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Abstract

Extreme values of real phenomena are events which have low frequency of occurrence

and large uncertainty, but can have a great impact on real life. The statistical analyses

of extreme events is of crucial importance for assessing the risk in many areas such as

the environmental studies, financial markets, actuarial sciences, engineering, industry and

health. In this wide range of applications, the extremes are high-dimensional by nature

and it is of interest to model and predict such events. The estimation of extreme val-

ues concerns the assessment of the marginal components together with their dependence

structure among multivariate maxima. Regardless of the marginal behaviour, there are

different approaches to infer the extremal dependence, for instance estimating the stable

tail or the Pickands dependence functions, or the so-called spectral or angular measure.

The main issue of this thesis is to estimate the extremal dependence of multivariate

maxima using a nonparametric approach. Beyond the bivariate case, nonparametric es-

timation of the dependence function remains a challenging task and an active research

field. We explore two methodologies that allow the estimation of the extremal depen-

dence through a polynomial in the Bernstein form where some necessary constraints are

easily addressed. The first proposal provides a nonparametric estimator of the Pickands

dependence function through the multivariate madogram. Additionally, its regularized

version based on a projection procedure takes into account the shape constraints on the

family of Pickands dependence functions by means of a representation in terms of the

Bernstein-Bézier polynomials. The large-sample theory of the estimator is developed and

its finite-sample performance is evaluated with a simulation study. Second, we propose

an inferential Bayesian framework, in the bivariate case, which is versatile in the sense of

simultaneously estimating the extremal dependence in terms of the Pickands dependence

function and the spectral measure. In order to derive a valid extremal dependence struc-

ture, the angular measure must satisfy what is known as the mean condition, analogous

to the shape restrictions of the Pickands dependence function. Once the joint behaviour is

detected from the data, using a nonparametric model, we can simulate bivariate extremes.

The approaches are illustrated by analysing clusters consisting of seven weather stations

that have recorded weekly maxima of hourly rainfall in France from 1993 to 2011.
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Chapter 1

Introduction

Il est impossible que

l’improbable n’arrive jamais

(E. Gumbel)

Statisticians often may work as consultants for economists, engineers or hydrologists. In

the past, they were usually asked to answer questions like “How likely is this to happen?”.

Basic statistical theory has developed around the normal distribution and the central

limit theorem, where the normal distribution acts as the limit for the distribution of the

sample mean. Nowadays, many statistical problems focus on studying the frequencies of

the extremes of a real process rather than its mean, therefore the normal distribution is

far from being a satisfactory model. For example, one may need to model large-impact

environmental or financial events in order to answer questions like “How high, how long,

how fast is this to happen?”. At first glance, estimating the chances of events that rarely

happen or even have never happened before sounds like a “mission impossible”. The

Extreme Value Theory shows under that appropriate conditions it is in fact possible to

provide an answer to such a question.

The extremal dependence is a probabilistic concept linked to the tail behaviour where

the events have low frequency of occurrence, and large uncertainty. The statistical analysis

of extreme events is crucial when considering the risk assessment in areas such as financial

markets, environment and health. For example, insurance companies and governments

need to monitor and statistically quantify the frequency of natural disasters. It is a key

issue, in such situations, to plan suitable risk management and take preventive actions.

The scientific question is how to estimate the extremes of natural phenomena observed at

several locations in order to understand their simultaneous occurrence. This means their

modelling the joint behaviour of several variables at high levels.

In recent years, there has been an increase in the demand of inference methods for

assessing the extremal dependence. This is especially due to growing requests for multi-
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variate analysis of extreme values in the fields of environmental sciences. A simple way of

modelling multivariate extremes is to apply the definition of block-maximum (Coles 2001,

Ch. 3) to each of the variables considered, and therefore to focus on the so-called vector

of component-wise maxima and its distribution (de Haan and Ferreira 2006, Ch. 6). In

these contexts, the dimension of the multivariate vector under study is often greater than

two.
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Figure 1.1: Analysis of French weekly precipitation maxima from 1993-2011. Clusters of

49 weather stations and their estimated extremal coefficients in dimension d = 7 obtained

with the projected version of the madogram estimator, see Section 4.5 for details.

For example, Figure 1.1 displays a map of clusters composed of seven French weather

stations each (see Bernard et al. (2013) for details on how the clusters are constructed).

The data consist of weekly maxima of hourly rainfall recorded at each station. It would be

of interest to hydrologists to infer the dependence within each of the seven-dimensional

vectors of component-wise maxima and to compare the dependence structures among

clusters. Furthermore, it would be desirable to reproduce such dependence in order to

cover missing values or evaluate heavy precipitations in unobserved locations. Such an

endeavour represents the main motivation of this thesis.

In order to provide a comprehensive analysis, both the marginal distributions and the

dependence structure, need to be estimated. The aim of this thesis is to address the latter

with a particular focus on multivariate and high-dimensional extremes.

The modelling of the dependence through parametric models is a widely discussed

topic previously used in applications (e.g. Coles 2001, Beranger and Padoan 2015); a

downside to this approach is that a specific model can be useful for a certain application

but restrictive for others. As a consequence, in recent times much attention is devoted to
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study nonparametric estimators or estimation methods for assessing the extremal depen-

dence. While the advantage of a nonparametric approach is the flexibility in capturing

the dependence, in high dimensions, i.e. greater than two, the estimation is a challenging

task. This thesis addresses the problem of estimating the extremal dependence from ob-

servations following a multivariate extreme value distribution with known and unknown

margins.

1.1 Proposal

Beyond the bivariate case, nonparametric estimation of the dependence function remains

a challenging task and an active research field. The extremal dependence can be inferred

alternatively by estimating the angular (or spectral) measure or the stable tail dependence

function, where the latter is equivalently represented by the Pickands dependence function.

We explore two methodologies that allow the estimation of the extremal dependence

through a polynomial in the Bernstein form where some necessary constraints are easily

addressed.

The thesis is organised as follows. Chapter 2 provides a background of extreme value

theory and introduces the quantities of interest considered in the thesis. Chapter 3 is a

brief review of some parametric and nonparametric models commonly used in the liter-

ature. Chapters 4, 5 and 6 contain the proposed methods and results developed in this

thesis.

Specifically, two nonparametric estimators of the multivariate extremal dependence

are provided in Chapter 4,in terms of the Pickands dependence function. The multi-

variate madogram is easy to compute and it can be interpreted as a kind of distance

with respect to the case of complete dependence. Comparing to other nonparametric

estimators, it outperforms the modelling of mild and weak dependences, but we show

that it may not guarantee the convexity constraint required for the Pickands dependence

function to be valid. For this reason, a second estimator has been proposed, which is

an approximation of the madogram’s projection onto the space of all functions satisfying

convexity, specific lower and bounds and endpoints. This is represented in a polynomial

form, specifically in a Bernstein form. From the simulation study we observe a gain

in efficiency when comparing with several nonparametric estimators. Assessing for the

variability of the function estimates is also possible, by computing the quantiles of the

bootstrap distribution of the polynomial coefficients. The asymptotic properties of the

two proposed methods are also discussed. We show the applicability of this framework

in high-dimensional problems, analysing the seventh-dimensional dependence structure of

heavy rainfall in France. These results have been presented at several conferences and

seminars, and the paper Marcon et al. (2015) was awarded a prize in the poster session
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of METMA VII - GRASPA14 conference.

Despite the ability of the proposed method for estimating multivariate max-stable

maxima, there are some drawbacks. The first arises from the choice of the polynomial

order, which makes the estimate more or less smooth. Simulation results show that

an adequate choice is related to the strength of the dependence, so it would be useful

to compute an index to synthesise this information. At the same time, the Bernstein

approximated projection relies on a pilot estimate. Basic nonparametric estimators are

usually good as first guesses but they appear unstable for small sample sizes. For these

reasons, in Chapter 6 we approach the problem, for the bivariate setting, from a Bayesian

perspective.

In chapter 6 we describe an inferential Bayesian framework that is versatile when

estimating the extremal dependence. Through the use of polynomials in a Bernstein

form, it is possible to estimate, in the bivariate case, the multiform by which the extremal

dependence can be with two key peculiarities of the proposal. In the first place, it is

possible to accommodate different representations of the dependence structure such as the

Pickands dependence function and the spectral or angular measure. We recall that both

dependence forms need to satisfy some constraints so that the extreme value distribution

is a proper distribution. In second place, model fitting, inference and model assessment

can be achieved via posterior simulation techniques. The main benefits that this entails

are that the selection of the polynomial degree is performed by estimating it as part

of the inferential procedure and there is no need for a preliminary estimate in order to

perform a constraint estimation. Additionally, the estimation of marginal distributions is

possible through a unique inferential procedure, even though it has not been discussed in

this thesis. Although the analytical expression of the posterior distribution of the model

parameters is unknown, inference is however possible via a trans-dimensional MCMC

scheme. We show the ability of the proposed method to capture the extremal dependence

of some popular parametric models, by means of a simulation study. This work has been

presented to some conferences (ISBA 2014, EVA2015 and BNP10, in the last of which it

was awarded a prize in the poster session). An extended abstract has been pre-accepted

and the paper will be submitted soon.

The flexibility of Bernstein polynomials is exploited also in Chapter 5. The possibility

of rewriting the Bernstein polynomial basis functions as Beta densities allows us to model

the angular distribution as a mixture of densities an provide an easy simulation scheme

for the angular component, once the dependence structure is modelled. This constitutes

a working paper together with S. Padoan, P. Naveau and P. Muliere.

Other aspects of the proposed method can be examined in depth. For example, in

Section 2.2.1 we see that, knowing the angular distribution which describes the dependence

structure of data, allows the calculation of an approximated estimation of the probability
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of exceedance,

P (Y1 > y1, Y2 > y2) ≈ 2

∫
Sd

min

{
w

y1

,
1− w
y2

}
dH(w).

Also referred to as “return period”, this illustrates how likely and severe extreme events

(such as heavy rainfall, flooding, and earthquakes) can be. It provides the probability

that an event of any given magnitude will occur in any given period. This probability is

often used to assess the risk of these events, especially for human populations. Estimating

“return values” is also of interest because it allows to compute quantile regions with very

small probability.

A further and challenging extension may be the inclusion of information, from the

spatial domain and covariates, for the prediction of extreme events. The estimation of

future extreme episodes of a real process, such as heavy-rainfall, heat-waves, simultaneous

losses in the financial market, etc., is of a crucial importance for risk management. For

an accurate assessment of multiple extreme values, their dependence structure needs to

be appropriately modelled and inferred.

1.2 Computational Details

Simulations and data analysis were performed using the R package ExtremalDep (https:

//r-forge.r-project.org/R/?group_id=1998), which contains all functions im-

plemented to get the following results. It provides parametric and nonparametric statis-

tical methods for modelling and estimating the dependence of extreme values (Beranger

et al. 2015). Specifically, the nonparametric modelling corresponds to the developments in

Chapter 4. The functions madogram, beed and beed.confband provide the nonpara-

metric estimation of the Pickands dependence function ant its simultaneous confidence

bands. The functions used to obtain the results described in Chapters 5 and 6 will be

available soon.
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Chapter 2

Preliminaries and Background

Say you were standing with one foot in the oven and one foot in an ice bucket.

According to the percentage people, you should be perfectly comfortable.

(B. Bragan)

The joke cited in this Chapter has been chosen to remark that when analysing real phe-

nomena, sometimes, any average masks the extreme values in the set of data, which can

be of interest. An average is a useful way of summarizing data, nevertheless, it can some-

times be misleading. The main concern in Extreme Value Theory (EVT) is estimating

the tail of the distribution, in which case the central observations are irrelevant for statis-

tical inference. EVT focuses on the study and development of stochastic models that can

be used for inference on applied problems related to the frequency of the unusual rather

than the usual. There is now an extensive range of applications of EVT in many scientific

disciplines, most of them concerning the long range prediction of extreme quantities of

interest. Opposite to the central limit theorem, EVT starts from the limit distribution

of the sample maximum. This idea is different from a usual parametric approach in the

sense that only the tail is parametrized without imposing any assumption on the central

behaviour. Two main approaches are used in this field, the block-maximum and the peak

over a threshold. The extreme value basic theory is based on the generalized extreme

value (GEV) distribution and the generalized Pareto distridution (GPD). In this chapter

we provide a brief review of some theoretical results on the extreme values of univariate

and multivariate vectors of maxima. Several dependence structures can be described and

here we focus on the block-maximum approach. In the next chapter we discuss the main

features of some families of parametric and nonparametric extremal dependence models.
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2.1 Univariate Extremes

Let Mn denotes the maximum of n independent and identical distributed (i.i.d.) variables

X1, . . . , Xn with common distribution function F ,i.e.,

Mn = max(X1, . . . , Xn).

Fisher and Tippett in the seminal work of (1928) conjectured that if there exist sequences

of constants an > 0 and bn such that

P

(
Mn − bn
an

≤ x

)
= F n(anx+ bn)

d−→ G(x)

where G is a non-degenerate distribution function, then G belongs to the generalized

extreme value (GEV) family of distributions:

G(x) = exp

{
−
[
1 + ξ

(
x− µ
σ

)]−1/ξ

+

}
, (2.1)

for some constants ξ, µ and σ > 0 and (x)+ = max(0, x). For ξ > 0 and ξ < 0 the

generalized extreme value distribution reduces to the Fréchet and the negative Weibull

distributions, respectively. In the limit case when ξ → 0 the GEV distribution becomes

the Gumbel distribution.

When extending to random vectors, we face the concept of “tail dependence” which

characterizes the relation among a few random variables for being simultaneously extreme.

Practically, it successfully explains why “bad luck never comes alone”. If in the univariate

case defining extreme values in an easy task, one of the problems in multivariate extremes

is that there is no univocal definition of extremes, and defining the associated distribution

function becomes more complicated. For this reason, the block-maxima approach has

been introduced (Gumbel 1958). It consists in splitting the observation period into non-

overlapping periods of equal size and consider the maximum observation in each period.

The new observations approximately follow, under domain of attraction conditions (see

next Section), an extreme value distribution.

The modern-day analysis of risk requires the estimation of the dependence among

univariate and multiple extreme episodes. An accurate estimation of extremal dependence

is crucial in order to not underestimate the return period of extremes. In literature there

are several theoretical results, statistical models and applications. For more background

on univariate and multivariate extreme-value theory, see Kotz and Nadarajah (2000),

Coles (2001) , Beirlant et al. (2004), de Haan and Ferreira (2006), Resnick (2007) and

Falk et al. (2010).
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2.2 Multivariate Extremes

The block-maxima approach is extended to the multivariate case. Define the vector

Mn = (Mn,1, . . . ,Mn,d), where Mn,j = max(X1,j, . . . , Xn,j) is the componentwise maxima

vector of an Rd-valued random vector X = (X1, . . . , Xd) with X1, . . . ,Xn being n inde-

pendent and identically distributed (i.i.d.) copies of X. Specifically, let I = {1, . . . , d} be

an index set, with d ∈ N, and F be the joint probability distribution function of X, and

marginal distribution functions Fj = F (∞, . . . , xj, . . . ,∞), j ∈ I. The distribution F is

typically unknown in applications, for this reason we study the asymptotic behaviour of

Mn as the sample size tends to infinity. For large, but finite, sample sizes, this results in an

appropriate approximate distribution for multivariate extremes. This definition of multi-

variate extremes, also describes how likely is that all components of X are simultaneously

large.

With a similar approach to the univariate case, the asymptotic distribution of the

standardization of Mn is given by,

P

(
Mn − bn

an
≤ x

)
= F n(anx + bn)

d−→ G(x), n→∞, (2.2)

for all the continuity points, x, of a non-degenerate distribution G, assuming that there

are sequences of normalizing constants an = (an1, . . . , and) > 0, with 0 = (0, . . . , 0),

and bn = (bn1, . . . , bnd) ∈ Rd which provide the convergence. The limiting distributions

(2.2) identify a class of multivariate extreme value distributions (MEVDs) (Resnick

2007). Any distribution function F that satisfies the convergence result (2.2) is said to

be in the (maximum) domain of attraction of G, F ∈ D(G) (de Haan and Ferreira

2006). Moreover, a distribution G on Rd is max-stable if, for every n ∈ N, there exists

sequence an > 0 and bn ∈ Rd such that

G(an x + bn) = G1/n(x). (2.3)

This property also implies the max-infinite divisibility where G is such that Ga is

a distribution for every a > 0. Specifically, G can be defined through the distribution of

the sample maxima of n i.i.d. random vectors, and it is max-infinite divisible if, for any

n ∈ N, there exists a distribution Fn such that G = F n
n (Resnick 2007).

The characterization of the class of MEVDs requires the specification of the marginal

behaviour and the form of the dependence structure.

Firstly, by setting all xj but one equal to infinity in (2.2), we see that Fj ∈ D(Gj), i.e.

F n
j (ajnxj + bjn)

d−→ Gj(xj) n→∞.
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Thus, choosing ajn and bjn for all j ∈ I as in de Haan and Ferreira (2006), implies

that each marginal distribution of G is a generalized extreme value distribution of the

form given by (2.1). The continuity of the marginal distributions implies that G is also

continuous.

A suitable choice of the elements anj and bnj of the sequences an and bn ensures that, for

all yj > 0,

lim
n→∞

F n{F←1 (1− 1/ny1), . . . , F←d (1− 1/nyd)}

= G

(
σ1(yξ11 − 1)

ξ1

+ µ1, . . . ,
σd(y

ξd
d − 1)

ξd
+ µd

)
≡ G0(y), (2.4)

for all continuity points, y > 0, of G0, where F←j (1 − 1/a), with a > 1, is the left-

continuous inverse of Fj, for all j ∈ I. Then, G is transformed so that its marginal

distributions are equal, and the resulting G0 is a MEVD with identical unit Fréchet

marginal distributions, Fj(yj) = exp{−1/yj}, j ∈ I. Now, if we take the logarithm on

F n{F←1 (1− 1/ny1), . . . , F←d (1− 1/nyd)} and use its first order Taylor expansion, it leads

to the following measure,

φn(Ry) = n[1− F{F←1 (1− 1/ny1), . . . , F←d (1− 1/nyd)}],

defined on the critical region Ry = {(v ∈ Rd
+ : v1 > y or . . . or vd > yd)}.

Let us define a random collection of points in R+×R, Pi = {(i/n, (Xi − bn)/(an))}∞i=1,

with Xi i.i.d random vectors with distribution F . Let Nn(·) be a PPP, with intensity

measure λ× φn, where λ is the Lebesgue measure, defined by

Nn(E) =
∞∑
i=1

1I{Pi∈E}

for each Borel set E ⊂ R+ × R. If the limit in (2.4) holds, then, as n → ∞, Nn

converges weakly to N , i.e. a PPP with intensity measure λ × φ where φ(Ry) ≡ V (y),

for y > 0,named exponent measure (see de Haan and Ferreira 2006) and such that

it satisfies φ(∞) = 0 (see Falk et al. 2010). Now, we are able to count the rescaled

observations that fall in a critical region, having at least one large coordinate, that is

G0(y) = P (N {(0, 1]×Ry} = 0)

= exp{− [λ{(0, 1]} × φ(Ry)]}
= exp{−V (y)} y > 0,

(2.5)

The same relation is provided by the limit in (2.4). We obtain, as n → ∞, for all

y > 0 such that 0 < G0(y) < 1,

lim
n→∞

n[1− F{F←1 (1− 1/ny1), . . . , F←d (1− 1/nyd)}] = − logG0(y) ≡ V (y). (2.6)

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



11

The exponent dependence function V : Rd
+ → [0,∞) represents the dependence

structure of multiple extremes. Specifically, it is continuous, convex, homogeneous of

order −1, (i.e. V (ay) = a−1V (y) for any a > 0) bounded by max(1/y1, . . . , 1/yd) ≤
V (y) ≤ 1/y1 + · · · + 1/yd, and for all positive y it must satisfy V (y, 0, . . . , 0) = · · · =

V (0, . . . , 0, y) = y (for more details see Falk et al., 2010, and de Haan and Ferreira, 2006).

Notice that the interpretation of the dependence form is not straightforward. From (2.6)

we see that the derivation of V depends on the functional form of F which, in most real

applications, is unknown.

An illustration is provided in Figure 2.1 where the red shaded sets in the panels

of the first row coincide with the critical region Ry. We see that in the case of weak

dependence (top-left panels) only one coordinate of the extremes is large, while in the

case of strong dependence (top-middle panels) all the coordinates of the extremes are

high. Also, asymmetric dependences can exist (top-right panels). However, the exponent

function V is not easy to interpret. For this reason, a transformation to pseudo-polar

coordinates has been proposed (Resnick 2007) which simplifies the concept. This lead to

a result known as the spectral decomposition (de Haan and Resnick 1977). Let

Sd :=

{
(v1, . . . , vd) ∈ [0, 1]d :

d∑
i=1

vi = 1

}
, (2.7)

be the unit simplex on Rd
+ where one variable is fixed, e.g. vd = 1− (v1 + · · ·+ vd−1). For

any v ∈ Rd
+, the sub-norm, ‖v‖ = |v1|+· · ·+|vd|, measures the distance of v from 0. Other

norms can also be considered (e.g. Resnick 2007). Here, we consider the transformation

T : (r,w) 7→ (‖v‖, ‖v‖−1v), with v ∈ Rd
+/{0}, and induce a new measure ψ := φ ∗ T .

By the homogeneity property of φ provided by the (2.3), we obtain that the measure ψ

is given by,

ψ(Wr) = φ{(v ∈ Rd
+/{0} : ‖v‖ > r,v/‖v‖ ∈ W)}

= φ{(ru ∈ Rd
+/{0} : ‖u‖ > 1,u/‖u‖ ∈ W)}

= r−1H∗(W),

for all sets Wr = r × W with r > 0 and W ⊂ Sd, where H∗(W) := φ{(u ∈ Rd
+/{0} :

‖u‖ > 1,u/‖u‖ ∈ W)}. Hence the measure ψ becomes the product of two independent

measures. The radial (or intensity) measure (1/r), given by the distance of the points

from the origin, thus indicating the intensity of the extreme value; and the angular (or

spectral) measure (H∗) which measures the angular spread of the points (e.g. see Falk
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et al. 2010). Finally,

φ(R) = ψ{T (v ∈ Rd
+/{0} : v1 > y1 or . . . or vd > yd)}

= ψ[{(r,w) ∈ (0,∞)× Sd : r > min(yj/wj, j ∈ I)}]

=

∫
Sd

∫ ∞
min(yj/wj ,j∈I)

r−2drdH∗(w)

=

∫
Sd

max
j∈I

(wj/yj) dH∗(w),

(2.8)

where dψ(r,w) = r−2dr × dH∗(w) for all r > 0 and w ∈ Sd. In this case, those values

with radial component higher than a high threshold, are considered extremes and are

illustrated by the red points in the second-row panels of Figure 2.1. Dependence increases

between all Yj as the angular components move to the centre of the simplex (illustrated

by the case of strong dependence in the second-row left panel). Components become less

dependent as the mass increases near the vertices (the second-row middle panel illustrates

the case of weak dependence).

The spectral measure H∗ can be any finite measure on Sd. It must satisfy a first

moment conditions ∫
Sd
wj dH∗(w) = 1, ∀ j ∈ I,

which is a critical point from the estimation perspective because it is difficult to han-

dle in the multivariate framework. The mean constraint guarantees that the marginal

distributions of G0 are unit Fréchet, so the total mass is equal to

H∗(Sd) =

∫
Sd

(w1 + · · ·+ wd) dH∗(w) =
∑
j∈I

∫
Sd
wj dH∗(w) = d.

A probability measure can be derived by setting H := H∗/H∗(Sd), thus satisfying∫
Sd
wj dH(w) = 1/d, ∀ j ∈ I. (2.9)

Concluding,

G0(y) = exp

{
−d
∫
Sd

max
j∈I

(wj/yj) dH(w)

}
, (2.10)

by the combination of (2.4), (2.6), (2.5) and (2.8), and G0 is a MEVD with unit Fréchet

marginal distributions.

2.2.1 Dependence Measures

Different expressions of the extremal dependence have been illustrated above. In general

several measures of dependence can be found for multivariate extreme value distributions

in the literature. Here we mention some of them.
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Extremal dependence

From (2.5) it follows that the extremal dependence can be expressed through the exponent

function satisfying continuity, homogeneity of order −1, convexity and lower and upper

limits representing the complete dependence and complete independence cases respectively

(see de Haan and Ferreira 2006). Let Y be a random vector with distribution (2.10).

Then, the case of complete dependence, i.e. Y1 = Y2 = · · · = Yd, provides G0(y) =

exp{max (1/y1, . . . , 1/yd)} and occurs when H places the total mass 1 on the centre of

the simplex (1/d, . . . , 1/d). When H places mass 1/d on the vertices of the simplex, then

G0(y) = exp(1/y1 + . . .+ 1/yd) and Y1, . . . , Yd are independent.

The transformation in pseudo-polar coordinates, also provides an easier visualization

of the exponent function. Considering its restriction in the simplex, we obtain

V (z) = (z1 + · · ·+ zd) A(t1, . . . , td), z ∈ Rd
+.

where A : Sd → [1/d, 1] is the Pickands dependence function (Pickands 1981), defined

by

A(t) := d

∫
Sd

max
j∈I

(wj tj) dH(w),

zj = 1/yj, j ∈ I, tj = zj/(z1 + · · ·+zd) for j = 1, . . . , d−1 and td = 1−(t1 + · · ·+td−1) (see

last two rows in Figure 2.1). Observe that A inherits the above properties from V with

the obvious modifications. Let A be the family of functions, A : Sd → [1/d, 1], satisfying

the conditions:

(C1) A(t) is convex, that is, A(a t1 + (1− a) t2) ≤ aA(t1) + (1− a)A(t2),

for a ∈ [0, 1] and t1, t2 ∈ Sd;

(C2) A(t) has lower and upper bounds

1/d ≤
∨

(t1, . . . , td−1, td) ≤ A(t) ≤ 1,

for any t = (t1, . . . , td) ∈ Sd with td = 1− t1 − . . .− td−1;

Notice that condition (C2) implies that A(0) = 1 and A(ei) = 1 for the boundary points

of Sd, 0 = (0, . . . , 0) and ei = (0, · · · , 0, 1, 0, · · · , 0) for i = 1, . . . , d − 1. The lower

and upper bounds represent the complete dependence and complete independence cases

respectively. This function is a crucial object of study throughout the thesis, together

with the angular distribution defined above.

Angular densities

The angular probability measure H, defined on the simplex Sd, can place mass not only

on the interior, but also on other subspaces of the simplex, such as the edges and the
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vertices. For this reason, if H is differentiable, it can have several densities on such sets

(angular densities). In particular, Pickands (1981) and Kotz and Nadarajah (2000)

derived the angular densities in the bivariate case. With d = 2, the unit simplex [0, 1]

can be partitioned into S2,{1} = {(1, 0)}, S2,{2} = {(0, 1)}, S2,{1,2} = {(w, 1 − w), w ∈
(0, 1)}. The densities on such spaces are given by

h2,{1} = H({0}) = − y2
1 lim
y2→0

∂ V

∂ y1

(y1, y2),

h2,{2} = H({1}) = − y2
2 lim
y1→0

∂ V

∂ y2

(y1, y2),

and

h2,{1,2}(w) = − ∂2 V

∂ y1 ∂ y2

(w, 1− w).

respectively, for any y1, y2 > 0. Last density refers to extremes observed in both vari-

ables, while the first two densities describe the case when extremes are only observed in

one variable. A general result is described in Coles and Tawn (1991) for G absolutely

continuous (see also Resnick 2007, Example. 5.13). Specifically, let

Sd,T = {w ∈ Sd : wj = 0, if j /∈ T ; wj > 0 if j ∈ T } ,

be a partition of Sd, with T being an index set which takes value in the power set of I,

T. We denote by hd,T the density on the subspace Sd,T , where T ∈ T.

Let T = {i1, . . . , i|T |} ⊂ I, and denote by |T | the cardinality of T . If G0 is absolutely

continuous, then the angular density for any y ∈ Rd
+ is

hd,T

(
yi1∑
i∈T yi

, · · · ,
yi|T |−1∑
i∈T yi

)
= −

(∑
i∈T

yi

)(|T |+1)

lim
yj→0,
j /∈T

∂|T | V

∂ yi1 · · · ∂ yi|T |
(y). (2.11)

The third-row panels of Figure 2.1 show three examples of a bivariate angular densities

for the symmetric logistic model (Gumbel 1960) with a weak, strong and asymmetric

dependence respectively.

When T reduces to a singleton {i}, for any i ∈ I, the angular density hd,T represents

the mass of H at the vertex ei, hence (2.11) simplifies into

hd,T = H({ei}) = −y2
i lim
yj→0,
j /∈T

∂ V

∂ yi
(y). (2.12)

These dependence functions can be used to derive important summaries of the extremal

dependence. For example,

ϑ = V (1, . . . , 1) = d

∫
Sd

max
j∈I

(wj) dH(w). (2.13)
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is the extremal coefficient (Smith et al. 1990) and it represents the number of inde-

pendent components of the random vector Y. The coefficient may take on any value

between one and d, where the limiting values describe the cases of complete dependence

and complete independence, respectively.

For any y > 0, let us consider the region in Rd
+/{0} for which all coordinates are

simultaneously larger than y, i.e.

Fy = (v ∈ Rd
+/{0} : v1 > y1 and . . . and vd > yd). (2.14)

Then, we introduce the tail dependence function (Nikoloulopoulos et al. 2009; de Haan

and Ferreira 2006) defined by

`(y) := φ{(v ∈ Rd
+/{0} : v1 > y1 and . . . and vd > yd)} ≡ φ(Fy), y > 0.

This identifies the number of observations that fall in the failure region and are simulta-

neous extreme. Using similar arguments to those in (2.8) and (2.9) it follows that

`(y) = d

∫
Sd

min
j∈I

(wj/yj) dH(w) y > 0. (2.15)

The tail and exponent dependence functions can also be used to approximate the

probability that at least one extreme will occur,

P (Y1 > y1 or . . . or Yd > yd) ≈ d

∫
Sd

max
j∈I

(wj/yj) dH(w), (2.16)

when y1, . . . , yd are high enough thresholds and Y is a random vector with unit Pareto

margins.

Furthermore, from previous results, we have that nF̄ (ny1, . . . , nyd) tends to `(y), as

n → ∞, where F̄ is the survival function of Y. From the homogeneity property of V ,

which is inherited by the function `, we can approximate F̄ (ny) by `(ny), for large n.

Another approximating result can be derived, from the relation (2.15), for the probability

that simultaneous extremes will occur:

P (Y1 > y1 and . . . and Yd > yd) ≈ d

∫
Sd

min
j∈I

(wj/yj) dH(w), (2.17)

when y1, . . . , yd are high enough thresholds.
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Figure 2.1: Critical regions in R2 (top-panels) and their representation in pseudo-polar

coordinates (second-row-panels). Red points are the extremes with symmetric weak and

strong (left-middle) and asymmetric (right) dependence. Third-row-panels display the

angular densities on the simplex and bottom-panels their Pickands dependence function.
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Chapter 3

Extremal Dependence Modelling

The most important questions of life are indeed,

for the most part, really only problems of probability

(P. Laplace)

Our main interest focuses on multivariate vectors of maxima. There is no finite parametriza-

tion that covers the whole class of dependence structures for multivariate extreme value

distributions. This leads us to concentrate on nonparametric methods. The function

most commonly considered to describe the extremal dependence is the angular distribu-

tion introduced in Section 2.2.1. However, the angular measure H(w) can be difficult to

handle directly due its mean constraint. For this reason, we consider instead the exponent

measure function V (x) through the Pickands dependence function A(w). This chapter

reviews some parametric models and nonparametric estimators in in Sections 3.1 and 3.2,

respectively. Some of them are considered as comparative methods when studying their

performance in some simulation studies.

3.1 A Review of Parametric Models

For applied purposes, it is common practise to use parametric models of multivariate

extremes. In particular, the asymmetric and symmetric logistic, Hüsler-Reiss, extremal

skew-t and tilted Dirichlet models are widely used. An overview can be found through

Kotz and Nadarajah (2000), Coles (2001), Beirlant et al. (2004), Beranger and Padoan

(2015) and Padoan (2013). From previous Chapter, it emerges that the angular measure

is a crucial element for both the exponent and tail dependence functions.

Symmetric and Asymmetric logistic models

The symmetric logistic (SL) model has been introduced by Gumbel (1960) and it is widely

used in the literature and application. However, its simplicity makes it inadequate when
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dependences between components differs. The multivariate asymmetric logistic model

(AL) extends the symmetric logistic (Tawn 1990, Coles and Tawn 1991) but it has a large

number of parameters. Let T ∈ T as in Section 2.2.1, then the exponent function is given

by is

V (y) =
∑
T ∈T

{∑
j∈T

(βj,T y
−1
j )1/αT

}αT
, y ∈ Rd

+,

where 1 ≥ αT > 0, describes the strength of the dependence and βT is such that βj,T = 0

if j /∈ T , for j ∈ I, 0 ≤ βj,T ≤ 1 and
∑
T ∈T βj,T = 1. The parameter βj,T influences

the asymmetry in the dependence structure. The number of the model parameters is

2d−1(d+ 2)− (2d+ 1).

The angular measure is defined on all subspaces of the simplex and, from (2.11), for

every T ∈ T and all w ∈ Sd,T , it follows that it is equal to

hd,T (w) =

q−1∏
i=1

(i/αT − 1)
∏
j∈T

β
1/αT
j,T w

−(1/αT +1)
j

{∑
j∈T

(βj,T /wj)
1/αT

}αT −q
.

The angular density on the interior of the simplex can be simplified, when T = I, αT = α,

βj,T = βj, to

h(w) =
d−1∏
i=1

(i/α− 1)
∏
j∈I

β
1/α
j w

−(1/α+1)
j

{∑
j∈I

(βj/wj)
1/α
}α−d

, w ∈ Sd.

The point mass at each extreme point of the simplex is provided when T = {j}, for all

j ∈ I. It follows from (2.12) and it is equal to hd,T = βj,t.

The case of strong dependence arises with values of α close to zero and when α is close

to 1, and the other parameters are equal, the case of weak dependence is obtained. In

the first case, the mass of the angular density is mainly concentrated towards the centre

of the simplex, while in the second case, the mass is concentrated on the vertices of the

simplex. In case of an asymmetric dependence structure, the mass tends to be closer to

the vertices of the simplex whose corresponding values of β are high.

Concerning the Pickands dependence function of the asymmetric logistic model, we

have

A(w) =
∑
T ∈T

{∑
j∈T

(βj,T wj)
1/αT

}αT
, w ∈ Sd,

Hüsler-Reiss model

Besides tha symmetric and asymmetric logistic models, another popular model is the

Hüsler-Reiss (Hüsler and Reiss 1989). Let X1, . . . ,Xn be n i.i.d. copies of a Gaussian

random vector with zero-mean and unit variance, and ρi,j;n be the pairwise correlation
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between i-th and j-th components. Assume that, for all i, j ∈ I and as n tends to infinity,

log n(1− ρi,j;n)→ λ2
i,j ∈ [0,∞). Then, the exponent function is

V (y) =
d∑
j=1

1

yj
Φd−1

{(
λi,j +

log yi/yj
2λi,j

)
i∈Ij

; Λ̄j

}
, y ∈ Rd

+, (3.1)

where Φd−1 is d − 1 dimensional Gaussian distribution with partial correlation Λ̄j. The

elements of the matrix Λ̄j are λk,i;j = (λ2
k,j + λ2

i,j − λ2
k,i)/(2λk,jλi,j), for all j ∈ I and

k, i ∈ Ij. The dependence between i-th and j-th elements of the vector of extremes is

controlled by the corresponding parameter λi,j, i, j ∈ I. The case of complete dependence

is achieved when λi,j = 0. Small and equal values of the parameters result in strong

dependence among all the variables. The vector of extremes become independent as

λij →∞. Asymmetries arises when some parameter values are different and, in this case,

the mass tends to concentrate around the vertices and edges associated to the smaller

parameter values.

Observe that, in this case, the angular measure may concentrate mass on the interior

of the simplex. Engelke et al. (2015) show that the angular density is

h(w) = φd−1

{(
λi,1 +

logwi/w1

2λi,1

)
i∈I1

; Λ̄1

}{
w2

1

d∏
i=2

(wi2λi,1)

}−1

,w ∈W,

where φd−1 is the d− 1 dimensional Gaussian density with partial correlation matrix Λ̄1.

The Pickands dependence function is obtained from the exponent dependence function

(3.1),

A(w) =
d∑
j=1

wjΦd−1

{(
λi,j +

logwi/wj
2λi,j

)
i∈Ij

; Λ̄j

}
, w ∈ Sd. (3.2)

Extremal skew-t model

The extremal skew-t model was introduced by Padoan (2011). It is the skewed extension

of the extremal-t model described by Nikoloulopoulos et al. (2009) and it is more flexible

than the Hüsler-Reiss. Let X1, . . . ,Xn be n i.i.d. copies of a standard skew-t random

vector with location parameter µ, scale parameter Ω = (ωi,j)i,j<d, shape parameter α =

(α1, . . . , αd) and ν > 0 degrees of freedom (d.f.). Then, the exponent function of the

limiting distribution of Mn/an for n→∞, where an = (an . . . , an) is a vector of positive

sequences (see eq. (4) in Padoan 2011), is

V (y) =
d∑
j=1

(yj)
−νTd−1

{[√
ν + 1

1− ω2
i,j

( ȳi
ȳj
− ωi,j

)]
i∈Ij

;µ,Ω, αj, τj, ν + 1

}
, (3.3)
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for all y ∈ Rd
+, where Td−1 is a d− 1 dimensional extended Student-t with the parameter

set and ȳ is the transformation defined in Padoan (2011, Theorem 2). Essentially, the

exponent function depends on the parameters ωi,j, αj and ν. The ωi,j control the level

of dependence between the i-th and j-th components of the random vector. The greater

ωi,j, the stronger the dependence. The d.f., ν, is a global parameter which controls the

overall level of dependence in the model. The smaller the d.f., the stronger the dependence

among all components. The αj parameters also drive the level of dependence among the

components but in a more flexible way. With αj = 0, for all j = 1, . . . , d, the model

reduces to the extremal-t distribution (Nikoloulopoulos et al. 2009).

The Hüsler-Reiss model is a special case of the extremal-t. At the same time, with

additional conditions on the shape parameters, the limiting case of the extremal skew-t

model is the skewed version of the Hüsler-Reiss model.

In this case, the Pickands dependence function is given by,

A(w) =
d∑
j=1

wj Td−1

{√
ν + 1

1− ω2
i,j

[( w̄i
w̄j

)1/ν

− ωi,j
]
i∈Ij

;µ,Ω, αj, τj, ν + 1

}
,

with w ∈ Sd.

Tilted Dirichlet model

When modelling the extremal dependence, the parametric model chosen should be flexible

enough, meaning that its angular measure should place mass, not only on the interior of

the simplex, but also on its vertices and edges. Comparing to the asymmetric logistic

model, the tilted Dirichlet model is more parsimonious in terms of parameter, though

they do not have a clear interpretation. It has been introduced by Coles and Tawn (1991).

Consider a continuous function h′ : Sd → [0,∞) such that mj =
∫
Td
vj h

′(v)dv < ∞ for

all j ∈ I. Then, the function

h(w) = d−1(m1w1 + · · ·+mdwd)
−(d+1)h′{mw/(m1w1 + · · ·+mdwd)}, w ∈ Sd

is a valid angular density as it satisfies the first moment condition (2.9), its mass is centred

at (1/d, . . . , 1/d) and it integrates to one. An example is provided, if h′ is the density of

the Dirichlet distribution, where the resulting angular density is equal to the following,

h(w) =
Γ(
∑

j∈I αj + 1)

d (
∑

j∈I αj wj)
d+1

d∏
j=1

αj
Γ(αj)

(
αj wj∑
j∈I αj wj

)αj−1

,w ∈ Sd, (3.4)

with parameter set {αj > 0}j∈I . The particular case of symmetry is obtained when

α1 = · · · = αd. The case of complete independence is obtained with αj → 0, for all

j ∈ I. When all values of α are smaller or equal to 1, the model yields to the case
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of weak dependence, as the mass concentrates on the vertices of the simplex. When all

values of the parameters are greater or equal to 1, the mass concentrates in the centre of

the simplex leading to strong dependence. Then, αj → ∞ defines the case of complete

dependence.

In this case, the exponent function and its Pickands dependence function, can not be

analytically computed, nonetheless they can still be evaluated numerically.

3.2 A Review of Nonparametric Estimators

Although computationally and mathematically elegant, parametric models may force the

dependence structure in spite of their flexibility. The general dependence of multivariate

max-stable distributions can not be parametrised (e.g. de Haan and Ferreira, 2006, Ch. 6).

Consequently, several inferential methods have been proposed for modelling the extremal

dependence. For example, if A is the family of functions A satisfying conditions (C1)-

(C2), there is no parametric representation of A flexible enough to represent the entire

class A. For this reason, several nonparametric estimators of the Pickands have been

proposed. Some examples are found in Pickands (1981), Capéraà et al. (1997), Hall and

Tajvidi (2000), Bücher et al. (2011), Zhang et al. (2008), Gudendorf and Segers (2011,

2012) and Berghaus et al. (2013) to name a few. Note that a generic function has to

be a member of the family A in order to be a valid Pickands dependence function (Falk,

Hüsler, and Reiss, 2010, Ch. 4). The converse is not true, however, as conditions (C1)-

(C2) are not sufficient and the resulting estimate of G0(y) in (2.5) may not be a proper

distribution. For instance, an ad hoc example of a function that satisfies (C1)-(C2) and

is not a valid Pickands dependence function is discussed Beirlant et al. (2004, p.257). A

characterization of the class of stable tail dependence functions has been given in Ressel

(2013) and the necessary and sufficient conditions that a multivariate function must meet

in order to be a tail dependence function have been shown.

A possibility may be to rephrase those conditions for the Pickands dependence func-

tion and implement them through a statistical procedure. However, so far it has not

been possible to show that the nonparametric estimators proposed in the literature, es-

pecially in their multivariate version, fulfil, without further adjustments, the conditions

(C1)-(C2). So, for practical applications it is already a considerable result to provide an

estimator that meets such conditions. In the next Chapter we propose a method to non-

parametrically estimate the multivariate Pickands dependence function. In the bivariate

case, a fast-to-compute and easy-to-interpret estimator based on a type of madogram was

introduced by Naveau et al. (2009) but it has two drawbacks. It is only defined for the

bivariate case and it does not necessarily satisfy the conditions (C1)-(C2). Our first task

is to propose a new type of madogram for a multivariate setting with d ≥ 2 (see also the
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work of Fonseca et al. (2013)). Still, conditions (C1)-(C2) are not necessarily checked for

this extension and another aim of Chapter 4 is to “regularise” it by projecting it onto A
through a Bernstein polynomial based method. Hence, by construction, the new regu-

larized estimator stemming a from multivariate madogram estimate will belong to A. In

the bivariate case, the regularization strategy has been initially investigated by Pickands

(1981) who proposed, in order to satisfy the convexity condition, to consider the greatest

convex minorant (see also Capéraà et al. 1997, Hall and Tajvidi 2000). Smith et al. (1990)

proposed to modify a first guess estimator Ân using kernel methods and Hall and Tajvidi

(2000) to approximate Ân using constrained smoothing splines. However, as discussed by

Fils-Villetard et al. (2008), the impact of these adjustments on the asymptotic properties

of the estimator changes from one case to another, while a general result is unknown.

The projection estimator approach introduced by Fils-Villetard et al. (2008) provides

a general theoretical framework that is suitable for estimating the Pickands dependence

function and it has recently been extended in the multivariate case by Gudendorf and

Segers (2012). In any case, only approximate projection estimators belonging to finite-

dimensional subsets Ak ⊆ A, which are increasingly accurate with increasing k, can be

obtained. Typically, approximate projection estimators of the Pickands dependence func-

tion have been constructed through piecewise linear functions (Fils-Villetard et al. 2008;

Gudendorf and Segers 2012). Although the Pickands is a smooth function, these estima-

tors may provide non-smooth estimates, furthermore they can be time consuming for large

sample sizes and challenging to implement in high dimensions (e.g. d > 3), since multi-

variate integrals are involved in the estimation procedure (Gudendorf and Segers 2012).

To bypass these computational hurdles, our strategy is to project any Pickands depen-

dence function estimators via a sequence of restricted Bernstein polynomials (Lorentz,

1986; Sauer, 1991). The benefit is that the Pickands is accurately approximated while

preserving its shape, indeed the estimator is guaranteed to fulfil the desired shape restric-

tions everywhere in the domain. In virtue of their optimal shape restriction properties

(Carnicer and Peña, 1993), Bernstein polynomials are suitable for nonparametric curve

estimation (e.g. Petrone 1999; Chang et al. 2005) and shape-preserving regressions (Wang

and Ghosh 2012).

In Chapter 4 we show their usefulness when estimating the Pickands dependence func-

tion. Our inference approach displays nice asymptotic properties, it is computationally

efficient and it is feasible to implement in moderately high dimensions with an acceptable

computational cost, and the uncertainty of the estimates can be easily assessed through

bootstrap confidence bands. We stress that with our approach, in practice, we are able to

nonparametrically estimate the Pickands dependence function, for instance, up to the di-

mension seven. This, it seems, has not been done before in a real application.

Let X be a max-stable distributed random vector and let Xm, m = 1, . . . , n, be inde-

pendent and identically distributed (i.i.d.) replicates of it. For comparison purposes, we
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briefly discuss some well known estimators of the Pickands dependence function (see Gu-

dendorf and Segers 2011 for a review). Let Ym,i = − logFi(Xm,i) be standard exponential

random variables for m = 1, . . . , n and i = 1, . . . , d. Define for each m = 1, . . . , n,

Ỹm(w) =
∧

i=1,...,d

(
Ym,i
wi

)
, w ∈ Sd, (3.5)

Then, the multivariate Pickands statistic (Pickands 1981), referred to as P for brevity, is

APn (w) = n/

n∑
m=1

Ỹm(w). (3.6)

Closely related to (3.6) we have that the multivariate version of the statistic described in

Hall and Tajvidi (2000), referred to as HT for brevity, is

AHTn (w) = APn (w)/APn (ei), (3.7)

where ei = (0, . . . , 0, 1, 0, . . . , 0) for i = 1, . . . , d − 1. In the bivariate case, the function

AHTn satisfies condition C2, but not necessarily C1. In the multivariate case it has not

been proved that the estimator satisfies condition C2. Lastly, the multivariate version of

the statistic proposed by Capéraà et al. (1997), referred to as CFG for brevity, is

ACFGn (w) = exp

(
− 1

n

n∑
m=1

log Ỹm(w)− γ

)
, (3.8)

where γ = 0.5772 . . . is the Euler–Mascheroni constant. Once again, the function ACFGn

does not necessarily satisfy the conditions (C1)-(C2). Asymptotic properties of these

statistics have been derived by Gudendorf and Segers (2011). By replacing in (3.5) the

marginal distributions F1, . . . , Fd with the empirical distribution functions

Fn,i(x) =
1

n

n∑
m=1

1I(Xm,i ≤ x), i = 1, . . . , d, (3.9)

where 1I(E) is the indicator function of the event E, the resulting expression (3.6)–(3.8)

provide the definitions of the P, HT and CFG estimators which we denote by ÂPn , ÂHTn
and ÂCFGn respectively. For these estimators, weak convergence result has been shown by

Gudendorf and Segers (2012).

Also likelihood and Bayesian inferential methods have been widely investigated. Ex-

amples of likelihood based methods are the approximate likelihood (e.g. Coles and Tawn

1994; Cooley et al. 2010) and the composite likelihood (e.g. Padoan et al. 2010; Davison

and Gholamrezaee 2012). Examples of Bayesian techniques are found in Apputhurai and

Stephenson (2011), Sabourin et al. (2013), Sabourin and Naveau (2014).
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Chapter 4

Nonparametric Estimation of a

Pickands Dependence Function

It seems that the rivers know the theory.

It only remains to convince the engineers

of the validity of this analysis

(E. Gumbel)

This Chapter addresses the problem of estimating the multivariate Pickands depen-

dence function from observations following a multivariate extreme value distribution with

known and unknown margins. Such a problem has been widely considered and different

approaches exist already, particularly in the bivariate setting. The aim of this Chap-

ter is two-fold: in a first step, a new nonparametric estimator is introduced in Section

4.1, which is a natural multivariate generalization of the bivariate madogram estimator

introduced by Naveau et al. (2009). The associated multivariate madogram estimator,

denoted by Ân does not belong to the space A of functions satisfying conditions (C1)–

(C2). Therefore we “regularize” it, in the sense that Ân is projected onto A through a

Bernstein polynomials based method. Accordingly the projection estimator Ãn belongs

to A as discussed in Section 4.2. Thus, we obtain a nonparametric estimator that satisfies

the shape constraints shared by dependence functions (convexity, within some lower and

upper bounds, and with specific values at the boundary points of the simplex). This

construction exploits the Bernstein-Bézier polynomial representation of the dependence

function. More precisely, it is obtained as the projection of an original estimator (what-

ever it is) on constrained multivariate Bernstein-Bézier polynomial families, combined

with an approximation based on sieves. One of the advantage of using the polynomials in

Bernstein form is that, accounting for the variability of the estimator, it is also possible to

compute simultaneous credible bands (see Section 4.2). The large-sample theory for both

estimators is developed in Section 4.3 and their finite-sample performance is evaluated
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with a simulation study (see Section 4.4).

4.1 Madogram Estimator

The multivariate statistic introduced in this Section is an extension of the bivariate mado-

gram statistic discussed by Naveau et al. (2009) (see also Fonseca et al. (2013)). Let X

be a random vector with continuous marginal distribution functions F1, . . . , Fd and whose

copula C is an extreme-value copula with stable tail dependence function ` and Pickands

dependence function A; see Chapter 2 for details and properties.

Definition 4.1. For w ∈ Sd, the multivariate w-madogram (MD), denoted by ν(w), is

defined as the expected distance between the componentwise maximum and the compo-

nentwise mean of the variables {F 1/w1

1 (X1), . . . , F
1/wd

d (Xd)}, that is

ν(w) = E

( ∨
i=1,...,d

{
F

1/wi

i (Xi)
}
− 1

d

∑
i=1,...,d

F
1/wi

i (Xi)

)
, (4.1)

For wi = 0 and 0 < u < 1, we set u1/wi = 0, by convention.

Proposition 4.1. Let U ∈ [0,∞)d be a random vector with dependent components. As-

sume that E{Ui} <∞ for all i ∈ I. Set

Ud =
1

d

∑
i∈I

Ui, Md = max
i∈I
{Ui}.

Define the mapping ρ : [0,∞)d → [0,∞) by

ρ(U) = E[Md − Ud], (4.2)

Then, the mapping ρ has the following properties:

1. ρ(U) ≥ 0 and ρ(U) = 0 iff Ui = Uj, for all i, j ∈ I, almost surely;

2. ρ(U1, . . . , Ud) = ρ(Ui1 , . . . , Uid) for any permutation i1, . . . , id on the set I;

3. for every variable Y with finite mean, we have

ρ(U) ≤
∑
i∈I

ρ(Y, Ui) +

(
d

2
− 1

)(
E[Y ] +

1

d

∑
i∈I

E[Ui]

)
(4.3)

and

ρ(U) ≤ ρ(U + Y ) +
∑
i∈I

E[max{Y, Ui}]− E[max{U + Y }]. (4.4)
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Proposition 4.2. Let X be a max-stable random vector with exponent V and Pickands

dependence function A, then

ν(w) =
V (1/w1, . . . , 1/wd)

1 + V (1/w1, . . . , 1/wd)
− c(w),

where c(w) = d−1
∑d

i=1 wi/(1 + wi). It follows that

V (1/w1, . . . , 1/wd) =
ν(w) + c(w)

1− ν(w)− c(w)
,

and

A(w) =
ν(w) + c(w)

1− ν(w)− c(w)
. (4.5)

Remark 4.1. When d = 2, expression (4.3) is the triangular inequality and if (4.2) is

applied to (U1, U2) := {F λ(X1), F 1−λ(X2)}, for any λ ∈ (0, 1), then the λ-madogram is

obtained (Naveau et al. 2009).

Remark 4.2. One advantage of the madogram as defined in (4.1) is that it can be inter-

preted as an L1-distance. Specifically, let ρ(u, v) = E|u− v|, where

u =
∨

i=1,...,d

{
F

1/wi

i (Xi)
}
, v =

1

d

∑
i=1,...,d

F
1/wi

i (Xi) .

Then, ρ(u, v) ≥ 0 measures the distance between u and v, that is between the maximum

and the mean of the elements {F 1/w1

1 (X1), . . . , F
1/wd

d (Xd)}. If w1 = . . . = wd = 1/d, then

the L1 distance is zero and this happens if and only if all components Fi(Xi) are equal

with probability one, that is, in case of complete dependence. In other words, (4.1) tells

us how far away X is from the complete dependence case.

In the bivariate case, Definition 4.1 is slightly different from the one proposed by

Naveau et al. (2009). Here, we use the vector {F 1/w1

1 (X1) , F
1/w2

2 (X2)} instead of the

couple {Fw1
1 (X1), Fw2

2 (X2)}. This new version has the advantage that the sample equiv-

alent of (4.5) will automatically satisfy condition (C2), which is not necessarily for the

original estimator by Naveau et al. (2009). We first assume that the marginal distribu-

tions F1, . . . , Fd are known. Equation (4.1) suggests the statistic

νn(w) =
1

n

n∑
m=1

( ∨
i=1,...,d

{
F

1/wi

i (Xm,i)
}
− 1

d

d∑
i=1

F
1/wi

i (Xm,i)

)
, (4.6)

and the Pickands dependence function can then be then estimated through

AMD
n (w) =

νn(w) + c(w)

1− νn(w)− c(w)
, w ∈ Sd. (4.7)

Now, if the marginal distributions F1, . . . , Fd are unknown, they can be estimated via the

empirical distribution functions given by expression (3.9). Replacing Fi by Fn,i in Equa-

tion (4.6) yields our proposed nonparametric estimators ν̂n and ÂMD
n of the multivariate
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madogram and of the Pickands dependence function, respectively. Other estimators of

the marginal distributions could be used instead. However, the use of the empirical dis-

tribution functions requires minimal assumptions and yields an estimator for A which is

invariant under monotone transformations. The condition (C1) is not necessarily satisfied

by ÂMD
n . To ensure this condition, we propose a projection method based on Bernstein

polynomials.

4.2 Estimation based on Bernstein Polynomials

4.2.1 Bernstein Polynomials on the Simplex Sd
Multivariate Bernstein polynomials, defined on the d-dimensional hypercube and simplex

have been widely discussed in mathematics and statistics, see for example Ditzian (1986)

and the references therein, and for a comprehensive description see Petrone (2004). Here,

our focus is on any bounded function f(w) defined on the simplex Sd. In the univariate

case, the relevant shape features of the original function are preserved by its Bernstein

polynomials approximation. For higher dimensions, shape properties like convexity may

no longer be retained, e.g. Sauer (1991). The Bernstein-Bézier polynomials (Sauer 1991),

under appropriate conditions (see Li 2011, Lai 1993), solve this issue and preserve the

desired shape properties. They are defined as follows.

Definition 4.2. Let d ≥ 2 denote the dimension. For positive integer k, let Γk be the

set of multi-indices α = (α1, . . . , αd−1) ∈ {0, 1, . . . , k}d−1 such that α1 + · · · + αd−1 ≤ k.

Define the Bernstein polynomial basis bα( · ; k) of degree k, on Sd, by

bα(w; k) =

(
k

α

)
wα, w ∈ Sd (4.8)

where (
k

α

)
=

k!

α1! . . . αd!
, wα = wα1

1 · · · w
αd
d .

The k-th degree Bernstein polynomial associated to A is defined as

BA(w; k) =
∑
α∈Γk

A(α/k) bα(w; k), w ∈ Sd. (4.9)

Remark 4.3. The cardinality of Γk is equal to the number of multi-indices α ∈ {0, 1, . . . , k}d

such that α1 + · · ·+αd = k; just set αd = k−α1−· · ·−αd−1. Replacing each αj by αj +1,

we find that the number of such multi-indices is also equal to the number of compositions

of the integer k + d into d positive integer parts. The number of such compositions is

equal to

pk =

(
k + d− 1

d− 1

)
, (4.10)

and so is the cardinality of Γk.
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Proposition 4.3. For every Pickands dependence function A and k = 1, 2, . . .,

sup
w∈Sd
|BA(w; k)− A(w)| ≤ d

2
√
k
.

Furthermore, if the Pickands dependence function A has bounded and continuous second-

order partial derivatives, then for all k

sup
w∈Sd
|BA(w; k)− A(w)| ≤ c d

4k

for some positive constant c depending on A.

The aim of this work is to estimate the Pickands dependence function, thus we want

to estimate the vector A(α/k),α ∈ Γk, in the Bernstein representation (4.9), which we

denote by β = {βα,α ∈ Γk} ∈ [0; 1]pk .

The family of Bernstein–Bézier polynomials of degree k is defined as the set

Bk =

{∑
α∈Γk

βα bα( · ; k) : β ∈ [0, 1]pk

}
.

For w ∈ Sd, let bk(w) be the row vector (bα(w; k),α ∈ {0, 1, . . . , k}d : α1 + · · ·+αd = k).

In matrix notation, we have

B(w; k) =
∑
α∈Γk

βα bα(w; k) = bk(w)β, (4.11)

where β is viewed as a column vector.

Remark 4.4. If d = 2, then α = (j), j = 0. . . . , k. Therefore the Bernstein basis polynomial

of degree k, on S2, simplifies to

bj(w; k) =

(
k

j

)
wj(1− w)k−j, w ∈ [0, 1]

and the polynomial representation of A becomes simply

B(w; k) =
k∑
j=0

βj bj(w; k) w ∈ [0, 1],

with β = {βj, j = 0, . . . , k} ∈ [0, 1]k+1.

Remark 4.5. If A is a polynomial in Bernstein form, then it is differentiable and its

derivatives can also be expressed in Bernstein form as:

A′(w) = k

k−1∑
j=0

(βj+1 − βj) bj(w; k − 1)

A′′(w) = k(k − 1)
k−2∑
j=0

(βj+2 − 2 βj+1 + βj) bj(w; k − 2).
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Figure 4.1: Visual illustration of the gain in implementing the Bernstein-Bézier projection

of Ân

Note that the coefficients βj, j = 0, . . . , k are the same as in A(w). Another important

relation is given by the following remark.

Remark 4.6. For j = 0, . . . , k, w ∈ [0, 1], the j-th Bernstein basis polynomial of degree

k ∈ N, can be rewritten in terms of a Beta density with parameters α1 = j + 1 and

α2 = k − j + 1, as follows:

bj(w; k) =
k!

j! (k − j)!
wj (1− w)k−j

=
Γ(k + 1)

Γ(j + 1) Γ(k − j + 1)
wj (1− w)k−j

=
(k + 1)−1 Γ(k + 2)

Γ(j + 1) Γ(k − j + 1)
wj (1− w)k−j

=
1

(k + 1)

1

B(j + 1, k − j + 1)
w(j+1)−1 (1− w)(k−j+1)−1

=
1

(k + 1)
Be(w;α1, α2).

4.2.2 Shape Preserving Estimator

In this section, we describe how to use Bernstein–Bézier polynomials in order to obtain a

projection estimator (Fils-Villetard et al. 2008) that satisfies conditions (C1)–(C2). The

general idea is illustrated in Figure 4.1 where the madogram, on the left panel, clearly

does not satisfy the convexity constraint. We want to use it as a starting point to obtain
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a new function that fulfils all the required conditions (see right panel). The procedure

can be applied to different functions, here we focus on all A ∈ A. Given a pilot estimator,

say Ân, we seek approximate solutions to the constrained optimization problem

Ãn = arg min
A∈A

‖Ân − A‖2.

There is no closed-form solution to the above equation, and so an approximation based on

the sieves method is explored. Consider a sequence Ak ⊆ A of constrained multivariate

Bernstein–Bézier polynomial families on Sd given by

Ak = {w 7→ B(w; k) = bk(w)βk : βk ∈ [0, 1]pk such that Rkβk ≥ rk} . (4.12)

Here, Rk = [R
(1)
k ,R

(2)
k ,R

(3)
k ]> and rk = [r

(1)
k , r

(2)
k , r

(3)
k ]> are a (q× pk) full row rank matrix

and a (q × 1) vector respectively such that the constraint Rkβk ≥ rk on the coefficient

vector βk
1 ensures that each member of Ak satisfies (C1)–(C2). Details for deriving the

block matrices and vectors of constraints are provided below.

R1) A sufficient condition to guarantee that the mapping w 7→ B(w; k) on Sd is convex

is that its Hessian matrix be positive semi-definite. In order to enforce the latter,

we resort to the following relations. For s 6= r ∈ {0, . . . , d − 1} and two vectors vr

and vs, where vr = 0 if r = 0 and vr = er if r > 0 with er the canonical unit vector

(analogously for vs), the directional derivative of B with respect to the direction
−−→vrvs is given by

Dvs−vrB(w; k) = k
∑

α∈Γk−1

∆s,rβαbα(w; k − 1), w ∈ Sd

where ∆s,rβα = (βα+vs−βα+vr). The second directional derivative of B with respect

to the directions −−→vrvs and −−→vrvt is

D′vs−vr,vt−vr
B(w; k) = k(k − 1)

∑
α∈Γk−2

∆t,r∆s,rβα bα(w; k − 2), w ∈ Sd.

Then, the Hessian matrix ofB(w; k), w ∈ Sd, isHB = [D′vs,vt
B(w; k)]s,t∈{1,...,d−1},r=0,

and it can be written as

HB = k(k − 1)
∑

α∈Γk−2

Σα bα(w; k − 2), w ∈ Sd,

where, for all α ∈ Γk−2, Σα is the symmetric (d− 1)× (d− 1) matrix

Σα =


∆2

1,0βα ∆1,0∆2,0βα · · · · · · ∆1,0∆d−1,0βα

∆2
2,0βα ∆2,0∆3,0βα · · · ∆2,0∆d−1,0βα

...
...

...

∆2
d−1,0βα

 .

1In this section βk ≡ β has subscript k to stress its dependence to the polynomial order. However, it

is removed in the following part to simplify the notation.
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Remark 4.7. When d = 3, the Hessian matrix takes the following form:

HB(w) =

 B′′1 (w; k) = ∂2

∂2w
B(w; k) B′′12(w) = ∂2

∂w∂1−wB(w; k)

B′′12(w; k) = ∂2

∂w∂1−wB(w; k) B′′2 (w; k) = ∂2

∂21−wB(w; k)


where the entries of the matrix are the second partial derivatives of B(w; k) with

respect to w and 1− w. Then, we can write

H B(w; k) =
[
∇2
i,j,0BA(w; k)

]
i,j∈{1,2}

where

∇2
i,j,0B(w; k) = k(k − 1)

k−2∑
j=0

∆i,0∆j,0βα bα(w; k − 2), bw ∈ [0, 1].

Notice that, when considering i = j = 1, 2, the expression corresponds to the

second pure partial derivatives, while for i 6= j it refers to the second mixed partial

derivatives. Furthermore, it is known that Bernstein polynomials basis are always

non negative, and k ∈ N. Therefore, it remains to show that the matrix Ql is

positive semi-definite.

By the weak diagonal dominance criterion (Lai 1993) in order to guarantee that Σα is

positive semi-definite, it is sufficient to check, for all α ∈ Γk−2 and i ∈ {1, . . . , d−1},
the conditions

∆2
i,0βα −

∑
j 6=i

|∆i,0∆j,0βα| ≥ 0.

This can be synthesized in matrix form as R
(1)
k βk ≥ r

(1)
k where R

(1)
k is a matrix

of dimension
(
pk−2(d− 1)2d−2 × pk

)
and r

(1)
k is the corresponding null vector. For

example, with d = 3 and k = 3,

R
(1)
3 =



0 1 0 0 −1 −1 0 1 0 0

2 −1 0 0 −3 1 0 1 0 0

0 −1 1 0 1 −1 0 0 0 0

2 −3 1 0 −1 1 0 0 0 0

0 0 1 0 0 −1 −1 0 1 0

0 2 −1 0 0 −3 1 0 1 0

0 0 −1 1 0 1 −1 0 0 0

0 2 −3 1 0 −1 1 0 0 0

0 0 0 0 0 1 0 −1 −1 1

0 0 0 0 2 −1 0 −3 1 1

0 0 0 0 0 −1 1 1 −1 0

0 0 0 0 2 −3 1 −1 1 0


, r

(1)
3 =



0

0

0

0

0

0

0

0

0

0

0

0


.

R2) B satisfies the upper bound condition in (C2) if βα = 1 for the set of coeffi-

cients {βα : α = 0 or α = k ei, ∀i = 1, . . . , d− 1}. Thus, the (2d × p) matrix and
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2d-dimensional vector of restrictions are equal to

R
(2)
k =



1 0 · · · 0 · · · 0 · · · 0

−1 0 · · · 0 · · · 0 · · · 0

0 0 · · · 1 · · · 0 · · · 0

0 0 · · · −1 · · · 0 · · · 0
...

...
...

...
...

...
...

...

0 0 · · · 0 · · · 1 · · · 0

0 0 · · · 0 · · · −1 · · · 0

 , r
(2)
k =



1

−1

1

−1
...

1

−1

 .

R3) B satisfies the lower bound condition in (C2) if the restrictions R1)-R2) hold and the

following constraints are fulfilled. Specifically, for all (i, j) ∈ {0, . . . , d− 1}2, i 6= j,

the first directional derivatives with respect to −−→vivj, evaluated at the vertices of the

simplex, are compared with the first directional derivatives of the planes z0 = 1,

z1 = w1, z2 = w2, . . ., zd = 1 − w1 − w2 − · · · − wd−1, with respect to the same

directions. So, it is sufficient to check the conditions

Dvi−vj
B(vj; k) > −1, ∀ (i, j) ∈ {0, . . . , d− 1}2, i 6= j.

As a consequence, it is sufficient to check the conditions βα > 1 − 1/k for the

set of coefficients {βα : α = ei or α = (k − 1)ei or α = (k − 1)ei + ej, ∀i, j =

1, . . . , d− 1, i 6= j}. This can be synthesized in matrix form as R
(3)
k βk ≥ r

(3)
k where

R
(3)
k is a (d(d− 1)× pk)-dimensional matrix and r

(3)
k is the corresponding vector of

1 − 1/k vaules. For example, when d = 3 and k = 3, the constraint matrix is the

following:

R
(3)
3 =


0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 1 0

 , r
(3)
3 =


1− 1/k

1− 1/k

1− 1/k

1− 1/k

1− 1/k

1− 1/k

 .

The use of the third restriction is justified by the following result.

Proposition 4.4. Let BA be the polynomial (4.9). Assume that BA is convex on the

simplex and BA(vj; k) = 1 for all j ∈ {0, . . . , d− 1}. Then, for all w ∈ Sd

BA(w; k) ≥ max(w1, . . . , wd) ⇐⇒ Dvi−vj
BA(vj; k) ≥ −1,

for all (i, j) ∈ {0, . . . , d− 1}2, i 6= j.

Remark 4.8. If d = 2 and k = 3, the matrix of all constraints, and its corresponding

vector, simplify to the following (8× 4) matrix,

R3 =



1 −2 1 0

0 1 −2 1

1 0 0 0

−1 0 0 0

0 0 0 1

0 0 0 −1

0 1 0 0

0 0 1 0

 , r3 =



0

0

1

−1

1

−1

2/3

2/3

 .
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The approximate projection estimator is given by the solution of the equation

Ãn,k = arg min
B∈Ak

‖Ân −B‖2. (4.13)

In practice, the estimator Ãn,k is evaluated on a finite set of points {wq, q = 1, . . . , Q},
with Q ∈ N and wq ∈ Sd. Therefore, the discretized version of the above solution is given

by

Ãn,k(wq) = bk(wq)β̂k, wq ∈ Sd, q = 1, . . . , Q, (4.14)

where β̂k is the minimizer of the constrained least-squares problem

β̂k = arg min
βk∈[0,1]pk :Rkβk≥rk

1

Q

Q∑
q=1

(
bk(wq)βk − Ân(wq)

)2
.

This is a quadratic programming problem and its solution, in matrix form, is:

β̂k = β′k − (b>k bk)
−1R>k γγγ (4.15)

where γγγ is a vector of Lagrange multipliers and β′k = (b>k bk)
−1b>k Ân is the unconstrained

least squares estimator. The elements of the vector γγγ determine how far the solution

is from the unconstrained estimated parameter, and they take the value zero when the

polynomial is approximating a linear function. If all constraints reduce to Rkβk = rk,

the results match the form of ordinary constrained least square

β̂k = β′k − (b>k bk)
−1RT

k

[
Rk(b

T
kbk)

−1RT
k

]−1
(Rkβ

′
k − rk) .

The vectors β̂k and γγγ can be efficiently computed using an iterative quadratic pro-

gramming algorithm (e.g. Goldfarb and Idnani 1983). A high resolution of (4.14) is

obtained with increasing values of Q. Numerical experiments show that a close approx-

imation of the true Pickands dependence function is obtained with moderate values of

Q. However, Q should not be seen as an additional parameter of the projection estima-

tor. The solution (4.14) provides better approximations of the true Pickands dependence

function for increasing sample sizes and polynomial degrees.

4.2.3 Confidence Bands

To assess the uncertainty of the new estimates, we construct confidence bands using a

resampling method. For w ∈ Sd and 0 < α̃ < 1, the bootstrap (1−α̃) pointwise confidence

band, based on the estimates Ã
∗(r)
n,k (w), r = 1, 2, . . ., obtained from the bootstrapped

sample X
(r)
n = (X

(r)
1 , . . . ,X

(r)
d ), has the drawback that the lower and upper limits of the

band are rarely convex and continuous. To bypass this hurdle, we followed the strategy

of working with the estimated Bernstein polynomial coefficients themselves. Specifically,
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Estimator Confident bands’ type Parameter α

0.3 0.5 0.7 0.9 1

BP–P Pointwise 31.25 79.43 92.62 83.15 73.64

Simultaneous 40.14 90.82 97.42 90.47 82.50

BP–Pw Pointwise 92.43 93.97 91.48 89.64 72.67

Simultaneous 98.63 93.63 93.67 93.87 81.48

BP–CFG Pointwise 84.59 88.96 50.11 89.71 44.88

Simultaneous 86.38 90.68 60.14 91.02 50.79

BP–CFGw Pointwise 94.25 93.27 89.88 90.74 58.14

Simultaneous 95.57 96.01 93.86 96.18 64.52

BP–HT Pointwise 94.41 89.53 85.13 92.35 80.50

Simultaneous 96.18 95.06 88.65 95.01 87.32

BP–MD Pointwise 94.02 94.28 89.97 94.23 89.21

Simultaneous 96.89 96.35 93.85 94.75 89.57

Table 4.1: Pointwise and simultaneous coverage probabilities for the BP method with

nominal level 0.95, using four nonparametric estimators based on the symmetric logistic

model for different parameter values, sample size equal to 100 and bootstrap resampling

size of 500.

let β̂
∗(r)
k be the Bernstein polynomial coefficient estimator based on the bootstrap sample

X
(r)
n , r = 1, 2, . . ., we define a bootstrap simultaneous (1−α̃) confidence band by specifying

the lower ÃLn,k(w) and upper ÃUn,k(w) limits as[∑
α∈Γk

β̂∗dr(α̃/2)e
α bα(w; k);

∑
α∈Γk

β̂∗dr(1−α̃/2)e
α bα(w; k)

]
, w ∈ Sd, (4.16)

where β̂
∗dr(α̃/2)e
α and β̂

∗dr(1−α̃/2)e
α , for all α ∈ Γk, correspond to the dr(α̃/2)e and dr(1 −

α̃/2)e order statistics respectively and bα(w; k) is the Bernstein basis polynomial of de-

gree k, see (4.8). Although this approach does not guarantee convex confidence bands,

it works very well in our simulations, where we find that the convexity is violated only

when dependence is weak.

Simultaneous coverage probability is also taken into account. It refers to a collection of

confidence intervals of each coefficient βα,α ∈ Γk, and it is the probability that all of the

intervals cover the true values of the coefficients simultaneously. Because of the skewness

of the bootstrap distribution, the percentile intervals are not quite symmetric around β̂.

This can be seen in the boxplots of Figure 4.2 and compared to the “true” values A(j/k)

(red points) of the function BA(w; k). We estimated the Pickands dependence functions

of the logistic dependence model with different polynomial orders (k = 23, 20, 16, 6, 3) de-

pending on the strength of dependence (α = 0.3, 0.5, 0.7, 0.9, 1). The results for the 95%
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Figure 4.2: Confidence bands of β̂. 500 replicates with respect to strong, mild and weak

dependence of symmetric logistic model (red points).

confidence bands are reported in Table 4.1 and are based on a Monte Carlo sample of

size 500. The rows labelled BP represent the coverage probabilities for the regularization

method proposed in the previous section. The rows labelled Pointwise show the coverage

probability referring to the standard pointwise method, while the rows labelled Simul-

taneous are computed using equation (4.16). We discover remarkable improvements in

coverage when considering simultaneous bands in comparison to the usual pointwise ap-

proach; this holds for all estimators. Desirably, the coverage probabilities should be close

to the nominal value, which we indeed observe, mainly for the CFGw and MD estimators.

4.3 Asymptotic Results

This section contains the asymptotic results for the madogram statistic and its regularised

version. Starting from AMD
n and ÂMD

n , the following theorem summarizes their asymptotic

properties. The asymptotic normality requires a smoothness condition on the extreme-

value copula C (Segers 2012).

Condition 4.1. For every i ∈ {1, . . . , d}, the partial derivative of C with respect to ui

exists and is continuous on the set {u ∈ [0, 1]d : 0 < ui < 1}.

Let C be a C-Brownian bridge, that is, a zero-mean Gaussian process on [0, 1]d with

continuous sample paths and with covariance function given by

Cov(C (u),C (v)) = C(u ∧ v)− C(u)C(v), u,v ∈ [0, 1]d, (4.17)

where the minimum is considered component-wise. Provided Condition 4.1 is satisfied,

define the Gaussian process C on [0, 1]d by

C(u) = C (u)−
d∑
i=1

∂C

∂ui
(u) C (1, . . . , 1, ui, 1, . . . , 1), u ∈ [0, 1]d. (4.18)
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Theorem 4.1. Let X1, . . . ,Xn be independent and identically distributed random vec-

tors whose common distribution has continuous margins and extreme-value copula C with

Pickands dependence function A. Then:

a) ‖AMD
n − A‖∞

as−→0 as n→∞. And in `∞(Sd), as n→∞,

√
n(AMD

n − A) (
(1 + A(w))2 1

d

d∑
i=1

∫ 1

0

(
C (1, . . . , 1, xwi , 1, . . . , 1)− C (xw1 , . . . , xwd)

)
dx

)
w∈Sd

;

b) ‖ÂMD
n − A‖∞

as−→0 as n → ∞. Moreover, if Condition 4.1 is satisfied, then, in

`∞(Sd), as n→∞,

√
n(ÂMD

n − A) 

(
−(1 + A(w))2

∫ 1

0

C(xw1 , . . . , xwd) dx

)
w∈Sd

.

In order to state the asymptotic results for the projection estimator the following

result is required.

Proposition 4.5. Ak, k = 1, 2, . . . is a nested sequence in A. Furthermore, if A ∈ A
satisfies the condition

∆2
i,0A(α/k)−

∑
j 6=i

|∆i,0∆j,0A(α/k)| ≥ 0, ∀ k,α ∈ Γk−2, i ∈ {1, . . . , d− 1}, (4.19)

then there exist polynomials Ak ∈ Ak such that limk→∞ supw∈Sd|Ak(w)− A(w)| = 0.

The asymptotic distribution of the Bernstein-projection estimator based on our mul-

tivariate madogram estimator ÂMD
n is established in the following proposition.

Proposition 4.6. Assume that the polynomial degree, kn, increases with the sample size

n in such a way that kn/n
1/2 → ∞ as n → ∞. If the Pickands dependence function A

has bounded and continuous second-order partial derivatives and satisfies the condition

(4.19), then

√
n(ÃMD

n,kn − A) 

(
−b∗2k (w) (1 + A(w))2

∫ 1

0

C(xw1 , . . . , xwd) dx

)
w∈Sd

,

in L2(Sd), where b∗k(w) is the row vector bk(w)
(
b>k (w)bk(w)

)−1
b>k (w).

This follows from the work of Fils-Villetard et al. (2008). Specifically, from Theorem

4.1 we have that
√
n(ÂMD

n −A) Z in L2(Sd) as n→∞ where Z is a Gaussian process.

From Proposition 4.3 we have that ‖BA − A‖∞ = O(k−1) as k → ∞. Then, using the
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Figure 4.3: Asymptotic convergence of the madogram (top) and its Bernstein projection

(bottom) to a Brownian Bridge. Empirical (left) and Frèchet (right) marginal distribu-

tions are considered

hypothesis on kn and applying Lemma 1 in Fils-Villetard et al. (2008) we have that

‖ÃMD
n,kn
− ÃMD

n ‖ = op(n
1/2). As a consequence

√
n(ÃMD

n,kn − A) =
√
n(ÃMD

n − A) + op(1) n→∞

and the asymptotic distribution of the approximate Bernstein-projection estimator follows

from that of our madogram estimator. By applying Theorem 1 in Fils-Villetard et al.

(2008) it follows that

√
n(ÃMD

n − A) arg min
Z′∈TA(A)

‖Z ′ − Z‖2, n→∞

in L2(Sd), where TA(A) is the tangent cone of A at A, given by the set of limits of all the

sequences an(An − A), an ≥ 0 and An ∈ A. A definition of Gaussian process projection
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can be found, for example, in Lin and Dunson (2014). Let {Z(t)}t∈X , with X ⊆ Rd,

denote a Gaussian process with mean µ(t) ∈ R and covariance function c(h) ∈ R, where

h ∈ Rd is the separation between two index points. Let M be a subset of the space

of continuous functions mapping from X to R having some constraints. The projective

Gaussian process PZ is defined on the constrained space M as

PZ(t) = arg min
F∈M

∫
X
{Z(t)− F (t)}2 dt, t ∈ X .

Concluding, the approximated projection estimator of the Pickands dependence func-

tion takes the form,

ÃMD
n,k = bk(w) β̂k

= bk(w)β′k − bk(w)(b>k (w)bk(w))−1R>k γγγ

= bk(w)
(
b>k (w)bk(w)

)−1
b>k (w)ÂMD

n − bk(w)(b>k (w)bk(w))−1R>k γγγ

where ÂMD
n is a column vector of length equal to n, bk(w) is the row vector (bα(w; k),α ∈

{0, 1, . . . , k}d : α1 + · · · + αd = k) and β̂k is given by expression (4.15). Notice that, in

Proposition 4.6, the term b∗k(w) := bk(w)
(
b>k (w)bk(w)

)−1
b>k (w) is around zero, which

would decrease the variance of the processes associated to the shape preserving estimator.

It remains an open problem to establish the asymptotic behaviour of the projection

estimator without the condition in Proposition 4.5 and the smoothness and boundedness

conditions in Proposition 4.6.

Theorem 4.1 and Proposition 4.6 state the asymptotic behaviour of the madogram

and its regularised version, respectively. We performed a visual check via Monte Carlo

simulation, see Figure 4.3, where the curves of the variances of the two versions are drawn

as a function of the argument of the Pickands dependence function. It seems that the

limit distribution of
√

(n)(Ãn − A), or
√

(n)(ν̂n − ν), (using the empirical distributions)

has smaller variance than the distribution of
√

(n)(An −A), or
√

(n)(νn − ν), (using the

theoretical distributions), although restrained. The convergence to a Brownian bridge is

almost clear for both the madogram and the Bernstein projection. Using the empirical dis-

tribution functions (left panels) rather than the true Frèchet distribution functions (right

panels) actually yields a smaller asymptotic variance. We have proved the weak conver-

gence of an empirical copula process indexed by a class of functions. The convergence to

Brownian bridges highlights how both the madogram and the Bernstein projection satisfy

the constraints at the vertices.
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4.4 Numerical Results

In order to visually illustrate the gain in implementing our Bernstein-Bézier projection

approach, Figure 4.5 compares some basic estimators Ân, reviewed in Section 3.2 (NP)

with their Bernstein-Bézier-projection (BP) version defined by (4.14), with k = 20, for

the special case of the symmetric logistic model (SL, Tawn 1990) with d = 3 and α = 0.3.

For all sample sizes (n = 10, 20, 50), an improvement can be observed by comparing the

estimated contour lines (black) in the upper and lower panels. This is particularly true

for small sample sizes, e.g. for n = 10, the corrected version provides much smoother and

realistic contour lines.

Proposition 4.6 suggests the use of a large polynomial degree k for large sample sizes,

to guarantee a good approximation of A with Ãn,k (see also Fils-Villetard et al. (2008),

Gudendorf and Segers (2011), Gudendorf and Segers (2012)), but computational time

limits restrict the choice of k. Figure 4.4 explores this issue for the logistic model with

α = 0.3 and n = 100. As expected from the theory, the choice of k is not anecdotal. A

shift in the contour lines appears for the small value k = 5, see the left panel of Figure

4.4. This undesirable feature disappears for a moderate value of k (see the right panel

with k = 14).

To go beyond these visual checks, we also estimate the mean integrated squared error

MISE(Ân, A) = E
{∫
Sd

(
Ân(w)− A(w)

)2

dw

}
,

for a variety of setups. The MISE is obtained by repeating 1000 times, with different

samples, a given inference method for three different sample sizes n = 50, 100, 200.
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Figure 4.4: Estimates (black lines) of the Pickands dependence function of the symmetric

logistic model with α = 0.3 (grey line) and sample size 100, obtained with the Bernstein

projection of the madogram, with three different values of the polynomial order.
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Figure 4.5: Estimates (black lines) of the Pickands dependence function for the symmetric logistic

model with α = 0.3 (grey line), obtained with four nonparametric estimators (NP) and their BP version

with polynomial’s degree k = 20, respectively for sample sizes n = 10, 20, 50 (top-bottom).Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
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The trivariate parametric models considered are: the symmetric logistic (SL) and

asymmetric logistic (AL) with dependence parameters (α, θ, φ, ψ) ∈ (0, 1]× [0, 1]3, (Tawn

1990); the Hüsler–Reiss model (HR) with dependence parameter (λ1, λ2, λ3) ∈ (0,∞)3

(Hüsler and Reiss 1989) and the extremal skew-t (EST) with dependence parameters

(α1, α2, α3, ω1, ω2, ω3, ν) ∈ (−∞,∞)3 × (−1, 1)3 × (0,∞), (Padoan 2011).

Different dependence strengths have been explored for each of these models. The

results summarised in Tables 4.2 and 4.3 are obtained with different values of the pa-

rameters. In Tables 4.2, α varies between 0.3 (strong dependence) and 1 (independence)

for the SL model. Additionally, in Table 4.3, (i)-(v) duplicate the same strengths of de-

pendence with different parameter settings: α varies between 0.3 and 1, β1 = 0.2 and

β2 = 0.8, for the AL model; the parameter setting for the HR model is (λ1,2, λ1,3, λ2,3) =

{(0.5, 0.9, 0.8), (0.7, 0.8, 0.33), (0.2, 0.3, 0.13), (0.5, 0.3, 0.29), (0.2, 0.9, 0.88)}; the parame-

ters of the extremal skew-t model vary within (α1 = 1, α2 = 1, ω = −0.2, ν = 3),

(α1 = −2, α2 = 2, ω = −0.2, ν = 3) (α1 = −2,α2 = 2, ω = 0.5, ν = 5), (α1 = 3,α2 = −6,

ω = 0.6, ν = 3) and (α1 = 3,α2 = −6, ω = 0.9, ν = 5).

We compare the four non-parametric estimators introduced in Chapter 3: the MD,

HT, P and CFG. For comparison purposes we have considered the weighted and endpoint-

corrected versions of the P and CFG estimators, Pw and CFGw respectively, as discussed

in Gudendorf and Segers (2012), whereas the MD, HT, P and CFG estimators do not

have any correction.

We can see that with a strong dependence (α = 0.3), the CFG estimator provides

the best results, especially for small sample size (n = 50). With a medium dependence

(α = 0.5, 0.7), the four estimators provide similar results. With a weak dependence or in

the independence case (α = 0.9, 1), the MD estimator provides the best results, especially

for small and moderate sample sizes (n = 50, 100). The same conclusions arise when

considering different models which allow for asymmetric dependence structures (see table

4.3).

Tables 4.4 and 4.5 show how an initial estimate of the Pickands dependence function

improves using the projection method. The improvement is computed as

MISENP −MISEBP
MISENP

× 100,

(reported in columns 3–6 in Table 4.4), where MISENP and MISEBP are the MISE ob-

tained with a non-parametric estimator and its projection respectively. As before, MISE

provides a Monte-Carlo approximation of (4.4) obtained from 1000 random samples. The

true dependence structure is the symmetric logistic model, α denotes the model parame-

ter, and n and k are the sample size and the polynomial degree respectively. Estimates

obtained with the the four non-parametric methods are regularized using the BP method.

The order, k, of the polynomial exploited is an “optimal” value in the sense that the

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



43

Sample size n Estimator Parameter α

0.3 0.5 0.7 0.9 1

50 P 4.25× 10−4 8.06× 10−4 1.47× 10−3 2.45× 10−3 2.50× 10−3

Pw 1.45× 10−4 5.13× 10−4 1.26× 10−3 2.53× 10−3 2.81× 10−3

CFG 2.36× 10−4 6.92× 10−4 1.87× 10−3 4.07× 10−3 5.02× 10−3

CFGw 9.17× 10−5 4.45× 10−4 1.24× 10−3 2.66× 10−3 3.07× 10−3

HT 2.64× 10−4 8.54× 10−4 2.59× 10−3 5.13× 10−3 5.65× 10−3

MD 1.80× 10−4 8.66× 10−4 1.91× 10−3 3.02× 10−3 2.87× 10−3

100 P 1.53× 10−4 3.16× 10−4 6.98× 10−4 1.20× 10−3 1.39× 10−3

Pw 6.36× 10−5 2.38× 10−4 6.51× 10−4 1.25× 10−3 1.51× 10−3

CFG 9.54× 10−5 3.27× 10−4 8.66× 10−4 1.78× 10−3 2.15× 10−3

CFGw 4.32× 10−5 2.21× 10−4 6.35× 10−4 1.24× 10−3 1.39× 10−3

HT 2.61× 10−4 7.66× 10−4 2.16× 10−3 4.24× 10−3 5.27× 10−3

MD 7.02× 10−5 3.18× 10−4 7.91× 10−4 1.19× 10−3 1.09× 10−3

200 P 5.87× 10−5 1.54× 10−4 3.40× 10−4 6.25× 10−4 7.24× 10−4

Pw 3.01× 10−5 1.31× 10−4 3.28× 10−4 6.60× 10−4 7.59× 10−4

CFG 3.87× 10−5 1.58× 10−4 4.00× 10−4 8.31× 10−4 8.52× 10−4

CFGw 2.12× 10−5 1.23× 10−4 3.24× 10−4 6.36× 10−4 5.90× 10−4

HT 2.55× 10−4 7.31× 10−4 2.05× 10−3 3.82× 10−3 5.85× 10−3

MD 3.17× 10−5 1.58× 10−4 3.70× 10−4 5.81× 10−4 4.91× 10−4

Table 4.2: MISE of four estimators of the Pickands dependence function based on a

symmetric logistic dependence model for different parameter values and sample sizes.

MISE does not decrease significantly for larger values of k. It turns out that with a

weak dependence a small value of k is sufficient, while with a strong dependence a large

value of k is needed. This makes sense if we view a dependence structure as an added

complexity, especially with respect to the independence case, the simplest possible model.

In such a framework, the polynomial degree has to be higher in order to capture this

additional information. For the symmetric logistic model, in Table 4.4, the improvements

by regularizing each of the four estimators, sorted from largest to smallest, are: HT, P,

MD and CFG. For each estimator, the improvements, sorted from largest to smallest, are

obtained with: independence (α = 1), weak dependence (α = 0.9), strong dependence

(α = 0.3) and medium dependence (α = 0.5, 0.7). These results are compared with those

provided by Gudendorf and Segers (2012), which are obtained using the discrete spectral

measure projection method proposed by the authors (see columns 7,8). Again, the same

considerations can be made for the asymmetric logistic, Hüsler-Reiss and extremal skew-t

models. The gain of the Bernstein projection method is stressed especially for the case

of independence where the pilot estimator may be much less smooth. In this case, no

comparisons could been done, with respect to the discrete spectral measure projection
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Model Estimator Parameter

(i) (ii) (iii) (iv) (v)

AL P 9.58× 10−4 1.08× 10−3 1.28× 10−3 1.40× 10−3 1.44× 10−3

Pw 9.82× 10−4 1.06× 10−3 1.32× 10−3 1.50× 10−3 1.59× 10−3

CFG 1.20× 10−3 1.24× 10−3 1.71× 10−3 1.97× 10−3 2.16× 10−3

CFGw 7.90× 10−4 8.16× 10−4 1.15× 10−3 1.30× 10−3 1.41× 10−3

HT 1.03× 10−3 1.06× 10−3 1.29× 10−3 1.30× 10−3 1.29× 10−3

MD 8.09× 10−4 9.59× 10−4 1.07× 10−3 1.16× 10−3 1.14× 10−3

HR P 8.46× 10−3 5.57× 10−3 1.81× 10−3 2.73× 10−3 7.53× 10−3

Pw 7.10× 10−3 4.82× 10−3 1.51× 10−3 2.27× 10−3 6.32× 10−3

CFG 5.75× 10−3 4.07× 10−3 1.07× 10−3 2.31× 10−3 5.30× 10−3

CFGw 6.99× 10−3 4.81× 10−3 1.57× 10−3 2.42× 10−3 6.16× 10−3

HT 6.67× 10−3 4.44× 10−3 1.39× 10−3 2.21× 10−3 5.94× 10−3

MD 9.41× 10−3 6.18× 10−3 1.69× 10−3 3.02× 10−3 8.05× 10−3

EST P 8.25× 10−3 5.74× 10−3 1.74× 10−3 2.85× 10−3 7.45× 10−3

Pw 6.93× 10−3 4.83× 10−3 1.46× 10−3 2.47× 10−3 6.26× 10−3

CFG 5.64× 10−3 4.17× 10−3 1.03× 10−3 2.57× 10−3 5.21× 10−3

CFGw 6.78× 10−3 4.97× 10−3 1.43× 10−3 2.67× 10−3 6.14× 10−3

HT 4.47× 10−3 3.07× 10−3 1.18× 10−3 1.72× 10−3 3.37× 10−3

MD 7.21× 10−3 6.38× 10−3 1.36× 10−3 3.15× 10−3 2.47× 10−3

Table 4.3: MISE of four estimators of the Pickands dependence function based on a

asymmetric logistic, Hüsler-Reiss and extremal skew-t dependence models for different

parameter values and sample sizes equal to 100.

method. We can conclude that overall the BP method provides a better percentage im-

provement.

A further issue of this simulation study concerns the choice of the grid size. In general,

any estimator of the Pickands dependence function is evaluated on a grid of a finite set

of points {wq, q = 1, . . . , Q}, where Q determines how dense is the grid. One naturally

expects to improve the solution when increasing the number of points of the grid. However,

the goodness of our projection method mainly depends on sample size, rather than the

grid size. Let consider the expectation of 1
Q

∑
q=1

(
bk(wq)β̂k − Ân(wq)

)2

for increasing

values of Q, see Table 4.6. The procedure has been repeated for 1000 sample. In average,

the expectation does not change remarkably, which stress the fact that even a small grid

is enough in order to have a good performance.

We also explore the validity of our procedure by deriving bootstrap pointwise and

simultaneous (1−α) confidence bands, see Table 4.1, in Section 4.2.3, which displays 95%
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Projection method

Bernstein-Bézier Discrete spectral measure

% Improvement

n α k

50 0.3 23

0.5 20

0.7 16

0.9 6

1 3

100 0.3 23

0.5 20

0.7 16

0.9 6

1 3

200 0.3 23

0.5 20

0.7 16

0.9 6

1 3

Estimator

P Pw CFG CFGw HT MD

18.11 13.34 76.84 18.97 51.53 8.50

8.19 5.44 13.98 1.46 12.52 2.22

15.60 11.01 4.43 2.10 9.05 6.48

44.70 25.92 3.98 6.51 16.93 48.72

69.95 34.53 4.92 9.04 34.68 93.60

16.59 13.36 59.75 13.43 45.45 7.41

5.85 3.83 7.59 0.63 9.78 1.23

9.89 8.15 2.21 0.95 6.42 2.74

34.95 23.98 3.48 6.50 8.33 26.72

68.00 39.35 5.93 11.50 19.22 87.46

15.16 10.63 37.73 5.66 44.72 5.05

3.06 2.51 3.80 0.41 9.06 0.13

5.70 5.22 0.90 0 5.60 0.76

25.22 20.48 3.43 6.07 5.53 13.39

69.17 46.32 8.63 16.06 10.88 81.99

Estimator

Pw CFGw

2.14 0.82

5.51 1.17

11.03 3.17

22.39 4.37

29.07 4.89

1.27 0.40

3.52 0.84

7.51 1.37

23.13 4.07

36.10 8.11

0.60 0

2.10 0

4.85 0.88

18.52 3.28

40.99 11.89

Table 4.4: Percentage improvement of the MISE gained with the projection method for

the symmetric logistic model.

coverage probabilities from 1000 independent samples and r = 500 bootstrap resampling.

The parametric setup is identical to the one used in Table 4.4, but with fixed sample size

equal to n = 100. Overall, excluding the independence case, the coverage probabilities

are close to the nominal value of 0.95 with both methods. However, the simultaneous

method (4.16) outperforms the pointwise method, since the coverage probabilities are

always larger.

To close this small simulation study, we illustrate the bivariate and trivariate con-

fidence bands extending the class of parametric families, see Figures ?? and 4.7. The

setting considered is: the asymmetric logistic model(AL, Tawn 1990) with β1 = 0.6,

β2 = 0.3, the Hüsler–Reiss model (HR, Hüsler and Reiss 1989) with three parameters

settings (λ1 = 0.8, λ2 = 0.3, λ3 = 0.7), (λ1 = 0.49, λ2 = 0.51, λ3 = 0.03), (λ1 = 0.24, λ2 =

0.23, λ3 = 0.11) and the extremal skew-t model (EST, Padoan 2011) with three setups

(α = 7,−10, 1, ν = 3, ω = 0.9), (α = −2, 9,−15, ν = 2, ω = 0.9), (α = −0.5,−0.5,−0.5,

ν = 3, ω = 0.9). Figure 4.7 shows that, for all these cases, the lower and upper limits

of the variability bands are always convex functions and they always contain the true

Pickands dependence function. The variability bands of weaker dependence structures
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% Improvement Bernstein-Bézier Projection method

Model Estimator Parameter α

(i) (ii) (iii) (iv) (v)

AL P 17.25 27.49 34.53 59.74 66.68

Pw 11.20 20.15 24.17 34.43 39.39

CFG 2.94 6.55 4.93 5.86 6.77

CFGw 4.16 7.00 7.94 10.18 12.05

HT 10.67 17.00 19.38 20.30 17.21

MD 9.95 17.20 28.39 69.61 86.13

HR P 1.59 0.15 8.96 9.39 7.61

Pw 3.37 0.84 7.69 18.21 9.80

CFG 0.09 19.84 21.90 8.77 11.76

CFGw 0.28 3.65 23.01 9.65 11.92

HT 1.70 3.84 16.18 17.33 11.26

MD 0.17 1.84 18.03 0.00 6.81

EST P 3.08 3.36 7.23 46.30 22.75

Pw 1.54 3.43 2.53 5.10 5.08

CFG 0.01 17.38 17.32 1.71 8.18

CFGw 1.07 0.09 7.23 1.18 6.20

HT 2.58 1.91 6.03 8.22 6.34

MD 0.62 4.50 11.92 0.02 7.56

Table 4.5: Percentage improvement of the MISE when using the projection method, for

the asymmetric logistic, Hüsler-Reiss and extremal skew-t models.

are typically wider than those of stronger dependence structures. The same is true for

asymmetric versus symmetric dependence structures.

Concluding the analysis of the performance of the Bernstein-projection estimator pro-

posed, let consider its computational complexity. The convex quadratic programming has

a polynomial time complexity. For example, Ye and Tse (1989) showed that a convex

quadratic problem that creates a sequence of interior feasible points, converges to the

optimal feasible solution in O(pk) iterations, where pk is the length of the βk vector of

coefficients which depends on both the order of the polynomials k and d. Each iteration

can be computed in O(p3
k) arithmetic operations. About quadprog’s inner implementa-

tion and time-complexity, Table 4.7 resumes computational times for the estimation of

the Pickands dependence function Ãn,k, when increasing the order of the polynomials k

and d.
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Figure 4.6: Estimates of the Pickands dependence functions A(w) (black line) with boot-

strap variability bands (grey shade). Strong, mild and weak dependences (left-right) are

modelled with polynomial orders k = 23, 16, 6, respectively, for (top-bottom) the Symmet-

ric Logistic (α = 0.3, 0.6, 0.9), Asymmetric Logistic (α = 0.3, 0.6, 0.9, β1 = 0.8, β2 = 0.2),

Hüsler-Reiss (λ = 2, 1, 0.6) and Tilted Dirichlet models (α = 3, 0.7, 0.1, β = 0.7)
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Figure 4.7: Estimates of trivariate Pickands (light grey shade) and bootstrap variability

bands (dark grey shade) for the SL, AL, HR, EST (left-right) models with strong, mild

and weak dependence (top-bottom)
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d Q

10 15 20 30 50 100

2 0.088 0.093 0.093 0.095 0.087 0.097

3 0.184 0.173 0.183 0.176 0.175 0.176

Table 4.6: Expectation of 1
Q

∑
q=1

(
bk(wq)β̂k − Ân(wq)

)2

for increasing values of

Q = 10, 15, 20, 30, 50, 100 for bivariate and trivariate maxima vectors.
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Figure 4.8: Length of the β vector of coefficients, pk, when increasing the order of the

polynomial k and the dimension d

k d

2 3 4 5 6 7

3 0.0003 0.0068 0.14 1.84 2.09 2.47

6 0.0005 0.0075 0.26 7.35 22.21 133.09

16 0.0005 0.0170 15.52 NA NA NA

20 0.0005 0.0367 75.17 NA NA NA

23 0.0005 0.0708 218.76 NA NA NA

Table 4.7: Computational time (in minutes) for the estimation of the Pickands dependence

function by means of the projection estimator Ãn,k, with respect to a processor Intel(R)

Core(TM) i5-4440 CPU 3.10 GHz. NA entries are determined by lack of memory in the

processor for data storage.
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4.5 Weekly Maxima of Hourly Rainfall in France

The methodology discussed so far is applied in order to estimate the extremal depen-

dence of French heavy rainfalls. The data are provided by the French meteorological

service, Météo-France Recalling Figure 1.1, introduced in Chapter 1, our goal here is to

measure the dependence within each cluster of size d = 7. This dataset was studied by

Bernard et al. (2013) who performed a cluster analysis for detecting clusters of loca-

tions with similar spatial dependence structures over the French territory. 7 clusters have

been identified with about 8-20 climatologically homogeneous stations and with similar

topographical features. Thus, the focus on clusters is motivated by the aim of describ-

ing the dependence of locations with homogeneous climatology characteristics, within a

cluster, and heterogeneous between clusters. Climatologically, extreme precipitation that

affect the Mediterranean coast in the fall are caused by the interaction of southern and

mountains winds coming from the Pyrénées, Cévennes and Alps regions. In the north of

France, heavy rainfall is often produced by mid-latitude perturbations in Brittany or in

the north of France and Paris. It can be verified that, indeed, extremes within clusters

are strongly dependent. See Bernard et al. (2013) for a complete description. Here, we

consider the same clusters but, within each of them, we select 7 random stations. Figure

1.1 shows the selected stations and those belonging to the same cluster are depicted with

the same colour. There are n = 228 data points available for 49 stations. Therefore, the

dimension of our multivariate vector of weekly maxima of hourly rainfall is seven and it

would be of interest for hydrologists to infer and compare the dependence among these

multivariate vectors of maxima with seven components. Such an endeavour represents

the main motivation of this work.

For each cluster, we compute our Bernstein-projection estimator based on the mado-

gram. To summarize this seven dimensional dependence structure, we take advantage of

the extremal coefficient (2.13) defined in Chapter 2 . It satisfies the condition 1 ≤ ϑ ≤ d,

where the lower and upper bounds represent the cases of complete dependence and inde-

pendence among the extremes, respectively. Thus, in each cluster, the extremal coefficient

is estimated using the equation ϑ̂ = 7 ÃMD
n,k (1/7, . . . , 1/7) and so ϑ̂ always belongs to the

interval [1, 7]. The range of the estimated coefficients is around 3.5, which corresponds to

strong dependence, and 4.6 corresponding to medium dependence.

As climatologically expected, we can see in Figure 1.1 a latitudinal gradient in the

estimated extremal coefficients. They are smaller in the northern regions and higher in

the south. This can be explained by westerly fronts above the 46e latitude that affect

large regions, while extreme precipitation in the south is more likely driven by localised

convective storms with weak spatial dependence structures. Finally, in the centre of

the country, away from the costs, we observe the highest degree of dependence among

extremes, as they are the result of the meeting between different densities of air masses.

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.
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Figure 4.9: Estimated pairwise extremal coefficients and Pickands dependence functions

of French weekly precipitation maxima

For all possible pairs of locations, we have also estimated the bivariate Pickands depen-

dence function using the madogram estimator and its projection. The left panel of Figure

4.9 shows a scatterplot of the pairwise extremal coefficients, computed through the esti-

mated Pickands dependence functions,versus the Euclidean distance between sites. Notice

that ϑ̂ ≤ 1.5 for the locations that are less than 200 km apart, meaning that the extremes

are strongly or at least mildly dependent, while for sites more than 200 km apart, ϑ > 1.5

meaning that the extremes are independent or at most mildly dependent. The graph also

shows the benefit of using the projected version of an unconstrained estimator. Indeed,

in this case the extremal coefficients fall within the admissibility range [1, 2], while they

can be greater than 2 when they are derived with the unconstrained estimator.

The right plot of Figure 4.9 shows four examples of estimated Pickands dependence

functions obtained with pairs of sites whose distances are 979.8, 505.9, 390.1 and 158.1

km, respectively (top-left to bottom-right panels). We see that the madogram estimator

provides estimates (black lines) that are not convex functions and, hence, are invalid

Pickands dependence functions. Contrarily, the estimates obtained with the projection

estimator (red lines) are valid Pickands dependence functions.

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



53

Chapter 5

Simulation based on Bernstein

polynomial representations

The one “chance in a million” will occur,

with no less and no more than its appropriate frequency,

however surprised we may be that it should occur to us

(R. Fisher)

Beyond the estimation aspect, another aspect of fundamental importance is the simulation

of excesses on the base of the estimated dependence structure. By means of the simulation

we are able to assess return levels, which are extreme events even more extreme than those

that have already been observed, or return periods. In applications, in the multivariate

context, being able to simulate extreme events is useful when there are missing values, for

example, if we consider heavy rainfall recorded in different weather stations spread over a

region. However, the real problem is to compute the return levels associated to the return

periods for the entire region, including the areas where there are not stations.

We propose a new simulation method to simulate observations from a bivariate max-

stable random vector. According to our knowledge, there are very few nonparametric

simulation methods available in the literature, one example is Ghoudi et al. (1998). Our

simulation method relies on the following two steps: firstly, observations are generated

with a given nonparametric dependence determined by the “angular” density; secondly,

the intensities of the events are generated using the “radial” density. The first step

is carried out through the use of the nonparametric Pickands estimator based on the

Bernstein Polynomials. At the present, for an easier discussion and on the basis of the

available results, we concentrate on the bivariate case. We discuss the properties of the

proposed simulation method and illustrate its performance through a simulation study.

We show the applicability of this framework in bivariate problems.
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5.1 Motivation

Max-stable distributions are important in extreme value theory as the Gaussian distri-

bution is fundamental for the classical theory. Modelling and estimating the dependence

structure is crucial in order to perform a reliable statistical analysis of multivariate ex-

tremes. One fundamental scope of extreme value analyses is to be able to estimate how

often a very extreme event will be exceeded in the future. Such a specific event, which can

be more extreme than those which have already been observed, this is known as return

level associated to the return period. The latter is the average inter-arrival time with

which a return level and or more extreme event occur.

The problem of estimating the return levels using parametric max-stable models, in

the univariate and multivariate case, has been extensively studied. In the multivariate

case, there are different ways to compute the return levels, for a simple approach see for

example Beranger and Padoan (2015). When the dependence structure is modelled by a

nonparametric approach, it is not obvious at all how to the derive the return levels. In

this context, an easy way to derive return levels is by simulation. With our approach,

the computation of return levels via simulation is computationally feasible and provides

reliable estimates.

The problem of assessing the extremal dependence, especially in the bivariate case,

has been widely studied. Chapter 4 proposed a nonparametric method to model the

extremal dependence by means of the Pickands dependence function of multivariate max-

stable vectors. With the aim of computing return levels, once an estimate of the extremal

dependence structure is available, it is of crucial importance to be able to simulate ob-

servations from a max-stable distribution with the estimated nonparametric dependence

form. This is the motivation of the present Chapter.

Essentially, our simulation method consists in modelling nonparametrically the Pickands

dependence function using the Bernstein polynomials and hence exploiting the functional

expression for it. More specifically, we show that the first derivative of a Bernstein poly-

nomial representation of the Pickands dependence function is nothing but a mixture of

Beta densities. Therefore, exploiting the relationship between the Pickands dependence

function and the angular density, we are able to simulate from the latter using the mix-

ture of Beta densities. By adding the simulation of the marginal component, the overall

objective is attained.
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5.2 Extremal Dependence Functions in Bernstein Form

Let H be a continuous univariate c.d.f. on R. Then, there is an associated convex function

to H, given by the relation (Bassett Jr 1997),

A(w) =

∫ w

−∞
H(x) dx, w ∈ R,

where A is a convex function but not necessarily a Pickands dependence function. We

know that H is a non-decreasing function, thus, the function

H(w) :=
∂

∂w
A(w) (5.1)

is non-decreasing. An important remark is that A is not just any convex function, its

derivative satisfies the boundary conditions of a c.d.f, that is,

lim
w→−∞

H(w) = 0

and

lim
w→∞

H(w) = 1.

In general, it is clear for any element of the class of convex functions with derivatives

satisfying the above boundaries conditions, there is an associated c.d.f., H.

Now, assume that A is a differentiable Pickands dependence function, thus convex.

Then, we can write

A(w) =

∫ w

0

H∗(x) dx, w ∈ [0, 1], (5.2)

where H∗ is a non-decreasing function in [0, 1] which does not necessarily satisfy the

boundary conditions. However, we can always find a normalizing constant c such that the

function such that H satisfies the boundaries conditions. In particular, if we consider the

following standardization, we obtain a function which is a proper cumulative distribution

function,

H(w) =
A′(w)− A′(0)

A′(1)− A′(0)
. (5.3)

Thus, we can derive the density h by

h(w) =
∂

∂w
H(w)

and so by (5.3) we obtain

h(w) =
∂2

∂2w

A(w)

A′(1)− A′(0)
.
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We observe that the above statements are in accordance with the general theory of

extreme values (Coles and Tawn 1996). Indeed, given

V (z1, z2) =

∫ 1

0

max

(
t

z1

,
1− t
z2

)
H∗(dt),

we have that

A(w) =

∫ 1

0

max{(1− w) t, w (1− t)} H∗(dt) (5.4)

= w

∫ w

0

(1− t) H∗(dt) + (1− w)

∫ 1

w

t H∗(dt),

since (1 − w) t > w (1 − t) if and only if 0 < w < t < 1 (and vice versa). Therefore

A′(w) = H∗(w)− 1, from which it follows that H∗(w) = A′(w) + 1 and hence

h∗(w) =
∂

∂w
H∗(w) =

∂2

∂2w
A(w).

In other terms, using Coles and Tawn’s result we have

h∗(w) = −(z1 + z2)3 ∂2

∂z1∂y
V (z1, z2)

∣∣∣∣ z1=r w
z2=r (1−w)

.

Now, if we compute the derivatives of V we obtain

∂2

∂z1∂z2

V (z1, z2)

∣∣∣∣ z1=r w
z2=r (1−w)

= − 1

r3

∂2

∂2w
A(w)

and therefore

h∗(w) =
∂2

∂2w
A(w).

To conclude, by normalizing h we obtain the p.d.f

h(w) = h∗(w)× c′.

In the previous Chapter we showed that it is possible to represent the estimate of the

Pickands function by means of a Bernstein polynomial form of order k,

A(w) =
k∑
j=0

βjbj(w; k)

where bj(w; k) =
(
k
j

)
wj(1− w)k−j as in Remark 4.4.

The strength of the proposed method is that this kind of polynomials maintain the shape

constraints required, by choosing particular vectors of coefficients βj which reflect such

restrictions. In the bivariate case, the estimated function Ãn(w) is a valid Pickands

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



57

dependence function, so starting from it we may obtain estimate of the angular density

distribution, h, by using a relation proposed in (Coles and Tawn 1996).

Let H represented as in (5.3), then, by using the results given in 4.5 and 4.6, we obtain

the following result:

h(w) =
A′′(w)

A′(1)− A′(0)

=
k (k − 1)

k (βk − βk−1)− k (β1 − β0)

k−2∑
j=0

(βj+2 − 2 βj+1 + βj) bj(w; k − 2)

=
k−2∑
j=0

βj+2 − 2 βj+1 + βj
βk − βk−1 − β1 + β0

Be(w; j + 1, k − j − 1)

=
k−2∑
j=0

γj Be(w; j + 1, k − j − 1) (5.5)

where γ := (βj+2− 2 βj+1 +βj) / (βk−βk−1−β1 +β0). It is straightforward to check that

the last expression in (5.5) is a mixture of Beta density functions, with parameters j + 1

and k − j − 1, as the sum of the coefficients γj, j = 0, . . . , k − 2, is equal to one. Once

the coefficients βj, and consequently γj, are estimated, hence it is possible to simulate w

from h̃(w).

5.3 Simulation Scheme

Let M := max(X1, X2), then

P{M ≤ x} = P{max(X1, X2) ≤ x}
= P{X1 ≤ x,X2 ≤ x}
= P{X1 ≤ x}ϑ

= exp

{
−V (1, 1)

x

}
= exp

{
−2A(1/2)

x

}
,

therefore M has Frechét distribution with location parameter equal to zero and scale

parameter equal to ϑ = 2 A(1/2), that is, the extremal coefficient. From the relation with

the pseudo-polar coordinates, we have that X`i = r` w`i, i = 1, . . . , n, ` = 1, 2 and hence

we can write

Mi = max{riwi, ri(1− wi)}
= ri max{wi, 1− wi}.
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Thus, if we want to simulate the intensity component r, in order to get the vector (x̃1, x̃2)

from r w and r (1− w), we have

ri =
Mi

max{wi, 1− wi}
.

From these considerations we derive the following simulation scheme.

Algorithm 5.1. For i = 1, . . . , n:

1. Compute Ã(w) and plug β̃, through γ̃γγ, into the expression

h̃(w) =
k−2∑
j=0

γ̃j Be(w; j + 1, k − j − 1);

2. Draw wi from h̃(w):

(a) Generate a random variable U ∼ Unif(0, 1)

(b) If U ∈ [
∑j

h=0 γ̃j,
∑j+1

h=0 γ̃j+1, ), then simulate w from Be(w; j + 1, k − j − 1);

3. Draw Mi ∼ Frechét(1,ϑ̃);

4. Compute ri = Mi/max{wi, 1− wi};

5. Then x̃1,i = riwi and , x̃2,i = ri (1− wi).

The results obtained for two examples are illustrated in Figures 5.1 and 5.2–??. The

first correspond to the dataset presented in Chapter 1 of heavy rainfall in France consider-

ing two pairs of stations in the south, at Auvergne, and the Rhône-Alpes and Rhône-Alpes

and Corse regions. Due to the distance and morphological differences, the former (top

panels) shows much stronger dependence than the latter (bottom panels). The left-panels

compares the real data (black points) with the simulated data (red points). It can be seen

that the general pattern is reproduced by the simulation scheme and the Q-Qplots on the

right-panels fairly confirm that simulated data presents the same dependence structure

as the original.

The second example illustrates simulations from the symmetric and asymmetric, Hüsler-

Reiss and tilted Dirichlet models, respectively. The estimates of the Pickands dependence

function (black line) are displayed on top panels. We consider samples of size n = 100 and

polynomial orders corresponding to different parameter settings. The grey shades show

the simultaneous bootstrap confidence bands. Second-row panels illustrate the estimates

of the angular distribution (black line) given by (5.5). Density estimations for S = 500

samples from h̃, are represented with grey lines. Bottom panels show the marginal be-

haviour of the simulated data, in comparison to the real data, through the Q-Qplots.
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Figure 5.1: (left) Simulated bivariate vectors (red points) and real data (black points)

from heavy rainfall dataset and the corresponding Q-Qplots (right).

Strong dependences are well reproduced for all models, while asymmetries are not fully

recovered. We do not capture all the mass close to zero and one, which is particularly

evident at the tails of the distributions.

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.
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Figure 5.2: Estimates of the Pickands dependence functions A(w) (top panels) and angular

density functions h(w) (second-row panels) for the Symmetric Logistic model with strong,

mild and weak dependence (α = 0.3, 0.6, 0.9) and polynomial orders k = 23, 5, 15. Third-

row panel shows the Q-Qplots corresponding to simulated angular component w̃ and real

angular component w. Bottom panels illustrates the Q-Qplots corresponding to simulated

radial component r̃ and real radial component r.
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Figure 5.3: Estimates of the Pickands dependence functions A(w) (top panels) and angu-

lar density functions h(w) (second-row panels) for the Asymmetric Logistic model with

strong, mild and weak dependence (α = 0.3, 0.6, 0.9, β1 = 0.8, β2 = 0.2) and polynomial

orders k = 23, 23, 10. Third-row panel shows the Q-Qplots corresponding to simulated

angular component w̃ and real angular component w. Bottom panels illustrates the Q-

Qplots corresponding to simulated radial component r̃ and real radial component r.
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Figure 5.4: Estimates of the Pickands dependence functions A(w) (top panels) and angular

density functions h(w) (second-row panels) for the Hüsler-Reiss model with strong, mild

and weak dependence (λ = 2, 1, 0.6) and polynomial orders k = 12, 12, 12. Third-row

panel shows the Q-Qplots corresponding to simulated angular component w̃ and real

angular component w. Bottom panels illustrates the Q-Qplots corresponding to simulated

radial component r̃ and real radial component r.
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Figure 5.5: Estimates of the Pickands dependence functions A(w) (top panels) and angular

density functions h(w) (second-row panels) for the Tilted Dirichlet model with strong,

mild and weak dependence (α = 3, 0.7, 0.1, β = 0.7) and polynomial orders k = 10, 12, 15.

Third-row panel shows the Q-Qplots corresponding to simulated angular component w̃

and real angular component w. Bottom panels illustrates the Q-Qplots corresponding to

simulated radial component r̃ and real radial component r.
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Chapter 6

Bayesian Inference

Inside every nonBayesian

there is a Bayesian struggling to get out

(D. Lindley)

Chapters 4 discusses how to derive an estimator of the Pickands function as a solution of

an optimization problem subject to some constraints such that the final estimator fully

satisfies the required properties. Such technique allows us to model the existing extremal

dependence among a multivariate vector of componentwise maxima and to represent such

dependence. We recall that the estimation technique is a two steps procedure: firstly a pi-

lot estimate is computed, secondly it is transformed into a valid estimate. The asymptotic

properties of the final estimator are established in the L2 metric while similar results on

L∞ are still an open question. In addition, for dimension d > 2, quite stringent assump-

tions are required in order to demonstrate the limiting behaviour of the estimator. We

also remark that there are not much guidelines for the choice of the polynomial’ s degree

aside from asymptotic arguments that suggest it should be as large as possible. For these

reasons, we derive another estimation procedure for inferring the extremal dependence

structure, this time in a Bayesian framework.

Our interest still focuses on making inference for extreme values by assessing their ex-

tremal dependence. The marginal components are, for the moment, considered as known.

As already seen in previous Chapters, there are different approaches to inferring the

extremal dependence, such as estimating the stable tail or the Pickands dependence func-

tions or the so-called spectral or angular measure (see Section 6.1), but not both at the

same time. This is commonly done nonparametrically and most of the literature considers

likelihood-based methods, see for example Genest and Segers (2009), Marcon et al. (2015)

and Boldi and Davison (2007). In this Chapter we focus on the bivariate case and propose

a nonparametric Bayesian model that allows the simultaneous estimation of the angular

measure and the Pickands dependence function through a polynomial in the Bernstein
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form. As stated in previous Chapters, in order to derive a valid extremal dependence

structure, the angular measure must satisfy what is known as the mean condition; anal-

ogously, the Pickands dependence function is constrained by a set of shape restrictions.

With our proposal such constraints are addressed by placing a prior on the coefficients

of the Bernstein polynomials which gives probability one to the set of valid functions.

The prior is completed by a prior on the polynomial degree, making our approach a fully

Bayesian nonparametric model. Additionally, the estimation of marginal distributions

would be possible through a unique inferential procedure, but this remains an ongoing

work. Although the analytical expression of the posterior distribution of the model pa-

rameters is unknown, inference is possible via a trans-dimensional MCMC scheme.

6.1 Extremal Dependence

Chapter 2 provides a brief overview of the dependence measures that describe in different

forms the dependence structure of multivariate vector of componentwise maxima. For

simplicity, we focus here on the dependence modelling in the bivariate case. Assume

that Y = (Y1, Y2) is a bivariate random vector of maxima with an asymptotically bi-

variate max-stable distribution G (e.g., de Haan and Ferreira 2006, Ch. 6). Specifically,

the marginal distributions of G are members of the Generalised Extreme Value (GEV)

distribution, i.e.

Fi(yi|µi, σi, ξi) = exp

{
−
(

1 + ξi
yi − µi
σi

)−1/ξi

+

}
, (6.1)

where yi, µi, ξi ∈ R, σi > 0 for i = 1, 2 and (x)+ = max(0, x).

Furthermore, recall from Chapter 2 that after standardising the marginal distribution

to unit Fréchet, i.e. P{Yi ≤ y} = e−1/y, for all y > 0, the joint distribution G admits the

following form

G(y1, y2) = exp{−`(1/y1, 1/y2)}, y1, y2 > 0, (6.2)

where ` : [0,∞)2 → [0,∞), called the stable tail dependence function, is equal to

`(x1, x2) = 2

∫
S

max{x1u, x2(1− u)}H(du), x1, x2 ≥ 0. (6.3)

S = [0, 1] and H, called the spectral or angular distribution, is a probability distribution

on S (e.g., de Haan and Ferreira 2006, Ch. 6). For brevity, hereafter we only use the

term angular. The angular distribution, which must satisfy the following condition∫
S
uH(du) =

∫
S
(1− u)H(du) = 1/2, (C3)
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Clearly H(S) = 1. Formally, for each max-stable distribution G there exists a finite

measure H∗, called the angular measure such that the mean conditions
∫
S uH

∗(du) =∫
S(1− u)H∗(du) = 1 are satisfied and this implies H∗(S) = 2, see de Haan and Ferreira

(2006, Ch. 6). The angular distribution is obtained by the normalization H := H∗/H∗(S).

As a consequence, any probability distribution satisfying (C3) provides a valid bivariate

extreme value distribution. Consider the partition ({0}, S̊, {1}) of the set S, where S̊ =

(0, 1). The angular distribution H can place mass on the subset S̊ as well as on the

vertices {0} and {1} and if H is absolutely continuous on S̊, then we have

H(u) = 1IS(u) h0 + 1IS̊(u) H̊(u) + 1I1(u) h1, u ∈ S (6.4)

where 1IS is the indicator function of the set S,

h(u) =
dH̊(u)

du
, H̊(u) =

∫ u

0

h(t)dt,

and

h1 = 1/2−
∫ 1

0

uh(u)du, h0 = 1/2−
∫ 1

0

(1− u)h(u)du. (6.5)

The last expressions, regarding the point masses on the vertices of the simplex, are derived

from identity (C3).

The stable tail dependence function (6.3) has the following properties:

a) it is homogeneous of order 1, that is `(vx1, vx2) = v`(x1, x2) for all v, x1, x2 > 0;

b) `(x, 0) = `(0, x) = x for all x > 0;

c) it is continuous and convex, i.e. `(v(x1, x2) + (1 − v)(x′1, x
′
2)) ≤ v`(x1, x2) + (1 −

v)`(x′1, x
′
2) for all x1, x2, x

′
1, x
′
2 ≥ 0 and v ∈ S;

d) max(x1, x2) ≤ `(x1, x2) ≤ x1 + x2 for all x1, x2 ≥ 0 (de Haan and Ferreira 2006, Ch.

6).

The lower and upper bounds of the last condition represent the cases of complete depen-

dence and complete independence, respectively. By the homogeneity of ` we have that

for all x1, x2 ≥ 0

`(x1, x2) = (x1 + x2)A(w), A(w) = 2

∫
S

max{w(1− u), (1− w)u}H(du), (6.6)

where w = x2/(x1 + x2) ∈ S, and the function A is the Pickands dependence function.

From the properties of ` it follows that A satisfies the conditions (C1)–(C2) introduced

in Section 2.2.1, namely:

(C1) A(w) is convex, i.e., A(aw + (1 − a)w′) ≤ aA(w) + (1 − a)A(w′), for a ∈ S and

w,w′ ∈ S;
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(C2) A(w) has lower and upper bounds

1/2 ≤ max (w, 1− w) ≤ A(w) ≤ 1,

for any w ∈ S.

In condition (C2), the lower and upper bounds represent the cases of complete dependence

and complete independence, respectively.

Let A be the family of functions A : S → [1/2, 1] that satisfy the above conditions,

then any Pickands dependence function belongs to the class A (Falk, Hüsler, and Reiss,

2010, Ch. 4). In addition, there is a one to one relationship between A and H, thus if A

is a twice differentiable function on S̊, then

A(w) = 1 + 2

∫ w

0

H(u) du− w

and therefore A′(w) = −1 + 2H(w) and A′′(w) = 2h(w). Finally, from (6.5) it follows

that the mass on the vertices can be written in terms of the Pickands dependence function

as:

h0 =
1 + A′(0)

2
and h1 =

1− A′(1)

2
. (6.7)

6.2 Bayesian Modelling of H and A

The basic idea is to define the angular distribution function and the Pickands dependence

function through polynomial functions of the form
∑k

j=0 aj bj(x), where aj and bj(·), with

x ∈ S, j = 0, . . . , k, are coefficients and basis functions respectively. Let Pk, H and A
be the spaces of order k polynomials, angular distributions and Pickands dependence

functions, respectively.

In connection with the previous section we denote, as before, here p0 = H({0}) and

p1 = H({1}) so that we have H̊(1) = 1− p0 − p1 and we recall that H̊(0) = 0.

We focus on the class of bivariate Bernstein polynomial basis on S of degree k, denoted

by bj( · ; k) with k = 1, 2, . . . (see Remarks 4.4 and 4.6). Then, we start by representing

an angular distribution H̊ related to (6.3) as a polynomial of order k in Bernstein form,

for some k = 1, 2, . . ., i.e.

H̊k(u) :=
k∑
j=0

ηj bj(u; k), u ∈ S. (6.8)

By taking the first derivative of H̊k with respect to u we obtain

H̊ ′k(u) =
k−1∑
j=0

(ηj+1 − ηj) Be(u; j + 1, k − j) =: hk−1(u), u ∈ S, (6.9)
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where Be(a, b) indicates the beta density function with parameters (a, b) and so (6.9)

turns out to be a finite linear combination of beta densities (see Remark 4.6). It can be

seen that ∫ 1

0

hk−1(u)du =
k−1∑
j=0

(ηj+1 − ηj) = ηk − η0 (6.10)

and ∫ 1

0

uhk−1(u)du =
k−1∑
j=0

(ηj+1 − ηj)
j + 1

k + 1
, (6.11)

∫ 1

0

(1− u)hk−1(u)du =
k−1∑
j=0

(ηj+1 − ηj)
k − j
k + 1

. (6.12)

In order to define a valid angular distribution H, the vector of coefficients (η0, . . . , ηk)

must be such that the integrals (6.10)–(6.12) equal 1 − p0 − p1, 1/2 − p1 and 1/2 − p0,

respectively. These conditions hold under the following restrictions:

(R4) η0 ≤ η1 ≤ . . . ≤ ηk;

(R5) η0 = 0 and ηk = 1− p0 − p1;

(R6) η0 + · · ·+ ηk = (k + 1)(1/2− p0);

Similarly, for any r = 1, 2, . . . we define the Pickands dependence function as an r-th

degree polynomial in Bernstein form, i.e.

Ar(w) :=
r∑
j=0

βjbj(w; r), w ∈ S. (6.13)

Function (6.13) must satisfy conditions (C1)-(C2) in order to be a genuine Pickands

dependence function. This is guaranteed if the restrictions (R1)–(R3) on the polynomial

coefficients explored in Section 4.2 are verified. For the bivariate case, they simplify to

(R1) β0 = βr = 1;

(R2) β1 = βr−1 = 1− 1/r;

(R3) βj+2 − 2βj+1 + βj ≥ 0, j = 0, . . . , r − 2.

Notice that condition (R2) slightly differs from the one stated in 4.2.2 because, here, the

equality ensures that the relationship with the angular density representation is valid.

Taking the second derivative of Ar with respect to w we obtain

A
′′

r−2(w) =
r−2∑
j=0

(βj+2 − 2βj+1 + βj) Be(w; j + 1, r − j − 1) =: hr−2(w), w ∈ S. (6.14)
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It can be verified that∫ 1

0

hr−2(w)dw = r(2− β1 − βr−1) ≡ 2− {1 + A′r−1(0)} − {1− A′r−1(1)}, (6.15)

where A′r−1 is the first derivative of (6.13) with respect to w, and corresponds to a poly-

nomial of order r − 1. Then,∫ 1

0

whr−2(w)dw = r(1− βr−1) ≡ 1− {1− A′r−1(1)}, (6.16)∫ 1

0

(1− w)hr−2(w)dw = r(1− β1) ≡ 1− {1 + A′r−1(0)} (6.17)

and these results are consistent with the theoretical arguments discussed in Section 6.1. A

benefit of defining the angular distribution function and the Pickands dependence function

through polynomial functions is given by the following result.

Proposition 6.1.

i) Let H be defined by (6.4) with point masses 0 ≤ p0, p1 < 1, p0 + p1 < 1 and H̊ given

by (6.8). Then A is of the form (6.13) with r = k + 1 and

βt =
2

k + 1

(
t−1∑
i=0

ηi + t p0 +
k + 1− t

2

)
, t = 0, . . . , k + 1 (6.18)

Conversely, define A as (6.13). Then H takes the form (6.4), where H̊ is given by

expression 6.8 with k = r − 1 and coefficients:

ηt =
k + 1

2

(
βt+1 − βt +

1− 2p0

k + 1

)
, t = 0, . . . , k. (6.19)

for any 0 ≤ p0 < 1 and p1 = 1− p0 −
∫ 1

0
H̊(du).

ii) Restrictions (R1)-(R3) are satisfied and A meets condition (C1)–(C2), if and only

if restrictions (R4)-(R6) are verified and H meets conditions (C3).

This result tells us that the representation of the extremal dependence obtained by

modelling the angular distribution with Bernstein polynomials coincides with the analo-

gous modelling of the Pickands dependence function. This is because the eta coefficients in

equation (6.8) can be re-expressed in terms of the beta coefficients of equation (6.13) and

when the restrictions (R1)-(R3) are satisfied, so are (R4)-(R6). The crucial consequence

is that there is not need to choose between different characterizations of the dependence.
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6.3 Model Formulation and Algorithms

In this section two approaches are described for modelling the extremal dependence.

First, for k fixed, we consider the estimation of the coefficients β = (β0, . . . , βk+1) of the

representation of the Pickands dependence function as the polynomial in Bernstein form

(6.13). An MCMC simulation scheme for posterior inference is proposed in Algorithm

6.1. Secondly, we move to the coefficients η = (η0, . . . , ηk) of the angular distribution in

(6.8) and extend the study by considering k to be random and learning about it from the

data (see algorithm 6.3).

The first idea is related to the approximated projection method proposed in Chapter 4,

but we substitute the use of the preliminary estimate Ân with the definition of a uniform

prior on β, satisfying all necessary constraints,

Π(β) ∝ 1I{β ∈ Bk}

where Bk is the set of all β ∈ Sk+1 which satisfy constraints (C1)–(C2), for a fixed order

of the polynomial k.

Regarding the likelihood, we consider two approaches. One uses the cumulative dis-

tribution function G(y1, y2; π), and define a pseudo-likelihood; the other is based on the

density distribution function. The pseudo-likelihood can be rewritten in terms of the

coefficients βj as

L∗(y; k,β, π) =
n∏
i=1

G(y1,i, y2,i; π) = exp

{
−

n∑
i=1

(
1

y1,i

+
1

y2,i

)
A(wi)

}

= exp

{
−

n∑
i=1

(
1

y1,i

+
1

y2,i

) k+1∑
j=0

βj bj(wi; k + 1)

}
,

where π = (µ1, ξ1, σ1, µ2, ξ2, σ2) denotes the vector of known parameters for the marginal

Fréchet distributions of

Y1 =

(
1 +

ξ1(X1 − µ1)

σ1

)1/ξ1

+

and Y2 =

(
1 +

ξ2(X2 − µ2)

σ2

)1/ξ2

+

.

This corresponds to conditioning on the event (Y1 ≤ y1, Y2 ≤ y2) rather than on the obser-

vations y1, y2 themselves. The loss of information is justified by the gain in computational

time, and avoiding the difficulties involved in calculating the likelihood function.

The probability density function of the joint distribution (6.2) is equal to

g(y1, y2) = G(y1, y2)

[
{A(w)− wA′(w)} {A(w) + (1− w)A′(w)}

(y1y2)2
+

A′′(w)

(y1 + y2)3

]
,

for all y1, y2 > 0, and is obtained by

g(y1, y2) = |J(y1, y2)| ∂2

∂x1∂x2

G(1/x1, 1/x2)
∣∣∣
x1=1/y1,x2=1/y2

,
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where J(y1, y2) = (y1y2)−2 and A(w) is given in the expression (6.6). Let Y1, . . . ,Yn be

iid copies of a bivariate max-stable random vector with unit Fréchet marginal distribu-

tions. If the dependence structure of joint distribution is expressed through the Pickands

dependence function and the latter is represented by (6.13), then the likelihood function

is equal to

L(y; k,β, π) =
n∏
i=1

g(y1,i, y2,i; π)

=
n∏
i=1

G(y1,i, y2,i)

(riwi)2

{
[A(wi)− wiA′(wi)] [A(wi) + (1− wi)A′(wi)]

(ri (1− wi))2 +
w2
i

ri
A′′(wi)

}

= exp

{
−

n∑
i=1

(
1

y1,i

+
1

y2,i

) k+1∑
j=0

βj bj(wi; k + 1)

}
n∏
i=1

{
1

(riwi)2

×

[
k+1∑
j=0

βj bj(wi; k + 1)− wi (k + 1)
k∑
j=0

(βj+1 − βj) bj(wi; k)

]

×

[
k+1∑
j=0

βj bj(wi; k + 1) + (1− wi) (k + 1)
k∑
j=0

(βj+1 − βj) bj(wi; k)

]
1

(ri (1− wi))2

+
w2
i

ri
k (k + 1)

k−1∑
j=0

(βj+2 − 2 βj+1 + βj) bj(wi; k − 1)

}
,

where w = y1/(y1 + y2) and r = y1 + y2.

In other words, we base the inference on the pseudo-posterior distribution function

Π∗n(β|Y1 ≤ y1,Y2 ≤ y2, k, π) ∝ Π(β)L∗(y; k,β, π),

and similarly, on the posterior distribution,

Πn(β|Y1 = y1,Y2 = y2, k, π) ∝ Π(β)L(y; k,β, π).

When considering the pseudo-likelihood, MCMC inference is greatly simplified, as the full

conditionals for each βj correspond to truncated exponentials of the form

Πn(βj|Y1 ≤ y1,Y2 ≤ y2, π) ∝ exp{−λjβj} 1I{βj ∈ [aj, bj]}
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for j = 1, . . . , k − 1, with λj =
∑n

i=1(1/y1,i + 1/y2,i) bj(wi; k). Notice that β0, β1, βk

and βk+1 are not involved in the algorithm because they are constrained by (R1) and

(R2). Lower and upper bounds, aj and bj, are determined, depending on the value of

j = 2, . . . , k − 2, as:

aj =
βj−1 + βj+1

2

bj = max{2 βj−1 − βj−2, 2 βj+1 − βj+2}.

The algorithm, based on the pseudo-likelihood, can be synthesised in the following

way,

Algorithm 6.1.

1. Define a starting value, β(0) ∈ Bk;

2. For s = 1, . . . , S, update each beta sequentially from its full-conditional distribution:

(a) Sample β
(s)
j ∼ tExp(λj; aj, bj);

Here, tExp(λj, aj, bj) denotes an exponential distribution with parameter λj, truncated

on the interval [aj, bj]. In this way, we obtain a new Markov chain state β(s) (notice that

(aj, bj) depend on the previously updated β
(s−1)
j−1 , β

(s−1)
j−1 , . . .). After an appropriate burn-in

period, this will reproduce a sample β(1), . . . ,β(S) from Πn(β|Y, k, π).

On the other hand, when we consider the likelihood, the algorithm is given by:

Algorithm 6.2.

1. Define a starting value, β(0) ∈ Bk;

2. For s = 1, . . . , S, sample βs ∼ Πn(β|y, k). This requires a Metropolis-Hastings:

(a) Generate a candidate β∗ for the next sample by picking from the proposal

distribution Π(β∗|βs−1);

(b) Calculate the acceptance ratio p = Πn(β∗|y, k)/Πn(β−1|y, k), which will be

used to decide whether to accept or reject the candidate;

(c) Accept the candidate, by setting βs = β∗, with probability p; if the candidate

is rejected, set βs = βs−1, instead.

3. Return to step 2 and repeat to produce a Markov chain of length S.
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Figure 6.1 shows an application of algorithm 6.1 where the symmetric logistic model

is considered with a mild dependence (α = 0.6) and the polynomial degree is set to

k = 10. The number of iterations involved in the MCMC is S = 5000 and the first

3000 observations form the burn-in period. In the left panel, the median curve (black

line) of the MCMC posterior sampled is shown along with the 95% credible bands (light

grey region, computed by (4.16)). Boxplots of posterior samples of each coefficient βj

are illustrated in the right-side panel, together with the “true” coefficients A (j/k) (red

points), j = 0, . . . , k.

The following simulation study shows the performance of our proposed methods with

respect to different dependence structures. Figures 6.2–6.5 illustrate the Pickands depen-

dence function (top panels) and the angular distribution function (bottom panels) for the

symmetric and asymmetric logistic, Hüsler-Reiss and Tilted Dirichlet models, with strong,

mild and weak dependence. The red line is the true function; the black line is the mean

curve of the MCMC posterior sample; the green line is the mean curve of the MCMC

pseudo-posterior sample. Closed to the limiting cases of strong and weak dependence, the

loss of information in the likelihood is partly, while it becomes much more evident when

the dependence is mild. The method proposed provides good results for the symmetric

logistic model and almost for the Hüsler-Reiss and Tilted Dirichlet models. Instead, the

mean curves of the MCMC posterior distributions for the asymmetric logistic model, do

not capture the asymmetry. However, a convenience of using this approach is the fast

computational time; for example, it takes only 10 seconds to run S = 5000 iterations

when k = 25, with respect to a processor Intel(R) Core(TM) i5-4440 CPU 3.10 GHz.

We now introduce the second approach, which involves the angular distribution. In

this case we estimate also to the order of the polynomial, by defining a prior on k. Notice

that, in this case, a trans-dimensional MCMC is needed to simulate from the posterior

distribution of the model parameters, because the size of the vector of coefficients, at each

updating step, depends on the value of k.

In order to construct a prior on the space H of valid angular distributions, we con-

sider the subspace Hp ∈ H of polynomial angular distributions. Then, by using the

representation in (6.8), any H ∈ Hp can be written as

H(w) :=
k∑
j=0

ηj bj(w; k),

for some k = 1, 2, . . . where the vector η0:k ∈ Ek, which is the set of all η0:k ∈ Sk+1

satisfying all conditions (R4)-(R6), analogously to Bk.

The prior on Hp is induced by a prior on the vector of coefficients ηk ≡ η0:k and k,

Π(ηk, k) = Π(ηk|k) Π(k).
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Figure 6.1: (left) Bivariate Pickands dependence function (red line). The black line is the

median curve of the MCMC sample from the pseudo-posterior distribution, along with

95% credible bands (light grey region). The boxplots in the right-panel show the posterior

samples of each coefficient βj (right), and true coefficients A (j/k) (red), j = 0, . . . , k.

Since Hp is dense in H, the induced prior will have full support as long as Π(k) has full

support on Z and Π(ηk|k) has full support on Ek,∀k.

Now, we define a prior on the polynomial order. Specifically, let k = k̃+ 1 and define,

Π(k̃) = Poisson(ζ) (6.20)

where the rate of the Poisson distribution ζ can be chosen empirically based on the data

correlation. In particular, when ζ = 0 then k = 1, and as ζ goes to 1, k goes to infinity.

We propose using ζ = exp(−|ρ(y1, y2)| + 2.5), with ρ denoting the sample correlation of

the data.

For the prior on the vector of coefficients ηk, we consider,

Π(ηk|k) = 1I{η0=0} 1I{ηk=1−p0−p1} ×
k−1∏
j=1

[
1

k − j

{
k − 1

2
− k p0 + p1 −

j−1∑
i=1

ηi

}
(6.21)

− max

{
ηj−1;

2 j + 1− k (2 p0 + 1) + 2 p1

2
−

j−1∑
i=1

ηi

}]−1

1I{ηj∈Ej}.

Notice that this is a well defined density function for ηk, for each k, on the set Ek of vector

satisfying all required conditions.

Our goal is to draw samples from the posterior distribution Πn(k,ηk|Y, $), where

$ = (p0, p1, µ1, σ1, ξ1, µ2, σ2, ξ2) is the vector of known parameters for the Fréchet marginal

distributions of Y1 and Y2, and p0 and p1 are the point masses, here assumed known.
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Regarding the likelihood and pseudo-likelihood, they can be rewritten in terms of the

coefficients ηj, from the relationship between βk+1 = (β0, . . . , βk+1) and ηk = (η0, . . . , ηk)

proved in (6.19), as:

L(y; k,ηk, $) = exp

{
−

n∑
i=1

(
1

y1,i

+
1

y2,i

) k+1∑
j=0

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)

× bj(wi; k + 1)

}
n∏
i=1

1

(riwi)2

{[
k+1∑
j=0

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)

× bj(wi; k + 1)− wi (k + 1)
k∑
j=0

{(
2

k + 1

j∑
i=0

ηi +
2(j + 1)

k + 1
p0 +

k − j
k + 1

)

−

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)}
bj(wi; k)

]

×

[
k+1∑
j=0

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)
bj(wi; k + 1)

+ (1− wi) (k + 1)
k∑
j=0

{(
2

k + 1

j∑
i=0

ηi +
2(j + 1)

k + 1
p0 +

k − j
k + 1

)

−

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)}
bj(wi; k)

]
1

(ri (1− wi))2

+
w2
i

ri
k (k + 1)

k−1∑
j=0

{(
2

k + 1

j+1∑
i=0

ηi +
2(j + 2)

k + 1
p0 +

k − j − 1

k + 1

)

− 2

(
2

k + 1

j∑
i=0

ηi +
2(j + 1)

k + 1
p0 +

k − j
k + 1

)
+

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0

+
k + 1− j
k + 1

)}
bj(wi; k − 1)

}
.

and

L∗(y; k,ηk, $) = exp

{
−

n∑
i=1

(
1

y1,i

+
1

y2,i

) k+1∑
j=0

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0

+
k + 1− j
k + 1

)
bj(wi; k + 1)

}
.

Notice that L(y;ηk, k,$) is much simpler than L∗(y;ηk, k,$).

The posterior distribution, and similarly the pseudo-posterior distribution, is then
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given by

Πn(k,ηk|Y, $) ∝ Π(k)×Π(ηk|k,$)× L(y; k,ηk, $)

∝ 1I{η0=0} 1I{ηk=1−p0−p1} ×
k−1∏
j=1

[
1

k − j

{
k − 1

2
− k p0 + p1 −

j−1∑
i=1

ηi

}

− max

{
ηj−1;

2 j + 1− k (2 p0 + 1) + 2 p1

2
−

j−1∑
i=1

ηi

}]−1

1I{ηj∈Ej}

× exp

{
−

n∑
i=1

(
1

y1,i

+
1

y2,i

) k+1∑
j=0

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)

× bj(wi; k + 1)

}
n∏
i=1

1

(riwi)2

{[
k+1∑
j=0

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)

× bj(wi; k + 1)− wi (k + 1)
k∑
j=0

{(
2

k + 1

j∑
i=0

ηi +
2(j + 1)

k + 1
p0 +

k − j
k + 1

)

−

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)}
bj(wi; k)

]
(6.22)

×

[
k+1∑
j=0

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)
bj(wi; k + 1)

+ (1− wi) (k + 1)
k∑
j=0

{(
2

k + 1

j∑
i=0

ηi +
2(j + 1)

k + 1
p0 +

k − j
k + 1

)

−

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0 +

k + 1− j
k + 1

)}
bj(wi; k)

]
1

(ri (1− wi))2

+
w2
i

ri
k (k + 1)

k−1∑
j=0

{(
2

k + 1

j+1∑
i=0

ηi +
2(j + 2)

k + 1
p0 +

k − j − 1

k + 1

)

− 2

(
2

k + 1

j∑
i=0

ηi +
2(j + 1)

k + 1
p0 +

k − j
k + 1

)
+

(
2

k + 1

j−1∑
i=0

ηi +
2j

k + 1
p0

+
k + 1− j
k + 1

)}
bj(wi; k − 1)

}
× e−ζ ζk−1

(k − 1)!

Notice that, given k, η0 and ηk are not involved in the computation because they are

constrained to be equal to zero and 1− p0 − p1, respectively.

We stress that an important step of the MCMC algorithm consists in changing the

size of the vector ηk when a change of k is proposed. For this reason we consider a trans-
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dimensional MCMC scheme (Godsill 2001). Following the ideas in Antoniano-Villalobos

and Walker (2013) we extend Π(ηk, k) to

Π(η∞, k) = Π(ηk|k) Π(k)
∏
j>k

Π(ηj),

where η∞ denotes the coefficients of an hypothetical infinite polynomial representation,

i.e. the vector (η0, . . . , η∞). We then construct a proposal distribution for a Metropolis-

Hastings algorithm which would update (k(s),η
(s)
∞ ) . We consider the following,

q(k,η∞|k(s),η(s)
∞ , $) = qk(k|k(s)) qη(ηk|k, k(s),ηk(s) , $)

∏
j>k

Π(ηj),

where qη(ηk|k, k(s),ηk(s) , $) refers to the prior Π(ηk|k). Π(ηj) is a fully specified

density on S,

qk
(
k = k(s) + 1|k(s)

)
=

1 if k = 3

1/2 if k > 3

and

qk
(
k(s+1) = k(s) − 1|k(s)

)
=

0 if k = 3

1/2 if k > 3.

Notice that, k = 3 is the minimum value that ensures the relation stated in Proposi-

tion 6.1.

We proceed by sampling k∗ and the corresponding η∗k∗ from the proposal distribu-

tion and then calculate the acceptance probability p∗ = min{ p(k, k∗,ηk,η∗k∗), 1 }. We

also stress that the ηj for j > max(k, k∗) are not needed, so a finite number of parame-

ters is sufficient for each update. This because, in the updating step of the Metropolis-

Hastings algorithm, the expression of the ratio simplifies the product terms
∏

j>kΠ(ηj)

and
∏

j>k∗ Π(η∗j ). Specifically we have

p(k, k∗,ηk,η
∗
k∗) =

Πn(k∗,η∗∞|Y, $) q(k,η∞|k∗,η∗∞, $)

Πn(k,η∞|Y, $) q(k∗,η∗∞|k,η∞, $)

=
Π(k∗)×Π(η∗k∗|k∗, $)

∏
j>k∗ Π(η∗j )× L(y; k∗,η∗k∗ , $)

Π(k)×Π(ηk|k,$)
∏

j>kΠ(ηj)× L(y; k,ηk, $)

(6.23)

×
qk(k|k∗)× qη(ηk|k, k∗,η∗k∗ , $)×

∏
j>kΠ(ηj)

qk(k∗|k)× qη(η∗k∗|k∗, k,ηk, $)×
∏

j>k∗ Π(η∗j )
.
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This, for any k > 3, can be summarised in the following,

p(k, k∗,ηk,η
∗
k∗) =



ζ

k

L(y; k + 1,ηk+1, $)

L(y; k,ηk, $)
if k∗ = k + 1

(k − 1)

ζ

L(y; k − 1,ηk−1, $)

L(y; k,ηk, $)
if k∗ = k − 1

Thus, the MCMC scheme only consider a finite number of eta coefficients. The com-

plete algorithm is given below.

Algorithm 6.3. Let φ =
(
k,ηk

)
be the vector of all parameters. For s = 1, . . . , S,

1. Pick a starting value, φ(0) =
(
k(0),η

(0)

k(0)
∈ Ek(0)

)
;

2. Update each variable in turn:

(a) Sample (k(s),η
(s)

k(s)
) ∼ Πn(k,ηk|k(s−1),η

(s−1)

k(s−1) ,Y, $). This requires a Metropolis-

Hastings update:

i. “Propose” a new value for k, say k∗, according to the proposal distribution

qk along with the corresponding η∗k∗ ;

ii. Compute the Metropolis-Hastings acceptance probability,

p∗ = min
{
p(k(s−1), k∗,η

(s)

k(s)
,η∗k∗), 1

}
with p(k(s−1), k∗,η

(s)

k(s)
,η∗k∗) as in (6.23);

iii. Accept the new values (k∗,η∗k∗) with probability p∗, thus set k(s) = k∗ and

η
(s)

k(s)
= η∗k∗ . Otherwise reject k∗, i.e., the next value of k remains the same

as before, k(s−1), and so does η
(s)

k(s)
.

(b) We now have a new Markov chain state φ(s) =
(
k(s),η

(s)

k(s)

)
;

3. Return to step 2 and repeat to produce a Markov chain of length S.

A simulation study is in progress for inclusion in a paper which, as often happens in

research, will be ready after the submission of this thesis.

Some extensions are possible and would be interesting to explore. Firstly, we could

also infer the parameters of the marginal distributions, which could be done by extending

the prior to include $ and then incorporate the additional parameters into the MCMC

scheme. Similarly, involving the probability masses p0 and p1 at the extreme points of the

unit simplex. Secondly, the multivariate extension of this methodology sounds fascinating,

especially from a computational point of view.
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Figure 6.2: Pickands dependence function (top panels) and angular distribution function

(bottom panels) of the Symmetric Logistic model with strong, mild and weak dependence

(α = 0.4, 0.7, 0.9) and polynomial orders k = 5, 7, 18 respectively. The red line is the true

function; the black line is the mean curve of the MCMC posterior sample; the green line

is the mean curve of the MCMC pseudo-posterior sample.
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Figure 6.3: Pickands dependence function (top panels) and angular distribution function

(bottom panels) of the Asymmetric Logistic model with strong, mild and weak dependence

(α = 0.4, 0.7, 0.9, β1 = 0.8, β2 = 0.2) and polynomial orders k = 12, 14, 40 respectively.

The red line is the true function; the black line is the mean curve of the MCMC posterior

sample; the green line is the mean curve of the MCMC pseudo-posterior sample.
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Figure 6.4: Pickands dependence function (top panels) and angular distribution function

(bottom panels) of the Hüsler-Reiss model with strong, mild and weak dependence (λ =

2, 1, 0.6) and polynomial orders k = 3, 5, 25 respectively. The red line is the true function;

the black line is the mean curve of the MCMC posterior sample; the green line is the

mean curve of the MCMC pseudo-posterior sample.
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Figure 6.5: Pickands dependence function (top panels) and angular distribution function

(bottom panels) of the Tilted Dirichlet model with strong, mild and weak dependence

(α = 3, 0.7, 0.1, β = 0.7) and polynomial orders k = 3, 4, 9 respectively. The red line is

the true function; the black line is the mean curve of the MCMC posterior sample; the

green line is the mean curve of the MCMC pseudo-posterior sample.
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Appendix: Proofs

For w ∈ Sd, define the function νw : [0, 1]d → [0, 1] by

νw(u) =
∨

i=1,...,d

(u
1/wi

i )− 1

d

d∑
i=1

u
1/wi

i , u ∈ [0, 1]d, (A.1)

where, by convention, u1/w = 0 whenever w = 0 and u ∈ [0, 1].

Lemma A.1. For any cumulative distribution function H on [0, 1]d and for any w ∈ Sd,
we have

∫
[0,1]d

νw(u) dH(u) =
1

d

d∑
i=1

∫ 1

0

H(1, . . . , 1, xwi , 1, . . . , 1) dx−
∫ 1

0

H(xw1 , . . . , xwd) dx.

Proof. Fix w ∈ Sd. For every u ∈ [0, 1]d we have

∨
i=1,...,d

u
1/wi

i = 1−
∫ 1

0

1I(∀i = 1, . . . , d : u
1/wi

i ≤ x)dx

= 1−
∫ 1

0

1I(∀i = 1, . . . , d : ui ≤ xwi)dx

and

1

d

d∑
i=1

u
1/wi

i = 1− 1

d

d∑
i=1

∫ 1

0

1I(ui ≤ xwi)dx.

Subtracting both expressions and integrating over H yields

∫
[0,1]d

νw(u) dH(u) =
1

d

d∑
i=1

∫
[0,1]d

∫ 1

0

1I(ui ≤ xwi) dx dH(u)

−
∫

[0,1]d

∫ 1

0

1I(∀i = 1, . . . , d : ui ≤ xwi) dx dH(u).

Applying Fubini’s theorem to both double integrals yields the stated formula.

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



84

Proof of Proposition 4.1

The first part of the property 1 stems from the inequality Ud ≤ Md and hence taking

the expectation. For the second part, it must only be shown that ρ(U) = 0 implies

Ui = Uj, for i, j ∈ I, since the converse is clear. If an inequality Uj < Uk, for j ∈ I

and k ∈ I\{j}, would exist, then as a consequence Uj < Md and Uk ≤ Md, k 6= j. This

implies Ud < Md involving the contradiction ρ(U) > 0. Property 2 is straightforward.

Inequalities of property 3 rely on

Md + Y ≤
d∑
i=1

max{Ui, Y }. (A.2)

Let md = mini∈I{Ui}. If Y < md, then Ui − Y > 0, for all i ∈ I. Therefore, for all i ∈ I

Ui ≤ Ui +
∑
j 6=i

Uj − Y =
∑
i∈I

max{Uj, Y } − Y,

and hence (A.2) is satisfied. If Y ≥ md, then the above inequality is still valid since∑
i∈I max{Ui, Y }−Y =

∑
j∈I\{k}max{Uj, Y } ≥ Ui, for all i ∈ I and k ∈ I : md = Uk and

therefore (A.2) is satisfied. In conclusion, inequality (4.3) stems from the inequality

Md − Ud ≤
∑
i∈I

(
max{Ui, Y } −

Ui + Y

2

)
− Y − Ud +

∑
i∈I

Ui + Y

2
.

Inequality (4.4) is obtained by noting that in virtu of (A.2) it follows that

Md − Ud ≤
∑
i∈I

max{Uj, Y } −
1

d

∑
i∈I

(Ui + Y ),

thus adding and subtracting max{U + Y } on the right-hand side and taking the expec-

tation on both sides, the result follows.

Proof of Proposition 4.2

By the definition of the ν(w) in (4.1) it follows that

ν(w) = E(Md)− E(Ud),

where Md = max{F 1/w1(X1), . . . , F 1/wd(Xd)}, Ud = d−1
∑

i∈I F
1/wi(Xi), 0 < wi < 1 with

i ∈ I. The expression of ν(w) follows by nothing that

E{Md} =
V (1/w1, . . . , 1/wd)

1 + V (1/w1, . . . , 1/wd)
, E{F 1/wi(Xi)} =

wi
1 + wi

, i ∈ I,

where the left-hand side is easily obtained knowing the distribution of Md that is

P{Md ≤ u} = uV (1/w1,...,1/wd),
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whereas the right-hand side is obtained from the facts that U = F (Xi) is uniformly

distributed in [0, 1] and E{U1/a} = a/(1 + a). Putting all together we obtain

ν(w) =
V (1/w1, . . . , 1/wd)

1 + V (1/w1, . . . , 1/wd)
− 1

d

∑
i∈I

wi
1 + wi

.

Finally, the expression of V (1/w1, . . . , 1/wd) is simply obtained inverting the above ex-

pression.

The same conclusion arises if considering copulas. The joint distribution G(x) can be

written in terms of uniform margins as

G(x) = C{F1(x1), . . . , Fd(xd)}

where C is the extreme-value copula,

C(u1, . . . , ud) = exp
(
−`(− log u1, . . . ,− log ud)

)
, u ∈ (0, 1]d, (A.3)

with ` : Rd
+ → [0,∞) the so-called stable tail dependence function. The latter function

is homogeneous of order one and is therefore determined by the Pickands dependence

function. Formally, we have

`(z) = (z1 + · · ·+ zd)A(w), z ∈ Rd
+, (A.4)

where wj = zj/(z1 + · · · + zd) for j ∈ I. We view A as a function defined on the d-

dimensional unit simplex.

The marginal distribution functions being continuous, the copula C is the joint distri-

bution function of the random vector (F1(X1), . . . , Fd(Xd)). For w ∈ Sd, the multivariate

w-madogram can thus be written as

ν(w) =

∫
[0,1]d

νw(u) dC(u).

Next, apply Lemma A.1. Since C is an extreme-value copula with Pickands dependence

function A, we find, after some elementary calculations using (A.3) and (A.4),

C(xw1 , . . . , xwd) = xA(w)

for all x ∈ (0, 1). We obtain

ν(w) =
1

d

d∑
i=1

∫ 1

0

C(1, . . . , 1, xwi , 1, . . . , 1) dx−
∫ 1

0

C(xw1 , . . . , xwd) dx (A.5)

=
1

d

d∑
i=1

∫ 1

0

xwi dx−
∫ 1

0

xA(w) dx,

yielding the formula stated in the proposition. Finally, solve for A(w).
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Proof of Proposition 4.3

For the first statement, by the Cauchy–Schwarz inequality we have |BA(w; k)−A(w)| ≤
E|A(Yk/k) − A(w)|, where Yk = (Yk,i, i = 1, . . . , d) with Yk,i is Binomial with k trials

and success probability wi. Since the Pickands dependence function is Lipschitz-1, then

|BA(w; k) − A(w)| ≤
∑d

i=1 E|Yk,i/k − wi|. From this follows that |BA(w; k) − A(w)| ≤∑d
i=1(E(Yk,i/k−wi)2)1/2 and therefore the result |BA(w; k)−A(w)| ≤ d/(2

√
k). For the

second statement, since E(Yk,i) = kwi, i = 1, . . . , d, we have

BA(w; k)− A(w) = E{A(Yk/k)− A(w)− (Yk/k −w)>∇A(w)}.

By the smoothness assumption on A, it follows that

|BA(w; k)− A(w)| ≤ c

d∑
i=1

E{(Yk,i/k − wi)2} = c

d∑
i=1

wi(1− wi)/k ≤ cd/(4k),

for some positive constant c.

Proof of Proposition 4.4

On one hand we have that if BA(w; k) ≥ max(w1, . . . , wd), then Dvi−vj
BA(vj; k) ≥ −1.

Indeed, max(w1, . . . , wd) is the intersection of the planes z0 = 1− w1 − w2 − · · · − wd−1,

z1 = w1, . . ., zd−1 = wd−1, then by the assumption

BA(vj; k) ≥ zj, j = 0, 1, . . . , d− 1.

The directional derivatives of BA calculate for vj, j = 0, 1, . . . , d− 1, are equal to

Dvi−vj
BA(vj; k) =


Dvi−v0BA(v0; k) if i 6= 0 = j

−Dvj−v0BA(vj; k) if i = 0 6= j

Dvi−v0BA(vj; k)−Dvj−v0BA(vj; k) if i 6= 0 6= j, i 6= j

(A.6)

which are bounded from below by −1. Then, considering the directional derivatives on

both sides of the above inequality we obtain

Dvi−vj
BA(vj; k) ≥ −1, ∀ i, j = 0, 1, . . . , d− 1, i 6= j,

and hence the result.

On the other hand if Dvi−vj
BA(vj; k) ≥ −1, j = 0, . . . , d − 1 then BA(w; k) ≥

max(w1, . . . , wd). Since BA lies above the tangent plane

BA(w; k) ≥ BA(w′; k) + (w′ −w)>∇BA(w′; k), ∀w,w′ ∈ Sd. (A.7)
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by the convexity assumption, then evaluating this inequality for w′ = vj for j ∈ {0, 1, . . . , d−
1} we obtain the desired result BA(w; k) ≥ wj for all w ∈ Sd. Indeed, considering (A.7)

at w′ = v0 we find, for w ∈ Sd,

BA(w; k) ≥ 1 + w>∇BA(v0; k) = 1 +
d−1∑
i=1

wiDvi−v0BA(v0; k) ≥ 1 +
d−1∑
i=1

wi (−1) = wd

where wd = 1− w1 − · · · − wd−1, as required. Furthermore, considering (A.7) at w′ = vj

for j ∈ {1, . . . , d− 1} we find for w ∈ Sd,

BA(w; k) ≥ 1 + (w − vj)
>∇BA(vj; k)

= 1 + (wj − 1)Dvj−v0BA(vj; k) +
d−1∑
i=1
i 6=j

wiDvi−v0BA(vj; k)

≥ 1 + (wj − 1)Dvj−v0BA(vj; k) +
d−1∑
i=1
i 6=j

wi

(
Dvj−v0BA(vj; k)− 1

)

= 1 + (wj − 1)Dvj−v0BA(vj; k) + (1− wj − wd)
(
Dvj−v0BA(vj; k)− 1

)
= wj + wd

(
1−Dvj−v0BA(vj; k)

)
≥ wj

given that Dvi−v0BA(vj; k) ≥ Dvj−v0BA(vj; k)− 1 and 1−Dvj−v0BA(vj; k) ≥ 0.

Proof of Theorem 4.1

The proof proceeds by expressing the statistics and empirical w-madogram νn(w) and

ν̂n(w) in terms of the empirical distribution and copula and then exploiting known results

on the latter. For i = 1, . . . , d and j = 1, . . . , n, let

Uj = (Uj,1, . . . , Uj,d), Uj,i = Fi(Xj,i),

Ûj = (Ûj,1, . . . , Ûj,d), Ûj,i = Fn,i(Xj,i) =
1

n

n∑
m=1

1I(Xm,i ≤ Xj,i).

Recall νw in (A.1). The statistics and empirical w-madogram are equal to

νn(w) =
1

n

n∑
m=1

νw(Um) =

∫
[0,1]d

νw(u) dCn(u), ν̂n(w) =

∫
[0,1]d

νw(u) dĈn(u),

respectively, where Cn and Ĉn are the empirical distribution and copula:

Cn(u) =
1

n

n∑
m=1

1I(Um ≤ u), Ĉn(u) =
1

n

n∑
m=1

1I(Ûm ≤ u), u ∈ [0, 1]d,

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



88

(component-wise inequalities). By Lemma A.1 we obtain

νn(w) =
1

d

d∑
i=1

∫ 1

0

Cn(1, . . . , 1, xwi , 1, . . . , 1) dx−
∫ 1

0

Cn(xw1 , . . . , xwd) dx, (A.8)

and a similar expression is attained for ν̂n(w) but with Cn replaced by Ĉn. Comparing

the latter equation with (A.5) yields

‖νn − ν‖∞ ≤ 2‖Cn − C‖∞.

Standard empirical process arguments yield uniform strong consistency of the empiri-

cal copula (Deheuvels 1991). We come to a similar inequality for ν̂n. Uniform strong

consistency of An and Ân follows.

Next, consider the empirical processes

Cn =
√
n(Cn − C), Cn =

√
n(Ĉn − C).

Combining Equations (A.5) and (A.8) we obtain

√
n
(
νn(w)− ν(w)

)
=

1

d

d∑
i=1

∫ 1

0

Cn(1, . . . , 1, xwi , 1, . . . , 1)dx−
∫ 1

0

Cn(xw1 , . . . , xwd)dx

and clearly a similar expression is obtained for
√
n
(
ν̂n(w)− ν(w)

)
but replacing Cn with

Cn. Now, two related results: in the space `∞([0, 1]d) equipped with the supremum norm,

Cn  C , as n → ∞, where C is a C-Brownian bridge, and if Condition 4.1 holds, then

Cn  C, as n→∞, where C is the Gaussian process defined in (4.18). The map

φ : `∞([0, 1]d)→ `∞(Sd) : f 7→ φ(f)

defined by

(
φ(f)

)
(w) =

1

d

d∑
i=1

∫ 1

0

f(1, . . . , 1, xwi , 1, . . . , 1) dx−
∫ 1

0

f(xw1 , . . . , xwd) dx

is linear and bounded, and therefore continuous. The continuous mapping theorem then

implies

√
n(νn − ν) = φ(Cn) φ(C ),

√
n(ν̂n − ν) = φ(Cn) φ(C), n→∞,

in `∞(Sd). The Gaussian process C satisfies

P{∀ i = 1, . . . , d : ∀u ∈ [0, 1] : C(1, . . . , 1, u, 1, . . . , 1) = 0} = 1.

This property follows from the continuity of its sample paths and by the form of the

covariance function (4.17). We find, for w ∈ Sd,

(φ(C))(w) = −
∫ 1

0

C(xw1 , . . . , xwd) dx.
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Finally, apply the functional delta method (van der Vaart 2000, Ch. 20) to arrive at the

conclusion.

Remark 6.1. For w ∈ Sd, the Bernstein polynomials’ basis of oredr k can be rewritten as

a Bernstein polynomials’ basis of oreder k + 1,

bα(w; k) ≡ bh1,...,hd−1
(w; k) =

(
k

h1, . . . , hd

) d∏
j=1

whj

=
hd + 1

k + 1
bh1,...,hd−1

(w; k + 1) +
d−1∑
j=1

hj + 1

k + 1
bh1,...,hj+1,...,hd−1

(w; k + 1).

Then, the multivariate Bernstein polynomial B(w; k) can be rewritten as

B(w; k) =
k∑

h1=0

k−h1∑
h2=0

· · ·
k−h1−···−hd−2∑

hd−1=0

βh1,...,hd−1
bh1,...,hd−1

(w; k)

=
k∑

h1=0

k−h1∑
h2=0

· · ·
k−h1−···−hd−2∑

hd−1=0

βh1,...,hd−1

{
hd + 1

k + 1
bh1,...,hd−1

(w; k + 1)

+
d−1∑
j=1

hj + 1

k + 1
bh1,...,hj+1,...,hd−1

(w; k + 1)

}
= β0,...,0b0,...,0(w; k + 1)

+
k∑

h1=1

(
βh1,0,...,0

k − h1 + 1

k + 1
+ βh1−1,0,...,0

h1

k + 1

)
bh1,0,...,0(w; k + 1)

+
k∑

h2=1

(
β0,h2,0,...,0

k − h2 + 1

k + 1
+ β0,h2−1,0,...,0

h2

k + 1

)
b0,h2,0,...,0(w; k + 1) + · · ·

+
k∑

hd−1=1

(
β0,...,0,hd−1

k − hd−1 + 1

k + 1
+ β0,...,0,hd−1−1

hd−1

k + 1

)
b0,...,0,hd−1

(w; k + 1)

+
k∑

h1=1

k−h1+1∑
h2=1

(
βh1,h2,0,...,0

k − h1 − h2 + 1

k + 1
+ βh1−1,h2,0,...,0

h1

k + 1
+

+ βh1,h2−1,0,...,0
h2

k + 1

)
bh1,h2,0,...,0(w; k + 1) + · · ·
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+
k∑

hd−2=1

k−hd−2+1∑
hd−1=1

(
β0,...,0,hd−2,hd−1

k − hd−2 − hd−1 + 1

k + 1
+ β0,...,0,hd−2−1,hd−1

hd−2

k + 1
(A.9)

+ β0,...,0,hd−2,hd−1−1
hd−1

k + 1

)
b0,...,0,hd−2,hd−1

(w; k + 1)

...

+
k∑

h1=1

k−h1∑
h2=1

· · ·
k−h1−···−hd−2+1∑

hd−1=1

(
βh1,...,hd−1

hd + 1

k + 1
+ βh1−1,...,hd−1

h1 + 1

k + 1
+ · · ·

+ βh1,...,hd−1−1
hd−1 + 1

k + 1

)
bh1,...,hd−1

(w; k)

+ βk,0,...,0bk+1,0,...,0(w; k + 1) + β0,k,0...,0b0,k+1,0,...,0(w; k + 1) + · · ·
+ β0,...,0,kb0,...,0,k+1(w; k + 1).

Renaming the polynomial’s coefficients as

β̃0,...,0 = β0,...,0

β̃h1,0,...,0 = βh1,0,...,0
k − h1 + 1

k + 1
+ βh1−1,0,...,0

h1

k + 1
h1 = 1, . . . , k

β̃0,h2,0,...,0 = β0,h2,0,...,0
k − h2 + 1

k + 1
+ β0,h2−1,0,...,0

h2

k + 1
h2 = 1, . . . , k

...

β̃0,...,0,hd−1
= β0,...,0,hd−1

k − hd−1 + 1

k + 1
+ β0,...,0,hd−1−1

hd−1

k + 1
hd−1 = 1, . . . , k

β̃h1,h2,0,...,0 = βh1,h2,0,...,0
k − h1 − h2 + 1

k + 1
+ βh1−1,h2,0,...,0

h1

k + 1
+ βh1,h2−1,0,...,0

h2

k + 1
h1 = 1, . . . , k, h2 = 1, . . . , k − h1 + 1

...

β̃0,...,0,hd−2,hd−1
= β0,...,0,hd−2,hd−1

k − hd−2 − hd−1 + 1

k + 1
+ β0,...,0,hd−2−1,hd−1

hd−2

k + 1
+

+β0,...,0,hd−2,hd−1−1
hd−1

k + 1
hd−2 = 1, . . . , k, hd−1 = 1, . . . , k − hd−2 + 1

...

β̃h1,...,hd−1
= βh1,...,hd−1

hd + 1

k + 1
+ βh1−1,...,hd−1

h1 + 1

k + 1
+ · · ·+ βh1,...,hd−1−1

hd−1 + 1

k + 1
h1 = 1, . . . , k, . . . , hd−1 = 1, . . . , k − h1 + · · ·+ hd−2 + 1

β̃k+1,0,...,0 = βk,0,...,0

β̃0,k+1,0...,0 = β0,k,0...,0

...

β̃0,...,0,k = β0,...,0,k,
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we obtain

B(w; k) =
k+1∑
h1=0

k+1−h1∑
h2=0

· · ·
k+1−h1−···−hd−2∑

hd−1=0

β̃h1,...,hd−1
bh1,...,hd−1

(w; k + 1) = B̃(w; k + 1)

Therefore, B(w; k) ∈ Ak+1 and since B(·; k) is a polynomial in Ak, then we also have

that Ak ⊆ Ak+1.

For example, with d = 2:

bj(w; k) =

(
k

j

)
wj(1− w)k−j

=
k − j + 1

k + 1
bj(w; k + 1) +

j + 1

k + 1
bj+1(w; k + 1), w ∈ [0, 1].

Then, the Bernstein polynomial becomes

B(w; k) =
k∑
j=0

βh−1bh−1(w; k)

=
k∑
j=0

βh−1

{
k − j + 1

k + 1
bh−1(w; k + 1) +

j + 1

k + 1
bj+1(w; k + 1)

}

=
k∑
j=0

βh−1
k − j + 1

k + 1
bh−1(w; k + 1) +

k∑
j=0

βh−1
j + 1

k + 1
bj+1(w; k + 1)

=
k∑
j=0

βh−1
k − j + 1

k + 1
bh−1(w; k + 1) +

k∑
j=1

βj−1
j

k + 1
bj(w; k + 1)

+ βkbk+1(w; k + 1)

= β0b0(w; k + 1) +
k∑
j=1

(
βj
k − j + 1

k + 1
+ βj−1

j

k + 1

)
bj(w; k + 1)

+ βkbk+1(w; k + 1).

Renaming the coefficients of the basis we obtain

B(w; k) =
k+1∑
j=0

β̃h−1bj(w; k + 1) = B̃(w; k + 1)

where

β̃0 = β0

β̃j = βj
k − j + 1

k + 1
+ βj−1

j

k + 1
j = 1, . . . , k

β̃k+1 = βk.
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Proof of Proposition 4.5

Firstly, the polynomials in Ak are nested (e.g., Wang and Ghosh, 2012; Farin, 1986). By

the degree-raising property we have

B(w; k) =
∑
α∈Γk

βαbα(w; k) =
∑

α∈Γk+1

β̃αbα(w; k + 1) = B̃(w; k + 1)

where

β̃α =
d∑

h=1

αh
k + 1

βα−vh−1
. (A.10)

We need to show that the coefficients β̃α satisfy the constraints R1)-R2)-R3). For the

case R1) we need to check that

∆2
i,0β̃α −

∑
j 6=i

|∆i,0∆j,0β̃α| ≥ 0, ∀α ∈ Γ(k+1)−2, i = 1, . . . , d− 1.

This can be rewritten as

∆2
i,0β̃α −

∑
j 6=i

(−1)Is,t∆i,0∆j,0β̃α ≥ 0,

where Is,t is the set of all the possible combinations with repetition of the set {1, 2} in

sequences of d−2 terms, s = 1, . . . , d−2 and t = 1, . . . , 2d−2. Using the relation in (A.10)

we have

β̃α =
d∑

h=1

αh
k + 1

βα−vh−1
=

d−1∑
h=1

αh
k + 1

βα−eh +
αd
k + 1

βα.

Then, we obtain

∆2
i,0β̃α −

∑
j 6=i

(−1)Is,t∆i,0∆j,0β̃α = ∆2
i,0

{
d−1∑
h=1

αh
k + 1

βα−eh +
αd
k + 1

βα

}

−
∑
j 6=i

(−1)Is,t∆i,0∆j,0

{
d−1∑
h=1

αh
k + 1

βα−eh +
αd
k + 1

βα

}

=
d−1∑
h=1

αh
k + 1

{
∆2
i,0βα−eh −

∑
j 6=i

(−1)Is,t∆i,0∆j,0βα−eh

}

+
d−1∑
h=1

αd − 1

k + 1

{
∆2
i,0βα −

∑
j 6=i

(−1)Is,t∆i,0∆j,0βα

}
≥ 0,

and hence the result. For the case R2), using (A.10), it is immediate to verify for the set

{β̃α,α ∈ Γk+1 : α = 0 or α = (k + 1) ei, ∀i = 1, . . . , d − 1} that β̃α = βα = 1. Finally,
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for the case R3) we need to check that 1 − 1/(k + 1) < β̃α, where {β̃α,α ∈ Γk+1 : α =

ei or α = kei or αl = kei + ej, ∀j 6= i = 1, . . . , d− 1}. By definition we have

β̃ei =
k

k + 1
βei +

1

k + 1
, β̃kei =

k

k + 1
β(k−1)ei +

1

k + 1
, β̃kei+ej =

k

k + 1
β(k−1)ei+ej +

1

k + 1
.

Substituting β̃α, with α = ei,α = kei,α = kei + ej, in the previous inequality we obtain

β̃α ≥ 1− 1

k + 1
1

k + 1

{
1 + kβα−vi−1

}
≥ 1

k + 1

{
1 + k

(
1− 1

k

)}
βα−vi−1

≥ 1− 1

k

for i = 1, . . . , d− 1, and hence the result. Thus the first statement is proven.

Secondly, let A be a Pickands dependence function and consider the Bernstein poly-

nomial

Ak(w) =
∑
α∈Γk

A(α/k) bα(w; k),

that is, Ak = BA( · ; k) as in (4.9). Constraint R1) holds by assumption (4.19). Since

max(w1, . . . , wd) ≤ A(w) ≤ 1 for all w ∈ Sd, the constraints in R2) and R3) are satisfied

too. Finally, we have uniform convergence Ak → A by Proposition 4.3.

Proof of Proposition 6.1

The angular probability density can be obtained either by (6.9) and (6.14). As a conse-

quence we have that

k
k−1∑
j=0

(ηj+1 − ηj)bj(w; k − 1) =
r(r − 1)

2

r−2∑
i=0

(βi+2 − 2βi+1 + βi)bi(w; r − 2), w ∈ [0, 1].

Setting r = k + 1, then the right-hand side of the above equality can rephrase the as a

sum for j = 0, . . . , k − 1 and as a consequence each of the following identity

ηj+1 − ηj =
k + 1

2
(βj+2 − 2βj+1 + βj), j = 0, . . . , k − 1. (A.11)

hold.

We start with claim i). In order to derive the beta coefficients we start considering

(6.8) and assuming that (R4)-(R6) are verified. Applying (A.11) recursively and resolving
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with respect to βj+2 we obtain,

β2 =
2

k + 1

(
η1 + (k + 1)β1 −

k + 1

2
β0

)
β3 =

2

k + 1

(
η1 + η2 +

3(k + 1)

2
β1 − (k + 1)β0

)
β4 =

2

k + 1

(
η1 + η2 + η3 + 2(k + 1)β1 −

3(k + 1)

2
β0

)
β5 =

2

k + 1

(
η1 + η2 + η3 + η4 +

5(k + 1)

2
β1 − 2(k + 1)β0

)
...

βj+2 =
2

k + 1

(
j+1∑
i=0

ηi +
(j + 2)(k + 1)

2
β1 −

(j + 1)(k + 1)

2
β0

)
. (A.12)

where we used the fact that η0 = 0. So that the Pickands function is well defined it is

required that β0 = βk+1 = 1. In addition, we know that

p0 =
1 + A′(0)

2
=

1 + (k + 1)(β1 − β0)

2
(A.13)

and

p1 =
1− A′(1)

2
=

1− (k + 1)(βk+1 − βk)
2

(A.14)

from which we obtain

β1 =
2 p0 + k

k + 1
, βk =

2 p1 + k

k + 1
. (A.15)

Substituting β0 and β1 in (A.12) and setting j = t− 2 the formula (6.18) is obtained.

In order to derive the eta coefficients we start considering (6.13) and assuming that

(R1)-(R3) are verified. Applying (A.11) and resolving with respect to ηj+1 we obtain,

η1 = η0 +
k + 1

2
(β2 − 2β1 + β0)

η2 = η0 +
k + 1

2
(β3 − β2 − β1 + β0)

η3 = η0 +
k + 1

2
(β4 − β3 − β1 + β0)

η4 = η0 +
k + 1

2
(β5 − β4 − β1 + β0)

...

ηj+1 = η0 +
k + 1

2
(βj+2 − βj+1 − β1 + β0). (A.16)

To make sure that (A.16) has an unique solution it is required that η0 = 0. In addition,

substituting β0 and β1 in (A.16) and setting t = j + 1 the formula (6.19) is obtained.

Now, we move to claim ii). Consider (6.18). When t = 0, under the convention that

η−1 = 0 we obtain β0 = 1. When t = k + 1 we obtain βk+1 = 2(η1 + · · · + ηk + (k +
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1)p0)/(k + 1) and then using (R6) this becomes βk+1 = 1. Thus (R1) is verified. When

t = 1 we obtain the following result

β1 =
2p0 + k

k + 1
≥ 1− 1

k + 1
,

and when t = k, after few algebraic manipulation we obtain

βk =
2p1 + k

k + 1
≥ 1− 1

k + 1
.

Thus (R2) is verified. Finally, from (6.18) with few algebraic manipulation it can be

checked that

βt+2 − 2βt+1 + βt =
2

k + 1
(ηt+1 − ηt), t = 0, . . . , k − 1.

Since ηj+1 ≥ ηj for all j = 0, . . . , k − 1 by (R1), then also (R6) is verified.

Consider (6.19). Now, from (6.18) it can be checked that

ηt+1 − ηt =
k + 1

2
(βt+2 − 2βt+1 + βt), t = 0, . . . , k − 1.

The right-hand side is non-negative by (R3) and so (R4) is verified. When t = 0, using

β0 = 1 and β1 in (A.15) we obtain

η0 =
k + 1

2

(
β1 − β0 +

1− 2p0

k + 1

)
=

k + 1

2

(
2p0 + k

k + 1
− 1 +

1− 2p0

k + 1
−
)

= 0.

When t = k, using βk+1 = 1 and βk in (A.15) we obtain

ηk =
k + 1

2

(
βk+1 − βk +

1− 2p0

k + 1

)
=

k + 1

2

(
1− 2p1 + k

k + 1
+

1− 2p0

k + 1

)
= 1− p0 − p1.

Therefore, (R5) is verified. Finally, applying (6.19) repeatedly and with few algebraic

manipulations we obtain

k∑
t=0

ηt =
k + 1

2

(
βk+1 − β0 +

(k + 1)(1− 2p0)

k + 1

)
=

(k + 1)

2
(1− 2p0) ,

where we used the fact that βk+1 = β0 = 1. Hence also (R6) is verified.
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Farin, G. (1986). Triangular bernstein-bézier patches. Computer Aided Geometric De-

sign 3 (2), 83–127.

Fils-Villetard, A., A. Guillou, and J. Segers (2008). Projection estimators of pickands

dependence functions. The Canadian Journal of Statistics 36 (3), 369–382.

Tesi di dottorato "Non-Parametric Inference and Simulation in Extreme Value Theory"
di MARCON GIULIA
discussa presso Università Commerciale Luigi Bocconi-Milano nell'anno 2016
La tesi è tutelata dalla normativa sul diritto d'autore(Legge 22 aprile 1941, n.633 e successive integrazioni e modifiche).
Sono comunque fatti salvi i diritti dell'università Commerciale Luigi Bocconi di riproduzione per scopi di ricerca e didattici, con citazione della fonte.



99

Fisher, R. A. and L. H. C. Tippett (1928). Limiting forms of the frequency distribu-

tion of the largest or smallest member of a sample. Proceedings of the Cambridge

Philosophical Society 24, 180–190.

Fonseca, C., L. Perreira, H. Ferreira, and A. Martins (2013). Generalized madogram

and pairwise dependence of maxima over two regions of a random field. Submitted .

Genest, C. and J. Segers (2009). Rank-based inference for bivariate extreme-value cop-

ulas. The Annals of Statistics 37 (5B), 2990–3022.

Ghoudi, K., A. Khoudraji, and L.-P. Rivest (1998). Propriétés statistiques des copules
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