (1979) is less involved:
Battauz and Rotondi (2019) proposed a quadrinomial tree that models the joint evolution of S
and r within a lattice structure. This allows for a relatively simple and fast evaluation of Ameri-
can claims.

Longstaff and Schwartz| (2001)) already allowed in their original work for a stochastic interest
rate, which actually changes a little the LSM described in the previous Section. Nevertheless,
the valuation algorithm suffers from the same drawbacks of the constant interest rate framework

as the following subsection shows.

1.4.2 Numerical Investigation

Since the core of the LSM is unchanged, the drawback spotted out in the previous section might

affect the pricing exercise also in this framework. The risk-neutral probability that the option
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is in the money is still pivotal. Going through the proof of Equation (1.15)), it turns out that,
in the present framework, the risk-neutral probability evaluated at ¢ = 0 that a call option is in

the money at a given t € (0,77 is

1 So 1, -
Q(S(t) >K)=N In + =35, —qt = N(d3), 1.17
(S(t) > K) ("m0 25 () (117)
where E%,t is defined in Equation || At the first steps of the LSM, this probability is again
extremely low if the option starts even a little bit out of the money.

Figure shows that also when the short-term interest rate is stochastic, very few paths of a
simulation are expected to be in the money at the first monitoring dates. Without the numerical

correction proposed at the end of Section the LSM is likely to provide again wrong estimates.
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Figure 1.5: Probability that a call option on S in a stochastic interest rate framework is in
the money at the first eight monitoring dates. Daily monitoring (250 dates for a T = 1 year

maturity).

Table [T.4] shows some numerical examples that match the ones of Table [T.2]

First, it is interesting to notice that prices do not vary much when 7o = 3% with respect to
the ones obtained with a deterministic interest rate r = 3%. This is due to the fact that, in the
stochastic interest rate case, the long-run value is exactly 8 = rg; therefore, r is simply expected
to oscillate around o = 6 in a symmetric (and thus not very relevant) way. Prices are a little bit
higher in the stochastic rate framework to account for the variability in the interest rate itself.
This variability is relevant when rq is significantly different from 8. When ry > 0, r is expected to
decrease towards #: This implies a lower expected drift of S and a smaller call option’s price with
respect to the standard case with a deterministic » = ry. The converse holds true when rg < 6,

thus delivering a larger call option’s price with respect to the standard model. If the pitfalls of the
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LSM are not corrected as proposed, the prices of the American call options fall constantly below
their European counterpart. If the correction is made, instead, the LSM produces results that are

comparable to the benchmark.

1.5 American Equity Options, Stochastic Volatility

Finally, in this section, I propose a third generalization of the standard Black—Scholes market.
More specifically, I allow for the volatility of the stock price process to be stochastic while setting,
for the sake of simplicity, the risk-free interest rate to be constant. The result is the celebrated
model of stochastic volatility first introduced by the seminal work of Heston| (1993).

As in the previous sections, Section describes the theoretical aspects of the analysis,

whereas Section [1.5.2] contains the related numerical examples.

1.5.1 Theoretical Framework: The Primary Assets and the Deriva-

tives

Assume that the market is arbitrage-free. The instantaneous variance v of the stock process S
follows a Cox-Ingersoll-Ross (CIR henceforth) process, namely, a mean-reverting, non—negativdr_g]
stochastic process first introduced by (Cox et al.| (1985). In this setting, the market involves two
state variables: the risky asset’s price and the volatility level. Consequently, there are two types of
risks: the standard diffusive risk associated to S and the new volatility risk associated to v. Since
only the risky stock S and the riskless bond B(t) = ¢"* are traded, the market is not complete
as the investor cannot hedge from the volatility risk. Therefore, the risk neutral measure Q is
not unique. Nevertheless, uniqueness of contingent claims’ prices in this incomplete market is still
attainable by making an assumption on the price of volatility risk. As proposed by [Heston| (1993)),
I assume that the price of volatility risk is proportional to the instantaneous volatility itself and I
denote the constant of proportionality by A,, which becomes another exogenous parameter of the
model. Thanks to this assumption, the risk-neutral measure Q is unique and the processes that

drive the markets solve the following SDEs

dS(t) = (r — q)S®)dt + /v (O S(H)AWS(), S(0) = S -
du(t) = [H (Voo — V(1)) — Ayu@)} dt + &/w0)dWQ(L), v(0) = 1y

13With respect to the specification of v(t) in Equation (1.18)), if the so-called Feller condition holds

true, namely if 2x6 > €2, v(t) is also strictly positive almost surely.
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with (de, WQ) = pdt. According to standard notation, the new parameters in Equation 1’
represent: x the speed of mean-reversion on the volatility, v, its long-run mean, £ the volatility
of the volatility process (the so called “vol of vol”), and p € [—1,1] the correlation between the

Brownian shocks on S and v. Although v(t) admits no explicit solution[?] the one for S(t) in

Equation ([1.18)) is

S(t) = Spexp [(r —q-— V(;)> t+ \/I/(t)Wg(t)] , t>0. (1.19)

As before, the contribution of the drift of S, (r —q-— @)t prevails over its diffusive part
VVEWE(t) and it is still the main driver of its expected future behaviour.

The price at ¢t of European and American options are still given by the risk-neutral expected
values in Equation and , where now the dynamics of S is shown by Equation .

For European options, the closed-form pricing formula are derived in the first section of [Hestonl (1993)).
For the European call option, namely when the payoff function is f(S(T)) = (S(T) — K)™, it holds
at any t € [0, 7]

m8(t) = St)e 1 TP — Ke "=V P, (1.20)

with
P, = 1+% /O+°° e [1 exp (w, (S(t) = In(K)) + C;(T — t,x) + D;(T — t,x)u(t))] dz, j=1,2,

2 X
(1.21)

where i is the imaginary unit, Rel-] the real part operator and, for j = 1,2,

_ . KlVso . 1— g; (x)edj (z)T

¢2
Dj(t,z) = b= pg:?; dj(x)7
gj(1’> _ bj — p€ai + dj(x)

bj — péxi —dj(x)’
dj(z) = \/(pfm —b;)? — &2(2u,xi — x2),

up = 0.5, uy=-0.5, bi=r+MNv—p;& by=kr+M\

The analogous formula for the European put option can be retrieved by put-call parity.
The pricing of American option within this stochastic volatility framework is quite challenging.

This is precisely one of the cases in which the LSM is of great help as, on the contrary, one can

14 As effectively explained in Subsection 3.4 of |Glasserman| (2003), a CIR process is not explicitly
solvable; nevertheless, it can be shown that it is distributed, up to a scale factor, as a non-central chi-

squared random variable.
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easily simulate the paths of Equation ((1.18)). The benchmark I will compare the performance of
the modified LSM to is a finite difference approach to the free boundary problem for the American
call option (see, e.g., Pascucci (2008) on this approach). The following numerical investigation
focuses on the American call option in the Heston model; analogous results can be retrieved by
the put—call symmetry for American options within the Heston model described by Battauz et al.

(2014).

1.5.2 Numerical Investigation

By analogy with the standard Black—Scholes—Merton formula and as carefully described by Heston| (1993)),
P, in Equation represents the risk-neutral probability that an European call option on S
closes in the money. As in the previous cases, this probability depends heavily on the drift of .5,
(r —q— @) t, and it is increasing with respect to the risk-free interest rate and decreasing with
respect to the dividend yield.

Figure [I.6] provides a graphical illustration of this intuition. Notice that, as in the previous
cases, at the first monitoring dates, very few paths are expected to be in the money if the option is
even mildly out of the money at inception. As before, this worsens when the drift of the underlying

becomes negative.
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Figure 1.6: Probability that a call option on S in within the Heston model is in the money at
the first eight monitoring dates. Daily monitoring (250 dates for a T'= 1 year maturity).

Table shows some numerical examples in the spirit of the previous sections. First, prices
of the options are a little bit larger here with respect to the standard model due to the positive
volatility risk premium. Then, the LSM fails in providing correct estimates in the very same cases

of the standard model. Nevertheless, the correction is still effective.
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1.6 Conclusions

The Least Square Methods proposed by [Longstaft and Schwartz (2001)) is one of the most widely
used algorithms to price American equity options. I quantified and corrected a sizeable bias
that could arise if the regression exploited for the approximation of the continuation value of the
option is ill-posed. I showed that this might happen when the option is even mildly out of the
money at inception and when the underlying is not likely to go back into the in the money region.
For American call options, this is likely to happen when the risk-free interest rate is low and the

dividend yield is higher within the all the most commons financial market models.
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Table 1.2: Numerical results, Black—Scholes—Merton model. Sy = 100, 7' = 1, ¢ = 10%, 150
possible exercise dates per year. wg 5(0): initial price of the European call option computed with
the Black—Scholes—Merton formula. Wé rr(0): initial price of the American call option computed
with the Cox-Ross-Rubinstein binomial tree (average of the price obtained with 250 and 251
steps). iy (0)* (i (0)): initial price of the American call option computed with the LSM not
corrected (corrected) for the pitfalls previously described; the first six Laguerre polynomials are
used for the regression: L, (x) = %(ﬁc—mm(xme_m), with m = 0,---,6; NSim = 10°, standard
errors obtained by 20 independent MC simulations. MC estimates that do not include the

benchmark value within the confidence interval are denoted by *.

K/Sy r a 7EG0) 7lrr(0) ﬂ'ng(O)* s.e. ﬂI‘i‘gM(O) s.e.
102% 5% 4%  3.3955 3.3965 3.3953 (0.0031) 3.3942 (0.0026)
6%  2.5558 2.6513 2.6504 (0.0023) 2.6489 (0.0035)
8%  1.8765 2.1129 2.1133 (0.0034) 2.0134 (0.0021)
3% 4% 2.6074 2.6881 2.6879 (0.0035) 2.6900 (0.0043)
6% 19144 21376 21369  (0.0027)  2.1384  (0.0018)
8%  1.3694 1.7149 1.7096 *  (0.0049) 1.7118 (0.0032)
1% 4% 1.9531  2.1628 21602 (0.0032)  2.1609  (0.0040)
6% 1.3971 1.7324 1.7343 (0.0025) 1.7248 (0.0041)
8%  0.9724 1.3973 1.3896 *  (0.0052) 1.3976 (0.0027)
105% 5% 4% 22971 22983  1.7515*  (0.3618)  2.2988  (0.0036)
6% 1.6672 1.7209 1.4135* (0.4398) 1.7193 (0.0019)
8% 1.1782 1.3048 0.9535 * (0.3175) 1.3045 (0.0024)
3% 4%  1.7009 1.7468 1.0236 * (0.3757) 1.7494 (0.0057)
6% 12020 13222  0.9634*  (0.2135)  1.3204  (0.0025)
8%  0.8262 1.0018 0.7122 * (0.2588) 1.0093 (0.0029)
1% 4%  1.2263 1.3399 0.8669 * (0.2495) 1.3375 (0.0038)
6%  0.8429 1.0140 0.7095 *  (0.2236) 1.0124 (0.0028)
8%  0.5629 0.7667 0.3622 * (0.2486) 0.7415 (0.0032)
108% 5% 4% 14930 14930  1.1524*  (0.2163)  1.4921  (0.0037)
6%  1.0433 1.0719 0.8451 * (0.2461) 1.0695 (0.0039)
8%  0.7088 0.7741 0.5428 * (0.1856) 0.7745 (0.0026)
3% 4% 1.0644 1.0890 0.6342 *  (0.3154) 1.0894 (0.0032)
6% 0.7231 0.7853 0.5526 * (0.2866) 0.7841 (0.0019)
8% 04771 0.5635 0.3623 *  (0.1849) 0.5626 (0.0032)
1% 4%  0.7377 0.7968 0.4255 * (0.2121) 0.7965 (0.0025)
6%  0.4868 0.5711 0.3574 * (0.1937) 0.5723 (0.0021)
8%  0.3117 0.4066 0.2114 *  (0.0984) 0.4073 (0.0024)
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Table 1.3: Numerical results, jump-diffusion. Sy = 100, T' =1, ¢ = 10%, a = 0, b = 1%,
A = 1; 150 possible exercise dates per year. w?D(O): initial price of the European call option
computed with Equation . WﬁD(O): initial price of the American call option computed
solving the free boundary problem by finite differences. 7T€8~M(0)* (ngM(O)): initial price of
the American call option computed with the LSM not corrected (corrected) for the pitfalls
previously described; the regression involves the first six Laguerre polynomials for the values
of the immediate exercise payoff; NSim = 10°, standard errors obtained by 20 independent
MC simulations. MC estimates that do not include the benchmark value within the confidence

interval are denoted by *.

K/Sy r g 7F,0) w4,(0) ﬂng(O)* s.e. ﬂng(O) s.e.
102% 5% 4%  2.7297 2.7321 2.7301 (0.0025) 2.7312 (0.0031)
6% 21466 22184 22158  (0.0034) 22175  (0.0062)
8%  1.6861 1.9121 1.9134 (0.0028) 1.9103 (0.0043)
3% 4% 21900 22448  2.2442  (0.0033)  2.2456  (0.0037)
6% 17201  1.9280  1.9293  (0.0024)  1.9301  (0.0024)
8%  1.3339 1.7143 1.6887 *  (0.0206) 1.7142 (0.0026)
1% 4% 1.7549 19461  1.9436  (0.0025) 1.9458  (0.0019)
6%  1.3608 1.7283 1.7274 (0.0031) 1.7296 (0.0032)
8% 1.0425 15446 15101 *  (0.0320)  1.5439  (0.0027)
105% 5% 4%  1.9863 1.9878 1.9857 (0.0034) 1.9885 (0.0024)
6% 1.5511 1.5982 1.5998 (0.0026) 1.5997 (0.0036)
8% 1.1962  1.3516 13519  (0.0012)  1.3489  (0.0042)
3% 4%  1.5824 1.6182 1.6189 (0.0032) 1.6168 (0.0037)
6%  1.2204 1.3640 1.3625 (0.0048) 1.3638 (0.0031)
8%  0.9304 1.1968 1.1789 * (0.0107) 1.1999 (0.0048)
1% 4%  1.2450 1.3766 1.3739 (0.0027) 1.3748 (0.0028)
6% 0.9492  1.2068  1.2041  (0.0029) 12045  (0.0026)
8%  0.7162 1.0671 0.6845 * (0.0714) 1.0701 (0.0052)
108% 5% 4% 1.4367 14376 1.1214*  (0.4147)  1.4369  (0.0028)
6% 11027  1.1332  0.8427*  (0.2845)  1.1327  (0.0014)
8%  0.8370 0.9414 0.6854 * (0.2656) 0.9402 (0.0023)
3% 4% 1.1249 11480  0.9697 *  (0.3274) 1.1459  (0.0043)
6%  0.8539 0.9503 0.6369 * (0.1667) 0.9489 (0.0034)
8%  0.6419 0.8234 0.4214 ~* (0.2546) 0.8251 (0.0037)
1% 4% 0.8711 0.9595 0.6214 * (0.2652) 0.9602 (0.0026)
6%  0.6549 0.8306 0.4886 * (0.2145) 0.8295 (0.0028)
8%  0.4882 0.7265 0.3215*  (0.1341) 0.7255 (0.0017)
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Table 1.4: Numerical results, Vasicek model. Sy = 100, T' =1, 0 = 10%, o, = 1%, k = 1,
0 = 3%; 150 possible exercise dates per year. W%S(O): initial price of the European call option
computed with Equation . 7r§ r(0): initial price of the American call option computed
with the quadrinomial tree of |[Battauz and Rotondi (2019)) (average of the price obtained with
150 and 151 steps). 7T£48~M (0)* (ngM(O))Z initial price of the American call option computed with
the LSM not corrected (corrected) for the pitfalls previously described; the regression involves
the first four Laguerre polynomials for the values of the immediate exercise payoff and the first
four Laguerre polynomials for the current value of 7; NSim = 10°, standard errors obtained by
20 independent MC simulations. MC estimates that do not include the benchmark value within

the confidence interval are denoted by *.

K/So v q wgs(O) ﬂ'éR(O) ﬂfS-M(O)* s.e. ﬂfS-M(O) s.e.
102% 5% 4% 3.1074  3.1424  3.1433  (0.0021)  3.1412  (0.0036)
6% 23141 24910 24901  (0.0025)  2.4896  (0.0032)
8%  1.6847  1.9970 1.9958 (0.0036)  1.9982  (0.0023)
3% 4%  2.6170 2.7026 2.7011 (0.0029) 2.7028 (0.0017)
6% 1.9232 21473 2.1452  (0.0039)  2.1464  (0.0026)
8%  1.3772 1.7213 1.7195 (0.0036) 1.7215 (0.0019)
1% 4%  2.1930 2.3223 2.3205 (0.0027) 2.3231 (0.0030)
6% 1.5858  1.8467 1.8452 (0.0031)  1.8450  (0.0022)
8% 11160 14803  1.4764*  (0.0032) 14816  (0.0020)
106% 5% 4%  2.0746 2.0950 1.4113 * (0.1999) 2.0941 (0.0030)
6% 1.4935 1.5882 1.0263 * (0.2665) 1.5896 (0.0035)
8%  1.0461 1.2088 0.7596 * (0.2133) 1.2092 (0.0031)
3% 4% 1.7116  1.7553 1.2524 % (0.2932)  1.7569  (0.0051)
6% 12111 13275  0.8142*  (0.3120) 1.3288  (0.0036)
8%  0.8331 1.0053 0.6368 * (0.2743) 1.0033 (0.0042)
1% 4% 1.3966  1.4653 0.9235*  (0.2293)  1.4658  (0.0036)
6% 0.9709 1.1037 0.8097 * (0.1773) 1.1015 (0.0027)
8%  0.6557  0.8312 0.4521 *  (0.1884)  0.8323  (0.0017)
108% 5% 4%  1.3303 1.3430 0.9593 * (0.2273) 1.3411 (0.0027)
6% 0.9213 0.9747 0.6695 * (0.2874) 0.9749 (0.0020)
8% 0.6211  0.7055 0.4241 *  (0.2132)  0.7063  (0.0031)
3% 4% 1.0723 1.0966 0.7946 * (0.1537) 1.0967 (0.0037)
6% 0.7297  0.7910 0.4215*  (0.1632)  0.7923  (0.0021)
8%  0.4821 0.5675 0.2559 * (0.1241) 0.5670 (0.0023)
1% 4%  0.8538 0.8903 0.4178 * (0.1896) 0.8914 (0.0025)
6% 0.5703  0.6371 0.3558 *  (0.1181)  0.6352  (0.0028)
8%  0.3695 0.4528 0.2036 * (0.1087) 0.4531 (0.0012)
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Table 1.5: Numerical results, Heston model. Sy = 100, T = 1, 1y = 0.01, £ = 10%, k = 1,
Voo = 0.01, A, = 10%; 150 possible exercise dates per year. w£(0): initial price of the European
call option computed with Equation (1.20)). 74 r(0): initial price of the American call option
computed solving the free boundary problem by finite differences. ngM (0)* (ﬂng(O)): initial
price of the American call option computed with the LSM not corrected (corrected) for the
pitfalls previously described; the regression involves the first four Laguerre polynomials for the
values of the immediate exercise payoff and the first four Laguerre polynomials for the current
value of v; NSim = 10°, standard errors obtained by 20 independent MC simulations. MC
estimates that do not include the benchmark value within the confidence interval are denoted

by *.

K/Sy r qg =E(0) W?D(O) ngM(O)* s.e. ﬂéS-M(O) s.e.
102% 5% 4% 3.2587  3.2588 3.2530 (0.0065) 3.2580 (0.0036)
6% 2.3580  2.4389 2.4401 (0.0042) 2.4405 (0.0039)
8% 1.6416  1.8626 1.8601 (0.0028)  1.8647  (0.0038)
3% 4% 24057 24741 24809  (0.0070)  2.4762  (0.0024)
6% 1.6748  1.8841 1.8802 (0.0045)  1.8890  (0.0040)
8% 1.1198 1.4607  1.4572*  (0.0021)  1.4580  (0.0047)
1% 4% 1.7087  1.9062 1.9063 (0.0023) 1.9058 (0.0036)
6% 1.1424  1.4746 1.4736 (0.0013)  1.4759  (0.0028)
8% 0.7326  1.1628 1.1604* (0.0017) 1.1597 (0.0053)
105% 5% 4% 2.0737  2.0738 1.4938* (0.3181) 2.0744 (0.0029)
6% 1.4186  1.4820 0.6268* (0.2667) 1.4835 (0.0032)
8% 0.9316  1.0361 0.5911~* (0.1911) 1.0395 (0.0039)
3% 4% 14473  1.4820 0.6037*  (0.2722)  1.4796  (0.0035)
6% 0.9504  1.0500 0.5094* (0.1900) 1.0524 (0.0027)
8% 0.5976  0.7486 0.4932* (0.1214) 0.7471 (0.0024)
1% 4% 0.9697  1.0643 0.5353*  (0.1909)  1.0644  (0.0023)
6% 0.6107 0.7574 0.5181* (0.1281) 0.7568 (0.0017)
8% 0.3686  0.5440 0.2180*  (0.1039)  0.5436  (0.0021)
108% 5% 4% 1.2346  1.2347 0.3744* (0.1680) 1.2336 (0.0029)
6% 0.7975  0.8168 0.2408* (0.1277) 0.8176 (0.0035)
8% 0.4940  0.5408 0.2372*  (0.0880)  0.5400  (0.0024)
3% 4% 0.8136  0.8304 0.2964* (0.1243) 0.8329 (0,0027)
6% 0.5040  0.5488 0.2497*  (0.0823)  0.5508  (0.0028)
8% 0.2992 0.3616 0.1409* (0.0534) 0.3638 (0.0020)
1% 4% 0.5142  0.5570 0.4261* (0.1136) 0.5544 (0.0023)
6% 0.3053  0.3664 0.2439*  (0.0935)  0.3691  (0.0018)
8% 0.1736  0.2410 0.1273* (0.0636) 0.2399 (0.0015)
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2.1 Introduction

In] an arbitrage-free financial market the role of the short-term interest rate is twofold: on one
hand it represents the rate at which the equity price appreciates; on the other hand it drives the
locally risk-free asset and the related discount rate. Therefore, neglecting the variability of short-
term interest rates may induce significant mispricing on both interest rates and equity derivatives.
This issue is particularly relevant when derivatives are path-dependent and therefore sensitive to
the entire path of the short-term interest rate, and not just to its expected value at maturity.
American equity call and put options, due to the optionality of their exercise policy, fall within
this category. In fact, the holder of an American option has to timely chose when to cash in by
exercising the option, balancing the effects from the discount rate and from the expected rate of
return of the underlying asset. When both of these effects depend on a stochastic process, the
valuation of the option becomes tricky. Our paper develops an extensive analysis of American call
and put options written on equity with constant volatility in a stochastic interest rate framework
of Vasicek type (see|Vasicek| (1977)). We employ the Vasicek mean-reverting model for the interest
rate, because it allows the interest rate to assume mildly negative values, as the ones documented
in recent years in the Eurozondﬂ The feasibility of negative interest rates within the Vasicek
model, once a source of major criticism, has very recently become the reason of renewed interest in
the model itself because of the aforementioned market circumstances. We also allow for a non-zero
constant correlation between the Brownian innovations of the interest rate and the equity price
processes. A positive (resp. negative) correlation between the interest rate and the equity price
corresponds to a negative (resp. positive) correlation between the bond price and the equity price.
After 2000 the market observed persistent negative stock-bond correlation as shown by |Connolly’
et al. (2005). [Perego and Vermeulen| (2016)) find that the correlation between equities and bonds
is now consistently negative also in the Eurozone but for Southern Europe. Thus, in line with the
recent empirical evidence, in our numerical examples we consider a positive correlation between
the interest rate and the equity price.

The literature on American equity options has so far focused on alternative stochastic interest
rates models, such as the CIR one, based on the seminal work of |(Cox et al. (1885) (See Medvedev
and Scaillet| (2010) and Boyarchenko and Levendorskii (2013)). Our paper is, to our knowledge,
the first that addresses the evaluation of American equity options in a stochastic interest rate

framework of Vasicek type, allowing for the possibility of negative interest rates (see |Detemple

IThis is a joint work with Anna Battauz.
2Tt is widely accepted to proxy the risk-free rate in Europe by the recently negative rates of German

bonds.
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(2014) for an exhaustive review of the state of the artEI)

We contribute to the literature by offering an intuitive and effective lattice method to compute
the price,the optimal exercise policies and the related free boundaries of American equity options
in the presence of market risk and interest rate risk. In the spirit of |Cox et al| (1979)), building
on [Nelson and Ramaswamy| (1990), who provide a tree approximation for an univariate process,
we construct a discrete joint approximation for the both the equity price and the interest rate
processes. [Hahn and Dyer| (2008]) develop a similar discretization for a correlated two-dimensional
mean reverting process representing the price of two correlated commodities and they use it to
evaluate the value of an oil and gas switching option. Our paper is different, as the mean reverting
stochastic interest rate process enters the risk-neutral drift of our equity price, that has constant
volatility and correlates with the interest rate. In this framework, we provide a throughout investi-
gation of American equity call and put options and their free boundaries. Our findings contribute
to the literature on American options with stochastic interest rates, that usually restricts on non-
negative interest rates. In particular, we unveil two novel significant features of the free boundary
that appear when the stochastic interest rate may take mildly negative values.

First, we show that for American put (resp. call) options the early exercise region is not always
downward (resp. upward) connected. The early exercise region is downward (resp. upward) con-
nected if optimal exercise at ¢ of the put (resp. call) option for some underlying equity price
implies optimal exercise at ¢ for all lower (resp. greater) values of the underlying equity price. In
a stochastic interest rate framework |Detemple (2014) retrieves the free boundary by a discretiza-
tion of an integral equation for the early exercise premium decomposition. For American call
options he argues that the exercise region is connected in the upward direction. Our results show
that this property holds true if interest rates are always non-negative, but may fail if the interest
rates’ positivity assumption is not satisfied. In this case, we document the existence of a non
standard double continuation region first described by Battauz et al.|(2015) in a constant interest

rate framework. In particular, a non-standard additional continuation region appears where the

3Fabozzi et al.| (2016]) provide a new recent quasi-analytic method to price and hedge American options
on a lognormal asset with constant interest rate. [Jin et al.| (2013) introduce a computationally effective
pricing algorithm for American options in a multifactor setting. First attempts to evaluate the impact
of stochastic interest rates on American derivatives date back to|Amin and Bodurtha Jr.[ (1995) and [Ho
et al.| (1997)). Nevertheless, both of them proxy American with Bermudan options with few exercise dates.
Although this allows them to obtain closed form solutions for both the price of the options and their
optimal exercise policy, the approximation of a continuum of exercise dates by just a couple of possible
exercise dates leads to a heavy mispricing of the options and provides no accurate insight on the free

boundary.
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option is most deeply in the money and the underlying pays a negative dividendE] Under these
circumstances a mildly negative interest rate may lead to optimal postponment of the deeply in
the money option as the holder is confident the option will still be in the money later and prefers
to delay the cash-in.

Second, we show that early exercise may be optimal for an American call option even if the under-
lying equity does not pay any dividend. This happens when a mildly negative initial interest rate
causes the underlying equity’s drift to be negative as well, pushing the underlying equity towards
the out of the money region. In this case, immediate exercise turns out to be optimal as soon as
the option is sufficiently in the money. The critical equity price that triggers optimal early exercise
is increasing with respect to the interest rate value, as the higher the interest rate, the higher the
underlying equity drift, the lower the risk of ending up in the out of the money region for the call op-

tion, and thus the higher has to be the immediate payoff to be optimally exercised before maturity.

The remaining of the paper is organized as follows: in Section 2 we introduce the financial
market and develop its lattice-based discretization, that we call quadrinomial tree. In Section
3 we deal with American put and call equity options in our stochastic interest rate enviroment,
charachterizing their optimal exercise policies and the main analytical features of their free bound-
aries. We also provide numerical pricing results for the discretized market via our quadrinomial
tree, showing the pricing differences from the standard constant interest rate case, and providing
a graphical characterization of the free boundaries that confirm their analytical features in the

continuous-time setting. Section 4 concludes. All proofs are in the Appendix.

2.2 The market and the Quadrinomial Tree

2.2.1 The Assets in the Market

Consider a stylized financial market in a continuous time framework with investment horizon
T > 0. A risky security S(t) is traded. Following the seminal work of |Vasicek| (1977)), we assume
a mean-reverting stochastic process for the prevailing short term interest rate on the market r(t).
We allow for a non zero correlation between the innovations of S and r. A market player can invest
in the short-term interest rate, which is locally risk-free, through the money market account B(t).

The dynamics of the risky equity price, of the short-term interest rate and of the money market

4A negative dividend can be interpreted as a storage cost for commodities (e.g. gold or silver) or
as the result of the interplay of domestic and foreign interest rates when evaluating options on foreign
equities (see |Battauz et al.| (2018), (2015)).
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account under the risk-neutral measure Q are:

S = (0~ )+ asaw S

t
dr(t) = k(0 — r(t)) dt + o, dW2(t) (2.1)
dB(t) = r(t)B(t)dt

with <dW8(t), dW2(t)) = pdt and given some initial conditions S(0) = Sp, 7(0) = ro and B(0) =
The parameter ¢ is the constant annual dividend rate of the equity, og > 0 the volatility of the
equity price, x the speed of mean-reversion of the short-term interest rate, € its long-run mean,
o, > 0 the volatility of the short-term interest rate and p € [—1, 1] the correlation between the
Brownian shocks on S and r.

The stochastic differential equations (SDEs) of System can be rewritten equivalently in the

following vectorial specification:

ds(t) _
Sy~ Hsdt s dwe(t) (2.2)

dr(t) = p,dt + v, - dAW?(t)

where s = (r(t) = q), pr = (0 — 1(0)), vs = [os O}, v = [op o/ T— 57, WO(t) =
/
{Wi@(t) 1% (t)} is a standard two-dimensional Brownian motion and - is the matrix product.

The explicit solution to the System ([2.1)) is

S(t) = Spexp

r(s)ds — ( f) t+ O‘sWS(t)]

r(t) =roe " +0(1—e ")+ o / R AW, (s) (2.3)

B(t) = exp l/o (s)ds]

The zero-coupon bond with maturity 7" pays 1 at its holder at 7" and its price at t € (0,7) is

labelled with p(t,T). By no arbitrage valuation, we have

1

p(t,T) =E® BT

Fo| = eACT)=BI)(), (2.4)

where the deterministic functions A(¢,T) and B(t,T) are defined in Section 3.2.1 of Brigo and
Mercurio| (2007]).

In this fairly general pricing framework, the price of European put and call options on S can
be derived in closed formulae. Indeed, exploiting a change of numeéraire as described in |(Geman

et al. (1995), it is possible to obtain the following:
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Proposition 2.1  (Value of the European put/call equity option) In the financial market
specified in (2.1)), the price at t € [0,T] of an European put option on S with strike K is equal to

R (t, S(t),r(t) = Kp(t, T)N(—dp) — S(t)e 1" "I N(~d,) (2.5)
withP):
= S(t) 1,
e X (m Kpt,T) * 3% —a(T - t)) ,

& = di— /5,

Sip = o0e(T —t)+2050,p (

12
2 (3 4 e 28(T=t) _ ge=r(T=1) _ 9k(T — t))

14 e T 4 k(T — t)) N

" 2k3

The price at t € [0,T] of an European call option on S with strike K is equal to

7l (t, S(t), r(t)) = S(t)e” " T=IN(dy) — Kp(t, T)N(dy). (2.6)
Proof See Appendix [ ]

Within this market model, Bernard et al.| (2008]) price European barrier options by properly
approximating the hitting time of the equity price of the exogenously given barrier. Unfortunately
the same approach does not work when the derivative is of American style, as the barrier has to be
endogenously determined. For this reason we develop in the next session the lattice discretization

of our market that will allow us to compute the American free boundaries.

2.2.2 The Quadrinomial Tree

In their seminal work, [Cox et al.| (1979) show how to discretize a lognormal risky security and
how to easily exploit such a binomial discretization in order to evaluate derivatives written on
the primary asset. Embedding this geometric Brownian motion case into a more general class of
diffusion processes, |Nelson and Ramaswamy| (1990]) propose a one-dimensional scheme to properly
define a binomial process that approximates a one-dimensional diffusion process. They do so by
matching the diffunsion’s instantaneous drift and its variance and imposing a recombining structure

to their discretized process.

SNotice that the current value of the interest rate 7(¢) enters the current price of the zero-coupon bond
p(t,T) in d, and ds.
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The discretization via a tree/lattice structure of correlated processes, possibly of different kind,
is more challenging. (Gamba and Trigeorgis| (2007)) model two or more correlated geometric Brown-
ian motion representing the price processes of different risky assets exploiting a log-transformation
of the processes first and then an orthogonal decomposition of the shocks. In this way they are
able to efficiently price derivatives on five correlated assets. Moving away from lognormality, Hahn!
and Dyer| (2008) construct a quadrinomial lattice to approximate two mean-reverting processes in
order to model two correlated one-factor commodity prices and evaluate derivatives on them.

We propose here a quadrinomial tree to jointly model a mean-reverting process for the short
term interest rate as suggested first by |Vasicek (1977) and the process for the risky equity’s price
with constant volatility and the drift that embeds the stochastic interest rate as in Equation .
Non constant short-term interest rates are surely more suitable from an option pricing perspective
and an Ornstein—Uhlenbeck process enables us to investigate some interesting features of options
when the discount rate becomes slightly negative, as documented in the Euro zone in recent years.

We first show how to build the discretization of the processes (S(t),r(t)) described by
and then we address the convergence issue of the discretization itself.

We apply It6’s Lemma to Y (¢) := In(S(¢)) and we get

dY(t) = uydt + O’deS (t)

(2.7)
dr(t) = p,dt + o, dW,(t)
o2
where py = | r(t) —q— ?S and p, := k(0 —r(t)). Again, the vectorial version of (2.2)) is:
Y(t (7“ 1) —q— Ug) 0
a| YO ) lae+ | 7° AW (1), (2.8)

r(t) k(0 — (1)) orp or/1—p?

We refer here to the general technique of Section 11.3 of |Stroock and Varadhan (1997) exploiting
the very convenient notation introduced in Section 3.2.1 of |Prigent| (2003)). For the ease of the

reader we recall here their template. Consider the following bivariate SDE:
dX(t) = p(z,t)dt + o(z,t) - AW () (2.9)

where X (t);>0 = (Y(t),7(t))t>0, W(t) is a standard two-dimensional Brownian motion, pu(z,t) :
(R x RT) x RT — R?, o(z,t) : (R x RT) x R* — R?*2 and an initial condition X (0) = (zo, 7o) is
given.

Consider a discrete uniform partition of the time interval [0, 7] like {z%,z =1,... ,n} and define

At := L For each n consider a bivariate stochastic process {X,} on [0,7] which is constant
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between the nodes of the partition. At each node, both of the components of X,, jump up (or
down) a certain distance with a certain probability. The sizes of the jumps and the probabilities
are allowed to be time-dependent and state-contingent. Since after any jump each component of
X, can assume two new different values, there will be globally four possible outcomes after each
jump. For sake of clarity, fix n and consider the generic i-th step of the bivariate discrete process

X; = (Yi,r;). In the following step, the process can assume only one of the following four values:

(Y; + AY ™ r; + Ar™) with probability gy,
(Y, + AY T r; + Ar—)
(Y: + AY ~,r; + Art) with probability gqs,
(Yi+ AY =, r; + Ar™)

with probability g.q

(Yig1,7i41) = (2.10)

with probability qqq

where AY®, Ar* are the jumping increments and the four transition probabilities are both time-
dependent and state-contingent. Figure (2.1)) provides a graphical intuition for the bivariate bino-

mial discretization over one step.

r0+2-_\ r
AT rgtAr
I‘O A ro
oA TgAr
r0—2'_\ r.
\\\_\ o YO-ZA Y ’ \\\_\. —
YoAY o YrAY S -
Y. TS S
YAy T~ YOrAY T
- Y0+25 Y
Figure 2.1: One step of the bivariate Figure 2.2: Two steps of the bivariate
binomial discretization. binomial discretization.

Globally, there are 8 parameters to pin down at each step: AY®, Ar®, quu, qud, ¢au and gaq.

In order to obtain a discretization that converges in distribution to the solution of , we need
to match the first two moments of Y (¢) and r(¢) as well as their cross variation. In this way we
impose five conditions on the eight parameters we need to determine. One more constraint has
to be imposed on the four transition probabilities that need to sum up to one. Finally, we may
want to impose a recombining structure to our quadrinomial tree in order to preserve tractability.

Setting AY ™ = —AY T := AY and Ar~ = —Ar™ := Ar makes the number of different outcomes



AMERICAN OPTIONS AND STOCHASTIC INTEREST RATES 39

of our discretization grow quadratically (and non exponentially) in the number of steps. Figure
(2.2) provides a graphical intuition of this trick: starting from (Yp, 7o), after two steps the bivari-
ate binomial process may assume nine possible values, namely all the possible ordered couples of
{Yy — 2AY, Yy, Yo + 2AY'} and of {rg — 2Ar,rg,79 + 2Ar}. Thus, for a generic number of time
steps n, the final possible outcomes of the discretization are (n+1)? rather than 2! the number
of possible outcomes along a non recombining tree.

We now derive the explicit expressions of the increments and of the transition probabilities of our
discretization for the bivariate SDEs .

Matching the first two moments of Y (¢) and S(¢) as well as their cross-variation, neglecting the
At-second order terms, imposing the proper constraint on the probabilities and imposing a recom-

bining tree as explained above lead to the following system of eight equations in eight unknowns:

!

(quu + qud)A}/Jr + <Qdu + Qdd)Ayf = puy At
|

(Quu + Qau) AT + (qua + qaa) Ar™ = pp At

E/[AY] =
] =

EJAY? = (quu + qua)(AY )2 + (qau + qaa) (AY 7)? = 02At
| =
] =

E:[Ar

2 (Quu + Qdu)(Ar+)2 + (Qud + Qdd)(Ar_)2 = J%At
EfAY Ar] = quuAY TArT + gAY TAr—+

E:[Ar

+qau AY “ArT 4+ qqAY T Ar— < poso,. At
Guw + Qud + Gau + qaa = 1
AY+ =AY~
Art £ _Ap-

Imposing AY ™ > AY ™ and Art > Ar~ we get:

AYT = ogV/At = —AY~ = AY

(2.11)
Art =0, VAt = —Ar~ = Ar
iy e At 4 py Ar + p, AY + (14 p)oos
Quu = 40,05
 —py e At + py Ar — p, AY + (1 — ployos
Qud 40’7~US (2 12)
=y e At — py Ar + p, AY + (1 — p)o,os :
Qdu = 40'r0'5‘
wy At — py Ar — p,AY + (14 p)o,og
qdd = .
40,05

As noted in Nelson and Ramaswamy| (1990)), the four transition probabilities are not necessarily
positive. In the limit, namely as At — 0, we have AY, Ar — 0 and, therefore, ¢y, qgq — “j—p) >0
and qud, Qdu — (lg—p) > 0. For At > 0, some of the four probabilities in 1) may become non-
positive. In Appendixwe derive conditions leading to four non-negative probabilities in ([2.12)).

Summing up, negative probabilities arise for very extreme values of r, namely for values very far
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from the interest rate’s long term mean. If r is way below zero and far from 6, further downward
movements might are unlikely. If such an already unlikely movement is against the sign of the
correlation between r and S, a negative probability might arise. Nevertheless, the model remains
still arbitrage-free as this is a minor flaw of the numerical procedure.

Once we obtained a discretization of (2.2), we can map back the rate of return Y (¢) to the
level S(t) of the equity. In this way we have a lattice discretization of the solution of and we
name this discretization quadrinomial tree.

The following theorem shows that our quadrinomial tree converges in distribution to the solution

of .

Theorem 2.2 (Convergence of the quadrinomial tree) The bivariate discrete process (X;);

defined in with the parameters in and converges in distribution to X(t) =
(Y'(2),7(t))-

Proof See Appendix [ |

2.3 American Options

In this section we focus on American equity put (resp. call) options, whose final payoff is ¢(S) :=
(K — S)T (resp. ¢(S) := (S — K)*). The value at t < T of the American equity option with

maturity T is:

V(t) =ess thEET EQ g((j)) @(S(T))‘ Fi
— ess sup EC [e ) T(S)dsgp(S(T))‘ }"t] (2.13)
t<7<T

where 7 ranges among all possible stopping times (see for instance Chapter 21 in |Bjork| (2009)).
It is well known that Equation admits no explicit formulation even in the standard Black
and Scholes market. In our case, since r is stochastic and not independent of S, we cannot
split the conditional expected value in into two simpler separate ones. Nevertheless, the
following proposition shows that the value of an American option V(¢) can be expressed as a
deterministic function of time t (or, equivalently, of time to maturity 7" — ¢) and of the current
value of both the underlying asset S = S(t) and the short term interest rate r = r(t). Moreover,
this deterministic function inherits the same monotonicity properties with respect to ¢ and S
variables as in the constant interest rate enviroment. We also prove that the American equity put

option is decreasing with respect to the current value of the interest rate r, whereas the American
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equity call option is increasing with respect to r. An increase in r has a direct effect on American
equity options via the discounting of future cashflows, that becomes more severe. It has also an
indirect effect, channelled through the equity drift, that increases if r increases. For an American
equity put option this implies that the likelihood of lower payoffs increases. Thus an increase in 7
diminishes the value of an American equity put option. On the contrary, for an American equity
call option, the drift increase determined by the increase of r pushes the underlying equity towards
higher payoffs’ regions, thus potentially increasing the call option value. We show that this positive
effect prevails over the negative effect of the increased discounting, and the American call option
is actually increasing with respect to r. This result is achieved by a change of the numeraire for
the call option, that allows to disentangle the opposite effects of the interest rate’s increase on the

discounting and the call payoffs’ likelihood.

Proposition 2.3  (Value of the American option as a deterministic function) In the

market described by (2.1)), the value of an American put option on S (2.13) is of the form:
V(t)=F(, S(t),r))
with F: [0, T] x RY x R+ RT given by:

exp <— /Onr(s)ds> -

F(t,S,r)= sup E©
0<n<T—t

o | Sexp (/0" r(s)ds — <q + ;0%) n+ asWs(n)> . (2.14)

The function F is decreasing with respect to time t, convex with respect to S and increasing (resp.
decreasing) in the call (resp. put) case. Moreover, F is increasing (resp. decreasing) in the call

(resp. put) case with respect to .
Proof See Appendix |

As the American equity option value is a deterministic function of (t,.5,r), at each t € [0,T7],

the plane (S,7) € Rt x R can be divided into two complementary regions:

e the continuation region CR(t) = {(S,r) e RT x R: F(¢,5,7) > ¢(S)}, the set of couples
(S, r) where it is optimal to continue the option at ¢; the r-section of the continuation region

at tis CR.(t) = {S e RT : F(t,S,7) > p(S)};
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e the early exercise region EER(t) = {(S,7) € Rt xR : F(t,5,r) = ¢(5)}, the set of couples
(S, r) where it is optimal to exercise the option at ¢; the r-section of the early exercise region

at t is EER,(t) = {S € RT : F(¢,5,7) = ¢(5)}.

The boundary separating the continuation region and the early exercise region as ¢ varies in
[0,7] is a surface called free boundary in the three-dimensional space (t,S,7). In Theorem [2.5
we describe the main features of the free boundary surface, that can be single (the standard
case) or double, generalizing the results of Battauz et al. (2015). In the constant interest rate
enviroment, the American equity option value depends only on time ¢ and the equity value S.
Thus, the early exercise region and the continuation region are separated by a one-dimensional
free boundary, called critical price. When the interest rate is positive, there is always a single
(if any) free boundary. Consider the put option, in the limiting case where S = 0. Its value is
supg<,<7_¢ B¢ [e7"(K — 0)*] = K. Thus the value of the put option and its immediate payoff
coincide at S = 0 for any t. Convexity and value dominance of the option value imply that, if
early exercise is optimal at ¢ for some underlying value S, then it is optimal to exercise as well
for all values of the underlying that are smaller than S. The early exercise region is the area
bounded from above by the single critical price t — S (t) and is therefore downward connected
(see Figure 1 in Battauz et al.|(2015)). On the contrary, if » < 0, then the American put value
when S = 0 is supg<, <7 B¢ [e7(K — 0)*] = Ke7""=Y > K. Thus if early exercise is optimal
at ¢, the exercise region stops strictly above S = 0. In a neighborhood of S = 0 a deeply in the
money continuation region appears, bounded from above by the new lower critical price ¢t — S™(t)
(see Figure 2 in [Battauz et al. (2015]) and the related comments for a discussion on the economic
intuition behind this result). The exercise region for the American put option in this case is no
more downward connected.

A similar reasoning applies also in our stochastic interest rate setting. If S = 0 the value of the

American put option defined in Equation (2.14) becomes F(t,0,7) = supg<, <y, E2 [exp (— I r(s)ds) : K] .

Suppose that there exist some deterministic  such that p(0,7) > 1. Then F(¢,0,7) > K -p(0,n) >
K. In this case, if early exercise is optimal at ¢, r for some value of S, then the early exercise region
will be bounded from below by a strictly positive equity value. A non-standard continuation region
then appears when the put is most deeply in the money.

The following proposition formalizes this intuition for both American put and call options,
and provides necessary conditions for the existence of optimal early exercise opportunities when
the current interest rate value determines the existence of a zero-coupon-bond price greater than

1. This is very likely to occur when the current interest rate value is non-positive.

Proposition 2.4 (Asymptotic necessary conditions for the existence of optimal early
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exercise opportunities) In the market described by (2.1), at any point in time t and given the

current value of the interest rate r(t) = r, suppose that

e—n(T—t)_

[NCO] rac — 6(a+ (T —t)) > 0 with o = L <o

Then the following are jointly necessary conditions for the existence of optimal exercise opportu-

inites at t, for T —t =~ 0:
[NC1] the dividend yield is non positive, ¢ < 0;

[NC2] for some S, wg(t,S,r) = ¢(S), where wg(t,S,r) is the value of the European put (resp.
call) option defined in Proposition .

Proof See Appendix |

The condition /[NCO0] is very likely satisfied when r < 0, as the long-run mean of the interest rate
6 is commonly assumed to be positive. [NC0] is equivalent to have a bump in the yield-curve,
namely to have an instant in time in which the price or a zero-coupon bond is larger than one. If
that is the case, it might be optimal to exercise the American option at that moment to gain from
the temporary increase in the value of money. The formal argument is described in the proof of
the Proposition, in Appendix [NC1] ensures that the discounted price of the risky security
is not a supermartingale. If this was the case, we show in the proof that, under condition /[NC0],
this would lead automatically to optimal exercise of the American put option at maturity only.
For the American put option, if early exercise is optimal under condition /[NC0/, then EER,., the
early exercise region section at r, is bounded by below by a strictly positive (non standard) lower
boundary. A similar reasoning works for American equity call options. We remark that our results
cannot be obtained from standard symmetry results for American options (see [Battauz et al.
(2015) and the references therein) due to the stochasticity of our interest rates. In the standard
Black-Scholes case, the American put-call symmetry swaps the constant interest rate with the
constant dividend yield. Being our interest rate stochastic and our dividend yield constant, such
symmetry result is not viable.

Under /[NCOJ, [NC2] ensures that the price of the European option wg(t, S, r) does not dominate the
immediate payoff value. If this was the case, the American option would dominate the immediate
payoff value as well, thus preventing the existence of optimal early exercise opportunities. Although
the formal proof of the necessary conditions in Proposition requires the time to maturity to
be small enough, we show in the following section that actually those conditions correctly identify

nodes on the tree in which a double continuation region appears along the whole lifetime of the

option (see Figure [2.5)).
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In the following theorem we describe the main properties of the free boundary surface, under the
assumption that the early exercise region is non-empty. We distinguish between the standard case
of a non-negative interest rate and the case of a negative interest rate, where unusual optimal

continuation policies may appear.
Theorem 2.5 (The free-boundary surface)

1. Suppose r > 0 and assume that EER,(t) is non-empty for some t € (0,T).

For the American put option
S (t,r) =sup {S >0: F(t,8,r) = ()} (2.15)

defines the (standard upper) free boundary and early exercise is optimal at any t >t for S(t)
and r(t) = r if S(t) < S"(t,r). The free boundary S (t,r) is increasing with respect to t > T
and r > 0.

For the American call option
S*(t,r) =inf {S>0: F(t,5,r) = ¢(S9)} (2.16)

defines the (standard lower) free boundary and early exercise is optimal at any t >t for S(t)
and r(t) =r if S(t) > S*(t,r). The free boundary S*(t,r) is decreasing with respect to t >t

and increasing with respect to r > 0.

2. Suppose r < 0, T —t =~ 0 and that the necessary conditions of Propositions are satis-
fied with ¢ < 0 and assume that EER,.(t) is non-empty. Then the segment with extremes

[S™(¢, r),g* (t,r)] (see Equations , ) is non-empty for any t € [t,T]. The option
is optimally exercised at any t >t for S(t) and r(t) = r whenever S(t) € [ﬁ*(t, r), S (t, r)] :
The lower free boundary, S*(t,r), is decreasing with respect to t and the upper free boundary

S (t,r) is increasing with respect to t for any t > t.

For the American put
rK

— < S*(t,r) < S (t,r) < K.
q
Their limits at maturity are limy 7 S (t,r) = K =8 (T,r) and S*(T~,r) = lim;_,7 S*(t,r) =
% > S*(T,r) = 0. The lower free boundary, S*(t,r), is decreasing with respect to r and the
upper free boundary KR (t,r) is increasing with respect to r.

For the American call
riK

q
Their limits at maturity are lime_p S*(t,7) = K = S*(T,r) and §" (T~ ,r) = limy_7 S (t,7) =

K < S*(t,r) < S (t,r)

% <5 (T, r) = +o00. The lower free boundary, S*(t,r), is increasing with respect to r and

the upper free boundary g*(t, r) is decreasing with respect to r.
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3. Suppose r < 0 and ¢ = 0. Then the early exercise region for the American put option att is
empty.
For the American call, suppose EER,(t) is non-empty for some t € (0,T). Then early
exercise is optimal at any t > t for S(t) and r(t) = r if S(t) > S*(t,r) (see Equation
). The free boundary S™(t,r) is decreasing with respect to t > t and increasing with
respect to r > 0

Proof See Appendix |

An interesting extension

The quadrinomial tree proposed in the present Chapter can be also used for the pricing of American
securities written on foreign securities. These kind of options are called quanto options.

Assume that there are two integrated, efficient, arbitrage-free and complete markets: a domestic
and a foreign market. Two assets are traded in each market: a locally risk free bond B, and a
risky security S. Assume that the prevailing risk-free rate of the foreign market, 7, is constant
whereas the one in the domestic market, r4(t), follows a mean-reverting stochastic process as in

(2.1). Consequently, the SDEs (and the ODEs) that characterized this domestic-foreign market

j%}%’z i (ra(t) — ga)dt + addZ/;@

dSéCE]E%) = (ry —qp)dt+ O'def -
a0 — ra(t)dt :
B, (0) =rpdt

drq(t) = k(0 —ra(t)) dt + o, dW2

with <W;9, dW2) = pdt. Furthermore, assume that the exchange rate between the two currency
is X, where 1 unit of the domestic currency is equivalent to X units of the foreign security. Given
the dynamics in (2.17)), it is natural to assume that X solves the following SDEs

dX(t)
X(t)

= u%(t)dt + oxdWO(t)

where ox € R and M% = r4(t) — r¢ due to the interest rate parity.
Let ¢(Sf) be the payoff of an American option with maturity 7" written of Sy and traded in the

domestic market. Its price at inception for an investor in the domestic market is

V(0) = ess sup EC e_form(s)dsga(sf(T)) .
7€[0,T]
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Nevertheless, Sy must be express in the domestic currency. Computing the stochastic differential
of Sf(t)X (t) allows us to determine the dynamics of the foreign risky security with respect to the

domestic investor as
dS¢(t)
Sp(t)

where Gy = ry — qf — ox0oy is an artificial dividend yield that might well take negative values.

= (ra(t) — 4s)dt + (o7 + ox) AW}

Therefore, all of the results of the previous Section can be exploited also in this framework and a

double continuation region can arise when valuing American quanto options.

2.3.1 Numerical examples

We now present and describe three illustrative numerical examples that show the optimal exercise
strategies and the possible characterizations of the continuation region for the American put and
call options in the market described by , highlighting the free boundary’s features derived in
Theorem .

We exploit our quadrinomial tree to evaluate American options by backward induction. Once the
whole quadrinomial tree, namely all the couples (S, r) and the related transition probabilities, have
been generated, we start from the values of the state variables .S and r at maturity 7. At maturity,
the American option is exercised in all the nodes in which it is in the money; the resulting payoff is
the value of the American option at 7. At any other generic instant ¢ € {0, At,2A¢t,...,T — At},
and for any couple (S(t),r(t)), we compute the immediate payoff ¢(S) and we compare it to
the continuation value of the option. The continuation value is obtained as the discounted (by
the current realization of r(t)) expected value (according the transition probabilities computed
at (S(t),r(t))) of the four values of the American option at ¢ + At connected on the tree to the
current node. From the comparison between the immediate exercise and the continuation value,
we get the value of the American option in the node (S(t),7(t)). Going backward, we finally get
the price of the American option at ¢t = 0.

Theorem showed that the quadrinomial tree we proposed converges in distribution to the bi-
variate process that solves (2.1)), as the time step shrinks. Mulinacci and Pratelli (1998) prove
that the convergence in distribution of the lattice-based approximation of the underlying state
variables implies that the price of the American option evaluated according to the backward pro-

cedure described above converges to its theoretical value given by (2.13|).

In all of the three following examples the parameters are: T'=1,n =125, 50 =K =1, 0g = 0.15,
rg =0,60=0.02, k=1, 0, =0.01 and p = 0.05. The dividend yield ¢ of the equity is the only

parameter that varies across the examples: in the first one we set ¢ = 0, in the second ¢ = 0.02
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and ¢ = —0.02 in the last one.

For each example we:

compute the value at inception of the European counterpart mg obtained both with the
formula of Proposition and along the quadrinomial tree (the values obtained in the two

ways are indistinguishable);
compute the value at inception of the American option 74 along the quadrinomial tree;

compute the price of the American option, 7’0, evaluated along the standard binomial tree
of |[Cox et al.| (1979)) with a deterministic interest rate r = ro = (ﬂ Our aim is to quantify
the error that an “unsophisticated” investor would make by evaluating American options

within a flat term structure framework rather than within a fluctuating one;

graphically show how the single, or double (if any), free boundaries look like in the space
(t,S,7). These graphs characterize the optimal exercise policy: at any ¢, the investor should

look at the current values of (S(t),r(t));

graphically highlight the nodes of the quadrinomial tree where the necessary conditions of

Proposition [2.4] are satisfied.

We first show the numerical results for the American put option that are summed up in Table 2.1}

Table 2.1: Results from the three numerical examples for the American put option.

Figure | ¢ TR A 'Y |ma — 7| /A
2.3 0% | 5.620% | 5.712% | 5.979% 4.67%
2.4 2% | 6.565% | 6.570% | 6.962% 5.96%
2.5 -2% | 4.763% | 5.030% | 5.230% 3.97%

First example: ¢ = 0%. If the underlying pays no dividend and its volatility is reasonably

small, the expected drift of S basically coincides with r(¢) = r. This splits the domain of r in two

complementary regions according to the sign of r, as can be seen in the right panel of Figure [2.3

6

we also evaluate the American option with a deterministic interest rate equal to the expected value

of 7 over the investment period; namely, we also set r = E© [r(T)] = 1.26%. This exercise delivers

qualitatively similar results. With respect to the last column of Table 2.1} the relative errors in this case
are, respectively, 4.58%, 4.64%, 4.52%.
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Figure 2.3: First example, American put: ¢ = 0%.
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Figure 2.4: Second example, American put: ¢ = 2%.

2
(that displays the free boundary section at t = %) In the left region where 7 and pp=r —q— 5

are both negative, the investor is willing to wait and postpone the exercise as much as possible in
order to gain from both the negative discount rate and the implied expected depreciation of S. In
the right region, on the contrary, where r and p are both positive, we have the standard tradeoff
between a positive discount rate (that makes the investor willing to exercise the option as soon as
possible) and a negative expected drift of S (that makes the investor willing to wait for a larger
payoff). This generates the standard upper boundary shown in the left panel of Figure We
notice that the standard upper boundary is increasing with respect to r. Indeed, early exercise is
more profitable when 7 increases and S is likely to appreciate.

The investor who believes that the term structure is flat and evaluates the American put option

with a constant discount rate equal to our rg makes a relative error almost equal to 5%. This
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Figure 2.5: Third example, American put: ¢ = —2%. Green points in the bottom panels
show the nodes of the quadrinomial tree in which necessary conditions [NC0/, [NC1] and
[NC2] of Proposition for a double continuation region hold simultaneously.

figure is economically significant as it is greater than the maximal error due to suboptimal exercise

delay of the option as estimated| in [Chockalingam and Feng| (2015).

Second example: ¢ = 2%. If the underlying pays (positive) dividends, the drift of S is equal to

2
r plus a negative quantity (—q — 075 < 0). This splits the domain of r into three complementary
regions. The first one in which r and p are both negative, the one in which r is positive but small

so that p is still negative, the last one in which r and p are both positive. In the first one, the

"Our relative error of 4.67% in the first line of Table corresponds to an absolute pricing error

of 27.8 bps. This figure is indeed significant compared to the maximal error obtained in Figure 3 by

[Chockalingam and Feng| (2015). In particular, Figure 3, second row, right column, in [Chockalingam and|
(2015)), displays a pricing error of 4 bps, after a rescaling to unit moneyness and with volatility
equal to 20%.
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Figure 2.6: r—sections of free boundaries for the American put option. Left panel r = 2%
and ¢ = 0%. Right panel r = —1% and ¢ = —2%.

option is optimally exercised at maturity, as before. In the middle region there is a new tradeoft:
the investor would like to cash in as soon as possible due to » > 0 but the value of S is expected to
decrease as u < 0. This allows for a standard upper boundary. The critical price below which the
investor will exercise, though, becomes smaller as r approaches 0: as r decreases the threat of the
positive discount rate weakens and, therefore, the investor would postpone the exercise unless the
underlying reaches a very low level. In other words, if the discount is not that strong, the investor
prefers to gain the relative high dividend yield keeping the asset as long as possible. In the last
region, we find the standard behaviour already outlined in the first example.
The investor who believes that the term structure is flat and evaluates the American option with
a constant interest rate makes here an even higher relative error than before (5.96%).

Third example: ¢ = —2%. In the case of negative dividendsﬁ7 the drift of S is equal to r plus
a quantity which is now positive (—q — % > 0). As a result, u may be positive also when r is
mildly negative. This splits again the domain of r into three complementary regions, as shown in
the top-right panel of Figure 2.4k the one in which r and p are both negative, the one in which r is
negative but u is positive and the last one in which r and u are both positive. In the first region,
the option is again optimally exercised at maturity as in the previous examples. In the middle
section a double continuation region appears: this is the case in which the necessary conditions
in Proposition [2.4] are satisfied as documented in the bottom panels of Figure 2.4l To the best of
our knowledge, this is the first paper that documents the existence of a non standard double free

boundary in a stochastic interest rates framework, generalizing the result obtained in the constant

8 As previously discussed, negative dividends might model storage and insurance cost for commodities

such as gold or domestic risk-neutral drifts of foreign equities in quanto options.
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interest rates setting by |Battauz et al.|(2015). In the last region where both r and u are positive,
we find the standard behaviour already outlined in the first two examples.

We conclude our analysis of the American put option’s free boundaries, by displaying in Figure
[2.6] their time-dependence structure. In particular, we show that, for fixed values of r, the upper
critical price of the American put is increasing with respect to time ¢ whereas the lower critical
price (if any) is decreasing, as already proved in Theorem and documented in the constant
interest rate framework by (Battauz et al.| |2015]).

In Appendix 2.C] we also document the impact of the correlation on the American equity options’

prices.

We now turn to the American call options. Numerical pricing results for the American call
option in the same scenarios analysed above for the American put option are summed up in Table
We notice that in all cases the investor who believes that the term structure is flat and
evaluates the American call option with a constant discount rate equal to our g makes a relative
error between 4% and 5%.

It is well known that American call options on non-paying dividend assets do not display any early
exercise premium. This is true under usual market circumstances, i.e. when interest rates are non
negative. In fact, in this case, the zero-coupon bonds of any maturity have initial prices that are
smaller than one, i.e. p(0,7) < 1 for any 7 € [0,7]. This implies that the option is optimally

exercised at maturity only, as Jensen’s inequality implies that

EQ | (S(r) — K) T e Jo "% > (5(0) — Kp(0,7) T > (S(0) — K) T

The same holds true if S pays a negative dividend yield as E2 |:S(7')€_ Jo r(s)ds} = 5(0)e"9" >
S(0).

Within our framework, interest rates are not always positive and zero-coupon bonds may have
initial prices larger than one. Thus, early exercise may be optimal under some circumstances as

one can indeed see in the following first example.

Figure | ¢ B A Ty |ma — 2|/
2.7 0% | 6.339% | 6.339% | 5.979% 5.69%
2.8 2% | 5.314% | 5.396% | 5.163% 4.32%
2.9 2% | 7.511% | 7.511% | 7.102% 5.44%

Table 2.2: Results from the three numerical examples for the American call option.
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Figure 2.7: First example, American call: ¢ = 0%.
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Figure 2.8: Second example, American call: ¢ = 2%.

First example: ¢ = 0%. As explained above, early exercise may be optimal in this case only
if zero-coupon bonds display initial prices larger than one for some maturity. This is the case
portraited in Figure where a (standard lower) free boundary for the American call option is
documented for initial interest rates values smaller than —1%. To our knowledge, this is the first
paper that shows the existence of optimal early exercise opportunities for an American call option
when the dividend yield is zero. We notice that the critical price, and thus the continuation region,
is increasing in r, as the increasing drift u of S pushes the option towards the in the money region.
The impact of these optimal early exercise opportunities on the price of the option, however, is
negligible because the risk-neutral probability of the equity price entering the early exercise region

is quite small, as one can see from the first row of Table

Second example: ¢ = 2%. When the dividend yield is positive, early exercises of the American
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Figure 2.9: Third example, American call: ¢ = —2%. Green points in the bottom panels
show the nodes of the quadrinomial tree in which necessary conditions [NC0/, [NC1] and
[NC2] of Proposition for a double continuation region hold simultaneously.

call option become profitable. In Figure we document the existence of a (lower standard)
free boundary that is again increasing in r. Interestingly, the slope of the free boundary becomes
steeper when p, the drift of S, turns positive, and the continuation region increases substantially
as S is expected to appreciate. Consequently, early exercise in this case is optimal only if S is very
deeply in the money.

Third example: ¢ = —2%. As already discussed for the American put option example, when the
dividend yield is negative, the instantaneous drift of S, u, is always positive but for very negative
values of r. As a result, early exercise for the American call option is never optimal unless r is
very negative. In this case, for negative values of r, a non standard early exercise region appears
surrounded by two continuation regions (see the top panels of Figure . However, as in the
first example with ¢ = 0%, the early exercise premium does not significantly contribute to the

price of the American call option because the equity price enters the early exercise region with
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Figure 2.10: r—sections of free boundaries for the American call option. Left panel
r = —2% and g = 0%. Right panel r = —5% and ¢ = —2%.

a very small risk-neutral probability, as one can see from the third row of Table The green
dots in the bottom panels of Figure mark the region where our necessary conditions for non
standard early exercise of Proposition [2.4] are satisfied. We notice that this region overlaps very
accurately with the area where early exercise is optimal as portrait in the top-left panel of Figure
We conclude our analysis of the American call option’s free boundaries, by portraying in
Figure their time-dependence structure. In particular, we see that for American call options
the upper critical price (if any) is increasing with respect to time ¢ whereas the lower critical price
is decreasing (see Figure , thus confirming the results of Theorem and of (Battauz et al.,

2015)) in a constant interest rate framework.

2.4 Conclusions

In this paper we have studied American equity options in a correlated stochastic interest rate
framework of |Vasicek! (1977) type. We have introduced a tractable lattice-based discretization of
the equity price and interest rate processes by means of a quadrinomial tree. Our quadrinomial
tree matches the joint discretized moments of the equity price and the stochastic interest rate and
converges in distribution to the continuous time original processes. This allowed us to employ
our quadrinomial tree to characterize the two-dimensional free boundary for American equity put
and call options, that consists of the underlying asset and the interest rate values that trigger the
optimal exercise of the option. Our results are in line with the existing literature when interest

rates lie in the positive realm. In particular, for the American put options, the higher the dividend
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yield, the higher the benefits from deferring the option exercise. Moreover, in this case, the exercise
region is downward connected with respect to the underlying asset value. On the contrary, when
interest rate are likely to assume even mildly negative values, optimal exercise policies change,
depending on the trade-off between the interest rate and the expected rate of return on the equity
price. If such expected rate of return is negative, optimal exercise occurs at maturity only as the
option goes (on average) deeper in the money as time goes by and the negative interest rates make
the investor willing to cash in as late as possible. If the expected rate of return on the equity
asset is positive, the option is expected to move towards the out of the money region. This effect
is compensated by the preference to postponement due to negative interest rates. The trade-off
results in a non-standard double continuation region that violates the aforementioned downward
connectedness of the exercise region for American put option. We quantified the pricing error that
an investor would make assuming a constant interest rate and therefore neglecting the variability
(and the related risk) of the term structure. Finally, we documented similar non standard optimal
exercise policies also for American call options. In particular, we find that early exercise of the
American call option might be optimal even when the equity does not pay any dividend. This
results confirm the analytical features of the free boundaries retrieved in Theorem [2.5] for the

continuous-time framework described in System ([2.1)).
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Appendix

2.A Bounds of the probabilities in the Quadrinomial
Tree

Recall that at each ¢ the four probabilities of an upward/downward movement of /Y on the tree

are:
_ py pe At + py ArT 4+ p, AYT + (1+p)oros
Quu = 40,05
¢ —py pr A+ py Art — i, AYT + (1 = p)oos
ud =
40,09
_ — iy e At — pry Art 4+, AY T 4 (1—p)oros (2.A1)
qdu = 40'70'3
¢ py pr At — py Art — p, AY' + (1 + p)o.os
dd =

40,05

with Art = o,V/At, AYt = o5V/At, puy = r(t) — q — % and p, = k(6 — r(t)). From now on
we light the notation writing r instead of r(¢). Nevertheless, it is crucial to remember that these
probabilities are different for each node of the quadrinomial tree.

As already pointed out, the four probabilities sum up to one by construction. Unfortunately, they
do not necessarily lie in (0,1). As a first control, we investigate what happens as the length of the

time step goes to zero, namely, as At — 0. We have

lim = lim = ﬂ

At—0 Quu = At—0 dd = 4
y . 1—p
1m = 11m = —

At—0 Qud At—0 9du 4

which are all positive quantities (at least as p € (—1,1)). Therefore, the problem of having possibly
negative probabilities is only due to the discretization procedure.

For instance, with n = 250 steps and T' =1 (that corresponds to At = 0.004), we need to impose
the positivity constraint on all the four numerators in (2.A1]).

Imposing ¢, > 0 and solving with respect to r leads to:

Ayur® + Buyr + Cuu <0 (2.A2)



Auu = K
B D40+ 0%  os o
uu — — K - = —
T T VA VAt
o2 os o o2 (1+ p)oyos
Con= —KO|—q—24+ = |- L g2 |22
( =7 VAt) VAt( e 2) At

Provided that the discriminant of Equation (2.A2) is positive, which surely holds true as At — 0,

the solution is r,,, < < Ty, where, of course,

*Buu* B2 *4Auu uu *Buu B2 *4Auu0uu
Toyu = Vi, ¢ and Ty, = + VB, .

uu 24,4 2444

Similarly, we can work out all of the other probabilities.
Imposing ¢,q4 > 0 leads to:
Ayar? 4+ Bugr + Cua > 0

where:

Aud: K
0% os o,
Buu= —&k 9+q+7*7E + EAt
2 2
Y - B/ B 95\ , L=povos
Cud = 1439((] 24—\/&) @(q+2>+ At s
that is solved by r < r,,Ur > Fyuq.
Imposing g4, > 0 leads to:
Adu’l‘2+BduT‘+CduZO
where:
A = k
O'%v os Oy
Baw ==\ 0005 4 UK )~ Uae
2 2
S - B B 95, L=p)oros
Cdu— Ii@( B %At>+ %At <q+ 2>+ At 5

that is solved by r < 74, Ur > Tgy-
Finally, imposing gqq > 0 leads to:

AddTZ 4+ Bagr + Cgq <0
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where:

Addz K

o2 os o
Bia= —r|0+q+ 2 +—F=|+—F—
“ ”( B @) VAt

o2 o o o2 (1+ p)oyos
Cag= —wO|—q—E2 - 2|+ " |—q-2) - —2=2
dd ( 2 \/At> VAt( a 2) At

that is solved by r g3 <7 < Tyq.
Summing up, probabilities in (2.A1]) stay positive as long as r satisfies:

Tuu <r<Tu
<1, qUr 2Ty

r<rg,Ur 2Ty,

Tgqg ST < Taq

The solution to the previous system of inequalities depends on the sign of the correlation p. Given
the sign of p, the eight extremes values r,.,,7ud,- -, Tdu, Tdad always satisfy the same chain of
inequalities. Furthermore, notice that this eight values depend only on the parameters of the
model and not on t.

When p € (0, 1], the only interval on which all of the inequalities hold true is T,g < r <1y, as it
can be conveniently seen in Figure

The intuition here is that when r and S move together and the discretization of r reaches values

ﬁyd T Zgld ?yd Q zglu Tyu Fgld ?glu
Quu > 0 o -
Qud Z 0 -
ddu 2 0 ®

Figure 2.A.1: Graphical solution to the system of inequalities when p € (0, 1].

far away from its long run mean 6, a further movement of r away from 6 and in the opposite
direction of S is extremely unlikely and, eventually, happens “with a negative probability”.

If, for example, r(0) =0, # = 0.02, 0, = 0.01, Kk = 0.7, S(0) =1, 05 = 0.15, ¢ =0, p=0.5,T =1
and n = 125, after m = 100 steps, namely at t = m - At = m - % = 0.8, r(t) spans the interval
[-0.0885,  0.0885] and S(t) the interval [-1.3282,  1.3282], both of them assuming m = 101

different values. Hence, at ¢t = 0.8 there are 1012 = 10201 possible nodes on tree. As an instance,
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at the node (S(t),7(t)),_, s = (0.5847,—0.0751) the four probabilities are:
Quu = 0.4885
Qud = —0.0143
qaw = 0.2780
qaq = 0.2478.

Indeed, with the given parameters, probabilities are all positive as long as 7, = —0.0660 < r(t) <
0.0861 = ry,,, which is not our case. As r(t) is extremely far away from its long-run mean and
since p > 0 implies that r and S are likely to move together in the same direction, ¢4, namely
the probability that r deviates even further from its long-run mean and also against .S, becomes
negative. Notice that g,q > qq4, meaning that the force that drives r towards its long-run mean
prevails on the positive correlation between the two processes.

When such a scenario happens, we adjust the probabilities by setting the negative one to 0 and

normalizing to 1 the others. From the example above we would then get:

Guu = 0.4816
qua =0

Qau = 0.2741
qaq = 0.2443.

A very similar situation happens when p € [—1,0) and the four probabilities stay positive as long
as ryy < r < Ty Figure shows the solution to the system of inequalities in this case.
Now @y, Or gqq might become negative. This is due to the negative correlation: as r and S are
likely to move in the opposite direction, when r is far away from its long-run mean, moving even
further in the same direction of .S may result in a negative probability. Again, we correct for such

a phenomenon with the normalization described above.

<

T u fyd Fud fCld Q
Guu Z 0
Qud Z 0

Qduzo

Figure 2.A.2: Graphical solution to the system of inequalities when p € [—1,0).

For sake of completeness, we briefly discuss also the limit of zero correlation between r and S.

When p =0, 7, = Tuas Tud = Taqqs Tuu = Tqy a0d Tqy, = Tqq. Hence, the two intervals we found
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for the two previous cases, Fyq < 7 < ry, when p € (0,—1] and r 3y < r < 7y, when p € [—1,0),
coincide. When p = 0, probabilities stay positive as long as r belong to that interval.

Since the support of the discretization of r(¢) is known at each t, we can retrieve the maximum
t before which no normalization of the probabilities is needed.
Given the two thresholds r and 7 (where r = T4, F =1y, if p>0and r =144, T = Ty if p < 0)
we can set t and ¢ as:

L= i > d t:= <7}.
t se{o,ArtI,lzlgt,...,T} {r(s)>r} an Se{oyArg}QaXtwa} {r(s) <7}

Given the binomial structure of the discretization, after m steps we have we have:
r(0) — mAr~ =r(0) — mo, At < r(t) < r(0) + mo,. At = r(0) + mAr*

and, therefore, from
r(0) — mo, At > r

(2.A3)
r(0) + Mo, At <T

we can explicitly compute:

7(0) —r 7(0) —r
At At = VAt
OrV At Oy

I
3

r—r0),, 7—-r(0)
ar@At_ o VAL,

Of course, neither r, 7 nor t, t are likely to correspond to any node of the discretized process r(t)

At

]H
3

or to the discretized time line {0, At,2At,...,T}. In this case, we set r, 7 and t, ¢ equal to the
smallest values on the grid of 7(¢) and ¢ that satisfy the constraints in (2.A3]). Going back to the
numerical example above, we have that ¢ = 0.5840 and ¢ = 0.7680. A section of the quadrinomial

tree in this case is displayed in Figure

2.B Proofs of the Claims

Proof of Proposition : Value of the European put/call equity option. We
first derive the price of the European put option at t = 0. As the payoff of the derivative depends
only on the final value of S, the price at any t is obtained straightforwardly thanks to the Marko-
vianity of (S,r) by replacing Sy by S(t), ro by r(t) and T by T — t.

In the market described by , the risk-neutral price at t = 0 of the European put option on S
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Figure 2.A.3: Section of the quadrinomial tree for S = 0. Red points indicate nodes
at which one transition probability becomes negative. Parameters: r(0) = 0, § = 0.02,
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with strike price K and maturity 7" is given by:

T (0) = B2~ o "% () — §(T))*]

(K —S(1))
=E? B(T) 1k —s(m)>0}
| g7 S(T)1ik_
_ ppe | HE-sm>0 | e | ST S(T)>O}‘| (2.B1)

B(T) B(T)
Since B(T') depends on r which is correlated with S, in order to compute the two expected values
we would need to know their joint distribution under Q and then evaluate a double integral. This
turns out to be rather complicated. Nevertheless, we can greatly simplify the computation of the
two expected values applying a change of numeraire.

We start from the first expectation in . Consider the T-forward measure Q7' namely the
martingale measure for the numeraire process p(¢,7). The Radon-Nikodym derivative of QT with
r(s)ds)

respect to Q (whose numeéraire process is the money market B(t) = ef is:

T
Q0 jrgy o 20D rg<i<T

dQ ~ B(t)p(0,T)
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As p(T,T) =1 and since p(0,T) is a scalar, we get:

1k
EQ[ | = p(0.T)E

B(T)

1)
B(T)p(0,T) K-5(1>0}

= p(0, T)E}[L™(T)1{k—s(1)>0}]
= p(0, T)EY" (1{x—s(T)>0}]
= p(07 T)QT (S(T) < K)

_ T ST)
= p(0,7)Q (;:;(T, 7 < K> .

By definition, under the T-forward measure Q7 the discounted process of the risky asset, when
_ S(t)e?
p(t,T)

accounting for the dividend, Zy p(t) : is a martingale. Applying the multidimensional

Ito’s Lemma to Zo r(t) under Q we get:
dZor(t) = (...)dt + (vs + B(t, T)vy) - AW2(t)

where, vg = [og 0], vp = [o,p 0p/1—p?] and WO(t) = [WR(t) W2(t)] is standard two-
dimensional Brownian motion under Q. Since the volatility process oo r(t) := vs + B(t,T)v, is
constant, we can apply a suitable change of measure from Q to QT to get rid of the deterministic

drift of Zy r(t). Under the T-forward measure we get:
dZo,r(t) = +oo,r(t) - AW (2)

as we expected. The process Zyp(t) is now a geometric Brownian motion driven by a bi-

dimensional Wiener process. Hence, its solution is:
T, t o
Zo:r(t) = Zog O exps —5 [ Nlofz(@)llds + [ onr(s) - aw? (s)
0 0

:pi)(o%) eXp{_;/O ||U§,T(3)||d8+/otao7T(s).dW@T(S)}.

Notice that, due to Ito’s Isometry,

1/t ¢ T 1
~3 | oo ds + [ onr(s) - aWe(5) A7 (<5550, 28 (0)

where:
2 I
S3(t) = [ llodr(s)lds
t
:/ 0% +2050,pB(s,T) + B(s,T)*c2ds
0

Kkt — e kT (—1 -+ ekt) )

e 2rT (_1 + e2nt 4 4T — 4n(t+T) + 2€2NTI€t)

_2
=05t + 2050,.p 2 + o, 573
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When ¢ = T, the expression above simplifies to:

—1+e‘”T—|—/~@T> N 2( 3+6_2"T—46_“T—2/@T>

S50(T) = 03T + 2050,p < 3 2 T3

Finally, we can compute the T-forward probability that the put option closes in the money as:

r( ST) _ T S(T)eqT edT
¢ <p<T,T><K>‘@ (p<T,T> < )

= Q" (Zo(T) < Ke)

= QT (p‘i)(’o%) exp {_;/0 ||0'O,T||2(5)d8 +A UO,T(S) . deT (S)} < KeqT>

—qf (N (—;23,T<T>, E%,T(T>) <In W)

= N(—dy)
ith d : S(0) 1o,
with dy = In - =X7(T) = qT). Hence,
E%,T(T) ( p(0,T)K 2 0,T

1eg_ -
EQ l{KS(TbO} = p(0, T)N(—d>).

B(T)

We now turn to the second expected value in (2.B1]). Consider the martingale measure Q° with

numeéraire process S(t)e?’. The Radon-Nikodym derivative of Q° with respect to Q is:

dQ® _ g, _ S(t)e
a0~ L (t)—mon}},ogtgf (2.B2)

As both S(0) and €7 are scalars, we have:

g | SO —s(r)>0)
B(T)

] = S(0)e TE?

S(T)ed”
S(O)B(T)l{KS(T)M)}]

= 5(0)e 9TRY [LS(T)I{K—S(T)>0}]
= S(O)e_qTEQS 11k —s(T)>0}]
= 5(0)e"1TQ%(S(T) < K).

0,t) . . .
Under Q7, the process Yy 7(t) := ggt) q)t is a martingale. Notice that Yo 7(t) = Zo r(t). Then,
e

Ito’s Lemma tells us immediately that:

AYo r(t) = (...)dt — (vs + B(t, T)vy) - dAW(2)
and after a suitable change of measure we get that under Q°:

AYor(t) = —oor(t) - AW (1).
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As before, we get:
1t t o
Yor(t) = Yor ) exp{ =3 [ lloda(s)lds = [ anr(e)-aw?(s)

- pg){o? exp {‘3/ [lod ()l ds — / oo:r(s) - AW (s) } |

and, since again p(7,7T) = 1, the Q° probability that the put option closes in the money is:

Q° (S(T) < K) = Q° (S(lT > ;)

p( 1
(S(T ed” KeqT>

Q° <Y0T

KeqT>
T - )
( g)(y()j)1 P ;/0 ||‘78,T(5)||d3—/0 oor(s) - dWQ (s)} S K;T)

. ) ) 5(0)
(N (—2207'1“ T)vzo,T(T)) > In W)

1 SOy g

|
(@)

where d; = 221 D <ln (OS(JO%K + =55 (1) — qT) =dy + \/25.7(T). Hence,
0,7

S(T)1{x—s(T)>0}
B(T)

Finally, putting everything together we find the initial price of the put option:

EQ

] S(0)e™ T N(—d,).

5 (0) = KE®[p(0, T)1{x—s(m)>01] — E2[p(0, T)S(T)1{x—s(1)>0}]
= Kp(0,T)N(—d3) — S(0)e T N(—d,).

The price of the related call option can be derived by the put-call parity that at t € [0, 7] reads
nif! () = S(t)e™ 1T — Kp(t,T) + w5 (1)

as e~9T=t) units of S(t) at time ¢ lead to one unit of S at time T by continuously investing the

dividends in S itself.
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Proof of Theorem Convergence of the quadrinomial tree. We now need to
show that the bivariate discrete process (X;); defined in with the parameters in and
converges in distribution to X (t) = (Y (t),7(t)) that solves (2.7). With the notation of the
general case in and exploiting the result of Section 11.3 of Stroock and Varadhan| (1997), the

desired result holds true if the following four conditions are met:

(A1) the functions p(z,t) and o(z,t) are continuous and o(z,t) is non negative;
(A2) with probability 1 a solution (X;); to the SDE:
X, = Xo+ /Otu(xs, s)ds + /Ot o(X,,s) - dW(s)
exists for 0 < ¢ < +o00 and it is unique in law;

(A3) forall 6,7 >0

lim sup IAYE| =0
M EO0 ||| <6,0<t<T

lim sup |ArE| =0,
mTEO |2 |<6,0<<T

(A4) let X, ; indicate the j-th entry of X; and let F; = (X7, ..., X;) be the filtration generated
by the discrete bivariate process (X;). Define:

ii(z,t o (x,t
wi(z,t) = Hia (@, 1) and o7 (z,t) = 1@ )
pi2(z, ) 0l y(x,t)
EC[ X5 — Xi 1 73] 2 EC[(Xiv1y — Xig)*| 5]
where p; j(x,t) = T and o7 ;(z,t) = T forj=1,2.
EY(Xir11 = Xi1)(Xiv1,2 — Xio)| F]

Let pz(xv t) =

T and p(z,t) = o1(x,t) - o2(x,t) where

oj(x,t) is the j-th row of o(z,t). Then, for all §,7 > 0,

lim sup i (2, t) — p(z,t)|| =0
n—=+00 ||5||1<8,0<t<T

lim Sup l|o?(x,t) — o%(x,t) - I]| =0
NEO0 ||g||<8,0<t<T

lim sup  |pi(w,t) — p(z,t)| =0
o0 | |3 |<6,0<t<T

where I, is the column vector with all of the n entries equal to one.

For our quadrinomial tree we have X; = [Y(¢), r(t)],

w( X, t) = (T(t) 1T 023) and o(Xy,t) = 78 0

k(0 —r(t)) orp Opr/1 — p?
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Assumption (A1) trivially holds true.
Assumption (A2) holds true if the standard conditions for the existence and the uniqueness of the
solution to an SDE are met. According, e.g., to Proposition 5.1 in Bjork (2009), it is sufficient
to show that there exists a constant K such that the following are satisfied for all z; = [y;, 74,
1=1,2 and t:

(@1, 1) — p(, D] < K|y — 22,

llo(21,1) — o (22, )| < Kl|z1 — 22,

(@, O + [lo (21, )] < K (L+[|21]]) -

Notice that the second and the third conditions involve the operator norm of a matrix A € R”
defined as [[A| := supj ;=1 {[|4 - 2| : ¥ € R"}.
As ||p(z1,t) — p(xa, t)|| = VI + K2 — | and (r; — 12)? < ||z1 — 22||?, the first condition is
surely satisfied for any K > /1 + 2. As o(x;,t) is actually constant and independent of z; and
t, ||o(z1,t) — o(x2,t)|| = 0 and the second condition is surely satisfied for any K > 0. Finally, as

2 g
o), 0l = 0F + 2% + |pl 402 + 0

o, 0| = $ ( —q- ";) 20— 11)?

can be bounded from above by 1/2(1 + k2)r?, we have
(@, O + o (@1, O] < 201+ K&2) ]| + [[o (2, O] < K1+ [[z1]])
for any K > max{+/2(1 + k2),||o(x1,%)||}. As the three conditions hold true simultaneously for

any K > max{\/2(1 + x2), ||o(z1,t)||}, assumption (A2) is satisfied.
As the increments of the bivariate discrete process AY* = +o54v/At = +og \/%, Art = o,/ At =

is constant and as

:tam/% are constant and do not depend neither on x;, i = 1,2, nor on t,

T
sup  JAYF| =AY | = US[,
l|z||<6,0<t<T n

T
sup |Ari| = |Ari| — Ur\/7.
[|z]|<6,0<t<T n

As both of the sups are infinitesimal with respect to n, (A3) holds true as well.

As the parameters in (2.11)) and (2.12) of the bivariate discretization X; = (Y;,7;) are chosen

in order to match the first two moments and the cross-variation of X (¢) = (Y'(¢),r(t)), we have
pi(x,t) = p(z,t), o2(x,t) = o%(z,t) - Iy and p;(z,t) = p(x,t). Hence, assumption (A4) is satisfied
by construction.

Theorem 11.3.3 of |Stroock and Varadhan| (1997) allows us to conclude.
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Proof of Proposition Value of the American option as a deterministic
function. Let n:=7 —t. Then we can rewrite the value of the American option (2.13)) as:

t+
V(t)=ess sup E@ [e_ft "r(s)ds @(S(t+mn))| Fe| - (2.B3)
0<n<T—t

Recalling the dynamics of the equity price conditional on S(t) = S we can further rewrite V (t) as

t+n
V(t)=ess sup EY [exp (—/ r(s)ds) .
0<n<T—t t

2, (Sexp (/ttJrn r(s)ds — (q + ;0’%) n+os(Ws(t+mn)— Ws(t))>> F,

Therefore, V' depends on the expectation of two random variables: the Brownian increment Wg(t+

n) — Ws(t) and the integral ftt+n r(s)ds, which appears both in the drift part of the underlying

and in the discount factor. The first of the two random variables is Fi-independent by definition:
Ws(t+n) = Ws(t) L F,

and, moreover,

Ws(t +n) — Ws(t) & Ws(n).

We now show that also |, " 1 (s)ds is independent of F; and that ft+n (s)ds 2 Jo r(s)ds as well.

Recalling the solution to the SDE driving the short term interest rate conditional on r(t) = r we

have:

t+n t+n s

/ r(s)ds = / [re‘“(s_t) +0(1 — e ") 4 ar/ e "V AW,.(y) | ds
t ¢ t
e—m7 —0 t+n
_ =0+ f o+ gr/ / K= AT, () ds.
K

The constant « := —ef:n (r—=0)+ % + On does not depend on t. Exploiting the definition of

stochastic integral with {¢;};—1, . n such that to =t, ty =t +n and |[{t;}|| — 0, we get:

-----

t+n tn N1
[ s =aso [ > W i) — W) ds.
t t

Since ti4q1 > t; > tforany i = 1,...,N — 1, W,(t;+1) — W,(t;) L F; by definition and for any

value of s. Hence,
N-1

6_H(S ti) W (tz+1) Wr(tl)) A ]:t Vs.
=0
Since the sum is independent of F; for any s, the outer integral in ds preserves such independence.

As a result,

t+n
/ r(s)ds L Fy.
t
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Furthermore, we need to show that the distribution of

/tH—77 r(s)ds

does not depend on ¢. Recalling that:

t+n t+n s
/ r(s)ds = a+ UT/ / e "V AW, (y)ds
t t t

and setting a := s — t in the outer integral in ds, we get:

t+n n  patt
/ r(s)ds = a+ ar/ / e~ AT AW,. (y)da.
t 0 Jt

The argument of the inner stochastic integral is deterministic in y and, therefore:

a+t 0 a+t
/ e‘“(s_y)dWr(y) ~N (0’/ 6—2“(5—y)dy>
t

t
Q i _ ,—2ka
N <0, P (1 e )> ,
which does not depend on ¢t. Thanks to a little abuse of notation we see that:

b " 1 —2kKa
/t r(s)ds:oc—kar/o N(O,%(l—e ))da,

where the right-hand side of the equation does not depend on ¢. Hence:

/tt+?7 r(s)ds b /077 r(s)ds.

We now go back to the original expression (2.B3)). Thanks to the independence of F;, the condi-

tional expected value turns into the unconditional one:
K [ Oty s ) ft] =B [ O (s @)
and setting S(0) = S(t) = S, r(0) =r(t) =r,
EQ{6_1:+WMSMS¢09@-%ﬂ)ﬂ :]EQ[e—j:r@ﬁb¢(S(nD}.
Therefore, the value on an American option on S defined in reduces to
V(t) = F(t,5(t),r(t))
with

F(t.Sr) = sup KO [exp(— /Onr(s)ds>-

0<n<T—t
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- (S exp (/On r(s)ds — (q + ;0%> n+ 05W5(7])>)

where ¢ enters only the upper bound of 7, namely the time to maturity of the option. From this
last expression it is immediate to see that F' enjoys the same monotonicity properties of ¢ w.r.t.S,
and that it is decreasing w.r.t. ¢, and convex w.r.t. S. For the put option we show now that F' is

decreasing in r. To this aim we rewrite

F(t,8,r) = sup EC le Jo'rrd <K ~ Selo r(ds~(a475) WSWSM))W (2.B4)
0<n<T—t

where r = r(0). If v’ > r then F(¢t,5,r") < F(t,S,r). In fact, [ 7(s)ds started at 7(0) =’ > r is
larger than [/ r(s)ds started at r(0) = r. As the object of the expectation in is a decreasing
function of [ 7(s)ds, we conclude that F(¢,S,r) is decreasing in 7.

To show that the American call option is increasing with respect to r, we apply a change of
numeraire to isolate the effect of the interest rate in the underlying drift only (as under the original
risk neutral measure an increase in r has opposite effects in the discount factor and in the call’s

payoff).

+
=5 150 (£ o) Ke—qfsm)]

where L(7) is the Radon-Nikodym derivative of Q° with respect to Q defined in (2.B2)). Thus

the call option is a put option under the new measure on K/S with strike S(0) and interest rate ¢

+
E2 [ (S(r) - K)"e” Iy T(S)ds} =E {(5(0) - SI(;) e_qT]

Recalling the dynamics of the equity price and of the interest rate under Q,

50 _ ) - g 0] dWe
S = (0 =t +los 0] -awe() ons)

dr(t) = k(0 —r(t))dt + [o,.p 0./1— p2] - AW (t)
Girsanov’s theorem implies that dW@(t) = awe’ (t)+ [os 0]'dt and, therefore, (2.B5) becomes

ds@) _ r(t) — g+ o2 o Sdw@®
s~ ) —a+od)dt+los 0- AW 2.56)

dr(t) = k(0 —r(t) + £227=)dt + [orp  op/1 = p?] - AW (1)
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Ito’s formula implies that

d (%) . Szt) (g —r)dt - [os 0]-aw? )

and therfore the new underlying

d (5(2)) _ ;((ﬂ (g - r()dt —[os 0 -aW® ()

has drift ¢ —r(¢). Thus the call option is a put option whose underlying under the new measure is

K L fO”(q—r(s))ds—%ggn_GSW?s(n)

St~ 50)°

Thus, if the process r starts at r(0) = r' > r the factor ['(¢ — 7(s))ds is smaller than the one
started at r(0) = r, and thus the put’s payoff is larger, and the value of the American option larger

as well. This shows that for the call option ' > r implies F(t,S,r") > F(t,S,r).

Proof of Proposition Asymptotic necessary conditions for the existence
of a double continuation region. When the interest rate is constant, the value at ¢ of
the American put option defined in Equation (2.14) becomes a deterministic function G(¢,S) :

RT x R — RT of the time and the current value of the underlying:

G(t,S)= sup EQ|e ™| K — Sexp ((T —q— Ug) n+ USWs(n)) ) (2.B7)
0<n<T—t 2

As |Battauz et al.| (2015 show in Section 2, necessary conditions for the double continuation region

to appear for a put option at a generic ¢ are that the drift of S is positive and G(¢,0) > K. This

last condition is verified if there exists some 7 such that p(0,7) > 1, as discussed in the comments

before Proposition We now deduce [NCO] by imposing p(0,7) > 1 for some n € [0,T — t].

Exploiting Jensen’s inequality and the uniform integrability of r(s), we get:

exp (- /O nr(s)ds) > exp (—EQ [ /0 nr(s)ds]) ~ exp (- /0 "EQ [r(s)] ds) |

As before, thanks to (2.3)), we have:

EQ [exp (— /077 r(s)ds)

—sn _
where we set a := —— . Notice that o <0 for any x and n € [0,T —t].

K
If ra — (e +n) > 0, then F(¢,0,r) > K.

EQ

n
> exp (—/ re” " +6(1 — e‘”s)ds> =exp (ra —0(a+n))
0
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For the American put option, under /[NCO], if [NC1] is not satisfied, i.e. ¢ > 0, than the

discounted risky security S is driven by
dS(t) = —qdt + osdW2(2),
and S is a supermartingale. Thus, for any t < 7 < T,

EQ | §(r)e 79| £, < s01)

and, by Jensen’s inequality,

EQ | (K — S(r) T e J 7% 7,

N
ft] - S(t)eq<”>)

> (KE@ [effr(”ds

where the last inequalities holds under [NC0]. This shows that, for the American put option,
under /[NCOJ, if [NC1] is violated, early exercise is never optimal at t.
We deal now with the American call option. For 0 < 7 < T, we have by Jensen’s inequality,

)

EC | (S(r) - K)Te” J7reas Fi

Z (S(t)eq(Tt) o KEQ [e LT r(s)ds

= (S(t)e_q(T_t) — Kp(t,7)>+

> (S(t) — K)T,

if ¢ <0 and p(t,7) < 1. Therefore, to ensure the existence of optimal early exercise opportunities
for the American call option, we must assume that ¢ > 0, or ¢ < 0 and p(¢,7) > 1 for some 7.
Under [NCO], if [NC2] is not satisfied, then wa(t,S,r) > wg(t,S,r) > (K — S)*, that means

that early exercise is never optimal at ¢.

Proof of Theorem . The case r > 0 is standard (see Detemple, 2014), and therefore
we focus on r < 0. The continuity, the monotonicity of the r-sections of the put option’s free
boundaries with respect to ¢ and S and their limits as ¢ — T~ follow by adapting the proof of
Theorem 2.3 in (Battauz et all [2015]) where now the operator £ becomes LF = g—gS(T —q) +

%—f/@(@ —7r)+ % 323}; 0%5%+ % %215 o2+ g:;s poros. The monotonicity properties of the free boundaries
with respect to r follow from the monotonicity properties of F. In fact, let v’ > r, and assume
S € FER,. Then (K — S)* < F(t,S,7") < F(t,S,r) = (K — S)*, where the first inequality
follows from value dominance and the second one from the fact that F' is decreasing in r. Thus if

S € EER,, then S € EER), and EER, O EER,. By passing to the infimum (resp. supremum)
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we conclude that the lower (resp. upper) free boundary is decreasing (resp. increasing) with
respect to 7.

For the call option, we start from the monotonicity properties of the free boundaries with respect
to 7. As the call option is increasing in 7, we have that if r > r and S € EER!. then (S — K)* <
F(t,S,r) < F(t,S,r") = (K — S)*, where the first inequality follows from value dominance and
the second one from the fact that F' is increasing in r. This means that EFR,. C EER,. By
passing to the infimum (resp. supremum) we conclude that the lower (resp. upper) free boundary
is increasing (resp. decreasing) with respect to r.

For the other call option’s properties, we cannot simply adapt the proof of Theorem 3.3 in (Battauz
et al., [2015)), as it relies on a simmetry result in a constant interest rate enviroment that fails to
be applicable to our setting. The monotonicity properties of S* and S with respect to t follow
from the fact that F' is decreasing with respect to ¢, similarly to the put case. We then prove the
inequalities satisfied by the free boundaries. In the EER the function F satisfies

4 LF<rF (2.B8)

On the EER in the call case F(t,5,7) = S — K and therefore Equation (2.B8)). simplifies to
1-S(r—q) <r(S—K). Thus —Sq < —rK for all S € FER,, ie. S < gK for all S € EFER,, as
q < 0. By passing to the supremum we get K < S*(¢,r) < S (t,r) < %.

At maturity S* (T,r) = K and 5" (T,r) = 400, as the option is exercised at T" whenever
S(T) > K.

We now show that S* (T, r) = K and S (T-,r) = %. By construction S* (t,r) > K for
all t € (t;T), and hence S* (T'~,r) > K. Suppose by contradiction that S* (T'~,r) > K. The
set (7)) x (K;ﬁ* (T’,T)) C CR, and therefore (L —1r)F = —%F > 0, as F is decreasing
wrt. t. Ast T T we have (L—7r)F — (L—71)(S—K) = —¢S+rK for S € (K;ﬁ* (Tﬂr)) :
This implies —¢S + rK > 0 for S € (K;ﬁ* (T‘,r)) and passing to the supremum over S €
(K;ﬁ* (T‘,’r)) this delivers S* (T, r) > % which is a contradiction. We deal now with the
upper free boundary limit. Suppose (by contradiction) that S (T‘,r) < %. But then the set
(&T) x (§* (T—,r) ;%) CCR,and (L—1)F=—-2F>0for S € (g* (T’,T);%). Astt T
we have (L—r)F — (L—7r)(S—K)=—qS+rK for S € <§* (T,7); %) (here the limits are
in distribution). Then —¢S + rK > 0 for all S € (g* (T—,7); %) and therefore also for the
infimum —¢S~ (T~,r) +rK > 0 that implies the contradiction S~ (T, ) > %.
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2.C Additional numerical analysis of the free bound-
ary

In this section we provide additional numerical analysis of American equity options in our Vasicek
interest rate framework ]

The impact of the correlation between S and r is addressed in Tables 2.C.1] and 2.C.2

Tables[2.C.3land 2.C .4 address the impact of the speed of mean reversion & on the price of American

call and put options. Tables [2.C.3] and [2.C.4] assume « = 0.25, namely one forth of the baseline
case whose pricing results are reported in Tables and We notice that, as the interest

rates are now expected to move much slower, the relative pricing errors with respect to a model
with constant interest rates are smaller. Interestingly, this is more pronounced for American put
options. Furthermore, it is interesting to notice also how the free boundaries (if any) change for
this new value of . Figure shows two r-sections of the free boundaries for the call and the
put option respectively when g = —2%. We notice that, everything else being equal, with respect
to the baseline graphs in Figures [2.6] and [2.10] the early exercise region widens for the call option
but reduces for the put one.

Tables 2.C.5| and [2.C.6] address the impact of the volatility coefficient of the interest rate o, on

the price of American and put options. In particular, Tables [2.C.5| and [2.C.6| assume o, = 5%

while in the baseline model its value was equal to 1%. A larger volatility impact positively on the
price of the American call option as its payoff is increasing in the value of S which, in turns, is
increasing in the value of r. Therefore, relative errors with respect to a constant interest rates are
much larger. For the American put option, the errors are comparable to the baseline case as the
payoff of the option now does not benefit from possibly higher values of r. Furthermore, Figure
shows how the free boundaries look like when ¢ = —2%. As before, we notice that the early

exercise regions widen.

9Medvedev and Scaillet| (2010) introduce an analytical approach to price American options using a
short-maturity asymptotic expansion. They perform a throughout numerical investigation for Ameri-
can call and put options with both stochastic CIR interest rates and stochastic underlying’s volatility.
Analogously, Boyarchenko and Levendorskii (2013) consider a stochastic volatility equity and stochastic
interest rates depending on two CIR factors, allowing for non-zero correlations between all the underlying
processes. They provide a sophisticated iterative algorithm to price American derivatives that exploits a
sequence of embedded perpetual options and their pricing results are in line with those of the Longstaff
and Schwartz method and the asymptotics of Medvedev and Scaillet| (2010). [Pressacco et al. (2008)
perform a throughout comparison between lattice and analytical approximation of the early exercise

premium in the Black-Scholes framework.
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p q TE A 'Y |ma — 7| /A

American put option
0% | 5.540% | 5.674% | 5.979% 5.37%
-50% | 2% | 6.486% | 6.499% | 6.962% 7.12%
-2% | 4.683% | 5.002% | 5.230% 4.55%
0% | 5.606% | 5.705% | 5.979% 4.79%
5% | 2% | 6.551% | 6.557% | 6.962% 6.17%
2% | 4.748% | 5.025% | 5.230% 4.07%
0% | 5.613% | 5.709% | 5.979% 4.72%
0% | 2% | 6.558% | 6.563% | 6.962% 6.08%
2% | 4.755% | 5.028% | 5.230% 4.01%
0% | 5.620% | 5.712% | 5.979% 4.67%
5% | 2% | 6.565% | 6.570% | 6.962% 5.96%
2% | 4.763% | 5.030% | 5.230% 3.97%
0% | 5.672% | 5.745% | 5.979% 4.06%
50% | 2% | 6.629% | 6.630% | 6.962% 5.00%
2% | 4.827% | 5.053% | 5.230% 3.50%

Table 2.C.1: Results from the three numerical examples for the American put option.

r=-5% r=-1%
3 3
® Lower Boundary ® Lower Boundary
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Figure 2.C.1: r—sections of free boundaries for the American call (left panel) and put

(right panel) option with x = 0.25 and ¢ = —2%.
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Table 2.C.2: Results from the three numerical examples for the American call option.

Table 2.C.3: Results from the three numerical examples for the American call option with

k = 0.25.

P | q g TA ma | ma— 7R/ ma
American call option

0% | 6.269% | 6.271% | 5.979% 4.66%
-50% | 2% | 5.235% | 5.356% | 5.163% 3.61%
2% | 7.432% | 7.432% | 7.102% 4.44%
0% | 6.335% | 6.336% | 5.979% 5.64%
5% | 2% | 5.230% | 5.390% | 5.163% 4.22%
2% | 7.497% | 7.497% | 7.102% 5.26%
0% | 6.342% | 6.343% | 5.979% 5.75%
0% | 2% | 5.307% | 5.393% | 5.163% 4.27%
2% | 7.505% | 7.505% | 7.102% 5.37%
0% | 6.339% | 6.339% | 5.979% 5.68%
5% | 2% | 5.314% | 5.396% | 5.163% 4.32%
2% | 7.511% | 7.511% | 7.102% 5.45%
0% | 6.415% | 6.415% | 5.979% 6.80%
50% | 2% | 5.378% | 5.431% | 5.163% 4.94%
2% | 7.576% | 7.576% | 7.102% 6.25%

Figure | ¢ TE A Y |ma — 7| /A
- 0% | 6.181% | 6.193% | 5.979% 3.46%
- 2% | 5.170% | 5.281% | 5.163% 2.23%
2.C1| | 2% | 7.317% | 7.327% | 7.102% 3.01%
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Table 2.C.4: Results from the three numerical examples for the American put option with

k= 0.25.

Table 2.C.5: Results from the three numerical examples for the American call option with

o, = 5%.

Table 2.C.6: Results from the three numerical examples for the American put option with

o, = 5%.

Figure | ¢ TE A 'Y |ma — 7| /A
- 0% | 5.871% | 5.883% | 5.979% 1.63%
- 2% | 6.841% | 6.856% | 6.962% 1.55%
2.C.1 | -2% | 4.986% | 5.183% | 5.230% 1.00%

Figure | ¢ TE A 'y |ma — 70| /T A
- 0% | 6.726% | 6.746% | 5.979% 11.37%
- 2% | 5.686% | 5.746% | 5.163% 10.15%
2.C.2 | -2% | 7.886% | 7.895% | 7.102% 10.04%

Figure | ¢ B A Y |ma — 7| /A
- 0% | 6.011% | 6.192% | 5.979% 3.44%
- 2% | 6.982% | 7.089% | 6.962% 1.80%
2.C.2[ | -2% | 5.125% | 5.410% | 5.230% 3.33%




78

3r 3¢
® Lower Boundary ® Lower Boundary
e Upper Boundary e Upper Boundary
25 e Tree extremes 25r e Tree extremes
© Strike price * © Strike price *
. L] . . .
2 . : 2] :
. s . . .
. . . . .
0 15f; . . 0 15F 7 .
i w : s WO —
05 - 05 * o
0 . . . . ) 0 . . . \ . )
0.3 0.2 0.1 0 0.1 0.2 0.3 0.3 0.2 0.1 0 0.1 0.2 0.3

Figure 2.C.2: r—sections of free boundaries for the American call (left panel) and put
(right panel) option with x = 0.25 and ¢ = —2%.
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Barrier Options under Correlated
Equity and Interest Rate Risks
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3.1 Introduction

“You can’t get a risk-free rate above zero, and everything else is relative”
M. Bradshow, head of global aggregate fixed income at Amundi,
Financial Times, August 13 2019

The risk-free interest rate plays a crucial role in derivative pricing; indeed, it is well known that
the interest rate drives both the discount factor and the expected drift of risky equity processes
under the risk neutral measure. Furthermore, current European market conditions challenge the
traditional assumption of non negative interest rates. This assumption, which is pervasive in the
economic and financial literature, underestimates the relevant impact negative interest rates may
have on the discount rate and on the expected growth of equity price processes. Moreover, also
the correlation between the interest rate and the equity risk factors, which is usually neglected, is
of great relevance when dealing with derivatives pricing.

In the present paper I investigate the impact of stochastic, possibly negative and correlated interest
rates on the price of derivatives with barrier features. Besides being actively traded by investors,
this particular kind of path-dependent derivatives has indeed many applications also in corporate
valuation theory.

Exploiting a Vasicek (1977) model, rather than a pure diffusive Black and Scholes| (1973) or a|Cox
et al. (1885) model, I document critical mispricings that arise if constant, or exogenously positive,
or uncorrelated interest rates are used to price this kind of path-dependent derivatives. This pric-
ing errors are the result of non-trivial interplays of the two channels through which the interest
rate process affects the pricing of barrier derivatives: 1) the discount rate, 2) the expected drift
of the equity process under the risk neutral measure, which is the main driver of the probability
that a given threshold is crossed or not.

Depending on the specific parameters of the option considered, relative pricing errors may be as
large as 15%. For American options, this mispricing is easily observable from the different optimal

exercise policies implied by the alternative models.

It is well known that financial derivatives are priced as if agents were risk-neutral. In such
a world, the risk-free interest rate plays two roles: on one hand it represents the rate at which
the risky equity appreciates and on the other hand it drives the dollar-value of time, namely
the discount rate. As a consequence, a careful modelling of interest rates is crucial when pricing
derivatives written on risky equity and a constant interest rate is clearly not a realistic assumption.

Furthermore, current market conditions challenge also the so called zero lower bound assumption,


https://www.ft.com/content/2b829d1c-bcff-11e9-89e2-41e555e96722
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namely the hypothesis that interest rates are always non negative. As of late 2019, yields on
European AAA-rated sovereign bonds are negative up to very long maturitiesﬂ and from 2010
to 2016 also the US 3 Month Treasury Bill’s yield has been critically close to zero and, on some
occasions, also below this lower bound, at least intradailyﬂ It is economically compelling, though,
to assume that interest rates will revert back to the positive domain sooner or later. Therefore,

capturing this expected path is of great relevance when pricing equity derivatives.
b g p p g p g equity

On a parallel note, traditional macroeconomic and fiscal policy literature (see, e.g. Woodford
(2003))) postulates a significant correlation between risk-free interest rates and returns on the stock
market: according to the traditional view, if the market is performing bad, interest rates should
be kept low to boost investments; on the contrary, when the stock market is expanding, interest
rates should be kept high in order to curb the market and avoid bubbles or sudden harmful drops.
Evidence of this correlation is mixed: although the empirical literature almost unanimously agrees
on its statistical significance, its sign appears to be a more debatable issue and to surely change
over time. Nevertheless, and regardless of the sign, the correlation between interest rates and
the risky equity plays a relevant role when pricing derivatives whose payoff depends on both the
equity price and the interest rate. In this perspective, path dependent derivatives are surely the
ones more exposed to the comovements of the risky equity and of in interest rate as their payoff

depends on the whole trajectories of both of them.

Considering the wide class of traded path-dependent derivatives, barrier options are surely
among the most relevant ones. Generally speaking, barrier options are financial derivatives, written
on an underlying, whose payoff depends on whether the underlying’s price or value crosses or not
an exogenous threshold (the so-called barrier) during the life of the option. Derivatives with
barrier features have been studied since the very begging of mathematical finance and, indeed,
the first barrier option is discussed and priced in the seminal work of Merton (1973)ﬂ Since the
payoff of these derivatives is paid out if and only if the barrier event occurs, they trade at a lower

price than their plain Vanilla counterparts. This discount makes derivatives with barrier features

More precisely, as of October 1 2019, yields of AAA-rated Euro area central government bonds are

negative up to 28 years; source: European Central Bank, www.ecb.europa.eu.
2Source: www.cnbc.com.
3Section 26.9 of Hull (2018) and Chapter 18 of Bjork (2009) are entirely devoted to barrier options and

may serve as an effective introduction to this kind of derivatives. Standard literature references for barrier
options include Rich| (1994)), Ritchken| (1995) and |Cheuk and Vorst| (1996]) that carry on their analysis
within the standard Black-Scholes diffusive framework and its traditional lattice approximations, namely
the binomial and the trinomial tree. More recent works, like [Fusai and Recchionil (2007)), Bernard et al.
(2008) and |Carr and Crosby| (2010)), expand the class of financial market models considered accounting

for local or stochastic volatility, jumps and stochastic interest rates.


https://www.ecb.europa.eu/stats/financial_markets_and_interest_rates/euro_area_yield_curves/html/index.en.html
https://www.cnbc.com/quotes/?symbol=US3M
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appealing. Although pure barrier options are often traded over the counter, many other derivatives
that embed barrier features are traded on exchanges: exchange-traded notes in US market and
certificates in the European one are prominent examples of this kind of derivatives.

Besides being directly traded or embedded in more complex securities, barrier options have
many applications to several valuation problems outside derivatives pricing. For example, barrier
options pricing is relevant when valuing executive stock options (ESOs henceforth), which are
options granted to a company’s executives as part of their compensation and whose value depend
on the performance of the company itself [[| These options are usually at-the-money American
call options on the company’s stock granted for free to executives. As explained in (Carr| (1995,
these options are long-lived (usually 10 years) and they might display also an initial vesting period
(usually 3 years) during which their early exercise it is not allowed. Hull and White| (2004a)) provide
sound evidence that ESOs are exercised when the stock price reaches a certain multiple of the strike
price. Therefore, this kind of ESOs can be treated and priced as American up-and-out call option
with an exogenous barrier that, if crossed, makes the option worthless: as a consequence, the
optimal exercise policy for this kind of option is to exercise it when the stock price approaches the
barrier and the probability of been knocked-out is high.

Derivatives with barrier features are also widely considered in capital structure theory, especially
when valuing corporate securities. Since the influential work of Black and Cox| (1976|), barrier
options have been recognised as a useful tool when modelling features of debt and equity. As an
example, bondholders might have the legal right to claim the property of the assets if the firm
is performing poorly, namely, if the firm’s asset value falls below a given threshold. Therefore,
this feature can be modelled and priced within debt securities as a down-and-out barrier option.
Furthermore, Brockman and Turtle (2003)) and |Wong and Choi (2009)) argue and prove empirically
that barrier option models perform well when used to estimate the default barrier of a firm, namely
the firm’s asset level below which the firm is forced to fill for bankruptcy.

Finally, derivatives with barrier features have many applications also in the evaluation of certain
insurance financial products. As an example, |(Grosen and Jgrgensen| (2002) show how having a
regulatory authority that monitor solvency requirements of insurance companies can be efficiently
embedded in a barrier options framework.

Guided by all of these applications, I study barrier options exposed to correlated market and
interest rate risks. Building on Battauz and Rotondi (2019)), I propose lattice-based algorithms to

price European and American discretely monitored knock-in/knock-out options. Furthermore, I

4ESOs have been extensively discussed in the literature. Classical references include the seminal works
of [Yermack]| (1995]) and |Core and Guay| (2002)), whereas Devers et al.| (2007)) provide an effective review
of the state of the art.
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show how to efficiently extend these algorithms to price also continuously monitored options, re-
ducing the well known biasesﬂ Then, I document the sizeable impact of both assuming a stochastic
term structure and a non-zero correlation between the equity price and the interest rate by means

of several numerical examples.

The rest of the paper is organized as follows. Section contains the description of the
financial market model considered, of the primary assets traded therein and of the barrier options
I introduce in the market. Pricing techniques for these options are then formalized. Section [3.3]
contains numerical examples of the results in the previous Section. More precisely, the market
model is first calibrated to real European market data. Then illustrative numerical examples
deliver the relative pricing errors of several alternative models with respect to mine. Finally,
two concrete examples of my framework are illustrated: a European equity-linked note and an

American executive stock option. Section [3.4] concludes.

3.2 Barrier Options

The current Section contains the theoretical contribution of my paper. The financial market model
I choose and the assets and derivatives traded therein are described in Subsection3.2.31 Subsection
[3:2.2] provides the pricing algorithm for discretely monitored barrier options whereas Subsection
deals with their continuously monitored counterparts and tackles all the related numerical
issues. The formal proofs of all the propositions stated are deferred to Appendix

3.2.1 The market: primary assets and derivatives

Short-term interest rates have been modelled in many ways in the literatureﬁ Restricting to one-
factor models, the most famous ones include the generalized Brownian motion of |Merton| (1973)),
the mean-reverting stochastic process of |Vasicek! (1977)), the so-called square-root diffusion of |(Cox
et al. (1885) and their extensions proposed by [Ho and Lee (1986) and Hull and White (1990)).
Since it is economic compelling to assume some stationarity of the interest rates (at least up to
a trend) and since I have to remove the zero lower bound, I choose the mean-reverting model in
Vasicek! (1977).

I consider a simplified financial market with just two (correlated) risk factors/sources of ran-

domness: a “equity” risk factor driving an underlying’s risky price process S(t) and a interest rate

5See, e.g., Chapter 26, Section 7 of Hull (2018) that affect lattice-based pricing of barrier derivatives.
6As a standard reference, Chapter 23 of [Bjork| (2009) is entirely devoted to short rate models.
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risk factor driving a short-term interest rate process r(t). I assume that the financial market is
both arbitrage-free and complete. As a consequence[], there exists a unique risk-neutral measure
Q. Following|Vasicek| (1977), I assume that, under Q, the short-term interest rate r follows a mean
reverting stochastic process and that the continuously compounded log return of the underlying’s
risky price process S follows a generalized Brownian motion. Therefore, the stochastic differential

equations (SDEs henceforth) characterizing the financial markets are

d;;f)) = (r(t) — q)dt + o5dW(t)
dr(t) = k(0 —r(t)) dt + o, dW2(t) (3.1)

dB(t) = r(t)B(t)dt

where ¢ is the constant dividend yield of the underlying, og is its volatility, « is the speed of
mean-reversion of the interest rate process, 6 its long-term mean and o, its volatility. B(t) is the

money market accountf the allows the investor to capitalize the interest rate r. The solution of

the SDEs in (3.1)) is

2

S(t) = S(0)exp /Otr(s)ds - (q + U;) t+osWs(t)

r(t) =r(0)e " +0(1 —e ") + o, /t e "= qW, (s) (3.2)
B(t) = exp l/o r(s)ds]

To actually complete the market, I assume that a continuum of 7-zero coupon bonds is traded
in the market with 7 € (0,7]. Consider a generic T-zero coupon bond. This asset pays 1 to its
holder at maturity 7" and its price at ¢ € (0,7 is labelled with p(¢,T). By no arbitrage valuation,
we have

1

p(t,T) = EC BT

T
Fi| =EQ |exp l/ r(s)ds] Fil,
0
that admits a closed formula solution as derived in Section 3.2.1 of Brigo and Mercurio| (2007)):

p(t,T) = eAGTI=BET)r(®) (3.3)

"See Delbaen and Schachermayer| (1994) for the general version of the First Fundamental Theorem of

Asset Pricing in a continuous time framework.
8B(t) serves as numéraire of the unique risk-neutral measure Q. Therefore, any traded security

discounted by B has to be a Q-martingale.
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where:

B(t,T) = % (1 7efm<Tft))

0_2

At,T) = (9 —~ 2/{’;) (B(t,T)— (T —1t) -

o2B%(t,T)
4k
Within this market model, at ¢ < T' the investor can trade (without frictions) S, B, and p(t, 7),

7 < T: these are the primary assets of the market.

Derivatives are traded in the market as well and, since Q is unique, they can be priced uniquely.
If ¢(S(T)) is the terminal payoff of a European derivative written on S, its unique price at t < T
is given by

ﬂg(t) =F

e ffr<s>d8¢(5(T))’ ]—"t] . (3.4)

If, on the contrary, the derivative is of American- style, its holder can cash in its payoff p(S(7))
at any time 7 before the maturity 7. The rational holder of the American derivative will timely
exercise it when its payoff is maximum. Therefore, the unique price at ¢ < T of the American

derivative is given by

7rj2(t) =ess sup E
TE[L,T]

e ) T<S>ds¢(5(7))’ ]-"t] : (3.5)

Whichever the payoff function ¢, the expected value in is rarely known explicitly and the
one in is actually never known explicitly.

As they will be useful later one, I acknowledge that the price of plain Vanilla European put
and call options admits an explicit expression. In particulatﬂ7 within the financial market specified

in (3.1)), the price at ¢ € [0, 7] of an European put option on S with strike K is equal to

i (t, S(t),7(t)) = Kp(t, T)N(=d2) — S(t)e "I N(—dy) (3.6)
with:
- St 1,
d~2 = ~1 - E%T?

—14 e T8 4 (T —t)
W2 *

o (34 e 2Tt _ fe=r(T=1) _9k(T —¢)

r 243 '

9See |Battauz and Rotondi (2019) for the full derivation.
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The price at t € [0,7] of an European call option on S with strike K is equal to
oo (8, S(2),7(8)) = S()e 1 TIN(dy) — Kp(t, T)N (da). (3.7)

I now turn my analysis to derivatives with barrier features.

A barrier option is an exotic derivative whose payoff depends on whether the underlying reaches
(or not) a pre-specified threshold during the life of the option.
As the payoff of barrier options is triggered by the highest /lowest value reached by the underlying
during the life of the option, let

m(T) = tg[loi,%‘] S(t) (3.8)

denote the running minimum of S, namely the lowest value reached by S in the time window [0, 7]

and let
M(T) := max S(t) (3.9)

denote the running mazimum of S, namely the highest value reached by S in the time window
[0,T]. If S is a geometric Brownian motion (namely if r(¢) in is constant), the marginal
densities of m(t)/M (t) and the joint ones (m(t), S(t))/(M(t), S(t)) are known and can be found in
Section 18.1 of Bjork (2009). If r(¢) in is stochastic, none of the aforementioned distributions
is known explicitly.

Let ¢(S(T')) a generic function of the underlying at maturity. There exist two basic kinds of

barrier options:

e the knock-out barrier option that grants the payoff to its holder if and only if the underlying
never crosses a given threshold during the life of the option; assuming that Sy > B, the
payoff of a knock-out barrier option at maturity 1" can be written as

X(T)=p(S(M)1 (tg[l&rh S(t) > B) =(S(T))1L (m(T) > B), (3.10)

where 1(A) denotes the indicator function of the event A.

e the knock-in barrier option that grants the payoff to its holder if and only if the underlying
reaches a given threshold during the life of the option; assuming that Sy < B, the payoff of
a knock-in barrier option at maturity T can be written as
X(T)=¢(S(T)1 (tn[l(?}%] S(t) > B) = (S(T))L (M(T) > B). (3.11)
€10,
Similar payoffs can be defined for knock-out barrier options if Sy < B and for knock-in ones if

So > B. Finally, a third kind of barrier option that involves both knock-out and knock-in features

is often traded:
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e the double barrier option that grants the payoff to its holder if and only if the underlying
strictly lies always between two barriers during the life of the option; assuming By < Sy <
By, the payoff of a double barrier option at maturity 7' can be written as

X(T) = o(S(T)1L | mi B B
(T) = (S(T)) <tg3g15(t)> Lﬂtgf%s(tk U>

= o(S(T)1 (m(T) > B, " M(T) < By). (3.12)

Before moving on to the main pricing results of the paper, it is worth to notice that barrier options
are surely not the only path-dependent derivatives that can be priced with the methodologies
hereafter. Indeed, these methodologies work for any kind of European/American derivative that

meets the following conditions:

e the payoff of the derivative must depend only on a function f of the current value of the

state variables and of their past realizations ;

e it must be possible to evaluate f at t + At starting solely from f at ¢ and the value of the
state variables at t + At.

As an instance, lookback options or Asian options both meet the two requirements above and

could be priced exploiting similar methodologies.

3.2.2 Discretely monitored barrier options

Assume that the derivative’s contract requires a discrete monitoring of the underlying. Namely,
assume that the contract specifies a finite set of monitoring dates {t;}i—o,... v at which the level
of the underlying is checked. Usually, short-term derivatives require a daily monitoring of the
underlying at the closing price, whereas long-term derivative, such as equity-linked notes, might
prescribe monthly or even semi-annual monitoring.

Even when S is lognormally distributed, the distribution of the discrete versions of the running
maximum (resp. minimum) of S, namely maxic s, . ¢x3 S(t) (resp. mingegs,, . ¢n1 S(t)), is not
known explicitly. Neither do they when r(t) is stochastic as in my market model . Therefore,
the pricing of discretely monitored barrier options has to rely on numerical techniques.

I first focus my attention on European and American knock-out contracts that can both be obtained
by backward recursion along the monitoring dates. Then, I move to European and American
knock-in contracts. I first state the general in-out parity that readily delivers the price of the
European knock-in contract and then I describe a numerical algorithm to price American knock-in

derivatives.
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3.2.2.1 Knock-out contracts

Without loss of generality, I focus my analysis on so-called down-and-out options which are knock-
out barrier options with Sy > B; the name derives from the fact that if at any of the monitoring
dates S falls down, below B, the barrier option goes out of the money and its payoff at maturity
is null.

Consider a discretely monitored European down-and-out option. Similarly to , its payoff at

maturity T is

Xpo(T) =¢(S(T))1 ( min  S(t) > B) (3.13)
te{tg,...,t]\]}
where {to = 0,...,ty = T} is a set of monitoring dates specified in the contract and B < Sy is

the knock-out barrier. The value of this derivative at inception can be computed by backward

induction as the following Proposition shows.

Proposition 3.1  (Price of an European down-and-out option). The price at inception

of the European derivative in is given by vE,(0) where

vbo(ty) = ¢(S(T))1 (S(T) > B) (3.14)
and
tit1
vE,(t) =B |exp (—/ r(s)ds) vEo(tiv1)1 (S(ti) > B)| Fi (3.15)
tq
fori=N-—-1,...,0.
Proof See Appendix |

It is interesting to notice that Proposition just prescribes to check whether the underlying
is above the barrier date by date: it is not necessary to keep track of the whole path of S. On the
contrary, only a local check is needed. This is due to the fact that

]1( min S(t)>B> = [ 1(st:)>B), (3.16)

te{to,....tn'} Pt

and therefore, if S is always above the barrier, necessarily also its running minimum is.
Proposition [3.1] provides the value of the down-and-out option at maturity only. Nevertheless, the
price of the same option at any intermediate monitoring date ¢;, ¢ = 0,..., N, conditional on not
having been knocked out before, is given by

vEo(t;) if  min  S(t) > B

E .
ﬂ-‘paDO(ti) = te{th”th}
0 else.
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Namely, the intermediate values of v5,(t;) in Proposition represent also the prices of the
option conditional on not having crossed the barrier at previous monitoring dates.

Consider now the American version of the discretely monitored down-and-out option. Its holder
has now the additional opportunity to exercise the option and cash in the payoff ¢(S(t;)) at any
monitoring date {t;}i=o, .7, provided that the underlying never crossed the barrier before ¢;. The

following Proposition shows how to price this American-style down-and-out barrier option.

Proposition 3.2  (Price of an American down-and-out option). The price at inception

of the American down-and-out derivative with payoff ¢(S(t;)) is given by va,(0) where
vpoltn) = ¢(S(T)1 (S(T) > B)
and

vAo(t) = max 4 BE [ A 0 (S(t)r(t) | L e(S(E)) ST (S(H) > B)

fori=N—-1,...,0.
Proof See Appendix [ |

As before, Proposition [3.2] explicitly provides the price of the American down-and-out option
only at inception. Nevertheless, the price of the American option at any intermediate ¢;, i =
0,..., N, conditional on not having been knocked-out before, is given by

vpo(t:)if  min  S(t) > B

A .
Ww,DO(ti) = te{ti, .. tn}
0 else.

3.2.2.2 Knock-in contracts

As for the knock-out contracts, I focus my analysis on the so-called down-and-in options which
are knock-in barrier options with Sy > B; the name derives from the fact that if at any of the
monitoring dates S falls down, below B, the holder of the option goes in and she can hence claim
the payoff of the option whenever positive.

Consider a discretely monitored European down-and-in option. Similarly to , its payoff at

maturity 7' is

Xpr(T)=p(S(T))1 ( min  S(t) < B) (3.17)
te{to,....,tn}
where {to = 0,...,ty = T} is a set of monitoring dates specified in the contract and B < Sy is

the knocking-in barrier.
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Unfortunately, for in contracts an equivalence between indicator functions similar to (3.16]) does

not hold as

]1( min S(t)<B>7A I 1(st)<B).

tefto, b} i=0,...,N
Indeed, it is not necessary that S is below the barrier at all the monitoring dates to receive the
final payoff. The sufficient condition is that S is below the barrier at least once.
Nevertheless, the following simple parity result allows to retrieve the price of European down-and-
in options from the price of the related down-and-out one and of the plain Vanilla European option

with payoff ¢(S(T)).

Proposition 3.3 (European in-out parity). The price of the European knock-out option with

payoff (S(T)) and of the European knock-in option with the same payoff satisfy
T(f,DO(t) + 7Tf,D[(t) = Wf(t)a vt € [0,T]
T
where wE(t) = K2 | e~ J. T(S)dscp(S(T))‘ ]—}] is the no-arbitrage price of the plain European deriva-
tive that pays ¢(S(T)) at T.
Proof See Appendix |

Unfortunately, this Proposition does not apply to American-style barrier options as

7T£ = {tsup . }EQ |:6_ fo r(s)ds (Xw,DO(T) + X¢7D[(T)):|
TEL0,-stn
# sup E© M + sup EY M .
Te{to""’t”} efO T(S)ds TE{to,...,tn} efO T(S)ds
A aA
©, DO @,DI

Actually, as 7r£, 7r£7 po and 7r£7 py are all non negative numbers, it holds 7rj;1 < 77527 po+ 7r£7 py and
we can quantify the deviation from parity of American options, if any, as

_ A A A
DFP—Tr%DO—l—ﬂ%DI—WW.

(3.18)

DFP is clearly zero for European options and it is non negative for American ones.

First attempts to price these American in-contracts date back to|Gao et al. (2000) that extended
the traditional free boundary approach to American options accounting for the new boundary con-
dition dictated by the barrier. Nevertheless, this technique is developed in a continuous-time (and
continuous monitoring) standard diffusive market, under the assumption of constant interest rate.
More recently, |Jun and Ku| (2015), inspired by [Ingersoll (1998), tackle the same issue exploiting

an approximation of the barrier feature of the American option by a convenient mix of digital (or
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binary) contracts.

I follow and extend the approach first suggested by Hull and White| (1993) and Ritchken et al.
(1993), the so-called forward shooting grid (FSG henceforth). The key tool is the “Markovian-
ization” of the payoff that simplifies the evaluation of the American options’ continuation value.
Indeed, the following Proposition shows how the continuation value of the American option at t;
does not depend on whole history contained in F;, but only on the current value of the two state

variables (S(t;),7(t;)) and of the auxiliary state variable m(¢;), the running minimum.

Proposition 3.4 (Price of an American down-and-in option). The price at inception of

the American down-and-in derivative with payoff p(S(t;)) is given by v, (0) where
vpi(tn) = @(S(T))1 (m(T) < B)
and

— [+t r(s)ds
v (t;) = max {@(S(tz‘))]l (m(t;) < B),E? |e J. v (tig1)

(S(ti),T(ti);m(ti)):| }

fori=N—-1,...,0.
Proof See Appendix |

In particular, the dependence of S(t;41) and r(t;+1) on S(¢;) and r(¢;) is trivial; on the contrary,

m(ti+1) depends on m(t;) (and on S(t;)) since
m(ti“) == mln{m(t,), S(ti+1)}. (319)

Assuming a generic discretization of the market model , this forward-shooting grid approach
works as follows. Exploiting a forward induction, I first consider each node (S(t;),7(t;) and I
compute all the compatible possible values of m(¢;), namely, the minimum values reached along
all possible paths that connects (S(0),7(0)) to (S(t;),r(t:))-

As {S(t;)} = {S(O) exp (Mam/&)} , it holds

Me{—i,—i+2,...,i—2,i}

{S(O) exp (—st\/E)} _ M >0
{S(ti) exp (—JUS@)} M <0

i+ M
J=0,...,%

{m(t:)} =

Therefore, each node of the lattice is enlarged to (S(t;),r(t;), m(t;)1,...,m(t;)s) with J < i/2.
Then, I start the backward recursion part of the algorithm. At ¢ty = T and for each
(S(tn),r(tn), m(tn)1,...,m(tn)s) I compute the payoff of the option according to each possible
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value of the running minimum thus getting at most i/2 values of the option. Then, at ty_1,
I consider each triplet (S(tny_1),7(ty —1),m(ty —1);)j<n/2, I compute the immediate exercise
value of the option and I look for the compatible following nodes along the tree exploiting .
Then, I compute the continuation value discounting back the values of the options in the nodes I
found. As the number of possible values of the running minimum compatible with a generic S(¢;)
is decreasing in 4, S(0) will have only one compatible running minimum, m(0) = S(0). In this

way, I obtain the unique price of the option.

3.2.3 Continuously monitored barrier options

The extension from discretely monitored barrier options to their continuously monitored counter-

parts relies on the convergence of the discrete approximation chosen for the market model (3.1]).

Proposition 3.5 (Convergence of the continuously monitored barrier options) As-
sume that (S(t;),7(t:))i=o0,... N is a discrete time stochastic process that converges in distribution
to (S(t),r(t)) in as N — +o0o. Then the price of the down-and-out/down-and-in Euro-
pean/American barrier options discretely monitored at {S;(t)}i=o,... N evaluated by means of Propo-
sitions[3.1], converges to the price of the related continuously monitored barrier options
as N — 4o00.

Proof See Appendix |

The discrete approximation of the market model I will work with is the quadrinomial tree
proposed in Section 2.2 of Battauz and Rotondi| (2019). Loosely speaking, the quadrinomial tree
adds an extra dimension to the binomial tree of |(Cox et al.| (1979) to account for the evolution of
the stochastic interest rate. More precisely, the continuous time stochastic process (S(t), r(t)) over
[0,7] in is approximated by a discrete time stochastic process (S(t;),7(t;)) over the uniform
discrete partition {i%}fz:o,...,n, where n € N is the number of time steps chosen. At each step the

discrete process evolves according to

S(t)erY 7 (t;) + Ar) with probability g,
eAY 7 (t) — Ar) with probability g.q

(S(tisn),7(tir)) = (3.20)

e AY F(t;) + AT) with probability qg.,
(g(ti e AY R (t;) — AT) with probability ggq

where, for sake of readability, the explit expressions of the parameters AY, Ar and of the four
transition probabilities are deferred to Appendix [3.C] It is worth to notice that, differently from

the standard binomial tree of |Cox et al.| (1979), the transition probabilities of the quadrinomial
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tree are state-dependent and time contingent. Furthermore, notice that the quadrinomial tree is
recombining (namely, it has a lattice structure) and the number of possible states grows quadrati-
cally in the number n of steps. Finally, it holds that the quadrinomial tree converges in distribution
to the continuous time processes that solve system as the time step shrinks or, equivalently,
as the number of steps n grows to infinity.

Of course, any finite n chosen to retain computational feasibility leads to a discretization error
in the discrete time approximation of the state variables (S(¢),r(t)) and thus in the related option

pricing. I analyse the resulting numerical issues in the following subsection.

3.2.3.1 Numerical issues

When dealing with numerical methods for option pricing, the accuracy and the stability of al-
gorithms proposed are of great relevance. As an example, it is well known that the price of
at-the-money Vanilla European call and put options obtained along the binomial tree of |(Cox et al.
(1979) overestimates or underestimates the related Black-Scholes price depending on the parity of
the finite number of steps chosen for the tree. A straightforward correction of this inaccuracy is
to average out the prices obtained along the tree using n steps first and then n + 1 steps.

As effectively explained in Section 6.4 of (Glasserman| (2003, dealing with barrier features remark-
ably slows down the rate of convergence option prices due to the singularity of the distribution of
the running maximum/minimum even in the standard Black-Scholes framework.

Without loss of generality, consider a down and out contract. When approximating a continuous
monitoring with a discrete one, the main issue is that the possibility that the barrier is hit between
two subsequent monitoring dates (both of them above the barrier) is neglected. Therefore, the
discrete monitoring version of a down and out contract systematically overestimate its continuous
monitoring version. The size of this error is directly proportional to the distance between the
barrier and the nearest nodes of S on the tree as it can be seen graphically in Figure 3.1l To
eliminate this source of error I propose to conveniently choose the number of discretization steps
so that the barrier falls precisely on one node of the tree. Let n be the number of time steps. At

maturity 7" the possible values of S on the tree are of the form

T
S(T) = 5(0) exp <mas\/2> with m € Z, |m| < n.

Therefore, the barrier level B is precisely on one node of the tree if

2 2 B\
n(m) =m 0T <1n S(O)>
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e Nodes of S e Nodes of S
24y | |- = Knock-out barrier a2ay | |- = Knock-out barrier
SO ITM paths * SO ITM paths *
_||——OTM paths ——OTM paths

t t+ At t+ 2At t t+ At t+2At

Figure 3.1: Possible paths of S between S(t) and S(t + At). If the barrier is close to a
node of the tree (left panel) then it more likely that a continuous path of S gets knocked-
out before going back to S(¢t + At): in the illustrative example this happens for 4 out
of 10 paths. If the barrier is farther from the nodes (right panel), the probability of the
aforementioned event is lower: in the illustrative example it happens for just 1 out of 10

paths.

with m € Z and m < n. Granting at least a monitoring each two days, the “optimal” number of
time steps to choose is therefore n(m*) with

-2
B
m* = min m20§T<1nS(O)> >125-T (3.21)

meZ,m<n

This workaround allows to efficiently price barrier options along a lattice even with a relative small
number of time steps.

As an illustrative example consider a European down-and-out put option on S with S(0) = K =
100, B =90 and T' = 1. The parameters of S and r are as in Table (which displays the result of
the model’s calibration exercise performed in Section . Figure|3.2|shows qut, po» the price at
inception of a continuously monitored European down-and-out put option computed by means of
different techniques. The benchmark is a Monte Carlo estimate (solid black line) that exploits 107
paths and 250 monitoring dates, and whose confidence interval is highlighted by the two dashed
lines. Notice that the Monte Carlo estimate is only available when pricing European options: the
price of American ones can not be estimated directly by Monte Carlo. The performance of different
lattice-based approaches, as a function of the number of time steps chosen, are compared. The
lattice considered is always the quadrinomial tree of |Battauz and Rotondi (2019).

With no adjustments, the algorithm suggested in Proposition [3.1] heavily overestimate the value

of the continuously monitored option. Even with more than 250 time steps, the error one might
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Figure 3.2: Lattice-based prices vat inception of a continuously monitored European

down-and-out put option as the number of time steps increases.

get is still sizeable as the blue line in the left panel of Figure suggests. Broadie et al.| (1997)
suggest a barrier shifting adjustment (BS-adj.) that improves the estimate of the price as the
orange line in the left panel of Figure [3.2] shows. The intuition behind this correction is that
shifting the barrier down a little bit reduces the probability that the barrier itself is hit between
two subsequent nodes that lay above the barrier. A even more effective workaround is proposed
by |Glasserman (2003)) in Section 6.4. This Brownian bridge adjustment (BB-adj.) prescribes to
correct for the probability that the underlying price process falls below the barrier conditional of
starting and ending at two subsequent nodes above the barrier. As the yellow line in left panel of
Figure 3.2 shows, this BB-adjustment delivers prices that are very close to the benchmark even for
a reasonably small number of time steps. Finally, the choice of the optimal number of time steps
I proposed in Equation precisely picks out the points of the plain algorithm without any
adjustment that are as close as possible to the benchmark. As it can be seen in the right panel
of Figure the optimal numbers of steps I suggest to consider deliver stable results even from
a small number of steps. Therefore, when pricing a continuously monitored barrier option I will

always choose the number of time steps according to (3.21)).

3.2.4 Alternative market models
Although fairly general, the market model in (3.1)) is commonly modified along two directions:
e setting a zero lower bound for the interest rate process;

e relaxing the hypothesis of constant volatility (at least) for the underlying equity price pro-

Cess.
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Macroeconomic literature has focused a lot on the zero lower bound of interest rates, mostly due to
its implications on the effectiveness of central banks’ monetary policy. Indeed, it has been argued
that when (nominal) interest rates are close to zero, “traditional” monetary policy interventions,
like lowering the nominal interest rates, fail. On the contrary, under these particular circumstances,
only “unconventional” policies like large-scale asset purchases and forward guidance seem to be
effective to boost the economy. See the groundbreaking theoretical work of [McCallum! (2000) and
the further empiric considerations of Hamilton and Wu| (2012) and Wu and Xia, (2016), among
others. Furthermore, earning a negative rate on the riskless asset (namely, saving $100 in the bank
account today and withdrawing $99 in one year) is a contingency that also asset pricing literature
usually avoided: indeed, in such a circumstance, the investor is rather assumed to “hide the cash
under the mattress” and preserve the nominal value of her asset. Nevertheless, nowadays these
assumptions are challenged by real market circumstances.

Due to these reasons, though, short-term rate models with strictly positive interest rates have been
preferred over the ones that allowed for negative values. Among the latter ones, the most famous
and the most widely used is the celebrated CIR model proposed by |Cox et al.| (1885]). Therefore,
I will include this model as an alternative benchmark in my numerical examples.

With respect to the other natural extension of the market model in , it is well known that a
constant volatility for the underlying equity process is not consistent with many empirical stylized
facts in option pricing such as the volatility smile. In order to overcome this limitation, two
extensions have been proposed: local volatility models, like the constant elasticity of variance
(CEV, henceforth) modeﬂ and stochastic volatility ones, like the celebrated model of Heston
(1993). The main difference between local volatility and stochastic volatility models is that the
latter introduces a new risk factor that needs to be modelled independently; on the contrary, local
volatility models assume that the volatility of the underlying process depends on the level of the
underlying itself and therefore introduces no new state variables. The CEV model captures the
so-called leverage effect, which is a pattern observed in equity markets: the volatility of an equity
is usually low when the equity is performing well and, on the contrary, its volatility increases when
the equity is performing poorly. Therefore, for sake of simplicity, I will add the CEV model for

the underlying as another alternative benchmark in my numerical examples.

Accounting for the zero lower bound of the interest rate process and for the local volatility

of the underlying equity price process leads to a generalized financial where the risk factors are

10The CEV model was developed in an unpublished draft titled “Notes on option pricing I: constant
elasticity of diffusions” by J. Cox in 1975. See |Linetsky and Mendoza; (2009) for a throughout review of
the CEV model.
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driven by the following SDEs

ds(t)
dr(t)

S(t)(r(t) — q)dt + ogS(t)TdW(t)

(3.22)
k(0 —r(t)) dt + opr(t)PdWR()

with +,8 > 0. Notice that 8 = 0.5 delivers the CIR model of |Cox et al.| (1885). Both of the
SDEs in (3.22) admit no explicit solution[ 7| like (3.2). Nevertheless, they can still be fitted in the

quadrinomial tree of Battauz and Rotondi (2019)). See the formal derivation of the lattice in this

case in Appendix

3.3 Empirics

In this Section I carry out a throughout analysis of barrier options pricing within my market model
as opposed to several other benchmarks. In order to assume parameters that are as more realistic
as possible, in Subsection I calibrate the market model in to European data. Then, I
use the resulting parameters as input for the wide numerical exercised proposed in Subsection [3.3.2]
and I quantify the pricing errors generated by assuming constant/ non correlated/ strictly positive
interest rates. Finally, Subsection [3.3.3] contains two applications of the techniques developed in

this paper to more sophisticated option pricing problems.

3.3.1 Calibration

I calibrate the model described by to European market data as of November 2018 the 30th.
Full details of this calibration exercise are provided in Appendix

The five parameters that have to be calibrated are &, 0, 0., og, p. I select the EuroStoxx 50 Index
as equity price process and the three months yield of AAA-rated Euro-denominated bonds as the
interest rate process.

I collect the prices of several frequently traded European call and put options on the EuroStoxx
along with the prices of AAA-rated Euro-denominated bonds of many maturities. Then, I look
for the parameters that minimize the distance between the current market prices and the ones

implied by the model ((3.6]) and (3.7) for the options and ({3.3)) for the bonds). See Appendix

for further details on the options used in the calibration exercise.
The result of this calibration exercise is shown in Table Figure (3.1) shows graphically the

remarkably small distance between the prices implied by the calibrated model and the real market

H1See Section 3.4 of |Glasserman (2003) for the exact and approximated simulation schemes of this kind

of processes. Those can be useful when exploiting Monte Carlo-based pricing techniques.
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Table 3.1: Results of the calibration of market model l)
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Figure 3.1: Market prices of bonds and options (blue markers) and prices obtained
from the calibrated model (orange markers). Left panel: prices of AAA-rated Euro-
denominated zero coupon bonds; right panel: prices of call and put options on EuroStoxx

50 with 3 months maturity.

ones.
Table [3.1] suggests that he mean reversion towards the long run interest rate value is slow and
the process itself displays low volatility. Nevertheless, both of the coefficients are quite relevant
when dealing with long maturity derivatives as it will be clear in the following examples. The
correlation between the equity and the bonds is estimated to be largely positive, which reflects

the current situation of a negative correlation between the interest rates and the equity prices (as

recently documented by, e.g., Perego and Vermeulen| (2016])). Finally, the value of the volatility

of the equity is coherent with the levels of the Stoxx 50 Volatility Index that aims to measure the
volatility of the EuroStoxx 50 as the CBOE VIX index does analogously for the S&P 500.

3.3.2 Numerical examples

Table [3.2] and Table [3.3] collect the results of the main numerical example.
The options priced in Table are European-style whereas the ones in Table are American-
style. Three different payoff function ¢(.S) are considered each time: the digital payoff, constantly

equal to 1, the put’s and the call’s payoff. Furthermore, three different barrier events are consid-
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ered: no barrier event at all (thus leading to a plain Vanilla option); the down-and-out event that
makes the investor obtain the payoff if the barrier is not crossed throughout the life of the option;
the down-and-in event the makes the investor obtain the payoff if and only if the barrier is touched
at least once. Considering all the possible combinations, nine different options are priced. Finally,
these nine options are priced within the following seven different market models. The baseline case
is the Vasicek market model in with the parameters in Table Then, in order to quantify
the error an unsophisticated investor who neglects interest rate risk would make, pure diffusive
models, with constant interest rates, are considered: the interest rate is set equal to r(0), r*, the
yield to maturity of the AAA-rated bond expiring at T', and 6*, the estimated long-term mean.
Furthermore, in order to quantify the error an investor who neglects the correlation between the
two risk factors or wrongly flips its sign would make, I consider again the baseline model with p
equal to either zero or the opposite of the estimated parameter. Finally, the other more promi-
nent alternative to the baseline model, namely the CIR model introduced in Subsection [3:2.4] is
considered.

The other parameters of the numerical exercise are: S(0) = K = 100, where K is the strike of
the call/put options. T' = 2, that, together with L = 70, delivers, according to , an optimal
number of time steps m* = 259.

For each option, and across all models, the tables display options’ prices along with relative errors
with respect to the baseline case. Furthermore, for American options, also the Early Exercise
Premium (EEP henceforth) is computed. The EEP is the difference between the price of any
American option and its European counterpart and it represents the dollar-value of the early ex-
ercise opportunity provided by American-style contracts.

The following considerations can be made:

e although less interesting from the applications point of view, European digital options offer
useful insights. The Vanilla versions of the these digital options are basically zero coupon
bonds. Their price depends solely on the interest rate and, consequently, it is not sensitive
to the correlation between the risk factors. In this case r impacts only the discount rate and
assuming a constant interest rate (as long as not too different from r(0)) does not change
the price much. As a consequence, relative errors with respect to the benchmark case are

small.

e On the other hand, the payoff of European down-and-out and down-and-in digital options
depends also on the path of the underlying equity process through the barrier event. As an

instance, the price of a digital down-and-out option is given by

EQ ¢~ Jo r(®)dsy (m(T) > L)|,
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European Options

Vanilla Down-and-out Down-and-in
payoff model
price rel. error price rel. error price rel. error
baseline 0.9950 0.5077 0.4873

r(t) =r(0) | 1.0131 1.82 % | 0.5215  2.72% | 0.4916  0.88 %
r(t) =r* 1.0121 1.72 % | 0.5219 280 % | 0.4902  0.60 %
Digital | r(t) =6* | 0.9388  5.65 % | 0.5446  7.27% | 0.3942 19.11 %
p=0 0.9950  0.00% | 0.5233  3.07% | 04717  3.20%
p=—p 0.9950  0.00% | 0.5412  6.60 % | 0.4538  6.87 %
CIR 0.9997 047 % | 0.5258 357 % | 0.4739 275 %
baseline | 17.9580 1.6715 16.2865
r(t) =r(0) | 17.8640  0.52 % 1.8784 1238 % | 15.9856 1.85 %
r(t)=r* | 17.8021 0.87 % 1.8757 1222 % | 15.9264 221 %
Put | r(t)=6* | 135771 2440% | 1.6608 064 % |11.9163 26.83 %
p=0 16.8462  6.19 % 1.7955 742 % | 15.0507  7.59 %
p=—p° |15.6479 12.86 % | 1.9410 16.12 % | 13.7069 15.84 %
CIR 17.0602  5.00 % 1.8414  10.16 % | 15.2188  6.56 %
baseline 16.4712 15.8051 0.6661
r(t) =r(0) | 14.5723 11.53 % | 13.9732 1159 % | 0.5991  10.06 %
r(t)y=r* | 14.6117 11.29 % | 14.0117 11.35% | 0.6000  9.92 %
Call r(t)=60* | 17.7203 758 % | 17.0606 7.94 % | 0.6597  0.96 %
p=0 15.3589 6.7 % | 14.7136 691 % | 0.6453  3.12 %
p=—p° | 14.1599 14.03 % | 13.5358 14.36 % | 0.6241  6.31 %
CIR 15.1125 825 % | 14.5007 825% | 0.6118 815 %

Table 3.2: European options prices. S(0) = 100, ¢ = 1% and T" = 2. The payoff at
maturity of digital options is ¢(S(T')) = 1; of (at the money) put options is ¢(S(T)) =
(S(0)—=S(T))*; of (at the money) call options is ¢(S(T")) = (S(T)— S(0))*". The baseline
model is the Vasicek market model in ([3.1)) with the parameters specified in Table [3.1]
The models r(t) = r(0)/r* = —0.60%/0* are pure diffusive models (Black-Scholes ones)
where the interest rate is constant and equal respectively to its initial value/ the yield on
T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline
one only with respect to the correlation which is assumed to be 0/ the opposite of the
result from the calibration exercise. The CIR model is the one in with v = 0.5.
The barrier is L = 70.



BARRIER OPTIONS UNDER CORRELATED EQUITY, AND INTEREST RATE RISKS 103

2°X1TT all VPUJULID

Vanilla Down-and-out Down-and-in
payoff | model
price rel. ecror EEP | price rel. error EEPpo| price rel. error EEPp; | DFP

baseline | 1.0138 0.02 | 1.0138 0.51 | 0.4890 0.00 | 0.49
r(t) = r(0)] 1.0131  0.07% 0.00 | 1.0131 0.07% 049 | 0.4916 0.53%  0.00 | 0.49
r(t)=r* | 1.0121 017 % 0.00 | 1.0121 0.17% 049 | 0.4902 025 % 0.00 | 0.49
Digital | 7(t) = #* | 1.0000 1.36 % 0.06 | 1.0000 1.36 % 0.6 | 0.4072 16.73% 0.01 | 0.41
p=0 |[10138 000% 0.02|1.0133 0.05% 049 | 04778 229% 0.01 | 0.48
p=—p* | 1.0138 0.00% 0.02|1.0137 001% 047 | 04671 4.48% 0.01 | 0.47
CIR [ 1.0000 1.36% 0.00 | 1.0000 1.36 % 047 | 04741 3.05% 0.00 | 0.47
baseline |17.9807 0.02 |15.5266 13.86 |17.9774 1.69 | 15.52
r(t) = r(0)]17.8640 0.65 % 0.00 |16.0052 3.08 % 14.13 |17.8578 0.67%  1.87 | 16.00
r(t) =r* [17.8021 0.99 % 0.00 |15.9742 2.88% 14.10 |17.7961 1.01 % 1.87 | 15.97
Put | r(t)=0* |14.1292 2142 % 055 |13.7137 11.68 % 12.05 [14.1292 21.41% 221 | 13.71
p=0 |[17.1479 463 % 0.30 |15.5886 0.40 % 13.79 [17.1429 4.64% 2.09 | 15.58
p=—p° |16.4252 8.65% 0.78 |15.6273 0.65 % 13.69 |16.4232 8.65% 272 | 15.63
CIR  [17.0602 5.12% 0.00 |17.0602 9.88% 1522 |15.4178 14.24 % 0.20 | 15.42
baseline |16.4753 0.00 |15.8091 0.00 | 0.6661 0.00 | 0.00
r(t) = r(0)]14.8508 9.86 % 0.28 |14.2449 9.89 %  0.27 | 0.7245 877 % 0.13 | 0.12
r(t) = r* |14.8828 9.67 % 0.27 |14.2763 9.70% 026 | 0.7350 10.34 % 0.13 | 0.13
Call | r(t)=6* |17.7205 7.56 % 0.00 |17.0607 7.92%  0.00 | 0.6597 0.96%  0.00 | 0.00
p=0 |[155759 546 % 0.22 [14.9255 559 % 021 |0.7053 589% 0.06 | 0.05
p=—p* |14.8354 9.95% 0.68 |14.1976 10.19% 0.66 | 0.7241 871 %  0.10 | 0.09
CIR  [15.2841 7.23% 0.17 |15.2841 3.32% 0.78 | 0.6818 236 % 0.07 | 0.68

Table 3.3: American options prices. S(0) = 100, ¢ = 1% and T" = 2. The immediate payoff of digital
options is ¢(S(t)) = 1; of (at the money) put options is p(S(t)) = (S(0) — S(t))"; of (at the money)
call options is ¢(S(t)) = (S(t) — S(0))". The baseline model is the Vasicek market model in (3.1 with
the parameters specified in Table 3.1} The models r(t) = r(0)/r* = —0.60%/6* are pure diffusive models
(Black-Scholes ones) where the interest rate is constant and equal respectively to its initial value/ the yield
on T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline one only
with respect to the correlation which is assumed to be 0/ the opposite of the result from the calibration
exercise. The CIR model is the one in (3.22)) with v = 0.5. The barrier is L = 70. The EEP is the Early
Exercise Premium, namely the difference between the price of the American option and of its European

counterpart. The deviation from parity, DFP, is defined in Equation (3.18]).
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where, as usual, m(7T) is the running minimum of the equity price process S. In this case,
r impacts both the discount rate and the expected drift of S that is the main driver of the
probability that the barrier is reached. The interplay of these two effects delivers larger
relative pricing error. If a constant interest rate is considered, the relative pricing errors can
be as large as 2.80%. If, on the contrary, the correlation between the effects is ignored or if

its sign is flipped, relative pricing errors rise up to 6.87%.

e When moving to European put and call options, relative pricing errors with respect to the
benchmark models widen. This is due to a third effect of r as now the payoff of the option
depends explicitly on the level of the underlying at 7" and not just only on the probability
of the barrier event, if any. Overall, if a constant interest rates (either r(0) or r*) is chosen,
the relative pricing error ranges from 0.52% (for the Vanilla put) to 12.38% (for the down-
and-out put). If the interest rate is assumed to be positive and a CIR model is used, the
relative pricing error is on average equal to 8%. If correlation between the risk factors is
neglected or, even worse, its sign is flipped, the relative pricing error ranges from 3.12% (for

the down-and-in call option) to 16.12% (for the down-and-out put option).

e American options carry always a non negative early exercise premium as shown in Table
In general, this premium is particularly sizeable for out contracts as, if the equity price
process approaches the barrier and the threat of being knocked out becomes relevant, the
holder of the American contract will surely exercise it whereas the holder of the European
one has no such a possibility. In the present example, the related deviation from in-out
parity is particularly large for put options as, if the underlying equity process goes down,
the put is in the money and, if of American-style, it can be profitably exercised before the

barrier is touched.

e Relative pricing errors with respect to the baseline case are slightly smaller for American
options, due to the early exercise possibility. Nevertheless, optimal exercise policies (namely
the instant in time at which the option is optimally exercised) may vary a lot, as the second
example of the following Section shows. Overall, assuming a flat term structure with r
equal to either 7(0) or r generates relative pricing errors that range between 0.65% (for the
Vanilla put option) and 10.34% (for the down-and-in call option). On the other hand, a

wrong choice of the correlation leads to relative pricing errors between 0.4% and 10.19%.

Appendix contains similar numerical exercises with longer-lived options (7" = 5 years) and
different barrier levels (L = 80, L = 60).
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t (years) CF,
0 -N
1 C11(min,¢;, S(1) > S(0))

T Crl(min,er,, S(7) > S(0))
T N

Table 3.4: Cashflow of the equity-linked note of the first example. Cc =
[30 37 44 51 58 65 72] and, assuming 250 trading days per year, I; = [i — 51| for

2507
i=1,...,T.

3.3.3 Applications

First example: a equity-linked note

This first example I make is about an actually traded equity-linked not@ written on the EuroStoxx
50, that I label by S. The note, whose full name is “Standard long barrier protected digital certificate
on EuroStoxz 50 index due 11.28.2025” was announced on November 30 2018 when the index was
standing at S(0) = 3173.13. Its price at inception was set equal to N = 100@ Since this is a
capital protected note, N is given back to the investor at 7. Using the same notation of Section
the cashflow of the equity-liked note is shown in Table

Looking at its cashflow, this note can be seen as the combination of seven correlated down-and-
out digital options on the same underlying and therefore, it can be priced using the algorithm
developed in the previous Section. Table [3.5] displays the pricing results from the first example.
As it can be seen from the left panel, the baseline model, namely the Vasicek one, delivers a small
relative pricing error (1.96%) with respect to the market price.

As this note can be seen as a combination of digital down-and-out option, the main drivers of its

price are the discount rate and the expected drift of the underlying. In particular,

e if r(t) = r(0), since rq is constantly mildly negative, the discount rate is always greater than
one and the present value of the expected cashflows is too high. Even though the note is
supposed to go out of the money due to a negative expected drift, the first effect prevails

and the note is way overpriced;

12This note, “certificato” in Italian, is issued by Banca IMI S.p.a., an Italian financial company, and
its unique identification code is XS1898262578. The official webpage (in English) of this product is

https://www.bancaimi.prodottiequotazioni.com.
13 All the priced are quoted in Euros. Therefore, I suppress everywhere the currency symbol.


https://www.bancaimi.prodottiequotazioni.com/EN/Products-and-Prices/Product-Details/XS1898262578
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constant volatility local volatility
model price  relative error model price  relative error
mkt. price 1000 - mkt. price 1000 -

baseline | 1019.60 1.96% baseline | 1035.25 3.53%
r(t) =r(0) | 1129.40 12.94% r(t) =r(0) | 1153.67 15.37%
r(t) =r* | 1089.32 8.93% r(t) =r* | 1102.41 10.24%
r(t) =60* | 930.86 6.91% r(t) =60* | 945.58 5.44%
p=0 1025.62 2.56% p=0 1046.17 4.62%
p=—p° |1030.23 3.02% p=—p° | 1053.62 5.36%
CIR 964.21 3.58% CIR 978.36 2.16%

Table 3.5: Prices of the equity-linked note. The cashflow of the derivative is described in
Table[3.4f S(0) = L = 3173.13, ¢ = 0%. The baseline market model is the Vasicek model
with the parameters specified in Table [3.1} The models r(¢) = r(0)/r* = —0.23%/60* are
pure diffusive models (Black-Scholes ones) where the interest rate is constant and equal
respectively to its initial value/ the yield on T-bond riskless bond/ the long-run mean.
The models p = 0/ — p* differ from the baseline one only with respect to the correlation
which is assumed to be 0/ the opposite of the result from the calibration exercise. For
the CIR model in (3.22), 8 = 0.5 and r(0) = 10~* > 0. For the local volatility model,
v =0.8.

e if r(t) = 0*, since the long-term mean of interest rate is a good proxy only for long maturities,
the discount rate at near maturities is too severe. Even if the expected drift of the underlying
is positive, thus pulling the price process towards the in the money region, the discounting

effect prevails and the note is sensibly underpriced;
e the case r(t) = r* = —0.23% consistently delivers an intermediate pricing error;

e if p is set equal to zero or if its sign is flipped, the relative pricing error is not large: this is
due to the fact this is a digital option whose payoff does not explicitly depend on the level
of the underlying but just on its running minimum. Therefore, the comovements of r and

S are less relevant within this framework;

e the CIR model forces the interest rate to assume strictly positive values. This translates

into a stronger discount rate and the price is again underestimated.

Numerical results from the local volatility model are similar to the ones described above. In
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particular, prices are a little bit higher due to the variability of the volatility of the underlying
price process. Nevertheless, the relative errors are coherent with the ones of the constant volatility
case. Interestingly, the combination of the CIR and the CEV model delivers a remarkably small
relative error.

Figure in Appendix shows the sensitivities of the price at inception of the equity-linked
note to the parameters of the models.

Finally, it interesting to discuss a possible replicating strategy of this note. As it has been
already pointed out, this note can be seen as the sum of seven down-and-out European digi-
tal options. Therefore, the natural replicating strategy of this derivative is to go long on seven
down-and-out European digital options with matching maturities and coupons. Nevertheless, this
hedging strategy completely neglects the inter-temporal correlation between the barrier events:
if the first coupon is paid, namely if the underlying is always above the barrier during the first
monitoring period, then it is more like that it will stay above the barrier also during the other
monitoring periods. On the contrary, digital options are priced independently of each other and
thus they are overall more expensive than the note itself. As an example, such an hedging strategy

for the note would cost 1112.11, thus delivering a 11.12% relative error.

Second example: an executive stock option

According to the Financial Accounting Standard Board (FASB henceforth), a firm is required to
estimate and report the “fair” value of share options granted to its employees or executives. Never-
theless, FASB Statement No. 12Z<1E|7 Accounting for Stock-based Compensation, which is the legal
statement that establishes the accounting standards for share- and option-based compensations,
leaves quite a lot of freedom with respect to the methods that should be used to estimate the “fair”
value of this kind of compensation. In particular, paragraphs A13. and Al4. of this statement

read

This Statement does not specify a preference for a particular valuation technique or model
in estimating the fair values of employee share options and similar instruments [...]. A
lattice model (for example, a binomial model) and a closed-form model (for example, the
Black-Scholes-Merton formula) are among the valuation techniques that meet the criteria
required by this Statement for estimating the fair values of employee share options and

similar instruments.

Despite this freedom, the particular valuation technique and the assumptions made play a crucial

role in estimating the “fair” value of these instruments. In particular, a constant interest rate (but

14The latest version of the FASB Statement No. 123 can be found at www.fasb.org.


https://www.fasb.org/pdf/fas123r.pdf
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also a constant volatility for the underlying equity process) is not realistic when valuing this kind
of derivatives as they usually display very long maturitieﬁ As a result, the error with respect a
stochastic interest rate model might be sizeable as shown in the following realistic example.

The numerical example I make is about a fictional option granted to one of an European large
bank’s executives. As of November 2018 the 30th, the annual dividend yield was 1.8% and its
implied volatility was 29.7%. The executive stock option considered is an at the money American
call option with maturity 7" = 5 years and vesting period equal to T* = 1 years. Following Hull
and White (2004a) and Hull and White (2004b), I assume that the American option is exercised
(when the vesting period is over) if the underlying reaches the value B = M - S(0). Therefore,
this option can be seen as a continuously monitored up-and-out American call option and it can
be priced through Proposition (3.2

The only peculiarity of these executive options is that, most of the times, they can not be sold:
if the manager wants to cash in, she has to exercise the option and sell the share she gets. As
a consequence, when being fired or when voluntarily leaving the job, the executive will surely
exercise her option if in the money. To account for this “forced” (and, thus, possibly suboptimal)

exercise decision, the continuation value at t; > T™ of the American option is set equal to
(1 = )lanvoltivn) +a(S(t:) — K)T1(S(t;) < B)

namely, a weighted average of the standard continuation value and of the payoff from the imme-
diate “forced” exercise that happens with probability «, the exit rate of the employee.

Table [3.6] collects the numerical results from this pricing exercise. Its structure mimics the one of
Table and the models considered are precisely the same.

The relative pricing error with respect to the baseline case is around 10%. In this case the payoff
of the option depends explicitly also on the level of the underlying. Therefore, the effect of r on
the expected drift of the underlying dominates the one on the discount rate: if r is constantly
equal to r(0), which is mildly negative, the price of the option is lower than in the baseline case
as the equity is not expected to appreciate much even though the negative discount rate inflates
all the expected cashflows. On the contrary, if r is set equal to 8*, which is sensibly positive, the
equity is expected to appreciate a lot and this translates into an overestimation of the baseline
price. As it can be seen from the relative error when the correlation is neglected or its sign is
flipped, the comovements of r and S plays a crucial role this time. The CIR model delivers the
smallest relative error but it neglects a large fraction of the state space of . This has a sizeable

impact on the optimal exercise policy.

15See, e.g., Aboody et al.|(2006) for a throughout analysis on why and how firms are likely to misreport
the price of ESOs.
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Figure 3.2: Sections at r = 0.01% of the free boundaries of the early exercise region of the

American up-and-out call option of the second example. Top-left panel: baseline case,

Vasicek model; top-right panel: CIR case. Bottom-left panel: r(t) = r( case; bottom-right

panel: Vasicek model with p = 0.
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constant volatility local volatility
model price relative error model price relative error
baseline | 20.75 - baseline | 25.83 -

r(t) = r(0) | 18.50 10.84% r(t) =r(0) | 22.12 14.36%
r(t)=r* | 18.89 8.96% r(t)=r* | 2347 9.14%
r(t) =60 | 22.49 8.39% r(t) =60 | 24.27 6.04%

p=0 19.46 6.22% p=20 22.85 11.54%
p=—p° | 18.07 12.92% p=—p° | 21.42 17.07%
CIR 19.27 7.13% CIR 21.50 16.76%

Table 3.6: Price of the up-and-out American call option with vesting period and exogenous
exit rate described in the second example. Left panel: equity process with constant
volatility. Right panel: equity process with local volatility, CEV model, v = 0.8. Common
parameters: S(0) = K =100, T =5, ¢ = 1.8%, 05 = 29.7%, r* = —0.23%, barrier level
B = 25(0), vesting period T* = 1, exit rate « = 5%; parameters of the interest rate
process as in Table For the CIR model in (3.22)), 8 = 0.5 and r(0) = 10~* > 0. For
the CEV model, v = 0.8.

Figure shows the sections at r(t) = 0% of the early exercise region and of the continuation
region within the alternative models. The interpretation of the plots is as follows: if r(¢) = 0%,
the American call option is optimal exercised at t if S(t) lies between the upper and the lower
boundary (the blue and the red line, respectively). It is easy to see how the continuation region
of the baseline case is wider than the one obtained with the CIR model: since the CIR model
contemplates no negative values for r, r is therein expected to move towards its positive long-run
level 6%, that delivers a higher expected drift and, therefore, a more juicy payoff. On the contrary,
in the baseline case r is likely to fall below zero: in this case, the executive may prefer to cash in
even at lower value of S to gain from the negative discount and to protect herself from the depre-
ciation of the underlying. As a small final remark, notice that the shape of the lower boundary of
the early exercise region within the baseline case challenges traditional results on strict concavity
of optimal stopping boundary for American options in constant interest rate frameworks. (see,
e.g., [Ekstrom| (2004)).

Figure in Appendix collects the sensitivities of the price at inception of the American

call option with respect to the parameters of the model.

Third example: a Double Barrier Note on the S&P 500 Index
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K 0 oy Os P

4.48% | 5.65% | 0.92% | 17.08% | 77.27%

Table 3.7: Results of the calibration of market model ‘) in the US market.

While the first two examples deal with products traded in the European market, it is interesting
to validate the model also in the other major market, namely the US market.

First of all I calibrate the market model to US data as of November 2018 the 30th. Details
of the calibration are provided in the second part of Appendix [3.B] The equity price process S I
chose is the S&P 500 index while I proxy the short term interest rate process r with the United
States Treasury Securities yield. The main difference between European market conditions is the
actual level of the interest rate: in the US market I have rqg = 2.37% while in the European market
I had rg = —0.6728%. The results of the calibration are displayed in Table We notice that,
with respect to the European counterparts in Table the interest rate process reverts to its
long-run mean more slowly and also with a smaller volatility coefficient. Nevertheless, both the
volatility of the equity process and the correlation between the two risk factors are comparable to
the European market.

The derivative I analyze is an at the money double barrier European option on the S&P 500 issued
by a large American Banklﬂ The option was issued on February 21 2019 when the index closed
at S(0) = 2774.88. Recalling the general definition of a double barrier option in (3.12)), the payoff

of this Note is
1

5(0)
plus the initial capital. As it can be seen, if the underlying does not go out of the interval (L, U)

X(T) = 1S(T) — S(0)| 1 (m(T) > LN M(T) < U)

throughout the life of the option, the payoff to its holder combines the one of a call and of a put
option. In other words, the holder of the option always gets the relative distance between the initial
and the final level, no matter the direction. The payoff to the holder of the option is therefore
minimal if the underlying does not very much from the starting level and it is maximum if the
underlying at maturity is far from the starting level (but still within (L, U)). The two barriers are
continuously monitored.

At inception, the index stand at S(0) = 2743.79. The upper barrier is set equal to U = 3329.86
and the lower one is set equal to L = 1803.67. The maturity of the Note is in T' = 2 years,
February 22 2021. The price at inception of the Note was 1008, which coincides with the capital

16The full name of the product is “2 year Capital Protected Note with Double Barrier on the S&P
500 Index”. Its ISIN code is X50347496538. The issuer is JP Morgan Chase Bank, one of the largest

investment banks in the world.
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constant volatility

model price  relative error

market price 100
baseline 106.32 6.32%
r(t) =r(0) | 108.21 8.21%
r(t) =r* 109.18 9.18%
r(t) = 0* 109.98 9.98%
p=0 108.75 8.75%
p=—p 110.87 10.87%
CIR 105.23 5.23%

Table 3.8: Price of the American up-and-out call option on the S&P 500 described in the
third example. Parameters: S(0) = K = 2743.79, T' = 2.

that is surely given back at maturity to the investor.

Table [3.8 reports the pricing results for this third numerical example. Interestingly, the baseline
model and all of the alternative ones overprice the Note. However, the relative pricing error of
the baseline case is quite small. The CIR model here, is actually performing better whereas, as in
the case of the equity-linked note of the first example any model assuming constant interest rates

deliver worse results.

3.4 Conclusions

In the present paper I investigate barrier options, one of th widest class of path-dependent deriva-
tives, exposed to both interest rate and equity risks. Interestingly, I allow for a non-zero correlation
between the two and I remove the zero lower bound of the interest rates. More precisely, I fo-
cus on the Vasicek market model, where the interest rate is assumed to follow a mean-reverting
stochastic process that can take also negative values. Using lattice-based pricing techniques, I de-
velop pricing algorithms for European/American in and out contracts in the case of both discrete
and continuous monitoring. Then, I quantify by means of several numerical examples the relative
errors an unsophisticated investor who believes that interest rates are constant/ uncorrelated with
the equity market/ bounded below from zero would make. It turns out that, depending on the
specific option and on the parameters chosen, the relative pricing error can reach remarkably large
values, exceeding also 15%.

Future research can be aimed at introducing jumps in the equity price process as their impact
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when the equity is close to the barrier is surely relevant.
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Appendix

The Appendix is divided into 3 subsections:

e Subsection [3.A] collects all the proofs of the propositions stated in the paper; for the ease of

reading, I recall also the statements of the propositions when providing the proof;

e Subsection contains the full details of the calibration exercised briefly discussed in sub-

section [3.3.1}

e Subsection[3.C|develops further details that are omitted in the main paper for sake of brevity
and readability.

3.A Proofs of the propositions

Proposition (Price of an European down-and-out option). The price at inception of
the European derivative in (3.13) is given by v5,(0) where

vbo(tn) = (S(T))1 (S(T) > B)

and

vE () = B | exp <_ / h r(s)ds) vE o (ti)1 (S(t) > B)| Fu,

tq

fori=N—-1,...,0.

Proof Since

te{to,...,tN}

]1( min S(t)>B>: II 1(st)>B),
i=0,...,N

the fundamental risk-neutral pricing equation for the European derivative with payoff Xpo(T') in
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(3.13) reads

775,130(0) =E?

— EQ

— EQ

Exploiting the tower property of the conditional expectation and since both exp(— fot Nlr(s)ds)

and [,_y . n_i 1 (S(t;) > B) are F;,_,-measurable, the previous expression becomes

]EQ ei fOtN71 r(s)ds—
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e fON Lr(s)ds

77777
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1(S(t;) > B)E©

tN—
I

r(s)ds
! UEO(tN) ‘FtN—l
and [[;—  n11(S(t:) > B)

.....

1
r(s)ds E

2 ’UDO(thl)]l (S(tN,Q) > B)|]:tN2
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The second-last step of this backward recursion will deliver
72 po(0) =E° |e” Jy? rtsrds II 1(5t) > B)vio(t)

= ng(O)
that concludes the proof. |

Proposition (Price of an American down-and-out option). The price at inception of

the American down-and-out derivative with payoff ¢(S(¢;)) is given by v, (0) where
vbol(tn) = (S(T))1 (S(T) > B)

and

— [+l p(s)ds
vpo(ti) = max {EQ [6 Jimee vpo(tiv1)

(S(ti)vr(ti))] MP(S(tz'))} 1(S(t;) > B)

fori=N-—-1,...,0.

Proof The fundamental risk-neutral pricing equation for the discretely monitored American op-

tion with payoff ¢(S(t;)) reads

— [T r(s)ds
7o po(0) = Te{gl,éftN}EQ [6 Jg ) Xpo(T)

= maxtN}]EQ {e_ J5 P CICON | ( min _S(t) > B)

As explained in Section 21.4 of Bjork| (2009), wﬁ’DO(O) can be computed by the following backward

recursion
Q| Ji T reas :
Vi, = max ¢ Xpo(t;),E* |e 7t Vieor | Fta fori=0,...,N—1
Viw = Xpoltn) = p(S(T)1 ( min_ S(t) > B) (3.A1)
te{to ..... tN}

as ﬂﬁvDO(O) =Vi-

As shown below, it turns out that V;, = v, (%) [Tj=0. 1 (S(t:) > B) foralli=0,...,N.

Hence, at to, 7rj;‘7DO(O) = Vi, = v55(0) that concludes the proof.
I now show that V;, = v{o(t:) [1;—, ;1 (S(t;) > B) for all i = 0,...,N. The first step of the

backward recursion (3.A1]) can be written as

Vie = @SOS > B)  [] 1(St) > B) =violts)  []  1(St) > B)
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since

The second backward step of the recursion reads

— ftN r(s)ds
IN-1

‘/tN *FtN71

‘/thl = max {Xpo(tN_l),EQ [6

}

wpolty) I 1(S(t) > B)

i=0,...,.N—1

= max {(p(S(tN_l)) ' H 1 (S(tl) > B) ,

]:th1

Since [T;—. n_1 1 (S(t:) > B) is Fi,_,-measurable, V;,_, can be rewritten as

t
6—‘/;;;]71 r(s)ds 4

vDO(tN) FtN—l

i=0,...,N—1

‘/751\/71 = max {@(S(tNl))vEQ

} II 1(st)>B).

‘N r(s)d

Notice that, since e Jin-1 ° depends only on r(tn_1) and v, (tx) only on S(tn_1),
DO

]:th1 vDO(tN)

— (TN r(s)ds
o [6 et vbo(tn)

— EQ [e_ ftt]i,v_l r(s)ds A

(S(tN—l)aT(fN—l))]

that delivers
V;Nﬂ = USO(tN—l) H 1 (S(tﬁ > B) .

By induction,
Vi, =vio(t) T[ 1(54;) > B)

§=0,...,i

foralli=0,...,N. |

Proposition (In-out parity). The price of the European knock-out option with payoff
»(S(T)) and of the European knock-in option with the same payoff satisfy

7rf,Do(t) + WE,DI(@ = Wf@% vt € [0,T]

T
where 2 () = E® | e~ J; r(s)dsgo(S(T))’ .7-}] is the no-arbitrage price of the plain European deriva-

tive that pays ¢(S(T')) at T.
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Proof Since

the linearity of the expectation delivers at any ¢ € [0, 7]

w5 (t) = EC ﬁT“S”Seo(S(T»\ ftl

— EQ e*ftT r(S)dSSO(S(T)) (]l < min }S(t) > B) +1 ( mint }S(t) < B)) Fi

te{to,.‘.,t]\] tE{to,...,

Fe| +

=E9 |e” ftT r(s)dsgo(S(T))]l ( min  S(t) > B)

te{to,....,tN }

Fi

{to,.,tn}

S(t) < B)

= 7T5,130@) + Wf,m(t)-
[ |

Proposition (Price of an American down-and-in option). The price at inception

of the American down-and-in derivative with payoff ©(S(t;)) is given by v5;(0) where
vpr(tn) = ¢(S(T))1 (m(T) < B)
and

v4,(t;) = max {ap(S(t,-))]l (m(t;) < B) ,E2 |:e s 4 gy

(S(ti)v T(ti)’ m(t1>):| }

fori=N—-1,...,0.

Proof As recalled in the proof of Proposition the price of American down-and-in option

7r:i pr(0), can be computed by the following backward recursion

t‘H’l r(s)ds

Vti = max {XD](ti),EQ [6_ ftl Vti+1 ‘Fti

}fori—O,...,N—l (3.A2)
Viy = Xpr(tn) = ¢(S(T)1 (m(T) < B)

as ﬂ-ﬁ,D](O) = ‘/tO'

The only difference between the backward recursions {v;(;)}i=o

----------
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conditioning of the expected value in the evaluation of the continuation value of the American
option. In (3.A2), F, is the standard sigma-algebra generated by (S(t),r(t)) and contains all
the realizations of (S(¢;),7(¢;)) from j = 0 up to j = i. Consequently, the running minimum
m(t;) = mingegs,, 1,3 S(t) is Fy-measurable. As m(t;y1) = min{m(t;), S(ti11)}, the expected
value in depends only on the current value of (S(t;),r(t;), m(t;)) as its argument is now
Markovian with respect to the two standard state variables and the running minimum. Therefore,

- fti'H r(s)ds
ti

Fi| =E°

e

tit1
- r(s)ds
E© [e J. Vi,

that concludes the proof. |

Proposition (Convergence of the continuously monitored barrier options).
Assume that (S(t;),7(t;))i=o0,... n is a discrete time stochastic process that converges in distri-
bution to (S(t),r(t)) in as N — +oo. Then the price of the down-and-out/down-and-in
European/American barrier options discretely monitored at {S;(t)}i=o,... v evaluated by means of
Propositions converges to the price of the related continuously monitored barrier

options as N — +o0.

Proof The result is standard for European options. Indeed, if a sequence of random variables

{ X, }nen converges in distribution to X so does its expected value, E [X,,] "=5° E [X].

On the contrary, Mulinacci and Pratelli| (1998) prove the analogous result for American options

showing that, if {X, }nen converges in distribution to X, then esssup E [X,] "==5° esssup E [X].
|

3.B Detalils of the calibration

I calibrate my market model under the risk-neutral measure Q to European market data as
of November 2018 the 30"

The underlying equity price process I calibrate my model to is the Euro Stoxx 50. Introduced in
February 1998 and designed by STOXX, an index provider owned by Deutsche Borse Group, the
Euro Stoxx 50 collects fifty of the largest and most liquid European stocks. All the details about
this index can be found on STOXX'’s official website at https://www.stoxx.com.

Prices and trading volumes of options on the Euro Stoxx 50 are provided by Eurex Exchange, the
largest European futures and options market at https://www.eurexchange.com.

More specifically, I collect the weekly average of daily settlement prices of several European call


https://www.stoxx.com/index-details?symbol=SX5E
https://www.eurexchange.com/exchange-en/products/idx/stx/blc/EURO-STOXX-50-Index-Options-46548
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T | # opt. | # call | # put | # traded cnt.
1m 28 14 14 304’868
3m 45 17 28 21°697
6 m 29 15 14 187525
ly 27 10 17 2991

Table 3.B.1: Summary statistics of the options considered for the calibration exercise. T’
is the maturity of the option, “m”, “y” stand for month and year respectively. # opt.
(resp. # call, # put) are the number of options (resp. call, put) with maturity 7" and
different strike price. Strike price increments are either 25 or 50 points large. # traded

cnt. is the total number of options with maturity 7" traded on 30*", 2018,

and put options on the index with moneyness (defined as K/S(0)) ranging from 0.8 to 1.2 and
maturities equal to 1,3,6 months and 1 year. I neglect options with poor trading volume (less
than 100 daily traded contracts) and this excludes most of the options with maturities longer
than 1 year. The average number of contracts traded per option is roughly equal to 2000 per day.
Summary statistics of the final sample of options exploited for the calibration are displayed in
Table BBl

The interest rate process is calibrated to the AAA-rated zero coupon bonds of the Eurozone. The
prices of the AAA-rated zero coupon bonds are collected and elaborated by the European Central
Bank and are available for maturities equal to 3, 6, 9 months and 1,..., 30 years on its website at
https://www.ecb.europa.eu. As the short-term interest rate has by definition an instantaneous
holding period, the natural candidate for its approximation is the overnight rate. Nevertheless,
this rate turns out to be quite volatile depending on the business day and poorly correlated to
the even the short-term yields. Therefore, I proxy the short-term rate by the yield with shortest
maturity, namely the three months one. As of November 2018 the 30", I have 7o = —0.6728%.
The parameters that have to be calibrated in are (k,0,0.,05,p) =: ©. I set the continuous
dividend yield equal to ¢ = 3.6% as reported by Eurex Exchange as of the calibration date. First,
I address the calibration of the baseline model.

Market prices of the zero coupon bonds {p*(0,T)}, T € {0.25,0.5,1,...,30} are compared to
the prices {p(0,T;0)} delivered by the model in . Market option priceﬂ {mdl,(t), wih, (1)},
T € {1/12,0.25,0.5,1}, {K/S; € 0.8,...,1.2} are compared to the prices {nf,,(t;0),7E, (t;0)}

» Meall

"For ease of reading, I drop the superscript ¥, characterizing the exercise style of the options and I

leave only the superscript ™ that labels real market prices.


https://www.ecb.europa.eu/stats/financial_markets_and_interest_rates/euro_area_yield_curves/html/index.en.html
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derived in ([3.6) and (3.7]).

To find the optimal vector of parameters ©* I solve

/

af{p™(0,T) = p(0,T;0)} | | {p™(0,T) —p(0,T;0)}
O i=argmin | | B{m,(t) = 7L, (5 0)} {mpue(®) — T (E0)} | | (3.B3)
B{mdl, () — k(8 0)} {mlly @) — =k (t:0)}

where « := #prices/#bonds = 163/34 and [ := #prices/#options = 163/129 are two constant
weights that compensate the different number of zero coupon bonds and options in the sample
and D is a bounded domain where the optimal parameters are assumed to take values. More
specifically, D = (0,2) x (0,0.1) x (0,0.1) x (0,0.2) x (—1,1).

The minimization in (3.B3) is solved numerically exploiting 500 different initial points uniformly
distributed in D. At the random initial points the objective function is equal to 12.3236 on average.

The numerical solution to (3.B3]) is

K" 0.1199
6" 0.0316
©* = |or | =0.0154
o 0.1437
p* 0.8542

that delivers a residual value of the objective function equal to 0.0028.

Now, the alternative models need to be calibrated as well. For each alternative model, the set of
parameters that need to be calibrated, ©, is modified accordingly. As an example, when calibrat-
ing the model with r assumed to be constant, the parameters x, 8,0, and p do not belong to ©,
which boils down to © = (0g). When calibrating the CIR model, r is forced to be strictly positive.
Despite the theoretical inapplicability of the CIR model in the present market conditions, it is left
among the alternative models as it is extremely common among practitioners.

Table B.B.2] collects the results of the calibration of the different models. We notice that if r is
assumed to be constant, the volatility of the equity process is a little bit larger than in the baseline
case. In other words, in these cases, og accounts also for the possible variability of the neglected
risk factor. When we assume that the two risk factors are uncorrelated, the calibration exercise
delivers an extremely low level of mean-reversion speed associated to a remarkably large long-run

mean. The volatility of the equity price process, on the contrary, is quite stable.

For sake of completeness, I also calibrate my market model (3.1) under the risk-neutral mea-
sure Q to US market data as of February 2019 the 215t
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model K* 0 oy o p*
baseline | 0.1199 | 0.0316 | 0.0154 | 0.1437 | 0.8542
r(t) = 1o 0.1502
r(t) =r* 0.1505
r(t) = 0" 0.1621

p=0 0.0230 | 0.1290 | 0.0130 | 0.1503
p=—p* | 01334 | 0.0169 | 0.0081 | 0.1507
CIR 0.0926 | 0.0381 | 0.0192 | 0.1473 | 0.7391

Table 3.B.2: Results of the calibration exercise for all the alternative models.

T | # opt. | # call | # put | # traded cnt.
1m 45 25 30 57’146
3m 42 23 29 137277
6 m 22 9 13 12°745
ly 21 8 1 6985

Table 3.B.3: Summary statistics of the options considered for the calibration exercise in
the US market. T is the maturity of the option, “m”, “y” stand for month and year
respectively. # opt. (resp. # call, # put) are the number of options (resp. call, put)
with maturity 7" and different strike price. Strike price increments are either 25 or 50
points large. # traded cnt. is the total number of options with maturity 7" traded on

November 30*", 2018.

The underlying equity price process I calibrate my model to is the S&P 500. Data on options on
the index are taken from Option Metrics. The annualized average annual dividend yield is now
equal to ¢ = 1.9%.

More specifically, I collect the weekly average of daily settlement prices of several European call
and put options on the index with moneyness (defined as K/S(0)) ranging from 0.8 to 1.2 and
maturities equal to 1,3,6 months and 1 year. I neglect options with poor trading volume (less than
100 daily traded contracts) and this excludes most of the options with maturities longer than 1
year. The average number of contracts traded per option is roughly equal to 1500 per day. Sum-

mary statistics of the final sample of options exploited for the calibration are displayed in Table

B.B.3
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The interest rate process is calibrated to the yield curve of Treasury Bills. The data on the US
Government treasury yield curve are available at the US Department of the Treasury Website{r_gl As
before, I proxy the short-term rate by the yield with shortest maturity, namely the three months
one. As of February 2019 the 215, T have rq = 2.37%.
The numerical solution to for the US market is

K" 0.0448
o* 0.0565
" = |o* | ={0.0092
o 0.1708
p* 0.7727

We notice that, with respect to the optimal parameters for the European market, there are many
differences. First of all, the speed of mean reversion s is now small, only 4.48%. The long-term
mean 6 is two percentage points higher, which is coherent with the initial state of r as ry is 2
percentage points higher in the US market than in the European one. Along with a smaller mean-
reversion, also the volatility of the interest rate o, is here smaller and equal to 0.92%. On the
contrary, the volatility of the equity process and the correlation between r and S are comparable
to the ones of the European market.

The results of the calibration of the other alternative US market are shown in Table B.B.4l We
notice that, as in the European case, the volatility of the equity price process is quite stable
across all the alternative market models. As before, when we assume that the two risk factors are
uncorrelated, we get a little smaller speed of mean reversion and a little higher mean reversion
level.

Finally, we acknowledge that, dealing with the US market, we have no problem working with the

CIR model as interest rates are non negative.

3.C Further details

3.C.1 The quadrinomial tree

The parameters of the quadrinomial tree introduced in (3.20]) are

AY = osV At
Ar = o, VAL

18The link is https://www.treasury.gov.


https://www.treasury.gov/resource-center/data-chart-center/interest-rates/Pages/TextView.aspx?data=yieldYear&year=2019
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model K* 0 oy o p*
baseline | 0.0448 | 0.0565 | 0.0092 | 0.1708 | 0.7727
r(t) = 1o 0.1739
r(t) = r* 0.1756
r(t) =6 0.1801

p=0 0.0343 | 0.0619 | 0.0078 | 0.1739
p=—p* | 0.0371 | 0.0498 | 0.0087 | 0.1738
CIR 0.1036 | 0.0582 | 0.0152 | 0.1721 | 0.7987

Table 3.B.4: Results of the calibration exercise for all the alternative models in the US

market.

_ py e At 4 py Ar + p, AY + (14 p)oos

Guu = Towos
=y e At + py Ar — . AY + (1 — p)o,os
Qud = 40'r0'S
iy e At — py Ar + p, AY + (1 — p)o,os
qdu = 40'rUS
‘ py pr At — py Ar — . AY + (1 + p)o,os
dd = .

40,05
2

where py = (r(t) —q-— U;) and p, 1= k(0 — r(t)). For the full derivation of the quadrinomial

tree and for the complete discussion of the positivity of the four transition probabilities refer to

Battauz and Rotondi| (2019).

3.C.2 CEV models

Assume that the zero lower bound for the interest rate is present, namely assume r(t) > 0 for all
t € [0,7]. Allowing for local volatility for both the risky equity price and the interest rate the
market model reads
dS(t) = S(t)(r(t) — q)dt + osS(t)*dWg(t) (3.04)
dr(t) =k (0 —r(t)) dt + opr(t)PdWR(t)
with a, 8 > 0. Notice that § = 0.5 leads to the celebrated CIR model for the short term interest
rates proposed by (Cox et al. (1885).
Following the derivativation of the quadrinomial tree in Section 2.2 of Battauz and Rotondi (2019)),

I first need to define two new processes (Y (t), Z(t)) with constant diffusion coefficients. Therefore,

I set
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r(t)=8

20 =5

that deliver also the inverse transformations
St)=[1-a)Y(@®)]=

r(t) = [(1 - B)Z(t)] ™7 .

Applying 1t6’s Lemma to both Y and Z leads to

AY (t) = pydt + osdW(t)
dZ(t) = pzdt + o.dW2(t)

where

py = SO (1) = g) - FrasH)*

= KO — ()t = T pr(e)

Therefore, I can exploit the transition probabilities and the increments recalled in Appendix[3.C|1

for the standard quadrinomial tree.

3.C.3 Additional plots

This Subsection contains additional plots for the two applications of Subsection [3.3:3]

Figure 3.C.I] shows the Greeks of the equity-linked note of the first example of Subsection [3.3-3]
Figure [3.C.2] shows Greeks of the American up-and-out call option of the second example of
Subsection [3.3.3

3.C.4 Additional numerical examples

This Section contains additional numerical examples within the same framework and with the
same structure of the two main numerical examples of Subsection All of the parameters of
the two examples stay the same but the maturity of the options and the barrier level.

More precisely, Table 3.C.I] and Table [3.C.2| repeat the numerical exercise of Subsection [3.3:2 On
average, we see that relative pricing errors are larger than the ones of Table [3.:2] and Table [3.3] as
the misspecification of the models worsens when the investment horizon moves forward.

The barrier events, if any, of the options priced in Table and Table (resp. Table
and Table is set equal to L = 60 (resp. L = 80). The relative pricing errors are consistent
with the benchmark numerical examples. The most relevant difference is that as the barrier is now

higher (resp. lower) in contracts appreciate (resp. depreciate) as it is easier to cross the barrier



BARRIER OPTIONS UNDER CORRELATED EQUITY AND INTEREST RATE RISKS 127

1100 ¢

- - k*=11.99%

1050 f
< 1000+
S

950 1

900 : : : : ‘
0.01 0.02 0.03 0.04 0.05 0.06
K 0
1025 \ 1014 \
|
: 1012 ¢ ,
1 1
: 1010 | :
1020 , |
— \ 1008 | :
= I S I
& ! * 1006 - !
1015 \ \
! 1004 | !
1 1
! 1002 !
1 1
1010 — : : ‘ 1000 : L : : ‘
0 0.01 0.02 0.03 0.04 0.05 0.05 0.1 0.15 0.2 0.25 0.3
o Os
10137
1012} !
1
1011t :
1
_ 1
210101 |
& 1
1
1009 !
1
1008} |
:
1007 : !
-1 -0.5 0 0.5 1
P

Figure 3.C.1: Sensitivities of the price at inception of the equity-linked note of the first

example with respect to the five parameters of the market model.
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of the second example with respect to the five parameters of the market model.
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whereas out contracts depreciate (resp. appreciate) as now the probability of being knocked out

is larger (resp. smaller).
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European Options

Vanilla Down-and-out Down-and-in
payoff model
price rel. error price rel. error price rel. error
baseline 0.9493 0.2715 0.6778

r(t)=r(0) | 1.0330 882% | 0.2892  6.52% | 0.7438  9.74 %
r(t) =r* 1.0101 640% | 0.2929 788 % | 0.71172 581 %
Digital | r(t) =6* | 0.8538 10.06 % | 0.3147 1591 % | 0.5391  20.46 %
p=0 0.9493  0.00% | 0.2903 6.92% | 0.6590  2.77 %
p=—p 0.9493  0.00% | 0.3135 1547 % | 0.6358  6.20 %
CIR 0.9968  5.00% | 0.2931 796 % | 0.7037  3.82%
baseline | 27.4619 0.4495 27.0124
r(t) =r(0) | 29.4747 733 % | 0.6161 37.06 % | 28.8586  6.83 %
r(t)=r* | 279387 1.74 % | 0.6049 3457 % | 27.3338 1.19%
Put r(t)=6* | 18.3446 3320 % | 0.5083  13.08 % | 17.8363 33.97 %
p=0 24.4079 1112 % | 0.5281  17.49 % | 23.8798 11.60 %
p=—p° [20.8423 24.10% | 0.6416 42.74 % | 20.2007 25.22 %
CIR 27.1634  1.09 % | 0.5925 31.81 % | 26.5709 1.63 %
baseline | 27.6291 22.8470 4.7821
r(t) =r(0) | 21.2750 23.00 % | 17.5728 23.08 % | 3.7022  22.58 %
r(t)=r* | 22.0411 20.23 % | 18.2544 20.10 % | 3.7867  20.82 %
Call r(t)=60* | 28.0760 1.62% | 23.7215 383 % | 4.3545 894 %
p=0 24.5746  11.06 % | 20.1730 11.70 % | 4.4016  7.96 %
p=—p° |21.0035 2398 % | 17.0224 2549 % | 3.9811 16.75 %
CIR 22.5912 1823 % | 18.7298 18.02 % | 3.8614 19.25 %

Table 3.C.1: European options prices. S(0) = 100, ¢ = 1% and T' = 5. The payoff at
maturity of digital options is ¢(S(T')) = 1; of (at the money) put options is ¢(S(T)) =
(S(0)—=S(T))*; of (at the money) call options is ¢(S(T")) = (S(T)—S(0))*". The baseline
model is the Vasicek market model in ([3.1)) with the parameters specified in Table [3.1]
The models r(t) = r(0)/r* = —0.23%/0* are pure diffusive models (Black-Scholes ones)
where the interest rate is constant and equal respectively to its initial value/ the yield on
T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline
one only with respect to the correlation which is assumed to be 0/ the opposite of the
result from the calibration exercise. The CIR model is the one in with v = 0.5.
The barrier is L = 70.
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o 1601
aTr VP TIOTIS

Vanilla Down-and-out Down-and-in
payoff | model
price rel. ecror EEP | price rel. error EEPpo| price rel. error EEPp; | DFP

baseline | 1.0268 0.08 | 1.0247 0.75 | 0.6779 0.00 | 0.68
r(t)=r(0)] 1.0330  0.60% 0.00 | 1.0330 0.81% 074 |0.7439 974%  0.00 | 0.74
r(t) =r* | 1.0101 1.63% 0.00 | 1.0101 142 %  0.72 0.7172 580 %  0.00 0.72
Digital T(t) =60* | 1.0000 2.61 % 0.15 | 1.0000 2.41 % 0.69 0.5392 20.46 % 0.00 0.54
p=20 1.0268 0.00 % 0.08 | 1.0217 0.29 % 0.73 0.6590 2.79 % 0.00 0.65
p=—p° | 1.0268 0.00% 0.08 | 1.0251 0.04 % 0.71 0.6359 6.20 % 0.00 0.63
CIR 1.0000 2.61 % 0.00 | 1.0000 2.41 %  0.71 0.7037 381 %  0.00 0.70
baseline |27.8110 0.35 | 18.5489 18.10 |27.0124 0.00 | 17.75
r(t) =r(0)]29.4747 5.98 % 0.00 {19.9257 7.42 % 19.31 |28.8586 6.83 %  0.00 | 19.31
T(t) =7r* |27.9387 0.46 % 0.00 [19.5808 5.56 % 18.98 [27.3338 1.19 % 0.00 | 18.98
Put T(t) =0* [20.1142 27.68 % 1.77 |17.0076 831 % 16.50 |17.8363 33.97 % 0.00 | 14.73
p=20 26.0891 6.19 % 1.68 [19.0255 2.57 % 18.50 [23.8798 11.60 % 0.00 | 16.82
p=—p° 1244080 12.24 % 3.57 [19.6001 5.67 % 18.96 |20.2007 2522 % 0.00 | 15.39
CIR 27.1634 233 % 0.00 |18.8956 1.87 % 18.30 |26.5709 1.63 % 0.00 | 18.30
baseline |27.6375 0.01 |22.8550 0.01 | 4.7822 0.00 | 0.00
r(t) = r(0)|22.0788 20.11 % 0.80 |18.2894 19.98 % 0.72 |3.9622 17.15% 0.26 | 0.17
T(t) =r* [22.6938 17.89 % 0.65 |18.8380 17.58 %  0.58 3.8766 18.94 % 0.09 0.02
Call | r(t)=6* [28.0979 1.67% 0.02 [23.7430 3.89 %  0.02 4.3645 8.73%  0.01 0.01
p=0 1250189 947 % 0.44 {20.5696 10.00 % 0.40 | 4.6017 3.77%  0.20 | 0.15
p=—p° 22.6444 18.07 % 1.64 [18.4753 19.16 % 145 | 4.8711 1.86% 0.89 | 0.70
CIR 23.0585 16.57 % 0.47 |21.0585 7.86 % 2.33 4.3728 8.56 % 0.51 2.37

Table 3.C.2: American options prices. S(0) = 100, ¢ = 1% and T = 5. The immediate payoff of digital
options is ¢(S(t)) = 1; of (at the money) put options is p(S(t)) = (S(0) — S(t))™; of (at the money)
call options is ¢(S(t)) = (S(t) — S(0))". The baseline model is the Vasicek market model in (3.1 with
the parameters specified in Table [3.1] The models r(t) = r(0)/r* = —0.23%/6* are pure diffusive models
(Black-Scholes ones) where the interest rate is constant and equal respectively to its initial value/ the yield
on T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline one only
with respect to the correlation which is assumed to be 0/ the opposite of the result from the calibration
exercise. The CIR model is the one in (3.22)) with v = 0.5. The barrier is L = 70. The EEP is the Early
Exercise Premium, namely the difference between the price of the American option and of its European

counterpart. The deviation from parity, DFP, is defined in Equation (3.18]).



132

European Options

Vanilla Down-and-out Down-and-in
payoff model
price rel. error price rel. error price rel. error
baseline 0.9950 0.6866 0.3084

r(t)=r(0) | 1.0131  1.82% | 0.7124  3.76 % | 0.3007  2.50 %
rt)=r* | 1.0121 1.72% | 0.7124 376 % | 0.2997 282 %
Digital | r(t)=6* | 0.9388 565% | 0.7128 382 % | 0.2260 26.72 %
p=0 0.9950 0.00 % 0.7097 3.36 % 0.2853 7.49 %
p=—p* | 09950 0.00% | 0.7356 7.14% | 0.2594 15.89 %
CIR 0.9997 0.47 % 0.7129 3.83 % 0.2868 7.00 %
baseline 17.9580 5.0867 12.8713
r(t) =r(0) | 17.8640 052 % | 5.6074 10.24 % | 12.2566  4.78 %
r(t)=r* | 17.8021 087 % | 55967 10.03 % | 12.2054 517 %
Put r(t)=6* | 13.5771 2440 % | 4.7758 6.11 % 8.8013  31.62 %
p=0 16.8462 6.19% | 5.3543 526 % | 11.4919 10.72 %
p=—p* | 15.6479 12.86 % | 5.6436 10.95% | 10.0043 22.27 %
CIR 17.0602  5.00 % 5.4646 743 % | 11.5956  9.91 %
baseline 16.4712 16.3670 0.1042
r(t) =r(0) | 14.5723 11.53 % | 14.4854 11.50 % | 0.0869  16.60 %
r(t)=r* | 14.6117 11.29 % | 14.5246 11.26 % | 0.0871  16.41 %
Call r(t)=60* | 17.7203 758 % | 17.6244 7.68 % 0.0959 797 %
p=0 15.3589  6.75 % | 15.2648  6.73 % 0.0941 9.69 %
p=-—pF 14.1599 14.03 % | 14.0771 13.99 % | 0.0828  20.54 %
CIR 15.1125 825 % | 15.0244 820% | 0.0881 15.45 %

Table 3.C.3: European options prices. S(0) = 100, ¢ = 1% and T' = 5. The payoff at
maturity of digital options is ¢(S(T')) = 1; of (at the money) put options is ¢(S(T)) =
(S(0)—=S(T))*; of (at the money) call options is ¢(S(T")) = (S(T)—S(0))*". The baseline
model is the Vasicek market model in ([3.1)) with the parameters specified in Table [3.1]
The models r(t) = r(0)/r* = —0.23%/0* are pure diffusive models (Black-Scholes ones)
where the interest rate is constant and equal respectively to its initial value/ the yield on
T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline
one only with respect to the correlation which is assumed to be 0/ the opposite of the
result from the calibration exercise. The CIR model is the one in with v = 0.5.
The barrier is L = 60.
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2°X1TT all VPUJULID

Vanilla Down-and-out Down-and-in
payoff | model
price rel. ecror EEP | price rel. error EEPpo| price rel. error EEPp; | DFP

baseline | 1.0138 0.02 | 1.0138 0.33 | 0.3984 0.09 | 0.40
r(t) =r(0)| 1.0131 0.07% 0.00 | 1.0131 0.07% 0.30 | 0.3007 24.52% 0.00 | 0.30
r(t)=r* | 1.0121 017 % 0.00 | 1.0121 0.17%  0.30 | 0.2996 24.80 % 0.00 | 0.30
Digital | r(¢) =6* | 1.0000 1.36 % 0.06 | 1.0000 1.36 %  0.29 | 0.2260 4327 % 0.00 | 0.23
p=0 |1.0138 0.00% 0.02|1.0136 0.02% 030 | 0.2854 2836 % 0.00 | 0.29
p=—p* | 1.0138 0.00% 0.02 | 1.0138 0.00% 0.28 | 0.2594 3489 % 0.00 | 0.26
CIR 1.0000 1.36 % 0.00 | 1.0000 1.36 %  0.29 | 0.2868 28.01 % 0.00 | 0.29
baseline |17.9807 0.02 [16.9953 11.91 |12.9538 0.08 | 11.97
r(t) =r(0)|17.8640 0.65 % 0.00 [17.4290 2.55 % 11.82 |12.3468 4.69 %  0.09 | 11.91
r(t)=r* |17.8021 0.99 % 0.00 [17.3829 2.28 % 11.79 |12.2955 5.08%  0.09 | 11.88
Put | r(t) =6* |14.1292 2142 % 0.55 [14.1922 16.49 % 9.42 | 8.8880 31.39 % 0.09 | 8.95
p=0 [17.1479 4.63% 0.30 |16.7921 1.20 % 11.44 |11.5804 10.60 % 0.09 | 11.22
p=—p° [16.4252 8.65 % 0.78 |16.4694 3.09 % 10.83 |10.1002 22.03 % 0.10 | 10.14
CIR  |17.0602 5.12% 0.00 [17.1490 0.90 % 11.68 [11.6845 9.80 %  0.09 | 11.77
baseline |16.4753 0.00 {16.4701 0.10 | 0.1082 0.00 | 0.10
r(t) =r(0)[14.8508 9.86 % 0.28 |14.8476 9.85% 0.36 | 0.0874 19.22% 0.00 | 0.08
r(t) =r* [14.8828 9.67 % 0.27 |14.8800 9.65 %  0.36 | 0.0875 19.13% 0.00 | 0.08
Call | r(t)=60* |17.7205 7.56 % 0.00 [17.7245 7.62% 0.10 | 0.0928 1423 % 0.00 | 0.10
p=0 |15.5759 5.46 % 0.22 [15.5709 5.46 % 0.31 | 0.0943 1285 % 0.00 | 0.09
p=—p* |14.8354 9.95% 0.68 |14.8303 9.96 % 0.75 | 0.0906 1627 % 0.01 | 0.09
CIR  |15.2841 7.23% 0.17 [15.3643 6.71 % 034 | 0.0971 10.26 % 0.01 | 0.18

Table 3.C.4: American options prices. S(0) = 100, ¢ = 1% and T = 5. The immediate payoff of digital
options is ¢(S(t)) = 1; of (at the money) put options is p(S(t)) = (S(0) — S(t))™; of (at the money)
call options is ¢(S(t)) = (S(t) — S(0))". The baseline model is the Vasicek market model in (3.1 with
the parameters specified in Table [3.1] The models r(t) = r(0)/r* = —0.23%/6* are pure diffusive models
(Black-Scholes ones) where the interest rate is constant and equal respectively to its initial value/ the yield
on T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline one only
with respect to the correlation which is assumed to be 0/ the opposite of the result from the calibration
exercise. The CIR model is the one in (3.22)) with v = 0.5. The barrier is L = 60. The EEP is the Early
Exercise Premium, namely the difference between the price of the American option and of its European

counterpart. The deviation from parity, DFP, is defined in Equation (3.18]).
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European Options

Vanilla Down-and-out Down-and-in
payoff model
price rel. error price rel. error price rel. error
baseline 0.9950 0.3264 0.6686

r(t)=r(0) | 1.0131  1.82% | 0.3293  0.89% | 0.6838  2.27%
r(t)=r* | 1.0121  1.72% | 0.3297 1.001 % | 0.6824  2.06 %
Digital | r(t)=6* | 0.9388 565 % | 0.3591 10.02% | 0.5797 13.30 %
p=0 0.9950  0.00% | 0.3323  1.81 % | 0.6627  0.88 %
p=—pF 0.9950  0.00% | 0.3387  3.77% | 0.6563  1.84 %
CIR 0.9997 047 % | 0.3344 245 % | 0.6653  0.49 %
baseline | 17.9580 0.3361 17.6219
r(t) =r(0) | 17.8640 052 % | 0.3827 13.86 % | 17.4813  0.80 %
r(t)=r* | 17.8021 0.87% | 0.3823 13.75% | 17.4198 1.15%
Put | r(t)=60* | 13.5771 24.40% | 0.3471 327 % | 13.2300 24.92 %
p=0 16.8462  6.19 % 0.3642 836 % | 16.4820 6.47 %
p=—p* | 15.6479 1286 % | 0.3983 1851 % | 15.2496 13.46 %
CIR 17.0602  5.00 % | 0.3764 11.99 % | 16.6838  5.32 %
baseline | 16.4712 13.6285 2.8427
r(t) =r(0) | 14.5723 11.53 % | 11.9884 12.03 % | 2.5839  9.10 %
r(t) =r* | 14.6117 1129 % | 12.0231 11.78 % | 2.5886  8.94 %
Call r(t)=60* | 17.7203 758 % | 14.7922 854 % 2.9281 3.00 %
p=0 15.3589  6.75 % | 12.6014 754 % | 27575  3.00 %
p=-—pF 14.1599 14.03 % | 11.4971 15.64 % | 2.6628 6.33 %
CIR 15.1125 825 % | 124618 8.56 % 2.6507 6.75 %

Table 3.C.5: European options prices. S(0) = 100, ¢ = 1% and T" = 5. The payoff at
maturity of digital options is ¢(S(T')) = 1; of (at the money) put options is ¢(S(T)) =
(S(0)—=S(T))*; of (at the money) call options is ¢(S(T")) = (S(T)—S(0))*". The baseline
model is the Vasicek market model in ([3.1)) with the parameters specified in Table [3.1]
The models r(t) = r(0)/r* = —0.23%/0* are pure diffusive models (Black-Scholes ones)
where the interest rate is constant and equal respectively to its initial value/ the yield on
T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline
one only with respect to the correlation which is assumed to be 0/ the opposite of the
result from the calibration exercise. The CIR model is the one in with v = 0.5.
The barrier is L = 80.
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2°X1TT all VPUJULID

Vanilla Down-and-out Down-and-in
payoff | model
price rel. ecror EEP | price rel. error EEPpo| price rel. error EEPp; | DFP

baseline | 1.0138 0.02 | 1.0137 0.69 | 0.6686 0.00 | 0.67
r(t)=r(0)] 1.0131 007 % 0.00 | 1.0131 0.06% 068 |0.6838 2.27% 0.0 | 0.68
r(t)=r* | 1.0121 0.17 % 0.00 | 1.0121 0.16 %  0.68 0.6823 2.05 %  0.00 0.68
Digital T(t) =6* | 1.0000 1.36 % 0.06 | 1.0000 1.35 % 0.64 0.5797 13.30 % 0.00 0.58
p=20 1.0138 0.00 % 0.02 | 1.0124 0.13 % 0.68 0.6627 0.88 % 0.00 0.66
p=—p° | 1.0138 0.00% 0.02 | 1.0124 0.13 % 0.67 0.6563 1.84 % 0.00 0.65
CIR 1.0000 1.36 % 0.00 | 1.0000 1.35%  0.67 0.6653 0.49 %  0.00 0.67
baseline |17.9807 0.02 [17.9807 17.64 |17.6220 0.00 | 17.62
r(t) =r(0)]|17.8640 0.65 % 0.00 {17.8640 0.65 % 17.48 |17.4815 0.80 %  0.00 | 17.48
T(t) =7r* |17.8021 099 % 0.00 |17.8021 0.99 % 17.42 [17.4283 1.10% 0.01 | 17.43
Put T(t) =0* |14.1292 21.42 % 0.55 [14.1292 2142 % 13.78 [13.2435 24.85 % 0.01 13.24
p=20 17.1479 4.63 % 0.30 |17.1479 4.63 % 16.78 |16.4821 6.47 %  0.00 | 16.48
p=—p° |16.4252 8.65% 0.78 [16.4252 8.65 % 16.03 [15.2502 13.46 % 0.00 | 15.25
CIR 17.0602 5.12% 0.00 [16.7843 6.65 % 16.41 |16.6840 5.32 % 0.00 | 16.41
baseline |16.4753 0.00 |13.6321 0.00 | 2.8427 0.00 | 0.00
r(t) = r(0)[14.7508 10.47 % 0.18 |12.2333 10.26 % 0.24 | 2.5839 9.10%  0.00 | 0.07
T(t) =r* |14.7828 10.27 % 0.17 [12.2616 10.05 % 0.24 2.5885 8.94 % 0.00 0.07
Call | r(t)=6* [17.7205 7.56 % 0.00 [14.7923 851 %  0.00 2.9282 3.01% 0.00 0.00
p=0 154759 6.07 % 0.12 [12.7928 6.16 % 0.19 2.7575  3.00 % 0.00 0.07
p=—p° [14.5354 11.77 % 0.38 [11.9014 12.70 % 0.40 2.6628 6.33 % 0.00 0.03
CIR 15.2841 7.23% 0.17 [13.2156 3.06 % 0.75 2.6508 6.75 % 0.00 0.58

Table 3.C.6: American options prices. S(0) = 100, ¢ = 1% and T = 5. The immediate payoff of digital
options is ¢(S(t)) = 1; of (at the money) put options is p(S(t)) = (S(0) — S(t))™; of (at the money)
call options is ¢(S(t)) = (S(t) — S(0))". The baseline model is the Vasicek market model in (3.1 with
the parameters specified in Table [3.1] The models r(t) = r(0)/r* = —0.23%/6* are pure diffusive models
(Black-Scholes ones) where the interest rate is constant and equal respectively to its initial value/ the yield
on T-bond riskless bond/ the long-run mean. The models p = 0/ — p* differ from the baseline one only
with respect to the correlation which is assumed to be 0/ the opposite of the result from the calibration
exercise. The CIR model is the one in (3.22)) with v = 0.5. The barrier is L = 80. The EEP is the Early
Exercise Premium, namely the difference between the price of the American option and of its European

counterpart. The deviation from parity, DFP, is defined in Equation (3.18]).
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